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Abstract 

This paper presents the exact analysis of the natural 
frequencies of transverse bending of flat clam ed clamped 
beams subject to an axial force. Extensions or this model 
are presented for several aspects of transversely vibrating 
microbridges for which this model falls short. The 
behaviour of buckled or initially deflected beams is 
modeled, as well as the behaviour of beams with a small 
length-to-width ratio. The deformation of the elastic 
support is analyzed, revealing a significant com liance of 
the support compared relative to typical comp?iances of 
microbridges. The results of these models are compared with 
the experimental results obtained from a resonating 
microbndge mass flow sensor. 

Introduction 

resent-day solid-state sensors are based on 
the shift of $e resonance frequency of a micromechanical 
structure [l,  21. The vibrating structure usually consists 
of single crystal silicon or of a thin film. The supported 
edges of the microstructure are attached to the substrate, 
with the geometry of the microstructure and of the supports 
determined by the applied technology. Ideally, these 
microstructures would be flat, and the supports would be 
rigid. Also, it is usually assumed that the lowest natural 
frequencies can be descnbed b one-dimensional models. The 
actual geometries, however, aiect the mechanical behaviour 
of these microstructures. This paper takes microbridges as 
an example, and investigates their natural frequencies as a 
function of the actual applied load, in relation to their 
actual geometry. 

Clamped-clamped beam model 

Ideally, the considered mechanical behaviour of the 
microbridge can be described by a one-dimensional model for 
a homogeneous, prismatic beam, clamped at both ends, and 
subject to an axial force. The free, undamped transverse 
vibration at small amplitudes can be described by the 
following linear partial differential equation [3]: 

Several 

fiI.a4w/ax4 - N-a2w/ax2 = - pA.azw/at2 (14 

with boundary conditions: 

In eqn. (1) w(x,t) is the dynamic transverse 
deflection of the beam, see figure 1, with x for axial 
position and t for time, fi is the Youn modulus, N the 
axial tensile force and p the density of tfe beam material; 
A and I are the area and moment of inertia of the CJOSS 
section of the beam, respectively ( A  = b - h  and I = b - h  /12 
for rectangular cross-sections, with b and h the width and 
thickness, respectively). For non-homo eneous, but still 
prismatic beams, eqn. (1) is stilk valid, if the 
coefficients for the flexural rigidity fiI and the mass per 
unit length PA are properly defined for the non-homogeneous 
cross section, and if the neutral axis does not have steps. 
For a rectangular cross section with ratio b4h > 5 ,  fi in 
equation (la) should be re laced by E/(l-u ), with E the 
Young modulus and U the 8oisson ratio, to account for the 
suppresion of the in-plane dilation accompanyin axial 
stram [4]. In the case of anisotropic elastic beaaviour 
the appropriate values for E and U can be determined from 
the appropriate stress-strain relations. 

”he -axial force N can be caused by a displacement U of 
the clamped ends relative to each other, N = EA€, E = u/l .  
A contnbtution to the axial force N due to the bi-mal 
residual stress U, can be found from N = (l-u).u,,A. 

-. . T 

Figure 1. Transverse deflection w(x,t) o f  a clamped-clamped 
beam with pexural rigidiv fit mass per unit length pA and 
length 1, sublect to an axial tensile force N. 

The solution of equation (1) can be written [3]: 

w(x,f) = xn($)- (A,,. coso,,t + B,. sinw,,t) 
n 

with on the radial frequen 
the n-th natural mode. W i g  eqn.(2) Eqn.(l) can be rewritten: 

and X, the shape function of 

X i ’ ”  - 28.x;’ - e.x, = 0 

xnlq=o,l = 0, x i I q = o , ~  = 0 

( 3 4  

(3b) 
whese ’ denotes derivation with respect to rj = x / l ,  1% = 
pAo$/fiI and 28 = N12/81. Substituting the general 
solution of (3a) into (3b) yields [5]: 

x ,  = ( 4 4  

(4b) 

(44 

coshn2,q - cosnl,q - sinhn,,q - sinn,,q 
sinhKZn - sinnln coshn2, - cosnl, 

cosn,,.coshn,, - (,9/~).simcln.sinhn,, - 1 = 0 

nin= ((e + 82)1/2 + (-I)!B)~”, i = I, 2. 

The exact natural radial freqp ncies as a function of 
the axial force o = 5 (fiI/pAf) are found from from 
the solutions $,(B) of t e implicit equation (4b). Figure 2 
shows a graphical representation of the two lowest exact 
solutions U, = o,/2n of eqn. (1) as a function of the 
applied axial force. Note that thanks to the normalization 
of the frequencies (with Y, the value of u1 at zero axial 
force), and of the force the graph is generally applicable. 
These exact solutions can be approximated by a closed form 
relation: 

NI2 v,(N) = ~,(O).d(l + yn*-) 
12fiI 

where 7, is a coefficient for the contribution of the 
applied axial force to the modal stiffness, relative to the 
contribution of the flexural rigidity. Values for k,, and 
u,/uo at zero axial force, and for the coefficient 7, in 
eqn. ( 5 )  are listed in table 1. The error in the 
approximation is smaller than 0.5 % if the contribution of 
the axial force to the modal stiffness is smaller than that 
of the flexural rigidity, i.e., r , -N1 /(12fiI) < 1. 

of the axial force, i.e., for N 
= - N,,, with N - &%I/?, a zero frequency is found for 
the first natura! mode, while U = 1 . 9 8 . ~ ~  For larger 
compressive forces, the structure 2 buckled, and the model 
is not adequate. 

For the bucklin valu 
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Figure 2. Normalized natural frequencies vs. normalized 
ax91 force [SI. For horpoge3eous rectan lar cross sec bns 
NI /12&1 = N/EA.(I/h)-(l-u ), u0 = l .O%.d(fi/p).(h/lf  

Effects of shear deformation and of rotational inertia 
were pmitted in the above analysis. This is valid for 
(k,,h/l) a 1 [3]. For large amplitudes of vibration and 
su pression of axial displacement of the clamped ends, an 
aditional term emerges in e uation (la) due to dynamic 
elongation of the beam. A i s  leads to a non-linear 
differential e uation. The relative increase of the natural 
frequencies &e to the influence of the amplitude of 
vibration is of the order (w /h ) f  Also omitted in eqn. 
(la) are damping, an adRional effective inertia of 
surrounding medium and a provisional transverse force with 
a gradient in the direction of vibration. These phenomena 
have a decreasing effect on the actual resonance 
frequencies. For non-prismatic beams it is convenient to 
use an approximation method, rather than solving the 
differential equation. 

I 

-n2/3 0 5 

I 1 4.7300 1.0000 0.2949 I 
2 7.8532 2.7566 0.1453 

k 2 12(kn-2) 23 (nt1/2)n (2) 
4.73 

Table 1. Values for the coefficients in eqn. (5). kn and U, 
for N=O. 

Buckled beam model 

To investigate the behaviour of buckled microbridges, 
it is better to regard the axial displacement as the input 
load, rather than the axial force. (Note: most resonant 
sensors are in fact displacement sensors rather than force 
sensors.) Kim and Dickinson [6] presented a model for the 
static behaviour and for the natural frequencies of beams 
with a small initial deflection, subject to an axial end 
displacement of the clamped ends. Figure 3 shows a 
schematic representation of the deflected shapes with and 
without the axial load, respectively. The axial 
displacement U causes a uni-axial elastic elongation of the 
beam corresponding to the actual axial force N, together 
with a change in projected length of the deflected shape: 

I I 
U = NI/EA + 11/2. ( z ’ ( x ) ) ~ &  - 11/2. (y’(x)>’& 

where z(x) = z @ ( x )  and y ( x )  =” y.$(x), with z and y the 
centre deflection of the unloaded and loaded beam, 
respective? Aprximating the deflected shape with $ ( x )  = 
(1-cos2nx 1)/2 t is yields: 

u/l = N/EA + (5)’- (%)2 

while y = z/(l+N/N,), with N, = 4nZfi1/IZ [6], 

except for z = 0, u / l  < -eb, with e ,  = N,/EA, for which: 

N = - N, and (%)’ = - u/ l  - e,, (6b) 

Figure 3. Shape and centre deflection z and y of initially 
deflected beam without and with axial loading, respectively. 

Figure 4 shows graphical representations of eqns. (6). 
For an initially flat microbridge (z = 0) the centre 
deflection is zero and the stress is proportional to the 
strain, for values of the axial dis lacement larger than 
the buckling value (i.e., u/l  > -eb! For negative values 
of u/l  beyond the buckling point, however, the initially 
flat microbridge is buckled; the excess length is relaxed 
by an increase of the centre deflection rather than an 
increase of the stress. According to the model presented in 
reference [6] the axial stress does not change with 
compressive axial displacements beyond the buckling value. 
Figure 4 shows dashed lines for several initial centre 
deflections z, again according to the model in reference 
[6]. When the beam is in a transverse vibration, buckling 
is enhanced; the amplitude of vibration has a similar 
impact as an initial static deflection. A step in the 
neutral axis of a non-prismatic beam has the same effect as 
an initial deflection z(x). The initial deflection may also 
be enhanced by a transverse load. Although a small initial 
deflection has a small im act on the force-displacement 
curve, and its impact on tfe deflection-displacement curve 
is also small, the combined impact can be significant near 
the buckling point. 

-- z= .01 

, (‘/‘)/€b. 

1 

- c  

-1 
igure 4. Normalized axial orce N/N, and normalized 

f;,sverse deflection (n/2)(yJ)/de ) as a function o f  
normalized axial displacement u/(!c,), for four values of 
the normalized initial deflection 8 [6]. For hfmo eneous 
rectangular cross sfctions 6 = (n  /3 . (h l ) T ( l - U  ), i /N ,  = 
0.304.N/fiA. (l/h), Z = 0.$.66.z/h.d{1-4 etc. 

When a statically deflected beay vibrates, a dynamic 
axial force N(t) = EA-J’1/2-((y’+w’) -(y’)’)&/l occurs due 
to dynamic stretching of the beam. For small amplitudes of 
vibration only the part linear in w(x) is significant, 
leading to the partial differential e uation for the 
undamped free vibration of a statically dejected beam: 

_ _ _ - - - -  

I 
f i . 1 ~ 9 9 9 9  - ~ ~ ’ 7  - E A . + J ~ ~ ~ ~ & . ~ ~ ~  - p&w = 0 (7) 

0 

where y and N are the actual static centre deflection and 
axial force, respectively, and where w(x satisfies the 
boundary conditions as in eqn. (lb). Re2 [SI uses the 
Galerkin method, approximating the solution w(x) with a 
series of the exact mode shapes of initially flat 
clamped-clamped beams as in eqn. (4), under zero axial 
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stress. Figure 5 gives a aphical representation of the 
normalized first two ben&g modes as a function of 
normalized axial displacement, and for different values of 
the initial deflection. Fofi - 1.3 < (u/l)/eb c 1 the curves 
in figure 5 are well aproximated by: 

= d(1 + 0 . 2 9 5 . x  + 0.12.-) E A Y ~  
U0 12e1 $1 

U0 12e1 
!Z = 2.76*d(l + 0.145.- N12 ) 

where y and N are functions of the initial deflection and 
of the axial displacement, from eqn. (6) and figure 4. 

!!n 
U0 
3 

-1 0 
Figure 5. Normalized resonance fre ncies o f  first and 
second bending modes U U as a E t i o n  of normalized 
axial displacement u,d$ including the effect o f  
buckling, for several values o f  the normalized initial 
deflection Z [6]. 

From eqns. (8) it is seen that the influence of the 
axial force is the same as in eqns. (5). An additional term 
with the actual deflection y has emerged in the equation 
for the first bending mode resonance frequency. The second 
mode natural frequency is not directly affected by the 
deflection due to the orthogonality of the symmetric 
deflection shape and the anti-symmetric vibration shape. 
This behaviour implies that if the resonating beam serves 
as a force sensor rather than as a displacement sensor, it 
may be preferable to o erate the beam at the second bending 
mode rather than the first mode. 

For a buckled, initially flat beam (z = 0), the 
contributions to the modal stiffness of the first bending 
mode by the flexural rigidity and b the axial compressive 
force compensate each other, a n i  the solution can be 
approximated with: 

= 1.4-d(- ?/eb - 1) 
U0 

for - 1.3 < (u/l)/eb < - 1, while the second mode resonance 
frequency is independent of compressive axial displacement 
beyond the buckling point: 

!!z = 1.98 
U0 

Again, the ap roximations in eqns. (8) and (9) are 
upper limits for t i e  exact solutions for the resonance 
frequencies. For initially deflected beams the value of U 
approaches that of eqn. (9b) for large compressive axid 
displacements, so that the value of uo of a microbridge can 
always be determined from eqn. (9b with a simple 
experiment. The value of the initial de d ection z can then 
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be determined from the minimum value of the measured curve 
for U U@ From the curves in fi e 5 it can be deduced 
that d i s  minimum is proportionaf?o the cubic root of the 
normalized initial deflection. For beams with a rectangular 
cross section t& minimum in the (u,/uo)-curve roughly 
equals 1.5-(z /h)  . 
Two-dimensional analysis 

Micromechanical structures usually have a width which 
is of the same order of magnitude as their length. For 
these geometries the resonance frequencies of torsional 
modes may be of the same order of magnitude [7]. 
Also, the natural frequencies of the bending modes may be 
slightly smaller than those according to the 
one-dimensional model, due to anti-clastic bending [8]. A 
two-dimensional model is required to analyse the behaviour 
of these beams. Figure 6 shows a a h i d  representation 
of results obtained from an &&S finite element 
calculation usin shell elements. The structure was given a 
small centre deflection, z /h  = 0.01, which was necessary to 
allow for calculations beyond the bucklin load. It shows 
that for length to thickness ratios of 3 and 4 the 
resonance frequencies of the first torsional mode is in the 
same range as those of the two first bending modes. 
According to ref. [s] the natural frequencies of the 
bending modes should have a small dependence on the len h 
to width ratio of up to 1 % in this re 'on. However, t$ ls  
dependence was not found in these FEhfresults. 

3 

e,, = 4nZfiI/EA12 

?/e  b. 

-n2/3  0 
Figure 6. Normalized resonance frequencies of first and 
second bending modes, as well as o f  first torsional mode 
[7]. parameterized for length-to-width ratio, as a function 
o f  normalized axial displacement. 

Elastic supports 

In the above models it was assumed that the beams were 
ideally clamped at both ends. Micromechanical beams, 
however, are attached to an elastic support. For the 
analysis of the deformation of the support we make use of 
the Zdimensional model in [9] for the deformation of a 
wedge of angle 2u, under the combined loading of forces P 
and Q and bending moment h4,, at the tip of the wedge, as in 
figure 7a. At first instance we will assume the su port to 
have a width equal to that of the beam, and we wigassume 
plane strain, i.e., su pression of strain perpendicular to 
the lane of the we&e. This implies that below E and U 
shoufd be read E/( 1-u ) and u/( 1-U), respectively. 



Fipre 7. Wedge loaded at its tip (a), and elastic support 
of beam loaded at the height of the neutral axis of the 
beam (b). 

The stress distributions are according to [9]: 
Pcos8 Qsin8 - Msin28 

U * = -  - -  - 
b d ~ a )  b%(a) brzfm(a) 

a, = 0 
M(c0~28- cosh) 

7 ,  = 
2brzfm(a) 

Substituting eqns. (10) into the constitutive 
e uations yields e ressions for the strains as functions 
o?r and 8. The disTacements can be found from integration 
of the strain-displacement expressions: E ,  = au/ar, c, = 
u/r + av/ra8, 7, = au/ra8 + av/ar - v/r. Assuming 
zero-displacements at distance R from the tip of the wedge, 
this yields for the displacements at the axis 8 = 0  

u(r) = -.-. ln(R/r) 
bE f,(a) 

M 1  v(r) = a (ln(R/r)-(1-r/R)) + -a-. (l-r/R)'(ll) 
. bE fo(a) brE fM(a) 

$(r) = = Q.'.(l-r/R) + -.-.(1-(r/R)2) M 1  
. a r  brE f,(a) br2E fM(Q) 

with f (a) = fm(a)/(l - (~+u) (~ -cos&) /~ )  
&r small angles 2a the same results are obtained as 

in eqns. (11) if the wedge is regarded as a non-prismatic 
beam of thickness h(x- = 2xtana, and ap lying a 
one-dimensional model o deformation by axial eEngation, 
bending and shear. 

An a propriate point to evaluate e ns. (11) is the 
point at t fe  height of the neutral axis 01 the beam, i.e. 
where r = (h/2)/sina. For radius R we can define R = 
(H/2)/sina, where H is a characteristic dimension, e.g. the 
distance to a rigid backplate. Replacing loads P, Q and 
by loads N, D and M enacted at the hei ht of the neutra 
axis of the beam: P = Ncosa + Dsina, Q = 6cosa - Nsina, M,, 
= M - N-rsina + D-rcosa and expressing the displacements in 
the components U, v and $ as in figure 7b, we find: 

Mn 

where c = cow, s = sina, xx = g,/f,, with g, according to 

and with fF from eqns. (10). As the matrix S has to be 
symmetric it turns out that probably the expression for fM 
in e n. (11) is wrong, and should be replaced b f M  = 2b. 
Res& of the above analysis agree wth res& obtained 
from FEM calculations. 

the loads P, Q and M,, will decrease with 
increasing 2 th into the support, as they are 
counterbalance: by the bulk surroundin the wedge. If we 
assume P(r) = P/(l+r/b), M(r) 9 (r$+Qr)/(l+r/p), we 
obtain for H > 10.b, and replacing b/r by b /h  in the 
expressions for g,: 

In reali 

Table 2 Fives values of the coeffients of the 
compliance matnx S for b / h  = 100, and for three different 
values of 20. 

2a = 54.7" 
13.9 -16.8 -2.8 

2a = 90" 
7.4 -3.8 -1.6 

1-16.8 37.6 5.31 1-3.8 7.4 1.61 1 1 -2.8 5.4 6.01 1-1.6 1.6 3.41 1-0.9 0.3 1.81 
Table 2. Values of coefficients of the compliance matrix of 
the support, for b/h = 100, and for different values of 2a 

The coefficient sll represents the axial diplacement 
of the elastic su port under an axial load. For this load 
the support can !e re arded as a spring in series with the 
beam, see figure 8a. he value of sll should be compared 
with the axial com liance of the beam, i.e., OS(l/h). For 
l/h = 100, 200 or 500, the values of the latter are only a 
ew times higher than those in table 2, indicating that the 

support is not relatively stiff for this load. Even for the 
support of an angle of 144.7", and a beam with l /h  = 300, 
the axial force due to an axial diplacement is 1 % less 
than would have been the case for a rigid support. For 2a = 
54.7" and l /h = 100 the axial force is even 22 % smaller. 

The coefficient s represents the transverse 
displacement of the end 01 the beam due to deformation of 
the support under an axial load. A static transverse 
diplacement, however, is irrelevant, and we will ignore the 
dynamic transverse displacement due to this effect. 

The value of the coefficient s1 represents the an le 
of rotation $ of the support under &e axial force N. A i s  
causes a deflection z = 6.114 at the centre of the beam, 
see figure 8b. This contribution to the initial deflection 
of the beam, which is pro ortional to the axial load, is 
articularly interesting for t& buckling load of the beam, 

gecause, as we have found earlier, the effect of the 
initial deflection on the resonance fre uency is larBest 
around the bucklin load. The value 01 the normalized 
initial deflection zfh under the buckling load, due to 
deformation of the elastic suppoq, can be found by 
multiplying the coefficient sI3 by x /12-(h/[). For 2a = 
144.7 and l /h  = 300 this centre deflection due to the 
buckling load equals z/h = 0.002, while for 2a = 54.7" and 
l /h  = 100 z/h = 0.023, which is quite significant. (Note 
that for a symmetric support the rotation would be zero.) 

The coefficients s and s31 represent the dynamic 
axial elongation of the bteam, see figure 8c, in the case of 
a transverse vibration, due to deformation of the support 
under the actual tranverse force and bendin moment at the 
end of the beam. These loads are caused by the inertial 
forces of the beam during the vibration, and can: be found 
from derivatives of the modal shape functions: M(t) = 
EIw"(O,t), D(t) = EIw"'(0f). For values of (k,,h I )  < 1 
the axial displacement of the support is dominatedby that 
due to the bending moment, U = s3,/12.(kfh/l).w(1/2f). 
This dynamic axial displacement is counterbaanced by an 
axial force similar to that in eqn. (7), and therefore will 
only show up in the differential equation in the presence 
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of a static deflection y of the beam, and it will show up 
as a cross term of %l and y in eqn. (8). To compare the 
value of the dynamic axial elongation due to deformation of 
the support, with that due to a static deflection of the 
beam as in eqn. (7 (which is proportional with y/l), the 
coefficient g shodd be mula lied by (k,,h/ 712. The 
equivalent n o r m e d  centre deiection y/h 1s a en found 
from: y/h = %,-4d(h/7/12. For l/h = 300, = 4.73 and 2a 
= 144. " this yiel sy L 0.005, while for$h = lop, k,, 7 
4.73 and 2a = 54.7 this yields y/h = 0.05, which 1s agsun 
quite significant according to figure 5. 

The coefficients s, s, s, and sV represent 
transverse deflections and angles of rotauon of the 
clamped edges due to a transverse force D and a bending 
moment M. The compliances of the elastic support to these 
loads can be expressed in an equivalent prismatic extension 
of the beam of le Al, ideally clamped at its end, see 
figure M. n e  3 ue of Al can be found from the 
e repions for bending of the extensiop: 0 = W / E I  + 
D?h)/2EI, v = M(a2/2EI + D(h)/3EI. For natural 
vlbraaons of the beam with (k,,h/l) c 1, the transverse 
force D is relatively small compared to the bending moment 
M, Le., the deformation of the su rt is dominated by the 
impact of the bending moment. a r e f o r e  we onl have to 
look for an extension Al equivalent to the coedtents s, 
and su. To define one characteristic value of Al we take 
the average of the equivalent compliances for 4 and v: 

Al = 1/2(sJ12 + (sjJ6)1/t) .h 

We see that the e uivalent extension is proportional 
to the thickness of the%eam. The complete structure of 
beam of length 1 together with the elastic supports at both 
ends can now be regarded as an equivalent clamped-clam d 
beam with length 1 + 2Al. For 2a = 144.7" we find $= 
0.37-h, for 2a = 90' 261 = 0.80-h, and for 2a = 54.7" 2Al = 
1.44-h. For l/h = 300 an extension of the beam len h of 
0.37.h leads to a decrease of frequency U by 0.25 9f  For 
l /h = 100 an extension of the beam l e n d  of 1.44 leads to 
a decrease of u0 of 2.8 %, which is again significant. The 
shift of the resonance frequency due to an axial force is 
not affected by the extension of the beam length, for smal l  
values of the axial force. 

Figure 8. Schematic represenfations o f  the e f f i t s  o f  the 
finite stifiess o f  the elastic support (a) series spring 
effect for axial displacement, (b) initial .deflection due 
to static rotation o f  support under d fotce, (c) 
dynamic axial loading of  the beam due to dynamic axial 
displacement of  the support, and (d) equivalent extension 
o f  the beam length due to rotation and transverse 
deflection of the support. 

Discussion and conclusions 

The analysis of the behaviour of beams with an initial 
deflection shows that the latter has a considerable effect 
on the relationship between axial displacement and the 
resonance frequency of the first bending mode, especially 
near the buckling load of the beam. The prevailin 
parameter is the ratio between initial deflection an% 
thickness of the beam. The latter is usual1 of the order 
of microns for micromechanical structures. '&e relationship 
between the resonance frequencies of antisymmetric modes 
and the actual axial force is independent of the initial 
deflection. 

The two-dimensional analysis of the natural vibrations 
of the beams show that for a beam with a width of the same 
order of magnitude as its length the natural frequen of 
the first torsion mode is of the same order of magnituz as 
those of the first bending modes. 

The analysis of the elastic support shows that the 
support is reasonably st i f f  compared to the stiffness of 
the beam against bending, but not compared to the stiffness 
of the beam against m a l  elongation. Effects of the finite 
stiffness of the sup rt are considerable for supports of a 
small angle (24 e go) ,and for beams with a small length 
to thichess ratio (e.g., l /h  = 100). Due to the 
deformation of the support, an axial elongation of the beam 
relative to the (far away) substrate leads to a smaller 
axial force than m the case of a rigd sup ort. Rotation 
of the support even leads to an initltial detection of the 
beam proportional to the axial force. Its impact on the 
resonance fre uency can be considerable, especially near 
the bucklin yoad of the beam. Also for loads due to 
vibrations o? the beam the deformation of the support is 
considerable, leading to smaller resonance frequencies. 

These analyses reasonably well explain the 
experimental results obtained for a resonating microbridge 
mass flow sensor [lo]. The experimental resonance frequency - tem erature elevation curves indicate an equivalent 
initial Beflection to thickness ratio of 0.02 to 0.05. 
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