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Chapter 1

Introduction

Fluid mechanics is the branch of physics that deals with the behaviour of fluids
in static and dynamic situations. Fluid generally refers to liquids and gases
that deform continuously under external forces. Fluid flows occur at a variety
of length scales, from extremely small (e.g., nanofluidics [58]) to enormously
large (e.g., atmospheric turbulence [152]).

Figure 1.1: (a) A soap bubble, which is a spherical shape, having the smallest
area to contain a certain volume of air. Image taken from Inaglory [51]. (b)
A water strider that rests on the surface of the water due to the relatively
large surface tension of the water and the superhydrophobicity of its long legs.
Image taken from Arend [3]. (c) Lotus leaves, covered with a bumpy, waxy
surface, completely repel water droplets to avoid infection by fungi or bacteria
that easily colonise under such conditions. Image taken from Jaffna [52].

This thesis concerns with fluid flows arising from the impact of liquid droplets
on liquid films, which occur on length scales of less than ∼ 1 mm. In such
problems with a liquid-gas interface, surface tension is very important - a liquid
property that aims to minimize surface area. At the surface of the liquid-gas
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2 INTRODUCTION

interface, say, the attraction from the nearby liquid molecules exceeds the at-
traction from the gas molecules. This imbalance tends to a contraction of the
liquid-gas interface to a minimum area. Some examples where surface tension
plays an important role are shown in figure 1.1: soap bubbles that are almost
always spherical in shape, water striders walking on the surface of water, and
lotus leaves that completely repel water drops.

The impact of droplets is omnipresent in nature and of great importance in
many industrial and technological applications, e.g. spray coating [92], inkjet
printing [138], internal combustion engines [25], criminal forensics [125]. They
have been studied since the time of Worthington [148, 149, 150] and are still
an area of ongoing research. The impact problem is quite complicated as it is
affected by the properties and initial conditions of the droplet, the surrounding
air and the underlying surface.

Figure 1.2: Schematic of the impact of a droplet on a sufficiently deep liquid
surface. The target liquid has the same properties as the drop. The impact
can result in floating, bouncing, coalescence, and splashing. Image taken from
Rein [105].

Figure 1.2 shows a simple schematic of a liquid droplet impacting on an iden-
tical liquid surface that is sufficiently deep. Rein [105] classified the impact
using four outcomes: floating, bouncing, coalescence, and splashing. Floating
and bouncing are non-contact outcomes in which the impacting droplet does
not touch the underlying liquid surface. A droplet that cannot lift off the liq-
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uid surface is called floating, while a droplet that can lift off is called bouncing.
Coalescence and splashing are contact outcomes in which the thin layer of air is
ruptured during impact. The quick merging of the droplet with the underlying
liquid surface is called coalescence, while the impact associated with the large
surface disturbances with the ejection of secondary droplets is called splashing.

This thesis focuses on floating and bouncing droplets on liquid surfaces at
droplet impact velocities of less than ∼ 1 m/s for millimetric droplets [53,
91, 128, 129]. The dynamics of the droplet and the underlying liquid surface
are studied by varying five important control parameters, namely, the droplet
radius, the droplet impact velocity, the droplet viscosity, the liquid surface
thickness, and the liquid surface viscosity.

1.1 Floating and bouncing drops

1.1.1 Early observations

Over 260 years ago, Leidenfrost [72] made the first observation of a millimetre-
sized droplet of water floating on a red-hot spoon (cf. figure 1.3a). It is re-
ported that the droplets experience negligible friction with the hot surface and
therefore prove extremely mobile. Later, Reynolds [107] reported that water
droplets on scum-free water surfaces levitated for a few seconds before disap-
pearing. The levitation has been observed only under certain circumstances,
when the drops spraying from the bow of a boat, or the droplets from a shower
of rain, float on a liquid surface. Reynolds writes,

”
It is well known that under certain circumstances drops of wa-
ter may be seen floating on the surface for some seconds before
they disappear. Sometimes during a shower of rain these drops
are seen on the surface of a pond, they are also often seen at
the bows of a boat when travelling sufficiently fast to throw up a
spray. Attempts have been made to explain this phenomenon,
but I am not aware of any experiments to determine the cir-
cumstances under which these drops are suspended.

— Reynolds [107]

Around the same time, Rayleigh [104] reported droplet levitation in a slightly
different context, when two droplets collided and rebounded without crossing
each other (cf. figure 1.3b). In all three observations, the reason for levitation
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Figure 1.3: (a) A millimeter sized droplet of water placed on a flat polished
metallic plate at 300◦ C. The drop can be distinguished from its shadow owing
to the presence of vapour. Image is taken from Quéré [101]. (b) Two streams
of jets that breakup into droplets and collide with each other. The collision
results in rebound of droplets without crossing each other. Image is taken
from Rayleigh [104].

was not clearly understood. Reynolds suggested that levitation depended on
the purity of the liquid surface, but not on the conditions of the surrounding
air. Rayleigh suggested the electrification of droplets as the cause of droplet-
droplet repulsion. While there are a number of reasons that can affect the
levitation process (including cleanliness of the surface and electrification of
the droplets), the main reason is the lubricating force exerted by the thin
layer of air which causes levitation thereby preventing a direct contact.

1.1.2 Thin-film lubrication force

The lubrication theory was first formulated by Reynolds [108]. It describes
fluid flow, typically liquid flows which Reynolds had in his mind, in narrow
gaps where one dimension is much smaller than the other. Reynolds con-
sidered many different lubrication scenarios in his work, such as two parallel
surface approaching with tangential motion, an inclined surface approaching
a flat surface, a flat surface in close proximity to a rotating cylindrical surface.
Among these, the simplest scenario was the approach of two parallel surfaces
with a lubricating fluid of viscosity η between them (see Figure 1.4a). The
two characteristic length scales in this problem are l and h, which are in the
lateral and vertical directions, such that h/l ≪ 1 is a narrow gap.

When the weight and inertia of the fluid element are considered small com-
pared to the stresses resulting from viscosity, the equations of motion of the
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fluid (conservation of mass and momentum) can be solved to obtain the pres-
sure distribution of the fluid, which can then be integrated to obtain the
viscous lubrication force opposing the approach of the two surfaces. The lu-
bricating force between two parallel plates (cf. figure 1.4a) scales as 1/h3,
showing that it is difficult to squeeze fluids out of a narrow gap.

Figure 1.4: (a) Schematic diagram of the approach of two parallel (solid)
surfaces without tangential motion. The region between the plates is divided
into 10 equal sections (shown by dotted lines) and the curved line at each
section indicates the qualitative fluid velocity profile resulting in a squeeze
flow. Image is taken from Reynolds [108]. (b) Schematic diagram of a liquid
droplet approaching a liquid surface in an ambient air environment. The
squeeze flow of the air from the narrow gap causes the deformations of the
droplet and the underlying liquid surface. Image is taken from Lakshman
et al. [66].

Although the viscosity of air was known at the time of Reynolds, the lubri-
cation theory was mainly applied to viscous fluids such as water and oil in
the lubrication of ball bearings. Regardless, the lubrication theory also ap-
plies to gas flow (e.g. air) in thin gaps during droplet impact, which is the
focus of this thesis. The buildup of lubricating pressure in the thin air layer
causes deformation of the droplet, which has been investigated in numerous
recent studies e.g., skating drops [81, 49, 50, 62, 63], entrapment of bubbles
[132, 133, 136, 48], dimple formation under a falling drop [139, 36, 75], and
suppressing of splash [153]. Now the scenario of droplets impacting a liq-
uid surface is discussed. Figure 1.4b shows the schematic diagram when the
droplet approaches a liquid surface. The lubricating air pressures in narrow air
gaps can become large enough to decelerate the falling drop so that it comes to
rest on a thin layer of air, or even cause a reversal of the droplet momentum,
resulting in a contact-less drop bouncing. Such droplets floating/bouncing on
liquid surfaces have been investigated in numerous studies e.g., Jayaratne and
Mason [53], Klyuzhin et al. [61], Pan and Law [91], Gilet and Bush [44], Hao
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et al. [47], Tang et al. [128, 129, 130], Lo et al. [78], Pack et al. [89], Lakshman
et al. [66].

It is important to note that the effects of micro/nanoscale surface perturba-
tions and intermolecular forces that exist between the two surface become
important when the thickness of the fluid gap h tends to extremely small
values. For drops impacting a liquid surface, when the air gap thickness h
becomes considerably small, of the order of less than 100 nm, the effects of
Van der Waals force (intermolecular attraction) becomes important which can
result in the rupture of the air layer [24].

1.2 Recent advances

Over the last decades, there have been extensive studies of the dynamics of
droplets bouncing on solid and liquid surfaces. These studies are concerned
with the dynamics of the droplet, the deformable liquid surface, and the thin
film of air that is between the droplet and the surface, which will be briefly
discussed next.

1.2.1 Solid surfaces

Drops are reported to bounce on a solid surface with and without contact.
Bouncing with contact is mainly reported on rough, superhydrophobic sur-
faces found in nature (e.g., lotus leaves, duck feathers) or manufactured by
humans (e.g., water-repellent clothing, solar panels). The superhydrohobic
surfaces take advantage of hydrophobicity and roughness [145, 19] to achieve
relatively high contact angles when a droplet is placed on them (cf. figure
1.5a). The dynamics of drop impacts on superhydrophobic surfaces have been
studied extensively in literature. Impacts of low viscosity droplets on super-
hydrophobic surfaces showed remarkable elasticity for a wide range of impact
velocities and droplet radii [109, 110]. However, when the droplet viscosity
increased to a critical value, they no longer bounce on the surface, which puts
a limit on the phenomenon of bouncing [54].

Bouncing without contact occurs by means of a thin layer of air/vapor that
provides the necessary force to prevent contact. At moderately low impact ve-
locities, droplets are able to bounce over a smooth surface that is hydrophilic
(cf. figure 1.5b) [63]. The spatio-temporal evolution of the thin film of air
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Figure 1.5: (a) A water droplet of diameter 2 mm on a rough flourinated
substrate. For water, the surface has a contact angle of 174◦ and is therefore
considered to be ultrahydrophobic. Image taken from Onda et al. [87] (b) Im-
age sequence of a millimetric water drop impacting and bouncing on a smooth
glass surface. The drop never comes in contact with the glass substrate. Image
taken from the Kolinski et al. [63].

was experimentally measured which gave rise to the lubrication force for float-
ing/bouncing to occur [63, 32]. In Leidenfrost situations, liquid drops tend
to levitate over a very hot surface that is significantly hotter than the boiling
point of the liquid. As a result, a thin layer of vapor is formed underneath the
drop that insulates the drop and physically separates it from the surface [101].
Drops that bounce on very hot surfaces can occur at relatively high impact
velocities [135] but they are reported to bounce only for drop radius that are
smaller than its capillary length [14].

1.2.2 Liquid surfaces

Droplet bouncing on a liquid surface is a difficult problem to study because it
involves a number of parameters that affect bouncing. In particular, the film
properties, e.g. film thickness and film viscosity, play an important role. For
a water droplet impacting a pool of water, an inelastic collision is reported
(Figure cf. 1.6a) [53, 161]. For relatively large droplet viscosity (mimicking a
solid sphere), impact with a pool of water is reported to cause the droplet to
recoil away from the film surface [40]. For extremely thin and viscous films, the
bouncing of the droplet was found to mimic bouncing on a superhydrophobic
surface (cf. figure 1.6b) [44, 47]. However, for a moderately thick and viscous
film, the impact is suppressed due to energy dissipation in the film [47], but
the films were found to withstand higher impact velocities [129].
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Figure 1.6: (a) A snapshot of the impact of water drops with a radius of 160
µm and an impact velocity of 1 m/s on the surface of water. The impact
results in a bouncing scenario. Image taken from Jayaratne and Mason [53]
(b) Silicone oil drop impacting a thin silicone oil surface. The image is a
superposition of successive frames with a time interval of 10 ms. The Image
taken from Gilet and Bush [44].

An important feature of liquid films is that the film properties can be adjusted
to allow for a range of deformations: from weakly deforming to strongly de-
forming films. The weak deformations associated with extremely thin and
viscous films have not been systematically measured, especially with respect
to drop impact. Although Lo et al. [78] measured both the droplet and thin
film deformations during the approach process, the limitation is that the thin
film deformations had a vertical resolution of 1.8 µm and that they could only
be obtained for a few time spans before the air film rupture. Furthermore,
the energy dissipated in the system when a drop impacts a liquid film is not
fully understood, especially when the properties of both the drop and the film
come into play. Pan and Law [91], Tang et al. [130] studied the inhibition of
bouncing when the film thickness is varied. In general, the impact dynamics
would depend on the properties of the droplet and the film, which together
can either promote or inhibit the bounce, which remains to be understood.

1.2.3 Liquid infused surfaces

Liquid-infused Surfaces (LIS) or Lubricant Infused Slippery Surfaces (LubISS)
or Slippery Liquid-Infused Porous Surfaces (SLIPS) have attracted much at-
tention recently [65, 147]. They are, in general, textured or porous surfaces
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with micro/nano-scale topography impregnated by a liquid or a gel. Liquid-
infused surfaces are biologically inspired by the carnivorous plant Nepenthes
[15]. The plant is bordered by a peristome that has a rough micro/nano struc-
ture that, when wet, can cause an insect to slip, fall into and be digested by
the pitcher plant.

Figure 1.7: ((a) Schematic diagram of a drop sitting onto a Lubricant Im-
pregnated Slippery Surface (LubISS). Image taken from Vollmer [140]. (b)
The surface topography of the oil-air interface in a quadrant after a water
droplet has bounced away from a 15 µm thin oil film (left image) and from a
the LubISS surface (right image). The droplet radius and impact velocity are
1 mm and 0.16 m/s. The lubricant is silicone oil having a kinematic viscosity
100 cSt and is 5 µm above the pillar top. The textured patterned is SU8 and
the geometry is: pillar height is 10 µm, pillar center to pillar center distance is
60 µm, pillar diameter is 30 µm. The 3D surface topography of the deformed
film was obtained by the DHM technique as detailed in chapter 2 of this thesis.

The work in this thesis is part of the LubISS Consortium Project, which
aims to understand and develop a durable LubISS. A schematic of a drop
placed onto a LubISS is shown in Figure 1.7a along with three applications
of major societal, environmental, industrial and medical importance: Anti-
Icing [60, 85], Easy-to-clean [18, 77] and Anti-Biofouling [73, 142]. One of
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the main challenges is to make the LubISS robust since the durability and
functionality can be impaired and limited by the loss of lubricant, known as
lubricant depletion. Therefore, understanding the size and dynamics of thin
film deformations will contribute to a better design of Liquid-infused surface
[100], which can reduce lubricant depletion through shearing, cloaking and in
the wetting ridge [127, 118, 64, 59]. The deformations of the lubricant caused
by impinging and rebounding water droplets are shown in Figure 1.7b. The
3D surface topography of the deformed film was obtained using the Digital
Holographic Microscopy (DHM) technique which is detailed in chapter 2 of this
thesis. The deformations on a textured column and on a smooth surface show
that the amplitude of the deformation decreases, while the wave perturbations
increase for the case of a liquid-infused surface.

1.3 In this thesis

The work in this thesis is concerned with the impact and rebound of droplets
over liquid films. The work is mainly experimental and utilizes digital holo-
graphic microscopy and shadowgraphy as visualization techniques. The exper-
iments are complemented by numerical simulations and some simple models.
The impact process is studied by varying: droplets (radius, viscosity, impact
velocity and viscosity) and the film parameters (thickness and viscosity).

Chapter 2 deals with thin, viscous films that deform when subjected to im-
pact events. In this study, the deformations of the oil film at the free surface
caused by the buildup of gas pressure under impinging and rebounding water
droplets are investigated. Using digital holographic microscopy, the 3D sur-
face topography of the deformed film is measured immediately after impact
with a resolution down to 20 nm. First, the structure of the deformations of
the film after impact as a function of film thickness, film viscosity, and impact
velocity is discussed. Subsequently, when the drop is far away from the film
surface after the bounce, the film deformations gradually decay via an intri-
cate relaxation process. The scaling laws for the broadening of the width and
the decay of the amplitude of the perturbations are obtained experimentally
and found to be in excellent agreement with the results from a lubrication
analysis. The work thus provides a detailed spatio-temporal description of the
oil deformations that occur during impact and rebound of the droplet.

Chapter 3 deals with thick, viscous films that dissipate energy when sub-
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jected to impact events. Experiments, direct numerical simulations, and a
phenomenological model are used to decipher the role that droplet and film
properties play in the impact process. For highly viscous or thin films, the
impact dynamics are independent of the underlying film, which marks the up-
per limit for the energy stored in the motion of the droplet. However, apart
from these cases, the impact dynamics is controlled by the properties of the
film. Part of the initial energy of the droplet is transferred to the substrate,
decreasing the energy stored in the droplet. This transition from substrate-
independent to substrate-dependent behaviour is analysed. Another critical
transition occurs when the droplet can no longer take off due to energy loss.
These transitions depend on both the properties of the droplet and those of
the film.

Chapter 4 deals with the influence of gravity on a small and a large drop
subject to impact. The impact experiments are conducted using an extremely
thin viscous film where only the properties of the droplet affect the impact be-
haviour. A simple mass-damper-spring model is developed to understand the
impact dynamics of the droplet. The model suggests that the dynamics is cap-
tured by two non-dimensional groups: the Ohnesorge number and the Bond
number divided by the square root of Weber number. While the functional
trend of the coefficient of restitution with the Ohnesorge number extracted
from the model agrees with the experiments, the functional trend of the co-
efficient of restitution with the Weber number is obtained by modifying the
model: changing the initial conditions and including the droplet deformations
at maximum spreading, which qualitatively agrees with the experiments.
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Chapter 2

Deformation and relaxation of
viscous thin films under
bouncing drops1

Thin, viscous liquid films subjected to impact events can deform. Here we
investigate free-surface oil-film deformations that arise owing to the build up
of air under the impacting and rebouncing of water drops. Using digital holo-
graphic microscopy, we measure the three-dimensional surface topography of
the deformed film immediately after the drop rebound, with a resolution down
to 20 nm. We first discuss how the film is initially deformed during impact,
as a function of film thickness, film viscosity and drop impact speed. Subse-
quently, we describe the slow relaxation process of the deformed film after the
rebound. Scaling laws for the broadening of the width and the decay of the
amplitude of the perturbations are obtained experimentally and found to be
in excellent agreement with the results from a lubrication analysis. We finally
arrive at a detailed spatio-temporal description of the oil-film deformations
that arise during the impact and rebouncing of water drops.

1Published as: S. Lakshman, W. Tewes, K. Harth, J. H. Snoeijer and D. Lohse, De-
formation and relaxation of viscous thin films under bouncing drops, J. Fluid Mech. 920,
A3 (2021). Experiments by Lakshman; numerics by Tewes; analysis by Lakshman, and
Tewes; writing by Lakshman, Tewes, Snoeijer, and Lohse; supervision by Harth, Snoeijer,
and Lohse. Proofread by everyone.
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2.1 Introduction

Drops impacting a liquid layer frequently occurs in nature as well as in many
industrial and technological applications. Common examples are raindrops
hitting the surface of a pond, spray coating on a wet substrate or inkjet print-
ing on a primer layer. The collisions can generate complex scenarios such as
floating, bouncing, splashing or jetting, which have been studied extensively
[150, 105, 144, 134, 2]. Impact velocity, impact angle, droplet size, liquid-layer
thickness, and the material properties of the liquids are the parameters which
determine the impact dynamics. Among the many different impact scenarios,
a particularly intriguing phenomenon is reported to occur at sufficiently low
impact velocities, in which drops float or bounce on a liquid surface without
any direct contact. The earliest reported observation of a drop floating over
a liquid surface was made by Reynolds [107] who noticed that under certain
circumstances, the drops spraying from the bow of a boat or droplets from
a shower of raindrops float on liquid surfaces for some seconds before they
disappear. Later, Rayleigh [104] reported bouncing of drops when collision
of two distinct streams of liquids resulted in, under certain circumstances,
drops bouncing off each other without merging. The reason for the presence
of repulsion forces on impacting droplets even without direct contact with the
(liquid) substrate is a build up of lubrication pressure in the draining thin
air layer between the droplet and substrate which was first detailed in the
theoretical work by Smith et al. [126]. The importance of such thin air lay-
ers sparks interest in numerous recent investigations of, for example, skating
drops [81, 49, 50, 62, 63], entrapment of bubbles [132, 133, 136, 48], dim-
ple formation under a falling drop [35, 139, 74], and suppressing of splash
[153]. Floating/bouncing drops can be observed not only on liquid surfaces
but also on dry surfaces. Such scenarios include drops bouncing on a dry sur-
face [62, 63], drops floating on a very hot surface (Leidenfrost effect) [20, 101],
drops bouncing on a pool of liquid [112, 61], drops floating/bouncing on a vi-
brating pool of liquid [28, 29], and drops floating on a very cold pool of liquid
(inverse Leidenfrost effect) [1, 41, 42].

In the present study, we investigate a drop bouncing on a thin liquid film. A
schematic diagram is shown in figure 2.1 highlighting three important stages
of a drop bouncing scenario: (a) initial stage (cf. figure 2.1a), where the drop
falls towards a flat film surface in a surrounding gas medium. (b) deformation
stage (cf. figure 2.1b), where the drop’s center of mass velocity changes direc-
tion owing to the lubrication force provided by the narrow gas layer separating
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Figure 2.1: Schematic diagram (not to scale) of a drop bouncing on a thin
film in a surrounding gas environment. Three stages in the bounce process
are shown: (a) prior to impact, (b) during the bounce, where both the droplet
and the oil film deform, and (c) after the bounce, where the oil deformations
slowly relax.

the two liquids which exceeds the droplet’s weight, and large spatial variations
of the gas pressure cause large drop and significant thin-film deformations. (c)
relaxation stage (cf. figure 2.1c), where the drop is far from the film surface
after the bounce, the gas pressure separating the two liquids is reduced to am-
bient pressure and the thin-film deformations gradually decay via an intricate
relaxation process.

Important parameters for the study of drops bouncing on thin liquid layers
are the initial depth or height h

f
of the liquid layer above an underlying solid

substrate and the drop radius Rw . Experiments by Pan and Law [91] reveal
drop bouncing to be favoured on deep pools which have h

f
> Rw , as com-

pared with thick liquid layers which have h
f
≈ Rw and with thin films which

have h
f
< Rw . It was argued that the solid substrate (wall) restricts the

penetration of the falling drop in the thin films, thereby suppressing bounc-
ing. For thin films, the bouncing phenomenon is only observed for drops
having moderately low kinetic energy as compared with their surface energy,
i.e. We = ρwRwv

2
w
γ−1
w

≲ 10, where We denotes the Weber number of the
drop, ρw is the density of the drop, vw the drop impact speed and γw the
surface tension of the drop. At sufficiently high impact velocities, the drop
contacts the underlying liquid due to the Van der Waals attraction force be-
tween the two liquids. This effect becomes important when the liquid-liquid
separation is smaller than around 100 nm [24]. The critical Weber number
which marks the transition from drop bouncing to merging has been studied
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by Tang et al. [129], using liquids of different viscosities. They found that the
critical Weber number, below which the drop bounces, increases as the liquid
viscosity (drop and the thin film) and the thin film thickness are increased.
This finding indicates that higher viscosity liquids promote drop bouncing.
Similar observations are made in the work of Langley and Thoroddsen [68],
where delayed coalescence is observed for drops and thin films with large vis-
cosities. Li and Thoroddsen [74] found that water drops impacting a thin
and extremely viscous film (∼ 1 mm and ∼ 104 Pa.s) did not entrap many
microbubbles as compared with regular glass (roughness ∼ 50 nm). It was
speculated that the film deformations were extremely small, which inhibits the
localised contacts before full wetting is established.

Gilet and Bush [44] and Hao et al. [47] found drop bouncing on a thin film to
be similar to bouncing on a super-hydrophobic substrate. One such similarity
was the apparent contact time of the drop, which agreed well with the Hertz
contact time [110]. However, the droplet-film collision resembled an almost
elastic collision between the two liquids with the coefficient of restitution close
to unity. Pack et al. [89], Lo et al. [78], Tang et al. [130] used interferome-
try measurements to obtain the time-resolved evolution of nanometric profiles
of the air gap between impacting drops and thin viscous layers. They found
a bell-shaped annular air profile with maximum thickness at the center and
minimum thickness at a radially outwards location which varied with time.
Small variations in air profiles were observed when the direction of the mo-
tion of the impacting drop was slightly oblique relative to the underlying film
surface, and when the film thickness was increased from thin-film to a deep-
pool limit. Significant asymmetries were also observed in the evolution of air
profiles when comparing the drop spreading stage to the receding stage for a
typical bounce process. Lo et al. [78] successfully measured both the drop
and the thin-film deformations during the approach process. The thin-film
and the air-film deformations were measured using the high-speed confocal
profilometry technique and the dual-wavelength interferometry technique re-
spectively. The drop deformation was inferred from the thin-film and the
air-film deformations at approximately the same time instance by performing
two separate experiments under identical impact conditions. The limitation
in their measurement is that the thin-film deformations had a 1.8 µm vertical
resolution and that they could only be obtained for a few time instances before
the rupture of the air film.
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Previous experimental and numerical studies of drop bouncing on thin films
mainly focused either on the macroscopic drop bouncing behaviour or on the
evolution of the nanometric gas thickness between the two liquids without pro-
viding a distinction between drop and thin-film deformations. All experimen-
tal studies except Lo et al. [78] ignore the thin-film deformations owing to the
small film thickness and large film viscosity used in the experiments [44, 89].
They rather assume that the thin liquid film mimics a perfectly smooth solid
surface. The numerical studies of thin-film deformations prove challenging
because of the large difference in length scales (millimetric to nanometric de-
formations) when computing the lubrication-gas flow and the thin-film flow
simultaneously to drop deformations [56]. Although viscous thin-film defor-
mations are typically small, they cannot be neglected since they play a crucial
role in modulating the gas-layer thickness, thereby affecting the drop bouncing
process and possibly the coalescence of the drop with the thin film at higher
impact velocities.

Finally, the thin film deformations can also give insight into the size and the
velocity of the impacting drop, much like impact craters are used to determine
the size and velocity of impacted bodies. Understanding the size and dynamics
of the thin-film deformations will allow for a design of liquid-infused surfaces
[100], which can reduce lubricant depletion through shearing, cloaking and in
the wetting ridge [127, 118, 64].

The objective of this chapter is to measure oil-film deformations that arise ow-
ing to impacting and rebouncing water drops in an ambient air environment.
The impacting water drops have We ∼ 1 when inertial and capillary forces
roughly balance, thus ensuring that bouncing actually occurs. Thanks to dig-
ital holographic microscopy (DHM) we achieve the unprecedented precision
down to 20 nm in the vertical resolution at 0.5 kHz recording speed. To the
best of our knowledge, the sub-micrometer thin-film deformations reported in
this experimental work are the first deformation measurements that explicitly
document the effect of the air pressure build up under impacting and rebounc-
ing drops.

We describe the structure of the chapter. First, in section 2.2, the exper-
imental set-up and the control parameters are described, and some typical
orders of magnitude of the relevant non-dimensional numbers are given, the
subsequently presented results are twofold. In section 2.3, we discuss the film
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surface deformations immediately after the bouncing event. We quantify how
the surface deformations depend on the film thickness, film viscosity and drop
impact speed. This part of the chapter describes the deformations of the thin
film after the end of the deformation stage (cf. figure 2.1b). The second part
of our study is presented in section 2.4 and focusses on the relaxation stage
described previously (cf. figure 2.1c). We first illustrate a typical relaxation
process of film deformations which occur after the drop bouncing. Starting
from experimentally obtained deformations as initial conditions, we then com-
pare the evolution of the experimental profiles in the relaxation process to a
numerical calculation using lubrication theory. Next, we use a general theoret-
ical result of Benzaquen et al. [12] for the relaxation of thin-film deformations.
From this we obtain scaling laws for the width broadening λ(t) and amplitude
decay δ(t) during the relaxation process and compared with our experiments
over a large range of parameters. Finally, the chapter closes with a discussion
in section 2.5.

2.2 Experimental details

A schematic drawing of the experimental set-up is shown in figure 2.2. Us-
ing a syringe pump, Milli-Q water is slowly dispensed out of a needle tip.
As soon as the droplet’s weight overcomes the surface tension force, the drop
detaches. The detached water droplet of radius Rw = 1.08 mm is made to
fall on a thin and viscous silicone oil film. The three-dimensional surface
topography of the deformed oil film is measured using a digital holography
technique, as described later. This information is complemented by simulta-
neous side-view visualisations of the drop dynamics. The silicone oil films are
prepared by the method of spin coating on cleaned glass slides. The thin-film
thickness is measured using reflectometry technique (cf. Reizman [106]). A
HR2000+ spectrometer and a HL-2000-FHSA halogen light source by Ocean
Optics is used for the reflectometry measurements. The uncertainty in the
film-thickness measurement was less than 3.5%. Table 2.1 lists the density,
dynamic viscosity and surface tension of different liquids used in the present
study. The density and dynamic viscosity of air at standard temperature and
pressure are ρa ≈ 1.225 kg/m3 and ηa ≈ 1.85 µPa.s, respectively. The film
deformations are measured by varying three important control parameters,
namely the oil-film thickness h

f
which is 5 µm, 10 µm, or 15 µm, the oil-film

viscosity ηf which is 52 mPa.s, 98 mPa.s, or 186 mPa.s, and the impacting
water droplet speed vw, for which we choose 0.16 m/s or 0.37 m/s. We use the
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parameters η∗ = η
f
η−1
w

and h∗ = h
f
R−1

w
to denote the dimensionless viscosity

and the dimensionless thickness of the film respectively.

Figure 2.2: Schematic diagram (not to scale) of the experimental setup. Bot-
tom view: holographic set-up, positioned underneath the glass substrate, it is
used to measure free surface oil-film deformations. Side view: the dynamics
of the impacting water drop is characterised with a high-speed camera.

For the measurement of film deformations, a holographic technique is used
[38, 119]. It is a technique that records a light field (generally transmit-
ted/reflected from objects) to be reconstructed later. Digital holography refers
to the acquisition and processing of holograms typically using a CCD camera.
The DHM technique (DHM®-R1000 by Lyncée Tec) is a reflection-configured
holographic device which provides real-time measurements of (at least) 20 nm
vertical resolution within the 200 µm measuring window (cf. Appendix 2.A).
The working principle of the DHM is briefly explained here using the schematic
in figure 2.2. The laser light is split into two beams, a reference and an object
beam. The object beam is directed from underneath the glass substrate to-
wards the thin film. A part of the object beam reflects off the thin-film surface
and is called the reflected object beam. The reflected object beam (which is
slightly oblique) interferes with the undisturbed reference beam to produce a
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Liquids
Density Dynamic viscosity Surface tension
ρ [kg/m3] η [mPa.s] γ [mN/m]

Water (w) 995 1 72

Silicone oils (f)

959 52 20
950 98 19
963 186 19

Table 2.1: Properties of liquids used in the experiments. Subscripts w and f
represent water and oil film respectively. γ is the liquid-air surface tension.
Milli-Q and Wacker Chemie AG are the manufacturers for water and silicone
oil fluids, respectively.

hologram which is recorded by a CCD camera. The thin-film deformations
arising from the impacting and rebouncing drops are recorded as a sequence
of hologram images that are reconstructed later using numerical schemes to
obtain the three-dimensional topography of the film surface. A 2.5× objec-
tive is used along with the DHM set-up, which provides approximately 4.90
µm lateral resolution and allows for measurements of a maximum deformation
slope up to 2◦. A pulse generator connects and approximately synchronizes
the recordings of the side-view camera and the DHM camera at a temporal
resolution of around 0.5 kHz.

Deformation Relaxation

We = ρwRwv
2
w
γ−1
w

∼ 1 Re
f
= ρ

f
h

f
γ
f
η−2
f

∼ 10−2

Rew = ρwRwvwη
−1
w

∼ 102 η∗ = η
f
η−1
w

∼ 102

Rea = ρaR
1/2
w

h1/2
a

vwη
−1
a

∼ 10−1 h∗ = h
f
R−1

w
∼ 10−2

Table 2.2: Relevant dimensionless numbers and their orders of magnitude
for both the deformation and the relaxation stage. Subscripts w, a, and f
represent water, air and oil film, respectively.
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Given the experimental parameters stated in this section, the orders of magni-
tude of the relevant dimensionless numbers are summarized in table 2.2. The
dimensionless numbers are useful in identifying some qualitative flow features
for the deformation stage (cf. figure 2.1b) and the relaxation stage (cf. figure
2.1c) pertaining to drop bouncing. For the deformation stage, the low value
of the Weber number We ∼ 1 causes drops to bounce on viscous thin films
[47, 78, 89, 130]. The Reynolds number Rew ∼ 102 ≫ 1 of the flow in the drop
and the absence of no-slip boundary conditions allow for the applicability of
potential flow theory inside the bouncing drop independent of the substrate
underneath [83, 48]. The low Reynolds number Rea = ρaLavaη

−1
a

∼ 10−1 of
the air flow indicates a viscous squeeze flow in thin air gaps during impact.
Here La ∼ R1/2

w
h1/2

a
is the length scale, va ∼ vw the velocity scale [81], and

ha ∼ 1 µm [139].

For the relaxation stage, the low Reynolds number in the viscous thin film
Re

f
= ρ

f
L

f
v
f
η−1
f

∼ 10−2 indicates applicability of Stokes flow theory, using

L
f
∼ h

f
and v

f
∼ γ

f
η−1
f

[113]. Here, η∗ ∼ 102 and h∗ ∼ 10−2 suggest small
amplitude thin-film perturbations owing to small film thickness in comparison
with the lateral length scales (h

f
≪ Rw). Drop size and film thickness are

much below the capillary length, so that gravity effects can be neglected.

2.3 Deformation of viscous thin films

2.3.1 Typical bouncing experiment

Before turning to a detailed quantitative analysis, we first describe the oil-film
deformations observed in a typical experiment. The synchronized recordings
of drop bouncing using a high-speed camera and the oil-surface deformation
measured using DHM are shown in the respective top and bottom rows in
figure 2.3. The impact and bouncing time instances in figures 2.3a - 2.3d are
given relative to t+, where t+ is the time instance corresponding to the maxi-
mum drop spreading during first impact (cf. figure 2.3b).

When the falling water drop is still far from the oil-air interface, the droplet
takes on a spherical shape while there is no deformation in the oil surface (cf.
figure 2.3a & 2.3e). As the bottom of the falling water drop approaches the
oil-air interface, the air pressure builds up in the narrow air gap, deforming
both the water-air and oil-air interface. The lubrication air pressure in narrow
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Figure 2.3: Snapshots of a water drop bouncing on an oil film. Drop bouncing
behaviour shown in the first row (a-d). Evolution of the oil-air deformation
shown in the second row (e-h). Location of impact center is [x, y] = [0, 0] mm.
The time instance t+ corresponds to the maximum drop spreading during first
impact. The difference between the maximum drop spreading time t+ and the
reference time t = 0 is always around 6 ms in our experiments. The snapshots
times in the top row approximately correspond to the surface deformation
times in the bottom row, with an uncertainty of 2 ms. The control parameters
are We = 0.38, h∗ = 0.01, and η∗ = 98.

air gaps can become sufficiently large to decelerate the falling drop, bringing
it to rest (or in apparent contact with the oil-air interface) and cause a re-
versal in droplet’s momentum, leading to a contactless drop bouncing. The
maximum drop spreading and the corresponding oil-air deformation obtained
during the apparent contact is shown in figure 2.3b & 2.3f. It should be noted
that during this phase the holography measurement cannot be trusted quanti-
tatively. This is owing to the fact that when the drop is too close to the oil-air
interface (small air gaps, ha ≲ 100 µm), additional light reflections from the
water-air interface interfere with the measurements of the oil-air interface (cf.
Appendix 2.A). In particular, the concentric ring structure seen in figure 2.3f
is such an artifact. However, as soon as the drop has bounced back and is
sufficiently far away from the oil-air interface (large air gaps, ha ≳ 100 µm),
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light reflections from the water-air interface are no longer present, and the
measurements of the oil-air interface are quantitatively accurate. Snapshots
of the bounced drop, far away from the oil-air interface and the corresponding
oil-air deformation are shown in figure 2.3c & 2.3g. Subsequent to this, the oil
film gradually relaxes under the influence of surface tension, until it is again
perturbed by a second impact of the drop (cf. figure 2.3d & 2.3h).

We remark that the drop bouncing is observed for atleast 7 cycles. The drop
gradually jumps away from the first impact location owing to small horizontal
impact speeds and by the end of the eighth cycle the drop is completely out of
the side-view imaging window. We do not observe the drop to wet the surface
within our experimental time limits.

Figure 2.4: (a) Surface topography of the oil-air interface at t = 0. The
radial locations of the apparent drop contact and the maximum drop spread
are about 0.74 mm and 1.18 mm, respectively, which are plotted as blue and
orange circular arcs. (b) Azimuthally averaged deformation profile over the
full annulus at t = 0. We define the wave characteristics δ (amplitude) and λ
(wavelength). The control parameters are We = 0.38, h∗ = 0.01, and η∗ = 98.

Figure 2.4a presents a typical surface topography of the oil-air interface af-
ter the bounce. The corresponding azimuthally averaged deformation profile
is shown in figure 2.4b, where, in this case, the average is performed over
the full annulus within 0 ≤ θ < 2π. In the remainder, we choose t = 0 as
the earliest time when clean DHM measurements are obtained after the drop
bounce-off process (cf. Appendix 2.A). We remark that the difference between
the maximum drop spreading time t+ and the reference time t = 0 is always
around 6 ms in our experiments. This value is in very good agreement with
half the apparent contact time of water on viscous thin films under similar
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impacting velocities [47]. Therefore the choice of t = 0, which is determined
through the experimental set-up, can be thought to serve as a transitional time
instance between the deformation and the relaxation stages (cf. figure 2.1b
and 2.1c). Figure 2.4a shows that deformations are highly localised, within a
narrow annulus ran ≈ 0.6 − 0.8 mm. Given that flow inside the viscous film
requires pressure gradients, such localised deformations suggest that spatial
variations of air pressure during the bounce are highly localised during impact
(cf. figure 2.1b). The appearance of such an annulus is reminiscent of dimple
formation underneath an impacting drop: an annular local minimum of the
air gap is seen for drops impacting a dry substrate [81, 49, 16, 62, 139], drops
impacting a thin liquid film [50] and drops impacting a liquid pool [48]. We
therefore hypothesize that the radial location of the deformation correlates to
the minimum of the air gap during drop impact. The correlation cannot be
proven directly in our experiments since we do not measure the evolution of
the air-gap thickness. The minimum air gap is at least two orders of magni-
tude smaller than the resolution of the side-view camera, preventing a direct
measurement (cf. figure 2.3b). However, Kolinski et al. [62, 63], van der Veen
et al. [139], de Ruiter et al. [31, 33] have shown that the minimum air gap (∼
100 nm) moves at some radial location away from the impact location. Lo
et al. [78] reports that the minimum air gap occurs at slightly larger radius
than the minimum in oil-film thickness. However, the time resolution of the
measurements was insufficient to quantify the general result. We expect a
similar motion of the minimum air gap in our experiments which will form the
deformation in a radial position.

In the present experiments, the oil-surface deformations at t = 0 are not
perfectly axisymmetric (cf. figure 2.4a). This small asymmetry is attributed to
a small horizontal impact speed, which is difficult to eliminate experimentally.
This small horizontal speed affects the air-layer thickness during the bounce
process [78], leaving an asymmetric imprint on the oil layer. We remark
that figure 2.4b defines two quantities that will be used later to characterise
the wave: the amplitude δ and the wavelength λ, respectively defined as the
vertical and horizontal distance from the minimum to the maximum of the
film. In the remainder we will average the profiles only over one quadrant
centered around θ = π/4. We choose this window in particular to be consistent
with the averaging procedure for lower and higher impact speeds. At higher
impact speeds, the deformations are spread out farther from the impact center
resulting in the restrictive usage of the quadrant. Although, the averaging is
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more appropriate around the principal direction of asymmetry (line joining
the first and the second impact center) which is along θ = 3π/8, we find no
significant variations in the deformation parameters. For the deformation in
figure 2.4a, the differences in λ and δ between the averaging windows centered
around θ = π/4 and 3π/8 are found to be around 4.2 µm and 17 nm which
are well within the order of the experimental resolution.

2.3.2 Influence of film properties and drop impact velocity

Figure 2.5: (a-d) Surface topographies of the oil-air interface at t = 0 in a
quadrant 0 ≤ θ < π/2. (e,f) Azimuthally averaged deformation profile over the
quadrant at t = 0. The control parameters are We = 0.38, h∗ = 0.005− 0.015
and η∗ = 52− 186.

We now study the influence of the film thickness and the film viscosity on the
surface deformations left behind after impact. Figures 2.5a - 2.5d show the
surface topographies at t = 0 in one quadrant. Figures 2.5e and 2.5f show the
corresponding azimuthally averaged deformation profiles at t = 0, averaged
over the quadrant. Clearly, a decrease in deformation amplitude δ is seen
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with a decrease in initial film thickness (cf. rows in figure 2.5a - 2.5d and
figure 2.5e). On the other hand, a decrease in deformation amplitude is seen
with an increase in film viscosity (cf. columns in figure 2.5a - 2.5d and figure
2.5f).

Figure 2.6: Scaling of the initial amplitude with film thickness, film viscosity
and initial wavelength. The δ0 and λ0 values are obtained from averaging in
a quadrant 0 ≤ θ < π/2. The mean and error-bar values of δ0 and λ0 are
based on 3 experimental repeats. The control parameters are We = 0.38,
h∗ = 0.005− 0.015 and η∗ = 52− 186.

To further quantify this, we plot the initial amplitude δ0 = δ(t = 0) as func-
tions of film thickness, film viscosity and initial amplitude in figure 2.6a, 2.6b
and 2.6c. From these plots we empirically deduce that the scaling of the ini-

tial amplitude is consistent with δ0 ∼ h2
f
η−1
f

and δ0 ∼ λ
7/2
0 , though the data

only cover less than one decade in h
f
and η

f
. The δ0 ∼ h2

f
η−1
f

scaling is not
immediately obvious, since the ‘mobility’ of a thin layer flow is known to scale
as h3

f
η−1
f

[88].
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Figure 2.7: (a-b) Surface topographies of the oil-air interface at t = 0 in a
quadrant 0 ≤ θ < π/2. (c) Azimuthally averaged deformation profile over the
quadrant at t = 0. The control parameters are We = 0.38 − 2.0, h∗ = 0.01,
and η∗ = 98.

Next, we study the influence of the impact velocity on the surface deformations
left behind after impact. Figures 2.7a & 2.7b show the surface topographies at
t = 0 for two different impact velocities. Figure 2.7c shows the corresponding
azimuthally-averaged deformation profiles. For the higher impact velocity (cf.
figure 2.7b), two distinct peaks in deformation are observed, we emphasise
that the profile corresponds to a single impact. This is in contrast with the
single peak that appears at lower velocity (cf. figure 2.7a). Moreover, the
deformations are more radially spread out for the higher impact speed as
compared with lower impact speed. The transition from one peak to two peaks
and the increased radial spread is reminiscent of the transition from single-
dimple to double-dimple formation under a falling drop, as previously observed
on dry surfaces [31, 33]. This again suggests that the film deformation directly
reflects the structure of the dimple below the impacting drop.

2.4 Relaxation of viscous thin-film deformations

2.4.1 Space-time plot of typical relaxation process

We now reveal the relaxation of viscous thin-film deformations after the impact
process. When the drop is far away from the film surface after the bounce, the
air pressure is again homogeneous and no longer provides any forcing to the
film. As a consequence the film deformations gradually decay via an intricate
relaxation process, under the influence of surface tension. Figure 2.8 provides
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Figure 2.8: Space-time plot of the relaxation process. Initial and final de-
formations are plotted as black lines. Loci of deformation maxima, minima
and zero crossings are plotted as orange, blue and green lines, respectively. A
secondary deformation occurs at t ≈ 25 ms near the impact center owing to
the next impact process. The control parameters are We = 0.38, h∗ = 0.01,
and η∗ = 98.

a space-time plot of a typical relaxation process, over two decades in time
(t ∼ 0.01 − 1 s). The figure corresponds to an azimuthal average of surface
deformation within a quarter annulus (0 ≤ θ < π/2). The lines indicate the
loci of deformation maxima (orange), minima (blue) and zero-crossing (green).
These lines highlight that the deformation involves a decay in amplitude as
well as a broadening of the lateral width of the deformation profile. Note
that during this process, the position of the zero crossing (green line) remains
approximately constant.

2.4.2 Numerical simulation

We perform numerical simulations in order to study the relaxation process
of the viscous thin films. The relaxation process is modelled using lubrica-
tion theory [108, 88]. Lubrication theory relies on the following conditions,
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which are indeed satisfied in the experiment, namely, (i) viscous forces in the
film dominate over inertial forces (Ref ∼ 10−2 ≪ 1) and (ii) deformation
amplitudes in vertical direction are much lower than the characteristic lateral
length scale (δ/λ ∼ 10−2 ≪ 1). As boundary condition, we consider the free
surface to be in contact with a homogenous gas pressure, as is the case after
rebound, while there is a no-slip boundary condition at the substrate. The
corresponding lubrication (thin-film) equation reads [88]:

∂th+
γ
f

3η
f

∇⃗ ·
{
h3∇⃗

(
∇⃗2h

)}
= 0, (2.1)

where h(x, y, t) is the vertical distance between the solid substrate and the
free surface and ∇⃗ is the two-dimensional gradient operator in the x-y plane.
We perform a non-dimensionalisation of (2.1) by h = hfH, r = hfR and
t = (3ηfhfγ

−1
f )T , where hf is the initial film thickness. In the following, we

study the relaxation process in an axisymmetric geometry, i.e. H = H(R, T )
such that (2.1) becomes :

∂TH +
1

R
∂R

[
RH3

(
∂3
RH +

1

R
∂2
RH − 1

R2
∂RH

)]
= 0. (2.2)

The asymptotics of (2.2) has also been studied by Salez et al. [114]. Impor-
tantly, (2.2) is devoid of any free parameters. To compare with experiment,
we perform a numerical simulation of film relaxation using a finite-element
method and a second-order implicit Runge-Kutta time-stepping scheme (im-
plemented using the framework dune-pdelab by Bastian et al. [7, 6, 8]).
The deformation profile at t = 0 is taken from the experiment and used as
an initial condition, and subsequently the film profile is evolved via numerical
integration of (2.2). A direct comparison between the experiments and the
lubrication theory is given in figure 2.9 without any adjustable parameters.
Figure 2.9a shows the amplitude δ (defined as the difference between max-
imum and minimum of ∆h) as a function of time, while figure 2.9b shows
the deformation profiles ∆h = h(r, t) − h

f
at different times. The compar-

ison shows very good agreement between the experiment and the numerical
calculations, demonstrating the success of the lubrication approximation to
describe the experimentally observed relaxation.

2.4.3 Theoretical analysis

Now we turn to a detailed theoretical analysis of the relaxation process, from
which we will establish the general scaling laws of the relaxation. To do this,
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Figure 2.9: (a) Comparison of amplitude decay between experiment and nu-
merics. The mean and error-bar values of δ are obtained by binning every
25 datapoints. (b-d) Comparison of film deformation between experiment and
numerics at t1 = 14 ms, t2 = 252 ms and t3 = 966 ms. The control parameters
are We = 0.38, h∗ = 0.01, and η∗ = 52.
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we reduce the lubrication equation to a one-dimensional geometry h = h(x, t).
Here, we use X = x/hf analogous to R = r/hf . The rationale behind choos-
ing a one-dimensional lubrication equation is that the initial deformations are
far from the impact center (cf. figure 2.5). This is further quantified in figure
2.8, where the ‘width’ of the profile is initially an order of magnitude smaller
than the location of the zero crossing. Therefore the axisymmetric relaxation
and a one-dimensional relaxation will yield very similar results, at least until
the deformations approach the impact center and the azimuthal contributions
become important.

The one-dimensional lubrication equation reads

∂TH + ∂X
(
H3∂3

XH
)
= 0. (2.3)

To further simplify the analysis, we use the fact seen in the experiments,
that the deformation amplitudes are small in comparison with the initial film
thicknesses (δ/hf ∼ 0.05 ≪ 1). This allows us to linearise (2.3) employing the
variable transformation Z = h/hf − 1 = H − 1 where |Z| ≪ 1. The linearised
one-dimensional lubrication equation then reads

∂TZ + ∂4
XZ = 0. (2.4)

The relaxation of localised thin-film perturbations described by (2.4) was anal-
ysed in great detail by Salez et al. [113], McGraw et al. [82], Bäumchen et al.
[9], Backholm et al. [4], Benzaquen et al. [10, 11, 12], Bertin et al. [13]. They
obtained the long-time asymptotic solution in terms of a moment expansion,

Z(X,T ) =
M0ϕ0(U)

T 1/4
+

M1ϕ1(U)

T 2/4
+

1

2

M2ϕ2(U)

T 3/4
+ . . . , (2.5)

which involves the similarity variable

U = XT−1/4, (2.6)

and similarity functions ϕn(U) that can be determined analytically [10, 11, 12].
The amplitudes Mn appearing in (2.5) can be determined from the initial
condition Z0(X) = Z(X, 0), by computing the moments

Mn =

∫
ξn Z0(ξ) dξ, n = 0, 1, 2, . . . (2.7)

It is clear from (2.5) and the similarity variable (2.6) that the width λ of the
profile follows a universal scaling of the form λ ∼ T 1/4. The decay of the
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Figure 2.10: Schematic illustrating of the approach to the attractor function
ϕ1(U). The initial deformations are zero-volume perturbations having mo-
ments M0 = 0 and M1 ̸= 0. Adapted from Benzaquen et al. [11, 12].

amplitude δ is more subtle, because each term in (2.5) decays differently, as
δ ∼ T−(n+1)/4 for the nth moment. At late times, the solution Z(X,T ) thus
converges towards the lowest-order term with a non-zero moment. Generically,
for M0 ̸= 0, the amplitude will therefore decay as T−1/4. In our case, however,
the perturbation originates from an initially flat film, and by incompressibil-
ity of the layer, the perturbation is thus expected to have a vanishing volume,
i.e. M0 = 0. In the present context, the lowest-order moment is therefore
expected to be M1 ̸= 0. In this scenario, the scaling law will be δ ∼ T−1/2,
whereas the solution Z(X,T ) should converge to ϕ1(U) for a zero-volume per-
turbation. A schematic depiction of the approach to the ϕ1(U) attractor is
shown in figure 2.10.

To verify this scenario, we turn to an exemplary initial deformation profile of
a 98 mPa.s, 10 µm film, and probe the subsequent relaxation. For the specific
example, the two lowest-order moments are determined as M0 ≈ 6.4 × 10−2

and M1 ≈ 3.2. The very small value of M0 is of the order of the experimen-
tal resolution (i.e. it corresponds to a typical ∆h ∼ ±10 nm), so that the
perturbation has a negligible volume. Figure 2.11 reveals that the relaxation
is indeed governed by M1, and approaches the ϕ1(U) self-similar attractor
function (cf. Appendix 2.B). The figure reports the scaled deformation pro-
files centred around the zero-crossing location X0 ≈ 65. The first row shows
the deformation profile scaled with the initial film thickness. The second row
shows the rescaled deformation profiles (vertical scale ∼ T−1/2 and horizontal
scale ∼ T 1/4). During late times, the rescaled deformation profiles clearly ap-
proach the attractor function ϕ1(U), which is superimposed on the data. This
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Figure 2.11: (a) Time evolution of the normalised deformation profiles Z versus
X. A secondary deformation occurs at T ≈ 160 near the impact center owing
to the next impact process (cf. figure 2.8). (b) Time evolution of the scaled
normalized deformation profiles Ẑ versus Û . The self-similar attractor function
ϕ1(U) is plotted as a black line. Here, X0 ≈ 65 and M1 ≈ 3.2. The scaled
and rescaled deformations are color coded with time: yellow to red as time
increases. The control parameters are We = 0.38, h∗ = 0.01, and η∗ = 98.

excellent match confirms that, within the experimental times, the axisymmet-
ric effects have not yet started to contribute and the theoretical analysis of
the film-relaxation process over a one-dimensional geometry is sufficient to
understand the relaxation process in the experiments.

2.4.4 Width broadening and amplitude decay

Finally, we compare theoretical asymptotic scaling laws for the width broad-
ening and amplitude decay with a large number of experiments, all attained
for a drop impact velocity of vw ≈ 0.16 m/s. We predict the scaling law
for the width λ quantitatively, based on the approach to the attractor func-
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tion ϕ1. We formally define the half-width of the similarity function as U∗
1 =

arg max |ϕ1(U)| ≈ 1.924, which is half the absolute distance between global
maxima and global minima (cf. figure 2.11). From (2.6), we then find

λ

2hf
≃ U∗

1T
1/4, (2.8)

expressing the dimensionless (half) width of the decaying profiles. A practical
problem arises when comparing with experiment, at t = 0, the width takes on
a finite value λ0, so that it is initially incompatible with the from (2.8). To
resolve this, we follow Benzaquen et al. [12] and define for each experiment

a convergence time Tλ through λ0/2hf
= U∗

1T
1/4
λ (cf. Appendix 2.C). The

physical meaning of Tλ is that it provides a time at which the experiment
should approach the asymptotics power law (2.8). Using this definition of Tλ,
the scaling (2.8) then gives

λ/λ0 ≃ (T/Tλ)
1/4 , (2.9)

which can be compared with experiments without adjustable parameters.

In figure 2.12, we show the temporal dependence λ/λ0 versus T/Tλ for dif-
ferent initial film thicknesses and viscosities. The black dashed line in the
figure represents (2.9). Clearly, all experimental data points seem to collapse
onto a single master curve which is independent of the film properties used.
Moreover, the master curve has a very good agreement with (2.9). We re-
mark that such a scaling λ ∼ t1/4 is also seen in previous studies with viscous
thin film configurations [82, 113, 12, 46]. Please note that during late times,
some experiments show the width broadening to slowly deviate from the 1/4
scaling as seen in figure 2.12. We suppose the deviations to come from the
one-dimensional to radial symmetry geometry transition and from the wave
interactions coming from the second-drop rebound which can contribute dur-
ing late times.

A similar analysis is performed for the amplitude decay. We once again make
use of the self-similar attractor ϕ1(U) for the relaxation process. Like the
procedure outlined for the study of the width broadening, we employ (2.5)
which implies,

δ

2h
f

≃ M1
|ϕ1(U

∗)|
T 1/2

, (2.10)
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Figure 2.12: Double logarithmic plot of λ/λ0 versus T/Tλ. The mean and
error-bar values of λ/λ0 are obtained by binning every 25 data points. The

black dashed line represents λ/λ0 = (T/Tλ)
1/4. The control parameters are

We = 0.38, h∗ = 0.005− 0.015, and η∗ = 52− 186.

where |ϕ1(U
∗)| ≈ 0.1164 is the maximum of the similarity function (cf. figure

2.11). To avoid the experimental problem that δ0, the amplitude at t = 0,
is finite, we once again determine for each experiment a convergence time Tδ,

using δ0/(2hf
) = M1|ϕ1(U

∗)|/T 1/2
δ (cf. Appendix 2.C). Note that both δ0 and

M1 will be different for each specific experiment, but both parameters can be
determined independently. This finally gives that (2.10) can be written as

δ/δ0 ≃ (T/Tδ)
−1/2. (2.11)

The result for δ/δ0 versus T/Tδ for different film thicknesses and different vis-
cosities are shown in figure 2.13. The black dashed line in the figure represents
(2.11). While experiments exhibit a very good agreement with the numerical
lubrication solution (cf. figure 2.9), it is difficult to infer the scaling behaviour
from individual realisations. However, it is clear that the rescaled amplitude
plot of figure 2.13 is consistent with the predicted asymptotic decay. Indeed,
the data seem to approach the 1/2 scaling law, as indicated by the dashed
line.
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Figure 2.13: Double logarithmic plot of δ/δ0 versus T/Tδ. The mean and
error-bar values of δ/δ0 are obtained by binning every 25 data points. The

black dashed line represents δ/δ0 = (T/Tδ)
−1/2. The control parameters are

We = 0.38, h∗ = 0.005− 0.015, and η∗ = 52− 186.

2.5 Conclusions and Outlook

In this work, we have performed experiments of a water drop impacting a
viscous thin oil film in an ambient air environment. The considered drop im-
pact velocities are restricted to moderately low values We ∼ 1 at which drops
bounce on thin films, owing to the air cushioning effect. DHM was employed
to measure the deformations of the free oil-film surfaces that occur owing to
the bouncing of drops with an unprecedented precision, allowing for the one-
to-one comparison with lubrication theory.

We first investigated the deformations of the thin film immediately after re-
bound (t = 0) while varying the oil-film thickness h

f
, oil viscosity η

f
and the

impact velocity vw of the drop. We found that the deformation amplitude
after the bounce δ0 varies quadratically with oil-film thickness δ0 ∼ h2

f
and in-

versely with the oil viscosity δ0 ∼ η−1
f

. When increasing the impact speed from
vw ≈ 0.16 m/s to vw ≈ 0.37 m/s, the deformations in the thin film change
even qualitatively. While at lower speeds, a single annular wavy deformation
is found, at higher speeds the radial profiles exhibit two such depressions and
peaks at two different radii.
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In the second part of the chapter, we have detailed the relaxation process of
the viscous thin films when the drop is far away from the free oil surface, after
the bounce. Numerical calculations based on lubrication theory using the ex-
perimental deformations at t = 0 as initial condition show an excellent match
with the experimentally measured evolution of the deformation profiles. Fur-
thermore, we have successfully used a theoretical analysis developed by Ben-
zaquen et al. [10, 11, 12] to obtain analytical results describing the relaxation
process. Thus, taking advantage of the fact that the deformations approach
a universal self-similar attractor, at late times of the relaxation process the
decay of the amplitude and the growth of the width of the deformations can be
described without any free parameters. This allows us to collapse the corre-
sponding experimental curves for all different thin-film properties investigated.

Measuring the deformations of the falling drop and the viscous thin film si-
multaneously has proven challenging in the previous literature [78] and in the
present experiments. However it is worthwhile to investigate the dynamics
of the coupled system as it might provide valuable insight in the deforma-
tion mechanism. To resolve both the drop-air and the oil-air interface, we
therefore plan to combine the color interferometry technique by van der Veen
et al. [139], which can be used to extract the narrow air profiles, with the DHM
technique described in the present chapter. In order to understand the film
deformations theoretically and to quantify possible influences on the macro-
scopic drop dynamics, the macroscopic impact dynamics have to be coupled
to a two-layer lubrication model for the air layer and for the oil-film layer.
Very recently, such a lubrication approach has been pursued by Duchemin
and Josserand [36] for the coalescence of a drop with an underlying thin film.
Also, when combining color interferometry with DHM, it can be tested against
controlled experiments.
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Appendix

2.A Measuring thin-film deformations using DHM

Figure 2.14a shows a schematic diagram where the drop has just moved out of
the DHM measuring window, after the bounce. The height of the measuring
window is roughly 200 µm. Here, we define t = 0 as the first instance when
the DHM measuring window is devoid of the water-air interface allowing for
a clean measurement of the oil-air deformation. The object beam (consisting
of reflection wavefronts from the measuring window) and the reference beam
in the DHM interfere to form the holographic pattern recorded by the DHM
camera.

(a) (b)

Figure 2.14: (a) Schematic diagram at t = 0 when the drop has just left
the DHM measuring window after the bounce. (b) Phase image of the oil-air
deformation at t = 0. The control parameters are We = 0.38, h∗ = 0.01, and
η∗ = 98.

The recorded holograms are converted into their constituent intensity and
phase information, wherein the phase information is used to reconstruct the
height information. Figure 2.14b shows an examplary phase image at time
t = 0. The reconstructed height profile of this phase image is shown in figure
2.4a.
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Figure 2.15: Comparison of thin PDMS gel profiles of a known curvature.

To check whether the weak reflection of the glass-oil interface affects the mea-
surements of the oil-air deformation in the bounce experiments, we perform
a simple calibration experiment. The calibration experiment is performed to
measure the (known) PDMS gel-air profile through glass. Figure 2.15 shows
the comparison of the real and the measured PDMS gel-air deformation. We
confirm that the flat glass-PDMS gel interface (and similarly the flat glass-oil
film interface) does not affect the measurements of the thin-film deformations.
A vertical resolution of around 20 nm is obtained from the calibration plot.
It is important to note that the vertical resolution can be well below 20 nm.
This only a conservative estimate since the real PDMS gel profile can suffer
from small tilt issues and from surface roughness during its fabrication which
are not accounted for here.

2.B Similarity function ϕ1(U)

In principle the similarity functions ϕn(U) are completely covered in the works
of Benzaquen et al. [10, 11, 12], but here we provide the expression for the
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similarity function ϕ1(U) as a reference. The expression for ϕ1(U) reads

ϕ1(U) = +
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(2.12)

Here Γ and 0H2 are the gamma function and the (0,2)-hypergeometric func-
tions, respectively. The (0,2)-hypergeometric function is defined as

0H2 [; {a, b} ;w] =
∞∑
n=0

1

(a)n (b)n

wn

n!
. (2.13)

Here (.)n is the Pochhammer notation for the rising factorial.

2.C Convergence times Tλ and Tδ

The expressions for the convergence times Tλ and Tδ are given by

Tλ =

(
λ0

2h
f
U∗
1

)4

& Tδ =

(
2h

f
M1|ϕ1(U

∗)|
δ0

)2

(2.14)

where, U∗
1 ≈ 1.924 and |ϕ1(U

∗)| ≈ 0.1164 are constants. Table 2.3 lists the
typical convergence time values obtained from the experiments.

5 µm 10 µm 15 µm
52 mPa.s 672 173 125
98 mPa.s 594 121 69
186 mPa.s 459 60 34

(a) Tλ

5 µm 10 µm 15 µm
52 mPa.s 2187 567 449
98 mPa.s 2778 421 235
186 mPa.s 2648 357 124

(b) Tδ

Table 2.3: Convergence times Tλ and Tδ values for varying film thickness and
film viscosity. The control parameters are We = 0.38, h∗ = 0.005−0.015, and
η∗ = 52− 186.



Chapter 3

Drop impact on viscous liquid
films1

When a liquid drop falls on a solid substrate, the air layer in between them
delays the occurrence of liquid–solid contact. For impacts on smooth sub-
strates, the air film can even prevent wetting, allowing the drop to bounce off
with dynamics identical to that observed for impacts on superamphiphobic
materials. In this chapter, we investigate similar bouncing phenomena, occur-
ring on viscous liquid films, that mimic atomically smooth substrates, with
the goal to probe their effective repellency. In the case of highly viscous or
very thin films, the impact dynamics are not affected by the presence of the
viscous film. Within this substrate–independent limit, bouncing is suppressed
once the drop viscosity exceeds a critical value as on superamphiphobic sub-
strates. For thicker or less viscous films, both the drop and film properties
influence the rebound dynamics and conspire to inhibit bouncing above a crit-
ical film thickness. This substrate–dependent regime also admits a limit, for
low viscosity drops, in which the film properties alone determine the limits
of repellency. We elucidate the mechanisms associated to the bouncing to
floating transition using experiments, simulations, and a minimal model that
predicts the main characteristics of drop impact, the contact time, and the
coefficient of restitution.

1Submitted as: V. Sanjay, S. Lakshman, P. Chantelot, J. H. Snoeijer and D. Lohse,
Drop impact on viscous liquid films, J. Fluid Mech. Experiments by Lakshman; simulations
by Sanjay; analysis by Sanjay, Lakshman, and Chantelot; writing by Sanjay, Lakshman,
Chantelot, Snoeijer, and Lohse and supervision by Snoeijer and Lohse. Proofread by every-
one.

41
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3.1 Introduction

Liquid drop impact on solids and liquids abound in nature [154] and are essen-
tial for several industrial applications, such as inkjet printing [79] and criminal
forensics [125]. Consequently, drop impact has garnered extensive attention
[105, 144, 134, 155, 55] ever since the seminal work of Worthington [149, 150].
Impacts can result in either contact or levitation outcomes, depending on
whether the air layer trapped between the drop and the substrate drains com-
pletely during impact. In this work, we focus primarily on the latter scenario
which can further result in either repellent (bouncing drops) or non-repellent
(floating/non-bouncing drops) behaviours.

For low impact velocities, the buildup of the lubrication pressure in the drain-
ing air layer prevents the drop from contacting with the underlying surface,
leading to drop bouncing/floating on this layer [30, 156, 157, 126, 139]. Drops
that bounce/float in such a scenario are realized in several configurations, for
example on solid surfaces [63, 32], liquid films [91, 47, 129, 130], stationary
[112, 61, 151] or vibrating liquid pools [28, 29], or even soap films [45]. Inter-
facial processes such as Marangoni flow [43] or the generation of vapor below
a drop deposited on a superheated substrate [the Leidenfrost effect where the
liquid levitates on a cushion of its own vapor, 72, 101, 22] can further stabilize
the sandwiched air/vapor layer to facilitate levitation, even for the dynamic
case of drop impact [20, 135, 123]. Drops can also defy gravity and levitate
thanks to the so–called inverse Leidenfrost effect [1, 41], or electromagnetic
forces [90, 124].

At higher impact velocities, the air layer ruptures, leading to contact. The
rupture occurs due to a strong van der Waals attractive force between the
droplet and the substrate, which comes into play as the thickness of the gas
layer reduces below the order of 10−100 nm [see appendix 3.A, and 24, 27, 160].
Additionally, surface asperities that are of the order of the minimum gas layer
thickness can also cause rupture, binding the drop to the surface [132, 63, 75].

In this work, we perform experiments and direct numerical simulations (DNS)
to investigate drop rebound on viscous liquid films. In the limit of thin enough
viscous coatings, the substrate mimics an atomically smooth solid and dis-
plays a superamphiphobic-like repellent behavior [47, 78]. This substrate–
independent bouncing [44, 78, 89, 66] can be compared with that observed on
superhydrophobic substrates, where the apparent contact time is given by the
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oscillation time of a drop [103], owing to the drop impact-oscillation analogy
[110]. However, unlike ideal Rayleigh oscillations, the collisions are partially
inelastic due to viscous dissipation [98]. The elasticity of such impacts can be
increased by reducing the viscosity of the drop [109, 110]. As a result, such
an impacting drop can be modeled using quasi-ideal spring, whose stiffness is
given by the surface tension coefficient [86]. In addition, when the drop viscos-
ity increases and viscous dissipation becomes significant, this spring couples
with a linear damper whose strength is proportional to the drop’s viscosity [see
appendix 3.B, and 54]. The adoption of such a spring-mass-damper system
has led to several successful predictions of the drop impact dynamics in a vari-
ety of configurations such as viscous bouncing [83, 54], spontaneous levitation
[120], fast bouncing [23], and walking drops [131].

In the opposing limit of thick liquid films (pools), drops can also bounce/float
[107, 53]. However, unlike solids and very thin films, these pools deform on
impact and can absorb a part of the impact kinetic energy in the form of (i)
surface energy owing to interfacial deformation, (ii) internal kinetic energy,
and (iii) viscous dissipation [40]. Consequently, the impact outcomes also in-
clude a substrate–dependent regime which culminates in the transition from
bouncing to floating. In the latter case, the drop cannot take off, resulting in
the liquid surface loosing its repellent property. Hao et al. [47] studied this
transition from the substrate–independent to substrate–dependent bouncing
for water drops and reported that the critical film thickness marking this tran-
sition depends on the film viscosity and the impact velocity of the drops.

In the present work, we elucidate how the thickness and viscosity of liquid
coatings influence the rebound characteristics of an impacting drop, culminat-
ing in the loss of repellency (i.e., the transition from bouncing to floating).
We disentangle how the initial kinetic energy of an impacting drop can be ab-
sorbed through dissipation and energy transfers in the drop and the liquid film.

The chapter is organized as follows: § 3.2 describes the experimental and nu-
merical methods. In § 3.3, we discuss the phenomenology of the drop impact
dynamics on viscous liquid films. Guided by our experimental and numerical
observations, we develop a phenomenological model in § 3.4, extending on the
spring-mass-damper analogy by considering the liquid coating as an additional
source of dissipation. In § 3.5, we test the validity and applicability of this
model by comparing the predicted values of the coefficient of restitution with
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our observations when both the drop and film properties are varied. We also
delineate the various regimes observed in this work by measuring the critical
film thicknesses at which the substrate–independent to substrate–dependent
and bouncing to floating transitions occur and compare their observed values
with the model predictions. Further, § 3.6 investigates the cases where our
phenomenological model fails to predict the observed dynamics and gives al-
ternate explanations. The chapter ends with a conclusions and outlook (§ 3.7).

3.2 Methods

3.2.1 Experimental details

Our experiments, whose setup in sketched in figure 3.1, consist of silicone oil
droplets, with radius R, density ρd, and viscosity ηd, impacting on silicone
oil films with thickness hf , density ρf , and viscosity ηf . We choose silicone
oil as a working fluid as its viscosity can be varied over a wide range, here
from 0.8mPa.s to 96mPa.s, while keeping its density and surface tension co-
efficient (γ) nearly constant, as evidenced in table 3.1. Droplets with radius
R = 1 ± 0.1mm are released from a calibrated needle whose height can be
varied to adjust the impact velocity V from 0.1m/s to 0.5m/s.

glass high-speed
camera

oil

light
source

diffuser
plate

oil

gas drop

film

(a) (b)

V

R
g

V

g

(0,0)

Figure 3.1: (a) Schematic (not to scale) of the experimental setup. (b) Side
view visualization of the drop impact process as viewed using the high-speed
camera. The inset also shows the axi-symmetric domain used in the direct
numerical simulations and defines the used symbols.
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The rupture of the air layer, that mediates the interaction between the drop
and the film, determines the upper bound of the bouncing regime and sets
the maximal impact velocity, expressed as the Weber number (i.e., ratio of
inertial to capillary stresses) We ≡ ρdRV 2/γ ≲ O (10) [see appendix 3.A and
27, 121]. We further fix the impact velocity at V = 0.3±0.03m/s, correspond-
ing to We = 4±1, and focus on the influence of the material properties of the
drop and the film on the impact process (see § 3.2.2). Indeed, this process is
fairly independent of We in the narrow range of We in which bouncing occurs
without air layer rupture (see appendix 3.A and 3.C).

Silicone oil ρ (kg/m3) η (mPa.s) γ (mN/m)

SE 1 818 0.8 17
AK 5 920 4.6 19
AK 10 930 9.3 20
AK 20 950 19 21
AK 35 960 34 21
AK 50 960 48 21
AK 100 960 96 21

Table 3.1: Properties of liquids used in the experiments. γ is the liquid-air
surface tension coefficient. The silicone oil manufacturers are Shin Etsu (SE)
and Wacker Chemie AG (AK).

Films of controlled thickness, varying from 0.01mm to 1mm, are prepared by
spincoating the liquid for hf < 0.03mm, or by depositing a known volume of
silicone oil on a glass slide and allowing it to spread when hf > 0.03mm. We
measure the thickness of spincoated films using reflectometry [106], with an
uncertainty of ±0.1 µm, while the thicker films obtained from the deposition
method are characterized from side-view imaging, using a procedure detailed
in appendix 3.D, with an uncertainty of±30 µm. We record the impact dynam-
ics using a high-speed side-view imaging at 10,000 frames per second (Photron
UX100).
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3.2.2 Governing equations & Numerical framework

This section describes the direct numerical simulation (DNS) framework used
to study the drop impact process with the free software program, Basilisk C
[96], using the volume of fluid method (VoF, equation (3.1)) for tracking the
interface, [137]. In this work, we have three fluids, namely, the drop, film, and
air, denoted by (d), (f), and (a), respectively (figure 3.1). In order to track
the three fluids and enforce non-coalescence between the drop and the film,
we use two VoF tracer fields, Ψ1,Ψ2 [102],(

∂

∂t
+ v·∇

)
{Ψ1,Ψ2} = 0, (3.1)

where v is the velocity field. The use of two VoF fields, followed by inter-
face reconstruction and implicit tagging of the ambient medium (air tracer,
Ψa = 1 − Ψ1 − Ψ2), ensures that the two tracers never overlap [102, 84]. As
a result, there is always a thin air layer between the drop and the film. Our
continuum-based simulations are thus not sufficient to predict the coalescence
of interfaces [27], and we obtain the bounds of the non-coalescence regime,
which sets the maximal Weber number probed in our simulations, from ex-
periments (see appendix 3.A for details).

We use adaptive mesh refinement (AMR) to resolve the length scales pertinent
to capture the bouncing process, i.e. the flow inside the drop and the liquid
coating. The adaption is based on minimizing the error estimated using the
wavelet algorithm [94] in the volume of fluid tracers, interfacial curvatures,
velocity field, vorticity field and rate of viscous dissipation with tolerances
of 10−3, 10−4, 10−2, 10−2, and 10−3 respectively [115]. We ensure that at
least 15–20 grid cells are present across the minimum liquid film thickness
(Γ = hf/R = 0.01) studied in this work to resolve the velocity gradients in
the film [57, 76]. The minimum thickness of the air layer is of the order of
the minimum grid size ∆ = R/2048. We further note that this thickness can
be larger than this minimum owing to flow characteristics. For example, the
shear stress balance across an interface with a high viscosity ratio delays the
drainage of air layer [159].

For an incompressible flow, the mass conservation requires the velocity field
to be divergence-free

∇ · v = 0. (3.2)
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Furthermore, the momentum conservation reads (tildes denote dimensionless
quantities)(

∂

∂t̃
+ ṽ · ∇̃

)
ṽ =

1

ρ̃

(
−∇̃p+ ∇̃·

(
2OhD̃

))
−Bo êZ + f̃γ , (3.3)

where the coordinate dimensions, velocity field v, and pressure p are normal-
ized using the drop radius R, inertio-capillary velocity scale vγ =

√
γ/ρdR

and capillary pressure pγ = γ/R, respectively. The bracketed term on the left
hand side of equation (3.3) is the material derivative. On the right hand side,
êZ is a unit vector in the vertically upward direction (see figure 3.1b) and
the deformation tensor, D̃ is the symmetric part of the velocity gradient ten-

sor

(
D̃ =

(
∇̃ṽ +

(
∇̃ṽ

)T
)
/2

)
. Further, we employ one-fluid approximation

[137] to solve these equations whereby the material properties (such as dimen-
sionless density ρ̃ = ρ/ρd and dimensionless viscosity Oh) change depending
on which fluid is present at a given spatial location (equations (3.4)–(3.5)).

ρ̃ = Ψ1 +Ψ2
ρf
ρd

+ (1−Ψ1 −Ψ2)
ρa
ρd

(3.4)

Oh = Ψ1Ohd +Ψ2Ohf + (1−Ψ1 −Ψ2)Oha (3.5)

where, the Ohnesorge number Oh is the ratio between the inertio-capillary to
the visco-capillary time scales. It is defined for all the three phases, namely,
the drop, the film, and the air (ambient), and are given by

Ohd = ηd/
√
ρdγR, (3.6)

Ohf = ηf/
√
ρdγR, and (3.7)

Oha = ηa/
√

ρdγR, (3.8)

respectively. Here, ηd, ηf , and ηa are the viscosity of the drop, film, and
air (ambient), respectively. Furthermore, ρf/ρd and ρa/ρd are the film-drop
and air-drop density ratios. For simplification, we use ρf/ρd = 1 (also see
table 3.1). In order to keep the surrounding medium as air, ρa/ρd and Oha
are fixed at 10−3 and 10−5, respectively. We also fix the Bond number (ratio
of the gravitational to the capillary pressure) given by

Bo = ρdgR
2/γ, (3.9)

at 0.5 during this study. The initial condition (figure 3.1b) is given by the
normalized impact velocity, Ṽ =

√
We.
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Lastly, a singular body force f̃γ is applied at the interfaces to respect the dy-
namic boundary condition across them. The approximate forms of these forces
follow from Brackbill et al. [17], Prosperetti and Tryggvason [99], Tryggvason
et al. [137] as

f̃γ ≈ κ̃1∇̃Ψ1 + κ̃2∇̃Ψ2. (3.10)

Here, κ1 and κ2 are the curvatures associated with Ψ1 and Ψ2, respectively,
calculated using the height-function method. During the simulations, the max-
imum time-step needs to be less than the oscillation period of the smallest
wavelength capillary wave as the surface-tension scheme is explicit in time
[93, 95].

Figure 3.1(b) represents the axi-symmetric computational domain. A tangen-
tial stress-free and non-penetrable boundary condition is applied on each of
the domain boundaries. The pressure gradient is also set to zero at these
boundaries. Furthermore, the domain boundaries are far enough so that they
do not influence the process. The cases with low Ohf require extra attention
due to the train of capillary waves formed post-impact as these waves can
reflect back from the side-walls.

3.3 Phenomenology of the impact events

In figure 3.2, we compare the behaviour of a typical silicone oil drop (R =
1.0mm, V = 0.35m/s and ηd = 4.6mPa.s) impacting on films with a fixed
viscosity ηf = 96mPa.s but contrasting thicknesses: hf = 0.01, 0.35, and
0.85mm. We show a one-to-one comparison between experimental and DNS
snapshots and display three key pieces of information: the position of the
liquid-air interfaces (green lines) that can be directly compared with exper-
iments, the rate of viscous dissipation per unit volume (left panel of each
numerical snapshot), and the magnitude of the velocity field (right panel of
each numerical snapshot).
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(a)

(b)

(c)

Figure 3.2: Effect of the film thickness on the drop impact process: comparison
of the experimental and DNS snapshots of the impact process on films with
hf = (a) 0.01mm, (b) 0.35mm, and (c) 0.85mm. In each panel, the top row
contains the experimental images with (green) interface outline from DNS, and
the bottom row contains numerical snapshots showing the dimensionless rate

of viscous dissipation per unit volume (ξ̃η = 2Oh
(
D̃ : D̃

)
) on the left and the

magnitude of dimensionless velocity field (ṽ) on the right. We show ξ̃η on a
log10 scale to identify regions of maximum dissipation (marked with black for
ξ̃η ≥ 10). For all cases in this figure, R = 1mm, V = 0.3m/s, ηd = 4.6mPa.s
and ηf = 96mPa.s, corresponding to (We,Ohd ,Oh f ) = (4, 0.034, 0.67).



50 CHAPTER 3. DROP IMPACT ON VISCOUS LIQUID FILMS

For the thinnest film (hf = 0.01mm, figure 3.2a), the drop deforms as it
comes in apparent contact with the film mediated by the air layer, an in-
stant that we choose as the origin of time t = 0. The drop spreads until
it reaches its maximal lateral extent, recoils and rebounds in an elongated
shape after a time tc = 15.6 ± 0.1ms, called the contact time. Through-
out the impact process, viscous stresses inside the drop dissipates energy
(see t = 1.5ms and 7.5ms). Consequently, after take off, the drop reaches
a maximal center of mass height H = 2.0 ± 0.1mm relative to the undis-
turbed film surface, from which we deduce the restitution coefficient defined
as ε =

√
2g(H −R)/V , here ε = 0.48 ± 0.05. The liquid-air interface pro-

files obtained from experiments and numerics are in excellent agreement, and
we measure the same value of the contact time and restitution coefficient in
simulations, using the method described in appendix 3.E. This behavior is in
quantitative agreement with that reported for the impact of a viscous drop
on a superhydrophobic surface by Jha et al. [54], suggesting that the presence
of both the air and liquid film have a negligible influence on the macroscopic
dynamics of the rebound, and that viscous dissipation in the drop determines
the rebound height.

For hf = 0.35mm (figure 3.2b), despite the noticeable deformation of the liq-
uid film, the qualitative features of the bounce are similar. We further observe
that as the drop takes off, the film free surface has not yet recovered its undis-
turbed position. We measure an increase of the contact time to tc = 17±0.1ms
and a decrease in the rebound elasticity, with H = 1.6 ± 0.1mm implying
ε = 0.37±0.04. The DNS snapshots show that in this case, viscous dissipation
occurs both in the drop and the underlying liquid. Qualitatively, the instan-
taneous rate of viscous dissipation in the drop is similar for hf = 0.01mm and
hf = 0.30mm, suggesting that the decrease in rebound elasticity is primarily
linked to the increased film dissipation.

Finally, for hf = 0.85mm (figure 3.2c), the film deformation increases and the
substrate looses its repellent ability. The drop center of mass does not take
off above H = R, the drop floats on top of the liquid film, a situation that
corresponds to the inhibition of bouncing for which ε ≈ 0 and the contact time
diverges. In this case, we notice that the experimental and numerical interface
profiles differ at t = 0ms. This initial discrepancy, caused by drop oscillations
upon detachment from the needle, does not affect the subsequent impact dy-
namics and the impact outcome, as evidenced by the good agreement of the
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interface profiles at later instants.

We now systematically vary the film thickness hf while keeping the drop and
film viscosity constant (ηd = 4.6mPa.s and ηf = 96mPa.s) and plot, in fig-
ures 3.3(a) and (b), the contact time tc and the coefficient of restitution ε
extracted from experiments (circles) and DNS (hexagrams). Experiments and
simulations are in excellent agreement when varying the film thickness by two
orders of magnitude, hf = 0.01mm − 1mm. The existence of two regimes is
readily apparent.
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Figure 3.3: Effect of the film thickness on the rebound characteristics
for R = 1mm, V = 0.3m/s, ηd = 4.6mPa.s and ηf = 96mPa.s, i.e.
(We,Ohd ,Oh f ) = (4, 0.034, 0.67): (a) contact time tc and (b) restitution co-
efficient ε as a function of film thickness hf . Circles and hexagrams represent
experiments and DNS, respectively. In panels (a) and (b), the horizontal
black dashed lines represent the substrate-independent limits of contact time
and restitution coefficient, respectively, while the solid black lines shows the
results from the phenomenological model (see § 3.4) with parameters ck = 2,
cd = 5.6 and cf = 0.46. The vertical gray dotted line marks the transition
from the bouncing to the floating regime. The inset of panel (b) illustrates the
variation of the restitution coefficient normalized by its substrate-independent
value ε∗ as a function of the film thickness. Here, the horizontal gray line
represents ε = 0.9ε∗, marking the transition from substrate–independent to
substrate–dependent bouncing at hf = hf,1. (c) Schematic diagram of the
phenomenological model that describes the drop impact process on a liquid
film. The parameters ρdR

3, ηdR, and γ are associated to the drop properties
and ηfΓ

−3R is associated to the film properties.
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Firstly, for hf ≲ 0.1mm, both tc and ε are independent of hf . The value of the
contact time in this regime, tc = 15.6 ± 0.5ms, corresponds to that expected
from the inertio-capillary scaling [141, 110]. The contact time is proportional
to τγ =

√
ρdR3/γ with a prefactor 2.2± 0.1, in good agreement with that cal-

culated by Rayleigh [103] for the fundamental mode of drop oscillation π/
√
2.

Similarly, the plateau value of the coefficient of restitution ε = 0.47 ± 0.04
is in reasonable agreement with that reported for the impact of water drops
on superhydrophobic substrates for similar drop Ohnesorge number Ohd and
impact Weber number We [54]. We therefore refer to this regime as substrate–
independent rebound (see also appendix 3.B).

Secondly, for hf ≳ 0.1mm, the contact time and coefficient of restitution are
influenced by the film thickness. We observe that tc increases (figure 3.3a)
and ε decreases (figure 3.3b) with increasing hf until tc diverges and bouncing
ceases (ε = 0) for hf ≈ 0.75mm. This critical thickness marks the threshold
of the rebound behavior and the transition to the floating regime. Here, the
rebound characteristics vary significantly with hf and we therefore refer to
this regime as substrate–dependent.

Finally, we characterize the transition from the substrate–independent to the
substrate–dependent regime by introducing the thickness hf,1, in dimensionless
form Γ1 = hf,1/R, which marks the decrease of ε to 0.9 times its plateau value
ε∗. Similarly, we define the critical thickness hf,2, respectively Γ2 = hf,2/R, as-
sociated to the transition from the substrate–dependent to the floating regime
as the smallest film thickness which results in ε = 0. The impact dynamics can
be categorized into three distinct regimes: a substrate–independent regime for
Γ = hf/R ⩽ Γ1, a substrate–dependent regime for Γ1 < Γ < Γ2, and a floating
regime for Γ ⩾ Γ2.

3.4 Phenomenological model

We now seek to rationalize the dependence of the rebound time and elastic-
ity with the substrate and drop properties by constructing a minimal model,
guided by our experimental and numerical observations. We build on the
classical description of a drop as a liquid spring which reflects the balance of
inertia and capillarity during a rebound [110, 86]. Here, we consider viscous
drops and further add a damping term to the liquid spring, an approach which
has been shown to successfully capture the variation of contact time and co-
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efficient of restitution across over two orders of magnitude variation in liquid
viscosities [54]. Similarly, we interpret the film behavior through the liquid
spring analogy. The film motion contrasts with that of the drop, while the
latter displays a full cycle of oscillation during a rebound, the former never
returns to its undisturbed position (see figure 3.2). This observation leads us
to consider that the damping component dominates the behavior of the liquid
film, and to neglect the contributions of inertia and surface tension. We fur-
ther discuss this assumption and its validity in § 3.6.

In figure 3.3(c), we present a sketch of the model, where we assume that the
droplet and the film are connected in series during apparent contact, and show
the scaling forms of the drop and film components. The scaling relations for
the drop mass, stiffness and damping are taken from the work of Jha et al.
[54] as proportional to ρR3, γ, and ηdR, respectively, with corresponding pref-
actors 1, ck, and cd. We determine the values of ck and cd from results in
the substrate–independent bouncing regime (see appendix 3.B). The scaling
form of the film damping term is chosen as proportional to ηfΓ

−3R, where
Γ = hf/R, with corresponding prefactor of cf (figure 3.3c). This is built on
two key assumptions. First, we first assume that the lubrication approximation
holds in the film as, for sufficiently high film Ohnesorge numbers (Oh f ≳ 0.1),
the slopes associated to the film deformations are small (Γ ≪ 1, Oh f ∼ O (1),
see § 3.6 for limitations). And second, we choose to consider the drop as an
impacting disk rather than a sphere, owing to the rapid drop spreading upon
impact [37, 146], which results in a damping term proportional to Γ−3 instead
of Γ−1 [69]. Lastly, we fit the prefactor cf to our experiments and simulations.

With these assumptions, the equations of motion for the model system (figure
3.3c) read

ρR3ÿ = −ckγ (y − x)− cdηdR (ẏ − ẋ) , (3.11)

0 = +ckγ (y − x) + cdηdR (ẏ − ẋ)− cfηfΓ
−3Rẋ, (3.12)

where y and x are the displacements of the drop and the film relative to their
initial position in the reference frame of the laboratory, and the dots denote
time derivatives. We point out that by setting ẋ = x = 0, we recover the
model proposed by Jha et al. [54], which extends the analogy between the
drop impact process and a spring-mass system [86, 14] by adding a damper
to account for viscous dissipation in the drop. Here, we additionally consider
viscous dissipation in the liquid coating and model the film as a damper with-
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out inertia.

Similarly as for the governing equations in DNS, we make equations (3.11)
and (3.12) dimensionless using the length scale R and the time scale τγ and
use tildes to identify dimensionless variables. Next, we obtain an equation of
motion for the drop deformation z̃ = ỹ − x̃, namely(

1 +
cdOhd

cfOh f Γ−3

)
¨̃z + cdOhd

(
1 +

ck
cdOhd · cfOh f Γ−3

)
˙̃z + ckz̃ = 0, (3.13)

which admits oscillatory solutions, that is drop rebound, under the condition

ω2 = 4ck −
(
cdOhd − ck

cfOh f Γ−3

)2

> 0. (3.14)

We note that ω2 decreases with increasing Γ for fixed Ohd and Oh f , in qualita-
tive agreement with the existence of a critical film height above which bouncing
stops (figure 3.3b). Equation (3.14) allows us to determine the bounds of the
bouncing regime in terms of a critical drop Ohnesorges number Ohd,c and
film thickness Γ2. Discarding the two roots of the equation ω2 = 0 that yield
unphysical negative values of Ohd,c and Γ2, we obtain

Ohd,c =
1

cd

(
2
√
ck +

ck
cf

(
Γ2/Oh

1/3
f

)3
)
, and (3.15)

Γ2/Oh
1/3
f =

(
cf
ck

(cdOhd + 2
√
ck)

)1/3

. (3.16)

Equations (3.14)–(3.16) evidence that the role of the film viscosity and height

are intertwined as we find the combination Γ/Oh
1/3
f . Furthermore, the substrate–

independent bouncing threshold is recovered when the film mobility, Γ/Oh
1/3
f ,

tends to 0, that is for very thin and/or very viscous films. Indeed equa-
tions (3.15)–(3.16) become

Ohd,c =
2
√
ck

cd
, and (3.17)

Γ2/Oh
1/3
f =

(
2

cf√
ck

)1/3

, (3.18)

for the limiting cases of substrate–independent (Γ/Oh
1/3
f → 0), and inviscid

drop (Ohd → 0) asymptotes, respectively.
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To go further, we solve equation (3.13) with the initial conditions z̃ = 0 and
˙̃z =

√
We at t̃ = 0, yielding

z̃(t̃) =
2
√
We

Ω
exp

(
−ϕt̃

2

)
sin

(
Ωt̃

2

)
, (3.19)

where, ϕ =
ck + cdOhdcfOh f Γ

−3

cdOhd + cfOh f Γ−3
, (3.20)

and Ω = ω

(
1 +

cdOhd

cfOh f Γ−3

)−1

, (3.21)

can be interpreted as an effective damper and angular frequency, respectively,
by comparing the above expression to the one obtained by Jha et al. [54] for

Γ/Oh
1/3
f → 0. We can deduce the expressions for both the contact time and

the coefficient of restitution using these pieces of information. The contact
time is taken as the instant at which the drop deformation z̃ comes back to
zero, which occurs at Ωt̃ = 2π, giving

tc
τγ

=
2π

ω

(
cdOhd

cfOh f Γ−3
+ 1

)
. (3.22)

Equation (3.22) is then used to compute the coefficient of restitution ε as the
ratio of rebound velocity, ˙̃z(t̃c), to the impact velocity,

√
We. We immediately

notice that this definition yields an expression for ε that does not depend on
We. Similarly, as in Jha et al. [54], we resolve this discrepancy by scaling
the coefficient of restitution by ε0, its We–dependent value in the substrate–
independent limit for inviscid drops

ε = ε0 exp

(
−π

ω

(
cdOhd +

ck
cfOh f Γ−3

))
. (3.23)

where the prefactor ε0 is obtained by fitting the substrate–independent exper-
iments. We also recover the expressions for tc and ε for viscous drop impact
on non-wetting substrates [54], allowing us to determine ck and cd (see ap-
pendix 3.B).

We test the model predictions for the contact time and rebound elasticity in
the substrate–dependent regime by comparing the data (symbols) presented
in figures 3.3(a) and (b) to least-square fits of equations (3.22) and (3.23) with
cf as a free parameter (solid lines) and taking ε0 = 0.58 (see appendix 3.B).
We find that the model accurately predicts the variation of tc and ε with Γ
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for cf = 0.46± 0.1.

We now assess the predictive ability and the limits of this minimal model by
experimentally and numerically varying the drop and film Ohnesorge numbers.
We give particular attention to the value of the coefficient cf necessary to fit
the model to this data, and to the two asymptotes predicted by the model
that bound the region of bouncing drops (equations (3.17)-(3.18)).

3.5 Influence of drop and film parameters

3.5.1 Influence of the film Ohnesorge number Oh f

We first vary the film Ohnesorge number Oh f while keeping the drop and
impact properties constant. In figure 3.4(a), we show the evolution of the
coefficient of restitution ε for drops with Ohd = 0.034 as a function of the
dimensionless film thickness Γ while exploring two decades in film viscosity,
Oh f = 0.01− 2.0.

On the one hand, as expected, the values of the coefficient of restitution are not
affected in the substrate–independent limit. On the other hand, the substrate–
dependent behavior shows the influence of Oh f and we identify two regimes.
For Oh f ≲ 0.1, the evolution of ε with Γ does not depend on Oh f , as illus-
trated by the data collapse in figure 3.4(a). However, for Oh f ≳ 0.1, increasing
the film viscosity leads to a larger extent of the substrate–independent plateau
and to an increase of the critical film thickness at which bouncing stops. This
change in the Oh f dependence can be characterized by the two dimensionless
critical film thicknesses Γ1 = hf,1/R, and Γ2 = hf,2/R, which increase from
0.17 to 0.33 and 0.58 to 1.1, respectively, when Oh f is increased from 0.1 to 2.0.

We interpret the two types of behavior in the substrate–dependent regime in

the light of our minimal model, which predicts that the film mobility, Γ/Oh
1/3
f ,

controls dissipation in the substrate. In figure 3.4(b), we plot the coefficient of

restitution data presented in (a) after rescaling the horizontal axis by Oh
−1/3
f .

The data now collapse for Oh f ≳ 0.1, indicating that the proposed approxima-
tions capture the large viscosity limit but breaks down for lower film Ohnesorge
numbers. We further evidence the validity and failure of the minimal model
by plotting the prediction of equation (3.23) with cf = 0.46 (solid black line).
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Figure 3.4: Influence of the film parameters on the impact characteristics:
variation of the coefficient of restitution ε as a function of (a) the film thick-

ness Γ and (b) the film mobility Γ/Oh
1/3
f . In panels (a) and (b), the circles

and hexagrams correspond to the results from experiments and simulations,
respectively. The colored dashed lines in panel (a) and the solid black line
in panel (b) illustrate the results from the phenomenological model (equa-
tion (3.23)) with parameters ck = 2, cd = 5.6 and cf = 0.46. Black dashed
lines in panels (a) and (b) mark the substrate–independent limit of the resti-
tution coefficient ε∗. For all cases in this figure, Ohd = 0.034 and We = 4.

3.5.2 Influence of the drop Ohnesorge number Ohd

In this section, we focus on the influence of the drop Ohnesorge number on
the rebound elasticity. In figure 3.5(a), we plot the coefficient of restitution as
a function of the dimensionless film thickness for a fixed Oh f = 0.667 and for
varying Ohd spanning the range 0.01–0.133. Increasing Ohd affects ε across all
film thicknesses. In the substrate–independent region, the coefficient of resti-
tution decreases with increasing drop Ohnesorge number. In appendix 3.B,
we show that the plateau values reported in figure 3.5(a) decay exponentially
with increasing Ohd as predicted by Jha et al. [54]. To better illustrate the
influence of Ohd in substrate–dependent regime, we normalize the coefficient
of restitution ε by its substrate–independent value ε∗ (figure 3.5b). The data
collapse only for small Γ, indicating that the drop and film characteristics
both conspire to determine the substrate–dependent behavior. We monitor
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the Ohd dependence through the evolution of Γ1 and Γ2, that both decrease
with increasing Ohnesorge number.

ex
p
er
im
en
ts

si
m
u
la
ti
on
s

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.01 0.1 1.0

(a) (b)

0.01 0.1 1.0

0.7 1.0

0.8

0.6

0.4

0.2

0.0

substrate-independent

theory

Figure 3.5: Influence of the drop parameters on the rebound elasticity: varia-
tion of (a) the coefficient of restitution ε and (b) the coefficient of restitution
normalized with its substrate–independent value ε/ε∗ as a function of the nor-
malized film thickness Γ. The circles and hexagrams correspond to the results
from the experiments and simulations, respectively. In panel (a), the dashed
lines denote the plateau values of the restitution coefficient ε∗(Ohd ). In panels
(a) and (b), the solid lines represent the results from the phenomenological
model (equation (3.23)) with parameters ck = 2, cd = 5.6 and cf = 0.46. For
all cases in this figure, Oh f = 0.667 and We = 4.

3.5.3 Influence of Oh f and Ohd on the critical film thicknesses

We now characterize the influence of the drop and film Ohnesorge number by
quantitatively reporting their effect on the critical thicknesses for substrate–
independent to substrate–dependent (Γ1) and bouncing to floating (Γ2) transi-
tions. Indeed, we have shown above that these two critical thicknesses are good
proxies to characterize the continuous transition from substrate–independent
bouncing to rebound inhibition. In figures 3.6(a,b), we show Γ1 and Γ2 as a
function of the film Ohnesorge number for Ohd in the range 0.01–0.133. This
representation reflects the existence of the two distinct regimes reported in
figure 3.4.
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Figure 3.6: Critical film thickness marking the transition from (a) substrate–
independent to substrate–dependent bouncing Γ1 and (b) bouncing to floating
Γ2 as a function of Oh f at different Ohd . Prefactors (c) α1 and β1, and (d)
α2 and β2 as a function of Ohd . The solid black line in panel (c) represents
the model prediction for β1, equation (3.24). The solid black lines in panel (d)
represent the model predictions for β2 using equations (3.15)-(3.16), and the
black dashed lines show the two asymptotes, equations (3.17)-(3.18).
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First, when Oh f ≲ 0.1, Γ1 and Γ2 are independent of Oh f and we write
Γ1 = α1(Ohd ) and Γ2 = α2(Ohd ). This observation is in contradiction with
the expectations from our minimal model which predicts that Oh f influences
the values of Γ1 and Γ2. Surprisingly, this Oh f –independence of the critical
thicknesses and the collapse observed in figure 3.4(a) suggest that the energy
transfer to the film (in the form of kinetic and surface energies) and the film
viscous dissipation are independent of film viscosity for Oh f ≲ 0.1. We will
further elaborate on this regime in § 3.6.

Second, for larger film Ohnesorge numbers, the dissipation in the film is cap-
tured by the lubrication approximation ansatz. As a result, both critical

thicknesses follow the relations Γ1 = β1(Ohd )Oh
1/3
f and Γ2 = β2(Ohd )Oh

1/3
f ,

as predicted by the model. Beyond this scaling relation, the accuracy of the
minimal model is tied to its ability to predict the prefactors β1 and β2 when
Oh f ≳ 0.1. In figures 3.6(c,d), we plot β1 and β2 as a function of the drop
Ohnesorge number. Both prefactors show a plateau for Ohd ≲ 0.03 before
decreasing monotonically with the drop Ohnesorge number. We compare the
measured prefactors to the model predictions which we plot as a solid lines in
figures 3.6(c,d). β1 is obtained by solving ε = 0.9ε∗, yielding

β1 = c
1/3
f

−cdOhd (1− r2) + 2r
√
ck(1 + r2)− c2dOh2

d

ck(1 + r2)

1/3

, (3.24)

where, r =
cdOhd√

4ck − c2dOh2
d

− ln(0.9)

π
, (3.25)

and β2 is given by equation (3.16). The model fails to capture both the de-
crease of β1 and β2 with Ohd . Yet, we can interpret the evolution of these
two prefactors along the inviscid and viscous drop limiting cases. Indeed, for
inviscid drops (i.e. small Ohd ), the model predictions for β1 and β2 show a
plateau whose value is in good agreement with that reported in experiments.
Conversely, for viscous drops (i.e. large Ohd ), β2 decreases with Ohd to
match the asymptote associated to the substrate–independent bouncing inhi-
bition occurring at Ohd,c ≈ 0.5 (equation (3.15) and dotted line in figure 3.6d).

We stress that the model predictions shown in figures 3.6(c,d) consider a
unique value of cf = 0.46 ± 0.1, determined from least-square fit in § 3.4.
We attribute the failure of the model to predict the dependence on Ohd away
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from the two asymptotes to its simplified representation of the drop–film in-
teractions. While these oscillator based models remarkably predict the global
outcome of a rebound, that is, for example, the contact time, coefficient of
restitution, and the bounds of bouncing, they fail at accurately representing
the interactions, such as the drop or film deformations (equation (3.19)), and
their dynamics. For example, the force associated to drop impact is maximal
at early times when the drop shape is spherical while the force exerted by a
spring is proportional to deformation. More intriguingly, the minimal model
also breaks down for Oh f ≲ 0.1, where we observe that the coefficient of resti-
tution does not depend on the film Ohnesorge number. We will demystify this
behavior in the next section.

3.6 Bouncing inhibition on low Ohnesorge number
films

We now investigate the independence of the rebound elasticity with the film
Ohnesorge number, illustrated by the data collapse of figure 3.4(a), for Oh f ≲
0.1. Figure 3.7(a) shows two typical impact scenarios in this regime, with
Oh f = 0.01 (figure 3.7(a - i)) and 0.1 (figure 3.7(a - ii)), where bouncing is
inhibited by the presence of the liquid film. Although these two representative
cases differ by an order of magnitude in Oh f , qualitatively, the drop shape and
flow anatomy remain similar (figure 3.7a, t/τγ = 0.2, 1), suggesting an equal
loading on the film. Nonetheless, the film response varies. We observe capil-
lary waves on the film-air interface for Oh f = 0.01, which vanish for Oh f = 0.1
owing to increased viscous attenuation (figure 3.7a, t/τγ = 0.2, 2.65).

To further elucidate the drop–film interaction, we compute the energy budgets
associated to the two representative cases with Oh f = 0.01 (figure 3.7(b - i))
and 0.1 (figure 3.7(b - ii)). The overall energy budget reads

E0 =
(
Ed

k +∆Ed
γ +∆Ed

g

)
+ Ed

η +
(
Ef

k +∆Ef
γ +∆Ef

g

)
+ Ef

η + Ea
t , (3.26)

where E0 is the energy at impact (i.e., the sum of the drop’s kinetic and
gravitational potential energies). The subscripts g, k, γ, and η denote gravita-
tional potential, kinetic, surface, and viscous dissipation energies, respectively.
Moreover, the superscripts d, f, and a represent drop, film and air, respectively.
Lastly, reference values to calculate ∆Eg and ∆Eγ are at minimum Eg, and
Eγ , at t = 0, respectively.
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Figure 3.7: Oh f independent inhibition of bouncing: (a) typical drop im-
pact dynamics on low viscosity films. The snapshots show the dimensionless
rate of viscous dissipation per unit volume on the left and the magnitude of
dimensionless velocity field on the right. (b) Energy budgets for the two rep-
resentative cases shown in panel (a), normalized by the available energy at
the instant of impact. Here, the subscripts g, k, γ, and η denote gravitational
potential, kinetic, surface, and viscous dissipation energies, respectively. The
superscripts d, f, and a represent drop, film and air, respectively. The grey
dashed dotted line in each panel marks the instant when the normal reaction
force between the drop and the film is minimum and represents the last time
instant when the drop could have bounced off the film. In each panel, Oh f =
(i) 0.01 and (ii) 0.1. For all the cases, We,Ohd ,Γ = 4, 0.034, 1.
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Note that the contribution of the total energy associated with air (Ea
t = Ea

k +
Ea

η ) is negligible compared to other energies (Ea
t (t/τγ = 4) ≈ 0.01E0). Readers

are referred to Landau and Lifshitz [67], Wildeman et al. [146], Ramirez Soto
et al. [102], Sanjay et al. [117] for details of energy budget calculations.

In both cases, the magnitude of the drop energy (the sum of the drop’s ki-
netic, gravitational potential and surface energies) at the end of the rebound
cycle, that is for t = 3.25τγ when Oh f = 0.01 and t = 2.65τγ when Oh f = 0.1
(vertical grey dashed lines), is similar, as expected from the independence of
ε with Oh f . Note that the end of the cycle has been determined from the
instant at which the reaction force between the drop and the film is minimum
[see appendix 3.E and 158]. Moreover, the energy budget evidences that the
viscous dissipation in the drop during the rebound is similar, indicating that
the magnitude of the energy transferred from the impacting drop to the film
(the sum of the film’s kinetic, gravitational potential and surface energies, and
viscous dissipation) is not affected by the one order of magnitude change in
Oh f .

Yet, the distribution of the film energy is dramatically different in the two
cases we consider. For Oh f = 0.1, the energy transferred to the film is mostly
lost to viscous dissipation, while for Oh f = 0.01 the energy stored in the film’s
kinetic, surface and potential components dominates. We stress here that the
Oh f –independent behavior does not imply that dissipation is negligible. In-
deed, the viscous dissipation in the film accounts for approximately 40% and
85% of the total energy transferred to the film for Oh f = 0.01 and 0.1, re-
spectively. This difference in the film energy distribution hints at the failure
of our assumptions to neglect the film’s inertia and surface tension. The min-
imal model is relevant only when the energy transferred to the liquid film is
predominantly lost to viscous dissipation.

Guided by the energy budget analysis in the above two extreme cases, we

now evidence the minimal model break down as the film mobility, Γ/Oh
1/3
f ,

fails to describe the film deflection δf . In figure 3.8, we report the normalized
maximum film deflection δ̃f = δf/R as a function of Γ (figure 3.8a) for Oh f

in the range 0.01 – 2 while keeping Ohd constant. For Oh f > 0.1, the deflec-
tion decreases with increasing Oh f , and the data collapses once the horizontal

axis is rescaled by Oh
−1/3
f (figure 3.8b), confirming the relevance of the film

mobility. However, for lower film Ohnesorge numbers, δ̃f scales with Γ inde-
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pendent of Oh f , illustrating the limits of our hypotheses. Here, one might be
tempted to empirically replace the effective control parameter in our model ∝
Oh f Γ

−3 with ∝ Γ, in light of the δ̃f collapse with ∼ Γ in the low Oh f regime.
However, such a replacement still fails to appropriately account for the kinetic
and surface energies of the film.

0.001

0.01

0.1

1.0

0.01 0.1 1.0

(a) (b)

0.01 0.1 1.0

drop

filmair

Figure 3.8: Dimensionless film deflection δ̃f = δf/R measured from the initial
film free-surface (see the inset in panel a) as a function of (a) the film thickness

Γ and (b) the film mobility Γ/Oh
1/3
f in the direct numerical simulations. The

solid black lines represent δf/R = Γ and δf/R = Γ/Oh
1/3
f in panels (a) and

(b), respectively. For all cases in this figure, Ohd = 0.034 and We = 4.

Indeed, low Oh f films are associated to capillary waves, and the maximum
deflection δf might not be the correct length scale to mimic their behavior
in a simplified model. As future work, it would be interesting to couple a
linearized quasi-potential fluid model [39, 40] for the liquid pool/film with
a spring-mass-damper system for the liquid drop to further investigate this
regime.

3.7 Conclusions and Outlook

In this work, we perform experiments and direct numerical simulations of the
rebound of an oil drop impacting on a deformable oil film. We elucidate the
role of the drop and film properties: the Ohnesorge numbers of the drop Ohd
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and the film Oh f and the film thickness Γ on the impact process.

For films with a low Ohnesorge number (i.e., Oh f < 0.1), figure 3.9 summarizes
the different regimes identified in this work. For small film thicknesses, we re-
cover the substrate–independent limit where bouncing is inhibited by the high
viscous dissipation in the drop (Ohd,c ∼ O (1), Jha et al. [54]). Increasing
the film thickness reduces the drop Ohnesorge number marking the bounc-
ing to floating transition as additional energy is transferred to the film, and
similarly influences the substrate–independent to substrate–dependent transi-
tion. In the inviscid drop limit, bouncing stops once a critical film thickness
(Γ2 ∼ O (1)) is reached, independent of Oh f . Here, the invariance of the en-
ergy transfer from the drop to the film with Oh f remains to be explained and
deserves further study.
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Figure 3.9: Regime map in terms of the drop Ohnesorge number Ohd and
dimensionless film thickness Γ for Oh f < 0.1, showing the transitions be-
tween the different regimes identified in this work. Γ1 (green symbols) marks
the transition from substrate–independent bouncing to substrate–dependent
bouncing, whereas Γ2 (red symbols) marks the transition from bouncing to
floating. The black dotted line represents the substrate–independent asymp-
tote for the bouncing to floating transition (equation (3.17)), and the gray
dotted line, depicting the inviscid drop asymptote for the bouncing to floating
transition, is drawn as a guide to the eye.

For high Ohnesorge number films (i.e., Oh f > 0.1), figure 3.10 summarizes
the different regimes identified in this work. Similar to the low Oh f case,
increasing Ohd and Γ inhibits bouncing. In contrast with the previous case, in
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the inviscid drop limit, the bouncing to floating transition occurs at critical film

thicknesses that depend on the Ohnesorge number of the film
(
Γ2 ∼ Oh

1/3
f

)
.
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Figure 3.10: Regime map in terms of the drop Ohnesorge number Ohd and

film mobility Γ/Oh
1/3
f for Oh f ≥ 0.1 showing the transitions between the

different regimes identified in this work. Γ1 (green symbols) marks the tran-
sition from substrate–independent to substrate–dependent bouncing, whereas
Γ2 (orange symbols) marks the transition from bouncing to floating. The
background contour illustrates the theoretical values of the coefficient of resti-
tution ε (equation (3.23)) normalized with its (a) substrate–independent limit

ε∗ = ε
(
Γ/Oh

1/3
f → 0

)
, equation (3.28) and (b) inviscid drop and substrate–

independent limit ε0 = ε∗ (Ohd → 0). The black solid lines shows the pre-
dicted bouncing to floating transition using the phenomenological model
(equations (3.15)-(3.16)), and the black dashed lines show the two asymptotes
(equations (3.17)-(3.18)) of bouncing to floating regimes. Lastly, in panel (a),
the gray solid line shows the prediction for Γ1.

We propose a minimal phenomenological model describing the key aspects of
this process. The background colors in figures 3.10(a) and 3.10(b) illustrate
the predicted values of the restitution coefficient ε (equation (3.23)) normalized

with its substrate–independent
(
ε∗ = ε

(
Γ/Oh

1/3
f → 0

)
, equation (3.28)

)
, and

inviscid drop and substrate–independent (ε0 = ε∗ (Ohd → 0)) values, respec-
tively. The model accurately predicts the substrate–independent and invis-
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cid drop asymptotes corresponding to the bouncing to floating transition i.e.
Γ2. In the latter limit, the model also captures the substrate–independent
to substrate–dependent transition (i.e., Γ1). Away from these asymptotes,
the minimal model fails to predict Γ1 and Γ2. We attribute this shortcoming
to the simplified representation of the drop–film interactions in the model.
Nonetheless, notice that the predicted values of the restitution coefficient are
very close to zero beyond the bouncing to floating transition observed in the
simulations. We hypothesize that the model breakdown might be caused by
the neglect of gravity which is known to inhibit bouncing [14] and may pre-
vent the take off of drops with small upward velocities. We refer the reader to
Sanjay et al. [116] for a detailed study of the role of gravity in inhibiting the
bouncing of viscous drops.

Finally, we stress that this study does not present an exhaustive exploration of
all bouncing regimes. For example, Galeano-Rios et al. [40] have shown that
spherical hydrophobic solid spheres can bounce off deep low viscosity pools.
Consequently, we hypothesize that the bouncing regime could resurrect at high
Ohd , Γ, and low Oh f , evidencing non-monotonic energy transfer. It will be
interesting to probe such a regime in future work.
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Appendix

3.A Air layer rupture

We observe three distinct types of air layer collapse and describe their phe-
nomenology in figure 3.11.

(a) impact-induced rupture

(b) drop distortion-induced rupture 

(c) film distortion-induced rupture 

0 ms 3 ms 6 ms 9 ms 12 ms 15 ms 18 ms 21 ms

Figure 3.11: Rupture of the air layer and subsequent coalescence of impacting
drops with the liquid coating. Rupture can occur due to: (a) impact as We
increases, (b) downward jetting as Ohd decreases, and (c) film distortions due
to capillary waves as Oh f decreases. For panels (a) and (c), Γ = 0.03, and for
panel (b) Γ = 0.01 (dry-substrate limit).

Figure 3.11(a) illustrates the air layer break up at large Weber numbers. The
air film fails during drop spreading as the intervening air layer drains below a
critical thickness on the order of 10−100 nm, characteristic of the range of van
der Waals forces [24, 27, 160]. Figure 3.11(b) evidences the influence of the
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drop Ohnesorge number Ohd on the coalescence transition. At low Ohd , the
convergence of capillary waves at the drop apex, during the retraction phase,
can create an upward Worthington jet and an associated downward jet due to
momentum conservation [5, 70, 158]. This downward jet can puncture the air
film and lead to coalescence during the drop retraction. Lastly, the air layer
can also break due to capillary waves propagating at the surface of low Oh f

films (see figure 3.11c).

In summary, figure 3.11 shows that the critical Weber number beyond which
the air layer between the drop and the film ruptures is sensitive to the Ohne-
sorge numbers of both the drop and the film [128, 129]. The bouncing to coa-
lescence transition can arrest the superamphiphobic-type rebounds discussed
in this work. The analysis of this transition is beyond the scope of the present
study and we refer the reader to Lohse and Villermaux [80], Chubynsky et al.
[27] for further discussion and review on this topic.

3.B Substrate independent bouncing

As the film thickness decreases or the film viscosity increases, the impact

process becomes independent of the film properties. In this limit, Γ/Oh
1/3
f →

0, the phenomenological model predictions for the contact time and restitution
coefficient, (equations (3.22) -(3.23)), become

t∗c = τγ

 2π√
4ck − c2dOh2

d

 , (3.27)

ε∗ = ε0 exp

 −πcdOhd√
4ck − c2dOh2

d

 , (3.28)

which are identical to the predictions obtained by Jha et al. [54] for the impact
of viscous drops on a superhydrophobic surface.

Reducing equation (3.27) to the case of low viscosity drops (Ohd → 0), we get
t0/τγ = π/

√
ck, as expected from the water-spring analogy [110, 86]. We thus

determine the prefactor ck by fitting the inviscid limit of our data, t0 = 2.2τγ
(figure 3.12a) yielding ck = (πτγ/t0)

2 ≈ 2.
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Furthermore, applying a least square fit to our experimental and numerical
data for the coefficient of restitution, which decays exponentially with increas-
ingOhd (figure 3.12b), allows us to fix cd = 5.6±0.1. Lastly, the model predicts
the existence of a critical Ohnesorge number Ohd,c = 2

√
ck/cd ≈ 0.5 above

which the drops do not bounce. This asymptote is in quantitative agreement
with our data (see the dashed gray lines in figure 3.12).
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Figure 3.12: Substrate independent bouncing: variation of (a) the contact time
t∗c normalized with the inertio-capillary timescale τγ , and (b) the coefficient
of restitution ε∗ with the drop Ohnesorge number Ohd . The solid black lines
represent equations (3.27)-(3.28). These predictions are consistent with that
of Jha et al. [54], and set the prefactors ck and cd to 2.0 ± 0.1 and 5.6 ± 0.1,
respectively. Here, We = 4 and Bo = 0.5.

Finally, we compare the above value of cd to that obtained by Jha et al.
[54]. To do so, we note that Jha et al. [54] further reduced equation (3.28)
to ε∗ ≈ ε0 exp (−αOhd ), where α = 2.5 ± 0.5 fits their experimental data,
independent of the impact Weber number. The equivalent fitting parameter
in our case is α = (π/2)cd/

√
ck ≈ 6. This discrepancy can be attributed to the

different values of the critical Ohnesorge number Ohd,c which could stem from
the Bond number variation between the two cases: (Ohd,c, Bo) ≈ (0.8, 0.2),
in Jha et al. [54], and (0.5, 0.5) in this work. Exploring the influence of Bo is
beyond the scope of this work and we refer the reader to Sanjay et al. [116]
for detailed discussions.
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3.C Influence of the impact Weber number on bounc-
ing drops

Figure 3.13 describes the influence of the Weber number We on the drop im-
pact process for a representative case with Ohd = 0.034 and Oh f = 0.67. Both
the contact time (figure 3.13a) and the coefficient of restitution (figure 3.13b)
are fairly independent of the Weber number for We ≥ 4. Furthermore, nor-
malizing ε with its We–dependent value in the dry substrate limit ε∗, at fixed
Ohd , we observe a collapse for We = 2 − 8, similar to that obtained by Jha
et al. [54]. Readers are referred to Sanjay et al. [116] for detailed discussions
on the mechanisms of the influence of the Weber number on the coefficient of
restitution.
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Figure 3.13: Influence of the impact Weber number on the rebound: variation
of (a) the contact time tc normalized with the inertio-capillary time scale τγ ,
(b) the restitution coefficient, and (c) the restitution coefficient normalized
with its dry substrate value as a function of the dimensionless film thickness
Γ. Here, (Ohd ,Oh f ) = (0.034, 0.67). In each panel, solid black lines represent
the model prediction for (ck, cd, cf ) = (2, 5.6, 0.46) and the vertical dashed
gray line indicate Γ2, above which drops do not bounce. In panels (a) and
(b), black dashed lines show the dry substrate limit. Lastly, in panel (c), the
horizontal dashed gray line denotes the 0.9ε∗ criterion used to determine the
substrate–independent to substrate–dependent transition for bouncing drops.
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3.D Measuring film thickness

Silicone oil films with thicknesses hf < 30 µm, are prepared using spin coat-
ing and measured using reflectometry [106]. Thicker films (hf > 30 µm) are
prepared by depositing a controlled volume of silicone oil on a glass slide.
The film thickness is then measured using side view imaging by locating the
vertical position of the glass slide wall (green line in figure 3.14) and of the
film free surface (red line in figure 3.14). The uncertainty in the film thick-
ness measurement using this method is about ±30 µm which corresponds to
an uncertainty of about 3 pixels.

(a) (b) (c) (d)

Figure 3.14: Experimental side view snapshots at the instant of impact, t = 0.
Each snapshot shows the wall location denoted by a green horizontal line and
the free-film interface denoted by a red horizontal line. The film thickness is
estimated from the vertical difference between the two lines which results in
dimensionless film thickness of Γ = hf/R = 0.05 (a), 0.11 (b), 0.23 (c), and
0.48 (d).

3.E Measuring the restitution coefficient

In this appendix, we describe the procedure used to determine the restitution
coefficient. In experiments, we measure the drop’s maximum center of mass
height relative to the undisturbed film surface to get the restitution coefficient
as ε =

√
2g(H −R)/V , where V is the impact velocity. In simulations, we

measure the coefficient of restitution as the ratio of the take-off velocity vcm(tc)
to the impact velocity V ,

ε =
vcm(tc)

V
(3.29)

where tc denotes the contact time. The latter definition requires to precisely
evaluate the contact time tc. This is difficult as a thin film of air is always
present between the drop and the film surface, we assume ideal non-coalescence
between the drop and the film. In simulations, we automatise the detection



3.E. MEASURING THE RESTITUTION COEFFICIENT 73

of the end of apparent contact by taking tc as the instant when the normal
reaction force F (t) between the film and the drop is zero [for details on the
force calculation, see 158]. If the center of mass velocity vcm(tc) is not in
the upward direction (i.e. it is zero or negative), we categorize the case as
non-bouncing.
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Chapter 4

Some observations on the
dynamics of bouncing drops

Droplets with sufficiently low impact velocity can bounce off a solid surface
without ever contacting the surface. Here we perform bouncing experiments on
an extremely thin and viscous film that mimics the scenario of droplets bounc-
ing on a solid surface. In doing so, we vary the Ohnesorge number, the Bond
number and the Weber number of the droplet and characterize the rebound
primarily by the coefficient of restitution. We then develop a reduced mass-
damper-spring model to understand the bounce dynamics. The model suggests
that the droplet dynamics is captured by only two non-dimensional groups,
namely the Ohnesorge number and the Bond number divided by the square
root of Weber number. While the functional trend of the coefficient of resti-
tution with the Ohnesorge number extracted from the model is qualitatively
consistent with the experiments, it shows discrepancies with the functional
trend of the coefficient of restitution with the Weber number. However, if we
change the initial conditions of the model to include the droplet deformations
at maximum spreading, we find that the model prediction of the coefficient
of restitution as a function of the Ohnesorge number and the Weber number
agrees qualitatively with the experiments. The work attempts to provide a
description of the droplet impact dynamics in a non-wetting scenario.

75
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4.1 Introduction

Drop impacts on solid or liquid surfaces can either lead to wetting or non-
wetting outcomes. Wetting occurs when drops have a direct contact with
the surface which may eventually lead to spreading, jetting, breakup, and/or
splashing that have been extensively studied [150, 105, 144, 111, 155, 134, 55,
2]. Non-wetting occurs when drops are repelled by the surface due to the
superhydrophobicity of the substrate [145, 122, 100] or due to the cushioning
on thin gas layers [62, 63].

The levitation of droplets on a thin layer of gas at ambient temperature was
first reported by Reynolds [107] and Rayleigh [104], although the physics be-
hind the force of repulsion was unknown during that time. It took nearly
a century to understand that the build-up of the lubrication pressure in the
draining gas layer between the droplet and the substrate prevents the imme-
diate contact of the drops with the substrate [30, 156, 157, 126]. The gas
cushioning has important consequences on the impact process which sparked
numerous investigations, e.g. gliding/skating drops [81, 49, 50, 62, 63], splash
suppression [153, 34], bubble entrapment [132, 133, 136, 48], dimple formation
under a falling drop [126, 139, 36, 75] and slow settling of drops on liquid/soft
layers [36, 97].

Low viscosity drops, e.g., water drops, can rebound on super-hydrophobic
solids with a relatively large coefficient of restitution ; which is defined as the
ratio of the rebound velocity of the droplet to the impact velocity [109, 110, 86].
Their contact times were found to bear a close resemblance to the time pe-
riod of droplet vibration [103], suggesting that the droplets can be treated as
a quasi-ideal spring whose stiffness is given by the surface tension and mass
of the droplet. However, when the drop/surrounding medium is made vis-
cous, the dissipative effects become significant in the system which causes
inhibition in the drop bouncing [71, 83, 54]. In such dissipative systems, a
simple linearly damped spring model was adopted that captured the decrease
of the restitution coefficient with increasing viscosity of the drop/surrounding
medium. There have been some other cases where a spring-mass model has
been successfully applied where the droplet bounced. Such bouncing led to
spectacular phenomena such as self-removal by spontaneous levitation [120],
rapid bouncing [23], walking drops [131] and others.

Impact processes are also influenced by gravity effects. Richard et al. [110]
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reported that not only small water drops, but also large water drops with
a radius of about 4 mm (larger than the capillary length) can bounce off a
superhydrophobic surface. Later, Biance et al. [14] reported on the influence
of the droplet radius on the inhibition of the bounce of the droplet on an
extremely hot plate above its Leidenfrost temperature. The Leidenfrost ex-
periments were performed only using low viscosity drops. It was observed that
as the droplet size gradually increased and approached roughly the capillary
length, they ceased to bounce. A simple qualitative explanation was given
that gravity flattens larger drops which are subjected to impact, wherein the
drop slowly loses its ability to bounce off from the surface. Moláček and Bush
[83] also studied the effects of the droplet Bond number for the case of non-
wetting droplets on solid surfaces. A simple theoretical model was presented
and the effects of the droplet parameters: Ohnesorge number, Bond number,
and Weber number were studied in detail. The model showed a very good
agreement with the experiments in the limit of small droplet deformations,
typical to extremely small impact velocities.

In this chapter, we perform experiments of drop rebound on an extremely thin
and viscous film, where we are interested in the bounce characteristics: Con-
tact time ∆tc and the coefficient of restitution ε. We also construct a simple
mass-damper-spring model, out of which we determine bounce characteristics
and compare them with experiments. Note that the films are intentionally
made very thin and viscous to take advantage of the extremely smooth film
surface [78, 75], unlike the solid substrate which is susceptible to small rough-
ness that do not tolerate droplet bouncing at relatively high impact velocities
[62, 32]. Regardless of the substrate, impacts can result in one of three out-
comes: The drop contacting the substrate by rupturing the gas layer, which
we call Rupture; the drop rebounding away from the substrate, which we
call Bouncing; or the drop floating on the substrate after impact, which we
call Floating. Our emphasis is to decipher the role of the drop parameters
(Bo,Oh,We) in the impact process by varying three important parameters:
drop radius, drop viscosity and drop impact velocity. The complex interplay
between all droplet parameters (Bo,Oh,We) using a simple model is a novelty
of this work, as compared to Jha et al. [54] which considered only the effect
of Oh.

The structure of the chapter is as follows: First, in section 4.2, the experimen-
tal details and some typical numbers for the relevant dimensionless numbers
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are given. The results presented afterwards are twofold: in section 4.3 we dis-
cuss the phenomenology of drop impact. We provide a quantitative study of
the coefficient of restitution and the contact time. In section 4.4 we describe a
model that include the above mentioned three important droplet parameters
that affect the impact process. The model results are then compared with the
experiments. Finally, the chapter concludes with conclusions in section 4.5.

4.2 Experimental details

A schematic diagram of the experimental setup, can be found in figure 4.1.
Silicone oil droplets are slowly dispensed from a calibrated needle tip and
dropped onto thin viscous silicone oil films in an ambient air environment.
The films are intentionally made viscous ηf = 96 mPa.s and extremely thin
hf = 10 µm to mimic a solid where droplet dynamics would not be affected
by film parameters [47]; see also Chapter 2 of this thesis.
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Figure 4.1: Schematic diagram (not to scale) of the experimental setup.

The 10 µm viscous films are prepared on cleaned glass slides by spin coat-
ing. The film thickness is measured using the reflectometry technique [106].
A HR2000+ spectrometer and a HL-2000-FHSA halogen light source (Ocean
Optics) are used for the reflectometry measurements. The uncertainty in the
thin film thickness measurements with the spectrometer was less than 3.5%.

Side view recordings of the drop impact process are visualised using a Photron
UX100 high-speed camera operating at a temporal resolution of 10 kHz and



4.2. EXPERIMENTAL DETAILS 79

a spatial resolution of about 10 µm/px. The density, dynamic viscosity and
surface tension values of the different silicone oils used are given in Table 4.1.

Silicone oil ρ [kg/m3] η [mPa.s] γ [mN/m]
SE 1 818 0.82 17
AK 5 920 4.6 19
AK 10 930 9.3 20
AK 20 950 19 21
AK 35 960 34 21
AK 50 960 48 21
AK 100 960 96 21

Table 4.1: Properties of liquids used in the experiments. γ is the oil-air surface
tension. The silicone oil manufacturers are Shin Etsu (SE) and Wacker Chemie
AG (AK).

In the experiments, the impact of droplets on thin viscous films is studied by
varying the droplet radius R, which is either 1.03 mm or 0.73 mm, the droplet
viscosity η, which is in the range of 1 mPa.s - 100 mPa.s, and the droplet
impact velocity V , which is in the range of 0.1 m/s - 0.5 m/s.

Given the experimental parameters stated in this section, the orders of mag-
nitude of the relevant dimensionless numbers are summarized in Table 4.2.
The droplet parameters are: Ohnesorge number Oh, Weber number We, and
Bond number Bo. The film parameters are: Film Ohnesorge number Ohf and
dimensionless film thickness Γ. We remark that the films are intentionally
made viscous Ohf = 0.67 and extremely thin Γ = 0.01 so that the properties
of the film would not affect the impact process, (cf. Chapter 2 of this the-
sis). The vertical deformations on such thin and viscous films are extremely
small ∼ 1 µm (see Chapter 2 of this thesis and Appendix 4.B) and therefore
such surfaces are called weakly-deformable surfaces and the parameters Ohf
and Γ are unimportant here. The reason we choose a thin and viscous film
rather than a smooth solid surface (e.g., a glass or mica surface) is that thin
viscous films are easy to prepare and can tolerate bouncing droplets at higher
impact velocities [129], unlike smooth surfaces which can only tolerate low
impact velocities [32]. Smooth solid surfaces are inferior to thin viscous films
in the sense that they are susceptible to small roughness that can prevent drop
bouncing [62]. Note that the impact velocities of the droplets in this study are
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limited to moderately low values in the range V = 0.1 m/s - 0.5 m/s, where
the droplets bounce over thin viscous films due to the air cushion effect.

Drop parameters Film parameters

Oh =
η√
ρRγ

= 0.007− 0.782 Ohf =
ηf√
ρRγ

= 0.67

We =
ρRV 2

γ
= 0.65− 8.2 Γ =

hf
R

= 0.01

Bo =
ρgR2

γ
= 0.25, 0.50

Table 4.2: Relevant dimensionless numbers and their orders of magnitude. ρ,
R and γ denote the density, the radius, and the surface tension of the drop,
respectively. g is the acceleration due to gravity. For simplicity, the drop
viscosity is denoted by η and its Ohnesorge number by Oh, without subscripts.
The typical value of the Ohnesorge number of air is Oha = ηa/

√
ρRγ ∼

10−4 (where ηa is the dynamic viscosity of air at ambient temperature and
pressure) and the ratio of air density to silicone oil density is ρa/ρ ∼ 10−3.
The subscripts f and a represents the film and air respectively.

The dynamics of droplet impact is largely a function of the three droplet
parameters: Oh, We, Bo which leads to one of three outcomes: Rupture,
Bouncing, and Floating (cf. Appendix 4.A). Of the three outcomes, we focus
only on the bouncing regime, and on the transition from bouncing to floating.
We also perform some impact experiments on a viscous pool with Ohf = 67
and Γ = 10 (cf. Appendix 4.C). We do this to see whether such a viscous pool
can be treated as a weakly-deformable surface (similar to the thin viscous
film).

4.3 Phenomenology

4.3.1 Drop impact dynamics

This section describes the dynamics of the drop impact on thin and viscous
films and the qualitative effects of the Ohnesorge numberOh. For this purpose,



4.3. PHENOMENOLOGY 81

figure 4.2 highlights three representative cases A, B, and C, representing drops
with Ohnesorge number Oh = 0.007, 0.034, and 0.233, respectively. Each case
shows a typical sequence of events when an oil drop impacts a thin viscous
film. Here, the droplet has a Bond number Bo = 0.50 and a Weber number
We = 2.0.

Figure 4.2: Droplet impact on a thin viscous film with Ohf = 0.67 and Γ =
0.01: High-speed image sequences A, B, and C depicting bouncing and floating
outcomes. The droplet viscosity is varied, A: Oh = 0.007, B: Oh = 0.034 and
C: Oh = 0.233. The droplet trajectories yc/R as a function of t/tγ are shown
for the image sequences A, B, and C. After the impact of the drop, bouncing
occurs if max(yc/R) > 1, and floating otherwise. The vertical position of
the droplet is normalised by the drop radius R = 1.03 mm and the time is
normalised by capillary time tγ =

√
ρR3/γ = 7.2 ms. An increase in the drop

viscosity causes bouncing (cases A and B) to floating (case C) transition. For
all the cases in this figure, Bo = 0.50 and We = 2.0.

The typical impact process is as follow: upon impact at t = 0, the droplet
spreads until it reaches its maximum (lateral) extension. This is followed by
retraction and vertical elongation until the drop lifts-off from the film surface.
Note that the deformations of the thin viscous film caused by the impact are
extremely small ∼ 1 µm (cf. Chapter 2 and Appendix 4.B) and therefore do
not affect the impact process. Spreading, maximal expansion, and retraction
are observed for all three cases in figure 4.2. However, lift-off is observed only
for cases A & B, which we refer to as bouncing. In case C, the droplet cannot
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lift off from the substrate, which we refer to as floating.

In order to quantify the bouncing and floating scenarios, we plot the vertical
trajectories of the center of mass for the three cases in the right panel of
figure 4.2. The vertical position of the droplet yc (height of the drop center
of mass from the undisturbed film surface) and the time t are normalized
with the drop radius R and the capillary time tγ =

√
ρR3/γ, respectively.

The fall trajectories prior to impact (t < 0) are the same in all 3 cases but
the rebound trajectories (t > 0) are markedly different for cases A, B, and
C in figure 4.2. For Oh = 0.007 and 0.034, bouncing is observed with the
droplet rebounding to a maximum height of yc/R = 2.1 and 1.8 respectively.
However, for Oh = 0.233, the droplet does not bounce (maximum rebound
height is yc/R ≤ 1), but instead floats on the substrate after impact.

4.3.2 Contact time and coefficient of restitution

We deduce two main characteristics of rebound: contact time and the coeffi-
cient of restitution. The contact time ∆tc is defined as the interval between
the moment of impact and lift-off. In the experiments we define the moment
of impact, when the bottom of the drop meets its shadow for the first time,
and the moment of lift-off, when the bottom of the drop is completely sepa-
rated from its shadow after impact. We define a dimensionless contact time
τ = ∆tc/tγ . In the example in figure 4.2, τ is 2.24 and 2.20 for Ohnesorge
number Oh = 0.007 and 0.034, respectively. The coefficient of restitution ε is
the ratio of the drop rebound velocity (calculated from the maximum rebound
height H, as

√
2g(H −R)) to its impact velocity. The qualitative features of

the impact dynamics (spreading, maximum extension, retraction) are similar
for the three Ohnesorge numbers, as shown in Figure 4.2, but the values of τ
and ε show variations with Oh, which will be examined below. In the example
in figure 4.2, ε is 0.78 and 0.65 for Ohnesorge numbers Oh = 0.007 and 0.034,
respectively. Note that for floating scenarios, ε is zero and τ is undefined.
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Figure 4.3: Dimensionless contact time τ and coefficient of restitution ε as
function of Oh at three different values of ξ = Bo/

√
We = 0.11, 0.15 and 0.29.

The circles denote the experimental data and the solid lines denote the result
of the model for the experimental parameters. The ε value in the model is
scaled by the largest ε value in the experiments in each of figures (b), (d),
and (f). The model prefactors are set to ck = 2.2 and cd = 2.6, which were
determined by experiments. The dashed lines indicate the threshold value of
the Ohnesorge number above which bouncing no longer occurs. For all cases
in this figure, We = 2.3− 3.0.
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We now systematically vary the Ohnesorge number and monitor the variations
in the dimensionless contact time and the coefficient of restitution. Figure 4.3
shows τ and ε plotted vs Oh for three different Bond numbers. Note that the
experimental data that corresponds to Bo = 0.16 is taken from the work of
Jha et al. [54]. Here, the droplet has a Weber number We in the range from
2.3−3.0. The comparison to the model will be discussed below, in section 4.4.
For a fixed Bond number, an increase in Ohnesorge number means enhanced
viscous dissipation, resulting in an inhibition of bounce. With an increase in
Oh, τ gradually increases, while ε decreases. When approaching the critical
Ohnesorge number Oh∗ (denoted by vertical dashed lines), which marks the
transition from bouncing to floating, τ shoots up, while ε drops to zero. The
bounce inhibition (ε = 0) due to viscous dissipation in the droplet and the
functional trends in the τ(Oh) & ε(Oh) plots have already been reported by
Jha et al. [54]. The novelty of the present work lies in the bounce inhibition
in the context of varying Bond numbers. From figure 4.3, it can be readily
observed that when Bo is increased from 0.16 to 0.50, Oh∗ gradually decreases
from around 0.6 to 0.3. We next try to describe these observations using a
reduced mass-damper-spring model.

4.4 Model details

4.4.1 Formulation

This section deals with a phenomenological model (cf. figure 4.4) that de-
scribes the phenomena of droplets bouncing on a solid surface. The model
is mainly motivated by the work of Okumura et al. [86], Chantelot et al.
[23], Jha et al. [54], in which surface tension and viscous forces in liquid drops
are modelled by linear springs and dampers. Using the model, we mainly aim
to understand how the parameters of the droplet can promote or inhibit the
bouncing.

We assume that during the bounce, the drop-solid system behaves as a lin-
ear spring-damper system. The center of mass of the drop and the typical
drop deformation are denoted by yc and y∗ = R − yc, respectively (cf. figure
4.4). The initial condition is chosen at the time of impact, where we assume
zero deformation of the droplet (i.e., yc(0) = R) and a known velocity of the
impacting droplet (i.e., a known value of ẏc(0)). The drop properties are em-
bedded in the mass, spring constant and damping constant in the model.
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Figure 4.4: Schematic diagram of the model system that mimics the impact of
a drop on a solid surface in an external gravity field g. The mass m, damping
constant d and the spring constant k are associated with the drop properties.
The vertical position of the center of mass of the droplet from the underlying
substrate is denoted by yc. The typical vertical droplet deformation is denoted
by y∗ = R− yc.

The equation of motion for the spring-damper model system in figure 4.4 is
given by

mÿc + dẏc + k(yc −R) = −mg. (4.1)

which, when written in terms of the droplet deformation y∗, yields

mÿ∗ + dẏ∗ + ky∗ = mg. (4.2)

where, m, d, k are the mass, damping constant and spring constant (having
natural length R) associated with the drop; g is the acceleration due to grav-
ity; dot(s) on y∗ and yc denotes the time derivative(s). The functional depen-
dencies of m, d, k are taken from Jha et al. [54], which are

m = ρR3, d = cdηR, and k = ckγ. (4.3)

The prefactors cd and ck, are dimensionless constants whose value is deter-
mined by experiments. The equation in (4.2) is made dimensionless by scal-
ing y∗ by the drop radius R and the time t by the inertial-capillary time
tγ =

√
ρR3/γ which yields

¨̂y∗ + cdOh ˙̂y∗ + ckŷ∗ = Bo. (4.4)



86 CHAPTER 4. IMPACT ON SOLID-LIKE SURFACE

where, ŷ∗ = y∗/R is the dimensionless deformation. An oscillatory solution
(underdamped scenario) for the drop deformation in (4.4) exists when its dis-
criminant is negative, leading to the condition Oh < 2

√
ck/cd. For an over-

damped (positive discriminant) or critically damped scenario (zero discrimi-
nant), there is no oscillations of the drop deformation and thus no bouncing.
This puts a condition for the bouncing phenomenon, i.e., Oh < 2

√
ck/cd.

Under this condition, the general solution of (4.4) can be written as

ŷ∗ = Bo
[
Y exp

(
αt̂

)
sin

(
βt̂+ ϕ

)
+

1

ck

]
, (4.5)

where

α =
−cdOh

2
and β =

√
4ck − c2dOh2

2
, (4.6)

where t̂ = t/tγ is the dimensionless time. Note that α and β are only functions
of Oh, representing the internal damping. The integration constants Y and ϕ
follow from the initial conditions ŷ∗(0) = 0 and ˙̂y∗(0) =

√
We , according to

Y =

√
ckBo2 + 2ckαBo

√
We+ c2kWe

ckβBo
and ϕ = tan−1

(
−βBo

αBo+ ck
√
We

)
.

(4.7)

These expressions can be rewritten as functions of Oh (since α(Oh) and
β(Oh)), and ξ = Bo/

√
We only, namely

Y =

√
ckξ2 + 2ckαξ + c2k

ckβξ
and ϕ = tan−1

(
−βξ

αξ + ck

)
. (4.8)

The reduction from three (Oh,Bo,We) to two control parameters (Oh, ξ =
Bo/

√
We) for the model system at hand facilitates the analysis.

We now relate (4.5) to the physics of a typical impact process in figure 4.5.
The time evolution of the deformation ŷ∗ and its derivative ˙̂y∗ is plotted for
Oh = 0.4, Bo = 0.1, and We = 1. The deformation of the drop is zero at t̂ = 0
(circles) and gradually increases with time until it reaches its maximum value
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Figure 4.5: Model predictions for the deformation ŷ∗ and its derivative ˙̂y∗
plotted as function of time t̂. The circle at t̂ = 0 corresponds to the moment
of impact and the square to the maximum deformation. The star indicates
the moment of rebound when we recover ŷ∗ = 0. The prefactors cd and ck are
set to 1. In this figure, Oh = 0.4, Bo = 0.1 and We = 1.

(squares). Thereafter, the drop contracts again until it lifts-off the substrate
(stars). The time at which the drop lifts-off from the substrate is called the
lift-off time or rebound time, which we assume when we recover ŷ∗ = 0 (a
condition which was previously used in the work of Jha et al. [54]).

From the time evolution, we divide the impact process into two phases: Spread-
ing and Retraction. Spreading occurs between the time of impact (t̂ = 0) and
the time of maximum deformation (t̂ = 1.5). The retraction occurs between
the time of maximum deformation (t̂ = 1.5) and the time of rebound (t̂ = 3.5).
The contact time is the rebound time relative to t = 0, which is τ = 3.5. In
the present study, we only consider cases where the droplet lifts off (bounces)
from the substrate or is on the verge of lifting off (transition from bouncing
to floating). Note that (4.5) does not make sense beyond the time of bounce,
since the influence of the substrate on the droplet motion vanishes after lift-off
where our model does not hold.

In our model, the dimensionless contact time τ is defined by the moment when
we recover ŷ∗ = 0 which can be calculated from the implicit equation

ŷ∗(τ) = Bo
[
Y exp (ατ) sin (βτ + ϕ) +

1

ck

]
= 0. (4.9)

The contact time is calculated numerically since (4.9) has no closed form
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solution. The determined (dimensionless) contact time is then used to compute
the coefficient of restitution ε which is the ratio of rebound velocity to the
impact velocity. The coefficient of restitution is defined as

ε = −
˙̂y∗(τ)
˙̂y∗(0)

= −ξY exp (ατ) [α sin (βτ + ϕ) + β cos (βτ + ϕ)] . (4.10)

Note that although the contact time and the coefficient of restitution are func-
tions of only 2 control parameters (Oh, ξ), the deformation and its derivative(s)
are functions of 3 parameters (Oh,Bo,We).

Figure 4.6: Model predictions for the deformation ŷ∗ as function of time t̂.
The circle at t̂ = 0 corresponds to the moment of impact and the square to
the maximum deformation. The star indicates the moment of rebound when
the deformations return to zero. For all cases in this figure, Oh = 0.4 and
We = 1.

Figure 4.6 shows the deformations ŷ∗ as a function of time t̂ for three different
Bo, where Oh = 0.4 and We = 1 are fixed. The inclusion of Bo leads to
three effects. First, the deformations increase with an increase in Bo. Second,
the spreading and retraction times increase with an increase in Bo. Finally,
for a fixed Bo, the retraction time is always larger than the spreading time.
The Bo leads to larger deformations and delayed spreading & retraction times.
In figure 4.6 for Bo = 0.1 and 0.3, we recover ŷ∗ = 0 (bouncing condition).
However, for Bo = 0.5, we do not recover ŷ∗ = 0 (floating condition). Thus,
the critical value for Bo is between 0.3 and 0.5 at We = 1 and Oh = 0.4,
which marks the transition from bouncing to floating in the figure 4.6. We
note again that (Oh, ξ) alone determines the transition. Thus, in figure 4.6
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figure, the critical value for ξ is between 0.3 and 0.5 at Oh = 0.4, which marks
the transition, regardless of the absolute values of Bo and We.

4.4.2 The prefactors ck and cd and comparison to experiments

To complete the model, the prefactors ck and cd are determined from the
experiments. First, we estimate ck from the dimensionless contact time τ for
low Oh values for which damping can be neglected. In the limit when Oh = 0,
the dimensionless contact time predicted by the model is given by

τ =
π

√
ck

+
2

√
ck

tan−1

(
ξ

√
ck

)
. (4.11)

From (4.11) we see that τ is independent of cd, therefore we fit ck to get a
good comparison of the contact time between the model and the experiments.
For fixed ξ we perform a least square fit for ck to get a good comparison of τ
between the model and the experiments. Figure 4.7 shows plots for τ vs Oh
for three different Bond and Weber numbers. We only show variations of τ for
low Oh to keep the influence of damping minimal. Experimental data points
are indicated by circles and model results by solid lines.

Figure 4.7: Contact time ∆tc normalised by tγ as a function of Oh: (a) Bo =
0.16 (b) Bo = 0.25 and (c) Bo = 0.50. The circles denote the experimental
data and the horizontal lines denote the model data. A least-squares fit for ck
is performed using the experimental data that gives ck = 1.6, 2.4, 2.5 for the
left, middle, and right panels, respectively.
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For Bo = 0.25 and 0.50 (cf. figure 4.7b and 4.7c), τ is about 2.2 which is
independent of We and is in agreement with the period of an oscillating drop
[103]. However, τ is significantly larger for Bo = 0.16 (cf. figure 4.7a), which is
about 2.6. The difference has already been reported by Kolinski et al. [63] and
we speculate that it arises from bouncing on superhydrophobic solids which
occurs with contact [109], and bouncing on a thin layer of air which occurs
without contact [63]. For Bo = 0.16, 0.25, 0.50 and three different We we
obtain the least-squares fit ck = 1.6, 2.4, 2.5. The broad scatter show the lim-
itations of the model. In the remainder we fix ck as the average of the three
ck values for the three Bo values in Figure 4.7, giving ck ≈ 2.2.

Figure 4.8: Normalised restitution coefficient ε/max(ε) as a function of Oh:
(a) Bo = 0.16 (b) Bo = 0.25 and (c) Bo = 0.50. The circles denote the
experimental data and the horizontal lines denote the model data. A least-
squares fit for cd is performed using the experimental data that gives cd =
1.9, 2.4, 3.3 for the left, middle, and right panels, respectively.

We now determine cd at fixed ck. We note again that for (Oh ≪ 1, ξ), ck shows
variations with ξ, or equivalently with Bo and We (see figure 4.7). Figure 4.8,
shows the ε vs Oh plots for three different Bond numbers. Experimental data
points are indicated by circles and model results by solid lines. In all plots,
the coefficient of restitution is normalised by the corresponding value at the
lowest Oh in the experiments. For fixed Bo and We in the experiments (which
essentially fixes ξ), we perform a least square fit for cd to get a good compar-
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ison between model and experiments. For Bo = 0.16, 0.25, 0.50 we obtain the
least-squares fit cd = 1.9, 2.4, 3.3. Again the scatter shows the limitations of
the model. We estimate cd as the average of the three cd values for the three
Bo values in Figure 4.8, giving cd ≈ 2.6. Note that this average cd value is in
good agreement with the value of 2.5 as reported by Jha et al. [54].

Having determined cd and ck, we now compare the experimental data and the
model results in figure 4.3. The model results agree with the experimental
data for both the dimensionless contact time and the restitution coefficient
plot. The bouncing to floating transition is also well captured for the three
different Bo values.

4.4.3 Bouncing to Floating transition

Now that we have estimates for the model prefactors, ck ≈ 2.2 and cd ≈ 2.6,
we can quantitatively identify the scenarios that lead to either bouncing or
floating. Of particular interest is the bouncing to floating transition condi-
tion (cf. figure 4.6) where the droplet lifts-off (ŷ∗ = 0) with a zero rebound
velocity ( ˙̂y∗ = 0). This condition can be found by solving the two equations
simultaneously

ŷ∗(t̂) = Bo
[
Y exp

(
αt̂

)
sin

(
βt̂+ ϕ

)
+

1

ck

]
= 0, (4.12)

˙̂y∗(t̂) = Bo Y exp
(
αt̂

) [
α sin

(
βt̂+ ϕ

)
+ β cos

(
βt̂+ ϕ

)]
= 0. (4.13)

Eliminating t̂, we find

(
−β

α

)
ln(Y β

√
ck) = π + tan−1

(
−β

α

)
− ϕ. (4.14)

Here, Y and ϕ are integration constants given by (4.8). Note that (4.14) is
just a function of Oh (since α(Oh) and β(Oh)) and ξ, which must be solved
numerically to obtain the bouncing to floating transition. Figure 4.9 shows
the critical Oh marking the transition from bouncing to floating, defined as
Oh∗, as a function of Bo for the experimental data in the range We = 2− 3.
The transition predicted by the model is indicated by the solid line (given by
(4.14)) and the experimental data points are indicated by circles with vertical
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error bars in Oh∗. The experimental data points and the model results agree
well in capturing the transition, showing a decrease in Oh∗ with an increase
in Bo.

Figure 4.9: The critical Ohnesorge number Oh∗ is plotted as a function of
the Bond number Bo. The experimental data points are indicated by circles
with error bar representing the region in Oh where no clear bouncing/floating
scenarios are observed. The model prediction is indicated by the line from the
equation (4.14).

In figure 4.10, we plot the dimensionless contact time τ as a function of Oh.
At a fixed Oh, the model predicts a contact time maximum τ∗ at bouncing
to floating transition (indicated by dotted lines) that is obtained numerically
by simultaneously solving ŷ∗ = 0 (in (4.9)) and ε = 0 (in (4.10)). We remark
that τ∗ (dotted line) is only a function of Oh (or only of ξ since Oh(ξ) at
transition) and showcases a non-monotonic trend: a plateau value τ∗ ≈ 4.2
for Oh ≲ 10−3, reaching to a lowest value τ∗ ≈ 3.2 for Oh ≈ 0.5, and diverges
for Oh ∼ 1. The model also predicts a contact time minimum τ∗∗ (indicated
by dashed lines) that occurs at ξ = 0 (through Bo = 0), given by τ∗∗ = π/β,
already derived by Jha et al. [54]. We remark that in figure 4.10, the experi-
mental datapoints extracted from Jha et al. [54] (blue circles) are, in general,
above the experimental datapoints in our present work (red circles). However,
in the model predicts the opposite, i.e. the blue line to be below than the red
line. This again shows the limitations in the model.

We now take a look at the Oh vs ξ regime map in figure 4.11, which shows
the model prediction of the bouncing (green shaded region) and floating (pink
shaded region) regime. The two regions are demarcated by a solid line that
marks the bouncing to floating transition given by the equation (4.14). The
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Figure 4.10: The dimensionless contact time τ is plotted as a function of the
Ohnesorge number Oh. The experimental data (colored circles) and model
results (colored solid lines) are compared at similar experimental conditions.
The model results are also shown for ξ = 0 through Bo = 0 (dashed line),
ξ = 1 (solid line), and at the transition from bouncing to floating (dotted
line), respectively.

model prediction of the asymptotes is obtained from equation (4.14) when ξ
takes extreme values. They are given by

For ξ ≪ ξ†, Oh →
2
√
ck

cd
, (4.15)

For ξ ≫ ξ†, Oh →
c
3/2
k

2πcd
ξ−2, (4.16)

where ξ† denotes the crossover location given by ξ† ∼
√

ck/4π = 0.42 (seen in
the expression of Y in (4.8)) also marked in figure 4.11. Here, the left asymp-
tote is Oh ∼ 1.14, given by (4.15), the right asymptote is Oh ∼ 0.2ξ−2, given
by (4.16).

The circles, stars and squares indicates the experimental data points from the
present work, Jha et al. [54] and Biance et al. [14], respectively, which are
color coded. The experimental data points occupy only a small region within
ξ ≈ 0.03 − 0.5 and Oh ≈ 0.003 − 0.8 in the regime map. We remark that it
is difficult to realize ξ ≳ 1 in the experiments since it necessitates either large
drops (Bo > 1) and/or low impact velocities (We < 1). Therefore, the asymp-
tote Oh ∼ ξ−2 cannot be verified from the experiments. It is also difficult to
realize ξ ≲ 10−2 since it necessitates large impact velocities (We > 100) where
bouncing can occur.
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Figure 4.11: TheOh vs ξ regime map showing bouncing and floating outcomes.
The circles, stars and squares denote the experimental datapoints. The solid
line denote the model prediction of the transition. The two asymptotes are
shown for extreme values of ξ along with the crossover ξ†.

Importantly, we remark that for water-glycerol drops (Bo = 0.16), Jha et al.
[54] report the bouncing to floating transition at Oh∗ ≈ 0.7 which is inde-
pendent of the Weber number. In figure 4.11, the experimental datapoints
by Jha et al. [54] lie further towards the left of the crossover approaching
the Oh ∼ 1.14 asymptote and therefore we speculate that there may exist
a weak dependence of the transition on ξ (or equivalently We) in their ex-
periments. However, in our own present experiments for silicone oil drops
(Bo = 0.25 and 0.50) the effect of ξ (or We) on the transition cannot be ig-
nored. The model results are also compared with the experiments of Biance
et al. [14] in which drops of low viscosity Oh ∼ 10−2 − 10−3 impact on a very
hot plate (Leidenfrost effect). In their experiments, the Weber number varied
in the range We ∼ 5−30. They observed that the transition from bouncing to
floating always occurred at a critical Bond number Bo∗ = 1 regardless of the
other drop parameters. Not only does the model not capture this transition:
the model predicts Bo∗ ≳ 10, compared to Bo∗ = 1 reported by Biance et al.
[14], but is off by an order of magnitude in the critical Bo-values. Note that
the impact experiments of Biance et al. [14] are performed on a very hot plate
(Leidenfrost effect), which is slightly different from the scenario we study in
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the present paper. Although Biance et al. [14] reports an inhibition of bounc-
ing for Bo = 1 for droplets with low viscosity, the experiments of Richard et al.
[110] report that water droplets with Bo ≈ 2.2 (corresponding to 4 mm drop
radius) are able to bounce on a superhydrophobic solid. We do not understand
the discrepancy in bounce inhibition between the two scenarios and therefore
must be careful when comparing the present results with the Leidenfrost ex-
periments of Biance et al. [14].

Clearly, the model predicts the transition for large Oh, but is unable to predict
the transition for low Oh. The approach towards the left asymptote Oh ∼ 1.14
agrees well with the present experiments and the experiments of Jha et al.
[54]. However, the approach towards the right asymptote Oh ∼ ξ−2 shows a
discrepancy with the experiments of Biance et al. [14], so we speculate whether
the asymptote Oh ∼ ξ−2 may be an artifact.

4.4.4 Restitution coefficient at constant ξ

We briefly investigate whether in the experiments the ε values are determined
only by Oh and ξ, as predicted by our model. In figure 4.12a, ε is first plotted
vs ξ from the experiments for different Oh values. In the figure, we look for
different values for Bo and We that give a constant ξ. In our experiments,
this occurs only for ξ = 0.17 − 0.19. In Figure 4.12b, ε is plotted vs Oh at
a fixed ξ = 0.17 − 0.19. Although the ξ values are nearly constant, we do
not find a collapse of the ε vs Oh curve. Therefore, the model prediction of
ε as a function of only two parameters (Oh, ξ) is in discrepancy with our
experiments. Furthermore, the model prediction of ε vs Oh is also plotted in
4.12b (solid black line) which agrees with the experimental data at Bo = 0.25.
We remark that the ε values extracted from the model are scaled by the largest
ε at Bo = 0.25 in the experiments (indicated by the data point in the blue
circle). However, if we choose to scale by the largest ε at Bo = 0.50 in the
experiments, we again get good agreement with the model and experimental
data (as seen in figure 4.3). We emphasise again that our model is not able
to predict the absolute ε values for a given combination of (Bo, We, Oh), and
that its prediction of the ε(Oh, ξ) data collapse is not seen in the experiments.
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Figure 4.12: (a) ε as function of ξ for different Ohnesorge number. The circles
and hexagrams denote the experimental data. (b) ε as a function of Oh for
a constant ξ = 0.17 − 0.19. The model prediction of the same is also plotted
(solid line).
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4.4.5 Influence of Weber number

We now systematically vary the Weber number We and monitor the changes
in the dimensionless contact time τ and the coefficient of restitution ε, ex-
tracted from the experiments and the model, in figure 4.13. In the figure, the
experimental data corresponding to Bo = 0.16 are from the work of Jha et al.
[54]. We remark that the ε value in the model is scaled by the largest ε value
in the experiments in each of 4.13b, 4.13d, and 4.13f, since the absolute value
of ε from our model shows a clear discrepancy with our experiments, as was
the case in the work of Jha et al. [54]. Later we will look again at the absolute
value of ε as a function of We, but then when we include the deformation
scales in our model.

For the coefficient of restitution variations, we see a clear discrepancy with
our experimental results. The experiments show a decrease in the coefficient
of restitution with an increase in the Weber number beyond We = 1 [14, 54],
while the model predicts an opposite trend. We conclude that our linear
spring-damper model does not work for relatively large Weber numbers, since
the deformations of the droplet are then larger and the response may no longer
be linear. For the dimensionless contact time variations, although the absolute
values does not match, the experiments and model show a gradual increase in
contact time with a decrease in Weber number. We remark that the bouncing
to floating transition can occur at relatively low Weber numbers, the tran-
sition condition given by the equation of the asymptote Oh ∼ 0.2ξ−2, with
relatively high contact times. For millimetric water droplets, Biance et al.
[14] estimates the threshold Weber number which marks the transition from
bouncing to floating to be We ∼ 0.1, while Wang et al. [143] estimates the
threshold Weber number to be We ∼ 0.01. Around such relatively low Weber
numbers the contact times are also reported to be relatively high [26], as can
be seen in 4.13c and 4.13e.
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Figure 4.13: Dimensionless contact time τ and coefficient of restitution ε as
function of We at three different Bond numbers Bo = 0.16, 0.25 and 0.50.
The circles denote the experimental data and the solid lines denote the result
of the model for the experimental parameters. The ε value in the model is
scaled by the largest ε value in the experiments in each of figures (b), (d), and
(f). For all cases in this figure Oh = 0.06-0.08.



4.4. MODEL DETAILS 99

We try again to obtain the ε(We) dependence by changing the initial condi-
tions in our model and including the droplet deformation at maximum spread-
ing. We now choose the initial condition t = 0 in our model at the moment
of the maximum droplet spreading, see figure 4.14, where we assume a known
vertical deformation of the drop given by ŷ∗(0) = 1− (δ/R) = 1− δ̂ and a zero
center-of-mass velocity of the drop given by ˙̂y∗(0) = 0.

Figure 4.14: Droplet impact on a thin viscous film. The origin of time t̂ = 0 is
chosen at the moment of maximum spreading. The parameters R̂M = RM/R
and δ̂ = δ/R denote the dimensionless lateral and vertical length scales at
the maximum spreading. The length scales are normalised by the drop radius
R = 0.72mm and the time is normalised by capillary time tγ =

√
ρR3/γ = 4.2

ms. In this figure, Oh = 0.08, We = 2, and Bo = 0.25.

The change in the initial conditions leads to a change in the expressions of the
integration constants Y and ϕ, which are given by

Y =

√
ck
β

[
(1− δ̂)

Bo
− 1

ck

]
=

√
ck
β

[
1

χ
− 1

ck

]
and ϕ = tan−1

(
−β

α

)
.

(4.17)

where χ = Bo/(1 − δ̂). Here too, the integration constants Y and ϕ depend
only on two control parameters (Oh, χ = Bo/(1− δ̂)).

We remark that δ̂ is now an important parameter in our model that deter-
mines the contact time, coefficient of restitution, and the bouncing to floating
transition. To this end we look at the functional dependence of δ̂(We,Oh) in
the experiments (cf. Appendix 4.D).

A simple volume conservation between the spherical drop prior to impact
(having a radius of curvature of R) and a pancake drop geometry at the
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maximum spreading (spanning 2RM in the lateral direction while having a
radius of curvature of δ) leads to a relation between R̂M and δ̂ as

R̂M = δ̂
(
1− π

4

)
+

√
δ̂2

(
π2

16
− 2

3

)
+

2

3δ̂
. (4.18)

Figure 4.21a shows a good agreement between the experiments (datapoints)
and equation (4.18) (dashed line) justifying the volume conservation.

The functional dependence of R̂M (We,Re) is shown in figures 4.21b and 4.21c.
Please note that in our experiments, the impact speeds are sufficiently low
We < 10 and therefore we use the parameter R̂M − 1 (as was the case in the
work of Chantelot [21]) since it tends to zero as the impact speed tends to zero.

Next, we determine the prefactors ck and cd from the bouncing to floating
transition where both ŷ∗ = 0 and ˙̂y∗ = 0 conditions are satisfied. At the tran-
sition we match the two control parameters (Oh, χ) between the experiments
and the model. In doing so we find, ck ≈ 2.3 and cd ≈ 2.5 as the best fits
using the method of least squares.

We again look into the ε(We) dependence in figure 4.15. Here, the ε values ex-
tracted from the model are obtained by using the vertical deformation scales δ̂
in the experiments. The model predicts ε to decrease with We for sufficiently
low viscosities Oh ≲ 0.1 whereas it remains roughly constant for larger vis-
cosities, a trend that is also captured in the experiments. For sufficiently large
impact speeds (We ≳ 10), the ε was reported to scale as We1/2 [14], but here
we do not observe such a scaling for We ≲ 10. For a fixed We and Oh, both
the model and the experiments show that ε values slightly decreases with an
increase in Bo, but the difference is not very significant. We remark that the
absolute ε values extracted from the model agree well with the experiments
for low viscosities, but show differences for larger viscosities. This again shows
the limitations in the model.
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Figure 4.15: Effect of the Weber number We and Ohnesorge number Oh on
the coefficient of restitution ε for Bo = (a) 0.25 and (b) 0.50. The datapoints
extracted from the experiments (circles) and the model (dashed lines) are
compared. The model uses the experimental δ̃ values to determine ε values.
The prefactors used in the model are ck ≈ 2.3 and cd ≈ 2.5.
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4.5 Conclusion

In this work, we have performed experiments of an oil drop impacting a vis-
cous thin oil film in an ambient air environment. The films are intentionally
made viscous and extremely thin such that the film parameters do not effect
the impact process. The considered drop impact velocities are restricted to
moderately low values We ∼ 1− 10 at which drops bounce on thin films, due
to the air cushioning effect. The side view visualisations of the drop impact
and rebound process was recorded using a high speed camera, employed to
measure the drop dynamics, allowing for the comparison with model.

In the first part of the manuscript, we perform impact experiments varying
three important droplet parameters: Oh, Bo, and We. From the impact ex-
periments, we obtain a phase diagram from which three impact results are
obtained: Rupture, Bouncing, and Floating. In this study, we focus only on
scenarios leading to bouncing and the transition from bouncing to floating.
Looking at the quantitative data, we find that the transition from bouncing
to floating for silicone oil droplets in our experiments occurs at a slightly lower
Oh than for water-glycerol droplets in experiments of Jha et al. [54]. More-
over, we find that We has a non-negligible influence on the transition from
bounce to float when we increase Bo. Based on the experimental results, we
conjecture that Bo and We plays an important role in determining the tran-
sition.

In the second part of the manuscript we adopt the simple spring-mass-damper
model [54], but take gravity into account in the equation of motion of the
drop. The model, together with its initial condition, led to a solution where
the droplet dynamics is only affected by Oh and ξ = Bo/

√
We. We com-

plete the model by determining the two prefactors through experiments. In
doing so we predict the functional dependence of the dimensionless contact
time τ(Oh, ξ) and the coefficient of restitution ε(Oh, ξ) from the model. The
bouncing to floating transition is also predicted from the model, which showed
two regimes: when ξ ≪ 0.4 the transition is given by Oh ∼ 1.14 and when
ξ ≫ 0.4 the transition is given by Oh ∼ 0.20ξ−2. The model predicts the
bouncing to floating transition for sufficiently large Oh and for sufficiently
large ξ. Importantly, for non-zero ξ we find that τ does not tend to infinite
values at the transition. We then take a look at the Oh vs ξ regime map that
depicts where bouncing and floating regimes can occur. The model prediction
agrees well with the experiments for large Oh, but shows a discrepancy with
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the experiments for small Oh. From the discrepancy we speculate whether the
asymptote given by Oh ∼ 0.20ξ−2 may be an artifact. The asymptote also
reflects the functional dependence of ε(We), where we observe that ε increases
with We, contrary to what we see in the experiments. Finally, we attempt to
explain the ε(We) dependence by changing the initial condition in our model
to the moment of maximum drop spreading. We find that the model predicts
ε to decrease with We for low viscosities Oh ≲ 0.1 but ε remains roughly con-
stant for larger viscosities, a trend that is also observed in the experiments.
For such cases, however, the model requires the vertical drop deformation δ̂
at the maximum spreading, whose scaling laws with Oh and We is not very
clear in our experiments.

The role of Oh, Bo and We, which play a crucial role in the impact of droplets
on rigid surfaces (e.g. solids, viscous thin films), has not been fully addressed
in previous literature [14, 83, 54]. However, it is worthwhile to investigate the
droplet parameters as this would provide valuable insight into the dissipation
mechanism and the complex drop impact process. Experimentally, we show
that both a thin-film and a viscous pool surface can be treated as ‘weakly de-
forming’ surfaces that mimic a rigid surface, where the thin-film/viscous pool
parameters do not affect the impact process. It is advantageous to perform
impact experiments on a viscous pool, as viscous pools are extremely easy to
prepare. Using a simple model, we present a more general scenario of the im-
pact of a viscous droplet on a rigid surface. Such a model would prove useful
in characterizing bouncing droplets and the bounce inhibition when droplets
impact a rigid surface. The development of such a model will be the subject
of future work.
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Appendix

4.A Phase diagram

We perform a parametric study of the impact experiments to determine which
droplet properties (We, Oh, Bo) lead to rupture, bouncing, or floating out-
comes. It is important to do a parametric study because we are only interested
in the bouncing regime and the transition from bouncing to floating. In figure
4.16 we show the three outcomes delineated by two transition lines: Rupture
to bouncing and bouncing to floating. We find that, rupture occurs only for
Oh = 0.007 and 6 ≲ We < 9. In all other cases, we observe either bouncing
or floating outcomes. In general, decreasing We and increasing Bo results in
bounce inhibition.

Figure 4.16: Phase diagram for a drop impacting a thin viscous film showing
three outcomes: rupture (▽), bouncing (⃝), and floating (△). The transition
lines (−−) are roughly drawn from the experimental outcomes. For all cases
in this figure, Γ = 0.01 and Ohf = 0.67.

4.B Deformations of thin viscous films

We briefly examine the 3D surface topography of thin film deformations that
arise due to viscous droplet impacts at relatively large impact velocities. This
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differs from the characterization of film deformations for extremely low droplet
viscosity and small droplet impact velocities presented in Chapter 2 of this
thesis. We use the holographic technique to measure film deformations as in
Chapter 2. The Digital Holographic Microscopy (DHM®-R1000 from Lyncée
Tec), allows for real-time measurements with a vertical resolution of (at least)
20 nm. For details on measuring film deformation using the DHM technique,
refer to Chapter 2 of the thesis and Lakshman et al. [66].

The synchronized images of the impacting droplet using a high-speed camera
and the deformation of the oil surface measured using DHM are shown in the
top and bottom rows of the figure 4.17. A pulse generator is used to connect
and approximately synchronizes the recordings of the side view camera and
the DHM camera at a temporal resolution of around 0.8 kHz.

The impact and bouncing time instances in figures 4.17a - 4.17d are given
relative to t+, where t+ is the time instance corresponding to the maximum
(lateral) extension of the drop during its first impact (cf. figure 4.17b). Ev-
idently, the initial state of the film prior to the impact (cf. figure 4.17e) is
flat. The deformed state of the film after the impact (cf. figure 4.17g) show
the highly localized deformations that form in a narrow annulus. Subsequent
to this, the film deformations gradually relaxes under the influence of surface
tension, until it is again perturbed by a second impact of the drop (cf. figure
4.17h). Note that when the drop is too close to the film (cf. figure 4.17b and
4.17d) the holography measurement cannot be trusted quantitatively. This is
due to the fact that small air gaps ∼ 100 µm cause additional light reflections
which interfere with the film deformation measurements [66].

We now study the influence of the dimensionless film thickness Γ and the drop
Weber number We on the surface deformations left behind after impact. Fig-
ures 4.18a - 4.18f show the surface topographies at t = 0 in one quadrant.
Figures 4.18e and 4.18f show the corresponding azimuthally averaged defor-
mation profiles at t = 0, averaged over the quadrant. Clearly, an increase
in deformation amplitude is seen with an increase in the initial dimensionless
film thickness (cf. rows in figure 4.18a - 4.18f and figures 4.18g & 4.18h).
However, with respect to the deformation amplitude with the droplet Weber
number (cf. columns in figure 4.18a - 4.18f), we note that the deformation
minima (around the center) decrease with increasing Weber number, while the
deformation maxima (at the annular locations) remain nearly constant.

Importantly, for Γ = 0.01− 0.03 and We = 2 & 10, the film deformations are
of the orders of 1 µm. The deformations of the thin film are extremely small
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Figure 4.17: Snapshots of an oil drop bouncing on an oil film. Drop bounc-
ing behaviour shown in the first row (a)-(d). Evolution of the film deforma-
tion shown in the second row (e)-(h). Location of impact center is [x, y] =
[0, 0] mm. The time instance t+ corresponds to the maximum drop spread-
ing during first impact. The difference between the maximum drop spreading
time t+ and the reference time t = 0 is around 6 ms in our experiments. The
snapshots times in the top row approximately correspond to the surface defor-
mation times in the bottom row with an uncertainty of 1.25 ms. For all cases
in this figure, Oh = 0.034, We = 2, Bo = 0.50, Γ = 0.01 and Ohf = 0.67.

compared to the deformations of the drop, so we do not expect the films to
affect the impact process.

4.C Drop impact on viscous pools

In addition to using extremely thin film, we briefly examine the impact process
on a viscous pool. The viscous pool is preparing by filling a small Petri dish
(inner diameter 33 mm and height 10 mm) to the brim with silicone oil of
viscosity around 10 Pa.s (manufactured by Sigma Aldrich (SA), whose values
for density and surface tension correspond to those given in table 4.1). So the
properties of the pool are hf = 10 mm and ηf = 10 Pa.s which in dimen-
sionless form are Γ = 10 and Ohf = 67. It is worth investigating impacts on



4.C. DROP IMPACT ON VISCOUS POOLS 107

Figure 4.18: (a)-(f) Surface topographies of the oil-air interface at t = 0 in a
quadrant. (g) & (h) Azimuthally averaged deformation profile over the quad-
rant at t = 0. For all cases in this figure, Oh = 0.034, Bo = 0.50, and Ohf =
0.67.

a viscous pool, to see whether or not the impact process on a viscous pools
is similar to that of a thin film. Viscous pools are relatively easy to prepare
compared to a thin viscous film and therefore produce faster results.

Note that the thickness hf = 10 mm is called a pool because it is an or-
der of magnitude larger than the typical droplet radius, where the bouncing
phenomenon is largely unaffected by the (no-slip) bottom surface [128]. We
study the impact of droplets on viscous pool by keeping the drop radius fixed
around R = 1.03 mm but varying the drop viscosity which is either about
η = 4.6 mPa.s, 9.3 mPa.s, or 19 mPa.s and the impact velocity which is in
the range V = 0.2 m/s− 0.4 m/s.

Figure 4.19 shows the typical impact process for three different Oh values.
The impact process consists of following phases: Spreading, maximum (lateral)
extension, retraction and vertical elongation similar to what has been observed
on viscous thin films (cf. figure 4.2). Although we expect the pool to deform
even for large viscosity, we cannot observe this in our side view visualizations.
Note for all cases in the figure the droplet lifts-off from the pool surface.
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Figure 4.19: Droplet impact on a viscous pool: High-speed image sequences
depicting bouncing outcomes. The droplet viscosity is varied, (a) Oh = 0.034,
(b) Oh = 0.067 and (c) Oh = 0.133. The capillary time is tγ = 7.2 ms. The
viscous pool properties are Ohf = 67 and Γ = 10. For all the cases in this
figure, Bo = 0.50 and We = 2.

Figure 4.20: Restitution coefficient ε as a function of We. The underlying
substrate, drop impact speed and drop viscosity are varied. Two substrates
are used: Ohf = 67 & Γ = 10 and Ohf = 0.67 & Γ = 0.01. For all cases in
this figure, Bo = 0.50.
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Figure 4.20 shows the ε vs We plot for three different Oh. We also compare
ε values obtained for a thin viscous film configuration and on a viscous pool
configuration. Clearly, the comparison shows that on viscous pools, the ε
values are slightly lower than what was obtained on thin viscous films. We
conjecture that the residual deformations of the viscous pool, which are small
but non-zero, persist even when the droplet is lifted off, leading to an increase
in the interfacial energy of the pool and hence to a decrease in the ε values of
the droplet. Note that in the limiting case, when either hf → 0 or ηf → ∞,
the liquid films would mimic a solid substrate.

4.D Deformation scales δ and RM as a function of
droplet properties

We briefly examine the droplet deformations (δ, RM ) at maximum spreading
as a function of droplet properties (We, Oh). It is worth examining the
deformations, as they appear as an important parameter in our spring-mass-
damper model. Figure 4.21 shows the dimensionless deformations δ̃ = δ/R
and R̃M = RM/R as a function of droplet properties at constant Bo = 0.25.
In figure 4.21a, the data points extracted from the experiments agree well
with the volume conservation relation between δ̃ and R̃M given by (4.18)
(dashed line). We then plot the parameter R̃M − 1 as a function of We and
Re =

√
We/Oh. In figure 4.21b we find that R̃M − 1 scales as We1/2 at a

fixed Oh. However, in figure 4.21c, there is no clear scaling between R̃M − 1
and Re at a fixed We. Instead, we find a weak dependence of R̃M − 1 with
Re for Oh ≲ 0.1, but otherwise a strong dependence.
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Figure 4.21: Variations of the vertical (1 − δ̂) and the lateral (R̂M − 1) de-
formation scales at the maximum spreading extracted from the experiments.
(a) The vertical deformation (1 − δ̂) is plotted as a function of the lateral
deformation (R̂M − 1) along with the volume conservation relation given by
(4.18) (dashed line). The lateral deformation (R̂M −1) is plotted as a function
of (b) We and (c) Re. The errorbars in δ̂ and R̂M are ±0.05. For all cases in
the figure, Bo = 0.25.
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[101] D. Quéré. Leidenfrost dynamics. Annu. Rev. Fluid Mech., 45:197–215,
2013.

[102] O. Ramirez Soto, V. Sanjay, D. Lohse, J. T. Pham, and D. Vollmer. Lift-
ing a sessile oil drop from a superamphiphobic surface with an impacting
one. Sci. Adv., 6(34):eaba4330, 2020.

[103] L. Rayleigh. On the capillary phenomena of jets. Proc. R. Soc. London,
29(196-199):71–97, 1879.

[104] L. Rayleigh. Further observations upon liquid jets, in continuation of
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Summary

The impact of droplets occurs frequently in nature and is used in many indus-
trial and technological applications, such as the impact of raindrops on the
surface of a pond, the spraying of liquid coatings on wet surfaces, and inkjet
printing. Depending on the material properties of the impacting droplet and
the underlying substrate, the impact can result in bouncing, floating, splash-
ing, or spraying. In this work, we investigate a particularly interesting impact
scenario, namely floating or bouncing droplets, where a liquid droplet impacts
a liquid film at a sufficiently low velocity, resulting in the droplet never coming
into direct contact with the underlying film throughout the impact process.
The material properties of the droplet (radius, viscosity, impact velocity) and
the film (thickness, viscosity) are varied, and the dynamics of the droplet and
the film due to the impact process are investigated.

In chapter 2, we perform experiments of the rebound of a water drop impacting
on a very thin and viscous silicone oil film. We primarily investigate the role
of the film viscosity ηf and the film thickness hf on the free-surface film defor-
mations that arise due to the air pressure buildup under the impacting drops.
Using Digital Holographic Microscopy we measure the 3D surface topography
of the deformed oil film with an unprecedented precision down to 20 nm in
the vertical direction. We first discuss the film deformations immediately after
rebound while varying the film thickness and film viscosity. We find that the
amplitude of the film deformation after the bounce varies quadratically with
film thickness δ0 ∼ h2

f
and inversely with the film viscosity δ0 ∼ η−1

f
. Sub-

sequently, we detail the relaxation process of the film deformations when the
drop has bounced far away from the film. During late times we find that the
deformation width scales as λ ∼ t1/4, and the deformation amplitude scales as
δ ∼ t−1/2, in excellent agreement with the results from a previous lubrication
analysis.
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In chapter 3, we perform experiments and direct numerical simulations of the
rebound of an oil droplet impacting a deformable oil film. We investigate
the role of the droplet Ohnesorge number Ohd, the film Ohnesorge number
Ohf , and the film aspect ratio Γ on the impact process. First, we categorize
the impact regimes into: substrate-independent bouncing, in which the im-
pact process leading to bouncing is independent of the underlying substrate
properties; substrate-dependent bouncing, in which the impact process lead-
ing to bouncing depends on the underlying substrate properties; and floating,
in which the impact process leads neither to bouncing nor to the breaking of
the thin air layers. For films with low Ohnesorge number Ohf < 0.1, we re-
cover the substrate-independent bouncing for a sufficiently small film thickness
Γ1 = hf,1/R and substrate-dependent bouncing otherwise. For sufficiently
large film thicknesses Γ2 = hf,2/R, a transition from substrate-dependent
bouncing to floating occurs. Here, the invariance of the energy transfer from
the droplet to the film needs further investigation. For films with high Ohne-
sorge number Ohf > 0.1, we also identify a substrate-independent bouncing,
substrate-dependent bouncing and floating regime. In contrast to films with

a low Ohnesorges number, we find Γ2 ∼ Oh
1/3
f . We propose a minimal model

that describes the main aspects of this process. The model accurately predicts

the substrate-independent asymptote (when Γ/Oh
1/3
f → 0) and the inviscid

drop asymptote (when Ohd → 0). Away from these asymptotes, the minimal
model fails to predict Γ1 and Γ2. We hypothesize that the limitation of the
model comes from neglecting gravity, which is known to inhibit bouncing.

In chapter 4, the impact and rebound of a droplet on a very thin and viscous
silicone oil film is studied, as in chapter 2, but we focus on understanding
the role of droplet properties in an external gravity field. The film properties
are such that they do not affect the impact process and thus imitate a solid
surface. Here, we only vary the Ohnesorge number Oh, the Bond number Bo,
and the Weber number We of the drop and characterize the droplet rebound
primarily by the coefficient of restitution ε. We develop a minimal model, as in
chapter 3, to understand the droplet rebound dynamics. The model suggests
that the droplet dynamics is captured by two quantities, Oh and Bo/

√
We.

The model prediction of the transition from bouncing to floating and the
qualitative trends in ε(Oh) are in agreement with the experiments. However,
the absolute values of ε and the trends of ε(We) are in qualitative agreement
with the experiments only if we change the initial conditions in the model to
include the experimental droplet deformations at maximum spreading.



Samenvatting

Het inslaan van druppels komt veelvuldig voor in de natuur en wordt ge-
bruikt voor vele industriële en technologische toepassingen, zoals de inslag
van druppels op een vijver, het spuiten van druppels op een vochtig opper-
vlak en bij inkjet printen. Afhankelijk van de materiaaleigenschappen van de
vallende druppel en het onderliggende substraat, kan de inslag zorgen voor
stuiteren, drijven, spetteren of sproeien. In dit werk onderzoeken we een bij-
zonder interessante inslagsituatie, namelijk drijvende of stuiterende druppels,
waar een vloeistofdruppel met een dusdanig lage snelheid neerkomt op een
vloeistoflaag dat de druppel gedurende de inslag nooit in direct contact komt
met de onderliggende vloeistoflaag. De materiaaleigenschappen van de drup-
pel (radius, viscositeit, inslagsnelheid) en de vloeistoflaag (dikte, viscositeit)
worden gevarieerd en de door de inslag resulterende dynamica van de druppel
en vloeistoflaag worden onderzocht.

In hoofdstuk 2 bekijken we experimenteel het stuiteren van een waterdrup-
pel die neerkomt op een dunne, viskeuze laag siliconenolie. We onderzoeken
hoofdzakelijk de invloed van de viscositeit ηf en dikte hf van de laag op de
vervorming van het vrije oppervlak veroorzaakt door de drukopbouw onder
de inslaande druppel. Gebruik makende van Digitale Holographische Micro-
scopie meten we, met een ongeëvenaarde precisie tot wel 20 nm in de verticale
richting, de topografie van het 3D-oppervlak. Allereerst bespreken we de ver-
vorming van het oppervlak onmiddellijk na het stuiteren, terwijl we de dikte
en viscositeit van de laag veranderen. We stellen vast dat de amplitude van
de vervorming van het oppervlak na het stuiteren kwadratisch verandert met
de laagdikte δ0 ∼ h2

f
en als de inverse van de viscositeit van de laag δ0 ∼ η−1

f
.

Vervolgens lichten we het ontspanningsproces van de vervormingen van de laag
wanneer de druppel ver van de laag weg is gestuiterd toe. Gedurende deze
latere tijd vinden we dat de breedte van de vervormingen schaalt als λ ∼ t1/4

en de amplitude schaalt als δ ∼ t−1/2, in excellente overeenkomst met de re-
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sultaten uit voorgaande dunne-laag analyse.

In hoofdstuk 3 voeren we experimenten en directe numerieke simulaties van het
stuiteren van een oliedruppel uit, als die inslaat op een vervormbare olielaag.
We onderzoeken de rol van het Ohnesorge nummer van de druppel Ohd, het
Ohnesorgenummer van de laag Ohf en de lengte-breedteverhouding Γ van de
laag op het inslagproces. Als eerste categoriseren we de inslag in drie regimes:
substraatonafhankelijk stuiteren, waar het inslagproces dat leidt tot stuiteren
onafhankelijk is van de eigenschappen van het onderliggende substraat; sub-
straatafhankelijk stuiteren, waar het inslagproces dat leidt tot stuiteren wel
afhankelijk is van de eigenschappen van het onderliggende substraat; en dri-
jven, waar het inslagproces leidt tot noch stuiteren noch het breken van de
dunne luchtlagen. Voor lagen met een klein Ohnesorgenummer Ohf < 0.1
zien we substraatonafhankelijk stuiteren voor een voldoende kleine laagdikte
Γ1 = hf,1/R en substraatafhankelijk stuiteren in andere gevallen. Voor een
voldoende dikke laag Γ2 = hf,2/R komt een transitie van substraatafhankelijk
stuiteren naar drijven voor. Verder onderzoek naar de invariantie van de en-
ergieoverdracht van de druppel naar de laag is nodig. Voor lagen met een groot
Ohnesorgenummer Ohf > 0.1 identificeren we ook substraatonafhankelijk stu-
iteren, substraatafhankelijk stuiteren en het drijven. In tegenstelling tot lagen

met een klein Ohnesorgenummer vinden we dat Γ2 ∼ Oh
1/3
f . We stellen een

minimaal model op dat de belangrijkste aspecten van dit proces beschrijft.
Het model voorspelt nauwkeurig de substraatonafhankelijke asymptoot (als

Γ/Oh
1/3
f → 0) en en de niet viskeuze druppel asymptoot (als Ohd → 0). Weg

van deze asymptoten is het model niet in staat Γ1 en Γ2 te voorspellen. We
veronderstellen dat deze limitatie van het model voortkomt uit het negeren
van de zwaartekracht, waarvan bekend is dat deze stuiteren bemoeilijkt.

In hoofdstuk 4 wordt het inslaan en stuiteren van een druppel op een zeer
dunne en viskeuze laag siliconenolie bestudeerd, net als in hoofdstuk 2, maar
we focussen op het begrijpen van de rol van de druppeleigenschappen in een
extern zwaartekrachtveld. De laageigenschappen zijn zodanig gekozen dat ze
het inslagproces niet bëınvloeden en daarmee een hard oppervlak imiteren.
We variëren hier alleen het Ohnesorgenummer Oh, Bondnummer, Bo, en het
Webernummer We van de druppel en karakteriseren het terugstuiten van de
druppel hoofdzakelijk door de restitutiecoëfficiënt ε. We ontwikkelen een min-
imaal model, zoals in hoofdstuk 3, om het terugstuitproces te begrijpen. Het
model suggereert dat de dynamica wordt ondervangen door twee waarden, Oh
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en Bo/
√
We. De voorspelling van de transitie van stuiteren naar drijven door

het model en trend in ε(Oh) zijn in kwalitatieve overeenkomst met de experi-
menten. Echter, de absolute waardes van ε en de trend in ε(We) zijn enkel in
kwantitatieve overeenkomst met de experimenten als we in de initiële condi-
tie in het model de experimentele vervormingen van de druppel bij maximale
spreiding meenemen.
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