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Abstract
Traffi c islands play a major role in transport studies by affect-
ing traffi c behavior safety, air pollution, and transport deci-
sion support. Point data obtained by laser scanning enable the 
determination of their locations. Planimetric errors, vertical 
errors, and limited point spacing however affect their spatial 
data quality (SDQ). In this study, we defi ned uncertainty as the 
lack of accuracy and analyzed its importance by modeling 
each traffi c island as a random set. The covering functions of 
the point data and their intermediate locations were deter-
mined by point segmentation, followed by interpolation. In 
this way, traffi c islands were delineated from the background 
with a transition zone. The study showed that point spac-
ing has the largest contribution to the positonal accuracy of 
a traffi c island. The area of the transition zone has a linear 
relation with the planimetric errors, whereas the infl uence of 
the vertical errors on the accuracy decreases with increasing 
point spacing. Experiments were conducted to investigate the 
infl uences of the parameters in an SDQ analysis. The study 
demonstrated how different sources of uncertainty can be 
integrated. Results showed the advantages of using random 
sets for SDQ modelling. We concluded that modelling of traffi c 
islands by random sets provides meaningful information to 
integrate uncertainties.

Introduction
Spatial objects such as buildings, roads, and water bodies are 
essential entities for urban environmental management and 
analysis. Specifi cally, urban road information plays a criti-
cal role in GIS data update, location-based services, naviga-
tion systems, and traffi c safety analysis (Shahi and Choupani, 
2009). For example, in traffi c safety analysis curbs as vertical 
elevation differences between two adjacent roadway surfaces 
are potential safety hazards because they can affect the stabil-
ity of vehicles and the driver’s ability to handle it (Baek and 
Hummer, 2008; Glennon and Hill, 2004). Traditionally, these 
spatial objects are determined either by land surveying and 
photogrammetry or by segmentation techniques applied to 
high-resolution satellite images (Lucieer and Stein, 2002). The 
resolution of remote sensing data, extraction methods, and 
geometrical representations lead to extensional uncertainties 
of those objects (Zhao et al., 2011). A proper understanding of 
those uncertainties is likely to increase traffi c safety and to ben-
efi t other transport-related applications (Quddus et al., 2007).

The geometry of spatial objects and their topological 
relations are determined by means of their boundaries. In an 
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object-oriented analysis, natural phenomena are mapped on 
predefi ned thematic attributes and presented by crisp bounda-
ries. If the phenomena vary continuously and smoothly over 
time and space, however, a precise defi nition of the objects 
may not exist, and it may thus be impossible to assign crisp 
boundaries to them (Cheng et al., 1997). For such phenom-
ena, the boundaries need to be described as transition zones 
characterized by variable width rather than as crisp lines 
(Shi, 2010; Stein et al., 2009).

Recently, 3D point clouds acquired by laser scanning ena-
ble the automatic extraction of various spatial objects (Huang 
et al., 2011; Meng et al., 2012; You and Lin, 2011). Accuracy 
of these extracted objects largely depends upon point densi-
ties (Zhou and Vosselman, 2012). Due to the variable point 
densities, the boundary of an object is preferably given as a 
transition zone with an extension that is determined by the 
errors existing in laser points. On the one hand, planimetric 
errors in laser points cause extensional uncertainties. Vertical 
errors, on the other hand, mainly determine the parameters of 
the applied point segmentation algorithms, where the height 
variation in the laser points is treated as intensity or color 
variations, similar to the treatment in image segmentation 
algorithms (Felzenszwalb and Huttenlocher, 2004; Grady and 
Schwartz, 2006; Shi and Malik, 2000). In this way, the vertical 
errors have an indirect impact on the extent of an object by 
means of their infl uences on the segmentation results. Hence, 
the three uncertainty factors jointly affect the recognition of 
the extent of the spatial objects.

Extraction of objects and their representations by uncer-
tain extents such as transition zones, are considered as ele-
ments of uncertainty modeling (Stein et al., 2009). Zhao et al. 
(2011) adopted a random set method to quantify the exten-
sional accuracy of spatial objects extracted from images. The 
variability of a random set refl ects the degree of accuracy of an 
object. In order to eliminate the subjective effect of user-tuned 
parameters of the distribution function on the random set 
model, such as the choice of a threshold, the authors devel-
oped a general parameterisation of a mixed Gaussian random 
set model (Zhao et al., 2011). To use the mixed Gaussian dis-
tribution to parameterize such a random set however is still 
subjective. As discussed in Friel and Molchanov (1999), there 
is considerable freedom of choice for weighting the param-
eters, and further investigations might be required to justify 
certain choices from a theoretical point of view.
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In previous studies, Zhou and Stein (2012) used a math-
ematical representation to interpolate the unknown obser-
vations in the transition zone and integrated a random set 
model to deal with the extensional accuracy of traffi c islands. 
This mathematical representation introduced some artifi cial 
uncertainties on the islands with sharp corners, whereas the 
impact of vertical errors and point densities in the laser points 
on the accuracy of islands was not discussed. Furthermore, 
it is still a challenge to determine the proper parameters of 
a well-suited random set model for a traffi c island. Such a 
model should be carefully selected, and it should take into 
account the extent of spatial variations across the transition 
zone. The challenge is thus to develop a general parameteriza-
tion method to determine data-specifi c parameters for point 
data with different point spacings.

The aim of this study is to examine the application of 
random sets to model traffi c islands as objects with uncer-
tain spatial extents. The main contributions of this study are, 
fi rst, that the modeling algorithm is designed on the basis 
of a graph that can be adapted to point data with different 
spacings. Second, in order to consider the extent of spatial 
variations across the transition zone, the random set model 
is parameterized by a Dirichlet boundary integral without 
dependence on standard functions. Third, the impact of 
planimetric errors, vertical errors, and point spacings on the 
accuracy of derived objects is simultaneously considered and 
analyzed. The study is applied to lidar data from the City of 
Enschede, The Netherlands.

Study Area and Data
We consider two types of data, airborne laser scanning data 
and mobile laser scanning data. Airborne laser scanning 
(ALS) data were acquired with a FLI-MAP 400 system (Fugro 
Aerial Mapping, 2011) with forward, nadir, and backward 
looking scan directions. The dataset contains 15 strips with 

a point density of 20 points/m2 and was recorded at a fl ight 
height of 275 m above ground in Enschede, The Netherlands. 
The mobile laser scanning (MLS) data were acquired by an 
Optech LYNX system (Optech, 2007). A track of about 8 km 
was surveyed in 2008 in Enschede in an area that overlaps 
with the area of the FLI-MAP dataset. The driving speed was 
between 30 to 40 km/hour. This resulted into a point density 
of approximately 1,000 points/m2 on a solid surface at a dis-
tance of about 10 m from the laser scanner (Rutzinger et al., 
2011). In this dataset, the distance between the laser scanner 
and the object ranges from 2 m to 20 m and the point spacing 
is approximately 2 to 3 cm. In our study, the airborne data 
will be used for modelling the accuracy of traffi c islands. We 
used the mobile data to generate point datasets with different 
point spacings. By using these datasets, the dependence of 
the accuracy on the point spacing can be analyzed, and the 
mobile data in this way can assist the sensitivity analysis.

Traffi c islands have been successfully extracted from air-
borne laser scanning data (Hatger, 2005; Hatger and Brenner, 
2003; Rottensteiner, 2010; Zhou and Vosselman, 2012). Few 
approaches, however, take the accuracy of the data explicitly 
into account. This is probably due to the fact that the data 
accuracy information is rarely available to data users, but only 
accessible to data suppliers or system manufacturers (Hatger, 
2005). Hence, if we can obtain data accuracy from the data 
suppliers, there is still much room to improve or model the 
accuracy of the extracted objects. In this study, we particu-
larly focus on traffi c islands, because they provide a visual 
separation between driving lanes to direct traffi c, and are also 
used to reduce the speed of cars. These functions of traffi c 
islands can signifi cantly lower crash rates and reduce the risk 
to pedestrians (Gårder, 2004; Zegeer, 2002). A proper model-
ling of the accuracy of traffi c islands is therefore an essential 
input for the traffi c safety analysis. Figure 1 shows typical 
traffi c islands in the City of Enschede, being the subject of 
our study.

(a) (b)

Figure 1. Grayscale laser scanning data of study traffi c islands (1 to 4) acquired from (a) mobile  platform, 
and (b) airborne platform. The point heights are represented as darker (minimum height) to lighter 
( maximum height) gray shades.
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Methods
Representing Random Objects as Random Sets
On the Euclidean space R2, we consider a traffi c island as 
a random set. A random set Γ associates a function PrΓ (x): 
R2 ⇒ [0, 1], x ∈ R2. This covering function of the random 
set takes values between zero and one. We can interpret the 
covering function as the probability of the element x covered 
by the random set Γ on the space R2. We denote the space of 
point data as Q ⊂ R2, where the point x is the basic element, 
x ∈ Q. The measure space that carries random spatial data 
models such as random objects is denoted by U, where 
U ⊆ P(R2). A random object is defi ned as a random set on 
U, and can be described by the focal elements Oi with cor-
responding probability weight mi, denoted as a collection of 
pairs {Oi, mi}. The focal elements are subsets of R2: Oi ∈ P(R2) 
(Zhao et al., 2010). A polygon drawn from laser points for 
a traffi c island can be regarded as a focal element O of the 
traffi c object U with a probability weight m corresponding to 
it. In this study, we equate the random set with the random 
object such as the traffi c island. The probability that a point 
x ∈ Rn is covered by the random object can be calculated by 
the covering function as:
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The covering function PrΓ (x) at point x is defi ned as 
P(Γ ∩ {x} ≠ 0) = P(x ∈Γ ). Points with PrΓ (x) ≥ p form a 
p − level set of Γ. The 1 − level set and the 0.5 − level set are 
called the core set Γc and median set Γmedian, respectively. The 
support set Γs is defi ned as {x ∈Q: PrΓ (x > 0}. Points with 
PrΓ (x = 1) are labelled as the object, with PrΓ (x) ∈ (0, 1) as 
the transition zone, denoted as T, and with PrΓ (x) = 0 as the 
background. For comparison purposes, we adopt the mean 
set of the random set that is a binary set to identify the crisp 
extents of objects. Several defi nitions of the expectation of a 
random set exist in the literature. The Vorob’ev expectation is 
determined by the covering function that is the average of the 
indicator functions (Stoyan and Stoyan, 1994).

Generating Random Sets by a Point Segmentation Algorithm
Segmentation is essential in surface modeling from scanned 
point data. It partitions a point cloud into meaningful regions 
and thus extracts important features (Woo et al., 2002). Many 
segmentation methods have a large number of parameters, 
whose meaning and effects on fi nal segmentation are not 
always clear (Rabbani et al., 2006). To avoid dealing with these 
complex parameters in the segmentation algorithm, a graph-
based segmentation is employed in this study. The Mumford-
Shah functional was devised to fi nd piecewise smooth recon-
structions of functions as an optimization problem (El-Zehiry 
et al., 2011; Mumford and Shah, 1989). Optimization of the 
function was improved by a graph formulation, in which the 
max-fl ow/min-cut problem (Karger and Stein, 1996) is solved 
by minimizing the energy in the  function (Boykov et al., 2001; 
Bresson et al., 2007). The points connected by Delaunay trian-
gulation (Lee and Schachter, 1980) are treated as an undirected 
graph and the height and distance between two neighboring 
points (nodes) are used to compute the weight on their con-
necting edges. After fi nding a best global cut, object points are 
segmented from their background points. Since global optima 
are obtained at each step, no implementation parameters are 
necessary in this graph formulation.

In this work, the Mumford-Shah function is considered as 
the piecewise smooth mode (Mumford and Shah, 1989) and 
formulated as:
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where Q represents the point domain, f represents the smooth 
foreground function, g is the smooth background function, 
S is the region of points comprising the foreground, p is the 
point height, L(S) is the length of the contour of region S, 
and α, µ, ν are free parameters. They are positive real scalars 
which control the competition between the various terms 
above and determine the scale of the segmentation and 
smoothing.

The idea of applying random sets is that the extents of 
segmented patches are more sensitive to the vertical error 
εz in laser points if objects with larger extensional accuracy 
are extracted by the point segmentation algorithm. Changes 
in the εz lead to variable numbers of points segmented as the 
object and result in the extensional accuracy in the segmented 
object, because the height variations of the laser points are 
treated as intensity or color variations, similar to the treat-
ment in image segmentation algorithms. Monte Carlo simula-
tion (Mooney, 1997) consisting of a class of algorithms for 
sampling from probability distributions are used in this study, 
assuming that these distributions are known. Hunter et al. 
(1996) found that the standard deviation supplied by the data 
producer is a useful value to simulate random errors. The εz 
simulated by this way have a normal distribution with a mean 
of zero and a standard deviation σz. The selection of values for 
σz will be discussed below. Several sets of simulated points 
were acquired by adding the simulated εz to the original laser 
points collected by laser scanning platforms. By repeatedly 
segmenting the error-contaminated dataset, a set of objects 
was obtained to construct a random set, from which the cover-
ing function can be determined as follows. Let the total simu-
lating times equal to k, then for the ith simulation, we have: 
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Based on their covering functions, points in the study 
area can be either classifi ed as “object” with the value of one, 
“background” with the value of zero, or “transition zone” 
with a value between zero and one. By deriving the internal 
boundary of background points and the external boundary of 
object points, the transition zone between the object and the 
background is constructed. These boundaries are detected by 
a 3D alpha shape algorithm (Wei, 2008).

Interpolating the Covering Function of Unknown Locations 
in the Transition Zone
Interpolation is used in this study to estimate values for 
points, pixel centers, or nodes from scattered point data. By 
means of interpolation, we can extrapolate the data beyond 
point locations and produce regularly spaced data for con-
touring or raster calculations. Due to the random errors and 
the limited point density in the point data, boundaries of 
objects can be described as a transition zone, where the values 
at unobserved locations were interpolated from the point 
observations. The values in the transition zone usually have 
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gradual changes from the interior to the boundary and to 
the exterior (Zhao et al., 2011). Therefore, in this study, we 
employed an algorithm that allows interpolation from known 
values on the nodes of a graph to missing data in such a way 
that the interpolated values are smooth (Grady and Schwartz, 
2006). It solved the combinatorial Laplace equation with 
Dirichlet boundary conditions given by the observations. This 
method is well described for digital elevation models (Pizor, 
1987; Wood and Fisher, 1993) and in the image analysis 
 literature (Elder and Goldberg, 2001).

The Dirichlet integral is defi ned as:

D
u d

[ ]u ,=
∇∫ 2

2
�

�
 (3)

for a fi eld u and region Ω (Courant and Hilbert, 2008). A 
harmonic function is a function that satisfi es the Laplace 
question:

∇ =2 0.  (4)

The harmonic function that satisfi es the boundary condi-
tions minimizes the Dirichlet integral, since the Laplace equa-
tion is the Euler-Lagrange equation for the Dirichlet integral. 
As a result, the Dirichlet integral is minimized by harmonic 
functions (Courant and Schiffer, 1950). In a graph, points for 
which a fi xed value exists are boundary points, where as points 
for which the values are not fi xed are interior points. The value 
at each point in the interior is the average value of its neigh-
bors. The harmonic functions may not take values on interior 
points that are greater or less than the values on the boundary. 
The Dirichlet integral is minimized by harmonic function. This 
means that the integral of the gradient of the system will be 
minimized, subject to fi xed boundary conditions.

The covering function of most locations in the transition 
zone can be estimated by the interpolation algorithm pre-
sented above. In order to implement this interpolation algo-
rithm, the transition zone is discretised into 2 by 2 cm regular 
grid. This resolution is deemed to be suffi cient for any current 
mapping tasks. The core and support sets of the transition 
zone and uncertain points in the middle are used as boundary 
points in the Dirichlet boundary condition. The known values 
of the boundary points are the covering functions assigned to 
them. The regular grids in between the core and support sets 
are treated as interior points and their values are estimated by 
the interpolation algorithm (Grady and Schwartz, 2003).

Aggregating Multiple Random Sets
As compared to the impact on the segmentation, planimetric 
errors have a large impact on the interpolation of the covering 
function in the transition zone. This is because the distance 
between two neighboring boundary points in the Dirichlet 
boundary condition has the largest impact on determining 
the weight of the edge connecting them (Grady and Schwartz 
2003). The simulated planimetric errors, denoted as εx and εy 
along x and y coordinates, were repeatedly added to the bound-
ary points in the Dirichlet boundary condition, and the inter-
polation was applied on each error-contaminated dataset. The 
planimetric errors simulated by Monte Carlo simulation have a 
bivariate normal distribution with a mean of zero and standard 
deviations of σx and σy. The selection of values for σx and σy 
will be discussed in the following sections. The result of each 
interpolation is treated as a random set, and the covering func-
tion of every discretised grid in the transition zone is treated 
as an element of this random set. As a result, we have multiple 
layers of random sets covering the same transition zone.

Aggregation operations on random sets combine several 
random sets in a desirable manner to produce a single random 
set. Charnpratheep (2004) proposed the convex combination 

model (Joslyn, 1996), in which a compensatory combination 
was defi ned as:

F
w

m
i ji

m

= =∑ P ( )x jx
,1  (5)

where PrΓ (xj) is the covering function of the jth grid cell in 
random set layer i, and wi > 0 is the weight assigned to the 
layer i. The weights are compensating for the relative impor-
tance that each layer should be given in the combination. In 
this study, the weight of each random set layer is equal. In the 
end, the aggregated random set consists of uncertainties of 
traffi c islands caused by the planimetric and vertical errors in 
the laser data.

Parameters for Simulating Random Errors and Point Spacings
In this study, we investigated the accuracy of traffi c islands 
derived from airborne laser scanning data. This accuracy 
depends upon errors in the coordinates, denoted by εx, εy, 
and εz, as well as upon the limited point spacing. We obtain 
the random errors by means of the Monte Carlo simulation. 
Point datasets with different spacings were simulated by 
down- sampling a mobile laser scanning data with high point 
 densities and accuracy.

In order to simulate the random errors in the laser data, 
their standard deviations should be known. Planimetric 
standard deviations (σx, σy) of random errors εx and εy were 
obtained by a strip adjustment and vary from 2 cm to 3.5 cm. 
These values include both the random positioning errors as 
well as the nonconstant components of systematic errors. 
These ranges of standard deviations were acquired from 
a report of strip adjustment on the same airborne dataset 
(Vosselman, 2008). The standard deviation σz of the random 
error εz was determined by fi tting a patch of points on the road 
surface to a plane. The σz is ranging between 1 cm and 1.3 cm. 
The random errors were assumed to have a six sigma confi -
dence interval.

The mobile laser scanning data were used to generate 
point datasets with different spacings by means of down-
sampling. Four sets of simulated data were generated by 
down-sampling the original dataset with point spacings of 10, 
15, 20, and 25 cm. The different simulated random errors are 
then added to each down-sampling dataset. By applying the 
developed method to each down-sampling dataset at differ-
ent scales of random errors, the impact of point spacings and 
random errors on the positional accuracy of traffi c islands is 
analyzed.

Results and Analysis
Effects of Coordinate Precision and Point Spacings
Figure 2 shows how the variation of a traffi c island is affected 
by changes in point spacing and by vertical errors. By 
increasing the σz in the laser data, the Γc of transition zone 
T decreases in all datasets, and the Γs increases accordingly. 
This indicates that the area of T increases if the σz in the laser 
data increases. As a result, the traffi c island becomes more 
uncertain. The same trend can be observed as the point spac-
ing is also positively correlated to the area of T. Larger point 
spacings lead to bigger zones.

Both point spacing and εz have positive infl uences on the 
area of T, but their impacts are not at the same level. As com-
pared with the impact of the εz, the point spacing has a bigger 
impact on the area of the T. As it is presented in Figure 2, the 
area of T increases approximately by 0.5 m2, if the σz increases 
from 1 cm to 1.3 cm in all datasets. If the same εz has been 
added to all datasets with point spacings ranging from 10 cm 
to 25 cm, however the minimum area change of T is 2 m2. 
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a fi xed-point spacing is close to linear. As the point spac-
ing increases by 5 cm, the area of the T has increased to a 
maximal of 1 m2. Both planimetric errors and point spacings 
positively impact the accuracy of the traffi c island. The point 
spacing however is still the dominant impact factor as com-
pared with the planimetric and vertical errors.

Modeling Traffi c Islands from Airborne Data
The airborne laser scanning data used in this study is reported 
to have σx and σy of 2 cm (Vosselman, 2008) and σz of 1.3 cm. 
The average point spacing is about 20 cm. Figure 4a shows 
that the light gray points close to the center surely belong to 

In the dataset with the point spacing of 25 cm, the area of T 
tends to be stable (Figure 2), if the σz is bigger than 1.2 cm. 
This suggests that the accuracy caused by the point spacing 
exceeds that caused by the εz, if a big point spacing is given in 
the data (more than 25 cm). In this case, the εz has little or no 
contribution to the positional accuracy of the traffi c island.

In the next experiment for the comparison purpose, the 
σz of εz is fi xed at 1.3 cm, which is the same σz in the air-
borne data. It can be observed from Figure 3, the area of T has 
approximately increased by 1.5 m2, if the σx and σy increase 
from 2 cm to 2.5 cm in all datasets. The σx and σy increase 
by 0.5 cm and the area of T has increased by 0.5 m2. The 
relation between the area and the σx and σy in the dataset of 

Figure 2. Accuracy of the traffi c islands related to point 
spacings and vertical errors for island 4; similar results 
for the other three traffi c islands.

Figure 3. Accuracy of the traffi c island related to horizon-
tal errors and point spacings for island 4: similar results 
for the other three traffi c islands.

(a) (b)

Figure 4. Covering functions of points in 3D: (a) internal (light gray line) and external (black line) 
 boundaries of the transition zone between object and background; points colored by covering functions, 
and (b) using island 4 as an example, and Range indicates the value of the covering function.
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algorithm works well on the current airborne data with point 
density of 20 points per m2 and vertical error of 1.3 cm.

The interpolation result in the transition zone (Figure 5a) 
demonstrates a smooth transition from the object to its back-
ground. In Figure 5b, the width of the transition zone varies 
from one place to another due to the effect of point distribu-
tion. The grade of transition differs even if places have a simi-
lar width. This suggests that the grade of transition is not only 
determined by the two boundaries of the transition zone but 
also by the points within them; as a result, the interpolation 
algorithm considers the variation across the transition zone.

The interpolation process served to assign membership 
values to the space between existing points. This can be pos-
sibly done by using a fuzzy logic approach with a predefi ned 
membership function. Selection of a membership function 
that is suitable for an application however is challenging. 
Piecewise linear membership functions are preferred, because 
of their simplicity and effi ciency with respect to comput-
ability. Mostly these are trapezoidal or triangular functions, 
which are defi ned by four and three parameters, respectively. 
In order to implement the fuzzy logic approach, the transi-
tional region (Figure 5b) is expected to be uniform, which is 
not the case in our study. The shape of the transitional region 
is largely dependent on the point density and distribution. An 
experiment is possibly done by assigning membership values 
to sections right across the transitional zone without consider-
ing the points inside of it with known values (Figure 4b).

The membership assignment by the current method or 
fuzzy logic in Figure 6 makes no difference to the extent of 
the transitional region. The fuzzy logic approach employed a 
linear membership function that makes a smooth change from 
the object to the background. It assumes that the membership 
values should have a constant change across the transitional 
region. The result from current method however suggests 
an opposite. Some parts of traffi c island, for example the 
northwestern and southeastern corners in Figure 6a, are not 
necessary to follow a linear transition. The results from the 
current method and fuzzy logic may look similar, but in terms 
of locations, the distance between the contours with the same 
membership value in both fi gures can reach to as much as 
15 cm. This suggests that the variation should be considered 
in the interpolation process, and the transition can hardly be 

the object, even if the εz has been added to them. The points 
in black, in contrast, always belong to the background. There 
are variable covering functions of the points in the transition 
zone between the object and the background. In this case, the 
covering function of a point by an object is PrΓ(x), whereas 
the covering function of the same point by its background is 
1 − PrΓ(x). Figure 4b illustrates that the internal and external 
boundaries of the transition zone separate the points into an 
object with the value of one, a background with the value of 
zero and an uncertain transition zone with a value between 
zero and one, based on their covering functions.

The covering functions of points are derived from a graph-
based segmentation algorithm formulated by Mumford-Shah 
functional. The choices of the term parameters in Equation 2 
can make large differences in the optimal contour and recon-
struction produced by minimizing the Mumford-Shah func-
tional. The parameter values could affect the speed of conver-
gence for a given initialization, even if the optimal contour 
and reconstruction are the same for different choices of param-
eters. Experiments conducted by Grady and Alvino (2009) 
have shown the rate of convergence, and solution achieved, 
of the graph method is completely independent of and rarely 
sensitive to the parameter sets. Because the first and second 
terms describe unary terms penalizing data infidelity and non-
smoothness in the reconstructed graph, the current segmenta-
tion will fail, if encountering the high noise level and smooth 
transition from the object to the background in the data. We 
discuss these two situations in the following paragraph.

An experiment was done by applying the current segmen-
tation on MLS data with point density of 1,000 points per m2. 
Good results can only be achieved if the MLS data is down-
sampled with the spacing of 8 cm or more. This suggests a 
smooth energy transition from the object to the background 
will lead a failed energy minimization. In a second experi-
ment, we used airborne data with point density of 25 points 
per m2. An obvious non-smoothness between the object and 
background is able to be observed. The algorithm starts to fail 
if we add the vertical errors with a standard deviation more 
than 1.5 cm at the six sigma confi dence level. In this case, 
the vertical error is close to the height of road curb (approxi-
mately 10 cm), and the high noise level in the data causes the 
algorithm fail to penalize data infi delity. Nevertheless, the 

(a) (b)

Figure 5. Covering functions over the (a) discretised grids, and (b) contour plot of the random sets in the 
transition zone: Γc = 1.00, Γs = 0.00, and Γm = 0.50, for island 4.

835-845_13-006.indd   840835-845_13-006.indd   840 8/21/13   6:18 PM8/21/13   6:18 PM



 PHOTOGRAMMETR IC  ENGINEER ING &  REMOTE  SENS ING S e p t e m b e r  2 0 1 3 841

modeled by any current mathematical approach. The random 
set approach has a range of advantages over fuzzy logic, such 
as is suitable for modeling transitional regions with non-
uniform width, considering spatial variations, requiring non-
predefi ned membership functions.

The result of uncertainty modeling is presented in 
Figure 7. For traffi c island No.4, the areas of Γc and Γs are 
equal to 11.92 m2 and 20.37 m2, respectively. The area of T 
equals 8.52 m2 which is bigger than 7.63 m2 from the down-
sampled data with the same random errors and a similar point 
spacing. From an RTK-GPS fi eld campaign, a total of eight GPS 
points were selected along the boundary of a traffi c island in 
the fi eld. The positions of these GPS points are preferred at the 
distinct points of this traffi c island, which can largely repre-
sent the shape of it. The GPS points have a standard deviation 
below 3 cm. This accuracy was confi rmed through re-visiting 
some points after several hours (Gerke, 2011). By comparing 
the GPS measurements with the uncertainty contours, it can be 
observed that the GPS points are all close to the Γm (Figure 7).

To explain the difference of modeling results between 
airborne and down-sampled data, we took a closer look at 
the point distribution in both datasets. Figure 8 shows that 
the average point spacing in the two datasets for traffi c island 
No. 4 is very similar. However, the patterns of distributions 
are far different from one to another. In the airborne laser 
data, the point spacing along scanning lines is smaller than 
that between them (Figure 8a). The minimum point spacing 
along a scanning line can be 5 cm, but the maximum point 
spacing between two adjacent scanning lines can reach 50 cm. 
As compared to the airborne data, the down-sampled data are 
obtained from a higher density mobile dataset. As the down-
sampling algorithm used fi xed point spacings as parameters, 
the point distance between two neighboring points in the 
down-sampled data is very much similar. Hence, the greater 
point distance in the airborne data makes the area of the tran-
sition zone larger than that in the down-sampled data.

Discussion
In this work, we used random sets to interpret the extensional 
accuracy of traffi c islands derived from laser point data. It 
extended the previous study (Zhou and Stein, 2012) that 
integrated the random set and a developed feature detection 

algorithm into spatial uncertainty modeling. The mathemati-
cal model in the feature detection algorithm presented in 
previous study introduced artifi cial errors in the uncertainty 
modeling, which can be avoided by the current data-driven 
approach, applying a graph-based segmentation algorithm 
to extract traffi c islands from 3D laser points. The current 
approach generated random sets that are statistics applica-
ble for 3D point segmentation practices for traffi c islands. It 
presented and analyzed three main causes from planimetric 
errors, vertical errors, and point densities.

Traffi c islands are different from natural objects such 
as water bodies and grasslands that vary continuously and 
smoothly over time and space. For those cases, the natural 
objects are random objects that change due to different envi-
ronmental conditions such as rainfall, wind, and temperature. 
A traffi c island has a crisp boundary that is rarely changed 
by any enrironmental condition. The traffi c island itself is 
therefore not a random object. However, the remote sensing 
data collected from different platforms contain errors that are 
caused by georeferencing, atmosphere distortions, irregulari-
ties on the Earth’s surface, and sensor resolution limits. Due to 
these errors, the traffi c island appearance can be considered as 
random, and thus, the traffi c islands can be treated as random 
objects. Random sets in this way can serve as an innovative 
way to model such randomness in the urban objects derived 
from remotely sensed data.

Standard functions are commonly used to parameterize a 
random set model. In this study, we took a different approach. 
We developed a covering function in the boundary between 
two polygons using a function that was independent on stand-
ard functions. We then posed the question of how to interpo-
late nodal values on a graph and proposed a solution based 
on solving the combinatorial Dirichlet problem. This inter-
polation method has desirable properties as a result of the 
mean value theorem and the maximum principle. It could be 
done on graph structures existing in arbitrary dimensions that 
possess an arbitrary metric, because the interpolation method 
depends only upon the topology of the structure and does 
not include information about the dimension of the space in 
which it is embedded. It parameterizes the random set with 
data-specifi c parameters that are independent of the standard 
distribution function, avoiding the dilemma of choosing them 
(Friel and Molchanov, 1999; Zhao et al., 2011).

(a) (b)

Figure 6. Membership values assigned by (a) current method, and (b) fuzzy logic.
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be interested in, the exact boundaries of road surfaces, which 
can prevent cars from running over road curbs. The mean set 
in this case can be validated by using the GPS points collected 
during fi eldwork. By integrating the mean set with expert 
knowledge, the modeling result can bring more meaningful 
information for various applications. The uncertainty prob-
lem in the available data can thus be solved by data fusion, 

In random set theory, the mean set is an important con-
cept that is used as an effi cient interpretation tool to describe 
the internal structure of a transition zone. It is a crisp set 
derived from a random set using a specifi ed p-value. This 
mean set can be chosen as the expectation of a random set and 
be compared to the expert knowledge or application-oriented 
reference data. For example, in a navigation system one may 

Figure 7. The uncertainty of the traffi c islands derived from airborne laser data, 
Γc = 1.00, Γs = 0.00, and Γm = 0.50; the GPS points labeled as squares.

(a) (b)

Figure 8. (a) airborne, and (b) down-sampled terrestrial laser points for the island 4 with 
a similar point spacing.
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which could improve the estimation performance of other less 
sophisticated existing methods (Ottomanelli and Wong, 2011).

The segmentation algorithm presented in this study 
has been successfully applied to digital images. They how-
ever cannot deal with the 3D point data due to the irregular 
distribution of laser points. This is because image segmenta-
tion usually only considers the color variation in neighboring 
pixels regardless of distances between them. Graph-based 
segmentation serves as an optimal solution for clustering 
3D points in which both height variation and geometrical 
distances between adjacent points contribute to the weights 
on the edges during the energy minimization. Furthermore, 
segmentation applied in this study shows its advantages such 
as its avoidance of initial seed selection, absence of algorithm 
parameters and a low sensitivity to noise. Previous experi-
ments (Grady and Alvino, 2009) show that the segmentation 
on a graph is completely independent of and rarely sensitive 
to the parameter sets. The segmentation however will fail, if 
encountering the high noise level and smooth transition from 
the object to the background in the simulated data. Those 
cases however rarely occur in the real data. Therefore, the 
 current method is a good solution to model the integrated 
uncertainty caused by planimetric errors, vertical errors as 
well as the point spacing in the laser data.

Intrinsic properties of a lidar scanner may affect both 
point cloud resolution and positional accuracy. An example is 
the laser beam width (Lin and Mills, 2010). The actual point 
location of a laser beam cannot be uniquely determined since 
it could lie anywhere within the footprint of the projected 
beam, whereas commonly, the centroid of the footprint is 
taken as the point location. As an estimate of uncertainty one 
could assume a symmetrical Gaussian distribution of laser 
power across the entire beam width diameter as is done in 
recent studies (Kukko and Hyyppä, 2009). This is a procedure 
that may be wrong as the waveform of a pulse may appear 
in different shapes, depending upon the laser system. The 
airborne data used in our study were collected at a height of 
275 m with a beam divergence of 0.45 mrad, resulting in a 
beam width of 0.12 m. Approximating the footprint diameter 
to be ±3σ (~99.7 percent), the σ level corresponds to one-sixth 
of the footprint diameter and equals 0.02 m. The planimetric 
error selected in our study ranged between 0.02 m and 0.35 
m; at the σ level, this covers the random errors caused by the 
beam divergence. Since the simulated errors cover the errors 
caused by other factors, we restrict the internal and external 
ALS error sources to planimetric and vertical errors in the laser 
points. In this way object accuracy could be quantifi ed and 
provides a better insight into which error contributes most to 
the total accuracy in the object characterization.

Several sets of artifi cial data were generated by down-
sampling high density mobile laser points to investigate the 
variation of traffi c islands and its relation to the point density. 
Experiments show that the point distribution patterns are 
different from one to another even though the point spacing of 
the simulated data is close to that of the airborne data which 
has an impact on the modeling result. Dependence of the 
accuracy on point spacing can be properly analyzed by means 
of point spacing simulations, although the point pattern of the 
simulated data differs from that of the airborne data.

Fuzzy set theory has been used to deal with the uncer-
tainties or risks that may be encountered during the build-
operate-transfer concession period. It is also employed in 
applications such as route choice optimizations, drivers’ 
satisfaction evaluations, and real-time traffi c signal con-
trol. A key issue in all fuzzy sets is how to determine fuzzy 
membership functions that provide a measure of the degree 
of similarity of an element to a fuzzy set. Random sets serve 
as an interesting and important probability based alternative. 

Several similarities remain however, as for example, the 
empirical covering function for each point in random sets can 
be interpreted as the fuzzy membership value, thus indicating 
the probability of covering the point by the segmented object. 
This study showed a random set has a range of advantages 
over fuzzy logic, such as is suitable for modeling transitional 
regions with non-uniform width, considering spatial varia-
tions requiring non-predefi ned membership functions.

Current work used a data-driven approach for uncer-
tainty modeling and knowledge about the traffi c islands is 
excluded. In practice, the geometrical knowledge of traffi c 
islands can be gathered and transformed into a template 
database. This database will be more robust to represent dif-
ferent shapes and superior to the single mathematical model 
used in the  previous study (Zhou and Stein, 2012). Hence, 
including object-template matching and human knowledge in 
the uncertainty modeling can be important for future studies, 
and in this way the modeling accuracy will be signifi cantly 
improved. The accurate modeling of traffi c islands will there-
fore be benefi cial for road-based navigational applications. For 
government agencies, the ability to quickly access accurate 
spatial information is vital to plan for emergencies and to 
sustain community development.

Conclusions
In this study, we combined random sets with graph-based 
point processing algorithms for spatial data quality modeling 
of point clouds. The graph-based approach is fl exible and 
can be adapted to point data with different spacings. Random 
sets were useful to model different sources of uncertainty in 
spatial objects derived from 3D laser points and have a range 
of advantages. In particular they were suitable for modeling 
transitional regions with non-uniform width, were able to 
deal with spatial variation, and required non-predefi ned 
membership functions. The mobile laser scanning data were 
helpful to generate datasets with different point densities, 
and as a result, the relation between the accuracy and the 
point spacing was analyzed. The random method expressed 
intrinsic uncertainties in the data and data-processing uncer-
tainties in their manifestations, and integrated these uncer-
tainties with empirical data. By combining the results with 
obtained reference data such as GPS points or other expert 
knowledge, more meaningful information can be provided 
than applying a crisp or fuzzy method alone. It thus provides 
valuable input for urban traffi c applications and government 
decision-making.
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