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Analysis of Calculus Textbook Problems via Bloom’s
Taxonomy

Feryal Alayont, Gizem Karaali and Lerna Pehlivan

ABSTRACT
In calculus courses, instructors often use the end-of-section prob-
lems in a textbook in homework assignments or other course
assessments. As a result, these problems influence the teaching
and learning of calculus. In this study, we examine the levels of
cognitive demand of these problems in a mainstream calculus
textbook and classify themwithin the framework of Bloom’s Tax-
onomy. We provide examples of the types of problems assigned
to each of the six categories in this taxonomy and share some of
the deliberations that led us to these assignments. Finally, we dis-
cuss the implications of our results for teaching calculus courses.
Webelieve that our analysis will help calculus instructors bemore
cognizant of the cognitive demand of problems when assigning
them for homework and, as a result, help them to appropriately
support, assess, and enhance their students’ understanding of
the topics.

KEYWORDS
Bloom’s taxonomy; calculus;
textbook analysis

1. INTRODUCTION

Improving critical thinking skills of students is one of the essential goals of teaching
mathematics. Instruction methods and tasks students are assigned while learning
mathematics influence the types ofmathematical reasoning students use, and hence
affect the development of cognitive skills in students (cf. [13,18]). As a result, it
becomes crucial that we, as instructors, pay attention to what tasks students are
completing in our classes in order to help them develop their critical thinking
skills.

In this paper, we investigate the levels of cognitive demand of end-of-section
problems in a calculus textbook, which are often used as resources for the home-
work assignments or for practice. Our goal is to help calculus instructors be more
aware of the types of problems available in a textbook. This will then help them to
choose the type of questions that will better serve their learning goals and guide
their students to develop higher-order critical thinking skills.

Similar analyses on mathematics textbook or exam problems have been con-
ducted by many authors; see for example [2,5,12,17]. These articles analyze prob-
lems from the perspective of algorithmic/imitative vs. creative problem-solving,
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types of reasoning used in solving problems and how students’ use of problem-
solving strategies changed when problems in a test were similar to problems
solved earlier. In [12], for example, authors found that 79% of tasks in com-
mon textbooks could be solved by imitating procedures, 13% by making minor
modifications to procedures, and only 9% required new solution methods. See
also [32] for more examples of studies and frameworks used in analyzing cogni-
tive demand of tasks students encounter. Our analysis differs from these papers
since we focus on categorizing the problems based on Bloom’s Taxonomy levels
[4] and not on whether problems could be solved via imitating known proce-
dures. In most cases though, there was some correlation between having a known
procedure for solving a problem and the problem being categorized at a lower
level in Bloom’s Taxonomy. However, this was not an exact correspondence at all
times.

Analyses of textbook problems in other disciplines based on Bloom’s Taxonomy
have been published (see for example [8,20]). There are also a handful of works that
utilize the Bloom et al. framework for analyzing a selection ofmathematics learning
tasks (see for example [15,26]). However, we are not aware of such an analysis based
on Bloom’s Taxonomy completed for calculus textbook end-of-section problems.
That is the task of this work.

1.1. Why Calculus?

We have decided to focus our investigation on calculus for a variety of reasons. Our
first reason was the ubiquity of calculus. Calculus is taught in a range of educa-
tional/institutional settings (high school, community college, and undergraduate
institution). Thus teaching calculus is a common experience for most mathematics
instructors. Furthermore, the teaching of calculus affects a large number of students
[3,31].

College mathematics instructors of upper-division courses may assign different
flavors of work to their students, such as homework assignments with problems
assigned from the textbook, case studies, group projects, and creative writing
assignments. In calculus, however, standard problem sets are almost universal.More
often than not, these sets are composed of problems selected or adapted from the
end-of-chapter problem lists of standard calculus textbooks. Thus a second reason
for our decision to zero in on end-of-chapter calculus problems was that the typical
calculus assignment often depended on these.

Even though we believe that calculus was a worthwhile content area to pursue
this type of analysis, other mathematical content areas such as college algebra, lin-
ear algebra and differential equations might also benefit from such investigations.
In this way, our calculus textbook study can be an entry point to a broader conver-
sation about assignments and tasks that facilitate the development of higher-order
thinking skills of students of collegiate mathematics.
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2. RESEARCHQUESTIONS ANDMETHODOLOGY

2.1. Theoretical Framework

Bloom’s Taxonomy is a classification of the types of educational tasks and objec-
tives; in particular, it is used by educators to evaluate the learning tasks they design
to achieve certain educational goals. The original taxonomy dates back to the 1950s
when a committee of educators convened to develop language and models that
could help educators design and improve curricula and assessment tasks. The final
classification that became known as Bloom’s Taxonomy comes from the taxonomy
of educational objectives in the cognitive domain developed by the committee and
may be found in Bloom et al. [4].1

In 2001, one of the original contributors to the conversation (D. R. Krathwohl),
together with Lorin W. Anderson, completed a systematic revision of the by-now-
well-known Bloom’s Taxonomy, see [1]. Nonetheless in our work, we decided to
stick to the original taxonomy from 1956. Our main reason was that of simplicity.
The new framework is perhaps more comprehensive but it is also much more com-
plex and sophisticated. As busymathematics instructors hoping to reach other busy
practitioners, we decided that keeping it simple would be a good idea.

Bloom’s Taxonomy provides instructors a straightforward scheme, and informa-
tion on it is ubiquitously available. The underlying framework is translatable across
the disciplines, and as such, it provides a common (albeit imperfect) language with
scholars from other disciplines.

In the original Bloom et al. Taxonomy, the cognitive domain of educational
objectives is divided into six hierarchical categories: Knowledge, Comprehension,
Application, Analysis, Synthesis, Evaluation. Below is a brief description of each
category from Bloom et al. [4]:

• Knowledge: “The recall of specifics and universals, . . .methods and processes, or
. . . a pattern, structure, or setting.” (p. 62)

• Comprehension: “A type of understanding or apprehension such that the indi-
vidual knows what is being communicated and can make use of the material
or idea being communicated without necessarily relating it to other material or
seeing its fullest implications.” (pp. 89–90)

• Application: “The use of abstractions in particular and concrete situations. The
abstractions may be in the form of general ideas, rules of procedures, or gen-
eralized methods. The abstractions may also be technical principles, ideas, and
theories which must be remembered and applied.” (pp. 120–123)

• Analysis: “The breakdown of a communication into its constituent elements or
parts such that the relative hierarchy of ideas is made clear and/or the relations
between the ideas expressed are made explicit.” (pp. 144–145)

1 The cognitive domain is one of three domains the committee decided to investigate. The other two are affective and
psychomotor domains.
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• Synthesis: “The putting together of elements and parts so as to form a whole.”
(pp. 162–165)

• Evaluation: “Judgments about the value of material and methods for given pur-
poses. Quantitative and qualitative judgments about the extent to whichmaterial
and methods satisfy criteria.” (pp. 185–187)

2.2. Our Specific Research Questions

Our main guiding question as we began this project was: How can we offer our
students diverse opportunities to learn?We were looking for ways that engaged stu-
dents in cognitive activities that would require higher-level thinking, as captured in
the three higher levels of Bloom’s Taxonomy. There are many activity-based tasks
through which instructors can create learning opportunities. For example, Karaali
[15] describes a class-wide debate where students are encouraged to use evaluative
reasoning. Spindler [26] explores modeling projects in differential equations and
engineering courses. Jaafar [11] focuses on writing-to-learn activities to facilitate
deeper learning. However, the standard source for learning tasks that instructors
use is the textbook. Besides, not all instructors have the chance to insert boutique
activities into their curriculum as they wish. Thus our question evolved into: What
kinds of calculus tasks are available in a standard calculus textbook?

2.3. Method

To gain some insight into our research question, we considered various texts
and in the end decided to use Stewart [28]. This specific textbook was chosen
because Stewart’s Calculus textbooks are among the most commonly used calculus
textbooks in the U.S. [22]. Among the different versions available, the Early Tran-
scendentals version was the best-selling version at the time of the writing (as could
be seen for example on a popular online bookstore). As such, we used the 7th edi-
tion of this version (ISBN: 978-0538497909 for combined single and multivariable
calculus version, and 978-0538498678 for the single variable version).

We chose a variety of sections from a year-long single-variable calculus course.
We focused on the mainstream year-long sequence because these calculus courses
have more students than the other types of calculus courses. As a result, we decided
to analyze tasks corresponding to both differential and integral calculus of functions
of a single variable. It would also be interesting to complete a detailed analysis of
each course separately.

We first included sections where the “big ideas” of calculus were introduced:
limit (2.2: The Limit of a Function), differentiation (2.7: Derivatives and Rates of
Change), integration (5.2: The Definite Integral) and series (11.2: Series). We also
included two application sections, one for derivatives and the other for integra-
tion (4.3: How Derivatives Affect the Shape of a Graph; 8.1: Arc Length) and a
section which we thought would by its nature have more algorithmic problems
(7.1: Integration by Parts). We hypothesized that this breadth of sections, when
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combined, would yield a more comprehensive result of the types of problems. Of
course, other researchers might have chosen other sections, but we felt confident
that the seven sections we chose would be representative of sections used by most
calculus instructors, as they all involved standard topics.

In order to prepare for rating the problems based on Bloom’s Taxonomy, we
first agreed on which documents to use for detailed descriptions of the levels.
One resource was the adaptation of the original Bloom’s Taxonomy, published by
Allyn and Bacon, Boston, MA, available online at https://www.uvic.ca/learningand
teaching/assets/docs/instructors/for-review/Teaching%20Support/BloomsTaxon-
omy.pdf. A second resource [25] provides specific examples in applying Bloom’s
Taxonomy to categorize single-variable calculus questions.

Following prior analogous work such as [8], we have aimed to ensure that the
three authors would rate problems in a consistent and reliable manner by first
reviewing all the problems in Section 2.2 (“The Limit of a Function”) individually
and then having extensive discussions to come to a consensus on the ratings of the
problems. After we reached a consensus on how to rate the items in this training
section, for the remaining six sections, each of us rated all problems in two sec-
tions and each section was rated by two different people. Each researcher provided
one main rating and one secondary rating for each problem they worked on, when
appropriate. For problems with multiple parts, we assigned the highest rating avail-
able among all parts. For each section, one of the two people who rated that section
combined the ratings into a file, assigning a rating when either the twomain ratings
or one of themain ratings and a secondary rating agreed. The third person, who had
not initially rated the problems in that section, then reviewed the combined ratings
andmade final decisions on the remaining problems with controversial ratings. For
a small number of questions that the third person was also not able to assign a final
rating for, we discussed as a whole group how to assign the ratings.

When rating a problem, we assigned the rating from the perspective of how the
student would solve it, assuming they had successfully completed the prerequisite
courses and understood the topics that appeared before the section whose problems
were being rated.When the problem allowed for a familiar, less conceptual solution
method, we assumed the hypothetical student would likely use this familiar, less
conceptual method. We also took into account if there was a very similar example
in the section whose solution can be, in effect, followed procedurally. In the cases
where some of us could foresee different methods of solving a problem, includ-
ing those with technology, or when we knew there was a similar problem solved
in the main text of the section, we made use of the “two possible ratings” option
to allow for flexibility. For example, a problem could be considered at the analysis
level without technology help while technology could turn it into an application
problem. The flexibility in the ratings was narrowed, as described in the previous
paragraph. However, we did not take into account differences between levels of
preparation among the students that went beyond competence in standard prereq-
uisites and acknowledge that student preparation also has an effect on the level of a
problem.

https://www.uvic.ca/learningandteaching/assets/docs/instructors/for-review/Teaching%20Support/BloomsTaxonomy.pdf
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Table 1. Number and percentage of problems in each Bloom level per section.

Level/Sections 2.2 2.7 4.3 5.2 7.1 8.1 11.2 Total

Knowledge 2 2 4 9 3 0 0 20
4.1% 3.7% 4.6% 12.3% 4.2% 0% 0% 4.3%

Comprehension 18 24 4 35 1 2 7 91
36.7% 44.4% 4.6% 47.9% 1.4% 4.8% 7.8% 19.5%

Application 24 11 29 23 49 35 44 215
49.0% 20.4% 33.3% 31.5% 68.0% 83.3% 48.9% 46.0%

Analysis 2 15 39 4 12 5 25 102
4.1% 27.8% 44.8% 5.5% 16.7% 11.9% 27.8% 21.8%

Synthesis 3 2 10 2 6 0 13 36
6.1% 3.7% 11.5% 2.7% 8.3% 0% 14.4% 7.7%

Evaluation 0 0 1 0 1 0 1 3
0% 0% 1.1% 0% 1.4% 0% 1.1% 0.6%

3. RESULTS AND ANALYSIS

Out of the 467 problems across 7 sections that we reviewed, 20 (4.3%) were rated
at the knowledge level of Bloom’s Taxonomy, 91 (19.5%) at comprehension, 215
(46.0%) at application, 102 (21.8%) at analysis and 36 (7.7%) at synthesis levels.
Finally, only three questions (0.6%) were at the evaluation level. The numbers
and percentages of questions in each Bloom category per section are presented in
Table 1.

We observe in Table 1 that the most common type overall are the application-
level questions, even though this is not necessarily true in each section. More
precisely, application-level questions are the most frequent in four out of seven sec-
tions while comprehension level questions are themajority in two and analysis level
in one section.

Despite the common student assumption that math is all about facts and mem-
ory recall, knowledge-level problems occur very infrequently among the questions
we have rated (4.3%). However, overall lower level questions make up almost 70%
of all questions. The higher levels of Bloom’s Taxonomy are significantly underrep-
resented among the questions, only 8.3% of all questions falling into the top two
levels: Synthesis and evaluation. Especially, the evaluation questions are very rare,
with less than 1% of all questions falling into this category. Indeed, each section has
at most one problem in this category.

In general, the later questions in each section are rated in the higher
categories, although in some sections, this does not hold. For example, in
Section 5.2 (“The Definite Integral”), many questions numbered 41 and higher
are placed in the knowledge level. While synthesis and evaluation level ques-
tions are often the later questions in a section, analysis questions are some-
times scattered among all questions. For example, in Sections 8.1 (“Arc
Length”) and 11.2 (“Series”), some of the earlier questions are in the analysis
category.

Now we provide a sample of questions from each of the Bloom et al. categories.
An example of a knowledge level task is Problem #4 from Section 4.3 (“How

Derivatives Affect the Shape of a Graph”):
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#4. (a) State the First Derivative Test.
(b) State the Second Derivative Test. Under what circumstances is it

inconclusive? What do you do if it fails?

This problem is categorized at the knowledge level because it simply asks the
student to state the two derivative tests, both of which are available in the section.
The student will simply copy those definitions and note the case when one test is
inconclusive.

Among comprehension-level questions, we picked Problem #33 from Section 5.2
(“The Definite Integral”), which is the section with the highest proportion of
comprehension questions.

This problem is rated as a comprehension-level question because the student
simply uses the interpretation of the definite integral as signed area. As long as the
student understands this interpretation, there is no further step needed.

We will now provide one more comprehension level question: Question #47 in
Section 7.1 (“Integration by Parts”). This question is an example for the rating pro-
cess where initially two raters chose different categories and reached an agreement
after discussions among all three raters.
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#47. (a) Use the reduction formula in Example 6 to show that
∫

sin2 x dx = x
2

− sin(2x)
4

+ C

(b) Use part (a) and the reduction formula to evaluate
∫
sin4 x dx

Example 6 requires proof of the reduction formula∫
sinn x dx = −1

n
cos x sinn−1 x + n − 1

n

∫
sinn−2 x dx,

where n ≥ 2 is an integer. On the one hand, Example 6 includes a formula into
which the student could simply plug n = 2 and hence one could rate Question #47
at the comprehension level. On the other hand, one could rate Question #47 at the
application level since the student could imitate themethod inExample 6 for part (a)
to obtain the formula, which is an application-level question for integration by parts.
Due to these two different approaches, the two raters chose different categories for
this question. After a group discussion, all three raters agreed to consider Question
#47 as a follow-up to Example 6 and, therefore, rated it at the comprehension level.

Section 8.1 (“Arc length”) has the highest proportion of application level ques-
tions (35 out of 42). We present Question #36 of this section as an example for this
level:

#36. A steady wind blows a kite due west. The kite’s height above ground from
horizontal position x = 0 to x = 80 ft is given by y = 150 − 1

40(x − 50)2.
Find the distance traveled by the kite.

This question is rated at the application level since the student applies the arc
length formula after identifying the appropriate function and integral limits from
the given information, and evaluates the definite integral.

For the analysis level, we selected Question #43 from Section 7.1 (“Integration
by Parts”):

#43. Evaluate the indefinite integral
∫
x e−2x dx. Illustrate, and check that your

answer is reasonable, by graphing both the function and its antiderivative
(take C = 0).

This problem is rated as an analysis level question because the student identi-
fies the method of solution as integration by parts, considering a substitution first.
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Moreover, the student, by graphing the function and its antiderivative, comes to a
conclusion that her integral evaluation is reasonable. The main analysis tasks here,
then, involve the student seeing a pattern when trying substitution and analyzing
the two graphs to be created to reach the desired conclusion.

Section 11.2 (“Series”), with 14.4%, has the highest proportion of synthesis level
questions. We offer Question #76 in this section as a sample for this level:

#76. Graph the curves y = xn, 0 ≤ x ≤ 1, for n = 0, 1, 2, 3, 4, . . . on a com-
mon screen. By finding the areas between successive curves, give a geometric
demonstration of the fact, shown in Example 7 that

∞∑
n=1

1
n(n + 1)

= 1.

This question is rated at the synthesis level since the student creates the connec-
tion within the nth term of the infinite sum and the areas in between two curves
xn−1 and xn. Establishing this relation leads to the conclusion that the infinite sum
of Example 7 can be formulated as the infinite sum of all the in-between areas which
by the graph can be seen to be 1.

Evaluation-level questions are very rare. There are solely three questions that we
included in this level within all the sections. These are Question #76 in Section 4.3
(“HowDerivativesAffect the Shape of aGraph”),Question #72 in Section 7.1 (“Inte-
gration by Parts”), and Question #79 in Section 11.2 (“Series”). We pick Question
#79 of Section 11.2 as an example for this level:

#79. What is wrong with the following calculation?

0 = 0 + 0 + 0 + . . .

= (1 − 1) + (1 − 1) + (1 − 1) + . . .

= 1 − 1 + 1 − 1 + 1 − 1 + . . .

= 1 + (−1 + 1) + (−1 + 1) + (−1 + 1) + . . .

= 1 + 0 + 0 + 0 + . . . = 1

Question #79 is rated at the evaluation level because this question requires the
students to judge the validity of an argument. (Recall that Bloom et al. describe
evaluation tasks as those that involve “judgments about the value of material and
methods for given purposes” [4, p. 185].)
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4. DISCUSSION

4.1. Implications for the Classroom

Possibly the most striking feature of Table 1 is that application is the most common
category of questions. This has both positive and negative implications.

Most mathematics instructors de-emphasize memorization and focus on
whether students can apply the main ideas of a course in relevant contexts. Espe-
cially for courses such as calculus deemed bymost people to be service courses, this
expectation is natural. In other words, an emphasis on application problems will
resonate with many instructors. We want our students to be able to use the math
they are learning; asking them application-oriented questions may help us do just
that.

However, we need to observe that application in Bloom’s Taxonomy is the third
category among the lower-level cognitive tasks. And looking through the concrete
examples we worked with, we can see that indeed these problems are too low-
level, often remaining at or very near the level of plug-and-chug once a student
finds a solved problem following a similar template.2 Using the “five strands of
mathematical proficiency” terminology of [16], we can say that these problems
focus on procedural fluency.

A closer look at the Bloom’s Taxonomy description of application reveals a more
concerning issue. Application in Bloom’s Taxonomy is not really directly related to
“applications to the real world”. In particular in the context of calculus teaching, it
refers to an application of an abstract concept, theory, or construct that is being
taught or learned within a specific (and still mathematical) context. As a result,
the predominance of these types of questions in our learning and assessment tasks
do not fulfill the expectations of our students and client departments of real-world
applications.

Another issue we can see relates to the remark we made in Footnote 2. It should
be noted here that we have had students who were able to plug and chug but
unable to articulate the distinct steps of the process or display understanding of
the reasons for what they were doing when asked. Thus in some mathematical
contexts, we have seen students find it more challenging to perform knowledge or
comprehension tasks than related application tasks. This points towards a distinct
incompatibility of Bloom’s Taxonomy with the pedagogical purposes of mathemat-
ics instruction: Surely we want our students to be able to do both, but it is not
clear that in the mathematical context, application is always “higher level” than
knowledge or comprehension.

For all the reasons mentioned above, choosing assignment problems randomly
from the end-of-section problems is not sufficient to help students develop full

2 One might think that plug-and-chug activity should be relegated to the knowledge category. However, Bloom et al.
describe these two levels in specific language, and knowing a procedure or a process (knowledge) is not the same as
knowing how to apply it in an abstract or concrete context (application). A learner displaying knowledge of a process
might be to be able to list the steps that they have memorized, while the capacity to perform it as an application task
might involve an actual context where the process needs to be used.
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mathematical proficiency. Instructors might wish to be intentional in their choices
tomake sure to specifically include problems in the higher levels of analysis, synthe-
sis, evaluation as they are rare yet essential for developing proficiency in conceptual
understanding, strategic competence and adaptive reasoning of the five strands of
mathematical proficiency [16]. Including even knowledge and comprehension prob-
lems in addition to application problems might be appropriate at times since some
of the knowledge and comprehension problems might focus more on conceptual
understanding than an application problem. (This also resonates with Schoen-
feld’s “balanced diet” perspective on problem solving and teaching for robust
understanding; see for example [24] for more.)

Although we have been advocating for instructors to be cognizant of the level
of the learning tasks assigned, it is important to note that learner level also has
an impact on choosing appropriate tasks. It might be argued that at times, assign-
ing application problems similar to examples provided in a section might be more
beneficial to the learners than assigning higher level tasks. This is due to the more
beneficial effect of “worked examples” than the “generation effect” for novices for
certain material. More specifically “complex material may need explicit guidance
to assist learners to understand the material” [7]. However, we might want to
eventually bring our students to a point where they can approach more challenging
problems after they pass the novice stage.

Our investigationmay also point towards other challenges of using Bloom’s Tax-
onomy for mathematics content teaching. A particular challenge becomes clearer
when one starts a broader conversation about why we teach calculus. Many of us
do not teach calculus only for its content value. Some of us see calculus as an
outstanding human achievement that significantly impacted human civilization
and its evolution in the last few centuries and want to impress upon the stu-
dents its role in making the modern world. Furthermore teaching our students
responsibility, accountability, perseverance, self-awareness, respect, communica-
tion skills, learning skills, audience awareness, and the value of intrinsic motivation
is always on our minds when we enter our classrooms, even when calculus is
the declared context. In other words, our goals and motivations go beyond spe-
cific content and related cognitive skills, and as such, Bloom’s Taxonomy seems
innately incapable of capturing a significant portion of our particular teaching
aspirations.

4.2. Limitations of the Study

We have used Bloom’s Taxonomy as a standard measuring stick known
in most education circles as a tool to categorize cognitive levels of learn-
ing tasks. However, its direct applicability to mathematics instruction or
its optimal effectiveness might be questioned. Indeed mathematics education
researchers have developed alternative frameworks for measuring the cogni-
tive demand of mathematical learning and assessment tasks. For example, see
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Stein, Grover, and Henningsen [27], whose framework on examining mathe-
matical tasks was recommended for international comparison studies [9]. The
Stein–Grover–Henningsen framework includes four levels of cognitive demand:
Memorization (M), Procedures without connections (P), Procedures with con-
nections (PC), and Doing mathematics (DM). Here M and P are considered
lower-level demand and PC and DM are higher-level demand. These types of
subject-specific frameworks might offer mathematics instructors more flexible
tools.

Another aspect of this study that might limit the power of its conclusions is the
amount of content we picked out of a full year-long calculus sequence. Numerically
speaking, the number of sections of [28] we reviewed were seven sections total, out
of 80 available sections. Therefore, our viewpoint is naturally limited. Additionally,
as we chose the first or early sections on each main topic, this might have led to
a lower number of analysis or synthesis questions. However, it is possible to ask
questions requiring creative thinking even in a procedural topic as u-substitution,
as discussed below. Therefore, we believe the effect of choosing early sections on the
distributions of levels of the problems was minimal.

Finally, the way we decided on our ratings was by thinking how a student might
solve a problem. This is highly varying, dependent on student background and
competence, instructor’s teaching style, and more. We even found ourselves chang-
ing our ratings as we discussed certain problems and with the proliferation of
available online tools. As a result, we do not think that we can claim the ratings
we decided were set-in-stone, ‘applying to all situations and students’.

4.3. Future Directions

In this study, we considered questions from one popular print textbook for a whole-
year calculus sequence. Similar studies can be undertaken for other courses, such
as linear algebra, college algebra, differential equations; for online calculus books,
for free, open-source books, for databases of calculus questions such as those in
WebWork, etc. There are many other instances where a careful analysis of questions
available in a medium with representative samples can allow instructors to become
more adept at making the analysis themselves when assigning homework to their
students.

5. CONCLUSION

This study analyzed the end-of-section problems in a calculus textbook according
to Bloom’s Taxonomy. What are some possible implications of this analysis for our
own teaching?

When we teach a concept, our objective is for our students to develop a deep
level of understanding. To get there, they need to practice solving problems at the
intended level on their own. Thus, we need to be aware of the cognitive levels of
the problems we assign for practice, from the student’s perspective, and not assume



PRIMUS 13

that “the problems closer to the end are at a higher level” for a group of end-of-
section problems. Thinking carefully about the students’ background, including
what is available to them as example problems within the section and what their
calculators are capable of doing, we need to quickly imagine how a problem would
be solved by a student and assess its cognitive level accordingly.

If we are writing our own problems, we can utilize creative problem formats. For
example, instead of asking a student to perform a u-substitution, which is a really
procedural calculus technique, a student can be asked to determine whether the
substitution method is appropriate for a given integral and to justify the reasons for
why or why not. Or a student can be asked to analyze a hypothetical student solu-
tion applying the substitution method and asked to justify whether the solution is
correct, and if not correct, to give suggestions to the hypothetical student for how
to correct their solution. Asking a student to explain their solutions in writing will
often raise the cognitive level of the problems. Alternatively, a student can be asked
to come up with two-three integrals which reduce to a given integral after apply-
ing the substitution method (essentially reversing the substitution method), or a
student can be asked to find an integral from class notes that does not require sub-
stitution and to modify this integral minimally to make it an appropriate integral
that can be solved using substitution. All of these problem formats remove the pro-
cedural familiarity of the substitution method and require the student to focus on
understanding how, why and when the process really works. Such problems would
help students practice the “creative mathematically founded reasoning” as advo-
cated in [19] as well as deter cheating in assessments and help “balance conceptual
understanding, procedural skills, and fluency with real-world application” in the
assignments as discussed in [33].

We also need to be aware of the total cognitive load placed on students in a
problem set. If the load is too high, students can give up prematurely. Varying
the cognitive levels of assigned problems in a set is also beneficial as this will help
students practice their skills at all levels.

In addition to the tips we provided above, we recommend two special issues of
PRIMUS that focus on homework assignments for further strategies on homework
creation and implementation [10].

An important goal in education is the successful transfer of material learned in
the classroom to other contexts, including real-life contexts. This is especially true
in service courses such as calculus. In some cases, this might involve what Rebello
et al. [23] describe as “horizontal transfer ,” a well-defined situation with variables
clearly identified and a specific solutionmethod, similar to the problems categorized
as comprehension or application in Bloom’s Taxonomy. Often, though, students
will be expected to perform “vertical transfer ,” an ill-defined situation where the
variables or the solution method or both are unclear and some novel thinking is
involved. Rebello et al. [23] argue for training students for both types of transfer,
although they also note that student preparation can make a significant difference
in whether a problem is perceived as a horizontal or vertical transfer problem from
that student’s perspective. In light of this, we also need to account for the variability
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of contexts in the problems we assign for practice. In other words, not only do we
need to vary the cognitive demand but also provide multiple, and sometimes novel,
contexts for students to apply what they are learning. This will help them be more
nimble in applying their knowledge in brand new situations once they are donewith
our courses.

One final note to make is that with so many online tools and sources providing
end-of-section problem solutions freely or for a small fee (see e.g., [6,14,21,29]), we
might ponder whether using these problems as our go-to resources for our assign-
ments is serving our students well. With the recent sudden online switch due to
COVID-19 social distancing restrictions,manymathematics instructors had to face
the challenges of these services being accessible easily, even possibly during exams;
see [30,33] for a sample of the many conversations that took place regarding these
challenges.

Are single-answer computational problems really benefiting students? If students
can find answers to our problems online, how do we ensure academic integrity?
These are tough questions, but we prefer to be optimistic. In the end, we can use
this online switch as an opportunity to re-imagine what a homework assignment
can be instead of going back to old habits once the online challenge is over.

Acknowledgments

The authors would like to thank the editors and the referees for their useful comments and
suggestions on an earlier version of the manuscript.

Disclosure statement

No potential conflict of interest was reported by the author(s).

ORCID

Gizem Karaali http://orcid.org/0000-0002-0502-8358

REFERENCES

[1] Anderson, L.W. and D. R. Krathwohl, (Eds). 2001.A Taxonomy for Learning, Teaching, and
Assessing: A Revision of Bloom’s Taxonomy of Educational Objectives. Harlow, Essex: Allyn
and Bacon.

[2] Bergqvist, E. 2007. Types of reasoning required in university exams in mathematics. The
Journal of Mathematical Behavior. 26(4): 348–370.

[3] Blair, R., E. E. Kirkman, and J. W. Maxwell. 2018. Statistical Abstract of Undergraduate Pro-
grams in theMathematical Sciences in the United States Fall 2015 CBMS Survey, Providence:
RI: American Mathematical Society. http://www.ams.org/profession/data/cbms-survey/
cbms2015-Report.pdf. Accessed 23 December 2020.

[4] Bloom, B. S., M. D. Engelhart, E. J. Furst, W. H. Hill, and D. R. Krathwohl. 1956. Taxonomy
of educational objectives: The classification of educational goals. In Handbook I: Cognitive
Domain. New York: David McKay Company.

http://orcid.org/0000-0002-0502-8358
http://www.ams.org/profession/data/cbms-survey/cbms2015-Report.pdf


PRIMUS 15

[5] Boesen, J., J. Lithner, and T. Palm. 2010. The relation between types of assessment tasks
and the mathematical reasoning students use. Educational Studies in Mathematics. 75(1):
89–105.

[6] Chegg Study. https://www.chegg.com/homework-help/calculus-8th-edition-solutions-
9781285740621. Accessed 17 March 2022.

[7] Chen, O., S. Kalyuga, and J. Sweller. 2015. The worked example effect, the genera-
tion effect, and element interactivity. Journal of Educational Psychology. 107(3): 689–704.
https://doi.org/10.1037/edu0000018.

[8] Dávila, K. and V. Talanquer. 2010. Classifying end-of-chapter questions and problems
for selected general chemistry textbooks used in the United States. Journal of Chemical
Education. 87(1): 97–101. https://pubs.acs.org/doi/abs/10.1021/ed8000232.

[9] Ferrini-Mundy, J. and W. H. Schmidt. 2005. Research commentary: International compar-
ative studies in mathematics education: Opportunities for collaboration and challenges for
researchers. Journal for Research in Mathematics Education. 36: 164–175.

[10] Greenwald, S. J. and J. A. Holdener. 2019. The creation and implementation of effective
homework assignments (Special issue). Problems, Resources, and Issues in Mathematics
Underground Studies. 29: 1–2.

[11] Jaafar, R. 2016.Writing-to-learn activities to provoke deeper learning in calculus. PRIMUS.
26(1): 67–82. doi:10.1080/10511970.2015.1053642.

[12] Jäder, J., J. Lithner, and J. Sidenvall. 2015. A cross-national textbook analysis with a focus on
mathematical reasoning – The opportunities to learn. In J. Jäder (Ed.), Elevers mögligheter
till lärande av matematiska resonemang, Licentiate thesis. Linköping University.

[13] Halpern, D. F. (Ed.). 1992. Enhancing Thinking Skills in the Sciences and Mathematics.
Mahwah, NJ: Lawrence Erlbraum Associates, Inc.

[14] Integral Calculator. https://www.integral-calculator.com/. Accessed 17 March 2022.
[15] Karaali, G. (2011, November). An evaluative calculus project: Applying bloom’s taxonomy

to the calculus classroom. PRIMUS. 21(8): 719–731.
[16] Kilpatrick, J., J. Swafford, and B. Findell. 2001. Adding It Up: Helping Children Learn

Mathematics. Washington, DC: National Research Council.
[17] Lithner, J. 2004. Mathematical reasoning in calculus textbook exercises. The Journal of

Mathematical Behaviour. 23(4): 405–427.
[18] Lithner, J. 2008. A research framework for creative and imitative reasoning. Educational

Studies in Mathematics. 67(3): 255–276.
[19] Lithner, J. 2017. Principles for designing mathematical tasks that enhance imitative and

creative reasoning. ZDM. 49: 937–949.
[20] Marshall, J. B. andC.M.Carson. 2008. A preliminary Bloom’s taxonomy assessment of end-

of-chapter problems in business school textbooks. American Journal of Business Education
(AJBE). 1(2): 71–78. https://doi.org/10.19030/ajbe.v1i2.4625.

[21] Numerade. Solutions for Calculus: Early Transcendentals – James Stewart. https://www.
numerade.com/books/calculus-early-transcendentals-8th/. Accessed 17 March 2022.

[22] Peterson, I. (2009, August/September). James Stewart and the house that calculus built.
MAA FOCUS, 4–6.

[23] Rebello, N. S., L. Cui, A. G. Bennett, D. A. Zollman, and D. J. Ozimek. 2007. Transfer of
learning in problem solving in the context of mathematics and physics. In Learning to Solve
Complex Scientific Problems, pp. 223–246.

[24] Schoenfeld, A. H. and the Teaching for Robust Understanding Project. 2016. An Introduc-
tion to the Teaching for Robust Understanding (TRU) Framework. Berkeley, CA: Graduate
School of Education. http://map.mathshell.org/trumath.php.

[25] Shorser, L. n.d. Bloom’sTaxonomy Interpreted forMathematics. https://www.math.toronto.
edu/writing/BloomsTaxonomy.pdf. Last accessed August 2019.

https://www.chegg.com/homework-help/calculus-8th-edition-solutions-9781285740621
https://doi.org/10.1037/edu0000018
https://pubs.acs.org/doi/abs/10.1021/ed8000232
https://doi.org/10.1080/10511970.2015.1053642
https://www.integral-calculator.com/
https://doi.org/10.19030/ajbe.v1i2.4625
https://www.numerade.com/books/calculus-early-transcendentals-8th/
http://map.mathshell.org/trumath.php
https://www.math.toronto.edu/writing/BloomsTaxonomy.pdf


16 F. ALAYONT ET AL.

[26] Spindler, R. 2020. Aligning modeling projects with Bloom’s taxonomy. PRIMUS. 30(5):
601–616DOI: 10.1080/10511970.2019.1619208.

[27] Stein, M. K., B. W. Grover, and M. Henningsen. 1996. Building student capacity for math-
ematical thinking and reasoning: An analysis of mathematical tasks used in standard
classrooms. American Educational Research Journal. 33: 455–488.

[28] Stewart, J. 2012. Calculus: Early transcendentals. Seventh Edition. Belmont, CA:
Brooks/Cole, Cengage Learning.

[29] Symbolab. www.symbolab.com. Accessed 17 March 2022.
[30] TPSE-Math. 2020. TPSE’s Top Ten List: Recommended Practices for Every Online

Instructor. http://www.ams.org/education/tpse-top-10-online-teaching-practices_v2.pdf.
Accessed 27 December 2020.

[31] United States Department of Education Office for Civil Rights. 2018. 2015–16 Civil Rights
Data Collection STEM Course Taking. https://www2.ed.gov/about/offices/list/ocr/docs/
stem-course-taking.pdf. Accessed 23 December 2020.

[32] White, N. andV.Mesa. 2014. Describing cognitive orientation of Calculus I tasks across dif-
ferent types of coursework.ZDM. 46: 675–690. https://doi.org/10.1007/s11858-014-0588-9.

[33] Will, M. 2020. The Problem With Giving Math Tests Online and How Teachers Are
Solving It, Education Week, Special Report: Math Now: Problem Solving in a Pandemic.
https://www.edweek.org/teaching-learning/the-problem-with-giving-math-tests-online-
and-how-teachers-are-solving-it/2020/12. Accessed 27 December 2020.

BIOGRAPHICAL SKETCHES

Feryal Alayont received her undergraduate mathematics degree from Bilkent University, Turkey,
and her Ph.D. in mathematics from the University of Minnesota. She is currently a professor of
mathematics at GrandValley State University, where she also serves as theMathematics Advising
and Engagement Coordinator.

Gizem Karaali completed her undergraduate studies at Boğaziçi University, Istanbul, Turkey.
After receiving her Ph.D. in Mathematics from the University of California Berkeley, she taught
at the University of California Santa Barbara for two years. She is currently a professor of math-
ematics at Pomona College where she enjoys teaching a wide variety of courses and working
with many interesting people. She has most recently been involved with promoting the human-
istic aspects of mathematics via her work through the Journal of Humanistic Mathematics. Gizem
Karaali is a Sepia Dot (a 2006 MAA Project NExT Fellow).

Lerna Pehlivan received her undergraduate degree in Mathematics from Boğaziçi University,
Istanbul, Turkey andher Ph.Ddegree inMathematics from theUniversity of SouthernCalifornia,
Los Angeles. She held a Fields Institute Postdoctoral Fellowship at Carleton University, Ottawa
and a postdoctoral position at York University, Toronto. She is currently a lecturer at the Faculty
of Electrical Engineering,Mathematics andComputer Science atUniversity of Twente, Enschede,
The Netherlands.

https://doi.org/10.1080/10511970.2019.1619208
http://www.symbolab.com
http://www.ams.org/education/tpse-top-10-online-teaching-practices_v2.pdf
https://www2.ed.gov/about/offices/list/ocr/docs/stem-course-taking.pdf
https://doi.org/10.1007/s11858-014-0588-9
https://www.edweek.org/teaching-learning/the-problem-with-giving-math-tests-online-and-how-teachers-are-solving-it/2020/12

	1. INTRODUCTION
	1.1. Why Calculus?

	2. RESEARCH QUESTIONS AND METHODOLOGY
	2.1. Theoretical Framework
	2.2. Our Specific Research Questions
	2.3. Method

	3. RESULTS AND ANALYSIS
	4. DISCUSSION
	4.1. Implications for the Classroom
	4.2. Limitations of the Study
	4.3. Future Directions

	5. CONCLUSION
	Acknowledgments
	ORCID
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


