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SUMMARY

Noise produced by aircraft, wind turbines or drones is an increasing societal challenge.
In order to develop more silent technology new silent designs are tested in wind tunnels.
The wind tunnel environment, however, is different from the real world. Therefore, cor-
rections are made to properly predict the acoustics of the application in the real world.
Acoustic corrections, specifically aimed to be used in acoustic imaging techniques, are
the topic of this thesis. The work is split into two parts. The first part concerns efficient
mean flow corrections. The second part presents a method to improve the resolution of
acoustic images when the acoustic waves propagate through a turbulent medium. The
thesis begins with a background on sound propagation, including common correction
models used within acoustic imaging techniques. Furthermore, the fundamentals of
acoustic imaging by means of the beamforming method are described.

Localization of aeroacoustic sound sources in open jet wind tunnel experiments is
often performed using acoustic imaging techniques. These techniques require the eval-
uation of the acoustic propagation time between the sound source and observer, which
depends on the flow topology. Most conventional predictions use either a ray-tracer,
coupled with a modeled continuous velocity field, or use ray diffraction and a discretiza-
tion of the velocity field by means of vortex sheets. A novel method is proposed in which
the continuous velocity field is discretized into blocks of constant velocity separated by
velocity discontinuities, thus removing the requirement for the velocity to be parallel
to the surface that separates the blocks. The acoustic ray is solved by minimization of
the acoustic propagation time. The computational effort is low compared to ray-tracing
methods, while maintaining an improvement in accuracy compared to methodologies
using vortex sheets. An empirical continuous velocity field is derived that models a self-
similar shear layer expanding asymmetrically from a rectangular nozzle. Subsequently,
this velocity field is discretized to compute the acoustic rays. Experimental results with
a loudspeaker source placed in the open jet of a large industrial wind tunnel showed
a decrease in source localization uncertainty compared to techniques based on vortex
sheets. This is attributed to the inclusion of the shear layer slanting.

A similar method is applied to an open jet wind tunnel experiment in which sound
sources on high-lift devices are localized using acoustic imaging techniques. The lift
force deflects the wind tunnel jet and therefore affects the flow topology. A method is
presented to evaluate the propagation time when the jet is deflected. The deflected flow
is modeled using potential flow theory and used as input for a ray-tracer to obtain the
propagation time. Although accurate, a ray-tracer significantly increases the computa-
tional effort of acoustic imaging. Therefore, approximate ray solutions are again com-
puted using the principle of least propagation time, significantly lowering the computa-
tional effort. The correction method is applied to an experiment with a high-lift configu-
ration performed in a large industrial wind tunnel (8 × 6 m2), for which the conventional
correction technique erroneously localized the sound sources 0.5 m too far downstream.

xi



xii SUMMARY

The developed technique is shown to localize the sound sources at the correct location.
The second part of this thesis also concerns acoustic imaging methods used to detect

and quantify aerodynamic noise sources in aeroacoustic experiments. In wind tunnels
with an open jet test section the sound waves, propagating from the acoustic source
to a microphone array, are distorted by the shear layer encountered on the propaga-
tion path. The velocity fluctuations, induced by the shear layer turbulence, continu-
ously alter the propagation time between source and observer causing reduction of the
coherence between two microphone signals. The reduction in coherence is stochastic
and depends on the relative position between source and microphone. The low coher-
ence leads to blurred acoustic source images with reduced peak Sound Pressure Level.
A method called Acoustic Lucky Imaging is presented, which is based on a methodology
used in astronomy to correct for image distortion due to turbulence present in Earth’s
atmosphere. Furthermore, a model for coherence loss is derived to explain the loss of
acoustic image resolution and allow for a-priori estimates on acoustic image blurring.
The method is applied to an acoustic data set obtained in the open jet of a large indus-
trial wind tunnel. It is shown that the presented method can restore a loss of 6 dB peak
Sound Pressure Level by 3 dB and increase the resolution of the acoustic image.

The two methods improve the accuracy of acoustic images produced from acous-
tic wind tunnels experiments. Furthermore, the supporting theory has increased the
scientific knowledge behind the distortion of acoustic images. Finally, the last chapter
discusses the conclusions, together with recommendations for future research, and sug-
gestions for improvements.



SAMENVATTING

Geluid van vliegtuigen, onbemande luchtvaartuigen, wegverkeer en wind turbines zorgt
voor maatschappelijke overlast. Om geluidsarme technologieën te kunnen ontwikkelen
worden deze getest in een gesloten of openstraal windtunnel, vaak geïmplementeerd in
een schaalmodel. De testomgeving van de windtunnel is echter anders dan de omgeving
waarin de nieuwe technologie wordt toegepast. Daarom is het noodzakelijk correcties te
ontwikkelen zodanig dat het geluid van de toepassing op ware schaal en in de feitelijke
omgeving kan worden voorspeld. Akoestische correcties, benodigd om geluidskaarten
te berekenen, zijn het onderwerp van dit proefschrift. Het werk is in twee delen op-
gedeeld. Het eerste deel gaat over efficiënte correcties voor de gemiddelde stroming.
In het tweede deel wordt een methode gepresenteerd om de resolutie van geluidskaar-
ten te verbeteren, wanneer de geluidsgolf door een turbulent medium propageert. Het
proefschrift begint met achtergrondinformatie over de propagatie van geluid, alsmede
de veel voorkomende correctie modellen die worden gebruikt bij het genereren van ge-
luidskaarten. Verder worden de basisprincipes besproken die ten grondslag liggen aan
het berekenen van de geluidskaarten als men het straalvorming (in het Engels: “beam-
forming”) algoritme gebruikt.

Het lokaliseren van aëro-akoestische geluidsbronnen in een openstraal windtunnel
experiment gebeurt meestal met behulp van geluidskaarten. De algoritmen achter deze
kaarten gebruiken hierbij de propagatietijd van het geluid tussen de geluidsbron en de
waarnemer. De propagatietijd is afhankelijk van de topologie van de stroming. Conven-
tionele methoden om deze tijd te bepalen volgen het geluidspad door een continu ge-
modelleerd stromingsveld of zijn gebaseerd op de breking van het geluidspad en delen
het stromingsveld op door middel van wervelvlakken. Een alternatieve methode wordt
gepresenteerd waarin het continue stromingsveld in blokken van constante snelheid is
opgedeeld door middel van snelheidsdiscontinuïteiten. Hierbij hoeft, anders dan bij
een wervelvlak, de snelheidsvector in het blok niet parallel te zijn aan het vlak van de
discontinuïteit. Het geluidspad volgt uit de minimalisatie van de totale propagatietijd
door alle blokken op het pad van het geluid. De benodigde rekeninspanning is laag
vergeleken met de methodes die het geluidspad volgen in het continue snelheidsveld,
terwijl de verbeterde nauwkeurigheid ten opzichte van de methoden die een wervelvlak
gebruiken wordt behouden. Een empirisch continu stromingsveld is afgeleid om een
zelfgelijkvormige schuiflaag te modelleren die zich asymmetrisch uitbreidt vanuit een
rechthoekige windtunneltuit. Hierna wordt het stromingsveld in discrete blokken op-
gedeeld om geluidspaden uit te rekenen. Een experiment waarin een luidspreker in de
open straal van een grote industriële windtunnel is gemonteerd heeft aangetoond dat
met de nieuwe methode de geluidsbronnen nauwkeuriger zijn te lokaliseren dan met
conventionele methoden. De helling van de schuiflaag is hierbij een belangrijke factor.

Een verwante methode is toegepast op een experiment in een openstraal windtun-
nel waarin geluidsbronnen van welvingskleppen worden gelokaliseerd. De liftkracht van
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xiv SAMENVATTING

een vleugel buigt de open straal van de windtunnel af en creëert hiermee een andere
stromingstopologie voor elke waarde van de lift. Een methode wordt afgeleid om de
propagatietijd in deze omstandigheden te berekenen. De afgebogen straal wordt gemo-
delleerd met behulp van stromingspotentiaaltheorie. Vervolgens wordt dit resultaat ge-
bruikt om het geluidspad door de stroming te volgen. Hoewel deze methode de akoesti-
sche vergelijkingen nauwkeurig oplost stijgt hierdoor de rekeninspanning benodigd voor
de geluidskaarten. Daarom worden de geluidspaden ook nu berekend als de paden van
minimale propagatietijd in een stromingsveld bestaande uit een beperkt aantal blokken.
Deze methode is toegepast op een experiment waarin een vleugelprofiel met welvings-
kleppen geplaatst was in de open straal van een grote industriële windtunnel. Wanneer
de conventionele methode om de geluidspropagatietijd te berekenen werd gebruikt wer-
den de geluidsbronnen 0.5 m te ver stroomafwaarts gevonden. Met de nieuwe methode
worden de bronnen op de verwachte plek gelokaliseerd.

Het tweede deel van dit proefschrift gaat ook over geluidskaarten die gebruikt wor-
den om aerodynamische bronnen te lokaliseren. Wanneer de windtunnel een open
straal heeft zal de geluidsgolf, wanneer deze van de bron naar de microfoon loopt, door
de schuiflaag propageren. De snelheidsfluctuaties in de schuiflaag veranderen de pro-
pagatietijd tussen de bron en de waarnemer, hierdoor daalt de coherentie tussen twee
microfoonsignalen. Deze afname in coherentie is stochastisch en afhankelijk van de re-
latieve posities van de bron en de microfoons. De lage coherentie verslechterd de resolu-
tie van de geluidskaarten en reduceert de voorspelling van de sterkte van de gemeten ge-
luidsbron. Een methode met de naam “Acoustic Lucky Imaging” is ontwikkeld om dit te
corrigeren, deze methode is gebaseerd op een gelijknamige methode uit de astronomie
die de resolutie van foto’s verbetert die onscherp zijn door beïnvloeding van turbulen-
tie in de atmosfeer. Verder is er een model voor coherentieverlies afgeleid dat aantoont
waarom de geluidskaarten onscherp worden. Dit model kan ook worden gebruikt om a-
priori een inschatting te maken van de resolutie van de geluidskaarten. De ontwikkelde
methode is toegepast op een akoestische dataset die is verkregen in een grote industriële
windtunnel. Hiermee is aangetoond dat de methode 3 dB van de maximale bronsterkte
kan herstellen als het totale verlies 6 dB bedraagt. Ook is de resolutie van de geluidskaart
verbeterd.

De twee gepresenteerde methoden verbeteren de nauwkeurigheid van geluidskaar-
ten die zijn gemaakt met behulp van resultaten van een windtunnel experiment. Daar-
naast heeft de gepresenteerde theorie verduidelijkt hoe de kwaliteit van geluidskaarten
kan afnemen, en laat ook zien hoe het kwaliteitsverlies kan worden beperkt. In het laat-
ste hoofdstuk worden de conclusies en aanbevelingen gepresenteerd, alsmede ook sug-
gesties voor verdere verbeteringen van de ontwikkelde methoden.



1
INTRODUCTION

Our ability to perceive sound allows us to communicate with each other and for example,
enjoy the work of a musician. However, as shown in Fig. 1.1, not all sound is perceived
positively. The presence of wind turbines can cause severe noise hindrance at nearby
houses. Aerodynamic noise sources on drones or aircraft are also responsible for signif-
icant noise nuisances. Society is, however, partially dependent on the wind turbines to
produce electricity without the need to burn carbon-based fossil fuels 1 and meet sus-
tainability targets.

Figure 1.1: Noise sources.

The increasing demand for mobility of citizens increases the number of flights, which
in turn raises aircraft noise exposure in the vicinity of airports. One example is Schiphol
Airport in the Netherlands. Figure 1.2 shows the sound produced by aircraft during land-
ing and take-off, even without prior knowledge the locations of the five largest runways
can be guessed from the sound contours. To stay within accumulated noise limits the

1
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number of flights is restricted by the sound produced 2, whereas citizens are still expe-
riencing nuisance. Next to aircraft noise, new upcoming transport modalities, such as
urban air vehicles and drones 3, are expected to further increase noise in the future 4.
These examples illustrate the need for (more) silent technology, which demands a good
understanding of the sound sources.

Figure 1.2: Sound contour map around Schiphol (2016), Lden in dB1.

1.1. DESIGNING SILENT TECHNOLOGY
Research in acoustics 5 aims at understanding the noise sources in order to reduce the
emitted sound. Of particular interest is the dependence of the characteristics of the
noise source on, e.g., the geometry of an airfoil, the rotational velocity of the propeller
and the properties of the surrounding air. In practice more than one sound source is
present, and therefore techniques were invented to separate the noise sources for indi-
vidual study. Around the end of the 70’s researchers began to use multiple microphones
in order to localize the separate sound sources. Inspired by measurements in hydrody-
namics 6, Kinns 7 used two microphones in order to differentiate between sources along
a line. The “theory of line sources” works on the basis of microphone cross-correlation,
an illustration is given in Fig. 1.3. For each point on the line of sources the propagation
time from this point to the two microphones is computed. Subsequently, one computes
the cross-correlation between the signals from the two microphone at the difference of
the two propagation times. When a source is present at the chosen point a high cross-
correlation is found, otherwise the cross-correlation is low. This allows to localize and

1https://www.pdok.nl/-/geluidskaarten-spoorwegen-en-schiphol-beschikbaar-bij-pdok
https://commons.wikimedia.org/wiki/File:Schiphol-overview.png
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1

3

study multiple sources along the line. Without modern computers this process was often
performed entirely with analogue equipment, although computers were also in use, e.g.,
Billingsley and Kinns 8 provide a numerical formulation for their “Acoustic Telescope”,
which is remarkably similar to the formulations still used today. Later improvements on

Microphones

Line of sources

τ1

τ2

Figure 1.3: Source location on a line from the experiment of Kinns 7.

this technique extended the line of scan points to a two-dimensional grid of scan points.
Early research on the topic was performed by Piet 9, Meadows 10, and Sijtsma 11. A neces-
sary step was to add more microphones, creating an array of microphones as shown in
Fig. 1.4b. A typical array uses 50 to 150 microphones. The additional expense and com-
plexity were not without their merits resulting in acoustic images as shown in Fig. 1.4a.
These images allow for more detailed analysis of the sound sources.

(a) Sound contour map for an Airbus A340
during approach 12.

Array

Person for scale
Array

(b) Acoustic arrays in the open jet test section
of a large wind tunnel 13(adapted).

Figure 1.4: Acoustic imaging.
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1.2. WIND TUNNEL EXPERIMENTS & TEST SECTION TYPES

Proper control of the experimental environment is required, such that no other phenom-
ena interfere with the test results. Therefore, aeroacoustic wind tunnels 14 have been
build to facilitate a constant stream of air in which the object of interest is placed. This
may be a specific component or a small model in a small wind tunnel, or full scale ge-
ometries in large industrial wind tunnels. Figure 1.5 shows two types of wind tunnel test
sections: the open jet test section and the closed test section. When the open jet test sec-

Sound

Microphones

Collector
Diffuser

Shear layer

Potential flow core

(a) Open jet test section.

Sound

Microphones

Diffuser Boundary layer

Wall

(b) Closed test section.

Figure 1.5: Wind tunnel test section types.

tion is used, the aircraft model is placed inside the potential flow core of the jet and the
microphones are placed outside the jet. An advantage of this test section type is that the
surrounding environment of the test section can be acoustically treated in order to re-
duce sound reflections. At ideal circumstances the microphone measures only the sound
emitted from the source. A disadvantage of the open jet test section is the presence of a
shear layer between the model and the microphones. The shear layer distorts the sound
waves and consequently the acoustic images that rely on accurate assessment of time
delays between source and microphone. This decreases the source strength and resolu-
tion in the acoustic image. In the closed test section the hard wall reflects the sound and
therefore measured noise levels are affected by the environment, hampering a direct in-
terpretation. In the closed test section the distortion of the sound wave is less of an issue
since the boundary layer is in general much thinner than the shear layer. Nevertheless,
in large industrial wind tunnels the boundary layer thickness in the closed test section
may still be a multitude of the acoustic wavelength, negatively affecting the measured
acoustic image 15.

A third type of wind tunnel, also known as a hybrid test section, aims at negating
the negative properties of both the open and the closed test section. In this test sec-
tion the hard wall of the closed test section is replaced by an acoustically transparent
material, e.g., see Devenport 16 in the Virginia Tech 1.8 m × 1.8 m Stability Tunnel. The
aerodynamic quality is similar to the closed test section wind tunnels, whereas acoustic
measurement are performed similar to an open jet facility, yet without the presence of
a shear layer. The requirement for acoustic transparent walls renders this type of test
section challenging for large scale wind tunnels.
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1.3. UNCERTAINTIES
It is important to know how to relate the result of an experiment to that of the real world
application. The (scaled) aerodynamic sound source must still be representative for the
real full scale sound source. Furthermore, the propagation of the sound in the wind
tunnel environment must be related to the sound propagation outside. Both the scaling
and difference in propagation have to be known in order for the wind tunnel experiment
to be useful for the development of technology of low noise emission. Uncertainties in
experimental simulation hinders the prediction of sound production on full scale. This
work focuses on the propagation of the sound in open jet wind tunnels, and its impact
on measurement uncertainties.

The uncertainties are commonly classified by their influence on particular frequen-
cies of the sound, see Kroeber 17, who specifically studied the influence of the test section
type on the acoustic images. The main conclusions of the research are summarized in
Fig. 1.6. A common source of uncertainty for both wind tunnel types is the background
noise generated by the wind tunnel itself, e.g., by the wind tunnel fan. The background
noise from the wind tunnel is generally highest at to the lower frequencies. As noted,
the presence of a shear layer in the open jet test section distorts (or scatters) the sound
waves, which is mainly a problem for the high frequency part of the spectrum. In con-
trast, the reflections present in the closed test section cause issues at low frequencies; for
higher frequencies the direct and reflected sound waves become incoherent and are not
an issue for acoustic imaging. In the closed test section the pressure fluctuations of the
developing boundary layer create pseudo-sound which is measured by the microphones
mounted in the wall. The pseudo-sound creates uncertainty at the lower frequencies,

High

Low

Boundary &
propagation
influences

Frequency

High

Open jetClosed

Background noise

Boundary layer

Reflections

Scattering

Background noise

Scattering

Scattering

Boundary layer

Reflections

Boundary layer

Reflections

Low Middle

Figure 1.6: Frequency-dependent influences on acoustic imaging as summarized by Kroeber 17. The
influences are color coded. Black corresponds to the open jet, blue corresponds to the closed test section.

when the associated pressure fluctuations far exceed the pressure perturbations of the
sound source. Figure 1.6 suggests that one should perform two measurements, one in
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the closed test section in order to measure the high frequency sources, and another mea-
surement using the open jet test section to measure the low frequency sources.

1.4. MOTIVATION
Testing at an industrial scale is expensive and time consuming, therefore it is worth-
while to reduce the uncertainty of the outcome of the tests. The research presented in
this thesis focuses on the propagation of sound in open jet wind tunnels as shown in
Fig. 1.5a. Part of the thesis is dedicated to scattering, which results in acoustic images
with sound source levels which are lower than the actual levels. A few correction meth-
ods exist, each with their own merits, which offer a starting point for further research.
These methods either assume low turbulence levels or require the use of known speaker
sources mounted on the test object. Similar challenges are found in the field of astron-
omy where images of stars appear dim because of the interaction of light with the Earth’s
atmosphere. In the past taking advantage of correction methods from the field of as-
tronomy resulted in useful algorithms for acoustic wind tunnel tests 18. One method to
improve the quality of images of stars is a filtering technique known as “lucky imaging”.
Due to the simplicity of this correction method it is a good candidate to adapt for appli-
cation in wind tunnel environments.

Secondly, source localization errors are an important source of uncertainty in open
jet measurements. The localization of the source is the key result presented in the acous-
tic image. The uncertainty in source localization arises from the flow corrections that
relate the curved sound path in Fig. 1.5a to the actual sound path in the application.
Shear layer correction methods have been researched for decades and a simple model
developed by Amiet 19 published in 1975 is both efficient and remarkably accurate in
commonly encountered cases. It assumes that the shear layer can be modeled using a
horizontal vortex sheet when the shear layer thickness is negligible. This assumption is,
however, questionable in large industrial wind tunnels in which the shear layer thickness
is ∼1 m. More advanced methods to correct for the shear layers are based on numerical
ray-tracing which can account for arbitrary flow topologies. However, ray-tracing meth-
ods are computationally slow and require a known (analytic) flow field description. For
simple two-dimensional shear layers an analytical flow field is available, however, for
more complex flows this is generally not the case. One example for which the horizontal
vortex sheet assumption breaks down is when the shear layer is deflected. Jet deflection
is encountered when high-lift devices are tested, which impart a large deflection force
on the jet and hence require dedicated correction methods.

1.5. GOALS
The goal of this research is the reduction of uncertainty of the sound source location and
strength in acoustic images due to the sound propagation in open jet wind tunnels. In
order to achieve this objective, it is split into multiple research goals:

• Establishing an efficient generic correction method for sound traveling through
shear layers for arbitrary open jet flow topologies. Three flow models are consid-
ered of specific interest:
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– A flow model that includes the finite thickness and expansion of shear layers
in streamwise direction.

– A flow model to account for the rounding of the shear layer at the corners of
the rectangular cross-section of the jet.

– A model that accounts for the jet deflection, e.g., in case a configuration with
high-lift devices is tested.

• Developing a method to correct for the scattering of sound in the shear layer. The
method should retrieve the correct sound levels. Ideally this method works for
tests on an industrial scale in which case the thick shear layer induces much scat-
tering. For ease of usage the method should be non-intrusive, i.e., it should work
without a reference source.

• Evaluation of the developed theories and methods through comparison with ex-
perimental data.

• Showcase the expected magnitude of the uncertainties for wind tunnel tests on an
industrial scale and for real world applications. This should indicate whether the
current state-of-the-art is sufficient or that more advanced methods are required.

1.6. THESIS OUTLINE
The aim of this thesis is to extend the scientific knowledge on acoustic corrections for
open jet wind tunnel experiments. Therefore the current state-of-the-art correction meth-
ods and necessary background theory are presented in Chapters 2-5 to provide a basis
for the developments in the subsequent chapters. The localization uncertainty in large
industrial wind tunnels is assessed in Chapter 6. In this chapter an efficient correction
model is presented that accounts for complex flow fields, specifically a shear layer that
is expanding from a rectangular nozzle as depicted in Fig. 1.7. The same general cor-
rection method is applied to include jet deflection in acoustic imaging techniques. This
methodology is presented in Chapter 7. The other source of uncertainty, the scattering
of sound, is discussed in Chapter 8. A correction method is developed in order to reduce
this type of uncertainty based on the “lucky imaging” method. The reduction of sound
source levels is modeled in order to show the mechanism by with the method improves
the images. The conclusions are discussed in Chapter 9, which also presents possible
future developments. The mathematics in Chapter 4 and 6 involve the use of variational
calculus, a brief introduction to this topic is given in Appendix A.
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Microphone

Wind tunnel nozzle

Air flow

Figure 1.7: Noise sources in an open jet wind tunnel.
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SOUND PROPAGATION

The propagation of sound in various conditions is the main topic of this thesis. Therefore,
the first chapters introduce currently used models that describe the sound propagation.
In this chapter the fundamental equations that describe sound propagation in a fluid are
derived. Furthermore, the basic analytical solutions of the equations are discussed. In
the following chapters the basic equations are simplified and used to derive correction
methods for use in open jet wind tunnel experiments.

2.1. LINEAR ACOUSTICS

A basic assumption within most acoustic models is that the fluid variables, such as ve-
locity and pressure, can be decomposed into a mean value and a perturbation. The per-
turbation is assumed small such that the equations describing the perturbations can
be linearized. The linearized equations, also known as linear acoustics, allow to solve a
number of sound propagation problems. The derivations in this section are based on the
works of Blokhintsev 20 and Rienstra and Hirschberg 21. The equations for conservation
of mass, momentum and energy (using the entropy form) are:

∂(ρ)

∂t
+u ·∇(ρ) =−ρ∇· (u)

∂(ρu)

∂t
+u ·∇(ρu) =−∇p + 1

Re
∇· [τ]

∂(s)

∂t
+u ·∇(s) =− 1

Pe
∇·q + Ec

Re
[τ] : ∇u

(2.1a)

(2.1b)

(2.1c)

where the dimensionless variables are: ρ density, t time, u flow velocity, p pressure, τ
fluid stress tensor, q heat flux, and s entropy. The · indicates the dot product, whereas :

9
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indicates a double dot product. The remaining non-dimensional numbers are:

Reynolds number Re = ρ∞U∞L

µ
= inertial forces

viscous forces

Peclet number Pe = ρ∞cpU∞L

κ
= advective transport

diffusive transport

Eckert number Ec = U 2∞
cp∆T

= advective transport

heat dissipation potential

where ρ∞ is a reference density in kg·m−3, U∞ a reference velocity in m·s−1, L a reference
length in m, µ a reference viscosity in Pa·s, cp the specific heat capacity at constant pres-
sure in J·kg−1·K−1, κ the thermal conductivity in W·m−1K−1, and∆T a thermal difference
with respect to a reference temperature, in K.

For typical acoustic applications with air as the acoustic medium the following values
are used to estimate these numbers:

µ= 2 ·10−5 Pa·s ρ∞ = 1.225 kg·m−3 Cp = 1 ·103 J·kg−1·K−1 L = 1 m
U∞ = 60 m·s−1 ∆T = 1 ·10−3 K κ= 0.026 W· m−1K−1,

which yields:

Re = 3.7 ·106; Pe = 2.8 ·106; Ec = 3.6 ·103, (2.2)

and thus the coefficients equal:

1

Re
= 2.7 ·10−7;

1

Pe
= 3.6 ·10−7;

Ec

Re
= 9.7 ·10−4. (2.3)

Since these coefficients are small the terms containing the heat flux q and the stress
tensor τ are neglected. The conservation equations are then approximated as:

∂(ρ)

∂t
+u ·∇(ρ) =−ρ∇· (u) (2.4)

∂(ρu)

∂t
+u ·∇(ρu) =−∇·p (2.5)

∂(s)

∂t
+u ·∇(s) = 0 (2.6)

Equation 2.6 is recognized as the material derivative of the entropy and implies that the
flow is isentropic along a streamline The equations are closed by introducing the ther-
modynamic equation of state, i.e.,

ρ = ρ(p, s), (2.7)

which is used to define the following quantity:

dρ =
(
∂ρ

∂p

)
s

dp +
(
∂ρ

∂s

)
p

ds. (2.8)
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The first coefficient relates to the thermodynamic speed of sound, defined as:

c2 =
(
∂ρ

∂p

)−1

s
=

(
∂p

∂ρ

)
s

(2.9)

i.e., it is the proportionality factor between a change in density and a change in pressure
when the changes take place at constant entropy. When indeed the flow is isentropic a
simple relation is found between the pressure variation and the density variation:

dp = c2dρ, (2.10)

which also implies ρ = ρ(p), i.e., the flow is barotropic. The conservation of mass and
momentum equation, as defined in Eqs. 2.4-2.5, are linearized by splitting the variables
into a time averaged component and a time varying component:

u = u(x)+u′(x , t ); p = p(x)+p ′(x , t ); ρ = ρ(x)+ρ′(x , t ), (2.11)

where the time averaged components are also solutions to Eqs. 2.4-2.6. Substituting into
Eq. 2.4 and neglecting products of primed variables yields:

∂ρ′

∂t
+ρ∇·u′+u ·∇ρ′+ρ′∇·u +u′ ·∇ρ = 0. (2.12)

Similar for Eq. 2.5:

ρ
∂u′

∂t
+ρu

(∇·u′)+ρu′ (∇·u
)+ρ′u

(∇·u
)=−∇p ′. (2.13)

Neglecting the products of primed variables is valid when the varying components are
small compared to the average components. The linearized mass and momentum equa-
tion form the basis for further approximations.

A commonly used approximation is that of uniform flow, for which Eq. 2.12 reduces
to:

∂ρ′

∂t
+ρ∇·u′+u ·∇ρ′ =

(
∂

∂t
+u ·∇

)
ρ′+ρ (∇·u′)= 0, (2.14)

and similarly the momentum equation:

ρ
∂u′

∂t
+ρ (

u ·∇)
u′ = ρ

(
∂

∂t
+u ·∇

)
u′ =−∇p ′. (2.15)

Following Glegg and Devenport 22 a characteristic distance l and a characteristic time τ,
with ratio l/τ∼ c, are used for further simplification. With these characteristic scales the
terms in the momentum equation, Eq. 2.15, are estimated to scale as:

∂u′

∂t
∼ u

τ
∼ uc

l
; u ·∇u′ ∼ u2

l
. (2.16)

If the acoustic velocity u′ is much smaller than the speed of sound c the momentum
equation becomes:

ρ
∂u′

∂t
+∇p ′ = 0. (2.17)

For a uniform flow this equation conveniently relates the acoustic pressure fluctuations
to the acoustic velocity fluctuations.
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2.2. WAVE EQUATION
The propagation of sound waves is more easily studied when Eqs. 2.14-2.15 are trans-
formed into a single equation. Applying the operator (∂/∂t +u ·∇) to Eq. 2.14 yields:(

∂

∂t
+u ·∇

)2

ρ′+
(
∂

∂t
+u ·∇

)
ρ

(∇·u′)= 0. (2.18)

Taking the divergence of Eq. 2.15 gives:

ρ

(
∂

∂t
+u ·∇

)
∇·u′ =−∇2p ′. (2.19)

Substituting Eq. 2.19 in Eq. 2.18 yields:(
∂

∂t
+u ·∇

)2

ρ′−∇2p ′ = 0. (2.20)

Using Eq. 2.10 yields: (
∂

∂t
+u ·∇

)2

p ′− c2∇2p ′ = 0, (2.21)

which is the convected wave equation for the pressure perturbation. When there is no
fluid flow Eq. 2.21 reduces to:

∂2p ′

∂t 2 − c2∇2p ′ = 0 (2.22)

which is the wave equation that describes the propagation of (sound) pressure waves in
a quiescent environment. When p ′(x , t ) = P (x)e iωt , Eq. 2.22 reduces to the Helmholtz
equation:

k2P +∇2P = 0 (2.23)

which is the spatial equivalent of the wave equation using the wavenumber k =ω/c.
Note that the frame of reference can be rotated such that the advection velocity u is

parallel to the transformed x-axis so that Eq. 2.21 may be reduced to:(
∂

∂t
+u

∂

∂x

)2

p ′− c2∇2p ′ = 0. (2.24)

Expanding this expression yields:(
∂2

∂t 2 +2u
∂2

∂x∂t
+u2 ∂2

∂x2

)
p ′− c2∇2p ′ = 0. (2.25)

The advected wave equation can be transformed into the wave equation of Eq. 2.22, see
Dubois 23 and Ungs 24. This transform is known as the Lorentz-transform when used
in electromagnetic applications, and is closely related to the Prandtl-Glauert transform
found in linearized (compressible) aerodynamics. The benefit of this procedure is that
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standard solutions exist for Eq. 2.22 and one is able to obtain the solution of Eq. 2.24
when the transform is reversed. The transform is defined as:

x̄ =α2x; ȳ =αy ; z̄ =αz; t̄ = t +βx, (2.26)

where α and β are constants to be determined. The transform of the temporal part re-
sults in:

∂p ′

∂t
= ∂p̃

∂t̄

∂t̄

∂t
+ ∂p̃

∂x̄

∂x̄

∂x

∂x

∂t
= ∂p̃

∂t̄
, (2.27)

and thus the second time derivative becomes:

∂

∂t

(
∂p ′

∂t

)
= ∂

∂t̄

(
∂p̃

∂t̄

)
∂t̄

∂t
= ∂2p̃

∂t̄ 2 . (2.28)

The spatial part is transformed as:

∂p ′

∂x
= ∂p̃

∂x̄

∂x̄

∂x
+ ∂p̃

∂t̄

∂t̄

∂x
= ∂p̃

∂x̄
α2 + ∂p̃

∂t̄
β, (2.29)

which then results in:

∂

∂x

(
∂p ′

∂x

)
= ∂

∂x̄

(
∂p̃

∂x̄
α2 + ∂p̃

∂t̄
β

)
∂x̄

∂x
+ ∂

∂t̄

(
∂p̃

∂x̄
α2 + ∂p̃

∂t̄
β

)
∂t̄

∂x
(2.30)

= ∂2p̃

∂x̄2 α
4 + ∂2p̃

∂x̄∂t̄
α2β+ ∂2p̃

∂x̄∂t̄
α2β+ ∂2p̃

∂t̄ 2 β
2. (2.31)

The temporal-spatial transform is carried as follows:

∂

∂t

(
∂p ′

∂x

)
= ∂

∂t̄

(
∂p̃

∂x̄
α2 + ∂p̃

∂t̄
β

)
∂t̄

∂t
+ ∂

∂x̄

(
∂p̃

∂x̄
α2 + ∂p̃

∂t̄
β

)
∂x̄

∂t̄

∂t̄

∂t
(2.32)

= ∂2p̃

∂t̄∂x̄
α2 + ∂2p̃

∂t̄ 2 β. (2.33)

Collecting terms and rearranging gives:

∂2p̃

∂t̄ 2

[
1+u2β2 +2uβ− c2β2]+

∂2p̃

∂x̄∂t̄

[
2uα2 +2uα2 −2c2α2β

]+
∂2p̃

∂x̄2

[
u2α4 − c2α4]− c2α2

(
∂2p̃

∂ȳ2 + ∂2p̃

∂z̄2

)
= 0. (2.34)

To obtain an expression similar in form to the wave equation, the following two con-
straints are imposed:

2α
(
u(1+uβ)− c2β

)= 0; α2(c2 −u2) = c2. (2.35)
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This results in the following expressions for α and β:

α= c√
c2 −u2

= 1p
1−M 2

, (2.36)

and

β= u

c2 −u2 = M

c
· 1

1−M 2 . (2.37)

The coefficient in front of the double temporal derivative evaluates to:

1+u2β2 +2uβ− c2β2 = 1+2uβ+β2(u2 − c2) (2.38)

= 1+ 2u2

c2 −u2 − u2

c2 −u2 = c2

c2 +u2 (2.39)

= 1

1+M 2 . (2.40)

The resulting expression is a wave equation in terms of the transformed variables, i.e.,

∂2p̃

∂t̄ 2 − c2(1+M 2)∇̄2p̃ = 0, (2.41)

or

∂2p̃

∂t̄ 2 − c2

α2 ∇̄2p̃ = 0. (2.42)

(a) Plane wave p̃. (b) Spherical wave p̃ · ∣∣x̄ − x̄ ′
∣∣.

Figure 2.1: Solutions of the advected wave equation. Mach number Ma = 0.4, speed of sound c = 340 m·s−1,
frequency f = 2200 Hz.

The solution of the standard wave equation, assuming a single monopole1 source at
x̄ ′, is equal to:

p̃(x̄ , t̄ ) = 1

4π

f (x̄ ′, t̄ −α ∣∣x̄ − x̄ ′∣∣/c)∣∣x̄ − x̄ ′∣∣ , (2.43)

1A monopole emits equally strong in every direction.
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where f is an arbitrary source function. This solution was first obtained by d’Alembert 25.
Figure 2.1b shows a slice of the pressure field in the original coordinate system. The
retarded time τ is found as:

τ̄= t̄ −α ∣∣x̄ − x̄ ′∣∣/c, (2.44)

or in terms of the original variables and the Prandtl–Glauert factor γ=
p

1−M 2:

τ̄= t + M

c
α2x − α

c

∣∣∣∣∣∣
α2x
αy
αz

∣∣∣∣∣∣= t + 1

cγ2

M x −
∣∣∣∣∣∣
 x
γy
γz

∣∣∣∣∣∣
 . (2.45)

Another elementary solution is the plane wave, see Fig. 2.1a:

p̃(x̄ , t̄ ) = f (x̄ ′, t̄ −αnx̄/c), (2.46)

where

|n|2 = n2
x +n2

y +n2
z = 1, (2.47)

i.e., n is the (unit) direction vector of the plane wave. In the original variables the phase
of the plane wave equals:

τ̄= t + M

c
α2x − α

c
n ·

α2x
αy
αz

= t + 1

cγ2

M x −n ·
 x
γy
γz

 , (2.48)

The retarded time τ, or the propagation time τ−t , is a quantity of interest when localizing
sound sources. From a mathematical point of view we known that if the propagation
time is measured at a minimum of three distinct locations, there is sufficient information
to localize a single sound source.

2.3. USAGE IN WIND TUNNEL CORRECTIONS
The solutions of the advected wave equation, i.e., Eq. 2.43, are particularly useful for
acoustic corrections in a closed wind tunnel as illustrated in Fig. 1.5b. The solution
provides a relation between the sound source and the pressure measured by the mi-
crophone in the wind tunnel wall. The downside is that this simple relation does not
take into account the acoustic reflections. Therefore, more advanced methods were de-
veloped by Guidati 26, Sijtsma and Holthusen 27, and Fischer 28. These methods either
aim to remove (or filter out) the reflections or correct for them in the measured sound
pressure levels.

The acoustics in the potential flow core of the open jet are also described by Eq. 2.43.
Obtaining the relation between the source and the microphones placed outside the jet
requires some additional work. Two common methods to correct for more complex fluid
flows are derived in the next chapter.





3
SOUND PROPAGATION IN A

NON-UNIFORM FLOW FIELD

The basic solutions obtained in the previous chapter provide a simple analytical descrip-
tion for sound propagation in a uniform flow field. However, in practice sound often prop-
agates through a non-uniform flow field. This chapter shows two common models that
describe the sound propagation in such environments. The first method concerns a dis-
cretization of the flow by means of a vortex sheet, whereas in the second method a sound
ray is followed through the fluid. Both methods allow to predict the acoustic propagation
time and the sound pressure at the microphone for a given source, and are thus useful to
correct acoustic measurements.

3.1. SOUND PROPAGATION THROUGH A VORTEX SHEET
When a sound source is located in a non-uniform velocity field the linearized mass and
conservation equations, i.e., Eqs. 2.12-2.13, may still be simplified using velocity dis-
continuities. This is commonly encountered when an object is placed inside the po-
tential flow core of an open jet wind tunnel and the microphone is placed outside the
jet. The shear layer is assumed thin and replaced by a velocity discontinuity parallel
to the freestream velocity vector, as shown in Fig. 3.1. This allows to use the advected
wave equation in the flow region and the wave equation in the quiescent region. One
then needs to find the appropriate interface conditions at the vortex sheet. The acoustic
wave refracts at the velocity discontinuity. Therefore, the microphone signals need to be
corrected both in phase and in amplitude. The refraction phenomenon was studied by
Gotlieb 29, Amiet 19 and Bahr 30.

3.1.1. TIME CORRECTION
From Eq. 2.45 the phase of the wave inside the flow, at the interface location x i , equals:

ϕ= t + M xi −σ
cγ2 , (3.1)

17
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U∞

Source x s

Observer xm

Wavefront

Vortex sheet Intersection x i

n′

n
x

z

Reflection

θ

Figure 3.1: Sound waves across a velocity discontinuity.

where

σ=
√

x2
i +γ2[y2

i + z2
i ]. (3.2)

Outside the flow region the phase, at observer location xm , is equal to:

ϕ′ = r

c
=

√
(xm −xi )2 + (ym − yi )2 + (zm − zi )2

c
(3.3)

Continuity of pressure requires the phase components in the x y-plane to be continu-
ous across the discontinuity. The latter is accomplished by setting the derivatives of the
phase equal on both sides of the discontinuity. Computing the derivatives on the flow
side:

∂ϕ

∂xi
= M − xi

σ

cγ2 ;
∂ϕ

∂yi
=− yi

cσ
. (3.4)

And computing the derivatives in the quiescent region:

∂ϕ′

∂xi
=−xm −xi

cr
;

∂ϕ′

∂yi
=− ym − yi

cr
. (3.5)

Equating the derivatives on both sides leads to the following conditions:

M − xi
σ

cγ2 =−xm −xi

cr
(3.6)

yi

cσ
= ym − yi

cr
. (3.7)

Equations 3.6-3.7 can be solved iteratively for the unknown intersection location x i and
equal Eqs. 5-6 from Bahr 30. The result is shown in Fig. 3.2.
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(a) Plane wave. (b) Spherical wave.

Figure 3.2: Waves across a velocity discontinuity. Mach number Ma = 0.4, speed of sound c = 340 m·s−1,
frequency f = 2200 Hz.

3.1.2. TOTAL REFLECTION
In Fig. 3.2b it is observed that upstream of the monopole source the phase is discontinu-
ous across the discontinuity. This phenomena occurs when the wave is totally reflected.
In this case the transmitted wave decays exponentially 31. For the solutions to be valid
the intersection point must be downstream with respect to the branch point. The branch
point is computed using Eq. 3.6 in the xz-plane, i.e., assuming yi = 0. The phase discon-
tinuity occurs because the transmitted wave is parallel to the plane separating the flow
regions, i.e., xm is on the interface. Therefore, on the branch point (xm −xi )/r →−1, and
using this in Eq. 3.6 leads to:

M − xi
σ

γ2 =−xm −xi

r
= 1. (3.8)

Rearranging the terms yields:

[M −γ2]σ= xi , (3.9)

and squaring the results gives:

(M −γ2)2σ2 = x2
i (3.10)

(M −γ2)2(x2
i +γ2z2

i ) = x2
i . (3.11)

This is further rewritten to obtain:

x2
i [(M −γ2)2 −1] =−(M −γ2)2γ2z2

i . (3.12)

On the left-hand-side we can factor out γ2:

−x2
i γ

2[2M +M 2] =−(M −γ2)2γ2z2
i . (3.13)
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Finally, the branch point is computed as:

xi = M −γ2

p
2M +M 2

zi (3.14)

This can also be written in terms of the geometric angle θ:

zi

xi
= 1

cosθ
=

p
2M +M 2

−1+M +M 2 , (3.15)

which agrees with Eq. 8 from Amiet 19.

3.1.3. AMPLITUDES

An amplitude correction at the observer location has been derived by Amiet 32, or more
recently by Glegg and Devenport 22. Part of the pressure wave impinging on the velocity
discontinuity is reflected, while the other part is transmitted through the velocity discon-
tinuity. The impinging, reflected and transmitted acoustic pressure waves are defined as:

p̂i = e iωt−i k(Θ+γnz z)/γ2
(3.16a)

p̂r = Re iωt−i k(Θ−γnz z)/γ2
(3.16b)

p̂t = Te iωt−i k(Θ′+n′
z z), (3.16c)

where the phase in the x y-plane equals:

Θ= M x +nx x +γny y ; Θ′ = n′
x x +n′

y y. (3.17)

The wavefront normals in the flow and in the quiescent region are computed as:

n = x i −x s

σ
; n′ = xm −x i

r
. (3.18)

The acoustic particle velocity in z-direction is computed from the linearized momentum
equation, Eq. 2.17, equals:

ûw − ûr = i knz (1−R)

ρ̄c
; ût =

i kT n′
z

ρ̄c
. (3.19)

Requiring equal pressure and equal particle velocity across the discontinuity yields the
following two equations:

T n′
z = (1−R)nz ; 1+R = T. (3.20)

Requiring equal particle velocity on both sides of the discontinuity also results in a small
displacement of the discontinuity. This also makes the displaced discontinuity a stream-
line, i.e., the interfaces moves with the displacement of the acoustic pressure wave. The
reflection and transmission coefficients follows as:

R = nz −n′
z

nz +n′
z

; T = 2nz

nz +n′
z

. (3.21)
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As shown by Amiet 19 the amplitude of the reflected wave is less than 5% of the amplitude
of the impinging pressure wave for low Mach numbers and moderate angles. Therefore,
the most significant amplitude correction is due to the spreading of the wavefront, this
topic is treated in Section 3.4.

3.2. HARMONICS & EIKONAL EQUATION
Audible sound is of a relatively high frequency: 20 Hz to 20 kHz 21, with most sound in
the range 350 Hz to 10 kHz 22. Furthermore, when an aircraft is scaled down to fit in
the wind tunnel the wavelengths scale accordingly, and consequently the frequency in-
creases 14. Therefore, a high frequency approximation of Eqs. 2.12-2.13 is derived. This
section follows the work of Blokhintsev 20. The time domain is transformed into the fre-
quency domain using:

u′(x , t ) = û(x)e iωt ; ρ′(x , t ) = ρ̂(x)e iωt ; p ′(x , t ) = p̂(x)e iωt , (3.22)

using these expressions in the mass equation, Eq. 2.12, yields:

iωρ̂+ρ∇· û +u ·∇ρ̂+ ρ̂∇·u + û ·∇ρ = 0, (3.23)

and similarly for the momentum equation, Eq. 2.13:

iωρû +ρu (∇· û)+ρû
(∇·u

)+ ρ̂u
(∇·u

)=−∇p̂. (3.24)

A high frequency approximation is accomplished using the following expansions in terms
of the wavenumber k =ω/c:

û =
∞∑

n=0
e−i kΦ(i k)−n un (3.25a)

ρ̂ =
∞∑

n=0
e−i kΦ(i k)−nρn (3.25b)

p̂ =
∞∑

n=0
e−i kΦ(i k)−n pn , (3.25c)

whereΦ(x) is the spatial phase. Note the negative exponents of the wavenumber k, if the
wavenumber is large (high frequency) the higher order terms diminish in significance.
Surfaces of constant phase Φ define the wavefront as shown in Fig. 3.3. Substituting
Eqs. 3.25a -3.25c into the Eqs. 3.23-3.24 yields:

∞∑
n=0

e−i kΦ(i k)−n [
i kcρn +ρ [∇·un − i kun ·∇Φ] +

u · [∇ρn − i kρn∇Φ
]+ρn∇·u +un∇ρ

]= 0, (3.26)

and
∞∑

n=0
e−i kΦ(i k)−n [

i kcρun +ρu [∇·un − i kun ·∇Φ]+ρun
(∇·u

)+ρn u
(∇·u

)]=
∞∑

n=0
e i kΦ(i k)−n [−∇pn + i kpn∇Φ

]
. (3.27)
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Wavefronts

∇Φ

Φ= const
u

Figure 3.3: The wavefront, i.e., a surface of constant phaseΦ, and the mean velocity vector u.

Collecting the i k terms and equating to zero gives:

ρnc −ρun ·∇Φ−u ·ρn∇Φ= 0, (3.28)

and

ρcun −ρu (un ·∇Φ)−pn∇Φ= 0. (3.29)

Using Eq. 2.10 in Eq. 3.28 yields:

pn/c −ρun ·∇Φ−pn/c2u ·∇Φ= 0. (3.30)

Rewriting Eq. 3.30 and Eq. 3.29 results in:

(c −u ·∇Φ)pn/c2 −ρun ·∇Φ= 0, (3.31)

and

cun −u (un ·∇Φ)−∇Φpn

ρ
= 0. (3.32)

From Eq. 3.31 follows that:

pn

ρ
= un ·∇Φc2/(c −u ·∇Φ). (3.33)

Substituting this into Eq. 3.32 gives:

cun −u (un ·∇Φ)−∇Φ (un ·∇Φ)c2/(c −u ·∇Φ) = 0. (3.34)

Taking the dot product of Eq. 3.34 with ∇Φ then yields the Eikonal equation:

|∇Φ|2 =
∣∣c −u ·∇Φ∣∣2

c2 . (3.35)

Simplifying the expression gives the Eikonal equation as function of the local Mach num-
ber:

|∇Φ|2 =
∣∣∣1−M ·∇Φ

∣∣∣2
(3.36)
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This approximation of the wave equation is also known as geometrical acoustics and also
used within optics (Eikonal means image). The solution may be found using numerical
discretization schemes. Another common approach is to solve the characteristics of the
Eikonal equation (a solution remains constant along a characteristic 33). These charac-
teristics are also known as sound rays.

3.3. RAYS
This section derives the characteristics of the Eikonal equation, Eq. 3.36, following Blokhint-
sev 20, Keller 34, and Hayes 35. A unit normal vector is defined using the gradient of the
phaseΦ, see Fig. 3.3:

n = ∇Φ
|∇Φ| , (3.37)

which is used to rewrite Eq. 3.36 resulting in:

|∇Φ|2 =
∣∣∣1− (

M ·n
)
|∇Φ|

∣∣∣2 = 1+
(

M ·n
)2 |∇Φ|2 −2M ·n |∇Φ| . (3.38)

This expression is solved for |∇Φ|:

|∇Φ| = 1

M ·n +1
. (3.39)

The negative solution is omitted since there is no physical interpretation. Multiplying
both sides with n yields:

n |∇Φ| = ∇Φ= n

M ·n +1
. (3.40)

Planes of zero phase (or any constant offset) are the result of:

ωt −kΦ[s(t )] = 0, (3.41)

where the spatial phaseΦ is evaluated at the location of the acoustic ray s which depends
on time t . The time derivative of this expression is computed as:

ω−k
∂Φ

∂s
· ∂s

∂t
=ω−k∇Φ · ∂s

∂t
= 0, (3.42)

which is solved, on the basis of Eq. 3.40, as:

∂s

∂t
= cn +u = c

[
n +M

]
(3.43)

The geometrical interpretation of this expression is illustrated in Fig. 3.4. The expression
contains the unit normal vector n, which is dependent on ∇Φ. To compute the time
derivative of ∇Φ more easily a new variable ξ = ∇Φ is introduced, which is found equal
to:

ξ(x , t ) =∇Φ(x , t ) = n

M ·n +1
. (3.44)
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Wavefronts

u

cn

Φ= const

Rays

∂s/∂t

Figure 3.4: Acoustic rays tracing the wavefront.

The total derivative of ξ when moving with the ray s(t ) is equal to:

Dξ

Dt
= ∂ξ

∂t
+ ∂s

∂t
·∇ξ. (3.45)

The time derivative is found, using the quotients rule, as:

∂ξ

∂t
=

∂n
∂t (M ·n +1)−n

(
∂M
∂t ·n +M · ∂n

∂t

)
(

M ·n +1
)2 =

∂n
∂t(

M ·n +1
)2 =

∂n
∂s · ∂s

∂t(
M ·n +1

)2 . (3.46)

The spatial derivatives are compute accordingly:

∂ξ

∂x
=

∂n
∂x (M ·n +1)−n

(
∂M
∂x ·n + ∂n

∂x ·M
)

(
M ·n +1

)2 . (3.47)

Substituting Eqs. 3.46-3.47 into Eq. 3.45, and using Eq. 3.43, yields:

Dξ

Dt
=−

c
(
1+M ·n

)((
∇M

)
·n

)
(

M ·n +1
)2 , (3.48)

where the following identity for the normal vector n is used:

∂1

∂x
= ∂ |n|2

∂x
= ∂ (n ·n)

∂x
= 2n · ∂n

∂x
= 0. (3.49)

Simplifying the fraction and using the definition of ξ leads to:

Dξ

Dt
=−

c
(
∇M

)
·n

M ·n +1
=−c

(
∇M

)
·ξ=−(∇u

) ·ξ. (3.50)

The final result is summarized as:

∂s

∂t
= cn +u;

Dξ

Dt
=−(∇u

) ·ξ (3.51)
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which is a closed set of ODEs describing the location of the zero phase wave front over
time. A numerical discretization scheme is used to integrated the equations. For sim-
ple flow topologies Eqs. 3.51 have exact solutions. The solutions provide the acoustic
propagation time, which as discussed in the introduction provides critical information
regarding the sound source location. Furthermore, the acoustic rays are used to obtain
the acoustic pressure at the microphone location, this is discussed next.

3.4. PRESSURE
The rays characterize the topology of the sound waves, another important aspect is the
sound pressure. Blokhintzev 36 (see page 326, Eq. 21) continued the derivation from
Eqs. 3.26-3.27 to obtain an equation for the zero-order term of the pressure in Eq. 3.25c.
The mathematics are not trivial, and therefore, we continue here with the equation:

∂p0

∂t
+2V ·∇p0 +p0∇·V −p0V ·∇(logρqc2) = 0, (3.52)

where

V = ∂s

∂t
= cn +u; q = c −u ·∇Φ. (3.53)

The non-trivial mathematics, and Eq. 3.52, come from the requirement that all par-
tial differential equations present in Eqs. 3.26-3.27 must be orthogonal to their corre-
sponding ajoint equations, see Blokhintsev 20 (page 38, Eq. 2.18). Multiplying Eq. 3.52 by
p0/ρqc leads to:

∂e

∂t
+∇· (eV ) = 0, (3.54)

where

e = p2
0

ρqc
, (3.55)

is the average energy density of the sound, which has indeed units kg·m−1·s−2.

ṡ

Ray s = s(t )

ṡ

ζ1

ζ0z

y

x

nζ

Figure 3.5: Acoustic tube formed by acoustic rays.

For a stationary process Eq. 3.54 is simplified using the divergence theorem:Ñ
Ω
∇· (eV )dΩ=

Ó
ζ
(eV ) ·nζdζ, (3.56)
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where ζ is the closed surface of the acoustic tube, enclosing the volumeΩ, and nζ is the
normal of this surface. Since the boundaries, formed by the rays, are perpendicular to V
by definition the only energy flux is through the end surfaces of the tube, i.e., through ζ0

and ζ1. Therefore, the energy density is a conserved quantity within the tube, and one
finds:

Ï
ζ0

p2
0V

ρqc
·nζdζ=

Ï
ζ1

p2
0V

ρqc
·nζdζ= const (3.57)

When the density is constant and for low flow velocities the pressure scales approxi-
mately with the change in cross-sectional area. For simple spherical spreading of the
wavefront this equals the 1/r decrease in pressure amplitude.

3.5. APPLICATION IN WIND TUNNEL CORRECTIONS
Two correction methods are presented. The first method provides a simple correction
method for both the acoustic propagation time and the sound pressure level at the mi-
crophone. The applicability is, however, limited to the situation as depicted in Fig. 3.1.
The second method traces a ray through a mean flow field. This method is consider-
ably more versatile, but at the expense of more complexity and computational effort. In
Chapters 6 and 7 methods are presented to obtain ray-traced solutions with the limited
computational effort of the Amiet method.



4
SOUND PROPAGATION THROUGH

TURBULENT MEDIA

Thus far we have worked with the assumption that the primed quantities u′, ρ′, and p ′ are
small, such that Eqs. 2.12-2.13 properly describe the physics. However, when sound travels
through a region with turbulence the value of u′ is not necessarily small. Therefore, this
chapter examines two possible methods to model the sound pressure when the propaga-
tion medium is turbulent. This chapter focuses on the derivation of the models and is a
complement to the historical context found in the introduction of Chapter 8.

4.1. VELOCITY PERTURBATIONS
In turbulent flows the fluctuating velocity field influences the sound pressure field. It
is assumed that this relation is in one direction, i.e., the sound pressure field does not
influence the velocity field. However, this is not true in general 37 and feedback loops
may exist, e.g., Rossiter modes in rectangular cavities 38. This work is concerned with the
influence of the velocity fluctuations on the sound pressure as measured by the observer
or microphone. The theory is split into two parts: (i) the change of the auto-spectrum,
i.e., the modification of the signal of a single microphone; and (ii) the change of the
cross-spectrum, i.e., the change of a microphone signal compared to a signal measured
by a different microphone at another location.

4.2. SPECTRAL BROADENING
The major change observed in the auto-spectrum when velocity fluctuations are present
is that tonal sound decreases in amplitude. The energy of the tone is spread out over
neighboring frequencies, hence the name “spectral broadening”. Spectral broadening
has been researched by Howe 39, Candel 40, McAlphine 41, and others. Spectral broaden-
ing models aim to predict the loss of acoustic energy in the main tone and the distribu-
tion of this energy to other frequencies. A simple model was introduced by Sijtsma et al. 42

27



4

28 4. SOUND PROPAGATION THROUGH TURBULENT MEDIA

the theory is explained in this section, and creates a background for Chapter 5. The auto-
correlation is defined as:

Rg g (t ) = 〈g g∗〉 = lim
T→∞

1

2T

∫ T

−T
g (t +τ)g∗(τ)dτ, (4.1)

where the latter equality holds if the process f is ergodic. The Wiener-Khinchin theorem
relates the auto-correlation to the auto-spectrum as:

Sg g ( f ) =
∫ ∞

−∞
Rg g (t )e−2πi f t dt . (4.2)

A tonal pressure signal is modeled as follows:

p(t ) = Ae2πi f̄ (t+∆t+ε(t )), (4.3)

where f̄ is the frequency of interest, A the amplitude, t is time, ∆t the propagation time,
and ε(t ) a time dependent time fluctuation. The time flucation models the unsteady
propagation arising from the turbulent medium. The auto-correlation of the pressure is
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(a) Auto-spectrum of the variations ε, based on numerical
sampling.
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(b) Auto-correlation of the variations ε, based on numerical
sampling.

Figure 4.1: Characteristics of the variations ε. Numerical values: σε = 31.6 µs (σ∆ε =
p

2σϵ).

computed as follows:

pp∗(t ) = A2e2πi f̄ t e2πi f̄ (ε(t+τ)−ε(τ)), (4.4)

and consequently:

Rpp (t ) = 〈pp∗〉 = A2e2πi f̄ t 〈e2πi f̄ (ε(t+τ)−ε(τ))〉 = A2e2πi f̄ tψ(t ), (4.5)

where

ψ(t ) = 〈e2πi f̄ (ε(t+τ)−ε(τ))〉 = 〈e2πi f̄ ∆ε〉 . (4.6)
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The challenge is to obtain an expression for ψ(t ), which is dependent on the un-
known time fluctuations. Therefore, to computeψ it is assumed that∆ε is sampled from
a normal distribution:

f (∆ε) = 1

σ∆ε
p

2π
e−(∆ε/2σ∆ε)2

, (4.7)

where f (∆ε) is the probability-density-function of ∆ε. The assumption is done mainly
from a perspective of mathematical convenience, however, in the next section we will
see that the assumption of normal or Gaussian distributed fluctuations is also made in
other relevant literature. The variance σ∆ε depends on τ and follows from:

σ2
∆ε = Rεε(0)−Rεε(τ), (4.8)

i.e., it depends solely on the auto-correlation of the time fluctuations. For educative
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Figure 4.2: Spectral broadening. Comparison of the analytical solution and numerical sampling.
f̄ = 8000 Hz, A = 1 Pa.

purposes the time fluctuations have been generated numerically, see Fig. 4.1. A note on
the dependence ofσ∆ε on τ is that for a small delay time the signals are almost equal and
the variance is small, i.e., σ∆ε→ 0, whereas for large values of τ the variance approaches
a (non-zero) constant value and the fluctuations are no longer correlated, see Fig. 4.1b.
The expected ψ is computed as:

ψ(t ) = 〈e2πi f̄ ∆ε〉 =
∫ ∞

−∞
f (∆ε)e2πi f̄ ∆εd∆ε= e−2π2 f̄ 2σ2

∆ε . (4.9)

The auto-spectrum of p follows from the Fourier transform of Rpp :

Spp = A2
∫ ∞

−∞
e2πi f̄ tψ(t )e−2πi f t dt = A2Ψ

(
f − f̄

)
, (4.10)

whereΨ is the Fourier transform of ψ, i.e.,

Ψ( f ) =
∫ ∞

−∞
ψ(t )e−2πi f t dt (4.11)
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The auto-spectrum of a 8 kHz tone, subject to spectral broadening due to the fluctua-
tions, is shown in Fig. 4.2. The value of f̄ ·εrms ≈ 0.253, as shown, this decreases the peak
value by more than 10 dB. Furthermore, it is observed that most of the energy is trans-
fered not to the closest neighboring frequencies, but to the two peaks one at each side of
the tone.

4.3. PARABOLIC WAVE EQUATIONS
This section describes another approach to include the effect of turbulent velocity fluc-
tuations on the propagation of sound. The origin of this approach is in the atmospheric
sciences, where turbulence in the atmosphere induces temperature fluctuations. The
temperature fluctuations change the refractive index of the air and thus the propagation
of electromagnetic waves 43. The theory also provides estimates on the correlation be-
tween two microphone signals. Starting with the Helmholtz equation, i.e., Eq. 2.23, small
fluctuations in the speed of sound are modeled using the real perturbation ϵ= ϵ(x, y, z).
ϵ is considered a random field and allows to compute the ensemble average pressure
〈P〉 in a subsequent section. The velocity perturbations are due to the turbulence in the
acoustic medium, a schematic representation is shown in Fig. 4.3. The perturbations are
assumed to have a uniform distribution throughout the acoustic medium. The math-
ematics and the applications are discussed in detail by Tatarskii 43. A summary of the
basic model is presented here. Tatarskii presents a modified equation for P , based on
Eq. 2.23, which reads:

∇2P +k2[1+ϵ]P = 0. (4.12)

Some insight in the validity of this equation is obtained by rewriting the second term:

k2[1+ϵ] = ω2

c2 [1+ϵ]. (4.13)

Assuming thatω is constant, the ϵ term effectively perturbs the speed of sound. One may
also reverse this thought experiment and assume the speed of sound constant, in this
case the value for ω is perturbed, which implies that the effective frequency is changed.
The latter shares some similarity to the spectral broadening discussed previously.

Another complex pressure quantity P̃ is defined as:

P (x, y, z) = P̃ (x, y, z)e i kz . (4.14)

The form is chosen with Fig. 4.3 in mind where a planar wave propagates along the z-
axis. Substituting Eq. 4.14 into Eq. 4.12 yields:

(∇2
⊥P̃

) ·e i kz + P̃ ·k2[1+ϵ] ·e i kz + ∂

∂z

(
∂P̃

∂z
e i kz + P̃ · i ke i kz

)
=

(∇2
⊥P̃

) ·e i kz + P̃ ·k2[1+ϵ] ·e i kz + ∂2P̃

∂z2 e i kz + ∂P̃

∂z
· i ke i kz + ∂P̃

∂z
· i ke i kz + P̃ · i k · i k ·e i kz =

(∇2
⊥P̃

) ·e i kz + P̃ ·k2ϵ ·e i kz + ∂2P̃

∂z2 e i kz + ∂P̃

∂z
· i ke i kz + ∂P̃

∂z
· i ke i kz = 0,

(4.15)
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Figure 4.3: Wavefront distortion in homogeneous turbulence.

where

∇2
⊥ = ∂2

∂x2 + ∂2

∂y2 . (4.16)

Assuming that the wave propagates mainly in z-direction, P changes primarily due to
the exponential in Eq. 4.14 and thus we assume:

∂2P̃

∂z2 ≈ 0. (4.17)

The remaining terms constitute the parabolic wave equation:

2i k
∂P̃

∂z
+∇2

⊥P̃ +k2ϵ · P̃ = 0 (4.18)

which approximates a pressure wave traveling predominantly in z-direction. The benefit
of this approximation is that it may be solved using a marching scheme in z-direction.
The corresponding downside is that information only travels in one direction and hence
effects such as scattering or reflection in alternate direction are not modeled.

Some insight into the validity of the parabolic wave equation is found by rewriting
Eq. 4.18 in dimensionless form. Defining the following dimensional quantities:

P̃ = P0P̂ ; x = Rx̂; y = R ŷ ; z = Lẑ; k = k̂/λ, (4.19)

where P0 is a reference pressure, R is the radius of the microphone array, L is the charac-
teristic length scale of the perturbations, and λ is the wavelength. The full equation for
P̃ , i.e., starting from Eq. 4.12, is equal to:

2i k
∂P̃

∂z
+∇2

⊥P̃ + ∂2P̃

∂z2 +k2ϵP̃ = 0. (4.20)

Substituting the quantities defined in 4.19 in Eq. 4.20 gives:

2i k̂
P0

λL

∂P̂

∂ẑ
+ P0

R2 ∇̂2
⊥P̂ + P0

L2

∂2P̂

∂ẑ2 + P0

λ2 k̂2ϵP̂ = 0. (4.21)
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Dividing by P0/λL yields:

2i k̂
∂P̂

∂ẑ
+ λL

R2 ∇̂2
⊥P̂ + λ

L

∂2P̂

∂ẑ2 + L

λ
k̂2ϵP̂ = 0. (4.22)

The characteristics length L is assumed large compared to the wavelength1, i.e.,

λ≪ L ⇒ λ

L
≪ 1. (4.23)

Which gives a geometric argument to neglected the small contribution of ∂2P
∂z2 . Further-

more, the equation is rewritten into the following form:

∂P̂

∂ẑ
= F (P̂ (ẑ),∇̂2

⊥P̂ (ẑ),ϵ(ẑ)), (4.24)

which suggests that a solution can be found by integration, e.g., integrating from z0 to
z1, and the solution is only dependent on P̂ in the range z0 < ẑ < z1. This also indicates
that condition 4.23 is not a sufficient condition. For the parabolic wave equation to be a
good approximation a restriction on the perturbation is necessary such that only a small
amount of backscatter is present.

4.4. ENSEMBLE AVERAGED FIELD QUANTITIES
There are two averaged quantities of interest; the first is the ensemble averaged pressure
P and the second the ensemble averaged coherence Γ. An equation for the averaged
pressure is obtained by taking the ensemble average of Eq. 4.18. The computation of the
averaged quantity 〈ϵP̃〉 is, however, not trivial (see Tatarskii 43 paragraph 65, page 377),
therefore the result is given here as:

2i k
∂P

∂z
+∇2

⊥P + i k3

4
A(0)P = 0, (4.25)

where A is the correlation of ε, observed at ρ1 = (x1, y1)⊤ and ρ2 = (x2, y2)⊤, defined as:

A(ρ1 −ρ2) =
∫ ∞

−∞
〈ϵ1(ρ1; z ′)ϵ2(ρ2; z ′)〉dz ′. (4.26)

The use of brackets 〈. . .〉 denotes the ensemble average of [. . . ]. The validity of Eq. 4.26
depends on the assumption that ϵ is a Gaussian random field, and the assumptions that:

〈ϵ〉 = 0 (4.27a)

〈ϵ1ϵ2〉 = δ(z1 − z2)A(ρ1 −ρ2). (4.27b)

Integration of Eq. 4.27b directly yields Eq. 4.26. A solution to Eq. 4.25 is:

P (x, y, z) = exp

[
−σz

2
+ i k(x2 + y2)

2z

]
· k

2i z
(4.28)

1For shear layers this is often not the case and the wavelength is actually larger than the characteristic scale.
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where σ is the variance of ϵ. The complex coherence is defined as the ensemble average
of the pressure measured at two points, i.e.,

Γ= 〈P̃1P̃∗
2 〉 . (4.29)

Which is described by the following partial differential equation:

2i k
∂Γ

∂z
+ [∇2

⊥(x1, y1)−∇2
⊥(x2, y2)

]
Γ+ i k3

2

[
A(0)− A(ρ1 −ρ2)

]
Γ= 0. (4.30)

Assuming that the initial wave is planar, as shown in Fig. 4.3, the solution to Eq. 4.30 is
found as:

Γ= Γ0 ·exp

[
−1

2
D

]
(4.31)

where Γ0 is the initial coherence and the exponential depends on:

D = zk2

2

[
A(0)− A(ρ1 −ρ2)

]= zk2πd(ρ;σ;L), (4.32)

where d is known as the structure function, ρ = ∣∣ρ1 −ρ2

∣∣, σ and L are turbulence mod-
eling parameters. There are several models to predict the structure function, based on
different assumptions regarding the turbulence. The three dominant models 44 are: the
Gaussian model, the Kolmogorov model and the von Kármán model, see Fig. 4.4. The
Gaussian model is not suited to describe the inertial subrange of the turbulence energy
spectrum2, and is mostly used to represent the energy containing range, or as a filter
to only apply scattering in a limited part of the spectrum 45. The Kolmogorov model is
valid in the inertial subrange and leads to the famous − 5

3 power rule. The von Kármán
model follows the Kolmogorov model in the inertial subrange, and extends to the energy
containing range. The models require two parameters to model the perturbations: a tur-
bulence correlation length L and a turbulence intensity σ. The challenge is to predict
these parameters for a specific flow condition.

As mentioned in Section 4.3 the validity of the parabolic wave equation has a re-
quirement on the intensity of the backscattering. The requirements, formulated by Kly-
atskin 46, are:

k A(0) ≪ 1 (4.33a)

k3 A2(0)z ≪ 1. (4.33b)

The restriction 4.33a is interpreted as a restriction on the amount of scattering, i.e., the
attenuation of the average field over a wavelength should be small. The restriction 4.33b
can be seen as a condition on the validity of the phase of the solution (seeing that it
is multiplied by the unit complex number in Eq. 4.28). A further explanation is given
by employing the Fresnel radii. For a significant reduction of the wave amplitude due

2The turbulence energy spectrum is divided into the energy range, inertial subrange and the dissipation range.
Reflecting the phenomenon of large turbulent structures, containing most of the energy, that break up into
smaller ones until dissipated by viscous effects. See Glegg and Devenport 22 (Section 8.1).
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Figure 4.4: Turbulence models.

to scatter a necessary requirement is that the phases of the direct sound ray and the
scattered sound ray, are almost 90° out of phase. This is illustrated in Fig. 4.5 with a
sound source at focal point F1 and an observer at focal point F2. Two sound paths are
drawn: a direct path and a refracted path, the refraction happens at point P . Point P

F1 F2

P

O

2a

2b

2c

Figure 4.5: First Fresnel zone.

is part of the ellipse which is the collection of points with equal travel time (2a) from
source to observer, assuming a constant thermodynamic speed of sound. The 90° out of
phase requirement translates to:

|PF2|+ |PF1| = 2a = 2c +
(
n − 1

2

)
πλ, (4.34)

i.e., the refracted distance should equal the direct path plus an integer multiple of half
the wavelength. The first Fresnel radius (b) scales as:

b ∼ k2 A(0)λz, (4.35)

which follows from a dimensional analysis ([. . . ] refers to the units of . . . ), i.e.,

[λ] = m; [z] = m;
[
k2 A(0)

]= [A(0)]

m2 =
[∫ 〈ϵ2〉d z ′]

m2 = m

m2 = 1

m
, (4.36)
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which indeed determines the Fresnel radius to be defined in meters. The extinction
length, i.e, the distance over which P̃ decreases significantly scales as:

d = 1

k2 A(0)
= 1

α
, (4.37)

where α is known as the scattering coefficient. This allows to rewrite condition 4.33b as:

k2 A(0)λz ≪ d , (4.38)

which is now interpreted as the requirement that the first Fresnel radius is much smaller
than the extinction length.

The validity of the coherence depends on the additional requirement that:

σ2
ϵkz ≪ 1, (4.39)

where σϵ is the root mean square of the fluctuations ϵ. This condition limits the amount
of backscatter of the acoustic wave. An important note here is that also the assump-
tion of statistical convergence is important. When the coherence is low the necessary
measurement time increases significantly in order to obtain enough data to compute a
converged estimate of the coherence. Performing wind tunnel tests with long measure-
ments times is not always possible or economical.





5
SOUND SOURCE LOCALIZATION

The theory presented in the preceding chapters, concerning the propagation of sound,
is particularly of interest when one tries to localize and quantify the sound sources. As
noted in the introduction measuring with multiple microphones, as illustrated in Fig. 1.3,
yields information about the location of the source and may be used to isolate the source
from other sources. This chapter provides the basic theory necessary to compute acoustic
images from the microphone measurements. Note that in all equations in this chapter it is
the phase information, obtained by measuring with multiple microphones, that is crucial
to the computation of the acoustic image.

5.1. ACOUSTIC IMAGING
Acoustic source localization techniques use multiple microphones to measure the sound
pressure waves. The acoustic image is generated numerically by focusing the sound
waves on an image plane. This is similar to how a lens focuses light waves to create
an image. A schematic representation is shown in Fig. 5.1. Assuming that at the source
location x s a source emits a signal f the measured signal sm of microphone m is:

sm = gm f (t − tm), (5.1)

where sm is the microphone signal, gm is an amplification factor and tm the propaga-
tion time between the source and the microphone. The propagation time temporally
shifts the signal. With this assumption, and only one sound source, all microphones
measure the same signal with a different propagation time tm and amplification factor
gm . An example is given in Fig. 5.2. Within the numerical process the measured signals
are amplified and temporally shifted as well. For each location on the image plane the
propagation time τm from the microphone to the image plane is computed. This shift is
applied as follows:

bm = am sm(t +τm) = am gm f (t − tm +τm), (5.2)

37
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Figure 5.1: Acoustic imaging.

where τm is the numerical propagation time, and am the amplification factor. Subse-
quently, the signals of the M microphones are summed:

b(u; v ; t ) = 1

M

M∑
m=1

am sm(t +τm) = 1

M

M∑
m=1

am gm f (t − tm +τm). (5.3)

This techniques is known as the delay-and-sum beamforming method, and b is the
beamformed response. When the numerical shift is different from the physical propaga-
tion time, e.g., as shown in Fig. 5.3a the signals interfere destructively, see Fig. 5.4a. How-
ever, when the location in the image plane matches the location of the source location
the propagation times cancel and all the microphone signals are aligned, see Fig. 5.3b.
The output of the beamformer then equals the signal emitted at the source location,
compare Fig. 5.4b and Fig. 5.2a.

In practice the Fourier transform of Eq. 5.3 is used to perform the beamforming pro-
cess, i.e.,

B(u; v ; f ) =
M∑

m=1
AmSme2πi f τm (5.4)

where B is the beamformed response in the frequency domain, Am is an amplification
factor, and Sm is the Fourier transform of the microphone signal sm . For most applica-
tions the quantity of interest is the source power, defined as:

P (u; v ; f ) = |B |2 =
M∑

m=1
AmSme2πi f τm ×

M∑
m=1

AmSme−2πi f τm (5.5)

=
M∑

m=1

M∑
m′=1

Am Am′SmS∗
m′e

2πi f (τm−τm′ ). (5.6)
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Figure 5.2: Signals.
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Figure 5.3: Shifted microphone signals.

This formulation has two advantages. The first is that it allows to compute maps per
frequency, and the second is that the quantity SmS∗

m′ can be used to compute the average
source power. The average source power is found as follows:

〈P〉 =
M∑

m=1

M∑
m′=1

Am Am′ 〈SmS∗
m′〉e2πi f (τm−τm′ ) (5.7)

The benefit of the average source power is that the quantity containing the measure-
ment, i.e., SmS∗

m′ , can now be measured as an ensemble average and thus it is possible
to suppress the measurement noise. If the measured signal is composed of a true signal
St and uncorrelated noise N this is accomplished as:

〈SmS∗
m′〉 = 〈(St ,m +Nm)(S∗

t ,m′ +N∗
m′ )〉 = 〈St ,mS∗

t ,m′〉+〈Nm N∗
m′〉δm,m′ (5.8)



5

40 5. SOUND SOURCE LOCALIZATION

0.2 0.3 0.4 0.5 0.6 0.7 0.8

(a) Sum of the shifted microphone signals at (u1 ; v1).

0.2 0.3 0.4 0.5 0.6 0.7 0.8

(b) Sum of the shifted microphone signals at (u2 = xs ; v2 = ys ).

Figure 5.4: Sum of the shifted microphone signals.

where δ is the Kronecker delta, which is 1 if m = m′ and 0 otherwise. Thus for uncorre-
lated noise the measured signal matches the true signal except for the diagonal entries.
This assumes that the ensemble averages have actually converged. The quantity 〈SmS∗

m′〉
is better known as the cross-spectral matrix. Comparing Eq. 5.8 with Eqs. 4.29-4.31, we
note that a spurious effect such as coherence loss is still present in the reduced cross-
spectral-matrix. Coherence loss leads to lower source powers and reduced resolution in
the acoustic image, this subject is discussed in Chapter 8.

5.2. STEERING VECTORS
The general beamform equation, Eq. 5.7, can be written in matrix-vector form as:

〈P〉 = x∗[C ]x , (5.9)

where x has components xm = Ame2πi f τm , also known as the steering vector, and C is
the cross-spectral-matrix. In this generic form the equation closely resembles a digital
filter, and indeed beamforming was originally used in radio applications as a form of
digital filtering. The steering vector “steers” the beam towards the target. There are sev-
eral formulations of the steering vector for the acoustic application 47;48. The most basic
steering vector simply shifts the signals and then averages, it is defined as:

x = 1

M
e2iπ f τm , (5.10)

i.e., A = 1
M . As shown by Sarradj 48, this steering vector formulation assures that the

maximum response coincides with the physical source location. A caveat is that the
actual levels are not useful since no pressure correction is applied. Another common
formulation is known as the least squared error frequency-domain design, as a filter it
is described by Parks 49(section 3.2, page 44), and the usage in acoustics is discussed by
Sijtsma 47. The formulation follows from a minimization of the error J , defined as:

J = |S − Ax |2 , (5.11)

The error J is minimized when d J/d A = 0, which has the solution:

A = x∗S

|x |2 , (5.12)
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and thus the beamformer for the source power becomes:

〈P〉 = x∗SSx

|x |4 = x∗[C ]x

|x |4 . (5.13)

Unless stated otherwise, the steering vectors used in this thesis are defined using Eq. 5.13.

5.3. BEAMFORMING WITHOUT AUTO-POWERS
Observing the structure of the cross-spectral matrix defined by Eq. 5.8 we note that the
(incoherent) noise is completely removed when the diagonal components are omitted.
This “diagonal removal” technique can significantly retrieve much of the resolution of
the acoustic image when the image is deteriorated due to the noise. This is shown by
examining the beamformer response, i.e., substituting Eq. 5.8 into Eq. 5.7:

〈P〉 =
M∑

m=1

M∑
m′=1

Am Am′ 〈SmS∗
m′〉e2πi f (τm−τm′ )+

M∑
m=1

M∑
m′=1

Am Am′ 〈Nm N∗
m′〉δm,m′e2πi f (τm−τm′ ) (5.14)

Using the property of the Kronecker delta, the contribution of the noise equals:

〈PN 〉 =
M∑

m=1
A2

m N 2
m , (5.15)

this shows that measurement noise is reflected in the acoustic image as a weighted aver-
age (by the steering vectors) of the noise auto-powers. This in effect drastically reduces
the dynamic range and explains why diagonal removal retrieves the resolution: it re-
moves the noise floor caused by incoherent (measurement) noise. This benefit is, how-
ever, not without a disadvantage. The response of the beamformer without the matrix
diagonal equals:

〈P〉 =
M∑

m=1

M∑
m′=1

Am Am′ 〈SmS∗
m′〉e2πi f (τm−τm′ ) −

M∑
m=1

A2
m 〈S2

m〉 , (5.16)

and hence may yield negative values at certain locations. This is undesired because the
source power is positive by definition. The negative values are therefore set to zero.

5.4. BEAMFORMER IMAGE RESOLUTION
This section is intended to give some practical insights into the beamform process. Es-
pecially, the Rayleigh criterion is derived to estimate the spatial resolution of the acous-
tic image, i.e., the smallest distance between two distinct sources such that both can be
uniquely resolved. This section aims to show some common approximations to esti-
mate the resolution, see e.g., Hopkins 50, and are based on the Fresnel approximation,
see Born and Wolf 51 (section 8.3.3, page 382). The approximation relies on assumptions
that may not be true for all array measurements, however, it allows to conceptually show
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the mechanisms involved. For a continuously sampled array (infinitely many micro-
phones) Eq. 5.4 becomes equal to:

B(u; v ; f ) =
Ï
Ω

A(x; y ;u; v ; f )Se2πi f τ(x;y)dxdy, (5.17)

whereΩ is the two-dimensional array surface. The microphone signal, assuming a monopole
source S in quiescent air located on the z-axis a distance Lm from the array, is equal to:

S = e−2πi f t (x;y)√
L2

m +x2 + y2
. (5.18)

The weight A should equal the distance from microphone to image source location, i.e.,

A(x; y ;u; v ; f ) =
√

L2
m + (x −u)2 + (y − v)2. (5.19)

However, for mathematical convenience the weight A is defined as:

A(x; y ;u; v ; f ) = A(x; y) =
√

L2
m +x2 + y2, (5.20)

which is valid near the centre of the acoustic image, i.e., when u and v are small, and
allows to rewrite Eq. 5.17 to:

B(u; v ; f ) =
Ï
Ω

e2πi f (τ(x;y ;u;v)−t (x;y))dxdy =
Ï
Ω

e i kΦ̂dxdy, (5.21)

where Φ̂ is the phase defined using rs,m , the distance from the source to the microphone,
and rm,i , the distance from the microphone to the image:

kΦ̂= 2π f
rm;i − rs,m

c
= ω

c
[rm;i − rs,m]. (5.22)

The phase Φ̂ is approximated using a Taylor series:

Φ̂≈Φ=Lm −Lb−
u2/(2Lb)− v2/(2Lb)−x2/(2Lb)− y2/(2Lb)+
x2/(2Lm)+ y2/(2Lm)+ (ux)/Lb + (v y)/Lb , (5.23)

where products of x, y , u and v with 4 terms and more are neglected, for more details on
this approximation see Section 8.3. Using this approximation the beamformer equals:

B = e i kΦ = e i k(Lm−Lb−u2/(2Lb )−v2/(2Lb ))×Ï
e i k(−x2/(2Lb )−y2/(2Lb )+x2/(2Lm )+y2/(2Lm )+(ux)/Lb+(v y)/Lb )dxdy. (5.24)

Which can be rewritten as:

B =
Ï

e
i k

(
(x2+y2)

(
1

2Lm
− 1

2Lb

)
+ ux+v y

Lb

)
dxdy. (5.25)
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Assuming a circular array of diameter D , and changing to circular coordinates, i.e.,

x = r cosθ (5.26a)

y = r sinθ (5.26b)

u = ρ cosφ (5.26c)

v = ρ sinφ, (5.26d)

allows the rewrite Eq. 5.25 to:

B =
∫ 2π

0

∫ D/2

0
e

i k
(
r 2

(
1

2Lm
− 1

2Lb

)
+rρ cosθcosφ+sinθ sinφ

Lb

)
r dr dθ (5.27)

=
∫ 2π

0

∫ D/2

0
e

i k
(
r 2

(
1

2Lm
− 1

2Lb

)
+rρ cos(θ−φ)

Lb

)
r dr dθ. (5.28)

Changing the order of integration:

B =
∫ D/2

0
e

i k
(
r 2

(
1

2Lm
− 1

2Lb

)) [∫ 2π

0
e

i k
(
rρ cos(θ−φ)

Lb

)
dθ

]
r dr, (5.29)

and using the definition of the Bessel function of the first kind:

J0(p) = 1

2π

∫ 2π

0
e i p cos q dq, (5.30)

allows to reduce the beamformer expression to:

B = 1

2π

∫ D/2

0
e

i k
(
r 2

(
1

2Lm
− 1

2Lb

))
J0

(
krρ

Lb

)
r dθdr = 1

2π

∫ D/2

0
e iαr 2

J0(βr )r dr, (5.31)

where

α= k

(
1

2Lm
− 1

2Lb

)
; β= kρ

Lb
. (5.32)

A particular result is shown in Fig. 5.5. The depth resolution of the beamformer along
the beam centre axis is found by setting ρ = 0 and solving for the first zero, the solution
is computed as:

B(ρ = 0) = 1

2π

∫ D/2

0
e iαr 2

r dr =− i

2π

e iαr 2

2α

∣∣∣D/2

0
= i

4πα

[
1−e−αi D2/4

]
. (5.33)

The expression for the source power follows as:

P = |B |2 = 1

16π2α2

[
1−e−αi D2/4

][
1−eαi D2/4

]
(5.34)

= 1

16π2α2

[
2−2cosαD2/4

]
(5.35)

= 1

4π2

sin2αD2/8

α2 . (5.36)
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(a) Source moves with focus plane, Lb = Lm ∈ z. (b) Source at Lm = 2.2 m, focus plane Lb ∈ z.

Figure 5.5: Acoustic imaging beamforming. k = 41 m−1, D = 2 m, f = 2200 Hz.

The zeros are found by equating:

αD2

8
= k

(
1

2Lm
− 1

2Lb

)
D2

8
= nπ, (5.37)

where n is an integer. The result is:

Lb =
[

16nπ

kD2 + 1

Lm

]−1

= kD2Lm

kD2 +16nπLm
. (5.38)

Which is a similar result as found in optical literature 52. The lateral resolution, i.e., in the
source plane where Lb = Lm , is found as follows:

B(Lm = Lb) = 1

2π

∫ D/2

0
J0(βr )r dr = r J1(βr )

β

∣∣∣D/2

0
= D

2π

J1(βD/2)

2β
, (5.39)

and subsequently the source power equals:

P = |B |2 = D2

4π2

J 2
1 (βD/2)

4β2 , (5.40)

which is recognized as the Airy pattern. In optics the resolution is based on the first
fringe or zero and follows from:

J 2
1 (βD/2) = 0, (5.41)

which results in:

β
D

2
= kDρ

2Lb
= J1,z1 = 3.8317059. . . , (5.42)
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where J1,z1 is the first zero of the Bessel function of the first kind. Rewriting the expres-
sion then yields:

ρ = 2J1,z1 Lb

kD
= 2c J1,z1 Lb

ωD
= c J1,z1 Lb

π f D
≈ 1.22

cLb

f D
, (5.43)

which is recognized as the Rayleigh criterion. In general we find that the depth resolu-
tion is much lower than the lateral resolution. Therefore, it is difficult to distinguish be-
tween sources in the image plane and sources outside the image plane. More advanced
beamforming techniques such as acoustic tomography 53 could be used to resolve this
issue.
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Figure 5.6: Acoustic imaging resolution. k = 41 m−1, D = 2 m, f = 2200 Hz.





6
EFFICIENT SHEAR LAYER

CORRECTIONS FOR ACOUSTICS IN

ARBITRARY JET FLOWS
1

This chapter presents an efficient method to compute the acoustic propagation time when
the wind tunnel flow cannot be split up using the vortex sheet approach of Section 3.1. It
is shown that the rays obtained in Section 3.3 are the paths of minimal propagation time
between source and observer. This principle is used to solve for the acoustic path when
the velocity field is approximated by a few discrete blocks of constant velocity. To show the
applicability, two simple flow fields are discretized and compared to experimental flow
measurements. Furthermore, the method is used to generate acoustic images from test
data obtained in a large industrial wind tunnel.

6.1. NOMENCLATURE

ce = Effective speed of sound [-] t = Time [s]
cT = Thermodynamic speed of sound [ms−1] T = Total propagation time [s]
f = Frequency [s−1] U = Mean flow velocity [ms−1]
H = Nozzle height [m] W = Nozzle width [m]
J = Action [-] x = Spatial location [m]
L = Wind tunnel reference length [m] γ = Prandtl–Glauert factor [-]
L = Lagrangian [-] δ . . . = Functional variation of . . .
M = Mach vector [-] η = Self-similar parameter [-]
n = Vector normal to wave front [-] η̂ = Optimal flow division parameter [-]
p = Power function [-] λ = Wave length [m]

1Adapted from: J.Biesheuvel, M.Tuinstra, L.D. de Santana, C.H. Venner, “Efficient shear layer corrections for
acoustics in arbitrary jet flows”, Submitted to the Journal of Sound and Vibration, under revision.
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r = Ray point location [-] Φ = Phase function [-]
s = Arc length [-] τ = Dimensionless time [-]

6.2. INTRODUCTION
Society requires more renewable energy production from wind turbines. In addition
there is increased demand for transportation of goods and people by aircraft. Both wind
turbines and aircraft should be as quiet as possible. To achieve this the design of wind
turbines and aircraft is aided by experiments performed in aeroacoustic wind tunnels.
The wind tunnel experiments entail the recording of the sound by arrays of microphones
which allows to predict and study the noise emitted from the final product. Microphone
signals may be processed further in order to localize the sound sources. The localization
algorithms rely on accurate predictions of the acoustic propagation time from the sound
source to the microphones. Computation of an accurate propagation time with minimal
computational effort is therefore an important step towards reduced noise pollution.

Performing the experiment in aeroacoustic wind tunnels is important because these
wind tunnels combine aerodynamic and acoustic characteristics essential to the devel-
opment of silent technologies 54;55 and research concerning aerodynamic sound produc-
tion phenomena and noise abatement techniques 56. Aeroacoustic facilities support the
development of aviation 57;58;59, wind energy 60;61;62 and the emerging industry of urban
aerial mobility 63;64. Aeroacoustic testing facilities feature different types of test sections,
namely, open, closed and hybrid 65;66;67. Each test section type has specific advantages
and limitations 68;17, yielding different results 69;70. In particular, aeroacoustic wind tun-
nels with an open test section are used to measure the far-field radiation of a sound
source under free-field conditions. In the far-field the distance r to a compact source
is much larger than the wavelength λ and the pressure decays as 1/r . In general, aeroa-
coustic noise sources do not radiate sound equally in every direction. Therefore, an open
test section is ideal for measuring the far-field radiation because the wall can be acous-
tically treated to avoid reflections. This simulates a free-field environment whereby only
the noise characteristics of the subject are measured. Furthermore, the microphones
can be located sufficiently far from the noise source at different observer angles, making
the open jet flow configuration the most adequate for the quantification of the far-field
radiation of the aeroacoustic sources.

Large-scale industrial wind tunnels are necessary for testing new products at a high
Reynolds number, e.g., aeroacoustic tests on aircraft models 71. The dependence of the
acoustics on the Reynolds number is important both for Aeolian tones and broadband
noise 14. For a simple Helmholtz scaling the frequencies of interest can become so high
that it becomes a challenge to accurately measure the acoustics of the source due to the
presence of background noise and wave-turbulence interactions. Even for a moderate
scaling of 1:10 the frequencies can already span a range up to 50 kHz while the model
span is still in the order of meters. Large wind tunnels also allow for full scale tests on
many transportation vehicles, e.g., trucks and trains 72, or wing sections from a wind
turbine 73. This eliminates any scaling uncertainties or geometry related fidelity uncer-
tainties, e.g., missing bolts or slots.

Correcting the acoustic measurement for the presence of the wind tunnel shear layer
is essential for an accurate prediction of the free-field radiation of the full-scale product.
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Figure 6.1: Typical setup for an (aero)acoustic open jet wind tunnel test.

Figure 6.1a shows a schematic of a typical test with an aircraft model placed in the wind
tunnel jet and the microphone array standing in the quiescent air. The jet and quies-
cent air are separated by the shear layer. For large industrial wind tunnels the shear layer
thickness can reach up to 1 m. To compare acoustic wind tunnel measurements to free-
field radiation emission-angle corrections are applied. Furthermore, phased array tech-
niques, in particular the beamforming method, use predictions of the acoustic propaga-
tion path to localize the sound sources and quantify the source power. Generally, more
accurate predictions of the acoustic propagation time decrease the uncertainty of the
sound source location.

The current state-of-the-art correction methodologies for acoustic propagation can
be classified as purely analytical methods, computational aeroacoustics (CAA), and hy-
brid methods, sometimes coupled with computational fluid dynamics (CFD). Conven-
tional methodologies assume the acoustic pressure to be small and therefore use the
theory of linear acoustics. Additional simplifications can be made by assuming a high
frequency sound source. Within this high frequency assumption the Eikonal equation 20

describes the propagation of the acoustic wavefront. The characteristics of the Eikonal
equation equal the paths of the acoustic rays, hence the approach is also known as ge-
ometrical acoustics. The Eikonal equation’s characteristics can be solved as an initial
value problem in which a numerical solver iteratively searches for an initial wavefront di-
rection at the source location for which the ray passes through the observer location 74;75.
This leads to similar methodologies as found in optics relating to Snell’s law or Huygens
principle, where either the ray or wavefront is traced through the flow. The other pos-
sibility is to solve a boundary value problem and solve the ray as the path of stationary
action (or minimal acoustic delay time) 76;77, known in optics as Fermat’s principle. De-
pending on the modelling of flow, e.g., continuous or discrete, and the exact formulation
both methods may offer benefits over the other in terms of simpleness, computational
effort or accuracy. Gottlieb 29 derived analytical solutions to compute the phase of the
acoustic pressure generated by a sound source near a velocity discontinuity, specifically
a vortex sheet. When the shear layer is thin and approximately planar the flow can in-
deed be modelled as a vortex sheet, e.g., in the correction methodology of Amiet 19;32.
The results of Amiet were confirmed by experimental work performed by Plumbee 78,
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Ahuja 79, and Bahr 30. In addition to experimental work in a 0.76 m × 1.07 m wind tunnel
Plumbee also performed a numerical study to assert that the influence of the shear layer
thickness on the refraction angle was within 1°, and thus neglectable in the academically
scaled wind tunnel. For radially symmetric shear flows, with a thin shear layer, Morfey 80

derived an analytical expression for the propagation time based on the vortex sheet as-
sumption. Porteous 81 generalized the vortex sheet approach and derived an analytical
solution for any convex vortex sheet. Porteous computed the ray paths using the least
acoustic time formulation, which resulted in a computationally inexpensive methodol-
ogy. The parameterization of the convex vortex sheet was independent from the wind
tunnel x-coordinate. This limits the extend of the method, e.g., flow models for an ex-
panding shear layer or displaced potential core are inherently dependent on the wind
tunnel x-coordinate.

A semi-analytical solution for continuous flow with radial symmetry has been de-
rived by Candel 82 and Tam 83. Candel 84 also derived a similar solution for a shear layer
with finite (constant) thickness. In order to reduce the computational effort of ray-tracers
Sarradj 74 used a ray-casting method to compute the delay-time at a few points and in-
terpolated the results between these points. Padois 85 compared the Amiet methodology
with results obtained from solving the linearized Euler equations. The numerical pre-
dictions compared favorably with an experiment in which a loudspeaker was mounted
in the wind tunnel wall. A CAA solution was presented by Redonnet 86;87 to compute the
refraction effects for a planar shear layer and a radial symmetric shear layer. Casalino 88

performed a finite element method computation, presenting a discretization scheme for
the Lilley–Goldstein acoustic analogy for sound propagation through a non-isothermal
axial symmetric jet. Jiao 89;90 carried out combined CFD and CAA computations to study
multiple propagation phenomena including: the refraction of sound by a finite shear
layer, a displaced shear layer, and wavefront distortion due to the shear layer turbulence,
using a synthetic turbulence method.

Observing the current state-of-the-art there is a clear spectrum of computational
schemes available. One side of the spectrum is focused on detailed acoustic propaga-
tion descriptions often aided by CFD and CAA, whereas the other side aims to deliver
simple and computationally inexpensive solutions at the cost of lower accuracy. The lit-
erature is consistent in the claim that the inclusion of the shear layer thickness results
in small angle of arrival differences. However, inherent to the large scale of industrial
wind tunnels is the presence of a thick shear layer which is combined with high accu-
racy standards. Combined, this means that a small error may still be relevant simply due
to the large wind tunnel scale. Furthermore, realistic shear layers expand asymmetrically
around the lip-line and change shape as function of the wind tunnel x-coordinate, which
should be included in the flow description. Lastly, a simple mathematical description to
model the merging of finite thickness shear layers has not been found in the literature.

In this paper a correction methodology for arbitrary jet flows is developed. With the
methodology acoustic delay times are efficiently computed. This is mainly beneficial for
beamforming codes. The methodology alleviates the need for vortex sheets and instead
subdivides the velocity field into regions with an uniform velocity using velocity discon-
tinuities. The methodology is the used to assess the effect on the acoustic propagation
time for experiments in large industrial wind tunnels, with thick merging shear layers, as
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shown in Fig. 8.1. A flow model is developed that includes the shear layer thickness, the
asymmetric expansion and merging of shear layers.

6.3. RAY-TRACING WITH TIME MINIMIZATION
The acoustic pressure waves are assumed to have a low amplitude 91 and a high fre-
quency. With these assumptions the sound propagation can be modelled with the Eikonal
equation 20, also known as geometrical acoustics. Within the framework of geometrical
acoustics the solution is the acoustic ray traveling from source to observer. The ray can
be solved with multiple methods. In this work solutions are based upon the minimiza-
tion of the acoustic propagation time, also know as Fermat’s principle. Fermat’s principle
defines the acoustic ray trajectory as the path of least travel time between two locations.
Figure 6.2 shows a sound ray connecting points A and B. There are an infinite amount of
rays that connect these points. However, the principle of Fermat states that the physi-
cal path is the path of least propagation time, i.e., the fastest path between A and B. The
time minimization scheme offers a simple method to solve for the acoustic rays and the
acoustic propagation time.

A

r (τ)

B

r (τ)+δr

Figure 6.2: Acoustic path and variational principle.

This section summarizes how Fermat’s principle yields the same solution as obtained
from a conventional ray-tracer for continuous velocity fields. The explanation is based
on the work of Uginčius 76.

6.3.1. SOUND PROPAGATION & SOUND RAYS

Suppose that a ray r̂ tracks a surface of equal phase Φ̂ as function of time t while inter-
acting with the averaged velocity field U . A reference length L and the thermodynamic
speed of sound cT , assumed constant, are used to define the following non-dimensional
quantities:

r = r̂ /L; Φ= Φ̂/L; τ= tcT /L; M =U /cT . (6.1)

Figure 6.3 shows a surface of constant non-dimensional phase Φ (the wavefront) with
normal vector n. The Eikonal equation approximates the wavefront phase function in a
fluid and in non-dimensional form is given as:

|∇Φ|2 = |1−M ·∇Φ|2 . (6.2)

Equation 6.2 is a first order non-linear partial differential equation valid for acoustic
waves of small amplitude. The local flow velocity is denoted by the Mach vector M , the
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WavefrontΦ= const

Mach vector M

Ray r (τ)

Ray derivative ṙ (τ)

Wavefront normal n =∇Φ

Arc length s

Figure 6.3: Propagation of the wavefront.

ray path r (τ) depends on τ the equivalent time parameter. The Cauchy method of char-
acteristics, see Evans 92(Ch 3, pg. 91), describes the transformation of a first order partial
differential equation into a set of ordinary differential equations. The Eikonal equation
is first written in the standard form as:

F (r ;n;Φ) = |∇Φ|2 −|1−M ·∇Φ|2 = n ·n − (1−M ·n)2 = 0, (6.3)

where the normal vector n = ∇Φ = ∂Φ/∂r . The standard form defines a functional F as
function of the location r (τ), the local phaseΦ and the gradient of the phase denoted by
n, and F must equal zero. For the fully non-linear case the characteristics are computed
according to the expressions:

∂r

∂τ
= ∂F

∂n
;

∂n

∂τ
=−

[
∂F

∂r
+ ∂F

∂Φ
n

]
;

∂Φ

∂τ
=∑

i
ni

∂F

∂ni
. (6.4)

Substituting F from Eq. 6.3 in Eq. 6.4 yields the characteristic curves parameterized by τ:

∂r

∂τ
= ṙ = 2[n + (1−M ·n)M] (6.5)

∂n

∂τ
= ṅ = 2(1−M ·n)

[
−n

∂M

∂r

]
. (6.6)

The modulus of n follows from Eq. 6.2 as:

|n| = 1−M ·n. (6.7)

Equation 6.7 allows to simplify Eqs. 6.5-6.6 into:

ṙ = 2[n +|n|M] (6.8)

ṅ =−2 |n|n ∂M

∂r
, (6.9)

which are 6 ordinary differential equations describing the change in ray position and the
change in wavefront normal. With a given Mach vector field M the ray path is found by
integrating Eqs. 6.8-6.9 simultaneously. The integration is often performed numerically.
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6.3.2. RAY PATH EQUATION
Equations 6.8-6.9 can also be compacted into a single equation. In this manner the re-
sultant equation can be rewritten into one part that is explicitly changing with time and
another part that is depending only on the location. The result, Eq. 6.16, allows to sim-
plify the mathematics necessary to obtain Fermat’s principle of acoustic propagation
time minimization in Sections 6.3.3-6.3.4. Solving n from Eq. 6.8:

n = 1

2
ṙ −|n|M , (6.10)

and then computing the dot product of Eq. 6.10 with M yields:

n ·M =
[

1

2
ṙ −|n|M

]
·M = 1−|n| , (6.11)

from which the modulus of n is solved explicitly in terms of the ray direction and Mach
vector:

|n| = 1− 1
2 ṙ ·M

γ2 , (6.12)

with the Prandtl–Glauert factor defined as:

γ2 = 1−|M |2 . (6.13)

Substituting Eq. 6.10 in Eq. 6.9 gives:

∂

∂τ

(
1

2
ṙ −|n|M

)
=−2 |n|n ∂M

∂r
. (6.14)

An equation containing only the ray direction ṙ is obtained by rewriting Eq. 6.14 with the
use of Eq. 6.10 and Eq. 6.12:

∂

∂τ

(
1

2
ṙ −|n|M

)
=−2

1− 1
2 ṙ ·M

γ2

[
1

2
ṙ − 1− 1

2 ṙ ·M

γ2 M

]
∂M

∂r
(6.15)

∂

∂τ

(
1

2
ṙ − 1− 1

2 ṙ ·M

γ2 M

)
=−

(
1− 1

2 ṙ ·M
)
γ2ṙ − (

1− 1
2 ṙ ·M

)2
2M

γ4

∂M

∂r
. (6.16)

The left hand side contains an expression whose value changes with time, whereas the
expression on the right hand side is changing with position.

6.3.3. LAGRANGIAN MECHANICS
In this section the mathematical framework of Lagrangian mechanics is used to derive
a minimization problem that yields the acoustic ray path. In Lagrangian mechanics the
total action is defined by the functional J as:

J [r ] =
∫ B

A
L (τ;r ; ṙ )dτ (6.17)
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Figure 6.2 shows the ray path r with end points A and B . The functional J is the total
action along the path. To distinguish the physical path from all possible paths between
A and B a further restriction is necessary. For many physical phenomena, including the
propagation of sound, the solution to the mathematical models should only depend on
the boundary conditions at A and B , and not on the path between them. The true path r
will then be the path of stationary action, where small changes in the path will cause no
change in the total action. This condition is mathematically formulated by equating the
functional derivative of the total action from Eq. 6.17 with respect to the change in path
equal to zero:

δJ [r ]

δr
= 0. (6.18)

The functional derivative is denoted by δ. Equation 6.18 constitutes the Euler-Lagrange
(EL) equation:

∂

∂τ

(
∂L

∂ṙ

)
= ∂L

∂r
. (6.19)

The classical example to introduce the EL equation is to derive Newton’s equation of
motion from the difference between the specific kinetic energy and the specific potential
energy for a point mass in a gravity potential:

L = 1

2
|ṙ |2︸ ︷︷ ︸

kinetic energy

− g |r |︸︷︷︸
potential energy

= 0. (6.20)

The total specific energy is conserved, hence the difference is zero. Substituting Eq. 6.20
into Eq. 6.19 then yields:

∂

∂τ
(ṙ ) = r̈ =−g

r

|r | , (6.21)

i.e., the point mass is accelerating towards the centre of gravity. Since the Lagrangian is
only dependent on the field variables and time it can also be applied to continuous prob-
lems. The EL equation, Eq. 6.19, is similar to Eq. 6.16 and thus the acoustic Lagrangian
L is found by equating the left and right hand sides. Starting with the right hand side.

∂L

∂r
=−

(
1− 1

2 ṙ ·M
)
γ2ṙ − (

1− 1
2 ṙ ·M

)2
2M

γ4

∂M

∂r
. (6.22)

Written in this way the quotient rule for differentiation can be recognized:

∂L

∂r
=

∂g
∂r h − ∂h

∂r g

h2

∂M

∂r
= ∂

∂M

[
g (M)

h(M)

]
∂M

∂r
, (6.23)

where

h = γ2 = 1−|M |2 ; g =
(
1− 1

2
ṙ ·M

)2

(6.24)

∂h

∂M
= 2M ;

∂g

∂M
=

(
1− 1

2
ṙ ·M

)
ṙ . (6.25)
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By integrating Eq. 6.23 it is found that:

L = g (M)

h(M)
+C (ṙ ) =

(
1− 1

2 ṙ ·M
)2

γ2 +C (ṙ ). (6.26)

Now for the left hand sides the relevant expression becomes:

∂L

∂ṙ
= ∂C

∂ṙ
− 1− 1

2 ṙ ·M

γ2 M , (6.27)

which yields:

∂C

∂ṙ
= 1

2
ṙ . (6.28)

Upon integration it is found that:

L =
(
1− 1

2 ṙ ·M
)2

γ2︸ ︷︷ ︸
potential e.d.

+ 1

4
|ṙ |2︸ ︷︷ ︸

kinetic e.d.

. (6.29)

Which is indeed equal to the Lagrangian derived by Uginčius. The acoustic energy den-
sity is split into the potential energy density and the kinetic energy density 93 (page 4,
Eq.1.6) 36 (Eqs.23-26).

6.3.4. FERMAT’S PRINCIPLE
To show that the acoustic rays follow from Fermat’s principle the Lagrangian from Eq. 6.29
is substituted into the the minimization problem defined by Eq. 6.18. Secondly, the inte-
gration is performed with respect to the the arc length s instead of the non-dimensional
time parameter τ. This transform can be found in Appendix B.1. In the first step the La-
grangian L is written in terms of s such that the ray changes with respect to ds, i.e., in
terms of:

r ′ = ∂r

∂s
. (6.30)

Subsequently, an expression is found that relates dτ to ds. The result is:

δJ [r ] = δ
∫ B

A
L dτ= δ

∫ B

A

1√
γ2 + (r ′ ·M)2 + r ′ ·M

ds = δ
∫ B

A

ds

ce
= 0. (6.31)

The integrand on the right hand side of Eq. 6.31 is the path segment ds divided by an
effective speed of sound ce equal to:

ce =
[√

γ2 + (r ′ ·M)2 + r ′ ·M
]

. (6.32)

More formally this is can be rewritten with the help of Eq. 6.18 as:

δJ [r ]

δr
=
δ

∫ B
A

ds
ce

δr
= δ

∫ B
A dt

δr
= δT [r ]

δr
= 0, (6.33)
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where time infinitesimal dt is simply the distance infinitesimal ds over the effective
speed of sound ce , and T is the total propagation time. This is Fermat’s principle, which
states that the total propagation time integrated over the path going from A to B is the
minimum propagation time. The rays obtained from a ray-tracer are thus also the rays
with minimal propagation time between source and observer.

6.4. RAY REFRACTION IN A DISCRETIZED VELOCITY FIELD
The previous section demonstrated that the acoustic ray follows the path that minimizes
the total propagation time. This principle can be used to compute the acoustic path in
complex shear flows, e.g., as shown in Fig. 6.4a. The acoustic path is used to determine
the source location and strength from microphone measurements. The method pro-
posed by Amiet 19 subdivides the flow field using a vortex sheet. This works well for thin
shear layers when the flow velocity in z-direction is small. When these assumptions are
not valid a different approach is proposed. Figure 6.4b shows a few isocontours for the
velocity components corresponding to Fig. 6.4a. The flow field is discretized into blocks

Ray

u = u(x)

v = v(x)

x

z Vortex sheet

(a) Complex shear layer flow. The acoustic path is found
using Fermat’s principle.

u=10%

u=90%

v=-2
3% v=

0%

v=32%

x

z

Vortex sheet u=50%

(b) Isocontours for constant horizontal (solid line) and vertical
velocity (dotted line) components.

Figure 6.4: Continuous velocity fields (illustrations). Vortex sheet shown for comparison.

in which the velocity vector is constant as illustrated in Fig. 6.5. The geometry of the
blocks is based upon the flow topology shown in Fig. 6.4b. The discretized flow should
approximate the flow in the region where the acoustic rays propagate using a minimum
number of blocks. The latter requirement assures a low computational cost. In Sec-
tion 6.5.1 a continuous self-similar shear layer flow is discretized into three blocks and
the interfaces are determined such that the difference between the discretized flow and
the continuous flow model is minimized. The coarse discretization of the flow is used
in conjunction with Fermat’s principle to obtain discrete approximations of the acoustic
ray. The different (non-physical) rays to optimize over are constructed by moving the
interface points along the block interface as shown in Fig. 6.5. The angle of refraction is
found implicitly by minimizing the total propagation time. A numerical scheme is con-
structed as follows: at every interface a new intersection point (xn ; yn) is created. The
intersection points are then connected to form a ray. The total time T is simply the sum
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Ray

x

z Ray+δr
Interfaces

InterfacesVelocity vector

Figure 6.5: Flow decomposed in blocks of uniform velocity. The acoustic ray refracts at the interfaces. Of all
rays that connect the source and observer (dotted line) the physical ray (solid line) follows from Fermat’s

principle.

of all the segment lengths divided by the effective speed of sound.

T =
N∑

n=1

√
(xn −xn−1)2 + (yn − yn−1)2 + (zn − zn−1)2

ce (xn ; xn−1; M n)
. (6.34)

The effective speed of sound, defined in Eq. 6.32, depends on the Mach vector in the
block as well as the ray direction. The ray direction equals the ray segment direction.
The acoustic ray path is found by changing the ray until T is minimized. For the opti-
mal acoustic path a small change δr does not change T (Fermat’s principle). A starting
point at the source and an end point at the microphone closes the model. A note of
caution is that, depending on the velocity field, caustics or reflections may be present.
A caustic represents the case where acoustic rays are crossing (the solution becomes
multi-valued) and the Eikonal equation is no longer valid at the caustic. Whether caus-
tics are present depends on the specific flow discretization. Using Fermat’s principle one
effectively solves for the viscosity solution 94;95, i.e., one solves for the minimum acous-
tic time, which can always be uniquely defined given that the location can be reached by
the sound wavefront.

6.4.1. REFRACTION ON A VORTEX SHEET
The theory from the previous section is applied to the simple case where a vortex sheet
describes the velocity field. Figure 6.6 shows a vortex sheet and ray paths obtained with
Fermat’s principle, the Amiet theory and Snell’s law (in Appendix B.2). This simple case
allows to show that these three solutions are the same mathematical model viewed dif-
ferently.

6.4.2. FERMAT’S PRINCIPLE
Starting from Fermat’s principle and assuming two media with effective speeds of sound
c0 and c1 the total travel time is computed as:

T =
√

x2
i + y2

i + z2
i

c0
+

√
(xm −xi )2 + (ym − yi )2 + (zm − zi )2

c1
, (6.35)
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Figure 6.6: Amiet, Fermat’s principle and Snell’s law. The y-axis points into the plane.

with the effective speed of sound defined by Eq. 6.32. The travel time is minimized by
computing the interface locations xi and yi that give an extremum:

∂T

∂xi
= xi

c0

√
x2

i + y2
i + z2

i

−
√

x2
i + y2

i + z2
i

c2
0

∂c0

∂xi
− xm −xi

c1
√

(xm −xi )2 + (ym − yi )2 + (zm − zi )2
= 0

(6.36)

∂T
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√
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i

−
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x2
i + y2

i + z2
i

c2
0

∂c0

∂yi
− ym − yi

c1
√

(xm −xi )2 + (ym − yi )2 + (zm − zi )2
= 0.

(6.37)

6.4.3. AMIET

The solution to Amiet’s theory as presented by Bahr 30 is found by solving two equations
simultaneously:

f0 = xi√
x2

i +γ2(y2
i + z2

i )
−γ2 xm −xi√

(xm −xi )2 + (ym − yi )2 + (zm − zi )2
−M = 0 (6.38)

f1 = yi√
x2

i +γ2(y2
i + z2

i )
− ym − yi√

(xm −xi )2 + (ym − yi )2 + (zm − zi )2
= 0. (6.39)



6.5. VELOCITY FIELD DISCRETIZATION

6

59

Noting the similarity between Eqs. 6.36-6.37 and Eqs. 6.38-6.39 we integrate Eqs. 6.38-
6.39 to obtain:

G0 =
∫

f0

γ2 dxi =
√

x2
i +γ2(y2

i + z2
i )

γ2 +
√

(xm −xi )2 + (ym − yi )2 + (zm − zi )2 − M xi

γ2 +C0

(6.40)

G1 =
∫

f1dyi =
√

x2
i +γ2(y2

i + z2
i )

γ2 +
√

(xm −xi )2 + (ym − yi )2 + (zm − zi )2 +C1. (6.41)

The integration constants C0 and C1 are set equal to C0 = 0 and C1 =−M xi /γ2 so that G0

and G1 are the same functions. Equations 6.38-6.39 are then simply the xi and yi deriva-
tives of a single function G =G0 =G1. Rearranging the terms containing γ in Eq. 6.40:

1

γ2

[√
x2

i +γ2(y2
i + z2

i )−M xi

]
=

√
x2

i + y2
i + z2

i

c0
, (6.42)

where

c0 =

 xi√
x2

i + y2
i + z2

i

M +

√√√√√√
 xi√

x2
i + y2

i + z2
i

M


2

+γ2

 . (6.43)

Comparing Eq. 6.42 with the first term of Eq. 6.35 it is found that Eq. 6.40 is equal to the
total propagation time T from Eq. 6.35:

G = T = r0

c0
+ r1

c1
. (6.44)

The effective speed of sound c0 in Eq. 6.43 equals Eq. 14 presented by Bahr 30 and equals
Eq. 6.32 from Section 6.3. Thus Eqs. 6.38-6.38 are equal to Eqs. 6.36-6.37 which followed
from Fermat’s principle.

6.5. VELOCITY FIELD DISCRETIZATION
Two particular flow fields are considered to assess the influence of the shear layer thick-
ness, asymmetric expansion and merging shear layer as shown in Figs. 6.1a-6.1b. The
first step is to discretize the simple and well known self-similar shear layer proposed by
Görtler 96, which describes a two-dimensional shear layer that grows linear in thickness.
Velocity measurements of the shear layer are necessary to measure the two parameters
in the flow model. The more complex flow in which four shear layers merge is based
on modeling a changing reference contour. The reference contour is rectangular near
the nozzle with increasingly rounded corners near the collector. The shortest distance
to this reference contour defines the non-dimensional parameter of Görtler’s shear layer
model. Note that it is not the intent to accurately simulate a shear layer. The main pur-
pose is to provide a simple velocity field description that can be discretized to predict the
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acoustic propagation time, as an alternative to the planar vortex sheet. Computational
effort has been one of the reasons to choose the time minimization scheme, therefore,
a table comparing the computational effort of the flow models and solving methods is
provided in Appendix B.3.

6.5.1. SELF-SIMILAR GÖRTLER SOLUTION

The self-similar shear layer flow model as derived by Görtler 96 is equal to:

U (η)

U∞
= 1

2

[
1+erf(η+η0)

]
with η=σ z

x
, (6.45)

where σ and η0 are constants depending on the actual wind tunnel shear layer. σ de-
scribes the linear growth rate, whereas η0 represents the expansion of the potential core.
Plumbee 78 also used this expression, however, the variable η0 was set constant equal to
η0 = 0.297 and in the numerical part σ= 13.5, which is a thin shear layer 97;98. Figure 6.7
shows the flow subdivided into three regions. The regions are defined by two straight

x

z

U
U∞ = 1

U
U∞ = 0

U
U∞ = 0.5

z = b0x

z = b1x

Figure 6.7: Flow regions for the Görtler flow.

lines, parameterized by b0 and b1. For a symmetrically expanding shear layer (η0 = 0) b0

and b1 are found by solving the following integrals:∫ η̂

0

∣∣∣∣U (η)

U∞
− 1

2

∣∣∣∣dη=
∫ ∞

η̂

∣∣∣∣U (η)

U∞
−1

∣∣∣∣dη, (6.46)

for η̂. The integrals equal the difference in velocity between the discretized model and
the continuous velocity flow while taking into account the symmetry of the error func-
tion. A value of η̂≈ 0.6 solves Eq. 6.46, which corresponds to a velocity thickness of 80%
with respect to the freestream velocity. For the case η0 ̸= 0 the mean shear layer slope
is simply added to b0 and b1. Modeling the shear layer geometry in this manner differs
from, e.g., the approach of Candel 84, who assumed the interfaces parallel to the flow
direction. The numerical model is compared to the solution from Amiet who used a
vortex sheet to model the velocity field. Furthermore, a ray-tracing code is used to com-
pare the discretized results against the continuous flow model. One set of observers is at
y/L=0 under the source located at (x=1;y=0;z=0)/L. A second set of observers is located
offset from the wind tunnel axis at y/L=1.3. With σ approaching infinity and η0 equal to
0 the Görtler solution reduces to a vortex sheet. The results presented in Fig. 6.8 show
that for this case the results equal the results computed with the Amiet method (see Sec-
tion 6.4.3). The results are made non-dimensional using the propagation time without
any flow effects, i.e., the results are divided by r /c.
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Figure 6.8: Görtler flow parameters: σ→∞;η0 = 0.

Increasing the complexity by adding a shear layer that grows in thickness the value
for σ is set to 9. The increase in shear layer thickness causes the acoustic delay time
computed with the discretized flow model to differ from the results of Amiet, this rela-
tive time difference is shown in Fig. 6.9. The largest difference with Amiet’s method is
observed downstream, this is where the shear layer is thickest. The discretized model
shows the same trend as the ray-tracer demonstrating an increase in accuracy. Most
shear layers tend to expand asymmetrically with respect to the nozzle lip-line. This is
accomplished by setting η0 equal to 0.31. Figure 6.10 shows the numerical results ob-
tained from these settings. Comparing with Fig. 6.9 it is noted that the displacement of
the shear layer is an order of magnitude more of influence than the shear layer thickness.

6.5.2. CROSS-SECTION OF THE JET POTENTIAL CORE

The two-dimensional shear layer assumption is only valid if the acoustic rays go through
a two-dimensional shear layer, see e.g., array A in Fig. 6.1b. The four shear layers, origi-
nating from the nozzle edge, will grow in thickness and start merging. This creates a flow
that may no longer be regarded as two-dimensional since the velocity profiles in the cor-
ners are expected to blend into each other due to the growing shear layer thickness. This
is modelled with an empirical model using a reference contour that changes as function
of the x-coordinate. The reference contour equals the lip-line at the nozzle and changes



6

62 6. EFFICIENT SHEAR LAYER CORRECTIONS FOR ACOUSTICS IN ARBITRARY JET FLOWS

0.2 0.4 0.6 0.8 1

-0.6

-0.4

-0.2

0

M=0.2

M=0.0

M=0.1

SL interface (top)

SL interface (bottom)

Shear layer centre

(a) Flow regions.

-20 0 20 40 60

0.94

0.96

0.98

1

1.02

y/L=0.0 Amiet

y/L=0.0 Blocks

y/L=0.0 Ray-tracer

y/L=1.3 Amiet

y/L=1.3 Blocks

y/L=1.3 Ray-tracer

(b) Acoustic delay time.

-20 0 20 40 60

-10

-5

0

5
10

-4

y/L=0.0 Amiet

y/L=0.0 Blocks

y/L=1.3 Amiet

y/L=1.3 Blocks

(c) Acoustic delay w.r.t. the ray-tracer.

Figure 6.9: Görtler flow parameters: σ= 9;η0 = 0.

shape when moving downstream. The reference contour is modelled by the expression:√∣∣∣ y

W

∣∣∣2/p
+

∣∣∣ z

H

∣∣∣2/p
= const, (6.47)

where p is a parameter that controls the shear layer merging (velocity contour rounding),
and y and z are coordinates located in a plane at a specific x location. The constants W
and H are scaling parameters dependent on the wind tunnel nozzle dimensions, half the
width and height respectively. Figure 6.11a shows that varying the value of p smoothly
as function of the downstream coordinate allows the curves to span a smooth surface.
For small values of p the shape is approximately rectangular, e.g., near the nozzle, while
for p = 1 the shape is an ellipse. A distance d is now defined as the shortest distance to
the reference contour. Figure 6.11b shows iso-lines for the distance d with a particular
reference contour. The shortest distance d is then used as the z coordinate in the self-
similar solution (compare Eq. 6.45):

η=σd

x
. (6.48)

The definition of η in Eq. 6.48 is similar to the two-dimensional self-similar flow defi-
nition. However, as the shear layer thickness grows it allows for the velocity contours
to be curved. The reference contour (where d = 0) can be parameterized explicitly by a
non-dimensional distance from the nozzle s with range [0;1] and the in-plane tangential



6.5. VELOCITY FIELD DISCRETIZATION

6

63

0.2 0.4 0.6 0.8 1

-0.6

-0.4

-0.2

0

M=0.2

M=0.0

M=0.1

SL interface (top)

SL interface (bottom)

Shear layer centre

(a) Flow regions.

-20 0 20 40 60

0.94

0.96

0.98

1

1.02

y/L=0.0 Amiet

y/L=0.0 Blocks

y/L=0.0 Ray-tracer

y/L=1.3 Amiet

y/L=1.3 Blocks

y/L=1.3 Ray-tracer

(b) Acoustic delay time.

-20 0 20 40 60

0

5

10

10
-3

y/L=0.0 Amiet

y/L=0.0 Blocks

y/L=1.3 Amiet

y/L=1.3 Blocks

(c) Acoustic delay w.r.t. the ray-tracer.

Figure 6.10: Görtler flow parameters: σ= 9;η0 = 0.31.
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Figure 6.11: Merging shear layer flow model.

parameter t with range [0;2π]. Using y = sin t and z = cos t the definition of the contour
in Eq. 6.47 is rewritten as:

Sx = Ls Sy =W sign(sin t ) |sin t |p Sz = Hsign(cos t ) |cos t |p , (6.49)
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(a) 1 surface. No shear layer thickness. (b) 2 surfaces. Thick shear layers.

Figure 6.12: Regions of constant velocity. Discretization of the merging shear layer model. σ= 9;η0 = 0.31.

where S(s, t ) is the surface and L is the characteristic wind tunnel length. This formula-
tion is more convenient if the flow is to be subdivided into regions of constant velocity.
Figure 6.12 shows the resulting interfaces after discretizing the velocity field. The expres-
sion for p should reflect the actual wind tunnel velocity profiles. One may chose p equal
to:

p(s) = a0s2 +2a1s +1

2a2
, (6.50)

which yields a smooth surface S(s, t ). For practical applications the ai are fitted to ve-
locity profiles obtained from experiments, e.g., with a Pitot-static tube as performed by
Biesheuvel 99. The work also provides a numerically robust manner of describing Sy and
Sz in Appendices A and B.

Figure 6.13 shows acoustic delay times obtained by letting σ approach infinity and
setting η0 equal to 0. Below the wind tunnel axis this setup is effectively equal to Amiet.
Since the vortex sheet does not depend on the x-coordinate the approach is equal to that
of Porteous 81, with the shape of the convex vortex sheet defined by Eqs. 6.49. The largest
difference with respect to Amiet is found when the observers are placed offset from the
wind tunnel axis and the acoustic rays travel through a curved shear layer. Modeling the
linear growth of the shear layer by setting σ equal to 9 gives results as shown in Fig. 6.14.
The results at y/L=0 equal the two-dimensional shear layer approach. The results at
y/L=1.3 are now representing the influence of both the finite thickness as well as the
merging of the shear layers. Setting η0 = 0.31, as in Fig. 6.15, the numerical results now
include all three effects; finite thickness, asymmetric shear layer expansion and merg-
ing. The differences due to the asymmetric expansion and merging are of the same or-
der. The asymmetric expansion increases the acoustic delay, whereas the merging effect
decreases the acoustic delay, and partly cancel each other.
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Figure 6.13: Görtler flow parameters: σ→∞;η0 = 0.
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Figure 6.14: Görtler flow parameters: σ= 9;η0 = 0.
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Figure 6.15: Görtler flow parameters: σ= 9;η0 = 0.31.

6.6. EXPERIMENTAL RESULTS
This section first describes the validation of the simplified flow model that describes
the shear layer merging. For practical reasons these measurements are performed in an
academically scaled wind tunnel. The effect of the merging shear layers, as presented in
Fig. 8.1, on acoustic images is subsequently assessed for an industrial scale facility. In
the latter test a custom speaker source was placed in the wind tunnel.
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6.6.1. ANECHOIC WIND TUNNEL WITH AN OPEN JET TEST SECTION

Experiments performed in the Anechoic Wind Tunnel (NLR-AWT) of the Royal Nether-
lands Aerospace Centre support the validation of the flow model presented in this pa-
per. The nozzle dimensions are 0.95 × 0.95 m2. The velocity profile in the shear layer
flow is mapped by a Pitot-static tube traversing multiple sections of the wind tunnel.
Subsequently, the interaction of the four shear layers originating from the nozzle is anal-
ysed. Figure 6.16a shows the measured velocity profile of the shear layer. Results were
obtained for Mach numbers M∞ = 0.12 and M∞ = 0.17 at 0.5, 1.25, 2.0 and 2.75 m down-
stream from the nozzle. The self-similar parameters are listed in Table 6.1 and computed
by fitting the velocity field model to the measured shear layer profiles. On a course grid

(a) Self-similar shear layer, measured and linear
least square fit.

(b) Inverse power (1/p), as found in Eq. 6.47. Per plane best fit
and global best fit as in Eq. 6.50.

Figure 6.16: Flow model parameter fit.

the flow was scanned with the Pitot-static tube for Mach number M∞ = 0.12. This mea-
surement is performed at the same 4 downstream locations. Resulting flow contours
are shown in Fig. 6.17. For each section the optimal value of p is found that minimizes
the difference between the model velocity and the experimental velocity field. The re-
sults showed that the effective width W and height H are not identical to the geometri-
cal width and height of the nozzle. Following, Eq. 6.50 is fitted to the optimal p values
shown in Fig. 6.16b. Figure 6.17 also shows the velocity distribution produced by the fit-

Table 6.1: Parameters for the NLR AWT

Parameter Value Parameter Value
σ 12.7 η0 0.258
a0 −0.350 a1 0.0669
a2 4.350 W 0.475 m
H 0.515 m L 3 m

ted model. It is observed that for this wind tunnel the rounding of the velocity contours
is mainly due to the spreading of the shear layer and the iso-contours as described in
Fig. 6.11a remain mostly square. The resulting coefficients are listed in Table 6.1. The
Pearson’s correlation coefficient between the merging shear layer flow model and the
experimentally measured velocity distribution was 0.98.
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Figure 6.17: Flow velocity in NLR’s Anechoic Wind Tunnel, measured with a Pitot-static tube.

6.6.2. SPEAKER IN A LARGE-LOW VELOCITY FACILITY
A large scale wind tunnel test was performed in the DNW-LLF wind tunnel with a test
section of 8 × 6 m2 to demonstrate the applicability of the correction methodology and
assess the effects of shear layer thickness, asymmetric expansion and shear layer merg-
ing. The measurement setup can be seen in Fig. 6.18. A custom speaker source has been
placed near the centre of the test section of the wind tunnel instead of an aircraft model
as in Fig. 8.1.

speaker source

traversable array 4x4 m

nozzle

(a) Wind tunnel setup (all to scale).

0.277 m

speakers

(b) Custom sound source. Made from alluminium shell with 3
BMS 4540ND Drivers installed. Each speaker delivers up to

132 dB SPL.

Figure 6.18: Wind tunnel experiment hardware.

Figure 6.18b shows the speaker source consisting out of an aluminum shell with 3
actual loudspeakers. The loudspeakers face in the -30°, 0° and +30° direction relative to
the negative z-axis. For each loudspeaker the input signal was controlled independently.
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The geometric source location was determined using a theodolite. With the geometric
location a beamforming grid was defined. Subsequently, the reference source location
was determined using beamforming and a measurement with the wind tunnel turned
off. A small difference of 2.5 cm between the geometric location of the source and the
beamforming location was found in the x-direction. This difference was the identical
for all loudspeakers. The speaker source was driven with a broadband white noise sig-
nal filtered to the range of 5 kHz to 20 kHz. Acoustics measurements were done with
an out-of-flow microphone array. The acoustic array (4 × 4 m2) contained 140 micro-
phones sampled at a rate of 65 kHz (for a schematic representation see Fig. 6.18a). The
acquisition time was 45 s per data point. The array was traversable over a distance of
-4 m to +4 m. The exact position of the array with respect to the wind tunnel reference is
known with a precision of a few centimeters by use of a theodolite. The parametersσ, η0,
and the coefficients in Eq. 6.50 are based on Pitot-static tube measurements obtained in
a 1:10 scale wind tunnel of the DNW-LLF. The numerical values are given in Table 6.2.
The Pearson’s correlation coefficient between the merging shear layer flow model and
the experimentally measured velocity distribution was 0.99. Figure 6.19 summarizes the

Table 6.2: Parameters for the 1:10 scaled DNW-LLF

Parameter Value Parameter Value
σ 12.6 η0 0.407
a0 −5.14 a1 5.31
a2 10.3 W 0.4 m
H 0.3 m L 2 m

beamforming results for the experiment. The beamforming process used data blocks of
4096 samples. The 5 kHz band is used for the beamforming process. The array was posi-
tioned at three positions: at -4 m, 0 m, and +4 m with respect to the wind tunnel centre.
For all three measurements the loudspeaker directed downstream was used. The steer-
ing vector used for the beamforming is based on the propagation time correction. This
definition ensures that the location of maximum SPL coincides with the source loca-
tion 48 (formulation I). Since a pressure correction is not included in the steering vector
the relative source power is presented. The acoustic propagation time is computed us-
ing Amiet’s method (a) and the method presented, including the effects of expanding
merging shear layers. The two-dimensional flow is discretized into 3 regions (b). The
three-dimensional flow (with shear layer merging) is discretized into 2 regions (c) and 3
regions (d).

It is observed that for the array measurements at -4 m and 0 m the methods offer
similar results, with the maximum beamformed source power sufficiently close to the
reference location. For the array measurement at +4 m the, the processed results with
steering vectors based on Amiet’s method show a clear difference between the maximum
beamformed source power and the reference location. The difference decreases by 3 cm
when the shear layer thickness is included. Including the shear layer merging in (c) and
(d) shows the maximum beamforming response moving 6 cm closer to the reference
location compare to Amiet. When the array is at +4 m the acoustic rays travel through a
shear layer that is sufficiently different from the vortex sheet as modelled by Amiet to be
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Figure 6.19: Conventional beamforming with different acoustic delay prediction models for different array
locations. Frequency of interest is 5 kHz.

noticeable. The difference due to shear layer thickness appears to be neglectable. A small
difference can be attributed to the asymmetric expansion and the merging of the shear
layers. Furthermore, it is noted that the thick shear layer does not only change the time-
invariant wavefront propagation but also the time-dependent wavefront propagation.
The interaction of the wavefront with turbulence creates blurred acoustic images due
to a loss of microphone signal coherence. This creates further uncertainty on the true
source location.

6.7. CONCLUSION
A method based on the discretization of the velocity vector field and acoustic time delay
minimization is presented. This method extends the range of experimental configura-
tions for which acoustic time-delays can be computed compared to the current state-
of-the-art. Furthermore, it is able to predict the significance of flow characteristics on
the acoustics corrections, e.g., the effects of shear layer thickness and the merging of
shear layers. Sound rays are efficiently computed by minimizing the travel time between
source and observer. The proposed approach is equal to Amiet’s theory for the base-
line condition of a flow approximated by a flat vortex sheet. However, the novel method
allows the acoustic rays to be computed for complex flow fields which cannot be approx-
imated by a vortex sheet. The proposed method is fast when compared to ray-tracers and
requires similar computation time as Amiet’s approach.

Two flow fields commonly encountered in wind tunnels were elaborated. The first
represents the finite thickness shear layer and the second a three-dimensional flow that
captures the effects of merging shear layers. Pitot-static tube measurements showed
that both models adequately represent the flow in an open jet wind tunnel. The so-
lutions produced from Fermat’s principle are compared with the numerical ray-traced
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solutions. The differences in acoustic delay-time compared with Amiet’s method are
in general small for the wind tunnel parameters adopted in the numerical comparison.
The main differences are found when the shear layer location deviates from the flat vor-
tex sheet. Sound source localization inaccuracies arise mainly due to the asymmetric
expansion and shear layer merging. An experiment performed in a large industrial wind
tunnel, with a nozzle of 8 × 6 m2, showed that including the finite thickness and round-
ing shear layer increases the accuracy. This improved the localization accuracy by 6 cm.
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7
ACOUSTIC CORRECTIONS FOR

AIRFOILS IN DEFLECTED WIND

TUNNEL JETS
1

The preceding chapter showed how acoustic propagation time minimization, combined
with a discretized flow field, is used to efficiently compute acoustic images. This chapter
uses this principle to compute the propagation time in case the wind tunnel jet is severely
deflected, e.g., when experiments are performed with a high-lift configuration. An exist-
ing aerodynamic correction model, based on potential flow theory, is used to determine
the flow topology of the wind tunnel jet. This correction model is then coupled with a ray-
tracer to compute the acoustic propagation time. To decrease the computational effort
the flow model is discretized into a few blocks. The applicability of the method is demon-
strated using a data set obtained in a large industrial wind tunnel experiment, on a large
high-lift configuration was placed in the open jet test section.

7.1. NOMENCLATURE

A = Number of (virtual) wings [-] un = Wind tunnel velocity at nozzle centre [-]
B = Beamformer response [-] uw = Velocity in wind tunnel [m·s−1]
c = Speed of sound [m·s−1] u∗ = Panel induced velocity [-]
c = Airfoil chord [m] W = Weight factor [n.a.]
f = Frequency [s−1] wd = Downwash [-]
l = Panel length [m] xl = Acoustic time branch point [m]
M = Mach vector [-] x a j = Point j on wing a [m]
n = Normal coordinate [m] xo = Evaluation location [m]

1Adapted from: J.Biesheuvel, M.Tuinstra, L.D. de Santana, C.H. Venner, “Acoustic corrections for airfoils in
deflected wind tunnel jets”, Submitted to the Journal of Applied Acoustics, under revision.
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n = Unit wavefront normal [-] xu = Beamform location [m]
P = Source power [Pa2] x∗ = Panel coordinate [m]
P = Number of panels [-] zs = Shear layer location [m]
Ri = Fluid region [-] α = Angle of attack [°]
r = Distance to source [m] γ = Vortex distribution [-]
s = Microphone signal [-] θ j = Angle of panel j [°]
S = Fourier transform of s [s] λ = Wave length [m]
s = Ray point [m] ξ = Normal (∇Φ) [-]
t = Time [s] σ = Shear layer transition parameter [m−1]
t = Tangential coordinate [m] τ = Acoustic propagation time [s]
U∞ = Wind tunnel reference velocity [m·s−1] τT = Total acoustic propagation time [s]
u = Averaged velocity [m·s−1] Φ = Phase [m]
u = Velocity in deflected uniform flow [-]

7.2. INTRODUCTION
Prolonged exposure to continuous or excessive noise levels can cause stress-related health
issues like sleep deprivation, psychological hypersensitivity and hypertension 100. Aeroa-
coustic noise is an undesirable by-product of applications of high societal importance
such as airplanes, wind turbines and the emerging urban air transportation. To limit
the noise generated stringent regulations and ambitious environmental policies are de-
fined to assure the sustainable growth of those applications 101;102;103. Experiments per-
formed in aeroacoustic wind tunnels 54;55;104 are essential to the development of silent
technologies, e.g., trailing edge brushes 56. Wind tunnel experiments support the avi-
ation industry 57;58;59, developments in wind turbines 60;61;62 and the newer market of
urban aerial mobility 63;64. A wind tunnel is configured with an open, closed or hybrid
test section 65;66. Each configuration has a particular use 68;17. In general, aeroacoustic
noise sources do not emit acoustic power equally in every direction. Wind tunnels with
an open test section allow to directly measure the far-field radiation under free-field con-
ditions. In the far-field the distance r to the source is much larger than the wavelength
λ and the pressure decays as 1/r . The open test section is ideal for measuring the far-
field radiation under free-field conditions because the wall of the anechoic chamber is
acoustically treated to avoid reflections and only the noise characteristics of the subject
are measured. For open jet measurements the microphones are placed outside the jet
and the sound travels through a shear layer that separates the flow from the quiescent
region. Aside from single microphone measurements more detailed information about
the sound sources can be obtained using acoustic imaging.

Acoustic imaging is an established technique to study the strength and location of
sound sources. A common method to compute sound source maps is the beamform-
ing algorithm 47. The basic principle is schematically shown in Fig. 7.1, where multiple
microphones measure the sound simultaneously. Subsequently, the microphone signals
are temporally shifted and added, i.e.,

B(t ; xu) = s0(t +τ0)+ s1(t +τ1)+·· ·+ sM (t +τM ) , (7.1)

where B is the beamformed source strength at map location xu , t is time, s the micro-
phone signal, and τ the acoustic propagation time between the microphone location
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and the map location xu . Constructive interference of the signals occurs when a sound

measurement beamformer

source

τ0

∑
sm(tm +τm)

sm

s0

τm

t0

tm

microphones

response

x
xu

Figure 7.1: Beamforming.

source is located at the map location. When the source and map location are different
destructive interference occurs. This process is similar to an optical lens that creates an
image using interference of light waves. The process of temporally shifting microphone
signals is generally performed in the Fourier domain. Performing a Fourier transform on
Eq. 7.1 yields the expression:

B( f ; xu) =
M∑

m=0
Sm( f )Wme2πi f τm , (7.2)

where m is the microphone index, S is the Fourier transform of s, f is the frequency, and
W is an optional weight factor. Depending on the beamformer different weight factors
are assigned to the microphones 48. The source power P is found by squaring B to obtain
P = |B |2. The two key elements in beamforming are the weight factor W and the acoustic
propagation time τ. The weight factor can correct, e.g, for the spreading of the acoustic
wave, reflections of the acoustic wave, spatial density of the microphones, or reduce
coherence loss effects. The acoustic delay depends on the acoustic path and the effective
speed of sound. Amiet 19;32 introduced a method to compute the acoustic delay and
the weight factor based on a horizontal vortex sheet to model the shear layer. Amiet’s
method compared favorable to solutions obtained using computational acoustics 85;87.
When the nozzle is circular the propagation time is computed using a method presented
by Morfey 80.

Less elementary flow topologies are encountered during the testing of high-lift-devices
(HLDs), designed to generate large amounts of lift. When the device is tested in an open
jet wind tunnel the reactive lift force will deflect the potential core of the jet, see Fig. 7.2.
Aerodynamics in the open jet wind tunnel are thus different from free-flight conditions
due to the downwash generated by the airfoil 105. This causes deviations between free-
field numerical studies and wind tunnel experiments, both aerodynamically as well as
aeroacoustically 106. Ciobaca et al. 107 and Jiao 108 performed numerical simulations to
compute the velocity field around a DLR-F16 HLD placed in the open jet of a wind tun-
nel. Their results demonstrated that the wind tunnel jet was deflected as much as 15° for
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Microphones

Shear layer Deflected shear layer

Source

Horizontal flow Downwash

∆θ

Lift force

Figure 7.2: Acoustic time delay. Downstream the acoustic ray is erroneously computed for a planar velocity
discontinuity.

Ciobaca et al. and 18° for Jiao. As the acoustic correction method proposed by Amiet
does not take the deflection of the jet into account, sources are erroneously localized
during acoustic imaging. Secondly, the acoustic source is blurred because the source is
out of focus.

In this work an analytical method is proposed to compute the acoustic delay when
the wind tunnel jet is deflected. The flow model presented by Brooks 109 is used to com-
pute the shear layer topology. This flow field is used as input for an acoustic ray-tracer
to obtain the acoustic propagation time. Although accurate, a ray-tracer significantly
increases the computational effort of acoustic beamforming, e.g., a beamformer typi-
cally requires the evaluation of 10,000 to 100,000 acoustic propagation times. There-
fore, the initially continuous model is discretized and approximate rays are computed
using Fermat’s principle 81;99. Finally, the improvement in acoustic source localization
is demonstrated using an acoustic data set obtained from an experiment with a HLD
configuration in a large industrial wind tunnel.

7.3. MODELING THE FLOW DEFLECTION

Brooks 109 proposed a method to compute the effective angle of attack for airfoils placed
in the wind tunnel jet using a panel method. This correction method is commonly used
to predict the effective angle of attack using the lift coefficient 110;111;112 and is similar
to panel methods used for closed test section corrections 113 or the model proposed by
Drela 114(section 10.3.2). As a byproduct the model provides the flow field of the de-
flected wind tunnel jet. The flow model is based on a conventional vortex panel method,
in which a wing is placed in the wind tunnel jet, see Fig. 7.3. Subsequently, virtual wings
are added above and below the physical wing creating a cascade that deflects the uni-
form flow. A down-wash velocity wd is added to ensure that the flow velocity un in the
centre of the nozzle is parallel to the x-axis.
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Figure 7.3: Wind tunnel flow field as modeled by Brooks 109.

7.3.1. PANEL METHOD
Figure 7.4a shows an individual airfoil. The panel method is similar to the panel method
as presented by Kuethe and Chow 115. Each panel element is modelled by an extruded
line vortex, see Fig. 7.4b. The contribution of a single panel element is computed as
follows. The coordinates of the evaluation point xo are transformed to panel local coor-
dinates x∗. The local coordinates are shown in Fig. 7.5 where in this case the parameter
t is tangential to the panel and the parameter n normal to the panel. The evaluation
coordinates in the global reference frame are transformed to the local reference frame
using the following formulae:

x∗ = (xo −xa j )cos(−θ j )− (zo − za j )sin(−θ j ) (7.3)

z∗ = (xo −xa j )sin(−θ j )+ (zo − za j )cos(−θ j ), (7.4)

where the asterisks denotes the transformed coordinates, xa j is the location of the j th

panel of the ath wing, and θ j is the angle between the x-axis and the j th panel. The

x

(xo ; zo)z

Wing

wd

t

n
Panel j

θ j+1

(a) Vortex panel method with down-wash velocity wd .

u∗ = z∗
(r∗)2 γ

w∗ =− x∗
(r∗)2 γ

x∗

z∗

(b) Vortex flow, γ is the vortex strength

vortex distribution is assumed to vary linearly along the panel and is equal to γ j at t = 0
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and γ j+1 at t = l , where l is the panel length. The vorticity at any point along the panel
is equal to γ(t ) = γ j + (γ j+1 −γ j )t/l . The contribution of the panel to the velocity at the

t

(x∗; z∗)

l

n

γ j γ j+1

Figure 7.5: Panel in local coordinate system with transformed evaluation coordinates (x∗; z∗).

transformed evaluation location is computed by integrating over the entire panel:

u∗(x∗; z∗) = 1

2π

∫ l

0

γ(t )z∗

(x∗− t )2 + z∗2 dt = 1

2π

∫ l

0

(γ j + (γ j+1 −γ j )t/l )z∗

(x∗− t )2 + z∗2 dt , (7.5)

w∗(x∗; z∗) =− 1

2π

∫ l

0

γ(t )(x∗− t )

(x∗− t )2 + z∗2 dt =− 1

2π

∫ l

0

(γ j + (γ j+1 −γ j )t/l )(x∗− t )

(x∗− t )2 + z∗2 dt . (7.6)

The integration yields:

u∗(x∗; z∗) = 1

2π

[
(γ j + (γ j+1 −γ j )x∗/l ) tan−1

(
t −x∗

z∗

)
+

1

2
z∗(γ j+1 −γ j )/l ln

(
(t −x∗)2 + z∗2)]l

0
, (7.7)

and

w∗(x∗; z∗) =− 1

2π

[
(γ j+1 −γ j )/l z∗ tan−1

(
t −x∗

z∗

)
−

1

2
(γ j + (γ j+1 −γ j )/l x∗)ln

(
(t −x∗)2 + z∗2)+ (γ j+1 −γ j )/l (x∗− t )

]l

0
. (7.8)

The contribution of all P panels from each of the A wings is added to the freestream ve-
locity and the downwash velocity wd . The normalized velocity at the evaluation location
follows as:

u(xo ; zo)

U∞
= 1+

A∑
a

P∑
j

u∗
a j cos(θ j )+w∗

a j sin(θ j ), (7.9)

and

w(xo ; zo)

U∞
= wd +

A∑
a

P∑
j

u∗
a j sin(θ j )−w∗

a j cos(θ j ). (7.10)

To solve for the unknowns a set of A ×P + 1 equations is defined. For the fluid to flow
around the wing it is required that all panels are part of a streamline. This is equivalent
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to requiring that the flow component normal to each panel is equal to zero, resulting
in A × (P − 1) equations for each wings comprised of P − 1 panels. Furthermore, the
Kutta condition is enforced at the trailing edge which establishes another A equations.
The closing equation is formulated by demanding that the w component of the velocity
equals zero in the nozzle centre. This yields a total of A× (P −1)+ A+1 equations which
are solved to find the A×P +1 unknowns. The evaluation of the self induced velocity of
the panel, where z∗ = 0, is obtained using the following limits of Eqs. 7.7-7.8.

lim
z∗→0

u∗(x∗; z∗) =
[

(γ j + (γ j+1 −γ j )x∗/l )
π

2

]l

0
, (7.11)

and

lim
z∗→0

w∗(x∗; z∗) =
[
−1

2
(γ j + (γ j+1 −γ j )/l x∗)ln

(
(t −x∗)2)+ (γ j+1 −γ j )/l (x∗− t )

]l

0
.

(7.12)

7.3.2. SHEAR LAYER
Brooks’ open jet flow model yields a flow field that extends to infinity in both upwards
and downwards direction. However, in reality a shear layer is present that separates the
quiescent flow region from the deflected potential core as shown in Fig. 7.6. To model

x

(xB0; zB0)

z

(xB1; zB1)

zs (x; z)

Nozzle

Shear layer

Quiescent flow region

Quiescent flow region

x̂ s

Figure 7.6: Shear layer.

the shear layer geometry a streamline is traced from the nozzle corner to the end of the
flow domain. A streamline x̂ s is defined by the equation 116:

dx̂s

u
= dŷs

v
= dẑs

w
. (7.13)

For a two-dimensional flow dŷs = 0, therefore:

dẑs = w

u
dx̂s , (7.14)
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which is integrated to find ẑs . Subsequently, the z-coordinate of the streamline is ap-
proximated using the following polynomial:

ẑs ≈ zs (x) =


zB0 if x < xB0

(zB1 +αB (x −xB1)) if x > xB1

(zB0 +βB (x −xB0))2 +γB (x −xB0)3) elsewhere
, (7.15)

where the coordinates, shown in Fig. 7.6, are computed using the points of the stream-
line where the curvature is zero. The αB , βB and γB are coefficients. For a continuous
ray-tracer a differentiable velocity field is required. Therefore, a smooth transition from
potential core to quiescent flow region is accomplished as follows:

uw

U∞
= u

U∞
(1+erf((z − zs )σ))/2 (7.16)

ww

U∞
= w

U∞
(1+erf((z − zs )σ))/2. (7.17)

The terms with the error function smoothly transitions from the flow to the no-flow re-
gion, where the σ parameter determines the transition steepness. Aside from the re-
quirement of differentiability, the error function is also an analytical approximation of a
free shear layer as derived by Görtler 96. The value for σ should be high enough to model
a thin shear layer and low enough to guarantee numerical stability of the ray-tracing
method. An example of a resultant flow is shown in Figs. 7.7a-7.7b.
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Figure 7.7: Contour lines of the velocity components u and w . Brooks wind tunnel flow with shear layer.
Airfoil NACA0012, angle of attack α= 16°, chord c = 0.5 m, σ= 50 m−1.

7.4. RAY-TRACING
The acoustic rays are found by solving the Eikonal equation 117;35 using a ray-tracer. The
Eikonal equation describes the phaseΦwith the expression:

|∇Φ|2 = |1−M ·∇Φ|2 . (7.18)

The rays are the characteristics of the Eikonal equation given here as:

∂s

∂t
= cn +u and

Dξ

Dt
=−(∇u

) ·ξ, (7.19)
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where c is the thermodynamic speed of sound, s is a point on the acoustic ray, u is the
mean flow field, n is the unit wavefront normal, and ξ=∇Φ is the gradient of the phase.
With an initial condition for s and ξ as a start point the equations are numerically inte-
grated to obtain the acoustic ray. During the integration the local mean flow field u and
the spatial velocity derivatives ∇u are evaluated at the ray position. The ray solutions for
a deflected potential core are obtained by setting u equal to Eqs. 7.16-7.17 and ∇u equal
to Eqs. C.1-C.4 presented in Appendix C.1. To demonstrate the algorithm a particular
result is shown in Fig. 7.8.
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Figure 7.8: Ray-traced solutions with Brooks flow. Airfoil NACA0012, angle of attack α= 16°, chord c = 0.5 m,
σ= 50 m−1.

7.4.1. FAST APPROXIMATIONS WITH FERMAT’S PRINCIPLE

Following the procedure as outlined in Biesheuvel et al. 99 approximated rays are ob-
tained using Fermat’s principle of least propagation time and a discretized flow model.
The flow is discretized into 4 regions as shown in Fig. 7.9. Region 4 is the quiescent re-
gion which has a flow velocity almost equal to zero. The flow velocity vectors in regions
1, 2, and 3 are taken constant. The basic principle is to find the fastest path from S to
M amongst all possible ray paths. However, the ray paths may cross different interfaces,
therefore one needs to establish for each possible ray which interfaces are crossed and
in which order.

The solution method is summarized as follows:

1. Start with a source location S and observer location M and initial values for the
unknown Ax , Bz , Cz , Ay , By , Cy .

2. Determine the region for the source and observer using Eqs. 7.25-7.26 and Ta-
ble 7.2.

3. Determine which interface points are required to construct the ray and the order
of traversal. For example in Fig. 7.9 the solid ray connects points S-B-C-A-M. The
connections are found in the “Ray points” column of Table 7.1 (or Table C.1) using
the region of the source and observer.
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Figure 7.9: Optimization problem defined using Fermat’s principle.

4. Compute the effective speed of sound for each ray-segment using Eq. 7.23 and the
“Regions” column of Table 7.1 (or Table C.1).

5. Compute the total propagation time τT of the ray using Eq. 7.22 and the gradient
of τT , ∇τT using Eq. 7.24.

6. Using τT and ∇τT perform one optimization step, thereby changing Ax , Bz , Cz ,
Ay , By , Cy (this changes the ray topology, compare the solid ray and the dashed
ray in Fig. 7.9).

7. Repeat from 3 until τT is minimized.

The minimization process in step 6 is performed using the (Limited-Memory) Broy-
den–Fletcher–Goldfarb–Shanno algorithm 118(page 177), which is a gradient based solver.

7.4.2. DISCRETIZATION & ALGORITHM
The flow field is subdivided into 4 regions using the curve I A and lines IB and IC . The
curve I A is parameterized using the streamline approximation, Eq. 7.15, repeated here:

zA(x) =


zB0 if x < xB0

(zB1 +αB (x −xB1)) if x > xB1

(zB0 +βB (x −xB0))2 +γB (x −xB0)3) elsewhere
. (7.20)

The lines IB and IC are defined as:

xB (z) = B0 +B1zB ; xC (z) =C0 +C1zC . (7.21)

The values for B0, B1, C0, C1, and the velocity vectors of region 1, 2 and 3 are fitted to
the potential flow solution of the deflected jet. This computation is performed once for
every change in geometry, e.g., a change in angle of attack. Subsequently, the acoustic
rays are defined as the rays that minimize the total propagation time τT :

τT =∑ ri

ce,i
, (7.22)
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where ri is the length of the ray-segments, e.g., segment 1 connects point S to point B,
and ce,i is the effective speed of sound in the direction of the ray segment. The effective
speed of sound is computed as:

ce,i =
√

1−|M i |2 + (ni ·M i )2 +ni ·M i , (7.23)

where M i is the Mach vector of the region through which the ray passes, and n the di-
rection of the ray-segment. A gradient based solver is used to find the optimal locations
of the intersection points A, B , and C . The gradient is numerically approximated as fol-
lows:

∂τT

∂Ax
≈ ∆τT

∆Ax
= τT (Ax +∆Ax )−τT (Ax )

∆Ax
, (7.24)

and similarly for ∂τT /∂Bz , ∂τT /∂Cz , ∂τT /∂Ay , ∂τT /∂By , ∂τT /∂Cy .
A critical requisite for a fast solving procedure is an efficient method to construct the

ray from the intersection points, e.g., the solid ray connects points S-B-C-A-M whereas
the dashed ray connects points S-B-A-M. Therefore, the rays are constructed using Ta-
ble 7.1. Given the region of the source S, the region of the microphone M and the line
section where the ray crosses the curve I A the table gives the ray points which have to
be connected. As an example, Table 7.1 shows the entry for the solid ray in Fig. 7.9. The
ray originates at the source in region 1 and moves to the microphone in region 4. The
ray point on the curve I A is to the right of C, therefore, Ax > xAC . With these parameters
the “Ray points” column of Table 7.1 shows that the ray connects point S and B, then B
with C, and C with A, and finally A with M. The “Regions” column denotes the region of
the ray, e.g., going from S to B happens in region 1, consequently, the Mach vector from
region 1 is used to compute the effective speed of sound for ray-segment 1.

Source Region Observer Region Curve A crossing Ray Points Regions
1 4 Ax > xAC S-B-C-A-M 1 2 3 4

Table 7.1: Look-up-table of ray points and flow regions. The full table is given in Appendix C.1

The model is closed when for a given location the corresponding region can be de-
termined. One way to distinguish two regions is by using so called implicit curves. For
example the implicit curve for a circle is F (x, y) = x2 + y2 −R2 = 0. The curve is defined
implicitly where F = 0. However, for points inside the circle F < 0, and for points out-
side the circle F > 0. This property is used to classify points as being inside or outside a
region. The regions from Fig. 7.9 are defined using the following implicit curves:

FA(z; x) = z − zA(x) = 0; FB (z; x) = x −xB (z) = 0; FC (z; x) = x −xC (z) = 0. (7.25)

The regions from Fig. 7.9 follow as a Venn diagram by creating intersections between the
regions defined by Eqs. 7.25. The various intersections can be mapped to a linear index
using:

map id = H [FA]+2 ·H [FB ]+4 ·H [FC ], (7.26)



7

82 7. ACOUSTIC CORRECTIONS FOR AIRFOILS IN DEFLECTED WIND TUNNEL JETS

map id 0 1 2 3 4 5 6 7
region 4 3 4 4 4 2 4 1

Table 7.2: Look-up-table for flow regions.

where H is 1 if the argument is positive and zero otherwise. Table 7.2 converts the map
id to the regions indices of Fig. 7.9 and the regions of Table 7.1. The resulting rays and
discretized flow domain are shown in Fig. 7.10. The discretized rays are almost indistin-
guishable from the continuous rays.
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Figure 7.10: Fermat’s solutions from the discretized Brooks’ flow model. Airfoil NACA0012, angle of
attack α= 16°, chord c = 0.5 m, σ= 50 m−1.

7.4.3. TOTAL INTERNAL REFLECTION

When the angle between the incident ray and the interface normal approaches 90°, to-
tal reflection of the ray occurs. This creates discontinuities in the propagation time and
must therefore be avoided. The angle of total reflection was derived by Amiet 32 (Eq. 7b),
and similarly derived in terms of the wavefront normal by Kroeber 119 (Eq. 2.3.53). In this
section internal reflection is derived from Fermat’s principle. Fermat’s principle allows
to include a jump in Mach number perpendicular to the interface, which is not included
in the derivations of Amiet or Kroeber. If internal reflection occurs the minimal prop-
agation time computed with Fermat’s principle shows a branch point 120, as shown in
Fig. 7.11. In general, the discretized flow will feature a different Mach vector for each re-
gion, which is used to compute the difference Mach vector ∆M . The vector ∆M is used
to assess the location of the branch points. According to Fermat’s principle the signal
propagates along the fastest path possible. Figure 7.12 shows a signal propagating from
the source to a point xs on the shear layer interface. There are two possible paths; the
first is a direct path, whereas the second path proceeds to the interface and then contin-
ues just below the interface. If the second path is faster than the first path a discontinuity
in delay time arises, i.e., for points on the interface to the left of xl it is always faster to
(partially) travel below the interface. This creates the branch cut in Fig. 7.11. The branch
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Figure 7.11: Principle of least time. Delay time branching and reflection.
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Figure 7.12: Localization of the branch point using Fermat’s principle. ∆M is the difference in Mach vector
between the two regions.

point xl is determined by requiring that the first path takes more time than the second
path, i.e.,

rs

cs
> rl

cl
+ xl −xs

c
, (7.27)

where cs and cl are the effective speed of sounds at the two paths, furthermore it is as-
sumed that xs < xl . The value of xl is found by minimizing the second (refracted) path:

xl = min

[
rl

cl
+ xl −xs

c

]
, (7.28)

where the particular value for xs is irrelevant if xs < xl since to the left of the branch point
xl remains constant. For different values of the relative Mach vector ∆M the values of xl

are plotted in Fig. 7.13. Note that there is a stable region where total reflection does not
occur. With the use of Eq. 7.28 or Fig. 7.13 every point on the beamforming grid can be
checked to assert that the branch point is outside the space of possible ray solutions.

7.5. EXPERIMENTAL APPLICATION
The proposed method is applied to an acoustic data set obtained during an experimen-
tal campaign with a F15-DLR high-lift configuration in the Large Low-speed Facility of
the German-Dutch Wind tunnels (DNW). The wing has an effective span of 5 m and a
retracted chord of 1.2 m. The geometric angle of attack was 12°. The wind tunnel nozzle
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Figure 7.13: Isocontours of xl in meters for a source 1 m from the interface.

dimensions are 8 × 6 m2, with the high-lift-device mounted vertically. The wind tunnel
was run at a velocity of 45 m·s−1. A traversable array with a diameter of 4 m contain-
ing 140 microphones was used to measure the sound originating from the aeroacoustic
sources under different angles, see Fig. 7.14. The microphones were sampled at 51.2 kHz.
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Figure 7.14: Potential flow solution with shear layer.

The physical HLD consists of 3 elements, however, the potential flow model uses a
single effective airfoil formed by the envelope of the 3 elements as its shape. This is
valid for locations perpendicular to the chord that are sufficiently distant from the HLD
where the fluid flow is well described by the effective airfoil. The effective airfoil is dis-
cretized into 46 panels. The continuous flow modelled by Brooks’ method is shown in
Fig. 7.14. The largest difference compared to a straight uniform air flow is the downwash
component induced by the high-lift device. The absolute value of the velocity vector
field remains roughly constant, thus the lift force mainly induces a change in flow di-
rection. The discretization of the continuous velocity field in 3 regions is done by fitting
the region geometry and velocity vectors to the continuous flow field, minimizing the
L2 norm.
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Figure 7.15: Flow field topologies.

The discrete flow regions are shown in Fig. 7.15a, whereas the continous flow field is
shown in Fig. 7.15b. The largest differences are found near the high-lift configuration.
However, since the velocity difference is contained within a small region, the differences
in ray paths are expected to be small.

Acoustic images are created using the beamforming method with a ∆ f of 12.5 Hz.
The frequency of the source maps is 2.1 kHz. As shown by Sarradj 48 the inclusion of the
pressure in the steering vector does not guarantee that the maximum of the beamformer
coincides with the actual source. Therefore, the steering vectors are based only on the
acoustic time delay since the localization is the subject of research. For completeness the
same computation is also performed with the pressure included in the steering vectors,
for the results see Appendix C.3.

Conventional beamforming using Amiet’s shear layer correction method is used to
compute the acoustic images shown in Figs. 7.16a-7.17a. The aeroacoustic sound sources
are located in the slat cove, however, when the array is in the downstream position the
virtual sources have moved 0.5 m. When the acoustic delay time is computed using
Fermat’s principle and a deflected jet the resulting beamforming images are shown in
Figs. 7.16b-7.17b. The aeroacoustic sources are now localized near the slat cove for both
array positions.

Figure 7.18 shows the array response for y = 1.15 m, for different array positions. The
apparent source location shifts as a function of the array position when the Amiet cor-
rection is applied, when the flow deflection is taken into account the sources remain at
the same location.
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(a) Delay time computed using the Amiet method. (b) Delay time computed using the discretized flow model.

Figure 7.16: Acoustic images using the upstream array.

(a) Delay time computed using the Amiet method. (b) Delay time computed using the discretized flow model.

Figure 7.17: Acoustic images using the downstream array.

7.6. CONCLUSION
When acoustic imaging is used to detect sound sources on a high-lift configuration placed
in an open jet it is necessary to include the jet deflection when computing the acous-
tic propagation time. The deflection of the jet and shear layer is modelled using the
method presented by Brooks 109. This flow model is coupled with a numerical ray-tracer
to compute the acoustic propagation time. For use in acoustic imaging a method with
low computational effort is required. Therefore, the potential flow domain is discretized
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Figure 7.18: SPL for different array positions at y = 1.15 m.

and solutions are obtained using Fermat’s principle of least propagation time. The dis-
cretized solution yields nearly identical results, however, the required computational ef-
fort is much lower than that for the ray-tracer. The methodology is applied to an acoustic
experiment performed in the open jet of a large industrial wind tunnel, where a high-lift
configuration was placed in the open jet. Due to the high amount of lift, the jet was de-
flected. Acoustic imaging using the conventional method showed a localization error of
0.5 m, whereas using the proposed method the sound sources are shown at the expected
location.

7.7. FUNDING SOURCES
This research was developed in the context of the Silent Approach project receiving par-
tial funding from the Top Technology Twente program in the framework of the TKI-
HTSM roadmap Aeronautics.
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ACOUSTIC LUCKY IMAGING FOR

MICROPHONE PHASED ARRAYS
1

The preceding chapters aimed to correct for mean flow effects on the acoustic propaga-
tion time. This chapter, however, aims to correct for transient effects, specifically the effect
of turbulence in the shear layer on the acoustic image. When the acoustic wave trav-
els through the turbulent shear layer the wavefront is distorted. This leads to blurred
acoustic images. A method is presented that partially restores the resolution of the im-
age. The method is supported by a mathematical model to show the mechanisms involved
and which also allows to make a-priori estimates. To validate the method it is applied
to an acoustic data set obtained by placing a loudspeaker in the jet of a large industrial
wind tunnel. Furthermore, the method is showcased using an experiment with an aircraft
model.

8.1. INTRODUCTION
Measuring the strength and location of sound sources is crucial to the development of
silent technologies. Acoustic imaging techniques allow for visualization and quantifica-
tion of sound sources in wind tunnel experiments. An array of microphones samples
the sound waves emitted from the sound sources, similar to a lens collecting light waves.
The microphone signals are focused digitally to obtain the acoustic image. This focusing
method is knows as the beamforming method 47;121. A prerequisite for beamforming is
sufficient coherence between microphone signals. Considering one sound source, the
signals measured by different microphones should be identical up to a time shift and
amplitude scaling. However, when the acoustic signal propagates through a shear layer
the turbulence continuously alters the acoustic propagation. This leads to random dis-
tortion of the microphones signals and consequently the coherence between two micro-
phone signals is reduced.

1Adapted from: J.Biesheuvel, M.Tuinstra, L.D. de Santana, C.H. Venner, “Acoustic Lucky Imaging for Micro-
phone Phased Arrays”, Submitted to the Journal of Sound and Vibration, under revision.
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Coherence loss between microphone signals is undesired because it reduces the peak
value of the Sound Pressure Level (SPL) in the acoustic image 122. This hampers the ac-
curate evaluation of the acoustic source strength. Furthermore, the resolution of the
acoustic image is reduced, making it difficult to separate individual sound sources. Oer-
lemans and Sijtsma 123 investigated acoustic measurements performed on a scaled air-
craft model placed in the open jet of a large industrial wind tunnel. The acoustic waves
traveled through a thick shear layer to the microphone array placed outside the jet. For
frequencies ranging from 8 kHz to 12 kHz a difference of 10 – 15 dB was observed be-
tween the peak SPL in the acoustic image and the measurement of a single microphone,
the jet velocity was 50 m·s−1 and the estimated shear layer thickness was ∼1 m. The re-
sults also indicate that spatially integrated source SPL compared favourably with the SPL
measured by a single microphone, the difference being less than 2 dB. This suggests that
the largest error is found in the peak level and not in the integrated level. There are sev-
eral ways to increase the signal coherence and consequently the acoustic image quality.
The signal coherence is improved by removing the shear layer, e.g., using a closed test
section, or a hybrid test section 16. However, this is not always a possible or desirable
solution. Improved post-processing techniques, able to correct for coherence loss, were
therefore investigated. Several techniques have been developed for use in aeroacoustic
measurements, nautical applications, or astronomy. In the field of astronomy images of
stars or planets are blurred by atmospheric turbulence influencing the propagation of
light, analogue to the blurring of acoustic images by shear layer turbulence.

Research regarding the loss of coherence between two microphone signals is closely
related to the distortion of the signals measured by the individual microphones, com-
monly used to measure the acoustic spectrum. The turbulence induced fluctuations in
propagation time cause a tonal peak in the spectrum to spread over a wider frequency
range. This phenomenon is known as spectral broadening, or more colloquially as “hay-
stacking”. A fundamental theory regarding the scattering of sound due to turbulence
was derived by Howe 39. This theory included the absorption, scattering and spectral
broadening of the acoustic spectrum. The results regarding spectral broadening and
scattering agreed with predictions based on geometrical acoustics. Aside from the spec-
trum measured by a single microphone additional information regarding the phase of
the sound waves is obtained from the cross-correlation between two microphone sig-
nals. Yang 124 used the theory of geometrical acoustics combined with a path integral to
compute the coherence between two rays (signals) moving through a medium disturbed
by linear waves. In a more recent study McAlpine and Tester 41 derived an analytical
model to describe the two-point correlation for sound propagation through homoge-
neous axisymmetric turbulence. This model showed better agreement with measure-
ments compared to models based on homogeneous isotropic turbulence.

The signal measured by the microphone equals the signal emitted by the sound source
shifted by the acoustic delay time. This acoustic time delay can be averaged to obtain a
time-invariant delay caused by the finite propagation speed of the sound and advection
by the mean flow. The time-variant delay, i.e., the deviation from the average, is due
to the turbulent shear layer. When the shear layer is thin compared to the wavelength
the time-invariant delay time is predicted by the method of Amiet 125;126. In this case
the influence of the turbulence can be neglected. However, when the shear layer is not
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thin compared to the wavelength and the shear layer is strongly turbulent the amplitude
of the time-variant delay increases. Freund and Fleischman 127 compared ray-traced
acoustics with and without turbulence. Their most notable finding was that the evolving
turbulence allowed the sound rays to more easily escape the potential-flow core when
travelling upstream. Koop et al. 77 investigated the time fluctuations as experienced by
the microphone array. They performed numerical as well as experimental studies to
predict and measure the phase variations due to turbulence interacting with the sound
waves. The use of a known source allowed the time fluctuations to be measured. Coher-
ence loss in acoustic measurements was also observed by Dougherty 128 in the form of an
apparent increase of the sound power level when switching from a larger diameter array
optimized for low frequencies to a small diameter array designed for higher frequen-
cies. A model for wave-coherence based on the work of Tatarskii 43 was used to predict
the coherence loss. The model relies on the use of a statistical description of the tur-
bulent fluctuations to assess the decorrelation of the sound waves. A structure function
was used to determine the correlation between the turbulence and the fluctuations in
acoustic propagation time. Blacodon 129 derived a correction method using a known ref-
erence source to derive a deconvolution operation to remove the smearing of the sources
in the acoustic map. The author compared the integrated spectrum of an open test sec-
tion measurement, computed using the deconvolution operation, with the spectrum of
a single microphone measurement in a closed test section. The results compared fa-
vorably up to 10 kHz. Tatarskii’s theory was also used by Ernst et al. 130 to predict the
coherence loss due to shear layers in open jet wind tunnels. With the model of Tatarskii
Ernst et al. predicted the magnitude of the coherence loss. They conclude that an im-
practical measurement time is necessary for statistical convergence of the coherence
estimator in the case of severe coherence loss. Pires et al. 131 used Tatarskii’s model to
study the coherence loss caused by the boundary layer of a closed test section wind tun-
nel. Both Ernst et al. and Pires et al. performed flow measurements and compared the
experimentally obtained acoustic coherence loss to predictions based on experimentally
measured structure functions. The model captured well the coherence loss for larger
distances between microphone pairs. This corresponds to the limit where the turbu-
lence encountered along the acoustic paths is no longer correlated. Biesheuvel et al. 15

used Tatarskii’s model to assess the effect of coherence loss on beamforming results due
to thick boundary layers (∼0.2 m) as encountered in industrial scale wind tunnels. For
frequencies between 20 kHz and 50 kHz a decrease in beamforming SPL was predicted
ranging from 2 dB to 5 dB. In experiments with wind tunnel models the frequencies of
interest during the measurement scale inversely proportional to the model scale. Con-
sidering a 1:10 model scale, the frequencies on the full scale range from 2 kHz to 5 kHz,
which is well within the audible frequency range.

A simple method to increase overall microphone coherence is to discard the incoher-
ent microphone signals. In general, microphone weighting methods are known as shad-
ing techniques 132. In practice the microphones near the outer rim of a microphone array
are discarded in the processing, effectively scaling down the microphone array dimen-
sion. Microphones that are spatially close are more likely to measure similar wavefront
distortions and retain their signal coherence. Severe loss of signal coherence may even
limit the statistical convergence of the test results 130. Shading based on the coherence of
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microphone pairs was used by Amaral et al. 133, who defined the weighting factor of a mi-
crophone as the mean coherence between the microphone and all other microphones
of the array. This weighting improved the results of a deconvolution technique 134. Bahr
and Lockard 135 developed shading weights based on the distance between the micro-
phones and the frequency. They note a visual improvement for beamforming maps,
judged by the absence of blurred sources. In general shading can recover some of the
lost resolution by effectively removing microphone pairs that, due to the coherence loss,
have a cross-correlation that is not converged. The downside of applying shading is that
the effective diameter of the microphone array becomes smaller, which also decreases
the acoustic image resolution. Koop et al. 77 hint at the possibility to use a known source
as a “guide star”. This was done by Sijtsma 136 who used the presence of a few known
sources to estimate the wavefront disturbance and correct the phase of the microphone
signals. A similar algorithm is used to correct images of stars using known stars or lasers,
hence the technique is named “guide star”. The propagation time from the rest of the
wind tunnel model could be estimated through interpolation between speaker locations.
This method improved the beamforming results near the reference speakers. The tech-
nique required a large computational effort. A time domain beamforming method is
presented by Cousson et al 137. Although, their intention was to present a method to
identify moving acoustic sources the method implicitly incorporates a non-stationary
delay time. When the acoustic source is allowed to move over time, this also implies that
the acoustic propagation is time-dependent. A localization method for acoustic sources
in random moving media by means of beamforming was presented by Gay et al 138. The
authors used Kirchhoff migration (back propagation of the measured signals) and co-
herent interferometry (back propagation of the signal cross-correlation 139) to localize
acoustic sources in a jet. The results were favorable, given that the turbulence induced
perturbations were not too large.

In the field of nautical research, acoustic measurements are degraded by ocean tur-
bulence. Unknown fluctuations in propagation time degrade results obtained for passive
ranging. Ge and Kirsteins 140;141 developed a method to classify acoustic snapshots as
either coherent or incoherent. Before processing, the data was ranked and the highly co-
herent snapshots were accumulated, taking advantage of the stochastic nature of the dis-
tortions. Ge and Kirsteins then demonstrated a reduction of smearing effects in range-
bearing plots.

Looking further, in the field of astronomy, similar issues are encountered. Loss of res-
olution occurs when temperature and density variations due to atmospheric turbulence
alter the local refraction coefficient of the air, resulting in a distorted image of the stars.
One algorithm used to correct for this is called the “Luck exposure” 142 or “Lucky Imag-
ing” 143 algorithm. For a particular section of the sky a large number of images are taken
using a very short exposure time. Only the images with good resolution are further pro-
cessed. In this manner, the algorithm exploits the stochastic nature of the turbulence,
which implies that some of the images acquired are less disturbed by the turbulence
than others. When the observation time is long enough a subset of “good quality” images
with high resolution is selected for further processing. Dantowitz 144 used the method to
create high-resolution images of the planet Mercury. Law 145 also used to method to in-
crease the resolution of an image of the stars, the increased resolution made more faint
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objects visible. Baldwin 146 showed an improvement in image quality by retaining only
the “best” 1% exposures. In a later study Baldwin 147 performed numerical simulations
using the random phase screen method. In this study a Kolmogorov spectrum was used
to simulate the turbulence. The results compared favorably with results obtained from
an observatory.

The most notable efforts to explicitly correct acoustic beamforming maps for turbu-
lence induced fluctuations have been made by Sijtsma, Blacodon and Gay et al 136;129;138.
In addition to these efforts we propose a novel method to correct acoustic images based
on the “Lucky Imaging” technique. This technique offers various advantages: 1) it does
not require the use of “guiding” sources on the model or reference acoustic sources be-
fore or after the test. 2) The method is relatively simple and easy to implement. 3) The
“Lucky imaging” methodology relies on filtering and not on the ensemble average of the
microphone cross-correlations. This latter difference is mainly relevant when perform-
ing acoustic tests in large industrial wind tunnels which have a thick shear layer or at
high frequencies. The large coherence loss may then lead to excessive measurement
times.

In this chapter the Lucky Imaging methodology is developed to be used in acous-
tic wind tunnel tests 148. Figure 8.1 shows a schematic overview of the (Acoustic) Lucky
Imaging method. The method consists of three stages. In the first stage acoustic images

Stage I

Acquire Acoustic Images

Stage II

Selection & Phase correction

Stage III

Merge Acoustic Images

Short-interval Discard faulty images

Spatially align sourcesFrozen turbulence

Figure 8.1: Overview of the Acoustic Lucky Imaging methodology.

are obtained from measurement intervals short enough to “freeze” the turbulence in-
duced distortions. In the second stage those acoustic images that are severely distorted
are removed from the processing. The third, and final, stage combines all the “good”
images into a single acoustic image. To support the correction methodology a model
for coherence loss is derived. This model is based on the discretization of the wavefront
distortions. The model is used to show why and when Acoustic Lucky Imaging improves
beamforming results. The chapter is structured into the following (independent) sec-
tions:

• Acoustic Imaging with very short measurement intervals.

• Breaking up the array into sub-arrays.

• Modeling the phase distortions.

• Short-interval images under different conditions.

• Statistics: number of short-interval images of “good” quality.

• Experimental results: acoustic speaker & aircraft model in a 8 x 6 m2 open jet wind
tunnel.
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8.2. ACOUSTIC IMAGING WITH DISTORTED WAVEFRONTS
Acoustic beamforming is used to determine the strength and location of sound sources,
and is a method that numerically generates acoustic images from the measured micro-
phone signals. As the microphones have different locations on the array the sound waves
reach microphones at different times. The beamformer uses the time differences to lo-
calize the sound source. To estimate the time difference it is convenient to transform the
microphone signal into the Fourier domain and work with the phase difference instead.
This allows focusing on specific frequencies of the sound source. Mathematically the
beamformed map is generated by evaluating the integrals of Eq. 8.1.

I (v ; w ; t0;∆t ) =
Ï ∫ t0+∆t

t0

I0(y ′; z ′)S(y ′; z ′; v ; w ; t )dtdy ′dz ′. (8.1)

Each point x ′, y ′ in the source distribution I0 is mapped to a point v, w in the image I
by a transfer-function S. The functions I , I0, and S are all complex valued and therefore
have both a phase and a magnitude. The integral over all the measured points on the
array yields the response of the total array. The time integral indicates the finite mea-
surement time, where t0 is the start of the measurement and ∆t the duration. A typical
acoustic measurement time ranges from a few seconds to a few minutes. The source
here is assumed stationary. However, the transfer-function S is assumed non-stationary
as this includes the effect of turbulence on the propagation from the source, through the
turbulent shear layer, to the microphones. Due to the turbulence of the shear layer the
wavefronts are disturbed. The transfer-function thus inherently depends on the turbu-
lence of the shear layer and is time dependent. For a very short measurement time ∆t ,
in the order of milliseconds, the distortion of the wavefront is approximately constant.
Equation 8.1 is then approximated as:

Is (v ; w ; t0) =
Ï

I0(y ′; z ′)S(y ′; z ′; v ; w ; t0)dy ′dz ′. (8.2)

The acoustic image is still dependent on t0 in the transfer-function, because the turbu-
lence velocities are different for each measurement. Consequently, the amount of image
distortion also varies with t0.

A propagating wavefront reaching the array is focused as shown schematically in
Fig. 8.2a. For undisturbed waves the beamforming algorithm will show a virtual sound
source at the location of the real sound source. The turbulence induced velocity fluctua-
tions disturb the wavefront. When the distortion is linear the wavefront remains planar
and the virtual source location only appears shifted, see Fig. 8.2b. The disturbances can
also be non-linear. However, locally the wavefront is still approximately planar and the
virtual source is split into multiple virtual sources as shown in Fig. 8.2c. The acoustic
image of a point source is fully described by the transfer-function S. A schematic rep-
resentation of the time dependent transfer-function is shown in Fig. 8.3a. Because the
transfer-function is changing over time the average transfer-function, see Fig. 8.3b, is
of lower resolution than the theoretical transfer-function. Lucky Imaging methods aim
to use filtering and shifting of the instantaneous transfer-functions to produce a sharp
average transfer-function.
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(a) Undisturbed wavefront.

disturbed wavefront

undisturbed virtual source

(b) Mostly linear disturbed wavefront.

array

second virtual source

(c) Non-linear disturbed wavefront.

Figure 8.2: Schematic representation of acoustic imaging. The vertical bold line is the acoustic array.

(a) Instantaneous transfer-functions. (b) Average transfer-function.

Figure 8.3: Transfer-functions. [Figures adapted from Woods Hole summer study 149]

The specific implementation of the (Acoustic) Lucky Imaging method in this chapter
is discussed in order to create a context for the rest of the chapter. The principle is to
compute acoustic images from short data blocks. Typically this results in about 5,000 to
50,000 acoustic images. The images are then filtered to remove images that are severely
distorted, this stage typically rejects 50% to 99% of the images, depending on the severity
of the distortions. The images that have passed are then further processed to obtain a
final acoustic image. The algorithm implemented for this work is summarized as:

• Splitting of the acoustic data signals into blocks. The time duration of a single
block should be sufficiently short such that Eq. 8.2 approximates Eq. 8.1.

• Perform a Fast Fourier Transform (FFT) on a single data block for all microphone
channels.

• Select which frequencies to include in the processing.

• For the selected frequencies compute an acoustic image for all data blocks. These
images are referred to as the “short-interval images”.

• Using the short-interval images compute the average image for each frequency.
This is used as the reference image.
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• Compute the normalized (spatial) cross-correlation between the short-interval im-
ages and the reference image.

• Check that the normalized cross-correlation is larger than a chosen threshold for
a minimum of frequencies, e.g., 8 out of 10 selected frequencies should have a
normalized cross-correlation larger than 0.8.

• Remove the data block from the processing if the requirement is not met.

• Using the normalized cross-correlation, compute the average displacement for a
single block using all frequencies. Spatially shift the images corresponding to the
block using the computed average displacement.

• Compute the average of all the shifted images on a per frequency basis. This is the
final acoustic image.

A supporting theory is developed in order to obtain a relation between the improvement
of the processed acoustic image and the distortion of the wavefront. This theory is not
necessary to implement the steps above which work with conventional microphone ar-
rays and conventional beamforming methods. Another key issue is the number of high
quality images that are obtainable in a reasonable measurement time. The next sections
elaborate on these issues, after which the experimentally obtained results of the above
algorithm are presented.

8.3. DISCRETIZATION OF THE WAVEFRONT AND THE RESPONSE

OF A CONTINUOUS ARRAY
The wavefront is subdivided in sections that are sized according to the linearly disturbed
wavefront segments. In this section the response of a continuous acoustic beamformer
due to the subdivided wavefront is computed. Figure 8.4 shows a schematic represen-
tation of a typical acoustic setup. The acoustic array, with diameter D , is at a distance
L from the acoustic source, located on the x-axis. The two-dimensional array or “lens”
is parameterized by the coordinates y and z and the focus-plane, i.e., the beamformed
map, is parameterized by the coordinates v and w . The source acts as a perfect monopole.
The beamformer only corrects for time delays, thus pressure corrections are omitted.
Furthermore, it is assumed that all phases have been corrected for mean flow advection,
and therefore the wave theory valid in quiescent air is used. With these assumptions, the
incoming wave at the acoustic-lens and the focus-plane is written as:

p(y ; z) = ei(ωt−kd(y ;z)); B ′(y ; z;u; v) = ei(ωt−kd(y ;z)+kd(y ;z;v ;w)) with (8.3)

d(y ; z) =
√

L2 + y2 + z2 and d(y ; z; v ; w) =
√

L2 + (y − v)2 + (z −w)2, (8.4)

where p is the pressure at the array, B ′ is the array pressure propagated to the focal plane,
t is time, k the wave number, ω the angular frequency, and the d is a distance function
that computes the distance between two points. The quantity of interest is the difference
d(y ; z; v ; w)−d(y ; z) which is approximated using a Taylor expansion, resulting in:

d(y ; z)−d(v − y ; w − z) ≈− v2

2L
+ v y

L
− w2

2L
+ w z

L
, (8.5)
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Figure 8.4: Acoustic source and beamformer.

This approximation is better known as the Fresnel approximation and the derivation is
found in D.1. The approximation is valid when:

D2

L2 ≪ 1. (8.6)

To reduce the symbols involved in the mathematical expressions the scaled wavenum-
ber k̂ = k/L is used in the rest of the paper. Integrating the contributions B ′ over the array
surface gives the total beamformed response, i.e.,

B(v ; w) =
Ï

e
ik̂

(
− v2

2 − w2
2 +v y+w z

)
dydz = e

ik̂
(
− v2

2 − w2
2

) Ï
eik̂(v y+w z)dydz, (8.7)

where the right hand side integral can be recognized as the Fraunhofer diffraction equa-
tion. The array is now discretized by subdividing the array into sub-arrays. The shape
of the sub-array is a hexagon (similar to the James Webb telescope). The hexagon is

ly

lz

y j

z j

α

Figure 8.5: Hexagon shaped sub-array.

parameterized by two length scales ly and lz . The length scales model the size of the dis-
tortions, which are caused by the turbulent shear layer. Using two length scales allows
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the length scale in streamwise direction to be different from the length scale in spanwise
direction. For mathematical convenience a slope α is defined, which is entirely defined
by the length scales. For an isogonal hexagon lz is equal to 1

2

p
3ly , from which follows

that for arbitrary ly and lz the expression for α is equal to 1
2 ly /lz since scaling is a linear

operation. Physically this assumes that both length scales of the distortions are equal.
The centre of the sub-array is at (y j ; z j ). The contribution of a single hexagon to the total
beamformed response is found by integrating Eq. 8.7 over the hexagon. The integration
is performed in Appendix D.2, the result is the following expression:

Bn = e
ik̂

(
− v2

2 − w2
2

)
eik̂(v y j +w z j )Θ, (8.8)

where

Θ= 2

k̂2v(w2 −α2v2)

[
(w −αv)cos(k̂(v(ly −αlz )−wlz ))− (8.9)

(w +αv)cos(k̂(v(ly −αlz )+wlz ))+2αv cos(k̂vly )
]

. (8.10)

Thus the response of a sub-array is equal to some constant Θ, that incorporates the ex-
act shape, with a phase shift, that depends on the location in the array. The total beam-
formed response is equal to the sum of all sub-arrays Bn .

B(v ; w) = e
ik̂

(
− v2

2 − w2
2

)
︸ ︷︷ ︸

phase

Θ︸︷︷︸
shape

N−1∑
j=0

eik̂(v y j +w z j )

︸ ︷︷ ︸
resolution

. (8.11)

The constant has been moved out of the sum and N is the number of sub-arrays. The first
term produces a phase shift depending on the location in the focal plane. Since a phase
shift does not change the magnitude it is not of importance for a beamformer. The sec-
ond term is governed by the shape of the sub-array. The last “resolution” term is shown
schematically in Fig. 8.6a. Near the origin this term is effectively a sum of cosines, and
the coordinates y j and z j produce different wavelengths. The only shared maximum of
these waves is at zero and consequently, this produces a sharp peak at the origin. The
last term effectively states that the sum of the sub-arrays achieves a higher resolution
than a single element. The subdivision of the array is done numerically using an infinite
tiling while discarding sub-arrays outside the array. The remaining sub-arrays all have
unique centre coordinates y j and z j .

8.4. PHASE DISTORTIONS
Assuming the sub-arrays are of a size over which the wavefront distortion can be as-
sumed constant, the beamform equation, Eq. 8.11, is adapted by adding phase shifts to
the sum of sub-arrays:

B(v ; w) = e
ik̂

(
− v2

2 − w2
2

)
Θ

N−1∑
j=0

eik̂(v y j +w z j )+iωτ j , (8.12)
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where τ j is the delay time distortion. Without the delay time distortion the sum of ex-
ponentials produces a sharp peak as illustrated in Fig. 8.6a. Figure 8.6b shows the same
sum with the delay time distortions that cause misalignment of the waves. The differ-
ent wavelengths are due to the (v y j + w z j ) term in the exponential. This reduces the
ability of the beamformer to locate the sound sources correctly. In most beamforming

j=1

j=3

|Sum|

(a) Without fluctuations;
the different frequencies produce a sharp

peak at the centre.

j=1

j=3

|Sum|

(b) With fluctuations; the different frequencies no longer share
a common maximum and subsequently produce many lower

maxima.

Figure 8.6: Sum of exponentials, without and with fluctuations.

applications the final quantity of interest is the source power, i.e., the square of the am-
plitude of the sound source. This quantity is computed from the beamformed response
by multiplying B with the complex conjugate:

P (v ; w) = |B |2 = |Θ|2
[

N−1∑
j=0

eik̂(v y j +w z j )+iωτ j

]
×

[
N−1∑
l=0

e−ik̂(v yl+w zl )−iωτl

]
(8.13)

= |Θ|2
N−1∑
j=0

N−1∑
l=0

eik̂(v(y j −yl )+w(z j −zl ))+iω∆τ j l , (8.14)

where ∆τ j l = τ j −τl . Which due to the symmetry can be written in terms of sines and
cosines, and split into a response due to the auto-powers and cross-powers:

P (v ; w) = |Θ|2 2

[
N−1∑
j=0

N−1∑
l= j+1

cos(k̂(v(y j − yl )+w(z j − zl )))cos(ω∆τ j l )−

sin(k̂(v(y j − yl )+w(z j − zl )))sin(ω∆τ j l )

]
+|Θ|2 N . (8.15)

This expression computes the source power using the beamforming method. The as-
sumption is that the time fluctuations τ are constant, similar to Eq. 8.2.

In general, beamforming results are averaged quantities rather than instantaneous
quantities, e.g., the mean source power. A generic beamforming equation for the instan-
taneous source power can be written as:

Pi =
∑
n

∑
m

GnCnmG∗
m , (8.16)
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where G is a complex valued steering vector which acts as a transfer- or Green’s func-
tion and Cnm is the cross-spectral matrix, containing the Fourier transform of the mi-
crophone cross-correlations. The cross-spectral matrix is computed from the measured
microphone signals Pn as Cnm = PnP∗

m . The average of the beamformed source power
follows as:

〈Pi 〉 = 〈∑
n

∑
m

GnCnmG∗
m〉 =∑

n

∑
m

Gn 〈Cnm〉G∗
m , (8.17)

where the latter equality holds if the steering vectors are not depending on time. In other
words one obtains the same result either by computing the average of the instantaneous
images or beamform using the average cross-spectral matrix. The latter approach is con-
sidered as the standard. To show the effect of the time fluctuations on the average source
power, the expected value of Eq. 8.15 is computed:

E [P (τ)] =
∫ +∞

−∞
P (τ) f (τ)dτ, (8.18)

where f is a probability density function (PDF) for the time fluctuations τ. For simplicity
a Gaussian PDF is used. Thus f is equal to:

f (τ j −τl ) = 1

σ
p

2π
e−

1
2
∆τ2

σ2 , (8.19)

where σ is the variance of the differences calculated directly from the variance of the
fluctuations στ as σ = p

2στ. As found in Gradshteyn 150 (section 17.23, entry 13), the
expected value of the sine and cosine parts are conveniently found as:

1p
2π

∫ ∞

−∞
e−a2x2

[cos(bx)+ i sin(bx)]dx = 1p
2π

∫ ∞

−∞
e−a2x2

e i bx dx = 1

a
p

2
e−b2/4a2

.

(8.20)

With a = (
p

2σ)−1 and b =ω this results in:

1

σ
p

2π

∫ +∞

−∞
cos(ω∆τ)e−

1
2
∆τ2

σ2 d∆τ= 1

σ

[
σe−ω

2σ2/2
]
= e−ω

2σ2/2. (8.21)

The expected value of the beamformed power becomes:

E [P (v ; w)] = e−ω
2σ2

∆τ/2 |Θ|2 2

[
N−1∑
j=0

N−1∑
l= j+1

cos(k(v∆y j l +w∆z j l ))

]
︸ ︷︷ ︸

cross-powers

+ |Θ|2 N︸ ︷︷ ︸
auto-powers

, (8.22)

which is shown in Fig. 8.7d. The contribution of the auto-powers is shown in Fig. 8.7c.
The auto-power term behaves as if an array with the size of the sub-array had been used,
and thus features poor resolution due to the Rayleigh criterion. Figure 8.7b shows the
response only due to the cross-powers, this result illustrates why diagonal removal im-
proves the image quality. The cross-powers, containing the phase information, cause the
focussing effect. The cross-powers are, however, subject to the time fluctuations, i.e., the
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(a) Optimal response, no time fluctuations. (b) Response with only cross-powers.

(c) Response with only auto-powers. (d) Expected response with time fluctuations.

Figure 8.7: Expected response of the array. f = 4000 Hz, lx = 0.25 m, lz =p
3/2lx , D = L = 1 m, στ = 0.04 ms

exponential term, and are suppressed if variances are large. The optimal response, with
στ = 0, is shown in Fig. 8.7a. Equation 8.22 also provides an explanation why integrated
beamforming levels often match the spectra obtained from single microphone measure-
ments. In case of severe coherence loss, and if the object is directly in front of the array,
the response of the beamformer corresponds to the averaged auto-powers. However, no
directional information is present in the integrated levels and thus individual sources
cannot be distinguished.

8.5. ACOUSTIC LUCKY IMAGING & SHORT-INTERVAL ACOUSTIC

IMAGES
Acoustic Lucky Imaging operates on short-interval acoustic images. Therefore, the na-
ture of the short-interval images very much influences the results. The three operations
that Acoustic Lucky Imaging applies are filtering, spatially shifting, and averaging. Dur-
ing filtering the severely distorted images are removed, e.g., in this section the filtering
criterion is based on the maximum response of the short-interval image which must be
greater than a threshold. The images that have passed the criterion are then spatially
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shifted according to an alignment criteria, e.g., align the maximum response. Finally,
the images are averaged to obtain a final result. In this section the influence of the mag-
nitude of the delay time distortions and the size of the wavefront distortions is discussed.
Depending on the wind tunnel test environment four different regimes of distortion are
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Figure 8.8: Different regimes with respect to wavefront distortion. The size of the phase distortions can be
small or large in relation to the shear layer thickness. As well can the turbulence be strong or weak, which is

proportional to the wind tunnel speed.

identified. The regime determines how much the filtering and shifting will improve the
results. Figure 8.8 schematically shows the relation between the test environment and
the wavefront distortion. If the turbulence structures are small the disturbed wavefront
is approximated by more piecewise constant segments than if the turbulence structures
are large. The amplitude of the time delay distortions is assumed to increase with the
wind tunnel velocity, hence higher wind tunnel velocities are expected to increase the
wavefront distortion.

(a) Average response and Acoustic Lucky Imaging.
Threshold: 0.71. Images passed: 51%.

-0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

0.2

0.4

0.6

0.8

1

optimal

sample 2

sample 3

sample 4

sample 5

sample 6

(b) Example of short-interval responses.

Figure 8.9: Case D: low amplitude, linear distortions. f = 4000 Hz, lx = 0.5 m, lz =p
3/2lx , D = L = 1 m,

στ = 0.04 ms
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The response of a beamformer in case D, a low amplitude linear distortion, is shown
in Fig. 8.9a. The beamforming images obtained from very short-intervals of measure-
ment data are schematically shown in Fig. 8.9b. The response of the average beamformer
can be improved by discarding instantaneous images with a maximum response below
a threshold. The remaining images feature a high maximum response, but due to the
linear disturbance the maximum response is at the wrong location. This is corrected
by shifting the image such that the maximum response it at the origin again. To obtain
statistical convergence the selected and shifted images are averaged to obtain a final
beamformed image, see Fig. 8.9a.

(a) Average response and Acoustic Lucky Imaging.
Threshold: 0.71. Images passed: 22%.

-0.15 -0.1 -0.05 0 0.05 0.1 0.15
0

0.2

0.4

0.6

0.8

1

optimal

sample 2

sample 3

sample 4

sample 5

sample 6

(b) Example of short-interval responses.

Figure 8.10: Case B: high amplitude, linear distortions. f = 4000 Hz, lx = 0.5 m, lz =p
3/2lx , D = L = 1 m,

στ = 0.15 ms

(a) Average response and Acoustic Lucky Imaging.
Threshold: 0.71. Images passed: 2.3%.
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(b) Example of short-interval responses.

Figure 8.11: Case C: non-linear, low amplitude distortions. f = 4000 Hz, lx = 0.25 m, lz =p
3/2lx , D = L = 1 m,

στ = 0.04 ms

When the wind tunnel velocity is increased the linear wavefront distortions increase
in amplitude, this is case B in Fig 8.8. The principle of image selection and subsequent
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shifting of the maximum response can still increase the beamformed image quality. How-
ever, due to the increased amplitude of the wavefront distortions large shifts are to be
expected as shown in Fig. 8.10b. Furthermore, the response of the instantaneous images
decreases when the source is substantially shifted. Thus even with selection and shifting
a loss of peak power is inevitable. Still a significant improvement with respect to conven-
tional beamforming is expected since the large shifts in source location rapidly decrease
the average peak as shown in Fig. 8.10a.

(a) Average response and Acoustic Lucky Imaging.
Threshold: 0.71. Images passed: 0.02% ≈ 0%.
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(b) Example of short-interval responses.

Figure 8.12: Case A: non-smooth, high amplitude distortions. f = 4000 Hz, lx = 0.25 m, lz =p
3/2lx ,

D = L = 1 m, στ = 0.15 ms

In case C the low amplitude wavefront distortion is non-linear. This results in instan-
taneous images with a maximum response near the origin. The wavefront distortion will
decrease the peak response. In this case shifting the images is not expected to increase
the final image quality. However, as shown in Fig. 8.11a, discarding images that are too
distorted still improves final results. Since the majority of samples is rejected this does
require longer measurements times. Finally, Fig. 8.12a shows case A where the wave-
front is severely distorted in a non-linear manner. The instantaneous images, as shown
in Fig. 8.12b, are so severely distorted that all images are discarded. In this regime the
method is not expected to function.

This section showed how the filtering and shifting operations of Acoustic Lucky Imag-
ing improves beamforming results. The improvement is obtained by first removing the
data that is severely distorted. Subsequently, the selected data is aligned and averaged to
obtain a statistical significant result. In the next section a methodology is derived to es-
timate the number of required instantaneous images. For explanatory reasons we have
adapted the simple quality criterion based on the maximum response. In practice this is
not a good approach. Improved alternatives are discussed in Appendix D.3.

8.6. SUCCESS RATE OF ACOUSTIC LUCKY IMAGING
Acoustic Lucky Imaging discards measurement data that is severely distorted. The useful
data should be obtainable within a reasonable measurement time for the Acoustic Lucky
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Imaging method to be applicable. Ideally an a-priori estimate provides the percentage of
expected high-quality images so that the required measurement time can be calculated.
In this section a simple estimation method is developed.

In astronomy, Fried 151 derived an expression for the probability of obtaining usable
data, however, this does not easily translate to Acoustic Lucky Imaging. An alterna-
tive method by Biesheuvel et al. 15 solved this issue by fitting an approximate PDF using
Monte-Carlo simulations. This worked well for line arrays. Due to the low dimensional-
ity of the problem the parameter space could be condensed to only two dimensionless
parameters. For a planar array this approach is not feasible. Starting with Eq. 8.15, re-
peated here for convenience.

P (v ; w) = |Θ|2 2
N−1∑
j=0

N−1∑
l= j+1

cos(k̂(v(y j − yl )+w(z j − zl )))cos(ω∆τ j l )−

sin(k̂(v(y j − yl )+w(z j − zl )))sin(ω∆τ j l )+|Θ|2 N . (8.23)

It is assumed that the maximum response is near the origin and thus v and w are small.
Furthermore, the normalized wave number k̂ should also be small. With these assump-
tions the expression for the source power reduces to:

P (v ; w) = |Θ|2 2
N−1∑
j=0

N−1∑
l= j+1

cos(ω∆τ j l )+|Θ|2 N . (8.24)

The maximum response with no distortions is equal to unity, therefore, the value of Θ
must equal 1/(N −1)2. We now require that each cosine term contributes at least η to the
total sum. Requiring this for terms containing the 1th microphone, yields the inequality:

cos(ω∆τ1l ) > η, (8.25)

where l is the index of any other microphone. Rewriting to obtain an inequality for ∆τ
leads to:

∆τ1l <
cos−1(η)

ω
= δ

2
, (8.26)

where δ is used as a shorthand notation for the inverse-cosine term. The phase differ-
ences between other pairs of microphones follows from their definition, i.e.,

∆τ j l = τ j −τl = (τ1 −τl )− (τ1 −τ j ) =∆τ1l −∆τ1 j . (8.27)

If the phase differences between the 1th microphone and all other microphones are
smaller than δ/2, the phase differences between all other possible pairs of microphones
must be smaller than δ. The probability that the phase differences between the 1th mi-
crophone and all other microphones is smaller than δ/2 is given by:

P (∆τ< δ/2) =∏
n

Pn(∆τ< δ/2). (8.28)
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The PDF of ∆τ follows from Eq. 8.19. The cumulative PDF Pn is found by integrating
Eq. 8.19 with respect to ∆τ, and equals:

Pn(∆τ< δ/2) = 1

2

[
1+erf

(
δ

2σ∆τ
p

2

)]
, (8.29)

where σ∆τ is the variance of the phase differences. This results in the probability that all
shifts are within δ being equal to:

P (all ∆τ< δ/2) = 1

2N−1

[
1+erf

(
δ

2σ∆τ
p

2

)]N−1

(8.30)

= 1

2N−1

[
1+erf

(
cos−1(η)

2σ∆τω
p

2

)]N−1

. (8.31)

For a fixed threshold η the probability for a given number of accepted images becomes
smaller with increasing frequency. Furthermore, non-linear distortion of the wavefront
must be modelled by a higher number of sub-arrays N , leading to a lower probability
of finding good images. Similarly, the large time fluctuations increase the variance and
decrease the probability. In practice the values for σ and N are not always known. How-
ever, a speaker representing a monopole source could be used to compute the cumula-
tive PDF P and subsequently, the σ and N are computed with a fitting procedure.

8.6.1. NUMERICAL EXAMPLE

In this section a numerical example is provided to showcase the Acoustic Lucky Imag-
ing method and how to use Eq. 8.31 to make estimates. A set of 15,000 short-interval
beamforming images is generated numerically, see Fig. 8.13a. The parameters used are
στ = 0.15 ms, k = 74 m−1 ( f = 4,000 Hz, c = 340 ms−1), D = 1 m, L = 1 m, ly = 0.4 m
and lz = p

3/2ly resulting in N = 7. For the Acoustic Lucky Imaging methodology the
threshold was set to η = 0.71. Thus the images with a maximum value above 0.71 are
selected. The instantaneous images, one of which is shown in Fig. 8.13a, feature an off
centre maximum response. This significantly decreases the average response plotted in
Fig. 8.13b. Discarding instantaneous acoustic images with a maximum below the thresh-
old results in Fig. 8.13c. A significant improvement can already be obtained by just re-
moving severely distorted images. The result can however, be improved more by also
aligning the maximum responses of the selected instantaneous acoustic images, the re-
sult is a response that is almost restored as shown in Fig. 8.13d. In this example of 15,000
instantaneous acoustic images 312 passed the threshold criteria, which is 2.1%. The esti-
mate based on Eq. 8.31 is 2.2% as shown in Fig. 8.14a. The distribution of the maximum
responses of all 15,000 acoustic images is shown in Fig. 8.14b, this allows the compu-
tation of an approximate cumulative PDF. From the cumulative PDF and the threshold
η the number of accepted images can also be estimated. This can be compared to the
analytical estimate based upon Eq. 8.31, denoted by the ×, both show indeed a similar
probability.
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(a) Short-interval acoustic image. The maximum response is
not centred. (b) Average response.

(c) Average response of selected images. (d) Acoustic Lucky Imaging.

Figure 8.13: Example results using numerically generated random samples.
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Figure 8.14: Statistics of the numerical example of Fig. 8.13.



8

108 8. ACOUSTIC LUCKY IMAGING FOR MICROPHONE PHASED ARRAYS

8.7. APPLICATION TO A LARGE OPEN JET WIND TUNNEL EXPER-
IMENT

To demonstrate the applicability of the method to experimental data, measurements
were performed in the acoustic wind tunnel (LLF) of the German-Dutch wind tunnels 54

with an open jet test section. A calibrated speaker source was placed inside the potential
core of the wind tunnel using a sting, see Fig. 6.18. On the floor an acoustic array, with
140 microphones, was mounted on a traverse system. The traverse allowed to change
the relative angle of the array with respect to the source and change the acoustic path
length through the turbulence. Turbulence induced time delay variations were mea-
sured using the procedure discussed in Appendix D.4. The time delay variations allow to
cross-validate the results of the Acoustic Lucky Imaging method. The wind tunnel veloc-
ity was varied from 34 m·s−1 to 68 m·s−1. The wind tunnel nozzle dimensions are 8 m ×
6 m. The sample time was set to 15.26 µs (216 = 65,536 Hz). A high pass filter of 500 Hz
was applied. The measurement time was equal to 45 s. Two signals were used as input
to the speaker. The first was a saw-tooth signal with a fundamental of 2 kHz. The second
signal was a white noise signal, band filtered between 5 kHz and 20 kHz.

The block size during post-processing was 256 samples which makes the short-interval
equal to 3.91 ms. With this data 10,000 short-interval images were generated. Combin-
ing this short-interval with the average flow velocity the turbulent structures will have
moved 66 mm to 134 mm within the interval. The selection criterion was based upon a
normalized image cross-correlation. The shifts were also obtained using the same nor-
malized image cross-correlation. The input parameters are listed in Tables 8.1-8.2. The

WT velocity 0 34 44 51 62 68 m·s−1

η 0.90 0.90 0.90 0.90 0.90 0.90
A 6/6 4/6 3/6 3/6 3/6 3/6

Table 8.1: Parameters for the saw-tooth signal.

value of η indicates a threshold value of the normalized cross-correlation between the
short-interval images and the reference image. If a short-interval image correlates less
than this value it is rejected. The selection can be performed independently for multi-
ple frequencies. Subsequently, a second requirement is that multiple frequencies have
a normalized cross-correlation value greater than η. The second number in the row la-
beled A indicates how many frequencies are analyzed (6 or 10). However, for each fre-
quency the normalized image cross-correlation may be higher or lower than the thresh-
old. The first number indicates the minimum number of images that must have a higher
normalized cross-correlation, e.g., 8 out of 10. For more details on the subject of selec-
tion criteria see Appendix D.3.

8.7.1. TIME FLUCTUATIONS

The method proposed by Koop 77 and Sijtsma 136, see also Appendix D.4, is used to de-
termine the shear layer induced time fluctuations. The method requires that the carrier
frequency is clearly measurable and that the spectral broadening effects are not over-
lapping. Figure 8.15a shows the Welch power estimation of the reference signal without
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WT velocity 0 34 44 51 m·s−1

η 0.83 0.83 0.83 0.83
A 9/10 8/10 7/10 6/10
Est. % 12 % 1.6 % 0.2 %
Usable % 40 % 0.7 % 1.0 %

Table 8.2: Parameters and estimates for the noise signal.

flow and the power estimation with the wind tunnel at the maximum velocity to show
that these requirements have been met. Furthermore, a measurement without any sig-
nal is plotted to show the background noise of the wind tunnel. The measured time fluc-
tuations are summarized in Fig. 8.15b. A wrapped normal distribution has been fitted to
compute the variance of the fluctuations. The dependence of the variance of the fluc-
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(a) Welch power estimation using short intervals. Blocksize is
equal to 128.

(b) Distribution of all time variations measured on the whole
array.

Figure 8.15: Experimentally measured time variations.

tuations on the wind tunnel velocity is shown in Fig. 8.16a. To obtain some redundancy
the time fluctuations obtained from two carrier frequencies have been analyzed, both
yielding similar results, indicating the proper functioning of the method. Figure 8.16b
shows an estimate of the sub-array size. These estimates have been obtained by fitting
the PDF of measured normalized cross-correlations to a Monte-Carlo simulation based
on Eq. 8.14. This is, however, a rough estimate due to the discrete nature of the theory
which only allows for an integer number of sub-arrays regions. The sub-array sizes have
been averaged over different frequencies. Normalizing the sub-array size with the array
diameter yields a value of 0.2 m, with an averageστ ≈ 0.04 ms, the measurement appears
to be similar to case C from Fig. 8.8.

8.7.2. SOURCE POWER LEVELS
This section presents the results obtained with Acoustic Lucky Imaging. Figure 8.17a
shows the maximum response for Acoustic Lucky Imaging and conventional beamform-
ing as function of frequency. The benchmark is the acoustic spectrum as measured by
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Figure 8.16: Estimations on the wavefront distortion. Source function: saw-tooth.

an individual microphone. The auto-powers are used as a comparison since they are
not affected by the coherence loss. The wind tunnel velocity was 34 m·s−1. The Acous-
tic Lucky Imaging is able to correct 2-3 dB in the frequency range shown. Above 10 kHz
the coherence loss becomes dominant and the improvement of the acoustic maps de-
creases. Figure 8.17b shows the results as function of the wind tunnel velocity at 9.1 kHz.
The increase of turbulence with increasing wind tunnel velocity causes the beamform-
ing process to show lower maxima. The Acoustic Lucky Imaging methodology is able
to partially recover this. Examples of the final results are shown in Appendix D.5, see
Fig. D.6, as well as some short-interval maps in Fig. D.7. The improvement of resolution
is measured using the main lobe width. The main lobe width, based on the “3 dB down”
criterion, decreased with a factor 1.28 - 1.50. The computation time for processing the
noise source was 6 minutes for 10 frequencies and a grid of 128 × 128 points, using a
computer equipped with an Intel®Core™i7-6700HQ processor and a NVIDIA Quadro
M1000M graphical processor.

8.7.3. PARAMETER SENSITIVITY

The parameters in Tables 8.1-8.2 are chosen such that a minimum number of images re-
mained after the selection procedure. In this section we would like to expand on these
choices. Figure 8.18a shows the PDF for the normalized cross-correlation values for dif-
ferent frequencies. Most of these distributions show a sharp peak exactly at the point
where the threshold values would be, i.e., in the range 0.8 to 1.0. This means that in-
creasing the threshold by a small amount can cause the amount of rejected images to
decrease relatively fast. The image quality can be computed independently for a num-
ber of frequencies. For the noise signal the computation was performed for 10 frequen-
cies. If the wavefront distortion is indeed small the normalized image cross-correlation
should be high for most frequencies. Figure 8.18b shows the number of passed images
as function of the minimum number of frequencies with a normalized cross-correlation
greater than the threshold, e.g., 6000 images have a normalized cross-correlation higher
than 0.83 for at least 6 frequencies. This criterion can be used in reverse, e.g., further pro-
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Figure 8.17: Experimental results using the noise source.

cessing requires at least 500 images, then an image should pass for at least 9 frequencies.
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Figure 8.18: Image quality statistics for the noise source.

8.7.4. ACOUSTIC LUCKY IMAGING ON AIRCRAFT MODEL: SHOWCASE

The Acoustic Lucky Imaging method is used on acoustic data obtained in a test with a
scaled aircraft model, to showcase the method in an industrial setting. The wind tunnel
velocity equaled 62 m·s−1. The frequency of interest is 2.56 kHz. The result obtained with
conventional beamforming is shown in Fig. 8.19a. The image generated by the Acoustic
Lucky Imaging method is shown in Fig. 8.19b. The peak SPL has been increased by 6 dB.
Also we observe that the greatest difference is near the dominant sound source at (x =
-0.8 m; y = 1.1 m). The difference in improvement is probably due to the non-linearity
of the wavefront distortion. The smaller the region-of-interest the more linear the dis-
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tortion. The spatial shifts for the strong source are probably not the same for the weaker
source at the end of the wing, which therefore, is not increased in the same proportion.
To process the acoustic map of the whole aircraft model Acoustic Lucky Imaging must
be employed on multiple sub-regions. This would require a method to stitch processed
maps together. This issue is similarly encountered in the “guide star” method, where the
delay time distortions corrections are only valid near the reference sources.
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Figure 8.19: Results of acoustic measurements on a scaled aircraft model.

8.8. CONCLUSION
Acoustic Lucky Imaging can be used to improve the resolution of acoustic images ob-
tained using beamforming when the acoustic waves have passed through turbulence.
Beamforming images based on very short measurement intervals proved useful for fur-
ther processing. Subsequently, the images that were severely distorted by the shear layer
turbulence are discarded from further processing. Linear wavefront distortions are cor-
rected for in a post-processing step by spatially shifting the acoustic image. The method-
ology is supported by a mathematical model. This model shows the requirements for the
methodology to be successfully applied. The model also allows to predict the number of
images rejected.

An experiment with a loudspeaker in a large industrial wind tunnel confirmed the
applicability of the proposed methodology. The wind tunnel featured an open jet test
section and has nozzle dimensions of 8 m × 6 m. The methodology was able to increase
the source map resolution. Furthermore, an increase in source power up to 3 dB was
observed with respect to conventional beamforming, at a frequency of 8 kHz, a wind
tunnel speed of 34 m·s−1, and a shear layer thickness of ∼1 m. Compared to the mi-
crophone auto-spectrum a difference remained present, this is in accordance with the
derived theory, where Acoustic Lucky Imaging can only partially recover the undisturbed
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source map. Another wind tunnel test using an aircraft model showed an improvement
of 6 dB.

Further research will focus on extending the basic Acoustic Lucky Imaging frame-
work. The three stages (image generation, image grading, and image combination) could
all be replaced by more elaborate schemes. A further improvement would allow for a
finer frequency resolution.

FUNDING SOURCES
This research was developed in the context of the Silent Approach project receiving par-
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9
CONCLUSIONS AND

RECOMMENDATIONS

Uncertainties in noise measurements due to propagation effects in open jet wind tunnel
experiments were investigated. Two uncertainties identified are the inadequate correc-
tions for mean flow effects and the distortion of acoustic images due to turbulence in the
shear layer. In order to study these uncertainties two methods were developed. Emphasis
is placed on the application in large industrial wind tunnels (an 8 m × 6 m nozzle was
used for the experiments). In this chapter the conclusions are summarized with respect to
the challenges listed in the introduction.

9.1. MEASUREMENT UNCERTAINTIES IN OPEN JETS

The largest uncertainties in acoustic wind tunnel experiments, using an open jet test sec-
tion, are related to the propagation of sound through the jet shear layer. Uncertainties
arise both in the correction for mean flow effects as well as for the distortion of the sound
waves by the shear layer turbulence. These uncertainties have a low impact on measure-
ments with a single microphone for broadband noise sources. Measurements with a
single microphone are, however, limited due to the background noise and do not allow
for decomposition in different noise sources. Acoustic imaging techniques are more re-
silient to background noise and allow for noise source decomposition. Acoustic imaging
is, however, affected by the uncertainties due to the shear layer hampering the evalu-
ation of the sound source location and its strength. By distortion of the acoustic wave
traveling through the turbulence of the shear layer the source strengths are underesti-
mated in the acoustic images. The largest contributor to the localization uncertainty
is the acoustic propagation correction for mean flow advection. To assess the latter a
correction method for the acoustic propagation time was developed which accounts for
complex flow fields. This required to study two parts: the computational efficiency of
acoustic propagation methods, and the fidelity of the flow field model.
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9.2. EFFICIENT CORRECTION FOR SOUND ADVECTION

The acoustic path is determined efficiently using propagation time minimization and
a discretized flow field. Of all possible geometric paths between source and observer
the acoustic ray follows the path which minimizes the propagation time between source
and observer, also known as Fermat’s principle in optics. An improvement in efficiency is
gained when the continuous flow field is sub-divided into a few discrete blocks in which
the flow field vector is taken constant. Fermat’s principle is an efficient method of de-
termining the acoustic propagation time, on par with current state-of-the-art methods.
The discretization of the flow into a few blocks of constant velocity vector allows to in-
clude more features of the physical flow topology than a discretization using only vortex
sheets. Numerical results show that the solutions obtained with Fermat’s principle and
the blocks of constant velocity, closely match the results obtained with a ray-tracer and
a continuously defined velocity field, but at a fraction of the computational cost. The
key, however, is to derive a proper discretization of the physical flow topology. Such
a discretization can be obtained from three sources: numerical flow solutions, semi-
analytical solutions, and empirical flow models.

9.3. HIGH FIDELITY FLOW DISCRETIZATION

A numerical flow model is used to simulate the flow of the wind tunnel jet when a con-
figuration with high-lift devices is tested. The lift force deflects the jet and therefore
changes the flow topology. A panel method is used to compute the deflected jet, and
resulted in a continuously defined velocity field. This velocity field is discretized and
subsequently the propagation time is obtained efficiently with Fermat’s principle. Ex-
perimental results, obtained from an experiment with a high-lift configuration in a large
industrial wind tunnel, showed that Amiet’s method localized the sound sources 0.5 m
too far downstream. When the flow deflection is included, using the discretized flow
field method, the acoustic sources are found at their expected location.

The semi-analytical self-similar shear layer of Görtler is used to predict the effect
of the finite thickness of the shear layer on the acoustic propagation time. Numerical
simulations show that the asymmetric expansion (with respect to the lip line) creates
the largest uncertainty when evaluating the delay time, whereas the effect of the ac-
tual thickness effect is small. The semi-analytical self-similar shear layer model is used
to derive an empirical method to assess the effect of merging shear layers. Results of
this method were compared to velocity measurements and showed that the model was
sufficiently accurate for evaluation of the delay time. Both the semi-analytical model
and the empirical model were used to predict the effects of both phenomena in an ex-
periment performed with a loudspeaker in a large industrial wind tunnel. The results
showed that inclusion of the asymmetric spreading of the shear layer improved the lo-
calization by 4 cm, and that, also including the merging effect improved the localization
by 6 cm. These improvements were found when the array was positioned downstream of
the source, and hence the shear layer was thick. A thick turbulent shear layer introduces
another form of uncertainty in localization since the acoustic sources are smeared due
to turbulence-induced scattering.
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9.4. ACOUSTIC IMAGES DETERIORATED BY TURBULENCE
Acoustic Lucky Imaging is able to (partially) recover the Sound Pressure Level of sound
sources in case an acoustic image is blurred by wave-turbulence interactions. Experi-
mental evaluation of the algorithm for a known speaker source showed that 3 dB could
be recovered when the total loss was 6 dB. The measurements were acquired in a large
industrial wind tunnel (shear layer thickness ∼1 m) at 8 kHz and a freestream velocity
of 34 m·s−1. At this frequency the resolution, based on the main lobe width and a 3 dB
down criterion, improved by 28 - 50%. The acoustic images are blurred because the tur-
bulence distorts the wavefront which decreases the coherence between microphones.
This phenomenon could be modeled using two key parameters: the intensity of the dis-
tortions and the length scale of these distortions. The acoustic image obtained from the
averaged cross-spectral-matrix is identical to the image obtained from the average of
short-interval images. Considering the stochastic nature of the turbulence it is possible
to discard short-interval acoustic images that are too distorted to improve acoustic im-
age maps. A rudimentary model shows the influence of the wavefront distortions on the
beamforming algorithm and allows explanation of the working principles of lucky imag-
ing. The model showed that when the length scale of the distortions is large the source
location features a small mean shift, which can be corrected for during the filtering pro-
cess. When the length scale is small, improvements are mainly due to the discarding of
distorted images. The model allowed for a statistical analysis to estimate the total num-
ber of (unfiltered) images necessary to obtain a certain number of filtered images. The
formulation takes into account the frequency of the sound source, the tolerated amount
of source strength lost, the intensity of the wavefront distortion, and the length scale of
the distortion.

To assess the quality of this method, the short-interval acoustic images are cross-
correlated with the image obtained using conventional beamforming. If the source strength
varies with time a bias is introduced, this bias is reduced when the image correlation is
normalized. The short-interval image is rejected when the normalized correlation is be-
low a set threshold. The filtering further improves when this analysis is performed for
multiple frequency bands, requiring that the normalized correlation is higher than the
threshold for a multitude of frequency bands.

An experiment with a loudspeaker in the jet of a large industrial wind tunnel con-
firmed the effectiveness of the Acoustic Lucky Imaging method. The number of images
that passed the filter could be adequately predicted by statistical analysis. To showcase
the practical application, the method is applied to an acoustic data set obtained from an
experiment on a scaled aircraft configuration. The results showed that Acoustic Lucky
Imaging locks on the strongest source in the acoustic image and thus performs best with
a clearly visible source, consequently the improvements in acoustic image quality are
greatest near this source. The source strength was recovered by 6 dB at 2.56 kHz.

9.5. FUTURE WORK
The purpose of the work presented in Chapter 6 is to present a general correction method
for acoustic propagation times. For specific flow fields a suitable discretization needs to
be provided. Two examples of this process were given in Chapter 6: two-dimensional
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flow, and three-dimensional flow with merging shear layers. A more elaborate example
is given in Chapter 7 which considers the deflected jet of a wind tunnel. The three flows
also highlight three possible sources for the block discretization: semi-analytical flow
methods, empirical flow methods, and numerical flow methods. The calculation of time
delays based on Fermat’s principle and mean flow discretization is generic. Other flow
fields that are relatively simply discretized into a few blocks of constant velocity vector
may be considered. Researchers may benefit from the simplicity of implementation and
usage to develop fast time delay correction for other flow topologies. Specifically for the
case of jet deflection a comparison with a RANS simulation could indicate the limits of
the potential flow approximation.

A proof of concept of the Acoustic Lucky Imaging method has been presented, i.e.,
generating short interval acoustic images and then filtering and combining them. The
presented method could be improved on all three steps. The choices made for the cur-
rent implementation are mainly based on simplicity and to establish a prove-of-concept.
However, the lucky imaging algorithm as used in astronomy has been refined over the
last two decades, and some of these improvements, e.g., frame cropping, uniform de-
biasing, and more efficient cross-correlation filters 143, are also applicable to Acoustic
Lucky Imaging. Another useful extension is to aim for a method in which individual
patches of the acoustic images are improved and the results are then stitched together.
The lucky imaging method works with short-interval images. If the strength of the sources
is time-dependent this is reflected in the short-interval images. This can be used to ob-
tain second order source characteristic of time-dependent sources, e.g., the intermit-
tency of the aeroacoustic sources.

9.6. PRACTICAL IMPLICATIONS
The open jet configuration is ideal to measure the free-field characteristics of a sound
source, especially when the interest is in absolute Sound Pressure Levels. Compared to
the closed test section the open jet does not need corrections for acoustic reflections in
the wind tunnel. The main source of uncertainty when acoustic imaging techniques are
used is that the shear layer of the jet affects the sound propagation. If, however, research
is concerned with aeroacoustic sources on a component level, acoustic imaging is an in-
dispensable tool. Therefore, reduction of uncertainty in the acoustic imaging techniques
is needed when specific sources are studied. The presented study contributes to the
process of analyzing noise abatement technology by reducing the uncertainty present
in the acoustic image. The two methods presented allow for the evaluation of two un-
certainties: how much source localization error is to be expected, and how much is the
source strength reduced. The overarching goal is to improve experimental simulations
in wind tunnels, to support the realization of (new) silent technology on full scale air-
craft. Therefore, the effect of uncertainties on noise measurement related to geometric
scaling deserves scrutiny as well.
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A
FUNCTIONALS & VARIATIONAL

CALCULUS

The mathematics concerning acoustic propagation often involve an integral equation,
e.g., in Chapter 6 it is shown that the acoustic ray follows as the path of minimal prop-
agation time between two points 76. The supporting theory is conveniently described
in terms of integrals over the acoustic path. In general these integral expressions are
a functional of another function. This concept is generalized in a part of mathemat-
ics known under different names: functional analysis 152, theory of distributions 153 or
generalized functions 154. This section intents to briefly explain the mechanics of func-
tionals and subsequently derive the Euler-Lagrange equation, following the work of Ar-
fken 155(chapter 22, page 1081). A functionalΦ is defined as the following integral:

Φ[r ] =
∫

L (r , ṙ ,τ)dτ, (A.1)

where L is a function only of the path r , the derivative of the path ṙ , and τ an equivalent
time parameter. The path is any path between two points A and B, see Fig. A.1a.

The functionalΦmay represent a certain cost, e.g., the energy going from A to B , the
distance traveled or the propagation time. The cost is minimal when a small change in
path does not change the cost, similar to the optimization over regular variables. How-
ever, in this case the solution is the function r (τ), hence the name generalized functions.
In order to compute the optimum the functional derivative is equated to zero:

δΦ[r ]

δr
= 0, (A.2)

where δ signifies a functional variation. The functional variation of Φ is computed as
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Figure A.1: Lagrangian mechanics.

follows:

δΦ= δ
∫

L (r , ṙ ,τ)dτ (A.3)

=
∫ [

∂L

∂r
δr + ∂L

∂ṙ
δṙ

]
dτ (A.4)

=
∫ [

∂L

∂r
δr + ∂L

∂ṙ

∂(δr )

∂τ

]
dτ. (A.5)

The expression is simplified using integration by parts:∫
∂L

∂ṙ

∂(δr )

∂τ
dτ= ∂L

∂ṙ
δr

∣∣∣B

A
−

∫
∂

∂τ

(
∂L

∂ṙ

)
δr dτ. (A.6)

Since the end points of the path are fixed Eq. A.5 reduces to:

δΦ[r (τ)] =
∫ [

∂L

∂r
− ∂

∂τ

(
∂L

∂ṙ

)]
δr dτ. (A.7)

And thus Eq. A.2 is formulated as:

δΦ[r ]

δr
=

∫ [
∂L

∂r
− ∂

∂τ

(
∂L

∂ṙ

)]
δr dτ∫

δr dτ
= 0. (A.8)

The fundamental lemma of calculus of variations states that Eq. A.8 only holds true if:

∂L

∂r
− ∂

∂τ

(
∂L

∂ṙ

)
= 0 (A.9)

This is the Euler-Lagrange equation, and L is known as the Lagrangian. A whole range
of physical phenomena are described using this equation, e.g., an object falling due to
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gravity or the propagation of an acoustic wave. As an example the dynamics of a pen-
dulum, as shown in Fig. A.1b, are derived. The Lagrangian for non-relativistic systems
equals the difference between the kinetic and potential energy 155:

L = T −U = 1

2
mv2︸ ︷︷ ︸

kin. energy

− mg z︸ ︷︷ ︸
pot. energy

, (A.10)

which if written in terms of θ is:

L = 1

2
ml 2θ̇2 −mg l (1−cosθ). (A.11)

The Euler-Lagrange equation, Eq. A.9, becomes:

∂L

∂θ
=−mg l sinθ;

∂L

∂θ̇
= ml 2θ̇;

∂

∂τ

(
∂L

∂θ̇

)
= ml 2θ̈,

and the equation of motion follows as:

g l sinθ+ l 2θ̈ = 0.

This is indeed the equation of motion for a pendulum. In this simple example the Euler-
Lagrange equation did not contribute much, however when the equations become more
complex, or constraints are involved, the Euler-Lagrange equation is very useful.





B
EFFICIENT SHEAR LAYER

CORRECTIONS FOR ACOUSTICS IN

ARBITRARY JET FLOWS

B.1. RAY-TRACING: TRACING WITH TIME OR ARC LENGTH
Instead of the canonical parameter τ, the arc length s can be used to trace the ray:

∂r

∂τ
= ∂r

∂s

ds

dτ
= r ′ ds

dτ
. (B.1)

To derive dτ/ds Eq. B.1 is substituted into Eq. 6.10:

n = 1

2
r ′ ds

dτ
−|n|M , (B.2)

and squaring the result yields:

|n|2 = 1

4

∣∣r ′∣∣2
∣∣∣∣ ds

dτ

∣∣∣∣2

− r ′ · ds

dτ
|n|M +|n|2 |M |2 . (B.3)

Since r ′ is the unit vector tangent to the ray one may use
∣∣r ′∣∣= 1, which allows to rewrite

Eq. B.3 to:

1

4

∣∣∣∣ ds

dτ

∣∣∣∣2

= |n|
[
|n|γ2 + r ′ · ds

dτ
M

]
=

1− 1
2 r ′ · ds

dτM

γ2

[
1+ 1

2
r ′ · ds

dτ
M

]
=

1− 1
4

(
r ′ · ds

dτM
)2

γ2 ,

(B.4)

and finally yields an expression which can be solved for ds/dτ:

1

4

∣∣∣∣ ds

dτ

∣∣∣∣2 [
γ2 + (

r ′ ·M
)2

]
= 1, (B.5)
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from which the modulus follows as:∣∣∣∣ ds

dτ

∣∣∣∣= 2√
γ2 + (r ′ ·M)2

= 2

S
. (B.6)

Similarly the modulus of the scaled wave front normal n is computed from Eq. 6.12 and
Eq. B.6:

|n| = 1− 1
2 ṙ ·M

γ2 = 1− r ′
S ·M

γ2 = S2 − r ′ ·SM

S2γ2 (B.7)

= (S + r ′ ·M)(S − r ′ ·M)

(S + r ′ ·M)Sγ2 = S2 − (r ′ ·M)2

(S + r ′ ·M)Sγ2 = 1

S(S + r ′ ·M)
. (B.8)

A useful expression to introduce is:

r ′ ·MS = r ′ ·M
√
γ2 + (r ′ ·M)2 =

√
γ2 |r ′|2 |M |2 +|r ′|4 |M |4 = 1. (B.9)

Replacing the canonical parameter τ with the arc length s results in:

L (s) = 1

S2 +
(
1− r ′

S ·M
)2

γ2 = γ2 + (
r ′ ·M

)2 −2r ′ ·MS

S2γ2 = 2S(S − r ′ ·M)

S2γ2 = 2 |n| (s), (B.10)

and finally:

δ

∫
L dτ= δ

∫
2 |n| dτ

ds
ds = δ

∫
|n|Sds = δ

∫
1

S + r ′ ·M
ds = δ

∫ B

A

ds

ce
= 0. (B.11)

B.2. SNELL’S LAW
Equation 6.35 permits to derive Snell’s law from Fermat’s principle. Starting with Eq. (A3)
from Amiet 19:

cosβ′ = 1

γ2

[
cosβ√

cos2βM 2 +1−M 2
−M

]
= 1

γ2

 xp
x2+z2√

x2

x2+z2 M 2 +1−M 2
−M

 (B.12)

= 1

γ2

[
x√

x2M 2(x2 + z2)(1−M 2)
−M

]
= 1

γ2

[
x√

x2 +γ2z2
−M

]
(B.13)

and using the “inflow” part of Eq. 6.35 differentiation with respect to x yields:

∂

∂x

[p
x2 + z2

c0

]
= ∂

∂x

[
1

γ2

[
M x −

√
x2 +γ2z2

]]
= 1

γ2

[
M − x√

x2 +γ2z2

]
(B.14)

The “outflow” part is written as:

xm −x√
(xm −x)2 + (zm − z)2

= sinα1 (B.15)
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Combining Eqs. B.13, B.14 and B.15 yields:

1

γ2

 1√
sinα2

0M 2 +1−M 2
− M

sinα0


︸ ︷︷ ︸

n0

sinα0 = n1 sinα1 (B.16)

where n0 is the effective refractive index in the flow and n1 = 1 the refractive index out
of the flow. This expression represents the connection with Snell’s law. In case of waves
propagation through the atmosphere multiple and similar approaches for computing
refraction are summarized by Ostashev 156 with Eq. B.16 equal to Eq. 3 from the appendix
of Hohenwarter 157.

B.3. PERFORMANCE COMPARISONS
Our implementation is written entirely in C++. The equations of Amiet, i.e., Eqs. 6.38-
6.39, are solved using 10 steps of a Newton-Rhapson solver which brings the residual
under 4 ·10−16. The ray-tracer numerically integrates Eqs. 6.8-6.9 using an adaptive in-
tegration scheme 158. The time step is set to 2 ·10−6 s. A minimization method is used
to solve for the initial ray direction such that the ray goes through the observer location
within a tolerance of 0.3 mm. A number of “trial-rays” are followed in order to find the
correct ray connecting the two points. The minimization method used is the Nelder-
Mead algorithm 159 which on average shoots 220 trial-rays to obtain the correct ray. The
propagation time minimization method (Fermat’s principle) uses the same Nelder-Mead
minimization method with a error criterion set to 2 ·10−6 s. For the Fermat case with 1
surface an average of 84 trial-rays are necessary to find the physical acoustic path. When
two surfaces are used an average of 260 trial-rays are used.

The Amiet method and the Fermat solving methods are similar in computational
effort. The Fermat 3D vortex sheet is slower than Amiet due to the need to compute
the exponential in Eq. 6.49. Furthermore, the Fermat 3D shear layer is slowed down by
the need to solve 4 unknowns. The ray-tracer is much slower since the flow field must be
evaluated at each step of the ray-tracer. The 3D flow field significantly slows down the
computation, the solver evaluates the flow field multiple times at each step in order to
numerically approximate the derivatives of Eq. 6.48 to subsequently obtain the velocity
derivatives using the chain rule of differentiation.

Solver Flow type CPU seconds / 1000 rays CPU seconds / 1000 trial-rays
Amiet Vortex sheet 0.0089 8.9·10−4

Raytracer 2D shear layer 222 0.96
Raytracer 3D shear layer 3506 16
Fermat 2D shear layer 0.040 1.5·10−4

Fermat 3D vortex sheet 0.044 5.3·10−4

Fermat 3D shear layer 0.25 9.7·10−4

Table B.1: Computational effort. A ray is the solution between two points A and B. Multiple “trial-rays” are
traced from point A to obtain the ray that intersects with point B.





C
ACOUSTIC CORRECTIONS FOR

AIRFOILS IN DEFLECTED WIND

TUNNEL JETS

C.1. VELOCITY FIELD DERIVATIVES
In Section 7.4 the acoustic rays are computed using the Eikonal equation. To solve the
Eikonal equation the local velocity field is required, as well as the spatial derivatives of
the velocity field. The velocity field is defined in Eqs. 7.16-7.17. The spatial velocity
derivatives of uw are equal to:

1

U∞
∂uw

∂x
= ∂u

∂x
(1+erf(zsσ))/2+uσexp(−z2

sσ
2)/

p
π
∂zs

∂x
, (C.1)

and

1

U∞
∂uw

∂z
= ∂u

∂z
(1+erf(zsσ))/2+uσexp(−z2

sσ
2)/

p
π
∂zs

∂z
. (C.2)

Similarly, the spatial velocity derivatives of ww are computed:

1

U∞
∂ww

∂x
= ∂u

∂x
(1+erf(zsσ))/2+uσexp(−z2

sσ
2)/

p
π
∂zs

∂x
, (C.3)

and

1

U∞
∂ww

∂z
= ∂u

∂z
(1+erf(zsσ))/2+uσexp(−z2

sσ
2)/

p
π
∂zs

∂z
. (C.4)

The required spatial derivatives of the streamline are equal to:

∂zs

∂x
=


0 if x < xB0

−αB if x > xB1

−2βB (x −xB0)−3γB (x −xB0)2 elsewhere
(C.5)
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and

∂zs

∂z
= 1. (C.6)

The required spatial derivatives of the velocity field defined by Eqs. 7.9-7.10 are com-
puted by using the chain rule for the velocity components:

1

U∞
∂u(xo ; zo)

∂x
=

A∑
a

P∑
j

∂u∗
a j

∂x∗
∂x∗

∂x
cos(θ j )+

∂u∗
a j

∂z∗
∂z∗

∂x
cos(θ j )+

∂w∗
a j

∂x∗
∂x∗

∂x
sin(θ j )+

∂w∗
a j

∂z∗
∂z∗

∂x
sin(θ j ), (C.7)

and

1

U∞
∂u(xo ; zo)

∂z
=

A∑
a

P∑
j

∂u∗
a j

∂x∗
∂x∗

∂z
cos(θ j )+

∂u∗
a j

∂z∗
∂z∗

∂z
cos(θ j )+

∂w∗
a j

∂x∗
∂x∗

∂z
sin(θ j )+

∂w∗
a j

∂z∗
∂z∗

∂z
sin(θ j ), (C.8)

and

1

U∞
∂w(xo ; zo)

∂x
=

A∑
a

P∑
j

∂u∗
a j

∂x∗
∂x∗

∂x
sin(θ j )+

∂u∗
a j

∂z∗
∂z∗

∂x
sin(θ j )−

∂w∗
a j

∂x∗
∂x∗

∂x
cos(θ j )−

∂w∗
a j

∂z∗
∂z∗

∂x
cos(θ j ), (C.9)

and

1

U∞
∂w(xo ; zo)

∂z
=

A∑
a

P∑
j

∂u∗
a j

∂x∗
∂x∗

∂z
sin(θ j )+

∂u∗
a j

∂z∗
∂z∗

∂z
sin(θ j )−

∂w∗
a j

∂x∗
∂x∗

∂z
cos(θ j )−

∂w∗
a j

∂z∗
∂z∗

∂z
cos(θ j ). (C.10)

The spatial transformation coefficients are computed from the partial derivatives of the
evaluation-points to the panel-local-points transform:

∂x∗

∂xo
= cos(−α j );

∂x∗

∂zo
=−sin(−α j );

∂z∗

∂xo
= sin(−α j );

∂z∗

∂zo
= cos(−α j ).

(C.11)

The spatial velocity derivatives then follow by differentiation of Eqs. 7.7-7.8. For the u-
component this yields:

1

U∞
∂u∗

∂x∗ = (γ j+1 −γ j )/l tan−1
(

t −x∗

z∗

)
− z∗(γ j − (γ j+1 −γ j )/l t +2(γ j+1 −γ j )/l x∗)

(t −x∗)2 + z∗2 ,

(C.12)
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and

1

U∞
∂u∗

∂z∗ =− (t −x∗)(γ j + (γ j+1 −γ j )/l x∗)+ (γ j+1 −γ j )/l z∗2

(t −x∗)2 + z∗2 −
1

2
(γ j+1 −γ j )/l log((t −x∗)2 + z∗2). (C.13)

For the w-component the result is:

1

U∞
∂w∗

∂x∗ = (t −x∗)(γ j + (γ j+1 −γ j )/l t )

(t −x∗)2 + z∗2 − 1

2
(γ j+1 −γ j )/l log((t −x∗)2 + z∗2), (C.14)

and

1

U∞
∂w∗

∂z∗ = (γ j+1 −γ j )/l tan−1
(

t −x∗

z∗

)
− z∗(γ j + (γ j+1 −γ j )/l t )

(t −x∗)2 + z∗2 . (C.15)

C.2. RAY CONNECTIVITY LOOK-UP-TABLE

Source Region Observer Region Curve A crossing Ray Points Regions
1 1 n.a. S-M 1
1 2 n.a. S-B-M 1 2
1 3 n.a. S-B-C-M 1 2 3
2 1 n.a. S-B-M 2 1
2 2 n.a. S-M 2
2 3 n.a. S-C-M 2 3
1 4 Ax < xAB S-A-M 1 4

xAB < Ax < xAC S-B-A-M 1 2 4
Ax > xAC S-B-C-A-M 1 2 3 4

2 4 Ax < xAB S-B-A-M 2 1 4
xAB < Ax < xAC S-A-M 2 4

Ax > xAC S-C-A-M 2 3 4
3 4 Ax < xAB S-C-B-A-M 3 2 1 4

xAB < Ax < xAC S-C-A-M 3 2 4
Ax > xAC S-A-M 3 4

Table C.1: Look-up-table of ray points and flow regions.
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C.3. STEERING VECTORS WITH PRESSURE CORRECTIONS
Including the pressure into the computation of the steering vector effectively weighs the
contribution of individual microphones. In this work the main focus is on the acoustic
propagation time, for completeness the acoustic data is also processed with a pressure
correction in the steering vector. As shown by Amiet 19 the pressure lost due to the re-
flective wave is small, therefore we approximate the already small reflective pressure by
the Amiet correction at the shear layer intersection point. The dominant phenomena in
computing the pressure at the microphone location is the spreading of the wavefront.
To compute the pressure at the microphone a ray tube is constructed from the source to
the microphone. With the pressure in the flow known the change in area is then used to
compute the pressure at the microphone location. The results are shown in Fig. C.1. The
localization of the sources is almost identical to Figs. 7.18.
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(a) Delay time computed using the Amiet method.
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(b) Delay time computed using the discretized flow model.

Figure C.1: SPL for different array positions at y = 1.15 m. With pressure correction.
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ACOUSTIC LUCKY IMAGING FOR

MICROPHONE PHASED ARRAYS

D.1. FRESNEL APPROXIMATION
The mathematical model presented in Eq. 8.3-8.4, in Section 8.3, is simplified by approx-
imating the distance function d . First, the distance d is written in a simple parametric
form:

d

L
=

√
1+ y2

L2 + z2

L2 = d̂ =p
1+ r + s, (D.1)

with dummy parameters r and s. Subsequently, d̂ is approximated with a multivariate
Taylor expansion up to second order, i.e.,

d̂(0;0)+ ∂d̂

∂r
(0;0)r + ∂d̂

∂s
(0;0)s + 1

2

[
∂2d̂

∂r 2 (0;0)r 2 + ∂2d̂

∂s2 (0;0)s2 +2
∂2d̂

∂r∂s
(0;0)r s

]
(D.2)

where the first derivatives are computed as:

∂d̂

∂r
= 1

2
p

1+ r + s
;

∂d̂

∂s
= 1

2
p

1+ r + s
, (D.3)

and the second derivatives are equal to:

∂2d̂

∂r 2 =− 1

4(1+ r + s)3/2
;

∂2d̂

∂s2 =− 1

4(1+ r + s)3/2
;

∂2d̂

∂s∂r
=− 1

4(1+ r + s)3/2
. (D.4)

This yields as the approximation:

d̂(r ; s) ≈ 1+ r

2
+ s

2
− r 2

8
− s2

8
− r s

4
, (D.5)
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In optical terms we are performing a Fresnel approximation. The approximation is valid
if the ignored third order terms make a neglectable contribution to the phase in the ex-
ponential. This is true if the value is much smaller the period 2π, i.e.,

kL(r 3 + s3) ≪ 2π. (D.6)

The distance from the source to the array can now be approximated by setting r = y2/L2

and s = z2/L2. The expansion now equals:

d(y ; z) ≈ L+ y2

2L
+ z2

2L
− y4

8L3 − z4

8L3 − y2z2

4L3 (D.7)

The distance from the array to the focal plane is approximated with r = (v − y)2/L2 and
s = (w − z)2/L2. This yields:

d(v − y ; w − z) ≈ L+ (v − y)2

2L
+ (w − z)2

2L
− (v − y)4

8L3 − (w − z)4

8L3 − (v − y)2(w − z)2

4L3 (D.8)

The quantity of interest is the difference between both distances. The difference between
both distances follows as:

d(y ; z)−d(v − y ; w − z) =
v4

8L3 − v3 y

2L3 + v2w2

4L3 −v2w z

2L3 + 3v2 y2

4L3 + v2z2

4L3 − v2

2L
− v w2 y

2L3 + v w y z

L3 (D.9)

−v y3

2L3 − v y z2

2L3 + v y

L
+ w4

8L3 −
w3z

2L3 + w2 y2

4L3 + 3w2z2

4L3 − w2

2L
− w y2z

2L3 − w z3

2L3 + w z

L
.

To further simplify the expression the fourth order terms are neglected, yielding:

d(y ; z)−d(v − y ; w − z) =− v2

2L
+ v y

L
− w2

2L
+ w z

L
, (D.10)

as the phase approximation of the beamformer. The condition for the approximation,
Eq. D.6, is now equal to:

kL

(( v − y

L

)3
+

( w − z

L

)3
)
≪ 2π. (D.11)

It is assumed that the maximum value of the v − y and w − z terms is the array diameter
D . Furthermore, the wavenumber can be replaced by the wavelength λ = 2π/k. For
beamforming applications the wavelength should be smaller than the array diameter,
i.e., λ< D . With these assumptions the condition for the Fresnel approximation reduces
to:

D3

L2 ≪λ or
D2

L2 ≪ 1. (D.12)
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D.2. BEAMFORMING INTEGRALS
The contribution of a single hexagon to the total beamformed response is found by inte-
grating Eq. 8.7 over the hexagon, which is conveniently expressed in terms of α as:

Bn = e
ik̂

(
− v2

2 − w2
2

) [∫ z j

z j −lz

∫ y j +ly+α(z−z j )

y j −ly−α(z−z j )
eik̂(v y+w z)dydz +

∫ z j +lz

z j

∫ y j +ly−α(z−z j )

y j −ly+α(z−z j )
ue ik̂(v y+w z)dydz

]
.

(D.13)

The first integrals are integrated as follows.∫ z j

z j −lz

∫ y j +ly+α(z−z j )

y j −ly−α(z−z j )
eik̂(v y+w z)dydz = 1

ik̂v

∫ z j

z j −lz

eik̂(v(y j +ly+α(z−z j ))+w z) −eik̂(v(y j −ly−α(z−z j ))+w z)dz

(D.14)

=− 1

k̂2v

[
eik̂(v(y j +ly )+w z j )

vα+w
− eik̂(v(y j −ly )+w z j )

−vα+w

]

+ 1

k̂2v

[
eik̂(v(y j +ly−αlz )+w(z j −lz ))

vα+w
− eik̂(v(y j −ly+αlz )+w(z j −lz ))

−vα+w

]
,

(D.15)

and the second integrals yields a similar result, i.e.,∫ z j +lz

z j

∫ y j +ly−α(z−z j )

y j −ly+α(z−z j )
eik̂(v y+w z)dydz = 1

ik̂v

∫ z j +lz

z j

eik̂(v(y j +ly−α(z−z j ))+w z) −eik̂(v(y j −ly+α(z−z j ))+w z)dz

(D.16)

=− 1

k̂2v

[
eik̂(v(y j +ly−αlz )+w(z j +lz ))

−vα+w
− eik̂(v(y j −ly+αlz )+w(z j +lz ))

vα+w

]

+ 1

k̂2v

[
eik̂(v(y j +ly )+w z j )

−vα+w
− eik̂(v(y j −ly )+w z j )

vα+w

]
.

(D.17)

Combining the two integrals again, and noting that the terms at y j = 0 cancel, we find

Bn = 1

k̂2v

[
eik̂(v(y j −ly )+w z j )

−vα+w
− eik̂(v(y j +ly )+w z j )

vα+w

]

+ 1

k̂2v

[
eik̂(v(y j +ly−αlz )+w(z j −lz ))

vα+w
− eik̂(v(y j −ly+αlz )+w(z j −lz ))

−vα+w

]

+ 1

k̂2v

[
eik̂(v(y j −ly+αlz )+w(z j +lz ))

vα+w
− eik̂(v(y j +ly−αlz )+w(z j +lz ))

−vα+w

]

+ 1

k̂2v

[
eik̂(v(y j +ly )+w z j )

−vα+w
− eik̂(v(y j −ly )+w z j )

vα+w

]
. (D.18)
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This can be written in a more convenient way by first rearranging some terms.

Bn = 1

k̂2v
eik̂(v y j +w z j )

[
eik̂(−vly )

−vα+w
− eik̂(+vly )

vα+w

]

+ 1

k̂2v
eik̂(v y j +w z j )

[
eik̂(v(+ly−αlz )−wlz )

vα+w
− eik̂(v(−ly+αlz )−wlz )

−vα+w

]

+ 1

k̂2v
eik̂(v y j +w z j )

[
eik̂(v(−ly+αlz )+wlz )

vα+w
− eik̂(v(+ly−αlz )+wlz )

−vα+w

]

+ 1

k̂2v
eik̂(v y j +w z j )

[
eik̂(v(+ly ))

−vα+w
− eik̂(v(−ly ))

vα+w

]
. (D.19)

After which a second rearrangement follows, that takes into account the complex conju-
gates.

Bn = 2
eik̂(v y j +w z j )

k̂2v

[
cos(k̂vly )−cos(k̂(v(ly −αlz )+wlz ))

w −αv
+

cos(k̂(v(ly −αlz )−wlz ))−cos(k̂vly )

w +αv

]
. (D.20)

Taking note of the conjugate denominators and cross-multiplying both to combine all
terms into a single fraction, i.e.,

Bn = 2
eik̂(v y j +w z j )

k̂2v(w2 −α2v2)

[
(w +αv)(cos(k̂vly )−cos(k̂(v(ly −αlz )+wlz )))+

(w −αv)(cos(k̂(v(ly −αlz )−wlz ))−cos(k̂vly ))
]

. (D.21)

Noting that the cosine function is even, i.e., cos(x) = cos(−x), further simplification is
possible.

Bn = 2
eik̂(v y j +w z j )

k̂2v(w2 −α2v2)

[
(w −αv)cos(k̂(v(ly −αlz )−wlz ))−

(w +αv)cos(k̂(v(ly −αlz )+wlz ))+2αv cos(k̂vly )
]

. (D.22)

Finally, the resulting expression is:

Bn = e
ik̂

(
− v2

2 − w2
2

)
eik̂(v y j +w z j )Θ, (D.23)

where

Θ= 2

k̂2v(w2 −α2v2)

[
(w −αv)cos(k̂(v(ly −αlz )−wlz ))−

(w +αv)cos(k̂(v(ly −αlz )+wlz ))+2αv cos(k̂vly )
]

. (D.24)
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D.3. ACOUSTIC LUCKY IMAGING IMPLEMENTATION
A general Acoustic Lucky Imaging algorithm implementation consists of three stages,
see Fig.8.1, repeated below. In this appendix we discuss the concrete implementation
details for each stage.

Stage I

Acquire Acoustic Images

Stage II

Selection & Phase correction

Stage III

Merge Acoustic Images

Short-interval Discard faulty images

Spatially align sourcesFrozen turbulence

Figure D.1: Overview of the Acoustic Lucky Imaging methodology.

D.3.1. STAGE I: SHORT-INTERVAL MAP GENERATION
Acoustic Lucky Imaging works by sampling acoustic arrays for a very short time and sub-
sequently generating beamforming images. The short interval should be chosen as to
temporally freeze the turbulence, or more specifically the time variations as measured
on the array. Beamforming however, includes a Discrete Fourier Transform (DFT) of
the acoustic data. This requires a minimum number of waves to be captured within
the measurement time in order for the DFT to have statistical meaning. Furthermore,
shorter measurement times translate to a smaller data block size, which in turn yields
large frequency bins in the DFT domain. This can cause background noise to suppress
the sound source. Thus the block size has to be as short as possible, while still featuring
minimal signal-to-noise ratio.

STOCHASTIC NOISE SOURCES - BLOCK OVERLAP

The Acoustic Lucky Imaging methodology requires the use of very short block sizes. For
periodic sound sources this does not require extra processing. However, a situation
shown in Fig. D.2 may occur for noise sources that are measured on large arrays or un-
der large aperture angles. The data blocks travelling along the acoustic rays arrive at the
microphones. However, the difference in arrival time is larger than the block size. This
means that during post-processing two blocks of uncorrelated noise are used, leading to
spurious results. This is easily prevented by reading the data blocks offset. The offset ∆i
is computed using the centre source location and converted for each data channel into
an integer offset using the sample time δt . After computing the DFT of the signal the
data is shifted back in the DFT domain by the complex rotation ∆ f . Both expressions
are given as:

∆im,shift = ⌊∆τm/δt⌉; ∆ fm,shift = e−2π f ∆im,shiftδt , (D.25)

where the ⌊. . .⌉ denotes the rounding operation.

INFLUENCE OF GEOMETRIC DECORRELATION

As indicated in D.3.1 the usage of very short data blocks require the use of an extra shift-
ing correction during the DFT process. This issue is also encountered in the particular
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array

source

signal (block)

b = 0

b = 1

b = 2

time difference

ray

Figure D.2: Geometric signal decorrelation.

setup of Section 8.7. The maximum sample count difference between to microphones
is around 600 samples. Thus with a block size of 256 the block overlap would be a neg-
ative 2! Beamformed results, without any flow, are shown in Figs. D.3a-D.3b to indicate
the difference in result. The proper and spurious short-interval images are shown in
Fig. D.4-D.5.
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Figure D.3: Necessity of geometric corrections.

SPEEDING UP THE PROCESS FOR A SINGLE DATA BLOCK

If only a single block of data is used it is not necessary to compute the cross-spectral
matrix in order to compute the beamforming image. The source power is conventionally
computed as:

P = 1

N

∑
n

∑
m

CnmGnG∗
m , (D.26)
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Figure D.4: Short-interval images with geometric correction (no flow).
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Figure D.5: Short-interval images without geometric correction (no flow).

where P is the source power, Cnm the cross-spectral matrix, and Gn are steering vectors.
The cross-spectral matrix Cnm follows from the complex pressure signals as Cnm = SnS∗

m .
However, if Cnm is based on a single block of data P is more efficiently computed by first
beamforming with the acoustic pressure signal Sn and then squaring the result to obtain
the source power, i.e.,

B =∑
n

SnGn → P = |B |2
N

(D.27)

where N is a normalization factor. Similarly, beamforming without the auto-powers can
be done more efficiently in a two step process, i.e.,

B =∑
n

SnGn ; A =∑
S2

nG2
n → P = |B |2 − A

N
. (D.28)

An added benefit is that these formulations allow easier parallelization of the computa-
tional code.

D.3.2. STAGE II: EVALUATION & DISCARDING
A critical point of Acoustic Lucky Imaging is the definition of the image quality or “good-
ness”. A simple criterion is the maximum value found in the beamformed map. The
rationale behind this approach is that severe coherence loss in a short-interval image
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leads to a spread of the available source power across the image, thereby, decreasing the
maximum value. Thus short-intervals with little coherence loss should have a high max-
imum, and therefore be selected. However, if a source is distributed this may not be a
valid criterion. Furthermore, acoustic sources may vary in strength and thus the cross-
correlation value varies accordingly. This can especially be the case for a non-stationary
source such as (aeroacoustic) noise.

DISTRIBUTED SOURCES & FREQUENCY RANGES

To allow for the processing of general shaped source distributions the short-interval im-
ages are cross-correlated with a reference image. This reference image may be the av-
erage of all non-shifted short-interval images. If the strength of the distribution is un-
known, with the location presumed by the model geometry, e.g., a slat or a bracket, a
generated image could also be used as reference for the cross-correlation. The cross-
correlation can be normalized to put emphasis on the similarity than on the strength of
the source. If a sound source spans across multiple frequencies in the acoustic spectrum,
it is possible to cross-reference the image quality across all the measured frequencies. If
the image quality is sufficient across most of the span this gives more confidence than if
the data block only resulted in a good images for one particular frequency. For example
the source is visible at 1, 3, 4 and 5 kHz and the image quality is found to be 0.9, 0.7, 0.9,
and 0.9 respectively. The fact that 3 out of 4 frequencies agree on the high image quality
gives more confidence than if only 1 out of 4 had a high image quality. This can be used
as a second selection criteria. Mathematically the proposed method for qualification is
summarized as follows: compute the (spatial) cross-correlation for each frequency bin
n using a Fourier transform:

C AB ,n = FFT−1 [
FFT

[
I A,n,pad

]
FFT

[
IB ,n,pad

]∗]
, (D.29)

where C is the cross-correlation, I the short-interval image, and pad indicates the zero
padding of the images. This computation is performed for each block of data indepen-
dently. Subsequently, the cross-correlation is normalized with the auto-correlation:

C AB = C ABp
max[C A A]max[CBB ]

. (D.30)

The selection passes if the image qualities:

IQn =
{

1 if C AB ,n < η
0 otherwise

(D.31)

summed together:

IQ =∑
n

IQn > nq , (D.32)

are larger than a set criterion nq .

NON-STATIONARY SOURCES

If the strength of a noise source is varying with time, instantaneous images with a low
response may still be of high quality. However, a bias towards short-intervals with high
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source power is found when images are selected by their maximum response or their
cross-correlation with the reference image. To mitigate this issue a normalized cross-
correlation provides an alternative. With the normalization only the relative source strength
is compared and not the absolute source strength.

D.3.3. STAGE III: SHIFTING & COMBINING
For a single source the approximate shift is obtained from the maximum source location.
However, even with two point sources this type of shift determination is invalid. Any of
the two sources can be the maximum response at any time. Thus the algorithm would
place the source on the wrong location. A more robust method therefore is to use a
cross-correlation to determine the short-interval shift. For efficient cross-correlation a
two-dimensional DFT is often used, which requires a regular two-dimensional grid to be
used. The difference between two grid points determines the shifting resolution, which
should be less than the beam width of the array, i.e.,

∆xgrid < 1.22
cL

2R f
, (D.33)

where L is the distance between source and array, c the speed of sound, R the array
radius, and f the frequency 47.

D.4. MEASUREMENT OF TIME TRAVEL VARIATIONS
This section expands the method to compute the time variations proposed by Koop 77

and Sijtsma 136. Assuming a sinusoidal input signal with Fourier transform H and a mea-
sured signal with Fourier transform G defined as:

H(ω0) =
∫

w(t )eiω̄t e−iω0t dt =
∫

w(t )eit (ω̄−ω0)dt (D.34)

G(ω0) =
∫

w(t )eiω̄(t+t ′)e−iω0t dt =
∫

w(t )eit (ω̄−ω0)+iω̄t ′dt , (D.35)

where w is a window function, ω̄ is a carrier angular frequency, t is time, t ′ are time
variations caused by the acoustic waves traveling through the shear layer (dependent on
time) and ω0 is the angular frequency of the Fourier transform. For simplicity a generic
hat window, also known as rectangular window, is chosen as w with width b. The Fourier
transform of the input signal can now be evaluated as:

H(ω0) =
∫ b

0
eit (ω̄−ω0)dt =

[
− i

ω̄−ω0
eit (ω̄−ω0)

]b

0
= i

ω̄−ω0

[
eib(ω̄−ω0) −1

]
. (D.36)

Now the input and measured signal are cross-correlated in the Fourier domain, i.e.,

H∗(ω0)G(ω0) = i

ω̄−ω0

[
eib(ω̄−ω0) −1

]∫ b

0
eit (ω̄−ω0)eiω̄t ′dt (D.37)

=
∫ b

0

i

ω̄−ω0

[
eib(ω̄−ω0) −1

]
eit (ω̄−ω0)eiω̄t ′dt . (D.38)
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Since the signal is only defined at the carrier frequency the frequency of interest is ω0.
However, this requires resolving the singularity, which is done by taking the limitω0 → ω̄.

lim
ω0→ω̄

H∗(ω0)G(ω0) = lim
ω0→ω̄

∫ b

0

i

ω̄−ω0

[
eib(ω̄−ω0) −1

]
eit (ω̄−ω0)eiω̄t ′dt (D.39)

=
∫ b

0
lim
ω0→ω̄

[
i

ω̄−ω0

[
eib(ω̄−ω0) −1

]
eit (ω̄−ω0)

]
eiω̄t ′dt (D.40)

The limit is rewritten in terms of x = ω̄−ω0.

lim
ω0→ω̄

[
i

ω̄−ω0

[
eib(ω̄−ω0) −1

]
eit (ω̄−ω0)

]
= lim

x→0

[
i

x

(
eix(b+t ) −eit x

)]
(D.41)

Now the L’Hôpital rule is applied as:

lim
x→0

i
[

eix(b+t )(i(b + t ))− iteit x
]
= i [i(b + t )− it ] =−b, (D.42)

which results in:

lim
ω0→ω̄

H∗(ω0)G(ω0) =
∫ b

0
beiω̄t ′dt = b

∫ b

0
eiω̄t ′dt . (D.43)

If b is sufficiently small such that the exponent is almost constant in the short-interval
corresponding to b, the time variation follows as the argument of the exponential. The
integral effectively works as a low-pass filter, thus the value of b must be as small as al-
lowed by the SNR such that a sufficiently high frequency response can be achieved. The
main criteria here is that the dominant time variations, i.e., the ones of highest ampli-
tude, are captured in the spectra. The SNR criterium is essential since smaller values of
b will increase the bin size allowing more noise to be present in the bin containing the
carrier frequency. Since the power of the carrier remains constant a large bin size will
capture more noise into the bin.
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Figure D.6: Final beamforming maps at 10 kHz using the sawtooth signal. Wind tunnel velocity at 34 m/s.
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Figure D.7: Experimentally obtained short-interval images. The light gray x’s are the same for all images and
indicate the maximum locations.
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