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Abstract

The thesis addresses two different but related problems, both connected with
the control of networked systems: the average consensus problem over unreliable
networks, and the cooperative adaptive cruise control in presence of packet
losses. The average consensus problem can be summarised as having a network
of agents that each have a different initial state, can communicate with each
other – according to the topology of the network – and can use the exchanged
information to agree over time on a common value that is the average of their
states. The cooperative adaptive cruise control requires finding a control law
to ensure that a platoon of connected vehicles, that can exchange information
between them, can reach and keep both a prescribed cruise speed and distance
between each pair of vehicles, in a smooth fashion, preventing traffic jams and
improving the global experience of the passengers.

Both problems share the same characteristic: the network used to connect
the agents of the network system is unreliable. In this thesis we propose our
solutions to compensate for the challenges arising from using a wireless network.

The average consensus problem is more challenging to solve when the links
between nodes are unavailable, or broken, due to communication failures. While
the convergence of the network can usually still be achieved when some links
are unavailable for transmission, the nodes might converge to a final state
that is not the average of the initial states of the network: Some information
transmitted by one node but not received is lost, and this affects the value
to which the network converges. The thesis presents a novel compensation
method (the Average Preserving compensation method), based on changing
the weights of the weighted adjacency matrix that describes the network, and
a basic transmission algorithm to implement such synchronous compensation
mechanism while using asynchronous transmissions between nodes. Moreover,
we improve the basic Average Preserving compensation method, including a
gain to increase the speed of convergence of the network. We also provide a set
of constraints to compute the gain and guarantee convergence (the so-called
safe gain) as well as an empirical method to compute the gain, still safeguarding
the convergence of the network while obtaining a faster convergence speed.

The cooperative adaptive cruise control problem also becomes more chal-
lenging to solve when the information is not always available to the vehicles
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due to mistakes in the communication. The vehicles can achieve better perfor-
mance, i.e. drive faster and closer to each other, when they can communicate.
Clearly, when the communication is unreliable the performance also suffer. To
implement the cooperative adaptive cruise control under packet losses we first
introduce the novel concepts of input string stability, input mean string stability
and input stochastic string stability. The novel string stability concepts provide
conditions to decrease the propagation of the error in the downstream direction
of the platoon when the communication between cars is susceptible of packet
losses. Then, we first develop a simpler controller, to obtain a satisfactory
(and not string stable) behaviour for the platoon, and finally we implement the
stochastic and mean string stability constraints to design an H∞ controller
and an Unknown Input Observer to obtain a stochastic string stable behaviour
for a platoon of vehicles experiencing disruption in the communication.

Lastly, our results are supported by simulations, which needs to be confirmed
by experiments as future work: We hope that the preliminary work contained
in this thesis can be developed further to help overcoming the issues arising
from the use of wireless communication in the control of networked systems.



Samenvatting

In dit proefschrift worden twee verschillende, maar aan elkaar gerelateerde
problemen geadresseerd die verbonden zijn met de beheersing van netwerk
systemen: het Average Consensus problem in onbetrouwbare netwerken, en
het Cooperative Adaptive cruise control in aanwezigheid van onbetrouwbare
communicatie. Het average consensus problem kan worden samengevat als
een netwerk van nodes met voor iedere node een verschillende toestand, die
met elkaar kunnen communiceren – volgens de topologie van het netwerk – en
waarin gebruik gemaakt kan worden van uitgewisselde informatie om over tijd
tot overeenstemming te komen over een gemeenschappelijke waarde dat het
gemiddelde van de toestanden is. The cooperative adaptive cruise control vereist
een adequate controller om er voor te zorgen dat een platoon van verbonden
voertuigen, die onderling informatie kunnen uitwisselen, zowel een constante
snelheid kan bereiken en vasthouden, als kan zorgen voor een constante afstand
tussen elk paar voertuigen op een vloeiende manier. Op deze manier kunnen
verkeersopstoppingen voorkomen worden en verbetert dit de algehele ervaring
van de passagiers.

Beide problemen delen dezelfde karakteristieken: het netwerk om de nodes
in het netwerk te verbinden is onbetrouwbaar. In dit proefschrift introduceren
we oplossingen om de uitdagingen van zulke draadloze netwerken aan te pakken.

Het oplossen van het Average Consensus problem is een een grotere uitdag-
ing wanneer de randen van de nodes niet beschikbaar zijn, of niet werken
door communicatiefouten. Ondanks dat convergentie van het netwerk nog
steeds bereikt kan worden wanneer sommige connecties niet beschikbaar zijn
voor transmissie, kunnen de nodes convergeren naar een finale toestand dat
niet de gemiddelde is van de initile toestanden in het netwerk: Informatie
dat verzonden is door een node, maar dat niet ontvangen is, kan de waarde
benvloeden waarnaar het netwerk convergeert. Dit proefschrift presenteert een
nieuwe compensatie methodiek (the Average Preserving compensation method),
gebaseerd op het veranderen van gewichten van het gewogen bogenmatrix dat
het netwerk beschrijft, en een simpele transmissie algoritme om zulke synchrone
compensatie mechanisme gebruikmakend van asynchrone transmissies tussen
verschillende nodes. Bovendien wordt de Average Preserving compensation
method verbeterd door middel van het toevoegen van een versterkingsfactor
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om de convergentie snelheid van het netwerk te verhogen. Daarnaast wordt
zowel een set aan condities voorgesteld om de versterkingsfactor te berekenen
en convergentie (de zogenoemde safe gain) te garanderen, als een empirische
methode om de versterkingsfactor te berekenen waarbij convergentie van het
network verzekerd blijft en een hogere convergentie snelheid bereikt wordt.

Het Cooperative Adaptive cruise control problem wordt nog uitdagender
om op te lossen wanneer informatie niet altijd beschikbaar is voor de voer-
tuigen door communicatie fouten. Voertuigen kunnen een betere prestatie
bereiken, i.e. sneller rijden en kortere afstanden tussen voertuigen, wanneer
ze kunnen communiceren. Het mag duidelijk zijn dat wanneer communicatie
onbetrouwbaar is, de prestatie verslechterd. Om Cooperative Adaptive cruise
control te implementeren wanneer er sprake is van onbetrouwbare communi-
catie, worden de nieuwe concepten Input String Stability, Input Mean String
Stability en Input Stochastic String Stability gentroduceerd. Deze nieuwe
string stabiliteit concepten verstrekken condities om de foutenpropagatie te
verkleinen over het platoon wanneer de communicatie tussen voertuigen vatbaar
is voor onbetrouwbare communicatie. Allereerst wordt er een simpele controller
ontwikkeld om een bevredigend (en niet string-stabiel) gedrag van het platoon
te verkrijgen. Uiteindelijk worden de Input Mean String Stability en de Input
Stochastic String Stability condities gemplementeerd om een H∞ controller te
ontwerpen. Daarnaast wordt een Unknown Input Observer gemplementeerd om
stochastisch string stable gedrag voor een platoon van voertuigen te verkrijgen
die verstoringen in de communicatie ervaren.

Tenslotte, worden de resultaten ondersteund door simulaties, die in de
toekomst bevestigd moeten worden door middel van experimenten. We hopen
dat het voorbereidende werk in dit proefschrift verder doorontwikkeld kan
worden om de problemen op te kunnen lossen die ontstaan uit het gebruik van
draadloze communicatie in de beheersing van systeem netwerken.
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CHAPTER 1

Introduction

The technological advancements in the last years have made pervasive comput-
ing a reality: computing systems are becoming increasingly connected, small
and portable devices that make day-to-day computing activities extremely easy
to access. However, this unobtrusive environment of connected devices creates
new challenges, that have to be addressed: for example the IPv6 internet
protocol increased the maximum number of devices that can be addressed to
the network, from roughly 4 billion to 9 quintillion, to accommodate for the
increasing need of simultaneously connected devices.

A problem that arises when wireless communication is employed is unrelia-
bility. An environment of always connected small devices can not be imagined
if these nodes have to be wired together to be able to communicate; therefore,
wireless networks have become predominant. However, wireless networks are
inherently unreliable, and hence, to fulfil the dream of a fully connected word,
this aspect must be taken into consideration.

To deal with uncertainties some action is required. A certain degree of
compensation for those unwanted phenomena – i.e. the loss of information over
a wireless network – is required.

Networked systems are various, ranging from simpler systems, such as
a network of sensors, to more complex one, such as platoons of connected
robots. Although diverse in many aspects, as purposes, complexity, and size –
amongst others – all those systems have something in common: the fact that
the agents need to communicate over the (wireless) network, and – consequently
– the communication failures. The increasing number of nodes in the network,
the amount of information exchanged and available to each node, and the
complexity of the task that connected systems can perform calls for an increase
in the complexity of the algorithms determining the interaction between such
agents. If a network of agents needs to interact with the environment, take
measurements, or decide on something cooperatively, a certain degree of control
is needed, which is the reason behind the modern development of Networkeded
Control Systems (NCSs).
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1.1 Networked Control Systems

A networked control system is a controlled system where the feedback loop
is closed through a communication channel. The control signals and mea-
surement signals are exchanged between different components of the system
(controller, sensors, actuators), which can also be remote: a controller for a
system could be somewhere in the cyberspace, or the control signal can be
computed distributively by more controllers.

A network control system can eliminate unnecessary wiring between compo-
nents of the systems, and can be easily upgraded by adding other components,
however the use of a communication channel poses new challenges.

We can divide such challenges in four macro-groups:

• Sampling issues

• Delays

• Quantization

• Packet dropouts

With respect to sampling issues, they are becoming increasingly impor-
tant due to the fact that a real valued signal must be sampled before being
transmitted over any communication channel. While a time-triggered sam-
pling is the easiest way to deal with sampling, this solution is not optimal to
use the available bandwidth: in the last decade the attention paid to event
triggered sampling is constantly growing, as it allows for a better use of the
communication channel bandwidth as discussed in [1], [2].

On the same note, a closely related problem to event-driven sampling is the
network-induced delay. A delay in the control loop can be caused by several
factors, such as the communication protocol, the limited bandwidth of the
network or the traffic in the network [3], Moreover, network-induced delays are
variable because they depend on the network conditions. Therefore, they are
modelled as time-varying delay [4], arbitrary switching systems [5] or Markov
chains [6]

Thirdly, the signals in a network control system are usually quantized:
beside the bandwidth, also the memory employed by the component of a
network control system is finite, therefore it is necessary to map the whole R
to a finite set. Due to quantization a certain degree of error in unavoidable
and should be taken into account [7]; however, there are approaches to deal
with quantization of the input of NCS as in [8], [9].

Another major issue introduced by the network is packet dropouts. Packet
dropouts can be divided in two categories: network-induced ones, due to
overload, collisions, timeouts or errors; and active packed dropouts, due to
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discarding by the agent when it receives an out-of-order packet, i.e. the packet
dropout is induced not by the wireless communication, but rather by the
communication protocol. Despite its nature, the phenomenon of packet losses
can be studied using Markov chains [10], Bernoulli sequences [11], [12] or time
varying delays as in [13].

In this thesis we will focus on Networked Control Systems and the role of
packet loss, which is detailed in the next section.

1.1.1 Unreliable network model

We want to address the problems arising from the unreliable nature of a wireless
network, specifically when a packet collision causes a communication loss. This
scenario arises when two nodes try to communicate at the same time, causing
interference in the wireless medium, thus making the communication impossible
in the neighbourhood where the collision happens.

It should be noticed that communications in the IEEE 802.11p standard
[14] – which will be used for vehicle-to-vehicle communication, a focus point for
the second part of this thesis – are used by different applications in the same
channel, and even communication in other channels might lead to collisions
[15], thus an approach based solely on scheduling or priorities is not sufficient
to avoid communication losses.

Moreover, we assume that communicating nodes are relatively close, com-
pared to the transmission range of the communication, as it might be the
case in vehicular network. As a result, these nodes will experience often good
communication quality, and phenomena such as collisions will be mostly ex-
perienced by all the nodes involved in the consensus or platooning process in
a neighbourhood. The consensus process and the cooperative adaptive cruise
control share another characteristic: the communication is not point-to-point,
as the information from one node is needed by (potentially) each other node
in the network. Therefore, we assume that each node uses a broadcasting
communication protocol. The broadcasting nature of the messages exchanged
over the networks, jointly with the neighbourhood loss of communication sug-
gests a node-based failure model, instead of a link-based one: if a collision
happens, the message broadcast from one node to all its neighbours is lost, as
all the communication in the area is impossible. Because of the aforementioned
reasons, and to make the problem better treatable from an analytical point
of view, we will model the network unreliability as time independent, space
independent, homogeneous node failures.
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1.2 Motivation and contribution: platooning
and consensus.

This thesis focuses on the problem of achieving average consensus in a network
of agents subject to packet losses.

Consensus, as the names suggests, refers to the problem where a network of
nodes, connected and therefore able to exchange information, has to agree to one
common value by using a distributed algorithm, relying on the communication
between nodes. The agreed value is somehow hidden in the network: for the
average consensus the agreed value is the average of the initial state of each
node.

Consensus protocols can be used for a variety of applications. For example,
we can have a set of sensors, making a measurement of a temperature in a
room, and we want to have only one measurement. We might collect all the
results from the sensors and make an average, which would be a centralised
approach, or we can ask the sensors to communicate between them and reach
an agreement. Demanding the sensors to cooperate, communicate and agree
on a common value allows us to simply read one of those sensors: when the
agreement is reached we know that every sensor holds the same measurement,
and the measurement reading becomes simpler.

Another example of agreement reached between nodes can be seen in a
scenario where a platoon of vehicles needs to agree on an average speed,
decided in a distributed fashion by the nodes themselves, or when they need to
decide on some action, like merging two different platoons without a central
supervisor node. Clearly the communication can be impacted by packet loss,
and consequently the distributed algorithm is disrupted: the nodes might
compute a value different than the correct one. While some applications might
be resilient to such mistakes, others, like vehicle platooning, are more sensitive
to such challenges.

Average consensus is negatively affected by packet losses and network
disruption, at various levels. When packet losses arise one might ask himself
several questions regarding the behaviour of the nodes in the network:

• Does the set of nodes agree on a common value?

• Does the set of nodes agree on the correct value?

• Does the set of nodes agree on the correct value while showing appropriate
transient dynamics?

Usually, the answer to the first question is yes. Communication losses do
affect the convergence of the network, making it slower, for instance, but –
unless the communication channel becomes completely unavailable – losses of
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communication do not prevent the network of agents to converge. However,
there is no guarantee that the network converges to the correct value, unless
some action is taken.

Therefore, the answer to the second question is, in most cases, no. This
problem and how to solve is extensively discussed in the first part of this thesis.
For now, it suffices to know that the set of nodes will generally converge to
a random value, unless some action is taken: we describe a compensation
mechanism to preserve the convergence to the average, and a communication
algorithm to implement such compensation.

The third question is answered in the second part of the thesis. Controlling
the transient dynamics of the network is challenging, and while the first part of
the thesis follows a generic, theoretic approach, the second one is motivated by
an application, and it aims at solving the problem of packet loss for the case of
Cooperative Adaptive Cruise Control (CACC), briefly described next.

1.2.1 CACC

In Cooperative Adaptive Cruise Control we have a platoon of vehicles and we
are not simply interested in some asymptotic behaviour, i.e. the cruise speed
they reach, but we are also interested in the transient behaviour. Each final user
of the autonomous, connected vehicles expects their car to reach and maintain
the target velocity while exhibiting an acceptable transient behaviour. In this
case the control problem becomes harder: such network must agree on some
common final value, for instance the error for each vehicle must asymptotically
go to zero, but this must be achieved in a smooth, comfortable way. Moreover,
we address the problem of phantom traffic jams. Consider a normal situation
in the highway, where a collection of cars (driven by humans) is proceeding
at some speed. If the first car slows down, it might happen that the car
behind it slows down faster and more, as the human driver does not have
perfect knowledge of the amount of the deceleration of the preceding vehicle.
Therefore, humans might overreact to compensate for their slower reaction time
[16]. If we propagate this approach to the whole string of vehicles, we might
have that some car stops somewhere in the string, just because one car slows
down and each subsequent car slow down a bit more. The situation changes
when the communication between vehicles is available: when a car knows the
future behaviour of the preceding one, because it has been communicated, then
it can react better, preventing excessive deceleration. To achieve such smart
behaviour the uncertainties in the network must be addressed. We will focus
mostly on the network uncertainties assuming a fixed topology for the platoon.
Nevertheless it is possible to approach the control problem assuming that the
network topology is a design parameter of the controller – i.e. co-design the
controller and the communication protocol [17] – due to the fact that the
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topology of the network also impacts the performance of the platoon [18]

1.2.2 Contribution

For consensus, we will be interested in whether the set of agents agrees, and to
which value when the network becomes unreliable. For a platoon of vehicles,
an important a third question is how the convergence is reached.

The contribution of this thesis can be detailed as follows:

• Present a method to achieve convergence to the average for a set of nodes
communicating over a lossy network

• Develop an algorithm to implement such synchronous time dynamics
(convergence to the average) by using an asynchronous communication
algorithm over a lossy network

• Design a robust controller to achieve cooperative adaptive cruise control
for a platoon of homogeneous vehicles communication over a lossy network.

The first two points are addressed in the first part of the thesis, which
focusses on average consensus over unreliable networks. The third point is
addressed in the second part of the thesis, where two different approaches to
design a robust cooperative adaptive cruise controller are discussed: a transfer
function one, and a state space one.

1.3 Outline

The present thesis is divided in two parts.
Part I addresses the Average Consensus Problem over unreliable networks,

and it is organised as follows: Chapter 2 describes the average consensus
problem over networks and the necessary mathematical tools. A compensation
method is developed in Chapter 3. In the same chapter we present some
variations for the compensation method, discussing differences between them
and with respect to the literature. In Chapter 4 we propose the asynchronous
algorithm used to implement the compensation method presented in Chapter
3, while in Chapter 5 we evaluate the performance of the various compensation
methods by using simulations. The conclusions and future work regarding the
consensus problem are discussed in Chapter 6. The results presented in the
first part of the thesis have been presented in conferences and published in a
journal: the first compensation method was presented in [19], the improved one
with the gain was presented in [20], while the asynchronous algorithm, with its
asynchronous correction step, can be found in [21].
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Part II addresses the Cooperative Adaptive Cruise Control over unreliable
networks, and it is organised as follows: Chapter 7 introduces the Cooperative
Adaptive Cruise Control problem and describes the dynamical model of the
vehicles, their interconnections to create the vehicle platoon, and presents the
frequency and state-space models used to develop the controller. Chapter
8 outlines the concept of string stability, and introduces the definitions of
mean and stochastic string stability, used to define the control objectives. The
controller(s) synthesis is described in Chapter 9, by using different approaches,
both in the frequency and state space domains. In Chapter 10 the results of
the various controllers are described and commented. Lastly, the conclusions
and future work regarding the Cooperative Adaptive Cruise Control problem
can be found in Chapter 11. The frequency based observer has been presented
in [22], while the state space approach is discussed in [23].

1.4 List of publications
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CHAPTER 2

Consensus over wireless networks

In recent years the field of networked systems has flourished, attracting the
attention of outstanding mathematicians, computer scientists and engineers. A
big contribution to this growth lies in the technological advances in embedded
systems (e.g. miniaturisation and communication), which allowed big networks
of embedded systems, such as sensors or robots, to become a reality.

The possibility of using a network of agents to perform a task, instead of
relying on only one or a few agents, has numerous advantages: it is inherently
a resilient choice, and facilitates the completion of difficult tasks. Certain
tasks are impossible, or at least difficult, to complete for a single agent, where
a cooperative approach can be successful. For instance, recent advances in
genomic research wouldn’t be possible without distributed, parallel computing,
and autonomous robot swarms are nowadays being used in various fields of
academic research and real applications, e.g. to find and rescue victims of
disaster.

However, the idea of distributing a task over a set of agents raises compelling
questions: can such a network of agents operate reliably, in a distributed way,
without a central coordinator, even operating in a scenario where communica-
tion is unreliable?

This work focuses on the average consensus problem, which consists in
making a set of agents, each one having its own initial state, to agree on a
common state, which is the average of the initial states, while the network
is unreliable. The average consensus is a fundamental step for distributed
algorithms where the nodes need to agree on some quantity; while the formula-
tion of the problem might seem easy, communication losses might impair the
capability of a network to converge to the correct value and the speed of such
process.

Consensus algorithms are applied in a variety of scenarios. For instance,
they find application in multi vehicular cooperative control, where a large
number of vehicles are deployed for a multitude of task, e.g. monitoring,
transportation, surveillance; tasks which can be carried out more effectively by
autonomous systems than by humans. All those tasks require a certain degree of
cooperation. Such cooperation arises, for instance, in formation control, rendez-
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vous, platooning, flocking, attitude alignment and many more. Consensus
algorithms have been proven effective in achieving these tasks [24], [25]. Another
field in which consensus algorithms are useful is clock synchronisation, where
all the agents of the network must refer to a common time framework: such an
application is found in every computer or sensor network, being a fundamental
step for any more complex distributed algorithm that is carried out by the
agents of the network. Moreover, consensus algorithms form the basis for a
large number of other distributed algorithms, such as distributed hypothesis
testing [26], distributed maximum likelihood estimation [27], and distributed
Kalman filtering [28]. Such consensus algorithms have been studied under a
wide variety of conditions including networks that have undirected or directed
links, time varying topology [28], [29], and noisy channels [30], [31]. Most
average consensus algorithms, however, are not robust to packet losses [32],
a situation that can be expected to happen when a wireless communication
mechanism is employed, which is the main focus of this work.

Several methods exist to deal with packet loss, employing different strategies:
retransmissions [33], additional variables to be transmitted [34], [35], or memory
mechanisms [36], [37]. However, it is also possible to preserve consensus using
a local compensation mechanism, modifying the weights of the links between
the nodes to cope with the change in the network topology, as in [32], which is
a paper that inspired the compensation method proposed in this thesis.

In this chapter we recall the necessary notions of graph theory and average
consensus, necessary for the discussion of the compensation method presented
in Chapter 3. in Section 2.1 we recall the basics notions of graph theory, in
Section 2.2 we describe the consensus problem, while in Section 2.3 we present
the consensus problem under communication failures.

2.1 Basic graph notions

A network of n agents can be represented by a graph where each node of the
graph represents one agent. A graph is a pair G = (V, E) which consists of a
set of vertices V and a set of edges E ⊆ V × V which represent, respectively,
the nodes of the network and the links between nodes. Given two nodes vi ∈ V
and vj ∈ V, the node vi is adjacent to vj if there is an edge from vi to vj , i.e.
(vi, vj) ∈ E . For the purposes of this thesis, we assume that when vi is adjacent
to vj then vi can receive information from node vj . Moreover, we denote with
N+
i the out-neighbourhood of node vi which consists of all the nodes which are

adjacent to vi, and with N−i the in-neighbourhood of node vi that consists of
all the nodes that have vi as an adjacent node: N−i = {vj |vi ∈ N+

j }. A node
can send its information to its out-neighbourhood and can receive information
from its in-neighbourhood. We assume that a node belongs to both its in- and
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out- neighbourhood. When a path, i.e. a sequence of edges, exists between
every two nodes in the network, a graph is said strongly connected.

A graph is called undirected if (vi, vj) ∈ E ⇐⇒ (vj , vi) ∈ E , while a graph
that is not undirected is called directed. In other terms, an undirected graph
models a bidirectional network. In a wireless, homogeneous, network, where
two nodes are adjacent if they are both in the radio range of each other, the
undirected hypothesis arises naturally. Therefore, the present thesis focusses
on undirected graphs.

For undirected graphs the in- and out-neighbourhoods of node i coincide,
hence we denote both with Ni, the neighbourhood of node i.

Lastly, we define an adjacency matrix A of elements aij , where aij = 1 ⇐⇒
(vi, vj) ∈ E , 0 otherwise. Clearly, for an undirected graph the adjacency matrix
is symmetric, AT = A.

More details about consensus can be found in books such as [38] or [39].

2.2 The consensus problem

In this section we introduce the consensus problem, a preliminary concept
required to discuss the problem of average consensus over unreliable networks,
which will be further detailed in Section 2.3.

The consensus problem can be described as follows: a set of n agents, each
one endowed with an initial state xi(0) ∈ R, need to agree on a common value,
by using a distributed algorithm. Each node has access to the information
from a subset of agents, the ones present in its neighbourhood. The consensus
is solved when the states of the agents asymptotically converge to the same
value. The average consensus problem is solved when the agreed value is the
average of the initial states of the network.

In order to simplify the notation, a node vi will be indicated simply by i
in the following of the section. We assume that each node in the network can
update its state according to some update rule, in a discrete-time framework:

xi(k + 1) = gi ({xj(k)|j ∈ Ni}) ∀i ∈ V. (2.1)

More specifically, we will choose linear update laws, as the following weighted
average:

xi(k + 1) =
∑
j∈Ni

wijxj(k) ∀i ∈ V (2.2)

where each node makes a weighted average of the state of its neighbours during
every consensus iteration denoted by k.
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The equation (2.2) can be rewritten by using the weighted adjacency matrix
W as follows:

x(k + 1) = Wx(k), (2.3)

where

x(k) =


x1(k)
x2(k)

...
xn(k)

 .
The elements of W are the weight wij used by node i to weight the information
(the state) received from node j. Therefore wij 6= 0 ⇐⇒ (vi, vj) ∈ E , the
matrix W represents both the topology of the network and the weights choice.

The consensus problem is solved if all the nodes converge to the same value,
i.e.:

lim
k→∞

x(k) = 1x∗

where 1 is a vector of elements equal to 1 and x∗ is a scalar depending on x(0)
and W . When:

x∗ =
1

n

n∑
i=1

xi(0),

then the network converges to the average. It is of interest to find necessary con-
ditions on the matrix W to achieve asymptotic convergence, and to characterise
the convergence of the network.

2.2.1 Stochastic matrices

If the graph is strongly connected, it is always possible to find a W to obtain
consensus [32], [40], by imposing conditions on the weighted adjacency matrix
W . An important, useful class of matrices are the stochastic matrices. A
row-stochastic matrix – also called simply stochastic – is a matrix of non
negative elements such that:

W1 = 1, (2.4)

conversely a column-stochastic matrix is such that:

1TW = 1T .
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A matrix is row-stochastic when its rows sum up to one, column-stochastic
when the columns sum up to one. It should be noticed that the matrix W
does not contain any uncertainty: the term stochastic simply refers to the rows
and/or columns sums being equal to 1. A matrix which is both stochastic and
column stochastic is a doubly stochastic matrix.

In the following we assume that the weighted adjacency matrix is doubly
stochastic, in its nominal condition, i.e. when there are no failures. We denote
the nominal weighted adjacency matrix as W .

The concept of stochastic matrix is important for the consensus problem:
It is sufficient to choose W stochastic and such that wi,i > 0 for some i (see
Theorem 2.1 in [39]) to achieve consensus over a strongly connected graph.
Moreover, a column-stochastic weighted adjacency matrix ensures convergence
to the average; the average consensus problem is solved when:

lim
k→∞

x(k) = 1x∗,

where:

x∗ =
1

n
1Tx(0). (2.5)

We can then write:

lim
k→∞

x(k) = 1x∗ = lim
k→∞

W
k
x(0) (2.6)

And then, assuming that 1TW = 1 and multiplying all terms in (2.6) by 1T

we can find the convergence value as:

1T1x∗ = lim
k→∞

1TW
k
x(0) = 1Tx(0)⇒ x∗ =

1

n
1Tx(0)

As mentioned in Section 2.1, we focus on undirected graph and we can then
assume that W is symmetric and thus doubly stochastic.

2.3 Consensus under communication failures

In the previous section we provided sufficient conditions for a network of agents
to achieve average consensus. The weighted adjacency matrix must be doubly
stochastic, and when the graph that describes the network topology is strongly
connected, such matrix can always be found. However, when a node is not able
to communicate during some round k, the dynamics changes.

Let us assume that the node j is not able to communicate its state xj(k) to
its neighbour during the kth iteration. We can describe this scenario by setting
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wij = 0 for each node i. The adjacency matrix changes to a time varying one,
different from the nominal one W .

When the links between the nodes are not reliable, the dynamics (2.3)
changes to a time-dependent one:

x(k + 1) = W (k)x(k). (2.7)

However, such matrix W (k) is not stochastic any more, as some of its entries
are now zero, while they were positive in its nominal condition. If the matrix
W (k) is not stochastic due to communication failure, some action is needed:
we are going to modify the other non-zero entries of W (k) in such a way that
the matrix W (k) becomes stochastic.

One example of such compensation is presented next.

2.3.1 Biased Compensation Method

When the network topology is time varying, due to packet losses, it is possible
to implement a compensation mechanism to preserve consensus. In this section
we present the approach from [32].

Let us assume that the network topology is described by a strongly connected
graph, and that each link is unavailable with probability p. This can be modelled
by a family of independent binary random variables Fij(k), i, j = 1 . . . n, i 6= j,
such that:

P [Fij(k) = 0] = p, P [Fij(k) = 1] = 1− p.

The biased compensation method uses the following update law instead of
(2.2):

xi(k + 1) =

wii +
∑
j 6=i

(1− Fij)wij

xi(k) +
∑
j 6=i

Fijwijxj(k) (2.8)

and it is easily verifiable that the sum of the weights used by node i is one:

wii +
∑
j 6=i

(1− Fij)wij +
∑
j 6=i

Fijwij =

n∑
j=1

wij = 1.

It can be proven that, if Fij(k) and Fij(m) are independent ∀k,m k 6= m
the convergence of the set of agents to consensus in guaranteed (the proof is a
simple consequence of Theorem 6 in [41]).
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2.3.2 Loss model and convergence in presence of losses

We consider the specific case when a packet collision causes a communication
loss. This scenario arises when two nodes try to communicate at the same
time, causing interference in the shared, wireless medium. Such a packet
collision prevents the message reception in the whole neighbourhood where
the interference happens. To capture this local, neighbourhood-based loss of
communication, we model the losses as node failures, instead of link failures:
when a packet is lost, because it has not being received by one recipient, is lost
for every recipient node in the neighbourhood of the sender.

Moreover, we assume that the losses are time and space independent: a
failure can happen with a probability that is not influenced by any other failure.
While this assumption might not seem realistic, the space independence suits
well the neighbourhood-based losses (the space dependence is already captured
by the losses being extended to the whole neighbourhood) and it allows for a
simpler modelling of the rate of convergence (2.10). It should be noticed that
the failure model does not influence the compensation method, but only the
analysis of the time required for the network to converge.

We model the communication loss by a failure vector f(k), where fi(k) = 1
when the communication from node i to its neighbours is successful during the
kth iteration of the consensus algorithm, fi(k) = 0 otherwise, and fi(k) and
fj(k) are independent for each i, j.

To keep the analysis of the algorithm’s performance simple, we assume that
the failure probability is the same for each node in the network and that it is
time independent:

P[fi(k) = 0] = p

The following criterion for consensus is a special case of the one proved
in [32]. In order to state it, let us denote the expected value of a random
variable X as E[X], and the directed graph associated with an adjacency matrix
M as GM : we associate to the matrix M the digraph GM with a set of vertices
{1, . . . , n} in which there is an edge from i to j whenever Mij 6= 0.

Lemma 2.3.1. Assume that W (k)is a sequence of i.i.d stochastic matrices,
such that for all i we have W (k)i,i > 0. If GE[W (k)] is connected then W (k)
achieves consensus almost surely1.

By this result, the problem of whether the system achieves consensus is
transformed into checking the structure of the expected value of the matrix
W (k).

1 Almost sure convergence: P [limk→∞ x(k) = 1α] = 1
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2.3.3 Rate of convergence

Lastly, we present a useful measure to characterise the performance of the
update rule: the rate of convergence to zero for the error. Moreover, we recall
an useful lemma that shows how the convergence rate can be bound by the
eigenvalues of a matrix depending on the topology of the network and the
chosen update rule.

We want to evaluate the exponential rate of convergence to zero of

E[‖x(k)− 1α‖22]

defined as:

R = lim sup
k→∞

(
E[‖x(k)− 1α‖22

) 1
k ,

where we are assuming that the update rule (2.8) converges to some quantity
α:

lim
k→∞

x(k) = α1,

and we denote the average of the states at time k as:

xA(k) =
1

n
1Tx(k).

In [32] it is proven that:

E[‖x(k)−xA(k)1‖2] ≤ E[‖x(k)−α1‖2] ≤
(
1+
√
n
)2
E[‖x(k)−xA(k)1‖2] (2.9)

which shows that E[‖x(k)− xA(k)1‖2] and E[‖x(k)− α1‖2] have the same
exponential rate of convergence:

lim sup
k→∞

E[‖x(k)− xA(k)1‖2]
1
k = lim sup

k→∞
E[‖x(k)− α1‖2]

1
k

and then we define the worst case exponential rate of convergence to zero of
the error as the convergence rate for our update rule:

R := sup
x(0)

lim sup
k→∞

E [‖x(k)− xA(k)1‖]
1
k . (2.10)

It is possible to bound the convergence rate (2.10), as proven in [42], by:

λ2 (E [W (k)]) ≤ R ≤ λ2

(
E
[
W (k)TΩW (k)

])
(2.11)
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where λi denotes the ith greatest eigenvalue of the matrix:

λ1(·) ≥ λ2(·) ≥ · · · ≥ λn(·),

and

Ω = I − 1

n
11T ,

and W (k) is the time varying weighted adjacency matrix describing the topology
of the network when some links are malfunctioning – as in (2.8). We will use the
bounds in (2.11) to compare the convergence speed of different compensation
methods in Chapter 3; however, it requires the computation of the eigenvalues
of the weighted adjacency matrix, which is feasible in a closed-form only for
specific classes of networks.





CHAPTER 3

Compensation methods for average consensus

In this chapter we present a compensation method to secure convergence for the
average consensus algorithm over an unreliable network. We also show how it is
possible to modify the update rule for each node in the network to compensate
for communication losses, thus preserving the convergence of the network to
the average of initial conditions, which is otherwise not granted when the
communication experiences some failures. In Section 3.1 we presented the basic
average-preserving compensation method, that can be used to guarantee the
convergence of a network of agents to the average of the initial conditions of the
nodes when packet losses are present. Then, we present a special case for which
the average preserving compensation method can be improved when the network
is fully connected, introducing the accelerated average preserving compensation
method in Section 3.2. We present a comparison of the performance of the
different compensation methods in 3.3, and we finally present in Section 3.4
a different accelerated compensation method that converges faster than the
average preserving compensation method on every topology, but only when
certain conditions are met.

3.1 The Average Preserving compensation
method

When the communication is perfect, an update rule that achieves average
consensus is given by (2.2). However, when the links are not reliable, the
update rule becomes:

xi(k + 1) =
∑
j∈Ni

wijfj(k)xj(k) (3.1)

where fj(k) models the status of the outgoing communication from node j,
fj(k) = 0 when the communication from node j fails during the kth consensus
iteration, fj(k) = 1 otherwise. As introduced in 2.3.2, we assume that each
node has the same probability of packet loss:

P[fi(k) = 0] = p.
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In the rest of the thesis we assume that fi are independent Bernoulli stochastic
variables.

Clearly, when some fj(k) = 0, the matrix W (k) is not stochastic (2.4):

n∑
j=1

wijfj(k) < 1

and then the consensus is not guaranteed.
To cope with communication losses, it is possible to modify the update

rule (2.2) as follows, compensating for the losses that affect the communication
between nodes:

xi(k + 1) = (1− fi(k))xi(k)+

fi(k)

 n∑
j=1

fj(k)wijxj(k) +

n∑
j=1

(1− fj(k))wijxi(k)

 .
(3.2)

The idea behind the compensation is the following: when a node fails its
transmission, it will not update itself; this is captured by the term (1 −
fi(k)xi(k).

Instead, when the outgoing communication from node i to its neighbours
is successful, the node i uses its own state instead of the unavailable states
of some failing node j. This is captured by the term

∑n
j=1(1− fj(k)wijxi(k).

This step ensures that the weighted adjacency matrix remains row stochastic
when some incoming messages are lost. On the other hand, if a node does not
update when its outgoing communication fails, then the weighted adjacency
matrix will remain column stochastic.

To implement such waiting strategy, an acknowledgement mechanism is
required: a node that fails its communication needs to know that he was not
successful. In this section we assume that each node is aware of its connectivity,
in the next chapter we will explain how to achieve such awareness. The
compensation update rule (3.2) leads to the following dynamics:

xi(k + 1) = xi(k) +

n∑
j=1

fi(k)fj(k)wij(xj(k)− xi(k)), (3.3)

which can be seen as a discrete-time system described by the following matrix
equation:

x(k + 1) = W (k)x(k), (3.4)

where

W (k) = I + F (k)WF (k)− diag
(
F (k)WF (k)1

)
, (3.5)
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and where diag(v) denotes the diagonal matrix whose diagonal entries are the
elements of the vector v, and F (k) = diag(f(k)), that is:

Fij(k) =

{
fi(k) if i = j
0 if i 6= j

.

3.1.1 Convergence of the average preserving compensa-
tion method

We can now verify if the matrix W (k) in (3.5) is both row and column stochastic:

W (k)1 = 1+ F (k)WF (k)1− F (k)WF (k)1 = 1 (3.6)

and, by the symmetric nature of W ,

1TW (k) = 1T + 1TF (k)WF (k)−
(
F (k)WF (k)1

)T
= 1T . (3.7)

Thanks to the lemma 2.3.1, the following result holds true:

Proposition 3.1.1. Assume W is a doubly stochastic weighted adjacency
matrix, w(k)i,i > 0 and that GW is strongly connected. The expectation of
W (k) in (3.5) is

E[W (k)] = (1− p)2W + p(2− p)I

and W (k) achieves consensus almost surely.

Proof. From (3.5) we have:

E [W (k)] = I + E
[
F (k)WF (k)− diag

(
F (k)WF (k)1

)]
= I + E

[
F (k)WF (k)

]
− diag

(
E
[
F (k)WF (k)1

])
remembering that:

[
F (k)WF (k)

]
ij

=

{
fi(k)fj(k)wij if i 6= j,

fi(k)wij if i = j.

Therefore, it is possible to evaluate the expected value:

E
[
F (k)WF (k)

]
ij

=

{
(1− p)2wij if i 6= j

(1− p)wij if i = j

The expectation of W (k) then becomes:

E [W (k)] = (1− p)2W + p(2− p)I (3.8)

Clearly GE[W (k)] = GW – which we assumed to be strongly connected – and thus,
by Lemma 2.3.1, the update rule (3.2) achieves consensus almost surely.
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We can now show that the update rule (3.2) achieves average consensus.
Thanks to Lemma 2.3.1 we know that the dynamics 3.4 converges, i.e.:

lim
k→∞

x(k) = α1,

and then, by defining

∆(k) =

k∏
ξ=0

W (ξ),

we can express the state x(k + 1), for k →∞, as:

α1 = lim
k→∞

x(k + 1) = lim
k→∞

W (k)x(k) = lim
k→∞

∆(k)x(0),

and remembering that, by construction, 1TW (k) = 1T for every k, we have:

α1T1 = lim
k→∞

1T∆(k)x(0) = 1Tx(0)⇒ α =
1

n
1Tx(0)

which shows that the consensus value achieved by (3.2) is the average of initial
states of the network.

Lastly, it should be noticed that whether the compensation method achieves
convergence does not depend on the probability of packet loss. The compensa-
tion rule (3.2) converges always to the average.

3.1.2 Rate of convergence

After proving the convergence of the compensation method, we are interested in
evaluating the speed of convergence. We can evaluate the rate of convergence,
which was defined in Section 2.3.3:

R := sup
x(0)

lim sup
k→∞

E
[
‖x(k)− xA(k)1‖2

] 1
k

where xA(k) = 1
n

∑n
i=1 xi(k) is the average of the current states. This analysis,

via bounds, makes the computation easier than using exact methods — as in
[43]. The rate of converge is bounded by (2.11):

λ2 (E [W (k)])
2 ≤ R ≤ λ2

(
E
[
W (k)TΩW (k)

])
,

where Ω =
(
I − 1

n11
T
)

and λ1(·) ≥ λ2(·) ≥ · · · ≥ λn(·) are the real eigenvalues
of the matrix. The eigenvalues are real because the matrix is symmetric.

Estimation of the rate of convergence reduces to find the expectations of the
two matrices W (k) and W (k)TΩW (k) for which the following result is valid:
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Proposition 3.1.2. When W = I+F (k)WF (k)−diag
(
F (k)WF (k)1

)
, where

W is symmetric and doubly stochastic, and F = diag(fi), where fi are inde-
pendent Bernoulli stochastic variables, P[fi(k) = 0] = p then the expectation of
the matrix W (k)TΩW (k) is:

E
[
W (k)TΩW (k)

]
= aW ∗ + b(W 2 − I) + I − 1

n
11T (3.9)

where:

W ∗ = W − I −W ·W + diag
(
W

2
)

(3.10)

a = 2p(1− p)2

b = (1− p)3

and W ·W denotes the entry-wise product.

Proof. We provide a sketch of the proof: by expanding

E
[
W (k)TΩW (k)

]
= E

[
WTW − 1

n
11T

]
=

E
[
I + 2FWF − 2D + FWFFWF −DFWF − FWFD +DD

]
where D = diag

(
FWF1

)
we need to compute the expected values of the

matrices:

E
[
FWF

]
= (1− p)2W + p(1− p)diag(W )

E[D] = E
[
FWF

]
1 = (1− p)2I + p(1− p)diag(W )

E [DD] = (1− p)3I + 2p(1− p)2diag
(
W
)

+

p(1− p)(2p− 1)diag
(
W ·W

)
− p(1− p)2diag

(
W

T
W
)

while for the others we compute the values point-wise:

E [FWFFWF ]ij = (1− p)3
[
W

T
W
]
ij

+ p(1− p)2W ij(W ii +W jj) i 6= j

(1− p)2
[
W

T
W
]
ij

+ p(1− p)W 2

ij i = j

E
[
DFWF + FWFD

]
={

2(1− p)2W ij + p(1− p)W 2

ij i = j

2(1− p)3W ij + 2p(1− p)2W
2

ij + p(1− p)2W ij(W ii +W jj) i 6= j

and by substitution, the proposition is proved.
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Evaluating the eigenvalues of the aforementioned E
[
W (k)TΩW (k)

]
is not

easy. Therefore, two special cases are evaluated: the complete graph and the
circulant graph.

Complete graph

As a first scenario, we assume that the network describes an all-to-all communi-
cation, in which every node is able to communicate with every other node in the
network. This means that the W matrix has every Wij 6= 0. For such complete

scenario we choose W = 11T

n . This matrix is doubly stochastic, therefore the
system achieves average consensus, if there are no packet losses.
The formulas (3.8) and (3.9) readily simplify to:

E [W (k)] = (1− p)211
T

n
+ p(2− p)I

E
[
W (k)TΩW (k)

]
= (p− 1)2

(
p+ 1− 2p

n

)(
11T

n
− I
)
− 1

n
11T − I

From these relations and (2.11) the following result can readily be proved.

Proposition 3.1.3. If W = 1
n11

T , then the rate of convergence RW is esti-
mated by

(p(2− p))2 ≤ RW ≤ 1− 2p(1− p)2

(
n− 1

n

)
− (1− p)3 (3.11)

Circulant graph

Let us now consider the circulant graph: in this topology every node can
communicate with a restricted number m of neighbours, in a m-look-above-
and-behind ring. The weighted adjacency matrix representing this scenario is
denoted byWm, which containsm non-zero elements on each row, symmetrically
distributed around the diagonal. If we define the first row as

[Wm]1,j =

{
1
m if j ≤ m−1

2 ∨ j > n− m−1
2

0 otherwise
(3.12)

each of the other rows are obtained by a circular right-shift of the preceding
row.

The matrix Wm is doubly stochastic, and then – in a scenario without
packet loss – achieves average consensus.

It is possible to compute the expectation of W (k)TΩW (k) in this scenario:
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Proposition 3.1.4. If W = Wm, then the expectation of the matrix
W (k)TΩW (k) is:

E
[
W (k)TΩW (k)

]
= 2p(1− p)2W ∗ + (1− p)3(W 2 − I) + I − 11

T

n

where

W ∗ =
m− 1

m

(
W − I

)
and consequently the following is true:

Proposition 3.1.5. If W = Wm, the rate of convergence RW of the average
preserving compensation method is bounded by:

ac + bcσ + ccσ
2 ≤ RW ≤ dc + ecσ + fcσ

2 (3.13)

where:

σ =
1

m

sin πm
n

sin π
n

ac = p2(2− p)2

bc = 2p(2− p)(1− p)2

cc = (1− p)4

dc = 1− (1− p)2(1 + p) +
2p(1− p)2

m

ec = 2p(1− p)2 (m− 1)

m

fc = (1− p)3

Proof. We provide a sketch of the proof – limited to the right part of the
inequality – for which we first recall some preliminary result. Given a symmetric,
stochastic matrix W , the following is true:

max
i
λi

(
W − 1

n
11T

)
= max
i,vi⊥1

λi(W )

The largest eigenvalue of the matrix W − 1
n11

T is the largest eigenvalue of
the matrix W amongst the ones associated to the eigenvectors orthogonal to 1.
Therefore, we study the matrix aW ∗+b(W 2−I)+I instead of E

[
W (k)TΩW (k)

]
.

The proof is straightforward: by denoting with λi, vi the eigenvalues and
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eigenvectors of W , beside the 1 eigenvalue associated with the 1 eigenvector,
we can easily verify that:(

W − 1

n
11T

)
vi = Wvi −

1

n
11T vi = Wvi = λivi

because vi is orthogonal to 1, being both eigenvectors of W , as a consequence
of the spectral theorem for symmetric matrices.

The matrix C = aW ∗ + b(W 2 − I) + I is circulant, therefore we can
characterise all its eigenvalues [44] as:

λk(C) =

n−1
2∑

i=−n−1
2

cie
j2π kn i

where ci are the elements of the matrix C:

ci = C1,i+1

and j denotes the imaginary unit. By computing the elements of the matrix C
we get:

ci =


1 + (1− p)2

(
2pm−1

m2 + (1−p)
m − (1 + p) + 2p

m

)
i = 0

2p(1− p)2m−1
m2 + m−|i|

m2 (1− p)3 |i| ≤ m−1
2

m−|i|
m2 (1− p)3 m−1

2 < |i| ≤ m− 1

where m is the number of nonzero elements in each row of C. Therefore, we
can express the eigenvalues as:

λk =c0 +

m−1∑
i=1

cie
j2π kn i +

−1∑
i=−(m−1)

cie
j2π kn i = c0 + 2

m−1∑
i=1

ci cos

(
2π
k

n
i

)
=

(3.14)

c0 + 2α

m−1
2∑
i=1

cos

(
2π
k

n
i

)
+ 2β

m−1∑
i=1

cos

(
2π
k

n
i

)
− 2β

m

m−1∑
i=1

i cos

(
2π
k

n
i

)
where:

α = 2p(1− p)2m− 1

m2

β =
(1− p)3

m
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To compute the sums of cosines, we recall that:

q∑
i=1

cos(φi)=R

{
q∑
i=1

ejφi

}
=R

{
ejφ − ejφ(q+1)

1− ejφ

}
= cos

(
φ(q + 1)

2

) sin
(
qφ
2

)
sin
(
φ
2

)
and that:

m−1∑
i=1

i cosφi = R

{
m−1∑
i=1

iejφi

}
= R

{
−j d

dφ

m−1∑
i=1

ejφi

}

=
m

2

sin
(
φ
(
m− 1

2

))
sin
(
φ
2

) − 1

2

sin2 φm
2

sin2 φ
2

.

By substituting the sums in (3.14), after some trigonometric and algebraic
manipulation, the eigenvalues are:

λk=1− (1−p)2

(1 + p)+
2p

m

(
1 +

m− 1

m

sin πmk
n

sin πk
n

)
+

(1− p)
m2

(
sin πmk

n

sin πk
n

)2


and the largest ones amongst the ones associated with an eigenvector orthogonal
to 1 are given for k = 1 or k = n− 1, which completes the proof.

3.2 The accelerated Average Preserving com-
pensation method

When every node is connected to every other node in the network, it is possible
to use a different update rule to compensate for packet losses, that can be
faster than the average preserving compensation method presented in 3.1.

The topology of a fully connected network can be represented as in Section
3.1.2 by a complete graph, and the weights of every link are chosen to be equal
to 1

n .
Let us recall that the weighted adjacency matrix corresponding to this

natural choice is:

W =
1

n
11T .

The update rule used by the accelerated average preserving compensation
method is the following:

xi(k + 1) =
1

d(k)
fi(k)

n∑
j=1

fj(k)xj(k) + (1− fi(k))xi(k), (3.15)
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where d(k) is the number of successes in the network at time k:

d(k) = f(k)T1,

which is known by every node: being the topology the complete graph, each
node is connected to every other node in the network, and it can compute the
number of active nodes. The dynamics of the network when the compensation
rule (3.15) is employed can be conveniently expressed in a matrix form:

x(k + 1) = Wa(k)x(k)

where:

Wa(k) =
1

d(k)
f(k)f(k)T + I − F (k).

Once again, we check the convergence of (3.15) by verifying that the matrix
Wa(k) is doubly stochastic and that the graph associated to its expectation is
connected.

Computing the expectation of Wa(k) yields:

E [Wa(k)] =
n− pn− 1 + pn

n(n− 1)
11T +

pn− pn

n− 1
I

Thanks to Lemma 2.3.1, we can once again conclude that (3.15) achieves
consensus because GE[Wa(k)] = GW .

Remark 1. For a fully connected network the weight choice W = 1
n11

T is not

a limiting factor. For any W it is possible to apply the compensation method
obtaining:

Wa(k) = G(k) +
(1−G(k)1)

(
1T − 1TG(k)

)
1T (I −G(k))1

where

G(k) = F (k)WF (k) + I − F (k).

However, for the sake of simplicity, in the rest of the section we shall assume
the simpler case W = 1

n11
T

3.2.1 Rate of convergence

We already established the convergence of the accelerated compensation method.
Next, we estimate its rate of convergence RWa

. We can compute the value of
the matrix

E
[
W (k)TΩW (k)

]
= E[Wa(k)]− 1

n
11T ,
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and therefore, the rate of convergence is bounded by:(
pn− pn

n− 1

)2

≤ RWa ≤
pn− pn

n− 1
. (3.16)

After computing the bounds, we can use it to evaluate the performance of
the proposed methods.

We can already notice, from comparing (3.11) and (3.16), that the acceler-
ated compensation mechanism is faster than the simpler one in (3.2): an upper
bound for the accelerated compensation method is given – for big networks –
by:

RWa ≤ p

while a lower bound for the normal compensation method is given by:

p2(2− p)2 ≤ RW
therefore it can easily be checked that RWa

≤ RW for a probability of packet

loss p ≥ 3−
√

5
2 . Therefore, when the probability of packet loss approaches 40%,

the accelerated compensation method can not be slower than the regular one.
For lower probability of losses, we can not conclude anything from just the
bounds. However, we will resolve to numerical simulations to compare the two
compensation methods.

A more detailed discussion about the performance of the compensation
methods is presented next.

3.3 A comparison between the compensation
methods

In this section we are interested in comparing the performance of the average
preserving compensation method presented in Section 3.1 and its accelerated
version presented in Section 3.2. We chose as performance metric the rate of
convergence to zero, and in order to compare the different rates we use the
biased compensation method presented in Section 2.3.1 as reference. It should
be remembered that the biased compensation method does not guarantee
convergence to the average, but only the simple convergence. However, due
to its structure similar to the average preserving compensation method, it
provides a fair comparison.

In the rest of this section we provide a comparison of the rates of convergence
for complete and circulant topologies, while in Chapter 5 we shall provide
an extensive analysis for random topologies, for which the computation of
eigenvalues is not available in a closed form: therefore we will resolve to
simulations.
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3.3.1 Complete graph

At first we compare the rate of convergence in the case of the fully connected
network, which corresponds to the complete graph.

In Figure 3.1 a comparison of the convergence rate for the average preserving
compensation method and the biased compensation method is displayed. The
upper and lower bounds for the biased compensation method are closer to each
other than the ones for the average preserving compensation method. Moreover
they both lie below the lower bound for the average preserving compensation
method. We can conclude that the average preserving compensation method
will be slower than the biased one to converge. This behaviour is expected,
because the average preserving compensation method requires the nodes to be
in an idle state when the communication is not successful, which intuitively
slows down the convergence. The same phenomenon is present when the size
of the network is large, as in Figure 3.2b

Figure 3.1: Lower and upper bound for Biased Compensation Method (BCM)
and Average Preserving (AP) compensation method for a complete topology
of 27 nodes.

Compared to the biased compensation method, the average preserving one
does not behave better. From the rate of converge comparison we can notice
how the lower and upper bound for the biased compensation method converge,
and that the rate of convergence is lower than the lower bound for the average
preserving compensation method.
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(a) Network of 127 nodes (b) Network of 627 nodes.

Figure 3.2: Lower and upper bound for Biased Compensation Method (BCM)
and Average Preserving compensation method (AP) for a complete topology.

Lastly, it should be noticed that the bounds for the rate of convergence
are similar for different sizes of the network; this behaviour is expected due
to the structure of the graph, and it is evident for the average preserving
compensation method as the rate of convergence (3.11) does not depend on n
when n is large.

After evaluating the rate of convergence for the average preserving compen-
sation method, we discuss its accelerated version. As displayed in Figures 3.3a
and 3.3b the lower bound of the accelerated average preserving compensation
method lies above the upper bound of the biased compensation method, but
close to it. This does not mean that the accelerate method will be as fast as
the biased one, but it might behave closely.

A comprehensive picture of the bounds is in Figure 3.4. From this graph
we can deduce how the average preserving compensation method will behave
worse than the accelerated and the biased compensation methods, as the lower
bound of the average preserving compensation method lies above the upper
bounds of the accelerated and the biased one; however the accelerated one
might behave as well as the biased one, but surely not better.

To have a feeling of the real performances of the three methods combined,
Figure 3.5 displays the number of iterations required to converge for a complete
network of 81 nodes. The results are for 100 simulations from different initial
conditions. It should be noticed that the consensus algorithms converge
asymptotically. Therefore, we use a practical notation of convergence, i.e.
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(a) Complete topology of 127 nodes. (b) Complete topology of 627 nodes.

Figure 3.3: Lower and upper bound for Biased Compensation Method (BCM)
and accelerated Average Preserving compensation method (aAP) for a complete
topology.

Figure 3.4: Lower and upper bound for Biased Compensation Method (BCM),
the Average Preserving compensation method AP) and the accelerated average
preserving compensation method (aAP) for a complete topology of 127 nodes.

the network converges when:
n∑
i=1

(xi(k)− x̂(k))2 ≤ 10−10, (3.17)
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where (̂x)(k) = 1
n

∑n
i=1(xi(k)). The number of iterations required to converge

for each algorithm is the smallest k for which (3.17) is satisfied. From Figure
3.5, it appears that for higher probability of packet loss, the average preserv-
ing compensation method performs worse than both the accelerated average
preserving compensation method and the biased compensation method. On
the other hand, the accelerated compensation methods requires an amount of
iterations comparable with the biased compensation method – which does not
preserve the average. Nevertheless, the biased compensation method is faster
than both the average preserving compensation method and its accelerated
version, on a complete topology.

Figure 3.5: Iterations required to converge for Biased compensation method,
the average preserving compensation method and the accelerated compensation
method for a complete topology of 81 nodes. Smaller dots are the results of
100 simulations, while symbols are the average.

3.3.2 Circulant graph

After evaluating the performance of the compensation methods for the complete
case, we visualise the rate of convergence for a circulant topology. We confront
only the average preserving compensation method and the biased compensation
method, as the accelerated compensation method requires a complete topology.

Also in the case of circulant topology the average preserving compensation
method is slower than its biased counterpart. From Figure 3.6 and Figure 3.7a,
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it appears that the rate of convergence of the average preserving compensation
method is bigger than the one of the biased compensation method.

Figure 3.6: Rate of convergence for the Biased compensation method and the
average preserving compensation method for a circulant topology of 25 nodes
with 11 neighbours.

As for the complete case, this behaviour is expected, as each node that
fails its communication does not update itself, waiting for a round in which its
communication is successful to update its state.

It should be noticed that in this case the rate of convergence is not 0 for
a probability of losses equal to 0. It depends on the time to asymptotically
convergence for the network without losses. The collision-free rate of conver-
gence depends on the number of neighbours of the node; a network where every
node has more neighbours will converge faster. This is displayed in Figure
3.7b and Figure 3.7a: higher connectivity of the network yields a lower rate of
convergence.

Also for the circulant topology, displaying the number of iterations required
to converge confirms the results from the study of the convergence rate: the
average preserving compensation method is slower than the biased one, but it
does not introduce any bias in the computation of the average. A performance
comparison can be found in Figure 3.8.

In Chapter 3 a more detailed comparison of the various methods based on
simulations shall be provided.



3.3. A comparison between the compensation methods 39

(a) 57 nodes with 29 neighbours. (b) 57 nodes with 23 neighbours.

Figure 3.7: Rate of convergence for the Biased compensation method and the
average preserving compensation method for a circulant topology

Figure 3.8: Iterations required to converge for the Biased compensation method
and the average preserving compensation method circulant topology of 81
nodes and 39 neighbours. Smaller dots are the results of 100 simulations, while
symbols are the average.
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3.4 A gain to improve the convergence speed

The average preserving compensation method presented in the previous sections
relies on a different behaviour of nodes when the network topology changes,
specifically when this change in the topology is due to a packet collision. Beside
modifying the weights for the incoming information, the compensation method
modifies the behaviour of nodes: a node that fails to transmit does not update
itself during the round in which the collision happens. The compensation
method seems rather conservative: Using the update rule (3.2) a node that
experienced a failure will not update, preventing the node to introduce errors
in the network. However, if the network is experiencing a high probability
of packet loss, several nodes might be in an idle-status, which translates in a
slowing down of convergence speed for the network. If most of the nodes do
not update, also the updating nodes will update slowly. Intuitively, while the
malfunctioning nodes are idle the nodes that are updating might speed up the
process, e.g. they could update twice, using the correct information received
during the last successful round, hopefully going closer to the average.

Such empiric method would lead to the following adjacency matrix:

W (k) = I + 2F (k)WF (k)− 2diag
(
F (k)WF (k)1

)
Simulations show that this approach does increase the speed of convergence

of the network, for high probability of packet loss, but it also leads to instability
when the probability of packet loss is low.

Generalising, it is possible to speed up the convergence process, using a
gain α ≥ 1 to define the update rule as follows:

xi(k + 1) =αfi

 n∑
j=1

fjwijxj(k) +
n∑
j=1

(1− fj)wijxi(k)


+ (1− αfi)xi(k) (3.18)

which can be described, in a vectorial form, as:

x(k + 1) = Wαx(k) (3.19)

where

Wα(k) = I + αF (k)WF (k)− αdiag
(
F (k)WF (k)1

)
. (3.20)

The presence of the gain α modifies the compensation method but the
matrix Wα(k) is not necessarily stochastic anymore, as some of its entries
might be negative. It is natural to think that even if the matrix Wα(k) has
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some negative entry at some time k, they might not compromise the convergence,
if, for example, the matrix is doubly stochastic for the majority of time.

We now investigate the relation between the choice of the gain α and the
convergence of the network.

3.4.1 Convergence of the α average preserving compen-
sation method

In this section we show that the following condition:

E[WT
αWα] ≥ 0

(component-wise) leads to convergence in mean square sense. In order to do so
we need to further investigate the error dynamics, defined as:

y(k) = x(k)− 1

n
11Tx(0), (3.21)

where n denotes the number of agents in the network.
We say that the network converges in a mean square sense if:

lim
k→∞

E[yT (k)y(k)] = 0. (3.22)

From the update rule of x(k) it follows that, remembering that Wα(k)1 = 1:

y(k + 1) = x(k + 1)− 1

n
11Tx(0) = Wα(k)x(k)− 1

n
Wα(k)11Tx(0)

= Wα(k)

(
x(k)− 1

n
11Tx(0)

)
= Wα(k)y(k),

then it is possible to study the convergence of the expected value of

y(k + 1)T y(k + 1)

for which the following theorem holds true.

Theorem 3.4.1. A system described by

x(k + 1) = Wα(k)x(k),

where

Wα(k) = I + αF (k)WF (k)− αdiag
(
F (k)WF (k)1

)
,
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converges in mean square sense, according to (3.22), if:

α<
2wij
Ξij

(3.23)

for each i, j 6= i, for which Ξij > 0, where:

Ξij = 2pw2
ij + 2(1− p)wij − (1− p)[WT

W ]ij . (3.24)

Proof. The expected value of the squared error is:

E[y(k + 1)T y(k + 1)|y(k)] = y(k)TE[Wα(k)TWα(k)]y(k),

and:

1T y(k) = 1TWα(k − 1)y(k − 1) = 1T y(k − 1) = 0,

that is y(k) ⊥ 1.
For a symmetric matrix A ∈ Rn×n, with eigenvalues λn ≤ λn−1 ≤ · · · ≤ λ1,

it holds true that zTAz ≤ λ2z
T z, if z ⊥ e1, where e1 is the eigenvector

associated to the λ1 eigenvalue. Since y(k) ⊥ 1 and E[WT
αWα] is symmetric,

it follows that:

E[y(k + 1)T y(k + 1)|y(k)] ≤ λ2

(
E[WT

αWα]
)
yT (k)y(k).

The time dependence of Wα(k)is dropped, because the matrices Wα(k) are
mutually independent, according to the failure independence property described
in the previous section. Recursively, we get:

E[y(k + 1)T y(k + 1)] ≤
(
λ2

(
E[WT

αWα]
))(k+1)

E[y(0)T y(0)].

Then a sufficient condition for

lim
k→∞

E[yT (k)y(k)] = 0

is that E[WT
αWα] is stochastic and that the graph associated with E[WT

αWα]
is connected: this ensures that the absolute value of all the eigenvalues of
E[WT

αWα] is smaller than one except for λ1 = 1.
The matrix E[WT

αWα] can be explicitly computed:

E[WT
αWα] = α2(1− p)3W

T
W−2α2p(1− p)2W �W+2α(1− p)2W

−2α2(1− p)3W+(α2(1− p)3−2α(1− p)2+1)I+2α2p(1−p)2diag
(
W

T
W
)
,
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where � denotes the Hadamard – i.e. element-wise – product. By construction,
E[WT

αWα]1 = 1. Therefore, the matrix is stochastic if E[WT
αWα]ij ≥ 0 for all

i, j ∈ V.
It is easily verified that the diagonal elements of E[WT

αWα] are positive
using that Wα is symmetric. It is then sufficient to find α such that the elements
outside the diagonal of E[WT

αWα] are positive whenever the corresponding
element of W is positive and otherwise at least nonnegative. This would
guarantee that E[WT

αWα] is stochastic and the associated graph is connected
whenever the graph associated with W is connected, which is a standing
assumption for our work.

To show this property for the off-diagonal elements, we note that it is
possible to evaluate E[WT

αWα] element-wise:

E[WT
αWα]ij = α2(1− p)3[W

T
W ]ij − 2α2p(1− p)2w2

ij+

2α(1− p)2wij − 2α2(1− p)3wij

= (1− p)2α (−αΞij + 2wij) ∀i 6= j.

where Ξij is defined in (3.24). The condition for the network to converge is
then

−αΞij + 2wij ≥ 0 (3.25)

whenever wij = 0 and

−αΞij + 2wij > 0 (3.26)

otherwise. It is easily verified that wij = 0 implies that Ξij ≤ 0 and hence
(3.25) is satisfied. If Ξij ≤ 0 and wij > 0, then (3.26) is satisfied. If Ξij > 0
then (3.26) becomes (3.23) which completes the proof.

Lastly, we remark that the condition (3.26) is not restrictive, i.e. it does
not lower the converge speed of the network. As a matter of fact, the choice
α = 1 always satisfies (3.23). After all, if Ξij > 0 then wij > 0 and hence
(3.23) with α = 1 is equivalent to:

2wij − Ξij > 0

which, using the definition of Ξij , is equivalent to:

2pwij(1− wij) + (1− p)[WT
W ]ij > 0

which is clearly satisfied since 1 > wij > 0 and [WTW ]ij ≥ 0.
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3.4.2 Choice of α

The bound (3.26) for α allows for an a priori tuning of the parameter, to ensure
convergence when a stochastic modelling of the network is known. It is possible
to pick a safe αs defined as the biggest α that satisfies all the inequalities
(3.26), i.e.:

αs = inf
ij s.t.Ξij>0

(
2wij
Ξij

)
. (3.27)

By theorem 3.4.1, any α < αs will secure convergence of the network to the
average of the initial conditions of the nodes. However, this condition is only
sufficient: it might be possible to pick bigger values for α which might make the
network converge faster, but if α is instead too large, the network might instead
reach instability, Intuitively, the gain should be one when the probability of
packet loss is equal to 0, and it should increase when the probability of packet
loss increases. Moreover, it might depend on the size of the network: small
networks will experience fewer packet losses, simply because the number of
nodes in the network is lower. Thus, a smaller gain should be employed because
the number of idled nodes will be lower. From those intuitive considerations, it
is possible to choose α empirically as:

αh =
1

(1− p) + p
n

. (3.28)

Simulations shown in Chapter 5 suggest that this heuristic value makes the
network converge and that – in some cases – convergence is faster than using αs,
even though convergence when αh is used is not guaranteed by our theoretical
results.



CHAPTER 4

Algorithm implementation

In the previous chapter we presented two different compensation methods: the
average preserving compensation method, and the α-average preserving one,
described by (3.4) and (3.19) respectively. However, equations (3.4) and (3.19)
describe the dynamics of the networks from a theoretical point of view: in
the previous chapter we found doubly stochastic weighted adjacency matrices
that ensure the convergence of the nodes of the network to the average of the
initial conditions. In this chapter we describe a communication algorithm to
implement such weighted adjacencies matrices.

The dynamics presented in chapter 3 is a synchronous one: all the nodes
in the network communicate at the same time, updating their state according
to either (3.4) or (3.19) at time k. This dynamics cannot be implemented
as it is, as if all the nodes were to communicate at the exact same time, the
communication would not be successful as a node cannot send and receive a
message at the same time.

Moreover, when a packet sent by one node is lost, that node updates the
weights of its links in order to preserve the average of the network. Therefore,
each node needs to know if its packages are correctly received or not: we need
to implement an acknowledgement mechanism to ensure that each node is
correctly aware of the status of its transmissions.

Lastly, the acknowledgement might be lost as well. When such event arises,
then the node would incorrectly compensate for what we call a virtual loss,
i.e. a loss of the acknowledgement rather than the informative message: this
behaviour can be corrected by introducing an extra compensation step.

In this section we first recall the relevant assumptions and describe the basic
idea of the implicit acknowledgement in section 4.1. Then, in section 4.2 we
describe the transmission algorithm, detailing how to achieve the synchronous
dynamics presented in chapter 3 by using an asynchronous algorithm, and
lastly, in section 4.3, we describe some necessary correction step to overcome
the problem of virtual losses.
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4.1 Assumptions

Before discussing the implementation of the algorithm, we recall the relevant
assumptions of the system.

The losses in the network are due to collision, and when the communication
from node i is not successful, then it is not received by any node in the network.
Therefore, if one node in the neighbourhood of i has received the packet from i,
then every other node in the neighbourhood of node i has received the packet
as well.

Moreover, the nodes do not communicate at the same time. When a
node is transmitting, it cannot receive messages. Hence, the nodes need to
communicate asynchronously.

Lastly, we make some further assumptions: we assume that the communica-
tion between two nodes in the same neighbourhood will happen without errors
at least once every k̂ <∞ rounds, that each node has perfect information of its
neighbourhood in its nominal, i.e. without failures, condition, and we neglect
computation and sending times.

The nodes are performing a local compensation, by modifying the weights
of the adjacency matrix. In order to do so, each node must be aware of the
status of its previous communication. Each node needs to know if its last
communication was successful or not before updating its value. Such node
awareness can be obtained using explicit acknowledgements, i.e., dedicated
messages sent by the receiver to acknowledge the reception of a message.
However, such a solution has potential drawbacks. Even if an acknowledge
message is shorter, therefore with a low probability of collision, it can still be
lost: the probability of packet loss for acknowledgement messages can not be
neglected. Moreover, using acknowledgements increases the overhead of the
network, increasing the messages exchanged, and ultimately increasing the
likelihood of collisions.

To provide feedback from the network we propose an implicit acknowl-
edgement strategy. The acknowledgement information is carried by the same
message that carries the state. This idea will decrease the network overhead,
by lowering the messages required to implement the consensus dynamics, but
some consideration is required to be sure that the algorithm does not introduce
any error. The informative messages, carrying the states, are not reliable: this
implies that some acknowledgements might be lost, impairing the compensation
methods effectiveness, as some node would compensate whereas it should not.
The virtual loss problem is discussed in section 4.3
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4.2 The transmission algorithm

The algorithm can be summarised by the following procedure: each node starts
in an initialisation phase, followed shortly by its first sending phase. During the
sending phase, each node asynchronously broadcasts a message to its neighbours.
In the message the nodes reports its current state and an acknowledgement
to the neighbours, indicating, for each neighbour, when was the last time at
which a message was received successfully. The sending is an atomic operation,
after which the node instantaneously moves to a receiving phase, during which
the node waits for incoming packets, until a timer triggers. All the packets
that are received after the timer triggers, are considered lost. Lastly, each node
computes its new state, using the information gathered during the previous
phase, during the so called computing phase. After the computing phase, the
node goes back to the sending phase. We recall here that the transmission can
fail due to collisions, and that we assume that it either succeeds or fails at all
receivers.

We detail the behaviour for the ith node, which has ni neighbours, indicated
by the set Ni. A superscript indicates the local variables kept in its memory by

the node, as v(i). Each node has a memory, where it stores: 1. its state, x
(i)
i (k);

2. for each neighbour j ∈ Ni the iteration number of the latest transmission

from j received by i, denoted as t
(i)
j ; 3. the last iteration number during which

it broadcast a packet, t
(i)
i . The phases of the algorithm can be detailed as

follow:

• Initialisation Phase:

Before the first communication round, each node i switches on and has

its state initialised to some initial value x
(i)
i (0).

When the consensus routine begins each node moves to its first sending
phase, at some random time tis, and we assume that tjs 6= tis for all
∀j ∈ Ni, j 6= i: We assume that two nodes will not move to the first
transmission phase exactly at the same time in the same neighbourhood.
This assumption, while it is not restrictive as long as the times tis are
drawn from a continuous distribution, is needed because if two nodes try
to communicate at the exact same time, due to the homogeneous nature of
the nodes, their communication will always end up in a collision, according
to our theoretical model: Without any randomness, given that the nodes
are exactly the same – beside their initial state – the first sending phase
will trigger at the exact same time, ending in a collision, and then all the
nodes will wait the same timeout, to try sending again, ending in another
collision. To avoid such permanent collision state it is possible for each
node to add a small random delay before every transmission, to prevent
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the case where the communication between two nodes always ends up in
a collision. More complex solution exist to avoid the problem of collisions,
like the carrier sensing employed by the IEE 802.11 standard, where
each node listens to the medium to determine whether another node is
transmitting or not, then waits for a random period of time before starting
its transmission, that can be further regulated by an handshake using
request-to-send (RTS) and clear-to-send (CTS) messages [14]. However,
the problem of avoiding a collision is out of scope of this thesis, as we
accept collisions to happen while modifying the averaging strategy of
each node to preserve the average of the network.

• Sending Phase: During the kth consensus iteration, each node i sends its
message according to the following steps:

1. node i creates its message, containing the following:

– x
(i)
i (k);

– t
(i)
i = k;

– t
(i)
j for each neighbour j ∈ Ni, which have been stored during

the previous receiving phase.

2. node i broadcasts the message to every neighbour;

3. node i moves to the receiving phase.

• Receiving Phase: In the receiving phase each node waits for incoming
packets. This phase is characterised by a timer: the node waits for
incoming packets until a timer triggers – after a certain Tout – and after
it all packets are considered lost. The parameter Tout needs to be chosen
taking into account the average message latency, and the density of the
network.

For each neighbour j ∈ Ni, the node i expects to receive, amongst others,

[x
(j)
j , t

(j)
j , t

(j)
i ]. The round index t

(j)
i is used as acknowledgement: if the

node receives all t
(j)
i < t

(i)
i , then there will not be any update for the node,

as it means that its last communication was unsuccessful. It is sufficient
to receive only one t

(j)
i = t

(i)
i to consider the transmission successful,

given the assumption that either all the nodes in the neighbourhood of
node i received the message correctly, or none did. However, it could

be that the t
(j)
i from the neighbours are not received due to collisions.

When the receiving phase ends, the node moves to the computing phase.

• Computing Phase: After the receiving phase, the node can update its
state, by compensating for the missing packets, according to the following:

x
(i)
i (k + 1) = Wαi(k)x(i)(k),
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where x(i)(k) is the collection of the received states during the kth it-

eration, i.e. x(i)(k) = [x
(i)
1 (k) . . . x

(i)
n (k)] ∀t(i)j = k, and Wαi(k) is the

ith row of the matrix describing the compensation method (AP, its
accelerated version, or the α-AP)

Pseudocode describing the algorithm in detail for one node can be found in
Algorithm 1.

As mentioned before, the proposed compensation methods use feedback
from the network, more specifically acknowledgements from other nodes, which
are written in the informative messages. Such messages are unreliable, there-
fore acknowledgements can be missed. If this is the case, consensus is still
achieved asymptotically, but the average is not preserved anymore. To cope
with this problem, it is necessary to employ an extra compensation step, the
Asynchronous Fallback Correction which we describe in the next section. More-
over, another source of wrong acknowledgement is the nodes’ transmission
order. If the nodes in a neighbourhood do not experience any failure, the order
of sending messages during one round does not change, and clearly the last
node to transmit will not receive any acknowledgement, even if its message is
correctly delivered: it will receive the acknowledgement for round k only during
round k+1. This problem is also solved by the asynchronous fallback correction
step, which enables the nodes to compensate for delayed acknowledgements.
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Algorithm 1 Compensation algorithm – α-AP.

1: procedure Initialization
2: k = 1
3: x = x(0)

4: t
(i)
j = 0

5: goto: Sending
6: end procedure

1: procedure Sending

2: t
(i)
i ← k

3: f
(i)
I = 0

4: Broadcast [x
(i)
i (k), t

(i)
i , t

(i)
j ]

5: goto: Receiving
6: end procedure

1: procedure Receiving
2: rp = 0;

3: x
(i)
j = 0∀j

4: f̂
(i)
j = 0∀j

5: while t < Tout ∧ rp < |Ni| do
6: t = t+ 1
7: upon event incoming packet [x

(j)
j , t

(j)
j , t

(j)
i ] do

8: t
(i)
j ← t

(j)
j

9: x
(i)
j ← x

(j)
j

10: f̂
(i)
j = 1

11: rp = rp + 1

12: if t
(j)
i = t

(j)
j then

13: fi = 1
14: end if
15: end while
16: goto: Computing
17: end procedure

1: procedure Computing
2: for each node i do
3: x

(i)
i = x

(i)
i + αfi

∑n
j=1 f̂

(i)
j wij

(
x

(i)
j − x

(i)
i

)
4: k = k + 1
5: goto: Sending
6: end for
7: end procedure
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4.3 The asynchronous fallback correction step

When a node sends its message successfully, but all the neighbours fail in
acknowledging the successful communication, then the sender node does not
update while the neighbours use the sender’s state to update themselves. When
this happens, the average of the network is compromised. We call this event a
virtual failure, because the node did not update because the acknowledgments
were missing, whereas its message was received successfully. However, the
node could compensate for such virtual failure, updating its value outside the
algorithm described in the previous section.

In order to explain the mechanism that we propose, consider the restricted
case in which there is only one virtual failure event in the network, which means
that one sending node i does not update because all the neighbours fail to
acknowledge its message. Every neighbour of i received the message correctly
but the node i does not receive any message with an acknowledgement, because
of collisions from at all the receiver sides. Let us assume that the nodes keep
in memory not only the last successful communication round number received
by neighbours, but all the successful rounds. If this is the case, when a node
receives a packet, it can check if it experienced a virtual failure: if all the
successful round indices are stored and transmitted, a node can see if it receives

an acknowledgement from the past, i.e. it receives a t̂
(j)
i in which it performed

no update, compromising the average of the network. The node i introduced

a bias in the average of the network at some previous time t̂
(j)
i , that can be

removed at time by updating according to the following (4.1):

x
(i)+

i ← x
(i)
i + x̂i − x(i)

i (t̂
(j)
i ) (4.1)

where x
(i)
i (t̂

(j)
i ) is the state at time t̂

(j)
i , when the node should have performed

the update, but it did not, and x̂i is the state that it should have computed at
that time, if it would have received a proper acknowledgement. In (4.1), the
round k is not included in the notation: this indicates that this compensation
can happen at any time a virtual failure is recognised.

To compute x̂i, the node needs to keep track of the received messages –
i.e. the states – from the network. When a node receives an out-of-order
acknowledgement, it updates itself asynchronously, according to the following:

x̂i = x
(i)
i (t̂

(j)
i ) + α

n∑
j=1

f̂
(i)
j (t̂

(j)
i )wij

(
x

(i)
j (t̂

(j)
i )− x(i)

i (t̂
(j)
i )
)
.

When a node compensates for an acknowledgement received out of order, it can
free the memory for that round: the only states that he keeps in memory are
those of the rounds when he did not receive an acknowledgement. Moreover, we
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assumed that the communication between any pair of nodes in a neighbourhood
happens successfully at least once every k̂ <∞ rounds: it is possible to free
the memory up to a round index k̃ if at least one message from each node in
the neighbourhood has been received after k̃. The amount of memory required
by each node is then finite, as every state kept in memory can be deleted at
some point. In Figure 4.1 it is possible to appreciate the difference when the
asynchronous fallback correction step is employed, for a network of 7 nodes
connected in a circulant topology, i.e. every node is connected to 2 others in
a circle, and with a probability of packet loss p = 0.4. Until a virtual failure
happens, the average of the network remains the correct one whether or not
the fallback correction is employed, deviating from the blue line only when the
nodes update themselves. However, without the correction step the average of
the network – red line – deviates from the correct average at some point, while
when the correction step is employed – green line – the average of the network
remains the correct one. A pseudo-code, describing the asynchronous fallback
compensation routine can be found in Algorithm 2.

Algorithm 2 Asynchronous fallback correction algorithm.

1: procedure Asynchronous fallback compensation

2: for all t
(j)
i do

3: if f
(i)
i (t

(j)
i ) = 0 then

4: xe =
∑n
j=1 f

(i)
j (t

(j)
i )wij

(
x

(i)
j (t

(j)
i )− x(i)

i (t
(j)
i

)
5: x̂i = x

(i)
i (t

(j)
i ) + αxe

6: x
(i)
i = x

(i)
i + x̂i − x(i)

i (t
(j)
i )

7: end if
8: end for
9: end procedure

This additional correction mechanism, to overcome the acknowledgements
losses, requires each node to keep track of the neighbours previous successful
transmissions, and their previous states. This implies that each node needs
some memory to keep track of the previous states of the system to handle a
sequence of n failures, a node needs a buffer of length n. However, to implement
the algorithm, we need to define a fixed buffer size: This requirement implies
that we need to assume that each node can communicate at some point, to
prevent an overflow of the nodes memory. Consequently, the nodes cannot
leave the network: if such situation arises, then the average of the network
is compromised as the network is not strongly connected anymore and only
the subset of nodes that are still in the network will converge but not to the
average of the initial conditions.
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Figure 4.1: Evolution of the states’ average of the network with and without
asynchronous fallback correction.

4.3.1 Buffer dimensioning

It is possible to characterise the amount of memory required by each node.
Let us assume that in a given consensus round the talking order in each
neighbourhood is random: a reasonable assumption is that the node i has
a probability 1

di
, where di is the number of neighbours in its neighbourhood

Ni, to be the first one to send its message in its neighbourhood, and that the
probability to be the second, third and so on up to the dthi is the same. Clearly, a
node will not receive any acknowledgement of successful communication during
round k when it is the last one sending a message in the kth round, moreover
a node will not receive any acknowledgement of successful communication if all
the other nodes, communicating after it, will fail. The probability of a virtual
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failure is then:

pv =
1

di
(1− p) +

1

di
p(1− p) + · · ·+ 1

di
pdi−1(1− p)

=
1− p
di

(1 + p+ · · ·+ pdi−1),

where the first term represents the case when the node i is the last one
communicating during a round, the second term is the probability of having
only one node scheduled to transmit a message after node i, failing, and the
last term is the probability for node i to be the first one to communicate during
a round, and that all the neighbours fail in the communication.

Define an overflow event as the event that arises when there are m subse-
quent virtual failures. We are interested in the probability that an overflow
happens in n consensus iterations. Let us indicate the probability that an
overflow – i.e. m subsequent virtual failures – happens in n consensus iterations

as y
(m)
n . In the following, the superscript m will be omitted for readability,

but clearly the probability to experience an overflow depends on the number
of subsequent failures that will accumulate, i.e. m. We recall a simple but
instructive result:

Lemma 4.3.1. Consider a sequence of Bernoulli trials of length n, where the
probability of failure is denoted as p. Then the probability that exists a sequence
of m failures in n trials, denoted as yn, satisfies the following recursion:

yn+1 = yn + (1− yn−m)(1− p)pm (4.2)

y0 = y1 = . . . ym−1 = 0

ym = pm.

Proof. Before computing the probability yn, we notice how the probability
of obtaining a sequence of r failures in a sequence of n trials is trivially 0 if
r < n, and it is equal to pr if r = n. We now compute the probability that a
sequence of r subsequent failures happens in n+ 1 iterations. If such overflow
happens in n+ 1 iterations, it can happen in two mutually exclusive ways: an
overflow happened in the first n iterations, or it did not happen in the first
n− r iteration, but the last r iterations ended in a failure and the n− r − 1
iteration was a success. The probability for the first event is simply yn, while
the probability for the second one is (1− yn−r)(1− p)pr. Being the two events
mutually exclusive, the probability yn+1 is the sum of the two probabilities:

yn+1 = yn + (1− yn−r)(1− p)pr,

which ends the proof.
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By defining:

γi =

b i
r+1 c+1∑
j=0

(
i
j

)
(−pr(1− p))j

It is possible to devise an explicit solution for (4.2) to obtain yn, which reads:

yn = 1− γn + prγn−r

Proof. From the recursive equation:

yn+1 = yn + (1− yn−r)(1− p)pr

with the initial conditions

y0 = y1 = . . . yr−1 = 0

ym = pr

we define:

zn = 1− yn
z0 = z1 = . . . zr−1 = 1

zr = 1− pr

q = (1− p)

Therefore we can express zn+1 as:

zn+1 = zn − zn−rqpr

and we define

G(ξ) =

∞∑
k=1

zkξ
k = z0 + z1ξ + z2ξ

2 + . . .

by multiplying G(ξ) by 1− ξ + prqξr+1 we get:

G(ξ)(1− ξ + prqξr+1) =

z0 + z1ξ + z2ξ
2 + · · · − z0ξ − z1ξ

2 − · · ·+ prqz0ξ
r+1 + · · · =

z0 + (z1 − z0)ξ + . . .( zr − zr−1)ξr + (zr+1 − zr + prqz0)ξr+1 + . . .

+ (zn+1 − zn + zn−rp
rq) = z0 − prξr
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because

z1 − z0 = z2 − z1 = · · · = zr−1 − zr = 0

zr − zr−1 = −pr

zn+1 − zn + zn−rp
rq = 0

Therefore

G(ξ) =

∞∑
k=1

zkξ
k =

1− prξr

1− ξ + prqξr+1
= (1− prξr)

∞∑
k=0

ξk(1− prqξr)k =

(1− prξr)
∞∑
k=1

ξk
k∑
j=0

(
k
j

)
(−prq)jξrj .

The term
∑k
j=0

(
k
j

)
(−prq)jξrj can be expressed as:

k∑
j=0

(
k
j

)
(−prq)jξrj = ζ0,k + ζ1,kξ

r + ζ2,kξ
2r + . . . ζk,kξ

kj

where

ζi,k =

(
k
i

)
(−prq)i

The term
∑∞
k=1 ξ

k
∑k
j=0

(
k
j

)
(−prq)jξrj becomes:

∞∑
k=1

ξk
k∑
j=0

(
k
j

)
(−prq)jξrj =

∞∑
k=1

ξk
k∑
j=0

ζj,kξ
rj =

ξ(z0,1 + ζ1,1ξ
r) + ξ2(ζ0,2 + ζ1,2ξ

r + ζ2,2ξ
2r) + . . .

+ ξi(ζ0,i + ζ1,iξ
r + · · ·+ ζi,iξ

ir) + · · · =
ξζ0,1 + ξ2ζ0,2 + ξ3ζ0,3 + · · ·+ ξr+1ζ1,1 + ξr+1ζ1,2 + . . .

+ ξir+iζi,i + ξir+i+1ζi,i+1 + . . .

therefore each term ξi is multiplied by

ζ0,i if i < r + 1
ζ0,i + ζ1,i−r if r + 1 ≤ i < 2r + 2

...∑k+1
j=0 ζj,i−jr if k(r + 1) ≤ i < (k + 1)(r + 1)
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Finally we can write:

∞∑
k=1

ξk
k∑
j=0

(
k
j

)
(−prq)jξrj =

∞∑
k=1

ξk
k∑
j=0

ζj,kξ
rj =

∞∑
k=1

ξkγk

where

γk =

k∑
j=0

ζj,i−jr =

b k
r+1 c+1∑
j=0

(
k
j

)
(−prq)j

Therefore,

zn = γn − prγn−r ⇒ yn = 1− γn + prγn−r

which ends the proof.

However, the numerical computation of γn and γn−r is time consuming.
The recursion (4.2) is then the preferred method to compute yn. The knowledge
of the overflow probability allows for a buffer design: it is possible to pick
m such that the probability of having an overflow in n rounds is arbitrarily
small, and the buffer size Bi to handle overflow events of m subsequent failures
for node i is Bi = m|N〉|. In Figure 4.2 the relation between the number of
consensus iterations and the buffer size to achieve a probability of overflow
smaller than 0.01 is presented.

Another way of designing the buffer size is to pick its size such that it
handles a number of failures proportional to the expected value of the longest
run of failures. An estimate of the length of the longest run of failures in a
Bernoulli trial of length n is given in [45] as:

L = log1/p (n(1− p))

and then it is possible to pick m proportional to L for an intuitive design of
buffer size.
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Figure 4.2: Buffer size (as number of consecutive failures) to achieve a proba-
bility of overflow smaller than 1%.



CHAPTER 5

Simulation Results

In the previous chapters we presented two new compensation mechanisms for
the problem of consensus over unreliable networks, and we devised an algorithm
to implement them. Furthermore, we proved that these mechanisms converge
to the average of the initial states, even in presence of packet losses. Now we
are interested in evaluating their speed of convergence.

Although it is possible to bound – for each network topology – the ex-
ponential rate of convergence (2.10), it does not lead to insightful results in
the general case [46, 43] as its computation is not feasible. Another possible
approach to have an insight of the speed of converge, is to bound the rate of
convergence by solving an eigenvalue problem, as we did in Section 3.1.2 and
3.2.1. The eigenvalue computation is generally difficult, unless some restricted
scenario is considered, as we did in Chapter 3. Moreover, when the update rule
is modified with a gain α, the eigenvalue problem becomes even more difficult.
While it is possible to find a value for α which assures convergence, the number
of iteration required to converge can not be easily estimated beforehand, unless
we restrict to some special topology.

Nevertheless, we are interested in evaluating the behaviour of the consensus
mechanisms when they are operating in networks with a more general topology.
To that end we will use a simulation model to evaluate the behaviour of the
proposed methods and algorithm in randomly generated topologies.

In this chapter we first describe – in Section 5.1 – the setup and methodology
we used to run the simulation and we discuss the role of the parameters, in
the subsection 5.1.1. In Section 5.2 we present the results and discuss the role
of the gain α and how it affects the convergence speed. Then, in Section 5.3
we compare our results with another algorithm from the literature. Lastly, in
Section 5.4 we discuss the difference between the simulations we performed
to draw our conclusions and the results that can be expected when using the
algorithm described in Chapter 4
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5.1 Setup description

In this section we describe the setup used to perform the analysis of the
performance of the compensation methods.

We recall that we want to evaluate the speed of convergence of the network
dynamics (3.4), reported below:

x(k + 1) = W (k)x(k),

where the matrix W (k) is defined in (3.20) as:

Wα(k) = I + αF (k)WF (k)− αdiag
(
F (k)WF (k)1

)
.

We also recall that when α = 1 the equation (3.20) is the same the average
preserving compensation method in (3.5)

The weighted adjacency matrix also describes the topology of the network:
We recall that the communication is bidirectional, hence the adjacency matrix
is symmetric, and such matrix is generated randomly.

In order to generate a random topology, we first define the ”density” or
”connectivity probability” of the matrix as m. Then, for each pair of nodes
(i, j) ∈ V × V we create a link with probability m, i.e. P[wij = wji = 1] = m.
Then the obtained symmetric adjacency matrix is scaled to obtain a doubly
stochastic matrix, by using the Sinkhorn-Knopp algorithm [47] that consist
of alternatively scaling the matrix on the rows and on the columns until
it converges to a doubly stochastic matrix. The convergence is asymptotic,
therefore we assume that the matrix is stochastic when every element si of
the vector s = W1− 1 satisfies the stopping criterion si ≤ 10−20 and doubly
stochastic when the same happens also for the elements of vector t = 1TW−1T .
We discard any network randomly generated with a disconnected component.

As described in Section 3.1, the losses at time k are described by the
diagonal matrix F (k): Fii(k) = 1 when the note i communicates successfully
at time k, 0 otherwise.

The initial state of each node is extracted at random from a uniform
distribution between 0 and 1.

Lastly, the consensus problem is solved asymptotically. Therefore, we
assume that convergence is practically reached when:

‖x(k)− 1

n
11Tx(k)‖2 < 10−10.

The recursive dynamics (3.4) is simulated using Matlab, stopping the
simulations when k > 500.

Each simulation is characterised by 4 parameters:

• the probability of packet loss, p;
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• the size of the network, n;

• the ”connectivity probability”, m; and

• the gain α.

We are primarily interested in the performance difference when a gain is
employed, and secondarily we compare different choices of the gain α. Therefore,
the simulations are conducted using three different values for α:

• α = 1, representing the case when the gain is not used – i.e. the average
preserving compensation method;

• αs, which assures convergence (defined in(3.27));

• αh, the heuristic value for α (defined in (3.28)).

5.1.1 Choice of the simulation parameters p, m, n

In order to obtain meaningful results we make a preliminary discussion to
investigate which parameter, among the probability of packet loss p, the size of
the network n and the density of the network m has the highest impact on the
number of iterations required for the network of agents to converge.

We run a preliminary set of simulations with:

• n = (30, 80, 150, 275, 350, 500),

• p = (0.1, 0.2, . . . , 0.9), and

• m = (0.2, 0.3, . . . , 0.9).

In order to see which parameter impacts the most the number of iterations
required to converge we average out the number of simulation required over
the parameters, i.e. over p – reported in Figure 5.1; then over n – reported in
Figure 5.2; and then over m – reported in Figure 5.3

From the comparison between Figure 5.1, Figure 5.3 and Figure 5.2 we
can deduce that the size and the connectivity of the networks are less relevant
to the number of iterations required than the probability of packet loss. The
connectivity parameter of the network poses another problem: for low values of
m it is not guarantee that the network topology will be connected. To minimize
the likelihood of generating a network topology not connected, we do not vary
the parameter m over a broad range of values, but we will instead use a value of
m bigger than a critical value m̂ = logn

n . As described by Erds and Rny in [48]
a graph generated randomly with m < m̂ will almost surely contains isolated
vertices, whether the graph generated randomly with m > m̂ will almost surely
be connected. However, even if the numerical value of m does not impact the
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Figure 5.1: Iterations required to converge – average over p

convergence speed as much as the value of the loss probability, it does play a
role: network more dense will converge faster. We pick a value of m equal to
0.5 for our simulations which is the one that secures a fast convergence when
no losses are present, as can be seen for a network in its nominal conditions,
i.e. with p = 0 in Figure 5.4

After the required choice to design our experiment – i.e. the simulations –
we run the consensus algorithm 100 times for each triplet of α, n and p and we
display the average results.
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Figure 5.2: Iterations required to converge – average over n
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Figure 5.3: Iterations required to converge – average over m

Figure 5.4: Iterations required to converge for a network in its nominal condi-
tions: α = 1 and p = 0.



5.2. Discussion over the role of the gain 65

5.2 Discussion over the role of the gain

After deciding the settings of the simulations, it is possible to compute the
number of iterations required for the network to converge.

The number of iterations required to converge, when α = 1, are depicted in
Figure 5.5. For high probability of packet loss, the number of iterations required
to converge hits the limit of 500 – the upper limit imposed in the simulations –
but we can infer that the actual number of iteration required would be bigger.
We can notice two different trends: the number of iterations required decreases
as the probability of packet loss decreases, and as the number of nodes of the
network increases. This result is expected and intuitive.

Figure 5.5: Iterations required to converge for a network without using the
gain.

We then perform the same simulations changing the value of the gain α.
We use the two different of values of α defined in (3.27) and (3.28). When a
gain is employed the number of iterations required to converge changes: In
Figure 5.6 we give the number of iterations required to converge using the safe
value for α, in Figure 5.7 we give the number of iterations required to converge
using the heuristic value for α.

First, we can notice how even for high probability of packet loss, the algo-
rithm converges in less than 500 iterations. Moreover, the curve is always below
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Figure 5.6: Iterations required to converge for a network when using the safe
value for the gain α.

Figure 5.7: Iterations required to converge for a network when using the
heuristic value for the gain α.

the one in Figure 5.5: using the gain does actually increase the convergence
speed. This result can be seen more clearly in Figure 5.8: From Figure 5.8 it is
possible to obtain a better comparison between the choice of αs or αh: this plot
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Figure 5.8: Iterations required to converge for different values of α, average
over different network sizes n and connectivity degrees m.

is obtained averaging all the simulations for the different network sizes n to show
only the dependence of the number of iteration on the probability of packet loss
– which is the principal cause which slows down the convergence, as discussed
in Section 5.1.1. The graph shows how the performance of the two methods
are similar: employing the gain αh leads to slightly better performances for
lower probability of packet loss, but the differences are minimal.

The bound for α is not the optimal one. It is possible to find different
values of gain to speed up the convergence of the network. However, it is
interesting to evaluate how good the value of αs is, to check whether this choice
is limiting or not. Only few simulations were performed, with a fixed choice of
the parameters n, p, and m, as this exercise aimed at gathering insights over
the choice of α rather than obtaining a full picture of the difference between
αs and αh for a greater range of simulation parameters. Figure 5.9a displays
the number of iteration required for a network of 100 nodes to converge, with
a connectivity of 20% and with a probability of packet loss of 80% for different
values of α. Figure 5.9b instead displays the number of iteration required for
a network of 100 nodes to converge, with a connectivity of 70% and with a
probability of packet loss of 60% for different values of α. The simulations
are performed 100 times and averaged out. The values are normalised over
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αs, in a range from 0.5αs to 3αs. Choosing the safe value – circled in red – is
indeed not a limiting factor: it would be possible to pick a different gain value
to converge faster, but the increase in performance is not dramatic. Moreover,
the value of α that achieves the fastest convergence is not known a priori, and
it can be extrapolated only trying different gains, while αs can be computer
beforehand.

(a) n = 100 p=0.8, m=0.2 (b) n = 100 p=0.6, m=0.7

Figure 5.9: Iterations required to converge for different values of α. The x axis
is normalised: the value 1 correspond to as.

5.3 Comparison with literature

It is interesting to compare our algorithm with another algorithm from the
literature. For a fair comparison we have chosen the algorithm presented by
Hadjicostis and others in [36], due to its good performance and due to its
structure: it is possible to simulate both algorithms at the same time, relying
on the same infrastructure and message passing mechanisms, so that their
speed difference is only due to the compensation strategy.

The two algorithms differ in their use of memory: the Hadjicostis algorithm
requires every node to have two variables, instead of one, and the nodes have
to agree on these two variables, namely the average and the distance from the
average introduced by packet drops. To keep their implementation simple, a
circulant topology has been chosen: the nodes are organised in a ring, and each
node communicates with a symmetric set of neighbours, l−1

2 in the clockwise

direction and l−1
2 in the anticlockwise direction. This choice ensures a topology

where each node has the same degree, and Hadjicostis’ algorithm requires from
each node the knowledge of its degree. For more details about the Hadjicostis
algorithm and its implementation, it is possible to read [49] and [36].
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We show the results for two different sizes of the network, a smaller one
with 80 nodes, and a bigger one with 200 nodes, and a different number of
neighbours: 20 or 40 for the small network, 40 or 90 for the bigger one.
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(a) 20 neighbours.
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Figure 5.10: Average number of iterations required to converge for a smaller
network of 80 nodes and either 20 or 40 neighbours. Comparison between the
Hadjicostis algorithm and the α-AP one.

For the small network the results are displayed in Figure 5.10 for different
amount of neighbours for each node. For both methods we can notice that
a network with more neighbours converges faster than a network with less
neighbours, a result which is intuitive and expected. The performance for
both compensation methods is similar. However, for more dense networks, i.e.
with more links, the Hadjicostis algorithm is faster for a higher probability
of packet loss. For less dense networks our compensation method is slightly
faster, becoming as slow as the Hadjicostis algorithm only for high probability
of packet loss.

The same trend does not appear for a bigger network of 200 nodes: both
algorithm show the same trend, with the novel compensation method being
faster than the Hadijcostis one. The result of this comparison can be seen in
Figure 5.11.

The two algorithms have similar performance, but our algorithm is slightly
faster. This trend appears in a variety of different parameter choices, but the α
average-preserving algorithm becomes slower than Hadjicostis’ for more dense
networks, i.e., when a node is connected to a higher percentage of other nodes
in the network, while it is faster when the network is more sparse.
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Figure 5.11: Average number of iterations required to converge for a bigger
network of 200 nodes. Comparison between the Hadjicostis algorithm and the
α-AP one.

5.4 Differences between asynchronous algorithm
and synchronous dynamics

In this thesis we focus on the synchronous dynamics of the network of the
agents when the adjacency matrix is described by (3.5). However, in Chapter 4
we also presented a simple algorithm to implement the synchronous dynamics
and we can now verify if the asynchronous algorithm implementation and
the synchronous matrix dynamics are consistent. As discussed previously,
the dynamics we implement using the compensation method, e.g. (3.4), can
not be achieved exactly by a wireless communication algorithm, as we can
not communicate simultaneously. Moreover, the asynchronous nature of the
algorithm poses a new problem, with missing acknowledgements, solved by the
additional asynchronous fallback correction step (in Section 4.3).

To perform this additional simulation we implement the algorithm using
the StateFlow package from Simulink, that allows us to model event-driven
networks. In Figure 5.12 an example of the StateFlow diagram for a circulant
network of 7 nodes is shown.

As we can see from Figure 5.13 and Figure 5.14 the simulated behaviour of
the nodes and the theoretic one are slightly different. The first difference is that
the simulated behaviour is asynchronous while the theoretic one is synchronous,
and the asynchronous dynamics is slower than the synchronous one. Defining
one consensus iteration as the time required for each node to communicate and
update itself, the fact that the nodes must wait for the others clearly makes
the iteration time longer than in the synchronous case.
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Figure 5.12: Simulation scheme for 7 nodes connected in a circulant topology
with two neighbours each

The states evolve in the same way, however small differences are present.
As we can see from Figure 5.13 and Figure 5.14 the nodes will hold the same
value after one update for both the synchronous and asynchronous cases, but
they will reach such value in different times. However, when the asynchronous
correction step takes place, this is not the case any more: the asynchronous
correction step introduces small deviations in the simulated dynamics, which
can differ from the theoretical one. However, both dynamics converge to the
exact average even if there might be a small difference during the transient.

On the other hand, one simulation when the algorithm is employed requires
around 10 seconds. When we simulate the state dynamics using the iteration
equation (3.4), the time required for one simulation is 0.1 seconds instead.
Therefore, we prefer this second system, which is faster and simpler to imple-
ment. It should be noticed that the differences in the computation time are
due to software implementation: simulating the dynamics involves only matrix
multiplication, while simulating the asynchronous message passing mechanism
requires more computation steps. In Figure 5.13 and Figure 5.14 it is possible to
compare the behaviour of the nodes when the communication algorithm is used,
or when the matrix dynamics is simulated. The asynchronous nature of the
algorithm can be seen in the jumps of the states of the nodes: in Figure 5.13 the
jumps are happening one after another. Despite this difference, the behaviour
of the nodes is the same: each node assumes the same sequence of values, but
the change of value for each node happens with an offset with respect to the
synchronous case. Moreover, some difference in the states’ evolution is due
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Figure 5.13: Simulated (asynchronous) nodes’ dynamics for a circulant network
of 7 nodes
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Figure 5.14: Theoretical (synchronous) nodes’ dynamics for a circulant network
of 7 nodes
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to the asynchronous fallback compensation algorithm, but its impact seems
negligible from the experimental data.

To investigate the performance of the compensation methods we focus
only on the synchronous dynamics. Therefore, we neglected the small error
introduced by the practical implementation, which can be traced back to the
asynchronous nature of the communication, because it appears small from the
simulations and it is anyway out of the scope of the present thesis.





CHAPTER 6

Conclusions on Average Consensus over
unreliable networks

In the first part of this thesis we studied the problem of average consensus
over wireless networks. We showed that the average consensus problem can be
solved for unreliable networks, provided that such networks are symmetric, i.e.
the communication is bi-directional, and that the underlying graph associated
with the network is connected, i.e., the network converges when there are no
losses.

In order to solve the average consensus problem we describe three methods,
all based on modifying the weights used by each node when a communication
to its neighbours is not received. An important assumption of all the methods
is the network awareness of each node: each node needs to know if its last
message was delivered successful.

Analysing the compensation method, we proved that the convergence is
guaranteed and we evaluated the rate of convergence to zero of such methods.

After analysing the convergence of the compensation methods, we describe
an asynchronous communication algorithm to implement the synchronous
compensation methods and to implement the acknowledgements between nodes.
We confirmed our results by using simulations.

6.1 Summary of results

We first bounded the convergence ratio of the Average Preserving compensation
method for complete and circulant network topologies, in order to have a first
understanding of the achievable speed of convergence to the average of the
initial conditions of the nodes, and compared it with the Biased Compensation
Method from the literature. Such comparison showed that the Average Preserv-
ing compensation method is generally slower than the Biased Compensation
Method, a result which was expected, as the Average Preserving compensation
method requires the nodes to not update – and therefore be idle – when their
communication is not successful. Then, we compared the convergence ratio of
the Average Preserving compensation method with the convergence ratio of
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networks

the accelerated Average Preserving compensation method, showing that the
latter is faster, but applicable only for complete topologies.

In order to gain a complete understanding of the speed of convergence of
the compensation methods, we simulated the dynamics on random network
topologies, in order to assess the performance of the Average Preserving
compensation method and the α-Average Preserving compensation method,
demonstrating that the use of a gain α does increase the speed of convergence
of the network, when the value of the gain is lower than the critical value that
makes the network unstable. We also provided a set of conditions that can be
used to find a safe gain, that guarantees convergence, and an empirical way to
compute the gain to use to accelerate the convergence of the network.

Moreover, we compared our results with one method from the literature, the
Hadjicostis algorithm, showing that our compensation method achieve similar
or better performances than the literature one.

Lastly, we have presented a simple asynchronous algorithm that can be
used to implement the synchronous dynamics described by the compensation
methods. Such asynchronous implementation poses some additional challenges,
that were overcome by additional correction steps and by employing a memory
buffer on the nodes. We also studied the optimal dimension of such buffer,
providing an exact formula to compute the size of the buffer, as well as an
approximate one that can be used in practice. We did not focus on analysing the
performance of the asynchronous algorithm: We did show that the asynchronous
algorithm can achieve the synchronous dynamics described by the compensation
methods, but the focus of the thesis was not the practical implementation of
the algorithm.

6.2 Future work

The present work described a mechanism to compensate for packet loss. How-
ever, there are still paths that can be explored, to expand the results of this
thesis.

The bound (3.26) provides sufficient condition for the accelerated compen-
sation method to converge. Such conditions are only sufficient, and it can be
shown – by using numerical simulations – that the α that secures convergence
might not be the α that enables the fastest convergence. Therefore, it can be
further investigated how tight the bound is: is it possible to find not only a
stable value for the gain α, but an optimal one instead, the one which lies on
the absolute minimum of Figure 5.9a and Figure 5.9b.

Moreover, this work focusses on a homogeneous network: each node uses the
same value for the gain α. Such condition can be restrictive: the convergence
speed depends on α, but α must satisfy each inequality in (3.23). An interesting
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path to follow would be to allow every node to pick a stable gain, relying only
on its neighbourhood, instead of the smallest value for α that satisfies the
stability constraints in every neighbourhood of the network.

Lastly, the analysis is carried mostly for general networks. For the average
preserving compensation method an improved version, that increases the con-
vergence speed, has also been presented. However such compensation method
can be used on a restricted class of topologies. The accelerated average preserv-
ing compensation method, on the other hand, does not exploit any structure
in the network. Investigating whether it is possible to further accelerate the
convergence of the algorithm when some structure can be exploited is left as
future work.
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Cooperative Adaptive
Cruise Control





CHAPTER 7

Cooperative Adaptive Cruise Control using
wireless communication

A promising way to increase highways efficiency while maintaining comfort and
safety is platooning: a string of vehicles moving in a coordinated fashion. When
the driving process is delegated to an automatic controller, it is possible to
allow the vehicles to drive closer to each other, saving fuel, increasing highway’s
throughput while maintaining comfort and safety.

Adaptive Cruise Control (ACC) systems allow vehicles to adapt their
dynamics to their surroundings by taking measurements of relative distances
and speeds. Cooperative Adaptive Cruise Control (CACC) enhances the
performance of ACC systems by exploiting communication between vehicles:
Besides performing relative measurements of distance and speed, CACC allow
vehicles to communicate relevant internal variables, such as their current control
inputs.

CACC is cooperative, thus enabled by wireless communication between
vehicles, which is unreliable. The design of a controller must take this un-
reliability of the communication medium into account, to provide a robust
controller, to operate in scenarios where the network is unreliable.

The main objective of this thesis is to develop a cooperative controller for
a platoon of vehicles to prevent traffic jams, while guaranteeing stability for
each vehicle, when the communication between vehicles is not reliable.

In order to increase the road throughput we want each vehicle to drive
close to its predecessor, while keeping a stable behaviour. Moreover, we want
the platoon to behave nicely when one car experiences a disturbance, like a
sudden brake: more specifically when a car abruptly changes its speed, we
want the platoon to adapt to the speed change in such a way that the input
of each vehicle is less than its preceding one. Intuitively, if every car brakes
more than its predecessor when a disturbance acts somewhere in the platoon,
then at some point one car will stop, even if the car that actually experienced
the change in speed did not stop. On the other hand, if every car reacts to a
change in speed less than its predecessor, the cars more distant in the platoon
will not be affected by the disturbance happened somewhere in the vehicle
string. This intuitive concept is captured by requiring a string stable behaviour
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for the platoon of vehicles, which will be detailed in Chapter 8

When the vehicles are able to transmit information to their neighbours, it
is possible to achieve better performance. Intuitively, when a vehicle knows
the behaviour of its preceding vehicle it can react faster, without waiting for
the measurements from the field. However, the sharing of information amongst
the platoon happens on the wireless medium, which is inherently unreliable.
Therefore, the vehicles must be equipped with a controller robust to losses, to be
able to achieve a satisfactory platoon behaviour also when the communication
is unreliable.

To achieve such objectives, which are (i) the platoon string stability and
(ii) the robustness to packet losses, while minimizing the distance between
vehicles in the platoon, we will:

• design a local controller to stabilise the vehicle’s dynamics, relying on
local measurements, and

• design a robust cooperative controller to improve performance and achieve
string stability, relying on wireless communication.

The contributions of the thesis to the CACC can be detailed as follows: We
(i) provide a definition of string stability, to drive us toward the implementation
of a controller resilient to losses, (ii) we design a H∞ controller to stabilise
the platoon dynamics when the network is reliable, and (iii) we implement
a switching controller to both make the average dynamics string stable and
minimise the error covariance.

Some of the aforementioned points have been already addressed in the
literature. The decades-long history of H∞ design [50] has already seen ap-
plications to platooning in [51, 52] and to other stochastic networked control
systems in [11, 12]. Another H∞ design for platoons with packet losses can be
found in [53, 54], and a switching solution can be found in [55]; however, we
study the effects of packet losses on the average behaviour of the platoon and
the variance separately by introducing the concepts of mean and stochastic
string stability. Studying the cooperative adaptive cruise control problem is the
frequency domain was also addressed in [56, 57] and predictors are also used in
[58]. In this chapter we first describe, in Section 7.1, the model used for the
vehicle and the interconnection between vehicles, which ultimately determines
the platoon. Then, in Section 7.2 we introduce a model for the platoon in
the Z-domain, by computing the transfer functions for position and speed of
each vehicle. Lastly, in Section 7.3 we introduce a state space model for the
platoon, that will be useful when dealing with the concepts of String Stability,
introduced in Chapter 8
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7.1 Vehicle and platoon model

As the objective of this work is to provide the vehicle with a stabilising controller,
our model also has to capture the error dynamics. In order to do so, we will
denote with vi(t) the velocity of the vehicle i and with qi(t) its absolute position.
For the single vehicle, we adopt the same model used by [59], which descends
from a linearisation of the dynamics obtained by the Newton’s second law of
motion. The linearised model for the ith vehicle, for platooning purposes –
therefore considering only its longitudinal motion – is:

ȧi(t) = −1

τ
ai(t) +

1

τ
ui(t− φ) (7.1)

ai(t) is the ith vehicle acceleration, ȧi(t) is the acceleration derivative, τ is the
vehicle time constant, and φ models the internal delay of the system. As usual,
ui(t) is the input for our system. It should be noticed that the time constant τ
does not depend on i. This signals the homogeneity of the platoon.

The objective of the controller is to bring the distance between vehicles to a
certain reference. It is shown in [60] that a speed-dependent time space policy
is well suited to achieve disturbance rejection: it is inherently more robust to
communication loss, moreover it is safer. The desired distance between vehicle
i and i− 1 is then defined as

dr,i(t) = Ri + hvi(t)

where the term h is a time-headway: lower values for h represent shorter
distances between vehicles. The term Ri is the standstill desired distance; in
the following of this paper Ri will be neglected, without loss of generality: it is
always possible to find a coordinate transformation equivalent to the choice
Ri = 0. Usually, higher values of h lead to better stability performance, at the
price of larger distance between vehicles. Intuitively, when the desired distance
becomes higher, the vehicles have more time to react in a safe and comfortable
fashion. On the other hand, when h is small, the time to react becomes smaller.
Thinking about human drivers, a human driver driving closely to a car will
suddenly brake when the preceding car is slowing down, because he does not
know what the other driver is doing and because of the time required by the
human driver to understand the preceding vehicle is slowing down, depending
by how fast the dynamics of the vehicles are. By sharing the input of the
previous vehicle, hence avoiding the delay introduced by the dynamics of the
vehicle, it is possible to secure smaller distances between cars, while retaining
a comfortable behaviour.

We can now define the error for vehicle i as

ei(t) = di(t)− dr,i(t) = qi−1(t)− qi(t)− hvi(t), (7.2)
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Figure 7.1: Diagram of the platoon – two vehicles.

where di(t) = qi−1(t) − qi(t) is the relative distance between vehicles i and
i− 1.

The controller we will develop will use measurements of relative distance,
speed, absolute acceleration, and wireless communicated information to drive
the error (7.2) to zero. Moreover, we want the controller to make the platoon
to behave smoothly : this objective will be clarified in Chapter 8.

Lastly, we are assuming that the vehicles are able to communicate. Cooper-
ative adaptive cruise control has advantages over simple adaptive cruise control
[61], therefore we consider the vehicles interconnected. For the purposes of
Cooperative Adaptive Cruise Control we assume that each vehicle has access
to transmitted information from the preceding one with a certain probability
1− p, where p is the probability for each message sent amongst the vehicles to
be lost. Once again, we recall that the packets are assumed to be time and
space independent, therefore a loss happening at some time for one vehicle does
not influence the future losses for any vehicle in the platoon. More details on
how the information from the other vehicles is used by each vehicle, is provided
in Chapter 9.

A scheme representing which quantities are used by each vehicle can be
found in Figure 7.1.

7.2 Frequency domain model

It is possible to study the single vehicle in the frequency domain, by computing
the system transfer functions for position and speed and then convert the
continuous-time dynamics to a discrete-time one. From the single vehicle
dynamics we can easily get the system transfer function:

Gu→a =
1

τs+ 1
.

We are interested in regulating the error (7.2) to zero, and we assume that each
vehicle can measure the distance from the preceding one and its own absolute
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velocity. Therefore we define the output of our system as:

yi(t) = qi(t) + hvi(t)

which can not be directly measured, because the absolute position qi(t) is not
available to the ith car. However the error, defined as qi−1−yi(t) is measurable,
as both the distance between vehicle i and the preceding one as well as the
absolute speed of vehicle i are available to the ith car

By defining:

Gp(s) = Gu→q(s) =
1

s2(τs+ 1)
, Gv(s) = Gu→v(s) =

1

s(τs+ 1)
(7.3)

we find:

P (s) = Gu→y(s) = Gp(s) + hGv(s), (7.4)

which can be converted to digital time domain, and studied by using the Z
transform.

Before converting the continuous time dynamics to a discrete time one, we
need to choose the sampling time Ts. To satisfy the Nyquist-Shannon theorem
for sampled signals, preventing aliasing phenomena, we choose a sampling time
conveniently smaller than τ . However, as the digital-time model is employed
to address delays with more simplicity, we also want Ts to be such that the
input delay is a multiple of the sampling time. By assuming a realistic input
delay equal to φ = 0.2s [62] we pick a Ts = 0.01s. If the sampling time is too
small, then the order of the transfer functions becomes higher when delays are
modelled.

When τ = 0.1s, Ts = 0.01s and h = 0.3 the discrete-time transfer function
is:

P (z) = 0.0290
z(z − 0.9672)

(z − 1)2(z − 0.9048)
(7.5)

We can describe the system with a block diagram, as in Figure 7.2, where
a block representing the controller – D(z) – is also displayed, to close the
feedback loop.

The aforementioned transfer functions can easily take delays into account,
when the delay is a multiple integer of the sampling time. Without neglecting
the effect of delay in (7.1) our discrete time transfer function – which will be
used to design the controller in the following chapters – is:

P (z) = 0.0290
z(z − 0.9672)

(z − 1)2(z − 0.9048)
z−

φ
Ts ,
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Figure 7.2: Plant block diagram

where φ
Ts

is a positive integer.
While the frequency domain approach allows us for a simple, yet effec-

tive modelling of the vehicle, it does not allow us to effectively model the
inter-vehicular communication. Therefore, in the next section, we present an
equivalent, state-space model.

7.3 State Space model

From equation (7.2) it is possible to find a continuous-time state-space model –
as in [63] – by defining the state vector as:

xi(t) = [ei(t) ėi(t) ëi(t)]
T (7.6)

and by taking the time derivative of (7.2) we get:

ẋi(t) =

 ėi(t)ëi(t)...
e i(t)

=

0 1 0
0 0 1
0 0 − 1

τ

ei(t)ėi(t)
ëi(t)

+

 0
0
− 1
τ

 ξi(t−φ)−

 0
0
− 1
τ

ui−1(t−φ)

(7.7)

where ξi(t) = hu̇i(t) + ui(t).
Once again, we assume that the relative distance and relative speed are both

measured by a radar sensor, and that every vehicle has access to its own speed
measurement. Moreover, we assume that every vehicle is equipped with an
accelerometer, to measure its own acceleration, which allows us to reconstruct
the first and second component of the state, i.e., ei(k) = di(k) − hvi(k) and
ėi(t) = vi−1 − vi(t) − hai(t). There is no simple way to measure relative
acceleration and jerk; hence we can not measure directly the third component
of the state. Therefore, we define the measured output y1(k) as:

y1,i(t) = Cxi(t− ψ)
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where C =

[
1 0 0
0 1 0

]
and ψ represents a measurement delay by which we

assume that the output of sensors is not instantaneous.

We also model a communicated measurement : a noise-free quantity which
however suffers from losses and transmission delay. We want to devise a
cooperative controller, therefore we can already include a transmitted variable
in the model:

y2,i(t) = f(ui−1(t− θ))

where f (ui−1(t− θ)) models the network unreliability:

f (ui−1(t− θ)) =

{
ui−1(t− θ) when the network is available

0 otherwise
(7.8)

The communication is inherently a discrete time phenomenon, when the
communication happens flawless every Ts seconds, or a event phenomenon,
when the communication might happen at any time.

Typical values for the parameters of the continuous time systems are [63]:

τ = 0.1s, φ = 0.2s, θ = 0.02s, ψ = 0.05s

After modelling the continuous-time dynamics, we convert it to a discrete-
time one by choosing a suitable inter-sampling time Ts. The discrete-time
framework is more suitable to accommodate for the communication between ve-
hicles, which is inherently a discrete time phenomenon, including the stochastic
losses. To model the communication, we assume that transmissions occur at the
sampling times and that, upon each transmission, each vehicle is able to receive
the information that is sent by the preceding one according to the transmission
function (7.8). Moreover, discrete time allows us to easily incorporate delays
in our analysis, so long as we assume that delays are multiples of the sampling
time, as explained in more details in Section 9.2.4

By defining d = φ
Ts

, m = ψ
Ts

, and r = θ
Ts

we convert the model (7.7) in a
discrete time framework, obtaining the following model:

 xi(k + 1) = Axi(k) +Bξi(k − d) + Eui−1(k − d)
y1,i(k) = Cxi(k −m)
y2,i(k) = f(ui−1(k − r))

(7.9)
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where the matrices A, B and E are:

A =


1 Ts τTs − τ2

(
1− e

−Ts
τ

)
0 1 τ

(
1− e

−Ts
τ

)
0 0 e

−Ts
τ



B =


−T

2
s

2 + Tsτ − τ2
(

1− e
−Ts
τ

)
−Ts + τ

(
1− e

−Ts
τ

)
−1 + e

−Ts
τ


E = −B.

We recall that the input ξi(k) in (7.9) is not the input ui(k) of vehicle i,
due to the substitution ξi(t) = hu̇i(t) + ui(t). Such substitution is useful to
simplify the derivation of the state space equations. However, we prefer to
work only with the car inputs ui(k) and ui−1(k), to simplify the study of the
interconnection between vehicles: hence we define the state as:

x(t) =

 ei(t)
ėi(t)

ëi(t) + h
τ ui(t)

 ,

and then an equivalent model for the error dynamics is the following:

ẋ(t) =

0 1 0
0 0 1
0 0 − 1

τ

x(t) +

 0
−hτ
h−τ
τ2

ui(t− φ) +

0
0
1
τ

ui−1(t− φ) (7.10)

which can be put in a matrix form as:

xi(k + 1) = Axi(k) +Bui(k − d) + Eui−1(k − d) (7.11)
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where

A =


1 Ts τTs − τ2

(
1− e

−Ts
τ

)
0 1 τ

(
1− e

−Ts
τ

)
0 0 e

−Ts
τ



B =


−T

2
s

2 + Ts(τ − h)− τ(τ − h)
(

1− e−
Ts
τ

)
−Ts + (τ − h)

(
1− e−−Tsτ

)
− τ−hτ

(
1− e−

Ts
τ

)


E =


T 2
s

2 − Tsτ + τ2
(

1− e
−Ts
τ

)
Ts − τ

(
1− e

−Ts
τ

)
1− e

−Ts
τ


This model avoids using the auxiliary input ξi(t) = hu̇i(t) + ui(t) in (7.7), and
it will be used hereinafter to design the controller.

The most general model, which takes into account the measurement matrix
C, the transmission function f(·) and process and measurement noises η(k)
and w(k) respectively, reads: xi(k + 1) = Axi(k) +Bui(k − d) + Eui−1(k − d) + η(k)

y1,i(k) = Cxi(k −m) + w(k)
y2,i(k) = f(ui−1(k − r))

(7.12)

For controller design purposes, we do not consider the process and the
measurement noise, as well as the measurement delay, which can be incorporated
in the process delay: let us assume that y = Cx(k − ψ) and x(k + 1) =
Ax(k) +Bu(k−φ). By a change of variable z(k) = x(k−ψ) then an equivalent
model is: z(k + 1) = x(k − φ+ 1) = Ax(k − φ) +Bu(k − φ− ψ)

= Az(k) +Bu(k − φ− ψ)
y(k) = Cz(k)

The general model is still useful for simulation purposes.





CHAPTER 8

String stability

In this chapter we will introduce the concept of string stability which will be
used later to design a cooperative controller. Let us recall the state space
equations describing the platoon, as in (7.12) but neglecting the noise terms
for simplicity:

{
xi(k + 1) = Axi(k) +Bui(k − d) + Eui−1(k − d)

yi(k) = Cxi(k −m)
(8.1)

The primary controller objective is, for each vehicle in the string, to achieve
the desired distance to the car directly in front of it by regulating the error
to zero. As explained in Section 7.3 this translates to regulating yi(k) to zero.
However, another requirement for a smooth implementation of the cooperative
adaptive cruise control is to avoid the effect of disturbance amplification in the
string of vehicles, independently of the length of the string: intuitively we want
to avoid the case where a following vehicle reacts more to a disturbance than the
preceding (followed) one. An interconnection of stable systems might still not
satisfy this ”smoothness” requirement, but some other concept is needed: the
mesh stability. Intuitively mesh stability is the property of an interconnected
system of damping disturbances as they travel away from the source [64]. In
cooperative adaptive cruise control, the disturbance amplification is not only a
risk for a safe operation for the individual vehicle, but it also compromises traffic
flow stability and throughput [65]. We focus on the longitudinal dynamics of
the platoon: in that case the mesh stability concept is usually referred to as
string stability [66], [67]. In the rest of the chapter we present an extension of
the string stability concept better suited to a system with an interconnection
as the one in (7.12). We first define the input string stability, that focusses on
the behaviour of the control input of the agents in the platoon, and then we
extend its validity to stochastic systems. In the next section we briefly recall
some preliminary concepts.
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8.1 Preliminaries

We denote with ‖ · ‖ any vector norm, while we define the Lp, p ∈ [1,∞) norm
of a sampled signal v(k) as the following:

‖v‖Lp ,

( ∞∑
i=1

|v(i)|p
) 1
p

and, for a generic linear operator H such that y(k) = H (u(k)) the induced
H∞ norm as:

‖H‖H∞ = sup
u 6≡0

‖y‖L2

‖u‖L2

.

Moreover, we define a continuous function f(·) to be a class K function if
f(·) is a strictly increasing continuous function such that f(0) = 0.

If we have a mapping g(·) that maps signals to signals, then we will only
consider causal mappings. For instance, with the notation y = f(u, v), without
any k dependence, we mean that y(k) depends only on u(0), u(1), ..., u(k) and
v(0), v(1), ..., v(k).

Lastly, we introduce a shifting operator σ to simplify the notation. We
denote σn(v(k)) = v(k + n), and with the notation z = σn(v) we indicate the
shifted vector z(k) = v(k + n) ∀k. Without any subscript, we assume the
unitary shift, i.e. [σ(v)](k) = v(k + 1).

8.2 Definitions

It is now possible to recall the string stability definition, as in [67] and [51]:

Definition 8.2.1 (String Stability). Consider an interconnection of n stable
agents as follows:{

xi(k + 1) =
∑i
j=1Ai−jxj(k) +Bi−1u0(k)

yi(k) = Cxi(k)
(8.2)

Where u0(k) denotes the external input of the system, and denote with

x(k) =


x1(k)
x2(k)

...
xn(k)
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the lumped state vector and with

x̄ =


x̄0

x̄0

...
x̄0


the constant equilibrium solution for the system for u0 = 0. The system is Lp
string stable if there exist two class K functions α and β, which do not depend
on n, such that, for any initial state x(0), any u0 and any n the following holds
true:

||yi − Cx̄0||Lp ≤ α(||u0||Lp) + β(||x(0)− x̄||) ∀0 < i ≤ n (8.3)

If, with x(0) = x̄, it also holds that:

||yi − Cx̄0||Lp ≤ ||yi−1 − Cx̄0||Lp ∀1 < i ≤ n (8.4)

the system is said to be strictly Lp string stable.

It should be noticed that, due to the linearity of the system (8.2), it is
always possible to find a coordinate transformation such that the equilibrium
is the origin, i.e. x̄0 = 0. Hence, in the rest of the thesis we will assume that
x̄ = 0.

Inequality (8.3) dictates that the output is bounded in response to a bounded
input and a bounded initial condition perturbation, and that such bound is
independent on the length of the platoon (it should be noticed that for a finite
platoon it is always possible to find a bound to the trajectories, dependent
on the size of the platoon). The second inequality (8.4) enforces strict string
stability, by requiring the attenuation of disturbances in the upstream direction.
The string stability outlined in [51] shows some limitation when applied to
a system with coupled inputs, as the one described by (8.1). Notably, the
approach followed in this thesis assumes that the absolute position of the vehicle
i and the preceding one i−1 is not measurable. Such choice is motivated by the
sensors that are assumed to be commercially available for a platoon of vehicles:
a distance sensor is cheap and it operates at higher frequencies than a GPS one,
and it is simply not possible to measure the absolute position of a preceding
vehicle, which can be obtained only indirectly with either a communication
mechanism, e.g. the preceding vehicles sends its absolute position using a
communication channel, or by employing a distance sensor and deriving the
position of the preceding vehicles by adding the distance to the current vehicle
position. Both approaches have some drawback: using the communication
channel to measure (i.e. transmit) the absolute position of the preceding vehicle
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would have the same limitation as communicating the input of the preceding
vehicle over a wireless channel, i.e. packet losses, while the measurement of the
absolute position of the preceding by using the distance from the current vehicle
is subject to inaccuracies due to being an indirect measurement. Therefore,
we modelled the platoon without the need of an absolute position measure for
the vehicles, relying only on the distance between vehicles to implement the
controller. This results in a model with an extra coupling term with the matrix
E in (8.1).

Since the platoon is homogeneous, we want to work with only one vehicle to
design a controller. However, the coupling described by the matrix E in (8.1)
makes it impossible to invert the relationship between the inputs ui and ui−1

and yi, i.e. we cannot compute ui as a function of yi only, and it is necessary
to know ui−1 as well. Hence, it not possible to study only one vehicle to design
a controller suitable to all the vehicles in the platoon.

In the rest of the thesis, we will be using a different definition of string
stability, where instead of referring to inequality (8.4) we use other suitable
inequalities explicitly describing the relationship between the inputs ui and
ui−1 as terms, instead of the outputs yi and yi−1.

In other words, we will be working with Input String Stability, presented
below. It is worth to mention that, where the inter-vehicle coupling was not
present, i.e. E = 0 the two definitions of string stability are perfectly equivalent,
provided that the control law is linear and that the vehicles are asymptotically
stabilizable, as will be assumed in the rest of the thesis.

Definition 8.2.2 (Input String Stability). Consider an interconnection of n
stable agents as follows: xi(k + 1) = Axi(k) +Bui(k − d) + Eui−1(k − d)

yi(k) = Cxi(k −m)
ui(k) = g ((yi(k), yi(k − 1), . . . , ui−1(k − r), ui−1(k − r − 1), . . . )

(8.5)

and denote with

x(k) =


x1(k)
x2(k)

...
xn(k)


the lumped state vector. Assume that the origin is the constant equilibrium
solution for the system when u0 = 0. The system is Lp string stable if there
exist two class K functions α and β, which do not depend on n, such that, for
any initial state x(0), any u0 and any n the following holds true:

||yi||Lp ≤ α(||u0||Lp) + β(||x(0)||) ∀0 < i ≤ n (8.6)
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If, with x(0) = 0, it also holds that:

||ui||Lp ≤ ||ui−1||Lp ∀1 < i ≤ n (8.7)

the system is said to be strictly Lp input string stable.

It can be shown that a system in the form (8.1), with an appropriate linear
dynamic control law is a system in the form (8.2), for which Definition 8.2.2
applies, and input string stability implies classical string stability, as described
by the lemma below. The choice of the control function g(·) will be discussed
in further detail in Section 8.2.1

Lemma 8.2.3. For a system in the form (8.2), with an appropriate linear
control law ui = ffb(yi) + ffw(ui−1) input string stability implies classical
string stability.

Proof. After an appropriate manipulation of (8.2) it is possible to determine
the following mappings Gyu and Guu, as follows:{

yi(k) = Gyuui−1(k)

ui(k) = Guuui−1(k)
∀1 < i ≤ n (8.8)

with u0(k) being the only external input for the interconnected system, fed to
the first agent of the system. By using (8.8) it is possible to write the following
recursion for each agent of the system, where the time index is dropped for
readability:

yi = GyuGuuui−2 = . . . = GyuG
k
uuui−k−1 = GyuG

i−1
uu u0 (8.9)

which satisfies both inequalities (8.3) and (8.4) provided that the following
conditions are true:

‖Guu‖Lp ≤ 1 (8.10)

Gyu ∈ H∞, (8.11)

which ends the proof.

Therefore, in the rest of the thesis, we will work with the input string
stability Definition 8.2.2 which implies the classical string stability Definition
8.2.1.
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8.2.1 String stability in presence of stochastic phenom-
ena

The system that we want to control using measured and transmitted quanti-
ties will experience stochastic events. There are two sources of stochasticity:
measurement and process noises, and transmission failures, originating from
packet losses. In this thesis we focus on the latter, which is disruptive for the
string stability of the platoon.

The stochasticity arises from the transmitted packet sent by one vehicle
not being correctly received or received out of order by the vehicle that follows,
therefore it lies in the output of the system being not correctly transmitted to
a neighbour vehicle that uses this transmitted measurement in its control law:
the stochastic phenomena are in the output of the preceding vehicle, and in
the input of the following vehicle.

The phenomenon underlying the loss of communication between vehicles
has some specific characteristics. We assume that the losses, originating mostly
from collisions, e.g. interferences, are spatial and time independent. More
specifically, we assume that if a packet ui(k) is not correctly received by the
i+ 1th vehicle, this does not affect the transmission between any other pair of
vehicles in the platoon at time k. In the same way, if the communication between
two vehicles is not successful at time k this does not affect the subsequent
transmissions between the same couple of vehicles (or any other couple, due
to the spatial independence of the loss events). We refer to Chapter 1 for
more details regarding the rationale behind such assumptions. The stochastic
event at hand, being the transmission between each pair of vehicles either
successful or not, follows a binomial distribution, and in the rest of the thesis
the probability of a packet to be successfully transmitted will be assumed to
be constant and to be equal for each pair of vehicles, justified by the platoon
of vehicles being homogeneous.

It is now possible to model the interconnection function g(·) following the
aforementioned assumptions as

g = f(ui−1, yi, wi)

where wi is a Bernoulli random variable, indicating if the transmission is
successful or not, which implies that wi and wi−1 are not correlated, as well as
wi(k) and wi(k + 1), for every i, k. For the purposes of designing a controller
for the interconnected system, we seek to have a causal function g(·) linear in
yi and ui−1. We define the interconnection function as a linear combination of
a dynamic, linear feedback function, depending on the measured output yi and
a dynamic feed-forward function of the transmitted input ui−1:

g = f(ui−1, yi, wi) = ffb(yi, wi) + ffw(ui−1, wi).
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The vector wi indicates the transmission history (from the receiving side)

of car i: when the input from the car i− 1 are not received by car i at time k̂,
then wi(k̂) = 0. Therefore, the input of the preceding car available to the ith

car is simply wiui−1. It should be noticed that the measurement yi is always
available for the ith vehicle. However, how the measurement yi(k) is used
in the feedback loop is different, depending if the transmission of ui−1(k) is
successful or not at time k. To model such difference in how the measurement
yi is used in the feedback control term, we write the feedback function as a
function of the variables yiwi and yi(1−wi): the variable wi(k) is simply used
to determine which feedback term is applied at time k. Therefore, the feedback
term can be seen as:

ffb(yi, wi) = f̂fb(yiwi, yi(1− wi)). (8.12)

Using the same argument, we notice that the feedforward term ffw(·) can be
seen as:

ffw(ui−1, wi) = f̂fw(ui−1wi). (8.13)

The feedback term is linear in yi by design, and also the function f̂fb is linear
in the variables yiwi, yi(1−wi), as the difference between the two functions ffb
and f̂fb is only in the notation. The same applies for ffw(·) and f̂fw(·). This
allows us to write the following, that will be useful in the rest of the thesis:

E[ffb(yi, wi)] = E[f̂fb(yiwi, yi(1− wi))]. (8.14)

Moreover, because of the linearity of the function f̂fb we can invert the order
of the expectation and the function in (8.14), writing:

E[ffb(yi, wi)] = f̂fb(E[yiwi],E[yi(1− wi)]), (8.15)

and lastly, remember that wi and yi are independent,

E[ffb(yi, wi)] = f̂fb(E[yiwi],E[yi(1− wi)]) = f̂fb(pE[yi], (1− p)E[yi]).
(8.16)

Assuming the aforementioned structure for the interconnection function, it
is possible to extend the String Stability definition to the stochastic case as
follows, neglecting the delays to improve the notation. Consider the following
interconnection of n stable agents: σ(xi) = Axi +Bui + Eui−1

yi = Cxi
ui = ffb(yi, wi) + ffw(ui−1, wi)

(8.17)
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It is then possible to study the expected dynamics of the system. Denoting
with x̃, ũ, and ỹ the expected values of the state, the input and the output for
each vehicle, we can write: σ(x̃i) = Ax̃i +Bũi + Eũi−1

ỹi = Cx̃i
ũi = E[ffb(yi, wi) + ffw(ui−1, wi)].

It should be noted that the signal yi depends on wi−1, wi−2, . . . , w0, due to
the interconnection of vehicles, but it is indeed independent of wi.

We find:

ũi = E
[
f̂fb (yiwi, yi(1− wi))

]
+ E

[
f̂fw(wiui−1)

]
=

= f̂fb(E[yiwi],E[yi(1− wi)]) + f̂fw(E [wiui−1])

By using the fact that E[yiwi] = E[wi]E[yi] = pỹi, we can therefore define the
following feedback function:

f̃fb(ỹi) = f̂fb(pỹi, (1− p)ỹi) (8.18)

to be used in the general control law for ũi:

ũi = f̃fb(ỹi) + pf̂fw(ũi−1)

Following the mathematical derivation above, it is clear that the dynamics
of the expected value of the output ỹ of the system is deterministic,

After modelling the stochastic interconnection between vehicles, it is pos-
sible to understand how the stochastic phenomena affect the string stability,
introducing the following definition of Input Mean String Stability:

Definition 8.2.4 (Input Mean String Stability). Consider an interconnection
of n stable agents as follows: σ(xi) = Axi +Bui + Eui−1

yi = Cxi
ui = ffb(yi, wi) + ffw(ui−1, wi)

(8.19)

where wi(k) is a Bernoulli variable with P[wi(k) = 0] = p and denote with

x(k) =


x1(k)
x2(k)

...
xn(k)
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the lumped state vector. Assume that the origin is the constant equilibrium
solution for the system when u0 = 0. The system is mean Lp string stable if
there exist two class K functions α and β, which do not depend on n, such that,
for any initial state x(0), any u0 and any n the following holds true:

||E [yi(k)] ||Lp ≤ α(||u0(k)||Lp) + β(||x(0)||) ∀0 < i ≤ n (8.20)

If, with x(0) = 0, it also holds that:

||E [ui(k)] ||Lp ≤ ||E [ui−1(k)] ||Lp ∀1 < i ≤ n (8.21)

the system is said to be strictly Lp input mean string stable.

As mentioned before, it is possible to verify that (8.19) is input mean string
stable by verifying that the following system (8.22) is input string stable:


σ(x̃i) = Ax̃i +Bũi + Eũi−1

ỹi = Cx̃i
ũi = f̃fb(ỹi) + pf̂fw(ũi−1)

(8.22)

The concept of mean string stability refers to the expected behaviour of the
interconnected system, by imposing conditions on the expected trajectory of
the input ui(k) and the output yi(k). However, knowing the average behaviour
of the platoon does not say anything about how close a realization of the
stochastic behaviour of the system is to the expected one. Therefore, we turn
our attention to the variance of the trajectories of the system, rather than the
expected one.

Definition 8.2.4 considers the expected output for each subsystem, and can
be used to discern whether the expected dynamics is string stable or not. Such
condition might not be conservative enough. Shall the dynamics be string
stable, but the trajectories have an high variance, then they might be far away
from the average trajectory, therefore we don’t have any valuable information
on the dynamics that will be followed by the platoon beside its expectation.
Another approach is to consider the expected norm of the system in equation
(8.17), instead of considering the expected output response to disturbance.
Moreover, if we consider the L2 norm, instead of a generic Lp one, we examine
the behaviour of the variance of the output. By substituting the signal with the
expected value of its L2 norm in Definition 8.2.2, we can derive the following
definition:

Definition 8.2.5 (Input Stochastic String Stability). Consider an intercon-
nection of n stable agents as follows: σ(xi) = Axi +Bui + Eui−1

yi = Cxi
ui = ffb(yi, wi) + ffw(ui−1, wi)
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where wi(k) is a Bernoulli variable with P[wi(k) = 0] = p and denote with

x(k) =


x1k)
x2(k)

...
xn(k)


the lumped state vector. Assume that the origin is the constant equilibrium
solution x̄ for the system when u0 = 0. The system is stochastic string stable
if there exist two class K functions α and β, which do not depend on n, such
that, for any initial state x(0), any u0 and any n the following holds true:

E
[
||yi||22

]
≤ α(||u0||22) + β(||x(0)||22) ∀0 < i ≤ n (8.23)

If, with x(0) = 0, it also holds that:

E
[
||ui||22

]
| ≤ E

[
||ui−1||22

]
∀1 < i ≤ n (8.24)

the system is said to be strictly Lp input stochastic string stable.

Definition 8.2.4 and Definition 8.2.5 are deeply connected, as it is possible
to show that the mean string stability is a necessary condition for the stochastic
string stability, more specifically that (8.20) is a necessary condition for (8.23)
as follows:

Lemma 8.2.6. Given α(·), β(·) class K functions, so that the following in-
equality holds:

E[‖yi‖22] ≤ α(‖u0‖22) + β(‖x(0)‖22)

then it is possible to find two other class K functions α̂(·), and β̂(·) so that the
inequality:

‖E[yi]‖2 ≤ α̂(‖u0‖2) + β̂(‖x(0)‖2)

holds.

Proof. From the well known property that:

E[X2] = E[X]2 + Var[X]⇒ E[X]2 ≤ E[X2]

one can write:

E[‖yi‖2]2 ≤ E[‖yi‖22] ≤ α(‖u0‖22) + β(‖(x(0))‖22). (8.25)
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We can define two new class K functions as:

α̂(‖x‖2) =
√
α(‖x‖22)

β̂(‖x‖2) =
√
β(‖x‖22)

(8.26)

and then it is possible to substitute (8.26) in (8.25) that yields:

E[‖yi‖2]2 ≤ α̂(‖u0‖2)2 + β̂(‖x(0)‖2)2

and then:

E[‖yi‖2]2 ≤
(
α̂(‖u0‖2) + β̂(‖x(0)‖2)

)2

(8.27)

Equation (8.27) holds when extracting the square root, showing that:

E[‖yi‖2] ≤ α̂(‖u0‖2) + β̂(‖x(0)‖2)

Lastly, by using the well-known Jansen’s inequality, it is possible to write:

‖E[yi(k)]‖2 ≤ E[‖yi(k)‖2]

ultimately proving that:

‖E[yi]‖2 ≤ α̂(‖u0‖2) + β̂(‖x(0)‖2)

Lemma 8.2.6 shows that the stochastic input string stability implies the
mean string stability, i.e. that (8.23) implies (8.20). However, it is not helpful
when dealing with strict string stability. The conditions (8.21) and (8.24)
are recursive and stochastic phenomena are present. It is therefore difficult
to derive a general set of conditions under which (8.24) implies (8.21); such
implication is therefore not expected.

With Definition 8.2.5 it is possible to bound the variance for the output
for the system, instead of only the expected value. Definition 8.2.4 is easier to
check, as the dynamics of the expected output is linear. However, the results
from definition 8.2.5 seems more suited for the implementation of cooperative
adaptive cruise control: by using the Definition 8.2.5 we can bound the expected
output dynamics to be close to the average one – which will be string stable
according to Definition 8.2.4.





CHAPTER 9

Controller design

After introducing the concepts of string stability, in this chapter we present two
different approaches to design a controller able to implement the cooperative
adaptive cruise control in a string stable fashion.

Coherently with the theoretical framework used until now, the controller
has access to the quantities depicted in Figure 7.1: accelerometers, distance
sensors and both absolute and relative speed sensors. As mentioned in Section
7.3, we assume that the first two component of the state xi(k) 7.6 are locally
available to the ith vehicle.

The ith vehicle has also access to a wireless-transmitted measurement: We
assume that each vehicle can receive the control input from the preceding
vehicle in the platoon, noted as ui−1 in the previous chapter, but the wireless
communication is not flawless.

We will show the design of the controller using two different approaches,
one using transfer functions, and another one using a state space approach. For
the transfer function domain we first develop a stabilising feedback controller,
which relies on local measurements, then we use the transmitted information
to perform a correction: when the transmitted input is not locally available,
due to communication deficiencies, then an observer (which will be detailed
later in the section) estimates such unavailable quantity, which is then used by
the vehicle, increasing the robustness of the system.

For the state space approach, we design the local and cooperative controllers
jointly: we preliminary develop a static feedback control law, assuming perfect
knowledge of the local and transmitted measurements, and then we implement
a switching strategy to impose the same expected behaviour for the system
regardless the loss phenomenon, implementing the mean input string stability
described in the previous chapter. To implement the stochastic input string
stability conditions, we refine the choice of the gains to minimize the covariance
of the error, ensuring that, regardless the amount of losses, the system is as
close as possible to the string stable expected dynamics.

As usual, we assume that each packet, carrying the value of the input ui−1

can be lost with probability p, and that such losses are time independent, as
well as space independent: the transmission of a packet – or the loss of it –
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does not influence the probability of any other packet to be transmitted in the
platoon at any other time.

It should be noticed that the phenomenon of losses can not be neglected,
as it is crucial for the problem definition. In order to study the problem in the
frequency domain by using transfer functions, we introduce an approximated
transfer function to model the downsampling and the packet loss phenomena.

9.1 Transfer function approach

We start the discussion on the controller by recalling the transfer function of
the single vehicle (7.5) as reported in Section 7.2:

P (z) = 0.0290
z(z − 0.9672)

(z − 1)2(z − 0.9048)

The idea behind the transfer function approach is to use the transfer function
model reported above to assign the position of the poles of the closed-loop
transfer function of each vehicle to specific ones in order to achieve the desired
performance.

We split the design process in three steps: at first we design a local
controller, then we use the available communication from other vehicle to
perform a feedforward compensation, implementing therefore the cooperative
adaptive cruise control. Lastly, to take into account that the communication
channel is unreliable, we develop an observer that provides an estimate of
packets that are not received, to be used by the cooperative controller, i.e.
when computing the feedforward compensation term. At first we will work
without taking the delays of the system into account, which will be included in
the design of the controller at a later stage.

9.1.1 Local Controller

We first design a local controller for the system without delays. We start by
designing a desired closed-loop transfer function from qi−1 to yi as W0(z) =
yi(z)
qi−1(z) which achieves the required asymptotic stability and input tracking,

and then we design a controller such that the transfer function of the controlled
vehicle is the aforementioned W0(z). Let us remember that the aim of the
cooperative adaptive cruise control is for each vehicle to follow the preceding
one keeping some reference distance

dr,i(t) = Ri + hvi(t), (9.1)

where Ri is the standstill distance, which is equal to zero for the purposes of
the thesis, and h is the time-headway. Let us also remember that the error is
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defined in (7.2) as ei(t) = qi−1(t)− qi(t)− hvi(t), and that the output of our
system is yi(t) = qi(t) + hvi(t).

Firstly, we want asymptotic trajectory tracking. We assume that the vehicle
i− 1 proceeds at constant speed, i.e its absolute position qi−1(z) is a ramp:

qi−1(z) =
Tsz

(z − 1)2
. (9.2)

This assumption is done because the objective of the controller is to implement
a speed control: the platoon receives as input a target speed, and all the vehicles
must reach the reference speed, keeping a distance between them defined by the
error (7.2). Asymptotically, the trajectories are then ramp signals: Therefore,
we should reject errors asymptotically when the vehicle i− 1 drives at constant
speed.

The error transfer function is then:

Ei(z) =
ei(z)

qi−1(z)
=
qi−1(z)− yi(z)

qi−1(z)
= 1−W0(z).

By using the final value theorem, recalling that the input is a ramp, we
find conditions to achieve asymptotic tracking, i.e limk→∞ ei(k) = 0:

lim
z→1

Ts
(z − 1)

(1−W0(z)) = 0 (9.3)

To avoid critical zero-pole cancellation, we need to impose that the unstable
zeros of P (z) – the system as defined in (7.5) – are roots of W0(z) and that
the unstable poles of P (z) are roots of 1−W0(z).

Since P (z) has a double pole in 1 for every value of h, we need to impose
the following conditions:

1. W0(1) = 1 to avoid zero-pole cancellation and impose condition (9.3) and

2. d
dz (1−W0(z))

∣∣
z=1

= 0 to avoid zero-pole cancellation

Then, W0(z) is designed as:

W0(z) =
w1z + w0

z(z2 + p1z + p2)
(9.4)

where the two parameters w1 and w0 are chosen to impose the conditions 1)
and 2) in the list, the relative degree of W0(z) is chosen to be the same relative
degree of P (z), and the parameters p1 and p2 are chosen such that W0(z) has
the same nonzero poles as the discrete time equivalent of:

W (s) =
1

s2 + 2δωn + ω2
n

(9.5)
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qi−1
+

−

ei
D(z) z−d P (z)

ui yi

Figure 9.1: Delayed plant block diagram

where δ =
√

2
2 and ωn =

√
2

2τ . This choice for δ yields the fastest response time,
subject to the condition of presenting no peaks in the frequency domain. The
choice of ωn influences the speed of the system: it must be high enough to
provide satisfactory performance, but can not be too large, in order to achieve
stable behaviour. Converting (9.5) in the digital time domain allows us to
find the values for p1 and p2, and then we can impose conditions 1) and 2) to
obtained W0(z) and the controller D(z) as:

D(z) =
1

P (z)

W0(z)

1−W0(z)
.

We now move to the system with delays. The local controller design process
has been conducted without taking the input delay of the original system
into account. After the controller design, we now modify the controller to
minimise the effects of delay on the stability, by using a Smith’s predictor. The
controlled vehicle block diagram is depicted in Figure 9.1, where the input
delay is now explicitly noted as z−d, where d = φ

Ts
is the number of samples of

delay introduced by the system. Since the delay is typically φ = 0.2, we have
d = 20. Including this large delay in the controller design would have been
difficult, as the order of the controller would have become too high.

Using P (z) to estimate ŷi(t) according to the diagram in Figure 9.2 it is
possible to find the controller that is actually implemented to reduce the effects
of the delay in the control loop as:

D̂(z) =
D(z)

1 +D(z)P (z)(1− z−d)
. (9.6)

As can be easily checked, the diagram in Figure 9.2 is equivalent to the one
without delays. As there are no critical pole-zero cancellation between D(z)
and P (z) from the design of the original D(z), the use of D̂(z) does not cause
any stability issue, therefore the local controller design is complete.

9.1.2 Cooperative controller

The controller in Section 9.1.1 is purely local, relying only on measurement of
the error (7.2), which is available to each vehicle. It is possible to enhance the
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qi−1
+

−

ei
+

−

D(z)

1− z−d P (z)
ŷi

P (z)z−d
ui yi

D̂(z)

Figure 9.2: Smith’s predictor scheme

controller performance by using a feedforward compensation term, as in Figure
9.3. The delays are not present, as the diagram in Figure 9.3 is equivalent
to the delay-free version when the Smith’s predictor is employed. It should
be noted that the use of the Smith’s relies on the perfect knowledge of the
model. Should the vehicles dynamics differ from the model we used, then the
performance will deteriorate.

Imposing a perfect reference tracking, we obtain as feedforward filter:

yi(z)

qi−1(z)
= 1 =

Fq(z)P (z) +D(z)P (z)

1 + P (z)D(z)
=⇒ Fq(z) =

1

P (z)
. (9.7)

To use this filter it is necessary to know qi−1(k), which is not available to the
ith vehicle. However, recalling the relationship (7.3): qi−1(z) = Gp(z)ui−1(zs),
therefore, we can substitute it in (9.7) and then the feedforward term becomes:

F (z) =
Gp(z)

P (z)

so that the feedforward quantity is now the input of the previous vehicle
ui−1(k). Moreover F (z) is causal and minimum phase, in contrast with P (z)
(7.5), whose inverse is not causal.

qi−1
+

−

ei
D̂(z)

Fq(z)

+ P (z)
ui yi

Figure 9.3: (Position) feedforward block diagram
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9.1.3 Packet loss and observer

The control scheme developed so far is made by two components: a locally
stabilising term D̂(z) and a feedforward one F (z). The latter controller relies
on perfect knowledge of ui−1(k), which can not be achieved because of the
communication. The communication induces a transmission delay θ, it is unre-
liable, and might happen at a transmission rate different than the controller’s
sampling rate. The strategy to cope with imperfections in the communication
channel is for each vehicle to continuously estimate the input of its preceding
vehicle from the local measurements. It should be noticed that such strategy is
used only by the controller based on the transfer function model. To devise
an observer, we consider the extended block diagram in Figure 9.4, where the
relation between qi−1(z) and ui−1(z) and the transmission delay θ is made
explicit. The delay θ is smaller than the input delay d, and this motivates the
use of the observer: it is possible to have an estimate of the error ei before a
local measurement is available.

The observer uses the local measurements (distance and speed) to produce
an estimate ûi−1 of the input of the previous vehicle. However, when the
actual input is successfully received, the state of the observer is reset to the
just received value.

The complete block diagram when the observer is employed is depicted in
Figure 9.5 (the blocks H(z) and A(z) will be explained later).

Gp(z)z
−d

qi−1

ui−1
+

−

ei
D̂(z)

F (z)z−θ

+ P (z)z−d
ui yi

Figure 9.4: Delayed feedforward loop
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We first compute the error transfer function Ei(z) = ei(z)
ui−1(z) . We then use

Ei(z) to compute an estimate of the error, êi(z) = Ei(z)ûi−1, where ûi−1 is
the output of the observer. By using a controller L(z), we drive to zero the
estimation error εi = ei(z)− êi(z). Asymptotically, êi → ei and ûi−1 → ui−1,
and the observer transfer function is:

O(z) =
ûi−1

ei
=

L(z)

1 + L(z)Ei(z)
. (9.8)

This transfer function, however, describes the observer dynamics only partially:
when a signal is successfully received, the observer state jumps to the received
value, inducing discontinuities that can not be captured by a frequency domain
model, but which are useful to better reconstruct the signal ui−1. The problem
of finding the observer for ui−1 reduces to finding the error transfer function
Ei(z) and the controller L(z). Clearly, performance depends on Ei(z) being an
accurate description of the error, as we rely on a good modelling of the error
dynamics to obtain the input estimate. The following of the section is devoted
to find Ei(z).

As first approximation we can find Ei(z) from the block diagram in Figure
9.4:

Ei(z) =
ei(z)

ui−1(z)

=
Gp(z)z

−d − F (z)P (z)z−dz−θ

1 + P (z)D̂(z)z−d

=
Gp(z)(1− z−θ)z−d

1 + P (z)D̂(z)z−d
. (9.9)

The error transfer function in (9.9) allows for a good input reconstruction
when the transmission happens at the same speed as the controller computations,
i.e. the transmission rate is the same as the controller sampling rate.

However, we can assume that the controller works at an higher rate than
the transmission one, assuming that does not transmit one packet every cycle,
but once every few ones. We need to study such downsampling phenomenon.

To take the downsampling phenomenon into account we approximate its
effect by using a transfer function and we modify the sending strategy of control
input over the wireless medium. Referring to the block diagram in Figure
9.5, the block H(z) represents the downsampling block and A(z) is a filter to
improve the system performance.

The previous vehicle’s input ui−1, which drives the plant Gp(z), is not the
same signal filtered by F (z), because is downsampled by a factor m = 4: the
radio transmits a packet every 0.04s. It is not possible to find a transfer function
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to model the downsampling phenomenon, i.e. the output signal kept constant
for m−1 samples: we propose, as a useful approximation, an ”averaging” filter,
like the following:

ũ(k + 1) = ũ(k) +
u(k)− u(k −m)

m
,

where ũ is the approximation of the downsampled signal, transmitted over the
wireless medium. This leads to the following transfer function:

H(z) =
ũ(z)

u(z)
=

1

m

1− z−m

1− z−1
,

which will be used to model the downsampling in the rest of the paper.
The fact that the controller is allowed to send a message every kTs seconds

allows us to change the sending strategy. Each vehicle can send an average
of the previous m samples instead of only one sample: while this mechanism
introduces a delay in the reconstruction of the signal, it allows the modelling
of the downsampling to be closer to the reality, achieving better input recon-
struction by the observer. The transmitted signal is then not the control signal
downsampled, but first is filtered by the following filter:

A(z) =
1

m

m∑
j=1

z−j

Using these approximations, the error transfer function becomes:

Ei(z) =
Gp(z)(1−A(z)H(z)z−θ)z−d

1 + P (z)D̂(z)z−d

This error transfer function is of high order. It allows us to estimate the
error in simulation, but it can not be effectively used for design of the controller
L(z). Instead, a second order low pass filter is used as controller for Ei(z):

L(z) = Z
{

ω2
0

s2 + 2δ0ω0s+ ω2
0

}
, (9.10)

where ω0 and δ0 can be chosen freely to stabilize the observer loop O(z)
in Figure 9.5. After finding Ei(z) and L(z), the observer in (9.8) performs
satisfactory: the input reconstruction is not perfect, and suffers from delays
(which can not be avoided), but the system is able to achieve a satisfactory
behaviour. The observer state is reset when a new input is received: this
allows the observer to be constantly used. When the communication is perfect,
without losses or downsampling, the input will be available every sampling time,
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and the observer output will be the transmitted one. On the other hand, when
the communication starts to be unreliable and at a different rate, the observer
output will be the transmitted input when it is available, or its estimate when
the real value has not been received. However, due to the approximations in
the transfer function approach the analysis of closed loop transfer function
does not provide insights on the string stable behaviour of the platoon.

While the performance of the platoon are satisfactory, expressing an atten-
uation in the disturbance along the platoon, we can not verify that the platoon
is string stable according to the Definition 8.2.1.

To overcome such issue, we resolve to developing a controller in the state
space domain.

9.2 State space controller

By using the transfer functions it is not possible to describe the stochastic
behaviour of the packets, i.e. it is not possible to model the packet losses. To
overcome such limitation, we use the state space model as presented in Section
7.3 to design a controller suited to impose a string stable behaviour, according
to Definition 8.2.2, 8.2.4 or 8.2.5, explicitly modelling the losses.

The objective of the controller is still to regulate the error (7.2) to zero
while imposing a string stable behaviour for the system.

In contrast with the approach described previously, the design of such
controller will not be carried out in two different phases, assuming first that
the communication is perfect and then compensating for losses by using an
observer; we simply allow the packets to be lost.

We first impose a string stable behaviour for the expected performance
output z(k) – defined below – as in Definition 8.2.4. To do so, we implement a
switching controller: the output of the controller depends by the availability of
the transmission from the previous vehicle. Then, we minimise the covariance
of the performance output z(k): this reflects the stochastic string stability as
in Definition 8.2.5.

We start by assuming that the controller relies on both the measurement of
the state and the input sent by the preceding vehicle. The control law is of the
form:

ui(k) = Fxi(k) + Lui−1(k).

However, the state xi(k) is not fully measurable, as the relative acceleration is
unknown: we develop an unknown input observer to reconstruct the state.

According to Definition 8.2.2, by defining z(k) = ui(k) it is possible to
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F̄

ui−1
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Figure 9.6: Non-switching control architecture (H∞ controller and unknown
input observer, that is, ui(k) = F̄ x̂i(k) + L̄ui−1(k)).

achieve input string stability by imposing:

‖H‖H∞ =
‖zi‖L2

‖ui−1‖L2

≤ 1. (9.11)

However, instead of imposing the ratio (9.11) smaller then one, we aim to

make it as small as possible. Clearly, if it is possible to achieve
‖zi‖L2
‖ui−1‖L2

≤ 1

then imposing ‖H‖H∞ to be the smallest possible also satisfies ‖H‖H∞ ≤ 1.
Doing so, allows us to pursue this objective by synthesising an H∞ controller.
However, to also impose stability of the single vehicle we will use as performance
output z(k) a suitable linear combination of input ui(k) and error xi(k).

After finding the control law for the full information case, assuming perfect
knowledge of xi(k) and ui−1(k), we estimate x̂i(k) by using an unknown input
observer, and we use ui−1(k) only when it is available; the control law therefore
becomes the following switching one:

ui(k) =

{
F1x̂i(k) + Lui−1(k) when ui−1(k) is available
F2x̂i(k) otherwise

(9.12)

Such approach can be summarised by Figure 9.6 where the switching
controller is not depicted for readability: the full information case one is
displayed instead.

In the rest of the thesis we study the single vehicle dynamics. We drop the
subscripts, and we use ξ(k) to denote ui(k), the input of the ith vehicle, and
ν(k) to denote ui−1(k), the input of the previous vehicle i− 1.
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9.2.1 Model used to design the controller

The model of the single vehicle that we use to design a controller is the following: x(k + 1) = Ax(k) +Bξ(k) + Eν(k)
y(k) = Cyx(k)
z(k) = Czx(k) + Cξξ(k)

(9.13)

where the state x(k) is the same as (7.6), while ξ(k) denotes the input of car,
and ν(k) is the input of the previous vehicle. As mentioned before, with this
notation we drop the subscript i to denote the ith car.

The variable y(k) is the measured output. As we mentioned in Section
7.1 we assume that each vehicle has access to the distance from the preceding
vehicle, the derivative of the distance, its own speed and its own acceleration.
This yields knowledge of ei and ėi, the first two components of the state
x.Therefore, we assume that:

Cy =

[
1 0 0
0 1 0

]
,

while z(k) is a performance output: it is not measured, but it is used to design
the controller. The matrices Cz and Cξ are:

Cz =

[
ε 0 0
0 0 0

]
, Cξ =

[
0
r

]
so that the performance output components are the error and the local input:

z(k) =

[
εei(k)
ξ(k)

]
.

To better explain this choice for the performance output, we recall some results
from the H∞ theory from [50]. It should be noticed that the following section
can be applied to an arbitrary system, and not necessarily the system in (9.13).

9.2.2 H∞ control

Consider the following system:{
x(k + 1) = Ax(k) +Bξ(k) + Eν(k)

z(k) = Cx(k) +D1ξ(k) +D2ν(k)
. (9.14)

If the system (A,B,C,D1) has no invariant zeroes on the unit circle (i.e. the

matrix

(
sI −A −B
C D

)
does not lose rank) and it is left invertible, then a

controller in the form ξ(k) = K1x(k) +K2ν(k) exists such that the closed-loop
transfer function from ν to z has H∞ norm less than one if and only if a
symmetric matrix P ≥ 0 exists, such that:
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1. V = DT
1 D1 +BTPB > 0

2. R = I −DT
2 D2 − ETPE + (ETPB +DT

2 D1)V −1(BTPE +DT
1 D2) > 0

3. defining

G(P ) =

(
DT

1 D1 DT
1 D2

DT
2 D1 DT

2 D2 − I

)
+

(
BT

ET

)
P
(
B E

)
, then P satisfies the

following Riccati equation:

P = ATPA+ CTC −
(
BTPA+DT

1 C
ETPA+DT

2 C

)T
G(P )−1

(
BTPA+DT

1 C
ETPA+DT

2 C

)
If such P matrix exists, then the static feedback law ξ(k) = K1x(k) +K2ν(k)
stabilises the systems and the closed loop transfer function has norm less than
one where

K1 = −(DT
1 D1 +BTPB)−1(BTPA+DT

1 C)

K2 = −(DT
1 D1 +BTPB)−1(BTPE +DT

1 D2).

It is possible to minimise the H∞ norm of the closed-loop transfer function
from ν to z. Therefore, by assuming z(k) = ξ(k) then an H∞ controller
minimising the H∞ norm also imposes string stability for the system (9.13) if
the system can be string stable. In other words, if there exists a controller of the
form (9.12) which is able to impose a string stable behaviour for the platoon,
then it can be found by minimising the H∞ norm of the closed-loop system.

However, we also want to minimise the quantity ei(k)2 to ensure that the
state does not grow too big, hence achieving better performances, and to satisfy

the rank condition for the matrix

(
sI −A −B
C D

)
: choosing z(k) = ξ(k) would

imply C = 0. Therefore, we choose z(k) =

[
εei(k)
ξ(k)

]
to be able to impose the

required constraints.
We recall that the aforementioned H∞ controller is for the full information

case: in (9.14) it is implicitly assumed that y(k) = x(k). However, one
component of the state x(k) is not measurable. To overcome this difficulty, we
can develop an Unknown Input Observer (UIO) to estimate the third component
of the state.

9.2.3 Unknown input observer

The state of the system is not fully measurable, and one input is unknown.
This suggest us to use the unknown input observer theory to get an estimate of
the state [68]. To implement a feedback controller, we resolve to estimate the
state using an unknown input observer, using the measurable output. However,
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the estimate will suffer from the measurement delay: we can estimate only the
delayed state

xd(k) = x(k −m) (9.15)

and by substituting (9.15) in (9.13) we get:

xd(k + 1) = Axd(k) +Bξd(k) + Eνd(k)

y(k) = Cxd(k)

where ξd(k) = ξ(k − d−m) and νd(k) = ν(k − d−m) are the delayed inputs.
We do not consider z(k), as it is not necessary to use the performance output
to estimate the state.

As observer for the delayed state xd(k) it is possible to use the following
dynamical system:

ζ(k + 1) = Fζ(k) +GBξd(k) +Ky(k) (9.16)

x̂(k) = ζ(k) +Hy(k)

After simple algebraic manipulation, it can be shown that the estimate error
ε(k) = xd(k)− x̂(k) follows the dynamics:

ε(k + 1) = Ax(k) +Bξd(k) + Eνd(k)− (Fζ(k) +GBξd(k) +Ky(k)) + . . .

−Hy(k + 1)

= = Ax(k) +Bξd(k) + Eνd(k)− Fζ(k)−GBξd(k)−K1Cx(k) + . . .

−K2y(k)−Hy(k + 1)

= Ax(k) +Bξd(k) + Eνd(k)− F (x̂(k)−Hy(k))−GBξd(k) + . . .

−K1Cx(k)−K2y(k)−HCAx(k)−HCBξd(k)−HCEνd(k)

= (A−K1C −HCA)(x(k)− x̂(k)) + (A−K1C −HCA− F )x̂(k)

+ (I −G−HC)Bξd(k) + (I −HC)Eνd(k) + (FH −K2)y(k)

where K = K1 +K2. Since CE is injective, it is possible to choose:

F = A−K1C −HCA
K2 = FH

H = E[(CE)TCE]−1(CE)T

G = I −HC

to obtain

ε(k + 1) = (A−K1C −HCA)ε(k)
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To bring the estimate error to zero, we can choose K1 to have the desired
poles for F , because – for our system – the couple (A−HCA,C1) is observable.
A straightforward solution is to pick the gain matrix K1 to impose a deadbeat
response: all the poles of F to be in 0. We use x̂(k) as estimate for x(k), the
state without delay.

Using the unknown input observer, we now have access to a good estimate
of the state that will be used in the feedback control law. It is worth to mention
now that using such estimator of the state allows us for a simpler design of the
feedback controller, which will be a static one. After presenting all the tools
needed for the controller synthesis, we first describe how we take care of delays
in the system, and we describe the controller synthesis next.

9.2.4 Lifted system controller

The system to control, for the full information case, when an input delay φ is
present, can be modelled as follows: x(k + 1) = Ax(k) +Bξ(k − d) + Eν(k)

y(k) = x(k)
z(k) = Czx(k) +Rξ(k)

(9.17)

where d = φ
Ts

, Cz =

[
ε 0 0
0 0 0

]
and R =

[
0
1

]
. We design a controller for

the full information case, therefore we assume to know x(k). This motivates
the choice y(k) = x(k) in the system (9.17), different than the system (9.13)

By defining the lifted state and lifted inputs as:

ξl(k) =


ξ(k − d+ 1)
ξ(k − d+ 2)

...
ξ(k − 1)



νl(k) =


ν(k − d+ 1)
ν(k − d+ 2)

...
ν(k − 1)



xl(k) =


x(k)T

ξ(k − d)
ξl(k)

ν(k − d)
νl(k)
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we can write the model as follows:


x(k + 1)

ξ(k − d+ 1)
ξl(k + 1)

ν(k − d+ 1)
νl(k + 1)

 =


A B 0 E 0
0 0 eT1 0 0
0 0 Ω 0 0
0 0 0 0 eT1
0 0 0 0 Ω




x(k)
ξ(k − d)
ξl(k)

ν(k − d)
νl(k)

+


0n
0
ed
0
0d

 ξ(k) +


0n
0
0d
0
ed

 ν(k)

y(k) = xl(k)

z(k) =
[
Cz 02,d 02,d

]
xl(k) +Rξ(k)

where:

e1 =
[

1 0 . . . 0
]T ∈ Rd

ed =
[

0 . . . 0 1
]T ∈ Rd

and

Ω =



0 1 0 0 . . . 0
0 0 1 0 . . . 0
...

. . .
...

0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0


∈ Rd ×Rd

the system becomes xl(k + 1) = Adxl(k) +Bdξ(k) + Edν(k)
y(k) = xl(k)
z(k) = Cdxl(k) +Rξ(k)

(9.18)

It is now possible to find a controller. We design the controller for the
full information case, assuming perfect knowledge of the state and external
input ν(k), when the dynamics is the one in (9.18) and we use an estimate of
the state – obtained using the unknown input observer (9.16) – in the actual
implementation of the controller.

9.2.5 Covariance minimization controller

The basic idea for the controller is to impose desired dynamics to the expected
value of the error for the system (9.13), more specifically to impose an input
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mean string stable behaviour – according to Definition 8.2.4 – and then minimise
the covariance of the error, to keep the error close to the – string stable – average.

At first we will study the expect dynamics of the system (9.13), then we
study its covariance, lastly we minimise such covariance. The design is studied
for the case without delays. However, in the practical implementation, the
lifted system discussed in 9.2.4 is used.

By using the model (9.13) for the single vehicle dynamics, and assuming
that the communication between vehicles can be modelled by a Bernoulli
process, our system consists of n sub-systems, each of which can be described
by the following model:{

x(k + 1) = Ax(k) +Bξ(k) +Eν(k)
y(k) = Cyx(k) +Dν(k)

(9.19)

where

y(k) =

[
y1(k)
y2(k)

]
and

Cy =

 1 0 0
0 1 0
0 0 0

 D =

[
0

δ(k)

]

where δ(k) = 0 when the communication from the preceding vehicle is lost,
and P [δ(k) = 0] = p. The measurement noises and the delay are neglected,
as the purpose of this model is to understand the effect of packet losses. We
assume that the losses, i.e. δ(k) are time and space independent: the losses
experienced by different vehicles are uncorrelated, as well as subsequent losses
experienced by a single vehicle. It should be noticed that the only difference
from (9.13) is the presence of another measured output y2(k) = δ(k)ν(k) that
models the measurement transmitted over the wireless network.

Expected dynamics

We want to study the dynamic of the interconnected system when a controller
is used and losses are present. In order to do so we present the following result:

Lemma 9.2.1. The expected value E[x(k)] of the state of a system in the form
(9.19), that is:  x(k + 1) = Ax(k) +Bξ(k)+ Eν(k)

y1(k) = Cx(k)
y2(k) = δ(k)ν(k)

(9.20)
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where P[δ(k) = 1] = (1− p) interconnected with a switching controller in the
form:{
w(k + 1) = δ(k) (K1w(k)+F1y1(k)+Ly2) + (1−δ(k)) (K2w(k)+F2y1(k))

ξ(k) = Mw(k)

(9.21)

is equal to the state of the system (9.19) when interconnected with a non-
switching, deterministic controller in the form:{

w(k + 1) = Kw(k) + Fy(k) + Lν(k)
u(k) = Mw(k)

,

where

F = (1− p)F1 + pF2,

K = (1− p)K1 + pK2,

L = (1− p)L.

Proof. In order to prove the theorem let us assume that a suitable controller
for the system exists, in the form:{
w(k + 1) = δ(k) (K1w(k) + F1y1(k) + Ly2) + (1− δ(k)) (K2w(k) + F2y1(k))

ξ(k) = Mw(k)

and let us study the dynamics of the closed-loop system:{
x(k + 1) = Ax(k) +BMw(k) + Eν(k)
w(k + 1) = δ(k) (K1w(k) + F1y1(k) + Ly2) + (1− δ(k)) (K2w(k) + F2y1(k))

By remembering that P[δ(k) = 1] = 1− p, then we can compute the expected
value of the system as:

E

[
x(k + 1)
w(k + 1)

]
=

[
(1− p)

(
A BM
F1 K1

)
+ p

(
A BM
F2 K2

)]
E

[(
x(k)
w(k)

)]
+[

(1− p)
(
E
L

)
+ p

(
E
0

)]
E[ν(k)] (9.22)

Consider now the dynamics of the original system (9.19) interconnected with
the following controller:{

w(k + 1) = Kw(k) + Fx(k) + Lν(k)
u(k) = Mw(k)
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. The closed-loop dynamics is:(
x(k + 1)
w(k + 1)

)
=

(
A BM
F K

)(
x(k)
w(k)

)
+

(
E
L

)
ν(k) (9.23)

By comparing (9.22) and (9.23) the two dynamics are the same if:

F = (1− p)F1 + pF2,

K = (1− p)K1 + pK2,

L = (1− p)L,

which completes the proof.

In developing the controller (9.23) we implicitly assumed that the controller
knows ν(k), which in the real case is not available at any time k. However,
this result tells us that it is indeed possible to find a switching controller, i.e.
a 5−uple (K1,K2, F1, F2, L) such that the expected dynamics of the system
when losses are present, is the same as some deterministic system instead. This
result can be used to impose mean string stability (Definition 8.2.4): when
the aforementioned deterministic system is string stable, then the switching
system is mean string stable. By using the Unknown Input Observer described
in Section 9.2.3 we can reconstruct the state perfectly. Therefore, we will carry
out the design of a static controller, disregarding the computation of the matrix
K̄,K1 and K2.

Variance dynamics

After studying the expected dynamics of the system when a controller is
employed, it is possible to study the variance of the state. We define an
extended state as:

xe(k) =

(
x(k)
w(k)

)
(9.24)

, and we then study its variance, defined as:

E
[
(xe(k + 1)− E [xe(k + 1)])

T
(xe(k + 1)− E [xe(k + 1)])

]
We define:

A1 =

(
A BM
F1 K1

)
, A2 =

(
A BM
F2 K2

)
E1 =

(
E
L

)
, E2 =

(
E
0

)
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and then, by exploiting (9.22), we can write

xe(k + 1)− E [xe(k + 1)] =

=


A1xe(k)+E1ν(k)− ((1−p)A1+pA2)xe(k)− ((1−p)E1+pE2) ν(k)

w.p. 1−p

A2xe(k)+E2ν(k)− ((1−p)A1+pA2)xe(k)− ((1−p)E1+pE2) ν(k)
w.p. p

By calling x̃(k) = xe(k) − E [xe(k)], after some manipulations we get the
following:

x̃(k + 1) =


A1x̃(k) + p(A1 −A2)E[xe(k)] + p(E1 − E2)ν(k)

w.p 1− p

A2x̃(k)− (1− p)(A1 −A2)E[xe(k)]− (1− p)(E1 − E2)ν(k)
w.p p

We can now compute E
[
x̃(k + 1)T x̃(k + 1)|x̃(k)

]
:

E
[
x̃(k + 1)T x̃(k + 1)|x̃(k

]
= x̃(k)T ÂT Âx̃(k)

+ 2p(1− p)x̃(k)TA
T (
AE [xe(k)] + Eν(k)

)
+ p(1− p)

(
AE [xe(k)] + Eν(k)

)T (
AE [xe(k)] + Eν(k)

)
where

ÂT Â = (1− p)AT1 A1 + pAT2 A2

A = A1 −A2

E = E1 − E2

The expected value of x̃(k) is zero, and by defining

ζ(k) = AE [xe(k)] + Eν(k)

we get

E
[
x̃(k + 1)T x̃(k + 1)

]
= E

[
x̃(k)T ÂT Âx̃(k)

]
+ p(1− p)ζT ζ (9.25)

The idea for the controller is to choose the parameters K1,K2, F1, F2, L to
also minimise the quantity E

[
x̃(k + 1)T x̃(k + 1)

]
: this would allow us to state

that

1. the average dynamics is string stable – thanks to the controller K,F ,L
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2. the behaviour of the system is as close as possible as the string stable
average behaviour, thanks to the choice of K1,K2, F1, F2, L that minimise
E
[
x̃(k + 1)T x̃(k + 1)

]
After fixing F̄ ,K and L there are two free parameters left to find to synthesise
the controller: F1 and K1 to be found thanks to the two constraints introduced
by the minimization of E

[
x̃(k + 1)T x̃(k + 1)

]
. This approach would lead us

to impose string stability according to the definition 8.2.5. However, the
equation (9.25) does not represent a recursion, and therefore it can not be
further studied. It is necessary to resolve to analysing the covariance of the
error. As we mentioned in Section 9.2.3 we use an Unknown Input Observer to
estimate the state of the system (9.13) which allows us to simplify the controller
synthesis by using a static controller. This simplifies the computation of the
gain, as it is not necessary to compute both F1 and K1, but only F1 as we are
not using the dynamic component w(k) of the general dynamic controller in
(9.21). In the following section we work out the minimization of the covariance
for the case when a static feedback is employed.

Covariance minimisation

As we mentioned before, by estimating the state x(k) using the unknown input
observer we can use a static controller – in the form (9.12) – instead of the
more general (9.23).

Thanks to Lemma 9.2.1 we are guaranteed that the expected behaviour of
the platoon can be string stable, provided that it is possible to find L and F
such that the system is stable when losses are not present. Now we focus on
minimising the covariance of the error, i.e. we impose all the trajectories to be
as close as possible to the expected, string stable, one.

Therefore we want to minimise the quantity

E
[
(x(k)− E[x(k)])

T
(x(k)− E[x(k)])

]
(9.26)

In order to tackle the variance minimisation problem, we first study the
covariance dynamics of the error, therefore we minimise its trace, which is the
variance.

With the assumption that the control law is a switching one like (9.12):

ξ(k) =

{
F1x(k) + Lν(k) with probability 1− p
F2x(k) with probability p

we study the dynamics of the expected value of x(k):

E[x(k + 1)] = AE[x(k)] +B ((1− p)F1 + pF2)E[x(k)] + (1− p)BLE[ν(k)]
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and, by defining x̃(k) = x(k)− E [x(k)] we can study

E
[
‖ (x− E[x]) ‖22

]
= Tr

[
E
[
x̃(k + 1)x̃(k + 1)T

]]
where Tr[·] is the trace operator. After some manipulation, we get:

Tr
[
E
[
x̃+x̃

T
+

]]
= Tr

[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT − 2(1− p)BFE[x]E[ν]TLTBT+

1

p
BF

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

+ 2(1− p)Tr
[
BF1E[x]E[ν]TLTBT

]
+

1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

− 2
1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

where we drop the term k to increase the readability of the formula. We denote
x̃ = x̃(k) and x̃+ = x̃(k + 1).

We want to find F1 to minimise the trace of the covariance, therefore we
compute

∂Tr
[
x̃+x̃

T
+

]
∂BF1

= 2
1−p
p
BF1E[xxT ] + 2(1−p)BLE[ν]E[x]T − 2

1−p
p
BFE[xxT ].

Therefore, we can conclude that the matrix

F1 = F − pLE[ν]E[x]T
(
E[x̃x̃T ] + E[x]E[x]T

)−1
(9.27)

minimises the variance (9.26), and is the gain matrix for the controller. The
second matrix is given by Lemma 9.2.1:

F2 =
1

p

(
F − (1− p)F1

)
(9.28)

where F is the gain matrix for the controller in the lossless case. Moreover,
also from Lemma 9.2.1, the observer gain must satisfy:

L =
1

1− p
L

where L is the observer gain in the lossless case.
The time varying gain in (9.27) is challenging to compute, as it requires

the knowledge of E[ν] and E[x]. Therefore, we propose an approximation.
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9.2.6 Approximated covariance minimization controller

The controller gain in (9.27) is time varying: to minimise the covariance of the
error x(k + 1) the controller needs to know the expected value of the input
at time k, i.e. E[ν(k)], the expected value of the error itself E[x(k)] and its
covariance E[x̃(k)x̃(k)T ]. To actually implement the controller, we look for a
static matrix to approximate the time varying F1 in (9.27).

When the switching controller is implemented, the average dynamics is:{
E[x(k + 1)] = AE[x(k)] +BE[ξ(k)] + EE[ν(k)]

E[ξ(k)] = FE[x(k)] + LE[ν(k)]
(9.29)

from which we can find the transfer function

Gν→ξ =
Ξ(z)

N(z)

where Ξ(z) and N(z) are the Z−transforms of ξ(k) and ν(k) respectively.
From (9.29) we can compute:

Gν→ξ =
Ξ(z)

N(z)
= F (zI −A−BF )−1(E +BL) + L

which, for a system where h = 0.3, τ = 0.1, neglecting the input delays is:

Gν→ξ =
0.03332z3 − 0.05936z2 + 0.02663z − 2.064 · 10−15

z3 − 2.762z2 + 2.547z − 0.7843
≈

0.033317z(z2 − 1.782z + 0.7994)

(z − 0.9598)(z2 − 1.802z + 0.8172)
≈ 0.033317z

z − 0.9598

In Figure 9.7 the reconstruction of the inputs is displayed. The real input
for a platoon of 8 cars are displayed in red, while the output of Gν→ξ is depicted
in blue. Beside a delay – which has been neglected in the derivation of the
approximated transfer function – the approximation Gν→ξ does not introduce
a big error.

Moreover, to further simplify the relation ν → ξ we compute only the low
frequency gain of the transfer function Gν→ξ, which is:

γ = lim
z→1

Gν→ξ

and therefore we approximate:

E[ν(k)] =
1

γ
E[u(k)]. (9.30)
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Figure 9.7: Real and estimated inputs for a platoon of 8 vehicles

By using the approximation (9.30), from (9.29) we get:

E[ν(k)] =
1

γ
E[ξ(k)] =

1

γ
FE[x(k)] +

1

γ
LE[ν(k)]

so finally we get:

E[ν(k)] =

(
1− 1

γ
L

)
1

γ
FE[x(k)]. (9.31)

Now we can use the approximation (9.31) in (9.27) which becomes

F1 =F − pLE[ν]E[x]T
(
E[x̃x̃T ] + E[x]E[x]T

)−1 ≈

F − p

1− p
L

(
1− 1

γ
L

)
1

γ
FE[x]E[x]TE[xxT ]−1

The matrix E[x]E[x]TE[xxT ]−1 has some properties: 1. its spectral norm
is smaller than one, since it is positive semidefinite, and 2. it is equal to the
identity matrix when x(k) is deterministic.

Therefore, we approximate F1 with:

F1 ≈
(

1− p

1− p
L

(
1− 1

γ
L

)
1

γ

)
F (9.32)

which is the constant value used to perform simulations.
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9.A Appendix 1 - Covariance computation

We have a switching control input:

ξ(k) =

{
F1x(k) + Lν(k) with probability 1− p
F2x(k) with probability p

for the system

x(k + 1) = Ax(k) +Bξ(k) + Eν(k)

and we are interested in computing the covariance matrix, defined as:

E
[
(x(k + 1)− E[x(k + 1)]) (x(k + 1)− E[x(k + 1)])

T
]

We can easily compute E[x(k + 1)]:

E[x(k + 1)] = (1− p)
(
(A+BF1)E[x(k)] + (E +BL)E[ν(k)]

)
+

p
(
(A+BF2)E[x(k)] + EE[ν(k)]

)
therefore

E[x(k + 1)] = (A+B ((1− p)F1 + pF2))E[x(k)] + (E + (1− p)BL)E[ν(k)]

=
(
A+BF

)
E[x(k)] +

(
E +BL

)
E[ν(k)]

where

F = (1− p)F1 + pF2

and

L = (1− p)L

We can now compute x(k + 1)− E[x(k + 1)]

x(k+1)−E[x(k+1)] =
(A+BF1)x(k)+(E+BL)ν(k)−

(
A+BF

)
E[x(k)]−

(
E+BL

)
E[ν(k)]

w.p 1−p
(A+BF2)x(k)+Eν(k)−

(
A+BF

)
E[x(k)]−

(
E+BL

)
E[ν(k)]

w.p p

=


(A+BF1)(x(k)−E[x(k)])+B(F1−F )E[x(k)]+(E+BL)(ν(k)−E[ν(k)])

+B(L−L)E[ν(k)]
(A+BF2)(x(k)−E[x(k)])+B(F2−F )E[x(k)]+E(ν(k)−E[ν(k)])

−BLE[ν(k)]
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by calling x̃(k) = (x(k)− E[x(k)]) then:

x̃(k + 1) =
(A+BF1)x̃(k) +B(F1 − F )E[x(k)] + (E +BL)ν̃(k) +B(L− L)E[ν(k)]

w.p. 1− p
(A+BF2)x̃(k) +B(F2 − F )E[x(k)] + Eν̃(k)−BLE[ν(k)]

w.p. p

we now compute x̃(k + 1)x̃(k + 1)T , neglecting k to improve the readability of
the formula.

x̃+x̃
T
+ =

(
(A+BF1)x̃+B(F1 − F )E[x] + (E +BL)ν̃ +B(L− L)E[ν]

)(
x̃T (AT + FT1 B

T ) + E[x]T (FT1 − F
T

)BT + ν̃T (ET + LTBT )+

E[ν]T (LT − LT )BT
)

w.p. 1− p(
(A+BF2)x̃+B(F2 − F )E[x] + Eν̃ −BLE[ν]

)(
x̃T (AT + FT2 B

T ) + E[x]T (FT2 − F
T

)BT + ν̃ET − E[ν]TL
T
BT
)

w.p p

Hence, with probability 1− p:

x̃+x̃
T
+ =



(A+BF1)x̃
(
x̃T (AT + FT1 B

T ) + E[x]T (FT1 − F
T

)BT+

ν̃T (ET + LTBT ) + E[ν]T (LT − LT )BT
)

+

B(F1 − F )E[x]
(
x̃T (AT + FT1 B

T ) + E[x]T (FT1 − F
T

)BT+

ν̃T (ET + LTBT ) + E[ν]T (LT − LT )BT
)

+

(E +BL)ν̃
(
x̃T (AT + FT1 B

T ) + E[x]T (FT1 − F
T

)BT+

ν̃T (ET + LTBT ) + E[ν]T (LT − LT )BT
)

+

B(L− L)E[ν]
(
x̃T (AT + FT1 B

T ) + E[x]T (FT1 − F
T

)BT+

ν̃T (ET + LTBT ) + E[ν]T (LT − LT )BT
)
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and with probability p:

x̃+x̃
T
+ =



(A+BF2)x̃
(
x̃T (AT+FT2 B

T )+E[x]T (FT2 −F
T

)BT+ν̃ET−

E[ν]TL
T
BT
)

+

B(F2−F )E[x]
(
x̃T (AT+FT2 B

T )+E[x]T (FT2 −F
T

)BT+ν̃ET−

E[ν]TL
T
BT
)

+

Eν̃
(
x̃T (AT+FT2 B

T )+E[x]T (FT2 −F
T

)BT+ν̃ET−

E[ν]TL
T
BT
)
−

BLE[ν]
(
x̃T (AT+FT2 B

T )+E[x]T (FT2 −F
T

)BT+ν̃ET−

E[ν]TL
T
BT
)

By recalling that E[x̃] = 0, E[E[x]] = E[x] we can compute E[x̃+x̃
T
+]:

E[x̃+x̃
T
+] =

(1− p)
{

(A+BF1)E[x̃x̃T ](AT + FT1 B
T )+

B(F1 − F )E[x]E[x]T (FT1 − F )BT +B(F1 − F )E[x]E[ν]T (LT − LT )BT+

(E +BL)E[ν̃ν̃T ](ET + LTBT ) +B(L− L)E[ν]E[x]T (FT1 − F
T

)BT

+B(L− L)E[ν]E[ν]T (LT − LT )BT
}

+

p
{

(A+BF2)E[x̃x̃T ](AT + FT2 B
T )+

B(F2 − F )E[x]E[x]T (FT2 − F
T

)BT −B(F2 − F )E[x]E[ν]TL
T
BT+

EE[ν̃ν̃T ]ET −BLE[ν]E[x]T (FT2 − F
T

)BT +BLE[ν]E[ν]TL
T
BT
}

=

= AE[x̃x̃T ]AT + (1− p)
(
BF1E[x̃x̃T ]AT +AE[x̃x̃T ]FT1 B

T
)

+
(1− p)BF1E[x̃x̃T ]FT1 B

T+
p
(
BF2E[x̃x̃T ]AT +AE[x̃x̃T ]FT2 B

T
)

+ pBF2E[x̃x̃T ]FT2 B
T+

(1− p)B(F1 − F )E[x]E[x]T (FT1 − F
T

)BT+

pB(F2 − F )E[x]E[x]T (FT2 − F
T

)BT+
EE[ν̃ν̃T ]ET + (1− p)

(
BLE[ν̃ν̃T ]ET + Eν̃ν̃TLTBT

)
+

(1− p)BLE[ν̃ν̃T ] LTBT+

(1−p)
(
B(F1−F )E[x]E[ν]T (LT−LT )BT+B(L−L)E[ν]E[x]T (FT1 −F

T
)BT

)
−p
(
B(F2 − F )E[x]E[ν]TL

T
BT +BLE[ν]E[x]T (FT2 − F

T
)BT

)
+

(1− p)B(L− L)E[ν]E[ν]T (LT − LT )BT + pBLE[ν]E[ν]TL
T
BT

(9.33)
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Being mostly interested in the variance of x(k + 1) which is defined as
E[x(k+ 1)−E[x(k+ 1)]TE[x(k+ 1)−E[x(k+ 1)] we compute the trace of the
covariance:

E
[
(x(k + 1)− E [x(k + 1)])

T
(x(k + 1)− E[x(k + 1)])

]
=

Tr
[
E
[
(x(k + 1)− E [x(k + 1)])

T
(x(k + 1)− E[x(k + 1)])

]]
=

Tr
[
E
[
(x(k + 1)− E [x(k + 1)]) (x(k + 1)− E[x(k + 1)])

T
]]

= Tr
[
x̃+x̃

T
+

]

We therefore compute the trace of (9.33), recalling that Tr[A] = Tr[AT ]

T
[
E[x̃T+x̃+]

]
=

Tr
[
AE[x̃x̃T ]AT

]
+ Tr

[
EE[ν̃ν̃T ]ET

]
+ 2(1− p)Tr

[
BF1E[x̃x̃T ]AT

]
+

(1− p)Tr
[
BF1E[x̃x̃T ]FT1 B

T
]

+ 2pTr
[
BF2E[x̃x̃T ]AT

]
+

pTr
[
BF2E[x̃x̃T ]FT2 B

T
]

+ (1− p)Tr
[
B(F1 − F )E[x]E[x]T (FT1 − F

T
)BT

]
+

pTr
[
B(F2 − F )E[x]E[x]T (FT2 − F

T
)BT

]
+

2(1− p)Tr
[
BLE[ν̃ν̃T ]ET

]
+ (1− p)Tr

[
BLE[ν̃ν̃T ] LTBT

]
+

2(1− p)Tr
[
B(F1 − F )E[x]E[ν]T (LT − LT )BT

]
+

− 2pTr
[
B(F2 − F )E[x]E[ν]TL

T
BT
]

+ pTr
[
BLE[ν]E[ν]TL

T
BT
]

+

(1− p)Tr
[
B(L− L)E[ν]E[ν]T (LT − LT )BT

]
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by recalling that L = (1− p)L, then we substitute L− L = pL

T
[
E[x̃T+x̃+]

]
=

Tr
[
AE[x̃x̃T ]AT

]
+ Tr

[
EE[ν̃ν̃T ]ET

]
+ 2(1− p)Tr

[
BLE[ν̃ν̃T ]ET

]
+

(1− p)Tr
[
BLE[ν̃ν̃T ] LTBT

]
+ p2(1− p)Tr

[
BLE[ν]E[ν]TLTBT

]
+

p(1− p)2Tr
[
BLE[ν]E[ν]TLTBT

]
+ 2(1− p)Tr

[
BF1E[x̃x̃T ]AT

]
+

(1− p)Tr
[
BF1E[x̃x̃T ]FT1 B

T
]

+

2pTr
[
BF2E[x̃x̃T ]AT

]
+

pTr
[
BF2E[x̃x̃T ]FT2 B

T
]

+

(1− p)Tr
[
B(F1 − F )E[x]E[x]T (FT1 − F

T
)BT

]
+

pTr
[
B(F2 − F )E[x]E[x]T (FT2 − F

T
)BT

]
+

2p(1− p)Tr
[
B(F1 − F )E[x]E[ν]TLTBT

]
+

− 2p(1− p)Tr
[
B(F2 − F )E[x]E[ν]TLTBT

]
by expanding the matrix multiplications

Tr
[
(Fi − F )X(FTi − F

T
)
]

= Tr
[
FiXF

T
i − 2FiXF + FXF

T
]

we get:

T
[
E[x̃T+x̃+]

]
=

Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + p(1− p)BLE[ν]E[ν]TLTBT+

2(1− p)BLE[ν̃ν̃T ]ET + (1− p)BLE[ν̃ν̃T ] LTBT
]
+

(1− p)Tr
[
BF1E[x̃x̃T ]FT1 B

T
]

+ pTr
[
BF2E[x̃x̃T ]FT2 B

T
]

+

2Tr
[
B ((1− p))F1 + pF2)E[x̃x̃T ]AT

]
+

(1−p)Tr
[
BF1E[x]E[x]TFT1 B

T−2BF1E[x]E[x]TF
T
BT+

BFE[x]E[x]TF
T
BT
]
+

pTr
[
BF2E[x]E[x]TFT2 B

T−2BF2E[x]E[x]TF
T
BT+

BFE[x]E[x]TF
T
BT
]
+

2p(1− p)Tr
[
BF1E[x]E[ν]LTBT

]
− 2p(1− p)Tr

[
BF2E[x]E[ν]LTBT

]
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and then:

T
[
E[x̃T+x̃+]

]
=

Tr
[
AE[x̃x̃T ]AT+EE[ν̃ν̃T ]ET+2(1−p)BLE[ν̃ν̃T ]ET+

(1−p)BLE[ν̃ν̃T ] LTBT+ + p(1− p)BLE[ν]E[ν]TLTBT
]
+

(1− p)Tr
[
BF1E[x̃x̃T ]FT1 B

T
]

+ pTr
[
BF2E[x̃x̃T ]FT2 B

T
]

+

2Tr
[
BFE[x̃x̃T ]AT

]
+ (1− p)Tr

[
BF1E[x]E[x]TFT1 B

T
]

+

pTr
[
BF2E[x]E[x]TFT2 B

T
]

+ Tr
[
BFE[x]E[x]TF

T
BT
]

+

− 2Tr
[
B ((1− p)F1 + pF2)E[x]E[x]TF

T
BT
]

+

2p(1− p)Tr
[
B (F1 − F2)E[x]E[ν]LTBT

]
=

=Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ] LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

]
+

(1− p)Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

pTr
[
BF2

(
E[x̃x̃T ] + E[x]E[x]T

)
FT2 B

T
]

+

2p(1− p)Tr
[
B (F1 − F2)E[x]E[ν]LTBT

]

From F = (1− p)F1 + pF2 we can substitute

F2 =
1

p
F − 1− p

p
F1

and

F1 − F2 =
1

p

(
F1 − F

)

to get:
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T
[
E[x̃T+x̃+]

]
=

Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

]
+

(1− p)Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

2(1− p)Tr
[
B
(
F1 − F

)
E[x]E[ν]LTBT

]
+

Tr

[
B
(
F − (1− p)F1

) (
E[x̃x̃T ] + E[x]E[x]T

)(1

p
F
T − 1− p

p
FT1

)
BT
]

=

Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

− 2(1− p)BFE[x]E[ν]TLTBT
]
+

(1− p)Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

2(1− p)Tr
[
BF1E[x]E[ν]TLTBT

]
+

1

p
Tr
[
B
(
F − (1− p)F1)

) (
E[x̃x̃T ] + E[x]E[x]T

) (
F
T − (1− p)FT1

)
BT
]
.
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Hence:

T
[
E[x̃T+x̃+]

]
=

Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

− 2(1− p)BFE[x]E[ν]TLTBT
]
+

(1− p)Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

2(1− p)Tr
[
BF1E[x]E[ν]TLTBT

]
+

1

p
Tr
[
BF

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

+

− 2
1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

+

(1− p)2

p
Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

=

Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

− 2(1− p)BFE[x]E[ν]TLTBT +
1

p
BF

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]
+

− 2
1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

+

2(1− p)Tr
[
BF1E[x]E[ν]TLTBT

]
+

(1− p)Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

(1− p)2

p
Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

=
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Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

− 2(1− p)BFE[x]E[ν]TLTBT +
1

p
BF

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]
+

(1− p)
(

1 +
1− p
p

)
Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

2(1− p)Tr
[
BF1E[x]E[ν]TLTBT

]
+

− 2
1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

Ultimately the variance can be expressed as:

Tr
[
AE[x̃x̃T ]AT + EE[ν̃ν̃T ]ET + 2(1− p)BLE[ν̃ν̃T ]ET+

(1− p)BLE[ν̃ν̃T ]LTBT + p(1− p)BLE[ν]E[ν]TLTBT+

−BFE[x]E[x]TF
T
BT + 2BFE[x̃x̃T ]AT

− 2(1− p)BFE[x]E[ν]TLTBT +
1

p
BF

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]
+

1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
FT1 B

T
]

+

2(1− p)Tr
[
BF1E[x]E[ν]TLTBT

]
+

− 2
1− p
p

Tr
[
BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
F
T
BT
]

There are only 3 terms which are depending on F1. Therefore, we can
compute the derivative of the trace function with respect to the matrix BF1.
We get

∂Tr
[
x̃+x̃

T
+

]
∂BF1

= 2
1− p
p

BF1

(
E[x̃x̃T ] + E[x]E[x]T

)
+ 2(1− p)BLE[ν]E[x]T+

− 2
1− p
p

BF
(
E[x̃x̃T ] + E[x]E[x]T

)
and by imposing

∂Tr
[
x̃+x̃

T
+

]
∂BF1

= 0

we get:

B
(
F1 − F

) (
E[x̃x̃T ] + E[x]E[x]T

)
+ pBLE[ν]E[x]T = 0
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which is satisfied for

F1 = F − pLE[ν]E[x]T
(
E[x̃x̃T ] + E[x]E[x]T

)−1



CHAPTER 10

Results

In this chapter we present the results of the two controller developed by using
the transfer function model (7.4) or the state space model (7.11). The objective
of the controllers is to achieve a stable behaviour for the vehicles, bringing
the error (7.2) to zero, while attenuating the effects of disturbances over the
platoon.

As mentioned in Section 9.1 it is not possible to analyse the closed-loop
transfer function to asses the string stability of the platoon when stochastic
phenomena are present, as the packet losses cannot be fully captured by the
model presented in 7.2. In order to assess the performance of the model we
resort to simulations.

When using the state space morel, we can prescribe a string stable behaviour
for the expected value of the error, according to Definition 8.2.4, and we can
minimize the covariance according to 8.2.5. However, in order to verify the
validity of the approximation (9.32), we will also perform a simulation of the
response of the controlled lossy system.

Figure 10.1: Continuous time block diagram of the vehicle.

Both the controller designed using the transfer function model and the
one designed starting from the state space model are applied to the same
platoon and use the same network model. To perform the simulations we
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use the software Matlab/Simulink. The car block diagram is displayed in
Figure 10.1. The input u is delayed by φ = 0.2s, multiplied by τ before being
integrated three times to compute acceleration, velocity and position of the
vehicle, according to the model (7.1) presented in Section 7.1.

The losses are modelled using the blocks in Figure 10.2: the switch makes
available to the controller the input of the previous car with a probability 1− p,
otherwise the controller will have available the last received input.

Figure 10.2: Discrete time losses diagram.

10.1 Transfer function approach

At first we examine the performance of the transfer function approach. We
assume that every communication between vehicles can fail with a probability
p, and then when this happens, the observer uses the last received value to
estimate the current value of the input of the previous vehicle in the string.
As we can see in Figure 10.4 the car always uses the output provided by the

Figure 10.3: Block diagram of the local and cooperative controller
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observer block: however the output resets to the received input any time it is
available. This choice is made to simplify the implementation of the controller
and the observer. The local and cooperative controller structure is depicted in
Figure 10.3, where the car block is the one in Figure 10.1.The controller used
in the block D is the one we get after using a Smith’s predictor. Lastly, the
diagram in Figure 10.2 is replicated in Figure 10.5, which displays the observer,
controller and lossy subsystem all together.

Figure 10.4: Block diagram of the controlled car and packet loss

Figure 10.5: Block diagram of the controlled car and packet loss

The randomness introduced by the losses requires a suitable definition of
stable behaviour for the vehicle string. For instance, a deterministic worse-case
approach is too conservative: for every probability of packet loss, the worse
case is always the one without communication at all. Instead, it seems natural
to require stability in the expected value case. On the other hand we are aware
that considering the average case might not be informative enough, and that
further reflection is needed. We do not have further developed an approach
like one in Definition 8.2.5, therefore we define a behaviour to be satisfactory
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when the peaks in the average step responses of the subsequent vehicles become
smaller in the downstream direction, i.e.:

max
k

yi(k) ≥ max
k

yi−1(k) ∀i. (10.1)

The condition (10.1) reflects the core concept of mesh stability, however we do
not compute the exact peak gain, as the transfer function approach does not
allow us to describe the packet loss phenomenon.

We run our simulations using the Simulink FixedStep(ode3) solver, a
sampling time of Ts = 0.01s, and the simulations end at Te = 30s. Every
vehicle is connected to the preceding one, which transmits its input data
every 4Ts = 0.04s. The numerical value of the previous car input is hold by
each vehicle until a new packet is received, and every packet is received with
probability 1− p (there are no retransmissions). For the local controller, we

set ωn =
√

2
2τ and the observer is a second order filter as required by (9.10).

The observer is computed using matlab by a direct pole/zero cancellation: first
we defined a desired closed-loop transfer function W (z) as the unstable zeros
of the error transfer function (9.9), because such zeroes cannot be cancelled
by direct pole placement techniques. Then, the observer transfer function is

simply obtained by O(z) = 1
Ê(z)

W (z)
1−W (z) , and lastly the balred function is used

to obtain a lower level observer transfer function. This is equivalent to choosing

L(z) = 1
Ê(z)

W (z)
1−W (z) . Ê(z) is an fourth order approximation of E(z) in (9.9)

obtained by using the matlab balred function.
We simulate a platoon of 5 vehicles, running 30 experiments for every

simulation. We simulate the behaviour of the platoon for a probability of
packet loss p ∈ [0.1, 0.2, . . . , 1] and for a headway time h ∈ [0.2, 0.3, . . . , 1]. The
displayed results are the average of the 30 realisations. The first vehicle is
connected to a virtual vehicle, which has a velocity step as input: at time t = 1s
the reference speed is set to vr = 12m/s. In order to assess the statistical
accuracy of our results, we computed a quadratic relative error measurement
for the satisfactory behaviours, defined as:

E% = max
i,j

√√√√√√√√

∫ Te

0

|ei,j(k)− ēi(k)|2 dk∫ Te

0

|ēi(k)|2dk

 (10.2)

where ei,j is the error trajectory for car i during the jth simulation and ēi is
the average error trajectory of car i.

This quantity, which represents how much the trajectories are different from
the displayed ones, is reported for each simulations and is on average quite
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small (E% = 0.097), while it becomes larger for behaviours that are (closer to
being) unsatisfactory.

For low probability of packet loss, e.g. p = 0.1, the performance of the
system is satisfactory, and there is no need to use any observer. As presented
in Figure 10.6 and Figure 10.7 the platoon has a satisfactory behaviour, for
h = 0.2.

It is interesting to check what happens when the probability of packet loss
become higher. We expect the system to not behave satisfactory anymore
for low values of h. Indeed, when the loss probability becomes very high, e.g.
p = 0.7, the performance becomes worse. The behaviour is not satisfactory
anymore, and a higher value of h is required to stabilise the system for higher
probability of packet loss. For example, when h = 0.4, the results when the
observer is employed are displayed in Figure 10.8. Here the advantage brought
by the observer becomes evident: when the observer is not used, the error
behaviour is the one displayed in Figure 10.9.

Lastly, we can check what happens when the communication is never
available, i.e. p = 1. This is an Adaptive Cruise Control scenario, as it is not
cooperative. The vehicles have a stable behaviour for h = 0.7, but when the
observer is not used, the platoon behaviour is not satisfactory. The displayed
results are for a platoon of 5 vehicles, but the error grows in the downstream
direction (Figure 10.10): for a bigger platoon, the error would grow unbounded.
When the observer is employed, the opposite happens: the effect of disturbances
decreases along the platoon, as in Figure 10.11.

A general performance comparison is summarised in Figure 10.12 where
the minimum stabilising value of h is presented when the observer is employed
(in blue) or not (in red), for the simulated probability range. The minimum
stabilising value of h is defined as the value of h such that the condition in
(10.1) is satisfied.

From Figure 10.12 the advantages of employing an observer are clear: it is
possible to achieve smaller values for h, which enables vehicles to drive closer,
increasing the road throughput while maintaining satisfactory stable behaviour.
However, there are some limits to be overcome: the observer performances are
not optimal, as the estimate of the input is not sufficient to secure a satisfactory
behaviour for higher probabilities of losses, which is expected as the phenomena
of losses and downsampling are not taken explicitly into account, in the model
that is used to develop the controller and the observer.
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Figure 10.6: Error behaviour when the observer is not employed (p = 0.1,
h = 0.2, E% = 0.1683).
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Figure 10.7: Error behaviour when the observer is employed (p = 0.1, h = 0.2,
E% = 0.0547).
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Figure 10.8: Error behaviour when the observer is not employed (p = 0.7,
h = 0.4, E% = 0.7330).
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Figure 10.9: Error behaviour when the observer is employed (p = 0.7, h = 0.4,
E% = 0.1961.
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Figure 10.10: Error behaviour when the observer is not employed ( p = 1,
h = 0.7, E% = 0 because of determinism).
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Figure 10.11: Error behaviour when the observer is employed (p = 1, h = 0.7,
E% = 0 because of determinism).
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Figure 10.12: Simulated minimum time headway stabilising the average platoon
trajectories for different values of probability of packet loss.
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10.2 State space approach

To overcome the limits of the transfer function approach, we have designed a
more complex controller, by using a state space approach, detailed in Section
9.2. We do not use two different controllers – a local and a cooperative one
– but we instead find an optimal controller that uses both. Once again, to
evaluate the performance of the H∞ controller (9.12) when the control gains
are the ones in (9.32) we run a set of simulation.

To perform the simulations we use the software Matlab/Simulink. The
single car is modelled as in Figure 10.13 where the effects of transmission
delay, input delays and measurement noise are taken into account. The block
model car i is the one depicted in Figure 10.1.

Figure 10.13: Single vehicle model

We simulate the behaviour of a platoon of 15 vehicles, which are described
by (7.1), where τ = 0.1s, with an input delay φ = 0.2s, a transmission delay
θ = 0.02s and measurement delay ψ = 0.05s. The sampling rate used by the
digital controller and the radio is Ts = 0.01s.

Each packet transmitted by one car to the following one is received with a
probability p. When a vehicle does not receive a packet, then it will use the
last received packet.

The solver used is ode23s, as the high number of delays present in the
hybrid system leads to chattering phenomena when a non-stiff solver (like
ode45) is used. The vehicle dynamics is simulated as a continuous time one,
while the controller is digital. The first vehicle of the platoon is connected to a
virtual leader vehicle, which is a simulink block that creates the trajectory to
be followed by the platoon, to reach a speed of 17m/s. All the vehicles start
at rest and the virtual vehicle changes its speed at t = 1s.
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Figure 10.14: Control input for a platoon of 25 vehicles when no losses are
present. h = 0.3

10.2.1 Lossless behaviour

The main aim for the controller is to achieve disturbance attenuation over
the string, as in Figure 10.14. The results displayed in Figure 10.14 are for a
platoon of 25 vehicles when h = 0.3 when there is no packet loss in the platoon.
We aim for our controller to achieve similar performance even when losses are
present.

As can be seen from the figure, the input required for each vehicle becomes
smaller in the downstream direction: the first vehicle has the biggest input and
the last vehicle has the smallest.

In Figure 10.16 and 10.17 the acceleration and velocity behaviour of the
platoon when no losses are present is displayed. The acceleration profile follows
the input one, as expected, while the velocities converge to the reference one,
in this case set to 17m/s.
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Figure 10.15: Absolute position for a platoon of 25 vehicles when no losses are
present. h = 0.3

Figure 10.16: Absolute velocity for a platoon of 25 vehicles when no losses are
present. h = 0.3
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Figure 10.17: Absolute acceleration for a platoon of 25 vehicles when no losses
are present. h = 0.3
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The absolute position of the cars in the platoon is finally displayed in Figure
10.15: all the vehicles moves with constant slope, as their velocity is regulated
to 17 m/s by the cooperative adaptive cruise controller.

10.2.2 Lossy behaviour

After evaluating the performance when the platoon experiences no losses, we
are interested in the behaviour when each packet as a certain probability p of
not being received.

Examining the lossless case allows us to find the minimum value of h that
secures a satisfactory behaviour. By examining Figure 10.18a and 10.18b we
assumed h = 0.25 as the value of time headway that assures a satisfactory
behaviour. It should be noticed that this value of time headway is not affected
by packet losses: the switching controller ensures that the expected value is
string stable, for any probability of packet loss.
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(b) Time headway h = 0.25

Figure 10.18: Control input for a platoon of 15 vehicles when no losses occur.

We know from (9.29) that, when F is used as gain matrix, the expected
dynamics of the system is string stable. However, we run a set of simulation to
evaluate the platoon behaviour not only in its expected value.

When we use the gain matrix F as static gain matrix, therefore using a
received sample when it is available and the previous one if it was not available,
then the behaviour for the input is the one depicted in Figure 10.19a.

Even if we know that the expected value of the input signals is string
stable, it is not evident from a single realisation. The high variance, induced
by the losses, makes not possible to verify if the system is string stable or
not. However, it appears that the peaks are decreasing amongst the string.
On the other hand, when a switching controller is employed by implementing
the approximation (9.32), the control inputs are displayed in Figure 10.19b.
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(b) Minimising covariance controller

Figure 10.19: Control input for a platoon of 15 vehicles when losses occur with
a probability p = 0.9. h = 0.25

In this case the situation changes drastically. Clearly, when the switching
strategy is implemented, the control inputs are much closer to the ones when no
losses are present – displayed in Figure 10.18b – as expected by the covariance
minimisation strategy discussed in the previous sections.

When the probability of packet loss is high, there is still some imperfection
in the behaviour of the inputs: as we can see from Figure 10.19b the input of
the third car spikes over the input of the second one. The situation improves
when the probability of packet loss becomes lower. When 8 packets in 10 are
lost, the results are displayed in Figure 10.20a and Figure 10.20b.
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Figure 10.20: Control input for a platoon of 15 vehicles, when the probability
of packet loss is p = 0.8. h = 0.25

By comparing Figure 10.20a and 10.20b the improvement provided by the
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covariance minimising controller becomes evident: the signals on the right are
smoother than the ones on the left.

10.3 Comparison between the transfer function
and the state space approach

It is not straightforward to compare the performance of the two controllers
devised for the platoon of vehicles, as the systems are quite different: We
use then the minimum achievable headway time as a performance indicator,
displayed in Figure 10.21. It should be noticed that comparing solely the
minimum time headway focusses only on the performances without taking into
account the complexity of the controller: The transfer function based controller
is simpler to design, while the state-space based one must be more complex in
order to achieve better performances.

For the transfer function approach, we first find a string stable closed loop
transfer function, and using pole placement we managed to fit the system
closed loop transfer function to the string stable one. However, the packet
loss phenomenon prevents the real system to behave like the string stable one,
therefore we checked whether the behaviour is satisfactory through simulations.

On the other hand, when we use the state space approach, we are sure that
the norm of the closed-loop transfer function is minimised, therefore we find
the value of h such that it is also string stable. After finding this value for h,
the expected trajectories will be string stable for any value of p. When no
switching strategy is employed, the trajectories of the inputs and the errors are
not satisfactory due to the high variance: therefore we minimise the variance.
That explains why in Figure 10.21 the minimum satisfactory time headway for
the state space does not depend on p.

This better performance in case of the state space approach is due to an
increased complexity of the controller: to better take into account delays, the
systems is studied in a lifted framework. Therefore, the size of the system
increases. Moreover, a certain amount of memory is required, to construct the
extended state in (9.18), which is not required for the simpler transfer function
controller.
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tories for different values of probability of packet loss
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Conclusions on CACC over unreliable networks

In the second part of the thesis, we examined an application for networked
control system, by developing a cooperative adaptive cruise controller for a
platoon of homogeneous vehicles, robust to network unreliability.

Motivated by a better modelling for delays we carried out the design in
a discrete-time framework, first investigating whether the use of an observer
can improve the performance of the cooperative controller. Using the afore-
mentioned observer improves the performance of the local controller when the
network is unreliable. When the probability of packet loss increases, so does the
minimum time headway stabilizing the average platoon trajectories. However,
the achievable time headway when the observer is employed is considerably
lower, up to 37.5% less for a probability of packet loss equal to 90%. We can
conclude that the use of an observer can improve the resilience of the controlled
system to network failures; moreover, such improvement can be achieved by a
simple frequency domain design. However, such frequency domain approach has
its drawbacks: first, the observer relies on a good model of the error dynamic.
Moreover, we relied on the simple concept of satisfactory behaviour, generically
expressing an attenuation in the disturbance along the platoon, to assess the
performance of the controller. This was necessary as the stronger definition of
string stability 8.2.1 could not be applied, due to the approximations in the
transfer function models introduced by the stochastic phenomena.

To overcome the limits of the transfer function approach when used to
design a controller, we first introduced the concepts of input string stability and
its mean and stochastic variants, that can be used to impose constraints to the
controlled system and guarantee a string stable expected behaviour. We then
used a state-space approach to devise and study a better model for the system,
to take packet losses into account more explicitly, without approximations.

Equipped with the right theoretical definitions and a suitable discrete state-
space model we then designed an H∞ controller able to impose a stochastic
string stable behaviour for the platoon, if such behaviour is achievable. The
design of the state-space controller proved to be more complex due to the
introduction of several components: an Unknown Input Observer to estimate
the state when the transmission channel is unreliable, a lift of the system
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to take care of the systems delays appropriately and finally the covariance
minimization controller. The increased complexity is necessary to achieve the
required stochastic string stability. However, the state-space controller is not
perfect: the gain matrix used to minimize the covariance of the trajectories
is not the optimal one, as an approximation was used. However, the results
are encouraging: the state-space based controller achieves the minimum time
headway possible for a broad interval of probabilities of packet loss, clearly
achieving better performances than the one based on transfer functions.

11.1 Future work

The results obtained by the resetting observer, and the stochastic string stable
controller are promising: we show that the observer-based and the variance
minimisation controller are effective tools to secure string stability for a platoon
of vehicles. However, further research can be done.

The transfer function approach shows some limitation in modelling and
taking care of the phenomena of losses. However, the controller-based observer
idea can be further tuned, as in recent works as [69]. The insight gain from the
controller-based observer in the Z-transformed domain can be applied to the
state-space model and the string stable controller: merging the two approaches
will lead to better performance.

Regarding the state space approach, an approximation – at the current stage
– is needed for the gain matrix (9.27), as it can not be computed beforehand. A
proof of optimality is therefore needed, to certify that the approximated gain
matrix (9.32) also minimises the variance – amongst the static gains.

Lastly, the concept of string stability can be further refined. A complete
framework for string stability in presence of unreliable links between nodes
is missing, but our work contributes to define methodologies to study such
stability for vehicle platoon. Recent work introduces the concept of nσ string
stability [70], which can be integrated with our stochastic definition of string
stability, to finally provide a complete framework for network stability.



CHAPTER 12

Concluding Remarks

In this thesis we focused on the problems arising from the unreliable nature of
the wireless network for networked control systems. Specifically, we wanted to
address the problem of packet collisions causing communication losses, focussing
on two different yet related problems: the average consensus problem and the
Cooperative Adaptive Cruise Control for a platoon of vehicles.

We answered our research questions that were presented in Section 1.2:
Does a set of nodes agree to a common value when the network is unreliable?
We showed conditions under which the convergence of the network is possible,
and we then focused on the second question: Does the set of nodes agree to
the correct value? The answer to this question is usually no, when the network
is unreliable. We then described the compensation mechanisms that can be
employed to ensure convergence to the average of the initial conditions of
the network. Moreover, we proposed a simple algorithm to implement such
compensation mechanisms, based on the idea of network awareness : a drawback
of such compensation mechanisms is the necessity of acknowledgements from
the other nodes. However, we showed the good results of our algorithm that
manages to preserve the average of the nodes when the network is not reliable.

Lastly, we focused on the dynamics, answering our third question: Does
the set of nodes agree on the correct value while showing appropriate transient
dynamics? This question was answered in the second part of the thesis,
motivated by a practical application: ensuring a string stable behaviour for
a platoon of vehicles implementing a Cooperative Adaptive Cruise Control.
We contributed to the CACC problem from both a theoretical and a practical
point of view: We introduced the novel concepts of input, mean and stochastic
string stability, and we presented two controllers, designed by using different
techniques, to enforce the required transient dynamics.

We showed that the control of networked systems when the network is
unreliable is challenging: a simple average consensus problem becomes more
complex and difficult to solve when the packets are not delivered correctly,
and the cooperative adaptive cruise control might be even dangerous, leading
to crashes between cars for string unstable platoons, if implemented without
taking appropriate countermeasures to compensate the effects of packet losses.
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We introduced some novel concepts: the α-Average Preserving compensation
method, the asynchronous algorithm to implement it, the definitions of input,
mean and stochastic string stability, and we described a way to design an
H∞ controller to achieve such string stability. However, there is room for
improvement: The contribution of this thesis is an initial step towards more
complex control designs, better suited to practical implementations. As future
works it is possible to relax the homogeneity assumption, which is shared
by both the average consensus and the CACC problems, and to find better
approximations for the models and transfer functions used by the CACC
controllers. Moreover, the design of the observer used by the CACC controller
can be further improved, as well as the algorithm used to implement the
Average Preserving compensation methods. In both cases we were interested
in showing a proof of concept rather than an optimized solution. The field of
networked control systems is promisingly new and unexplored.
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