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Hypothesis: Thermal Marangoni flow in evaporating sessile water droplets is much weaker in experi-
ments than predicted theoretically. Often this is attributed to surfactant contamination, but there have
not been any in-depth analyses that consider the full fluid and surfactant dynamics. It is expected that
more insight into this problem can be gained by using numerical models to analyze the interplay
between thermal Marangoni flow and surfactant dynamics in terms of dimensionless parameters.
Simulations: Two numerical models are implemented: one dynamic model based on lubrication theory
and one quasi-stationary model, that allows for arbitrary contact angles.
Findings: It is found that insoluble surfactants can suppress the thermal Marangoni flow if their concen-
tration is sufficiently large and evaporation and diffusion are sufficiently slow. Soluble surfactants, how-
ever, either reduce or increase the interfacial velocity, depending on their sorption kinetics. Furthermore,
insoluble surfactant concentrations that cause an order 0.1% surface tension reduction are sufficient to
reduce the spatially averaged tangential flow velocity at the interface by a factor 100. For larger contact
angles and smaller droplets this required concentration is larger (typically < 1% surface tension reduc-
tion). The numerical models are mutually validated by comparing their results in cases where both are
valid.
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1. Introduction

A broad range of technologies involve evaporating sessile dro-
plets. In applications such as inkjet printing [1–4], spray cooling
[5], pesticide spraying [6,7] and the manufacturing of DNA/protein
microarray slides [8] drying droplets are involved. In all these cases
the fluid flow in the droplet and the final deposition pattern are of
great relevance. Therefore, it is key to have a fundamental under-
standing of the physical mechanisms underlying these
phenomena.

The evaporation rate in the aforementioned applications is typ-
ically controlled by the diffusion of vapor molecules from the dro-
plet surface into the environment. As was shown by Deegan et al.
[9–11] and Popov [12], this type of evaporation results for amphi-
philic substrates (i.e. contact angle h < 90�) into a nonuniform
evaporation rate along the surface with a singularity at the contact
line. Consequently, there is continually capillary flow from the cen-
ter of the droplet towards the contact line, giving rise to the well-
known coffee-stain effect [13,14].

However, capillary effects are not the only factor that determi-
nes the flow pattern in an evaporating droplet. It is known that the
evaporation cools the fluid locally due to latent heat effects [15–
18]. This can result in significant thermal Marangoni flows [19],
that typically transport fluid from the contact line towards the
drop apex [20,21]. Consequently, the coffee-stain effect can be
counteracted if cooling is sufficient [22].

Surprisingly enough, in experiments with the most commonly
used fluid – water – thermal Marangoni flow is mostly absent. Only
under some circumstances it can be observed, and in those cases it
is very weak [11,22–25]. This is in spite of the large theoretical
Marangoni flow that is predicted by models. Several mechanisms
have been proposed to explain this discrepancy of which surfactant
contamination is the most common one [22,26]. It is generally
known that it is extremely difficult, if not impossible, to produce
water surfaces that are free of impurities [27,28]. These impurities,
even in small concentrations, can cause significant solutal Maran-
goni stresses that effectively suppress any thermal Marangoni
flow.

Although several investigations have been done into the effects
of surfactants on droplet dynamics during evaporation [29,30], so
far almost none have included the analysis of thermal effects.
The only exception here is the work by Karapetsas et al. [31],
who analyzed the dynamics of an evaporating, surfactant-laden
droplet under complete wetting conditions (i.e. no equilibrium
contact angle exists). However, a broad range of practical applica-
tions occur under partial wetting conditions, with completely dif-
ferent dynamics. Furthermore, although some investigations into
the interaction between thermal and surfactant-induced Maran-
goni stresses have been carried out under partial wetting condi-
tions [26,27], these did not consider the full dynamics of the flow
and the surfactant transport.

In this work, we analyze the dynamics of evaporating droplets
that are subject to both thermal and solutal Marangoni flow. The
focus is here on the fluid flow that results from the competition
between capillary flow, thermal Marangoni flow and surfactant-
induced Marangoni flow, which can typically be either a vortex
or purely outward flow [30]. Both insoluble and soluble surfactants
are considered of which the former was only analyzed in a limited
way and the latter never before. Furthermore, a broad range of
cases is considered, including cases where convection plays a sig-
nificant role in heat transport and contact angles up to 150�. This
has also never been done before for this type of droplets.

We approach this topic by employing two different numerical
models that are to mutually validate each other. One model is
based on lubrication theory and is used to compute the full,
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time-dependent dynamics of the droplet and of the surfactants,
both on the interface and in the bulk. The other model uses a
quasi-stationary approach, which is an efficient way of simulating
droplets with large contact angles (> 40�) and is suitable for taking
into account convective heat transport [32].

Based on the fact that these models have been applied success-
fully in the past [29–34], it is expected that they can be used to
map the flow behavior of evaporating surfactant-laden droplets
accurately for a broad spectrum of physical cases. This mapping
is done by means of dimensionless numbers, which are an efficient
way of collapsing the large number of physical cases into a more
manageable format. Furthermore, it is expected that these models
yield quantitatively comparable results for the same cases, given
that these cases respect the underlying assumptions of both mod-
els (e.g. small contact angles).

This article is structured as follows: first, in Section 2, both
models are introduced and the corresponding equations are
explained and derived where necessary. Furthermore, relevant
dimensionless numbers are formulated. After that, in Section 3,
the results of both models are analyzed. First, the results of the
lubrication model are considered, which are for both insoluble
and soluble surfactants. The insoluble surfactants are mostly con-
sidered for cases where the quasi-stationary model is no longer
valid (e.g. all surfactant being transported towards the drop apex).
After that, the models are mutually validated by comparing cases
for which they both should yield accurate results, e.g. small contact
angles. Subsequently, the results of the quasi-stationary model for
insoluble surfactants are analyzed, which are typically for larger
contact angles, and, using both models, a minimal surfactant con-
centration to suppress thermal Marangoni flow is found. Lastly, in
Section 4, conclusions are drawn based on the results, their rele-
vance is considered and an outlook is given on possible future
investigations.
2. Mathematical model

In this section, the mathematical equations that govern the sys-
tem are given and explained.

2.1. Lubrication theory

A sessile droplet on a nonporous substrate is considered, with
mass density q, dynamic viscosity l and liquid–air surface tension
r. Bulk properties q and l are assumed constant, but r can change
due to temperature and solute effects (i.e. surfactants). The droplet
initially has a height H, contact radius R and contact angle h. Only
cases with small dimensions and small contact angles (about
h < 40� [35,26]) are considered, meaning that gravity [36,37] and
inertial effects can be disregarded and that lubrication theory can
be employed, respectively. Furthermore, a cylindrical coordinate
system (r;a; z) is used with the assumptions of axisymmetry
@
@a ¼ 0 and that no swirl occurs, Ua ¼ 0.

Given these assumptions, the Navier–Stokes and continuity
equation can be rewritten into an evolution equation for the drop
height profile hðr; tÞ:
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¼ 1
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 !
þ j: ð1Þ

Here, p is the excess pressure in the droplet and j the evaporative
volume flux, which is derived in Subsection S.1 of the Supporting
Material. In this evolution equation, a pressure driven term can be
distinguished and a term that is surface tension driven, which
accounts for Marangoni flow. For a derivation of Eq. (1) see e.g. Fis-
cher [38] or Diddens et al. [39].
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The boundary conditions that are involved are the axisymmetry
at r ¼ 0 (for h and p), the position of the contact line (where h ¼ 0)
and the initial, spherical cap shape h0, respectively. In this work,
only pinned contact line cases are considered, given that both
small contact angles and surfactants promote this behavior
[8,29,40–43]. Therefore, contact radius R is constant. The initial
spherical cap shape of h0 is obtained by solving Eq. (1) for
@th ¼ j ¼ 0.

The pressure in the droplet is dominated by curvature effects of
the surface, meaning that it can be given solely by the Laplace
pressure:

p ¼ �1
r

@

@r
r r@rhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ð@rhÞ2
q

0
B@

1
CA: ð2Þ

The annotation @r denotes the partial derivative with respect to r.
Consistent with lubrication theory, p only depends on r and not
on z.

For the surface tension r the following linear equation of state
is employed:

r ¼ r0 þ @CrCþ @TrðT � T1Þ: ð3Þ
Here, r0 is the surface tension without surfactants at room temper-
ature and @Cr and @Tr the sensitivities of the surface tension to sur-
factant concentration and temperature changes, respectively, which
are typically negative. This linear relation is valid since only small
surfactant concentrations and small temperature changes are con-
sidered in this work. The prefactor of the surfactant term is
assumed to be independent of T, for simplicity reasons. This has
no significant effect on the results. For example, using test simula-
tions with the lubrication theory model it is found that the interfa-
cial velocity typically does not change more than �0.1% if a
prefactor (linearly) dependent on T is implemented.

The occurrence of evaporation implies that there is a slight cool-
ing of the liquid–air interface because of latent heat effects.
Although the resulting temperature differences are relatively small
in magnitude, they can give rise to significant Marangoni stresses.
In this lubrication model, the heat transport in the droplet is
assumed to be dominated by diffusion effects, which is for most
physical situations the case [39]. Furthermore, the diffusion in
axial direction is assumed to dominate over diffusion in radial
direction, because the droplet is relatively flat. To validate this
assumption, the interfacial temperature calculated for 1D diffusion
is compared to 2D diffusion. It is found that for a typical test case
(h ¼ 35�), at no grid point the interfacial temperature changes
more than 0.01% if radial diffusion is dropped. More detail on this
is given in Subsection S.3 of the Supporting Material. Furthermore,
the substrate is assumed to be thick and conductive, resulting in a
constant surface temperature. All these assumptions are typically
used in literature and generally give reasonable results (e.g. see
[31]). The temperature field is consequently given by:

Tðr; zÞ ¼ T1 � L _mwðrÞ
k

z: ð4Þ

Here, L is the latent heat of the liquid and k the thermal conductivity
of the droplet.

2.2. Surfactant transport

At any infinitesimal patch of the liquid–air interface a concen-
tration of adsorbed surfactant Cðr; tÞ can exist. As shown by several
authors [31,44,33,45], the transport of this surfactant can be given
by the convection–diffusion equation:

@C
@t

¼ �rs � ðCutÞ � CUnrs � nþ DCr2
sC� @thez � rsC: ð5Þ
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Here, rs is the surface gradient operator, for lubrication theory
given by rs ¼ 1

1þð@rhÞ2
ðer þ @rhezÞ @

@r þ 1
r ea

@
@a, with ei the unit vector

in direction i. Furthermore, us is the velocity vector of the interface
and DC the interfacial diffusion coefficient of the surfactant. Vector
ut is the tangential interface velocity, given by ut ¼ ðI � nnÞu,
where u is the fluid velocity vector, and

n ¼ ð�@rher þ ezÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð@rhÞ2

q
the interface normal. Lastly,

Un ¼ un � n ¼ @thffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð@rhÞ2

p .

Besides surfactant at the interface, there is also surfactant in the
bulk of the droplet. In case the equilibrium bulk concentration is
relatively small, surfactants are considered ‘insoluble’, meaning
that the bulk concentration can be neglected. If the equilibrium
bulk concentration is significant, the surfactant is considered ‘sol-
uble’ and a bulk transport equation should be taken into account.

The surfactant evolution in the bulk can be described in terms
of a bulk concentration /ðr; tÞ, but it is more convenient to express
it in terms of wðr; tÞ ¼ /ðr; tÞhðr; tÞ, since this variable is indepen-
dent of hðr; tÞ [46]. The bulk concentration is assumed to depend
on r only, meaning that the droplet is flat enough and diffusion is
significant enough for the surfactant concentration to be assumed
uniform along the height (i.e. rapid vertical diffusion occurs
[30,47–49]).

The governing equation for wðr; tÞ is given by:

@w
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¼ 1
r

@

@r
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@r
@r

þ D/h
@/
@r

 !
; ð6Þ

with D/ the diffusion coefficient of the surfactant in the bulk of the
droplet. The boundary conditions to which Cðr; tÞ and wðr; tÞ are
subjected are the symmetry condition at r ¼ 0. The initial concen-
trations are homogeneous and defined as C0 for the interface and
/0 for the bulk, respectively.

In case the surfactant is soluble, it also needs to be taken into
account that surfactant is continually adsorbing onto and des-
orbing from the liquid–air interface. The rate with which this
occurs depends on the surfactant concentrations in the bulk and
at the interface and on the space available on the interface. This
behavior is captured by the following sorption equation [44,49]:

JC/ ¼ ka/ 1� C
C1

� �
� kdC: ð7Þ

Here, C1 is the maximum surfactant concentration and kd and ka
are the desorption and adsorption coefficients, respectively. Fur-
thermore, JC/ is the sorption flux, which is required to be added
to Eq. (5) and subtracted from Eq. (6), while for the latter also being

multiplied by a factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð@rhÞ2

q
to take into account interface

geometry.

2.3. Quasi-stationary model

The lubrication approximation applied hitherto loses its validity
when considering higher contact angles, typically hJ40� for ther-
mal Marangoni flow in pure droplets and hJ25� for solutal Maran-
goni flow in multi-component droplets [39].

To investigate the interplay of surfactants and thermal Maran-
goni flow for arbitrary contact angles h, it is hence required to go
beyond lubrication theory. However, instead of solving the full
transient evolution of coupled Navier–Stokes equations, surfactant
and thermal transport equations, we follow a quasi-stationary
approach similar to the one presented in [32].

The disregard of transient dynamics is substantiated by the fact
that the system quickly converges to a quasi-stationary equilib-
rium. If there is a gradient in surface tension, it will be compen-
sated almost instantly by the strong Marangoni flow until the
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thermally induced surface tension gradient, the surfactant-induced
surface tension gradient and capillary forces due to evaporation
form a quasi-equilibrium. This is at least the case for insoluble sur-
factants, since the bulk diffusion dynamics for soluble surfactants
can be slow and thereby sustain longer transient dynamics. There-
fore, we limit the investigation to the case of insoluble surfactants
here. Once the quasi-stationary solution is attained, only the vol-
ume loss by evaporation slowly changes the shape of the droplet,
but the velocity field, temperature field and surface concentration
field will immediately converge to their quasi-equilibrium.

Due to the small Reynolds number, Stokes flow is sufficient to
consider. The droplet will assume a spherical cap shape almost
instantly due to the tiny capillary number. Deviations from this
shape due to surface tension gradients can only be expected in
the limit of small contact angles [50], but even the investigation
of this limit in the lubrication approximation model has not shown
any noticeable deformations of the droplet shape.

Again, axisymmetry and a pinned contact line are assumed.
However, the scales and parameters of the lubrication approach
are not necessarily meaningful for high contact angles. Instead of
using the base radius R and the droplet height H, the droplet will
be expressed in terms of the volume V and the contact angle h.

Any influence of the temperature T or the surfactant concentra-
tion C on the physical properties are, with exception of the surface
tension, not considered. In principle, natural convection could
become relevant, but for reasonably small droplets with
VK100lL, the capillary and Marangoni driven dynamics over-
whelm, which was confirmed by numerical experiments. Only for
water droplets larger than around 0:5mL, natural convection
becomes important. Note that for solutally driven convection in
binary droplets, natural convection can already dominate the flow
for considerably smaller droplets, as shown by [32,51,52].

All non-dimensional parameters, besides the contact angle h,
read

Ev ¼ Dv

DC

csat � c1
q

; ð8Þ

MaT ¼ �Ev
L
cp

V1=3

lDT
@Tr; ð9Þ

MaC ¼ �C0
V1=3

lDC
@Cr; ð10Þ

Dr ¼ DC

DT
¼ DCqcp

k
: ð11Þ

The Marangoni numbers for thermal and surfactant induced Maran-
goni flow, MaT and MaC, follow their conventional definition. Note,
however, that MaT is proportional to the nondimensional evapora-
tion speed Ev, since thermal Marangoni flow will increase with fas-
ter evaporation, whereas this is not the case for the surfactant-
induced Marangoni flow, which will be the stronger the more sur-
factants are on the surface. Therefore, MaC is proportional to the
averaged surfactant concentration C0.

The system is rescaled by replacing dimensional quantities with
nondimensional ones, as defined in Subsection S.2 of the Support-
ing Material. Subsequently, the nondimensional quasi-stationary
temperature advection–diffusion equation reads

Dru � rT ¼ r2T; ð12Þ
along with the boundary conditions

rT � n ¼ �j at the liquid� gas interface; ð13Þ
T ¼ 0 at z ¼ 0; ð14Þ

@rT ¼ 0 at r ¼ 0: ð15Þ
The ratio Dr of the surfactant interface diffusivity and the thermal
diffusivity is usually small, i.e. DrK0:01, which justifies to disregard
895
the advection term in Eq. (12). However, this is only possible when
the thermal Marangoni flow is hampered sufficiently by surfactants,
since otherwise the nondimensional velocity may be considerably
higher than Oð1Þ, which can be attributed to the chosen character-
istic velocity scale based on the surfactant diffusivity, not the ther-
mal one. Furthermore, note that the boundary condition at the
substrate implies an isothermal substrate, which can be realized
by sufficiently thick highly conducting substrates. Heat transport
in the gas phase is neglected.

The evaporation rate j is obtained by calculating the normal dif-
fusive vapor flux in the gas domain, as explained in Subsection S.1
of the Supporting Material. Note that we do not consider the reduc-
tion of the local saturation concentration csat due to the evapora-
tive cooling. While it might be important at fast evaporation, it
would introduce another parameter into the system which is
beyond the scope of this article here.

The velocity u is obtained by solving the Stokes flow

�rpþr � ruþrut� � ¼ 0; ð16Þ
r � u ¼ 0; ð17Þ

with a no-slip boundary condition at the substrate and ur ¼ 0 at
r ¼ 0. The velocity boundary condition at the liquid–gas interface
is more complicated: Since the process is assumed to be quasi-
stationary, the interface of the mesh does not move during the solu-
tion procedure. However, in order to allow for consistent solutions
considering the mass loss by evaporation, the normal motion of the
interface has to be considered in an indirect way. Since the droplet
is always assumed to form a spherical cap shape with a pinned con-
tact line, the motion of the entire interface is given by a geometrical
factor hIðsÞ, where s is a parametric coordinate along the interface.

Furthermore, we introduce the decay of the contact angle
_h ¼ @th. This decay due to evaporative loss can be obtained by
the implicit relation

Z
S

_hhI þ Evj
� �

dS ¼ 0: ð18Þ

It means that the total mass loss, i.e. the evaporation rate j inte-
grated over the liquid–gas interface, has to be compensated by
the volume loss, which prescribes the decay of the contact angle.
This way, a quasi-stationary model becomes possible. The geomet-
ric factor hI and the corresponding interfacial boundary conditions
are derived in Subsection S.2 of the Supporting Material.

Finally, the quasi-stationary insoluble surfactant transport
equation is required. The normal motion of the interface is consid-
ered, since it leads to a pronounced compression of the interface at
the apex and thereby to an increase of the surface concentration C
at the top of the droplet. The quasi-stationary transport equation
reads

rS � _hhInCþ utC
� �

¼ r2
SCþU: ð19Þ

The constant U is a compensation term to ensure that a
quasi-stationary solution exists. Without this, the surface
compression due to the inward interface motion, expressed in
rS � ð _hhInCÞ ¼ _hhICrS � n with the constant interface curvature
rS � n, would lead to an overall increase of C over time and thereby
rendering a stationary solution impossible. An expression for U is
derived in Subsection S.2 of the Supporting Material.

For the implementation and solution procedure, see Subsection
S.4 of the Supporting Material.
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3. Results

In this section, the results of both the lubrication theory model
and the quasi-stationary model are analyzed and the models are
mutually validated by comparing their results.
3.1. Representative results

In Fig. 1, representative results of both models are depicted, in
this case of the quasi-stationary model for a contact angle of
h ¼ 60�. Without Marangoni flow, only the typical radial outward
flow is visible (Fig. 1a). In that case, the velocity u is proportional
to the evaporation rate. Due to the advection, the surfactant con-
centration is slightly higher near the contact line than on the apex,
although the increase of surfactant concentration C due to the
interface compression is strongest at the apex. Both effects, out-
ward advection and interface compression, scale linearly with
the evaporation rate.
Fig. 1. Representative results of both models. In this case, the results are from the
nondimensional quasi-stationary model for arbitrary contact angles (here with
h ¼ 60�). Color-coded is the nondimensional vapor concentration c in the gas phase
and the nondimensional temperature T (left) and the nondimensional velocity u
(right) in the droplet as well as the nondimensional evaporation rate j and the
nondimensional surface concentration C at the interface. (a) pure typical radial
outward flow for vanishing Marangoni numbers. Surfactants are transported
towards the contact line. (b) Strong thermal Marangoni in absence of surfactant-
driven Marangoni flow compresses the surfactants to the apex. (c) If both
Marangoni mechanisms are present, the velocity – in particular at the interface –
is strongly hampered.

896
If thermal Marangoni flow is considered, but not any effect of
the surfactants, thermal Marangoni convection drives an internal
circulation from the contact line along the liquid–gas interface
towards the apex (Fig. 1b). For most physical values, there is only
a minor effect of advection on the temperature field, unless very
intense evaporative cooling is considered. The circulatory flow
drives all surfactants towards the apex, whereas the remainder of
the interface gets depleted.

Once also surfactant-induced Marangoni flow is present
(Fig. 1c), the thermally induced flow velocity is strongly hampered.
In particular near the interface, the flow velocity becomes almost
zero, since any flow at the interface would advect the surfactants
from their equilibrium distribution, leading to strong Marangoni
stress to stop this flow. Of course, for non-vanishing evaporation,
radial outward flow is still required to replenish the evaporated
liquid and keep the droplet in a spherical cap shape. However, this
replenishing now happens almost entirely through the bulk of the
droplet. Due to the absence of strong Marangoni convection, the
temperature field also relaxes again towards the pure conductive
solution. This observation allows to disregard advective heat trans-
fer once a sufficient effect of surfactants is considered. Finally, the
surfactant concentration is now highest at the apex, which can be
explained by two mechanisms, namely the higher surface com-
pression, increasing C proportional to the evaporation rate and
the remaining small thermal Marangoni convection, which drives
the surfactants towards the apex until an equilibrium in tangential
stress is reached.
3.2. Lubrication approach

Given lubrication theory, the flow in the droplet can be
described by four characteristic velocities: the evaporation velocity
uev (which is proportional to the typical capillary velocity [11]), the
surfactant-induced Marangoni velocity uC, the thermal Marangoni
velocity uT and the diffusion velocity uD. Note that uT depends on
uev , because it depends on the evaporative cooling induced by
evaporation.

Given these four velocities, three independent dimensionless
numbers can be formulated:

UC ¼ uC

uev
¼

� @CrC0H
Rl

2
p

Dv csat
Rq ð1� RHÞ ¼ �p

2
@CrC0Hq
Dvcsatl

1
1� RH

; ð20Þ

UT ¼ uT

uev
¼

� @TrH2Lq
Rlk uev

uev
¼ � @TrH2Lq

Rlk
; ð21Þ

Ma ¼ uC

uD
¼

� @CrC0H
Rl

DC
R

¼ � @CrC0H
DCl

: ð22Þ

These are defined as the dimensionless solutal Marangoni velocity
UC, the dimensionless thermal Marangoni velocity UT and the Mar-
angoni number Ma. Later on, the effects of these characteristic
dimensionless numbers on the flow pattern are analyzed.

Physically speaking, an increase in UC typically corresponds to
an increase in surfactant concentration, larger droplets or slower
evaporation. An increase in UT corresponds to larger droplets or
fluids that have larger latent heat or are less conductive. An
increase in Ma corresponds to larger surfactant concentrations, lar-
ger droplets or less influence of diffusion.

The (normalized) interfacial velocity Ut � ut=uev is an indication
of the degree of Marangoni circulation present. A small and/or pos-
itive interfacial velocity means that there are no vortices and thus
the thermal Marangoni flow is relatively small compared to either
the capillary or the solutal Marangoni flow of the insoluble surfac-
tants, as for example illustrated in Fig. 1a and c. A negative interfa-
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cial velocity, on the other hand, implies a flow from the contact line
towards the apex (i.e. a circulatory flow), as illustrated in Fig. 1b.
3.2.1. Insoluble surfactants
First, insoluble surfactants are considered. As can be seen in

Fig. 2a, increasing UC, while keeping the other two non-
dimensional numbers fixed, tends to reduce the interfacial veloc-
ity. This means that as the relative effect of the surfactants
increases (e.g. the surfactant concentration increases, while Ma
remains constant) the thermal Marangoni circulation becomes
increasingly suppressed. Indeed, the presence of insoluble surfac-
tants is known to cause a stagnation of the interfacial flow [30],
so it is not surprising to observe this. This behavior is caused by
the fact that surfactants reduce surface tension. Therefore any gra-
dient in surfactant concentration results in an opposite gradient in
surface tension. The result of this is that the thermal Marangoni
flow is stalled, since the resulting surfactant concentration gradi-
ents cause an opposing solutal Marangoni stress.

Note that for large values of UT combined with small values of
UC the simulations become unstable due to most surfactant being
transported towards the apex. Therefore, these data points have
been extrapolated using simulations without surfactants, since
these are reasonably representative. In the figure, the extrapola-
tions are indicated with dashed lines.

Furthermore, it can be seen that an increase in UT causes the
magnitude of the interfacial velocity to increase as well, meaning
that the thermal Marangoni circulation becomes stronger. Espe-
cially for small values of UC this effect is significant, because for
these values the surfactants have relatively little effect in terms
of stalling the flow and the thermal effects are dominant. Fig. 2a
also shows that the used extrapolation method is accurate. For
UC ¼ 1:10 and UC ¼ 11:0 the graph follows the pure case nearly
perfectly for small and intermediate values of UT and it blends nat-
urally into the extrapolated region.

Variation of the Marangoni number Ma shows that the mecha-
nism by which the surfactants are transported is of key importance
to the flow dynamics. In Fig. 2b two distinct flow regimes can be
distinguished: a diffusion regime (Ma � 1), where the surfactants
Fig. 2. Normalized interfacial velocity Ut for insoluble surfactants as a function of
dimensionless parameter UT . (a) Ut vs. UT for several values of UC (Ma ¼ 1:0 � 103)
and (b) Ut vs. UT for several values of Ma (UC ¼ 1:1 � 104). The dashed lines indicate
extrapolations for low values of UC using simulation results of pure droplets.
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are transported by diffusion and the flow behaves as if no surfac-
tants were present, and a convection regime (Ma � 1), where the
surfactants are primarily transported by Marangoni flow and dis-
play the same suppression of the circulation as also seen in
Fig. 2a. These differences in flow behavior between the two
regimes can be related to the surfactant distribution as a result
of both convection and diffusion. For small Marangoni numbers,
where diffusion dominates, most concentration gradients that are
caused by convective flow are immediately reduced due to diffu-
sive effects. Therefore, no significant solutal surface tension gradi-
ents remain to suppress the circulation. For larger Marangoni
numbers on the other hand, diffusion is mostly insignificant and
the Marangoni stresses are now the mechanism that keeps surfac-
tant concentration gradients small. Therefore, the surfactants tend
to stall the thermal Marangoni flow, since the solutal and thermal
Marangoni stresses work in opposite directions.

3.2.2. Soluble surfactants
In case the surfactant is soluble, the situation becomes more

complex. Besides a concentration at the interface there will also
be a concentration in the bulk and surfactant is constantly being
transported between these two through adsorption and desorp-
tion. Even without taking into account thermal effects, surfactants
can now also cause Marangoni circulation, which is something that
purely insoluble surfactants cannot do [30].

Furthermore, there are also three additional dynamic effects
that are to be taken into account: the surfactant adsorption onto
and desorption from the interface and diffusion in the bulk of the
droplet. For the sake of simplicity and readability of this paper, dif-
fusion in the bulk will not be investigated here and the focus will
be on the sorption kinetics. The two additional dimensionless
numbers for soluble surfactants are therefore:

Ki ¼ Desorption rate
uC

¼ � kdR
2l

@CrC0H
; ð23Þ

So ¼ Desorption rate
Adsorption rate

¼ kdR
ka

: ð24Þ

Here, Ki is called the kinetics number (as it is the sorption kinetics
of the surfactant relative to the typical Marangoni velocity) and So
is the solubility number, which is a measure for surfactant
solubility.

In Fig. 3a, it is observed that similar to the case of insoluble sur-
factants, increasing UT results in an increase in the magnitude of
the interfacial velocity. This is unsurprising, given that stronger
thermal effects result in stronger (thermal) Marangoni stresses
towards the drop apex.

For UC, however, richer behavior is found. Rather than an over-
all tendency to decrease the magnitude of the interfacial velocity,
soluble surfactants generally increase it. This is caused by the fact
that soluble surfactants themselves can cause Marangoni circula-
tion, even without thermal Marangoni effects. This surfactant-
induced circulation can be stronger than thermal effects, resulting
in the observed behavior. An illustration of this is given in Fig. 3b,
where it can be seen that for UC � 105 the interfacial velocity has a
larger magnitude for the surfactant case without thermal effects
than for the pure case (without surfactant effects). If both surfac-
tants and thermal effects are taken into account, the resulting
interfacial velocity is always in between the surfactant-only case
and the pure case.

For the lower values of UC this is caused by the fact that surfac-
tants at the interface are mostly transported towards the apex,
resulting in a positive surfactant-induced Marangoni stress that
counters the negative thermal Marangoni stress. This counter
stress becomes less significant as the relative effect of surfactants
decreases with UC and eventually converges with the pure case.



Fig. 3. Normalized interfacial velocity for soluble surfactants as a function of
dimensionless parameters (Ma ¼ 1:0 � 103). (a) Ut vs. UC for several values of UT

(Ki ¼ 4:4 and So ¼ 2:7 � 104), (b) Ut vs. UC for a typical case with and without
thermal and surfactant effects (UT ¼ 2:42 � 105;Ki ¼ 4:4 and So ¼ 2:7 � 104) and (c)
Ut vs. Ki for several values of So (UC ¼ 1:1 � 105;UT ¼ 7:7 � 104). The dashed lines
indicate extrapolations for low values of UC using simulation results of pure
droplets.

Fig. 4. Comparison of the tangential interface velocity with both models, i.e. the
quasi-stationary finite element method (solid) and the transient lubrication theory
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For higher values of UC the surfactant effects eventually out-
weigh the thermal effects (e.g. at UC � 105) resulting in an interfa-
cial velocity magnitude of the combined case being higher than for
the pure case. It still remains smaller than the surfactant-only case,
however, because the thermal Marangoni flow reduces the concen-
tration gradient of the surfactant and therefore also the surfactant-
induced Marangoni stress (with respect to the surfactant-only
case). This reduction of the surfactant-induced Marangoni stress
is more significant than the increase in thermal Marangoni stress.
The result is that the case with both thermal and surfactant effects
is always between the surfactant-only case and the pure case in
terms of interfacial velocity magnitude.

For the dimensionless numbers that include the sorption kinet-
ics, Ki and So, more intuitive results are found. In Fig. 3c, it is
observed that as Ki increases, the magnitude of the interfacial
velocity also increases. This increase seems to reach a platform
for approximately Ki > 1. It seems that for Ki < 1, where solutal
Marangoni convection dominates over sorption effects, the soluble
surfactant still partially shows insoluble behavior. Essentially, the
transport is controlled by the sorption kinetics in this regime, since
that is the limiting factor. Thus, decreasing the relative time scale
of the sorption promotes circulation. Similar behavior was also
found by van Gaalen et al. [30] for droplets without thermal effects.
For Ki > 1 the surfactant transport is controlled by convection and
thus increasing the speed of the sorption kinetics has no longer an
effect on the interfacial velocity.

Furthermore, it can be seen in Fig. 3c that a higher value of So
promotes circulation. This dimensionless number is given by the
ratio between the timescales of the desorption and adsorption
kinetics and therefore is a measure of the ratio between the equi-
librium concentrations at the interface and in the bulk (i.e. the sol-
ubility of the surfactant). As would be expected from the previous
results for insoluble and soluble surfactants, increasing the solubil-
ity will also increase the interfacial velocity magnitude. Of course,
898
this is only the case if the sorption kinetics are fast enough: as can
be seen, the interfacial flow remains suppressed for higher values
of So if Ki is small. In that case, the surfactant still behaves as if
it were insoluble.

3.3. Quasi-stationary method

Here, the results of the quasi-stationary method are analyzed
and compared with the lubrication approach.

3.3.1. Mutual validation with the transient lubrication approach for
low contact angles

To mutually validate both approaches, we compare the nondi-
mensional averaged tangential interface velocity

Ut ¼ 1
S

Z
u � tdS; ð25Þ

of both methods. Here, the tangent vector t is chosen to point
towards the contact line. This means that Ut > 0 indicates a net tan-
gential flow towards the contact line, as e.g. visible when the radial
outward flow due to capillarity and the pinned contact line (i.e. the
flow leading to the coffee-stain effect) prevails, whereas Ut < 0 indi-
cates a Marangoni circulation due to a dominant thermal Maran-
goni effect.

The parameters of the quasi-stationary model ðEv;MaC;MaTÞ
can be obtained from ðMa;UC;UTÞ of the lubrication model as
follows:

Ev ¼ p
2
Ma
UC

; ð26Þ

MaC ¼ 2p
h2

� �1=3

Ma; ð27Þ

MaT ¼ 2p4

h5

� �1=3 UTMa
UC

: ð28Þ

The factors involving the contact angle result from a series expan-
sion of the complicated relations between the geometrical droplet
quantities ðR;HÞ and ðV ; hÞ. These series expansions are valid for
low contact angles hK40�. Note that the quasi-stationary finite ele-
ment model has in total four parameters, whereas the lubrication
model only has three. This is due to the disregard of convective heat
transfer in the lubrication theory model, which is accounted for in
the finite element model by setting Dr ¼ 0.
model (+).
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Representative results of the comparison of both methods are
shown in Fig. 4. Obviously, the velocities for pure thermal Maran-
goni flow agree well and also the onset of the suppression of sur-
factants is perfectly reproduced. Minor deviations can be
attributed to the different assumptions made in both models,
namely the quasi-stationary assumption in the finite element
method and the approximation for low contact angles in the lubri-
cation theory approach, evidenced by the better agreement at the
lower contact angle. Since the quasi-stationary model requires a
vanishing capillary number, a small capillary number of 1	 10�5

was chosen in the lubrication model.
3.3.2. Direction of the averaged tangential flow
For the same parameters as in Fig. 1, i.e. h ¼ 60�;Dr ¼ 0:01 and

Ev ¼ 1, the averaged tangential interface velocity as function of the
Marangoni numbers is plotted in Fig. 5a. It is apparent that for van-
ishing Marangoni numbers, the typical radial outward flow can be
observed, where Ut � Ev holds, i.e. the stronger the evaporation,
the stronger the outward flow. Increasing the surfactant-induced
Marangoni flow, i.e. MaC, slows down this tangential velocity
Fig. 5. (a) Averaged tangential interface velocity as function of the Marangoni
numbers. Positive values of Ut indicate interfacial flow towards the contact line by
capillarity, negative values indicate thermal Marangoni convection. (b) Dependence
of the linear slope of Ma0r on Ev. (c) Threshold for the change in flow direction as
function of the contact angle.
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towards the contact line, but does not reverse the direction. If
the thermal Marangoni number is increased instead, there is a
transition where Ut crosses zero, i.e. thermal Marangoni convec-
tion sets in and dominates the velocity direction at the interface
by a Marangoni vortex from the contact line along the interface
to the apex. This thermal Marangoni flow can be impeded by also
increasing the surfactant-induced Marangoni number MaC, until
again the averaged tangential interface velocity becomes positive,
i.e. directed to the contact line. It can be seen that the boundary
between dominant thermal Marangoni flow and suppressed inter-
facial flow due to surfactants, defined by Ut ¼ 0, follows a linear
relation MaC=MaT ¼ constant for sufficiently large Marangoni
numbers. In this limit, we define

Ma0r ¼ MaC
MaT

for which Ut ¼ 0: ð29Þ

For realistic values of the diffusion ratio Dr < 0:01 and the evapora-
tion number Ev < 10, this quantity is nearly independent on Dr,
since the latter only enters in the advection term in Eq. (12). Since
the tangential flow at the interface vanishes, only the bulk velocity
can influence the temperature field by advection, but since the bulk
flow due to capillary radial outward flow has the same order of
magnitude as Ev, the term Dru � rT is small compared to the con-
duction term. This implies that the transition line indicated by
Ma0r is only a function of the evaporation number Ev and the contact
angle h, which was also confirmed numerically.

The curve Ma0r as function of the evaporation number Ev is plot-
ted in Fig. 5b for different contact angles. Obviously, it follows a
1=Ev slope. Physically, this scaling result can be interpreted as fol-
lows: For small evaporation numbers Ev, thermal Marangoni flow
will lead to a convection towards the apex. The surfactants can
slow down this flow, but in order to reverse it towards the contact
line, it is necessary for the radial outward flow due to evaporation
and the increase of surfactants at the apex due to surface compres-
sion to be sufficiently strong. Both of these mechanisms scale with
Ev, so that a zero tangential interface velocity can only be reached
when balancing EvMaC � MaT .

Using this scaling, a master curve for Ma0r Ev as function of the
contact angle h can be found. This curve only holds in the limit
of high Marangoni numbers, but in that case, one can rewrite the
modified Marangoni ratio Ma0r Ev for which Ut ¼ 0 holds as follows

Ma0r Ev ¼ MaC
MaT=Ev

¼ 1
Dr

C0 @Cr
L
cp

@Tr


 1200 r0�rC
r0

;
ð30Þ

where in the last step the typical properties of water at T1 ¼ 20�C
were used, a surfactant diffusivity of DC ¼ 1	 10�10m2/s was
assumed and the effect of surfactants on the surface tension was
expressed by the ratio ðr0 � rCÞ=r0. This ratio measures the relative
surface tension reduction, i.e. it expresses the normalized difference
of the surface tension of pure water r0 and the surface tension rC

due to a present surfactant concentration of C0.
With this definition and the scaling observation, we can now

plot the curve Ma0r Ev as function of the contact angle h to create
a curve where Ut changes sign, i.e. where thermal Marangoni flow
from the contact line to the apex (Ut < 0) is entirely suppressed by
the action of the surfactants, so that the tangential interfacial flow
is directed towards the contact line (Ut > 0). This curve is shown in
Fig. 5b, where also the necessary relative reduction of the surface
tension by the surfactants ðr0 � rCÞ=r0 is indicated. Obviously,
when the present surfactants reduce the surface tension of pure
water by � 0:4%, thermal Marangoni flow is entirely suppressed.
This low value is often within the uncertainty of experimental



Fig. 6. Required surfactant-induced Marangoni effect to reduce the pure thermal
Marangoni velocity by 90% and 99%. (a) Necessary Marangoni ratio as function of
the thermal Marangoni number. (b) Marangoni ratio as function of the contact
angle.
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measurements of the surface tension. Using the relation
r0 � rC ¼ RT1C0, one can estimate a necessary surfactant concen-
tration of C0 
 0:1lmol/m2.

3.3.3. Required amount of surfactants to impede thermal Marangoni
flow

The previous discussion on the tangential flow direction does
not convey the full information on the effective suppression of
the flow. In particular, in the limit of Ev ! 0, a very strong
surfactant-induced Marangoni number is required to reach
Ut ¼ 0. This is reasonable, since in absence of any radial outward
flow, there is no mechanism that leads to a tangential flow towards
the contact line, whereas any positive thermal Marangoni number
MaT > 0 induces tangential flow towards the apex. This flow can be
hampered by the presence of surfactants, i.e. by sufficient MaC, but
never reversed. This means that in the limit of Ev ! 0;Ut 6 0
holds, which justifies another investigation of the case Ev ¼ 0,
where we treat MaT , which is by definition proportional to Ev, as
an independent parameter, i.e. we consider the case Ev ! 0 and
MaT=Ev ! 1. Thereby, we can investigate the dynamics of the
two competing Marangoni terms alone, i.e. in absence of any radial
outward flow and surface compression due to the evaporation-
driven motion of the interface. Furthermore, the following results
are independent of whether a pinned or unpinned contact line is
considered.

Since the tangential interface velocity cannot be reversed in this
scenario, we instead focus on the required influence of surfactants
necessary to reduce the pure thermal Marangoni velocity (i.e. with
MaC ¼ 0) to a specified fraction. To that end, we introduce the two
Marangoni ratios Ma10%r and Ma1%r , for which the pure thermal
Marangoni velocity is reduced by 90% and 99%, respectively.
Mathematically, these ratios are defined by implicit relations
involving the average tangential velocity UtðMaC;MaTÞ as function
of the Marangoni numbers. Numerically, one can easily solve for
the curves Ma10%r ðMaTÞ and Ma1%r ðMaTÞ by first solving for the base
line in absence of surfactants, i.e. Utð0;MaTÞ. Afterwards, by treat-
ing Ma10%r or Ma1%r as degree of freedom of the system and using it
as Lagrange multiplier to enforce these definitions, a simple con-
tinuation in MaT yields the corresponding curves.

In Fig. 6a, these curves are shown for two different contact
angles. Obviously, for small thermal Marangoni numbers
MaTK104, the ratios Ma10%r and Ma1%r obey a 1=MaT-slope. This
can be explained as follows: The induced thermal Marangoni flow
scales as Ut � �MaT , so that the advection term rS � ðutCÞ in the
surfactant Eq. (19) is small compared to the surfactant diffusion
term. Hence, surface diffusion can strongly reduce the counter-
acting surfactant gradient built up by the thermal Marangoni flow.
With increasing thermal Marangoni number and hence also the
velocity, the surfactant convection term becomes more and more
dominant until it dominates the diffusion term. In this limit, a
reduction of the velocity by 90% or 99% can be reached by balanc-
ing the Marangoni effect. Using the scaling ut � �rST and the
induced surfactant displacement rSC � ut , a reduction of the pure
thermal Marangoni velocity due to surfactants can be reached by
MaC � MaT , i.e. with constant Ma10%r or Ma1%r .

In order to allow for an estimation of the required amount of
surfactants, the nondimensional parameters are again recast to a
required surface tension reduction due to surfactants:

MaC
MaT

¼ Ev�1 DT

DC

cpC0

L
@Cr
@Tr

¼ � 1
1� RH

k
L

1
csatDv

C0@Cr
@Tr

ð31Þ


 500
r0 � rC

r0
:

In the last step we used again the properties of water at T1 ¼ 20�C,
ambient pressure and a relative humidity of RH 
 42%. Compared
900
to Eq. (30), where a reference value for the surfactant diffusivity
DC was required for the numerical factor, here the relative humidity
RH is required instead. Experimentally, the relative humidity is
more easily accessible. The Marangoni ratios Ma10%r and Ma1%r for
high Marangoni numbers are plotted against the contact angle in
Fig. 6b. Obviously, also in the limit of small evaporation numbers
Ev, where very large surfactant Marangoni numbers MaC are
required to reverse the interfacial flow direction, it is still possible
to reduce the thermal Marangoni flow by 99% with a rather small
amount of surfactants, which reduce the surface tension by only
less than 1% and close to 0:1% for smaller contact angles. Similarly,
with the lubrication approach a required surface tension reduction
of order 0:1% is found.

This significant influence of a relatively small concentration
could be an explanation for a discrepancy that is found in literature
between simulations and experiments. As mentioned before, sim-
ulated results have a tendency to predict a strong Marangoni veloc-
ity for water droplets that is typically several orders of magnitude
larger than the experimental results, where usually only a weak,
barely detectable Marangoni flow is found [11,24,22,53,23,25].

This discrepancy was often explained by the possibility of con-
taminants (i.e. surfactants) being present and several estimations
of howmuch contaminant would be required for a suppression this
strong were made [26,22,27]. However, these methods did not take
into account the full underlying dynamics and/or physics and are
only analytical approximations and analyses with dimensionless
numbers.

Now it is shown using quasi-stationary and dynamical simula-
tions that even if the surface tension is reduced by 0:1% to 1% due
to contaminants, the velocity can become two orders of magnitude
smaller. Because this change in surface tension is so small, it can-
not be reasonably detected, since it is relatively difficult to mea-
sure surface tension accurately. This was also concluded by
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Molaei et al. [27], who performed experiments and a nondimen-
sional analysis and theorized a similar undetectable but significant
surfactant concentration (also around 0.1% surface tension reduc-
tion). Hu and Larson [26,22] find a smaller concentration corre-
sponding to an approximate 0.001% reduction in surface tension,
but in their simulations, the evaporative cooling is very weak as
compared to more realistic cases.

In conclusion, we have investigated two indicators of when the
thermal Marangoni flow is suppressed. By focusing on non-
vanishing evaporation numbers, the factor EvMa0r (cf. Eq. (30)) is
a good indicator of when the flow at the interface turns from ther-
mal Marangoni flow to a flow towards the contact line. For vanish-
ing evaporation numbers, this transition is hard to reach, since
there is no mechanism driving the flow towards the contact line.
However, by taking the ratio MaC=MaT one can estimate the reduc-
tion of the magnitude of the thermal Marangoni flow in that case.
For both investigations, the amount of surfactants required to
impede the thermal Marangoni flow is associated with a
surfactant-induced reduction of the pure surface tension of water
by less than one percent. This holds for all kind of contact angles,
where the required surfactant concentration C0 is the lower the
smaller the contact angle.

Some of these conclusions are only valid whenever the assump-
tions of the quasi-stationary model are met, which is mainly a dro-
plet volume below VK100lL to ensure the absence of considerable
natural convection. However, to obtain sufficient thermal Maran-
goni numbers to reach the indicated linear slope in Fig. 5a and
the constant plateau in Fig. 6a, respectively, the droplet may not
be too tiny.

An estimation for the minimum volume for these scalings to
apply can be achieved expressing the required thermal Marangoni
number MaTJ1	 105 as function of the volume V and using again
the real properties of pure water at ambient conditions. The
required volume to reach the thermal Marangoni number of 105

is approximately 3 nL.
4. Conclusion

Employing two numerical models, the interactions between
capillary flow, thermal Marangoni flow and surfactant-induced
Marangoni flow were analyzed. The two models were validated
by comparing results for cases for which they are both valid.

The lubrication model showed that increasing the relative effect
of (insoluble) surfactants (e.g. larger surfactant concentrations and
slower evaporation) results in an increasing suppression of any
interfacial flow, including thermal Marangoni flow. This is caused
by the fact that surfactants tend to keep their concentration as
homogeneous as possible along an interface due to the solutal Mar-
angoni effect. Furthermore, increasing the relative effect of thermal
Marangoni (e.g. larger latent heat, slower conduction) accelerates
circulation, working against any surfactant effects. An increase in
the Marangoni number (e.g. smaller diffusion coefficient) results
in stronger suppression of surfactants on the interfacial flow.

Regarding soluble surfactants the lubrication model showed
that the suppression of interfacial velocity becomes less severe
and is sometimes even accelerated if the surfactant is more soluble
and has relatively fast sorption kinetics. In those cases the thermal
and surfactant-induced Marangoni stresses work in the same
direction, causing a flow towards the drop apex.

With the quasi-stationary model it was examined in more detail
when the interfacial flow transitions from a negative value (i.e. cir-
culation) towards a positive value (i.e. coffee-ring flow) and vice
versa. It was shown that the surfactant Marangoni number MaC
where Ut ¼ 0 scales linearly with the thermal Marangoni number
MaT , meaning that an increase in thermal Marangoni effects from
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a suppressed state requires a proportional increase in surfactant
Marangoni effects if the flow is to be suppressed again. Similarly,
if the evaporative effects (Ev) become stronger, MaC needs to be
decreased or MaT needs to be increased proportionally for the flow
to be suppressed again.

The quasi-stationary model also shows that suppression of sur-
factants becomes less effective with increasing contact angle. This
becomes clear from the fact that a surfactant concentration corre-
sponding to an order 0:1% reduction in surface tension is required
to reduce the tangential interface velocity by 99% for smaller con-
tact angles (< 90�), as was shown by both models. However, for
larger contact angles the quasi-stationary model shows that this
surface tension reduction is closer to 0:8%.

It noteworthy that contact angles aboveJ120� are hard to real-
ize in experiments, except on textured superhydrophobic surfaces.
Our models can only partially account for this scenario, since e.g.
Cassie-Baxter to Wenzel state transitions [54] and the adsorption
of surfactants on the solid–liquid interface and the hampered heat
flux from the substrate to a droplet in Cassie-Baxter state are not
considered.

Our findings indeed show that the flow behavior in evaporating
surfactant-laden droplets can be mapped using several dimension-
less numbers and that the models give comparable results for the
same cases.

In terms of scientific and technological progress the relevance of
these results is twofold. First, insight is given in the validity of the
lubricationmodel and the quasi-stationary model. Since both mod-
els use different, mutually exclusive assumptions, it is a confirma-
tion of their validity that both yield quite similar results for the
same cases. This underscores the reliability and usability of both
models for the simulation of droplet dynamics. A second aspect
that highlights the relevance of the results of this work is the
knowledge it gives about the flow in evaporating surfactant-
laden droplets. Given the broad application of these droplets, for
example in inkjet printing [1–4], agricultural pest control [6,7]
and more, understanding of the nature and magnitude of the flow
is of great importance.

Preceding numerical studies generally focused on either the
drying of pure droplets [39,55–57,34] or on the behavior of
surfactant-laden nonvolatile droplets [6,44,47,49,58–61]. Most
previous works that did include both surfactants and evaporation
in their models, did not include thermal effects [29,30,62]. The only
study that did include evaporation, surfactants and thermal effects
was carried out under complete wetting conditions, meaning the
dynamics were completely different from this study, which was
performed under partial wetting conditions [31]. Furthermore, that
study did not consider soluble surfactants. Furthermore, there
were a few preceding studies that modeled the effect of surfactants
on the interfacial flow, but these either only discuss the effect of
insoluble surfactants by simplified analytical arguments [26] or
focus on the flow around Brownian particles on the interface with-
out considering the full droplet evolution [27]. Lastly, this is the
first time this type of quasi-stationary approach is employed to
model the flow field of surfactant-laden droplets. Previously, this
was only done for binary droplets [32] and thus this is a confirma-
tion that it can also be used to consider the behavior interfacial
contamination.

Further research opportunities lie primarily in additional analy-
sis of the discrepancy between experimental and numerical results
when it comes to the interfacial flow of droplets. From the results
presented in this article it becomes clear that if indeed contamina-
tion is the reason for the differences between experiments and
models, the deviation should become smaller under specific cir-
cumstances. Our results imply that measurements of interfacial
flow velocity for a broad range of drop sizes and contact angles,
should converge towards the numerical results as the droplets
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become smaller and the contact angles larger, since the suppres-
sion of thermal Marangoni flow seems less severe under these
circumstances.

Other potential topics of interest would be to look at other
explanations for the discrepancy between models and experi-
ments. Recent work by Du et al. [63,64] seems to show both
numerically and experimentally that buoyancy effects also play a
significant role in the flow of an evaporating droplet. This despite
the fact that both dimensional and numerical analysis on our part
do not seem to show this at face value. Further investigation is
therefore required.

Another unexplored research topic could be the numerical anal-
ysis of multi-component droplets with surfactants. Although both
binary and surfactant-laden droplets have been considered by
themselves [29,30,39,56,57,65], these have never been combined
in a numerical model, to our knowledge. This despite their wide
application.
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