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1
Introduction

1.1 Objective

In the past few decades, a lot of progress has been made in the theoretical
understanding of the macroscopic bubbles and drops owing to the plethora
of experimental, numerical and theoretical studies. However, in certain situa-
tions, bubbles and drops at nanoscopic length scales (also known as nanobub-
bles and nanodrops) do not behave in a manner similar to their macroscopic
counterparts. The broad objective of this thesis is to reveal in what aspects
they are similar to their larger size counterparts and in what aspects they
start deviating from macroscopic theories and what the reasons behind those
deviations are. In particular, the aim of this thesis is to identify, reveal and
understand the underlying physics relevant for dissolution/growth and sta-
bility of nanobubbles and nanodrops. Molecular dynamics (MD) simulations
have been used as a numerical tool to achieve this objective.

1.2 Molecular dynamics simulations

Molecular dynamics (MD) simulations refer to a class of computer simulations
which mimic the behaviour of any bulk material by considering it as a collec-
tion of molecules. Depicting a material as a group of its building blocks, i.e.
molecules, is the most accurate description that can be o�ered to describe a
material. The famous physicist Richard Feynman argued that the most im-

1
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portant scientific knowledge - from physics to biology - is the simple fact that
all things are made of atoms. The following quote from him illustrates the
significance of this fact,

"If, in some cataclysm, all of scientific knowledge were to be de-
stroyed, and only one sentence passed on to the next generations
of creatures, what statement would contain the most information
in the fewest words? I believe it is the atomic hypothesis (or the
atomic fact, or whatever you wish to call it) that all things are
made of atoms–little particles that move around in perpetual mo-
tion, attracting each other when they are a little distance apart,
but repelling upon being squeezed into one another. In that one
sentence, you will see, there is an enormous amount of informa-
tion about the world, if just a little imagination and thinking are
applied... "[1].

Molecular dynamics, or molecular simulations in general, precisely exploit
this "most important scientific knowledge of the world" by modelling a ma-
terial as a collection of molecules to predict the bulk properties of materials
and to study the dynamics of the material at nanoscale. Note that the term
"molecular dynamics" implicitly suggests that a molecule is the most funda-
mental "element" in a simulation, which is not true: a molecule is build up
out of atoms, hold together with chemical bonds (except for mono-atomic
molecules like Argon, Krypton etc). However, depending on the application,
this level of detail may be ignored in MD simulations, or included in an e�ec-
tive way (e.g. chemical bonds by springs, non-symmetric charge distributions
by dipoles). The rationale behind ignoring the detailed underlying atomic
picture as is done in this thesis is discussed in next chapter. In the past few
decades, molecular simulations have developed into a widely used tool in di-
verse areas of scientific research, including material science, medicine, drug
discovery and catalytic reactions to name a few. MD simulations are becom-
ing an increasingly useful tool for such a wide variety of scientific problems
due to ever increasing range of length- and time-scales it can reach, since
computational resources are getting faster and cheaper. Figure 1.1 shows the
range of scientific fields where MD simulations contributed significantly to the
understanding of the behaviour of the system.

MD simulations can reach microscopic length and time scales which are
di�cult and expensive to explore using current experimental facilities. With
increasing commercial applications in nanotechnology, these scales are becom-
ing increasingly relevant. MD simulations are also very useful in calculating
material properties, and for obtaining thermodynamic phase diagrams. They
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(b)(a)

(c)

Figure 1.1: Some examples of the range of scientific fields where MD simulations
play a crucial role in theoretical understanding: (a) Snapshot of a virus HIV ’v’irion,
(b) million molecule simulation of ice formation in a single water droplet, and (c) a
silver-nickel nanoparticle deposited on an oxide surface [2]. Credits: (a) This im-
age was made using VMD in the Theoretical and Computational Biophysics Group,
NIH Center for Macromolecular Modeling and Bioinformatics, at the Beckman In-
stitute, University of Illinois at Urbana-Champaign, (b) GE and Oak Ridge Na-
tional Laboratory, https://science.energy.gov/ascr/highlights/2015/ascr-2015-08-c/ and (c)
https://www.difi.unige.it/en/department/people/rossi-giulia.

utilize microscopic features of the system to estimate the properties of bulk
material, for example the calculation of material constants such as di�usivity,
thermal conductivity, and viscosity through Green-Kubo relations which use
autocorrelation functions of microscopic variables [3].

The accuracy of MD simulations is dependent on the accuracy of the force
field model which describes the interaction between two molecules of a ma-
terial. Once the intermolecular force field between individual molecules is
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established, with the help of experimental data, MD simulations act as "nu-
merical experiments", and can be used as a test bed for the verification of
theoretical models. Thus, MD simulations can replace experiments in certain
situations, in principle allowing us to calculate material properties at extreme
temperatures and pressures, which are di�cult to probe experimentally.

As mentioned earlier, the accuracy of MD simulations of a particular ma-
terial depends on the appropriateness of force field model used, which usually
comes from ab–initio quantum-mechanical calculations, which are very expen-
sive to perform. These calculations can give the parameters like bond length,
angles and energies of the chemical bonds which connect the atoms within
a molecule and also give the parameters of non-bonded force field by which
atoms in di�erent molecules interact. Although accurate force fields and pa-
rameters are available for molecules of many commonly known materials, it
can be computationally very expensive to perform simulations for those force
field models. In this thesis we focus on phenomena which are generic in nature
and independent of specific materials. Given this, it is not necessary to have
a highly realistic molecular model and a general model which contains some
essential features works really well [4]. These essential features are precisely
those that Feynman was referring to: attraction at large distances, and re-
pulsion at short length scales. The Lennard-Jones potential is one such force
field model that has been used in this thesis which captures all the essential
features and computationally not very expensive. It is one of the most widely
used non-bonded interaction potential between two neutral atoms.

1.3 Nanobubbles and nanodrops

Nanobubbles and nanodrops are bubbles and drops at a nanoscopic length
scale that can either form on a solid substrate or in the bulk phase. They are
important from both a fundamental and an application point of view [5]. For
example, the presence of surface nanobubbles has significant implications for
many physical and chemical processes at solid-liquid interfaces like fabrication
of bubble-templated nanostructures [6–8], propulsion of microscopic swimmers
fuelled by catalytic reactions [9, 10], heterogeneous cavitation under ultra-
sound [11, 12], onset of boiling on a microscopic scale [13], and floatation in
mineral processing [14, 15]. While the mentioned applications involve surface
nanobubbles, another kind of nanobubbles known as plasmonic nanobubbles
are studied also for potential applications in solar energy harvesting and cancer
treatment. Plasmonic nanobubbles are formed around nanoparticles heated
by high energy light source of wavelength corresponding to the plasmonic res-
onance wavelength of those particles. It was claimed that solar energy can be
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extracted by dispersing nanoparticles in water and exposing them to direct
sunlight to form steam nanobubbles around them [16]. They can also be used
to treat cancer by attaching nanoparticles to the membrane of tumour cells
and forming a nanobubble around it with the help of a laser. Formation and
collapse of a nanobubble ruptures the cell membrane and thus lead to the
killing of the tumour cells [17].

With the advent of nanotechnology, theoretical understanding of nanodrops
is also becoming increasingly relevant in processes like lithography techniques,
nanofluidics [18–21], froth floatation, and condensation on nanorods [22]. Many
traditional chemical, pharmaceutical and separation technologies also require
theoretical understanding of the growth or dissolution of nanodrops. Most
often, these processes involve multicomponent drops and thus the dissolution
rate of multicomponent droplets is relevant in designing the equipment and
operating conditions of these chemical processes [23–25]. One such example
is liquid-liquid microextraction, where a particular component is extracted
from the bulk liquid by dispersing a micro- or nanodrop having a very high
solubility for that component [26].

As mentioned, nanobubbles and nanodrops are important to many physical
and chemical processes and fundamental understanding of some basic features
like stability, growth and dissolution can immensely help in making these pro-
cesses e�cient. MD is a very useful tool to gain the fundamental understanding
pertinent to nanobubbles and nanodrops. Typical length scales and time scales
involved in these kind of problems are perfectly suited for MD simulations. To
give an example, it is well known that macroscopic size surface bubbles can
remain stable and the time scale of their dissolution is predicted by Epstein
and Plesset [27]. The same macroscopic theory predicts the life time of surface
nanobubbles to be a few µs, while exceptionally they were found to be stable
for hours. This puzzle was solved by Lohse and Zhang [28] who lay out the
precise conditions for a stable nanobubble, which were later confirmed by MD
simulations [29]. Interestingly, the same theoretical arguments suggest mul-
tiple surface nanobubbles to be stable, in contrast with many experimental
studies, where one bubble grows at the expense of the other (Ostwald ripen-
ing). Detailed analysis from MD simulations reveal that ripening depends
on the interaction of gas molecules with solid substrate, which has not been
taken into account in any macroscopic theory of surface nanobubbles. This
clearly demonstrates how in one case MD simulations clearly verified a con-
tinuum theory, while in other cases it revealed a completely new microscopic
phenomena which can potentially explain the experimental observations.

Let us consider another example: a droplet sitting on a solid substrate. It is
well known that the contact angle of the drop can be determined from Young’s
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law [30], but what happens when the size of the drops decreases to nanometer
scale? Gibbs [31] proposed the theoretical framework in which Young’s law can
be modified with a free energy term associated with the three-phase contact
line. MD simulations are ideally suited to test the theoretical framework in
this scenario given the simplicity and small length scales involved in this sys-
tem. Similar questions can be asked for the dissolution of a multicomponent
drop in an immiscible liquid: will the dissolution rates remain the same as
that of macroscopic drops or will the nanoscopic length scales modify the dis-
solution behaviour of nanodrops? This provides the opportunity to compare
the dissolution dynamics of multicomponent nanodrops with the macroscopic
theories, which can reveal key di�erences from the well-known dissolution dy-
namics at the macroscopic scale. Detailed analyses from MD simulations can
also explain the reasons behind those di�erences.

1.4 A guide through this thesis

In this thesis, we primarily studied the various physical systems involving
nanodrops and nanobubbles to uncover and understand some fundamental as-
pects related to their growth, dissolution and stability. We often explained the
observations with macroscopic theoretical arguments and examined the rea-
sons in detail when it cannot be explained by existing theoretical frameworks.

In Chapter 2, we briefly introduced the basic principles of MD simulations.
We explicitly stated the assumptions involved in our simulations and explained
how various material properties are calculated from microscopic variables.

In Chapter 3, we studied the stability and growth (or dissolution) of a
single surface nanobubble on a chemically patterned surface. Our simulations
proved that pinning of the three-phase contact line on the surface can lead
to the stability of the surface nanobubble, provided that the concentration
of the dissolved gas is oversaturated. The equilibrium contact angle is found
to follow the theoretical result of Lohse and Zhang [28], instead of Young’s
law. Also in agreement with that theory [28], for undersaturation of gas in
liquid, the surface nanobubble dissolves and the dissolution dynamics shows a
"stick-jump" behaviour of the three-phase contact line.

In Chapter 4, we studied the stability of two-nanobubbles on a chemically
patterned surface similar to chapter 3. Theory suggests a stable system pro-
vided the pinning of the contact line on the chemical heterogeneities and same
radii of nanobubbles. However many experimental observations suggest the
ripening of surface nanobubbles. We find that instability could occur due to
the transfer of gas molecules from one nanobubble to another along the solid
substrate. Increasing the interaction between the gas and the solid molecules
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leads to a small gas layer on top of the solid surface, allowing for mass trans-
fer along the surface. We revealed the crucial role of the gas-solid interaction
energy which is a new element that has not been considered in any macro-
scopic theories, and may help to explain many experimental observations of
the ripening of surface nanobubbles.

In Chapter 5, we studied the formation of a nanobubble around a heated
nanoparticle in the bulk liquid. We suddenly heat a nanoparticle dispersed
in the bulk liquid to a temperature higher than the critical temperature of
the surrounding liquid. This changes the phase of the liquid locally near the
nanoparticle, leading to the formation of a vapour nanobubble. Our simu-
lations reveal the exact conditions under which a stable nanobubble can be
formed. We also studied the role of dissolved gas in growth dynamics of a
nanobubble and its e�ect on the conditions of formation of the nanobubble.

From Chapter 6 onwards, we move on from nanobubbles to nanodrops.
We studied the formation of nanodrops on curved surfaces (both convex and
concave). We find that the contact angle is not a�ected by the curvature of
the substrate, in agreement with previous experimental findings. We calcu-
lated the line tension by fitting the contact angle for di�erent size drops to
the modified Young equation. We find that the line tension for concave sur-
faces is larger than for convex surfaces, while for zero curvature it has a clear
maximum.

In Chapter 7, we studied the dissolution of a multicomponent nanodrop in
a sparingly miscible liquid. We studied both binary and ternary systems in
which nanodroplets are formed from one and two components, respectively.
Whereas for a single component droplet the dissolution can easily be cal-
culated analytically, the situation is more complicated for a multicomponent
drop, since the interface concentrations of the drop constituents depend on the
drop composition which changes with time. The simulations reveal that when
the interaction strengths between the drop constituents and the surrounding
bulk liquid are significantly di�erent, the concentration of the more soluble
component near the drop interface may become larger than in the drop bulk.
We showed that this e�ect is visible only for drops with radii in the nanometer
range because of their very high curvature.

Finally, we conclude and summarize the work done in this thesis.
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Simulation methodology

Molecular dynamics (MD) is a simulation technique where Newton’s second
law of motion is solved for many particle system. The force on each particle
is calculated by considering its interaction with other particles by means of
a force field model or an interaction potential. We used Lennard-Jones in-
teraction potential for all non-bonded interaction between the particles which
we explain in detail in the next section. The equations of motion are then
integrated to obtain the trajectories and the velocities of each particle with
time. The basic algorithm for MD simulation is quite simple and can be coded
very easily for a single computer. Generally, a simulation of a few thousands
of particles is required to get su�cient statistics for obtaining noise free prop-
erties. In principle, it is possible to run the MD simulations for any number
of particles on a single computer but the amount of time it takes to simu-
late a significant number of time steps is impractically large. Hence, it is
usual to rely on parallel computing, which makes use of multiple computer
processors at the same time, enabling the simulation of thousands of particles
within reasonable time. Fortunately, open source MD codes are available in
the public domain which are also highly e�cient in terms of usage of multiple
computer processors. We used one such open source MD code, GROMACS,
for all the simulations performed in this thesis [32, 33]. It is a highly paral-
lelised code, and can simulate millions of particles very e�ciently. Though
originally designed for biomolecules, it can be used to simulate other physical
systems owing to its extremely e�cient implementation of non-bonded force
calculations.

9
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Figure 2.1: Depiction of how intermolecular potential model gives microscopic quantities,
which can then be converted into macroscopic properties. (This figure is recreated from the
figure shown in ref. [4]. Phase diagram of Lennard-Jones particles is taken from ref. [34].)

Performing MD simulations are very similar to performing experiments. In
the first stage, the system is set up and allowed to equilibrate for a number
of time steps. This is followed by a stage where the simulations are run for
longer times to obtain estimates of the averaged macroscopic quantities. The
output of MD simulations is the positions and the velocities of the N particles
as a function of time, which is often irrelevant. Statistical thermodynamics
provides the theoretical framework to transform positions and velocities into
meaningful macroscopic quantities. Figure 2.1 shows how the intermolecular
potential model (which is an input to the simulation) translates into micro-
scopic quantities from which the macroscopic bulk properties can be derived.

In this thesis, equations of motion are numerically integrated using veloc-
ity verlet algorithm [35], details of which are given in GROMACS user man-
ual [33]. By default, integration of the equations of motion for an N -particle
system in a fixed volume conserves the total energy of the system. So in a
way conventional MD simulation resembles the microcanonical ensemble in
which number of particles N , volume of the system V and total energy of the
system E remain constant. But it is often preferred to perform simulations
at constant temperature, or at constant temperature and pressure in order to
compare the results with real-life experiments. There are several techniques
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available in literature which can modify the equations of motion to perform
the simulations at constant temperature and pressure. Out of these, we used
the velocity-rescale algorithm [36] to maintain a constant temperature and the
Berendsen pressure coupling [37] for maintaining a constant pressure.

2.1 Lennard-Jones potential
As mentioned, MD simulations require an interaction potential model which
approximately describes the interaction between a pair of molecules. In this
thesis, we used the Lennard-Jones interaction potential, which is one of the
most widely used model potentials to describe the interaction between two
neutral molecules, e.g. noble gases [38]. Its functional form is described as,

V(rij) = 4‘ij

Ë1‡ij

rij

2
12

≠
1‡ij

rij

2
6

È
, (2.1)

in which ‘ij is the interaction strength between particles i and j, ‡ij is the
characteristic size of the particles, and rij is the distance between the particles
i and j. The first part of the expression is the short range repulsive term,
also known as Pauli repulsion, which describes the very steep repulsive force
between the two molecules when they start overlapping each other. The second
part of the expression is the long range attraction, also known as Van der Waals
attraction force. The force Fij due to each pair of interaction is calculated
by taking negative gradient of the potential field that is, Fij = ≠rij

r
ˆV(r)

ˆr

---
r=rij

.
Although there are many model potentials available which can describe more
common liquids like water with higher accuracy, we use the Lennard-Jones
potential since it proves to provide a good compromise between accuracy and
simplicity, which allows us to simulate for relatively long simulation times on
systems that are large enough to give meaningful result. Also we are interested
in testing and revealing microscopic phenomena which are not specific to any
particular material, so the Lennard-Jones potential also serves the purpose
of generality. The time step for the numerical integration is chosen as ”t =
‡


(m/‘)/400 (where m is the mass of the Lennard-Jones particle), and such

that it is much smaller than the smallest time scale available in the system.
There are quite a number of assumptions involved in a typical MD simulation
that need to be addressed before we proceed further.

2.2 Assumptions
One of the foremost assumptions of MD simulations is that the motion of
molecules or atoms are classical and follow Newtonian mechanics. This as-
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sumption works very well for most of the molecules except for very light
molecules like H

2

and He. This assumption also fails when energy associ-
ated with vibrational frequency of covalent bonds (h‹), where h is Planck’s
constant and ‹ the vibrational frequency, is similar or more than the energy
associated with thermal fluctuations (kBT ); where kB is Boltzmann’s constant
and T is the average temperature of the system.

MD simulations do not consider the motion of electrons and assume that
electrons remain in the ground state throughout the duration of the simulation.
This approximation is known as the Born-Oppenheimer approximation [39]
which separates the motion of nuclei and electrons due to the large di�erence
in the time scales of their motion. Physically, this assumption implies that
positions of electrons change instantaneously as the atomic position changes.
This assumption is also reasonable in most systems, except in processes where
charge transfer takes place, e.g. chemical reactions.

As shown in the previous section, the force between pairs of particles is
dependent on the distance between them. Since for most of the common
interaction potentials, the magnitude of force becomes negligible beyond a
certain distance of separation, a cut-o� radius is often used to limit the number
of pairs for the calculation of force on each particle. This means that the
particles which are beyond the distance of the cut-o� radius are excluded
from the force calculation. In this thesis, a cut-o� distance of 5‡ is used for
all the simulations, where ‡ is the "diameter" of the particles.

We used periodic boundary conditions in our simulations which is also an
approximate way to simulate the bulk behaviour of the system. This approxi-
mation works well if the system is large "enough", otherwise periodic boundary
conditions may enhance internal spatial correlations [33].

2.3 Calculation of material properties

This section briefly describes the calculation of material properties required
to connect MD simulations to the macroscopic theories, which may give us a
better understanding of the system, and/or allows us to reveal the conditions
under which the dynamics can be explained by macroscopic theories. Calcula-
tion of the bulk material properties from MD simulations requires a theoretical
formulation connecting microscopic variables like position and momentum to
those properties. In this section, we define the macroscopic properties of the
material as a function of microscopic variables, as has been used in this thesis.
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2.3.1 Di�usivity
Di�usion is a process where molecules of a particular species move from a
region of high concentration towards a region of low concentration by the
virtue of molecular motion. Macroscopically it is defined by Fick’s law,

j
1

= ≠D
12

Òc (2.2)

where j
1

is the flux of di�using species 1 in the bulk species 2, c is the concen-
tration of species 1 and D

12

is the di�usivity of species 1 in the bulk species 2.
Microscopically, self-di�usion coe�cient can be calculated from the derivative
of the mean-square displacement of the particles:

lim
tæŒ

ˆÈ�r(t)2Í
ˆt

= 6D, (2.3)

where D is the self-di�usion coe�cient of particles in three dimensions. The
mean-square displacement È�r(t)2Í is calculated from the distance �ri(t) trav-
elled by each particle in time t,

È�r(t)2Í = 1
N

Nÿ

i=1

�ri(t)2, (2.4)

where N is the number of particles, which is known as the Einstein relation [3].
A typical plot of mean square displacement as measured in our systems is
shown in figure 2.2. It can be clearly seen that the mean square displacement
grows linearly with time, indicating that the particles show di�usive behaviour,
where the slope is equal to the self-di�usion coe�cient D.

Note that equation (2.3) gives the value of self-di�usivity. It is the dif-
fusivity of particles di�using in its own species, which is di�erent from the
macroscopic di�usion constant that we have defined in equation (2.2), where
species 1 is di�using in species 2. However, we used a similar approach in
the calculation of di�usivity of species 1 (solute) in the species 2 (bulk liquid)
which is an approximation. Ideally this approximation works well for infinite
dilution of the solute in the bulk liquid. In our simulations, the concentration
of the solute is always very low in the bulk liquid, which justifies the use of
equation (2.3) in the calculation of di�usivity of the solute in the bulk liquid.
In figure 2.3, self-di�usivity values of a Lennard-Jones liquid obtained from
our simulations are compared with the relation,

logDú = 0.05+0.07pú ≠ (1/T ú)(1.04+0.1pú), (2.5)

provided by Naghizadeh and Rice [40], where Dú = D
Ò

m
‘‡2 ,T ú = kBT/‘ and

pú = p‡3/‘ are reduced self-di�usivity, temperature, and pressure, respectively.
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Figure 2.2: Typical snapshot of a simulation box containing Lennard-Jones particles (top)
which are used to obtain mean square displacement profile (below). Slope of the curve gives
the value of self-di�usivity.

2.3.2 Surface tension

From a thermodynamics point of view, surface tension is the excess free energy
associated with the interface dividing two bulk phases. In simple words, it is
the work required to increase a unit of area of an interface. From a mechan-
ical point of view, it is the imbalance of intermolecular force acting on the
molecules at the interface [41]. On an average, molecules at the interface are
surrounded by a di�erent number of molecules when compared to molecules
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Figure 2.3: Comparison of the self-di�usion coe�cient of a Lennard-Jones fluid obtained
from our calculations with the equation (2.5) given in ref. [40] at reduced pressure pú = 0.02.

in the bulk phase. This gives rise to an imbalance of force at the interface
of the two phases. We precisely used this definition, as derived by Kirkwood
and Bu� [42], for the calculation of the surface tension, by integrating the dif-
ference between the normal and tangential components of the pressure tensor
across the interface,

“LV = ≠1
2

⁄ Lz

0

[pt(z)≠pn(z)]dz. (2.6)

In this equation, “LV is the surface tension of a liquid-vapour interface, and
pn(z) and pt(z) are the normal and tangential components of pressure, respec-
tively. We have used this equation to calculate “LV from MD simulations of
liquid molecules in equilibrium with its own vapour with a planar interface.
Note that the factor 1/2 in equation (2.6) is the correction for the extra inter-
face that is present due to periodic boundary conditions. pn(z) and pt(z) are
defined as

pn(z) = kBT Èfl(z)Í≠ 1
�V

K
(k)ÿ

(i,j)

z2

ij

rij

dV(r
ij

)
dr

L

and

pt(z) = kBT Èfl(z)Í≠ 1
2�V

K
(k)ÿ

(i,j)

x2

ij +y2

ij

rij

dV(r
ij

)
dr

L

. (2.7)

Both pressure components are calculated as a function of position by dividing
the whole domain into very thin slabs with volume �V parallel to the liquid-
vapour interface. For fl(z) the average density of the particles in a particular
slab is taken. Note that in equation (2.7),

q
(k)

(i,j)

signifies the summation
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over all pairs of particles i, j for which the slab k partially contains the line
connecting particles i and j. Slab k only gets a 1/No contribution from a given
pair, with No the number slabs intersected by the line connecting particles i
and j. A detailed explanation of this calculation is provided by Frenkel and
Smit [3]. Figure 2.4 shows a snapshot of a single component Lennard-Jones
fluid with planar interface. The di�erence between the two components as a
function of position is also plotted in figure 2.4, in which the two peaks clearly
correspond to the two planar liquid-vapour interfaces. The surface tension
is calculated by integrating this di�erence as a function of position as given
by equation (2.6). In figure 2.5, we validated our calculations by comparing
the values of surface tension with those from the literature [43], at di�erent
temperatures.
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Figure 2.4: Figure showing (top) snapshot of MD simulation of single component Lennard-
Jones fluid with planar interface and (bottom) di�erence between the normal and tangential
components of pressure tensor.

2.3.3 Interfacial thermal conductance

The interfacial thermal conductance is the measure of the e�ciency of heat
transfer at the interface of two dissimilar materials. In general, if heat is trans-
ported across the interface, a discontinuity in temperature arises, which gives
rise to a thermal resistance, also known as Kapitza resistance [44]. Macro-
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Figure 2.5: Comparison of values of surface tension of a Lennard-Jones liquid obtained from
our calculations with the values from the literature [43].

scopically it can be defined as,
Q = GA�T (2.8)

where Q is rate of heat transfer across the interface, G is the interfacial ther-
mal conductance or Kapitza conductance, A is the interface area, and �T is
the temperature drop across the interface. G primarily depends on the nature
of interaction between the two materials at the interface, and on the temper-
ature of materials [45–47]. In this thesis, we have used the interfacial heat
conductance to model the heat transfer from solid surface to the liquid sur-
rounding it (see figure 2.6) and microscopically calculated from a Green-Kubo
type relation [48] as given by

G = 1
AkBT 2

⁄ Œ

0

dtÈq(t)q(0)Í (2.9)

where q is the heat transfer across the interface of area A, given by
q(t) =

ÿ

i=liquid

ÿ

j=solid

Fij .vi, (2.10)

where Fij is the intermolecular force between the particles i and j, and vi is the
velocity of particle i. q(t) can be readily evaluated from the MD simulations,
and then the integrated time autocorrelation function of q(t) directly yields
the value of Kapitza conductance, G. Figure 2.6 shows the typical time-
autocorrelation function of heat transfer across a solid-liquid interface. We also
plotted the value of conductance, G, as a function of time. Ideally, G should
reach the steady state very quickly but slight oscillations can be observed at
later times, which are due to lack of convergence.
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Figure 2.6: Simulation snapshot of a heated nanoparticle surrounded by Lennard-Jones par-
ticles (top), and a plot showing the time-autocorrelation of heat dissipated by a nanoparticle
to the bulk liquid and its running integration as a function of time (bottom). In this particu-
lar case, the nanoparticle is at 1000 K and few layers of particles in front of the nanoparticle
are removed for visualisation purpose.
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In this chapter we studied the stability and growth or dissolution of a sin-
gle surface nanobubble on a chemically patterned surface. Our simulations
reveal how pinning of the three-phase contact line on the surface can lead to
the stability of the surface nanobubble, provided that the concentration of the
dissolved gas is oversaturated. We have performed equilibrium simulations of
surface nanobubbles at di�erent gas oversaturation levels ’ > 0. The equilib-
rium contact angle ◊e is found to follow the theoretical result of Lohse and
Zhang [28], namely sin◊e = ’L/Lc, where L is the pinned length of the foot-
print and Lc = 4“/P

0

a capillary length scale, with “ the surface tension and
P

0

the ambient pressure. For undersaturation ’ < 0 the surface nanobubble
dissolves and the dissolution dynamics shows a "stick-jump" behaviour of the
three-phase contact line.

3.1 Introduction

Surface nanobubbles are gaseous nanoscopic entities on an immersed surface
that are less than 1 µm in height [5]. Experimental studies have shown that
surface nanobubbles have long lifetime, even for only a mild oversaturation
level supplied to the system [49–53]. When a bubble dissolves or grows, the
morphological features of the bubble suggest a stick-slip motion of the contact
line [54, 55]. The origin of pinning is attributed to intrinsic features of the solid
surface. Di�erent theories were proposed to explain the stability of surface
nanobubbles [56–59]. Lohse and Zhang [28] provided the exact calculation
for the stability of a single surface nanobubble [28]. Their derivation assumes
pinning and builds on, not more than only the di�usion equation, Henry’s
law, and the Laplace equation. Their calculation reveals that contact line
pinning and the gas oversaturation ’ > 0 in the bulk liquid are crucial for the
equilibrium of the single surface nanobubble to be stable. Here ’ = CŒ

Cs
≠1 is

the gas oversaturation, CŒ the gas concentration, and Cs the gas solubility.
For a given gas oversaturation ’ > 0, there exists an equilibrium in which the
outflux of gas molecules from the nanobubble due to the large Laplace pressure
is compensated by the influx into the bubble due to gas oversaturation, i.e.,
there is no net flux. Though the flux of gas particles out or into the nanobubble
is not spatially uniform along the interface as shown by Weijs et al. [60] and
Yasui et al. [61], the net flux integrated over the whole interface is zero. The
contact angle of the surface nanobubble is not given by Young’s equation, but
determined by the equilibrium,

sin◊e = ’
L

Lc
, (3.1)
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where L is the pinned length of the footprint and Lc = 4“/P
0

a capillary length
scale, with “ the surface tension and P

0

the ambient pressure as shown in the
sketch in figure 3.1.

Meanwhile, MD simulations have provided important insight into the dy-
namics of surface nanobubbles, in particular under the conditions that are dif-
ficult to achieve in experiments. Weijs et al. [60] performed MD simulations of
surface nanobubbles without any heterogeneities and found that nanobubbles
are not stable. Liu and Zhang [62, 63] showed with the help of kinetic lattice
density functional theory and MD simulations that contact line pinning on
geometrical heterogeneities also leads to stable surface nanobubble. However,
it remains unknown how exactly the oversaturation in the liquid and chemical
patterns with a nanoscale dimension on a surface can mediate the stability of
nanobubbles. Moreover, given that it is extremely di�cult to confirm equation
(3.1) experimentally, in this work we want to confirm it with the help of MD
simulations.

We will present our simulations of the dynamics (stability, growth, and dis-
solution) of a single surface nanobubble on a chemically patterned surface, in
response to di�erent oversaturation levels. The chemical patterns act as pin-
ning sites enabling us to study the growth or dissolution of surface nanobubbles
on a more realistic solid substrate, exhibiting pinning and de-pinning of the
contact line.

3.2 Approach and methodology

We have used four types of particles or molecules in our simulations: two
types of solid particles (S and S

P

), which remain fixed in a fcc lattice during
the whole simulation, and two types of moving particles, Liquid (L) and Gas
(G). The S

P

particles form the pinning sites, and have di�erent interaction
strength towards the two types of moving particles. The L particles form a
bulk liquid phase (and hence we refer to these as "liquid particles") as the
system temperature and pressure are below the critical point of L particles
whereas the G particles form a bulk gaseous phase (to which we refer as
"gas particles") because the critical point for G particles is much below the
thermodynamic conditions at which we are performing our simulations. A
typical simulation box is shown in figure 3.1.

Periodic boundary conditions have been employed in all three directions,
which suggest that same solid substrate is also present above the liquid layer.
Simulations have been performed in an NPT ensemble where the tempera-
ture is fixed at 300K, which is below the critical point for the Lennard-Jones
parameters (‡LL, ‘LL) that we have set for the liquid particles. Semi-isotropic
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40 nm

Figure 3.1: Left: Schematic of a single surface nanobubble on a hydrophobic surface and
immersed in an oversaturated solution. L is the footprint diameter of the bubble, ◊ the
contact angle, R the radius of the curvature of the bubble and CŒ > Cs the concentration of
the gas far away from the interface. Right: A typical simulation box which consists of four
kind of particles. Red particles (S) form the solid surface, yellow particles (S

P

) form pinning
sites, blue particles (L), which are predominantly in the liquid phase, and green particles (G),
which are predominantly in the gas phase. The nanobubble shown in the figure is cylindrical
in shape with the x-axis along the length of the cylinder.

pressure coupling is used for maintaining constant pressure which means that
the simulation box can expand or contract only in the z-direction to keep the
pressure constant. This has been done to avoid the creation of gaps along
the solid surface boundaries in the x and y directions. Simulations were per-
formed in a quasi-2D manner in which the length of the simulation box along
the x-axis is considerably smaller than the lengths in the other two directions,
which means the shape of the nanobubble is cylindrical instead of spherical.
Simulations of cylindrical nanobubbles save computation time; of course the
e�ect of the modified shape on the Laplace pressure is taken into considera-
tion. The complete set of Lennard-Jones parameters that we have used in our
simulations are given in table 3.1. The typical system size is 5.6◊40◊24 nm3

in x, y and z direction respectively, where we note that the length of the z
dimension changes during the simulation to keep the pressure constant.

In the initial configuration, gas and liquid particles are arranged in a fcc
lattice above the solid substrate. Initially, the liquid near the surface is highly
oversaturated with gas particles in order to aid the bubble nucleation on the
surface which decreases the equilibration time, which is around 5 ◊ 107 time
steps (around ≥9 ns). For simulations at di�erent pressures, we have used
the final configuration of the previous simulation as an initial configuration to
save computation time. In figure 3.1 we show a typical equilibrium profile of
a nanobubble on a chemical heterogenous surface.

After the equilibrium has been reached, the time-average density field of
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i≠ j ‡ij, nm ‘ij, kJ/mol
S-L 0.34 1.8
S

P

-L 0.34 1.5
S-G 0.40 2.0
S

P

-G 0.40 5.0
L-G 0.40 1.55
G-G 0.46 0.8
L-L 0.34 3.0

Table 3.1: Value of various LJ parameters used in the MD simulations

liquid particles is calculated, correcting for the center of mass motion in the
lateral direction. Quantities like the radius of curvature of the bubble and the
contact angle are obtained by fitting a circle to the iso-density contour of 0.5
of the normalised density field, flú(r), defined as flú(r) = fl(r)≠flV

flL≠flV
, where flV and

flL are the bulk vapour and liquid density, respectively. Since the liquid very
near to the solid substrate is subject to layering, we have excluded the density
field in the range of 2‡LL from the substrate for the circular cap fitting. From
the intersection of the circular fit with the substrate, the contact angle and
the radius of curvature are evaluated (see figure 3.2). In order to study the
time evolution for these quantities, we have calculated these time-averages for
subsequent subsets of 25000 time steps.

0 5 10 15 20 25 30 35 40
0
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y (nm)

z 
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m
)

Figure 3.2: Example of a spherical cap fit (black line) to the iso-density contour of 0.5
(points) for a surface nanobubble

The contact line is pinned by the pinning sites, which are formed by the
solid particles with higher hydrophobicity (S

P

) as shown by di�erent colours
in figure 3.1, which means that the interaction strength with gas particles is
much higher than for the liquid particles. Exact values for the interaction
strengths are tabulated in table 3.1. One can also notice from figure 3.1 that
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the gas particles accumulate near the solid surface. This is due to the hy-
drophobic nature of the solid surface which strongly attracts the gas particles,
as discussed in [64].

The oversaturation of gas particles in the bulk liquid is given by ’ = CŒ
Cs

≠1,
which involves the calculation of CŒ and Cs. We have defined the concen-
tration in this work as the ratio of gas particles to liquid particles in a cer-
tain amount of fixed volume, which is equivalent to the mole fraction of gas
particles in the liquid. The oversaturation ’ is controlled by changing the
system pressure, since Henry’s law dictates that the solubility of gas in the
liquid increases linearly with the system pressure. In our simulations, first
a nanobubble is formed on the chemically heterogenous surface by an NVT
simulation, and then the pressure coupling is switched on, to keep the solu-
bility of gas particles in the bulk liquid fixed. To change the solubility, and
hence the oversaturation level, the system pressure is slowly increased or de-
creased which respectively leads to the dissolution or growth of the bubble.
For dissolution, the system pressure is increased which results in the increase
of solubility. Because of the finite system size, an increase in solubility leads to
the migration of gas particles from the nanobubble to the bulk liquid, which
leads to the dissolution of the nanobubble. In order to determine CŒ, we have
divided the liquid domain into concentric shells of thickness 0.5‡LL, concentric
around the nanobubble, and then calculated C(r), the ratio of gas to liquid
particles in each shell (see figure 3.3). CŒ is then calculated by averaging
C(r) over the range of 7.5‡LL to 25‡LL, where it is almost constant. In fig-
ure 3.4 we show CŒ as a function of the pressure of the gas phase, which at
equilibrium is equal to the sum of the bulk pressure and the Laplace pressure.
Our data are found to obey Henry’s law, where we estimate Henry constant
as kH = 1.43 ± 0.027 ◊ 10≠5 bars≠1. Note that the concentration of gas par-
ticles around the nanobubble is assumed to vary with radial distance only.
In general, it varies in both radial and azimuthal direction but it is a very
weak function of the azimuthal angle when contact angle is around ≥ 90¶ [65].
In our simulations the contact angle is varying between 70¶ and 90¶, so the
azimuthal angle dependence of the concentration field can be neglected.

3.3 Results and Discussion
3.3.1 Pinning provides stability to surface nanobubbles
We start with testing the prerequisite conditions for the stability of nanobub-
bles given by Lohse and Zhang [28]. They theoretically showed that pinning
of three-phase contact line by hydrophobic heterogeneities in a gas oversatu-
rated liquid leads to stability of nanobubbles. We now show systematically
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Figure 3.3: (a) Radial variation of concentration of gas particles around a nanobubble. The
inset shows the concentration of gas particles near the interface. (b) Variation of concentra-
tion of gas against the distance from the interface at few pressures. The schematic in the
inset shows the range of radial distance over which the concentration is plotted.
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Figure 3.4: Concentration of gas particles in the bulk phase as measures in our simulations,
for di�erent gas pressures. The straight line suggests that the concentration of the gas
particles indeed follows Henry’s law CŒ = kHP .

by performing MD simulations that these pinning conditions are indeed su�-
cient to get a stable surface nanobubble. To this end we have performed four
MD simulations at the same temperature and pressure, the time evolution of
which is shown in figures 3.5 (snapshots) and 3.6 (◊, L , R, and H as func-
tion of time). Figure 3.5 (a) shows the time evolution of a nanobubble on a
homogenous solid substrate, i.e. without any pinning sites, at a particular gas
oversaturation, ’ > 0. We find that the nanobubble in this simulation grows
quickly due to large oversaturation of gas particles in the bulk liquid, so that
after the few nanoseconds it comes into contact with its periodic image, and
ultimately forms a vapour liquid equilibrium with a planar interface. It clearly
shows the importance of heterogeneities on the solid surface without which it
is impossible to form a stable nanobubble. This behaviour is also shown in
terms of the variation of ◊, L, R and H of the nanobubble with time in figure
3.6. It is apparent from the plot that ◊, L, R and H increase rapidly with
time and couldn’t form a stable nanobubble.

Figure 3.5 (b) shows the time evolution of a nanobubble on a chemical
heterogeneous surface with hydrophobic pinning sites at a particular gas un-
dersaturation, ’ < 0. One can observe that the nanobubble slowly shrinks
and dissolves with time. The nanobubble is not stable because the surround-
ing liquid is undersaturated with gas particles and it shows the "stick-jump"
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(a)

(b)
t = 1.75 ns t = 3.5 ns t = 5.25 ns t = 7.0 ns t = 8.75 ns t = 9.625 ns

(c)

(d)

t = 1.05 ns t = 2.8 ns t = 4.9 ns t = 14.0 ns t = 25.2 ns t = 31.5 ns

t = 0.0 ns t = 1.05 ns t = 4.9 ns t = 14.0 ns t = 25.2 ns t = 31.5 ns

t = 1.75 ns t = 3.5 ns t = 7.0 ns t = 14.0 ns t = 21.0 ns t = 31.5 ns

Figure 3.5: Time evolution of a surface nanobubble in a NP T ensemble at a temperature
of 300K and pressure of 26 bars (a) without chemical heterogeneities and gas oversaturated
liquid (’ > 0), (b) with hydrophobic chemical heterogeneities and gas undersaturated liquid
(’ < 0), (c) with hydrophilic chemical heterogeneities and gas oversaturated liquid (’ > 0),
and (d) with hydrophobic chemical heterogeneities and gas oversaturated liquid (’ > 0)
surrounding the nanobubble.

mechanism during the dissolution, which means that the contact line remains
pinned to the hydrophobic pinning sites. This "stick-jump" dissolution mode
is evident from figure 3.6, especially from the variation of L and R with time.
This kind of motion of the contact line in the dissolution of nanobubbles is
very similar to the dissolution mode exhibited by microdrops dissolving in
an another liquid [66]. This simulation clearly demonstrates the necessity of
having gas oversaturation (’ > 0) for the stability of nanobubbles.

Figure 3.5 (c) shows the time evolution of a nanobubble on a chemical
heterogeneous surface with hydrophilic pinning sites at a particular gas over-
saturation, ’ > 0. Hydrophilicity is introduced by interchanging the value of
‘SP G and ‘SP L. In this case we have not observed pinning of the three-phase
contact line and the nanobubble eventually dissolves, although the dissolution
time is quite high. Though it looks like from figure 3.6 that a stable nanobub-
ble is formed but in reality it slowly (compared to the undersaturation case)
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dissolves. Time scale for dissolution of a bubble for unpinned contact line case
is given by the classical theory of Epstein and Plesset [27, 28, 67], namely

·
life

¥ R2

0

flg

3DCs
, (3.2)

where R
0

is the radius of curvature of the bubble, flg the gas density, and D
the di�usion coe�cient of gas particles in the liquid, which are extracted from
MD simulation of the nanobubble with hydrophilic pinning sites. According
to equation 3.2, the lifetime of the nanobubble in our case is calculated as
≥ 2.9µs. Simulating as long times as µs is still very challenging for MD sim-
ulations; therefore we could not show the whole dissolution dynamics in this
case. However, one can infer from this simulation that only hydrophobic pin-
ning sites lead to the pinning of the contact line and hence stable nanobubble.

Figure 3.5 (d) shows the time evolution of a nanobubble on a chemical
heterogeneous surface with hydrophobic pinning sites at a particular gas over-
saturation, ’ > 0. In this case, the nanobubble on the solid surface remains
stable throughout the simulation as chemical heterogeneities fixate the con-
tact line, and the outflux due to Laplace pressure is balanced by the influx
due to the oversaturation of the gas particles in the bulk liquid. From figure
3.6, it is clear that in tis case ◊, L, R and H remain constant with time and
form a stable equilibrium. These four simulations confirm that hydrophobic
chemical heterogeneities and gas oversaturation (’ > 0) are necessary and suf-
ficient conditions for forming a stable nanobubble. Note that also geometrical
pinning sites lead to the stability of nanobubbles as already shown by Liu and
Zhang [63].

3.3.2 Stable surface nanobubbles at equilibrium
In this section we study the stable configurations of surface nanobubbles at
equilibrium at various gas oversaturation levels. The primary aim of this sec-
tion is to validate the expression for the equilibrium contact angle of a surface
nanobubble derived by Lohse and Zhang [28]. In the previous section we have
qualitatively shown the necessary conditions for forming a stable nanobub-
ble. Here, we systematically and quantitavely study the stable nanobubble at
equilibrium for di�erent oversaturation levels. To this end, a nanobubble is
nucleated on a chemical heterogenous surface with the help of local oversatu-
ration at a particular temperature and pressure. After reaching equilibrium,
the system pressure is slightly increased which results in an increase of the
solubility of gas particles in the bulk liquid. After increasing the pressure,
the simulation was run for another 21 ns to ensure equilibrium of the system.
As explained before, the increased solubility (and the fixed number of the gas
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in figure 3.5.
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particles in the system) will lead to the dissolution of the surface nanobubble.
This mechanism results in a sudden jump of the three phase contact line, at
some particular pressure, towards a new pinning site, decreasing the lateral
length and suddenly increasing the contact angle of the nanobubble. Figure
3.7 shows the contact angle ◊, the footprint diameter L, the radius of curvature
R of nanobubble, and its height H, as function of the bulk pressure P

0

. One
can clearly observe the discontinuities in the variation which corresponds to
the jump of the three-phase contact line over the pinning sites. The magnitude
of change in the footprint diameter at discontinuities is equal to the distance
between the pinning sites which confirms the "jump" of the contact line on the
pinning sites. We would like to emphasise that for each data point shown in
figure 3.7, the system is at equilibrium for that particular pressure.

Note that P
0

is the bulk liquid pressure which is calculated in a liquid slab
away from the interface. Although all the simulations are performed in an
NPT ensemble, where the pressure is controlled by semi-isotropic coupling,
there is a large di�erence between the pressure set in GROMACS, and the
bulk pressure P

0

, on which we elaborate in the appendix A.
Theoretically, the equilibrium contact angle of a single surface nanobubble

is given by equation (3.1) sin◊e = ’L/Lc. Note that here we had to modify
the definition of Lc from 4“/P

0

to 2“/P
0

, owing to the fact that for cylindri-
cal bubbles the Laplace pressure is equal to “/R, instead of the usual value
2“/R that holds for spherical bubbles. Since Henry’s law is obeyed in our
simulations, we can write CŒ = kHP and Cs = kHP

0

, where P is the pressure
inside the nanobubble and P

0

is the ambient bulk pressure. Note that now
P

0

is calculated from the actual MD simulations and not evaluated from the
expression as given in the appendix A. We have plotted sin◊e/L against the
oversaturation ’P

0

in figure 3.8, which shows that the equilibrium contact
angle obeys equation (3.1). Note that there are some data points which are
slightly away from the theoretical line, which is mainly due to the large errors
in the pressure calculation. Because of the relatively small system size, the
instantaneous value for the pressure can deviate significantly from the mean
which leads to large error bars [32]. The three points in the figure 3.8 corre-
sponds to the three radii of curvature or footprint diameter levels as shown in
figure 3.7. Each of the three points is the average of all the small data points
for a nanobubble pinned on two particular pinning sites, which is also shown
in figure 3.8.

Note that sin◊e/L is plotted against ’P
0

instead of ’/Lc, as we do not a
priori know the value of the surface tension “. In fact we can use equation (3.1),
to obtain an estimate for the surface tension “. since the slope of the straight
line in figure 3.8 is 1/(2“), which yields a surface tension “ = 0.072 ± 0.0048
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3.4 Conclusions
The theoretically predicted conditions [28] for stable single surface nanobubble
were tested with MD simulations, finding full confirmation. We have found
that only hydrophobic heterogeneities lead to the pinning of the contact line
and not the hydrophilic ones. In addition, we have also studied the dissolution
of surface nanobubbles on a chemical heterogenous surface in a gas undersat-
urated liquid. The dissolution of a surface nanobubble shows "stick-jump"
behaviour which is very similar to the behaviour shown by the dissolution of
microdrops in another liquid [66, 68, 69]. We have also simulated the stable
nanobubble at various levels of oversaturation and showed the variation of the
contact angle, the footprint diameter, the radius of curvature and the height
of the nanobubble with system pressure. The equilibrium contact angle is
following the analytical expression calculated in ref. [28], which herewith we
thus confirm.
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In this chapter we studied the stability of two neighbouring surface nanobub-
bles on a chemically heterogenous surface. A di�usion equation based stability
analysis suggests that two nanobubbles sitting next to each other remain sta-
ble, provided the contact line is pinned, and that their radii of curvature are
equal. However, many experimental observations seem to suggest some long
term kind of ripening or shrinking of the surface nanobubbles. In our simu-
lations we find that the growth/dissolution of the nanobubbles can occur due
to the transfer of gas particles from one nanobubble to another along the solid
substrate. That is, if the interaction between the gas and the solid is strong
enough, the solid-liquid interface can allow for the existence of a "tunnel" which
connects the liquid-gas interfaces of the two nanobubbles to destabilise the sys-
tem. The crucial role of the gas-solid interaction energy is a new nanoscopic
element that hitherto has not been considered in any macroscopic theory of
surface nanobubbles, and may help to explain experimental observations of the
long-term ripening.

4.1 Introduction

As shown in chapter 3, a single surface nanobubble will remain stable, pro-
vided a su�cient gas oversaturation in the bulk liquid and pinning of the three
phase contact line [28, 54, 62, 63, 70]. Lohse and Zhang [28] showed that the
equilibrium contact angle is not dictated by Young’s law, but by equation
(3.1). In most practical scenarios, nanobubbles are however not single, but
exist in the neighbourhood of other nanobubbles [5, 71–75]. A recent theo-
retical study [76] shows that two nanobubbles remain stable against Ostwald
ripening, due to the pinning of the contact line. In that calculation it was as-
sumed that the distance between the two nanobubbles was large compared to
the lateral dimension of the nanobubbles. However, nanobubbles can also re-
main stable even when the distance between them is comparable to the lateral
length, provided that the radii of curvature of the nanobubbles are equal. In
that case, the stability is the consequence of the absence of any concentration
gradient of gas molecules in the liquid. However, interestingly, while for pin-
ning, oversaturation ’ > 0 and equal radius of curvature Re = L/sin◊e = Lc/’
the macroscopic theory predicts stability of the two-nanobubble system, there
have been many experimental observations which show some sort of ripen-
ing/shrinking of surface nanobubble populations [54, 55, 73, 77, 78].

In this chapter, we have studied the dynamics of two nanobubbles sitting
next to each other with their contact line pinned on a chemically heteroge-
neous surface. Our simulations suggest a possible explanation for the experi-
mental observations of the ripening/shrinking of surface nanobubbles, where
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we observe that under certain conditions the system allows for transfer of gas
particles from one nanobubble to a neighbouring one along the solid substrate.
We find that the ripening of surface nanobubbles strongly depends on the in-
teraction energy between the gas molecules and the solid substrate relative to
the interaction energy between the liquid molecules and the solid substrate.

4.2 Results and Discussion

We performed simulations of two surface nanobubbles sitting next to each
other on a chemically heterogenous surface, so that the contact line is pinned
(see figure 4.1). Similar system is used in the simulations as mentioned in
chapter 3 with same Lennard-Jones parameters (unless mentioned), except
the number of particles are increased to accomodate two surface nanobubbles.
At time t = 0, both nanobubbles have the same radius of curvature, lateral
length, contact angle, and number of gas particles inside the bubble. We
performed the simulations at constant pressure which means the solubility of
gas particles is fixed and can be manipulated by varying the system pressure.
Figure 4.2 (a) shows that the number of gas particles in both nanobubbles
remains constant with time. We found that this is also true for the contact
angle, the lateral length and the radii of both nanobubbles. In other words, the
system seems to be in steady state. Note that the time for which we run the
simulation (≥ 550 ns) is longer than the di�usion time scale, ·D ≥ L2

y/D = 400
ns, where Ly is the largest dimension of the box and D is the di�usivity of gas
particles in the bulk liquid.

The stability of our system is consistent with the theoretical arguments [76]
which suggest that the two-nanobubble state should be stable due to the con-
tact line pinning. However, many experimental observations [54, 55, 73, 77, 78]
show the ripening of surface nanobubbles in which one nanobubble grows at
the expense of others. One can argue that from the free-energy point of view,
it is always favourable to form one bubble instead of two because of the min-
imisation of interface area. Yet to reach the energetically favourable state, one
first has to overcome the contact line pinning barrier, which requires a (strong)
concentration gradient, which are absent in case of identical radii of curvature.
Namely, according to Henry’s law, the concentration of the gas at the interface
of a bubble is directly proportional to the pressure inside the bubble, which is
a function of the radius of the bubble as given by Laplace’s law. So from the
macroscopic point of view, no concentration gradient is present in the system
that can facilitate the transfer of particles from one nanobubble to another.

Since there is no net flux of particles through the bulk liquid, the conclusion
is that the only way gas molecules can get transferred from one nanobubble
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Figure 4.1: A typical simulation box which consists of four kind of particles. Red particles
(S) form the solid surface, yellow particles (S

P

) form pinning sites, blue particles (L), which
are predominantly in the liquid phase, and green particles (G), which are predominantly
in the gas phase. The nanobubbles shown in the figure are cylindrical in shape where the
length of the cylinder is in the x-direction. Periodic boundaries are employed in all three
directions.

to another is along the solid substrate at the solid-liquid interface. Such a
mechanism would require a film layer of gas particles on the solid surface, which
can be achieved by increasing the interaction energy between gas and solid
particles, relative to the other interactions. To this end, we have performed
MD simulations in which we increased the ratio of the solid-gas to solid-liquid
interaction (‘SG/‘SL) from 0.50 to 1.11 (for complete list of all the interactions,
see table 3.1). We simulated the system for an increased ratio of ‘SG/‘SL and
observed that indeed after a few nanoseconds, one nanobubble grows at the
expense of another, as can be seen in figures 4.2 (b) and 4.3. Figure 4.3 shows
the number of gas particles as a function of time in the two nanobubbles for
various system pressures, or equivalently, saturation concentrations Cs. The
results shown in this figure prove that the conclusion that one bubble absorbs
the gas content of the other is fairly robust and occurs for a wide range of
saturation concentrations.

In figure 4.2 (b) we focus on a system with one particular solubility (Cs =
17.3◊10≠5). It can be clearly seen that even while the stability criteria are met
(the contact line of both nanobubbles should remain pinned and the radius of
both nanobubbles should be equal [76]), the system becomes unstable due to
the gas leakage along the surface, as we will demonstrate later. At t = 175 ns,
a sudden jump is observed in the values of the contact angle, the lateral length
and the radius of both nanobubbles. This sudden jump in the values shows
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Figure 4.2: Variation of number of gas particles, ◊, L, and R of two nanobubbles with time
for (a) ‘SG/‘SL = 0.50 and (b) ‘SG/‘SL = 1.11, and Cs = 17.3◊10≠5. Inset of top left plot
shows the number of gas particles inside two nanobubbles up to 560 ns which confirms the
steady state. For ‘SG/‘SL = 1.11 and at t = 175 ns, one can clearly notice the "stick-jump"
dissolution mode for the pinned case from the variation of ◊, L, and R.

the "stick-jump" motion of the contact line which was also observed during the
dissolution of a single surface nanobubble as shown in chapter 3. The "stick-
jump" motion of the contact line is a clear indication of contact line pinning,
where the contact line prefers to stay on the chemical heterogeneities and shifts
from one pinning site to another during the dissolution of a nanobubble.

As mentioned earlier, increasing the ratio of ‘SG/‘SL leads to a formation
of a gas layer near the solid surface. To show this more clearly, we plotted the
normalized concentration of gas particles within 5 particle diameter from the
solid substrate and indeed the concentration of gas particles has increased by
more than 10 times, for an increased ratio ‘SG/‘SL by a factor of around 2
times (see figure 4.4). This gas layer links the interface of the two nanobubbles
like a tunnel that overcomes the contact line pinning barrier and aids the
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Figure 4.3: Number of gas particles inside the two nanobubbles as a function of time when
contact line of both bubbles is pinned for ‘SG/‘SL = 1.11. Di�erent lines indicate the
simulation at various solubilities which is indicated by the colour bar. For all solubilities
that we studied, we find ripening of one bubble at expense of the other. Note that there is no
systematic dependence of the time of the onset of the instability on the solubility and thus
the colour coding mainly serves to identify the two bubbles (one growing and one shrinking)
which belong to one simulation.
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Figure 4.4: Variation of normalized concentration of gas particles within 5 particle diameter
of distance from the solid surface for Cs = 17.3◊10≠5. Here the concentration is normalized
with the concentration of gas particles in the bulk liquid far away from the solid surface.
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system to reach the energetically favourable state. We calculated the net
movement of particles between two nanobubbles for ‘SG/‘SL = 1.11 and for
0.50. Figures 4.5 (a) and (b) show the net movement of particles in the
bulk liquid, along the surface and the total net movement of particles. It is
clear that almost all particles are transferred along the substrate from one
nanobubble to another when ‘SG/‘SL = 1.11 (see figure 4.5 (b)). In contrast,
figure 4.5 (a) shows that the net flux is almost zero when ‘SG/‘SL = 0.50. Inset
of figure 4.5 (b) shows that during the growth period, particles transferred at
an exponential rate Ã et/· (where · is the time constant of the growth rate)
from one nanobubble to other, which demonstrate that the system is highly
unstable.

In figure 4.6 we show the flux of the particles leaving the dissolving nanobub-
ble near the contact line as a function of the contact angle, where it is clearly
observed that the flux of the particles increases with decreasing contact angle.
This increase in the flux of the gas particles from the dissolving nanobubble
further demonstrates the instability of the system.

Note that while we observe in figure 4.3 that the onset of growth or dissolu-
tion di�ers for the various gas solubilities, this is mainly due to the statistical
fluctuations, that is, no specific trend with gas solubility would be observed.
For di�erent realizations of the same numerical experiment, but at di�erent
initial conditions, we also find that the moment of the onset t

start

of the insta-
bility is fluctuating (see figure 4.7). While it would be interesting to measure
the distribution of t

start

, and its dependence on the solubility, this is far be-
yond our computational resources. In order to get statistically significant data
one would have to perform thousands of simulations at di�erent initial condi-
tions for each solubility and then average, which would be extremely expensive
computationally.
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Figure 4.5: Cumulative number of gas particles moving from one nanobubble to another as
a function of time, when (a) ‘SG/‘SL = 0.5 (b) ‘SG/‘SL = 1.11. Inset of (b) shows the
cumulative transfer of gas particles during the growth period on a semi-log scale. It shows
the exponential growth of the nanobubble after destabilization with a time constant · = 28.9
ns. The red line indicates the number of particles that is moving along the surface (that is,
below a height of 5‡LL), while the green line indicates the number of particles moving in
the bulk (that is, above a height of 5‡LL, where ‡LL is the diameter of liquid particles).
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Figure 4.6: Variation of flux of particles near the contact line of dissolving nanobubble as a
function of contact angle. Once the contact angle of the pinned nanobubble becomes smaller,
the flux along the surface increases, signalling instability of the two bubble system.

4.3 Summary and conclusions
To summarize, we showed that two-nanobubble system can remain stable when
the contact line is pinned, consistent with the theory, as long as the gas-solid
interaction (‘SG) is low compared to the liquid-solid interaction (‘SL). We
find that upon increasing ‘SG relative to ‘SL, a film layer of gas particles
at the surface form a channel which allows gas particles to transfer along
the solid surface at solid-liquid interface and not via the bulk liquid. Our
simulations showed that the nanoscopic interaction with solid surface can play
a crucial role in the stability of two-nanobubble systems, which hitherto has
not been considered in the macroscopic theories of surface nanobubbles. We
showed that system is unstable for ‘SG/‘SL = 1.1 and stable for ‘SG/‘SL = 0.5.
It will be interesting to know the rough estimate of ‘SG/‘SL at which the
transition occurs. Figure 4.8 (a) shows the number of gas particles in both
the nanobubbles as a function of time for various values of ‘SG/‘SL. It can be
observed that the curves diverge when ‘SG/‘SL > 0.8 while the number of gas
particles in each nanobubble remain constant when ‘SG/‘SL < 0.8, at least for
the time that we ran the simulation. We also plotted the concentration of gas
particles near the solid surface (see figure 4.8 (b)) which grows exponentially
with the increase in ‘SG/‘SL. Although the gas layer near the solid surface



4

44 CHAPTER 4. INTERACTING SURFACE NANOBUBBLES

Figure 4.7: Variation of the number of gas particles inside the two nanobubbles with time.
Di�erent line colours indicate the simulation at various initial conditions at a saturation
concentration Cs = 15.4 ◊ 10≠5 and ‘SG/‘SL = 1.11.

enhances the transfer of gas particles from one nanobubble to another, the
onset of this transfer varies quite a lot for di�erent realizations (see figures 4.3
and 4.7). This stochastic variability refrain us from claiming ‘SG/‘SL = 0.8
as an exact boundary for the instability, as for some microscopic conditions,
the system may show stability or instability for the value of ‘SG/‘SL close to
0.8. Nevertheless ‘SG/‘SL ¥ 0.8 can still be considered as a rough estimate
for the boundary of instability based on our simulations. It would require
extensive number of simulations performed at various initial conditions, if one
wanted to obtain a better statistical estimates of the exact value of ‘SG/‘SL

beyond which the system is unstable. This was not feasible for us, as these
MD simulations were computationally very expensive.

For the sake of connecting our simulations with real systems, we calcu-
lated the value of ‘SG/‘SL for some real gas-solid-liquid combinations with
known interaction energy parameters and identified the possible combinations
for which one can expect stable and unstable two-nanobubble system. For
example, two nanobubbles of krypton gas in water on a graphite surface will
give the value of ‘SG/‘SL as 0.98 which means this combination will give un-
stable two-nanobubble system. However, if we replace krypton with neon then
the value of ‘SG/‘SL becomes 0.46 which makes the two-nanobubble system
stable, according to our simulation results. The interaction energy parameters
used for the comparison are taken from ref [79, 80].
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Figure 4.8: (a) Number of gas particles inside the two nanobubbles with time for various
values of ‘SG/‘SL. (b) Normalized concentration of gas particles within 5 particle diameter
of distance from the solid surface as a function of ‘SG/‘SL. The inset shows the same data
on a log linear scale. It can be seen that the concentration of gas particles near the surface
increases exponentially with ‘SG/‘SL. The value of ‘SG/‘SL ≥ 0.8 is estimated as a rough
boundary between the region of a stable and unstable two nanobubble system.
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We study the formation of a nanobubble around a heated nanoparticle in
a bulk liquid. The nanoparticle is kept to a temperature above the critical
temperature of the surrounding liquid, leading to the formation of a vapour
nanobubble near the nanoparticle. First, we study the role of both the temper-
ature of the bulk liquid far away from the nanoparticle surface and the temper-
ature of the nanoparticle itself on the formation of a stable vapour nanobubble,
and determine the exact conditions under which it can be formed. The MD
results can also be interpreted with the help of a macroscopic heat balance
argument. Next, we demonstrate the role of dissolved gas on the conditions
required for nucleation of a nanobubble and on its growth dynamics. We find
that beyond a certain threshold concentration, the dissolved gas dramatically
facilitates vapour bubble nucleation due to the formation of gaseous weak spots
in the surrounding liquid.

5.1 Introduction

The formation of nanobubbles around heated nanoparticles is a phenomenon
that has technological relevance in applications such as cancer treatment[17,
81], catalytic reactions[82–85] and solar energy conversion [16, 86]. Nanopar-
ticles can be heated either by exposing them to a laser pulse of the wavelength
corresponding to their plasmonic resonance wavelength [17, 81], or even by
direct sunlight [16, 86]. Exposure to high power lasers or solar radiation raises
the temperature of the nanoparticle to hundreds of Kelvin [87], leading to a
local heating of the liquid in their proximity to very high temperatures and
eventually to the formation of a vapour nanobubble around it. These vapour
nanobubbles, also known as plasmonic nanobubbles, are not only claimed to
be potential candidates for e�cient solar energy conversion, but are also be-
coming a very useful tool for the therapeutic applications in the cancer treat-
ment [17, 81]. In this application the nanoparticles are engineered in such
a way that they can selectively attach to the membrane of tumour cells and
exposing them to the high power laser pulse can generate nanobubbles which
mechanically damage the cell membrane to destroy the tumour cells [17, 81].
There have been numerous other examples where the fundamental understand-
ing of plasmonic nanobubbles pave the way to further exploit them for wide
range of applications [5]. Understanding the exact mechanism of the genera-
tion of plasmonic nanobubbles is also important from the fundamental point
of view, since it can reveal interesting phenomena relevant to heat transfer
and phase change at the nanoscale in general [88].

The formation of a vapour nanobubble around a heated nanoparticle is
a consequence of highly out-of-equilibrium situation where the temperature
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gradients in the liquid can reach up to hundreds of Kelvin per nanometer.
Formation of vapour nanobubble is an extremely transient process in which
a nanobubble can form and collapse within a nanosecond. Sasikumar and
Keblinski [88] studied the cavitation phenomenon around a heated nanopar-
ticle with the help of MD simulations and reported the formation of a vapour
nanobubble when the temperature of the liquid in the vicinity of the nanopar-
ticle reaches ≥ 90% of the critical temperature. There have been a few studies
by Lombard, Biben and co-workers [89–92] using the hydrodynamic phase field
model based on a free energy density to study the threshold and kinetics of
vapour bubble generation as a function of the size of nanoparticles and laser
power. However, none of these studies considered the role of dissolved gas in
the threshold and dynamics of formation of nanobubbles.

Recent experiments by Wang et al. [93] showed that dissolved gas can
completely change the long term growth dynamics due to di�usion of gas into
the bubble. It can be argued that dissolved gas should not a�ect the initial
explosive growth which is driven by the phase change of the liquid under
extreme thermal gradients, as the energy for the latent heat of vapourization
is provided by the thermal di�usion, which is orders of magnitude faster than
the mass di�usion of the gas in the liquid. However, dissolved gas can play
a role by changing the vapour-liquid phase diagram of the system, which will
influence the threshold for vapour generation. Macroscopically, it is known
that homogenous nucleation of bubbles can occur at lower temperature for
increased gas concentration in the liquid [94–96]. Therefore, we expect the
dissolved gas not to a�ect the nanobubble growth dynamics, but rather to
a�ect the threshold of the formation of a vapour nanobubble around a heated
nanoparticle.

In order to investigate the conditions for bubble nucleation, and the role
of dissolved gases, we perform simulations of a pure liquid around a heated
nanoparticle and determine the conditions for the nucleation of a vapour
nanobubble and its growth dynamics. The temperature of the nanoparti-
cle (T

NP

) is kept at a constant value that is much higher than the critical
temperature (T

c

) of the liquid. The temperature of the liquid "far away" from
the nanoparticle surface is also kept constant by having an isothermal wall,
the temperature of which is much lower than T

c

(see figure 5.1). Our results
are compared to theoretical predictions based on a macroscopic heat balance,
equation (5.3).
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Figure 5.1: Schematic of a vapour nanobubble formed around a heated nanoparticle. Initially
the temperature of the whole system is constant and equal to a value T

W

. At time t = 0,
the temperature of nanoparticle T

NP

is suddenly raised to a temperature far above T
c

while
keeping the wall temperature fixed at T

W

.

5.2 Approach and methodology
We used two types of molecules in our simulations: one act as liquid (L) and
another as gas (G). The nanoparticle and wall are modelled by a collection of
solid particles (S) arranged in an fcc lattice and connected with the neighbour-
ing particles by nonlinear elastic springs that act as chemical bonds. These
particles can vibrate around their equilibrium positions while interacting with
liquid and gas particles. They also interact with other solid particles by a
Lennard-Jones interaction potential explained in chapter 2. The particles in
the nanoparticle and the solid wall are connected by the finitely extensible
nonlinear elastic (FENE) potential [97] as given by:

VFENE

ij (r) = ≠1
2ksr2

k log
A

1≠ r2

r2

k

B

, (5.1)

where for the value of the spring constant ks we used ks = 30‘SS/‡2

SS and, and
for rk we used 1.5‡SS which are consistent with the previous MD studies on
nanobubble generation around a heated nanoparticle [88, 98, 99]. The reason
that we used the FENE bond potential (which is normally used for coarse-
grained polymer simulations) to connect the solid particles is that this way
the nanoparticle can be heated to the arbitrarily high temperatures without
melting. The time step for updating the particle velocities and positions was
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i≠ j ‡ij, nm ‘ij, kJ/mol
L-L 0.34 3.0
G-G 0.5 1.0
S-S 0.30 3.0
L-G 0.42 1.73
S-L 0.32 3.0
S-G 0.42 1.0

Table 5.1: Value of various LJ parameters used in the MD simulations

set at dt = 0.001


(m/ks), where m is mass of the solid particles. Periodic
boundary conditions were employed in all three directions, which implies that
the same solid substrate is also present above the liquid layer (see figure 5.2).

Initially, the system is equilibrated with constant temperature by coupling
the whole system to a constant temperature bath, equal to T

W

. At time
t=0, liquid and gas particles are disconnected from the temperature coupling,
while the wall remains connected to the temperature coupling at T

W

while
the temperature of the nanoparticle is set to T

NP

by coupling it to a separate
thermostat. So the gas/liquid is free to set its own temperature, constrained
by the fixed temperature of the wall and the nanoparticle. The pressure is
kept constant by semi-isotropic pressure coupling, which means that the sim-
ulation box can expand or contract only in the z-direction to keep the pressure
constant. The complete set of Lennard-Jones parameters that we used in our
simulations are given in table 5.1. The typical system size was 20◊20◊22 nm3

in x, y and z direction, respectively, where the length of the z dimension was
changed during the simulation to maintain the pressure constant.

In figure 5.2, we show a typical profile of a vapour nanobubble around a
heated nanoparticle for both a single component liquid and a liquid with dis-
solved gas in it. The average density field of liquid particles in radial direction
around the nanoparticle was calculated as a function of time to investigate
the formation of a nanobubble. A nanobubble is considered to form if the
density of liquid particles in the vicinity of the nanoparticle is less than the
critical density of the liquid [92]. The radius of the nanobubble was obtained
by fitting the relation

fl(r) = flL +flV

2 + flL ≠flV

2 tanh
3

r ≠Rb

w

4
(5.2)

to the radial density profile. Here flL is the liquid density, flV the vapour
density, Rb the radius of the nanobubble, and w the width of the liquid-vapour
interface. Figure 5.3 shows the typical radial density profile of liquid particles
fitted to equation (5.2) where the value of Rb and w is obtained from the fit.
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Figure 5.2: Typical snapshot of a vapour nanobubble formed around a heated nanoparticle
for a single component liquid (left), and with a gas dissolved in the liquid (right). In this
case, kBT

NP

/‘LL is equal to 5.54 and kBT
W

/‘LL is equal to 0.97, and mole fraction of gas
particles xg for the snapshot on the right is set as 0.011. These snapshots are taken at 400
ps where the systems were almost at the steady state or "quasi equilibrium".
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0.4

0.6

5 10 15 20 25

Figure 5.3: Radial density profile of liquid particles around a heated nanoparticle fitted to
equation (5.2). The black line indicate the radius of the nanobubble Rb and shaded region
depicts the width of the interface, w.



5

5.3. MACROSCOPIC MODELLING 53

5.3 Macroscopic modelling
5.3.1 Formation of a nanobubble
In this section, we provide the theoretical framework to predict the conditions
which lead to the formation of a vapour nanobubble around a heated nanopar-
ticle, based on a simple heat balance argument, where the heat is transferred
from the hot nanoparticle to the cold wall through the Lennard-Jones liquid.
A key assumption we make in our arguments is that the vapour nanobub-
ble starts to form when at steady state the temperature of the liquid a few
‡LL away from the nanoparticle surface (T

s

) is equal to the spinodal tempera-
ture [88] (≥ 0.9T

c

). Note that the spinodal temperature T
spin

is used as 0.9T
c

for a single component liquid but we have used it for the mixtures also by
replacing T

c

with mixture critical temperature T
c,M, which may be justified

since the concentrations used in our study are quite low. T
s

is calculated by
balancing the heat coming out of the hot nanoparticle with the heat conducted
by the liquid towards the cold wall [100],

4fiR2

pGSL(T
NP

≠T
s

) = 4fiŸL
1

R≠1

p ≠R≠1

w

(T
s

≠T
W

), (5.3)

where we assumed spherical symmetry for the wall (on which we will come
back). In equation (5.3) Rp is the radius of the nanoparticle, GSL is the
interfacial thermal conductance of the solid-liquid interface (also known as
Kapitza conductance), ŸL is the thermal conductivity of the liquid, while for
R

w

we used minimum distance of the wall from the nanoparticle centre. Heat
transport across the solid-liquid interface is modelled in the form of Kapitza
conductance which is the consequence of the discontinuity in the tempera-
ture at the interface [48]. T

s

is calculated as a function of T
NP

and T
W

using
equation (5.3), and together with the criterion for the nanobubble forma-
tion (T

s

> 0.9T
c

), the values of T
NP

and T
W

which result in the nucleation
of nanobubble around the nanoparticle can be evaluated. The heat balance
expression (equation (5.3)) is based on certain assumptions on which we will
now elaborate.

Our first assumption is the spherical symmetry of the temperature profile
around the nanoparticle which is implicit in equation (5.3), yet this symmetry
is clearly not fulfilled by the boundary conditions at the wall. Moreover, as
shown in figure 5.1, the system is "cooled" from top and bottom, but not from
the sides. To test the validity of the spherical symmetry assumption, we nu-
merically solved the heat conduction equation for exactly the same geometry
that we used for the MD simulations, with appropriate boundary conditions,
using an FEM based commercial solver, COMSOL [101]. Figure 5.4 shows the



5

54 CHAPTER 5. VAPOUR NANOBUBBLE NUCLEATION

 2.6

 2.8

 3

 3.2

 3.4

 3.6

 3.8

 5  10  15  20  25  30

Parallel to wall
Normal to wall

MD
Spherical symmetry

Figure 5.4: Temperature variation along the axis parallel and perpendicular to the wall
originating from the center of the nanoparticle. Temperature profile is calculated by solving
heat equation numerically and compared with MD simulations and spherically symmetric
result. Black curve represent the analytical result obtained for perfect spherical symmetry,
and red and green curves are the numerical result obtained from COMSOL for the geometry
that has been used in MD simulations.

temperature profile along the lines originating from the center of the nanopar-
ticle, one perpendicular to the wall along the z axis and another parallel to the
wall along the y axis. The black line shows the 1/r behaviour which comes
from the analytical solution of a spherically symmetric system. There are
some obvious di�erences between the temperature along the line perpendicu-
lar and parallel to the wall, yet small enough to justify the use of the spherical
symmetry assumption. As expected, the temperature calculated from MD
simulations by assuming spherical symmetry is in between the temperature
calculated along the axis parallel and normal to the wall and closely follows
the spherically symmetric curve.

Our second assumption is that the thermal conductivity of the liquid ŸL

does not vary with radial position, despite the large temperature gradient of
hundreds of Kelvin over a few nanometers distance. This assumption looks
quite radical at a first glance due to the well-known dependence of the ther-
mal conductivity of the Lennard-Jones liquid on the temperature and the
density [102]. To investigate the validity of this assumption, we performed
an independent MD simulation of the single component Lennard-Jones liq-
uid between two parallel solid walls, and set similar temperature gradients by
fixing the temperature of the two walls. Figure 5.5 (a) shows the variation
of temperature and density as a function of distance from the hot wall. The
temperature profile shows a near-perfect linear behaviour while the density
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of the liquid increases with decrease in temperature. The linear temperature
profile implies that the thermal conductivity ŸL is independent of position
since the heat flow (≠ŸL

dT
dz ) should be the same at every plane parallel to the

walls. However, the thermal conductivity calculated from the correlations of
the Lennard-Jones liquid [102] as a function of density and temperature shows
substantial spatial variation (see figure 5.5 (b)). The black line in figure 5.5
(b) represent the value of thermal conductivity calculated from the heat flux
measurement in the z direction divided by the constant temperature gradient.
The blue line in figure 5.5 (b) is the value obtained from the thermal conduc-
tivity correlation of Lennard-Jones liquid at average density and temperature
which is very close to the value obtained from MD simulation. Our conclu-
sion is that even though the density changes considerably (factor ≥1.5), the
conductivity remains constant.

5.3.2 Calculation of maximum bubble radius
When a vapour nanobubble is formed around the heated nanoparticle, it grows
for a while and reaches the steady state due to the finite size of the system
which can be predicted again from the heat balance. At steady state, the heat
coming out of the nanoparticle will get transferred across the vapour layer
and exactly the same amount will be conducted through the liquid towards
the cold wall. This heat balance can be written as [100],

4fiR2

p„ = 4fiŸL
1

R≠1

max

≠R≠1

w

(T
spin

≠T
W

), (5.4)

where R
max

is the maximum radius of the nanobubble, T
spin

is the spinodal
temperature of the liquid, and „ is the heat flux through the vapour phase
which contains two contributions: a conductive heat flux and a ballistic heat
flux. The conductive heat flux is dominated by the solid vapour conductance,
so „c = GSV (T

NP

≠T
s

), where GSV is the solid-vapour interfacial conductance
and T

s

is the temperature of the vapour near the nanoparticle surface. The
expression for the ballistic heat flux for a "Knudsen gas" is given by [91]

„b = –fls

Û
2k3

B

m
(T 3/2

NP

≠T
3/2

spin

), (5.5)

where – is the thermal accommodation coe�cient, fls is the density of the
liquid on surface of the nanoparticle and m is the mass of one liquid particle.
Expression (5.5) for the ballistic heat flux can be seen as the di�erence between
two energies. The thermal accommodation coe�cient – is the dimensionless
parameter which represent the e�ciency of the solid-vapour energy exchange
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Figure 5.5: (a) Temperature and density variation, and (b) thermal conductivity calculated
as a function of temperature and density from the correlations [102] of a single component
Lennard-Jones liquid between the two parallel solid walls held at fixed temperatures. The
black line indicates the value calculated from heat flux as measured in MD simulations
divided by the slope of the black line in figure (a). The blue line indicates the value obtained
from the correlations at an average density and temperature of the system.

and can be calculated from the simulations [45, 103] as

– = Tr ≠Ti

T
NP

≠Ti
, (5.6)

where Tr and Ti are the temperatures of incident and reflected gas atoms,
respectively. Since „c << „b, we have neglected the contribution from con-
ductive flux „c in equation (5.4). „c is calculated and found to be at least an
order of magnitude less than „b which is primarily due to the value of GSV ,
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as it is typically 20 times lower than the value of GSL [91]. We therefore get

–fls

Û
2k3

B

m
(T 3/2

NP

≠T
3/2

spin

)R2

p = ŸL
R

w

R
max

R
w

≠R
max

(T
spin

≠T
W

). (5.7)

Note that in the expression for the heat conduction (equation (5.7)), we
implicitly assumed a radial symmetry in the temperature of the liquid which
is no longer valid in this case as the radius of the nanobubble is comparable
to the distance between the liquid-vapour interface and the wall. Neverthe-
less, we still used equation (5.7) to get the rough estimate of the maximum
nanobubble radius and replaced the wall temperature T

W

with the radially
averaged temperature at r = R

w

, which will be slightly more than the T
W

.
Equation (5.7) is solved for R

max

for appropriate values of parameters and
compared with the R

max

obtained from MD simulations.

5.4 Material properties
5.4.1 Interfacial thermal conductance, GSL and thermal conductivity,

ŸL

The interfacial thermal conductance GSL is calculated for the solid-liquid in-
terface at the nanoparticle surface using the "Green-Kubo" type relation de-
scribed in chapter 2. Figure 5.6 shows the value of conductance GSL as a
function of time for various values of the nanoparticle temperature T

NP

. We
also plotted the variation of GSL as a function of T

NP

which shows that inter-
facial thermal conductance decreases with the nanoparticle temperature which
is similar to the trend observed by Khare et al. [104].
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Figure 5.6: Variation of conductance GSL as a function of time for various values of the
temperature of the nanoparticle T

NP

(left) and average value of conductance GSL as a
function of T

NP

(right).

The thermal conductivity of the liquid ŸL has been calculated from the
correlations for Lennard-Jones liquid in terms of density and temperature
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provided by Bugel and Galliero [102]. We used average density and temper-
ature of the liquid to determine the thermal conductivity as it does not vary
spatially, as shown in the previous section.

5.5 Results and Discussion
5.5.1 Formation of a nanobubble
In this section, the conditions which lead to the formation of a nanobubble
around a heated nanoparticle are explored by MD simulations. The temper-
ature of the nanoparticle T

NP

and the wall temperature T
W

are the control
parameters which e�ectively fix the overall thermal gradient. Initially, the
temperature of the system is uniform and is equal to the wall temperature
T

W

. At time t = 0, the temperature of the nanoparticle is suddenly increased
to a value higher than that of the critical temperature of the liquid and the
system is simulated until the steady state is reached. Figure 5.7 shows the typ-
ical profiles of the density of liquid particles and the temperature around the
nanoparticle obtained from MD simulations. The black line indicates the crit-
ical density and the critical temperature of the liquid particles. As mentioned
earlier, the moment when the density of the liquid particles in the vicinity
of the nanoparticle falls below the critical density, is defined as moment of
formation of the vapour nanobubble. This criterion can be easily examined
from the density profiles shown in figure 5.7. One can observe the sharp drop
in the temperature at the nanoparticle surface which is due to the interfacial
thermal resistance.

Note that strictly speaking for simulations and for theory two di�erent
criteria for nanobubble formation are used. In the simulations we use that
the criterion that density of the liquid particles in the vicinity of the heated
nanoparticle should be less than the critical density of the Lennard-Jones
particles. By contrast, for the theoretical prediction, we used the criterion that
the temperature of the liquid particles near the nanoparticle surface should
be more than the spinodal temperature (T

spin

= 0.9T
c

). If we combine these
two criteria, then at the liquid-vapour interface, the density of liquid particles
should fall below the critical density and the temperature at the interface
should be equal to the spinodal temperature. We tested this argument from
the measurement of density and temperature around a heated nanoparticle
when a nanobubble is formed as shown in figure 5.8. Indeed, it can be observed
that critical density and spinodal temperature coincides at the liquid-vapour
interface.

We performed simulations for various combinations of T
NP

and T
W

and
identified the values for which a nanobubble is nucleating around the heated
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Figure 5.7: Variation of density (left) and temperature (right) as a function of radial dis-
tance from the center of the nanoparticle for various wall temperatures T

W

. The black line
indicates the critical density and critical temperature of the liquid particles. In this case,
the temperature of the nanoparticle kBT

NP

/‘LL is kept at a constant value 5.54 and the
concentration of gas particles is 0.
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Figure 5.8: Variation of density and temperature around a heated nanoparticle as a function
of the radial distance from the nanoparticle centre. In this case, kBT

NP

/‘LL is set to 5.54
and kBT

W

/‘LL to 0.97. The shaded region indicate the liquid-vapour interface where the
temperature crosses the spinodal temperature and the density of the liquid particles goes past
the critical density. It shows that both criteria for nanobubble nucleation (T = 0.9T

c

, fl = flc

at the liquid vapour interface) are consistent.
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nanoparticle as shown in figure 5.9. Simulations were performed for three dif-
ferent values of the gas fraction xg, 0, 0.011 and 0.022, where for the latter
two system we added a third type of Lennard-Jones particle to the simulation
box (see also table 5.1). Background colour in figure 5.9 indicates the predic-
tion of nanobubble formation (blue = no bubble, brown = stable bubble), as
obtained from equation (5.3), where the boundary set by the criterion that
T

s

= 0.9T
c,M. Figure 5.9 (a) and (b) shows reasonable agreement between the

theoretically predicted values and the values obtained from the MD simula-
tions. However, there are clear deviations in the predictions for xg = 0.022
(see figure 5.9 (c)), on which we will comment later. One can observe that the
nucleation of a nanobubble around a hot nanoparticle is more likely for higher
wall and nanoparticle temperatures which is due to the ease for the liquid near
the nanoparticle surface to reach the spinodal temperature.

It can be observed from figure 5.9 (a), (b) and (c) that the minimum values
of T

NP

and T
W

required to nucleate a nanobubble reduce significantly with
increase in gas concentration. Primary reason for this reduction is the shift
in the critical point of the binary mixture of Lennard-Jones particles. When
a gas is dissolved the critical temperature of the mixture (and thus spinodal
temperature) decreases, which results in the reduction of the minimum T

NP

and T
W

required for the nanobubble nucleation. Describing the binary mix-
ture of Lennard-Jones particles as an one component fluid with the van der
Waals one-fluid conformal solution mixing rules, the critical temperature of
the mixture is given by T

c,M = 1.326 ‘M /kB where ‘M is given by [105],

‘M =
qn

i=1

qn
j=1

xixj‘ij‡3

ijqn
i=1

qn
j=1

xixj‡3

ij

(5.8)

where xi is the molar fraction of component i (i = 1,...,n) and ‘ij , ‡ij are the
Lennard-Jones parameters of the mixture. For the Lennard-Jones parameters
used in this study (see table 5.1), the critical temperature of the single compo-
nent liquid is 478 K and for the binary mixture of Lennard-Jones particles is
470 K and 462 K when xg = 0.011 and 0.022, respectively. The decrease in the
critical temperature of the mixture due to the dissolved gas thus decreases the
degree of superheat required to form a vapour nanobubble. There have been
some experimental studies on the homogenous nucleation of bubbles in the
presence of a non-condensable gas which showed similar behaviour, i.e., the
increase in the gas concentration decreases the supersaturation temperature
of the liquid. It results in the nucleation of bubbles at lower temperatures
compared to the pure liquid [94, 96]. Although the change in the critical tem-
perature of the mixture due to the presence of dissolved gas is relatively small,
it has significant e�ect on the nucleation conditions (as can be observed by
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the shift in the boundary of nucleation in figure 5.9 (a), (b) and (c)). Figure
5.10 shows the density profile of liquid particles around a heated nanoparti-
cle for di�erent gas concentrations at the steady state. The density of the
liquid near the nanoparticle decreases with increase in the gas concentration
which further demonstrates that the dissolved gas enhances the nucleation of
nanobubble around a heated nanoparticle.

Figure 5.9 clearly demonstrates that the gas particles dissolved in the
bulk liquid enhances the formation of a vapour nanobubble around a heated
nanoparticle. However, for high gas concentration the enhancement in the
vapour nanobubble formation is more than what is predicted by theory (see
figure 5.9 (c)). Equation (5.3) is clearly not able to predict the nucleation of
a nanobubble at high T

NP

and low T
W

. At high gas concentration, the theo-
retical prediction is poor due to the change in the mechanism of nanobubble
nucleation. It is well-known that the gas solubility decreases with increase in
the temperature [106]. This in turn increases the local gas oversaturation in
the high temperature region, and leads to the nucleation of a vapour nanobub-
ble. In this case, gas oversaturation drives the nanobubble formation instead
of the latent heat required to change the phase of the liquid. To quantify this
behaviour, we do not use the nanobubble nucleation criterion i.e., T

s

= 0.9T
c,M,

but instead determine the values of T
s

(as a function of T
NP

) such that the
nanobubble nucleation conditions as obtained from MD simulations are ful-
filled. That is, we fit equation (5.3) to the boundary as set by the MD data
points of figure 5.9 (c) to obtain the values of T

s

as a function of T
NP

. Fig-
ure 5.11 (a) shows the result of the fit, which now by construction fulfills the
nanobubble nucleation conditions for xg = 0.022, while figure 5.11 (b) shows
the value T

s

as a function of T
NP

obtained from the fit. For kBT
NP

/‘LL < 4.5,
the value of T

s

/T
c,M is constant and equal to 0.9, suggesting that the nucle-

ation of the vapour nanobubble can be explained by the change of phase due
to the crossing of spinodal temperature near the nanoparticle surface. Be-
yond kBT

NP

/‘LL = 4.5, T
s

/T
c,M decreases monotonically, which shows that

the nanobubble nucleation is dictated by the high oversaturation of gas parti-
cles near the hot nanoparticle. In this case, the nanobubble nucleates due to
the gaseous weak-spots near the nanoparticle surface.

For xg = 0.011, the bubble nucleation criterion T
s

/T
c,M = 0.9 shows excel-

lent agreement with MD data in the range of temperatures for which the sim-
ulations have been performed. However, when xg = 0.022, bubble nucleation
criterion T

s

/T
c,M = 0.9 is no longer valid for the same temperature range. We

can deduce that there should be a threshold mole fraction of gas xg,th, which
lies in between 0.011 and 0.022, and beyond which the bubble nucleation crite-
rion T

s

/T
c,M = 0.9 works only in certain range of nanoparticle temperature (see
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Figure 5.9: Values of wall temperature T
W

and nanoparticle temperature T
NP

for which a
vapour nanobubble is nucleating around a heated nanoparticle when (a) xg = 0, (b) xg =
0.011 and (c) xg = 0.022.
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Figure 5.10: Density of liquid particles around a heated nanoparticle for various values of
mole fraction of gas particles dissolved in liquid. T

NP

= 2000 K and T
W

= 350 K for this
figure.

figure 5.11 (b)). In a similar manner, we can infer that T
NP

beyond which the
nucleation criterion T

s

/T
c,M = 0.9 is not valid, should decrease with increasing

xg.

5.5.2 Growth dynamics

Figure 5.12 shows the variation of the radius of the nanobubble as a function
of time which follows t1/6 behaviour as observed in experiments by Wang
et al. [93]. Theoretically it can be explained [93] by the balance of plasmonic
heating with the latent heat of vapourization of the liquid. Wang et al. [93]
argued that e�ciency of heat transfer from the nanoparticle surface during the
initial growth of the nanobubble is dependent on its volume. The e�ciency
of the heat transfer is directly proportional to the ratio of the volume of
the nanoparticle to the volume of the nanobubble which lead to the Rb(t) Ã
t1/6 behaviour. Although the growth dynamics of the nanobubble follows
t1/6 behaviour which is independent of the gas concentration, the pre-factor
increases with the gas concentration. It can also be observed that after an
initial explosive growth, the radius of the nanobubble reaches a steady state
value which is due to the finite size of the system. The steady state radius
of the nanobubble is calculated by using equation (5.7) and compared with
MD results in figure 5.13. Note that the thermal accommodation coe�cient
– and the density of particles at the nanoparticle surface fls which are input
parameters to equation (5.7) are calculated from the MD simulation at every
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Figure 5.11: (a) Fitting of equation (5.3) with MD data of nucleation conditions for xg = 0.022
by considering T

s

as a fitting parameter. (b) Values of T
s

obtained from the fit as a function of
T

NP

which can explain the nucleation of a vapour nanobubble for xg = 0.022. T
s

/T
c,M = 0.9

shows the regime where nanobubble nucleation is controlled by latent heat required to change
the phase of the mixture. T

s

/T
c,M < 0.9 indicates that the nucleation of a nanobubble is

controlled by the oversaturation of gas. T
NP

at which this transition occurs should decrease
with increasing xg.

xg. So in a way the comparison of maximum radius in figure 5.13 serves as a
nice consistency check for MD simulations.



5

5.5. RESULTS AND DISCUSSION 65

 3

 4

 5

 6

 7

 0  100  200  300  400  500  600  700  800

 3

 5

7

 100  1000

Figure 5.12: Radius of nanobubble as a function of time for di�erent concentrations of gas
particles in liquid. The inset shows the same data on a log-log scale which demonstrates
that the radius of nanobubble is consistent with a t1/6 behaviour.
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Figure 5.13: Steady state radius of nanobubble as a function of gas mole fraction in the
liquid. kBT
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/‘LL is equal to 5.54 and kBT
W

/‘LL is equal to 0.97 for all the data points.
Black data points are calculated from equation (5.7) which seems to be consistent with the
data points obtained from MD simulations.
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5.6 Summary and conclusions
We studied the formation and growth dynamics of a nanobubble around a
heated nanoparticle. The system consists of a nanoparticle in the bulk liquid
that is in contact with an isothermal wall "far away" from the nanoparticle sur-
face. Combinations of the nanoparticle temperature and the wall temperature
which lead to the formation of a nanobubble around the heated nanoparticle
were explored by MD simulations, and were found to be in good agreement
with theoretical predictions based on heat balance argument. The role of dis-
solved gas in the bulk liquid on the formation of nanobubble is analysed. We
found that dissolved gas enhances the nucleation of a nanobubble around a
heated nanoparticle. It can be attributed to the overall decrease in the critical
temperature of the mixture, which eventually decreases the superheat required
to form a nanobubble. However, decrease in the critical temperature of the
mixture is not su�cient to explain the nucleation conditions beyond a certain
threshold of gas concentration. We showed that if the gas concentration is
below this threshold level, the nucleation of the nanobubble is controlled by
the phase change of the mixture by the latent heat of vapourisation. When
the gas concentration is beyond this threshold, the oversaturation of the gas
particles is responsible for the nucleation of the nanobubble. At a particular
mole fraction of gas particles (more than the threshold value), we showed that
either of the two regimes of nanobubble nucleation can exist. At low nanopar-
ticle temperatures, nanobubble nucleation is controlled by the phase change
of the mixture, while at high nanoparticle temperatures, gas oversaturation
dictates the nucleation. The nanoparticle temperature at which this transition
occurs is dependent on the mole fraction of the gas. It will be interesting to
predict this transition temperature theoretically which also paves the way to
predict the threshold concentration of gas particles for the given temperature
range. The growth dynamics of the radius of the nanobubble is calculated and
found to follow t1/6 behaviour, in agreement with the experimental observa-
tions. After the initial explosive growth, the size of the nanobubble reaches
steady state due to the finite size of the system. The steady state radius of the
nanobubble is also calculated from the heat balance arguments and is found
to be consistent with the MD simulations.
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In this chapter we study the wettability of nanodrops on curved surfaces
(both convex and concave). We find that the contact angle is not a�ected
by the curvature of the substrate, in agreement with previous experimental
findings. This means that the change in curvature of the drop in response to the
change in curvature of the substrate can be predicted from simple geometrical
considerations, under the assumption that the drop’s shape is a spherical cap,
and that the volume remains unchanged through the curvature. The resulting
prediction is in perfect agreement with the simulation results, for both convex
and concave substrates. In addition, we calculate the line tension, namely by
fitting the contact angle for di�erent size drops to the modified Young equation.
We find that the line tension for concave surfaces is larger than for convex
surfaces, while for zero curvature it has a clear maximum.

6.1 Introduction
The line tension is a key property for understanding the behavior of nan-
odrops, and thereby of great technological relevance. On curved surfaces the
line tension is of great significance for froth floatation, microporous solid and
condensation on nanorods [22]. Due to the small magnitude of line tension,
it can a�ect wetting properties at the nanoscale without having any e�ect on
micro or macroscale. Understanding, and hence predicting the line tension of
nanodrops is non-trivial. Although there have been a number of theoretical
and experimental studies on the subject, up to recently there was no consensus
even on the sign nor on the order of magnitude [107].

The concept of line tension was introduced more than a century ago by
Gibbs [31], who concluded that interactions at the three phase contact line
cannot be explained by surface free energies of each pair of phases alone. He
defined the line tension as the excess free energy per unit length of a contact
line of three phases, analogous to surface tension, which is the excess free
energy per unit area. In 1937, Harkins [108] managed to theoretically calculate
the order of magnitude of line tension from the relation between latent heat of
vaporisation and the free, latent and total energy of the three phase contact
line. In 1977, Pethica [18] defined line tension for a liquid drop on an ideal
solid surface. He included the line tension in the conditions for equilibrium in
the free energy expression, which, when minimised with respect to the contact
angle at constant volume, gives the so-called modified Young equation:

cos◊ = “SV ≠“SL

“LV
≠ ·/“LV

R
= cos◊Y ≠ ·/“LV

R
, (6.1)

where ◊ is the contact angle and R is the radius of curvature of the contact
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Figure 6.1: Definition of the various geometrical parameters used in this work, for (a) the
convex surface, and (b) the concave surface. Three di�erent radi of curvatures can be
identified: radius of surface curvature R
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, radius of drop curvature Rd and the radius of
curvature of the contact line R. Note that we define R
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such that for the convex surface it
has a positive value, and for the concave surface a negative value.

circle of the liquid drop on an ideal (chemically and geometrically homogenous)
solid surface when it is in equilibrium with its own vapour, as illustrated in
figure 6.1. In equation (6.1), · is the line tension, ◊Y Young contact angle
and “SL,“SV ,“LV are the solid-liquid, solid-vapour, and liquid-vapour surface
tension, respectively. In equation (6.1), we have not considered the e�ect of
curvature of the liquid-vapour interface on the surface tension [109], because
if these e�ects become comparable in magnitude to the line tension then the
measured · cannot be considered as ’pure’ line tension, but as an apparent
line tension [107, 110].

The magnitude of the line tension has been calculated from the free en-
ergy associated with the three phase contact line using density functional
theory [111, 112] or a model based on the interface displacement [113, 114].
Most of these theoretical analyses predict a value of the line tension in the
range of 10≠12 N to 10≠11 N. Experimental investigations show that the or-
der of magnitude of an e�ective line tension varies from 10≠5 N to 10≠12 N
with both positive and negative sign [19, 107, 115–119], which basically only
shows how challenging it is to measure the line tension experimentally. The
primary reason for this variation is the contact angle hysteresis caused by sur-
face heterogeneities, either geometric or chemical, which are always present
for an actual experimental situation. But also the extremely low size range of
the drops makes it very di�cult to measure the line tension experimentally.
For example, in case of water drops with a surface tension of 0.072 N/m and
a line tension of 10≠11 N (the most consistent order of magnitude reported in
literature), the line tension becomes significant only for contact line curvatures
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of around 5 nm [5].
Studies have not been confined to flat surfaces. Extrand and Moon [120]

have investigated the dependence of contact angle on surface curvatures exper-
imentally, however for drop sizes in the micro- and millimeter range. Marmur
and Krasovitski [121] have calculated the line tension on spherical surfaces
from theoretical calculations but it lacks validation from experimental or sim-
ulation data.

Apart from theoretical and experimental research, there have also been a
number of studies on the line tension and measurement of contact angle using
molecular dynamics simulations [122–125]. Such simulations have the advan-
tage that the line tension can be calculated with relatively large accuracy, and
also the heterogeneities can be well controlled. Shi and Dhir [123] studied the
behaviour of the contact angle of drops on a plane solid substrate as a func-
tion of temperature and force field parameters, using a simple Lennard-Jones
model, as well as a more advanced model potential for water. Ingebrigtsen
and Toxvaerd [124] have calculated the contact angles for drops of di�erent
sizes and observed that the contact angle from MD simulations disagree with
Young contact angle for nanodrops which have a very small contact angle.
Weijs et al. [122] have analysed the e�ect of line tension by measuring contact
angles of droplets on a plane substrate by varying the droplet size, and found
that the line tension decreases with increasing ◊Y .

In this chapter, we have extended the simulation by Weijs et al. [122] to
curved substrates. Simulations have been performed in 3D, that is, for spher-
ical drops, and in quasi 2D (where one dimension is considerably smaller than
the other two), to which we refer as cylindrical drops. Cylindrical drops give
the value of Young contact angle (◊Y ), as the contact line is free from any cur-
vature and hence the contact angle does not change with the size of the drop.
The e�ect of the curvature on the contact line can then be predicted by cal-
culating the contact angle for spherical drops of di�erent sizes and comparing
it with Young contact angle (◊Y ). In this way, we have systematically studied
the e�ect of surface curvature on magnitude of line tension and wettability of
nanodrops on curved surfaces.

6.2 Approach and methodology

Simulations were performed to simulate the drop on a solid substrate. Two
kind of particles were used in the simulations; solid substrate particles which
are held fixed in a fcc lattice setting during whole simulation, and liquid/vapour
particles, which are free to move, and in the equilibrium state form in a liquid
drop on the solid substrate, and a vapour phase filling the remaining volume.
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The interaction between the particles is described by Lennard-Jones poten-
tial, as described in chapter 2. Particles diameter is set to a value ‡ = 0.34 nm
for all interactions. Simulations have been performed in an NV T ensemble
where the temperature is fixed at 300K, which is below the critical point for
the Lennard-Jones parameters (‡, ‘LL) that we have used. Periodic boundary
conditions have been employed in all three directions. We have studied two
di�erent kinds of systems to examine the e�ect of line tension: quasi-2D and
3D. In quasi-2D, the system size in one dimension is substantially less than the
size of system in other two dimensions. The typical dimension of the system
is 10.5‡ in the x-direction and around 150‡ in the y and z-direction, where
the x,y,z directions are defined in figure 6.1. In 3D, the system size in all
three directions is of the same order of magnitude. The system size is such
that in all cases the distance between a drop and its neighbouring image is
at least 80‡. In all simulations, the overall number density is kept constant.
The equilibrium contact angle (or wettability) of the liquid drop on the solid
substrate was varied by changing the interaction strength between solid and
liquid particles (‘SL), from 1.0 to 2.0 kJ/mol. In all simulations the liquid
drop was found to be in equilibrium with its own vapour, where the liquid and
vapour density was found to be in close agreement with the theoretical result
as obtained from the equation of state of the Lennard-Jones fluid [126].

In the simulations, the line tension is evaluated in terms of the tension
length (¸) defined as ¸ = ≠·/“LV , which is of the order of magnitude of the
molecular scale. We have calculated the magnitude of the line tension length
along the lines of Weijs et al. [122], by measuring the equilibrium ◊ for di�erent
size drops, and fitting a straight line to cos◊ vs. 1/R, where the slope is then
equal to ¸. Repeating these calculations for various values of the LJ parameters
then gives the tension length (≠·/“LV ) as a function of ◊Y .

Two kinds of surface curvatures were used in this study as shown in fig-
ure 6.2: a curved outward (or convex) surface defined as positive curvature
and a curved inward (or concave) surface defined as negative curvature. In
order to keep the overall number density constant, we have scaled the system
dimensions while increasing the number of particles in the simulations. We
have also scaled the radius of curvature of the surface according to the sys-
tem dimensions. The surface curvature scales with n1/2 in case of quasi 2D
and with n1/3 in case of 3D, where n is the number of moving particles in
the simulation. Note that owing to the discrete nature of particles and the
relatively small system size the curvature of the solid substrate is not smooth
but consists of steps, with a step height equal to particle diameter, as shown
in figure 6.2. Because of these finite steps, the three-phase contact line will
be in contact with di�erent crystallographic axes in each simulation. Di�erent



6

72 CHAPTER 6. LINE TENSION

64.5 nm

Figure 6.2: Example of the initial configuration (left) and the final steady-state configuration
(right) after 5 ◊ 107 time steps of the nanodrop simulations for convex (top) and concave
(bottom) surfaces.

crystallographic axes exhibit di�erent surface energies which may lead to a
slight change in the contact angle [127, 128]. We have ignored this e�ect as we
have averaged the contact angle for di�erent equilibrium profiles which means
that the contact angle calculated from our simulations is average over di�erent
crystallographic axes.

Initially, the liquid particles are set in a fcc configuration close to the solid
substrate, and free to move from then on at the prescribed temperature (see
figure 6.2). After equilibrium has been reached, i.e. after around 5◊107 time
steps, the density field is calculated by averaging over typically 1,000,000 time
steps (which corresponds to roughly 2 nanoseconds) taking into account the
fluctuation of the center of mass of the droplet. The radius of curvature of the
droplet is then obtained by fitting a sphere (circle in 2D) to the iso-density
contour of 0.5 of the normalised density field, flú(r), defined as flú(r) = fl(r)≠flV

flL≠flV
,

where flV and flL is the bulk vapour and liquid density, respectively. Since the
liquid very near to the solid substrate is subject to layering, we have excluded
the density field in the range of 2‡ from the substrate for the circular cap
fitting. From the intersection of the circular fit with the substrate, the contact
angle and volume of the drop are evaluated (see figure 6.3). Note that we have
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Figure 6.3: Example of a circular cap fit (black line) to the iso-density contour of 0.5 (points)
for a drop on a convex and a concave surface of constant curvature. The drops can freely
shift on the surface due to the statistical fluctuations. In particular, in the concave case the
left-shift as compared to the initial situation (figure 6.2, bottom left) is apparent.

split the time interval over which we measured into 10 subsets, and calculated
the average of each subset in order to evaluate a standard deviation, from
which the error bars in the results of figures 6.4, 6.5 and 6.6 were obtained.

6.3 Results and discussion
6.3.1 Wettability of cylindrical nanodrops on curved surfaces
Figure 6.4 shows the Young contact angle as a function of the surface cur-
vature, for three di�erent values of the liquid-solid interaction strength. It
can be clearly seen that the contact angle is una�ected by the surface curva-
ture, which is consistent with the experimental observations by Extrand and
Moon [120] for microscopic drops. Note that Wolansky and Marmur [129] also
showed theoretically that the contact angle is independent of the shape of the
surface, unless line tension is considered. This means that curvature e�ects
are only prominent in nanoscale systems where the line tension is appreciable
as shown in the next section. Figure 6.5 shows that also the drop volume does
not change with the surface curvature, which is expected since the volume is
set by the condition of liquid-vapour equilibrium, which to first-order is not
a�ected by the surface curvature. In fact, the straight line in figure 6.5 is
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Figure 6.4: Contact angle ◊ of the nanodrop on a solid substrate as a function of surface
curvature 1/R
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the volume of the liquid drop evaluated from the bulk vapour-liquid equilib-
rium calculated from a highly accurate equation of state of the LJ fluid for
the given temperature and overall number density [126]. The slight di�erence
with the volume as found in the simulations could be attributed to the e�ect
of the liquid-vapour surface and the solid substrate, which are not accounted
for in bulk phase equilibrium. Figure 6.6 shows the variation of the radius of
drop curvature Rd with surface curvature 1/R

S

. The simulation results are
found to be in very good agreement with the prediction for Rd that follows
from straightforward geometric relations for the drop volume as function of
the contact angle and surface curvature. In this, we take the volume of the
drop as calculated from the equation of state, and the contact angle for a
planar surface as reference values.

6.3.2 Line tension of nanodrops on curved surfaces
The line tension of LJ nanodrops has been calculated by fitting the modified
Young equation, equation (6.1), to the simulation data. To this end, di�erent
sized LJ drops were simulated in 3D on the curved surface, and the cosine of
the contact angle is plotted against the inverse of the radius of the curvature
of the three phase contact line, 1/R, as shown in figure 6.7. The slope of the
straight line fitted through the data points then gives the line tension length
¸ = ≠·/“LV . To double-check, in figure 6.7 we also show the result for cos◊
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equal to ≠0.2 as a function of the curvature of the base circles, ‡/R. The circles
are the results for spherical drops, while the squares are for cylindrical drops. Straight lines
are the linear fit through the data points. The slope of the straight line for spherical drops
gives the line tension length ¸ = ≠·/“LV .

for the quasi-2D system (cylindrical drop), which as expected is not changing
with the curvature of drop because the contact line is free of any curvature
and the line tension does not have any e�ect on it. According to equation
(6.1), the two lines in figure 6.7 should intersect at zero surface curvature.
However, we find a small o�set, which can most likely be contributed to the
fact that the exact position of the liquid-vapour interface is not well defined.
That is, there is a smooth transition between the two distinct phases and
many logical definitions are available to calculate the position of the interface.
Hence quantities which are derived from the interface location, such as contact
angle, volume, radius of curvature of drop, etc., will slightly vary depending
on the definition, [107], which may result in a slight o�set from equation (6.1).
Note also that for these typical values of the contact angle, only a slight error
in ◊ of say 1% leads to errors of 3% in cos◊, which leads even to larger errors
in the extrapolated value of the line fit.

Figure 6.8 shows the magnitude of the line tension length as a function of
the surface curvature normalised by V

1
3

drop

, where V
drop

is the volume of the
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drop as calculated from the equation of state for Lennard-Jones fluid [126]. We
find a clear maximum in case of planar surface which is compatible with the
theoretical predictions [121, 129], however surprisingly we find that ¸ is much
higher in case of concave surfaces (negative curvature) as compared to convex
surfaces (positive curvature). From figure 6.8, we can infer that the magnitude
of the surface curvature does not have a very strong e�ect on the line tension
length but it is strongly dependent on the sign of the surface curvature. We
investigated this finding by analysing the arrangement of particles very close to
the surface. In figure 6.9, we have plotted the variation of density of particles
and the absolute number of particles in a drop as a function of distance from
the surface. Both quantities are evaluated from the time-averaged number
of particles for concentric spherical shells or layers of thickness 0.1‡. The
variation in the absolute number of particles is determined by averaging the
number of particles in each layer over time. Density in each layer is then
calculated by dividing the absolute number of particles in each layer by the
volume of that layer. It can be seen that the amplitude of the oscillations in
the density is much larger in the case of the planar surface as compared to
the curved ones, yet the di�erence in density oscillations between positive and
negative surface curvature is small. However, the variation in the number of
particles in the drop as a function of distance from the surface clearly shows the



6

78 CHAPTER 6. LINE TENSION

di�erence between the three types of surfaces. The amplitude of the first peak
is maximal in case of a flat surface, then followed by the peak of negative and
positive surface curvature, respectively. This trend is directly correlated with
the magnitude of the line tension length, which suggest that more particles in
layers close to the surface imply a larger line tension. Note that the absolute
number of particles and the density of particles as a function of distance are
related to each other by the volume of each layer. Since the density of particles
is almost the same for both curvatures, this implies that volume of layers very
close to the surface is larger in case of a concave surface. From figure 6.10,
we can see a direct proportionality between the line tension length and the
amplitude of the first oscillation of variation of number of particles with the
distance from the surface. Although we are concluding that the magnitude
of the line tension is directly proportional to the number of particles near
the surface, it does not imply that larger drop will have large line tension.
Measurement shown in figure 6.9 were performed for a drop containing same
overall number of particles on di�erent surface curvatures. So the relevant
quantity would be the number of particles near the surface normalised by the
total number of particles in present in the drop, which is directly proportional
to the magnitude of line tension.

The actual quantity of interest, the line tension, can be calculated by mul-
tiplying the line tension length by the liquid-vapour surface tension “LV . We
have used the procedure described in chapter 2 to calculate “LV from indepen-
dent molecular dynamics simulation of liquid molecules in equilibrium with its
own vapour and for a planar interface. We again emphasise that we have not
considered surface tension as a function of interface curvature. The radius
of curvature of nanodrop of 7 nm is required to change the surface tension
by 5% for the Lennard-Jones particles that we are simulating [109, 130].
The radius of curvature of drops in our simulations is in the range of 10
nm. So the assumption of constant surface tension is fairly acceptable. For
our Lennard-Jones parameters, i.e. ‘LL = 3.0 kJ/mol, this procedure gave a
value of “LV = 4.1893 ◊ 10≠3 N/m. Using this value for the surface tension,
the order of magnitude of the line tension is coming in the vicinity of 10≠12

N which is very close to the theoretical prediction and many experimental
findings [19, 107, 111, 113, 118]. The maximum value of the line tension is
around 13◊10≠12 N for planar surface and the minimum value is 0.07◊10≠12

N, which is almost zero, in case of convex surface.
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Figure 6.9: (a) Density and (b) absolute number of particles in the drop as function of
distance from the surface. Density of particles is calculated by dividing the absolute number
of particles by the volume of each layer.
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Figure 6.10: Amplitude of the first peak in oscillations of variation of number of particles as
function of the distance from the surface is plotted against the magnitude of the line tension
length for various surface curvatures. The asterisk in the figure shown in inset shows the
peaks which are plotted in the graph.

6.4 Conclusions
The Young contact angle of nanodrops was found to be constant with sur-
face curvature which is consistent with previous experimental and theoretical
predictions. The volume of the drop is also found to be independent of the cur-
vature of the surface, and the radius of curvature of the drop is well predicted
by simple geometric relations by keeping contact angle and volume constant.
The magnitude of the line tension is calculated by MD simulations and found
to be comparable with theoretical values. The line tension strongly depends
on the sign of the surface curvature: its value is much larger in case of neg-
ative curvature (concave surfaces) as compared to positive curvature (convex
surface), while it reaches a maximum for zero curvature. This trend is found
to be correlated with the number of particles in the initial layers of the drop.
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In this chapter we study the dissolution of a multicomponent nanodrop in
a sparingly miscible liquid. We studied both binary and ternary systems, in
which nanodroplets are formed from one and two components, respectively.
Whereas for a single-component droplet the dissolution can easily be calcu-
lated, the situation is more complicated for a multicomponent drop, as the in-
terface concentrations of the drop constituents depend on the drop composition
which changes with time. In this study, the variation of the interface concen-
tration with the drop composition is determined from independent "numerical
experiments", which are then used in the theoretical model for the dissolution
dynamics of a multicomponent drop. The simulations reveal that when the
interaction strengths between the drop constituents and the surrounding bulk
liquid are significantly di�erent, the concentration of the more soluble compo-
nent near the drop interface may become larger than in the drop bulk. This
e�ect is the larger the smaller the drop radius. While the present study is
limited to binary and ternary systems, the same method can be easily extended
to a larger number of components.

7.1 Introduction

Understanding the dissolution of a multicomponent drop in a sparingly mis-
cible liquid is of primary importance to many traditional chemical, pharma-
ceutical and separation processes. The dissolution rate of multicomponent
droplets is relevant in designing the equipment and operating conditions of
many chemical processes which involve drops at micro- and nanoscales [23–
25]. Examples include separation of biomolecules such as proteins and enzymes
using liquid-liquid extraction [131–133]. Other applications of mass transfer
across a liquid-liquid interface in a multicomponent environment are found in
the domain of food processing, separation of heavy metals, industrial waste
treatment and many other industrial processes [134, 135]. Recent theoretical
work on this subject by Chu and Prosperetti [136] showed the importance of
the proper formulation of dissolution and growth dynamics for a multicom-
ponent drop. Lohse [26] also highlighted the importance of their result for
various applications in chemical technology and in particular towards con-
trolled liquid-liquid micro-extraction. Although the present study addresses
the multicomponent droplet dissolution in a bulk liquid, our system shares
similarity with the evaporation of a sessile droplet in air or the dissolution of
a sessile droplet in another liquid, which further enhances the relevance of this
study [68, 137–140].

In this chapter we report on MD simulations of binary and ternary systems
in which the droplet consists of one or two components, respectively. The com-
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ponents which primarily form the drop and the bulk liquid are chosen in such
a way that they are sparingly miscible with each other and form two distinct
liquid phases. For the multicomponent drop, we performed simulations for
various interaction strengths between the two components that constitute the
drop to observe the e�ect of interaction strength on the dissolution dynamics.
All the simulations were performed quasi-two-dimensionally i.e., with drops
in the form of sections of a cylinder. Cylindrical drops of course do not occur
in nature. However, the focus of this chapter is the examination of the e�ect
of the interaction strength of the drop constituents with the surrounding bulk
liquid. Our results on this key aspect may be expected to be relevant for
the three-dimensional case as well. To gain insight into the simulations, we
also solved the macroscopic time-dependent di�usion equation to calculate the
concentration field of all the components in the bulk liquid. The flux at the
liquid-liquid interface is dependent on the concentration of each component at
the interface. For a binary system (single-component drop), this concentration
is equal to the solubility of the drop constituent in the bulk liquid. However,
for a multicomponent drop, it depends on the proportions of each constituent,
which changes with time.

In earlier work Su and Needham [141] extended the classical calculation of
Epstein and Plesset [27] to calculate the dissolution rates by assuming that the
concentration of each component at the interface is directly proportional to
its mole fraction inside the drop. This assumption has no theoretical basis but
was shown to work for some special cases, e.g. when the solubilities of the two
components are not too di�erent and the interaction between the two compo-
nents is similar to the self-interaction of the components. Chu and Prosperetti
[136] recently improved this model by predicting the interface concentration
from the condition of local thermodynamic equilibrium, which dictates the
equality of the chemical potentials of each component on either side of the
interface. The problem with this approach is that exact analytical expres-
sions for the chemical potential in a multicomponent system are not available
and it is necessary to rely on approximate models to calculate the chemical
potential as a function of the interface concentration. Chu and Prosperetti
[136] used the UNIQUAC model [142–144] to calculate the interface concen-
tration. They demonstrated the sensitivity of the dissolution dynamics to the
thermodynamically consistent calculation of the interface concentration.

In this study, we take a di�erent approach obtaining the concentration of
the two components at the interface (in case of ternary systems) from indepen-
dent MD simulations for the same thermodynamic conditions and at various
bulk compositions. We use a fit of the interface concentration data as input
for a macroscopic model to predict the radius of a multicomponent droplet,
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which can be compared with the result from MD simulations. An unexpected
result of our study is the enrichment of one constituent of the drop near the
interface when that constituent interacts with the bulk liquid more strongly
than the other drop constituent. This e�ect is dependent on the curvature
of the interface. As a consequence nanodrops can have di�erent dissolution
behaviour from micron-size or larger drops.

7.2 Approach and methodology
We used two types of particles (or molecules) in the case of a binary system:
the particles of type 1 and type 2 are sparingly miscible, and predominantly
form the bulk liquid and the drop, respectively (see figure 7.1 (a)). In the case
of a ternary system, we used three types of particles: the particles of type 1
again form the bulk liquid and the particles of type 2 and 3 constitute the drop
(see figure 7.1 (b)). Due to statistical fluctuations, the instantaneous shapes
shown in 7.1 deviate somewhat from a circle. However, averaging over many
such instantaneous shapes shows that the cross section of the drop on average
is indeed circular.

Figure 7.1: Examples of instantaneous snapshots of simulation results for dissolving droplets.
(a) Binary system (or single component drop) and (b) ternary system (or multicomponent
drop). Throughout the paper, the blue particles (which form the bulk liquid) are labelled "1",
while green and yellow particles (which form the drop) are labelled 2 and 3. The nanodrops
shown in the figure are sections of a cylinder with the z-axis normal to the page and inwards.

Periodic boundary conditions were employed in all three directions with
the box length in the z direction (≥ 15‡, typically 5.6 nm) so much shorter
than in the other two directions ( ≥ 120‡, typically 40 nm) that the drop
approximates a short section of a cylinder.
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i≠ j ‡ij , nm ‘ij , kJ/mol
1-2 0.34 2.5
1-3 0.34 2.8
2-3 0.34 3.6-4.1
1-1 0.34 3.0
2-2 0.34 3.9
3-3 0.34 3.9

Table 7.1: Value of various Lennard-Jones parameters used in the MD simulations. The
interaction parameter ‘

23

between type 2 and type 3 particles was varied between 3.6 to 4.1
kJ/mol for the multicomponent drop simulations.

The simulations were performed in an NPT ensemble where the tempera-
ture was fixed at 300K, which is below the critical point for the Lennard-Jones
parameters (‡ij , ‘ij) that we have chosen. Semi-isotropic pressure coupling
was used for maintaining constant pressure: the simulation box expands or
contracts only in the x and y-directions to keep the pressure constant. This
was done to prevent the change in the system configuration from quasi-two-
dimensional to three-dimensional. The complete set of Lennard-Jones param-
eters that we used in our simulations is given in table 7.1. The total number
of particles in a typical simulation box is approximately 110000, out of which
approximately 12000 form the drop phase at initial time. The velocities of
particles are initialised from the Maxwell-Boltzmann distribution for a tem-
perature of 300 K.

The time-dependent average density field of the type-2 and type-3 particles
was calculated, correcting for the center of mass motion in the lateral direc-
tion, and then averaged to give an average local density fl(r). The radius of
curvature of the drop was then obtained by fitting a circle to the 0.5 iso-density
contour of the normalised density fl(r)≠flB

flD≠flB
, with flD and flB the mean densities

of the drop and bulk liquid. The use of iso-density contours around 0.5 would
have a negligible e�ect on the results.

7.3 Macroscopic modelling

In this section, we model the dissolution of a single-component and a multi-
component drop in a host liquid using the macroscopic time-dependent dif-
fusion equation to gain insights useful for interpretation of MD simulations.
Since the solubility of the bulk liquid in the drop constituents is very small,
we assume that it is perfectly immiscible with the drop constituents. We first
address the case of a single-component drop for which the interface concen-
tration is constant and equal to the solubility of that component in the bulk
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liquid, and later discuss the case of a multicomponent drop for which the
concentration at the interface changes with time.

7.3.1 Single-component drop
In the single-component case the drop and the surrounding bulk liquid consist
of particles of type 2 and 1, respectively. At time t = 0, the bulk liquid has
some initial concentration c

0

of type 2 particles:

c(r,0) = c
0

. (7.1)

At subsequent times, the concentration c of type 2 particles in the bulk liquid
evolves according to the di�usion equation

ˆc

ˆt
= D

21

r

ˆ

ˆr

3
r

ˆc

ˆr

4
, (7.2)

where D
21

is the di�usivity of type 2 particles in the bulk liquid, and r is the
radial coordinate measured from the axis of the drop. At the surface of the
drop, r = R, the concentration remains constant and equal to the solubility of
the type 2 particles in the bulk liquid:

c(R,t) = cs. (7.3)

In the MD simulations, the drop is in a rectangular box and periodic boundary
conditions are used, i.e., any particle "leaving" the system at a boundary will
enter it at the opposite boundary so that the total number of particles in the
system is conserved. To mimic this set-up in the macroscopic di�usion setting,
we solve the di�usion equation (7.2) in a finite cylindrical domain of radius
Rb enforcing the conservation of the total amount of solute by imposing that
the flux of type 2 particles at r = Rb vanishes:

ˆc(r, t)
ˆr

---
r=Rb

= 0. (7.4)

Rb is chosen so that fiR2

b equals the area of the cross section of the MD
computational domain.

The mathematical problem described can be solved analytically by means of
the Laplace transform; the detailed solution is described in Carslaw and Jaeger
[145] and Prosperetti [146]. The concentration profile c(r, t) as a function of
radial distance and time is given by

c(r, t)≠ c
0

cs ≠ c
0

= 1≠fi
Œÿ

n=1

e≠D21–2
ntG(R,–n)(J

0

(r–
n

)Y
0

(R–
n

)≠Y
0

(r–
n

)J
0

(R–
n

))

(7.5)
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where
G(R,–n) = J

1

2(R
b

–
n

)
J

1

2(R
b

–
n

)≠J
0

2(R–
n

)
. (7.6)

and J
0,1 and Y

0

are Bessel functions of the first kind and second kind, respec-
tively and {–

1

,–
2

...} are the solutions of

J
0

(R–)Y
1

(R
b

–)≠Y
0

(R–)J
1

(R
b

–) = 0. (7.7)

The dissolution rate, or the rate of change of the drop mass M = fiR2flD, is
determined by calculating the flux at the interface boundary:

dM

dt
= ≠2fiR

3
≠D

21

ˆc(r, t)
ˆr

---
r=R

4
. (7.8)

By substituting equation (7.5) in equation (7.8), equation (7.8) gives that the
rate of change of the drop radius is given by

dR

dt
= 2D

21

(cs ≠ c
0

)
flDR

Œÿ

n=1

e≠D21–2
ntG(R,–n). (7.9)

Note that equation (7.8) comes from the solution of the di�usion equation with
fixed drop radius while the drop radius itself is changing with time during dis-
solution. However, due to the slow di�usive dissolution process and resulting
separation of time scales, it is a reasonable approximation to use the solution
of the fixed boundary problem for the drop [27].

7.3.2 Multicomponent drop
The di�usion time t

di�

of the drop constituents over the drop radius is of the
order of t

di�

≥ R2/D
23

, while the time scale t
diss

for the drop dissolution can
be estimated as t

diss

≥ (fiR2flD)/(2fiRD
21

(cs ≠c
0

)) = (R2/2D
21

)[flD/(cs ≠c
0

)].
The ratio of these two time scales is therefore t

di�

/t
diss

≥ (2D
21

/D
23

)[(cs ≠
c

0

)/flD], which is very small. This remark justifies the assumption that the
drop composition remains spatially uniform which we adopt. Note that we did
not use the di�usion equation within the drop because of the large di�erence
in the two time scales as explained. Also the Fickian di�usion framework
provided above is valid only for dilute concentrations of the components in
the bulk liquid, while in the drop phase the concentration of both components
is quite high. The applicability of the di�usion equation for such a non-ideal
system is studied in detail by Philippi et al. [147], but it is not relevant for the
scientific question addressed here. For a two-component drop, we should solve
equation (7.2) for each component subject to the same boundary conditions
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at r = Rb and similar initial conditions. A di�erence with respect to the
single-component case arises because the concentration of each component at
the interface depends on the drop composition which changes with time. To
deal with this feature we use Duhamel’s principle [145, 146] to convert the
solution of the di�usion equation obtained with a time-independent boundary
condition to the case when the boundary condition is a function of time. We
write the time-dependent boundary condition for the concentration as

ci(R,t) = cs,i„i(t) (7.10)

where i = 2,3 refers to the two components of the drop and „i(t) is a nor-
malised function describing the variation of the interface concentration with
time. Then, according to Duhamel’s principle, the concentration profile of
each component in the bulk liquid is given by

ci(r, t) =
⁄ t

0

„i(⁄) ˆ

ˆt
c

const,i(r, t≠⁄)d⁄, (7.11)

where c
const,i(r, t) is the solution of the di�usion equation for a fixed boundary

condition c
const,i(R,t) = cs,i, which is given by equation (7.5) with cs replaced

by cs,i. The rate of change of mass of each component follows then from the
flux at the liquid-liquid interface similarly to (7.8),

dMi

dt
= ≠2fiR

3
≠Di1

ˆci(r, t)
ˆr

---
r=R

4
. (7.12)

The concentration of each component in the bulk liquid is calculated by sub-
stituting equation (7.5) in equation (7.11), which is further substituted in
equation (7.12) to obtain the rate of change of the mass of each constituent of
the drop,

dMi

dt
= 4fiDi1

Œÿ

n=1

e≠Di1–2
ntG(R,–n)

3
cs,i„i(0)≠ c

0,i +
⁄ t

0

cs,i„
Õ
i(⁄)eDi1–2

n⁄d⁄

4
.

(7.13)
The rate of change of the radius of the multicomponent drop can then be
calculated from the rate of change of mass of each component via

2fiR
dR

dt
= 1

fl
0,2

dM
2

dt
+ 1

fl
0,3

dM
3

dt
, (7.14)

where fl
0,2 and fl

0,3 are the densities of the pure components 2 and 3, re-
spectively. Here we neglect the volume change due to the mixing of two
components.
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7.3.3 Macroscopic model parameters
Interface concentration

As shown in §7.3.2, the concentration of both components at the liquid-liquid
interface is required as a boundary condition to solve the di�usion equa-
tion. The solubility cs of component 2 in a bulk liquid of component 1 is
calculated from independent MD simulations, from which we obtain the val-
ues 13.612 kg/m3 and 62.416 kg/m3 for interaction strengths ‘

12

= 2.5 and
‘
12

= 2.8, respectively. However, for a multicomponent drop, cs,i is a function
of the composition of the drop, which changes substantially during the disso-
lution. In principle, this function can be calculated from the local thermody-
namic equilibrium condition, which requires equating the chemical potential of
each component on the two sides of the interface. Expressions for the chemical
potentials of ternary system of Lennard-Jones particles which we are using are
not available. Thus, we chose to perform independent "numerical experiments"
in order to get the interface concentration of each component as a function
of the drop composition. The procedure is to setup a multicomponent drop
in a bulk liquid and to allow the system to reach equilibrium. In this situ-
ation, equilibrium is achieved when the concentrations of both components
in the bulk liquid reach steady state and the drop does not dissolve further.
Steady state ensures that the concentrations of both components in the bulk
liquid attain their solubility value. At this point the solubilities of the drop
components and the drop composition can be determined. In order to reduce
statistical errors, and to cover the entire range of mole fractions 0 Æ x

2,3 Æ 1,
it is necessary to carry out many such simulations (on the order of 100). Since
our interest is in studying the e�ect of di�erent interaction parameters ‘

23

,
these simulation must be repeated for each value of this parameter. The com-
putational burden of this procedure is therefore quite substantial and, in order
to reduce it, it was necessary to use systems much smaller than those of actual
interest (≥ 10% of the total number of particles used in the drop dissolution
simulations). While this choice renders the calculation feasible, it has a signif-
icant downside as will be explained later. Typical examples of the results are
given in figure 7.2 which shows the component solubility curves for ‘

23

= 3.6
kJ/mol and ‘

23

= 4.1 kJ/mol. It can be seen that the statistical fluctuations
introduce significant uncertainties. The black lines show the result of a least-
squares fit of a cubic polynomial to the numerical result: this fit will be used
in the macroscopic model.
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Figure 7.2: Normalised solubilities of the drop constituents in the bulk liquid as functions of
the drop composition; the upper pair of images (a) is for strongly interacting constituents,
‘
23

= 4.1 kJ/mol, while the lower pair of images (b) is for weakly interacting particles,
‘
23

= 3.6 kJ/mol. The red points are the MD data averaged over many simulations; the
error bars gives the standard deviations of several realisations. The black curves show a
least square cubic polynomial fit to the MD simulation results. These fits have been used to
set the boundary condition at the drop surface in the macroscopic di�usion model.

Di�usion constants

As can be observed from the equations (7.9) and (7.13), the values of the
di�usion constants Di1 of the drop constituents in the bulk liquid are also
required to predict the dissolution dynamics. To this end, independent MD
simulations were performed for both binary and ternary systems at di�erent
concentrations of drop constituents. The di�usion constant of each component
was calculated from the mean square displacement of the particles of that
component in the bulk liquid as described in chapter 2. In the case of a
single-component drop, the di�usivity D

21

is obtained as 9.982 ◊ 10≠9 m2/s
and 9.719◊10≠9 m2/s for ‘

12

= 2.5 kJ/mol and ‘
12

= 2.8 kJ/mol, respectively.
For a multicomponent drop, the di�usivity of components 2 and 3 in the bulk
liquid is obtained as D

21

= 9.31 ◊ 10≠9 m2/s and D
31

= 10.42 ◊ 10≠9 m2/s,
respectively, for ‘

23

= 3.6 kJ/mol and D
21

= 9.34◊10≠9 m2/s and D
31

= 9.84◊
10≠9 m2/s, respectively, for ‘

23

= 4.1 kJ/mol. For the sake of comparison, we
also give the di�usivity of methanol in water namely D ≥ 1.54 ◊ 10≠9 m2/s
[148], which is slightly lower than the di�usivity of the Lennard-Jones particles
that we are using. The advantage of a slightly higher di�usivity in our MD
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simulation is faster convergence, without changing the physics of the process.
We did not use the Maxwell-Stefan theory for multicomponent di�usion for
liquid mixtures as the concentrations of type-2 and type-3 particles in the
bulk liquid are so low that the flux of one component has a negligible e�ect
on the other [149]. Note also that we assumed the values of the di�usivities
are independent of the concentration. It is a reasonable assumption, as the
concentration of both components in the bulk liquid is quite low and has
negligible e�ect on the values of the di�usivities [148].

7.4 Results and discussion
In this section we compare the radius of the drop obtained from MD simula-
tions with the theoretical predictions derived in §7.3.1 and §7.3.2. The role
of the interaction strength between the two components of a multicomponent
drop and the e�ect of the drop curvature on the dissolution dynamics are
discussed.

7.4.1 Single-component drop
We first simulated a binary system in which component 1 forms the bulk liquid
and component 2 forms the drop. Initially, the concentration of component
2 in the bulk liquid is set below its solubility while, at the liquid-liquid in-
terface, the concentration of the component 2 is equal to its solubility. We
performed the simulation for two di�erent solubilities as shown in figure 7.3.
The solubility of the component is changed by changing the interaction pa-
rameter ‘

12

in the Lennard-Jones potential; component 2 can be made more
soluble by increasing the value of this parameter. The drop consisting of the
more soluble component dissolves faster as expected and evident from figure
7.3. The solid lines in figure 7.3 show the radius of the drop as predicted from
the macroscopic di�usion equation 7.9, via the solution procedure outlined in
§7.3.1. We find excellent agreement between the MD simulation data and the
theoretical result.

7.4.2 Multicomponent drop
For the multicomponent case, initially the drop consists of equal parts of
components 2 and 3 and their concentration in the bulk liquid is below the
equilibrium concentration corresponding to the initial mole fraction. The two
drop components have very di�erent solubilities in the bulk liquid as a con-
sequence of a di�erent interaction parameter, ‘

21

and ‘
31

, provided in table
7.1, while the interaction between the two components of the drop (‘

23

) adds
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Figure 7.3: Radius vs. time for a dissolving drop in a binary system for two di�erent
interaction strengths between the components. Red and green points are data obtained
from the MD simulations while the black curves represent the dissolution curve within the
macroscopic di�usion model.

another dimension to the dissolution dynamics. We performed MD simula-
tions for di�erent values of ‘

23

while keeping all other interaction parameters
the same (see table 7.1). Several examples of the radius-vs-time of the drop
for di�erent values of ‘

23

are shown in figure 7.4. It can be observed that
increasing ‘

23

leads to a slower dissolution rate. This behaviour is expected,
as a higher interaction strength between the two drop constituents tends to
hinder the particles leaving the drop phase. Recently, Dietrich et al. [150]
also showed similar experimental results in which the interaction between the
two components of the sessile drop leads to a decrease of the dissolution rate
compared to the dissolution of a pure component. Since the amount of bulk
liquid is limited, the drops do not dissolve completely, and the radius stabilises
when equilibrium is achieved.

We can now attempt to reproduce the dissolution dynamics of a multi-
component drop with the macroscopic model as we did before in the single-
component case. Note that equation (7.14) requires the interface concentration
of each component as a function of time which is implicitly known as a function
of the mole fraction for which we use the polynomial fit as explained before.
The results for the time dependence of the drop radius, shown by the black
lines in figure 7.5, are compared with the results of the MD simulations for two
interaction strengths ‘

23

. The results of the macroscopic theory closely mimic
the MD results for the stronger interaction between the drop constituents,
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Figure 7.4: Radius of a dissolving multicomponent drop as a function of time for various
interaction strengths ‘

23

between the drop constituents resulting from the MD simulations.

‘
23

= 4.1 kJ/mol, but visible di�erences are observed for the weaker interac-
tion strength, ‘

23

= 3.6 kJ/mol.
In an e�ort to understand the origin of the di�erence we were led to study

the spatial distribution of the drop constituents inside the drop. Typical re-
sults are shown in figure 7.6 for di�erent values of ‘

23

and ‘
21

= 2.5 kJ/mol,
‘
31

= 2.8 kJ/mol. As ‘
23

varies, the dissolution dynamics also varies as shown
in figure 7.4. Therefore, in order to generate these graphs the concentration
of the components 2 and 3 corresponding to di�erent cases were shifted to
superimpose the positions of the drop surface. The graphs in this figure focus
on the concentration distribution over a length of 20‡ straddling the interface.
In particular, note that r/‡ = 0 corresponds to the position of the interface of
the drop. The unexpected finding is that component 2, which is only weakly
interacting with the bulk liquid, is distributed fairly uniformly inside the drop,
whereas component 3, which interacts more strongly with the bulk liquid, ex-
hibits an increased concentration near the surface for the lower values of ‘

23

.
In other words, as the mutual interaction between the drop constituents de-
creases, the stronger a�nity of component 3 with the bulk liquid causes it to
become denser near the interface. By averaging over several time snapshots
we have convinced ourselves that this increase in the local concentration is a
robust feature rather than the mere result of statistical fluctuations.

This behaviour is the result of two concomitant e�ects, namely (i) the
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Figure 7.5: Radius vs. time for a dissolving drop in a ternary system for two di�erent
interaction strengths between the drop constituents. The red and green points are obtained
from the MD simulations with ‘

23

= 4.1 kJ/mol and ‘
23

= 3.6 kJ/mol, respectively. The
black curves represent the results of the macroscopic di�usion model.

imbalance between the self-interaction of the drop constituents as determined
by ‘

22

and ‘
33

vis-á-vis their mutual interaction, i. e. ‘
23

, and (ii) the stronger
a�nity between particles of type 3 and 1 with respect to that between particles
type 2 and 1, which, as will be shown, is enhanced by the curvature of the
interface.

It can be understood that a strong increase of the self-interaction parame-
ters ‘

22

and ‘
33

with respect to the mutual interaction parameter ‘
23

leads to a
segregation of the two components. To verify this phenomenon, we performed
simulations of a pure mixture consisting only of the two drop components 2
and 3 in a domain with the same size as that used for the dissolution calcu-
lation, choosing low values of ‘

23

. To quantify the degree of segregation, we
introduce the coordination number Zij as the average number of j-type parti-
cles surrounding i-type particles within a radius of 2‡. Close values of Z

23

and
Z

22

indicate that liquids are highly soluble in each other, while a significant
di�erence between Z

23

and Z
22

indicates segregation. Some results for Z
22

and Z
23

vs. time are shown in figure 7.7. For ‘
23

= 3.2 kJ/mol one observes
a very rapid and intense segregation. For ‘

23

= 3.4 kJ/mol the e�ect is still
present, it is equally fast, but its intensity is reduced. For ‘

23

= 3.6 kJ/mol,
which is the smallest value used in the dissolution simulations, we observe only
a slight trace of segregation which cannot be expected to have a strong e�ect
on solubility curves of figure 7.2. In all cases, the time scale for segregation to
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Figure 7.6: Concentration of the drop constituents as a function of the distance from the
interface marked by the vertical line. The left and right diagrams are for components 2 and
3 respectively. The colour scale from blue to yellow indicates the mutual interaction between
the drop components. R is the radius of the drop.

set in is much shorter than the time scale of interest for drop dissolution.
The second cause of the increased concentration of the type-3 particles

near the interface namely, their stronger a�nity with type-1 particles with
respect to type-2 particles, is enhanced by the curvature of the interface. To
demonstrate this fact we show figure 7.8, which compares the type-3 particle
concentration near the interface for a plane (green) and a circular (red) surface
of radius R = 4.5 nm for ‘

23

= 3.6 kJ/mol as a function of the distance from
the interface marked by the vertical line. As in the previous figure 7.6, the
graph covers only a distance of 10‡ into the drop. The vertical axis shows
c

3

/c
3,drop center where c

3,drop center is the concentration of particles 3 in the drop
away from the interface. The e�ect of the surface curvature is evident from this
graph. A further demonstration of the same phenomenon is provided in figure
7.9, where the horizontal axis is the drop radius and the vertical axis is the
peak concentration near the interface in excess of the drop bulk concentration
normalised by the latter. The upper (red) symbols are refer to ‘

23

= 3.6
kJ/mol and the lower (green) symbols to ‘

23

= 4.1 kJ/mol. This figure refers to
equilibrium conditions and the error bars indicate the magnitude of statistical
fluctuations in time. When the 2-3 mutual interaction is strong (‘

23

= 4.1
kJ/mol) the interface peak is essentially absent, while it is quite prominent
for the weaker mutual interaction case (‘

23

= 3.6 kJ/mol). It should be noted
that the composition of the drop to which this figure refers is not constant
because it depends on the number of type 2 and type 3 particles introduced at
the initial time. Classical thermodynamics shows that the chemical potential
of the component of the finite radius drop di�ers from the chemical potential
of the same component of a very large radius drop because of the overpressure
due to surface tension (see, for example, [151, 152]). The e�ect just described
is di�erent as indicated by the position dependence of the drop composition.
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Figure 7.7: Coordination number Zij as a function of time for various interaction strengths
‘
23

between the two drop constituents.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  5  10  15  20  25  30

Planar
Curved

Figure 7.8: Concentration of type-3 particles normalised by the concentration in the drop
away from the interface; R and zint are the drop radius and position of the planar interface,
respectively. The interaction strength between the two components ‘

23

is 3.6 kJ/mol. The
black vertical line indicates the position of the interface.
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Figure 7.9: Normalised di�erence between the peak concentration (cp) and bulk concentra-
tion (cb) of component 3 within the drop (see inset for a typical example).

The e�ect of the drop curvature that we have found gives a very likely
explanation of the origin of the di�erence between the MD simulations and
the macroscopic theory prediction shown in figure 7.5 for ‘

23

= 3.6 kJ/mol.
Indeed, as explained earlier, the concentration results shown in figure 7.2 were
obtained for a fixed value of the radius. Since for the stronger interaction case
the radius has no e�ect on the surface concentration, we can directly use the
results of figure 7.2 (a) to predict the surface concentration as a function of
the drop composition, which explains the good match between the macroscopic
and MD results shown in figure 7.5 for the strong interaction case. However,
for weak 2-3 interaction, there is a strong radius e�ect which causes the results
of figure 7.2 (b) to be inaccurate as the drop dissolves and its radius changes.
What really happens in this case is that the solubilities vary not only because of
drop composition but also because of the radius change. If in the macroscopic
theory we use constant solubilities evaluated in correspondence of the initial
and final drop radii and compositions, we generate two lines and expect the
MD results to interpolate between them. This expectation is indeed followed
by the numerical results, as seen in figure 7.10.



7

98 CHAPTER 7. MULTICOMPONENT DROPLET DISSOLUTION

 4

 4.5

 5

 5.5

 6

 6.5

 7

 0  10  20  30  40  50  60  70

R
 (

n
m

)

t (ns)

Initial conditions
Final conditions

Figure 7.10: Comparison of radius of drop for ‘
23

= 3.6 kJ/mol measured from MD simula-
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7.5 Summary and conclusions

We simulated the dissolution of a single- and multi-component drop in a spar-
ingly miscible bulk liquid. In order to get a better understanding of the MD
simulation results we also solved the macroscopic time-dependent di�usion
equation with appropriate boundary and initial conditions. For this purpose,
the solubilities of drop components in the bulk liquid are required. For the
single-component drop the solubility is very nearly a constant determined only
by the parameters describing the interaction between the drop and bulk fluid
particles. We calculated the solubility by carrying out independent MD sim-
ulations and found that, with this information, the macroscopic theory is in
excellent agreement with MD simulations. For a two component drop, however
solubilities also depend on the drop composition. We have determined the sol-
ubilities in a similar way by independent equilibrium MD simulations. Upon
comparison with the macroscopic theory we have found excellent agreement
when the interaction between the two drop constituents is relatively strong.
The comparison was much less favourable as the interaction became weaker.
In an e�ort to explain this di�erence we examined this spatial distribution of
the concentrations of the two drop constituents finding near the drop surface
an unexpected increase in the concentration of the component more strongly
interacting with (i.e. more soluble in) the bulk liquid. The e�ect is the stronger
the smaller the radius of the drop and is quite distinct from the well-known
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Gibbs correction to the chemical potential of drop constituents as it depends
on the distance from the drop interface rather than being constant over the
drop volume.

The concentration non-uniformities we have found rapidly decrease as the
drop radius increases beyond the nanometer scale and therefore may be negli-
gible for drops of micron size or larger. However the e�ect may be significant
for smaller drops.





Conclusions and outlook

In this thesis we have studied the stability and growth/dissolution of nanobub-
bles and nanodrops by molecular dynamics (MD) simulations. We studied
nanobubbles and nanodrops on solid (heated) surfaces and also in the bulk
phase. Both of these types are relevant for diverse sets of applications like
catalytic reactions, lithography techniques, liquid-liquid micro-extraction, so-
lar energy harvesting, non-invasive cancer treatment and many other [5]. We
revealed and explained several nanoscopic phenomena which has not been ac-
counted for in previous macroscopic theories.

Conclusions
In Chapter 3, we studied the necessary conditions required for the stability of
a single surface nanobubble as given by Lohse and Zhang [28]. The conditions
for the stability are, first, the oversaturation of gas in the bulk liquid and
second, the pinning of the three-phase contact line. We systematically showed
that both of these conditions are necessary for the stability and if any one of
the condition is not met, the surface nanobubble will dissolve. The contact
angle of the stable surface nanobubble is found to follow the theoretical result
given by Lohse and Zhang [28]. We also showed that for gas undersaturation
in the bulk liquid, surface nanobubbles exhibit stick-jump dissolution mode
which is very similar to the dissolution mode exhibited by the micro-drops in
another liquid [68].

In Chapter 4, we extended our study of stability of a single surface nanobub-
ble to the more realistic case of multiple surface nanobubbles. Theoretical ar-
guments suggest that multiple surface nanobubbles can remain stable due to
the pinning of the contact line [76]. However, many experimental studies sug-
gest the Ostwald ripening of surface nanobubbles. We showed that Ostwald
ripening occur due to the strong interaction between gas and solid particles.
System of multiple surface nanobubbles becomes unstable due to the formation
of a layer of gas particles on the surface. This gas layer overcome the contact
line pinning barrier by connecting the liquid-gas interfaces of the nanobubbles
and help them to reach the minimal energy state. We showed that all the
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particles are transferred from one nanobubble to another at the solid-liquid
interface and not through the bulk liquid. This crucial role of solid surface on
the stability of multiple surface nanobubbles has hitherto not been considered
in any macroscopic theory and o�ered us the potential explanation for many
experimental observations of Ostwald ripening of surface nanobubbles.

In Chapter 5, we studied the formation of a nanobubble around a heated
nanoparticle. Contrary to the previous two chapters, a nanobubble is formed
in the bulk phase rather on the solid surface. In this study, a nanoparticle is
dispersed in the bulk liquid and its temperature is suddenly increased to the
value much more than the critical temperature of the liquid. Localised heating
of liquid under extreme thermal gradients lead to the formation of a nanobub-
ble around a heated nanoparticle. We identified the precise conditions for
nucleation of nanobubble in terms of nanoparticle temperature and the tem-
perature of the liquid far away from the nanoparticle surface. Theoretical
predictions were made for the nucleation conditions based on the heat balance
argument. We measured the radius of the nanobubble as function of time and
showed that it follows t1/6 growth behaviour which is similar to the initial
explosive growth observed in experiments [93]. The role of dissolved gas in
the nucleation conditions and on the growth dynamics of the nanobubble was
also investigated. We revealed that the dissolved gas does not alter the growth
dynamics of the nanobubble however it has considerable e�ect on the nucle-
ation conditions. Dissolved gas changes the vapour-liquid phase diagram by
changing the critical temperature of the mixture which significantly shrinks
the minimum overall gradient required to nucleate a nanobubble around a
heated nanoparticle.

The next chapters dealt with the nanodrops on solid surface and in the bulk
liquid. In Chapter 6, we studied the line tension and wettability of nanodrops
on curved surfaces. The contact angle of the nanodrops was found to be
independent of the surface curvature which is consistent with the previous
experimental and theoretical studies. We calculated the magnitude of the line
tension as a function of surface curvature and revealed that a nanodrop sitting
on the planar surface has maximum line tension followed by concave surface
and minimum for convex one.

In Chapter 7, we studied the dissolution of single and multicomponent drop
in a sparingly miscible liquid. We solved time-dependent di�usion equation
to obtain dissolution dynamics and compared it with the results from MD
simulations. We showed that macroscopic di�usion model works excellently for
the dissolution of single component drop but failed to capture the dissolution of
multicomponent drop when the interaction between the two drop component
is relatively weak. To understand the di�erence with macroscopic theory,
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we measured the spatial variation of the concentration of two components
within the drop. We found an unexpected increase in concentration of the
more soluble component near the liquid-liquid interface which violated the
assumption of uniform concentration of both the components within the drop.
The e�ect is dependent on the radius of the drop as it becomes stronger with
smaller radius. This e�ect is di�erent from the well-known Gibbs correction
to the chemical potential of drop constituents, as it depends on the distance
from the drop interface rather than being constant over the drop volume.

Outlook

In this thesis we simulated various systems related to nanobubbles and nano-
drops, and came across new nanoscopic phenomena while studying them. MD
simulations were a very useful tool in investigating these systems in detail.
However, while simulating these systems, we came across some new findings
which have not yet been explored and MD simulations can be used to further
examine and explain those findings.

In Chapter 4, we gave an approximate value of the ratio of interaction en-
ergy between gas-solid and liquid-solid particles below which the two-nanobubble
system remain stable. This is an approximate value and its robustness need to
be tested for various solubility conditions. Also it would be ideal to describe
this limit in terms of some experimentally measurable quantity rather than
interaction energies, which can better guide experimental studies on exploring
which gas-liquid-solid combinations give stable system. We also showed that
the time at which the dissolution/growth of nanobubbles start varies randomly
with gas solubilities or system pressure. It even changes with (microscopic)
variation in the initial conditions. It will be worthwhile to systematically study
the variation in growth/dissolution start time as a function of various param-
eters like pressure, temperature, distance between the nanobubbles or even
with the ratio of interaction energy between gas-solid and liquid-solid parti-
cles. We also observed that the transfer of particles from one nanobubble to
another occurs at an exponential rate, and it will be interesting to understand
the physical origin this.

In Chapter 5, we studied the formation of nanobubble around a heated
nanoparticle under the extreme thermal gradients. To predict the nucleation
theoretically we used a heat balance argument in which we assumed the ther-
mal conductivity of the liquid to be constant. This assumption was quite
radical as both density and temperature of the liquid were varying substan-
tially. However, we showed that this assumption is valid even under extreme
temperature gradients by simulating the liquid in the nanochannel under sim-
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ilar thermal conditions. While it can be argued that equilibrium correlations
used for the calculation of the thermal conductivity are not applicable to
non-equilibrium conditions, it remains unclear what is exactly the physical
argument underlying the constant heat conductivity. Again MD simulations
could be a very useful tool in analysing this peculiar behaviour of liquids at
the nanoscale. It will also be interesting to explore whether this behaviour
is limited to the heat transport, or that momentum and mass transport also
show similar behaviour under extreme gradients.

In the same chapter, we observed that nanobubble nucleation conditions for
higher gas concentrations cannot be explained by the heat balance argument
alone. High gas concentration results in an increase of local gas oversaturation
near the nanoparticle which drives the formation of a nanobubble. This ef-
fect has not been taken into account in the current theoretical predictions. It
will be an interesting exercise to develop an unified theoretical framework for
the prediction of nanobubble nucleation conditions which include both mech-
anisms of nanobubble nucleation, i.e., nucleation due to the phase change of
the liquid by achieving the spinodal temperature near the nanoparticle sur-
face, and nucleation due to the increase in local oversaturation of gas particles
in the liquid near the hot nanoparticle.

Simplicity and generality of MD simulations make them an ideal tool to un-
derstand the underlying fundamental physics of nanobubbles and nanodrops,
and in the future they will continue to shed light on new phenomenon.



A
Calculation of ambient pressure

In this appendix we describe the calculation of P
0

, that we have used in figure
3.7 in Chapter 3. We have performed NPT simulations in which the pressure
is prescribed. Yet, there is a clear di�erence between the input pressure and
the actual bulk liquid pressure, P

0

that we have used. The pressure in any
MD simulation with pair interaction „ij(r) can be calculated from:

P = flkBT + 1
3V

K
ÿ

i<j

d„ij

drij
.rij

L

(A.1)

As one can notice from the equation (A.1), that calculation of pressure
involves the interaction between all the possible pairs of particles which include
the interaction between solid and moving particles also, which is thus included
in the pressure that is set for GROMACS. However, due to the finite size of
the system, this interaction between fixed solid and moving particles can have
a huge e�ect on the overall pressure. In order to evaluate the "true" bulk
pressure P

0

, we have excluded this interaction from solid particles, that is, P
0

is calculated by considering only the interactions in a rectangular slab above
the bubble. In the calculation of P

0

, we have also considered the interaction
between the pairs of rij which are intersecting the boundary planes. Relation
between the input pressure in GROMACS and P

0

is shown in figure A.1.
It can be noticed that P

0

is directly proportional to the input pressure
in GROMACS and a straight line is fitted to get the relation between the
two, which is given as P

0

= 2.735Pgro + 54.980. P
0

in figure 3.7 is calculated
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Figure A.1: Variation of P
0

with input pressure in GROMACS

from the input pressure using this relation, whereas in figure 3.8, P
0

is the
actual calculated value from the MD simulation. Now the question arises,
why we chose to use this relation instead of using P

0

directly calculated from
the simulations. From figure A.1, it is clear that on an average P

0

is increasing
linearly with input pressure but there are still some local fluctuations in the
pressure which overcasts the jump in ◊, L, R, and H of surface nanobubble
shown in figure 3.7.

P , used in figure 3.8 for calculation of ’, is the pressure inside the nanobub-
ble which is calculated by considering the virial function of all pairs of particles
within the bubble and half the virial function of the pairs whose rij vector is
intersecting the bubble boundary.
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Summary

Understanding of bubbles and drops at the nanoscale is of primary importance
to many technological applications. Although lot of theoretical understanding
has been developed in the last few decades for larger size bubbles and drops,
fundamental understanding of nanobubbles and nanodrops in some aspects is
still inadequate. In this thesis we revealed and explained a few phenomena
related to the stability and growth/dissolution of nanobubbles and nanodrops
with the help from molecular dynamics (MD) simulations.

We first addressed the stability of a single surface nanobubble on a het-
erogeneous surface. We tested the conditions for a stable surface nanobubble
developed in our group by systematically performing MD simulations. We
showed that the contact angle of surface nanobubbles is not given by Young’s
law and instead follows the theoretical expression as a function of gas oversatu-
ration in the bulk liquid. We also showed that dissolution of surface nanobub-
bles exhibit "stick-jump" motion of the contact line similar to the dissolution
of surface nanodrops.

Continuing our work on stability of single surface nanobubble, we studied
the more realistic scenario, i.e. stability of multiple surface nanobubbles. We
gave a potential explanation to many experimental observations of Ostwald
ripening of surface nanobubbles despite theoretical calculations suggesting the
stability of multiple surface nanobubbles. For higher gas-solid interaction en-
ergies, gas particles form a layer of gas particles at the solid surface which
connects the liquid-vapour interface of two nanobubbles to overcome the con-
tact line pinning barrier. We showed that the gas-solid interaction energy
plays a crucial role in the stability of surface nanobubbles which hitherto has
not been considered in any macroscopic theories.

In the next chapter, we studied the dynamics of formation of a vapour
nanobubble around a heated nanoparticle. We investigated the conditions
required to nucleate a vapour nanobubble in terms of the nanoparticle tem-
perature and the temperature "far away" from the nanoparticle surface. We
investigated the role of dissolved gas on nucleating conditions and found that
it enhances the formation of nanobubble around a heated nanoparticle. A pre-
diction for the nucleation conditions was made by using a simple heat balance
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argument with additional assumptions. Theoretical predictions suggest that
enhancement in nanobubble formation is primarily due to the change in the
critical point of the gas-liquid mixture. However, we showed that beyond a
certain gas concentration, enhancement in the nanobubble nucleation cannot
be explained by the change in the critical point of the mixture alone. Higher
gas concentration increases the oversaturation of gas particles in the bulk liq-
uid which form the weak gaseous spots that help in the formation of a vapour
nanobubble.

Next we moved on from nanobubbles to nanodrops. We performed sim-
ulations of a nanodrop on curved surfaces to estimate the magnitude of line
tension to study the e�ect of surface curvature on the line tension of nan-
odrops. We showed that Young contact angle is independent of the surface
curvature and the radius of the nanodrop can be predicted from simple ge-
ometric arguments for a fixed volume. The magnitude of the line tension is
found to be dependent on the sign of the surface curvature but not on its
magnitude. The line tension was maximum for nanodrops on planar surface
followed by concave surfaces and minimum for convex ones.

In the last chapter we studied the dissolution of a single- and multi-component
nanodrop in the bulk liquid. We studied the dissolution behaviour for various
interaction strengths between the drop components. We showed that the dis-
solution behaviour of a single component nanodrop can be well described by a
macroscopic di�usion model. However, this di�usion model deviates from MD
simulation for multicomponent drop at lower interaction energies between the
two components of the drop. Upon analysing the concentration field of the two
drop components, we revealed that the deviation from the macroscopic model
is due to the non-uniform concentration of the more soluble component within
the drop. We observed an increase in the concentration near the liquid-liquid
interface which is due to the very high curvature of the nanodrop.



Samenvatting

Een goed begrip van het gedrag van bubbels en druppels op de nanome-
terschaal is van groot belang voor veel technologische toepassingen. In de
afgelopen tientallen jaren zijn er veel theoriee̋n ontwikkeld die het gedrag
van bubbels en druppels op grotere schaal goed beschrijven, echter voor de
nanometerschaal zijn er nog enkele hiaten in ons begrip. In dit proefschrift
beschrijven en verklaren we fenomenen die betrekking hebben op de stabiliteit,
groei en oplossen van nanobubbels en druppels met behulp van moleculaire
dynamica (MD) simulaties.

Als eerste bestuderen we de stabiliteit van een enkele nanobubbel op een
heterogeen oppervlak. Hierbij hebben we de condities voor stabiliteit, zoals die
eerder ontwikkeld zijn in onze onderzoeksgroep, op een systematische manier
getest met behulp van MD simulaties. Onze resultaten bevestigen de condi-
ties zoals theoretisch afgeleid, waarbij blijkt dat de contacthoek van de op-
pervlaktebubbel niet volgt uit de wet van Young, maar bepaald wordt door
de gasoververzadiging. We zien ook dat het oplossen van nanobubbels via
een zog. “stick-jump” beweging van de contactlijn gaat, vergelijkbaar met het
oplossen van nanodruppels.

Een probleem met de bovengenoemde stabiliteitscriteria, is dat deze voor-
spellen dat meerdere nanobubbels in elkaars nabijheid ook stabiel zijn. Dit
terwijl er veel experimentele waarnemingen zijn waarbij de ene nanobubbel
groeit ten koste van een andere, de zog. “ostwaldrijping”. Onze MD simulaties
tonen aan dat als de gas-oppervlakte-interactie groot genoeg is, dat er zich een
filmlaag van gasdeeltjes vormt op het oppervlak. Deze filmlaag fungeert als
een soort tunnel waardoor gasdeeltjes zich van de ene naar de andere bubbel
kunnen transporteren, en daarmee de instabiliteit kan veroorzaken. Onze sim-
ulaties tonen aan dat de gas-oppervlakte-interactie dus een cruciale parameter
is voor de stabiliteit van oppervlakte nanobubbels, een element dat tot nu toe
niet meegenomen is in macroscopische theoriee̋n.

In het hierop volgende hoofdstuk hebben we het ontstaan van nanobub-
bles als gevolg van verdamping rond een heet nanodeeltje bestudeerd. In het
bijzonder hebben we gekeken naar de nucleatiecondities voor een dergelijke
nanobubbel als functie van de temperatuur van het hete nanodeeltje en de
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temperatuur van de koude wand op “grote” afstand. Onze simulatie waren in
goede overeenstemming met een simpel theoretisch model gebaseerd op een
warmtebalans in combinatie met enkele andere aannames. Hierna hebben we
gekeken naar het e�ect van een tweede gascomponent opgelost in dit systeem,
waarbij bleek dat dit het ontstaan van een nanobubbel vergemakkelijkt. Dit
kan deels vanuit de theorie verklaart worden, omdat de extra gas component
een verschuiving van het kritische punt veroorzaakt. Echter, voor hogere gas
concentraties blijkt dat dit niet de volledige verklaring kan zijn. Hogere gas
concentraties verhogen de oververzadiging van gasdeeltjes in de vloeistof, zodat
gas-achtige enclaves gevormd worden, wat de formatie van een gasbel versnelt.

Van de nanobubbles zijn we vervolgens overgestapt op de nanodruppels.
Allereerst hebben we simulaties uitgevoerd voor een enkele nanodruppel op
een gebogen oppervlak, waarbij we onderzocht hebben wat het e�ect van de
buiging is op de lijnspanning en de geometrie van de nanodruppels. We vonden
dat de buiging geen invloed heeft op Young’s contacthoek, en dat de straal
van de nanodruppel volgt uit simpele geometrische overwegingen. De grootte
van de lijnspanning bleek alleen afhankelijk te zijn van of het “teken” van de
buiging, dus of het oppervlak hol (concaaf) of bol (convex) staat, maar niet
van de mate van buiging. De lijnspanning heeft een maximum voor vlakke
oppervlakken, en een minimum voor convexe oppervlakken.

In het laatste hoofstuk hebben we het oplossen (dissolutie) van nanodrup-
pels in een bulk vloeistof bestudeerd, voor zowel enkelvoudige systemen, al-
sook systemen met meerdere componenten. Voor enkelvoudige systemen bleek
het dissolutiegedrag, zoals waargenomen in de MD simulaties, goed overeen
te komen met de analytische oplossing van een macroscopisch di�usiemodel.
Echter, voor tweevoudige systemen bleek er een afwijking te zijn tussen de
simulaties en de theoretische oplossing. Een analyse van de samenstelling van
de druppel liet zien dat de oorzaak lag in de het feit dat de component die
het beste oplost in de bulk vloeistof, een hogere concentratie bleek te hebben
aan het oppervlak van de druppel. Deze hogere concentratie kan verklaard
worden door de relatief sterke buiging van het oppervlak voor nanodruppels.
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