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Abstract
Made of a thin non-superconducting metal
(N) sandwiched by two superconductors (S),
SNS Josephson junctions enable novel quantum
functionalities by mixing up the intrinsic elec-
tronic properties of N with the superconduct-
ing correlations induced from S by proximity.

Electronic properties of these devices are gov-
erned by Andreev quasiparticles1 which are ab-
sent in conventional SIS junctions whose insu-
lating barrier (I) between the two S electrodes
owns no electronic states. Here we focus on the
Josephson vortex (JV) motion inside Nb-Cu-Nb
proximity junctions subject to electric currents
and magnetic fields. The results of local (Mag-
netic Force Microscopy) and global (transport)
experiments provided simultaneously are com-
pared with our numerical model, revealing the
existence of several distinct dynamic regimes of
the JV motion. One of them, identified as a fast
hysteretic entry/escape below the critical value
of Josephson current, is analyzed and suggested
for low-dissipative logic and memory elements.

Introduction
The phase portraits of quantum coherent con-
densates - superconductors, superfluids, cold
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Figure 1: a - Experimental setup: 100 nm thick Nb leads (in light gray) are patterned on a 50 nm
thick Cu layer (in dark gray) on Si/SiO2 substrate (in dark blue).The junction area between Nb-leads
is 2500 nm x 200 nm. The transport properties are measured by applying current Iacross (called I
below) across Nb-leads and by measuring the voltage drop V = U+ - U-. The external magnetic flux
inside the junction is due to an external field Hext and the field Htip of the oscillating Co/Cr-coated
tip of a MFM; an additional flux is created by applying supercurrent Ialong along superconducting
leads. b,c - color-coded dV/dI(I,Hext) maps of the device at different tips locations (arrows in
insets show positions 1 and 2, the respective tip heights are 2000 and 70 nm). Dark-blue: zero-
resistance V = 0 regime of the junction; light-blue: resistive regime |V | > 0; black solid lines are
fits by RSJ model (see in the text); d - spatial tip oscillation phase map of the sample (T = 4.5 K,
Hext=0). Black arcs are locations where tip triggers JV entries. The scale bar corresponds to
0.5 µm. e - schematic top view of the device with the equivalent circuit (in red) used for discrete
RSJ modeling (see in the text). f - color-coded tip oscillation phase map Phase(I,Hext) at the tip
position 2. Black curve - a Phase(Hext) profile at I=0. g,h - the tip-induced flux and the critical
current distributions required to obtain the RSJ fit in panel (c).

atoms and ions - may contain 2π-phase loops
known as quantum vortices.2,3 Such loops may
also appear in Josephson junctions (JJ). These
Josephson vortices (JV)4–9 were described10

and recently observed inside normal parts of
SNS JJs.10–14 The integer number n of Joseph-
son vortices present in a JJ is associated with
the n-th branch of the critical current modula-
tion vs magnetic field Ic(H).13,15
Generation and manipulation of JVs16–19 is

a basis of many applications of superconduct-
ing technology. This includes quantum comput-
ing based on flux20,21 and JV8,22,23 qubits, con-
trol of quantum circuits,24–26 novel supercon-
ducting neural networks with information en-
coded in the magnetic flux,27–29 reservoir com-
puting based on superconducting electronics,30
superconducting digital and mixed-signal cir-
cuits,31–35 cryogenic memory.36–39
One of the advantages of superconducting de-
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vices is related to their low power dissipation.
The low-dissipative dynamics of JVs is a highly
desired mode of operation where, in the limiting
case, the JV is a subject of adiabatic process
characterized by nearly zero energy exchange
with the environment. However, the detection
and manipulation of individual JV, the study
of their low-dissipative motion is an experimen-
tal challenge, especially in long Josephson junc-
tions where the nucleation of JV in one part
of the junction does not necessarily lead to the
appearance of a measurable voltage drop across
the entire junction. This is due to the compen-
sating redistribution of the screening currents
throughout the superconducting device.
In this paper, we study the dynamics of

Josephson vortices in lateral Nb-Cu-Nb Joseph-
son junctions. The JVs evolve in an inhomo-
geneous magnetic field H = Hext + Htip(r, t),
where Hext is a homogeneous field produced by
an external superconducting coil, and Htip is
a spatially inhomogeneous field generated by
oscillating magnetic tip of the magnetic force
microscope (MFM), Fig. 1(a). Experimentally,
the JVs are detected simultaneously in the
current-voltage V (I) characteristics of the de-
vice, Figs. 1(b,c), and in the phase of the MFM
tip resonant oscillations, Fig. 1(d,f). The nu-
merical RSJ model we present here was first val-
idated to perfectly fit the experimentally estab-
lished current-field characteristics, Ic(Hext).40
It was further used to restore fast JV dynamics,
even in cases I < Ic when no voltage drop across
the junction could be experimentally detected.
Finally, we quantify the speed and the energy
dissipation during the JV motion, and discover
the existence of different dynamic regimes char-
acterized by JV dissipation varying over 3 or-
ders of magnitude.

Experiment and Modelling
The sketch of the studied device is presented
in Fig. 1(a). The JJ consist of two 100 nm
thick Nb-leads patterned on 50 nm thick Cu-
film. The gap between Nb-electrodes is 200 nm,
the junction width is 2500 nm. Outside the
junction area, Nb-leads are made larger, to do

not limit the critical current of the junction.
The voltage-current-field V (I,H) transport

characteristics were recorded by applying the
electric current across the junction (noted Iacross
in Fig. 1(a)), and measuring the voltage drop
between the electrodes U+ and U-. The mag-
netic field was applied perpendicularly to the
sample surface. The critical temperature of
the superconducting transition of Nb-electrodes
was 7.2 K, the critical Josephson current Ic =
2.8 mA @ 4.2 K. The MFM experiments were
provided at 4.5 K using a commercial Attocube
attoDRY 1000 microscope with Co-coated mag-
netic cantilevers. Further experimental details
are available elsewhere.12–14
As expected, the penetration of individual

JVs into the junction is reflected in Fraunhofer-
like oscillations of the critical Josephson cur-
rent Ic(H). In Fig. 1(b,c), the voltage across
the junction is presented in false color as a
function of I and Hext. On these maps,
the superconducting regions |I| < Ic corre-
spond to zero-voltage drops and appear in dark
blue. The conditions for the n-th JV entry de-
pend on both the external field Hext and the
field Htip(r, t) of oscillating MFM tip. Con-
sequently, Fraunhofer-like oscillations get dis-
torted, depending on tip position over the JJ,
and V (I,Hext) maps vary significantly (com-
pare Fig. 1(b) and (c) along with the tip po-
sitions presented in respective insets). Indeed,
the magnetized tip produces at the JJ a field
of several tens of Oe,14 that is strong enough
to provoke the entry of several JVs, even at
Hext = 0. The entries of individual JVs are
detected as sudden phase drops of the tip oscil-
lations, appearing in MFM maps, Fig. 1(d), as
black arcs.12
The phase signal contains therefore a pre-

cious information about JV penetration events
which are sometimes inaccessible in the trans-
port data. This ability is offered by the mag-
netic interaction between the JJ and the out-of-
plane oscillating MFM tip. The latter produces
at JJ a field Htip(r, t) = Htip(r) + δHtip(r, t),
where Htip(r) is a stationary and δHtip(r, t) <<
Htip(r) a tiny oscillatory parts. When the JJ is
in a stable JV configuration, the field δHtip(r, t)
provokes only a slight cyclic motion of JVs in-
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Figure 2: a - a zoomed view on the phase map Phase(I,Hext) of Fig. 1(f) (forward field sweep).
Labels denote Josephson vortices and Josephson anti-vortices present inside the device below Ic.
At the backward field sweep some phase boundaries are shifted (red lines). Dashed square: region
of interest and of the fit in Fig. 2(e) (see in the text). b - upper panel: Phase(I = 0, Hext)
plots for forward (black curves) and backward (red curves) sweeps. Lower panel: field dependence
of the corresponding total magnetic flux (calculation, see in the text). c - color-coded magnetic
flux spatial distribution inside the junction during forward and backward field sweeps (calculation,
see in the text). Horizontal lines: junction edges. White labels and arrows show the evolution of
individual JV positions. d - Phase(I) cuts at selected fields Hext for forward and backward sweeps.
e - simulation of the crossing point in Fig. 2(a) (see in the text). f - magnetic field dependence
(backward sweep) of the energy dissipated in the junction over one tip oscillation period; red dashed
line - for the first oscillation after Hext change, black line - averaged over large number of following
oscillations (see explanations in the text).
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side JJ around their equilibrium positions. But
when JJ is driven very close to a transition be-
tween two different JV configurations (by ap-
plying Hext or a current Ialong along one of the
electrodes), the oscillatory field δHtip(x, t) can
be enough to trigger the JV entry/escape. In
turn, the dissipation due to the JV motion af-
fects the tip oscillation and appears as sudden
phase drops.12–14 That is why V (I,Hext)map in
Fig. 1(c) and the simultaneously recorded phase
map Phase(I,Hext) in Fig. 1(f) resemble each
other. Though, beyond similarities, the phase
map reveals some events occurring inside V = 0
region, that is when the junction remains glob-
ally in the superconducting state, |I| < Ic. A
zoom on the corresponding phase map region of
interest (dashed yellow rectangle) is presented
in Fig. 2(a) and discussed later.
The DC-transport and MFM data provide

only a quasi-static picture of the junction be-
haviour. To account for the JV dynamics,
we simulate the junction behaviour using the
discrete sine-Gordon equation approach.41 The
junction is divided in k =31 elementary junc-
tions, see Fig. 1(e). The low capacitance of the
junction is neglected in calculations.
At the first step of simulation, we calculated

Ic(Hext) curves for various tip positions. The re-
sults for Position 1 and Position 2 are presented
as black solid lines superimposed on V (I,Hext)
maps in Figs. 1(b),(c); they perfectly match
the experimental data. The correctness and
robustness of the model is not warranted by
the high fit quality only but also by the fact
that these fits are obtained using physically rea-
sonable parameters. For instance, the junc-
tion surface used for the flux calculation has
been taken A = L × d, with L = 2500 nm,
that is the geometrical length of the LJJ, and
d =330 nm. The latter value is indeed close
to the so-called magnetic thickness of the junc-
tion, deff = t + 2λ coth(d/λ) ' 380 nm, where
t=200 nm is the geometrical distance between
the two Nb-electrodes, λ=90 nm is the London
penetration depth in Nb, and d=100 nm is the
Nb-film thickness.14 The Josephson penetration
depth (which is a parameter in the model ac-
counting for the flux screening by N-part of the
junction) is found to be λJ ≈ 633 nm - a very

reasonable value for 50 nm thick Cu. The junc-
tion length is therefore 3.95λJ that justifies the
long JJ regime. The distributions Htip(x) and
Ic(x) which are main parameters required to fit
Ic(Hext) data are presented in Figs. 1(g),(h),
respectively. The Htip(x) has a maximum on
the right side of the junction, as expected for
the geometrical position of the tip. Its mag-
nitude ∼3-30 Oe matches the experimentally
established value.14 The Ic(x) dependence is
found flat meaning that all 30 cells contribute
almost equally to the total Josephson current.
This is indeed expected for a high quality JJ. A
rapid decay of Ic(x) outside the junction limits
is in a good agreement with the junction geom-
etry. Finally, a tiny mutual inductance between
the feed lines and the junction was considered
and estimated to 0.3 fH. This inductance ac-
counts for a tiny skew of the Ic(H) dependen-
cies such that their main extrema for the op-
posite current polarities are located at slightly
different values of the external magnetic field in
Fig. 1(b).
At the second step of modelling, we go be-

yond the experiment and restore the magnetic
flux distribution in the junction (all parameters
found at the first step are kept fixed). We focus
on the superconducting regime |I| < Ic in the
field window Hext from 0 to -80 Oe (the nega-
tive sign is given with respect toHtip considered
positive). This part of the Phase(I,Hext) map
is most intriguing, where several JV penetra-
tion events occur, Fig. 2(a). Thin dark lines
on the map are the phase drops - the moments
of individual JV entries. This enables us iden-
tifying all JV phases unambiguously. The re-
gion numbered "0" stands for no JV inside the
junction, "JV", "2JV", 3JV" - for one, two
and three Josephson vortices whose flux direc-
tion is aligned with Hext, and "JAV", "2JAV",
"3JAV" stand for one, two and three Joseph-
son anti-vortices which are JV of the opposite
polarity (aligned with Htip). For completeness,
the graphs Phase(Hext) at I = 0 are presented
in the upper part of Fig. 2(b) for both for-
ward (black line) and backward (red line) field
sweeps; the cuts Phase(I) at selected values of
Hext are displayed in Figs. 2(d). These cuts
demonstrate that some JV entry/escape events
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Figure 3: a,b - color-coded tip oscillation phase Phase as a function of magnetic field Hext and
current Ialong for forward, in (a), and backward, in (b), Ialong sweeps. c - Phase(Ialong, Hext = 0)
cuts of the maps (a) and (b). d - Driving current pulse sequence Ialong(t) (lower panel) and
corresponding evolution of the total magnetic flux inside the junction at Hext = −33 Oe (upper
panel) demonstrating the memory behaviour (see in the text).

are sharp and hysteretic while others are not.
The I = 0 regime, presented by horizontal

dashed line in Fig. 2(a), is of particular inter-
est as, by varying Hext, several JV and JAV
phases are attended while keeping the device
well below Ic (that is at zero DC-voltage across
JJ). The corresponding numerically calculated
color-coded flux maps are shown in Fig. 2(c),
the upper map corresponding to the forward
field sweep 0 → -80 Oe, and the lower map
- to the backward sweep. In these maps the
known flux due to the external field and to the
field of the MFM tip is subtracted. The dis-
played flux is generated by spatially inhomoge-
neous Josephson currents in N-parts of JJ and
by Meissner currents in S-electrodes.
These flux maps confirm that at Hext =0,

there are already 3JAV inside the junction. As
expected, JAV appear as dark spots in Fig. 1(g)
due to their positive flux; their positions noted
I, II and III are shifted towards the right (top)
part of the junction where the inhomogeneous
Htip(x) creates as sort of a potential well for
these JAVs.
When a negativeHext is applied, the total flux

through the junction is reduced and the 2JAV
configuration becomes thermodynamically sta-
ble. However, the flux remains spatially inho-
mogeneous: In the central part of the junction,
it is still positive due to Htip >0, while at the
edges it becomes negative. This creates ad-
ditional potential barriers for the 3rd JAV to
exit through the edges. The barriers render the
3JAV → 2JAV transition sharp and hysteretic
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in field. The same phenomenon is observed for
2JAV → JAV and JAV → 0 transitions. This
numerical result is in a perfect agreement with
the experiment (compare experimental and the-
oretical curves in Fig. 2(b)).
At Hext ≈ -30 Oe, the last JAV escapes the

JJ and the system enters an inhomogeneous
Meissner state: One can see an extra flux gen-
erated by circulating Josephson and Meissner
currents trying to screen the total field H(x).
At Hext ≈ -52 Oe, the first JV of the nega-
tive polarity enters the junction (labelled JV1

in Fig. 2(c)). Repelled from the MFM tip
(Htip >0), this JV enters from the x = 0 edge
and remains localized there. SinceHext <0 does
not produce edge barriers for JVs, the transi-
tion from Meissner to JV state is smooth and
non-hysteretic.
When Hext is swept further, new JVs enter.

The 2nd JV gets in at Hext ≈ -60 Oe from
the right (x = 2.5µm) edge: the 3rd JV - at
Hext ≈ -67 Oe from the left (x = 0) edge of
JJ. These transitions are also smooth and non-
hysteretic, as expected in the absence of edge
barriers. Note that the penetration of n-th JV
modifies the location and flux distribution of
already present (n− 1) JVs.
The dynamics of hysteretic (JAV) and non-

hysteretic (JV) entries and related energies are
very different. In Fig. 2(f) we present the
magnetic field dependence of the energy dissi-
pated in the junction over one tip oscillation pe-
riod. For each Hext, this energy is calculated as
Edis =

∑31
k=1

∫ t0
0
InkUkdt, where t0 is the tip os-

cillation period, Ink and Uk are the quasiparticle
current and the voltage drop across k-th junc-
tion of the model. In the hysteretic regime, the
dissipation is relatively high only during JAV
entry events: Edis = 1.7, 0.9, 0.5 aJ, for the
transitions 0 ←→ 1, 1 ←→ 2, and 2 ←→ 3, re-
spectively. These events are visible as strong
peaks on the red curve. JAV entry velocity
is fast, ∼ 4.6 × 103 m/s, ∼ 1.73 × 103 m/s,
and ∼ 0.89 × 103 m/s. Though, these events
occur only during the first oscillation period.
Once inside the junction, the new (n + 1)JAV
configuration remains stable: The following tip
oscillations and even slight variations of Hext

cannot trigger JAV escape. This is clear from

Edis(Hext) calculated for the following oscilla-
tion periods (black curve) where the peaks are
absent. One can also see the peak amplitude as
the height of the potential barrier for JAV to
overcome, ∼1 aJ ' 105kBT , making the ther-
mally activated escape improbable.
In the non-hysteretic regime (realized for JVs

at Hext < -50 Oe) the barrier is absent, and the
JV entry/escape occurs repeatedly at each tip
oscillation. When the tip approaches the junc-
tion, it pushes the JV out; when it retracts,
it let them getting in. As a result, the curves
Edis(Hext) for the first oscillation and the fol-
lowing ones overlap.
We now focus on the region selected by yellow

dashed square in Fig. 2(a). There, the spatially
inhomogeneous magnetic flux in the junction
enables realizing very peculiar JV phase por-
traits. Indeed, by slightly varying I and Hext

it becomes possible to reach a Meissner state
(0JV), 2JV state, and two independent 1JV
states in-between. These 1JV states are real-
ized due to the possibility for JVs to enter from
either side of the JJ. By applying a negative
current across the junction helps the JVs to en-
ter from one side and prevents its entrance from
the other side, and verse versa. Remarkably,
these 4 phases share a common point. Starting
from the Meissner phase and by crossing this
point it becomes possible to reach 2JV phase
directly. Topologically, this 0JV → 2JV tran-
sition corresponds to the simultaneous entry of
two individual JVs from the opposite edges of
the JJ. Fig. 2(e) shows the calculated depen-
dence of the derivative of the total flux in the
JJ on the current and field for the same (I,Hext)
region. Definitely, our model nicely reproduces
this unusual effect and confirms the existence
of the crossing point.

Discussion
The discovery of a peculiar crossing point, the
revealed striking differences in the behaviour
of JV and JAV demonstrate the interest for
realizing a spatially varying magnetic flux in
long JJ devices. While in the present work it
was achieved by superimposing the local field
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TABLE I. Parameters of Josephson vortices: τ – vortex penetration time, V – average vortex
speed, Edis – dissipation energy when changing the number of vortices in the junction

Vortex transition Time τ , ns Speed V , m/s Energy Edis, aJ
0JAV → 1JAV 0.4 4.6 · 103 1.7
1JAV → 2JAV 0.7 1.7 · 103 0.9
2JAV → 3JAV 1.0 0.9 · 103 0.5

of the MFM tip with an external field of a
coil, in advanced devices it could be done lo-
cally by putting small ferromagnetic elements42
or trapped Abrikosov vortex43 in desired loca-
tions near the junction. Moreover, instead of
using an external coil, a supercurrent Ialong can
be applied along the superconducting electrodes
to produce an extra-flux inside the junction,
and to drive it, for instance, into a fast and
hysteretic JV entry/escape regime, as achieved
in our experiment at -35 Oe < Hext < 0 Oe,
Fig. 2(a-c). In this regime, the JJ is a bi-stable
system with an ability to have different num-
bers of JVs at the same external field, that is
0/1 at Hext = −32 Oe, 1/2 at Hext = −17 Oe,
etc. This can be used in low-dissipative logic
and/or memory elements with a high integra-
tion density which is a challenge.36
As a proof of principle, we present in Fig. 3

the experiment demonstrating Hext ↔ Ialong in-
terchangeability in the JJ control. Figs. 3(a,b)
are tip oscillation phase maps obtained at dif-
ferent currents Ialong and fields Hext. They
reveal the phase drops corresponding to JV
transitions with a nearly linear Hext(Ialong) de-
pendence Hext[Oe] ' −5 Ialong[mA] and thus,
the capacity to access, by varying Ialong, all
JV states even with no external magnetic field
applied, Fig. 3(c). The comparison between
forward (a) and backward (b) swept currents
demonstrate that the hysteresis effects observed
inHext sweeps, Fig. 2(a-d)), are also reproduced
in Ialong sweeps, Fig. 3(a-c).
Fig. 3d shows the variation of the magnetic

flux inside the junction upon application of cur-
rent pulses; this demonstrates the JJ use as a
fast write/read memory device. A short posi-
tive current pulse Ialong >0 leads to the entry
of one JV into contact (transition 0 → 1). A
current pulse of the same polarity (applied at

t =40 ns) does not change the JV state. A
current pulse of the same amplitude but of the
opposite sign (at t =60 ns) triggers the JV es-
cape (1 → 0). The repetition of the negative
pulse (at t =85 ns) does not modify the 0JV
state, etc. It is important to note that in these
simulations, the pulse amplitude was intention-
ally taken below the critical current value for
the selected operation point. This enables one
switching between JV states while keeping JJ
in the zero-resistance regime. The switching
speed is limited by the entry/escape time of JV.
For the selected working point (Hext = −33 Oe,
Ialong=0), the operation time is 0.43 ns, and the
dissipated energy Edis = 1.8 aJ – a low value
for memory devices. The switching time and
the dissipated energy for different JV states are
summarized in the table I.

Conclusion
To summarize, in this work we have studied
the Josephson vortex penetration and escape
dynamics in long planar Nb-Cu-Nb proximity
junctions. We demonstrated experimentally
and confirmed theoretically that by generating
a spatially inhomogeneous magnetic flux inside
the junction, it becomes possible to create pe-
culiar Josephson states and to switch between
them while globally preserving the supercon-
ducting state of the junction. We suggest to
employ these low-dissipative Josephson vortex
states in all-supercurrent-controlled logic and
memory devices with no need for an exter-
nal field to be applied for flux manipulation.
The devices are advantageously characterized
by fast switching times, low dissipation and
high integration densities.
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