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We study numerically the reflectivity of three-dimensional (3D) photonic crystals with a complete
3D photonic band gap, with the aim to interpret recent experiments. We employ the finite element
method to study crystals with the cubic diamond-like inverse woodpile structure. The high-index
backbone has a dielectric function similar to silicon. We study crystals with a range of thicknesses
up to ten unit cells (L ≤ 10c). The crystals are surrounded by vacuum, and have a finite support as
in experiments. The polarization-resolved reflectivity spectra reveal Fabry-Pérot fringes related to
standing waves in the finite crystal, as well as broad stop bands with nearly 100 % reflectivity, even
for thin crystals. From the strong reflectivity peaks, it is inferred that the maximum reflectivity
observed in experiments is not limited by finite size. The frequency ranges of the stop bands are
in excellent agreement with stop gaps in the photonic band structure, that pertain to infinite and
perfect crystals. The frequency ranges of the observed stop bands hardly change with angle of
incidence, which is plausible since the stop bands are part of the 3D band gap. Moreover, this
result supports the previous assertion that intense reflection peaks measured with a large numerical
aperture provide a faithful signature of the 3D photonic band gap. The Bragg attenuation lengths
LB exceed the earlier estimates based on the width of the stop band by a factor 6 to 9. Hence
crystals with a thickness of 12 unit cells studied in experiments are in the thick crystal limit (L >>
LB). In our calculations for p-polarized waves, we also observe an intriguing hybridization of the
zero reflection of Fabry-Pérot fringes and the Brewster angle, which has not yet been observed in
experiments.

I. INTRODUCTION

Numerous efforts are being devoted to the study of
the intricate class of three-dimensional (3D) metamate-
rials known as photonic crystals, that radically control
propagation and emission of light.1–7 These metamateri-
als are pursued to control spontaneous emission of em-
bedded quantum emitters8–11 and cavity quantum elec-
trodynamics (QED)12, to control thermal emission13,14,
to realize efficient miniature lasers15, to efficiently pho-
toelectrically convert light in solar cells 16, and for cloak-
ing.17 Photonic crystals are composite optical materials
in which the refractive index varies spatially with a peri-
odicity on length scales comparable to the wavelength of
light. Due to the long-range periodic order in photonic
crystals, the photon dispersion relations are organized
in bands, in analogy to electron bands in a semiconduc-
tor.18 A stop gap is defined as a frequency range for which
light cannot travel in a given direction. The emergence
of a complete 3D photonic band gap, that is, a frequency
range for which light is forbidden for all wave vectors and
all polarizations is of prime significance to 3D photonic
crystals.1,2,6 Since light with frequencies in the photonic
band gap cannot exist in the photonic crystal it provides
a perfect back reflector in a solar cell for light from any
angle and polarization, and enhance the distance light
travels inside the solar cell through internal reflections.19

The experimental demonstration of a 3D photonic
band gap remains a major challenge. By definition, a

3D band gap corresponds to a frequency range where the
density of optical states (DOS) vanishes. To probe the
DOS, light emitters are positioned inside the crystal.8–11

Such experimental realizations are difficult and some-
times lack appropriate sources as well as detection meth-
ods. On the other hand, a band gap can be indicated by a
stop band in a directional experiment as shown by a peak
in reflectivity or a trough in transmission.20–26 Remark-
ably, a peak in reflectivity or a trough in transmission
may also occur when an incident wave does not couple
to a field mode inside the crystal.6,27,28 Thus, the exper-
imentally observed stop bands are typically interpreted
by a comparison with stop gaps from calculated band
structures. Unfortunately, however, band structures per-
tain only to infinite and perfect crystals, hence features
related to finite-size or to unavoidable deviations from
perfect periodicity are not considered. A recent experi-
mental study of silicon inverse woodpile photonic crystals
observed the largest solid angle for which a broad pho-
tonic stop band has been reported.29 It was asserted that
intense reflection peaks measured with a large numerical
aperture provide a faithful signature of the 3D photonic
band gap. The limited reflectivity was attributed to the
limited crystal thickness in comparison to the Bragg at-
tenuation length and to surface roughness, although no
theoretical or numerical support was offered for these no-
tions.

In the present article, we study numerically the reflec-
tivity of 3D photonic band gap crystals to interpret their
experimental realizations. We apply the finite element
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method for reflectivity calculations on crystals with the
cubic diamond-like inverse woodpile structure. The high-
index backbone of the crystals has a dielectric function
similar to silicon. We investigate crystals with thick-
nesses up to ten unit cells. Since the crystals are sur-
rounded by vacuum, they have a finite support as in the
experiments. We assess the previously invoked29 limita-
tions to the reflectivity, such as crystal thickness, angle of
incidence, and Bragg attenuation length. Consequently,
our numerical study provides an improved interpretation
of reflectivity as a signature of a full 3D photonic band
gap.

II. METHODS

The primitive unit cell of the cubic inverse woodpile
photonic structure is illustrated in Fig. 1. The crystal
structure consists of two 2D arrays of identical pores with
radius r running in two orthogonal directions X and Z.
Each 2D array has a centered-rectangular lattice with
lattice parameters c and a. When the lattice parame-
ters have a ratio a

c =
√

2, the diamond-like structure
is cubic. Cubic inverse woodpile photonic crystals with
ε = 12.1 - typical of silicon - have a broad maximum
band gap width ∆ω/ωc = 25.4 % relative to the central
band gap frequency ωc for pores with a relative radius
r
a = 0.245.40,41

The (X,Y, Z) coordinate system introduced in
Fig. 1(A) is adopted in this paper. In terms of the con-
ventional non-primitive cubic unit cell of the diamond
structure, the X-axis has unit vector a1 = 1√

2
[1 0 1],

the Y -axis a2 = [0 1 0], and the Z-axis a3 = 1√
2
[1̄ 0 1].18

These crystals have been realized elsewhere in several dif-
ferent backbone materials using various techniques.31–34

Our research group has fabricated 3D inverse wood-
pile photonic crystals from silicon using several CMOS-
compatible methods.35–37

In order to compute harmonic modes of Maxwell’s
equations in infinitely extended periodic dielectric struc-
tures for wave vectors in the first Brillouin zone, we
employed the MPB plane-wave expansion method. 38

Fig. 2(A) and Fig. 2(B) show the first Brillouin zone and
the band structure respectively for an inverse-woodpile
crystal with a non-optimal pore size. A broad photonic
band gap (red bar) with a 15.2 % relative width appears
from the reduced frequency ω̃1 = 0.395 (bounded by 3rd

and 4th bands) to ω̃2 = 0.460 (5th band). Throughout
this paper, we express frequency as a reduced frequency
ω̃ = ωa/(2πc′)), with ω the frequency, a the lattice pa-
rameter, c′ the speed of light (not to be confused with
the c lattice parameter). Our definition ω̃ for reduced
frequency will be expressed in units of (a/λ). The band
structure shows two stop gaps in the ΓZ direction, which
is symmetry-related with the ΓX direction in k-space.
The lowest-frequency narrow stop gap appears between
ω̃ = 0.311 and ω̃ = 0.319 and closes when moving in the
ZU direction. The second stop gap between ω̃ = 0.395

Z

Y
X

(A)

X

Y

a

c

r

(B)

Z

Y a

c

(C)

Figure 1: The primitive unit cell of the cubic inverse woodpile
photonic crystal structure. (A) Perspective view of the unit
cell with the XY Z coordinate system.The X-axis and the Z-
axis are parallel to the two sets of pores. (B) View of the unit
cell along the Z-axis with the lattice parameters a and c and
pore radius r. (C) View of the unit cell along the X-axis.

and ω̃ = 0.488 is part of the 3D complete photonic band
gap and it is much broader with 20.4 % relative band-
width. We find an excellent agreement between our cal-
culations and earlier calculations in Ref.29. In the limit
of ω → 0, we derive from the slope of the band in the
band structure the estimated effective refractive index of
the crystal equal to 2.28.

To accurately model the light propagation inside pho-
tonic band gap crystals with finite support, we employ a
finite-element (FEM) based commercial solver39 for the
time-harmonic Maxwell equations. This solver has the
ability to efficiently sample complex geometrical features
often encountered in photonic crystals.

Our numerical scheme for a crystal with finite support
is employed to calculate the reflectivity and the trans-
mission spectra. For comparison of our calculations with
experimental results, we choose the lattice parameter to
be a = 690 nm.36 Following Refs.29,41, a dielectric per-
mittivity ε = 12.1 is adopted, typical for silicon in the
near infrared and telecom ranges. Figure 3(A) illustrates
the view of the computational cell along the X-direction.
The current source, at the left, is separated from the
crystal by an air layer. The current source emits plane
waves with either s-polarization (electric field normal to
the plane of incidence) or p-polarization (magnetic field
normal to the plane of incidence), and at different angles
of incidence. To mimic infinite space, absorbing bound-
aries are employed in the directions where the crystal
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Figure 2: (A) Photonic band structure for the 3D inverse
woodpile photonic crystal with r

a
= 0.19 and εSi = 12.1.

The red dots are from Ref.29. The black lines are our results
calculated with a 2×2×2 times greater 3D spatial resolution
than in Ref.29, and with thirty bands instead of eight. The
red bar marks the 3D photonic band gap, and the yellow
bars mark stop gaps in the ΓX and ΓZ directions. Since
the ΓX stop gap is symmetry-related to the ΓZ stop gap, we
effectively consider both stop gaps in the present study. (B)
First Brillouin zone showing the high symmetry points and
the origin at Γ.

is finite in size. Absorbing boundaries at −Z and +Z
in Fig. 3(A) minimize the back reflections. We employ
Bloch-Floquet periodic boundaries in the ±X and the
±Y directions to describe a crystal slab.6

Figure 3(B) illustrates the finite element mesh used to
subdivide the 3D computational cell. Since a tetrahedron
can mesh any 3D volume regardless of shape or topol-
ogy42, we used tetrahedron as the basic element in our
finite element mesh. A limit of λ0

8
√
ε

is imposed to the edge

length on any tetrahedron, where λ0 is the smallest wave-
length of the incident plane wave in vacuum and ε is the
dielectric permittivity of the medium. The finite element
mesh consists of 27852 tetrahedra per crystal unit cell.
Since the edge length of the tetrahedon used to mesh the
geometry is sufficiently smaller than the wavelength, the
tetrahedron polynomial basis functions resolve the waves
resulting in converging solution.43 A refined mesh is used
at the interface between the high-index material and the
low-index material to reduce dispersion errors. In order
to achieve computational efficiency in solving the time-
harmonic Maxwell’s equations, we apply a direct solver
named MUMPS. This solver is fast, multi-core capable
and cluster capable. For a single frequency and a single
angle of incidence, the computational time is 35 s on a In-
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Figure 3: Illustration of the computational cell for a photonic
crystal with thickness L = 4c. (A) View along the X-direction
[101]. The source of plane waves is at the left, and is sepa-
rated by an air layer from the crystal. The computational cell
is bounded by absorbing boundaries at -Z and +Z, and by pe-
riodic boundary conditions on ±X and ±Y (B) Perspective
view of the computational cell.

tel Core i7 machine with a single processor of 4 cores. We
found that the computational time increases sub-linearly
with respect to the number of frequency steps and the
number of angle of incidence steps.

III. RESULTS

A. Frequency-resolved reflectivity

We performed an extensive set of reflectivity calcula-
tions on crystals with finite support. Figure 4 shows
representative spectra for a thin crystal with a thickness
L = 4c. We consider polarization-resolved (either s or p)
plane waves that are incident normal to the crystal sur-
face and travel along the ΓZ high symmetry direction in
k-space. The polarization- and frequency- resolved spec-
tra in Fig. 4 ((i), (iii)) reveal Fabry-Pérot fringes that
correspond to standing waves in the finite crystal slab.
The strong reflectivity peaks near ω̃ = 0.45 indicate stop
bands for both s- and p-polarizations. The p-stop band
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Figure 4: Calculated reflectivity spectra for an inverse wood-
pile photonic crystal along the ΓZ high symmetry direction
in k-space. The red curve in panel (i) and the green curve in
panel (iii) are the reflectivity spectra for s- and p-polarization,
respectively. The corresponding band structure for the ΓZ di-
rection is shown in panel (ii). The frequency ranges of the s-
and p-stop bands agree excellently with corresponding stop
gaps in the photonic bandstructure. The assignment of the
bands is based on Figure 5.

appears between ω̃ = 0.395 and ω̃ = 0.488, with a broad
relative bandwidth 20 %. The s-stop band appears be-
tween ω̃ = 0.385 and ω̃ = 0.526 and it is about 1.5×
broader (relative bandwidth 31 %) than the p-stop band.
At frequencies beyond ω̃ = 0.55 several bands of high re-
flectivity appear for which we have currently no interpre-
tation; in these frequency bands the band structures re-
veal extremely complex couplings of multiple Bragg con-
ditions45 that lead to complex band structures that are
sometimes also referred to as ”spaghetti-like” behavior.

The frequency ranges of the s- and the p-stop bands
agree very well with corresponding stop gaps in the pho-
tonic band structure. As a result, we can assign bands
in the band structure near the stop bands to have domi-
nantly s- or p-character, as shown in the zoomed-in Fig-
ure 5. Since the 3rd photonic band at the lower stop gap
edge (near ω̃ = 0.385) agrees with the lower boundary of
the s-stop band, we conclude that this band has domi-
nantly s-character. Furthermore, the 4th band is located
inside the s-stop band and agrees with the lower edge of
the p-stop band at ω̃ = 0.395. Therefore, we conclude
that this band must have dominantly p-character. Near
the upper gap edge, the 7th band near ω̃ = 0.526 agrees
with the upper s-stop band edge and is thus likely an
s-band. The 5th and 6th bands between ω̃ = 0.49 and
ω̃ = 0.526 are situated well inside the s-stop band and
can therefore only have p-character; indeed, these bands
lie outside the p-stop band. This assignment of bands
5, 6, and 7 is further supported by the observation that
band 7 crosses bands 5 and 6 at ω̃ = 0.526, without re-
vealing avoided crossings.

Figures 4 and 5 also reveal that even a thin crystal
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Figure 5: Zoom-in near the stop band of (i) the calculated
reflectivity spectrum for s- and p-polarization and (ii) the
wavevectors of the photonic bands along the ΓZ high sym-
metry direction in k-space. The vertical black dashed lines
indicate the edges of the stop band (i) and the matching
stop gap edges (ii). The top ordinate gives the frequency
in wavenumbers (cm−1) for a lattice parameter a = 690 nm
as in the experiments.29 Near the stop gap edge, we identify s-
bands (red dashed-dotted curves) and p-bands (green dashed
curves).

with a thickness of only four unit cells has a maximum
reflectivity of 99.99 %, very close to ideal 100 %. The high
reflectivity implies that inverse woodpile crystals interact
strongly with light. The strong reflectivity peaks also im-
ply that the maximum reflectivity observed in Ref.29 is
most likely not limited by finite size, since there the crys-
tals were even thicker (L = 12c). At this time, we surmise
that the measured reflectivity was limited by roughness
of the crystal-air interface, and by roughness inside the
pores.

B. Finite-size effects: Bragg attenuation length

To investigate the effect of finite thickness of the crys-
tal, we calculated the transmission for thicknesses in the
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Figure 6: Transmission versus thickness for a silicon inverse
woodpile photonic crystal in the ΓZ direction for s- (top)
and p-polarizations (bottom). Red squares, black circles and
blue triangles pertain to frequencies below, inside, and above
the stop gap, respectively. The green dashed lines are the
exponential decay of transmission with crystal thickness at
frequencies in the stop gap (Eq. (1)).

range from L = 1c to 10c. Figure 6 shows that for a
given frequency inside the stop gap, the transmission de-
cays exponentially for both s- and p-polarizations. For
frequencies below or above the stop gap, the transmis-
sion is nearly constant, with some small variations with
crystal thickness that are the result of the Fabry-Pérot
fringes that vary with crystal thickness, as is well-known
for 1D Bragg stacks.46,47

Inside a stop gap the complex wave vector k has a
nonzero imaginary component Im(k) since the waves are
damped by Bragg diffraction interference.46 Thus, at fre-
quencies in a stop band we write the transmission T as

T (ω) = exp

(
− L

LB(ω)

)
, (1)

with LB the Bragg attenuation length equal to

LB(ω) =
1

Im(k)(ω)
. (2)

The Bragg attenuation length gives the distance covered
by incident light until it has exponentially decayed to a
fraction 1/e as a result of Bragg interference. Figure 6
reveals that even inside the stop band the transmission
shows modulations, as was previously identified in 1D
stacks.46,47 The reason is that transmission also contains
the effects of both front and back crystal surfaces. Nev-
ertheless, the envelope of the transmission is exponential
as in Eq. (1).

The Bragg attenuation length is usually expressed in
terms of the distance between lattice planes dhkl. There-
fore, we reduce the Bragg length to the {hkl = 220} lat-
tice spacing d220 that is equal to d220 = c/2. The
s-polarized data in Fig. 6 agree well with an exponential

fit (Eq. (1)) with a slope that yields a Bragg attenuation
length LB = 0.74d220. For the p-polarized data in Fig. 6,
we obtain a Bragg attenuation length LB = 1.21d220 at
the gap center, which is about 1.5× larger than for s-
polarization at the gap center. This observation agrees
quantitatively with the reflectivity spectrum where the
s-polarized stop band is also 1.5× broader than the p-
polarized stop band (see Fig. 4).

This behavior can be understood as follows: The Bragg
attenuation length at the center frequency of a stop gap
of a Bragg stack satisfies12

LB =
2d

πS
=

2d

π

ωc
∆ω

, (3)

where the photonic interaction strength S is defined as
the polarizability per volume of a unit cell48 that is es-
timated from the relative frequency band width of the
stop band S ≈ ∆ω

ωc
.12 We find that the Bragg lengths

exceed the earlier experimental estimate in Ref.29 that
was derived from the width of the stop bands by a factor
6 to 9. Hence, crystals with a thickness of 12 unit cells
studied in these experiments are effectively in the thick
crystal limit since L

LB
= 5 to 8.

C. Angle- and frequency-resolved reflectivity

As an extension of the reflectivity at normal incidence
parallel to the ΓZ direction, we have also calculated re-
flectivity spectra for angles of incidences up to 80◦ off nor-
mal. Above, we performed calculations for non-optimal
pore radius ( ra = 0.19) in order to interpret the experi-

ments in Ref.29. Now we calculate reflectivity spectra for
an inverse woodpile crystal with a maximum band gap
width corresponding to an optimal pore size r

a = 0.245.

Following Ref.52, a midinfrared dielectric permittivity of
silicon εsi = 11.68 is adopted. Figure 7 shows the angle-
resolved and frequency-resolved reflectivity spectra for an
inverse-woodpile crystal with a thickness L = 4c. Near
ω̃ = 0.6 we observe broad stop bands with nearly 100%
reflectivity for both polarizations. The stop bands at nor-
mal incidence appear at a higher frequency than in Fig. 4
since the air fraction is greater and hence the average in-
dex of the crystal is lower. The stop bands agree very
well with the stop gaps calculated using the plane-wave
expansion method (not shown). We observe that the fre-
quency range of the stop bands hardly changes with angle
of incidence, which is plausible since the stop bands are
part of the 3D band gap. This result also supports the
previous experimental notion29 that intense reflectivity
peaks collected with an objective with a large numerical
aperture give a bona fide signature of the 3D band gap.
Fabry-Pérot fringes are visible for both polarizations cor-
responding to standing waves in the finite crystal.

For p-polarization, Fig. 7 reveals an intriguing hy-
bridization of the zero reflection of Fabry-Pérot fringes
and the Brewster angle, which has not yet been observed
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Figure 7: Calculated angle- and frequency- resolved reflec-
tivity spectra in the ΓZ direction for a crystal with thickness
L = 4c for (a) s-polarization and (b) p-polarization. The dark
blue color represents high reflectivity of nearly 100 % that oc-
curs in the stop band at all angles. The white color represents
minimal reflectivity near 0%, that occurs in the Fabry-Pérot
fringes, at the Brewster angle, and in their hybrization in the
range 56◦ ≤ θ ≤ 60◦. The brown double arrow represent the
calculated stop gap in the ΓZ direction (from Fig. 2).

in experiments. In order to characterize this feature, we
calculated reflectivity spectra for p-polarized incident
waves using a higher resolution in frequency and angle of
incidence, shown in Fig. 8. We note that the Fabry-Pérot
fringes have a constant frequency for angles of incidence
up to θ = 54◦ before bending. Beyond θ = 61◦, the
fringes shift down in frequency to nearly the frequency of
the lower order one at θ ≤ 54◦, e.g., the n = 2 fringe at
ω̃ = 0.24 (θ ≤ 54◦) shifts to ω̃ = 0.15 (θ > 61◦), which is
close to the frequency of the n = 1 fringe at θ ≤ 54◦. In
the limit of ω → 0, we derive from the slope of the band
in the band structure the estimated effective refractive
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Figure 8: Hybridization of the zero reflection of Fabry-Pérot
fringes and the Brewster angle, shown by calculated angle-
and frequency- resolved reflectivity spectra in ΓZ direction for
p-polarization. The black line is a guide to the eye that con-
nects the halfway-points (circles) of the bends in the fringes.

index of the crystal equal to 1.68 and hence the Brewster
angle θB = 59.2◦. Since the angular range of bending
occurs in the range (56◦ ≤ θ ≤ 60◦) of the Brewster
angle (θB = 59.2◦), we conclude that this bending is
apparently a hybridization between the zero reflection of
Fabry-Pérot fringes and the Brewster angle. The radius
of curvature for a bend increases while approaching the
stop band. A possible cause for the increase in radius
of curvature with frequency may be the approach of the
3D photonic band gap, that prevents light from entering
at a Brewster angle.

For comparison with a simple optical system, we have
analytically computed the angle- and frequency-resolved
reflectivity spectra of a thin film for p-polarization (see
Appendix B). We find that the Brewster angle for a thin
dielectric film is constant with frequency. We also ob-
serve that the Fabry-Pérot fringes have a constant fre-
quency at all angles and do not bend near the Brewster
angle. These observations on a thin film also pertain
to a 1D Bragg stack as shown in Ref.53. Therefore, the
hybridization between the zero reflection of Fabry-Pérot
fringes and the Brewster angle appears to be a charac-
teristic property of the 3D photonic crystal.

IV. DISCUSSION

A. Fabry-Pérot fringes and diffraction condition

The polarization-resolved reflectivity spectra for the
cubic diamond-like inverse woodpile structure in Fig. 4
reveal Fabry-Pérot fringes that correspond to standing
waves in the periodically layered finite crystal. There are
three corollaries based on theory for a periodic layered



7

Bragg reflector46 with a thickness of N unit cells. First,
a reflectivity peak occurs at the centers of the stop gaps.
Second, between any two stop gaps there are exactly (N−
1) troughs in the reflectivity spectra. Third, there are
exactly (N − 2) side lobes to the reflectivity peak.

The bandstructure in Fig. 4 (ii) shows two stop gaps in
the ΓZ direction. A narrow stop gap appears near ω̃ =
0.311 and the broad stop gap appears near ω̃ = 0.39. We
now interpret the spectra in Fig. 4 (i), (iii) for N = 4 unit
cells in terms of the 3 corollaries above. For s-polarization
reflectivity in Fig. 4 (i), we observe a peak near ω̃ =
0.45, at the center of the second stop gap. Surprisingly,
there is no peak near the center of the first stop gap at
variance with the 1st corollary. This spectrum reveals 4
troughs between zero frequency and the first stop gap,
the 5th trough near the center of the first stop gap and
2 troughs between the first and second order stop gap;
which seems mutually inconsistent and at variance with
the 2nd corollary. For p-polarized reflectivity in Fig. 4
(iii), we observe a reflectivity peak near the ω̃ = 0.45,
which corresponds to the center of the second stop gap.
Also, no reflectivity peak appears near the center of the
first stop gap at variance with the 1st corollary. In this
spectrum, there are 4 troughs between zero frequency
and the first stop gap and 3 troughs between the first and
second order stop gap; which seems mutually inconsistent
and at variance with the 2nd corollary. Therefore, the
above observations for p-polarization do not agree with
the observations for s-polarization.

To remedy this seeming disagreement, we consider the
geometrical structure factor SK that indicates the degree
to which interference of waves scattered from identical
ions within the crystal basis inside the unit cell affect
the intensity of a Bragg peak associated with recipro-
cal lattice vector K18. Since the intensity of the Bragg
peak is proportional to the square of the absolute value
of SK, the Bragg peak vanishes when SK vanishes. For
a conventional cubic unit cell of the monatomic diamond
structure, SK equals zero if the sum of Miller indices
equals twice an odd number n: h+ k+ l = 2n. In Fig. 4,
the stop gap near ω̃ = 0.31 in ΓZ direction corresponds
to a first-order stop gap for hkl = {110} lattice planes
in the conventional diamond structure.18 Since the sum
of Miller indices in {110} is twice the odd number 1, the
first-order stop gap in the cubic inverse woodpile pho-
tonic structure has zero geometrical structure factor and
hence no zero associated Bragg reflection. If the sum of
Miller indices h + k + l is twice an even number, SK is
maximum and equals two. The stop gap near ω̃ = 0.4
in Fig. 4 is a second-order stop gap for hkl = {110}
and corresponds to hkl = {220} defined using X-ray
diffraction in conventional diamond structure. Since the
sum of Miller indices in {220} equals twice an even num-
ber, the second-order stop gap has SK 6= 0. Therefore,
the second-order stop gap has a maximal structure fac-
tor. Hence, only the second-order stop gap in a cubic
diamond-like inverse woodpile structure reveals apprecia-
ble Bragg reflection and should therefore be considered

for the analysis of the observed Fabry-Pérot fringes in
the reflectivity spectra.

The distance between lattice planes equals d220 = c/2
for the dominant second-order stop gap with Miller in-
dices hkl = {220}. Therefore, the L = 4c crystal thick-
ness used in the computational cell in Fig. 4 corresponds
to a thickness L = Nd220 = 8d220 in terms of a peri-
odic layered medium (a Bragg stack).46 In Fig. 4, we
observe the reflectivity peaks near ω̃ = 0.45 for s- and p-
polarizations, which are at the center of the s- and p- stop
gaps. This satisfies the first corollary for the periodic lay-
ered medium. Additionally, there are exactly (N−1) = 7
troughs in the reflectivity spectra between zero frequency
and the main stop gap corresponding to N = 8 lattice
planes in the crystal, in agreement with the second corol-
lary above. Furthermore, there are (N−2) = 6 side lobes
in the reflectivity spectra, again agreeing with N = 8 lat-
tice planes by the third corollary. These three corollaries
confirm that the number of Fabry-Pérot fringes in our
reflectivity spectra agrees with the theory for a Bragg
reflector.46 Moreover, this episode reminds us that it is
the number of lattice planes that is fundamental in the
thickness of a finite crystal, rather than the number of
unit cells.

B. Comparison between simulations and
experiments

A recent experimental study by our group provided
the signature of a 3D photonic band gap observed on
silicon inverse woodpile photonic crystals.29 The experi-
mental results were collected on crystals with an extent
of L3 = 123 unit cells that were located on bulk silicon.
This study discussed a number of limitations to the re-
flectivity, although no theoretical or numerical support
was offered for these notions. In order to interpret this
experiment, we now compare the calculated reflectivity
peaks for the stop bands in the ΓZ direction with the ex-
perimental results. In particular, we notably discuss the
central frequency, the band width, the relative frequency
width, and the maximum reflectivity, as summarized in
Table I.

The central frequencies for p-polarization in the calcu-
lation and in the experiment agree well to within error
bars. Using the Bragg diffraction condition18, we can
derive a relation for the central frequency ωc such that

ωcne
c

L = mπ, (4)

where ne is the effective refractive index of the crystal,
L is the thickness of the crystal, and m is the integer
diffraction order. Since the central frequencies are nearly
the same for p-polarization in the calculation and in the
experiment, we deduce using Eqn. 4 that ne in the cal-
culation is close to the one in the experiment.

The central frequencies for s-polarization in calcula-
tion and in experiment differ by approximately 450 cm−1
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Reflectivity peak for ΓZ stop band

Calc., s Exp., ‖ Calc., p Exp., ⊥
ωc

(cm−1)
6609± 25 6250± 32 6399± 51 6400± 32

∆ωc

(cm−1)
2068± 25 1900± 32 1348± 51 1000± 32

∆ω/ωc

(%)
31.3± 0.4 30.4± 0.5 21.1± 0.8 15.6± 0.5

RMax

(%)
99.9± 0.1 50± 5 99.9± 0.1 55± 5

Table I: Comparison between numerical calculations and experimental results for the reflectivity peaks of the stop band in the
ΓZ direction. The s- and p-polarizations in our calculations correspond to the ‖ and ⊥ polarizations in the experiments29.
We compare the central frequency (ωc), the frequency width (∆ω), the relative frequency width (∆ω/ωc) and the maximum
reflectivity RMax(%).

more than the combined error bars. To remedy this in-
consistency, we note that the spectrum in Ref.29 (notably
Fig. 4(d)) seems to reveal a double reflectivity peak at
the ΓZ stop band. Considering the strongest reflectivity
peak as the indicator of the stop band, the central fre-
quency in the experiment would be around 6600 cm−1,
which agrees very well to the calculated one. Neverthe-
less, this hypothesis leaves open to question.

The comparison of frequency widths and relative fre-
quency widths in calculations and experiments exhibits
small differences, which are outside the specified error
bars. These differences can possibly be due to the di-
electric permittivity ε or the r

a ratio. In calculations,
we adopt a constant dielectric permittivity ε = 12.1 for
the high index silicon backbone. In experiments, crystals
were fabricated using real bulk silicon which have disper-
sion in ε. Also, the ratio of pore radius r with the lattice
parameter a is constant for all pores in the calculations.
On the contrary, the fabrication process results in a dis-
tribution of r

a for all pores in the crystal studied in the
experiments, resulting in a different local volume frac-
tion and hence variable effective refractive index across
the crystal.

We observe noticeable differences between the reflec-
tivity values in calculations and in experiments. These
experiments have attributed the measured reflectivity to
be limited by the finite thickness of the crystal, angle
of incidence and the surface roughness. In reflectivity
spectra shown in Fig.4 and Fig.6, we observe strong re-
flectivity peaks even for thin crystals. This asserts that
the finite size is not a critical limiting factor for reflec-
tivity. Fig. 7(A) and Fig. 7(B) show that the observed
stop bands hardly change with angle of incidence. This
observation supports the experimental assertion that in-
tense reflectivity peaks measured with an objective with
a large numerical aperture provide a faithful signature of
the 3D photonic band gap. Further numerical studies are
called to be performed in order to ascertain the impact
of roughness of the crystal-air interface, and roughness
inside the pores.

C. Back reflector for solar cells

The efficiency of silicon photovoltaic cells critically de-
pends on efficient ways to trap and absorb light.54,55

It remains a challenge to have thin film c-Si solar cells
trap a significant part of solar energy.6 Increasing wafer
thickness results in longer diffusion lengths, but increases
costs. Traditionally, light trapping in solar cells rest on
controlling light ray paths using geometrical optics, e.g.,
by scattering incident light via surface texturing and back
reflection into the solar cells via a reflector. In practice,
perfect scattering and reflection are difficult to obtain,
which limits the attainable efficiency and power genera-
tion of solar cells. Recently, it has been shown that the
light trapping approaches based on wave optics outper-
form all geometrical optics approaches for a certain range
of frequencies.19 One can employ specially nanodesigned
structures, such as 3D photonic crystals, notably those
with a complete 3D photonic band gap.

The results in Fig. 6 reveal that a reflectivity in ex-
cess of R > 99 % (hence T < 1 %) is found inside
the stop band already for thin 3D silicon photonic band
gap crystals, with a thickness as small as L ≥ 2c for s-
polarization, and L ≥ 3c for p-polarization. In addition,
our results in Fig. 7 reveal that a 3D photonic crystal
with a thickness of only L = 4c reflect nearly all light
within the band gap for any angle of incidence, and for
both polarizations. Hence, our calculations support the
assertion that a 3D silicon photonic crystal could serve
as an efficient back reflector in a solar cell in order to
enhance the efficiency.

V. CONCLUSIONS

We have studied by numerical simulation the reflectiv-
ity of 3D photonic crystals with a 3D complete photonic
band gap, to interpret recent experiments. We employed
the finite element method to study crystals with the cubic
diamond-like inverse woodpile structure, with a dielectric
function similar to silicon. The crystals are surrounded
by vacuum, and thus have a finite support, as in the
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experiments. Our calculated polarization-resolved reflec-
tivity spectra show that the frequency ranges of the s-
and p- stop bands agree very well with the correspond-
ing stop gaps in the photonic band structure. We also
assign bands in the band structure near these stop bands
to have dominantly s- or p-character. From the intense
reflectivity peaks, we infer that the maximum reflectiv-
ity observed in the experiments is not limited by finite
size of the crystal. We find that the Bragg attenuation
lengths in the stop bands exceed the earlier estimates
based on the width of the stop band by a factor of 6 to 9.
We observe that the stop band hardly changes with inci-
dent angle, which supports the experimental notion that
strong reflectivity peaks measured with large numerical
aperture gives faithful signature of the 3D band gap. In
addition, we observe intriguing hybridization of the zero
reflection of Fabry-Pérot fringes and the Brewster an-
gle in our calculations, which is plausibly a characteristic
property of 3D photonic band gap crystals. Our calcu-
lations also suggest that 3D silicon photonic band gap
crystals merit study as possible candidates for back re-
flectors in a solar cell in order to enhance the photovoltaic
efficiency.
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Appendix A: Analytical validation of the numerical
scheme with a semi-infinite homogeneous medium

In order to validate our numerical scheme, we calcu-
late reflectivity spectra of a system that can be analyt-
ically analyzed using Fresnel’s equations.50 We consider
p-polarization resolved plane waves of a single frequency
with a range of angles of incidence. We replace the pho-
tonic crystal and the air layer on the right in Fig 3 (a)
with a medium having dielectric permittivity ε = 12.1,
typical for silicon in the infrared regime. This results into
a semi-infinite homogeneous medium, which is separated
from the current source by an air layer. The finite ele-
ment mesh used in the numerical calculation consists of
18732 tetrahedra per crystal unit cell (unit cell defined
in terms of the lattice parameter c), which is less than
the number of tetrahedra present in the finite element
mesh used for the 3D photonic crystal. Also, the angular
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Figure 9: Analytical calculation versus numerical computa-
tion for reflection and transmission spectra of semi-infinite di-
electric medium for p-polarization. The medium has dielectric
permittivity ε = 12.1. The analytically calculated reflectiv-
ity (RA) and transmission (TA) are shown in green and black
lines respectively. Blue circles and red diamonds represent
the numerically computed reflectivity (RN ) and transmission
(TN ), respectively. θB denotes the Brewster angle.

resolution is 2◦.
In Fig. 9, we show the calculated reflectivity and trans-

mission spectra of a semi-infinite homogeneous medium
for the above defined computational cell. We note that
the numerical calculation agrees very well with the ana-
lytical calculation. We also observe the Brewster angle
at θB = 74◦, which matches the value obtained from an
analytical calculation50. To calculate the relative error
δTrel between the numerical calculation and the analyti-
cal result, we employ the definition

δTrel ≡
1

n

√√√√( n∑
i=1

(
(TA,i − TN,i)2

T 2
A,i

+
(RA,i −RN,i)2

R2
A,i

))
(A1)

with (TN,i, RN,i) the numerical transmission and reflec-
tivity, and (TA,i, RA,i) the analytical transmission and
reflectivity. For the solution shown in Fig. 9, the error is
only about δTrel = 6 × 10−4, hence we consider it to be
converged.

Appendix B: Brewster angle for a thin film

In order to find the dependence of the Brewster an-
gle on frequency, we analytically calculated the angle-
resolved and frequency-resolved spectra for a thin film
51. We consider p-polarization resolved incident waves
for angles of incidence up to 89◦ off the normal. Fig-
ure 10 shows Fabry-Pérot fringes corresponding to the
standing waves in the thin dielectric film. We note that
the Fabry-Pérot fringes have a nearly constant frequency
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Figure 10: Analytically calculated angle- and frequency-
resolved reflectivity spectra of a thin dielectric film for p-
polarization. The film has a dielectric permittivity ε = 12.1.
The Brewster angle at θB = 73◦ is constant with frequency.

for all angles of incidence. We also observe a Brewster
angle at θB = 73◦, that is independent of frequency.
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