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Abstract
This article studies scalable global regulated state synchronization of
discrete-time homogeneous networks of non-introspective agents in presence
of input saturation based on localized information exchange, where the refer-
ence trajectory is given by a so-called exosystem which is assumed to be globally
reachable. A scale-free collaborative nonlinear and linear dynamic protocols
design methodology is developed for discrete-time multi-agent systems with
both full and partial-state couplings. The scale-free nonlinear dynamic protocol
is developed via design based on scheduling for discrete-time linear general
dynamics. Meanwhile, the scale-free linear observer-based protocol design is
proposed for a class of neutrally stable discrete-time agent models. Our proto-
col design methodology does not need any knowledge of the directed network
topology and the spectrum of the associated Laplacian matrix. Moreover, the
proposed protocol is scalable and achieves synchronization for any arbitrary
number of agents.
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1 INTRODUCTION

The synchronization or consensus problem of multi-agent networks has attracted much more attention during the past
decade, due to its wide potential for applications in several areas such as automotive vehicle control, satellites/robots
formation, sensor networks, and so on. See, for instance, the books1-7 and references therein.

Generally, synchronization of multi-agent system (MAS) includes two main types, state and output synchroniza-
tion. Because the state synchronization inherently requires homogeneous networks (i.e., agents which have identical
dynamics), most work in synchronization for MAS focused on state synchronization of continuous-time and discrete-time
homogeneous networks. State synchronization based on diffusive full-state coupling has been studied where the
continuous-time agent dynamics progress from single- and double-integrator (e.g., References 8-10) to more general
dynamics (e.g., References 11 and 12). State synchronization based on diffusive partial-state coupling has also been con-
sidered, including static design,13,14 dynamic design,15-18 and the design with additional communication.19,20 Meanwhile,
some works can also be found for MAS with discrete-time agents, see References 8, 10, and 21-24 for essentially single-
and double-integrator, and References 25-34 for higher-order agents.
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Meanwhile, it is worth to note that actuator saturation is pretty common and indeed is ubiquitous in engineering appli-
cations. Some researchers have tried to establish (semi) global state and output synchronization results for discrete-time
MAS in the presence of input saturation. Then, compared with semi-global results, global synchronization can work for
any initial condition set, and thus it has wider applications and attracts more attention. Global synchronization for neu-
trally stable agents has been studied by Yang et al.35 for detailed balanced graph. Then, global synchronization via static
protocols for MAS with partial state coupling and linear general dynamics is developed for detailed balanced graph in
Reference 36. The semi-global result can be found in Reference 37 for undirected and strongly connected graph. So far,
there is almost no result on global synchronization for discrete-time MAS with linear general dynamics under directed
graph only containing spanning tree.

Recently, we have introduced a new generation of scale-free collaborative protocols for synchronization of
continuous-time homogeneous and heterogeneous MAS by collaborating with additional localized information exchange,
where the agents are subject to input saturation or disturbances, see, for example, References 38-40. The scale-free pro-
tocol means the design is independent of the information about the associated communication graph or the size of the
network, that is, the number of agents.

In this article, we deal with global state synchronization problems for discrete-time MAS with non-introspective
dynamics in presence of input saturation. We design scale-free collaborative protocol based on additional localized
information exchange for both full- and partial-state coupling. The contributions of this article are stated as follows:

• We develop scalable nonlinear dynamic protocols via a design methodology based on scheduling for discrete-time MAS
with non-introspective, linear, at most weakly unstable agents.

• We develop scalable linear observer-based protocols for a class of neutrally stable agent model.
• Both nonlinear and linear observer-based protocol designs are scale-free and do not need any information about com-

munication network. In other words, the proposed protocols work for any MAS with any communication graph with
arbitrary number of agents as long as the communication graph has a path between the exosystem and each agent.

1.1 Notations and definitions

Given a matrix A ∈ Rm×n, AT denotes its conjugate transpose and ||A|| is the induced 2-norm. A square matrix A is
said to be Schur stable if all its eigenvalues are in the closed unit disk. A ⊗ B depicts the Kronecker product between
A and B. In denotes the n-dimensional identity matrix and 0n denotes n × n zero matrix; sometimes we drop the sub-
script if the dimension is clear from the context. A matrix D = [dij]N×N is called a row stochastic matrix if (a) dij > 0
for any i, j and (b)

∑N
j dij = 1 for i = 1, … ,N. A row stochastic matrix D has at least one eigenvalue at 1 with right

eigenvector 1.
A weighted graph  is defined by a triple ( ,  ,) where  = {1, … ,N} is a node set,  is a set of pairs of nodes

indicating connections among nodes, and  = [aij] ∈ RN×N is the weighting matrix. Each pair in  is called an edge,
where aij > 0 denotes an edge (j, i) ∈  from node j to node i with weight aij. Moreover, aij = 0 if there is no edge from
node j to node i. We assume there are no self-loops, that is, we have aii = 0. A path from node i1 to ik is a sequence of nodes
{i1, … , ik} such that (ij, ij+1) ∈  for j = 1, … , k − 1. A directed tree with root r is a subgraph of the graph  in which
there exists a unique path from node r to each node in this subgraph. A directed spanning tree is a directed tree containing
all the nodes of the graph. The weighted in-degree of node i is given by

din(i) =
N∑

j=1
aij.

For a weighted graph , the matrix L = [𝓁ij] with

𝓁ij =

{∑N
k=1aik, i = j,

−aij, i ≠ j,

is called the Laplacian matrix associated with the graph . The Laplacian matrix L has all its eigenvalues in the closed
right half plane and at least one eigenvalue at zero associated with right eigenvector 1.41
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2 PROBLEM FORMULATION

Consider an MAS consisting of N identical linear dynamic agents with input saturation:

xi(k + 1) = Axi(k) + B𝜎(ui(k)),
yi(k) = Cxi(k),

(i = 1, … ,N), (1)

where xi(k) ∈ Rn, ui(k) ∈ Rm, yi(k) ∈ Rp are, respectively, the state, input, and output vectors of agent i. Meanwhile,

𝜎(v) =

⎛⎜⎜⎜⎜⎜⎝

sat(v1)
sat(v2)

⋮

sat(vm)

⎞⎟⎟⎟⎟⎟⎠
, where v =

⎛⎜⎜⎜⎜⎜⎝

v1

v2

⋮

vm

⎞⎟⎟⎟⎟⎟⎠
∈ R

m

with sat(w) is the standard saturation function,

sat(w) = sgn(w)min(1, |w|).
Assumption 1. We assume that

• all eigenvalues of A are in the closed unit disk.
• (A,B,C) is stabilizable and detectable.

The communication network provides each agent with a linear combination of its own outputs relative to that of other
neighboring agents. In particular, each agent i ∈ {1, … ,N} has access to the quantity,

𝜁i(k) =
N∑

j=1
aij(yi(k) − yj(k)), (2)

where aij ≥ 0, and aii = 0 for i, j ∈ {1, … ,N}. The topology of the network can be described by a graph  with nodes
corresponding to the agents in the network and edges given by the nonzero coefficients aij. In particular, aij > 0 implies
that an edge exists from agent j to i. The weight of the edge equals the magnitude of aij.

We refer to (2) as partial-state coupling since only part of the states are communicated over the network. When C = I,
it means all states are communicated over the network, we call it full-state coupling. Then, the original agent can be
expressed as

xi(k + 1) = Axi(k) + Bui(k) (3)

while 𝜁i(k) is rewritten as

𝜁i(k) =
N∑

j=1
aij(xi(k) − xj(k)). (4)

Obviously, state synchronization is achieved if

lim
k→∞

(xi(k) − xj(k)) = 0 (5)

for all i, j ∈ 1, … ,N.
For homogeneous MAS such as in this article, almost all papers considered state synchronization without imposing

requirements on the synchronized trajectory. However, for heterogeneous agents, it has been shown in References 42
and 43 that we basically need to consider regulated state synchronization where the objective of the agents is to ensure
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that their state asymptotically tracks a reference trajectory generated by a so-called exosystem. Although we consider
homogeneous MAS, we will study regulated state synchronization in this article.

The reference trajectory is generated by the following exosystem

xr(k + 1) = Axr(k),
yr(k) = Cxr(k)

(6)

with xr(k) ∈ Rn.
Our objective is that the agents achieve regulated state synchronization, that is

lim
k→∞

(xi(k) − xr(k)) = 0 (7)

for all i ∈ {1, … ,N}. It means that the state synchronization (5) can be achieved directly. Clearly, we need some level of
communication between the exosystem and the agents. We assume that a nonempty subset  of the agents have access
to their own output relative to the output of the exosystem. Specially, each agent i has access to the quantity

𝜓i(k) = 𝜄i(yi(k) − yr(k)), 𝜄i =

{
1, i ∈  ,

0, i ∉  .
(8)

The above can be combined and we obtain:

𝜁 i(k) = 𝜁i(k) + 𝜄i(yi(k) − yr(k)) (9)

for i = 1, … ,N. For full-state coupling case (9) can be rewritten as

𝜁 i(k) =
N∑

j=1
aij(xi(k) − xj(k)) + 𝜄i(xi(k) − xr(k)). (10)

To guarantee that each agent can achieve the required regulation, we need that there exists a path to each node starting
with a node from the set  . In other words, we need the following definition on the network graph:

Definition 1. Given a node set  , we denote by GN


the set of all graphs with N nodes containing the node set  , such
that every node of the network graph  ∈ GN


is a member of a directed tree which has its root contained in the node set  .

Remark 1. Note that Definition 1 does not require necessarily the existence of directed spanning tree. On the other hand,
the main difficulty is the loss of symmetry for the Laplacian matrix. We therefore lose some nice properties which are
valid for symmetric Laplacian matrix which makes synchronization analysis more difficult. Some of the existing results
showed us this fact. See, for instance, Reference 44.

For any graph  ∈ GN


, with the associated Laplacian matrix L, we define the expanded Laplacian matrix as

L = L + diag{𝜄i} = [𝓁ij]N×N

and we define

D = I − (2I + Din)−1L, (11)

where

Din = diag (Din(1),Din(2), … ,Din(N))

while Din(i) is an upper bound on din(i). From (11), we have the matrix D is a matrix with all elements nonnegative and
the sum of each row is less than or equal to 1. Meanwhile, D satisfies the following lemma which is a slight extension of
Lemma 1 in Reference 34.
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Lemma 1. The matrix D has all eigenvalues in the open unit disc if and only if the graph  ∈ GN


associated with D satisfies
Definition 1.

In this article, we introduce an additional information exchange among protocols. In particular, each agent i =
1, … ,N has access to additional information, denoted by 𝜁 i(k), of the form

𝜁 i(k) =
N∑

j=1
aij(𝜉i(k) − 𝜉j(k)), (12)

where 𝜉j(k) ∈ Rn is a signal produced internally by agent j which will be selected as part of the protocol design in the next
sections.

We formulate the problem for global state synchronization of an MAS via nonlinear and linear protocols.

Problem 1. Consider an MAS described by (1) and (2) and the associated exosystem (6). Let a set of nodes  be given
which defines the set GN


. Let the associated network communication be given by (9).

The scalable global regulated state synchronization problem with additional information exchange via nonlinear
dynamic protocol of an MAS is to find a dynamic protocol, using only the knowledge of agent model (A,B,C), of the form{

xc,i(k + 1) = f (xc,i(k), 𝜁 i(k), 𝜁 i(k)),
ui(k) = g(xc,i(k)),

(13)

where 𝜁 i(k) is defined in (12) with 𝜉i(k) = Hcxc,i(k), and xc,i(k) ∈ Rnc , such that regulated state synchronization (7) is
achieved for any N and any graph  ∈ GN


, and for all initial conditions of the agents xi(0) ∈ Rn, all initial conditions of

the exosystem xr(0) ∈ Rn, and all initial conditions of the protocols xc,i(0) ∈ Rnc .

Problem 2. Consider an MAS described by (1) and (2) and the associated exosystem (6). Let a set of nodes  be given
which defines the set GN


. Let the associated network communication be given by (9)

The scalable global regulated state synchronization problem with additional information exchange via linear
observer-based dynamic protocol of an MAS is to find a linear dynamic protocol, using only the knowledge of agent model
(A,B,C), of the form {

xc,i(k + 1) = Acxc,i(k) + Bc𝜎(ui(k)) + Cc𝜁 i(k) + Dc𝜁 i(k),
ui(k) = Kcxc,i(k),

(14)

where 𝜁 i(k) is defined in (12) with 𝜉i(k) = Hcxc,i(k), and xc,i(k) ∈ Rnc , such that regulated state synchronization (7) is
achieved for any N and any graph  ∈ GN


, and for all initial conditions of the agents xi(0) ∈ Rn, all initial conditions of

the exosystem xr(0) ∈ Rn, and all initial conditions of the protocols xc,i(0) ∈ Rnc .

3 NONLINEAR PROTOCOL DESIGN BASED ON SCHEDULING

In this section, we will consider the global regulated state synchronization problem for an MAS with input saturation for
both systems with full- and partial-state coupling. The architecture of nonlinear protocol is shown in Figure 1.

To obtain the result, we need the following lemma, where parts of properties are adopted from References 45 and 46.

Lemma 2. Let (A,B) satisfy Assumption 1 . For any 𝜌 ∈ (0, 1], the following discrete-time algebraic Riccati equation

P𝜌 = ATP𝜌A + 𝜌P𝜌 − ATP𝜌B(BTP𝜌B + I)−1BTP𝜌A (15)

has a unique positive definite solution P𝜌, which satisfies the following properties:

1. dP𝜌
dt
> 0 for any 𝜌 ∈ (0, 1].

2. lim𝜌→0 P𝜌 = 0.
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F I G U R E 1 Architecture of the nonlinear collaborative protocol

3. For any 𝜌 ∈ (0, 1],

||P 1
2
𝜌 (A − BK𝜌)P

− 1
2

𝜌 || ≤ 1 (16)

with K𝜌 = (I + BTP𝜌B)−1BTP𝜌A .
4. For any 𝜌 ∈ (0, 𝜌∗],

||P 1
2
𝜌 AP

− 1
2

𝜌 || ≤ √
2, (17)

where 𝜌∗ is chosen by

P𝜌∗ ≤
1
2
||B||−2I. (18)

Proof. Properties 1 and 2 can be found in Reference 45. Property 4 can be obtained in Lemma 1, Item (4) of Reference 46
by choosing 𝜌∗ satisfying P𝜌∗ ≤ 1

2
||B||−2I.

Then we prove Property 3. From (15), we have

(A − BK𝜌)TP𝜌(A − BK𝜌) − P𝜌 = −𝜌P𝜌 − KT
𝜌 K𝜌. (19)

By multiplying P
− 1

2
𝜌 on both sides of (19), one can obtain

P
− 1

2
𝜌 (A − BK𝜌)TP𝜌(A − BK𝜌)P

− 1
2

𝜌 = (1 − 𝜌)I − P
− 1

2
𝜌 KT

𝜌 K𝜌P
− 1

2
𝜌 < I (20)

for any 𝜌 ∈ (0, 1].
Let Φ = P

1
2
𝜌 (A − BK𝜌)P

− 1
2

𝜌 , we have ΦTΦ < I. Thus we have

||Φ||2 ≤ 1

which prove the Property 3. ▪
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3.1 Full-state coupling

We will design a dynamic protocol with additional information exchanges for agent i ∈ {1, … ,N} as follows.

Nonlinear protocol via full-state coupling

⎧⎪⎨⎪⎩
𝜒i(k + 1) = A𝜒i(k) + Bui(k) + 1

2+Din(i)

[
A𝜁 i(k) − A𝜁 i(k) − 𝜄iA𝜒i(k)

]
,

ui(k) = −K𝜀(𝜒i(k))𝜒i(k),
(21)

where K𝜀(𝜒i(k)) = (I + BTP𝜀(𝜒i(k))B)
−1BTP𝜀(𝜒i(k))A. Meanwhile, we define 𝜀(𝜒i(k)) as:

𝜀(𝜒i(k)) = max{𝜌 ∈ (0, 𝜌∗] ∶ 2𝜒T
i (k)P𝜌𝜒i(k)tr(P𝜌)||B||2 ≤ 1}, (22)

where 𝜌∗ is given in Item 4 of Lemma 2, while P𝜌 is the unique positive-definite solution of (15), that is,

P𝜌 = ATP𝜌A + 𝜌P𝜌 − ATP𝜌B(BTP𝜌B + I)−1BTP𝜌A.

𝜉i(k) is a signal produced internally by agent i and is chosen as 𝜉i(k) = 𝜒i(k), therefore each agent has access to the following
information:

𝜁 i(k) =
N∑

j=1
aij(𝜒i(k) − 𝜒j(k)). (23)

Remark 2. Din(i) is an upper bound for the weighted in-degree din(i) =
∑N

j=1aij for node i. It is still local information. In
our protocol design, the bound Din(i) is used to scale the communication between the exosystem and the agents, which
can otherwise cancel the impact of a non-scaling 𝜄i.

Our formal result is stated in the following theorem.

Theorem 1. Consider an MAS described by (3) satisfying Assumption 1, and the associated exosystem (6). Let a set of nodes
 be given which defines the set GN


. Let the associated network communication be given by (10).

Then the scalable global regulated state synchronization problem as stated in Problem 1 is solvable. In particular, the
dynamic protocol (21) with (22) solves the regulated state synchronization problem for any N and any graph  ∈ GN


.

Proof of Theorem 1. First, we use P𝜀i(k), K𝜀i(k), and 𝜀i(k) to express P𝜀(𝜒i(k)), K𝜀(𝜒i(k)), and 𝜀(𝜒i(k)), respectively. From
Lemma 2, Property 4, we have

||P 1
2
𝜀i(k)

AP
− 1

2
𝜀i(k)

|| ≤ √
2

since 𝜀i(k) ∈ (0, 𝜌∗]. Then we have:

||(I + BTP𝜀i(k)B)
−1BTP𝜀i(k)A𝜒i(k)||2∞

≤ ||(I + BTP𝜀i(k)B)
−1BTP𝜀i(k)A𝜒i(k)||2

≤ ||BTP𝜀i(k)A𝜒i(k)||2
≤ ||BTP

1
2
𝜀i(k)

||2||P 1
2
𝜀i(k)

AP
− 1

2
𝜀i(k)

||2||P 1
2
𝜀i(k)

𝜒i(k)||2
≤ 2||BTP𝜀i(k)B||𝜒T

i (k)P𝜀i(k)𝜒i(k)
≤ 2tr(P𝜀i(k))||B||2𝜒T

i (k)P𝜀i(k)𝜒i(k).

Next, according to (22), we obtain
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||(I + BTP𝜀i(k)B)
−1BTP𝜀i(k)A𝜒i(k)||2∞ ≤ 1,

that is, ||ui(k)||∞ ≤ 1.
Next, MAS (1) and protocol (21) can be rewritten as follows,

xi(k + 1) = Axi(k) + Bui(k),

𝜒i(k + 1) = A𝜒i(k) + Bui(k) +
N∑

j=1
dijA(xj(k) − 𝜒j(k)),

ui(k) = −K𝜀i(k)𝜒i(k)

by letting xi(k) = xi(k) − xr(k), where dij =
𝓁ij

2+Din(i)
. Then, let ei(k) = xi(k) − 𝜒i(k), we have

xi(k + 1) = Axi(k) − BK𝜀i(k)(xi(k) − ei(k)), (24)

ei(k + 1) = Aei(k) −
N∑

j=1
dijAej(k). (25)

Define

x(k) =
⎛⎜⎜⎜⎝

x1(k)
⋮

xN(k)

⎞⎟⎟⎟⎠ , e(k) =
⎛⎜⎜⎜⎝

e1(k)
⋮

eN(k)

⎞⎟⎟⎟⎠
then we have

x(k + 1) = (I ⊗ A − (I ⊗ B)K𝜀(k))x(k) + (I ⊗ B)K𝜀(k)e(k), (26)

e(k + 1) = (D ⊗ A)e(k) (27)

where

K𝜀(k) =

⎛⎜⎜⎜⎜⎜⎝

K𝜀1(k)

K𝜀2(k)

⋱

K𝜀N (k)

⎞⎟⎟⎟⎟⎟⎠
,

and we have that the eigenvalues of D ∈ RN×N defined by (11) are less than 1 by Lemma 1.
The eigenvalues of D ⊗ A are of the form 𝜆i𝜇j, with 𝜆i and 𝜇j eigenvalues of D and A, respectively. Since |𝜆i| < 1 and

𝜇j ≤ 1, we find D ⊗ A is asymptotically stable. Therefore we find that:

lim
k→∞

ei(k) → 0. (28)

It also shows that ei ∈ 𝓁2. Thus, we just need to prove xi(k) → 0 as k → ∞ with ei ∈ 𝓁2.
We choose the following Lyapunov function

Vi(k) = (xi(k) − ei(k))TP𝜀i(k)(xi(k) − ei(k)).

Then we have

Vi(k + 1) − Vi(k)
= (xi(k + 1) − ei(k + 1))TΔPk(xi(k + 1) − ei(k + 1))
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+ (xi(k + 1) − ei(k + 1))TP𝜀i(k)(xi(k + 1) − ei(k + 1))
− (xi(k) − ei(k))TP𝜀i(k)(xi(k) − ei(k))

≤ (xi(k + 1) − ei(k + 1))TΔPk(xi(k + 1) − ei(k + 1))
+ (xi(k) − ei(k))TĀTP𝜀i(k)(Aei(k) − ei(k + 1))
+ (Aei(k) − e(k + 1))TP𝜀i(k)(Aei(k) − ei(k + 1)) − 𝜀i(k)Vi(k), (29)

where ΔPk = P𝜀i(k+1) − P𝜀i(k) and Ā = 2A − 2B(I + BTP𝜀i(k)B)
−1BTP𝜀i(k)A. Meanwhile, since ei ∈ 𝓁2, we obtain

||P 1
2
𝜀i(k)

(Aei(k) − ei(k + 1))|| ≤ 𝛽(k) (30)

for suitable 𝛽 ∈ 𝓁2 and 𝛽(k) ≥ 0. Based on Lemma 2, Property 3, we have

Vi(k + 1) − Vi(k)

≤ (xi(k + 1) − ei(k + 1))TΔPk(xi(k + 1) − ei(k + 1)) − 𝜀i(k)Vi(k) + 𝛽(k)2

+ 2𝛽(k)||P 1
2
𝜀i(k)

(A − BK𝜀i(k))P
− 1

2
𝜀i(k)

||V 1
2

i (k)

= (xi(k + 1) − ei(k + 1))TΔPk(xi(k + 1) − ei(k + 1)) − (1 + 𝜀i(k))Vi(k) + (V
1
2

i (k) + 𝛽(k))
2. (31)

First, we prove Vi(k) is bounded. To show this result, we use the following two cases.
Case I: Vi(k + 1) − Vi(k) > 0
If Vi(k + 1) > Vi(k), then we have 𝜀i(k + 1) ≤ 𝜀i(k) from (22), which implies that P𝜀i(k+1) ≤ P𝜀i(k). Thus from (31), we

obtain for Case I that

Vi(k + 1) ≤ (V
1
2

i (k) + 𝛽(k))
2. (32)

Case II: Vi(k + 1) − Vi(k) ≤ 0
Since Vi(k + 1) ≤ Vi(k), clearly (32) is satisfied.
Let VS(k + 1) = (V

1
2

S (k) + 𝛽(k))
2 and VS(0) = Vi(0), it means that VS(k + 1) = (V

1
2

S (0) +
∑k

l=0𝛽(l))2. Thus, we
have

Vi(k) ≤ VS(k) =

(
V

1
2

i (0) +
k−1∑
l=0
𝛽(l)

)2

.

Therefore, Vi(k) is bounded which implies 𝜀i(k) is bounded away from zero, that is, 𝜀i(k) ≥ 𝜀0 > 0.
Next, we prove Vi(k) → 0. Similarly, we still consider this problem from previous two cases.
Case I: Vi(k + 1) − Vi(k) > 0
From (31), we have

Vi(k + 1) − Vi(k) ≤ −(1 + 𝜀0)Vi(k) + (V
1
2

i (k) + 𝛽(k))
2

= −𝜀0Vi(k) + 2𝛽(k)V
1
2

i (k) + 𝛽(k)
2

≤ −𝜀0

2
Vi(k) +

2 + 𝜀0

𝜀0
𝛽(k)2.

Case II: Vi(k + 1) − Vi(k) ≤ 0
From (22), we have 𝜀i(k) ≤ 𝜀i(k + 1) ≤ 𝜌∗. Thus, we can obtain

Vi(k + 1)tr(P𝜀i(k+1)) ≤ Vi(k)tr(P𝜀i(k))
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and we have

(Vi(k + 1) − Vi(k))tr(P𝜀i(k+1)) ≤ −Vi(k)tr(ΔPk).

Then, one can obtain

|(xi(k + 1) − ei(k + 1))TΔPk(xi(k + 1) − ei(k + 1))|
≤ |tr(ΔPk)|||xi(k + 1) − ei(k + 1)||2
≤

tr(P𝜀i(k+1))
Vi(k)

|Vi(k + 1) − Vi(k)|||xi(k + 1) − ei(k + 1)||2
≤

Vi(k + 1)tr(P𝜀i(k+1))
Vi(k)𝜆min(P𝜀i(k+1))

|Vi(k + 1) − Vi(k)|
≤

tr(P𝜀i(k))
𝜆min(P𝜀i(k))

|Vi(k + 1) − Vi(k)|
≤ 𝛼|V(k + 1) − V(k)|

with 𝛼 = tr(P𝜌∗ )
𝜆min(P𝜀0 )

> 0 since 𝜀i(k) ∈ [𝜀0, 𝜌
∗] for all k > 0 with 𝜌∗ < 1. Then, we can obtain that

Vi(k + 1) − Vi(k) ≤ −(1 + 𝜀i(k))Vi(k) + (V
1
2

i (k) + 𝛽(k))
2 − 𝛼(Vi(k + 1) − Vi(k)). (33)

Then, we have

Vi(k + 1) − Vi(k) ≤ −1 + 𝜀0

1 + 𝛼
Vi(k) +

1
1 + 𝛼

(V
1
2

i (k) + 𝛽(k))
2

= − 𝜀0

1 + 𝛼
Vi(k) +

2
1 + 𝛼

𝛽(k)V
1
2

i (k) +
1

1 + 𝛼
𝛽(k)2

≤ − 𝜀0

2(1 + 𝛼)
Vi(k) +

2 + 𝜀0

𝜀0(1 + 𝛼)
𝛽(k)2.

Note that for both Cases I and II, we always have

Vi(k + 1) − Vi(k) ≤ −�̃�1Vi(k) + �̃�2𝛽(k)2,

where �̃�1 = 𝜀0
2(1+𝛼)

and �̃�2 = 2+𝜀0
𝜀0

for 1
1+𝛼

< 1. Hence, we have

Vi(k + 1) ≤ (1 − �̃�1)Vi(k) + �̃�2𝛽(k)2.

Meanwhile, let VF(k + 1) = (1 − �̃�1)VF(k) + �̃�2𝛽(k)2 and VF(0) = Vi(0), then we obtain Vi(k) ≤ VF(k). Since 𝛽 ∈ 𝓁2 and
0 < 1 − �̃�1 < 1, we have limk→∞ VF(k) → 0. Therefore, we can find that the Vi(k) → 0 as k → ∞. Meanwhile, since we
have ei(k) → 0, finally we obtain

lim
k→∞

xi(k) = (xi(k) − xr(k)) → 0,

that is, xi(k) → xr(k) as k → ∞, which proves our result. ▪

3.2 Partial-state coupling

In this subsection, we will consider the case via partial-state coupling. We design the dynamic protocol with additional
information exchanges as shown in the next page.
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Nonlinear protocol via partial-state coupling

⎧⎪⎪⎨⎪⎪⎩
x̂i(k + 1) = Ax̂i(k) + 1

2+Din(i)

[
𝜄iBui(k) + B𝜁 i2(k) + F𝜁 i(k)

]
− FCx̂i(k),

𝜒i(k + 1) = A𝜒i(k) + Bui(k) + Ax̂i(k) − 1
2+Din(i)

[
A𝜁 i1(k) + 𝜄iA𝜒i(k)

]
,

ui(k) = −K𝜀(𝜒i(k))𝜒i(k),

(34)

for i = 1, … ,N where F is a pre-design matrix such that A − FC is Schur stable. We have:

K𝜀(𝜒i(k)) = (I + BTP𝜀(𝜒i(k))B)
−1BTP𝜀(𝜒i(k))A.

Finally, 𝜀(𝜒i(k)) is defined in (22), 𝜌∗ is given in Item 4 of Lemma 2, and P𝜌 is the unique positive-definite solution of (15). In this
protocol, the agents communicate

𝜉i(k) =

(
𝜉i1(k)

𝜉i2(k)

)
=

(
𝜒i(k)

ui(k)

)
,

that is, each agent has access to additional information

𝜁 i(k) =

(
𝜁 i1(k)

𝜁 i2(k)

)
,

where

𝜁 i1(k) =
N∑

j=1
aij(𝜒i(k) − 𝜒j(k)) and 𝜁 i2(k) =

N∑
j=1

aij(ui(k) − uj(k)) (35)

while 𝜁 i(k) is defined via (9).

Theorem 2. Consider an MAS described by (1) satisfying Assumption 1, and the associated exosystem (6). Let a set of nodes
 be given which defines the set GN


. Let the associated network communication be given by (9).

Then the scalable global regulated state synchronization problem as stated in Problem 1 is solvable. In particular, the
dynamic protocol (34) with (22) solves the regulated state synchronization problem for any N and any graph  ∈ GN


.

Proof of Theorem 2. Similar to Theorem 1, let xi(k) = xi(k) − xr(k). We also define

x(k) =
⎛⎜⎜⎜⎝

x1(k)
⋮

xN(k)

⎞⎟⎟⎟⎠ , x̂(k) =
⎛⎜⎜⎜⎝

x̂1(k)
⋮

x̂N(k)

⎞⎟⎟⎟⎠ , and 𝜒(k) =
⎛⎜⎜⎜⎝
𝜒1(k)
⋮

𝜒N(k)

⎞⎟⎟⎟⎠ .
According to (22), it yields by construction that ui(k) does not get saturated, that is, 𝜎(ui(k)) = ui(k). By defining e(k) =
x(k) − 𝜒(k) and ē(k) = [(I − D)⊗ I]x(k) − x̂(k), we can obtain

⎧⎪⎨⎪⎩
x(k + 1) = (I ⊗ A)x(k) − (I ⊗ B)K𝜀(k)(x(k) − e(k)),
ē(k + 1) = [I ⊗ (A − FC)]ē(k),
e(k) = (D ⊗ A)e(k) + ē(k).

(36)

Since all eigenvalues of A − FC and D⊗ A are in unit disk, we obtain that dynamics of ei(k) and ēi(k) are all asymptotically
stable. Then, we just need to prove the stability of

xi(k + 1) = Axi(k) − BK𝜀i(k)(xi(k) − ei(k)).

Then, similar to the proof of Theorem 1, the synchronization result can be obtained. ▪
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Remark 3. Compared with continuous-time result, analysis and design for discrete-time MAS with input saturation are
vastly different, even for single linear system with input saturation, see Chapter 4 in Reference 47.

4 LINEAR OBSERVER-BASED PROTOCOL DESIGN FOR NEUTRALLY
STABLE DYNAMICS

In this section, we will consider scalable global regulated state synchronization problem for discrete-time MAS consisting
of neutrally stable agents with input saturation for both networks with full and partial-state coupling. The architecture
of linear protocol is shown in Figure 2.

4.1 Full-state coupling

In this subsection, we design dynamic protocols for each agent. First, for (1) with neutrally stable dynamics, we have the
matrix A has all its eigenvalues in the closed unit disc, but those eigenvalues on the unit circle are semi-simple. That
means there exists a positive definite matrix P such that

ATPA ≤ P. (37)

The following protocol is designed for each agent i ∈ {1, … ,N}:

Linear protocol via full-state coupling

⎧⎪⎨⎪⎩
𝜒i(k + 1) = A𝜒i(k) + B𝜎(ui(k)) + 1

2+Din(i)

[
A𝜁 i(k) − A𝜁 i(k) − 𝜄iA𝜒i(k)

]
ui(k) = K𝜒i(k).

(38)

Then, we choose matrix K = −𝜀BTPA, where 𝜀 ∈ (0, 𝜀∗) with 𝜀∗ = ||BTPB||−1, and P is a positive definite matrix satisfying (37). 𝜁 i(k)
and 𝜁 i(k) are defined by (23) and (10), respectively.

We have the following theorem.

F I G U R E 2 Architecture of the linear collaborative protocol
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Theorem 3. Consider an MAS described by (3) with (37), and the associated exosystem (6). Let a set of nodes  be given
which defines the set GN


. Let the associated network communication be given by (10).

Then, the scalable global regulated state synchronization problem with additional information exchange for MAS as
stated in Problem 2 is solvable. In particular, for any given 𝜀 ∈ (0, 𝜀∗) with 𝜀∗ = ||BTPB||−1, the dynamic protocol (38) solves
the regulated state synchronization problem for any N and any graph  ∈ GN


.

Proof of Theorem 3. First, we have

x̃i(k + 1) = Ax̃i(k) + B𝜎(ui(k)),
ei(k + 1) = Aei(k) −

∑N
j=1dijej(k),

ui(k) = K(xi(k) − ei(k))

by x̃i(k) = xi(k) − xr(k) and ei(k) = x̃i(k) − 𝜒i(k). Then, let

x̃(k) =
⎛⎜⎜⎜⎝

x̃1(k)
⋮

x̃N(k)

⎞⎟⎟⎟⎠ , u(k) =
⎛⎜⎜⎜⎝

u1(k)
⋮

uN(k)

⎞⎟⎟⎟⎠ , e(k) =
⎛⎜⎜⎜⎝

e1(k)
⋮

eN(k)

⎞⎟⎟⎟⎠ , and 𝜎(u(k)) =
⎛⎜⎜⎜⎝
𝜎(u1(k))

⋮

𝜎(uN(k))

⎞⎟⎟⎟⎠
then we have the following closed-loop system

⎧⎪⎨⎪⎩
x̃(k + 1) = (I ⊗ A)x̃(k) + (I ⊗ B)𝜎(u(k)),
e(k + 1) = (D ⊗ A)e(k),
u(k) = (I ⊗ K)(x̃(k) − e(k)).

(39)

Then, consider the following Lyapunov function

V(k) = x̃T(k)(I ⊗ P)x̃(k) + eT(k)PDe(k) + 2𝜌
k−1∑
j=1
𝜎T(u(j))(u(j) − 𝜎(u(j))), (40)

where 𝜌 > 0 is a predesign parameter, P > 0 satisfies (37), and PD > 0 satisfies

(D⊗ A)TPD(D⊗ A) − PD ≤ −(I ⊗ (ATPA)) − INn. (41)

Note that it can be shown that V(k) is positive definite, that is, V(k) > 0 except for (x̃(k), e(k)) = 0 when V(k) = 0. Then,
we have

ΔV(k) = V(k + 1) − V(k)
≤ x̃T(k)(I ⊗ (ATPA − P))x̃(k) + 𝜎T(u(k))(I ⊗ BTPB − 2𝜌I)𝜎(u(k))
− eT(k)(I ⊗ (ATPA) + INn)e(k) − 2𝜌𝜎T(u(k))(I ⊗ K)e(k)

since we have (37) and 𝜌K = BTPA with 𝜌 = 1
𝜀
> ||BTPB||. Then, we have

ΔV(k) ≤ x̃T(k)(I ⊗ (ATPA − P))x̃(k) − eT(k)e(k)
+ 2𝜎T(u(k))(I ⊗ BTPB − 𝜌I)𝜎(u(k))

≤ −||e(k)||2 − 𝛾||𝜎(u(k))||2
with 𝛾I < 2

(
𝜌I − BTPB

)
and 𝛾 > 0.
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Meanwhile, we can note that ΔV(k) = 0 when (I ⊗ (ATPA))x̃(k) = (I ⊗ P)x̃(k), e(k) = 0 and (I ⊗ K)x̃(k) = 0. Assume
there exists a nonzero x̃(k) satisfying the above. Then we obtain:

x̃(k + 1) = (I ⊗ A)x̃(k) (42)

and x̃(k0) ≠ 0 for some k0. This implies x̃(k) is a bounded since A is neutrally stable.
Then, from (I ⊗ K)x̃ = 0 and K = −𝜀BTPA, we obtain (I ⊗ BTPA)x̃ = 0 and (I ⊗ WTBTPA)x̃ = 0, where W is any matrix

such that A + BW is Schur stable. Then we have

[I ⊗ (A + BW)TPA]x̃(k + 1) = (I ⊗ ATPA)x̃(k + 1) = (I ⊗ PA)x̃(k)

for (I ⊗ (ATPA))x̃(k) = (I ⊗ P)x̃(k). According to dynamics (42), we can equivalently obtain that

(I ⊗ P)x̃(k) = [I ⊗ ((A + BW)TP)]x̃(k + 1).

Since A + BW has all its eigenvalues inside the unit disk, it means that (I ⊗ P)x̃(k) is unbounded, which implies x̃(k) is
unbounded since P is invertible. However, we have already shown that x̃(k) is bounded and hence, by contradiction we
obtain, that x̃(k) = 0.

Thus, the invariance set {(x̃(k), e(k)) ∶ ΔV(x̃(k), e(k)) = 0} contains no trajectory of the system except the trivial
trajectory (x̃(k), e(k)) = (0, 0). Therefore, system (39) is globally asymptotically stable based on LaSalle’s invariance prin-
ciple. It means we have x̃(k) → 0 and e(k) → 0 when k → ∞. Thus we obtain xi(k) → xr(k) as k → ∞, which proves our
result. ▪

4.2 Partial-state coupling

For partial-state coupling, we design the following protocol for each agent i ∈ {1, … ,N}.

Linear protocol via partial-state coupling

⎧⎪⎪⎨⎪⎪⎩
x̂i(k + 1) = Ax̂i(k) + 1

2+Din(i)

[
B𝜁 i2(k) + 𝜄iB𝜎(ui(k)) + F𝜁 i(k)

]
− FCx̂i(k),

𝜒i(k + 1) = A𝜒i(k) + B𝜎(ui(k)) + Ax̂i(k) − 1
2+Din(i)

[
A𝜁 i1(k) + 𝜄iA𝜒i(k)

]
,

ui(k) = K𝜒i(k),

(43)

where F is a design matrix such that A − FC is Schur stable. Then, we choose matrix K = −𝜀BTPA, where 𝜀 ∈ (0, 𝜀∗) with
𝜀∗ = ||BTPB||−1 and P is a positive definite matrix satisfying (37). Meanwhile,

𝜁 i2(k) =
N∑

j=1
aij(𝜎(ui(k)) − 𝜎(uj(k))).

𝜁 i1(k) is defined as (35), and 𝜁 i(k) is defined via (9).

Then, the following theorem is provided.

Theorem 4. Consider an MAS described by (1), with (37) and (A,C) observable, and the associated exosystem (6). Let a set
of nodes  be given which defines the set GN


. Let the associated network communication be given by (9).

Then, the scalable global regulated state synchronization problem with additional information exchange as stated in
Problem 2 is solvable. In particular, for any given 𝜀 ∈ (0, 𝜀∗)with 𝜀∗ = ||BTPB||−1, the dynamic protocol (43) solves the scalable
regulated state synchronization problem for any N and any graph  ∈ GN


.

Proof of Theorem 4. Similar to Theorem 3, by defining x̃i(k) = xi(k) − xr(k), e(k) = x̃(k) − 𝜒(k), and ē(k) = [(I − D)⊗
I]x̃(k) − x̂(k), we have the matrix expression of closed-loop system
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x̃(k + 1) = (I ⊗ A)x̃(k) + (I ⊗ B)𝜎(u(k)),
e(k + 1) = (D ⊗ A)e(k) + ē(k),
ē(k + 1) = [I ⊗ (A − FC)]ē(k),
u(k) = (I ⊗ K)(x̃(k) − e(k)).

Then we choose the following Lyapunov function:

V(k) = x̃T(k)(I ⊗ P)x̃(k) +

(
e(k)
ē(k)

)T

PD

(
e(k)
ē(k)

)
+ 2𝜌

k−1∑
j=1
𝜎T(u(j))(u(j) − 𝜎(u(j))), (44)

where 𝜌 > 0 is a predesign parameter, P > 0 satisfies (37), and PD > 0 satisfies

ǍTPDǍ − PD ≤ −

(
I ⊗ (ATPA) + INn 0

0 INn

)
(45)

and

Ǎ =

(
D ⊗ A INn

0 I ⊗ (A − FC)

)
.

Similar to the proof of Theorem 3, the synchronization result can be obtained. ▪

5 NUMERICAL EXAMPLES

In this section, we will illustrate the effectiveness of our designs with two numerical examples for state synchronization
with partial-state coupling via nonlinear and linear protocols.

5.1 Nonlinear protocol

Consider agent models (1) and exosystem model as:

⎧⎪⎪⎨⎪⎪⎩
xi(k + 1) =

⎛⎜⎜⎜⎝
1 1 0
0 1 1
0 0 1

⎞⎟⎟⎟⎠ xi(k) +
⎛⎜⎜⎜⎝
0
0
1

⎞⎟⎟⎟⎠ 𝜎(ui(k)),

yi(k) =
(

1 0 0
)

xi(k),

(46)

⎧⎪⎪⎨⎪⎪⎩
xr(k + 1) =

⎛⎜⎜⎜⎝
1 1 0
0 1 1
0 0 1

⎞⎟⎟⎟⎠ xr(k),

yr(k) =
(

1 0 0
)

xr(k).

(47)

We design nonlinear protocol (21) with the choice of FT =
(
1.8677 1.2528 0.2970

)
. The reference trajectory yr is

generated by the exosystem presented by (47).
Now we are creating three homogeneous MAS with different number of agents and different communication topolo-

gies to show that the designed protocol is independent of the communication network and number of agents N.
Meanwhile, we choose a single agent 1 as the set  , which means only Agent 1 can receive the signal from exosystem, see
the following figures.
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F I G U R E 3 Communication graph for case I

F I G U R E 4 Communication graph for case II

F I G U R E 5 Communication graph for case III

• Case I: Consider MAS with four agents N = 4, and directed communication topology shown in Figure 3.
• Case II: In this case, we consider MAS with six agents N = 6, and directed communication topology shown in Figure 4.
• Case III: Finally, we consider an MAS with three agents, N = 3 and communication graph illustrated in

Figure 5.

The simulation results are demonstrated in Figures 6–8. The results show that the protocol design is independent of
the communication graph and is scale free so that we can achieve synchronization with one-shot protocol design, for any
graph with any number of agents.
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F I G U R E 6 Regulated state synchronization by nonlinear protocol for MAS with communication graph I

F I G U R E 7 Regulated state synchronization by nonlinear protocol for MAS with communication graph II

5.2 Linear protocol design

Consider agent models (1) and exosystem model as:

⎧⎪⎪⎨⎪⎪⎩
xi(k + 1) =

⎛⎜⎜⎜⎝
0 1 0
− 1 0 0
0 0 1

⎞⎟⎟⎟⎠ xi(k) +
⎛⎜⎜⎜⎝
1
0
1

⎞⎟⎟⎟⎠ 𝜎(ui(k)),

yi(k) =
(

1 0 1
)

xi(k),

(48)
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F I G U R E 8 Regulated state synchronization by nonlinear protocol for MAS with communication graph III

F I G U R E 9 Regulated state synchronization by linear protocol for MAS with communication graph I

⎧⎪⎪⎨⎪⎪⎩
xr(k + 1) =

⎛⎜⎜⎜⎝
0 1 0
− 1 0 0
0 0 1

⎞⎟⎟⎟⎠ xr(k),

yr(k) =
(

1 0 1
)

xr(k).

(49)

We design linear protocol (43) with the choice of FT =
(
0.6705 −0.8195 0.2295

)
, P = I, and 𝜀 = 0.3. Correspondingly,

the reference trajectory yr is generated by the exosystem presented by (49).



LIU et al. 5265

Here, we still use the above three communication topologies with set  only including Agent 1.
The simulation results are demonstrated in Figures 9–11. The results show that the protocol design is independent of

the communication graph and is scale free so that we can achieve synchronization with one-shot protocol design, for any
graph with any number of agents.

F I G U R E 10 Regulated state synchronization by linear protocol for MAS with communication graph II

F I G U R E 11 Regulated state synchronization by linear protocol for MAS with communication graph III
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6 CONCLUSION

In this article, we have developed a scale-free protocol design to achieve global regulated state synchronization for
discrete-time homogeneous MAS subject to actuator saturation. The scale-free protocols are designed solely based on
agent models without utilizing any information and are universal, it means that for any number of agents and any com-
munication graph as long as there exists a path from any agent to exosystem that generates the command signal. It is
worth noting that considering the heterogeneous MAS with actuator saturation in the scale-free framework is the subject
matter of our future work.
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