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Let X be a monitoring random variable in a production process which provides an out-of-control
signal when X is larger than a certain control limit. Let p be the false alarm rate, that is the
probability of concluding that the process is out-of-control when the process is in control, and let
the in-control situation be modeled by assuming that X has a normal distribution with known
expectation µ and variance s ². Then the out-of-control signal is given if X > µ + sup, with F(up) =
1 – p, where F is the standard normal distribution function.

In practice, it is hard to believe that we know µ and s . Therefore, very often it is assumed that X
belongs to the class of normal distributions with unknown parameters µ and s . Based on
observations from the past, so called Phase I observations, the parameters µ and s  have to be
estimated. A recent reference in which the problems concerning estimation in control charts are
explicitly mentioned, is Woodall and Montgomery (1999) (see page 379); also see e.g. Neduraman
and Pignatiello (2001). In Albers and Kallenberg (2000, 2001) it is shown that simply plugging in
the estimators of µ and s  leads to inaccurate results, unless very large sample sizes are used. Since
nowadays short production runs are more and more in demand, such large sample sizes are usually
not available. Fortunately, simple but efficient correction terms can be derived, leading to control
charts performing according to the required criterion; see Albers and Kallenberg (2000, 2001).

Therefore, as long as normality describes the behavior of X rather well, the corrected control
charts can be applied in practice. But unfortunately, the probability of incorrectly producing an out-
of-control signal may be seriously in error when the distributional form of the observations differs
from normality, see e.g. Chan et al. (1988), Pappanastos and Adams (1996), table 7 on page 222.
Basically, the problem is that the normal approximation may be fair for the central part of the
distribution, but produces large relative errors in the tails. And, in view of the small values of p
typically used, the tails are what we are dealing with. Therefore, a larger model is needed, providing
more flexibility to describe the behavior in the far tail.

For that purpose we consider the so called normal power family, containing the normal
distributions as submodel. One may object that this larger parametric family again does not cover
all distributions and that a nonparametric approach should be taken. As typically the 0.999-quantile
should be estimated, it is clear that with, say, 100 observations in Phase I such a quantile cannot be
estimated nonparametrically. Hence, some assumptions should be made about the relation between
the behavior of X in the far tail (where we should estimate an appropriate quantile) and the behavior
of X "somewhat more to the middle", where we have observations and can do the estimation. A
similar type of argument is applied e.g. in de Haan and Sinha (1999), Hall and Weissman (1997)
and Dekkers and de Haan (1989). The normal power family is on the one hand sufficiently rich, but
on the other hand not that large that estimation is impossible or too inaccurate.

There are many other possibilities to extend the family of normal distributions, like random or
deterministic mixtures. However, it turns out that several standard extensions of the family of
normal distributions lead to very substantially more complicated control limits. We refer to Albers
et al. (2002) for more details.

Using the normal power family gives more flexibility and hence an improvement over simply
using normality and ignoring the well-known facts that in practice normality often fails and that this



causes big errors in the false alarm rate. On the other hand, it is not our claim that the normal power
family always is the "right" model. But firstly, if control limits based on normality are applied, this
should implicitly mean that the distribution is approximately normal, and in that case the normal
power family is certainly appropriate, since normality is a submodel of the normal power family.
Secondly, by the extension to the normal power family many other commonly used distributions
show up, which are covered sufficiently well by members of the normal power family. Thirdly, the
normal power family is not so large that accurate estimation is only possible with huge sample sizes
as in the nonparametric approach.

There are two types of errors involved: model error due to misspecification and stochastic error
implied by estimation. When assuming the restricted model of normality the corresponding model
error turns out to be very large for many common distributions, thus showing the need for a larger
parametric model.

Having reduced the model error by taking a larger parametric model, the next step is to avoid a
large stochastic error due to estimation of the parameters. A correction term agreeing with the
criterion at hand is required. The correction term depends on the chosen estimator as well. Since the
normal power family is put forward as making the link between the (very) far tail and the behavior
somewhat more to the middle, is it natural to base the estimator of the additional parameter on some
order statistics in the ordinary tail. We use the 95% and 75% sample quantiles for this purpose.

It can be shown that there exists a control limit which (apart from a set with extremely low
probability) reduces the bias due to estimation (up to o(n–1)). Unfortunately, this control limit is
very complicated to calculate. A numerical approximation of it is recommended as control limit,
which on the one hand can be calculated quite straightforwardly and on the other hand is close to
the complicated control limit.

A simulation study is performed to see how well the asymptotic results come true for finite
sample sizes. It turns out that the recommended control limit works very well, not only when
sampled from distributions belonging to the normal power family, but also for other distributions
like random and deterministic mixtures. This provides a great improvement of the false alarm rate
based on the normality assumption, which may fail seriously. The loss when really having normal
observations is small.
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