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Introduction

In this thesis, we study the anisotropic effects of finite-size particles in a New-
tonian fluid. Here, finite-size denotes particle dimensions much larger than
the Kolmogorov length scale, which is a measure for the smallest scale in a
turbulent flow. The first three chapters are devoted to mass eccentricity effects
for a circular buoyancy-driven particle in a still fluid. In Chapters 1 and 2,
we present validations and results when this particle is of a cylindrical shape,
respectively. In Chapter 3 we present results for spherical particles. Finally, in
the second part of this thesis, we address shape and size effects. We do this in
Chapter 4 by studying neutrally buoyant prolate ellipsoids in Taylor–Couette
flow.

Multiphase flows

Multiphase flows are omnipresent and generally refer to flows consisting of
more than one component (Brennen, 2005). One might think about “small”
components such as red blood cells in their circulatory system, which are of
approximately 7.5 to 8.7 µm (Diez-Silva et al., 2010), and in concentrations
for women between 4.2 to 5.5 and 4.5 to 6.3 for men million cells per microlitre
(Ashton, 2007).
Another topic concerns extensive collections of dust particles from the Sa-
hara, so-called aerosol atmospheric rivers, which are typically transported
at the height of between two and five kilometres above the surface of the
globe, meaning that they can freely travel for a long distance without settling,
and without any interference be blown across the Atlantic Ocean. The sheer
amount transported yearly is estimated to be around 180 million tonnes (Yu
et al., 2021a). However, new scientific insight strongly suggests that climate
change will restrict the rate and extent of dust plumes (Streiff, 2021). This
decay is concerning as dust particles are high in nutrients; they contain large

1



2 INTRODUCTION

amounts of iron and phosphorus. A portion of these nutrients is deposited
onto the Amazon Rainforest, which keeps the soil rich in natural fertilizer and
helps its plants and trees thrive (Voiland, 2018).

Figure 1: This map from NASA (Voiland, 2018) shows dust crossing the At-
lantic on June 28, 2018.

Another important and relevant topic involves plastic debris in oceans and
freshwater systems such as rivers. High concentrations of floating plastic de-
bris have been reported in remote areas of the ocean, increasing concern about
the accumulation of plastic litter on the ocean surface. A study reported
that the combined mass of just the three most-littered plastics (polyethy-
lene, polypropylene, and polystyrene) of 32-651 µm size-class suspended in
the top 200m of the Atlantic Ocean is 11.6-21.1 million tonnes (Pabortsava
and Lampitt, 2020).
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Since the introduction of plastic materials in the 1950s, the global production
of plastic has increased rapidly and will continue in the coming decades. How-
ever, the exact abundance and the distribution of plastic debris in the open
ocean are still unknown, despite evidence of effects on organisms ranging from
small invertebrates to whales (Cózar et al., 2014).
Having discussed numbers of only a few examples, there are already conclu-
sions we can draw. The first is the large difference in size scales when we look
at each of the before-mentioned systems. An important part of that is related
to the scales of the fluid structures and how they relate to the dispersed phase.
Secondly, we note that the dispersed components all come with their specific
properties; their shape, mass, deformability, distribution, degradation rate,
etc. All these properties have their influence on how the system evolves as a
whole.
This work is by no means an attempt to contribute to any of the before
mentioned large-scale problems. Instead, we study small-scale multiphase flow
problems, allowing us to resolve the complete fluid-structure interaction and
get better insights into how particle anisotropy may affect it.

Problem statement and motivation

Phenomenological models (Maxey and Riley, 1983; Voth and Soldati, 2017)
are usually employed for a point-particle Euler-Lagrangian approach for flows
laden with particles with a fixed shape and a size smaller than the smallest
length scale in the carrier flow (typically the Kolmogorov length scale). For
larger particles in a multiphase flow, this is generally not possible due to
complex wake interactions affecting the drag along the trajectory of a particle.
Let Cd define the drag coefficient of a freely rising or falling sphere, where

Cd = 4|Γ− 1|Dg
3〈v2

z〉
, (1)

with Γ the particle-to-fluid mass density ratio, D the diameter, g the gravita-
tional constant, and 〈vz〉 the average rise or settling velocity.
Figure 2 presents Cd versus the Reynolds number:

Re ≡ 〈vz〉D
ν

, (2)

with ν the kinematic viscosity. The solid blue line is a fit of experimental
data for a fixed sphere in a uniform flow (Clift and Gauvin, 1971). The light
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blue dots are data points for settling and rising spheres from literature. It is
clear that the results strongly differ from the fixed sphere case. We note that
the spread for a part is caused by density ratio effects, which occurs when Γ
is below some threshold (Jenny and Dušek, 2004; Horowitz and Williamson,
2006; Auguste and Magnaudet, 2018). However, this is not the whole story.
Will and Krug (2021b) demonstrated that the spread in the data set may
be explained by mass eccentricity effects. In their work, they found that an
eccentric mass offset of 1% of the particle radius could already double the drag
of a rising sphere.
However, it is not a priori clear whether mass eccentricity effects may also
play a role for smaller Re due to the stronger viscous effects. Yet this question
is very relevant, as particles are rarely even uniform. Furthermore, studies
have shown that the aspect ratio plays an important role in the overall fluid-
structure interaction (Fernandes et al., 2007; Chrust et al., 2013; Zhou et al.,
2017; Will et al., 2021). These topics are addressed separately in the main
body of this work.

Numerical challenges

Combined efforts of experiments, theory, and numerical simulations have al-
ready made considerable progress in understanding multiphase flows. How-
ever, theoretical descriptions of multiphase flows are still far from providing
a unifying view of the various physical mechanisms. In experimental settings,
it is possible to measure global properties accurately and reliably, but admit-
tedly it is not possible to measure all local quantities, as it either becomes
too invasive or not accurate enough to be reliable. For example, one can eas-
ily measure the torque exerted on a ship propeller, but measuring the whole
surrounding flow is challenging. The alternative is to employ numerical com-
puting, which provides the complete flow field, and all desired information of
the whole system. Despite this, computations are limited by the scale of the
system (Prosperetti and Tryggvason, 2009).
In this thesis, we solve the incompressible Navier–Stokes equations (see e.g.
Landau and Lifshitz, 1987)

du

dt
+ (u · ∇)u = −∇p+ 1

Ga∇
2u+ f , (3a)

∇ · u = 0, (3b)
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Figure 2: The solid blue line is a fit of the drag coefficient for a fixed sphere
versus the Reynolds number (Clift and Gauvin, 1971). The light blue dots
are data points for settling and rising spheres from literature (Jenny and
Dušek, 2004; Veldhuis and Biesheuvel, 2007; Horowitz and Williamson, 2010a;
Preukschat, 1962; Shafrir, 1965; Karamanev et al., 1996; Veldhuis et al., 2009;
MacCready and Jex, 1964; Kuwabara et al., 1983; Stringham et al., 1969;
Allen, 1900; Liebster, 1927; Lunnon, 1928; Boillat and Graf, 1981). The black
dots are from the work by Will and Krug (2021b) for rising spheres with an
eccentric mass distribution.
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together with the Newton–Euler equations for the particles

m
dv
dt = F , (4a)

I
dω
dt = T . (4b)

The momentum equation is non-dimensionalised using the buoyancy velocity
Vb =

√
|Γ− 1|gD and length scale D, yielding a single parameter; the Galileo

number Ga ≡ DVb/ν. The Navier–Stokes equations, Galileo number, forcing
f , boundary conditions, and initial conditions determine the evolution of the
velocity- and pressure field. We solve the Navier–Stokes equations via direct
numerical simulations (DNS), meaning that there are no turbulence models
involved and thus that the whole range of spatial and temporal scales of the
flow must be resolved. Additionally, the exchange of momentum between the
particle and the fluid is carried out through a local forcing f at the particle
boundary affecting the particle translation and rotation dv/dt and dω/dt via
forces and torques F , T , respectively.
For an accurate representation of the physical problem, all fields need to be
fully resolved. Furthermore, the discretisation is required to be uncondition-
ally stable. For the coupled equations (3a, 4a) and (4a, 4b) we employ the
immersed boundary method (IBM), which originally was developed to study
flow around heart valves (Peskin, 1972). Later improvements of the IBM
(Uhlmann, 2005; Taira and Colonius, 2007; Breugem, 2012; Kempe and Fröh-
lich, 2012; Lācis et al., 2016) enhanced its accuracy, and stability.
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A guide through the thesis

In Chapter 1 we present details for the implementation of the immersed bound-
ary projection method (IBPM). The IBPM allows us to study very buoyant
multiphase flows (for example, air bubbles in water). In addition, we use this
method to study cylindrical particles with an eccentric mass distribution.
In Chapter 2 we explore mass eccentricity effects for a freely rising or settling
cylinder, where we vary Ga, the moment of inertia, and Γ. We find that par-
ticle dynamics are susceptible to mass eccentricity. Furthermore, we propose
a model to capture fluid inertia effects.
In Chapter 3 we explore mass eccentricity effects for a freely rising cylinder,
where we vary Ga and Γ. This work is a numerical effort to explore the
resonance phenomenon for a lower Ga range than explored by Will and Krug
(2021b). However, a good agreement with the latter work is found when we
employ a model that incorporates the Stokes layer (Auguste and Magnaudet,
2018).
In Chapter 4 we study neutrally buoyant prolate ellipsoids in Taylor–Couette
flows. In this work, we focus on particle clustering and alignments, which we
explain.
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Chapter 1

Validations & Performance:
The Immersed Boundary Projection Method

for low-density freely rising rigid
inhomogeneous two-dimensional cylinders





ABSTRACT

In this chapter, we validate and verify the implementation of the immersed
boundary projection method (IBPM). The problem of interest is a freely rising
or falling cylinder with eccentric mass distribution, for which we solve the in-
compressible Navier–Stokes equations in a frame attached to the particle. By
doing so, we effectively avoid time-lagging of the interpolation operator of the
IBPM, increasing the method’s stability while also reducing the overall com-
putational costs. Furthermore, we demonstrate that the implemented IBPM
can run stable to very low particle-to-fluid mass density ratios; we demonstrate
stable integration for a density ratio of 10−3. The latter stability condition,
by the IBPM, is achieved by treating the no-slip condition as a Lagrangian
multiplier, yielding a semi-implicit approach for the governing equations. Ex-
amples show that the current formulation achieves first-order temporal and
spatial accuracy in L2-norms for two-dimensional test problems. Furthermore,
validations show good agreement with two-dimensional flows over stationary
and moving cylinders with those from previous experimental and numerical
studies.

Based on the work in preparation for publication as
M.P.A. Assen, J.B. Will, C.S. Ng, D. Lohse, R. Verzicco, and D. Krug
Rising and settling 2D cylinders with centre of mass offset, J. Fluid Mech.
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1.1 Introduction

The immersed boundary method (IBM) (Uhlmann, 2005; Kempe and Fröhlich,
2012; Breugem, 2012) has grown in popularity due to its ability to handle
multi-disperse particulate flows relatively efficiently. Here, the term particle
may refer to an element of the dispersed phase, be it a bubble, drop, or a rigid
body (Clift et al., 1978).
However, achieving stable, high-resolution numerical results for fluid-structure
interaction (FSI) of very buoyant particles is a challenging task (Causin et al.,
2005; Förster et al., 2007; Borazjani et al., 2008; Schwarz et al., 2015). The
IBM is no exception due to its weak treatment of the particle-fluid coupling
approach. Let Γ denote the particle-to-fluid mass density ratio, defined as

Γ ≡
ρp
ρf
, (1.1)

with ρp and ρf the mass density of the particle and fluid, respectively.
The approach by Uhlmann (2005) has been reported to achieve stable integra-
tion for Γ > 1.2. By treating the fictitious domain inside the particle explicitly,
this limit of the critical density ratio has been extended to Γ ≈ 0.3 (Kempe
and Fröhlich, 2012).
Lācis et al. (2016) extended the original immersed boundary projection method
(IBPM) (Taira and Colonius, 2007) to handle freely moving particles. The
scheme is non-iterative and differs from the classic immersed boundary method
by treating the no-slip condition as a Lagrangian multiplier, yielding a no-slip
condition of machine precision accuracy. The main benefit of this technique is
its semi-implicit coupling of the FSI, improving the original IBM by its stability
and accuracy. In addition, Lācis et al. (2016) demonstrated for a vortex-
induced-vibration problem that their method could yield stable integration
for Γ = 10−4.
The main goal of this work is to understand mass eccentricity effects for a
very buoyant particle; an outlook posed by Will and Krug (2021b). Here we
would like to address density ratios effects down to air in water (Γ ≈ 10−3).
For this, we restrict ourselves to two-dimensional simulations of a freely rising
rigid cylinder. This problem is addressed in Chapter 2. The Galileo number,
Ga, expresses the ratio of gravitational forces to viscous forces of the particle
and has a similar form to that of the Reynolds number, Re, except the velocity
scale is the buoyancy velocity Vb. These parameters read

Ga = VbD

ν
and Vb =

√
|Γ− 1|Dg, (1.2)
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with ν the kinematic viscosity, D the particle diameter, and g the gravitational
constant.
The IBPM technique is implemented in the slab-decomposed version of AFiD,
for which we present benchmarks. The structure of this work is as follows. In
§ 1.2 we present the IBPM, and the configuration for the freely rising cylinder.
In § 1.3 to § 1.6 various verifications and validations are presented against
results from the literature, and a study is made to assess domain size effects
for the statistics of the particle dynamics. In § 1.7 we perform grid resolution
tests. Lastly, in § 1.8 we summarise the main findings of this chapter.

Figure 1.1: Problem sketch of a freely rising cylinder with an eccentric mass
distribution.

1.2 Method

1.2.1 Fluid

In this study, we are primarily concerned with the dynamics of a single rigid
body immersed in an unbounded incompressible Newtonian fluid. The flow is
at rest infinitely far from the body. For practical computational purposes, we
approximately solve this problem by solving the Navier–Stokes equations in
a frame (of sufficiently large finite dimensions) that translates with the body.

afid.eu
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For a perfectly circular particle, this frame does not need to rotate given the
symmetry of the body (Jenny and Dušek, 2004). Due to this symmetry, a
configuration is chosen such that the gravity vector always points towards
the outlet. In this way, the wake can leave the domain without disturbing
the particle dynamics. Here, the incompressible Navier–Stokes equations are
non-dimensionalised with Vb and D, which yields for the momentum and con-
tinuity equation in the translating frame, respectively (see e.g. Mougin and
Magnaudet, 2002; Jenny and Dušek, 2004)

du

dt
+ [(u− vC) · ∇]u = −∇p+ 1

Ga∇
2u+ f , (1.3a)

∇ · u = 0, (1.3b)
with u the fluid velocity vector, p the kinematic pressure and f the IBM
forcing (to be defined in § 1.2.3). Note that the hydrostatic component is
absent from p as we add it explicitly to the forces acting on the cylinder. We
solve (1.3) in the conservative form, i.e. the nonlinear term (uj − vj)∂jui is
rewritten to ∂j [(uj − vj)ui], with vj components of vC .

1.2.2 Particle

The equations of motion for the cylinder are described by the Newton–Euler
equations. When considering an inhomogeneous mass distribution for a rigid
body, one will observe that the location of the centre of mass does not co-
incide with the point where the buoyancy force acts. This mismatch yields
an additional torque on the cylinder and needs to be incorporated into the
Newton–Euler equations. In this work, the particle equations of motion are
formulated with respect to the centre of geometry (point C in figure 1.1) as
it allows for the mesh of the cylinder to remain fixed to the Eulerian mesh.
From point C, one finds an additional term for Newton’s second law which
derives from the relation vG = vC − γ/2Dω×p. The angular conservation is
constructed with respect to C (see for theory e.g. Meriam and Kraige, 2006).
The Newton–Euler equations then comply with

mp
dvG
dt

=
∫
∂V
τ · ndS + (ρp − ρf )Vpg (1.4a)

IC
dω

dt
=
∫
∂V
r × (τ · n)dS + `mp (g − aC)× p. (1.4b)

For the non-dimensionalisation, the selected velocity scale is Vb, and D the
length scale, this choice yields
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dvC
dt = 4

πΓ

∫
∂V
τ · ndS + 1

Γsgn(β)ey + γ

2
d

dt
(ω × p) , (1.5a)

1
8mpD

4I∗
d2θ

dt2 =
∫
∂V

(τ · n)× rdS − 1
2mpγD

2(aC + |Γ− 1|−1ey)× p. (1.5b)

Though all quantities in (1.5a,b) are non-dimensional we report our results
where applicable explicitly non-dimensionalised with Vb and D, respectively.
I∗ represents a variable moment of inertia (not varied here), aC = dvC/dt,
mp the mass of the cylinder (per unit length), and β ≡ (Γ − 1)/|Γ − 1|.
Since, the particle motion is restricted to a two-dimensional motion, we have
ω = (0, 0, ωz).

1.2.3 Domain and grid

Equations (1.3a,b) together with (1.5a,b) are solved on a rectangular domain.
The velocity at the inflow is set to zero to simulate an asymptotically quiescent
fluid (Uhlmann and Dušek, 2014). At the outflow a convective boundary is
imposed (see e.g. Kim and Choi, 2006), which complies with ∂tu∗+c∂nu∗ = 0.
Here, u∗ denotes the non-solenoidal velocity field, n the direction pointing out
of the domain, and c an advection velocity, which is set to Vb. The side walls
of the domain are periodic. The grid around the cylinder is a square of size 2D
with constant grid spacing. Outside this domain, the mesh expands linearly
towards the edges of the domain. A heat equation is solved to obtain a smooth
transition from the constant grid spacing to the linearly expanding mesh. Let
xi define the spatial coordinate in the periodic direction. Then the applied
numerical smoothing procedure complies with

xn+1
i = xni + h(xi+1 − 2xi + xi−1) i = 2, . . . , (N + 1)/2. (1.6)

Here, the grid is smoothed up to (N+1)/2 as the mesh is taken symmetrically
with midpoint x(N+1)/2. At i = 1 a Neumann condition is applied for which
xn+1
i = (4xi+1− xi+2)/3. The Neumann condition ensures the grid stretching

is continuous across the periodic boundary.

1.2.4 Immersed Boundary Projection Method

The numerical procedure follows the immersed boundary projection method
(Lācis et al., 2016) of which we present a brief overview. To this point (1.3a,b)
is solved on a staggered grid, where the spatial gradients are computed using
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Figure 1.2: Grid topology for a freely rising or falling particle. The Eulerian
mesh surrounding the cylinder has a constant grid spacing locally. The dis-
played mesh is coarse with 24×48 grid points and is presented for illustration
purposes.

a conservative second-order central finite-difference scheme (see e.g. Verzicco
and Orlandi, 1996). The non-linear term of (1.3a) is advanced in time via the
explicit second-order Adams–Bashforth scheme and the viscous terms via the
second-order implicit Crank-Nicolson scheme:

un+1 − un

∆t + 3
2N̂(un,vnC)− 1

2N̂(un−1,vn−1
C ) = −Ĝϕn+1/2

− Ĝpn + 1
2Ga L̂(un+1 + un) + Ĥfn+1/2,

(1.7a)

where D̂un+1 = 0 and Êun+1 = vn+1
C + ωn+1 ×Lk. (1.7b)

Here, N̂(u,v) denotes the non-linear operator, Ĝ the gradient operator, L̂ the
Laplace operator, D̂ the divergence operator, Ĥ the spreading (regularisation)
operator, Ê the interpolation operator, ϕn+1/2 the discrete incremental pres-
sure to be determined, pn the discrete pressure, vn+1

C +ωn+1×Lk the velocity
for the kth Lagrangian marker, fn+1/2 the IBM forces, and n denoting the
time level.
The interpolation and regularisation matrices Ê and Ĥ make use of a discrete
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three-point delta function (Roma et al., 1999), which reads

d(ζ) =


1
6

(
5− 3ζ −

√
1− 3(1− ζ)2

)
, 0.5 ≤ ζ ≤ 1.5,

1
3
(
1 +
√

1− 3r2
)
, ζ < 0.5,

0, otherwise,

(1.8)

with ζ = |(xi − ξi)|/h, xi a coordinate of the staggered grid, ξi the location of
the Lagrangian marker, and h the corresponding grid spacing.
The algebraic interpolation of the velocity field u at location ξ is u(ξ) =∫
x u(x)δ(x − ξ)dx, for which the discrete interpolation can be derived by
discretising the convolution of u and δ (Peskin, 1972; Beyer and LeVeque,
1992), yielding (for the two-dimensional case)

uk =
∑
i

uid((xi − Lk1)/∆x) d((yi − Lk2)/∆y), (1.9)

with uk the interpolated value from the discrete velocity field ui defined on
the staggered grid (xi, yi), and (Lk1,Lk2) the kth Lagrangian marker position.
The interpolation operator then complies with

Êk,i = d((xi − ξk1 )/∆x) d((yi − ξk2 )/∆y). (1.10)

Let qn+1 = Run+1 define the velocity flux by the diagonal matrix R ≡
[∆yj , 0; 0, ∆xi]. Then we define

Êk,iu
n+1 = Ek,iq

n+1, (1.11)

such that E = ÊR−1.

1.2.5 Numerical treatment of the Newton–Euler equations

The Newton–Euler equations are advanced in time via

IB(vn+1
C − vnC) = NBf̃

n+1/2 + ∆qB + gn − ζn, (1.12)

with

IB = 1
∆t

mp 0 0
0 mp 0
0 0 IC

 , (1.13)

NB = −

 1 . . . 1 0 . . . 0
0 . . . 0 1 . . . 1
−Ly1 . . . −Lyn Lx1 . . . Lxn

 , (1.14)
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∆qB ≡ Q(un−un−1)/∆t (Kempe and Fröhlich, 2012), with Q = [qx, qy, qω]T .
Here, for example the following operation is equivalent

qx · un =
∑
i

αi∆xi∆yi unx(i), (1.15)

with αi denoting the solid to volume fraction for cell i. The component qy
denotes the interpolation for uny , and qω the interpolation of the field r × un.
The moment of inertia is defined as IC = mpD

2I∗/8, with the relative MOI
kept fixed at I∗ = 1. The time step is limited to CFL = 0.4. The buoyancy
force and pendulum torque are defined via gn and the other eccentricity terms
via ζn. Since the Newton equation in (1.5) is solved in the frame of the
geometric centre, the translation of velocity from point G to C is simply
performed by substitution of vC = vG+ω×γ/2Dp. Additionally, the equation
of angular conservation is also solved in the frame of the geometric centre
yielding an additional aC × p term. These additional terms read

gn ≡


0

sgnβ
−1

2mpgDγ sin θn

 , (1.16)

and

ζn ≡
γmpD

2∆t


ωn cos θn − ωn−1 cos θn−1

ωn sin θn − ωn−1 sin θn−1

anx cos θn + any sin θn

 , (1.17)

with anx ≡ vnx − vn−1
x and any ≡ vny − vn−1

y , respectively.

1.2.6 Block LU decomposition

Having defined all the operators, equation (1.7a) together with constraints
(1.7b) and (1.12) can be written as

A 0 G ET

0 IB 0 NB

GT 0 0 0
E NT

B 0 0



qn+1

vn+1
C

ϕn+1/2

f̃
n+1/2

 =


rn

rnB
0
0

 , (1.18)

with A = M̂
[
I/∆t− L̂/(2Ga)

]
R−1, and vectors rn and rnB containing all the

explicit terms. The inverse of A is approximated as (see e.g. Lācis et al.,
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2016)

A−1 ≈ BN =
N∑
i

∆ti

2i−1 (M−1L)i−1M−1, (1.19)

with M = M̂R−1, and M̂ ≡ [(∆xi + ∆xi−1)/2, 0; 0, (∆yj + ∆yj−1)/2)] a
diagonal matrix. We set B ≡ B1 = ∆tM−1.
The solution procedure of (1.18) is performed via a block-LU decomposition
following a three-step procedure. First, an initial guess is made of the velocity
field and the particle velocity[

A 0
0 IB

]{
q∗

v∗C

}
=
{
rn

rnB

}
. (1.20)

Note that we solve for q∗ in (1.20) via a factorisation procedure (see e.g.
Verzicco and Orlandi, 1996). Then, a modified Poisson equation is solved[

GTBG GTBET

EBG EBET +NT
BI
−1
B NB

]{
ϕn+1/2

f̃
n+1/2

}
=
{

GTq∗

Eq∗ +NT
Bv
∗
C

}
. (1.21)

Finally, the projection step is performed{
qn+1

vn+1
C

}
=
{
q∗

v∗C

}
−
{
BGϕn+1/2 +BET f̃

n+1/2

I−1
B NBf̃

n+1/2

}
. (1.22)

The solution to (1.21) is found via a block LU decomposition to avoid parti-
tioning of the domain (Lācis et al., 2016). To this point, write

A = GTBG, B = GTBET , and D = EBET +NT
BI
−1
B NB. (1.23)

Performing block LU decomposition on (1.21) yields[
A B
BT D

]
=
[
A 0
BT S

] [
I A−1B
0 I

]
, (1.24)

with S = D −BTA−1B the Schur complement. We solve the problem by first
solving

Aϕ∗ = GTq∗. (1.25)

In the second step, we solve for f̃n+1/2

Sf̃n+1/2 = −BTϕ∗ + Eq∗ +NT
Bv
∗
s. (1.26)
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The final pressure field ϕn+1/2 is then obtained via

ϕn+1/2 = ϕ∗ −A−1Bf̃n+1/2
, (1.27)

Since the Lagrangian mesh is fixed to the Eulerian mesh, we compute A−1B
only once before the time integration loop.
The solution to ϕn+1/2 and f̃n+1/2 are obtained via the PETSc library (Balay
et al., 1997, 2019). Hereto, the algebraic multigrid method BoomerAMG as the
preconditioner and the general minimum residual method (GMRES) is used
to solve for ϕ∗ in (1.25). This combination of solvers was found to be robust
and converge within 12 to 17 iterations depending on the selected grid size.
A relative tolerance was set to 10−13, which was found sufficient, to obtain
solutions that satisfy the divergence free condition, and no slip condition.
Once the solution vector is found, we update the pressure field (cf. Verzicco
and Orlandi, 1996)

pn+1 = pn +ϕn+1/2 − ∆t
2Ga L̂ϕ

n+1/2 (1.28)

We refer the reader for further details on the immersed boundary projection
method to Taira and Colonius (2007); Lācis et al. (2016).
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1.3 Verifications

In order to validate and verify the correct implementation, we perform a series
of checks and compare our results to those available in the literature. For a
review on wake-induced oscillatory paths of freely rising or falling bodies, the
reader is referred to Ern et al. (2012).
In the following sections, we present the performance of the IBPM. In § 1.3.1 we
test how accurate un+1 complies with the Lagrangian multipliers, i.e. the newly
implemented pressure solver should produce solutions that are divergence-free,
and provide a machine accurate no-slip condition at the particle edge (see
equation 1.7a).

1.3.1 Verifications for the Lagrangian multipliers

Here, we verify that the Lagrangian multipliers are correctly prescribed after
the pressure-correction step has been performed. To this point, a freely moving
cylinder with Γ = 0.001 is released at Ga = 10 in a domain of 16D × 16D.
We present results for two cases with an evenly spaced grid of 128× 128 and
256× 256 grid points, yielding 8 to 16 grid points per diameter, respectively.
The case is integrated in time until the cylinder reaches terminal velocity,
after which statistics are collected. The maximum divergence observed via
GTqn+1 is of O(10−14), which verifies that the velocity field is divergence-
free. The enforced no-slip condition on the cylinder surface complies with
Eqn+1 = vn+1

C . We define the error e = Eqn+1 − vn+1
C and present max |e|

for various times steps in figure 1.3. To put the results in perspective, we
compare them to the findings of Breugem (2012) who studied the accuracy of
the multi-direct forcing for a fixed sphere. Overall, results for L∞ are found
to be of O(10−14) or lower, which confirms that the pressure solver accurately
obtains the solution ϕn+1/2 such that qn+1 satisfies the no-slip condition.
This machine accuracy of the no-slip condition is a clear advantage over the
multi-direct forcing scheme, but it is computationally more demanding.
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Figure 1.3: Comparison of the multidirect forcing (Breugem, 2012) versus the
IBPM. The error of the no-slip condition is given in the maximum norm for
various ∆t and ∆x. The current approach is found to accurately represent the
no-slip condition for qn, which verifies a correct implementation of the no-slip
Lagrangian multiplier.

1.4 Problem definition for the convergence study

In the following sections § 1.4.1 and 1.4.2 we assess the convergence properties
of the fluid solver coupled to the particle equations of motion. Here, we select
a two-dimensional problem of a cylinder under the influence of gravity in a
viscous fluid, which is initially at rest. The domain is square and has a width
and height of 12.288D, respectively. The particle-to-fluid density ratio is set
to Γ = 1.1, and the Galileo number to Ga = 100. We position the cylinder
at the centre of the domain. For each case, we use constant grid spacing and
time steps.

1.4.1 Convergence of the vertical velocity field

In this analysis, we investigate the spatial and temporal convergence of the
vertical velocity field. We start with the spatial convergence by fixing the time



1.4. GRID CONVERGENCE 23

step to ∆t = 1.0 × 10−4D/Vb, and vary the grid spacing ∆x ∈ [0.016, 0.256].
After a time period of 6D/Vb we compare the vertical velocity field uy for each
case to that of the reference case (∆x = 0.008). We present a snapshot of the
latter in figure 1.4(a). Note that at this point in time, the horizontal particle
velocity is still negligible (vx/vy = O(1 × 10−12)). Let ei define the error
between the vertical velocity field of a simulated case and the reference case,
i.e. ei = [urefy (i)−uy(i)]/Vb, with urefy (i) the reference velocity interpolated onto
the coarser grid using a third order interpolation method. Note that urefy (i)
and uy(i) are rewritten from a two-dimensional field to the vector form. In
this study, we shall make use of the L2 and L∞ norm to report the convergence
rate of the implemented IBPM. For this, we define a normalised non-negative
vector norm as

‖x‖p =
(

1
Ω0

∑
i

|xi|p∆xi∆yi

)1/p

, (1.29)

with p = 1, 2, . . . an integer, and Ω0 the corresponding domain surface. For
the L2-norm and L∞-norm it is readily obtained that

‖x‖2 =
√
xTx/N and ‖x‖∞ = max(|xi|), (1.30)

when ∆xi = ∆yi = ∆x, and N the number of entries in the field.
Figure 1.4 presents the spatial convergence results. We observe that the L2
error converges at a rate of O(∆x), whereas the L∞ norm becomes of O(∆x)
for small enough grid spacings. This observation for the spatial convergence
would agree with Lācis et al. (2016) if we employed ‖x‖2 =

√
xTx/N . How-

ever, the latter norm is not conventional. Stein et al. (2017) finds the same
convergence results as those in the present work for a two-dimensional test
problem.
Next, we investigate the temporal convergence for uy, by selecting a grid spac-
ing of ∆x = 0.016D for each case, and vary the time step ∆t ∈ [1.0×10−3, 1.0×
10−2]D/Vb. A reference case is chosen with the same grid spacing and a smaller
time step of ∆t = 1.0×10−4D/Vb. At t = 0.9D/Vb the convergence results are
assessed. Note that the reference case has reached a velocity of vy ≈ 0.32Vb
at this point in time. The results of L2 and L∞ for the temporal convergence
test are depicted in figure 1.4(c). Here, we observe first-order convergence for
both norms. This result is expected as per (1.19), where the leading term of
B is of ∆t and is in agreement with that of Lācis et al. (2016) who observed
the same temporal convergence for a freely falling cylinder, using A−1 ≈ B1.
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Figure 1.4: Convergence analysis for the vertical velocity field around a set-
tling cylinder. (a) Snapshot of vy/Vb at time instance t = 6D/Vb for the
reference case (∆x = 8×10−3) of the spatial convergence analysis. (b) Spatial
convergence. (c) Temporal convergence with constant ∆x = 1.6 × 10−2 for
each case, and a reference temporal spacing of ∆t = 1× 10−4.

1.4.2 Convergence of the pressure field

Now we turn our attention to the spatial and temporal convergence of the
pressure field. The datasets for this analysis are the same as those used for
the vertical velocity field in § 1.4.1. We start with the analysis of spatial
convergence. Figure 1.5(a) presents the pressure field of the reference case at
t = 6D/Vb for the spatial convergence analysis. Let ei = (pref(i) − p(i))/Vb,
define the error with pref the interpolated reference data and p the pressure
field of a coarser grid. Here, we note that the pressure nodes that reside in the
particle’s interior are excluded from ei to measure only the convergence from
the pressure field surrounding the particle. By doing so, we find the spatial
convergence to be ofO(

√
x) for the L2 norm and zeroth-order for the L∞ norm.

The absence of convergence for L∞ was also observed by Stein et al. (2017)
for a cylinder in a prescribed flow. They addressed the lack of smoothness
(in the vicinity of the particle) as the main cause for the reduced convergence
and proposed a forcing scheme that makes the solution globally smooth. The
latter approach is promising, as the grid only needs to be uniform in a small



1.4. GRID CONVERGENCE 25

neighbourhood of the boundary, with the same width as the regularized δ-
function, but is not implemented here.
Figure 1.5 presents the temporal convergence, where we observe L2 and L∞
to be of first order, owing to the approximation of A−1 = O(∆t), similarly as
for vy in § 1.4.1.
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Figure 1.5: Convergence analysis for the pressure field around a settling cylin-
der for the same problem as in figure 1.4. (a) Snapshot of vy/Vb at time
instance t = 6D/Vb for the reference case (∆x = 8 × 10−3) of the spatial
convergence analysis. (b) Spatial convergence. (c) Temporal convergence with
constant ∆x = 1.6 × 10−2 for each case, and a reference temporal spacing of
∆t = 1× 10−4.
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1.5 Validations for a fixed cylinder

Having established that the implemented method performs according to its
expected accuracy and convergence rate, we now validate our implemented
IBPM for a fixed cylinder positioned in a uniform free stream at Re = U∞D/ν,
with U∞ the specified velocity at the inlet.

1.5.1 The steady-state wake regime

In this analysis, we validate the wake structure and drag coefficient for Re = 20
and Re = 40. A computational domain is selected of size 60D × 60D, with a
highly stretched grid of 256×256 grid points in total. The local spacing in the
vicinity of the cylinder is 0.026D, and the particle is positioned at 24D from
the inlet. The wake behind the cylinder develops into a steady recirculation
zone at these respective Re values, for which the characteristic dimensions are
depicted in figure 1.6.
In table 1.1 we present our results of the characteristic wake dimensions and the
drag coefficient. An overall excellent agreement is found between the present
results and those from the literature. Moreover, it is reassuring that our
implementation agrees very well with the original IBPM (Taira and Colonius,
2007).
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Figure 1.6: Definitions of the characteristic wake dimensions.
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l/d a/D b/D θ Cd

Re = 20 Present 0.93 0.36 0.43 43.3◦ 2.06
Coutanceau and Bouard (1977) 0.93 0.33 0.46 45.0◦ −
Tritton (1959) − − − − 2.09
Dennis and Chang (1970) 0.94 − − 43.7◦ 2.05
Linnick and Fasel (2005) 0.93 0.36 0.43 43.5◦ 2.06
Taira and Colonius (2007) 0.94 0.37 0.43 43.3◦ 2.06

Re = 40 Present 2.31 0.73 0.60 53.1◦ 1.54
Coutanceau and Bouard (1977) 2.13 0.76 0.59 53.8◦ −
Tritton (1959) − − − − 1.59
Dennis and Chang (1970) 2.35 − − 53.8◦ 1.52
Linnick and Fasel (2005) 2.28 0.72 0.60 53.6◦ 1.54
Taira and Colonius (2007) 2.30 0.73 0.60 53.7◦ 1.54

Table 1.1: Comparison of experimental and numerical studies of the wake
dimensions and drag coefficient for a cylinder positioned in a uniform flow.

1.5.2 Box size effects in the oscillatory wake regime

Here, we validate the Strouhal number, Str ≡ fD/U∞, for a fixed cylinder
in the oscillatory wake regime against Namkoong et al. (2008), with f the
frequency of the horizontal lift component. Note that the Re range was limited
by Namkoong et al. (2008) to Re < 188 such that the wake behind the cylinder
may be assumed to have a two-dimensional character. The onset to three-
dimensional features is estimated to occur around Re = 190 (Williamson and
Brown, 1998; Henderson, 1997).
Figure 1.7 presents Str versus Re for a fixed cylinder. The agreement between
the present results and those reported in available literature is very close, albeit
that box size effects are slightly notable for 20D× 60D. However, the current
approach shows excellent agreement within the range Re ∈ [60, 160] for a box
size of 60D × 60D. By quantifying the difference between the respective box
sizes, we find the more confined domain to show the largest differences against
the reference data for Str at Re = 60 (of 2.1% with Namkoong et al. (2008)
versus 0.6% at 60D × 60D). Nevertheless, the error is observed to decrease
with increasing Re. For example, at Re = 160 the difference with Namkoong
et al. (2008) is 0.7% for a box of size 20D × 60D versus 0.4% at 60D × 60D.
Hence, box size effects are expected to remain negligible for Re > 160 and
computational domain size of 20D × 60D.
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Figure 1.7: Comparison of the present results for a freely falling or rising
cylinder with Namkoong et al. (2008) for two domain sizes.

The reference data for the fixed cylinder follows the fit

Str = A+ B√
Re

, (1.31)

with A related to the size or physical shape of the body and B/
√
Re to the

shear layer thickness (Williamson and Brown, 1998). The fitted parameters
are given in table 1.2. An overall good match is observed, as we observe the
present parameters A and B to differ around 1% concerning the reference
values.

A B
Present (20D × 60D) 0.2664 −0.9898
Present (60D × 60D) 0.2702 −1.0494
Namkoong et al. (2008) 0.2672 −1.0162
Williamson and Brown (1998) 0.2665 −1.0180
Fey et al. (1998) 0.2684 −1.0356

Table 1.2: Fitting parameters for the Str(Re) relationship in (1.31) for a fixed
cylinder in a uniform flow.
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1.6 Validations for a freely moving cylinder

1.6.1 Particle Reynolds and Strouhal

In this analysis, we validate the implemented IBPM against the case of a freely
rising or settling cylinder. The reference data is taken from Namkoong et al.
(2008). In that study, an implicit coupling approach within a finite element
framework was used, with a body fitted mesh and adaptive refinement to
resolve the cylinder wake. The settling particle has a particle-to-density ratio
of Γ = 1.01 and the rising of Γ = 0.99. Our computations are performed on a
domain size of 20D× 60D. The grid spacing is constant in the vicinity of the
cylinder and complies with D/∆x = 50.
In figure 1.8(a), we present our results of Ga versus Ret, where Ret ≡ VtD/ν
is obtained from the terminal vertical velocity Vt. Here, we observe a good
agreement with Namkoong et al. (2008) for the falling and rising cylinders.
Next, we compare the corresponding Strouhal number based on the mean
vertical velocity of the particle Vt for the same data set. We find the agreement
of Str to be very good as well.
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Figure 1.8: Comparison of the present results for a freely falling or rising
cylinder with Namkoong et al. (2008).

1.6.2 Case study at Ret = 156

In this study, we validate the implementation of the IBPM against the study
by Namkoong et al. (2008) for the selected case of Ret = 156 and Γ = 1.01.
This Ret corresponds to Ga ≈ 138.3, according to the (local) fit by Ga(Ret) =
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Figure 1.9: Vorticity snapshot of falling cylinder at Ga = 138.3 and Γ = 1.01.

0.851Ret + 5.547 (Namkoong et al., 2008). For this validation, a grid size
of 420 × 960 is selected. The grid surrounding the cylinder has a constant
grid spacing of ∆x = 0.02D. A snapshot of the vorticity field surrounding
the cylinder is presented in figure 1.9, for which we observe a steady periodic
vortex shedding state. For reference, validations with the IBPM by Lācis et al.
(2016) are included.
We present the cylinder’s horizontal, vertical, and angular velocity in figure
1.10. The vertical velocity in figure 1.10(a) shows a different transient com-
pared to the reference cases. This difference may be related to the rate at
which numerical errors accumulate that ultimately cause the transition to
path oscillations (Namkoong et al., 2008). Once the cylinder reaches terminal
velocity, a satisfactory agreement is observed for vy/Vt. The angular velocity
in figure 1.10(b) shows good agreement with results from Lācis et al. (2016)
but differs somewhat from those of Namkoong et al. (2008), whereas the hor-
izontal velocity in figure 1.10(c) agrees well in comparison to the reference
cases.
To further validate the freely moving cylinder case at Ret = 156, a compari-
son is made of the drag coefficient Cd, the maximum lift coefficient max |Cl|,
and Strouhal number Str. The results are presented in table 1.3. Here,
the drag coefficient is defined as Cd ≡ 2Fy/(ρfV 2

t ) and the lift coefficient
as Cl ≡ 2Fx/(ρfV 2

t ), with Fy the force parallel to the gravity direction, Fx
perpendicular to the gravity vector. We find the present results to yield a
satisfactory agreement. The difference for Cd, max |Cl| and Str compared to
Lācis et al. (2016) may result from the locally higher grid resolution surround-
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Γ = 1.01 Γ = 0.99
Str Cd max |Cl| Str Cd max |Cl|

Present (20D × 60D) 0.1687 1.27 0.15 0.1689 1.27 0.15
Present (60D × 60D) 0.1674 1.25 0.15 0.1688 1.25 0.15
Present (20D × 100D) 0.1686 1.27 0.15 - - -
Namkoong et al. (2008) 0.1640 1.23 0.15 - - -
Lācis et al. (2016) 0.17185 1.29 0.14 0.17188 1.29 0.14

Table 1.3: Characteristics for a freely falling or rising cylinder at Ga ≈ 138.3.
For the present study, it is found for a settling cylinder that the wider box
yields a closer result to Namkoong et al. (2008), whereas the longer box does
not.

ing the cylinder employed here (∆x,∆y = 0.02D versus ∆x,∆y = 0.04D,
respectively).

1.7 Grid resolution

A grid convergence study was performed in § 1.4 for a homogeneous cylinder
at Ga = 100. Here, we select a freely rising cylinder at Γ = 0.5 for Ga = 200
and Ga = 700. Then, we offset the centre of mass with a distance ` (see figure
1.1 for a schematic), vary the grid resolution, and study the statistics of the
particle velocity. The offset here is non-dimensionalised to the particle radius

γ = 2 `
D
. (1.32)

For this analysis, we collected statistics after the initial transient time (around
60D/Vb for Ga = 200 and Ga = 700).
First we consider the case at Ga = 200 with a fine grid of 420 × 960 and
coarsened grid of 210 × 480. The grid spacing in the vicinity of the particle
is constant, yielding for the latter grids 50 to 25 grid points per diameter,
respectively. The root-mean-square horizontal and vertical velocity are pre-
sented in figure 1.11(a). For both grid sizes we observe a very similar trend
for 〈vx/Vb〉rms and 〈vy/Vb〉rms, respectively.
For Ga = 700 we performed a similar study, with a fine grid of 560×1152 and
a coarser grid 280 × 576. Here, the grid points per diameter are 95 and 47,
respectively. The results for these cases are depicted in figure 1.11(b). Overall,
we find the trend to be similar when comparing the two grid sizes.



32 CHAPTER 1. VALIDATIONS & PERFORMANCE: IBPM

0 20 40 60 80 100 120
0

0.2
0.4
0.6
0.8

1
1.2

v y
=V

t

80 85 90
0.995

1

1.005

40 60 80
-0.1

0
0.1

v y
=V

t

100 110 120
-0.01

0
0.01

=

tVt=D

Figure 1.10: Comparison for a freely falling cylinder with Γ = 1.01 and Ga ≈
138.3. (a) The vertical velocity. (b) the angular velocity and (c) the horizontal
velocity.
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Figure 1.11: Grid refinement study for a particle with an eccentric mass dis-
tribution. Here, the root-mean-square values are presented for the horizontal
and vertical velocity as a function of the non-dimensional offset with respect
to the particle radius γ. (a) Ga = 200 and Γ = 0.5, with N representing a
grid 420 × 960 and N/2 of 210 × 480. (b) Ga = 700, with N representing a
grid 560× 1152 and N/2 of 280× 576.
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1.8 Summary and conclusion

In this chapter, we have presented details for the implementation of the im-
mersed boundary projection method (IBPM) to study a cylinder with an ec-
centric mass distribution under the influence of gravity in an incompressible
Newtonian fluid. Here, the main goal is to enable us to study mass density
ratio effects, where Γ = ρp/ρf denotes the particle-to-fluid mass density ra-
tio. Here, we would like to address density ratio effects down to air in water
(Γ ≈ 10−3).
In § 1.2 we presented the governing equations for this problem and the corre-
sponding numerical schemes. One of the major strengths of the IBPM com-
pared to the original immersed boundary method is that the IBPM provides a
no-slip condition with a machine precision accuracy at an additional compu-
tational cost. This allows for a semi-implicit approach, yielding the possibility
of studying very buoyant particles. In § 1.3 we verified that the implemented
IBPM yields machine precision accuracy for the no-slip condition for a particle
of Γ = 10−3.
In addition to this, we demonstrated in § 1.4 that the convergence of the IBPM
yields the expected first-order temporal and spatial accuracy in L2-norms for
the velocity field and the reduced convergence for the pressure field in two-
dimensional test problems.
Then, in § 1.5 and § 1.6 we validated the implemented IBPM against various
cases from literature, including fixed and freely rising or settling cylinders.
For these cases, we found excellent agreement with results from previous ex-
perimental and numerical studies and showed that a box size of 20D× 60D is
sufficient for the cases of interest.
Lastly, we performed a grid resolution test for a freely rising cylinder with an
eccentric mass distribution at a relatively coarse and fine grid. For both cases,
we observed a very similar trend, respectively.
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ABSTRACT

Rotational effects are often overlooked for the dynamics of a freely rising or
settling particle. We find these effects to play an important role when mass
eccentricity is introduced for a rising cylinder in the vortex shedding regime.
In this work, we employ two-dimensional simulations to study the motion of
a single cylinder in a quiescent unbounded incompressible Newtonian fluid
and vary the Galileo number, density ratio, relative moment of inertia, and
centre of mass offset systematically. For a subset of buoyant density ratios, the
particle is observed to undergo the resonance mode, where translational and
rotational effects enhance each other, with at the base the Magnus lift force as
the main mechanism. The transition to the resonance mode results in a vastly
different trajectory with much larger rotational and translational amplitudes
and a drag coefficient increase of up to four times. The onset to resonance is
found to show a dependency on the density ratio, Galileo number and relative
moment of inertia, for which we propose a simple model that collapses our
dataset for these respective input parameters. Further, our results confirm
the timescale set by the offset to be pivotal. Resonance was observed for a
centre of mass offset of only four per cent of the particle diameter at moderate
Galileo numbers. This finding shows that the particle dynamics are sensitive
to mass eccentricity.

In preparation for publication as
M.P.A. Assen, J.B. Will, C.S. Ng, D. Lohse, R. Verzicco, and D. Krug
Rising and settling 2D cylinders with centre of mass offset, J. Fluid Mech.
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2.1 Introduction

One of the defining characteristics of freely rising and settling cylinders is
the existence of non-vertical paths at sufficiently large Reynolds numbers, Re,
the ratio of inertial to viscous forces. This type of motion is found to be a
common characteristic of the dynamics of blunt bodies in general (Ern et al.,
2012) due to the presence of a (periodically) oscillating wake with vortex
shedding, akin to that behind a fixed geometry (Gerrard, 1966; Perry et al.,
1982; Williamson, 1996). The dynamics of freely rising or settling bodies
are more complicated than their fixed counterparts, however, due to inherent
coupling between the motion of the body-fluid interface and the surrounding
flow morphology. This results in a complex, often only quasi-periodic motion
that is frequently difficult to predict a priori. Therefore, a complete solution or
model of these systems remains, in many cases, elusive, and we are relegated
to empirical results and parameter studies based on experiments or numerical
simulations.
The paths and dynamics that are observed for buoyancy (and gravity) driven
motion are closely related to the magnitude of the coupling between particle
and fluid. When the coupling is weak (particle translational and rotational
accelerations are minor) (Horowitz and Williamson, 2006) or when the degree
of freedom of motion is limited (Williamson and Govardhan, 2004), then the
fluid response will be similar to that of a fixed geometry, i.e. similar vortex-
shedding frequency and drag force. However, when the particle kinematics
are affected by the fluid motion, this will, in turn, affect the flow morphol-
ogy. Accompanying it is a change in the shedding frequency, drag and path
amplitudes compared to particles with a weaker coupling.
In the present work, we focus on the effects of internal mass distribution
(as first made a note of by Jenny and Dušek (2004)), focussing primarily on
the effects of the centre of mass (COM) offset; radially displacing the COM
with respect to the geometric centre. This question is motivated by the recent
work by Will and Krug (2021b), where the COM of freely rising spheres varied
experimentally. In this work, it was found that the rotational dynamics of the
spheres are strongly affected by the internal mass distribution, which affects
all aspects of particle motion. They explained the observed phenomena by
simplifying the system to that of a driven harmonic oscillator and framing the
results in terms of a timescale ratio between the ‘pendulum’ frequency, induced
by the offset, and the driving frequency, which is set by the intrinsic particle
oscillation timescale resulting from vortex-shedding. This model captured
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several key features of the particle dynamics when COM offset was present.
Their model, however, additionally predicted dependencies on the particle-to-
fluid density ratio Γ, the dimensionless moment of inertia of the particle I∗ and
implicitly on the Galileo numberGa, which governs the onset and transitions in
between the various wake-structures. These respective parameters are defined
as

Γ ≡ ρp/ρf , Ga ≡
√
|Γ− 1|gD3/ν, and I∗ = IC/IΓ (2.1)

with I∗ the dimensionless rotational moment of inertia around the geometric
centre defined as with IΓ = mpD

2/8 a reference value of a homogeneous cylin-
der with identical mass mp, ρp the particle mass density, ρf the fluid mass
density, ν the kinematic viscosity, and g the gravitational constant. Here, Ga
is similar to Re, except the velocity scale is set to the buoyancy velocity

Vb ≡
√
|Γ− 1|gD. (2.2)

However, due to experimental and physical constraints, Will and Krug (2021b)
could not vary all parameters independently and over a large enough range to
show these scalings conclusively. Therefore, in the present work, we aim to
systematically investigate these dependencies utilizing numerical simulations
of two-dimensional (2D) cylinders with COM offset, showing that the inherited
underlying physics are similar and that the results presented here can shed
light on the remaining open questions of this problem in general.
The problem of freely rising or settling cylinders is an extension of the classical
case of vortex-induced vibrations (Bearman, 1984; Parkinson, 1989; Govard-
han and Williamson, 2000; Williamson and Govardhan, 2004) where the cylin-
der is completely unrestrained in both the streamwise and transverse direc-
tions. These works indicate that the degrees of freedom, as well as the amount
of particle motion (tuned by body inertia and spring stiffness and/or damping
of the supports), strongly impact the wake structures and the coupled dynam-
ics. This was also qualitatively shown in the work of Williamson and Roshko
(1988) who, as a function of amplitude and frequency of the forced cylinder
oscillations, classified the observed wake patterns. Building on this, the work
by Jeon and Gharib (2004) showed that the type of vortex-shedding depends
on both transverse and streamwise oscillations and their relative phase. For
the case of freely rising and settling 2D cylinders, a critical mass density ra-
tio was encountered, marking the threshold between limited coupling between
particle dynamics and the wake for high Γ and large amplitude path oscilla-
tions and a modification of the vortex shedding frequency for low Γ (Horowitz
and Williamson, 2006, 2010b). Similar density ratio-related transitions in the
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regime of motion have also been observed for spheres Horowitz and Williamson
(2010a); Auguste and Magnaudet (2018); Will and Krug (2021a). Similarly
to the mass density ratio also, the rotational Moment of Inertia (MOI) was
investigated as a relevant parameter governing the dynamics of rising and set-
tling 2D cylinders in the numerical work by (Mathai et al., 2017) as well as
experimentally for spheres (Will and Krug, 2021a). The effects of Γ and MOI
will both be investigated in this work as individually relevant parameters, as
well as how they affect the dynamics induced by COM offset.
It should be noted that the 2D assumption in this work will not be represen-
tative of the motion of settling finite-length cylinders in a three-dimensional
(3D) environment. Beyond a certain Reynolds number, the flow will become
inherently 3D even for a cylinder of infinite length. For a fixed cylinder, this is
estimated to be around Re ≈ 190 (Henderson, 1997; Williamson and Brown,
1998). In reality, the cylinder length and associated end-effects will play an im-
portant role in particle dynamics and kinematics (Inoue and Sakuragi, 2008).
The motion of these cylinders becomes inherently 3D, showing both horizontal
(azimuthal) cylinder rotation (around the vertical axis) and fluttering motion
(around a horizontal axis) (Toupoint et al., 2019). Recently, another interest-
ing mechanism of coupling fluid and body dynamics was investigated for long
slender cylinders, namely; deformability (Ern et al., 2020). In this work, cou-
pling between the bending oscillations and vortex-shedding was made evident,
opening up new interesting avenues of research. Even though the 2D results
presented in this work are not to be considered predictive for the dynamics of
“real” 3D cylinders, they are nevertheless valuable as they provide important
insight into the behaviour of other isotropic bodies, i.e. spheres, with COM
offset as well as they give us insight in the fundamental physics underlying the
problem.

2.1.1 Problem definition and equations of motion

In this work, we concern ourselves with the dynamics and kinematics of freely
rising and settling 2D cylinders in an otherwise quiescent, infinite fluid. This
problem is graphically illustrated in figure 2.1. The fluid phase has a constant
mass density ρf and a kinematic viscosity ν. The motion of the cylinder is
confined to move within the xy-plane, with gravity acting downwards along the
y-axis. The particle has an effective density ρp, mass mp, a circular diameter
D, and a volume V. The centre of mass (COM), designated by subscript G,
is displaced from the geometric centre of the cylinder (marked with subscript
C) by a distance `. A pointing unit vector p is defined parallel to the line
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Figure 2.1: (a) Problem definition; an infinite cylinder of density (ρp) sus-
pended in an infinite fluid with density (ρf ) and kinematic viscosity (ν). The
centre of mass (G) is displaced by a distance ` from the volumetric centre
(C). The pointing vector p is a unit vector in the direction from G to C. The
angle θ is defined between p and the y-direction. The forces on the body are
buoyancy (F b), gravity F g, and the remaining fluid forces F f . (b) Schematic
depicting the direction of the Magnus lift force, the horizontal component of
which is used together with the horizontal particle acceleration to calculate
the phase lag ∆φ. (c) Time signals of the horizontal component of the Mag-
nus force and horizontal particle acceleration for three different cases show
different phase lags.
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from point G to point C. The angle this vector makes with the vertical we
call θ, and the angle it makes with the instantaneous particle velocity at the
centre of geometry, vC , we call θv. The buoyancy force acts upwards through
point C, while the gravitational force acts downwards through point G. The
velocity scale is set to the buoyancy velocity, i.e. Vb.
The dynamics of freely rising and sinking buoyancy-driven particles are gov-
erned by the linear and angular momentum balances. In the present work, all
particle dynamics documented are for freely rising or settling, implying that
the only forcing on the body is due to pressure and shear. For convenience
we will split the net buoyancy component from the total fluid forcing yielding
F tot = F b + F f , where the net buoyancy force is an a priori known constant
force F b = (ρf − ρp)Vgey, with ρf and ρp being the fluid mass density and
particle mass density respectively, g the gravitational acceleration, and ey a
unit vector parallel to the y-axis. Thus, the conservation of linear momentum
for a free body submerged in a fluid becomes the following:

ΓdvG
dt =

F f

mf
+ (1− Γ)gey, (2.3)

with Γ = ρp/ρf the mass density ratio, vG the velocity vector of the particle
centre of mass, and mf the mass of the fluid that could be enclosed by the
particle. The angular momentum balance for the particle with COM offset
read

IC
d2θ

dt2 = Tf −
1
2mpγD(aC + gey)× p, (2.4)

where the balance is constructed with respect to the geometric centre of the
particle instead of the centre of mass (Meriam and Kraige, 2006). In this
reference frame, we have an additional term aC × p, and the advantage that
Tf , the fluid torque, solely comprises the viscous fluid stress on the particle.
Here, IC is the moment of inertia of the particle around the point C, which is
related to that around point G by the parallel axis theorem IC = IG +mp`

2.
Further, γ denotes the ratio γ = 2`/D, and aC the acceleration of the particle
geometric centre. Note that the differential equation in (2.4) is similar to the
harmonic equation governing the motion of a driven and damped pendulum,
as was noted by (Will and Krug, 2021b). Here, Tf and aC ×p are the driving
(or damping) terms and the cross product ey × p is the restoring torque. By
ignoring the driving and damping, we obtain the natural frequency of the
pendulum:

fp = τ−1
p = 1

π

√
γg

DI∗
. (2.5)
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We can further write (2.4) in dimensionless form by introducing a dimension-
less timescale t̃ = t/τv, where τv = D/Vb is related to the vortex shedding
timescale, which we choose because it is assumed that the forcing in (2.4) is
related to this timescale. The non-dimensionalistation of

d2θ

dt̃2
= 1
GaΓI∗ T

∗
f −

(
γ

|1− Γ|I∗ey + γ

ΓI∗aC
)
× p. (2.6)

Most importantly, we see that the dimensionless natural frequency becomes
proportional to γ/(|1−Γ|I∗), which is proportional to T , and in previous work
by Will and Krug (2021b) was defined as the ratio of the vortex shedding to
the pendulum timescale. For a two-dimensional cylinder this timescale ratio
is equal to

T = τv
τp

= 1
π

√
γ

|1− Γ|I∗ , (2.7)

and has been shown to be effective in predicting the onset of rotational res-
onance for spheres with COM offset. Note that this parameter solely de-
pends on the prescribed particle and fluid properties. Therefore, T is used
when discussing results on particle dynamics and kinematics in this study.
However, as we will explain later on in § 2.3.9 and § 2.4.1, to accommodate
for Galileo number and moment of inertia effects, we will need to introduce
a dimensionless rotational added mass term I∗a(Ga) for the timescale ratio,
where Ia = mfD

2I∗a/8, relating to the Stokes boundary layer. This adjusted
timescale ratio T ∗ reads

T ∗ = 1
π

√
γ

|1− Γ| (I∗ + I∗a/Γ) .

2.1.2 Data processing

In this work, we examine many different properties based on the kinematics
and dynamics of the particle path and the surrounding flow field. To serve as a
reference for other works, here, we describe in detail all numerical experiments
and procedures employed in this study.
All results presented in this study are obtained once a statistically is reached.
The initial transient time, which is not used in the analysis, is worked out
via the following procedure. First, a moving averaging operation is applied to
the vertical velocity times signal. For this, a time window much larger than
a single period of the natural fluctuations is used. Next, this processed signal
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is compared to the terminal velocity of that specific case as determined by
taking the average of the last 10% of the time signal. Once this deviated less
than 5%, we assume that a statistically steady state has been reached and
use the remainder of the signal for analysis. Note that for Ga = 200, this
typically works out to be around 60D/Vb, while the typical runs were much
longer (1.9× 103D/Vb).
We calculate the frequency of the path oscillations via a fast Fourier trans-
form of vx(t)/Vb, where the peak frequency, f , is defined by taking the most
prominent frequency peak of the power spectrum and interpolating it locally
to obtain the best estimate of f . When multiple peaks were present, simply
the largest one is presented. Special cases where multiple frequency peaks were
present are discussed in § 2.3.3. The obtained values of f were cross-checked
with an autocorrelation analysis of vx(t)/Vb and yielded almost identical re-
sults in all cases.
Additional processing is required to obtain the amplitudes of the particle rota-
tion and translation due to the drift present in the time signals of xp(t) and θ.
The angle θ for particles with offset is defined as shown in figure 2.1 (a). For
the zero offset case, the initial orientation is chosen without loss of generality.
To correct for the slow drift, we employ a moving averaging filter on the sig-
nal with a window size of approximately 1/f(Ga,Γ, T ), or one full oscillation
time. Thus we obtain a “centre-line” subtracted from the actual position and
orientation time signal to remove any lower frequency effects. The absolute of
the thus processed signal is used to determine peak amplitudes, the mean of
which is documented in â for the mean path amplitude and θ̂ for the mean ro-
tational amplitude. Note that this procedure can mean that the particle does
not necessarily exhibit rotational oscillations around θ = 0 (where p is point-
ing upwards). This non-mean zero especially occurs for small offsets where θ
might drift and then reset when the amplitude becomes very large.
We calculate the phase lag ∆φ by cross-correlating the horizontal component of
the Magnus lift force Fm with the horizontal body acceleration ax. Similarly,
∆ψ is the phase lag between the angular acceleration α and the fluid torque Tf .
Figure 2.1(b,c) presents the phase lags, where we provide a graphic showing
the Magnus force and direction of acceleration in (b), and in (c) provide three
examples of signals obtained from the simulations showing a negative, zero
and positive value of ∆φ.
This work is structured as follows. In § 2.2 we present an overview of the
numerical framework. In § 2.3 we present results for Ga = 200 and analyse
the physics. In § 2.4 we present Galileo effects. In § 2.5 we present results for
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settling particles. Finally, in § 2.6 we summarise and conclude on our findings.

2.2 Numerical framework

2.2.1 Fluid phase

The Navier–Stokes equations, together with the Newton–Euler equations, gov-
ern the dynamics of a single rigid body immersed in a Newtonian fluid, satis-
fying the initial conditions and boundary conditions at the body surface and
at infinity. An approximate computational strategy to model this configura-
tion is achieved by solving the Navier–Stokes equations on a moving frame
attached to the body, where the frame has finite size dimensions. For a per-
fectly circular particle, this frame does not need to rotate due to the body’s
symmetry. This frame also allows for a configuration where the gravity vector
directs towards the outlet such that the wake can gently leave the domain
without disturbing the particle dynamics. The incompressible Navier–Stokes
equations are non-dimensionalised with Vb and D. For the translating frame,
the momentum and continuity equation comply with (see e.g. Mougin and
Magnaudet (2002); Jenny and Dušek (2004))

du

dt
+ [(u− vC) · ∇]u = −∇p+ 1

Ga∇
2 · u+ f , (2.8a)

∇ · u = 0, (2.8b)

with u the fluid velocity vector, p the pressure and f the IBM forcing (to
be defined in § 2.2.2). Note that the hydrostatic component is absent from p
as we explicitly add it to the forces acting on the cylinder. We solve (2.8a)
in the conservative form, i.e. the nonlinear term (uj − vj)∂jui is rewritten to
∂j [(uj − vj)ui], with vj components of vC .
The velocity at the inflow is set to zero to simulate an asymptotically quiescent
fluid. At the outflow, a convective boundary is imposed (see e.g. Kim and
Choi (2006)). The side walls are periodic. The computational domain has
dimensions of 60D in the gravity direction and 20D in the traverse direction.
This respective domain size was found large enough to neglect box size effects.
The grid around the cylinder is a square of size 2D with constant grid spacing.
Outside this domain, the mesh spacing expands linearly towards the edges of
the domain. A heat equation is solved to smoothen the mesh. We present
the grids in table 2.1. These grids yield an estimated three to four grid points
per diameter in the boundary of the particle (Schlichting and Gersten, 2003).
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Ga D/∆x Nx ×Ny

200 50 420× 960
500 84 520× 1104
700 95 560× 1152

Table 2.1: Overview of the grids. The first column denotes the Galileo number
Ga. The second column represents the number of grid points per diameter of
the cylinder. The third column is the grid resolution for the fluid phase.

Tests showed that halving the respective grid spacing did not alter the overall
statistics.

2.2.2 Discretisation

The employed numerical scheme closely follows the immersed boundary pro-
jection method as formulated by Lācis et al. (2016) of which a brief overview
is presented. We solve (2.8a) and (2.8b) on a staggered grid, where the spa-
tial gradients are computed using a conservative second order central finite
difference scheme. The non-linear term of (2.8a) is advanced in time via the
explicit second-order Adams–Bashforth scheme and the viscous terms via the
second-order implicit Crank-Nicolson scheme:

un+1 − un

∆t + 3
2N̂(un,vnC)− 1

2N̂(un−1,vn−1
C ) = −Ĝϕn+1/2

− Ĝpn + 1
2Ga L̂(un+1 + un) + Ĥfn+1/2,

(2.9a)

where D̂un+1 = 0 and Êvn+1 = vn+1 + ωn+1 ×L. (2.9b)

Here, N̂(u,v) denotes the non-linear operator, Ĝ the gradient operator, L̂
the Laplace operator, D̂ the divergence operator, Ĥ the spreading (regularisa-
tion) operator, Ê the interpolation operator, ϕn+1/2 the discrete incremental
pressure, pn the discrete pressure, L the Lagrangian marker coordinates with
respect to geometric centre, and fn+1/2 the IBM forces. The interpolation
and regularisation matrices Ê and Ĥ, respectively, make use of a discrete
three-point delta function (Roma et al., 1999).
The Newton–Euler equations are advanced in time via

IB(vn+1
C − vnC) = NBf̃

n+1/2 + ∆qB + gn − ζn, (2.10)
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with

IB = 1
∆t

mp 0 0
0 mp 0
0 0 IC

 ,
NB = −

 1 . . . 1 0 . . . 0
0 . . . 0 1 . . . 1
−Ly1 . . . −Lyn Lx1 . . . Lxn

 ,
(2.11)

∆qB ≡ Q(un−un−1)/∆t andQ the matrix that interpolates the velocity inside
the cylinder (cf. Kempe and Fröhlich (2012)). The time step is limited with
CFL = 0.4. Vector gn contains the buoyancy force and the torque induced
by the particle weight. The Newton equation in (2.3) is solved with respect
to the geometric centre, for which we make use of vC = vG + ω × γ/2Dp to
solve (2.3). Additionally, the equation of angular conservation is solved with
respect to the geometric centre (see § 2.1) yielding an additional aC ×p term.
The terms from the latter contributions are collected in ζn. Finally, we have
for gn and ζn:

gn ≡


0

(Γ− 1)g
−mpgDγ/2 sin θn

 ,
ζn ≡

γmpD

2∆t


ωn cos θn − ωn−1 cos θn−1

ωn sin θn − ωn−1 sin θn−1

anx cos θn + any sin θn

 ,
(2.12)

with anx ≡ vnx − vn−1
x and any ≡ vny − vn−1

y , discretised components relating to
aC respectively.
Equation (2.9a) together with constraints (2.9b), and (2.10) can be rewritten
as 

A 0 G ET

0 IB 0 NB

GT 0 0 0
E NT

B 0 0



qn+1

vn+1
C
ϕn+1

f̃
n+1/2

 =


rn

rnB
0
0

 , (2.13)

with qn+1 = Rvn+1, E = ÊR−1, diagonal matrix R ≡ [∆yj , 0; 0, ∆xi],
A = M̂

[
I/∆t− L̂/(2Ga)

]
, and rn, rnB containing the explicit terms. We

approximate the inverse of A as A−1 ≈ B = ∆tM−1 (cf. § 3 Lācis et al.,
2016), with M = M̂R−1, M̂ ≡ [(∆xi + ∆xi−1)/2, 0; 0, (∆yj + ∆yj−1)/2)] a
diagonal matrix.



48 CHAPTER 2. CYLINDERS WITH COM OFFSET

The solution procedure to (2.13) is performed via a block-LU decomposition
following a three step procedure[

A 0
0 IB

]{
q∗

v∗C

}
=
{
rn

rnB

}
, (2.14a)

[
GTBG GTBET

EBG EBET +NT
BI
−1
B NB

]{
ϕn+1/2

f̃
n+1/2

}
=
{

GTq∗

Eq∗ +NT
Bv
∗
C

}
, (2.14b)

{
qn+1

vn+1
C

}
=
{
q∗

v∗C

}
−
{
BGϕ1/2 +BET f̃

n+1/2

I−1
B NBf̃

n+1/2

}
. (2.14c)

Here, q∗ in (2.14a) is solved for via a well tested factorisation procedure (see
e.g. Verzicco and Orlandi (1996)). The solution of ϕn+1/2 and f̃n+1/2 are
obtained via the PETSc library (Balay et al., 1997, 2019) using the algebraic
multigrid method BoomerAMG as the preconditioner and the general mini-
mum residual method (GMRES) to solve (2.14b). This combination of solvers
was found to be robust and converge within 12 to 17 iterations depending on
the grid size. A relative tolerance was set to 10−13. Once the solution vector
is found, we update the pressure field (cf. Verzicco and Orlandi, 1996)

pn+1 = pn +ϕn+1/2 − ∆t
2Ga L̂ϕ

n+1/2 (2.15)

We refer the reader for further details on the immersed boundary projection
method to Taira and Colonius (2007); Lācis et al. (2016).
The additional solving routines for equations (2.14b) and (2.14c) were tested
on their accuracy and made sure that they yielded machine precision solutions
satisfying the divergence-free, and no-slip condition (defined in 2.9b). Multiple
validations for fixed and freely rising cylinders showed good agreement with
previous numerical and experimental studies (see Chapter 1).

2.3 Results for Galileo 200

As a start, we will focus on COM offset effects for the kinematics of rising
cylinders at Ga = 200. These results contain all characteristic behaviour
observed for the higher Ga and thus serve as a good starting point.
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Figure 2.2: Snapshots of particle trajectories and wake structures of rising
cylinders with Galileo number Ga = 200 and density ratio Γ = 0.5 for six
different centres of mass offsets γ (a–f ). The offset increases from the top left
to right bottom of each subfigure. The particle trajectory is indicated by the
black line. The grid spacing has dimensions of the particle diameter D. The
vorticity field (ωz = ∂yux − ∂xuy) is presented for each case.



50 CHAPTER 2. CYLINDERS WITH COM OFFSET

2.3.1 Particle kinematics and wake structures

In this first analysis, COM effects are qualitatively assessed by investigating
the wake structures for a representative density ratio of Γ = 0.5 and an offset
range γ ∈ [0, 1.23]. Six snapshots of the non-dimensionalised fluid vorticity
field (ωz = ∂yux − ∂xuy) are presented in figure 2.2. Here, blue and red
regions correspond to clockwise and counter-clockwise vorticity, respectively.
The solid black line that connects to the geometric centre of the cylinder
represents the path trajectory.

From left to right in figure 2.2, we observe in panel (a) that a homogeneous
two-dimensional cylinder rises almost entirely vertically, with path oscillations
of amplitude 0.13D. The vortex shedding is regular and shares the same spa-
tial frequency with the path oscillations. This particular vortex pattern is the
so-called “2S” mode, where two single vortices of opposite vorticity are shed
during a single oscillation cycle (Williamson and Roshko, 1988). No visible
effect of COM offset is observed in the vorticity pattern and trajectory until
a critical value of Tcrit ≈ 0.19 is reached, as is evidenced by the unchanged
paths and flow field in the range T ∈ [0, 0.174] (see figures 2.2a,b). Beyond
this critical value, e.g. T = 0.201 shown in panel (c), remarkably different
kinematics are encountered; the amplitude and wavelength of the path oscilla-
tions increase significantly. Moreover, the wake now shows an irregular vortex
shedding pattern. We find for this case that the wake structures appear to
switch between no significant shedding event, one single vortex as in the 2S-
regime, or even a vortex pair, as is found in the “2P”-mode. Note that these
different modes appear to switch without any pattern. This chaotic shedding
pattern occurs for cases close to what we will call “resonance” where rotational
and translational dynamics enhance one another. For even higher values of
T , beyond resonance, represented by T = 0.285 in panel (d), we observe that
the large amplitude path oscillations persist but with a reduced wavelength
and the vortex shedding returns again to an unperturbed 2S mode. In this
case, staggered vortex cores are due to the strong path oscillations. Finally,
with even larger offsets, figure 2.2(e, f ), it is found that the amplitude of the
path oscillations begins to significantly reduce, returning to a state of very
much like that for the zero offset case. The results shown here for Γ = 0.5 are
representative of the Γ range where the resonance phenomenon is present. In
the following, we will discuss how Γ affects the resonance regime.
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Figure 2.3: Results for Ga = 200 of the path oscillation frequencies. (a) The
ratio of the frequency, f , of the path oscillations over the pendulum frequency
fp vs the timescale ratio T . The markers indicate the different density ra-
tios, and the dashed lines show a constant Strouhal number (Str). The inset
explicitly shows Str as a function of T . (b) Horizontal particle position over
the cylinder diameter (x/D) as a function of dimensionless time grouped in
three values of T for three values of the density ratio (Γ) as indicated by the
line colours. (c) Str as a function of T and Γ. The markers indicate parame-
ter combinations for which results have been obtained, and the colour of the
markers gives the local value of Str. Iso-contours are provided based on inter-
polation of the data. Dashed white lines indicate values of T ∗, the timescale
ratio including effects of the added moment of inertia.
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2.3.2 Frequency of oscillation

In § 2.3.1, a first analysis of the particle kinematics and flow field was made
to assess COM effects. Here, we continue with a quantitative analysis of
the path oscillations. In particular, the frequency of the path oscillations f
is of interest, as it reflects the rotational-translational coupling. This may be
observed from (2.4), where a non-zero γ alters the angular momentum balance
and consequently affects the particle path and vortex shedding pattern (see
figure 2.2). It is expected that f will correlate with the rotational natural
frequency fp of the particle, defined in (2.5) (Will and Krug, 2021b).
We present f/fp in figure 2.3(a) as a function of T . Two dominant frequency
modes may be distinguished on this graph, indicated by the dashed red and
blue lines, which correspond to a constant Strouhal number of 0.127 and 0.195,
respectively. Here, the Strouhal number is defined via the buoyancy velocity
as:

Str = fD

Vb
. (2.16)

The results are also provided explicitly in terms of Str in the inset of figure
2.3(a). It may be observed that the two dominant Str modes already occur for
zero T . The mode selected is dependent on the density ratio. This transition
from one Str mode to the other is found to occur, for the present Ga = 200 and
I∗ = 1, between Γ = 0.1 and Γ = 0.2. This density ratio-dependent behaviour
is known from previous studies on rising and settling bodies (Namkoong et al.,
2008; Horowitz and Williamson, 2010b; Mathai et al., 2017; Auguste and Mag-
naudet, 2018; Will and Krug, 2021a). Note that the low Strouhal number
regime here, as in literature, corresponds to larger amplitude path oscillations
and the higher Strouhal number to smaller amplitudes. Additionally, the mo-
ment of inertia was found to affect this transition for cylinders (Mathai et al.,
2017) (this was not observed for spheres by Will and Krug (2021a)), which
will be discussed later on in § 2.3.9.
When also considering COM offset, looking at the complete data set spanned
by Γ ∈ [0.001, 0.99] and T ∈ [0, 0.6] in figure 2.3(a), it is found that Str
appears to not be affected by COM effects for Γ ≈ 0 and Γ ≈ 1. Conversely, for
Γ ∈ [0.2, 0.7], it is uncovered that COM offset induces a sharp transition where
the particle switches from the high to the low Str mode. The Str transition
occurs for Γ ∈ [0.3, 0.7] at Tcrit ≈ 0.19 and surprisingly at Tcrit ≈ 0.12 for
Γ = 0.2. In addition to this, we find with increasing T , for T ≥ Tcrit that Str
seemingly gradually transitions back towards the value at T = 0.
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Interestingly, figure 2.3(a) reveals that f/fp ≈ 1 just before the Str transition
occurs, which means that the rotational resonance frequency of the system,
here fp (without rotational added mass), is an important parameter and, in
part, explains the underlying physics. Note that when f/fp = 1 by definition
it holds that T ≡ Str as per (2.7). On the other hand, the value of f/fp after
the Str transition is found to depend on Ga and is discussed in § 2.4.1.
The signature of the Str transition as observed in figure 2.3(a) can also be
found in the horizontal path oscillations as depicted in figure 2.3(b), where we
show three representative T results; Γ = 0.001, Γ = 0.5, and Γ = 0.99. Here,
we observe for Γ = 0.001 and Γ = 0.99 that the horizontal path amplitude
and spatial frequency of the oscillations are barely affected by T , despite the
large difference in amplitude and frequency that the particle exhibits at these
density ratios. In contrast, at Γ = 0.5 the (spatial) frequency f is observed to
strongly depend on T , as was also evident in figure 2.3(a). This dependence
appears to coincide with an increase in the amplitude of the horizontal path
oscillations and is discussed in detail in § 2.3.5.
The Str results are compiled as a function of Γ and T in figure 2.3(c). The
colour of the markers indicates the exact local value of Str. The iso-contours
and regions in the figure’s background are a linear interpolation of these re-
sults. The opaque white region indicates the line where γ >

√
0.5. This line

corresponds to the point where IG, the moment of inertia of the particle around
the centre of mass, is zero under the parallel axis theorem (IC = IG + mp`

2)
due to the enforcement of IC ≡ mpD

2/8. Furthermore, we add a line where
γ = 1, i.e. when the point G lies on the particle edge. Both these lines should
be considered as indications of what are physically realistic limits for the cen-
tre of mass offset. The results in this marked region still satisfy the governing
equations but are not realistic.
Figure 2.3(c), reveals the three aforementioned Γ-regimes. The regimes are
readily apparent in the vertical direction; for Γ ≥ 0.8 there is no resonance
(further discussed in § 2.3.3) and Str remains approximately constant around
a value of 0.195. For Γ ∈ [0.3, 0.7] we find again the resonance regime at
a critical value of Tcrit = 0.19, beyond which Str drops rapidly. Finally, for
Γ ≤ 0.1, below Γcrit, we find no clear resonance threshold, but a continuous
transition in in Str for increasing T . For Γ = 0.001 a near constant Str ≈ 0.127
can be observed for T ∈ [0, 0.5].
For all cases where resonance occurs, one may observe from figure 2.3(c) that as
a function of T , there is a clear minimum in Str, the location of this minimum
in terms of T is not found to be constant. Beyond this minimum, we find
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that the Str number tends to recover gradually, likely converging to a state
close to Str = 0.195 where also no rotation is present. Furthermore, one may
observe that the recovery rate is related to Γ; the higher Γ cases recover more
quickly with increasing T than the lower Γ ones. This effect is related to the
growing restoring torque (gey×p), which has a more prominent role at higher
offsets and density ratios. In § 2.4.1 we will explain this scaling by employing
T ∗, which makes use of a rotational added mass argument (see § 2.1.1), the
dashed white lines in the figure correspond to iso-contours of this quantity.

2.3.3 Early and late “resonance” for Γ = 0.2 and Γ = 0.8

In § 2.3.2 it was found that resonance at a fixed value of T occurs within a
limited Γ range for freely rising cylinders at Ga = 200. Here, we examine
the behaviour of two density ratios that enclose this Γ range. These density
ratios are Γ = 0.2 and Γ = 0.8. They are unique in that they show a mixed
mode, blending the behaviour seen for the resonance cases Γ ∈ [0.3 0.7] and
the behaviour at Γ ≈ 0 and Γ ≈ 1, respectively. These two states are evi-
denced in figure 2.3 (c) by the anomalous decreases in Str for Γ = 0.2 and
T = 0.138 and Γ = 0.8 and T = 0.327. For Γ = 0.2 it was observed in § 2.3.2
that the Tcrit value appears to be lower than that for Γ ∈ [0.3 0.7]. Surpris-
ingly, this regime change, evidently resulting from COM effects, appears to
be fundamentally different. For instance, we see no evidence of an increase
in the angular dynamics as the mechanism by which this transition occurs,
despite the increase in the amplitude of the path oscillations (§ 2.3.5). For
Γ = 0.2, we find two peaks in the frequency spectrum of vx/Vb at T = 0.138
as can be seen in figure 2.4(a) (green line). The first peak is the dominant
low frequency one at Str = 0.125, and a secondary peak at Str = 0.208. For
this case, the particle dynamics alternate between two states, one with larger
path oscillations resulting in the low-frequency peak and a state with almost
no lateral translation resulting in the higher frequency peak (similar to the
behaviour for T < 0.138). It is vital to note here that the transition to the
resonance state for this density ratio is unique, as it exhibits characteristics for
T > Tcrit of Γ ∈ [0.3, 0.7] as well as the gradual transition found for Γ < Γcrit.
When in this case, the threshold is crossed, however, it is not the rotational
dynamics that are triggered as is the case for Γ > 0.2; the particle dynamics
are initially similar to those of Γ < 0.2 where only the transitional dynamics
are excited and only with increasing T the rotation gradually increases (see
figure 2.3c). This observation suggests that the onset of path instabilities can
be affected by COM offset even without triggering significant rotations.
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For the second boundary case; Γ = 0.8, it is found that Str is almost entirely
constant except for T = 0.327 where Str drops significantly (see figure 2.3c).
This case is highlighted in figure 2.4. In figure 2.4(a), the frequency spectrum
of vx/Vb for this case is shown to exhibit multiple frequency peaks of ap-
proximately equal magnitude. This feature only occurs in the vicinity of this
data point; other cases showing this behaviour are Γ = 0.8, T = 0.365, and
Γ = 0.7, T = 0.411, all other cases exhibit a dominant peak and a maximum
of two significant peaks. This behaviour featuring multiple peaks originates
from a unique amplitude-modulation cycle in the fluid-structure interaction,
the signature of which is shown in terms of the time-evolution of vx/Vb and
ωD/Vb in figure 2.4(b). Here, it may be observed that, despite the relatively
high-frequency path- and rotational oscillations, there is a periodic amplitude
modulation at a much larger timescale. We observed the frequency of the
path oscillations to depend strongly on this modulation. This behaviour is
exemplified in figure 2.4(c), where we plot the instantaneous Str based on
vx/Vb.
The blue regions in figure 2.4(b,c) indicate instances where the frequency is
relatively low. The corresponding particle kinematics, a reduction in the lat-
eral amplitude, and the associated vortical structures for the low Str mode are
illustrated in figure 2.4(d). In this case, the cylinder rises almost vertically,
and the size of the attached wake is at its maximum extent. After this, in the
yellow region, it is seen that the amplitude remains low, but the frequency
of the oscillations is fast. in figure 2.4(e), we see that this is connected to
the rapid shedding of the large attached wake. Finally, in the red region, the
lateral amplitude is relatively large, and the oscillation frequency is interme-
diate. In the corresponding figure 2.4(f ), it is seen that throughout several
oscillation periods, the attached wake slowly grows again until this cycle re-
peats. Due to the large amplitude and most prolonged duration of this phase,
the red region is the most energy-containing in the Fourier spectrum. This
behaviour is characteristic of all cases that show multiple frequency peaks at
this Galileo number and hints at the density regime transitions, where the
dynamics exhibit signs of both regimes.

2.3.4 Magnus lift force and particle alignment

In § 2.3.2 the effect of COM offset on the frequency of the path oscillations was
documented for rising cylinders at Ga = 200. This behaviour was explained
in terms of the resonance between the frequency at which the vortex shedding
induced path oscillations occur and the pendulum timescale introduced by the
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Figure 2.5: (a) Phase lag between the horizontal components of the rotation-
ally induced (Magnus) lift and particle acceleration as a function of the density
ratio (Γ) and the timescale ratio (T ) for all cases with Galileo 200. (b) Align-
ment of the pointing vector of the cylinder with respect to the instantaneous
direction of motion defined as: θv = 〈p · (vC/||vC ||)〉rms, shown in degrees.
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COM offset. The physical mechanism for this resonance is the following, the
naturally (without COM offset) occurring vortex shedding results in lateral
acceleration of the cylinder. When COM offset is present, the acceleration
of the cylinder results in a torque proportional to aC × p, as introduced in
(2.4), which provides a periodic driving to the rotational dynamics. Here, the
frequency of the pendulum dominates the ultimate rotational frequency for an
important part. Note that the rotational dynamics will also, in turn, affect the
flow field around the cylinder, for which one important aspect is the Magnus
effect; the rotation of the body induces a net fluid circulation resulting in a
lifting force perpendicular to the direction of motion (Fm ∼ ω × vC). This
provides a feedback mechanism where the particle acceleration enhances its
rotation, and the rotation, in turn, enhances the translation. Note, however,
that the feedback is not perfect: ω̇ is boosted by aC , but aC is influenced by ω,
the latter being 90◦ out of phase. Further note that this feedback only works
for rising particles due to the symmetry breaking of the direction of offset
and particle motion (Will and Krug, 2021b) (an analysis of this difference
is presented in Appendix D). In this section, we will highlight the resonance
mechanism and study how it attains its optimum.

First, to illustrate and clarify this coupling for all combinations of T and Γ,
we will present the phase lag, ∆φ, between the horizontal components of Fm

and aC in figure 2.5(a). Here it is shown that ∆φ is strongly negative for
T = 0, between -85◦ and -65◦, implying that the horizontal component of Fm

lags behind ax. This shows that the horizontal motion of the particle is not
predominantly driven by the lift resulting from body rotation, but instead is
the result of other wake-induced effects. With increasing T , we find ∆φ to
monotonically increase for all cases, even for Γ = 0.001, though for the latter,
the effect is minimal within the present T range. Similar to the Str results
in § 2.3.2, we observe, in the resonance regime, that the iso-contour lines of
∆φ exhibit a Γ dependence which appears to agree well with T ∗. Note that
T ∗ = 0.11 is highlighted in all previous and subsequent plots, since it closely
matches to the ∆φ = 0◦ iso-contour. This line is key since it underlines the
region of maximum enhancement by the Magnus force. The particle behaviour
for Γ ≥ 0.8 is observed to deviate from that of lower density ratio results. An
increase of ∆φ is still present, although it is more gradual. This is related to the
absence of resonance behaviour for this density ratio (figure 2.3 a red symbols)
and the associated absence between rotational and translation coupling of the
motion caused by high particle rotational inertia (Auguste and Magnaudet,
2018).
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Secondly, a quantity closely related to ∆φ is the alignment between the point-
ing vector p and vC , with p the unit pointing vector from point G to point
C (see figure 2.1b). To this end, we show θv = 〈p · (vC/||vC ||)〉rms as a func-
tion of Γ and T in figure 2.5(b). Note that the direction of p is not defined
for time t = 0, and therefore we used the initial orientation as the reference
orientation for these cases. This choice is reasonable since there is almost no
drift in the direction of p over time. When comparing the results of θv to
∆φ in figure 2.5(a-b), respectively, it is immediately evident that for ∆φ = 0◦
(around T ∗ = 0.11) p is almost exactly aligned with vC . This means that
the forward stagnation point is always close to the same location on the cylin-
der surface for these cases. Furthermore, we observe for decreasing Γ, below
the T ∗ = 0.11 line, that the alignment also reduces. Surprisingly as Γ → 0,
this is not governed by an increase in particle rotation or particle inclination.
Instead, the decrease in alignment is solely related to the larger path oscil-
lations. For these low-density ratios, the restoring pendulum torque and the
acceleration-induced torque become weaker, and the fluid torque and Stokes
boundary layer begin to dominate the rational dynamics, resulting in minimal
particle rotation (§ 2.3.5) and a larger misalignment between the pointing and
velocity vectors.

2.3.5 Path and rotational oscillations, and rotation rate

The mechanism for resonance relies on a strong coupling between rotational
and translational body dynamics. Therefore, we will explicitly examine these
quantities and study how they relate to the frequency and phase behaviour. In
figure 2.6(a), the normalised mean path amplitude â/D are given as a function
of Γ and T . The amplitude response we encounter is inversely correlated to the
Str number trend in figure 2.3(c). We find, in general, a higher Str is associated
with smaller path amplitudes and vice versa. However, no complete, single-
valued relationship between the two can be found. For the highest density
ratios (Γ ≥ 0.8), where almost no response to COM offset is encountered, we
find the path-amplitude to be approximately constant at 0.1D. Similarly, for
the intermediate density ratio range of Γ ∈ [0.2, 0.8) below Tcrit we also find
that â/D ≈ 0.1D, however here beyond T = 0.19 we find a dramatic increase
of approximately one order of magnitude in the amplitude with a peak around
Γ = 0.3 and T = 0.241. Furthermore, we find that for the smallest density
ratios (Γ ≤ 0.1), the amplitude, even at zero offsets, to be much larger than
0.1D. This finding is in agreement with the idea of a critical density ratio
Γcrit, which for the current case (Ga = 200) is found to be between Γ = 0.1
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Figure 2.6: (a) Mean dimensionless amplitude of the path oscillations â/D, (b)
the mean rotational amplitude θ̂ and (c) the dimensionless root-mean-squared
rotation rate ω∗ as a function of the density ratio Γ and the timescale ratio
T . White dashed lines represent constant values of T ∗, the timescale ratio
including the effect of rotational added mass. The black dashed line indicates
a γ value for which IG becomes negative, and the solid black line corresponds
to γ = 1 where the COM is on the cylinder edge.
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and Γ = 0.2. For these low-density ratios, we observe a more gradual effect of
COM offset on the path-amplitude, instead of being triggered at Tcrit, and the
increase towards the maximum amplitude is gradual. Finally, we would like to
note that the maximum amplitude is not encountered for ∆φ = 0 (T ∗ = 0.11
contour), but systematically for slightly negative values of ∆φ, a result which
is in agreement with previous findings for the centre of mass offset results of
spheres (Will and Krug, 2021b).
Secondly, in figures 2.6(b,c) the mean rotational amplitude 〈θ̂〉 and root-mean-
squared (RMS) dimensionless rotation rate ω∗ = 〈ω〉rmsD/Vb are plotted for
the investigated parameter space. Similarly to Namkoong et al. (2008), we
find that rotational oscillations at γ = 0 are of the order of 1◦. Figure 2.6(a)
presents the path-amplitude results. We find that the most distinct difference
is the lack of rotation at Γ < 0.2 for small offsets, showing that path oscillations
larger than 0.5D do not require large rotational amplitudes but can occur for
lower density ratio simply due to the natural pressure fluctuations occurring in
the wake. In § 2.3.6 we will also show that rotational and translational effects
contribute separately to the drag coefficient. Whereas, the maximum in 〈â〉/D
in figure 2.6(a) was not correlated to ∆φ = 0, we see that 〈θ̂〉 in figure 2.6(b)
is. Surprisingly, the RMS rotation rate attains a maximum at slightly larger
values of ∆φ = 15◦. Besides this, we observe that both quantities behave
similarly; the rotational dynamics begin to grow beyond Tcrit = 0.19 until
they reach a maximum around the respective ∆φ contours.
The discrepancy in the response between translation and rotation requires
some additional clarification, as it is not immediately clear why the rotational
amplitude is at a maximum when ∆φ = 0 but the translational amplitude is
not. To understand this consider (2.4). Here we note that the cross product of
the body acceleration and the pointing vector explicitly forces the rotational
acceleration. However, the forcing of the horizontal motion, which happens
through the fluid forcing term F f in (2.4) occurs through a different mecha-
nism, namely the Magnus lift force (Fm ∼ ω × vC), but at this stage since
ω lags behind by 90◦ the (rotational), the forcing by this mechanism is sub-
optimal resulting in a translational amplitude peak at negative ∆φ values.
This explains the location of the respective amplitude peaks and how they
correlate to the phase lag and resonance mechanism.

2.3.6 Drag coefficient and velocity fluctuations

One of the most useful and commonly reported parameters for freely rising
and settling bodies is the drag coefficient Cd, which may be obtained from
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Figure 2.7: (a) Particle drag coefficient as a function of the particle-to-fluid
density ratio Γ and the timescale ratio T for rising particles at Ga = 200
and I∗ = 1. (b) Correlation between Cd and the phase lag ∆φ between the
horizontal Magnus force and the horizontal component of instantaneous ac-
celeration. (c) Non-dimensional mean magnitude of the fluctuating velocity
component v∗ =

√
〈v′2C〉/Vb as a function of the timescale ratio T .
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the time-averaged force balance between the buoyancy force and the drag
force, given that the particle reached terminal velocity. For a two-dimensional
cylinder, this results in the following definition for the drag coefficient:

Cd = π|1− Γ|gD
2〈vy〉2

. (2.17)

Note that this definition is most commonly used in literature but does not
consider the velocity magnitude, i.e. the velocity “along the path”, which in
some cases might result in a more fundamental definition of the particle drag.
In figure 2.7(a) the drag coefficient is shown as a function of Γ and T . Here,
a large variation is observed in Cd that is predominantly induced by COM
effects.
The drag coefficient attains its maximum in the resonance regime, resulting in
some cases a Cd of approximately four times the value at T = 0. Along with
this finding, we observe the optimum offset to correlate with the ∆φ ≈ 0 line
in figure 2.5 (c), denoted here by the dashed white line T ∗ = 0.11. This finding
suggests that the maximum drag is incurred when the driving of the horizontal
motion through the Magnus lift force is at a maximum. This correlation is
depicted explicitly in figure 2.7 (b), where Cd is plotted as a function of ∆φ.
Here, it is evident that for Γ < 0.6, the location of the maximum in Cd is
closely connected with ∆φ = 0. For Γ = 0.6 and Γ = 0.7, however, this
location of the maximum shifts toward higher values of ∆φ. This effect is
very similar to the shift of the resonance peak for a basic damped harmonic
oscillator that is periodically forced. We emphasise that an increase in ∆φ
corresponds with higher values of fp and thus results in lower values of f/fp.
Another interesting observation is that for Γ ∈ [0.7, 0.9] COM offset reduced
Cd by approximately 10% from around 1.2 down to 1.1, which occurs for
T ≈ 0.35 and around a phase lag ranging from 30◦ up to 60◦. This appears to
be connected with slightly reduced path oscillations (presented in § 2.3.5) and
minute increase in rotational activity. For settling spheres with COM offset,
a similar drag reduction was encountered at slightly lower values of T ≈ 0.25
(Will and Krug, 2021b).
Finally, for zero COM offset, we observe a non-monotonic trend in Cd versus
Γ. The drag is found to decrease from Cd = 1.24 at Γ = 0.99, to a minimum
of Cd = 1.14 at Γ = 0.2, after which it sharply increases up to Cd = 1.49 at
Γ = 0.001. The minimum around Γ = 0.2 is unconnected with the rotational
or translational behaviour of the cylinder. It only appears to correlate with
the minimum of ∆φ in this region, see figure 2.5 (c).
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In figure 2.7(c) we additionally document the fluctuations in the magnitude
of the particle velocity. We do this by showing the quantity v∗ =

√
〈v′2C〉/Vb,

where v′C = vC−〈vC〉 is the fluctuating component of the velocity. The results
presented here are similar to the results for the path amplitude, presented in
figure 2.6 (a), however also include effects of acceleration in the y-direction.
Something that becomes extremely evident in this figure is how large the
velocity mean velocity fluctuations in resonance become; they are of the same
order as the buoyancy velocity and thus, in many cases, exceed the terminal
velocity in many cases.

v∗

Cd = 0.0024ω∗2 + 1.15Cd = 2.0036 + 1.1

Γ = 0.3
Γ = 0.1
Γ = 0.001

Γ = 0.2
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Figure 2.8: Correlations between the particle drag coefficient and the mean
magnitude of the fluctuating velocity v∗ =

√
〈v′2C〉/Vb (a), and the RMS ro-

tation rate (ω∗ = 〈ω〉rmsD/Vb) in degrees (b). The density ratio (Γ) in repre-
sented by the line colour. The marker infill, white of grey represents ∆φ < 0
or ∆φ ≥ 0, respectively.

Another reason we show these results is to investigate how the scaling of the
drag coefficient is related to the horizontal and rotational dynamics of the
body. It is indisputable that the presence of horizontal oscillations affects the
overall drag coefficient (Horowitz and Williamson, 2010a). However, the pres-
ence of rotations was also clearly found to play a prominent role (Namkoong
et al., 2008; Auguste and Magnaudet, 2018; Mathai et al., 2018). In the work
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on spheres with COM offset by Will and Krug (2021b) it was found that the
drag correlated better with the mean rotation rate than with the amplitude
of the path oscillations or the horizontal velocity fluctuations for cases in or
beyond resonance. On the other hand, for zero offsets, the drag appeared to
correlate equally well with both in the three-dimensional (3D) chaotic regime
when varying the MOI of spheres (Will and Krug, 2021a) and both of these
quantities did not result in an adequate prediction of drag for the spiralling
regime.
Therefore, it is interesting to examine the correlation of the drag coefficient
with the translational and rotational kinetic energy of the particle’s dynamics.
This is done in figure 2.8, where in panel (a) the correlation plot between Cd
and v∗2 is shown, and in (b) the correlation of Cd with ω∗2. In these figures,
the line colour represents the various values of Γ and the marker infill, white
or grey, represents whether ∆φ < 0 or ∆φ ≥ 0, respectively. In figure 2.8 (a)
we see that for the cases where the role of rotation is limited, i.e. either small
offsets or extreme offsets, the drag coefficient can be reasonably well modelled
by a linear relationship in v∗2. Similarly, for cases where rotation is dominant,
Cd can be well approximated in terms of ω∗2. For the cases where v∗2 and ω∗2
play an equally important role (low-density ratios before resonance), we find
that neither one provides an adequate model for Cd.
Based on these results, we find that v∗2 and ω∗2 show regimes where they
dominate the drag behaviour. For most practical purposes where both contri-
butions are important (as is the case at higher Galileo numbers), fitting the
drag to either one will result in unsatisfactory results unless rotation is truly
dominant, as was the case around resonance (Will and Krug, 2021b).

2.3.7 The driving term behind the resonance regime

An important open question related to COM offset pertains to the driving of
the rotational dynamics. It has previously been established that one of the
mechanisms that increase the amplitude of the path-oscillations is related to
the rotational induced lifting force, i.e. Magnus lift. However, we have not
in detail investigated what induces and amplifies body rotation. Further, we
have observed that the maximum amplification of a particle’s rotational and
translational dynamics is related to the ratio of path-oscillation frequency f
to the pendulum frequency fp(γ,D, I∗), which implies that the translational-
rotational coupling plays a crucial role here. The explanation for this is that,
as a consequence of COM offset, the body rotation does not simply follow the
viscous torques but can, due to the stored potential energy in the pendulum,
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Figure 2.9: (a, b) Results for Ga = 200 and Γ = 0.5 for two cases; one without
offset (grey line) and one with offset (red line). (a) Dimensionless horizontal
velocity of the cylinder (vx) and (b) dimensionless rotation rate (rad.) versus
dimensionless time. During these runs at t = 0 the aC × p term for (2.4)
is turned off, showing that in absence of this coupling term the dynamics of
particles with offset almost completely revert back to those of particles without
offset.

generate its rotation and circulation, thus generating an additional pressure
asymmetry in the surrounding fluid. For this to happen, energy needs to
be “stored” in the particle orientation, i.e. deflection of the pointing vector.
Following from (2.4), this can either occur through Tf or through aC × p.
Note that it is a priori not immediately evident which is (the most) relevant
since both provide forcing to f .
In order to untangle the effects of both contributions, we performed a numer-
ical experiment; midway through the simulation (after a statistically steady
state had been reached), the (aC × p)-term was turned off. An example of
the result for a resonance case (Γ = 0.5 and T = 0.285) and a zero offset case
(red and grey line, respectively) are depicted in figure 2.9. In figure 2.9(a)
we show a dimensionless time-series of the horizontal particle velocity and in
figure 2.9 (b) of the rotational velocity over the same time interval. During
these runs at t = 0, the forcing term aC × p in the rotational equation of
motion was switched off for the T = 0.285 case. Note that the pendulum
term gez ×p is still preserved. For this case, we surprisingly find that as time
advances, the dynamics of the resonance case (T = 0.285) return to a state
nearly identical to that of the zero offset case. This observation was found
to hold for all cases we studied for Ga = 200 and Ga = 700. In conclusion,
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this numerical experiment conclusively provides strong evidence that, while
the pendulum frequency is of crucial importance in dictating the resonance
behaviour, without the translational-rotational coupling in (2.4) through the
term aC×p, the rotational dynamics are not sufficiently excited by the viscous
torques alone.
In Appendix C we take a more in-depth look at the importance of the contri-
butions coming from aC × p, where we select Ga = 200 and Ga = 700, and
vary Γ and T . Here, we conclusively find that aC × p is required to induce
the resonance mode.

2.3.8 Viscous torque scaling

In § 2.3.7 we found the resonance regime to be driven by the translational-
rotational coupling term aC × p. In this analysis, we study the role of the
viscous torque, Tf , on the rotational dynamics. For no (or minimal offset), the
rotational dynamics of the body are driven (and damped) by Tf . Conversely,
for larger offsets, where indeed aC × p provides the driving, Tf becomes a
damping term.
To investigate the contribution of Tf we start with the phase relationship ∆ψ
between the particle rotational acceleration α and Tf . The phase lag ∆ψ tells
us whether α is in phase with, and thus positively enhanced by Tf . Figure
2.10 (a) presents ∆ψ from which we clearly see that for T / 0.05 the rotational
acceleration is indeed in phase with the fluid torque. However, beyond this
point, the two are nearly completely out of phase (∆ψ ≈ 150), indicating that
the fluid torque is opposing the current rotational acceleration, thus reducing
the growth of the rotational amplitude.
We can further decompose Tf into two fundamental contributions: a viscous
contribution related to the instantaneous rotation rate ω, and an inertial one,
similar to added mass, due to the delay in the Stokes boundary layer response
to changes in rotational acceleration α. Written out, this decomposition takes
the form of:

Tf = Tα(α) + Tω(ω) = −(IC + Ia)α−
π

32ρfD
4LCMω

2. (2.18)

Here, Ia is the added rotational inertia associated with the boundary layer’s
response to acceleration, and CM is the viscous torque coefficient. Both of
these are obtained by fitting Tα(α) and Tω(ω) and minimising the residual
for all time steps. For Ga = 200, we find almost no residual for any case.
This decomposition is less effective for higher Galileo numbers where the wake
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Figure 2.10: (a) Phase lag ∆ψ between the particle rotational acceleration
and the fluid (viscous) torque, detailing the transition with increasing offset
from viciously driven rotations at ∆ψ ≈ 0◦ to viscous damping for ∆ψ ≈ 180◦.
(c) Rotational added mass, associated with Stokes boundary layer lag, and (b)
viscous torque coefficient obtained from fitting the torque data obtained from
the simulations.
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becomes less regular. The dimensionless rotational added inertia, defined as
I∗a = Ia/If where If = mfD

2/8, determined in this way is shown in figure
2.10 (b). Here, we observe for small values of T that the rotational added mass
term is negative, meaning that it acts in phase with α and the “boundary layer
inertia” enhances the particle rotational dynamics. Note that the contour
where I∗a = 0 closely coincides with the transition of ∆ψ in figure 2.10 (a).
Further, it is found that I∗a has two maxima, one related to the resonance
regime and one for Γ ≈ 1. Next, in figure 2.10(c) the dimensionless viscous
torque coefficient C∗M is shown. Here, C∗M is defined as the ratio of the viscous
torque to the analytically obtained laminar torque (Lamb, 1932):

C∗M ≡
8CM
Reθ

, (2.19)

where the instantaneous rotational Reynolds number is defined as Reθ =
D2ω/4ν. In figure 2.10(c) it can be seen that Tf is effectively zero for T = 0
and similarly when Γ → 0. This finding indicates that when the particle has
reached terminal velocity, there is almost no difference between the net fluid
circulation around the body and the body’s rotation itself; in other words, the
particle rotates synchronously with the circulation around it.

2.3.9 Effects of moment of inertia and the importance of the
Stokes layer

Based on the definition of the timescale ratio T , as presented in (2.7), we
anticipate a dependence on the moment of inertia IC affecting the resonance
phenomenon, which we shall address here. We control the effective moment
of inertia via I∗ = IC/IΓ, with IΓ the moment of inertia of a cylinder with a
homogeneous density distribution of ρp. For this study we vary I∗ ∈ [0.5, 16]
for Γ = 0.4 and T ∈ [0, 0.5]. The results of Cd Str, ∆φ, 〈â〉/D, and 〈θ̂〉 are
presented in figure 2.11. In these figures, physically feasible boundaries are
represented by the solid black line, which indicates the line where γ = 1 and
the dashed black line indicates where IG = 0. The grey shaded region indicates
the region beyond these two criteria, which we did not extensively probe.
Firstly, in figure 2.11(a) the drag coefficient as a function of I∗ and T is shown.
Here, we immediately observe that the critical value of T at which resonance
occurs, indicated by the strong increase in Cd, is found indeed to depend on
I∗. Similar trends of the critical T are also observed for the other parameters.
To explain the relationship between the critical T and I∗, we note that the
Stokes boundary layer effectively adds a moment of inertia Ia to that of the
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Figure 2.11: Investigation on the effect of the dimensionless moment of inertia
I∗ in combination with the timescale ratio (T ) for Ga = 200 and Γ = 0.4
on the drag coefficient (a), Strouhal number (b), phase lag (c), translational
amplitude (d), and the rotational amplitude (e). In these figures, the solid and
dashed black lines represent contours along which γ = 1 and IG = 0. In (a),
the inset shows the same data as the main panel; however, it is plotted against
the modified timescale ratio T ∗ to include effects of the rotational added mass
due to the Stokes layer.
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particle in (2.4), when taking this extra contribution into account, we find the
modified pendulum frequency to be:

f∗p = 1
π

√
γg

D (I∗ + I∗a/Γ) , (2.20)

which in turn results in a modified timescale ratio:

T ∗ = τvf
∗
p = 1

π

√
γ

|1− Γ| (I∗ + I∗a/Γ) , (2.21)

where an I∗a/Γ dependence becomes evident. We found I∗a to be a Galileo
number dependent constant (this relationship will be discussed in § 2.4.1).
Here, we note that I∗a = 2.08 for Ga = 200. When we plot for instance Cd
as a function of I∗ and T ∗, as is done in the inset of figure 2.11 (a), we find
that the threshold for resonance is indeed independent of T ∗ and is triggered
around T ∗crit ≈ 0.09. In addition, we find the T ∗ = 0.12 line to closely coincide
with the maximum of Cd, showing more evidence that the effect of I∗a on the
resonance behaviour may be explained by the effects of the added rotational
inertia due to the Stokes layer surrounding the body.
These same trends are also observed for the Strouhal number, phase lag, trans-
lational amplitude, and rotational amplitude (see figure 2.11 b–e). Besides the
I∗ dependence of the resonance that is found to exists in all cases, we observe
that resonance induces variation in Cd, Str, 〈â〉/D, and 〈θ̂〉. All become more
extreme with higher values of I∗ beyond the resonance threshold. This result
is in line with the steady-state solution for a driven damped harmonic oscil-
lator. For this system, the steady-state amplitude is also found to grow when
inertia is increased. This increase in rotational amplitude is also observed here
as can be seen in figure 2.11 (e), the more extreme values of Cd, Str and 〈â〉/D
are indirect consequences of this increased rotational moment of inertia.
With this, we have explained the key features of the moment of inertia de-
pendence of rising particles with a centre of mass offset, showing that the
resonance explanation and the timescale ratio T remain critical in explain-
ing particle dynamics and kinematics. Furthermore, the addition of a Galileo
number-dependent rotational inertia can successfully be implemented to ex-
plain the effects of particle MOI.
Finally, for the zero offset case, γ = 0, we also checked the effect of I∗ on
the critical density ratio; the Γ-value where the particle mode switches from
small to large path oscillations. We did this by examining the critical case of
Γ = 0.1 for Ga = 200 where the path oscillation amplitude increases strongly
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compared to Γ = 0.2. For this case, we performed the same I∗ sweep as
presented above, ranging from 0.5 up to 16. Over this range, we found 〈â〉/D
to vary from approximately 0.46 for the low inertia case to 0.41 for the highest
rotational inertia case. This finding indicates that rotation, at zero offsets,
plays a very marginal role in affecting regime transition, as was also found in
the experimental study into the moment of inertia for rising spheres by Will
and Krug (2021a). This result directly contradicts the numerical results from
Mathai et al. (2017), a more thorough comparison with this work is performed
in § 2.4.3 where we also suggest a reason for these discrepancies. Importantly,
we find that moment of inertia, especially within the range of what is physically
realistic, does not result in large changes in particle dynamics and kinematics.
This observation suggests that previous work with non-heterogeneous particles
might still be relevant. The centre of mass offset, however, remains a concern
in some of these cases since the sensitivity is high.

2.3.10 Galileo 200 results reinterpreted

Using the updated definition of the timescale ratio (2.21) that also includes
the inertia of the fluid layer around the body, we can re-examine the results
obtained up to this point. In previous figures showing results in the Γ-T -phase
space, we already added contour lines of constant T ∗ to see the effect of the
inclusion of the fluid layer inertia term. However, in figure 2.12 we plot the
results explicitly in terms of T ∗ to illustrate how well this parameterisation
works in describing the observed particle dynamics and kinematics. In these
figures the grey shaded region from 0.09 ≤ T ∗ ≤ 0.12 indicates the approx-
imate range where maximum resonance occurs based on ∆φ (figure 2.12 c).
Note that the results presented here are the same as those presented previ-
ously, only along the contours indicated by the white dashed lines in Γ-T -phase
space plots shown previously.
First of all, in figure 2.12 (a, b) the frequency ratio f/f∗p and the Strouhal
number Str are shown in terms of this new parameterisation, these results can
be directly compared to those shown in figure 2.3 (a). The primary difference
between these two parametrisations is the collapse of the data. When the fluid
inertia is included, we observe two distinct modes of behaviour characterised by
the two curves in the f/f∗p and Str versus T ∗ plots. The top one corresponds to
the high frequency-low amplitude mode when little particle rotation is present,
and the second lower curve corresponds to a mode where particle rotation
is highly relevant to the dynamics and kinematics. From these figures, the
density ratio-dependent response of the oscillatory dynamics on COM offset
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Figure 2.12: Output parameters are presented in terms of T ∗, i.e. taking into
account the effects of fluid inertia. (a) the ratio of the path oscillation fre-
quency over the modified pendulum frequency, (b) Strouhal number, (c) phase
angle, (d) alignment of pointing and velocity vector, (e) drag coefficient, (f )
a close-up of the drag coefficient, (g) rotational amplitude, and (h) amplitude
of the path oscillations.
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is readily apparent. Firstly, for high-density ratios (Γ > 0.7) the frequency
largely remains unaffected. Secondly, for intermediate density ratios (Γ ∈
[0.2, 0.7]), there is a critical T value beyond which the rotational translational
coupling kicks in and the dynamics instantaneously change from a state with
minimal oscillations (rotational and translational) to one where they are very
significant. Finally, for low-density ratios (Γ < 0.2), even without offset path
oscillations are present, due to this fact, when even a small amount of COM
offset is introduced, the periodic motion of the body is immediately affected
through the term aC × p, and the transition to the resonance mode is much
more gradual compared to the case for the intermediate density ratios. From
figure 2.3 (b) we also clearly see that T ∗ does not predict when the jump to
resonance occurs, only the behaviour when in this state. For the actual jump,
we observe that this does appear to be more closely related to T . This could
be because before resonance, there is no rotation to begin with. Therefore,
the critical value, Tcrit, should not include the effects of the Stokes layer since
this is not a factor yet.

A second feature of the new parametrisation in terms of T ∗ can be observed
when comparing the present results for 2D cylinders to the experimental re-
sults for spheres with COM offset by Will and Krug (2021b). This is done in
figure 2.12 (a) where their results are depicted by the black open and closed
circles. In this figure, we see that by employing f∗p and T ∗, the present re-
sults match the results for spheres very closely. One of the key features from
their previous analysis was the fact that “lock-in” of the oscillation frequency
occurred around f/fp = 1, which was not the case in figure 2.3 (a) when ne-
glecting the effect of the fluid inertia. In figure 2.12 (a) we observe that when
we do include this term the resonance indeed does occur around a value of
f∗/fp ≈ 1. Similarly, the value of T ∗ at which this occurs appears to match
closely with that found for spheres, suggesting that this resonance phenomenon
is similar in both cases, and the previous assumption of a pendulum for the
complex motion of spheres appears valid.

Besides a comparison of frequency ratio in figure 2.12 (c), we also directly
compare the phase behaviour of the 2D cylinders presented here and that of
spheres. Again we see that the trend, although noisy in the experimental data,
matches very closely to the present data when T ∗ is employed. In this figure,
we also observe the collapse of the ∆φ into the two density ratio-dependent
modes, confirming the validity of the fluid inertia modelling. We would also
like to draw attention to the value of T ∗ at which ∆φ = 0 for the cases that
Γ > 0.7, for these, they are in phase around T ∗ ≈ 0.18, which surprisingly is



2.4. GALILEO NUMBER EFFECTS 75

correlated to a reduction of Cd, as can be seen in the inset of figure 2.12 (f ). In
figure 2.12 (d), it is evident that the ∆φ ≈ is accompanied by a clear minimum
in the fluctuations of the pointing vector around the direction of motion, both
for low and high-density ratios.
Figures 2.12 (e, f ) show the drag coefficient and a close up of that same quan-
tity. In figure 2.12 (e) we see that the maximum value of Cd occurs very close
to the ∆φ = 0 crossing, however for higher density ratios this shifts slightly
to the right as was discussed previous. This is strongly correlated to the max-
imum rotational amplitude depicted in figure 2.12 (g) and can be explained
by considering the system as a damped and driven harmonic oscillator. The
close-up of Cd in figure 2.12 (f ) highlights something remarkable that was also
observed in Will and Krug (2021b), namely that the drag coefficient of par-
ticles with high offsets can be reduced below the value of γ = 0. This effect
occurs at lower values of T ∗ for higher density ratios and appears to be related
with a minimum of θv in combination with high values of ∆φ. Finally, in fig-
ure 2.12 (h) the amplitude of the path oscillations is shown. Similarly to the
results for spheres, it is found that the maximum amplitude, when resonance
is present, for values of T ∗ below where ∆φ = 0.

2.4 Galileo number effects

In this section, we explore the effects of the Galileo number on particle dy-
namics, which was done for two primary purposes. Firstly, to investigate how
transitions in the topology of the wake interact with the centre of mass offset:
does the centre of mass offset play a role at low Galileo numbers when viscous
forces are more prominent? Akin to the Stokes boundary layer, of which its
thickness has a Galileo dependency. Effectively this layer may be understood
to yield an added inertial moment of inertia I∗a(Ga), retarding the ability of the
particle to rotate. Secondly, we increase the Galileo number to address effects
for higher Reynolds numbers, where the motion becomes increasingly chaotic
due to the smaller flow structures, and ask whether the particle dynamics are
still dominated by COM offset.

2.4.1 Rotational added mass: a Galileo number effect

To find the dependence of the rotational added mass I∗a on the Galileo number,
we performed simulations at seven Galileo numbers ranging from 50 to 2000.
For each Ga, a density ratio of Γ = 0.6 was selected, and T was varied.
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From figure 2.13(a) one may observe the mean rotational amplitude 〈θ̂〉 to
show a Ga dependency, as the maximum value of 〈θ̂〉 varies with T for all Ga.
This trend reveals the particle to achieve its peak of 〈θ̂〉 for smaller T as Ga
is increased, which suggests that the resonance phenomena is not sufficiently
described by T (which is based on solely particle properties), but for cylinders
also needs to account for a Reynolds number dependence due to the thickness
of the Stokes layer inertia. This layer is assumed to have an annular geometry
around the cylinder with thickness δ ∼ 1/

√
Re, which relates to the thickness

of the Stokes layer that can develop during half an oscillation cycle (Williamson
and Brown, 1998; Schlichting and Gersten, 2003; Mathai et al., 2018). In our
case we assume δ ∼ 1/

√
Ga, since this quantity can be defined a priori as

Ga ∼ Re for constant Cd. Since the fluid layer will be annular, the added
rotational inertia that this will contribute is equal to:

I∗a(Ga) = 8c1√
Ga

+
24c2

1
Ga +

32c3
1

Ga3/2 +
16c4

1
Ga2 , (2.22)

with c1 a fitting coefficient, and I∗a ≡ 8Ia/(mfD
2) the non-dimensional added

moment of inertia. By plugging (2.22) into (2.20), and subsequently (2.21), we
obtain expressions for the pendulum frequency and the timescale ratio that
incorporate an inherent Galileo number dependence. Using this expression
to collapse the rotational amplitude data presented in figure 2.13 (a), as is
shown in figure 2.13 (b), we determined c1 ≈ 2.3. In Appendix A we estimated
c1 ≈ 2.4 for the leading Ga−1/2 term in (2.22) based on the dominance of the
history force for small timescales.
Note that even though the term Ga−1/2 in (2.22) is dominant, we found the
inclusion of the higher order terms to give a better collapse of the results;
thus, we opted to include these in our definition and subsequent analysis. The
relationship between the value of I∗a and Ga is explicitly plotted in the inset of
figure 2.13 (b), where we observe that the added fluid inertia for Ga = 200 is
approximately equal to twice the displaced fluid mass. As shown throughout
this work, and specifically highlighted in § 2.3.9 and § 2.3.10, this definition of
T ∗ provides a good explanation of the observed behaviour. To illustrate its
efficacy in figure 2.13 (c) we show f/f∗p versus T ∗ for all results where I∗ = 1,
where the results for the resonance behaviour collapse nominally well and are
in agreement with the experimental results for spheres. With this, we have
established a plausible model that can explain the effects of the rotational
added mass for freely rising (and settling) circular cylinders in a quiescent
fluid.
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2.4.2 Effects of density ratio and COM offset as a function of
Galileo number

In this section, we present our findings for Ga = 500 and Ga = 700, in
combination with the Ga = 200 results. These are informative regarding the
combined effects of COM offset, density ratio, and Galileo number. These
effects are important to understand, predict and model the relevance of the
effects of COM offset on particle dynamics and kinematics.
In figure 2.14 we show the Str, ∆φ, and θv for Ga = 500 in the top row and
Ga = 700 in the bottom row. First of all, we note that for increasing Galileo
number, the resonance behaviour occurs at lower values of T , i.e. the features
in the phase-space diagrams shift towards the left. This finding is in line with
the behaviour described in § 2.4.1 due to the effects of the decreasing Stokes
layer thickness at higher Ga. We can also see that this shift is well described by
the proposed correction in terms of T ∗ as can be seen from the dashed contour
lines in the figures, note here that the line T ∗ = 0.11 for all Galileo numbers
matches well with the contour of Str = 0.11 in figure 2.14 (a, d) (note that
this is a consequence of f/fp = 1), as well as the contour of ∆φ = 0 in figure
2.14 (b, e), and the minimum of θv in figure 2.14 (c, f ). These characteristic
features of resonance related to COM offset appear universal for any Galileo
number beyond the path instability threshold.
Besides the similarities, there are also differences. The most important one is
the inherent chaotic motion that is observed at these higher Galileo numbers.
We find that for Ga ≥ 500, the motion of the 2D cylinders, even without
COM offset, is inherently chaotic; i.e. the period length and the amplitude of
the path oscillations vary significantly from cycle to cycle, as does the vertical
velocity. The results presented for these cases are, therefore, more a statistical
average of the observed behaviour, contrary to the results for Ga ≤ 200 where
we found that the behaviour was always periodic on some timescale, even if
it was larger than a single oscillation cycle § 2.3.3. This chaotic nature is
also reflected in the contours shown in figure 2.14, where it is seen that the
encountered behaviour is often non-monotonic in the control parameters Γ and
T . We note here that non-monotonic behaviour is almost exclusively found
for T ∗ < 0.11, cases where f > f∗p , remarkably we find that even for the larger
Galileo numbers, the motion becomes increasingly regular when T > 0.11 and
the rotational dynamics become dominant. The driving is here predominantly
due to the Magnus lift force at a frequency set by the interaction between the
pendulum and the fluid.
A second difference in the dynamics can be observed in figure 2.15 where one
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may observe that for T = 0, especially the translational motion of the par-
ticle is drastically enhanced when compared to Ga = 200. This finding has
important consequences for the response of particle dynamics to COM offset
and is most evident in figure 2.13 (b) where we observe that for Ga ≤ 200 the
particle orientation is almost completely unperturbed below T ∗ < 0.08 and
beyond this value, there is a sudden and drastic increase in the rotational am-
plitude. However, for Ga ≥ 500, this transition to large rotational amplitudes
is gradual and begins as soon as even a slight amount of offset is introduced.
The deciding factor in how the particle dynamics respond to small COM off-
sets is whether inherently, for γ = 0, the body exhibits “large” amplitude
path oscillations or not. Based on present results, this threshold appears to
be somewhere around 〈â〉/D = 0.4. When these are absent, as is the case for
Ga = 200 and Γ ≥ 0.2 (figure 2.6 a), then the dynamics are unaffected by
COM offset right up until T ∗ ≈ 0.08. When large amplitude oscillations are
present, as is the case for Ga = 200 and Γ ≤ 0.2 and the higher Galileo num-
ber cases, then even small amounts of the offset will affect particle dynamics
and kinematics. This observation matches with the experimental results for
spheres by Will and Krug (2021b) who found that the dynamics and kine-
matics of spheres (with Ga > 1000) were extremely sensitive to even small
amounts of COM offset; all these cases exhibited significant path-oscillations
even for γ = 0. Thus, the sensitivity of particle dynamics and kinematics to
realistically small COM offsets is dependent on both Γ and Ga since these
parameters determine the motion regime in freely rising and settling spheres
and cylinders. Thirdly, the range of Γ, close to unity, for which no strong
enhancement of the drag coefficient (and rotational dynamics) was observed,
shrinks with increasing Ga. For Ga = 700 it can be seen in figure 2.15 (d, f )
that even Γ = 0.9 shows a marginal increase in Cd, whereas for Ga = 200 no
such increase was found for Γ = 0.8.

Finally, we address the question of what happens at low Galileo numbers
when no discrete vortex shedding is present in the wake. In figure 2.16 (a–c)
visualisations of the wake and trajectory of the particles are shown for T = 0,
0.3 and 0.6. Surprisingly, we note that even here, the wake and trajectory
are affected by COM offset. This behaviour is comparable to results observed
at higher Galileo numbers, as the resonance mode may be recognised here by
the increase of particle rotation in figure 2.13 b). This is accompanied by a
similar increase in Cd and a decrease in Str, as depicted in figure 2.16 (d, e)
for all Galileo numbers at Γ = 0.6. This result shows that even for low Galileo
numbers, when the offset is large enough, i.e. T ∗ > 0.09, high-level properties,
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Galileo number:

Figure 2.16: (a–c) Trajectories and wake structure for Ga 50, Γ = 0.6 for
T = 0, 0.3, and 0.6. The red and blue indicates positive and negative non-
dimensional fluid vorticity (ωfD/Vb). (d, e) Drag coefficient and Strouhal
number for seven Galileo numbers for Γ = 0.6 as a function of the timescale
ratio T ∗.
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Figure 2.17: (a) Path and (b) rotational amplitude for Galileo 500 cases with-
out COM offset and I∗ = 1 compared with results from Mathai et al. (2017).

most notably particle drag, can be significantly affected.

2.4.3 Dynamics of rising cylinders without offset

The results presented here for Ga = 500 where γ = 0 can be compared directly
to the previous numerical results by Mathai et al. (2017) for circular cylinders.
In this comparison we note that the value of I∗ employed in the cited work is
equal to I∗Γ in the current work. We compare the present results to results
extracted from Mathai et al. (2017, figures 2 a, b) in figure 2.17 (a, b). Similar
to Mathai et al. (2017) we find both amplitudes to gradually increase for
decreasing Γ and do not find the existence of a Γcrit which triggers the onset
of large amplitude path oscillations.
However, we find large deviations in the magnitudes of both translational
and rotational amplitudes for identical cases, especially towards lower density
ratios. We suspect that this difference arises from the virtual mass approach
employed in their work; this is discussed in detail in Appendix B. We also
do not find the shedding mode transition they observe. In their work, it was
found that for low Γ the particles exhibit 2P shedding, whereas, at high Γ, the
observed mode is 2S. However, we only find the existence of 2S in this same
regime. As a result, we cannot reproduce any of their findings based on this
regime change.

2.5 Settling particles

Up until this point, we have only discussed rising 2D cylinders. The reason for
this is that the resonance mechanism as presented above only works for rising
particles as the feedback between the Magnus lift force and particle acceler-
ation is positive. For settling particles, this is not the case (Will and Krug,



84 CHAPTER 2. CYLINDERS WITH COM OFFSET

2021b). We find COM effects overall to dampen the translational particle
dynamics, resulting in reduced path amplitudes.

For Ga = 200, 500 and 700 and I∗ = 1 the density ratio range from 1.1 up to
5 was explored with T ranging from 0 to the contour IG = 0. In figure 2.18(a-
e) we present the results for Ga = 200. Figure 2.18(a) provides the drag
coefficient, here we see that the magnitude of the increase in drag is smaller
(from around 1.2 to 1.8) than is the case for rising bodies (from around 1.2 up
to 4 in some cases). Furthermore, it is found that the drag increases with Γ.
Perhaps more importantly, the increase in drag appears to not correlate with a
constant value of either T or T ∗ (dashed white lines), suggesting that, indeed,
the mechanism here is not resonance related. When rescaling the horizontal
axis according to, as is done in the inset of figure 2.18(a), we find that the
maximum drag occurs at a nearly constant value of 0.9. This suggests that
for settling particles, the increased drag is a combined effect of the reduced
rotational moment of inertia and the increased torques due to the COM offset.

The frequency of the path oscillations, as expressed in terms of Str in figure
2.18(b), continues to increase with higher Γ. Note here in particular that
for Γ = 1.1, the value of Str is approximately equal to that of Γ = 0.99
(0.198 versus 0.196), suggesting that for no offset, this is a gradual trend (of
course with the notable exception for the case where Γ = 1). This increase
in frequency is again strongly negatively correlated with the amplitude of the
path oscillations, seen in figure 2.18(d). In the region where the drag peaks,
the Strouhal number is also the lowest and the amplitude most prominent.
The rotational amplitude also reaches a maximum close to the contour where
IG = 0 as can be seen in figure 2.18(e), where we observe amplitudes easily
exceeding 25◦ for the higher density ratios. Note here that, again, the drag
appears to result from particle rotation and is not related to the small increase
in path amplitude. The value of Cd observed here for this level of rotational
amplitude matches well with the rising case. However, the path amplitude
here is much lower than when it is rising. The reason the amplitude does
not increase nearly as much for settling particles is the lack of rotational-
translational resonance which is evident in figure 2.18(c) where the ∆φ is
shown. Here we see that immediately beyond γ = 0, the phase lag exceeds 0◦;
no resonance between Magnus forcing and horizontal particle acceleration is
present. Note also that around T = 0.3, the jump to negative values does not
go through 0 but is larger than 180◦. Thus we indeed observe that for settling
particles, no resonance is possible and that for small offsets, the dynamics of
2D cylinders are not much affected by COM offset.
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T /(T → IG = 0)

(a) (b)

(c)

(d) (e)

Figure 2.18: Results for settling (Γ > 1) 2D cylinders at Ga = 200 with
I∗ = 1. (a) Drag coefficient, (a) Strouhal number, (c) Phase angle between
Magnus force and particle horizontal acceleration, (d) path amplitude and (e)
rotational amplitude.
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Finally, we observe here and have observed previously for rising particles that
for Γ→ 1, the effects of the centre of mass offset become less pronounced and
even disappear entirely. Thus far, this has not been adequately explained.
To do so, we consider the rotational motion as presented in (2.6). Recall
here that the system is similar to a driven damped harmonic oscillator where
the rotation angle is analogous to the spring stiffness, the viscous torque is
the damping term, and the accelerated reference frame (aC × p) provides the
driving. Here we observe that the system stiffness, the restoring torque, is
proportional to |1 − Γ|−1 which when Γ → 1 goes to infinity, which is not
the case for the driving term which scales according to Γ−1. Therefore, when
the body becomes close to neutrally buoyant, the rotational amplitudes will
be significantly reduced, resulting in lower drag, a reduced Magnus force and
smaller amplitude path-oscillations, explaining our observations.

2.6 Summary and conclusion

In this work, we have systematically studied centre of mass offset effects for
a freely rising or settling cylinder in a quiescent fluid via direct numerical
simulations by employing the immersed boundary projection method. Here,
we investigated the effects of the density ratio Γ, Galileo number Ga, and
relative moment of inertia I∗. The parameter characterising the centre of
mass offset throughout this work was chosen as the timescale ratio T ≡ τv/τp,
with τv defining the vortex shedding frequency timescale (set by the buoyancy
velocity and particle diameter), and τp a timescale set by the particle weight
which induces a restoring torque (cf. Will and Krug (2021b)).
In § 2.3 we fixed Ga = 200 and I∗ = 1, to study Γ and T effects (for rising
particles). Here, we found a critical T that altered the particle trajectory
significantly, given that Γ resided within a bounded limit of approximately Γ ∈
[0.1, 0.7], although the exact characterisation of the boundaries was found to be
non-trivial as shown in § 2.3.3. Overall for the bounded limit of Γ, we observed
for none to little offset an approximate constant Strouhal number Str ≈ 0.2
which then drops to Str ≈ 0.1 once the critical T is reached. This transition
significantly affected both the rotational and translational amplitude discussed
in § 2.3.4, and drag coefficient Cd covered in § 2.3.6. We denoted these affected
trajectories as the resonance mode, where translational and rotational effects
enhance each other. The Magnus lift force, Fm, was the main mechanism for
the resonance mode (see § 2.3.4). We looked into the phase angle ∆φ between
the horizontal particle acceleration ax and −ωzvy (the horizontal component
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of Fm ∼ ω × vC), and found a strong correlation between ∆φ and Cd. Our
dataset showed that ∆φ ≈ 0 when Cd reaches its maximum, showing that
rotational effects induced by the centre of mass offset cause the resonance
mode.
In § 2.3.7 we demonstrated that acceleration effects drive the rotational-
translational coupling induced by the centre of mass offset. For this study, we
turned the torque associated with the particle translational motion off midway
through a simulation. This resulted in a horizontal and angular velocity that
were indistinguishable from that of a particle with T = 0, providing evidence
of the fundamental contribution of acceleration effects to induce the resonance
mode.
In 2.3.8 we defined a phase lag ∆ψ between the rotational acceleration α and
viscous torque Tf . To study the effect of viscous forces on the rotational
motion. We found that for little to no offset (approximately T < 0.05), the
viscous torque governs the particle angular motion. However, with increasing
T , this picture showed that the fluid torque opposes the particle rotation.
Then, we decomposed the overall torque into contributions relating to inertial
and viscous effects to show the importance of each component for varying
T and Γ. We found this decomposition to work exceptionally well for our
dataset.
In § 2.4 we investigated Ga effects in the range Ga ∈ [50, 2000]. The response
to offset effects for Ga < 200 in this range still showed the resonance mode,
but with reduced horizontal and angular amplitudes as Ga is decreased. Fur-
thermore, a higher offset was required to trigger the resonance mode for those
cases. For Ga > 500, the picture is the opposite; for much smaller T , we al-
ready found the centre of mass offset to play a role. In addition, the transition
to the resonance mode becomes smoother with increasing Ga. To incorporate
the Ga dependency into the timescale ratio T , we developed a model with a
single fitting parameter that took into account the Stokes layer surrounding
the particle and included it in τp. This inclusion yielded a new timescale ratio
T ∗, which contains an added moment of inertia of this layer. With T ∗, we
could successfully explain the Ga dependency, but also I∗ and Γ effects for
all output parameters relating to the particle trajectory, such as the Strouhal
number, drag coefficient, and rotational- translational amplitude.
We also showed the concept of the added rotational moment of inertia allowed
us to compare our results to that of spheres by Will and Krug (2021b). In
both studies, resonance was found to occur around T ∗ = 0.1. Lending credit
to the fact that these findings are valid for not only 2D cylinders but also 3D
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spherical objects.
Lastly, in § 2.5 we covered settling cylinders with a centre of mass offset. We
found, as shown in previous work for spheres (Will and Krug, 2021b) that mass
eccentricity does not induce the resonance mode for these cases. This finding
is due to the Magnus lift force that stabilises the particle motion, leading to
straight trajectories.
Our results demonstrate that rotational effects play an essential role in freely
moving particles. Moreover, mass eccentricity in that regard was found to be
a sensitive parameter.
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A On the value of I∗a
In this section, we address how the added inertia I∗a may be estimated, with
I∗a the added inertia due to the surrounding Stokes layer. The torque induced
by this layer is estimated for a body that starts spinning in a quiescent viscous
fluid such that squares of the velocity field may be neglected. For a sphere, it
may be shown that this layer yields an effective torque that can be expressed
analytically. For a cylinder, the analytical solution takes the form of an infinite
series expansion Basset (1888). For our analysis, we shall assume the torque
of the cylinder to still take the form of that of a sphere, under the condition
that the respective timescale is small enough such that effectively only the
history torque contributes (see e.g. Feuillebois and Lasek (1978); Auguste and
Magnaudet (2018)). Here, we introduce a fitting parameter which we estimate
through a series of numerical experiments to match the history torque to that
of the cylinder.

A.1 History torque of a sphere

For small time t the leading contribution of the history torque for a sphere is

Th ≈ −
1
6
√
πµD4ν−1/2

∫ t

0

dω/dτ√
t− τ

dτ, t� 1, (A.23)

with ω a continuously differentiable rotational velocity (Feuillebois and Lasek,
1978). We approximate the deravitve of ω in (A.23) and find

Th ≈ −
1
3ρf
√
πνD4∆ω/

√
∆t, (A.24)

with ∆ω ≡ ωn+1 − ωn. If we then introduce

δ =
√
ν∆t/(πd2) (A.25)

one can write for the rotational equation (cfAuguste and Magnaudet (2018))

1
10Γ∆ω

∆t ∼ −2δ∆ω
∆t . (A.26)

A.2 History torque of a cylinder

Our goal is to find history torque Th for a cylinder. Here, we assume Th to
have a similar analytical form as that of a sphere described in §A.1. To this
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point, we consider a rotating cylinder in a viscous fluid that is at rest initially.
The flow is assumed to be axisymmetric, and squares of the velocity field are
neglected, yielding the expression for the azimuthal velocity component ûθ
(non-dimensionalised with length scale D and velocity scale ωD)

Reθ∂t̂ûθ = ∂2
r̂ ûθ + r̂−1∂r̂ûθ − ûθ/r̂2, (A.27)

with Reθ ≡ 0.25ωD2/ν. Here, we solve (A.27) numerically by using the fourth-
order Runge–Kutta scheme for the time-discretisation and a second-order cen-
tral finite-difference scheme for spatial gradients. In addition, we stress that
ω was given a fixed value for the solution procedure of (A.27). We selected
multiple Reθ ≈ O(1) and integrated up to times such that t� D2/ν. In this
time-interval, we assume the history torque to dominate

Th ≈ −0.25πD3µc1
ω√
πνt

. (A.28)

We use Th = 0.25D2µω
∫ 2π

0 [∂r̂ûθ−ûθ/r̂]r̂=D/2 dθ and find after careful analysis
that

c1 ≈ 1.00. (A.29)

For the angular momentum balance this translates to

Γ π

32D
4θ̈ ∼ −0.25

√
πν

t
ωD3. (A.30)

To convert the expression for continuously differentiable ω we apply Duhamel’s
principle and find (by approximating ∆ω = ωn+1 − ωn)

Γ1
8

∆ω
∆t ∼ −2.00δ∆ω

∆t . (A.31)

The expression in (A.31) teaches us that the added inertia I∗a takes the form
of

I∗a = 16δ. (A.32)

A.3 Dataset fit and comparison

The moment of inertia for an annulus is obtained via

I = 1
2ρπ(r4

2 − r4
1), (A.33)
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with r1 = 0.5D and r2 = (0.5 + c2/
√
Ga)D, and c2 a constant. Plugging in

the latter radii and calculating I∗a ≡ I/If yields

I∗a = 8c2√
Ga

+
24c2

2
Ga +

32c3
2

Ga3/2 +
16c4

2
Ga2 . (A.34)

We fitted c2 such that the rotational data depicted in figure 2.13(a) collapses
with respect to T ∗ (presented in 2.13b). For this fit we found c2 ≈ 2.3 ± 0.1
to yield good results. To compare with the history torque value from the
analysis in §A.2, we employ the approach by Mathai et al. (2018) who set the
timescale as half the oscillation time yielding ∆t = 0.5StrD/Vb. From this it
follows that

δ ≈ 1√
2πStrGa

. (A.35)

Assuming Str ≈ 0.11 (the value for resonance where rotation is dominant) we
find for the theoretical approach c2 = 2.4, which does match the leading term
of our fit (c2 ≈ 2.3) in (A.34) quite well.

I∗a = 8c2√
Ga

. (A.36)

B Differences induced by the virtual mass approach

Various cases of the present work for zero offset (T = 0) were found at odds
with results from Mathai et al. (2017) in § 2.4.3. These differences raise the
question if their employed virtual mass approach (VMA) (Schwarz et al., 2015)
could explain these variations. To test the possible effect of the VMA we
modify equations (2.3), (2.4) to

(Γ + Cv)
dvG
dt =

F f

mf
+ (1− Γ)gez + (Γ + Cv)

dvG
dt , (B.37a)

1
8(Γ + Cv)D2I∗

d2θ

dt2 = 1
mf

Tf + 1
8CvD

2I∗
d2θ

dt2 . (B.37b)

Here we set I∗ = 1, Ga = 500 and Γ = 0.1 to match the parameters with
the selected case m∗ = 0.1 and I∗ = 0.1 of Mathai et al. (2017). Note, that
their definitions correspond to I∗ ≡ ΓI∗ and m∗ ≡ Γ. We vary the amount
of virtual mass in the range Cv ∈ [0, 100], where Cv = 0 corresponds to the
present approach and Cv = 1 the translational added mass for a cylinder. The
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Figure 19: The pdf of (a) the horizontal velocity and (b) the angular velocity.

influence of Cv on the particle motion is presented in figure 19. The pdf of
vx and ω agree fairly well in the range Cv ∈ [0, 5]. However, at Cv = 10 and
Cv = 20 a prominent peak emerges around |vx|/Vv ≈ 0.6 and |ω|D/Vb ≈ 0.1,
respectively. The pdfs for Cv = 100 show a much flatter distribution and
indicate another type of dynamics.

To further exemplify the differences, representative time signals of the dy-
namics are presented in figure 19. Here, we choose Cv = 0.0, Cv = 10, and
Cv = 100. For Cv = 0 (when the VMA is turned off), a chaotic time series
is observed for vx and ω. Interestingly, when the virtual mass is increased to
Cv = 10, the dynamics show, after the initial transient, a persistent regular
pattern, which correlates with the sharp peaks in figure 19. This regularity is
broken when Cv is further increased to 100. We note that the observed regular
pattern is an artefact of the VMA and may explain the different observed types
of motion by Mathai et al. (2017). However, even though we demonstrated
various regimes induced by the VMA, none of our results captured the same
results for the current case (I∗ = 1, Ga = 500 and Γ = 0.1). We observe with
the VMA adopted here that our results yield a maximum translational ampli-
tude which, at best, is still approximately 33% lower than that from Mathai
et al. (2017). Secondly, the angular oscillation amplitude is approximately at
best 44% lower. Thirdly, the vortex shedding pattern is regular in a small
range of Cv but does not correspond to the one observed by (Mathai et al.,
2017) (see figure 21).
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Figure 20: Time series of (a) the horizontal velocity and (b) the angular
velocity. For Cv = 10 one may appreciate the periodic character of vx and ω.

Figure 21: Vorticity snapshots for various cases of Cv. For Cv = 10 a regular
vortex shedding pattern is observed.
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Figure 22: Comparison of the drag-coefficient Cd for which the aC×p term was
left out from (2.4), (a)–(b) results for Ga = 200, where for (a) the term aC×p
was switched off, and (b) showing the results for the full set of governing
equations. Results for Ga = 700: (c)–(d). Similarly, (c) presents results
neglecting contributions from aC × p, and (d) showing results for the full set
of governing equations. One may clearly observe that the rotational coupling
from aC × p is required to induce the resonance mode.
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C Driving behind resonance

In § 2.3.7 the resonance regime was shown to be driven by the aC × p term,
which adds translational acceleration effects to the angular momentum balance
in the reference frame of the centre of geometry. In absence of this term
in the angular balance (2.4) it was evidenced in § 2.3.7 that the resonance
mode was not triggered for two cases at Ga = 200 and Ga = 700. In this
analysis, we present a comprehensive overview of effects related to the aC ×p
that encompasses the studied Γ and T parameter space for Ga = 200 and
Ga = 700. With this analysis, we aim to better understand the resonance
mode by varying the density ratio and COM offset and comparing results with
and without the aC × p term. The analysis is performed by systematically
studying the statistical response of ω, v, and Cd. These output parameters
are key since the resonance mode was found to correlate with Magnus lift force
effects strongly (see § 2.3.4). The analysis showed that Fm ∼ ω × v aligns
with the horizontal particle acceleration for the resonance mode. As a result,
the effects of the Magnus lift force should also be visible in Cd.
In figure 22 we present Cd as a function of Γ and T . Figures 22(a, b) correspond
to Ga = 200 and 22(c, d) to Ga = 700, respectively. The results for Cd depicted
in panels (b, d) correspond with the full governing equations of motion, whereas
for panels (a, c) the aC×p is left out in (2.4). Comparing the results for panels
(a, b), we observe the resonance mode in panel (b) by the region of the highest
Cd values. In contrast, the omission of the aC × p term reveals the absence
of the resonance mode; Cd is, in this case, nearly constant for varying Γ and
T . With this in mind, we have a strong indication that the torque from
acceleration effects indeed induces the resonance mode. However, it is not
clear a priori what the importance of aC × p is for varying Ga. Turning our
attention to the results of Ga = 700 in figure 22(c, d), we observe in panel (d)
that the resonance mode starts around T = 0.11, whereas in panel (c) the
picture shows Cd to be much more constant with respect to T at fixed Γ. For
the most part, these findings further indicate aC × p to be the driving term
behind the resonance mode.
To quantitatively assess how rotational and translational effects are affected
by the COM offset, and in particular, by the aC×p term, we will have a closer
look at 〈ω〉rms and 〈vx〉rms, respectively, as it is not immediately clear how Cd
is directly affected by translational or rotational effects.
First, we will look at 〈ω〉rms, for which the results are depicted in figure 23.
Here, again the structure of results is such that panels (a, b) correspond to
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Ga = 200 and (c, d) to Ga = 700. For (a, c) the aC × p is neglected out in
(2.4), whereas (b, d) display results for the full set of equations. It is clear that
the high increase 〈ω〉rms only occurs when aC × p is present, providing strong
evidence that rotational-translational effects are key to inducing resonance.
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Figure 23: Comparison of 〈ω〉rms for which the aC × p term was left out from
(2.4), (a)–(b) results for Ga = 200, where for (a) the term aC×p was switched
off, and (b) showing the results for the full set of governing equations. Results
for Ga = 700: (c)–(d). Similarly (c) presents results neglecting contributions
from aC × p, and (d) showing results for the full set of governing equations.
The results here are from the same dataset as in figure 22.

Next, we study the behaviour of 〈vx〉rms, for which we present the results in
figure 24. An interesting result may be observed when comparing results for
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Ga = 200 versus Ga = 700; the effects of the aC×p have a completely different
nature for these cases. Furthermore, one may note that the resonance effect
barely reflects for Ga = 700 concerning 〈vx〉rms. This observation leads to the
conclusion that the increase of Cd in figure 22 is the result of rotational effects
being triggered.
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Figure 24: Comparison of 〈vx〉rms for which the aC ×p term was left out from
(2.4), (a)–(b) results for Ga = 200, where for (a) the term aC×p was switched
off, and (b) showing the results for the full set of governing equations. Results
for Ga = 700: (c)–(d). Similarly, (c) presents results neglecting contributions
from aC × p, and (d) showing results for the full set of governing equations.
The results here are from the same dataset as in figure 22.
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Figure 25: Comparison of the pressure field for a rising versus a settling particle
at Ga = 200. (a) Rising particle for Γ = 0.5 and T = 0.285 showing relatively
large path oscillations due to COM offset effects (case 1). (b) Settling particle
for Γ = 1.5 and T = 0.3 showing reduced path oscillations due to COM offset
effects (case 2). The blue dashed line indicates where the vertical velocity field
uy has been interpolated.

In § 2.5 it was observed that the resonance phenomenon does not occur for
Γ > 1, i.e. settling cylinders. Here, we analyse and explain the difference
between the physics governing the trajectory of rising versus settling particles
with COM offset. To this point, we highlight two cases at Ga = 200: a rising
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particle at Γ = 0.5 and T = 0.285, and a settling particle for Γ = 1.5 and
T = 0.3, which we shall address as case 1, and case 2, respectively. Case 1
shows the resonance mode, whereas case 2 shows reduced path oscillations.
Figure 25(a, b) presents the pressure field for cases 1 and 2, respectively. Fur-
thermore, the path trajectory is shown, with in black the local horizontal
particle velocity vx/Vb. The blue trend shows the vertical velocity field uy/Vb
at the points obtained at the blue dashed line (using a linear interpolation
method). Remarkably, the pressure field reveals an essential difference be-
tween cases 1 and 2. For the resonance mode in figure 25(a) we observe that
the rotation of the particle induces a lower pressure region (by the increased
vertical velocity on the right-hand side) which even further enhances the path
oscillation (this is understood as the Magnus effect, addressed in § 2.3.4).
In contrast, from figure 25(b) we observe a lower pressure region induced by
the particle rotation, which opposes the particle motion. By this observation,
we conjecture that settling particles with COM offset show reduced path oscil-
lations due to a Magnus effect which opposes the horizontal particle motion.
To put this idea to the test, we investigate the correlation between the hor-
izontal and rotational motion and see how they compare versus T . For this
purpose, we present the mean amplitudes 〈â〉/D and 〈θ̂〉 in figures 26(a, b).
In figure 26(a) we observe a nearly constant amplitude up to T ≈ 0.19 for
〈â〉/D and 〈θ̂〉, then both amplitudes increase significantly (referred to as the
resonance mode). Conversely, in figure 26(b), we observe 〈â〉/D and 〈θ̂〉 to
increase slightly at T ≈ 0.2. Interestingly, beyond this, we observe 〈θ̂〉 to
increase, where at the same time 〈â〉/D decreases. This observation further
illustrates how COM offset effects may reduce horizontal path oscillations.
Given this result, we now turn our attention to the governing equations of
the angular motion to find the relevant term which can be held responsible
for the observed differences in 〈â〉/D and 〈θ̂〉. To this point, we construct
the equations of motion in the attached frame for rising and settling cylinders
such that the net buoyancy force Fb points towards the inlet (see figure 27 for
a schematic). Concerning the differences in this frame, we find{

IC θ̈ ∼ −γ
2Dax cos θ for Γ > 1,

IC θ̈ ∼ γ
2Dax cos θ for Γ < 1. (D.38)

The sign difference for the angular momentum balance regarding the rotational-
translation coupling term ax cos θ for settling versus rising particles in (D.38)
may indeed explain the limited 〈â〉/D and 〈θ̂〉 for Γ > 1. A similar difference
holds for the ay sin θ term. However, this contribution is found insignificant
to the horizontal counterpart.
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Figure 26: Maximum amplitude for the horizontal and rotational motions
versus T for Ga = 200. (a) Rising particles for Γ = 0.5. (b) Settling particles
for Γ = 1.5.
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Figure 27: Schematic of the computational domain for (a) rising versus (b)
settling particles. Note that both frames are constructed such that the net
buoyancy velocity points towards the inlet boundary.



Chapter 3

Mass inhomogeneity effects
for freely moving spheres

at moderate Galileo numbers





ABSTRACT

Recent experiments showed that mass inhomogeneity effects may significantly
affect the dynamics of a freely rising sphere (Will and Krug, 2021b). Consider-
ably different path trajectories were observed in the range Ga ≈ [1200, 7600],
leading in some cases to nearly a doubling of the drag coefficient at only
1% of the particle radius. We explore mass inhomogeneity effects for Ga =
[170, 1000]. The particle dynamics in this range show a rich set of modes,
including steady oblique, zigzagging, and three-dimensional chaotic (Jenny
et al., 2004; Auguste and Magnaudet, 2018). We find that mass eccentricity
effects significantly alter path trajectories for the latter two regimes when the
particle is lighter than the fluid; the offset may trigger a spiral or zigzagging
mode. For the latter mode, we observe the Magnus lift force to be strongest.
Additionally, we find mass eccentricity effects to change the drag coefficient
dramatically; an offset of 1% of the particle diameter may double the drag
coefficient, showing that mass eccentricity is an important parameter for prac-
tical purposes. Consistent with previous findings, we observe for a data set
of settling particles at Ga = 1000 that mass inhomogeneity effects do not
(significantly) affect the particle dynamics.

In preparation for publication as
M.P.A. Assen, J.B. Will, D. Lohse, R. Verzicco, and D. Krug,
Rising and settling spheres with centre of mass offset, Int. J. Multiphase Flow.
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1 Introduction

The generic problem of a freely rising or settling body in an otherwise quiescent
fluid, and the accompanying complex particle trajectories, has been subject
to many studies, both theoretically and experimentally (Lamb, 1932; Lugt,
1983; Williamson and Govardhan, 2004; Ern et al., 2012; Mathai et al., 2020),
with notably the earliest observations by Da Vinci (Marusic and Broomhall,
2021) and Newton (Newton, 1990). In many of these studies, the main goal
was to compare the drag coefficient of a fixed sphere versus a freely moving
sphere (see e.g. Horowitz and Williamson (2008) for an overview). Later
experiments (Karamanev and Nikolov, 1992; Karamanev et al., 1996; Horowitz
and Williamson, 2008) suggested that for Reynolds numbers, Re, larger than a
few hundred, the drag coefficient of rising spheres below some threshold of the
particle-to-fluid density ratio, Γ, becomes independent of the Reynolds number
and can take a value much larger than that of a fixed sphere. Moreover, a
significant accompanying increase in path amplitudes was observed next to
the drag increase.
Another study showed that these vigorous path-oscillations could be triggered
(from the flutter to tumble mode) by modulating the spherical particle’s mo-
ment of inertia (Mathai et al., 2018). However, later experiments contrasted
these results showing that the particle’s moment of inertia does not trigger
regime changes, not even in case of turbulent flow (Will and Krug, 2021a).
Recently, Will and Krug (2021b) demonstrated that centre of mass (COM) ef-
fects may also explain the drag coefficient spread across different experiments.
Strikingly, the dynamics of a rising particle in a still fluid were observed to be
very sensitive to COM effects; an offset of only 1% of the particle radius could
nearly double the drag coefficient.
In this work, we are also primarily interested in COM offset effects for a freely
rising sphere, but we numerically investigate a lower Reynolds number regime
compared to Will and Krug (2021b); we study Re = O(102)-O(103), whereas
Will and Krug (2021b) investigated Re = O(103)-O(104), with

Re ≡ 〈vz〉D
ν

, (3.1)

〈vz〉 the average rising velocity (〈·〉 denoting a time average), D the diameter,
and ν the kinematic viscosity. Moreover, we select a comparable density ratio
range (Γ ∈ [0.5, 1.1]).
The main question we want to answer with this study is whether COM offset
effects in this lower Re regime can also alter the particle trajectory significantly,
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leading, for example, to a large drag increase.
Insights on effects related to the COM offset may provide a better under-
standing of particle dynamics for multiphase flow problems as particles are
generally not uniform. Such situations occur in nature or industry, we men-
tion for example dandelion seeds (Cummins et al., 2018), snowflakes (Nemes
et al., 2017; Li et al., 2021; Zeugin et al., 2020; McCorquodale and West-
brook, 2021a,b), the sedimentation of sandgrains and stones (Richardson and
Zaki, 1954; Meiburg and Kneller, 2010), chemical and biological reactors with
(inverse) fluidized beds (Sowmeyan and Swaminathan, 2008), and also the
transport of microplastics in the oceans (Clark et al., 2020).
To this point, we note that the parameter space of our study consists of three
parameters. The most common are the particle-to-fluid density and the Galileo
number Ga defined as

Γ ≡ ρp/ρf , Ga ≡
√
|Γ− 1|gD3/ν, (3.2)

respectively, with ρp the particle mass density, ρf the fluid mass density, and
g the gravitational constant. Here, Ga is similar to Re, except the velocity
scale is set to the buoyancy velocity

Vb ≡
√
|Γ− 1|gD. (3.3)

The non-dimensional offset (with respect to the radius) is denoted with γ and
complies with

γ = 2`
D
, (3.4)

with ` the COM offset distance (see also figure 3.1a for a schematic). How-
ever, we choose the third parameter, relating to the COM offset, here as the
timescale ratio T = τv/τp (Will and Krug, 2021b). This parameter derives
from the particle weight, which yields an additional pendulum torque when
the mass distribution is eccentric. Consequently, the particle weight induces
a natural oscillation timescale τp. Additionally, we have τv = D/Vb, which
relates to the driving vortex shedding frequency. From these timescales one
finds

T = 1
2π

√
5γ

|Γ− 1|I∗ . (3.5)

However, T only accounts for the particle inertia, which in this study was
found insufficient in the low Ga regime. Therefore, we modified the choice of
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τp by accounting for fluid inertia, yielding a new timescale ratio T ∗:

T ∗ = 1
2π

√
5γ

|Γ− 1|(I∗ + I∗a/Γ) , (3.6)

with I∗ the relative moment of inertia, defined as I∗ = IC/IΓ, and IΓ the
moment of inertia of a sphere with a homogeneous density distribution of ρp.
Though in this study we kept I∗ = 1 fixed for all cases. The difference between
T and T ∗ in eqs. (3.5) and (3.6) is the inclusion of the added moment of inertia
I∗a/Γ (see Appendix A for a derivation). We note that I∗a relates to the Stokes
layer surrounding the particle, yielding for the spherical particle

I∗a = 20δ, (3.7)

with δ =
√
ν∆t/(πD2) (see e.g. Auguste and Magnaudet, 2018). The timescale

∆t is set to half the particle oscillation time yielding δ ≈ (2πStrGa)−1/2. We
set the Strouhal number (with Vb the velocity scale)

Str = fD

Vb
(3.8)

as Str = 0.11, which we estimated based on previous results with COM offsets
when rotational effects become important (Will and Krug, 2021b). Here, f
represents the frequency of the horizontal path oscillations, which we obtained
by applying a fast Fourier Transform on the horizontal particle velocity. We
choose to compare our results to Will and Krug (2021b), with T ∗ as the main
timescale ratio for this study.
We note that for zero COM offset, the Ga and Γ regimes already show a
rich set of dynamics, owing to the complex fluid-structure interaction. For
example, Jenny et al. (2004) found a wide variety of path trajectories for a
sphere. Further numerical studies confirmed the validity of those particular
results and extended the phase space regime for this problem (Zhao et al.,
2015; Auguste and Magnaudet, 2018).
The parameter combinations we analyse correspond for the zero offset case to
the steady oblique regime (Ga = 170, Γ = 0.5), the zigzagging regime (Ga =
200, Γ = 0.5), and the three-dimensional chaotic regime (Ga = 350, Γ = 0.5),
(Ga = 1000, Γ = 0.5), and (Ga = 1000, Γ = 0.8). Given the characteristic
modes for each of these cases, we ask how COM effects affect the particle
trajectory for each of these regimes.
To fully resolve the motion of the particles and their two-way interaction
with the surrounding fluid, we employ the immersed boundary method (IBM),
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closely following the approach by Breugem (2012). The IBM has been success-
fully applied for a wide variety of applications (see for an overview e.g. Mittal
and Iaccarino, 2005; Kim and Choi, 2019). Moreover, it has been demon-
strated to capture wake-induced modes in accordance with previous results
(Uhlmann and Dušek, 2014).
This study is structured as follows. In § 2 we discuss details of the research
method and give an overview of the studied cases. In § 3 we present validations
for the employed IBM method. In § 4 we present the results of our study. Here,
in § 4.1 the effect of COM offset on the drag coefficient is discussed, along with
the path trajectories in § 4.2. In § 4.3 we discuss results of the rotational and
path amplitude. In § 4.4 we investigate cases where COM effects do not play
a role. In § 4.5 we discuss the importance of the Magnus lift force for our
results. In § 4.6 we study the frequency of oscillation and how it is affected by
the introduction of mass eccentricity. In § 4.7 we investigate the rotational-
translational coupling via the Frenet–Serret coordinate system. Lastly, in § 5
we summarise, and discuss the consequences of our results.

Figure 3.1: (a) Schematic of the geometrical definitions for the sphere. (b)
Schematic of the computational domain with the applied boundary conditions.



110 CHAPTER 3. MASS ECCENTRICITY FOR SPHERES

Ga γ [%] T T ∗ Γ Nx ×Ny ×Nz

170 0 0 0 0.5 288× 288× 768
170 6 0.123 0.057 0.5 288× 288× 768
170 10 0.159 0.073 0.5 288× 288× 768
170 20 0.225 0.104 0.5 288× 288× 768
170 40 0.318 0.147 0.5 288× 288× 768
170 63.2 0.400 0.185 0.5 288× 288× 768
200 0 0 0 0.5 288× 288× 768
200 0.4 0.032 0.015 0.5 288× 288× 768
200 6.8 0.131 0.063 0.5 288× 288× 768
200 20 0.225 0.107 0.5 288× 288× 768
200 40 0.318 0.152 0.5 288× 288× 768
350 0 0 0 0.5 288× 288× 768
350 1.4 0.060 0.029 0.5 288× 288× 768
350 6.0 0.123 0.061 0.5 288× 288× 768
350 10 0.159 0.079 0.5 288× 288× 768
350 20 0.225 0.111 0.5 288× 288× 768
350 40 0.318 0.157 0.5 288× 288× 768
350 60 0.390 0.193 0.5 288× 288× 768
1000 0 0 0 0.5 360× 360× 960
1000 2 0.071 0.045 0.5 360× 360× 960
1000 4 0.101 0.063 0.5 360× 360× 960
1000 10 0.159 0.100 0.5 360× 360× 960
1000 20 0.225 0.142 0.5 360× 360× 960
1000 40 0.318 0.200 0.5 360× 360× 960
1000 60 0.390 0.246 0.5 360× 360× 960
1000 0 0 0 0.8 360× 360× 960
1000 0.5 0.0563 0.040 0.8 360× 360× 960
1000 2 0.113 0.081 0.8 360× 360× 960
1000 3.6 0.151 0.108 0.8 360× 360× 960
1000 5 0.178 0.127 0.8 360× 360× 960
1000 10 0.252 0.180 0.8 360× 360× 960
1000 18 0.338 0.242 0.8 360× 360× 960
1000 25.2 0.399 0.286 0.8 360× 360× 960
1000 0 0 0 1.1 360× 360× 960
1000 0.2 0.050 0.039 1.1 360× 360× 960
1000 0.8 0.101 0.077 1.1 360× 360× 960
1000 1.8 0.151 0.116 1.1 360× 360× 960
1000 3.2 0.201 0.155 1.1 360× 360× 960
1000 5 0.252 0.193 1.1 360× 360× 960
1000 7 0.302 0.232 1.1 360× 360× 960
1000 9.6 0.349 0.268 1.1 360× 360× 960
1000 12.6 0.399 0.307 0.8 360× 360× 960

Table 3.1: Overview of the simulated cases. The first column lists the Galileo
number. The second column presents the non-dimensional offset, γ, see (3.4).
The third and fourth column present the timescale ratios, with and without
added moment of inertia, respectively. The fourth column presents the density
ratio. The last column presents the employed grid resolution.
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2 Numerical method

2.1 Fluid phase

In this work, we are concerned with the dynamics of a single sphere immersed
in a quiescent Newtonian fluid. The governing equations for the flow are
described by the Navier–Stokes equations satisfying the initial and boundary
conditions at the body surface and at infinity. We employ a computationally
approximate strategy to model this configuration by integrating the equations
of motion in a moving frame attached to the particle (where the computational
domain is of finite dimensions). For a perfectly spherical particle, this frame
does not need to rotate due to the body’s symmetry. A co-moving frame
also allows for a configuration where the gravity vector is directed towards
the outlet such that the wake can gently leave the domain without disturbing
the particle dynamics. We denote the body velocity with vC (velocity of the
particle at the centre of geometry) and non-dimensionalise the incompressible
Navier–Stokes equations with Vb and D. This yields for the momentum and
continuity equation in the translating frame, respectively

∂u

∂t
+ [(u− vC) · ∇]u = −∇p+ 1

Ga∇
2 · u+ f , (3.9a)

∇ · u = 0. (3.9b)

Here, u denotes the fluid phase velocity, p the kinematic pressure, and f the
IBM forcing. We solve (3.9a) in the conservative form, i.e. the nonlinear term
(uj−vj)∂jui is rewritten to ∂j [(uj−vj)ui], with vj components of vC . Uhlmann
and Dušek (2014) investigated the grid resolution and box size requirements
for a comparable configurations. Based on their findings, the computational
domain is set to dimensions of 6D × 6D × 16D (see 3.1b for a schematic). At
the inlet, the velocity is set to zero to simulate an asymptotically quiescent
fluid (Uhlmann and Dušek, 2014), and a convection equation is applied at the
outlet. The sidewalls are periodic. The particle is positioned at 4D away from
the inlet. Table 3.1 presents an overview of the grid resolutions, which are
chosen such that the boundary layer is resolved by approximately three grid
points (cf. Schlichting and Gersten, 2003).

2.2 Particle

The Newton–Euler equations describe the motion of the particle. Includ-
ing mass eccentricity they comply with (see e.g. Meriam and Kraige (2006);
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Tanaka et al. (2020))

mp
dvG
dt

=
∫
∂V
τ · ndS + (ρp − ρf )Vpg (3.10a)

IC
dω

dt
=
∫
∂V
r × (τ · n)dS + `mp (g − aC)× p. (3.10b)

Here, mp denotes the mass of the particle, τ = −pI + µ(∇u + ∇uT ) is the
stress tensor for a Newtonian fluid at the sphere surface ∂V , with I the unit
tensor and µ the dynamic viscosity, r is the radius vector of the sphere, n
is the vector normal to the sphere surface, and g the gravity vector. We
define aC ≡ dvC/dt and unit vector p directed from G to C (see also figure
3.1a). In (3.10a) the Newton equation is written with respect to the centre
of gravity (point G in figure 3.1a). Given the symmetry of the system it is
beneficial to integrate the Newton equation with respect to C and also apply
the torque balance around C (see figure 3.1a). For the Newton equation we
employ the velocity relation vG = vC + `p× ω. Finally, (3.10a) and (3.10b)
are non-dimensionalised with D and Vb yielding

ΓdvG
dt

= 6
π

∫
∂V
τ · ndS + ez (3.11a)

dω

dt
= 60
πΓ

∫
∂V
r × (τ · n)dS − 5γ

( 1
|Γ− 1|ez + aC

)
× p. (3.11b)

All quantities in eqs. (3.11a) and (3.11b) are non-dimensional, though we
report our results where applicable explicitly non-dimensionalised with D and
Vb, respectively.

2.3 Numerical approach

We employ a fractional step method to solve (3.9a) and (3.9b) simultaneously.
The spatial discretatisation of the velocity field utilizes a conservative second-
order central finite-difference scheme. We integrate (3.9a) in time via a third
order accurate Runge–Kutta scheme, except for the viscous terms, which are
advanced in time via the Crank–Nicolson scheme. The time step is variable and
follows the Courant–Friedrich–Lewis condition CFL = 0.3. This restrictive
limit is employed owing to the explicit fluid-structure coupling. The spatial
grid is staggered and uniform in all three directions. For more details on the
flow solver, we refer the reader to Verzicco and Orlandi (1996). The IBM
uses the Roma delta function (Roma et al., 1999) to interpolate and spread
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Case Cd
Present 1.13
Johnson and Patel (1999) 1.10
Wang and Zhang (2011) 1.13
Fadlun et al. (2000) 1.08

Table 3.2: The drag coefficient for a sphere at Re = 100. The wake for this
case is steady and axisymmetric resulting in Cl ≈ 0.

the forces. To enhance the code performance, we employ the suggested grid
retraction of 0.3∆x (see e.g. Breugem, 2012).

3 Validations

Before the results are discussed we present validations in order to verify a
correct numerical implementation. First, a stationary sphere is positioned
in an incompressible uniform cross flow with magnitude U∞ and constant
kinematic viscosity ν. Let Cd = Fd/(q∞A) define the drag coefficient, with Fd
the drag force (the component of

∫
∂V τ · ndS parallel to the flow direction),

A = πD2/4 the cross-sectional area of the sphere and q∞ = 1
2ρfU

2
∞. We

validate our results for Re = 100 and Re = 300, with Re ≡ U∞D/ν. The
computational domain, for both cases, has a size of 6D × 6D × 16D, and a
respective grid resolution of 284× 284× 768.
We present Cd for Re = 100 in table 3.2 together with values taken from
literature. At Re = 100, the stationary state corresponds with a steady flow
and an axisymmetric separation bubble behind the sphere. We find our results
to match well with those listed in the literature.
For the case of Re = 300, the wake becomes unsteady, yielding unsteady
characteristics such as vortex shedding, and an accompanying oscillation in
Cl and Cd. The averaged Cd, Cl (taken from stationary state), and Strouhal
number defined here as Str ≡ fD/U∞ (frequency f is obtained from Cl) are
given in table 3.3. We find our results to match quite well with those from
literature.

4 Results
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Case Cd Cl Str
Present 0.68 0.066 0.136
Johnson and Patel (1999) 0.66 0.069 0.137
Wang and Zhang (2011) 0.68 0.071 0.135
Kim et al. (2001) 0.66 0.067 0.134

Table 3.3: Drag, lift coefficient, and Strouhal number for a sphere at Re = 300.

4.1 Drag coefficient versus the Reynolds number.

In this analysis, we investigate COM effects on the particle dynamics by study-
ing its effect on the average drag coefficient Cd. Here, Cd complies with

Cd = 4|Γ− 1|Dg
3〈v2

z〉
, (3.12)

and may be derived from a balance between the buoyancy and viscous force
in (3.10a).
Figure 3.2 presents Cd versus the timescale ratio T ∗. From this figure, we
observe that COM offsets have a negligible effect on Cd for (Ga = 170, Γ = 0.5)
These cases are examined in detail in § 4.4. For (Ga = 200, Γ = 0.5), we
observe a slight increase in Cd at T ∗ ≈ 0.25. At (Ga = 350, Γ = 0.5) we find
Cd to increase with T ∗ up to approximately 50% at its maximum, compared to
the T ∗ = 0 case. A similar picture holds for the cases of (Ga = 1000, Γ = 0.5)
and (Ga = 1000, Γ = 0.8) where Cd almost doubles. This significant increase
in drag is related to the resonance mode, where the particle rotation and
translation enhance each other, yielding completely different particle dynamics
due to COM offset effects. The underlying mechanisms for resonance are
discussed in § 4.5 and § 4.7. In contrast, the settling spheres (Ga = 1000,
Γ = 1.1) barely show any sensitivity to the COM offset. Will and Krug
(2021b) explained the lack of resonance for Γ > 1 by the observation that the
COM has its stable point below the centre of geometry for both rising (Γ < 1)
and settling (Γ > 1) particles. This anti-symmetry plays a key role for the
resonance mode. Taking into account (3.10b), we found that the aC ×p term
plays a key role for the resonance mode. For rising particles this term aids
the path amplitude, whereas it counteracts for settling particles. In Appendix
B we demonstrate that the resonance mode may also be triggered for settling
particles, when the pendulum is inverted.
Next we study the particle Reynolds (see equation 3.1) versus Cd in figure
3.3. With this analysis we want to answer whether COM offsets effects may
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Figure 3.2: Mean drag coefficient Cd versus timescale ratio T ∗ for varying
Galileo numbers Ga and particle-to-fluid density ratio Γ. Included are the
results by Will and Krug (2021b).
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Figure 3.3: Drag coefficient versus the particle Reynolds number for freely
moving spheres. The present results are indicated with the ♦ symbol. The
results by Will and Krug (2021b) are represented with the coloured # symbol
who compared their results of a sphere with COM offset against a dataset set
compiled from literature (black dots) (Jenny and Dušek, 2004; Veldhuis and
Biesheuvel, 2007; Horowitz and Williamson, 2010a; Preukschat, 1962; Shafrir,
1965; Karamanev et al., 1996; Veldhuis et al., 2009; MacCready and Jex, 1964;
Kuwabara et al., 1983; Stringham et al., 1969; Allen, 1900; Liebster, 1927;
Lunnon, 1928; Boillat and Graf, 1981)
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explain the scatter in previous reported drag-coefficients (black dots), as was
demonstrated by Will and Krug (2021b) for their dataset (coloured # symbol).
Our results are presented with the ♦ symbol. One may appreciate how the
scatter from our data set connects with the results of Will and Krug (2021b)
and fills the gap between approximately 102 < Re < 103.
Compared to the work by Will and Krug (2021b) we find the overall trend of
our data set for the higher Ga to match theirs well, despite the two different
Re regimes. In what follows, we shall address the source of the substantial
drag increase, starting with the path trajectories that correspond to the drag
characteristics observed in figure 3.2.

4.2 Characteristic particle trajectories induced by COM ef-
fects

In this analysis, we present three-dimensional trajectories for various com-
binations of γ, Γ, and Ga (corresponding wake topologies are presented in
Appendix C). We start with results for (Ga = 170, Γ = 0.5), which are de-
picted in figures 3.4(a-c). Note that the line colours in figure 3.4 corresponds
to those in figure 3.2. For this case we found in § 4.1 little to no COM offset
effects. Judging from the figures, this also translates into COM offsets having
little to no effect on the particle trajectory. This finding is further explored in
§ 4.4.
In figure 3.4(d) for (Ga = 200, Γ = 0.5) a trajectory of the zigzagging type
is observed for γ = 0.0% with on average a Strouhal number of Str ≈ 0.031.
This result is in good agreement with the findings of Jenny and Dušek (2004)
who found Str ≈ 0.032 for this case. In figure 3.4(e) we find for γ = 6.8%
that COM offset effects result in an oscillating oblique path. For the case,
γ = 40.0%, in figure 3.4(f) the trajectory is of zigzagging type again, but
with Str = 0.135, which is significantly higher compared to the zero offset
case. Further, we observe that the path amplitude reduces; at γ = 0.0%, the
amplitude is approximately 0.8D and 0.17D for γ = 40.0%.
For (Ga = 350, Γ = 0.5) the path is classified as the ‘three-dimensional chaotic
path’ (Jenny et al., 2004) at γ = 0.0%. Consistently; the particle trajectory
in figure 3.4(g) does not have a prominent oscillation frequency. Interestingly,
for γ = 6.0% we find the offset to induce a spiral motion (see figure 3.4h).
The observation of spiral paths induced by the COM offset are not unique to
our results; Will and Krug (2021b) observed spiral paths induced by the COM
offset as well. However, we note that spiral paths occur for the zero offset case
when Γ ≈ 0 and Ga > 400 (Auguste and Magnaudet, 2018). For even higher
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values of γ, the rising mode switches to a zigzagging type (see figure 3.4i).
For (Ga = 1000, Γ = 0.8) we classify the path for γ = 0.0% in figure 3.4(j)
as three-dimensional chaotic, as well as for γ = 0.05% in figure 3.4(k). Again,
by slightly increasing the COM offset to γ = 2.0%, we find a spiral type of
motion (see figure 3.4l). When we further increase the COM offset, the path
trajectory transitions into the zigzagging type (see figure 3.4m). Finally, for
even higher γ, we observe the path oscillation to dampen out and result in a
vertical three-dimensional chaotic path (see figure 3.4n).
For (Ga = 1000, Γ = 0.5) the path for γ = 0.0% in figure 3.4(o) is also classified
as three-dimensional chaotic. Once again, we find a spiral type of motion for
γ = 4.0%, (see figure 3.4p), but with three loops. Further increasing the COM
offset (γ = 40.0%) yields a zigzagging type (see figure 3.4q).
Lastly, we discuss the trajectories for settling particles (Ga = 1000, Γ = 1.1)
(see figures 3.4r-t). For the zero offset case in figure 3.4(r) we find a chaotic
three-dimensional path. By increasing the offset, this overall picture remains
the same, which is consistent with the findings for Cd in figure 3.2.
In conclusion, the COM offset modifies the path trajectory in almost all cases.
Exceptions are low Ga, where the absence of path oscillations is believed to
be the cause of the lack of resonance, and Γ > 1, where path oscillations
are present but do not modify the trajectory type. Furthermore, we find the
regime changes to correspond with the drag increase discussed in § 4.1.

4.3 Rotational and translational amplitude

In sections § 4.1 and § 4.2, we observed how the drag coefficient and path were
significantly affected by COM effects. Here, we will address the amplitudes of
rotation 〈θ̂z〉 (θz is the inclination angle to the z-axis) and horizontal trans-
lation 〈â〉, and see how they vary with T ∗. These respective amplitudes were
compensated for drift. For example, for 〈â〉 we find the horizontal mean path
r̂ by applying a moving average of a timescale much larger than that of the
particle oscillation to the original signal r. The amplitudes reported here are
then obtained from r−r̂. For 〈θ̂z〉 such compensation was not found necessary,
except for γ = 0.0%.
First we will discuss the results for 〈θ̂z〉, which are depicted in figure 3.5(a). For
T ∗ = 0, Ga ∈ [200, 1000], and Γ < 1 all rotational amplitudes are around 6◦±
1◦. However, for increasing T ∗ a significant increase in 〈θ̂z〉 due to resonance
between rotational and translational effects may be observed. Here, we find
that the maximum 〈θ̂z〉 shows a Galileo dependency. This trend continues
for the results by Will and Krug (2021b) who find, in general, much higher
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Figure 3.4: Trajectories of the particle for various offsets (after the initial
transient stage). See figure 3.2 or 3.5 for the legend.
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maxima of 〈θ̂z〉.
In addition, we observe a Γ dependence. For example, a higher maximum is
observed for (Ga = 1000, Γ = 0.5) compared to (Ga = 1000, Γ = 0.8). This
dependence may be explained by the pendulum term becoming more dominant
as it scales with |Γ− 1|−1 (see equation 3.11b). Furthermore, this scaling may
also explain why 〈θ̂z〉 dampens faster with T ∗ as Γ approaches unity.
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Figure 3.5: Average amplitude displayed by the particle for (a) translation
and (b) rotation. Included is the data set by Will and Krug (2021b).

The spiral paths we observed previously all reside around T ∗ ≈ 0.07 ± 0.01.
In that sense, the spiral path is unique and was therefore only observed for
specific values of T ∗.
Consistent with previous findings, for (Ga = 1000, Γ = 1.1) we do not observe
a significant increase in 〈θ̂z〉.
We now turn our attention to 〈â〉, which is presented in figure 3.5(b). The
current data set clearly shows the Ga dependency as well. At Ga = 170, there
is almost no amplitude. For Ga = 1000 and Γ = 0.5, the maximum 〈â〉 is close
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to the envelope defined by results from Will and Krug (2021b). Furthermore,
for increasing T ∗, we observe the decay from the envelope of our results to
match the trend of Will and Krug (2021b) quite well (similarly for 〈θ̂z〉). This
observation shows that T ∗ is an important parameter in defining the envelope.
Further, we conclude that COM effects greatly influence the particle behaviour
for a wide range of Ga, as evidenced by the present results and those from
Will and Krug (2021b).
We also note that the optimum for 〈θ̂z〉 and 〈â〉 (closely) correspond with the
maximum drag coefficient in figure 3.2.
Lastly, we note that 〈â〉 is barely affected by the COM offset for (Ga = 1000
and Γ = 1.1).

4.4 COM effects for the steady oblique regime

In this analysis, we concern ourselves with COM effects for a sphere in the
steady oblique regime (Ga = 170, Γ = 0.5). This mode occurs for a sphere
with Γ = 0.5 between approximately 156 < Ga < 173.15, where the upper
boundary is of a supercritical Hopf type, beyond which the oscillating oblique
regime starts (Jenny et al., 2004).
Let α define the average angle between the z-axis and the particle velocity. If
COM effects influence the trajectory for this state, then α should vary with
T . We present α versus T in figure 3.6(a), where we observe a nearly constant
response to T around α = 3.5◦ (Auguste and Magnaudet, 2018, find α ≈ 4.5◦
for Ga = 172 and Γ = 0.5). To understand the independence of α with T ,
we first investigate the pressure field surrounding the particle on a selected
vertical plane taken parallel to the horizontal particle velocity direction. We
analyse a snapshot of a particle with T ∗ = 0. The respective pressure field
is presented in figure 3.6(b). The two lower pressure regions on both sides
correspond with two counter-rotating vortices that have a steady character.
This lack of pressure fluctuations indicates the absence of path-oscillations,
which are required for resonance to occur.
Given the independence of α with γ, it is reasonable to assume that COM
effects have a negligible effect on the particle rotation in the steady oblique
regime. However, before we test this hypothesis, we further illustrate the
steady character that accompanies this regime. To do so, we present the
horizontal velocity component vh =

√
v2
x + v2

y for γ = 0.0% in figure 3.6(c).
Here, one may appreciate the steady character of vh after the initial transient
(owing to the viscous fluid-structure interaction Jenny and Dušek, 2004). Also
note that initial build up of vh may relate to the asymmetric character of the



122 CHAPTER 3. MASS ECCENTRICITY FOR SPHERES

Figure 3.6: Analysis on centre of mass effects for a sphere in the steady oblique
regime. (a) the average angle between the particle trajectory and the z-axis.
(b) the pressure field for a sphere with T ∗ = 0. (c) the horizontal velocity vh
of a sphere with T ∗ = 0. After an initial transient, it may be observed that
vh is steady. (d) The average magnitude of the particle rotation. The COM
offset yields for this case a strong reduction of the particle rotation.
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surrounding pressure field (see figure 3.6(b)).
For γ > 0 we found vh to ultimately become steady as well. Furthermore, we
note that a relatively small particle rotation accompanies the steady oblique
regime. Therefore, we analyse 〈‖ω‖〉 versus γ, where ‖ω‖ =

√
ωTω. The

results are depicted in 3.6(d). Interestingly, the average rotational magnitude
is decreased by the COM offset, though the overall effect is minimal on the path
trajectory. This may be understood by noting that the rotational energy does
not play a prominent role in the steady oblique regime; already for γ = 0.0%
we find (ωT Ipω)/(mpv

Tv) ≈ O(10−6). Furthermore, the lack of horizontal
rotational oscillations of our results for the steady oblique regime indicates
that COM effects do not trigger an earlier onset of the supercritical Hopf
bifurcation (Ga = 173.15). We note that Jenny et al. (2004) did find the
oscillations to occur at Ga = 170, Γ = 0.5 for an offset of γ = 5.0%. A
plausible explanation for that difference could be due to the slightly more
viscous nature of the employed IBM approach (Uhlmann and Dušek, 2014).

4.5 Phase shift of the Magnus lift force

The Magnus lift force (Fm ∼ ω × u ) is the primary mechanism that induces
the resonance mode Will and Krug (2021b). Since horizontal accelerations
are dominant compared to vertical accelerations, the Magnus lift force would
enhance the particle dynamics mostly when Fm is in phase with the hori-
zontal component of aC (the particle acceleration). Let ∆φ define the phase
difference between Fm and aC along an arbitrary horizontal direction. We
compare our results of ∆φ to those from Will and Krug (2021b) in figure 3.7.
Overall, a similar trend of ∆φ is observed for all listed Ga, even though the
experimental results by Will and Krug (2021b) are more scattered. Interest-
ingly, the maximum enhancement by the Magnus lift force (∆φ = 0) is around
T ∗ ≈ 0.1 for all cases. This observation shows that the explanation of the
results in terms of the Magnus lift force and the modified timescale ratio T ∗
provides an excellent description of the effects induced by COM effects. Along
with the note that at T ∗ ≈ 0.1 the drag coefficient reaches its maximum (see
figure 3.2).

4.6 Frequency of the oscillation

In this discussion, we address the frequency f of the horizontal particle velocity
of our data set and show how it compares to the results by Will and Krug
(2021b). Here, we non-dimensionalise f with the frequency f∗p ≡ (τ∗p )−1. Note



124 CHAPTER 3. MASS ECCENTRICITY FOR SPHERES

Figure 3.7: Phase lag ∆φ between the Magnus lift force and the horizontal
particle acceleration versus the timescale ratio T ∗. See figure 3.2 or 3.5 for
the legend.

Figure 3.8: The ratio of the measured frequency, f , from the horizontal par-
ticle velocity to f∗p the particle frequency based on the particle inertia and
added rotational moment of inertia from the Stokes layer. A Strouhal line
of Str = 0.11 was added, which closely matches the results before resonance
when f/f∗p ≈ 1.
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that this timescale was also employed to obtain (3.6).
The ratio f/f∗p is presented here against T ∗ in figure 3.8. Despite the difference
of Ga regimes of our dataset with Will and Krug (2021b), we still observe a
close match. We note that in previous work, the optimum resonance mode
corresponds to f/f∗p = 1, which also applies to our dataset. Consistently, we
find the optimum of Cd to correspond with f/f∗p = 1.
The Ga = 200 case follows an initially different trend. These low values of
f/f∗p are cases where the particles display a zigzag mode with low frequency
(Str ≈ 0.031) due to wake effects, and COM offset has little to no influence.
Remarkably, this case shows resonance nonetheless for sufficiently high COM
offset.
Also, we added a constant Strouhal line of Str = 0.11. This line closely matches
the results before resonance (f/f∗p = 1). The spread of all data points across
this fit before f/f∗p = 1 comply with Str = 0.11±0.02, except for the Ga = 200
case.

4.7 Frenet–Serret system

The rotational-translational coupling for a sphere with an eccentric mass dis-
tribution may be studied with the Frenet–Serret coordinate system (Will and
Krug, 2021b). The definition of the Frenet–Serret coordinate system is pre-
sented in figure 3.9(a). This coordinate system is locally defined along the
particle path r by the orthogonal unit vectors (T ,N ,B). T is tangent to the
particle path, N is normal to the particle path curvature, and B ≡ T ×N .
The tangential and normal component are obtained via T = dr/ds, N =
dT /ds/‖dT /ds‖, respectively. Here, ds denotes the corresponding Euclidean
distance of increment dr.
Fm ∼ ω × u has a prominent role in the resonance regime Will and Krug
(2021b). Consequently, by definition, the optimum of 〈ω〉 correlates with Fm,
and therefore we can study the rotational-translational coupling by identifying
the orientation of ω in the (T ,N ,B) coordinate system. In figure 3.9(b)
angles θ and φ are presented, which uniquely define the orientation of ω in the
Frenet–Serret coordinate system. We note that the findings of Will and Krug
(2021b) illustrated that ω aligns, as expected, with B (θ ≈ 0 and φ ≈ 0) in
the resonance regime, highlighting the prominent contribution of Fm.
We present normalised bivariate histograms of θ and ϕ for various combina-
tions of Ga and γ (cf. Will and Krug, 2021b). Here, we include T ∗ values
for reference. Figure 3.10 shows these histograms for (Ga = 200, Γ = 0.5).
Alongside, we present drift-corrected paths from the top view. Interestingly,
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Figure 3.9: Schematic of the Frenet–Serret system (T ,N ,B). (a) Local
Frenet–Serret coordinate system along the particle path, with T parallel to
the path, N perpendicular to the path curvature, and B ≡ T ×N . (b) Def-
inition of ϕ, θ in the Frenet–Serret system. These angles uniquely define the
orientation of ω in the Frenet–Serret coordinate system.

for γ = 0.0%, it may be concluded that ω aligns with B even without any
contribution from mass eccentricity (θ ≈ 0 and φ ≈ 0). For the zero offset
case, this effect is due to pressure oscillations induced by the wake and not
by the Magnus lift force as for this case ∆φ ≈ −61◦ (see figure 3.7). The
alignment of ω with B was observed for all cases at (Ga = 200, Γ = 0.5) and
is stronger for γ = 63.2% due to an enhanced Magnus lift force.
Figure 3.11 gives an overview of the normalised bivariate histograms of θ and
φ for (Ga = 350, Γ = 0.5). At γ = 0.0% the path is characterised as chaotic
(see e.g. Jenny and Dušek, 2004; Auguste and Magnaudet, 2018). Figure
3.11(a) reveals a distribution with a uniform character with respect to θ that
corresponds with the chaotic path. At γ = 6.0% the distribution shows a peak
around θ ≈ −13◦ and corresponds to the spiral mode. For increasing γ we
find a very sharp peak around θ = 0 and φ = 0. For example, for γ = 40.0%
one may observe that ω differs only about within one degree with respect to
B. These observations are reminiscent of the resonance regime.
Figure 3.12 presents the normalised bivariate histograms of θ and φ for the
data set of (Ga = 1000, Γ = 0.5). For the zero to no offset case, chaotic path
trajectories are observed. At γ = 4.0%, the particle path shows a spiral with
three loops and a regular pattern in the joint distribution of θ and ϕ. For
increasing γ, we observe ω to align with B strongly.
Now, we discuss the results for (Ga = 1000, Γ = 0.8) depicted in figure 3.13.
Here, we first observe a chaotic path at γ = 0.0% again. The result of the
spiral path (γ = 2.0%) shows the alignment to be off withB. As γ is increased,
ω starts to align strongly with B until the particle trajectory becomes of a
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chaotic vertical type (T ∗ ≥ 18.0%).
Lastly, we discuss the results for (Ga = 1000, Γ = 1.1) depicted in figure
3.14. Consistently with previous findings no alignment of the Magnus lift force
induced by the COM offset. The large scatter for γ = 5.0% is comparable to
that for the (Ga = 1000, Γ = 0.8) and γ = 18.0% case. However, as explained
in § 4.1 for Γ > 1. This result is reflected in the translational-rotational
coupling.

Figure 3.10: Normalised histograms of the alignment of ω in the Frenet–Serret
coordinate system for various offsets, γ, and (Ga = 200, Γ = 0.5). Bottom
row: corresponding drift corrected paths from the top view.
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5 Conclusion and summary

In this study, we have investigated centre of mass (COM) offset effects for a
freely rising sphere, where we extended the study of Will and Krug (2021b) by
extending the Ga range. Here, we explored Ga ∈ [170, 1000], whereas Will and
Krug (2021b) investigated approximately Ga ∈ [103, 104]. Moreover, we se-
lected a comparable particle-to-fluid density ratio range; present Γ ∈ [0.5, 1.1]
versus [0.61, 1.14] (Will and Krug, 2021b). Our goal was to see whether the
particle dynamics of the rising sphere would be sensitive to COM effects for
this Ga range, as viscosity effects are more prominent for this range of interest.
We found sensitivity to be high to mass eccentricity, as evidenced by the
drag coefficient, which was observed to nearly double for some cases in § 4.1.
However, no clear effect by the COM offset on the particle motion was observed
for settling particles (Γ > 1), consistent with previous findings.
By including the rotational moment of inertia effects (yielding T ∗ as the main
parameter), we found the envelope of Cd of our data set to match well with
that of Will and Krug (2021b), despite the more viscous nature of our cases.
Then, we investigated the particle trajectories and how they are affected by
the COM offset, which is here from Ga = 200 onwards. For higher Galileo,
such as Ga = 350 and Ga = 1000, we observed a chaotic path trajectory for
zero offsets. However, mass eccentricity effects yielded a variety of trajecto-
ries. With increasing offset, we observed spiralling paths, zigzagging paths,
and three-dimensional chaotic paths, respectively. We showed that for these
regime changes, the rotational and translational amplitudes increased signif-
icantly due to resonance, where rotational and translational effects enhance
each other, with the Magnus lift force as the primary driving mechanism.
Also, we showed that the optimum rotational/translational amplitude closely
corresponds with the maximum drag coefficient.
Furthermore, we compared the oscillation frequency f , estimated from the
horizontal particle velocity, to the results of Will and Krug (2021b). Here, we
found the oscillation frequency to closely follow the trend of previous results
when accounting for the Stokes layer surrounding the particle.
Lastly, to further dissect the importance of the rotational-translational cou-
pling, we employed the Frenet–Serret coordinate system to investigate the re-
lation between the particle rotation vector and trajectory. Similar to previous
findings, we found the Magnus lift force strongest for the resonance mode.
In general, our results demonstrated high sensitivity to mass eccentricity, mak-
ing it an essential parameter for practical purposes.
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Figure 3.11: Normalised histograms of the alignment of ω in the Frenet–Serret
coordinate system for various offsets, γ, and (Ga = 350, Γ = 0.5). Alongside
are the corresponding drift corrected paths from the top view.
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Figure 3.12: Normalised histograms of the alignment of ω in the Frenet–Serret
coordinate system for various offsets, γ, and (Ga = 1000, Γ = 0.5). Alongside
are the corresponding drift corrected paths from the top view.
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Figure 3.13: Normalised histograms of the alignment of ω in the Frenet–Serret
coordinate system for various offsets, γ, and (Ga = 1000, Γ = 0.8). Alongside
are the corresponding drift corrected paths from the top view.
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Figure 3.14: Normalised histograms of the alignment of ω in the Frenet–Serret
coordinate system for various offsets, γ, and Ga = 1000, Γ = 1.1. Alongside
are the corresponding drift corrected paths from the top view.
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A Fluid inertia

To account for the fluid inertia, we employ (cf. Auguste and Magnaudet, 2018)

( 1
10I

∗Γ + 2δ
) ∆Ω

∆t ∼ −`
mpg

mfD2 sin θ, (A.13)

with δ =
√
ν∆t/(πD2). The timescale is estimated as ∆t ≈ (2f)−1, with f

the path oscillation frequency (Mathai et al., 2018). This yields

δ = (2πGaStr)−1/2 . (A.14)

Let T ∗ define the timescale ratio T ∗ = τv/τp, with τv = D/Vb and τp the
linearised pendulum frequency of (A.13). It is then readily obtained that

T ∗ = 1
2π

√
5γ

|Γ− 1|(I∗ + 20δ/Γ) . (A.15)

See also Appendix A of Chapter 2.

B Settling particle - inversed pendulum

In § 2.3.6 we observed that the particle dynamics of settling particles (Ga =
1000, Γ = 1.1) are not affected by the COM offset. Based on observations
in Appendix §D of Chapter 2 we hypothesize that settling particles with an
inversed pendulum show resonance. As this would have the aC × p term aid
to trigger the resonance mode. A numerical experiment may test this, where
the centre of mass is repositioned with a rotational increment of 180◦ (even
though this is physically not realistic).
For this numerical experiment, mid-way through the simulation, we inverse the
pendulum. Figure 15(a) presents the result of such an experiment. Indeed,
the rising velocity significantly reduces, indicating that the inverted pendulum
triggers the resonance mode.
Figure 15(b) presents the drag coefficient for the regular pendulum and when
it is inverted. Indeed, we observe an apparent drag increase for some offsets,
confirming our hypothesis.
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Figure 15: Results of a numerical experiment of an inversed pendulum for a
settling particle. (a) The blue line is the original vertical velocity of a particle
with (Ga = 1000, Γ = 1.1) and T ∗ = 0.116. The red line starts when we
inverse the pendulum. The reduced vertical velocity is reminiscent of the
resonance mode. (b) Drag coefficient for a regular and inversed pendulum for
(Ga = 1000, Γ = 1.1).

C Flow structures

To gain further insight on the particle dynamics observed in previous sections
we analyse snapshots of the three-dimensional wake structures. Here, we use
the Q-criterion (see e.g. Chong et al., 1990) to visualize the wake. The field
Q is obtained via

Q = 1
2(ΩijΩij − SijSij), (C.16)

with Ωij = (∂jvi − ∂ivj)/2 and Sij = (∂jvi + ∂ivj)/2 the rotation-rate and
strain-rate tensor respectively. Figures 16–21 present iso-surfaces of Q for our
datasets. Here, one may appreciate the structures corresponding to the path
trajectories discussed in § 4.2.
Interestingly, we observe no clear visible effects of COM offset for Ga = 170
and Γ = 0.5 (see figure 16). This is in line with the findings in § 4.4.
The wake structure for Ga = 200 and Γ = 0.5 in figure 17 show vortex loops
shed by the particle. The length between each loop is clearly a function of γ,
which dictates the intricate timescale.
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For Ga = 350 and Γ = 0.5, we observe for zero offset a twisted vortex loop,
connecting to the chaotic path observed in figure 3.4(g). Interestingly, for
γ = 6.0% we observe two long counter-rotating vortex tubes attached to the
particle. This picture connects to the spiral path observed in figure 3.4(h).
Lastly, we observe vortex rings shed for the zigzag mode.
For Ga = 1000, Γ = 0.5 we observe the wake to break up in smaller structures
in figure 19. At zero offset this led to a chaotic three-dimensional path (see
figure 3.4o). By increasing the offset, we observed a spiral path for γ = 4.0%,
and a zigzagging mode for γ = 40.0%. These path characteristics may also be
recognized in the respective wake topologies.
For Ga = 1000, Γ = 0.8 (figure 20) we observe a similar picture as that for
Γ = 0.5. The main difference however, is that for higher offsets the path is
almost vertical, which may also be observed in the wake for γ = 25.2% in
figure 20.
Lastly, for Ga = 1000, Γ = 1.1 (figure 21) we observed that COM offset does
not influence the particle path type (see figure 3.4r-t). Consistently, no clear
distinction induced by COM offset may be discovered in the wake.
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Figure 16: Q-criterion snapshots for various γ, Ga = 170, and Γ = 0.5.
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Figure 17: Q-criterion snapshots for various γ, Ga = 200, and Γ = 0.5.
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Figure 18: Q-criterion snapshots for various γ, Ga = 350, and Γ = 0.5.
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Figure 19: Q-criterion snapshots for various γ, Ga = 1000, and Γ = 0.5.
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Figure 20: Q-criterion snapshots for various γ, Ga = 1000, and Γ = 0.8.



C. FLOW STRUCTURES 143

Figure 21: Q-criterion snapshots for various γ, Ga = 1000, and Γ = 1.1.
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Chapter 4

Strong alignment of prolate
ellipsoids in Taylor–Couette flow





ABSTRACT

We report on the mobility and orientation of finite-size, neutrally buoyant pro-
late ellipsoids (of aspect ratio Λ = 4) in Taylor–Couette flow, using interface
resolved numerical simulations. The set-up consists of a particle-laden flow in
between a rotating inner and a stationary outer cylinder. The flow regimes
explored are the well known Taylor vortex, wavy vortex, and turbulent Taylor
vortex flow regimes. We simulate two particle sizes `/d = 0.1 and `/d = 0.2,
` denoting the particle major axis and d the gap-width between the cylin-
ders. The volume fractions are 0.01% and 0.07%, respectively. The particles,
which are initially randomly positioned, ultimately display characteristic spa-
tial distributions which can be categorised into four modes. Modes (i) to (iii)
are observed in the Taylor vortex flow regime, while mode (iv) encompasses
both the wavy vortex, and turbulent Taylor vortex flow regimes. Mode (i)
corresponds to stable orbits away from the vortex cores. Remarkably, in a
narrow Ta range, particles get trapped in the Taylor vortex cores (mode (ii)).
Mode (iii) is the transition when both modes (i) and (ii) are observed. For
mode (iv), particles distribute throughout the domain due to flow instabilities.
All four modes show characteristic orientational statistics. The focus of the
present study is on mode (ii). We find the particle clustering for this mode to
be size-dependent, with two main observations. Firstly, particle agglomeration
at the core is much higher for `/d = 0.2 compared to `/d = 0.1. Secondly, the
Ta range for which clustering is observed depends on the particle size. For
this mode (ii) we observe particles to align strongly with the local cylinder
tangent. The most pronounced particle alignment is observed for `/d = 0.2
around Ta = 4.2 × 105. This observation is found to closely correspond to a
minimum of axial vorticity at the Taylor vortex core (Ta = 6 × 105) and we
explain why.

Based on the published work
M.P.A. Assen, C.S. Ng, J.B. Will, R.J.A.M. Stevens, D. Lohse,
and R. Verzicco, Strong alignment of prolate ellipsoids in Taylor–Couette flow,
J. Fluid Mech. 935, A7 (2022).
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1 Introduction

Particle-laden flows are ubiquitous both in nature and industrial applications.
For example, in rivers, where the deposition of large grains can influence the
solutal and nutrient exchange processes (Ferdowsi et al., 2017). Or in oceans,
where prediction for the accumulation of large plastic debris remains a topic
of ongoing research (Cózar et al., 2014). In industrial applications the accu-
mulation of particles in turbo-machineries can reduce the efficiency and even
damage rotor or stator blades (Hamed et al., 2006). Another example is in
the paper-making industry, where the orientation of the fibres in the pulp
suspension determines the mechanical strength of the final product (Lundell
et al., 2011). Given the importance of particle-laden flows, understanding
phenomena such as transport and clustering is key to optimise engineering
applications.
Studies of particle-laden flows (Toschi and Bodenschatz, 2009; Salazar and
Collins, 2009; Balachandar and Eaton, 2010; Mathai et al., 2020), in general,
have shown a rich phenomenology and can be broadly grouped into two cat-
egories. The first focuses on the flow response due to the presence of the
particles. Most frequently, these particles are assumed to be spherical. Ex-
amples of these studies include investigations into the influence of particles on
turbulent structures (Wang et al., 2018; Ardekani and Brandt, 2019; Ramesh
et al., 2019; Yu et al., 2021b), drag (Niazi Ardekani et al., 2017; Wang et al.,
2021; Andersson et al., 2012) and the turbulent energy budget (Peng et al.,
2019; Olivieri et al., 2020). The second category focuses on explaining the
dynamics of particles in these flows themselves. This becomes particularly
interesting for non-spherical particles. For instance, on how shape influences
particle rotation (Byron et al., 2015; Zhao et al., 2015) or how particles clus-
ter and preferentially align (Henderson et al., 2007; Ni et al., 2014; Uhlmann
and Chouippe, 2017; Voth and Soldati, 2017; Majji and Morris, 2018; Bakhuis
et al., 2019).
A review of the existing literature reveals that for spherical particles the parti-
cle dynamics in wall-bounded shear flows is reasonably well-understood. How-
ever, apart from the recent work (Bakhuis et al., 2019), little is yet known
about the interactions of non-spherical particles in turbulent flows with curva-
ture effects. The objective of this work is to fill this gap. Questions we ask are,
for instance, how do non-spherical particles respond to shear flow with large-
scale flow structures (due to different lift/drag forces), and do they exhibit
preferential clustering or alignment? Another unresolved question regards the
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relation between the particle size compared to that of the flow features in the
fluid phase. In particular, we want to work out the underlying physics.
As a very well controlled shear flow, we choose Taylor–Couette flow (TC) and
then study the two-way coupled dynamics of finite-size inertial anisotropic
particles in this flow. TC is convenient for the following reasons: First, the
flow regimes of TC are well understood and documented (Andereck et al., 1986;
Fardin et al., 2014; Grossmann et al., 2016). Second, it is a closed system with
exact balances (Eckhardt et al., 2007) that is very accessible, both numerically
and experimentally, due to its relatively simple geometry and symmetries.
To fully resolve the motion of the ellipsoidal particles and their two-way inter-
action with the surrounding fluid, we employ the Immersed Boundary Method
(IBM) using the moving-least squares algorithm (Vanella and Balaras, 2009;
de Tullio and Pascazio, 2016; Spandan et al., 2017). IBM is computationally
advantageous for this application since the underlying grid is fixed and no
computationally expensive remeshing is needed (Breugem, 2012). Secondly, it
is straightforward in IBM to vary the size of the particles. The disadvantage
of IBM is that inter-particle and particle-wall collisions need to be modelled.
Here, we adopt the collision model of Costa et al. (2015), which has been
widely tested and employed in studies for particle-laden flows (see e.g. Ni-
azi Ardekani et al., 2017; Yousefi et al., 2020).
The present work is structured as follows. In § 2, we describe the TC set-
up and give an overview of the investigated flow regimes. In § 3, we present
the details of the numerical method describing the dynamics of the fluid and
particles. In § 4, we present the spatial distributions of particles and cate-
gorise them into modes (i) to (iv). Then, we compare the modes for the two
simulated particle sizes via the joint probability density function (pdf) of the
particle radial position versus the driving of the TC system. In § 5, we inves-
tigate the particle orientations with respect to the local cylinder tangent for
the categorised modes. Here, we observe a strong particle alignment, which
we correlate to the axial vorticity of the Taylor vortices. Finally, in § 7, we
summarise our results.

2 Taylor–Couette setup in the Taylor vortex flow
regime

The TC set-up, as employed here, comprises a confined fluid layer between
a coaxially rotating inner and a fixed outer cylinder (see figure 4.1a for a
schematic). The dimensionless parameters characterising this system are the
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Figure 4.1: (a) Schematic of the TC configuration and geometrical definitions
of the particle (not to scale). (b) The standard deviation of the normalised
vertical velocity averaged over the domain and time versus Ta.

ratio of the inner radius ri and outer radius ro of the cylinders, i.e. η ≡ ri/ro,
the aspect ratio of the domain Γ ≡ L/d, and the Reynolds number of the inner
cylinder, Rei ≡ riωid/ν. Here, L denotes the axial length of the cylinders,
d ≡ ro − ri the gap width, ωi the angular velocity of the inner cylinder, and
ν the kinematic viscosity of the fluid. We set Γ = 2π/3 to allow one pair
of Taylor vortices to fit within the domain (Ostilla-Mónico et al., 2015) and
η = 5/7 to match the experimental T3C set-up (Bakhuis et al., 2019). No-slip
and impermeability boundary conditions are imposed on both cylinder walls.
In the azimuthal and axial directions, periodic boundary conditions are used.
We employ a rotational symmetry of order 6 to reduce computational cost such
that the streamwise aspect ratio of our simulations Lϕ/d = (2πri/6)/d = 2.62.
The resulting streamwise domain length is sufficient to capture the mean flow
statistics (Ostilla-Mónico et al., 2015).
The control parameter for the TC flow is Rei and we vary the values between
Rei = [1.6×102, 8.0×103]. The outer cylinder is fixed. For ease of comparison
with existing numerical studies, we also define the Taylor number,

Ta ≡ (1 + η)6

64η4 Re2
i , (4.1)

with the corresponding values to the Rei range being Ta = [3.9×104, 9.8×107].
An overview of the cases is presented in Table 4.1. This range of Ta covers the
regimes known as Taylor vortex, wavy vortex, and turbulent Taylor vortex flow
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(Grossmann et al., 2016). Within the chosen Ta range, the flow experiences a
series of transitions. The lowest simulated Ta is chosen to lie slightly above the
regime of circular Couette flow. The onset from circular Couette flow to Taylor
vortex flow is estimated to occur at Ta ≈ 1.0× 104, which is determined from
the critical Reynolds number Rei,cr(η) = (1 + η2)/{2ηα2[(1 − η)(3 + η)]1/2},
with α = 0.1556 for a resting outer cylinder (Esser and Grossmann, 1996). The
transition point from Taylor vortex to wavy vortex flow has been investigated
by numerous authors (Ahlers et al., 1983; Jones, 1985; Langford et al., 1988).
Under current conditions it is empirically found to lie around Ta = 3 × 106,
by tracking the time and volume-averaged standard deviation of the vertical
velocity uz as a function of Ta (see figure 4.1b). The visualisations of the
aforementioned flow regimes are shown in figure 4.2.

3 Governing equations and numerical methods

3.1 Carrier phase

The velocity field is obtained by solving the incompressible Navier–Stokes
equations in cylindrical coordinates. The continuity and momentum equations
read (see e.g. Landau and Lifshitz, 1987) )

1
r
∂r(rur) + 1

r
∂ϕuϕ + ∂zuz = 0, (4.2a)

and

∂tuϕ+(u ·∇)uϕ+
uruϕ
r

= −1
r
∂ϕp+ 1

Re

(
∆uϕ + 2

r2∂ϕur −
uϕ
r2

)
+fϕ, (4.2b)

∂tur + (u ·∇)ur −
u2
ϕ

r
= −∂rp+ 1

Re

(
∆ur −

2
r2∂ϕuϕ −

ur
r2

)
+ fr, (4.2c)

∂tuz + (u ·∇)uz = −∂zp+ 1
Re∆uz + fz, (4.2d)

where (u ·∇) = ur∂r + r−1uϕ∂ϕ + uz∂z, and ∆ = r−1∂r(r∂r) + r−2∂ϕ2 + ∂z2 .
The last terms (fϕ, fr, fz) on the r.h.s. of (4.2b) denote the IBM forcing (see
Appendix A for details).
We employ a fractional step method to numerically solve (4.2a) and (4.2b).
The velocity field is discretised using a conservative spatial, second-order, cen-
tral finite-difference scheme and a temporal third-order Runge–Kutta scheme,
except for the viscous terms that are treated implicitly with a Crank–Nicolson
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Ta Rei Nϕ ×Nr ×Nz 0.1d/ηk 0.2d/ηk
3.90× 104 1.60× 102 320× 128× 240 1.3 2.6
1.00× 105 2.56× 102 320× 128× 240 1.9 3.8
1.78× 105 3.42× 102 320× 128× 240 2.3 4.5
3.16× 105 4.56× 102 320× 128× 240 2.8 5.5
3.51× 105 4.80× 102 320× 128× 240 2.9 5.7
4.23× 105 5.27× 102 320× 128× 240 - 6.1
5.62× 105 6.08× 102 320× 128× 240 3.4 6.7
7.99× 105 7.24× 102 320× 128× 240 - 7.5
1.00× 106 8.10× 102 320× 128× 240 4.1 8.1
1.39× 106 9.55× 102 320× 128× 240 - 9.0
1.91× 106 1.12× 103 320× 128× 240 5.0 9.9
2.68× 106 1.33× 103 320× 128× 240 5.6 11.1
3.80× 106 1.37× 103 360× 144× 280 6.7 12.4
6.00× 106 2.08× 103 360× 144× 280 7.2 14.3
9.52× 106 2.50× 103 480× 192× 320 13.5 27.0
9.75× 107 8.00× 103 768× 256× 480 - 33.9

Table 4.1: Summary of simulation parameters. The first two columns denote
the driving, expressed as either Ta or Rei. The third column presents the
grid resolution for `/d = 0.2. The simulated cases corresponding to `/d = 0.1
have grid resolution 640× 256× 480. Those cases that were not simulated for
`/d = 0.1 are indicated with (-). 0.1d/ηk and 0.2d/ηk denote the particle size
to the Kolmogorov scale for `/d = 0.1 and `/d = 0.2, respectively.
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scheme. In the wall-normal direction, the grid is stretched with a clipped
Chebychev type of stretching (cf. Ostilla-Monico et al., 2015). The grid is
uniform in the azimuthal and axial directions. For more details, we refer the
reader to Verzicco and Orlandi (1996). The grid resolution for the fluid phase
is based on Ostilla et al. (2013), with the note that the grid aspect ratio here
is 1.0 at mid-gap. This criterion is used to ensure sufficient nodes for the IBM,
which is discussed in § 3.2. The time-step is variable and satisfies the condition
CFL = 0.3; this restrictive limit is used owing to the explicit coupling of the
particles to the fluid phase.

3.2 Particles

We use prolate ellipsoids as the dispersed phase in the TC flow. The control
parameter for the particle is the ratio of particle size to the gap width, `/d,
with ` the major axis of the ellipsoid (figure 4.1a). For our study `/d = 0.1
or 0.2. The aspect ratio of the ellipsoid is Λ ≡ `/b = 4, with b the minor
axis of the particle. Sixteen particles are used in each simulation, yielding
volume fractions of 0.01% and 0.07%, for `/d = 0.1 and 0.2, respectively. The
reported Stokes number is obtained via (cf. Voth and Soldati, 2017)

St ≡
τp
τv
, with τp = Γ

18
b2

ν

Λ ln(Λ +
√

Λ2 − 1)√
Λ2 − 1

and τv = ν

u2
τ

. (4.3)

Here, the density-ratio is kept at Γ = 1 and the friction velocity complies with
uτ =

√
ν∂r〈uϕ〉A,t|ri (average over time and inner cylinder).

The rigid particle dynamics are obtained by integrating the Newton–Euler
equations. The governing equations and numerical methods regarding the
particle translation, rotation, and collisions are provided in Appendix A.
The ratio of the particle size to the Kolmogorov scale is estimated based on
the global exact balance for TC flow (Eckhardt et al., 2007)

ηK/d =
(
σ−2Ta[Nuω − 1]

)−1/4
, where σ = (1 + η)4/(16η2), (4.4)

and Nuω = Jω/Jωlam, the Nusselt number. Here, Jω = r3(〈urω〉A,t−ν∂r〈ω〉A,t)
and Jωlam = 2νωir2

i r
2
o/d

2. For all Ta, we estimate `/ηk based on (4.4), see Table
4.1.

To initialise the simulations, the single-phase flow is first advanced in time
until a statistically stationary state is attained. Once this state has been
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achieved, the particles are inserted at random positions, with zero velocity
within the domain, whilst ensuring that their initial distribution is spatially
homogeneous. The initial orientations of the particles are also randomised.
After inserting the particles, the simulations are run for at least 50 full inner
cylinder rotations before collecting statistics. A number between 15 to 25
grid points per ` are used to ensure the boundary layers over the particles
be sufficiently resolved. The particle Reynolds number is estimated as Rep ≡
γ̇`2/ν and ranges from O(0.1) to O(60) , with γ̇ the average radial derivative
of the azimuthal velocity in the bulk.

4 Spatial distributions of particles

4.1 Observed spatial modes

We examine the statistics of the particle positions. In particular, we select the
cases Ta = 3.9×104, 3.2×105, 1.9×106, 9.5×106 and 9.8×107 with particles
(see also the single phase flow fields in figure 4.2). In figure 4.3 we present the
time-averaged particle distribution, after the initial transients, projected onto
the r − z plane for both particle sizes; `/d = 0.1 and `/d = 0.2. Figure 4.3
reveals four distinct spatial patterns, which depend on both `/d and Ta. The
characteristics of these flow different "modes" are as follows:

Mode (i): Steady large orbits (figure 4.3a, b, f).

Mode (ii): Steady orbits, with particles spiralling closely around the vortex
cores (figure 4.3d, h).

Mode (iii): A combination of modes (i) and (ii) (figure 4.3c, g).

Mode (iv): Unsteady orbits, with particles distributed quite homogeneously
throughout the domain (figure 4.3e, i, j).

For mode (i), the rotational particle dynamics show no stable alignment, but
instead, a tumbling type of motion is observed. At this Ta, the base flow is
slightly above the transition point from the circular Couette flow to a Taylor
vortex flow regime. We stress that the particles were released at random
locations after the flow was fully developed – therefore, on release, each particle
undergoes an inertial migration process before reaching its stable orbit.
For mode (ii), particle orbits are observed to agglomerate closely around the
vortex cores and remain a (small) finite distance away from the vortex core.
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The most pronounced example from figure 4.3 is at Ta = 1.9×106 for `/d = 0.2
(panel h). Remarkably, the particle concentration at the core is much higher
for the larger particles, thus indicating that this is definitely a finite-particle-
size effect. Mode (ii) is accompanied also by a stable particle alignment, which
will be addressed in detail in § 5.
Mode (iii) consists of a combination of modes (i) and (ii). This regime is the
transition between stable (limit cycle-type) orbits and preferential clustering at
the core. This mode is observed at Ta = 1.0×106 for `/d = 0.1. Interestingly,
for `/d = 0.2, mode (iii) is observed at a lower value of Ta = 3.2×105. Hence,
it appears that both particle clustering as well as the transitions to various
particle orbit regimes are functions of `/d. In § 4.2, we will study the regime
transitions as a function of `/d.
One key feature of modes (i) up to (iii) is the relative steadiness of the orbital
regions as the particles trace their path through the domain. Note here that
modes (i) to (iii) show orbits within a finite region of the domain and do not
perfectly overlap each revolution (the pathline of a particle does not perfectly
follow a streamline). The thickness of this stable region of the orbit is induced
by multiple factors such as particle inertia and aperiodic angular dynamics
(see § 5). Moreover, the orbital steady regions that a particle is observed
to trace out is subject to the initial position of the particle. The steady
orbital regions occur at a unique set of conditions and can be linked to two
fundamental features of the Taylor vortices. Firstly, the background flow
is completely steady and time-invariant. Secondly, the Taylor vortices are
axisymmetric about the cylindrical axis (see § 2). The comparison with the
background flow for modes (i) to (iii) is justified by noting that the flow state
was not considerably altered by the particles. For example Nu at the inner
cylinder varied less than 0.02% from the single-phase case at Ta = 1.9 × 106

and `/d = 0.2 though this datapoint lies closely to the onset of the wavy
Taylor vortex flow regime (Ta = 3 × 106). To put the particle influence on
the flow in perspective: Nu increases by 10% for the single-phase case going
from Ta = 1.9× 106 to Ta = 3× 106. This observation indicates that indeed
particle influence on the flow for modes (i) to (iii) is negligible.
For mode (iv), we now observe unsteady dynamics caused by unsteady Tay-
lor vortices. For instance, as shown in figure 4.2(e), the flow corresponds to
the wavy Taylor vortex regime. Due to the unsteadiness of the wavy Taylor
vortices, particles experience spatial and temporal variations of the hydrody-
namic loads. These variations prevent any stable orbits from happening. For
Ta = 9.5 × 106 and `/d = 0.2, particle trajectories tend to maintain some
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Figure 4.4: Joint pdf of the particles normalised radial position versus Ta.
Particles with size ratio (a) `/d = 0.1. (b) `/d = 0.2. (c) spheres with identical
volume of ellipsoids with `/d = 0.2. For reference, the modes addressed in
§ 4.1 are indicated with (i)-(iv) in the coloured top bar and uses colour codes
corresponding with those in figure 4.3 and 4.6.

coherence (see figure 4.3i) and appear to trace out the complete vortex. How-
ever, for the same Ta and `/d = 0.1 (figure 4.3e), as well as at larger Ta for
`/d = 0.2 (figure 4.3i), the coherence observed for mode (ii) is lost and the
particles distribute nearly homogeneously throughout the domain. The distri-
butions for the latter combinations of Ta and `/d are reminiscent of those for
spheres and fibres in TC (Majji and Morris, 2018; Bakhuis et al., 2019).

4.2 The transition from stable orbits to clustering at the core
is size-dependent

In § 4.1, in some cases particles are observed to preferentially cluster at the
vortex core. Now, we will examine the clustering behaviour in more detail. The
Ta range for which clustering occurs is investigated via the pdf of the particle
radial distributions P (rp), with rp being the particle radial position. P (rp),
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is plotted versus Ta in figure 4.4. From this figure, two main observations
can be made. (1) We observe that the modes, indicated by the colours at
the top of the figures, do not occur exactly at the same Ta when comparing
`/d = 0.1 and `/d = 0.2. (2) The magnitude of the peak is much more intense
for `/d = 0.2, suggesting that clustering is enhanced for the larger particles.
These two effects are discussed below.
In § 4.1 we defined four modes characterised by the particle distributions in the
flow field. We highlighted these regimes in figure 4.3 with four colours at the
top; the colours correspond to those used in figure 4.4. Mode (i) corresponds
to the stable particle orbits, resulting in helical particle trajectories. For this
regime, we observe a preferential particle concentration away from the vortex
centre, as is evident by the light blue regions at (rp− ri)/d around 0.2 and 0.8
in figure 4.4. In this regime, particles in the Taylor-vortex are found to move
further outwards. Beyond this regime for even larger Ta, we observe mode
(iii), which is the mixed regime in which both modes (i) and (ii) are observed
simultaneously. Beyond this, mode (ii) is encountered; particles cluster at
the central region of the Taylor vortices as evidenced by the peak in the pdf
at (rp − ri)/d ≈ 0.5. Finally, beyond this regime, particles move outwards
again and distribute more homogeneously when the Taylor vortex starts to
destabilise into the wavy regime. When comparing figures 4.4(a) and (b), the
transition between the regimes shifts to lower Ta for larger particles. Since
there is this clear size dependence, it is, therefore, instructive to compare the
corresponding particle time scale τp, which is set by the particle size, with
the fluid shear time scales, τν : effectively, we compute the Stokes number
St for the particles as defined earlier in (4.3). When considering St as the
governing parameter, we observe that mode (iii) (transition to clustering)
occurs at St ≈ 0.7 for `/d = 0.1 and St ≈ 1.0 for `/d = 0.2, suggesting that
St is of a similar order of magnitude for mode (iii). However, the reason why
we urge caution is that, aside from the small numerical parameter space, TC
flows are inherently three-dimensional because of curvature effects. Therefore,
particle dynamics become sensitive to spatially varying hydrodynamic forces
(Trevelyan and Mason, 1951). Curvature effects on particles in TC can be
straightforwardly investigated by examining Jeffery solutions (Jeffery, 1922)
for prolate ellipsoids in the Couette regime. In appendix B evidence is provided
that curvature effects on the particle rotation rate are already observed at
Taylor numbers as low as Ta = 1.0.

Comparing clustering for the two different particle sizes, we observe a much
higher magnitude of P (rp) in figure 4.4 for `/d = 0.2 than for the case `/d =
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0.1. The clustering is weaker for smaller `/d for the following reason: the
clustering regime of `/d = 0.1 falls together with the onset of the wavy Taylor
vortex regime, while particles of `/d = 0.2 start to cluster around Ta ≈ 4×105

(Taylor vortex regime).

4.3 A comparison with volume equivalent spheres

In § 4.2, we found clustering to be much more pronounced for `/d = 0.2
compared to `/d = 0.1. Here, we ask whether spheres also cluster. We simulate
sixteen spheres with the same volume of ellipsoids at `/d = 0.2 (following the
same initial procedure and using the same grids as `/d = 0.2 in table 4.1).
Interestingly, P (rp) does not indicate strong clustering for the spheres (cf.
figure 4.4 c). Note, that the obtained results for spheres closely resemble the
experimental work by Majji and Morris (2018). We highlight though that in
the range of Ta = 3.2 × 105 to Ta = 1.9 × 106 the orbit of few spheres are
close to the vortex core yielding a picture comparable to that of figure 4.3(b)
where most particles spiral at the edge of the vortex. These few orbits that
remain close to the vortex also started out close to the vortex core. Since, St of
the spheres has comparable values of `/d = 0.1 and does not show clustering
(cf. figure 4.4), we conclude that the particle shape has an important role on
P (rp). In § 6.

5 Statistics of the particle orientation

5.1 Angular dynamics

Up to this point, the spatial statistics of particles have been examined. A
number of regimes was found, one of which is of specific interest since ellip-
soidal particles were found to cluster at the central region of Taylor vortex
cores. Additionally, clustering is observed to enhance when the particle size is
increased from `/d = 0.1 to `/d = 0.2. As a follow-up, we examine the statis-
tics of particle orientations, corresponding to the identified spatial modes. We
examine the angle θz (see figure 4.5a) between the particle pointing vector pi
and the local tangent of the cylinder (cf. Bakhuis et al., 2019). Here, we make
use of the symmetry of the particle and let θz ∈ [−π/2, π/2] .
Two typical time signals of θz are given in figure 4.5(b) for particles of size
`/d = 0.2. The signal for Ta = 3.9 × 104 belongs to a particle travelling
along a stable orbit. Interestingly, the particle orientational dynamics in the
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Figure 4.5: (a) Definition of the angle θz between the pointing vector pi and
the tangent along the cylinder. By symmetry of the particle θz ∈ [−π/2, π/2].
(b) Angular time signal of a particle within a stable orbit (light blue line,
Ta = 3.9× 104 cf. figure 4.3(f) and for mode (ii) (yellow line, Ta = 1.9× 106

cf. figure 4.3h). (c) Definition of the width of the pdf P (θz). The width is
measured for the highest peak of P (θz) at half-height.
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steady Taylor vortex regime still show a Jeffery-like character. These Jeffery-
like features have been observed in a variety of cases that also do not strictly
fulfil the criteria of Jeffery’s equations (Wang et al., 2018; Kamal et al., 2020).
In contrast, the time signal of θz for Ta = 1.9 × 106 shows an interesting,
nearly-constant angle θz. This may be visualised as if the axis of revolution
always aligns with the local cylinder tangent. The particle does not flip but
oscillates only relatively mildly. This case corresponds to preferential particle
concentration at the vortex core (mode (ii), see figure 4.3h).
For illustration purposes eight particles of size `/d = 0.4 at Ta = 1.9 × 106

are simulated (subject to same grid resolution for the corresponding case
`/d = 0.2). This larger particle displays mode (ii), too, with a slightly larger
oscillatory character (see figure 4.5b). This indicates that finite-size effects
remain visible for even larger particles, but non-linear effects come into play,
which are out of the scope of this study.
The statistics of θz are discussed in the following and linked to the spatial
distribution regimes of § 4.1.

5.2 Angular statistics corresponding to the observed spatial
distributions

Typical pdfs of θz for various Ta and for `/d = 0.1 and `/d = 0.2 are given
in figure 4.6(a, b). The shown cases correspond to the spatial distributions
in figure 4.3. Several interesting features can be observed in the distribution
of P (θz). In particular, we find that these features correlate to the different
spatial particle distributions described earlier in § 4.1 as listed below.

Mode (i): Steady large orbits. - A positive preferred orientation (maximum
of P (θz) occurs at θz > 0).

Mode (ii): Orbits spiralling closely around the core. - A sharp peak for P (θz)
located at θz ≈ 0.

Mode (iii): A combination of modes (i) and (ii). - Angular dynamics show
modes (i) and (ii) on the border between clustering and stationary or-
bits.

Mode (iv): Unsteady dynamics, particles distribute throughout the whole do-
main. - A non-homogeneous distribution of θz with the maximum of
P (θz) occurring at negative θz.
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For mode (i), the flow is in the steady Taylor vortex flow regime (Ta = 3.9×
104). From figure 4.6, for both `/d = 0.1 and `/d = 0.2 the angular statistics
display a non-homogeneous distribution, with a positive preferred angle.
For mode (ii), particles agglomerate at the Taylor vortex cores. Remarkably
they show a strong preferential alignment at Ta = 1.9 × 106 as confirmed by
the sharp peaks of the alignment probability of figure 4.6. The more defined
peak of P (θz) observed for `/d = 0.2, as compared to `/d = 0.1, is related to
the enhanced clustering (see § 4.2) and correlates with the result of stronger
preferential alignment, thus indicating that the particle size plays a predomi-
nant role in the phenomenon. Tails of P (θz) can also be observed, for example
at Ta = 1.9×106 in figures 4.6(a, b). These tails are the result of particles pre-
cessing in a stable orbit visible in the particle distribution in figures 4.3(d, h).
Our explanation why particles may still intermittently exhibit behaviour akin
to “stable orbits” is because particles collide throughout these simulations at
this Ta (O(5) for all particles per full inner cylinder rotation). Observations
from such events indicate that collisions cause the particles to end up further
away from the vortex core in a meta-stable orbit, which eventually decays to
the stable preferential alignment at the vortex core.
For mode (iii), two peaks are observed for P (θz), as shown by the green curves
in figures 4.6(a, b). These two peaks originate from the two spatial modes (i)
and (ii), shown in figure 4.3(g). The contribution from the two modes can
be explained by disentangling the two angular statistics, which we illustrate
in figure 4.6(c): First, we separate the two spatial modes by taking a sub-
sample of particles close to and far from the vortex cores. Next, the angular
statistics of these sub-samples are computed, resulting in two pdfs of θz (black
dashed lines in figure 4.6c). These separate pdfs illustrate that particles close
to the vortex core show preferential alignment at θz ≈ 0, whereas those in
a stable orbit far from the core peaks at θz ≈ 0.09π. It is highlighted that
this particle behaviour forms the transition point between stable orbits and
clustering (mode (iii) in figure 4.4), and occurs within a very narrow Ta range.
For mode (iv), particles distribute homogeneously throughout the domain due
to the instabilities and unsteadiness of the flow. The preferential alignment
observed with axisymmetric Taylor vortices (mode ii) cannot exist when the
flow undergoes a transition to wavy Taylor vortex flow. For P (θz) this results
in a distribution that is flatter. However, some statistical preferential align-
ment persists. Bakhuis et al. (2019) reported a difference of 40% between the
lowest and highest values of P (θz) at Ta = 1.0 × 1012 for cylinders of aspect
ratio Λ = 5. Within this work, at Ta = 9.8 × 108, the difference is about
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Bakhuis et al. (2019)

core

orbit

Figure 4.6: The pdf of θz for various Ta. (a) Particles with size `/d = 0.1, (b)
Particles with size `/d = 0.2, (c) Decomposition of the orientational statistics
for mode (iii), showing the origin of the two peaks. A fraction of the particles
is close to the vortex core, whereas other particles are within a stable orbit. For
reference, the experimental observations from Bakhuis et al. (2019) are added
(cf. Ta = 9.5 × 1010 ). The colour coding of the plots is in correspondence
with figures 4.3 and 4.4.
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Figure 4.7: Width, w, of the pdf P (θz) versus Ta. The definition of w is
sketched in figure 4.5

67% which suggests that the tendencies for particles to preferentially align are
stronger at lower Ta. We also highlight that, while the Ta values are much
lower in our set-up than in Bakhuis et al. (2019), there is a general tendency
for the peaks to shift for increasing Ta towards negative θz and lower P (θz).
Indeed, the incipient trend is consistent with the distributions in Bakhuis et al.
(2019). Further studies at larger Ta in the simulations will be necessary to
verify this trend.

5.3 The most pronounced alignment of particles

In § 5.2, preferential alignment of the particle angle θz is observed in the case
when particles agglomerate near the vortex core. Here, the objective is to
determine the conditions for which alignment is strongest. For all P (θz),
the width w of the pdf around the highest peak is calculated and taken at
half-height (see figure 4.5c). The plot of w versus Ta is given in figure 4.7.
Remarkably, w has a very pronounced minimum (note the double log-scale)
with respect to Ta, occurring around Ta = 7× 105 for `/d = 0.1 and at Ta =
4× 105 for `/d = 0.2. This minimum corresponds to a particle that oscillates
the least with respect to the local tangent of the cylinder. Intriguingly, the
minimum is even more pronounced for `/d = 0.2 compared to `/d = 0.1. In
the remainder of this work, we will discuss the origin of this minimum in w and
offer an explanation for why this is observed in the investigated configuration.



166 CHAPTER 4. STRONG ALIGNMENT IN TC FLOW

6 The role of axial vorticity at the vortex core.

6.1 The link between strong alignment and minimum axial
vorticity

From our analysis in the preceding sections, we observed that at specific Ta
values particles tend to get trapped within the vortex core and have a preferred
orientation. Now, we aim to answer the question: Why do the particles align
at this Ta value? In the following, we will show that the preferential alignment
is linked to the TC flow state which exhibits a minimum in the shear gradient
at the Taylor vortex core. In particular, we will base our analysis on the axial
component of the vorticity of the flow, which is shown to be the key metric
determining the preferential alignment.
In the spirit of Jeffery’s equation for the rotation of an ellipsoid, we formulate
an area average of the axial vorticity, ωz = r−1∂r(ruϕ)− r−1∂ϕur evaluated in
the r, z plane, based on the premise that a particle aligns with the local cylinder
tangent. This vorticity component is held responsible for rotational flipping
events of the ellipsoidal particle around the z-axis. To compute the axial
vorticity, it is first instructive to identify a region-of-interest where particles
would presumably cluster. Taking heed from the clusterings observed in figure
4.3, this region can be reasonably and safely assumed to coincide with the
central regions of the Taylor vortices. Therefore, the average of ωz is taken
for each r − z plane over a circular patch positioned at the vortex cores. The
patch has a radius assigned with cross-section dimensions similar to that of
the particle. Here, we select a circle with radius i · b, with b the minor axis of
the particle. The Taylor vortex cores are identified by a local minimum of the
meridional velocity, u2

r + u2
z. Note that for the single-phase flow in the Taylor

vortex regime, the vorticity in the r, z plane is stationary and, due to the axial
symmetry of the flow, independent of the coordinate ϕ. The averaged ωz is
normalised by the rotational velocity of the inner cylinder ωi and plotted in
figure 4.8 versus Ta.
A minimum of 〈|ωz|〉 can be clearly observed at Ta ≈ 6× 105. This minimum
implies that, roughly close to this Ta value, the fluid torque applied to the
body (following Jeffery’s equations) will be the smallest. Indeed, comparing
this minimum to the previously acquired most pronounced alignment in figure
4.7, a very good agreement is found: The preferential alignment of the particle
at Ta = 4.2 × 105 and the minimum of average vorticity for the single-phase
flow occurs at Ta = 6 × 105. Additional calculations with a larger nominal
diameter equal to 2b (red circles in figure 4.8) also find the minimum to occur
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around this Ta, which shows that this metric is quite robust.
For completeness, we further analyse the effect on 〈|ωz|〉 with particles for
`/d = 0.2. In contrast to the single-phase flow, the presence of particles intro-
duces velocity gradients in their vicinity because of the formation of viscous
boundary layers at the particle surface. Therefore, 〈|ωz|〉 is determined at a
slightly larger patch with radius 3b in order to filter out spurious vorticity
magnitudes with particles. Here, the volume occupied by the particle is ex-
cluded from the calculation. Patches smaller than 3b are possible although
they result in larger variances due to the closer proximity to the wakes shed
by the particles. This trend of 〈|ωz|〉 including the particles is shown in figure
4.8 with black symbols. As can be seen from the figure, the trend is closely
followed, but when particles agglomerate near the vortex core, the metric be-
comes very sensitive to particle-induced gradients and skews the picture. We
find the lower values of 〈|ωz|〉 to occur in parts of the domain in which the
particle is absent. The pronounced results of 〈|ωz|〉 for the single-phase flow
served as a good guideline in our understanding of strong alignment. However,
distilling similar results with particles is challenging.

6.2 Lagrangian statistics of a particle rotational energy

In this analysis we investigate the effect of ωz on the particle dynamics in
relation to the particle position. Here, we select a single representative particle
(`/d = 0.2) from cases Ta = 1.0× 105 and Ta = 5.6× 105. For the purpose of
our discussion we refer to these as case 1 and 2, respectively. Note that both
cases are highlighted with a circle at the top of figure 4.8. Case 1 corresponds
to a particle exhibiting a final spatial distribution with a stable orbit far from
the vortex core, whereas case 2 converges to a strong alignment mode in the
vicinity of the vortex core. For both cases the rotational kinetic energy is
tracked over time (translational energy is left out of the analysis). Here,
because of the tumbling motion of the particle, it is assumed that its rotational
energy provides a reasonable metric of the particle Lagrangian dynamics. The
particle selected for case 1 initially started out close to the vortex core, whereas
case 2 initially started at the edge of the vortex and subsequently spiralled
inwards.
The particle rotational energy, Er, is given by

Er = 1
2 ω̂

T Ipω̂, (4.5)

with ω̂ = ωp/ωi the normalised rotational velocity and Ip its moment of
inertia tensor of the particle. The two cases are illustrated in figure 4.9. We
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Figure 4.9: The dimensionless space-time evolution of the rotational energy,
Er, of a particle (`/d = 0.2) for (a) Ta = 1.0 × 105 (case 1) and (b) Ta =
5.6 × 105 (case 2). In (a), the particle eventually spirals outwards and does
not display mode (ii). In (b), the particle spirals inwards towards the core.
The starting and ending positions of the particle are denoted by × and •,
respectively. Large magnitudes of Er correspond to tumbling events of the
particle. The arrows denote the (ur, uz) velocity field. (c) Accelerations ẋ of
case 2 relative to the single-phase case. The black arrows indicate the single-
phase fluid accelerations u̇.
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observe local regions where the rotational kinetic energy is highest, which
correspond to particle tumbling events. The distinct difference between case
1 and 2 is when Er is examined at the vortex core. In fact, for case 2, the
value of Er at the core is negligibly small and is well-correlated with the
low 〈|ωz|〉 value shown in figure 4.8. This local minimum, interestingly, only
holds for a specific region close to the core, whereas outside of the core, the
rotational kinetic energy is finite. This picture, therefore, illustrates that
strong alignment occurs only when particles are within the local vorticity
minimum of the core. In contrast, case 1 clearly shows tumbling events that
can still be found at the vortex core. This phenomenon, therefore, illustrates
the importance of axial vorticity in determining the preferential alignment of
ellipsoids in TC flow.
Based on our findings on the vorticity statistics, this secondary mechanism
appears also to be a crucial factor that determines preferential alignment, in
addition to the Stokes number effect discussed in § 4.2. Simply put, while
clustering can be controlled by varying St (or `/d), the unique non-linear axial
vorticity fields at different Ta establishes a nominal limit for which preferential
alignment can occur for a given `/d. We emphasise that this mechanism is
present only in the regime of Taylor vortex flow.

7 Conclusion

In this study, we investigated finite-size, neutrally buoyant, prolate ellipsoids
(aspect ratio Λ = 4) in Taylor–Couette flow. The explored flow regimes are
governed by pure inner cylinder driving and comprise the regimes: Taylor
vortex, wavy vortex, and turbulent Taylor vortex flow. The fluid phase is
simulated using DNS, whereas particles are represented through an IBM ap-
proach. Two particles size ratios were considered; `/d = 0.1 and `/d = 0.2, for
volume fractions 0.01% and 0.07%, respectively. Here, ` denotes the particle
major axis and d the gap-width.
Upon releasing the particles at initially random location and orientation, we
observe, after a transient, various distinctive particle distributions (figure 4.3).
These distributions are according to the flow regime and particle spatial dis-
tributions categorised in modes (i) to (iv) (see § 4.1). Mode (i) to (iii) are
observed in the Taylor vortex flow regime. Here, mode (i) corresponds to
steady large orbits away from the core. Remarkably, for higher Ta in the Tay-
lor vortex flow regime, particles get trapped in the vortex core. This particle
distribution is denoted as mode (ii) and it is the focus of this work. Interest-
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ingly, the Ta range corresponding to mode (ii) is different for `/d = 0.1 and
`/d = 0.2. Moreover, the particle concentration for mode (ii) was observed to
be much higher for `/d = 0.2 than for `/d = 0.1 (figure 4.4). Mode (iii) is
a transition in which mode (i) as well as mode (ii) are observed. Mode (iv)
corresponds to particle distributions in the wavy vortex regime and turbulent
Taylor vortex regime. Here, particles distribute throughout the domain due
to the instabilities in the flow.
Furthermore, we find distinctive particle orientations for each mode. Let θz
denote the angle between the particle axis of revolution and the local cylinder
tangent. We find for mode (ii) a sharp peak around θz = 0 in the pdf P (θz)
(figure 4.7). The ability of particles to align is found to depend on three factors:
Firstly, the gradient in the flow. We find the most pronounced alignment for
particles with `/d = 0.2 to occur at Ta = 4.2 × 105. This was observed to
closely match the axial vorticity minimum at the vortex core (Ta = 6×105). In
comparison, the axial gradient at Ta = 1×105 (mode (i)) is observed to be two
orders of magnitude higher. From the particle Lagrangian dynamics a stable
alignment was not observed (cf. figure 4.9a). Secondly, the ability of particles
to cluster. Figure 4.9(b) indicates that a stable particle alignment (absence
of rotational energy) only occurs once a particle is in the near vicinity of the
vortex core. Lastly, the onset of instabilities in the flow. We observed in the
transition from steady to wavy vortex flow, that particles spread throughout
the domain (cf. figure 4.3e, i, j). The corresponding spatial distributions (mode
iv) become significantly flatter than the ones of mode (ii), cf. figure 4.6.
Our results collectively indicate that shear, large-scale structures induced by
the curvature of the domain, particle shape, and particle size play an important
interlinked role on the dynamics of the particles themselves. TC flow is known
for its rich variety of flow structures. By adding particles, we observed that the
particle dynamics alter significantly when the driving parameter Ta is varied.
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A Numerical method particles

A.1 Newton–Euler equations

The dynamics of rigid particles are governed by the Newton-Euler equations

1
rp

d

dt
(r2
pϕ̇p) = 6

π

∫
(τ · n)ϕ dS + Fϕ

r̈p = 6
π

∫
(τ · n)r dS + rpϕ̇

2
p + Fr

z̈p = 6
π

∫
(τ · n)z dS + Fz.

(A.6)

Equations in (A.6) are non-dimensionalised with the length scale Deq (volume
equivalent diameter of a sphere) and velocity of the inner cylinder ωiri. The
terms Fϕ, Fr and Fz denote the collision force due to short range particle-
particle and particle-wall interactions (see §A.2 for details).
The term

∫
(τ · n)i dS is computed as

∫
(τ · n)i dS ≈ −

Nl∑
l=1

clVlf
l
i + d

dt

∫
V
uidV +

∫
V
kidV i = ϕ, r, z (A.7)

with −
∑Nl
l=1 clVlf

l
i is the force integrated over the shell of the particle. The

ratio between the Lagrangian volume, Vl, and Eulerian volume, Ve, associ-
ated with a single Lagrangian marker with index l is denoted as cl = Vl/Ve.
The hydrodynamic load in (A.7) has in contrast to Cartesian coordinates (cf.
Breugem, 2012) an additional term ki stemming from the centrifugal compo-
nent of (4.2b). The term ki is derived by integrating (4.2b) over the volume of
the particle and observing that from (4.2b) the terms uruϕ/r and −u2

r/r are
non-vanishing. Here, ki ≡ (kϕ, kr, kz)T with kϕ = uruϕ/r, kr = −u2

ϕ/r and
kz = 0. A similar argument for the torque results in∫

∂V
r × (τ · n)dS = d

dt

∫
V
r × udV −

∫
r × fdV +

∫
r × kdV. (A.8)

The orientation of the particle, described in a Cartesian frame, follows

Ip
dωbp
dt

+ ωbp × (Ip · ωbp) = R ·
∫
r × (τ · n)dS +R · T . (A.9)

and is solved in a local body frame (Allen and Tildesley, 1989), by employing
a quaternion description of the orientation. R represents the rotation matrix,
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that converts the torque to the local body frame and is obtained via

R =

q2
0 + q2

1 − q2
2 − q2

3 2(q1q2 + q0q3) 2(q1q3 − q0q2)
2(q1q2 − q0q3) q2

0 − q2
1 + q2

2 − q2
3 2(q2q3 − q0q2)

2(q1q3 + q0q2) 2(q2q3 − q0q1) q2
0 − q2

1 − q2
2 + q2

3

 , (A.10)

with qi the four quaternion components describing the orientation of the par-
ticle. Then, after (A.9) is solved for, the quaternions are updated for each
particle with

d

dt


q0
q1
q2
q3

 = 1
2


q0 −q1 −q2 −q3
q1 q0 −q3 q2
q2 q3 q0 −q1
q3 −q2 q1 q0




0
ωbx
ωby
ωbz

 (A.11)

The IBM, here, uses a Moving Least Squares (MLS) approach to perform
the interpolation and spreading of forces (Vanella and Balaras, 2009; Spandan
et al., 2017). The MLS approach is beneficial because the transfer functions
formulated using MLS conserves momentum on both uniform and stretched
grids. At the same time, MLS also retains reasonable accuracy for conserving
the exchange of torque between the Eulerian and Lagrangian mesh on slightly
stretched grids (Vanella and Balaras, 2009; de Tullio and Pascazio, 2016),
which we employ in our study. In Appendix C we validate the code for a case
in the Couette regime.

A.2 Short range collisions - forces and torques

The collision force and torque, F = {Fϕ, Fr, Fz} and T , respectively, are
obtained via a lubrication and soft sphere model. A brief overview of the
contact model is presented here and for more details we refer the reader to
Costa et al. (2015); Ardekani et al. (2016) for more details. The lubrication
force Fl becomes active when the IBM fails to resolve the lubrication interac-
tion (see also appendix A.4). In that case the collision force is corrected by
∆Fl = −6πµRpuij,n(λ(ε) − (λ(ε∆x)), with ε ≡ δij,n/Rp the normalised dis-
tance to the radius, λ the Stokes amplification factor, ε∆x the distance from
which the model is applied, and δij,n the gap distance between particles i and
j. Rp is locally calculated for the ellipsoid via a Gaussian radius of curvature
yielding the best fitting sphere tangent to the surface. Here, ε∆x = 0.075 for
particle-wall collisions and ε∆x = 0.025 for particle-particle collisions. Fol-
lowing Costa et al. (2015) roughness is taken into account for the lubrication
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model for distances 0 ≤ εσ < 0.001. The lubrication correction in this range
reads ∆Fl = −6πµRpuij,n(λ(εσ)− (λ(ε∆x)).
Once particles overlap, the contact model takes over. The contact model
considers normal F ij,n and tangential F ij,t forces, defined as

F ij,n = −knδij,n − ηn and F ij,t = min(‖ − ktδij,t − ηnuij,t,−µF ij,n‖)tij ,
(A.12)

with tij = −(ktδij,t + ηtuij,t)/‖ktδij,t + ηtuij,t‖, and the coefficients

kn =
me(π2 + ln2 en,d)

(N∆t)2 and ηn = −
2me ln en,d
N∆t , (A.13)

with me = (m−1
i + m−1

j )−1 and mi, and mj the mass of particle i and j,
respectively. The coefficients for the tangential force read

kt =
me,t(π2 + ln2 et,d)

(N∆t)2 and ηt = −
2me,t ln et,d

N∆t , (A.14)

with me,t = 2me/7. The contact time-scale is set to N = 8 time steps of
the Navier–Stokes solver. We set the coefficients en,d = 0.97, et,d = 0.39
and µ = 0.15 (cf. Costa et al., 2015). The collision force is computed via
sub-stepping with an incremental time step of ∆t/50. For each sub-step, an
iterative scheme is used that converges once the criterion |xki −x

k−1
i | < ∆z/100

is met, with xki the rotated major axis of the ellipsoid in the inertial frame.
Note that obtaining the shortest distance between an ellipsoid and a cylinder
is a non-trivial problem. In appendix A.3 we extend the iterative scheme from
Lin and Han (2002) to solve this problem. In appendix A.4 we validate the
collision model with data from available literature.

A.3 Collision of ellipsoids with the inner and outer cylinder

An important aspect of particle-particle or particle-wall collisions is the short-
est distance between the two geometries. In case of non-spherical ellipsoid-
ellipsoid interaction, a successful approach has been demonstrated in Ardekani
et al. (2016) by employing the iterative scheme from Lin and Han (2002) to
compute the shortest distance. Here, it is shown how by introducing a ghost
particle the same algorithm can be used to obtain the shortest distance be-
tween an ellipsoid and a cylinder.
Given an ellipsoid E for which we would like to calculate the shortest distance
to the inner cylinder we introduce ghost particle E′. The shortest distance is
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obtained by positioning E′ such that the line of shortest distance connecting
E and E′: (i) passes through the centreline of the inner cylinder and (ii) is
perpendicular to the revolution axis of the inner cylinder. This is achieved as
follows. Let ϕp denote the azimuthal position of E. Then, E′ is located at
ϕp+π. Let q = q0 + q1i+ q2j+ q3k denote the quaternion of E then E′ should
be rotated such that q′ = q0−q1i−q2j+q3k. In figures 10(a, b) an overview is
given for two different configurations, which illustrates the definitions for the
distance computations.
The shortest distance δmin between E and E′ can now be found in the conven-
tional way as described in Lin and Han (2002). The shortest distance from E
to the inner cylinder is then obtained via 1

2(δmin − 2ri).
The distance to the outer cylinder can be obtained by finding the largest
distance δmax between E and E′. One obtains δmax by picking the second
root from the second-order polynomial in the algorithm. Effectively, δmax is
obtained by interchanging the min and max functions when computing the
step-size (cf. (2.2) Lin and Han, 2002), i.e.

t1 = min{t ∈ [0, 1] : (1− t)c1 + tc2 ∈ E}
t2 = max{t ∈ [0, 1] : (1− t)c1 + tc2 ∈ E′}.

(A.15)

The particle distance to the outer cylinder is then obtained via 1
2(δmax− 2ro).

A.4 Collision validations

Here, we validate our code similarly as performed in Costa et al. (2015). The
validation consists of two parts. First, we compare the force exerted on a
single particle approaching the inner cylinder and compare it to a theoretical
prediction developed for a sphere approaching a flat plane at creeping flow
conditions (Brenner, 1961; Jeffrey, 1982). The sphere has a diameter D such
that D/x = 16 (uniform grid), and is positioned in a TC configuration with
particle diameter to gap width ratio d/D = 12. The inner cylinder to particle
radius complies with ri/rp = 200 and the particle Reynolds number is Rep =
0.1. We position the sphere in a quiescent flow (cylinders are fixed) at a fixed
distance and impose a velocity on its surface in the radial direction (Reynolds
number Rep = 0.1). We then let the simulation run until a steady-state is
reached and report the final value of the force fr acting on the sphere.
In figure 11(a) we report the shortest distance h versus normalised fr. The
results we observe are very similar to the results found in Costa et al. (2015),
namely for distances of h/rp & 0.03 the numerical values of fr are in close
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Figure 10: Overview of a particle and its ghost particle for two different con-
figurations (not at scale). δmin and δmax are used to calculate the shortest and
longest distance between particle E to the inner and outer cylinder respec-
tively. (a) Top view. (b) Side view.
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Figure 11: (a) Normalised force exerted on a sphere approaching a cylinder
versus the shortest distance between the geometries. The radius ratio is set
to ri/rp = 200. The theoretical predictions is from Brenner (1961). (b) A
spherical particle falling on a flat plate atGa = 130.4 and density ratio ρp/ρf =
8.34. The results are compared with experimental data reported in Gondret
et al. (2002) and numerical results from Costa et al. (2015).

agreement with the theoretical predictions. This figure shows that the simu-
lation is not able to properly capture the asymptotic behaviour for h/rp < 0.1
due to the insufficient grid resolution between the sphere and cylinder.
The second validation is the replication of a sphere impacting on a flat wall,
which bounces up and down until it is at rest. The non-dimensional parameters
of the particle in relation to the fluid describing the problem are the Galileo
number, Ga = 130.4 and density ratio ρp/ρf = 8.34, with Ga = UgD/ν.
The characteristic gravitational velocity is defined as Ug =

√
|ρp/ρf − 1|gD.

The computational domain is 30D in vertical direction and 10D in horizontal
direction. The top and bottom boundary are walls with zero velocity imposed
on them. The side boundaries of the domain are periodic. A single sphere
(uniform grid D/∆x = 16 ) is then moved at the expected terminal velocity
(uz/Ug = 1.25) for four particle diameters starting from the initial position
of 29D above the bottom surface. From then on, the particle is allowed to
freely fall. For a close comparison, we set the collision parameters equal to
those reported in table II of Costa et al. (2015). Our findings of the particle
velocity, uz, are in close agreement to those reported in Gondret et al. (2002);
Costa et al. (2015) (see figure 11b).
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Figure 12: Curvature effects related to particle size. The rotational velocity
ωb of a single pinned (where uϕ = 0) particle is tracked. The quantity is
normalised with ωd = uw/d, with uw the wall velocity and d the gap-width.
(a) Plane Couette flow. (b) TC flow. For comparison the result derived by
Jeffery is included (Jeffery, 1922).

B Curvature effects

The effect of the TC curvature on the particle motion is examined here under
conditions where Jeffery’s equations are approximately valid. This is per-
formed by comparing the motion of a single particle in plane Couette flow to
the motion of a particle in TC flow. The TC configuration is taken as in the
main study with a radius ratio of η = 5/7. The inner and outer Reynolds num-
ber of the cylinders are Rei = −0.48 and Reo = 0.48, respectively (Ta = 1.0).
This flow is characterised as part of the circular Couette flow regime. Curva-
ture effects are assessed by varying the particle size. The particle is fixed at
the location where the flow satisfies uϕ = 0. In comparison, the plane Couette
geometry is subject to the same conditions with Rel = 0.48 and Reu = −0.48
for the lower and upper wall, respectively. The particle is pinned at mid-gap.
The particle dynamics are presented in figure 12. The velocity gradient at
the particle centre is equal for both the TC system and plane Couette set-
up. Two observations can be made. First, the particle in TC is observed
to rotate at a frequency ωb that is 22% slower compared to plane Couette.
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Second, the difference in rotation rate differs more between particle sizes for
TC (difference of 3.5%) in comparison to plane Couette ( < 1%). The higher
difference between different particle sizes for TC flow are understood as a
curvature effect.

C Validation Couette regime

In this analysis, we validate our code against the experimental results by Halow
and Wills (1970). Here, the case is selected of η = 0.8433, D/d ≈ 0.179,
Rei ≈ 51.9, and Reo = 0 (Ta = 3.26 × 103). These conditions correspond to
the Couette regime. A grid is selected of Nφ × Nr × Nz = 240 × 128 × 96.
For this case a fraction of 1/16 of the cylinder is simulated. The height of the
domain to the gap-width corresponds with h/d ≈ 0.90.
Two validations are performed. A single neutrally buoyant sphere with diam-
eter D is released at (rp − ri)/d = 0.27 and the other at (rp − ri)/d = 0.68.
After a number of full cylinder rotation times Tr the particle selects a position
close to the centre of the mid-gap. Our results match with the experimental
reference values of Halow and Wills (1970) very well.

Figure 13: Validation of a neutrally buoyant sphere in the Couette regime.
Results for two different initial positions of r̃p are presented, with r̃p ≡ (rp −
ri)/d. All spheres migrate to the mid-gap between the cylinders. The reference
values are from Halow and Wills (1970).
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Summary

In this thesis, we have explored anisotropy effects for the fluid-structure in-
teraction of finite-sized particles in an incompressible Newtonian fluid. In
Chapter 1, we started with implementation details and validations for the im-
mersed boundary projection method (IBPM) (Taira and Colonius, 2007; Lācis
et al., 2016). Here, the problem of interest is a freely rising or falling cylinder
with eccentric mass distribution, for which we solve the incompressible Navier–
Stokes equations in a frame attached to the particle. We demonstrated that
the implemented IBPM could run stable to very low particle-to-fluid mass
density ratios of 10−3 (which corresponds to air in water).
In Chapter 2, we explored rotational effects for a rising or settling cylinder with
eccentric mass distribution in a quiescent fluid. For this work, we varied the
mass offset, Galileo number Ga (expressing gravity forces over viscous forces),
density ratio, and moment of inertia. For a subset of buoyant density ratios,
the particle is observed to undergo the resonance mode, where translational
and rotational effects enhance each other, with at the base the Magnus lift
force as the primary mechanism. The transition to the resonance mode results
in a vastly different trajectory with much larger rotational and translational
amplitudes and a drag coefficient increase of up to four times. The onset to
resonance is found to show a dependence on the density ratio, Galileo number
and relative moment of inertia, for which we propose a simple model that
collapses our dataset for these respective input parameters. Resonance was
observed for moderate Galileo numbers for the centre of mass offsets of only
four per cent of the particle diameter, showing that particle dynamics are
sensitive to this parameter.
In Chapter 3, the dynamics of a freely moving buoyant sphere with an eccen-
tric mass distribution were studied. In this work, we extended the work by
Will and Krug (2021b) in the range Ga ∈ [170, 1000] Will and Krug (2021b).
This range has primarily been explored for a single rising or sinking homo-
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geneous sphere in an unbounded fluid Jenny and Dušek (2004); Auguste and
Magnaudet (2018). The conventionally covered regimes in this work are de-
noted as steady oblique, zigzagging, and three-dimensional chaotic. We find
the addition of mass eccentricity effects to yield significantly different path
trajectories for the latter two regimes. It is found that for a specific range
of the offset, the trajectory may show a spiral or zigzagging mode. For the
latter mode, we observe the Magnus lift force to be strongest. Furthermore,
we found the drag coefficient to be significantly altered by mass eccentricity.
An offset of 1% of the particle diameter in that regard was observed to al-
ready nearly double the drag coefficient, showing that mass eccentricity is an
essential parameter for practical purposes.
Lastly, in Chapter 4 we explored shape and size effects for a prolate ellipsoid
(of aspect ratio Λ = 4) in Taylor–Couette flow. Here, the set-up consists of a
particle-laden flow in between a rotating inner and a stationary outer cylinder.
The flow regimes we explored are the well-known Taylor vortex, wavy vortex,
and turbulent Taylor vortex flow regimes. We simulated two particle sizes
`/d = 0.1 and `/d = 0.2, ` denoting the particle major axis and d the gap-
width between the cylinders. For this work, we selected two volume fractions
of 0.01% and 0.07%, respectively. It was shown that the particles, which
were initially randomly positioned, ultimately display characteristic spatial
distributions. We observed particles to get trapped in the Taylor vortex cores
for a narrow Ta range, with Ta the parameter expressing the driving of the
cylinders. Furthermore, we found the particle clustering for this mode to be
size-dependent, with two main observations. Firstly, particle agglomeration
at the core is much higher for `/d = 0.2 compared to `/d = 0.1. Secondly, the
Ta range for which clustering is observed depends on the particle size. The
particles clustered at the Taylor vortex core were observed to align with the
local cylinder tangent strongly, and we explained why.



Samenvatting

In dit proefschrift hebben we anisotropie-effecten onderzocht voor de vloeistof-
structuur interactie van deeltjes met eindige grootte in een onsamendruk-
bare Newtoniaanse vloeistof. In Hoofdstuk 1 zijn we begonnen met imple-
mentatiedetails en validaties voor de ‘immersed boundary projection method’
(IBPM) (Taira and Colonius, 2007; Lācis et al., 2016). Hier zijn we met
name geïnteresseerd in het probleem van een vrij stijgende of dalende cilinder
met excentrische massaverdeling, waarvoor we de onsamendrukbare Navier-
Stokes-vergelijkingen oplossen in een frame dat meebeweegt met het deeltje.
We hebben aangetoond dat de geïmplementeerde IBPM stabiele integratie kan
behalen voor zeer lage deeltjes-tot-vloeistof massadichtheidsverhoudingen van
10−3 (wat overeenkomt met lucht in water).
In hoofdstuk 2 hebben we rotatie-effecten onderzocht voor een stijgende of dal-
ende cilinder met excentrische massaverdeling in een stille vloeistof. Voor dit
werk hebben we de massa-verdeling verschoven, het Galileo-getalGa gevarieerd
(uitdrukking van
zwaartekracht ten opzichte van viskeuze krachten), en de dichtheidsverhouding
en traagheidsmoment gevarieerd. Voor stijgende deeltjes werdt waargenomen
dat ze de resonantiemodus ondergaat, waarbij translatie- en rotatie-effecten
elkaar versterken, met aan de basis de Magnus-liftkracht als het primaire mech-
anisme. De overgang naar de resonantiemodus resulteert in een sterk ander
traject met veel grotere rotatie- en translatie-amplitudes en een stijging van
de luchtweerstandscoëfficiënt tot vier keer de oorspronkelijke waarde van een
homogeen deeltje. Resonantie blijkt afhankelijk te zijn van de dichtheidsver-
houding, het Galileo-getal en het relatieve traagheidsmoment, waarvoor we
een eenvoudig model voorstellen dat onze dataset voor deze respectieve invo-
erparameters vangt. Resonantie werd waargenomen voor gematigde Galileo-
getallen voor de verschuivingen van het zwaartepunt van slechts vier procent
van de deeltjesdiameter, wat aantoont dat de deeltjesdynamiek gevoelig is voor
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deze parameter.
In Hoofdstuk 3 werd de dynamica van een vrij bewegende, drijvende bol met
een excentrische massaverdeling bestudeerd. In dit werk hebben we het werk
van Will and Krug (2021b) uitgebreid in het bereik Ga ∈ [170, 1000]. Dit
bereik was voornamelijk onderzocht voor een enkele stijgende of dalende ho-
mogene bol in een onbegrensde vloeistof Jenny and Dušek (2004); Auguste and
Magnaudet (2018). De conventioneel behandelde regimes in voorgenoemde
studies worden aangeduid als ‘stabiel schuin’, ‘zigzaggend’ en ‘driedimension-
aal chaotisch’. We vinden dat de toevoeging van massa-excentriciteitseffecten
significant verschillende padtrajecten oplevert voor de laatste twee regimes.
Gebleken is dat voor specifieke massaverdelingen de baan een spiraalvormige
of zigzaggende modus kan vertonen. Voor de laatste modus zien we dat de
Magnus-liftkracht het sterkst is. Verder vonden we dat de luchtweerstandscoëf-
ficiënt significant veranderde door massa-excentriciteit. Een verschuiving van
1% van de deeltjesdiameter in dat opzicht bleek de luchtweerstandscoëfficiënt
al bijna te verdubbelen, wat aantoont dat massa-excentriciteit een essentiële
parameter is voor praktische doeleinden.
Ten slotte hebben we in hoofdstuk 4 vorm- en grootte-effecten onderzocht
voor een prolate ellipsoïde (van aspectverhouding Λ = 4) in Taylor-Couette-
stroming. Hier bestaat de opstelling uit een met deeltjes beladen stroming
tussen een roterende binnen- en een stationaire buitencilinder. De stromings-
regimes die we hebben onderzocht zijn de bekende Taylor vortex, ‘wavy’ vortex
en turbulente Taylor vortex stromingsregimes. We simuleerden twee deeltjesg-
roottes `/d = 0.1 en `/d = 0.2, waarbij ` de lengte van de symmetrie-as van het
deeltje aangeeft en d de afstand tussen de cilinders. Voor dit werk hebben we
twee volumefracties van respectievelijk 0.01% en 0.07% geselecteerd. Het bleek
dat de deeltjes, die aanvankelijk willekeurig waren gepositioneerd, uiteindelijk
karakteristieke ruimtelijke verdelingen vertonen. We hebben waargenomen
dat deeltjes vast komen te zitten in de Taylor-vortexkernen voor een smal Ta-
bereik, waarbij Ta de parameter is die de aandrijving van de cilinders uitdrukt.
Verder vonden we dat de deeltjesclustering voor deze modus afhankelijk is van
de grootte, met twee hoofdwaarnemingen. Ten eerste is de deeltjesagglomer-
atie in de kern veel hoger voor `/d = 0.2 in vergelijking met `/d = 0.1. Ten
tweede hangt het Ta-bereik waarvoor clustering wordt waargenomen af van
de deeltjesgrootte. De deeltjes geclusterd in de Taylor-vortexkern bleken sterk
uit te lijnen met de lokale cilindertangens, en we legden uit waarom.
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