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Modelling the cardiac electrophysiology entails dealing with the uncertain-
ties related to the input parameters such as the heart geometry and the
electrical conductivities of the tissues, thus calling for an uncertainty quanti-
fication (UQ) of the results. Since the chambers of the heart have different
shapes and tissues, in order to make the problem affordable, here we
focus on the left ventricle with the aim of identifying which of the uncertain
inputs mostly affect its electrophysiology. In a first phase, the uncertainty of
the input parameters is evaluated using data available from the literature
and the output quantities of interest (QoIs) of the problem are defined.
According to the polynomial chaos expansion, a training dataset is then
created by sampling the parameter space using a quasi-Monte Carlo
method whereas a smaller independent dataset is used for the validation
of the resulting metamodel. The latter is exploited to run a global sensitivity
analysis with nonlinear variance-based indices and thus reduce the input
parameter space accordingly. Thereafter, the uncertainty probability distri-
bution of the QoIs are evaluated using a direct UQ strategy on a larger
dataset and the results discussed in the light of the medical knowledge.
1. Introduction
Advances in computational science have enabled the development of digital
twins of biological systems of which a popular application is in cardiology
and, more in general, in cardiovascular medicine. This approach not only
improves the predicting capabilities of diagnostic tools and gains more insight
into patients’ pathologies, but also provides a numerical framework to test
innovative medical devices and to refine them before running further in vivo
experiments on animals or humans. Predictive mathematical models imply a
physical basis and the quantities of interest (QoIs) have to be obtained by
solving the governing equations for the system under investigation.

In particular, modelling human heart functioning entails reproducing the
complex electrical activation triggering muscular contraction, which includes
a conductive network that propagates the local transmembrane potential of
the myocytes from the sinoatrial node (SA-node) to the atrial and the ventricu-
lar muscles. As visible in figure 1a, depolarization of the local myocytes
originates in the SA-node that is located in the right atrium close to the entrance
of the superior vena cava [2], and then propagates across the right atrium and
reaches the atrioventricular node (AV-node). After the transmembrane depolar-
ization front leaves the AV-node, it spreads towards the ventricles passing
through the His bundle that bifurcates into a set of bundles that conducts the
signal to a fast conduction system (the Purkinje network), thus allowing for
more uniform signal propagation in the ventricular myocardium and for sub-
sequent simultaneous muscular activation and efficient blood pumping
towards the circulatory system. As the transmembrane depolarization front
reaches a certain location in the myocardium the local transmembrane potential
of the myocytes rapidly changes from the negative potential (of about −85 mV)
to a positive value (of about 20mV) before returning to the resting negative
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Figure 1. (a) Sketch of the electrical network of the heart adapted from [1], with highlighted left ventricle components. (b) Typical depolarization/polarization cycle
of a cardiac myocytes (action potential and intracellular calcium profiles), which triggers the muscular active tension. (c) ECG pattern in a healthy subject, the
ventricular depolarization (QRS complex) and repolarization (T wave) patterns are indicated by the red line.
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potential after about 300ms, as indicated in figure 1b. This tran-
sient depolarization of the cardiomyocytes (action potential)
yields the release of cytosolic calcium from the sarcoplasmic
reticulum that originate a contractile force within the cardiac
muscle cells (the sarcomers), thus causing the myocardium
to contract. The contraction of the muscular fibres can be
detected placing electrodes on the patient’s limbs and chest
as done in electrocardiography (ECG), where the P wave
represents the depolarization of the atria, the QRS complex
corresponds to the depolarization of the ventricles and the T
wave indicates repolarization of the ventricles; see figure 1c
for a typical healthy ECG patterns. Variations of the normal
ECG pattern and durations are usually ascribed to cardiac
pathologies and abnormalities, such as atrial fibrillation and
ventricular tachycardia.

This electrical activation of the heart has been studied using
different approaches depending on the application. In the
interconnected cable method [3,4], the cardiac tissue is mod-
elled as a connected network of discrete cables representing
muscle cardiac fibres. This approach is broadly used because
it accurately describes the fibres electrical activation at a
lower computational cost compared to other methods and
can be efficiently parallelized [5]. Starting from the cable
equation, a fractional Laplacian formulation can be used to
model the cardiac tissue including the macroscopic effects of
structural heterogeneity on impulse propagation [6] or to
incorporate more complex conduction structures, such as
cardiomyocytic fibre orientation and the His–Purkinje
activation network [7]. The propagation of the cellular depolar-
ization front can also be modelled by an eikonal approach,
where the excitation time, defined at each point mesh as the
time instant at which the transmembrane potential crosses
the value midway between its resting and plateau potentials,
is solved [8]. On the other hand, the bidomain model, so
called because the conductive myocardium is modelled as an
intracellular and an extracellular overlapping continuum
media separated by the myocytes membranes, computes the
electrical cardiac activity by solving the quasi-steady electric
equations [9,10]. The resulting system of reaction–diffusion
partial differential equations governs the electrical propagation
across the myocytes and is coupled with a set of ordinary
differential equations (ODEs; the cellular ionic model) describ-
ing the current flow through the ion channels, see § 2. In the
case that the extracellular and intracellular conductivity tensors
are parallel to each other, the bidomain equations can be sim-
plified as a single governing equation for the transmembrane
potential, the monodomain system, which is computationally
cheaper not only because the number of degrees of freedom
is reduced but also because the equations are more stable
numerically [11]. Differences in the electrical propagation and
intra/extracellular potentials between monodomain and
bidomain are typically very small unless complex activation
patterns are applied, as in the case of pacing or defibrillation,
where a monodomain approach is generally deprecated [12].
The bidomain model is hence the state-of-the-art mathematical
model for reproducing the electrical activation of the heart
chambers in healthy and pathological conditions [11,13] and
the propagation of the myocytes depolarization over the
cardiac tissue (see [13,14] among others). Furthermore, this
model is seen to reproduce cardiac phenomena including
ischaemic events and defibrillation [15] and it has been vali-
dated through animal experiments [16,17]. More recently, the
bidomain model has been coupled with a fluid–structure
solver to build amultiphysicsmodel for the left heart including
the mitral and aortic valves with the aim of using computer
simulations to evaluate medical quantities that would be
exceedingly difficult or impossible to be measured in vivo or
in vitro [18].

Although the bidomain model is nowadays a well-
established tool to study cardiac electrophysiology, several
quantities have to be provided as input parameters such as the
chambers’ geometry, the orientation of the muscular fibres, the
mechanical properties of the biological tissues (the behaviour
of which is nonlinear and orthotropic) along with the conduc-
tion velocities within the electrical network, just to cite a few.
Only some of these quantities can be estimated in vivo through
the scanning methods (e.g. echocardiography, MRI and CT)
and a significant variability among individuals is known to
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exist [19].Calibrating the computationalmodels is crucial for the
personalization of the therapies and, as an example, for the pre-
diction acute haemodynamic changes associated with cardiac
resynchronization therapy (CRT) [20]. However, the sparsity
and the noise of the clinical data used to calibrate themodel par-
ameters have a major impact on the results of the model
including the transmembrane potential propagation in the car-
diac tissue [21]. In this framework, several computational
techniques for model calibration have been introduced, such
as variational approaches based on the constraint optimization
[22,23], data assimilation methods [24] or even patient-specific
Bayesian inference strategies using polynomial chaos expansion
[25]. The uncertainty regarding the input parameters opens the
question about the reliability of the model results, thus calling
for a rigorous uncertainty quantification (UQ) analysis. The
latter provides a set of mathematical methods to study the
uncertainty propagation of the input parameters of an electro-
physiology model for the heart on the model results, by
combining the deterministic approach used to solve the PDEs
of the physical model with a probabilistic framework to
handle the uncertainties of input parameters and QoIs.

In this work, we apply UQ analysis to an electrophysiology
computational model based on the bidomain equations. How-
ever, consideringwhole-heart electrophysiologywould require
that the uncertainties of the fast conductivity bundles (e.g.
internodal pathways, His bundle, left–right posterior–anterior
bundles), of the complex geometry of the heart chambers and
of the heterogeneous properties of the cellular model through
the myocardyum are dealt with simultaneously. Hence, the
high number of the uncertain parameters along with the com-
putational cost of a single electrophysiology simulation of the
full heart would make the UQ analysis very demanding and
it should be tackled by successive steps. With this goal in
mind, we have decided to focus here on the UQ analysis of
the electrophysiologyof the left ventricle (LV), which is of para-
mount importance since the LV is the heart chamber with the
thicker muscular myocardium that pumps oxygenated blood
to the global body circulation and, as a consequence, becomes
diseased more frequently with important practical and clinical
implications. Furthermore, simulating LV electrophysiology
allows the consideration of the relevant electrophysiology
features such as the fibre orientations, the velocity of the
electrical conduction over the myocardium, the variability in
chamber geometry and the properties of the cellular model.
Although we mainly consider here QoIs relative to wavefront
propagation in a healthy ventricle that could have been inves-
tigated with a simplified and computationally cheaper
propagation model (e.g. eikonal or cable models), a bidomain
approach has been adopted so that the present analysis can
be extended to the case of cardiac pacing, defibrillation and
arrhythmia using the same UQ methodology.

In the preliminary phase of this UQ analysis, the prob-
ability distribution functions (PDFs) corresponding to the
uncertainty of these input parameters are determined. How-
ever, the main difficulty arises here as there are no data
available from the literature to estimate their PDFs of the cellu-
lar model input. For this reason, the UQ analysis has been
divided in two parts by studying separately the effect on LV
electrical activation (i) of the geometrical chamber parameters
and of the electrical conductivities, whose uncertainty could
be estimated by experimental measures reported in the litera-
ture, and (ii) of the cellular model inputs, whose PDFs are
unknown.
Specifically, in §3, a global sensitivity analysis [26] of the
effects of the ventricular geometry and of the electrical con-
ductivities on the myocardium depolarization is carried
out. In this analysis, the uncertain geometrical and electrical
input parameters of the model are identified and their
PDFs are estimated from available data from the literature.
The sensitivity analysis is carried out using both a direct
approach (QMC sampling to compute Sobol’ indices using
Saltelli’s algorithm) and a metamodel one (adaptive poly-
nomial chaos expansion, PCE), which has also been used to
run a forward sensitivity analysis to produce the PDFs of
the QoIs. Owing to the great computational advantage
of using a smaller dataset than direct strategies, the PCE is
becoming a common tool in electrophysiological UQ [27,28]
and can be applied to estimate the effect of uncertainty on
different QoIs (such as steady-state activation/inactivation
and current density in ionic channel models [28]), or to
speed up the computation eikonal models using a Bayesian
multifidelity approach by integrating the electrophysiology
solver with a metamodel to achieve near real-time UQ
analyses [29].

The second analysis reported in §4, aims to understand
the role of the input parameters of the ten Tusscher–Panfilov
cellular model [30] governing the electrical current in
the ionic channels of the myocytes on the action potential
profile as well as on the ventricular electrical activation.
The effect of the input electrical conductivities and ions
concentration is rationalized through a local sensitivity
analysis (as defined in [31,32]) using a metamodel technique
based on an adaptive sparse PCE. This analysis identifies the
most relevant input quantities of the cellular model, thus
allowing for a significative model reduction of the uncertain
input parameter space and suggesting a control strategy to
adapt the cellular model to pathological cases. Conclusions
and perspectives for future works are then given in §5.
2. Problem configuration and numerical method
The electrophysiology model and the numerical method used
in this study are thoroughly described in [18] and, therefore,
only the main features are summarized here. The bidomain
equations governing the depolarization of the ventricular
myocardium read

x Cm
@v
@t

þ Iion(v, s)þ Is

� �
¼r� (Mintrv)þr� (Mintrvext),

0¼r� (Mintrvþ (MintþMext)rvext),

@s
@t

¼F(v, s), (2:1)

where v and vext are the unknown transmembrane and
extracellular potential (expressed in mV) while the surface-
to-volume ratio of cells, χ = 1400 cm−1 along with the
membrane capacitance Cm = 1 μF cm−2 are set as in [33]. The
symbols r† and r � † indicate the gradient and divergence
operators, respectively, whereas @†=@t indicates the partial
derivative with respect to time. Mint and Mext are the
conductivity tensors of the intracellular and extracellular
media that depend on the local fibre orientation with a
faster propagation velocity along the fibre direction than in
the normal ones. These tensors are diagonal when expressed
in the local coordinates (i.e. fibre, sheet and sheet-normal
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Figure 2. Snapshots of the transmembrane potential as a function of time showing the left ventricle depolarization. Top row: perspective side view. Bottom row:
view from the ventricle apex.
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directions)

M�
ext ¼

Mk
ext 0 0

0 M?
ext 0

0 0 M�
ext

2
64

3
75 and

M�
int ¼

Mk
int 0 0

0 M?
int 0

0 0 M�
int

2
64

3
75, (2:2)

and the corresponding global conductivity tensors are given
by Mext ¼ AM�

extA
T and Mint ¼ AM�

intAT, where A is the
rotation matrix containing column–wise the components of
fibre, sheet and sheet-normal unit vectors and AT is its trans-
pose [11]. The last of equations (2.1) indicates a cellular model
governing the transmembrane ionic currents along with ionic
concentrations and ion channel kinetics. The state vector s
couples the cellular model with the bidomain equations
through the ionic current per unit cell membrane Iion
(measured in μA cm−2). Among the several models that exist
to represent the cellular-scale dynamics in the bidomain
equations, the ten Tusscher–Panfilov cellular model is used,
which is seen to correctly reproduce the action potential
within ventricular myocytes with physiological detail [30].
The model includes all the major ion channels as well as intra-
cellular calcium dynamics and it consists of a nonlinear system
of 19 ODEs, which are not reported here for the sake of brevity
and that are indicated in compact form in the last equation of
the system (2.1). Hence, the ionic current, Is corresponds
to the electrical stimulus applied at the bundle of His initiating
the electrical propagation and triggering the ventricular
depolarization.

The set of equations (2.1) are discretized on a triangular
mesh with Lagrangian finite elements using the electrophysi-
ology library cbcbeat [34], based on the FEniCS FEM library
[35,36], which provides an efficient framework to solve electro-
physiology models over arbitrary computational domains (see
also [18] where further verification and validation tests are
reported). The bidomain equations are marched in time
through a second-order Strang splitting method where a step
accounting only for the ionic and the external currents and
another one involving only the right-hand side of equation
(2.2) are solved sequentially [11]. A Rush–Larsen scheme for
the ODEs of the cellular model is combined with a θ = 1/2
second-order Crank–Nicholson scheme for the integration of
the PDE step. The resulting average CPU time cost to solve a
complete depolarization/repolarization cycle of the ventricle
on a grid of 4311 cells (corresponding to 45 885 degrees of free-
dom including those of the cellular model) and using a time
step of dt = 10−2 ms is 50 CPU-minutes (defined as the time it
takes to run the program on a 1 GHz reference processor).
The computational resources used for the analysis comprise
an Intel Xeon Processor with 16 cores (E5-2620 v3—15M
Cache, 2.40GHz) that run the same number of simulations sim-
ultaneously. Figure 2 shows the electrical activation of the LVat
several instants within a heart beat. Initially, all the cells are
relaxed with a negative transmembrane potential of about
−85 mV and, at a given initial time, an electrical impulse origi-
nated at the His bundle propagates in the ventricular muscle
causing the cells to locally change the transmembrane poten-
tial. As a consequence, a rapid flux of positive ions through
the cell membrane occurs, and the transmembrane potential
increases to positive values, as visible from the isocontours of
the transmembrane potential reported in figure 2a. This local
depolarization results in a propagating wavefront that travels
across the myocardium (see figure 2b and c activating the
whole ventricle as visible in figure 2d. As a remark, themyocar-
dium is simplified by considering it as a uniform two-
dimensional conductive medium and the bidomain equations
are formulated as surface PDEswith anisotropy present only in
the tangent plane. Although this approach ignores the trans-
mural anistropy and corresponds to an overestimation of the
transmural speed of depolarization, the surface bidomain
model is seen to provide the correct depolarization timings of
the ventricles as also observed for the atria in previous works
[37,38]. The lack of the fast conductivity fibres has been
accounted by scaling the electrical conductivities by a fixed
parameter (equal to 4.99, which has been obtain through an
optimization procedure based on Brent’s method) so that the
computational model reproduces the benchmark timings of
ventricular depolarization [1]. The resulting time evolution of
the transmembrane potential for one representative point
was reported in figure 1b together with the intracellular cal-
cium profile triggering muscular contraction. In particular,
when the cell is excited by an electrical stimulus over a
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threshold potential (of about −70 mV), ionic channels at the
membrane open and close in a coordinated manner causing
the transmembrane potential to rise from its resting negative
value to positive values of about 40 mV. This cell depolariz-
ation phenomenon is very fast (≈2 ms) and is followed by a
spike (phase 1) and a relatively long plateau (or dome, phase
2) lasting about 200–300ms, which ends with repolarization
(phase 3) to the rest potential (phase 4).

The electrical stimulus initiating the ventricular depolar-
ization is given by Is ¼ ~Ise�kx�x0k2=s2

Is where the current
amplitude is equal to ~Is ¼ 25mAcm�2 if the simulation time
within a heart beat is less than the temporal duration of
the stimulus (5 ms) and null otherwise. The parameter
s2
Is ¼ 0:5 cm2 concentrates the stimulus around the position

x0 so that the stimulus is only active in the spatial locations
x close to it. The centre of the electrical stimulus, x0 is thus
placed at the bundle of His position, see figure 4a, where
the electrical impulses from the atria are transmitted to
the ventricles and which also corresponds to the location
where the pacemaker are often implanted (the so-called
His-bundle pacing [39]).
3. UQ analysis 1: sensitivity of the electrical
activation of the left ventricle on the chamber
geometry and electrical conductivities

In this analysis, we investigate the effect of LV geometry and
of the myocardial electrical conductivities on ventricular
depolarization.

3.1. Input parameters and their PDFs calibrations
The shape of the heart chambers as well as the electrical con-
ductivities are known to vary among individuals and we
consider here the effect of the following six input parameters
on the ventricular depolarization (figure 3): the long axis of
the ventricle L, the sphericity index SI defined as the short
to long axis ratio, the intracellular Mint (parallel and perpen-
dicular) and extracellular Mext (parallel and perpendicular)
conductivity tensor that depend on local fibre orientation
according to equation (2.2). However, before investigating
the sensitivity and the uncertainty of the model’s results,
the uncertainty PDFs of the input parameters have to be



Table 1. Input Gaussian distributions of the model parameter given as mean and standard deviation. For each parameter, the truncation bounds to avoid
unrealistic shapes and conductivities are also reported, whereas the truncation probability (i.e. the probability of the truncated tails) is reported in the last
column.

input parameters normal μ ± s.d. truncation bounds truncation probability

long axis (mm) 80 ± 9 [μ/1.3 = 61.53, μ × 1.3 = 104.00] 0.024

SI (sphericity index) 0.52 ± 0.06 [μ/1.3 = 0.400, μ × 1.3 = 0.676] 0.027

Mk
int ðmS mm�1Þ 0.268 ± 0.081 [μ/5 = 0.134, μ × 5 = 0.536] 0.0496

M?
int ðmS mm�1Þ 0.031 ± 0.0168 [μ/5 = 0.0062, μ × 5 = 0.155] 0.070

Mk
ext ðmS mm�1Þ 0.292 ± 0.194 [μ/5 = 0.058, μ × 5 = 1.46] 0.1145

M?
ext ðmS mm�1Þ 0.141 ± 0.0687 [μ/5 = 0.028, μ × 5 = 0.705] 0.050

Table 2. Available data from the literature on human electrical conductivities.

conductivity (mS mm−1) Clerc [43] Robert et al. [44] Robert & Scher [45] Roth [46] Roth [47]

Mk
int 0.17 0.28 0.34 0.35 0.2

M?
int, M

�
int 0.019 0.026 0.06 0.03 0.02

Mk
ext 0.62 0.22 0.12 0.30 0.2

M?
ext, M

�
ext 0.24 0.13 0.08 0.18 0.08
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known. In [40], the ventricular end diastolic long and short
axes (defined as the distance from the apex to the mid-
point of the mitral valve and as the length of the segment
that perpendicularly intersects the mid-point of the long
axis) have been measured using transthoracic endocardiogra-
phy for a group of 26 men and 26 women with a mean age of
43 ± 14 years for a total of 52 healthy subjects. The resulting
distributions of L and SI were observed to follow the
normal distributions reported in table 1, which are used
here to define the uncertainty PDF of these input parameters
of the electrophysiology model.

On the other hand, fewer data on the electrical properties
of human myocardium exist owing to the difficulty to
measure these quantities in vivo and they are insufficient to
accurately estimate a PDF for the uncertain conductivities
(Mk

int, M
?
int, M

k
ext, M

?
ext). A possible UQ strategy that is

adopted when data on the input parameters are missing,
consists of estimating an initial PDF using the few data avail-
able and then refine it through a Bayesian inverse calibration
[41]. Also this method, however, relies on an iterative mini-
mization method based on well–known experimental
observables, which are usually lacking in the electrophysi-
ology of the human heart. Nevertheless, more biological
data on the intracellular and extracellular conductivities
have been acquired in the case of animal myocardium in
terms of the first two statistical moments, i.e. mean and var-
iance [42]. Although the mean values and the standard
deviations of the PDFs can vary among different mamma-
lians, we assume human electrical conductivities to be
Gaussian distributed and use the few data available from
the literature (reported in table 2) to fit these PDFs. In parti-
cular, according to the Kolmogorov–Smirnov test [48] the
uncertainty of the intracellular and extracellular conduc-
tivities corresponds to the normal distributions reported in
table 1 (all the p-values are greater than 0.5). Furthermore,
in order to avoid unphysical ventricular shapes and
conductivity values, the PDFs of the input parameters have
been truncated (table 1) according to the following method.
Given a random variable X with PDF f (X ) and CDF (cumu-
lative distribution function) F(X ), the PDF support is reduced
to the range [a, b] by calculating the conditional distribution
g(x) :¼ f(xja � X � b) ¼ 1[a,b]f(X)=(F(b)� F(a)) where 1[a,b] is
the indicator function and g(X ) is the truncated PDF. In the
case, f(x) is the PDF a Gaussian distribution N (m, s), the cor-
responding truncated distribution is given by the analytical
formula g(x, μ, σ, a, b) = I[a,b] (1/σ)(ϕ((x− μ)/σ))/(Φ((b− μ)/
σ)−Φ((a− μ)/σ)), where ϕ and Φ are the PDF and CDF of
the normal distribution N (0, 1). Adding a truncation bound
to the input distributions is important in order to avoid
unphysical configurations in the dataset, which could yield
numerical instabilities while its effect on the UQ analysis is
expected to be negligible as the Sobol’ indices are integral
quantities that are not sensitive to few tail elements.

Although other types of distributions with bounded
support could be considered to fit the discrete distribution
of the experimental data available, such as the von Mises or
the beta distributions, we have used a truncated Gaussian
because it corresponds to the least informative setting as it
maximizes the entropy for a fixed mean and variance, with
the random variate constrained to be in the interval [49].
Additionally, truncated Gaussians could also account for
asymmetries in the PDF shape.
3.2. QoIs
At this stage, the QoIs of the problem are identified by trans-
lating clinically relevant quantities measured in vivo into
outputs of the computational model. The QoIs investigated
in this analysis are the depolarization time of the LV (DT here-
after, that is expected to be correlated to the conduction
velocity) and the depolarization uniformity (DU), which are rel-
evant for the patient’s health because they are known to be
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Figure 5. Scatter plots of the ventricular depolarization (a) time and (b) uniformity against the six input variables computed using the 2500 independent samples
of the 20 000 Saltelli’s dataset.

Table 3. Pearson and Spearman coefficients for both time and uniformity
computed employing the 2500 independent samples of the 20 000 Saltelli’s
dataset.

Pearson Spearman

input
parameter time uniformity time uniformity

long axis 0.57 0.50 0.60 0.60

(SI) sphericity

index

0.44 0.39 0.46 0.48

Mk
int −0.33 −0.29 −0.35 −0.35

M?
int −0.24 −0.20 −0.26 −0.24

Mk
ext −0.35 −0.31 0.34 −0.33

M?
ext −0.22 −0.20 −0.22 −0.22
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associated with the efficiency of the ventricular pumping
during systole [1]. Indeed, only a physiological DT and DU
determine a timely and almost simultaneous contraction of
the muscular fibres of the myocardium, which is needed to
effectively propel oxygenated blood from the LV towards
the aorta during systole [18]. Given the activation map ta(x)
of the ventricle, which stores the first activation time at
each point x (computed when the transmembrane potential
overcomes a threshold of 0 mV, see figure 4), the DT of the
ventricular myocardium is defined as

depolarization time ¼ max{ta(x)}, (3:1)

and the DU reads

depolarization uniformity ¼ std{ta(x)}, (3:2)

with both quantities measured in milliseconds and the oper-
ators max and std indicating the maximum and the standard
deviation of their argument. Note that according to equation
(3.2) a higher (lower) value of the second QoI corresponds to
a less (more) uniform and synchronized ventricular depolar-
ization. In particular, a non-null value of the time uniformity
is expected since a value close to zero would mean an
instantaneous depolarization through the whole ventricular
myocardium that is unrealistic since a time lag of few millise-
conds is known to occur between the activation of septal and
apical myocytes.
3.3. Model reduction through sensitivity analysis
In this section, we aim to understand how sensitive the QoIs
introduced above are on the model input parameters and
detecting the most relevant ones. The dimension of the
input parameter space will be then reduced through a
variance-based analysis [50] using the first and total-order
Sobol’ indices as sensitivity indices [51]. The choice to use
Sobol’ indices is determined by the fact that the scatter
plots in figure 5 do not exhibit a clear linear nor monotonic
relation between the input and the QoIs, as also revealed
by the low values of Pearson and Spearman coefficients
[52] reported in table 3. Nevertheless, we anticipate that the
Spearman coefficients will be a good predictor for the
Sobol’ indices ranking.
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Given the computational cost of the electrophysiology
model and the available computational resources, the number
of possible model evaluations is more than what typically
used to train a metamodel (dataset of the order of tens of
samples), but anyway smaller than what would be needed for
a direct strategy (dataset made by tens of thousands of
samples). Therefore, we have decided to build a training and
a testing dataset of a few hundred samples and train/test not
one but a family of metamodels by varying the polynomial
degree (ranging from 1 to 16), by using two different enumer-
ation rules (linear and hyperbolic) and by adopting two
different selection strategies (fixed and sequential). All the
resulting 16 × 2 × 2 = 64 metamodels are trained and validated
against the corresponding dataset. The optimal one is selected
among the family according to the method detailed below
and sketched in figure 6. A different metamodel is obtained
for each of the QoIs so that the trained metamodels are not
only surrogate models of the initial complex electrophysiology
system but, more importantly, are UQ tools for computing the
corresponding global sensitivity indices needed to design a
model reduction strategy. Furthermore, the computational
cost of training another metamodel for a different QoI is negli-
gible compared to the cost of building the dataset itself (see
appendix A) and the UQ procedure allows for quick training
of another metamodel in the case different QoIs are defined
(in the order of a minute CPU time).

The first step is to produce a training dataset of 400
samples using a quasi-Monte Carlo (QMC) method (Sobol’
sequence) so as to maximize the information contained and
avoid samples clustering within the dataset [53]. The Sobol’
sequence is used to generate the corresponding low discre-
pancy sequence of the samples [54]. The QMC has, indeed,
a faster converge rate for a low number of parameters,
O log (N)s

N

� �
where s is the input dimension, compared to the

standard MC, O 1ffiffiffi
N

p
� �

, [55]. Consequently, another 100
samples dataset independent of the training set is produced
using a pure MC strategy, which will be used as a validation
dataset. The cost of producing the whole dataset for the
metamodel approach is approximately 17 CPU-days, where
one CPU-day is defined as 1 day of computation done on a
1GHz reference processor.

Since truncated Gaussian distributions, as those used
to model the input parameters, do not allow for analytical
orthogonal polynomials with the respect to the normweighted
by the input PDFs, a family of orthogonal polynomials is pro-
duced numerically through the three terms recurrence [56].
It should be noted that, although the data from the literature
allow estimation of the uncertainty PDFs of the input para-
meters, their statistical dependence/independence can not be
determined. Hence, the input parameters are treated here
as statistically independent and the multidimensional basis
for the input space is then given by the product of the
mono-dimensional basis of each input parameter. Given a
computational model G :DX , Rd ! R, suppose that the
uncertainty in the input parameters is modelled by a random
vector X with prescribed joint probability density function
fX(x) [57]. The resulting quantity of interest Y =G(X ) is
obtained by propagating the uncertainty on X through G
and, assuming that the input variables are statistically indepen-
dent, the joint PDF is the product of the d marginal
distributions fX(x) ¼

Qd
i¼1 fXi (xi) for each DXi . For each single

variable Xi and any two functions f1, f2 :DXi ! R, we can
define the inner product as hf1, f2i :¼

Ð
DXi

f1(x)f2(x)fXi (x) dx
and use it to define an orthonormal family of polynomials
{P(i)

k , k [ N}. This set of univariate orthonormal polyno-
mials can be used to define a family of multivariate ones.
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In fact, given a multi-index a ¼ (a1, . . . , ad), ai [ N, the
associated multivariate polynomial can be defined as
Ca(x) :¼

Qd
i¼1 P

(i)
ai
(xi). The set of all multivariate polynomials

in the input random vector X forms a basis of the Hilbert
space [58], in which Y =G(X ) is given by the so-called
polynomial chaos expansion

Y ¼
X
a[Nd

yaCa(X): (3:3)

This infinite series has to be truncated in order to get a finite one
approximating Y =G(X ) and different truncation strategies are
possible depending (i) on how to enumerate the element of the
multivariate basis and (ii) on howmany terms of the basis have
to be retained. We can define the standard, or linear enumer-
ation strategy, based on the standard total degree of a
multivariate polynomial Ca, defined as kCak :¼ Pd

i¼1 ai, that
is the lexicographical order with a constraint of increasing
total degree (e.g. for a two-dimensional multi-index (0,
0) < (0, 1) < (1, 0) < (2, 0) < (1, 1,) < · · ·).

However, the use of a standard enumeration is usually
deprecated for biological applications because it yields over-
sized family of high-order interactions coefficients that are
not observed in such cases [59]. A polynomial expansion
coefficient is called a high-order interaction term when it is
associated with a polynomial with high degree in more
than one variable [60]. As physical phenomena are typically
described by low-order interactions, an enumeration rule
favouring low-order interactions rather than high-order
ones is generally preferred [61]. With this motivation, as
an alternative to the linear enumeration we have used a
q-hyperbolic strategy that is based on the definition of a
semi-norm characterizing each coefficient of the polynomial:
given a real number q∈ (0, 1), the q-hyperbolic quasi-norm of
a multi-index α is defined as kakq ¼

Pd
i¼1 a

q
i

� �1
q
and the space

of the coefficients is explored (i.e. numerated) by increasing
the value of the norm and selecting all the coefficients with
a multi-index lower than the one selected. Smaller q yields
a sharper hyperbolic selection and less high-order inter-
actions (in terms of high degrees mixed coefficients of the
PCE) for a fixed p.

Furthermore, two selection strategies have been selected:
a fixed strategy where the total degree p is fixed and all the
coefficients with norms (depending on the enumeration strat-
egy) smaller or equal to p are retained, and the sequential
strategy [61] that selects the most relevant coefficients in
such a way to maximize the number of null coefficients.

For each metamodel corresponding to a different poly-
nomial degree, truncation strategy and enumeration rule, the
training dataset is used to evaluate its coefficients. The stan-
dard approach is to use high-order Gaussian quadrature
rules providing the higher accuracy for a given number of
samples [62], but this most accurate strategy has the drawback
that the computational model has to be evaluated at the Gaus-
sian integration points that depend on the accuracy of the
integration formula. Moreover, in the case that the metamodel
needs to be refined, the previous simulations can not be used
and another dataset has to be produced from scratch. In order
to circumvent these issues, the metamodel is fitted in a more
flexible way using a least-squares error minimization of the
coefficients [63] using the training dataset (400 samples).

In summary, we used a truncated PCE to approximate the
model response. Firstly, a certain polynomial degree family
(ranging from 1 to 16) is chosen, then the PCEs are truncated
by using two different enumeration strategies alternatively
(linear and q-hyperbolic). Lastly, only a subset of the terms
of each polynomial is retained according to the fixed or
sequential truncation strategy for a total of 16 × 2 × 2 = 64
possible metamodels that are trained on the given training
dataset by minimizing the least-squares error. It should be
noted that a linear enumeration coupled with a fixed trunca-
tion rule corresponds to a dimension of the basis with
cardinality dþ p

p

� �
, with p the polynomial degree and d the

size of the input space [57].
Given this family of metamodels, the best one in terms of

database fitting is then selected as follows. The risk of
under/overfitting of the metamodels is assessed through a
validation strategy commonly used in regression analysis,
which is based on the coefficients R2 and Q2 [64]. The dataset
is split into a training set that is used to calculate the index
R2 measuring the underfitting, and a validation set used to
compute the index Q2 measuring the overfitting. Given the
training (testing) dataset of size n, described by the couples
(xi, yi)

n
i¼1 (where yi is one of the QoIs corresponding to the set

of input xi) and the prediction of the metamodel f for
the same input dataset (xi, ŷi :¼ f(xi))

n
i¼1, the coefficient of

determination is defined as R2 (Q2) := 1− (SSr/SSt) where
SSr :¼

Pn
i¼1ðyi � ŷiÞ2 is the residual sum square normalized

for the total sum of squares SSt :¼
Pn

i¼1 (yi � y)2 with
y ¼ 1

n

Pn
i¼1 yi. The R2 index is used in regression analysis to

evaluate the goodness of the fit on the training dataset and a
value close to 1means that themetamodel correctly reproduces
the variability within the training dataset whereas a lower R2

index is a typical symptom of underfitting. On the other
hand, a lowQ2 and highR2 would correspond to an overfitting
condition [64]. Importantly, the R2 index does not measure the
behaviour of themetamodel outside the training set and PCE is
typically used in UQ analyses with few samples where all
samples are used in the training set so as to avoid poor meta-
modelling [65]. As a consequence, the prediction error of the
metamodel is typically evaluated through a leave-one-out
cross-validation [66] that, however, does not provide such a
consistentmeasure of the overfitting as done by theR2−Q2 cri-
terion used here [65]. The latter criterion, indeed, quantifies
both the under- and overfittingwith a large difference between
R2≈ 1 andQ2≪ 1 implying that themetamodel has been over-
adapted to the training dataset (overfitting) [67]. Hence, the
optimal metamodel is chosen as the one minimizing the differ-
ence between these two coefficients, min||R2−Q2|| with the
constraint that both parameters have to be larger than
a ¼ 95%, see figure 7a and b for the two QoIs of the first analy-
sis. In the case none of the trained metamodels satisfies R2 > α,
it implies that the polynomial family is not able towell approxi-
mate the training set (underfitting) and othermetamodels with
a higher number of coefficients should be trained. Conversely,
ifQ2 < α for everymetamodel it means that the validation set is
poorly reproduced and the size of the training dataset has to be
increased by adding samples. Importantly, the least-squares
approximation of the PCE allows the dataset to be increased
at any time, whereas a projection-based PCE needs to rebuild
another dataset from scratch when a different size of the
dataset is needed [61].

It turns out that the metamodels built using a sequential
strategy are preferred to the ones corresponding to the fixed
one, unless the total degree of the polynomial is low and
the two selection strategies become equivalent selecting the
same coefficients (and providing the same values for them).
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In this last case, we indicate the optimal model as resulting
from a fixed strategy to stress that all the coefficients
have been selected. Hence, it turns out that the optimal meta-
model depends on the specific QoI: a sequential truncation
strategy with a total degree of 6 according to a hyperbolic
enumeration (q = 0.4) is found for the ventricular DT with
R2 = 0.9769 and Q2 = 0.97502, whereas a fixed strategy with
total degree 3 and hyperbolic enumeration (q = 0.4) is the
selected metamodel for the DU with R2 = 0.987, Q2 = 0.979.
The corresponding fitting graph validating the optimal
metamodel against the full electrophysiology model for the
training (green dots) and test (red dots) datasets is reported
in figure 8 for DT (a) and DU (b).

The metamodels can now be exploited to evaluate the
sensitivity of the variance (Sobol’ indices) of the QoIs to the
input variables. Figure 9a indicates that the shape parameters
L and SI influence over 60% of the Sobol’ indices of the ven-
tricular DT, whereas the perpendicular conductivities of the
fibres have a cumulative influence of less than 15%. Note
that as the ventricular shape parameters can be easily
measured in vivo, this is not the case for the electrical conduc-
tivities that are hardly measurable with common scanning
techniques and relying on the results of the sensitivity analy-
sis, the system can be reduced by fixing the two less relevant
inputs (i.e. the intracellular and extracellular perpendicular
conductivities) to their nominal values, thus decreasing the
size of the input parameter space from 6 to 4. The same
model reduction also applies to the ventricular DU,which exhi-
bits a similar hierarchy of Sobol’ indices in figure 9b and
depends on the DT according to a linear law (Spearman coeffi-
cient of 0.998 and a Pearson coefficient of 0.992). We refer to
appendix A for a convergence analysis of the Sobol’ indices
with respect to the size of the training dataset of themetamodel.

Before moving to the forward UQ analysis, a direct
sampling approach, similar to the one proposed in [28], is
used to validate the adaptive metamodel strategy. To this
aim, a dataset (larger and independent of the 400 + 100
samples used for the metamodel approach) is built according
to Saltelli’s method [68,69] to compute the Sobol’ indices
(first and total order) using a pure MC sampling strategy
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Table 4. Statistical moments of the two QoIs according to the forward UQ
analysis using the direct QMC sampling strategy (20 000 samples) on the
reduced model.

depolarization
time

depolarization
uniformity

mean 94.178 ms 22.90 ms

mean 95% confidence

interval

[93.85, 94.51] ms [22.82, 22.98] ms

standard deviation 23.86 ms 6.10 ms

skewness 1.14 1.01

kurtosis 5.28 5.04
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[70]. The size of the dataset Nds = 20 000 (instead of the 10 000
proposed in [28]) is chosen accordingly with the Saltelli size
Nds =N · (d + 2), where d is the number of parameters and N
the number of independent entry, here d = 6 and N = 2500.
This dataset requires a total of about 691 CPU-days to be pro-
duced. It should be remarked that the computational cost to
produce the training + test dataset for the metamodel is about
2:5% of that needed for a direct strategy, while the cost to
train the metamodel itself using the given methodology
is of the order of 1 CPU-hour, therefore negligible compa-
red to the dataset production. Figure 9 reports first- and
total-order Sobol’ indices obtained by the direct sampling
technique superimposed to the ones evaluated by the meta-
model. The comparison between the metamodel (trained on
a 400+100 samples) and the direct validation strategy (calcu-
lated on 20 000 samples) shows as the metamodel predicts
both the ranking of the first-order indices and their magni-
tude with a good accuracy (exception made for Mk

e for
which the metamodel tends to underestimate the index).
As expected, the direct approach appears to be less accurate
on the total order, on which the confidence intervals are
large (in particular for the DU) but, also in this case, the
metamodel correctly identifies the relative order and
approximates the indices well. On the other hand, the smaller
confidence interval for the importance measures obtained
from the asymptotic distribution of the Saltelli statistic, is a
good indicator of the convergence of the algorithm. This
comparison should be considered, we recall, only as a further
check of the accuracy of the metamodels, as satisfying the
R2−Q2 criterion a sufficient validation. As a remark, the
agreement between the two UQ techniques can probably be
ascribed to the low-order nonlinearity of the problem that
can be readily sampled by a small dataset.
3.4. Forward analysis
Once the sensitivity analysis has been performed, we can turn to
the statistical characterization of the QoIs and evaluate their PDF
using a direct UQ strategy. The sampling strategy is the QMC
with Sobol’s low discrepancy sequence (as detailed in the pre-
vious section) with a dataset made by 20 000 samples (≈691
CPU-days to be produced). Note that a direct strategy is the
most robust method to evaluate the QoIs PDFs but, when this is
not affordable owing to the large computational cost, the trained
and validated metamodel is also used to produce the PDF
best-fitting the data of the training set (see the analysis 2 in §4).

The computed stochastic moments are reported in table 4
showing for both QoIs a similar distribution shapes (also
according to the skewness and the kurtosis) and a narrow
95% confidence interval on the mean. The corresponding
PDFs of the QoIs are shown in figure 10a,b as histograms
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(using Sylvester’s rule for bandwidth [71]) with superimposed
approximated lognormal distribution. The PDFof the ventricu-
lar DT in figure 10a can be read in light of the medical
knowledge about the ventricular DT that is measured in vivo
via ECG by monitoring the QRS complex (see figure 1c) and
is considered normal as its value does not exceed 100ms [1].
The UQ analysis predicts that, for input data corresponding
to a healthy subject, the event of a normal DT happens with
a probability of 65:8%, whereas a DT between 100 and 130
ms that is considered intermediate or slightly prolonged has
a probability of 26:2%. Furthermore, a pathological DT
longer than 130ms has an 8% probability of occurring. Vice
versa the probability of obtaining a DT shorter than 40ms is
lower than 10−6 because it is limited by the maximum speed
of the electrical front propagation within the myocardium.
The lognormal shape of the PDF for DT is probably related
to the nonlinear relationship between the electrical
conductivities and the conduction velocity and it was also
obtained by Quaglino et al. [29] for the atrial myocardium
by randomly perturbing both fibre orientation and local
conductivities using a Bayesian multifidelity approach.

Owing to the quasi-linear relation between the two QoIs,
the PDF of the DU (figure 10b) has a similar shape to that of
the DT with a mean value of 6.10ms. For this PDF, the prob-
ability of a variation of ±10 ms with respect the mean value is
equal to 8:1%, whereas it is very rare to observe a halving or
doubling of the uniformity (still respect to its mean value)
corresponding to a probability of 0:72%. This last result has
important medical implications since a larger value of this
QoI (as defined in (3.2)) corresponds to a less uniform ventri-
cular depolarization and, as a consequence, a less effective
blood ejection into the aorta during systole.
4. UQ analysis 2: sensitivity of the electrical
activation of the left ventricle on the
cellular model parameters

We now turn to investigate the UQ properties of the cellu-
lar model that determines the ionic current through the
membrane channels and which is coupled with the governing
equations via the term Iion in equations (2.1). With this analy-
sis, we aim to investigate not only the sensitivity of the
ventricular depolarization but also of the action potential
profile on the input parameters of the ten Tusscher–Panfilov
cellular model [30] and determine which of them are the most
relevant. The ten Tusscher–Panfilov model, indeed, has been
seen to well reproduce the kinematics of the ions and the
corresponding action potential profile (see figure 1b), but its
input parameters are usually taken equal to their nominal
value by the user without exploring their sensitivity on the
electrophysiology results, which will be studied in this sec-
tion. Furthermore, we aim at understanding what
parameters have to be varied in order to specialize the
ten Tusscher–Panfilov equations to reproduce the action
potential profile in pathological conditions or to model the
myocardial depolarization in the heart chambers other than
the LV (i.e. the atria and the right ventricle).

As recalled from introduction, this UQ analysis has been
run separately with respect to the former (see §3) due to the
lack of knowledge about the PDFs of the input parameters of
the cellular model, which does not allow appropriate global
sensitivity analysis to be performed [32]. Investigating simul-
taneously all the inputs would have polluted the resulting
PDFs of the QoIs and, for this reason, two separated UQ ana-
lyses are considered rather than a single one on a larger input
parameter space grouping the cellular model parameters
with the geometrical and electrical input parameters. In this
analysis, hence, the input parameters PDF are unknown
and the UQ methodology is exploited to obtain more insight
into the cellular model.

A possible approach to deal with input parameters with
unknown uncertainty, would be to run a one-at-a-time sensi-
tivity (OAT) analysis where each parameter p is varied
around its mean μ within a range ±αμ in order to measure
the sensitivity index f [m(1þa)]

f[m(1�a)]. The OAT analysis, however,
has the main drawback that interactions among parameters
would be neglected owing to the local variation of the par-
ameters about their nominal values [31]. This approach has
been extended here to run a semi-local analysis by varying
each parameter uniformly across the entire range [μ(1− α),
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Table 5. List of the input parameter of the cellular model considered in
this analysis. Their nominal values are taken as in [30].

input
parameter definition nominal value

GK1 maximal IK1 conductance 5.405 nS pF−1

GKr maximal IKr conductance 0.153 nS pF−1

GKs maximal IKs conductance 0.392 nS pF−1

GNa maximal INa conductance 14.838 nS pF−1

GbNa maximal IbNa conductance 2.9 × 10−4 nS pF−1

GCaL maximal ICal conductance 3.983 × 10−5 nS pF−1

GbCa maximal IbCa conductance 5.92 × 10−4 nS pF−1

Gto epicardial Ito conductance 0.294 nS pF−1

GpCa maximal IpCa conductance 0.1238 nS pF−1

GpK maximal IpK conductance 0.0146 nS pF−1

Cao extracellular Ca concentration 2 mM

Nao extracellular Na concentration 140 mM

Ko extracellular K concentration 5.4 mM
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μ(1 + α)] and using the dataset produced to calculate the
Sobol’ indices, which consider the parameters interactions.
As this analysis is a generalization of the OAT sensitivity
measure, it is natural to vary the inputs uniformly around
their mean rather than using a tentative Gaussian distri-
bution, which could yield an ill-posed global sensitivity
analysis [52].
4.1. Input
The ten Tusscher–Panfilov cellular model represents the
cellular-scale dynamics in the monodomain and bidomain
equations and includes all the major ion channels as well
as intracellular calcium dynamics. The resulting system of
equations is made of 19 ODEs (not reported here for the
sake of brevity) that depend on 53 input parameters. Some
of these input quantities, however, are constants, such as
the gas and the Faraday constants, and some others are
well controlled and measurable, such as the temperature
and the surface to volume ratio of the cells. On the other
hand, some other parameters are difficult to measure both
in vivo and ex vivo and, despite significant variability
among individuals is expected to happen, no data from the
literature are available to estimate their PDFs. Therefore,
among the 53 input parameters of the ten Tusscher–Panfilov
cellular model, we focus here on the influence of the 10 con-
ductance and three concentrations values of the ions, which
are modelled as aleatory variables uniformly distributed in
a range of +30% around the nominal values reported in
table 5. This variation range of the input parameters is
larger than the one used in other parametric studies, where
the effect of more parameters but varying in a smaller
range was investigated [72].

4.2. QoIs
Along with the QoIs introduced in §3.2, i.e. the DT and DU,
two more QoIs related to the action potential profile are con-
sidered here. The first one is the action potential duration
(APD) defined as the time needed for a myocytes to return
to the resting state and be reactive to another electrical stimu-
lus. This quantity corresponds to the time interval occurring
between the fast depolarization and the end of the slow
repolarization of themyocytes (see figure 11a) and ismeasured
in the numerical model as the time lag between the instant at
which the cell reaches an active potential higher than −70 mV
and the one at which the signal decreases lower than −80 mV
(so as to avoid possible spurious depolarization signals trig-
gered by small perturbations). The APD is measured using a
fixed threshold instead of the APD90 (the time for 90% repolar-
ization from maximum voltage), because the latter is defined
using the action potential amplitude (APA), which is sensitive
to the variation of the input parameters and could yield
anomalous evaluation of the APD (see [72] and figure 16b–d ).

As sketched in figure 11b, the second additional QoI is the
shape similarity index, which measures the deviation of the
action potential, v(t), from the reference profile, vR(t),
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Table 6. Selected metamodels for evaluating the different QoIs of analysis 2.

total degree enumeration strategy truncation strategy R2 Q2

QoI1 ventricular depolarization time 3 hyperbolic (q = 0.4) fixed 0.995 0.995

QoI2 ventricular depolarization uniformity 10 hyperbolic (q = 0.4) sequential 0.999 0.999

QoI3 action potential duration 12 hyperbolic (q = 0.4) fixed 0.999 0.999

QoI4 action potential shape similarity index 7 hyperbolic (q = 0.4) fixed 0.998 0.995
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corresponding to the input parameters set to their nominal
values (as reported in table 5). This QoI is defined as the
maximum of the cross-correlation [73] between the action
potential profile and the reference one normalized by the
auto-correlation of v�R(t) (i.e. the cross correlation of the
reference profile with itself with time lag τ = 0):

shape similarity index (v(t))¼maxt
Ð
t v

�(t)v�R(tþ t)dtÐ
t v

�
R(t)v

�
R(t)dt

, (4:1)

where v*(t) = v*(t) + v0 and v�R(t) ¼ v�R(t)þ v0 are the action
potential profiles increasedby the restingpotential,v0 =−85 mV.
This definition of shape similarity index is commonly used in
signal analysis to identify the starting point of a signal, even
in the presence of noise [74]. Note that the formula (4.1)
generally provides a shape similarity index less than one if
v(t) differs from the reference vR(t) with the two functions
having a similar amplitude, whereas values greater than
one occur when v(t) has an amplitude larger than that of
vR(t).

In order to compute the APD and the shape similarity
index, we monitor the action potential at a sample node of
the mesh that has to be far enough from the input signal in
order to avoid an extra potential at the beginning of the electri-
cal stimulus [11]. Since in a dedicated preliminary analysis the
APD and the shape similarity index were seen to be
independent of the monitored myocardial location, without
loss of generality both QoIs are here evaluated at the apex of
the ventricle. These two additional QoIs investigated in this
second analysis were not considered in §3 as a preliminary
OAT investigation (not reported here for the sake of brevity)
revealed that they are weakly sensitive to the electrical
conductivities and to ventricular geometry.
4.3. Parametric study through sensitivity analysis
Owing to the large number of the input parameters, the QMC
has an asymptotic slower convergence rate than the standard
MC and about 104 samples are needed for the QMC to perform
better than the MC with 13 input variables. For both the
sampling methods, a direct strategy is not affordable in this
case and the metamodel strategy introduced in §3 is applied
by training the adaptive sparse PCE against a sample dataset
of 1800 numerical simulations built using a Latin hypercube.
An independent dataset of 200 samples is then created with a
pure MC strategy to test the trainedmetamodels. The adaptive
strategy described in §3 yields the metamodels reported in
table 6. The cost of producing the entire dataset for training
the metamodels is about 70 CPU-days, whereas the cost of a
direct approach similar to the one used in the previous section
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would be about 3.5 CPU-years (with a Saltelli dimension of
2500 × (13 + 2) = 37 500 samples).

The resulting scatter plots comparing the input variables
and the corresponding QoIs are reported in figure 12 for
some relevant cases: although, a clear input–QoIs correlation
is not visible in all panels, some monotonic trends can be
observed such as the maximal ICaL conductance, GCaL, influ-
encing the APD and the action potential shape similarity
index or the maximal INa conductance, GNa, and extracellular
K concentration, Ko, affecting the ventricular DT and DU.

This monotonic behaviour is confirmed by the Spearman
coefficients, which are good predictors for low order inter-
actions between inputs and outputs and are reported in
figure 13 for the four QoIs against each input parameter. It
can be noted that the DT and DU of the ventricle have a
monotonic dependence on the maximal IbNa conductance,
GbNa, and extracellular K concentration, Ko, whereas the
APD and the shape similarity index of the action potential
manifest a monotonic dependence on the maximal IKs and
ICal conductances along with the extracellular K con-
centration, GKs, GCaL and Ko, respectively. This preliminary
statistical test thus confirms the low order input–output inter-
actions that were suggested by the scatter plots in figure 12.
Nevertheless, higher-order interaction among variables may
be present as well and they need to be investigated before
reducing the input parameters space. To this aim, the
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importance measures and the Sobol’ indices of the 13 input
parameters of the cellular model are computed using the
trained metamodels for each QoI. Figure 14a shows that
only the maximal INa conductance, GNa, the extracellular
Na concentration, Nao and the extracellular K concentration,
Ko, influence the variance of the DT and DU, while these
two QoIs are almost insensitive to the remaining 10 par-
ameters, which have a total influence of less than 5% on the
variance. Both these QoIs manifest a similar hierarchy of
Sobol’ indices that can be rationalized by computing their
Pearson and Spearman coefficients that are both equal to
0.999. On the other hand, the importance measures and
Sobol’ indices of the other two QoIs (i.e. APD and shape
similarity index) in figure 14b indicate that the most influen-
tial input parameters are the maximal IKr, IKs and ICal
conductances (GKr , GKs and GCaL) along with the extracellular
Ca and Na concentration (Cao, Nao). Again, these two QoIs
share the same behaviour of Sobol’ indices with Pearson
and Spearman coefficients of 0.940 and 0.947, respectively.

For a complete model reduction, the whole set of four
QoIs must be taken into account noticing that six input par-
ameters have a weak influence on any QoIs (namely GK1,
GbNa, GbCa, Gto, GpCa, GpK and GKr ) and the number of
input variables can then be reduced from 13 to seven. A
further reduction can then be done if only certain QoIs are
chosen (e.g. the time and uniformity or shape and APD) as
suggested by the Sobol’ indices in figure 14.

In this analysis the difference between first order and total
order indices is very little (in the order of 10−3), which is in–
line with the choice of hyperbolic enumeration strategy that
neglects high terms interaction, and allows a substantial
reduction of the dimension of the samples needed to train
the PCE. Furthermore, this low interaction among the input
and the output variables permits the use of low order poly-
nomials to better approximate (with a least-squares error of
10−4) the QoI curves that are obtained by varying only one
input parameter at the time while fixing the others to their
nominal value, as shown in figure 15.

The sensitivity analysis carried out here thus provides the
functional dependence between a local perturbation of
the input parameter and the corresponding variation of the
QoIs. This result can be applied to predict how the input par-
ameters have to be set in such a way to reproduce action
potential profiles occurring in pathological conditions or in
the heart chambers other than the LV. For instance, Sobol’
indices suggest that the most effective parameters to increase
or decrease the APD are GCaL, GKs, Cao, Nao and, as an
example, these parameters have been varied in figure 16
showing how these values can be opportunely tuned to effec-
tively modify and adapt the shape of the action potential.
Vice versa a major modification of the other conductances
and ions concentrations that are found to be irrelevant
according to the sensitivity analysis do not yield a significant
variation of the action potential (not reported in the figure).
4.4. Forward analysis
Although the lack of knowledge of the input PDFs makes the
forward UQ not data based, the metamodels trained as in
the previous subsection are here used to carry out a forward
analysis by producing a large dataset (106 samples according
to a pure MC scheme) that is used to evaluate the QoIs uncer-
tainty. The computational cost of the forward analysis using a
trained metamodel is negligible once the training is complete
as the 20 000 metamodel evaluations needed for the UQ
analysis are only obtained in about 1 CPU-minute, rather
than 1.9 CPU-years as in the case of running the full compu-
tational model. The resulting PDFs are reported in figure 17
as histograms superimposed with the best-fitting distri-
butions (obtained using the Kernel smoothing method). It
results that varying the cellular model parameters within a
range of +30% over their nominal values does not produce
pathological DTs since the standard deviation of its PDF is
9.2 ms and the probabilities for a DT greater than 120ms or
smaller than 60ms are less than 10�2% and 10�10%, respect-
ively. Owing to the quasi-linear relation among the DT and
DU observed in §3.3, the distribution of the ventricular DU
is concentrated about its mean value with a standard devi-
ation equal to 2.31 ms and a probability of below 2:5% to
experience a DU shifted by more than 5ms from its mean.
Interestingly, the asymmetric distribution of the DT and DU
reported in figure 17a and b is due to the nonlinear influence
of the cellular model on the conduction velocity that has a
superlinear (sublinear) dependence on the electrical con-
ductivities for small (large) values of the electrical
conductivities themselves.

On the other hand, the APD exhibits a more symmetric
PDF (skewness 0.05) with a mean of 295.8ms and a standard
deviation equal to 23.4 ms (see figure 17c). The probability of
a APD 30ms larger than the mean value, corresponding to a
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longer inability of the muscular fibre to contract, is equal to
20.8%. Lastly, the PDF of the action potential similarity
index has an average of 0.98 and a standard deviation of
4 × 10−3 where, we recall, the unitary value corresponds to
the reference action potential shape. The asymmetric distri-
bution with a skewness of −0.58 and the absence of a right
tail means that the main effect on the action potential shape
is a modification with respect to the reference profile (yield-
ing indeed a cross-correlation less than one according to
the equation (4.1)), rather than a variation of its amplitude
corresponding to a shape similarity index greater than one.
l/rsif
J.R.Soc.Interface

17:20200532
5. Conclusion
In this work, the UQ analysis for an electrophysiology model
of the human LV has been performed. The first analysis is
focused on the effect of the ventricular geometry and electri-
cal conductivities (input parameters) on the effectiveness of
ventricular contraction during the systolic phase that is
known to be correlated with (i) the time needed to depolarize
the whole myocardium and (ii) the spatial uniformity of the
depolarization front (QoIs). The uncertain PDFs of the
shape parameters are taken from available data in the litera-
ture acquired with echocardiography, whereas the electrical
conductivities are known to be distributed as Gaussians for
mammalians and the few available measurements for
humans are used to calibrate Gaussian PDFs. Thereafter, a
sensitivity analysis has been carried out using an adaptive
strategy based on a training dataset (400 samples) produced
using a QMC strategy (with Sobol’ low discrepancy
sequence) and an independent test dataset (100 samples)
obtained using a pure MC strategy. A family of metamodels
(PCE based on orthogonal polynomials recovered using a
three terms recursion) has been built by using (i) two differ-
ent selection strategies of their coefficients (fixed or
sequential), (ii) two enumeration rules (linear or hyperbolic)
and varying (iii) the total maximum degree of the expansion
from 1 to 16. Each of the 64 resulting metamodels is trained
against the training dataset and the optimal one is selected
as the one minimizing the distance between the R2 index
(evaluated on the training dataset) and the Q2 index (evalu-
ated on the test dataset), with the constraint R2, Q2 . 95%.
The optimal metamodel is then used to compute the first
and total Sobol’ indices to determine the QoI sensitivities
on the input parameters. In order to validate the sensitivity
analysis, a direct brute force approach has also been applied
on an independent QMC dataset of 20 000 samples to pro-
duce Sobol’ indices using Saltelli’s algorithm that well agree
with the one obtained using the metamodelling approach.
PCE metamodels, indeed, are seen to fit several electrophysi-
ology models well and to provide sensitivity results in line
with direct strategy approaches but using smaller datasets
than the ones needed for a direct UQ analysis (see figure 9
for an example) [28]. This high prediction ability, combined
with the stability of electrophysiology models at small pertur-
bations, places PCE strategies among the gold standards
techniques for electrophysiological UQ [72].

The analysis reveals that ventricular depolarization is
very sensitive to the geometrical parameters (with an
influence greater than 60%), while the parallel and perpen-
dicular conductivities have a total influence of about 25%
and 15% respectively. This result thus suggests reducing the
model by neglecting the perpendicular conductivities and
decreasing the size of the input parameter space from six to
four. Interestingly, a strong linear correlation between the
DT and DU is observed (Pearson index 0.992 and Spearman
index 0.998) implying that the same model reduction applies
to both QoIs. The reduced model is then used to run a for-
ward analysis (QMC dataset with Sobol’ low discrepancy
sequence) and obtain the uncertainty PDFs that are seen
to be in-line with clinical observations exhibiting a non-
pathologic DT with a probability of 80%, whereas a slow
DT longer than 130ms has a probability of about 8%.
On the other hand, the probability of unphysically low DT
(i.e. less than 40 ms) is smaller than 10−6.

We then turned our attention to investigate the role of the
input parameters of the ten Tusscher–Panfilov cellular model
on the DT and DU of the LV along with two more QoIs
related to the active potential profile: the APD and the
shape similarity index (the latter defined with respect to the
reference case corresponding to the input parameters set to
their nominal values). This second analysis has been run sep-
arately from the first since no data from the literature are
available to estimate the input uncertainties, which have
been modelled as independent uniform distributions with
values ranging from 0.7 to 1.3 times the nominal value. In
this parametric study, a direct UQ strategy is unaffordable
owing to the large number of parameters involved (10 con-
ductances plus the three ion concentrations), and the
adaptive metamodel strategy used in the first analysis has
been adapted to this case to run a sensitivity analysis. The
resulting Sobol’ indices show that the DT and DU only
depend on the maximal INa conductance, GNa, extracellular
Na concentration, Nao, and extracellular K concentration,
K0, whereas the other 10 input parameters have a total influ-
ence of less than 5% on the variance. The action potential
QoIs (i.e. APD and shape similarity index) are sensitive to
the maximal conductances GCaL, GKs and GKr along with the
extracellular Ca and Na concentrations Nao and GKr , with a
total influence exceeding 95%. This result naturally suggests
a model reduction from 12 to five input variables, namely
GCaL, GKs , Cao, Nao and GKr .

A similar strategy for the model reduction was obtained by
Hurtado et al. [27] where a PCE approach based on the R2 vali-
dation index, similar to the one adopted in our analysis, is used.
Although these authors considered different cellular models
compared to ours (the Nash–Panfilov and the Rice models)
and a smaller dimension of the input parameters space (five
independent inputs, rather than 12 investigated here), the
same order of importance for the four common input par-
ameters on the APD is observed (namely GCaL, GKs , GKr and
GNa with a negligible effect of the latter one on the APD). Fur-
thermore, the sign of the APD sensitivity on each input
parameter reported inHurtado et al. corresponds to those com-
puted here using the Spearman’s indices (see figure 13). The
sensitivity analysis and the corresponding model reduction
relative to the APD is also confirmed by Pathmanathan and
Cordeiro [72,75], where a parametric study with normal
input distributions was carried out using a direct UQ approach
on several QoIs. Also in their work GK‘

, GKr and GCaL are the
relevant input parameters on the APD that, instead, is less
sensitive on GK1 , GNa and Gto.

On the other hand, if the whole set of four QoIs is conside-
red, six variables among 13 are seen to have a weak influence
on any QoI and they can be neglected with the aim of reducing
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the model’s complexity. Importantly, the difference between
first- and total-order indices is small (in the order of 10−3) thus
meaning that the cellular model inputs could be varied separ-
ately to modify the QoIs. This result has then been exploited
to successfully control theAPDof the cellularmodel byperturb-
ing the sensitive input parameters detected by the sensitivity
analysis. This analysis thus provides a deeper insight into the
effects of the input parameters on the action potential shape
and the sensitive input parameters can be used in future studies
to reproduce the transmembrane action potential heterogeneity
in the heart chambers and/or reproduce the action potential
profiles observed in pathological conditions.

A main limitation of this work, however, is that the elec-
trophysiology model solves for the LV as uncoupled from the
rest of the heart chambers by setting an initial electrical
stimulus at the location of the bundle of His, thus neglecting
the electrical depolarization of the atria that is initiated in the
SA-node. Furthermore, the electrical system of fast conduc-
tion of the heart including the highly conductive bundles
and the Purkinje network are also neglected and a more evo-
lute and accurate electrophysiology model is needed to
account for these limitations.

Nevertheless, this work represents a starting point to detect
the key input parameters influencing the electrical activation of
the ventricular myocardium, to quantify the uncertainty on the
depolarization pattern and to reduce the input parameter
space. This last aspect is of paramount importance when the
computational cost of the model is further increased as in the
case of multi-physics models for the heart where such an elec-
trophysiology model is coupled with the structural dynamics
of the myocardium (electro-mechanical interaction) and the
mechanical stresses influence the conductivity properties of
cardiac tissue through a generalized reaction–diffusion-mech-
anics model [76,77]. Such refined computational models
introduce additional input parameters and QoIs, thus calling
for further UQ analyses. Future UQ analyses could thus be car-
ried out by considering other relevant quantities to describe
critical features in the cardiac dynamics such as the electrical
conduction velocity or, in the case of electro-fluid–structure
interactions (FSEI [18]), fluid-dynamics QoIs such as recircula-
tion zones, flow patterns or the cardiac output. The size of the
input parameter space could also be increased by including the
uncertainty of the fibre orientation, of the specific membrane
capacitance Cm and of the surface-to-volume ratio of cells χ
as well as by considering different positions and patterns of
the stimulus Is. Indeed, at higher stimulation frequencies,
other ionic parameters can become relevant [78,79] and
ad hoc QoIs characterizing the action potential patterns can be
introduced [80].

As a final note, we wish to remark that the accuracy of the
UQ analyses proposed here as further development of this
work depend on the uncertainty PDFs of the input par-
ameters that need to be retrieved from real data through
dedicated in vitro and in vivo laboratory experiments.
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Appendix A. Convergence analyses
A.1. Convergence check of the electrophysiology model
The transmembrane potential averaged over the ventricular
domain as a function of time is shown in figure 18a. Each
solid curve corresponds to a different simulation of the bido-
main equations with the ten Tusscher–Panfilov model on a
different grid (with cells number varying from 2000 to
68 000), where the electrical conductivities are scaled by a
fixed parameter equal to 3.0 to account for the lack of fast con-
ductivity fibres (see §2). The resulting transient dynamics of the
average transmembrane potential evolves in a similar fashion to
a typical action potential profile with a steep depolarization
front and a smoother repolarization one occurring after about
300ms (figure 1b). Qualitative differences of this quantity are
visible when the number of cells is below 3000 cells, whereas
the results become insensitive on the grid resolution of over
50 000 cells. Such a resolution, however, would require a CPU
time exceeding 20 000 days to built a dataset as large as the
one used for the direct UQ analysis in §3 (20 000 samples),
thus calling for amassively parallel CPU infrastructure. Accord-
ing to dedicated numerical tests, the computational cost to solve
a single time step of the bidomain model is found to increase
linearly with the number of mesh cells and, at the same time,
the largest time step ensuring numerical stability is seen to
decrease about with the same scaling. As a result, the total com-
putational cost has a quadratic dependence on the number of
mesh cells as shown in figure 18b. In order to reduce the
computational cost to match the computational resources avail-
able, we have conveniently used the mesh with 4311 cells and
scaled the electrical conductivities by a fixed parameter equal
to 4.99 accounting both for the lack of the fast conductivity
fibres and for the correction of the conduction velocities to
mesh size effects. This method is commonly used in modo-
main/bidomain modelling [81–83] as it captures a more
accurate approximation of the conductive velocity (see the
dashed line in figure 18a) and, consequently, can build a
20 000 samples dataset with a CPU cost of 691 days.
A.2. Convergence check of the metamodel UQ method
The accuracy of both the metamodel and the direct UQ
approaches has been already shown by the cross-validation
test reported in §3.3, where the first and total-order Sobol’ indi-
ces obtained with the two techniques agree well with each
other, see figure 9. A convergence study of the metamodel
approach is carried out here by varying the size of the training
dataset. To this aim, smaller training datasets are obtained by
extracting a subset of the training dataset used in §3.3 contain-
ing from 50 to 400 samples with a step of 50 (in the last case, the
subset corresponds to the whole training dataset) and for each
case, a different metamodel is trained using the same adaptive
technique introduced above. Figure 19 shows the first-order
Sobol’ indices as a function of the number of samples of the
dataset used to train the metamodel: as the dataset is larger
than 200 samples (i.e. half of the dataset used for training the
metamodel in §3.3), the measures of importance are almost
stable thus guaranteeing the convergence of the method. It
should be noted that this good behaviour of the metamodel
is also attributable to the sampling procedure (QMC), which
maps the input space effectively identifying the average
properties with few samples.
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A.3. Convergence check of the direct UQ method
The convergence of the direct QMCmethod is tested by apply-
ing the same QMCUQ procedure used for analysis 1 in §3.3 to
an independent and smaller Saltelli dataset of size 4000
samples. Figure 20 shows that the first-order Sobol’ indices
computed using the two datasets reasonably agree each other
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and, importantly, manifest the same order of importance
(except for the SI and Mk

ext on the DU) despite that this
second dataset is five times smaller than the one used in §3.3.
Furthermore, the importance measures of DT are within the
confidence intervals calculated on the larger Saltelli dataset
of 20 000 samples.
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