
Photon Bose-Einstein
condensation in arbitrary

potential landscapes

Mario Vretenar



PHOTON BOSE-EINSTEIN
CONDENSATION IN ARBITRARY

POTENTIAL LANDSCAPES

Mario Vretenar



This dissertation has been approved by:

Supervisor:
prof. dr. P.W.H. Pinkse

Co-supervisor:
dr. J.A. Klärs

Cover: Photon Bose-Einstein condensation in arbitrary potentials acting as
Mach-Zehnder interferometers - measured photon densities (false color).
Concept and design by Mario Vretenar.

Printed by: Ipskamp printing, Enschede
ISBN: 978-90-365-5467-1
DOI: 10.3990/1.9789036554671

©2022, M. Vretenar, The Netherlands. All rights reserved. No parts of this thesis may be
reproduced, stored in a retrieval system or transmitted in any form or by any means
without permission of the author.
Alle rechten voorbehouden. Niets uit deze uitgave mag worden vermenigvuldigd, in
enige vorm of op enige wĳze, zonder voorafgaande schriftelĳke toestemming van de
auteur.

https://doi.org/10.3990/1.9789036554671


PHOTON BOSE-EINSTEIN
CONDENSATION IN ARBITRARY

POTENTIAL LANDSCAPES

DISSERTATION

to obtain
the degree of doctor at the University of Twente,

on the authority of the rector magnificus,
prof. dr. ir. A. Veldkamp,

on account of the decision of the Doctorate Board,
to be publicly defended

on Thursday 1st of December 2022 at 14.45 hours

by

Mario Vretenar



Graduation Committee

Chair/secretary prof. dr. J.L. Herek

Supervisor prof. dr. P.W.H. Pinkse
University of Twente

Co-supervisor dr. J.A. Klärs
University of Twente

Committee Members prof. dr. M.D. Ackermann
University of Twente

prof. dr. ir. G.R.B.E. Römer
University of Twente

prof. dr. P. Törmä
Aalto University

dr. S. Rodriguez
AMOLF

prof. dr. P.C.M. Planken
University of Amsterdam

This work was financially supported by ERC (grant no. 101001512) and NWO (grant no.
OCENW.KLEIN.453).



Contents
1 Introduction 1

1.1 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Ideal Bose gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Cold atom condensates . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Exciton-polariton condensates . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 Photon condensates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.5.1 Thermalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.5.2 Energy of microcavity photons . . . . . . . . . . . . . . . . . . . 10
1.5.3 Criticality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.5.4 Dissipative Schrödinger equation . . . . . . . . . . . . . . . . . . 12

1.6 Analog spin-glass simulators . . . . . . . . . . . . . . . . . . . . . . . . 12
1.6.1 Photon BEC mapping of the XY model . . . . . . . . . . . . . . 12

2 Arbitrary potential landscapes for photons in optical microcavities 15
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.1.1 Achievable potential energies . . . . . . . . . . . . . . . . . . . 16
2.1.2 Mirror design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Permanent mirror surface nanostructuring . . . . . . . . . . . . . . . . . 17
2.2.1 The nanostructuring setup . . . . . . . . . . . . . . . . . . . . . 18
2.2.2 Point-like surface structures . . . . . . . . . . . . . . . . . . . . 19
2.2.3 Plateau-like surface structures . . . . . . . . . . . . . . . . . . . 22
2.2.4 Complex structures . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2.5 Long-term stability . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2.6 Thinner dielectric stacks . . . . . . . . . . . . . . . . . . . . . . 27

2.3 Time-resolved measurements . . . . . . . . . . . . . . . . . . . . . . . . 28
2.4 Physical origin of the nanostructuring process . . . . . . . . . . . . . . . 32
2.5 Thermoresponsive polymer . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.5.1 Potential reconstruction . . . . . . . . . . . . . . . . . . . . . . 36
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.7 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

Appendices
2.A Microcavity assembly . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.B Earlier version of the nanostructuring setup . . . . . . . . . . . . . . . . 41

2.B.1 The setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.B.2 Point-like surface structures . . . . . . . . . . . . . . . . . . . . 43

2.C Time-resolved measurements . . . . . . . . . . . . . . . . . . . . . . . . 44
2.C.1 Data processing . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.C.2 Additional data evaluation . . . . . . . . . . . . . . . . . . . . . 44

2.D Nanostructuring setup software . . . . . . . . . . . . . . . . . . . . . . . 45
2.E Thermal modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47



Contents

3 Modified Bose-Einstein condensation of photons 51
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3 Open Mach-Zehnder interferometer . . . . . . . . . . . . . . . . . . . . 54
3.4 Semi-open Mach-Zehnder interferometer . . . . . . . . . . . . . . . . . 55
3.5 Closed Mach-Zehnder interferometer . . . . . . . . . . . . . . . . . . . . 58
3.6 Theoretical modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4 Controllable Josephson junction for photon Bose-Einstein condensates 65
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.2 Josephson equations for coupled photon BECs . . . . . . . . . . . . . . . 66

4.2.1 Potential step model . . . . . . . . . . . . . . . . . . . . . . . . 68
4.3 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.4 Single junction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5 Multiple junctions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.6 Spin-glass simulation with photonic Josephson junctions - numerical results 77
4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5 Realising dissipative couplings for photon Bose-Einstein condensates 81
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.2 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3 Dispersive and dissipative couplings . . . . . . . . . . . . . . . . . . . . 82
5.4 Theoretical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.5 Dissipative couplers with engineered loss . . . . . . . . . . . . . . . . . 87
5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.7 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6 Summary and outlook 91
6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

Bibliography 93

Nederlandse samenvatting 103

Acknowledgements 105

List of publications 107



1 Introduction
Bose-Einstein condensation (BEC) is the massive occupation of a single quantum state in
a gas of bosons at a finite temperature and is one of the few phenomena demonstrating
quantum behaviour at the macroscopic scale. The shared condensate wavefunction can
usually, due to its macroscopic nature, be measured directly via optical means such as
absorption imaging [1]. As such, condensates offer many advantages for investigating
quantum phenomena. Predicted almost a hundred years ago by S. N. Bose and A. Einstein
[2], it took until 1995 for BEC to be experimentally realised in cold atoms [3, 4]. This
is due to the fact that in atomic condensates, high phase-space densities and very low
temperatures are required for the transition to occur, making them experimentally chal-
lenging to achieve. The situation is different in systems of polaritons, which are bosonic
quasiparticles that can form within semiconductor microcavities [5, 6]. They result from
the strong interaction of cavity excitons with photons. Such systems can condense at
much higher temperatures, up to 300 K. BEC has so far been experimentally demonstrated
in cold atoms and molecules, excitons, polaritons, photons, magnons and triplons [7].
BEC systems can exhibit phenomena such as superfluidity, superconductivity, vortices,
coherence, interference and the Josephson effect [8].

While at first glance photons appear obvious candidates for BEC, most photon gases
do not condense, which stems from the fact that the number of photons tends to depend
on temperature (vanishing chemical potential). This can be worked around by confining
the photons in an optical microcavity filled with a fluorescent dye, which allows for
independent control of the photon number via optical pumping. There the photons behave
as 2-dimensional massive particles and, through repeated absorption and emission cycles
with the dye molecules, are able to thermalise to the dye temperature. In such a system,
photon condensation can be easily achieved at room temperature, first demonstrated in
2010 [9]. Furthermore, the critical particle number at room temperature can be as low as
10 photons [10, 11]. Photon BEC systems offer additional advantages over other systems
- the potential landscape can be arbitrarily constructed optically using the following
three versatile methods: permanent mirror nanostructuring [12], thermal expansion and
thermoresponsive polymer [11]. The former two alter the mirror surface profile, while the
latter can be used to tune the refractive index of the cavity medium.

In contrast to cold atomic gases, which typically do not allow significant particle
exchange with their environment, optical quantum gases in photonic [9, 10, 13–18] and
polaritonic [19–21] microcavity systems may not necessarily condense to the lowest energy
state due to their non-equilibrium nature. Studying the effects of gain, loss and feedback
schemes in such systems reveals the mechanisms behind this process, and allows for a
higher degree of control. In recent years, condensation in photonic systems with complex
geometries has been proposed as a computational platform for finding the ground state
of classical spin models [22]. Due to its NP hardness [23, 24], many other mathematical
problems may be mapped to it and solved, potentially faster than using conventional
computers, making such analog simulations an attractive research topic.

The content of this chapter is partially adapted from the following papers: M. Vretenar et al., Phys. Rev. 3,
023167 (2021), C. Toebes et al., Communications Physics 5, 59 (2022).

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.3.023167
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.3.023167
https://www.nature.com/articles/s42005-022-00832-3


2 Introduction

1.1 Thesis outline
The thesis outline is as follows:

The remainder of this chapter provides a theoretical introduction into Bose-Einstein
condensation. We briefly discuss the ideal Bose gas, followed by cold atom condensates
and polariton condensates. Photon BEC systems, the central theme of this thesis, are
discussed in detail: we show that that photons in a dye filled microcavity thermalise,
we derive the dispersion and describe the dissipative Schrödinger equation that governs
the system. Finally, we provide an introduction into analog spin-glass simulators, and
show that the overall gain in a system of coupled photon condensates corresponds to the
Hamiltonian of an equivalent XY model.

Chapter 2 focuses on various ways of controlling the photon potential. These methods
rely on a thin absorptive layer added to an otherwise conventional dielectric mirror, which
allows for local heating. Permanent mirror surface profiles can be constructed via direct
laser writing, with high reliability and resolution in the growth direction. We describe
and characterise our nanostructuring setup, and investigate the physical process behind
the nanostructuring process using scanning electron microscopy and optical transmission
measurements. We furthermore discuss and evaluate two reversible methods: thermal
expansion that also affects the mirror surface profile, and a thermoresponsive polymer that
affects the refractive index of the optical medium.

Chapter 3 explores the dissipative nature of the photon BEC system. This is done
experimentally through a series of experiments performed in potentials resembling a
Mach-Zehnder interferometer. We show that by adjusting their frequency, BECs naturally
seek to minimise particle loss and destructive interference in their environment. These
experiments provide new insights into condensation under non-equilibrium conditions,
which is essential for deeper understanding of the photon BEC system and improving our
capability of designing potential landscapes for specific purposes.

Chapter 4 introduces and investigates Josephson junctions for photon BECs with con-
trollable coupling. We show that the equations that govern the evolution of the photon
number and phase of a system of two coupled condensates resemble the Josephson equa-
tions, and analyse the resulting coupling constant. Experimental results that follow show a
high degree of control over the junction state using the thermoresponsive polymer tuning
method, paving the way for spin-glass simulation. We show that the two condensate sys-
tem realises both symmetric and antisymmetric states, depending on the induced potential
in the tunnelling region between them. As a first step towards larger systems, we also
experimentally demonstrate a 4-junction system. Finally, we numerically investigate the
photon BEC spin-glass simulator, with promising results.

Chapter 5 discusses the nature of photon BEC couplings, which can be either dispersive
or dissipative. Several designs are experimentally investigated. Since dissipative coupling
is dependent on deliberate loss channels, we also investigate the applicability of focused
ion beam milling in creating such high loss areas. We show that milled holes provide
excellent loss channels that considerably reduce the dissipative coupler size enabling the
creation of larger spin networks.
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Finally, Chapter 6 provides a summary of our results and likely further steps towards
spin-glass simulations and other applications of the photon BEC system.

1.2 Ideal Bose gas
Even in systems where inter-particle interactions are negligible, certain collective effects
arise from the indistinguishability of the particles [8, 25]. These effects become significant
when the particle wavefunctions start to overlap. Quantum mechanics states that all matter
exhibits wavelike behaviour, and the mean wavelength of massive particles is described
by the thermal de-Broglie wavelength

λT ≡

√
2πh̄2

mkT
, (1.1)

where h̄ is the reduced Planck constant, m the particle mass, k the Boltzmann constant and
T the temperature. Clearly, relatively low temperatures and high particle densities make a
system more likely to exhibit quantum behaviour.

Bosons, particles with integer spin, obey Bose-Einstein statistics meaning that they are
allowed to occupy the same state, unlike fermions. In an ideal (non-interacting) bose gas,
the mean occupation number ⟨nϵ⟩ of a single-particle state with energy ϵ is described by
the Bose-Einstein distribution

⟨nϵ⟩ =
1

e(ϵ−µ)/kT − 1
, (1.2)

where µ is the chemical potential. When µ becomes equal to the ground state energy ϵ0,
the occupancy of that state becomes infinitely high: Bose-Einstein condensation occurs.
It can be shown that the condition for Bose-Einstein condensation of an ideal 3D boson
gas confined in a box of volume V is

T < Tc =
2πh̄2

mk

[
N
V

1
ζ
( 3

2
)]2/3

≈ 3.31
h̄2

mk

(
N
V

)2/3
, (1.3)

where Tc is the BEC critical temperature, N ≡ ∑
ϵ
⟨nϵ⟩ the total particle number, V the

volume, and ζ the Riemann-Zeta function. The condensate fraction equals

N0

N
= 1 −

(
T
Tc

)3/2
. (1.4)

When T falls bellow Tc the condensate fraction becomes a macroscopic number. As
T → 0, all particles are in the ground state.
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1.3 Cold atom condensates
First Bose-Einstein condensates were realised in 1995 with cold atoms: rubidium [3] and
sodium [4]. Cold atom systems use diluted gases to achieve sufficiently weak interac-
tions, typically with number densities of 1013–1015 cm−3 [1] which is about 5 orders
of magnitude lower than the density of air molecules at standard conditions. This low
density results in a typical cold atom condensate temperature of the µK order. Trapping
and cooling gases to such low temperature proves to be a significant challenge.

Trapping is typically done using magnetic traps, where the neutral atoms are affected
via the Zeeman effect. Various types exist, such as quadrupole, time-averaged orbiting
potential (TOP), magnetic bottles and others [1]. They are often combined with laser
light, where the electric field interacts with the dipole moment of the atoms introducing an
effective potential. Light can be furthermore used to cool the gas via the Doppler cooling
process, where contra-propagating beams of frequency that is slightly off atom resonance
are absorbed by atoms with certain velocities, such that the transferred momentum slows
them down. This allows the gas to be cooled down to a few hundred µK. Temperatures can
be further lowered to the BEC critical values via evaporative cooling, where the trapping
potential is constructed such as to allow the higher energy atoms to escape. Magneto-
optical traps (MOT) combine laser beams with magnetic fields, and are the basis of most
cold atom experiments providing both trapping and cooling. These traps typically create
a harmonic potential.

Trapping cold atom BECs in periodic potentials can be achieved with optical lattices
[26], which may be implemented by interfering multiple laser beams. In such systems,
various effects can be studied such as gap solitons, Josephson junction arrays, Mott-
insulator transition and others.

1.4 Exciton-polariton condensates
Exciton-polaritons (or just polaritons) are bosonic quasiparticles that can form within
semiconductor microcavities [5, 6]. Once a threshold polariton density is reached, macro-
scopic occupation of the same quantum state occurs and a condensate is formed. A typical
device structure is shown in Fig. 1.1. An optical microcavity is formed by two distributed
Bragg reflectors (DBR) with thin semiconductor layers in between acting as quantum wells
(QW).

In a semiconductor, when an electron is excited into the conduction band, it leaves a
vacancy in the valence band which can be described as a quasiparticle called a hole. An
exciton is a bosonic quasiparticle consisting of a bound electron-hole pair, with a binding
energy in the order of 10-100 meV. The pair forms a dipole that can interact with light. The
QW layer thickness is in the order of the exciton Bohr radius (1-10 nm), which confines
the exciton motion to the layer plane. If only one longitudinal mode is allowed, the QW
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excitons behave as 2D quasiparticles.

Figure 1.1 Exciton-polariton condensation. Typical device structure, consisting of quantum
wells enclosed by two distributed Bragg reflectors forming a cavity. Source: [5].

The exciton-photon coupling is made stronger by photon confinement within the op-
tical microcavity formed around the QWs. If the energy exchange rate between the light
field inside the microcavity and the excitons exceeds decay and decoherence rates of both,
the combined exciton-photon system can then be regarded as a new quasiparticle - the po-
lariton, with the two components having the same in-plane wavenumber k∥. The polariton
dispersion has two branches, of lower and higher eigenenergies called the lower polariton
(LP) and the upper polariton (UP). Typically, in experiments polaritons mostly occupy the
lower energy LP dispersion.

The LP effective mass is given by

mLP =

(
|X|2
mexc

+
|C|2
mcav

)−1

, (1.5)

where mexc and mcav are the effective exciton and cavity photon mass, respectively,
and |X|2 + |C|2 = 1 are the Hopfield coefficients [6]. The effective masses relate via
mcav ≪ mexc, and the polariton mass mLP will be between ∼ 10−4mexc for k∥ ∼ 0 and
mexc for large k∥. The polariton effective mass is about 8 orders of magnitude lower than
that of atomic gases, placing the BEC critical temperature into the 1-300 K range, which
is more readily accessible than that of atomic condensates. Thermalisation is reached
via LP-phonon scattering, and depends on the LP decay rate which can be adjusted by
controlling the microcavity-exciton detuning.

The macroscopic wavefunction ψ of the LP BEC is described by the Gross-Pitaevskii
equation (GPE) [27]
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i
∂ψ

∂t
= − h̄2

2mLP
∇2ψ +

i
2
[R(nR)− γ]ψ + g |ψ|2 ψ + 2g̃nRψ, (1.6)

where the second term contains the momentum independent loss rate γ and amplification
rate R(nR), with nR being the local density of the excitonic reservoir. The third term
describes polarition interactions, with g being the coupling constant, and the fourth term
the interaction with the reservoir with its own interaction constant g̃. The reservoir density
is described by

∂nR
∂t

= P − γRnR − R(nR) |ψ|2 + D∇2nR, (1.7)

where P describes the polariton pump rate and γR the loss rate. Pumping is performed
optically. Scattering of reservoir polaritons into the condensate is accounted for by the
third term. The spatial diffusion rate of polaritons in the reservoir is denoted by D.

The potential landscape of the polariton system can be constructed in a number of
ways. A potential well is created around pump spots due to a local depletion of the
reservoir density nR, see last term of Eq. 1.6. This highlights one significant feature
of polariton systems: pumping cannot be performed without also affecting the potential.
Other potential construction methods exist such as depositing thin metal masks on the
topmost layer affecting the cavity resonant field, or introducing mechanical stress via a tip
which affects the QW excitons [6].

A number of BEC-related effects have been demonstrated in polariton systems, such as
vortices [28], Josephson junctions [29], Berezinskii–Kosterlitz–Thouless (BKT) transition
[30], and the platform may have potential applications in classical and quantum information
technologies [31].

1.5 Photon condensates
Despite consisting of interaction-free bosons, a photon gas does not readily condense at
low temperatures. The most common example of a photon gas is the black-body radiation,
where the photons thermalise with surrounding matter via absorption/emission. The
chemical potential µ of photons vanishes, which means that the photon number is not
constant, rather it adjusts itself to the temperature and volume [32]. The mean photon
number scales with the third power of temperature via the following relation

N =
2ζ(3)

π2 V
(

kT
h̄c

)3
∝ VT3. (1.8)

Here the photon gas density N/V directly depends on the temperature, and as such BEC
criticality similar to the one in Eq. 1.3 can never be reached.



Photon condensates 7

A different thermalisation process that allows for independent control of the photon
number N and temperature T is needed for observing a BEC in a photon gas. Weakly
coupling light to an optical material can provide this process. In photon BEC systems,
thermalisation is achieved by repeat absorption-emission cycles of photons in an optical
medium, such as a dye, confined by a microcavity. Frequent collisions of the dye and
solvent molecules decohere the dye state, preventing strong light-matter coupling [33]. An
example of a system with strong light-matter coupling is the polariton system, which was
discussed in the previous section. Due to the small effective photon mass, photon Bose-
Einstein condensation readily occurs at room temperature which is experimentally less
challenging compared to the other BEC systems. It was first demonstrated experimentally
in 2010 [9]. In the following sections we first describe the thermalisation process, followed
by the optical microcavity dispersion, criticality considerations, and the equations of
motion that govern the temporal behaviour of the BEC.

1.5.1 Thermalisation
In this subsection, we show that photons thermalise in a dye-filled resonator. Following the
derivation in [33, 34], we divide the presentation in four parts for clarity. As optically active
media in our experiments we use Rhodamine 6G and Rhodamine 101. The absorption and
emission spectra of the former are shown in Fig. 1.2a, with an overlap centered around
540 nm. Rhodamine 101 spectra is similar, but shifted by about 30 nm towards longer
wavelengths.

(a) (b)

Figure 1.2 Fluorescent dye properties. a) Absorption and emission spectra of Rhodamine 6G,
normalised to max value. b) Simplified Jablonski diagram of a two electron level dye molecule,
with vibrational and rotational energy level splitting at both levels. Source: [33].

An important property of the dye spectra is the so-called Kennard-Stepanov (KS) relation
which is discussed below.

I. KS relation. We first derive the Kennard-Stepanov relation that connects the Einstein
coefficients of absorption B12(ω) and stimulated emission B21(ω) at a certain photon
energy h̄ω with the Boltzmann factor at that energy. As indicated in Fig. 1.2b, we model
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the dye molecule by an electronic two level system with levels S0 and S1 (as justified by
Kasha’s rule), and these levels also exhibit vibrational and rotational splitting. The two
Einstein coefficients are an average over all pairs of individual rovibronic substates (α, β)

B12(ω) = ∑
(α,β)

pαB(α → β),

B21(ω) = ∑
(α,β)

pβB(β → α),
(1.9)

where B(α → β) = B(β → α) are Einstein coefficients for transitions between indi-
vidual rovibronic states. Assuming the occupational probabilities pα and pβ are given
by the Boltzmann factors pα = exp(−eα/kT)/w↓ and pβ = exp(−eβ/kT)/w↑ with
the normalisation factors w↓ = ∑α∈S0

exp(−eα/kT) and w↑ = ∑β∈S1
exp(−eβ/kT)

(where ↑ and ↓ correspond to S1 and S0, respectively) we obtain

pβ =
w↓
w↑

e−
h̄(ω−ωZPL)

kT pα, (1.10)

where ωZPL is the frequency of the zero-phonon line of the dye. Combining Eqs. 1.9 and
1.10 yields the Kennard-Stepanov law

B21(ω)

B12(ω)
=

w↓
w↑

e−
h̄(ω−ωZPL)

kT . (1.11)

Deviations from this law can be quantified by the spectral temperature T̂(ω) =

h̄/(k ∂
∂ω ln B12(ω)

B21(ω)
). Typically T̂(ω) > T for most ω, where T is the thermodynamic

temperature. The law holds if T̂(ω) ≈ T which is true for the two dyes of interest.

II. Photon chemical potential. A non-vanishing chemical potential of photons is intro-
duced by optical pumping of the fluorescent dye. We regard the absorption and emission
of photons as a photochemical reaction of type γ+↓⇌ ↑, where γ stands for photon and
↓, ↑ stand for molecules in the ground and excited state. The related chemical potentials
then satisfy [33]

µγ + µ↓ = µ↑. (1.12)

We can express the partition function of the dye molecule as

F = w↓e
µ↓
kT + w↑e−

h̄ωZPL−µ↑
kT . (1.13)

With that, we determine the probabilities of finding the molecule in the ground and the
excited state

ρ↓/ρ = w↓e
µ↓
kT /F ,

ρ↑/ρ = w↑e−
h̄ωZPL−µ↑

kT /F ,
(1.14)
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where ρ↓ (ρ↑) is the spatial density of molecules in the ground (excited) state, and ρ the
overall dye molecular density. By combining Eqs. 1.12 and 1.14 we obtain the photon
fugacity

z = e
µγ
kT =

w↓
w↑

ρ↑
ρ↓

e
h̄ωZPL

kT . (1.15)

This equation shows that the medium excitation ratio ρ↑
ρ↓

is related to the photon chemical
potential µγ.

III. Detailed balance. In the next step we derive a sufficient condition for a system
to reach thermal equilibrium. We consider the thermalisation process as a time discrete
random-walk over all allowed states of a physical system. We are interested in the temporal
evolution of the probability pK(t) of the system being in an arbitrary state K

pK(t + 1)− pK(t) = ∑
K′

[
pK′(t)R

(
K′ → K

)
− pK(t)R

(
K → K′)] , (1.16)

where the coefficients R (K → K′) represent the transition rates between states. This
equation describes the conservation of probability. Approaching thermal equilibrium the
probability is expected to become pK(t → ∞) = exp(−EK/kT)/Z, where Z is the
partition function. Inserting this into Eq. 1.16 gives

0 = ∑
K′

(
e−

EK′
kT R

(
K′ → K

)
− e−

EK
kT R

(
K → K′)) . (1.17)

The solution we are interested in is the one with zero net probability flow between every
pair of states (detailed balance), which can be written as

R (K → K′)

R (K′ → K)
= e−

∆E
kT , (1.18)

where ∆E = EK′ − EK. If this condition is satisfied, the system asymptotically reaches
thermal equilibrium.

IV. Light-matter thermalisation. Finally, we analyse the light-matter thermalisation
process by absorption and (re-)emission. For a state K = (nK

o , nK
1 , nK

2 , ...) where nK
i are

the cavity mode occupation numbers, the absorption and emission rates for one photon in
mode i at position r, denoted as RK,i

12 (r) and RK,i
21 (r), are given by [33]

RK,i
12 (r) = B12(ωi)ui(r)ρ↓nK

i ,

RK,i
21 (r) = B21(ωi)ui(r)ρ↑

(
nK

i + 1
)

,
(1.19)

where ui(r) represents the spectral density of one photon in mode i. Let us assume the
system absorbs a photon in mode i going from state K to K′ with nK′

i = nK
i − 1, and back via

emission. From this and Eqs. 1.19 it follows that RK,i
12 /RK′ ,i

21 = B12(ωi)ρ↓/B21(ωi)ρ↑.
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Using the detailed balance condition of Eq. 1.18 the random walk will approach thermal
equilibrium if:

B12(ωi)

B21(ωi)

ρ↓
ρ↑

= e−
∆E
kT = e

h̄ωi−µγ
kT . (1.20)

By combining the Kennard-Stepanov law, Eq. 1.11, with the chemical potential of Eq.
1.15, we readily confirm Eq. 1.20 which means that the photon gas indeed will reach ther-
mal equilibrium with the dye at temperature T and photon chemical potential µγ through
multiple absorption-emission cycles.

In the discussion above, we assumed that the photon loss is low enough such that the
photons go through enough absorption/emission cycles before leaving the cavity, which
allows them to thermalise. This is true only for high-finesse cavities. Furthermore, for
small longitudinal mode numbers the cavity length may be adjusted as such that the low-
frequency cutoff gets shifted outside the absorption/emission spectrum, which increases
the photon loss and transitions the system from the BEC to the lasing regime [15].

1.5.2 Energy of microcavity photons
The photon energy inside an optical microcavity is given by

E =
h̄c
n

√
k2

z + k2
r , (1.21)

where we decomposed the wavevector to its longitudinal (kz) and transversal (kr) wavenum-
ber, and n = n(x, y) is the refractive index of the medium. Following boundary conditions
imposed by the mirrors, the longitudinal component can be written as

kz(x, y) =
qπ

D(x, y)
, (1.22)

where q is the longitudinal mode number and D(x, y) is the mirror separation. The refrac-
tive index n(x, y) and mirror separation D(x, y) may slightly vary along the transversal
plane, i.e.

D(x, y) = D0 + ∆d(x, y),
∆d(x, y) ≪ D0,

n(x, y) = n0 + ∆n(x, y),
∆n(x, y) ≪ n0.

(1.23)

Inserting Eqs. 1.23 and 1.22 into Eq. 1.21 gives

E =
h̄c

n0 + ∆n

√(
qπ

D0 + ∆d

)2
+ k2

r

=
h̄cqπ

(n0 + ∆n)(D0 + ∆d)

√
1 + k2

r

(
D0 + ∆d

qπ

)2
.

(1.24)
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In a paraxial approximation (kr ≪ kz) we can expand the square root term using the
binomial series and disregard terms of O(k4

r ), which gives

E ≃ h̄cqπ

(n0 + ∆n)(D0 + ∆d)
+

(h̄kr)2

2m
, (1.25)

where we introduced the effective photon mass

m =
πh̄n0q

cD0
. (1.26)

In the denominator of first term of Eq. 1.25 we disregard ∆n∆d, and expand the term using
the geometric series. Disregarding terms of O(∆d2) and O(∆n2) leads to the following
form for the photon energy

E ≃ mc2

n2
0

+
(h̄kr)2

2m
− mc2

n2
0

(
∆d(x, y)

D0
+

∆n(x, y)
n0

)
, (1.27)

where the three terms represent the rest, the (transverse) kinetic, and the potential energy.
As we can see, the photons confined in a microcavity effectively become 2-dimensional
with an effective mass m.

1.5.3 Criticality
In a harmonic trapping potential implemented by two spherical mirrors, it can be shown
[33] that the upper limit for the photon number in excited states at a certain temperature T
is given by

N̄c ≃
π2D0R

6

(
kTn
h̄c

)2
, (1.28)

where R is the radius of curvature along the potential. Any additional photons added to
the cavity will be forced to condense to the ground mode. The critical temperature Tc then
follows as

Tc ≃
√

6h̄c
πkn

√
1

D0

N̄c
R

. (1.29)

The condensate fraction n̄0/N̄ at T < Tc is given by

n̄0

N̄
= 1 −

(
T
Tc

)2
. (1.30)

For a nanostructured potential that is about 5 nm deep and 4 µm wide (resulting
in R ≃ 100 µm) at T = 300K, D0 = 2 µm and n = 1.33, we get a critical photon
number of N̄c = 10. Such small critical photon numbers have indeed been demonstrated
experimentally [10, 11].
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1.5.4 Dissipative Schrödinger equation
Like in polaritonic systems, see Eq. 1.6, the temporal evolution of photon BECs can be
described by a dissipative Schrödinger equation of the following type:

ih̄
∂ψ

∂t
= − h̄2

2m
∇2ψ + Vψ +

ih̄
2

(
−B12e

h̄(θ̇−ωZPL)
kT Mgr + B21Mex − γ

)
ψ, (1.31)

where in the gain-loss term we have the Einstein coefficients for absorption B12 and
emission B21, the number densities of molecules in the excited Mex and ground state Mgr,
the mirror transmission loss γ, and the emitted light frequency (phase velocity) θ̇ which
is related to the wavefunction ψ via:

ψ =
√

ne−iθ . (1.32)

Here, we used a form of the Kennard-Stepanov law, where the emission rate is set to be
independent of θ̇, and the absorption rate to be a function of both θ̇ and T through a
Boltzmann factor exp(h̄θ̇/kT).

The time-evolution of the excited molecule number density is given by the following
Einstein rate equation

Ṁex =

(
B12e

h̄(θ̇−ωZPL)
kT Mgr − B21Mex

)
|ψ|2 + gMgr, (1.33)

where we used the same assumptions as for Eq. 1.31. The last term represents optical
pumping, described by the function g = g(x, y, t).

1.6 Analog spin-glass simulators
The spin-glass problem corresponds to finding the ground state of a magnet with disor-
dered couplings. In general, it has no analytic solution and numerical techniques prove
inefficient. Due to its NP-hardness [23, 24], many important optimisation problems may
be mathematically mapped to it, such as job scheduling and the knapsack problem [35].
Therefore a device that could efficiently solve the spin-glass problem may also outperform
conventional computers in such tasks. Two classical spin models are usually consid-
ered: the Ising [36] and the XY model [37, 38]. Current attempts at implementing Ising
simulators include networks of superconducting qubits [39, 40] and optical parametric
oscillators [41–44]. A number of physical platforms have been proposed for realising XY
simulators: superconducting qubits [45], lasers [46–51], atomic BECs[52], and polariton
BECs [53–61]. Our aim is to implement an XY simulator in a photon BEC system.

1.6.1 Photon BEC mapping of the XY model
In this subsection, we want to show that the system of coupled photon BECs maps onto
the XY model, with the spins being represented by the condensate phases. We begin by
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re-writing Eq. 1.31 for N coupled condensates, with the i-th wavefunction given by

ih̄ψ̇i = h̄ωc,iψi +
ih̄
2

(
−B12e

h̄(θ̇i−ωZPL)
kT Mgr,i + B21Mex,i − γ

)
ψi + h̄ ∑

j
Jijψj, (1.34)

where Jij denotes the coupling between the i-th and j-th condensate and can be a complex
number. Here we introduced the bare condensate frequency ωc,i. We simplify Eq. 1.34 by
substituting the gain and loss rates: Γ↑,i = B21Mex,i − γ and Γ↓,i = B12Mgr,i, resulting in

ih̄ψ̇i = h̄ωc,iψi +
ih̄
2

(
Γ↑,i + Γ↓,ie

h̄(θ̇i−ωZPL)
kT

)
ψi + h̄ ∑

j
Jijψj. (1.35)

We define a central frequency of the condensates ω̄c = ∑i ωc,i/N and rewrite the loss
rate as Γ̃↓,i = Γ↓,i exp

[
h̄(ω̄c − ωZPL)/kT

]
. From here it follows that

Γ↓,ie
h̄(θ̇i−ωZPL)

kT = Γ̃↓,ie
h̄(θ̇i−ω̄c)

kT . (1.36)

If all the condensate frequencies ωc,i remain close to ω̄c such that h̄|ωc,i − ω̄c| ≪ kT,
we may linearise the exponential term on the right hand side of Eq. 1.36. Inserting it into
Eq. 1.35 gives

ih̄ψ̇i = h̄ωc,iψi +
ih̄
2

(
Γ̃↑,i − Γ̃↓,i

h̄
(
θ̇i − ω̄c

)
kT

)
ψi + h̄ ∑

j
Jijψj, (1.37)

where we have introduced the renormalised gain coefficient Γ̃↑,i = Γ↑,i − Γ̃↓,i. The
temporal derivative of Eq. 1.32 can be written as

i
ψ̇i
ψi

= θ̇i + i
ṅi

2ni
. (1.38)

Inserting Eq. 1.38 into Eq.1.37 leads to

θ̇i

[
1 +

ih̄Γ̃↓,i

2kT

]
+ i

ṅi
2ni

= ωc,i +
i
2

Γ̃↑,i + ω̄c
ih̄Γ̃↓,i

2kT
+ ∑

j
Jij

ψj

ψi
. (1.39)

We introduce a dimensionless complex dissipation parameter

Ai =
1

1 + ih̄
2kT Γ̃↓,i

= |Ai|eiθAi (1.40)

and insert it into Eq. 1.39 resulting in

θ̇i = Aiωc,i +
i
2
Ai

(
Γ̃↑,i −

ṅi
ni

)
+ ω̄c(1 −Ai) + ∑

j
|Ai||Jij|

√
nj

ni
e

i
(

θAi
+θJij

+θj−θi

)
,

(1.41)
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where we substituted Jij = |Jij|e
iθJji . Separating the real and imaginary parts of Eq. 1.41

leads to the equations for the evolution of the condensate phases and particle numbers

θ̇i = Re(Ai)ωc,i +
1
2

Im(Ai)

(
ṅi
ni

− Γ̃↑,i

)
+ ω̄c [1 − Re(Ai)]

+ ∑
j
|Ai||Jij|

√
nj

ni
cos

(
θAi + θJij + θj − θi

)
,

(1.42)

ṅi =

[
Γ̃↑,i + 2

Im(Ai)

Re(Ai)
(ωc,i − ω̄c)

]
ni

+ ∑
j

2|Ai||Jij|
Re(Ai)

√
ninj sin

(
θAi + θJij + θj − θi

)
.

(1.43)

Let us set all condensate frequencies and gain/loss rates equal: ωc,i = ωc , Γ̃↑,i = Γ̃↑ and
Ai = A. Equations 1.42 and 1.43 then become

θ̇i = ωc +
1
2

Im(Ai)

(
ṅi
ni

− Γ̃↑

)
+ ∑

j
|A||Jij|

√
nj

ni
cos

(
θAi + θJij + θj − θi

)
,

(1.44)

ṅi = Γ̃↑ni + ∑
j

2|A||Jij|
Re(Ai)

√
ninj sin

(
θAi + θJij + θj − θi

)
. (1.45)

We can now obtain the total particle number gain ṅ = ∑i ṅi in the form

ṅ = ∑
i

Γ̃ini − ∑
i>j

JXY
ij cos(θi − θj), (1.46)

where

JXY
ij = −

4|A||Jij|
Re(A)

√
ninj sin(θAi + θJij) (1.47)

describes an effective coupling constant. For a more detailed discussion on Eq. 1.47, see
Chapter 4. If we assume that all condensates have the same number of particles ni, the
only free parameter that remains are the condensate phases in which case the second term
of Eq. 1.46 exactly corresponds to the Hamiltonian of a classical XY model. The system
naturally tries to maximise the gain ṅ, and the corresponding phase configuration will
match the spin configuration that minimises the simulated XY Hamiltonian. In general,
the assumed equality of particle numbers is not automatically guaranteed and may require
a feedback scheme [62]. Furthermore, it is not guaranteed that the system relaxes to a
single state as the configuration that maximises the gain is not necessarily a fix point of
the system [63].



2 Arbitrary potential
landscapes for photons in
optical microcavities

Controlling the flow of light in an optical microcavity is an integral part of every photon
BEC experiment. Our primary method for this is mirror surface nanostructuring via direct
laser writing, as it allows us to construct permanent almost arbitrary height profiles. This
is realised in a separate dedicated setup, which we describe here, along with the physics
behind the nanostructuring process itself. For dynamical tuning of the potential during
photon BEC experiments, two complementary methods are presented: thermal expansion
of the mirror’s dielectric stack, and refractive index change using a thermoresponsive
polymer added to the cavity medium. Both are induced by local laser heating, but affect
the potential landscape differently.

2.1 Introduction
Whether one operates in the lasing or the photon BEC regime, open-access optical mi-
crocavities prove to be a very flexible platform. This is thanks to a number of available
methods for constructing and tuning the potential landscape that photons experience in
the system. Here we only consider methods that do not (significantly) affect the mirror
reflectivity, thus reducing the resulting cavity finesse. As shown in Eq. 1.27, the potential
energy of a photon inside the cavity depends on four parameters: the cavity length D0
with small variations ∆d(x, y) on top of that, and the refractive index of the cavity optical
medium n0 with small variations ∆n(x, y). A tilt of the cavity mirrors, for example,
creates a height variation ∆d(x, y) that translates to a linearly increasing potential for
the photons along the direction of the gradient of ∆d(x, y). For our implementation and
general information on our cavity assembly, see Appendix 2.A.

The variations of the cavity length, ∆d(x, y), depend on the surface height profiles
of the two mirrors. Examples of methods to control such height profiles are focused ion
beam milling [64] and controlled buckling [65]. The former is performed by milling the
substrate, and then applying the dielectric stack coatings, while in the latter a polymer is
introduced into select regions halfway through the stack, which causes local delamination
upon thermal annealing. The disadvantage of these methods is evident: once the height
profile is constructed, it may not be further modified, and the methods require cleanroom
equipment which is costly for small custom batches, as well as time consuming. Recently a
new nanostructuring method has been demonstrated, using direct laser writing on dielectric
mirrors with an additional absorptive layer [12]. We detail our implementation and

The content of this chapter is adapted from the following submitted paper: M. Vretenar and J. Klaers,
arXiv:2211.05096 (2022)

https://arxiv.org/abs/2211.05096
https://arxiv.org/abs/2211.05096
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advances to this method in Section 2.2, perform time-resolved measurements of the
process in Section 2.3, and analyse the underlying process in Section 2.4.

In-cavity reversible tuning of ∆d(x, y) can be performed in a number of ways. Mirrors
with integrated piezo arrays [66] and heater arrays [67] are currently limited in lateral
resolution, but may in the future approach what is possible with other methods. The
main disadvantages are the cost and the complexity, especially when used in open-access
microcavities that often undergo reassembly. As demonstrated during the time-resolved
measurements of the nanostructuring process in Section 2.3, direct laser writing on mir-
rors with the additional absorptive layer also causes a reversible thermal expansion of
the mirror surface, provided the irradiance is low enough. This provides an additional
method for local increase of the cavity photon potential energy. A certain degree of spatial
complexity in the generated potential landscape can be introduced by wavefront shaping
the heating laser. Furthermore this method is fully compatible with the structures created
by the permanent direct laser writing method.

Another reversible method that we extensively use in our photon BEC experiments is
the insertion of the thermoresponsive polymer Poly(N-isopropylacrylamide) (pNIPAM)
into the cavity [11], allowing us to tune ∆n(x, y), which is described in Section 2.5.
The polymer undergoes a phase transition near room temperature, exhibiting a significant
change in its refractive index. Just like the thermal expansion method, a mirror with an
absorptive layer is needed, and direct laser heating with shaped light is used. In contrast to
the thermal expansion method, here heating reduces the potential, and the effect occurs at
different time delays allowing these two methods to be used simultaneously in the pulsed
regime.

2.1.1 Achievable potential energies
Here we give some estimates of typical achievable potential energies. Inserting the
expression for the effective photon mass (Eq. 1.26) into the photon potential energy term
of Eq. 1.27 gives

V(x, y) =
πh̄qc
n0D0

(
∆d(x, y)

D0
+

∆n(x, y)
n0

)
. (2.1)

The potential scales linearly with ∆d and ∆n. Assuming the cavity medium is water
(n0=1.33) containing dissolved pNIPAM and Rhodamine 101, for a cavity spacing of
D0 = 2 µm the transversal mode number q = 9 is chosen as it results in a photon wavelength
of λ = 591 nm (Er = 2.1 eV) which lies in both the reflective region of the mirror, and the
absorption/emission overlap region of the dye. A feature with ∆d = 2 nm will result in a
potential of 2.1 meV. The highest reliably nanostructurable height of 45 nm will result in
47 meV. A refractive index change of ∆n = 0.1 will create up to 151 meV.

Increasing the cavity spacing causes the transversal mode number to increase as well,
keeping the ratio q/D0 approximately constant. Based on Eq. 2.1, doubling the cavity
length halves the potential achieved by ∆d. While equation 2.1 implies no dependence
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of ∆n on D0, in practice for longer cavity lengths only the polymer in the region near
the heated mirror’s surface may change its phase, and as such the resulting potential by a
refractive index change will in fact vary with cavity spacing.

In Section 2.5.1 we present a method that uses measured photon densities to reconstruct
the potential energy. If the height profile of the mirror is known and non-planar, the cavity
length and tilt may be determined as well.

2.1.2 Mirror design

SiO2

Si

SiO2

Ta2O5

(20 pairs)

Figure 2.1 Nanostructurable
mirror. Dielectric mirrors con-
sisting of a fused silica substrate,
an amorphous silicon layer, and 20
pairs of Ta2O5 and SiO2. Not to
scale.

In this section we describe the dielectric mirrors re-
quired for the three potential tuning methods that we
use (permanent nanostructuring, thermal surface ex-
pansion, and the thermoresponsive polymer). The
mirrors have the following composition: a fused sil-
ica substrate, atop which lies an optically absorptive
amorphous silicon layer, typically 30 nm thick, fol-
lowed by the dielectric stack (see Fig. 2.1) (manufac-
turer Laseroptik GmbH). The silicon layer provides a
way to locally heat the stack and the optical medium
using laser light. The dielectric stack of the mirrors
used in our experiments consists of 20 pairs of Ta2O5
and SiO2. The central wavelength of the stack for
mirrors used throughout this chapter and second half
of Chapter 5 was 600 nm (for use with Rhodamine
101), while for all other experiments presented in this
thesis it was 560 nm (used with Rhodamine 6G).

These dielectric mirrors are produced using ion beam sputtering (IBS), where argon
ions are accelerated onto a metal target sputtering off the coating material, which then
condenses onto the substrate. Since the additional silicon layer does not significantly rise
the manufacturing cost, these mirrors allow for a cost-effective, fast and highly controlled
nanostructuring of mirrors.

2.2 Permanent mirror surface nanostructuring
The permanent nanostructuring of mirrors with the additional absorptive layer is performed
in a separate setup with integrated surface evaluation. The benefit of this is that such a
specialised setup may be then shared between multiple experiments. There are several
things to be considered in the design of such a setup.

Firstly, the side from which the writing laser beam impinges onto the absorptive layer.
Back-side writing has the benefit of a somewhat higher absorption, but reduced viable
writing area as the focused beam is at risk of being partially cut off while traversing the
substrate. Front-side writing, on the other hand, constrains the writing laser wavelength to
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lie in the transmissive region of the mirror. It is also more sensitive to dust that may find
itself in the nanostructured area. The main benefit is the fact that the surface evaluation and
the writing optics may be combined, increasing the accuracy of alignment and focusing,
as well as reducing the setup size. Overall, both methods work and achieve similar results.

The second consideration concerns the writing procedure as such. Using focused
Gaussian beams and writing point by point is the easiest way to construct complex struc-
tures, and the one we employ. In this case, the limiting factor for the writing speed is
usually the translational stages. It would be possible to use higher optical powers combined
with wavefront shaping to speed up writing, however for small-scale use this appears to
be unnecessary, as 100 µm2 structures can be written in minutes. The writing procedure
depends on three parameters: the focus, the beam power, and the pulse duration. The
focus determines the beam size at the thin silicon layer, and combined with beam power
determines the irradiance. Both the written point height and full width at half maximum
(FWHM) depend on these three parameters in a non-trivial way. A reasonable approach
is to keep the beam power constant, and only vary the focus and pulse duration.

The final consideration is the optical characterisation of the surface height profile:
white light interferometry provides a sufficiently high resolution and can be easily imple-
mented using a Mirau interferometric objective, which is what we use.

Two major iterations of the writing setup were constructed during this thesis. The first
one, presented in Appendix 2.B, employs back-side writing using a 532 nm laser with
both pulse power and duration control. The second iteration, detailed in this section, uses
front-side writing with a 405 nm laser where only the pulse duration is varied.

2.2.1 The nanostructuring setup
The nanostructuring setup schematic is shown in Fig. 2.2a. It consists of two main
parts: the white light interferometry used for obtaining the mirror surface height profiles,
and the direct laser writing. Both share the imaging light source - an LED (Thorlabs
M617D3) with an emission spectrum situated within the sample mirror’s high reflective
region, and the camera (Basler ACA1300-200um). The sample mirror is mounted on an
XY assembly consisting of two piezo stepping stages with a 13 and 26 mm travel range
(Pi N-565.260 and Pi N-565.360) (see Fig. 2.2c). A 13 mm travel range piezo stepping
stage (Pi N-565.260) provides the Z axis motion and holds two microscope objectives: a
20x Mirau interferometric objective (Nikon MUL40201) for surface profiling, and a 40x
objective (Olympus RMS40X) for the direct laser writing. The foci of the two objectives
are intentionally mismatched in such a way that during operation, only one of them has its
focus on any surface at any given time. A dichroic is used to insert the writing laser beam
from a 200 mW CW laser operating at 405 nm (CNI MDL-NS-405), which is controlled
via TTL switching.

The setup is assembled within an aluminium frame (dimensions 22 x 31 x 34 cm)
enclosed in acrylic sheets, standing on Sorbothane pads (see Fig. 2.2b). The enclosure
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(a)

(b)

40x

Mirau
20x

XY stage

Z stage

BS1

D1

L1

M1

L2M2

M3

M4

M5
Laser

Camera LED

(c)

Figure 2.2 The nanostructuring setup. a) Full optical schematic of the nanostructuring setup.
b) Picture of the enclosed setup. c) A close-up image of the translational stages, the sample mirror,
and the imaging objectives.

helps reduce dust build-up, and provides shielding against the violet writing laser light.
For a discussion on the choice of motion stages, see Appendix 2.B. The pulse timing
and stage synchronisation is implemented on a single board computer: the Red Pitaya,
which has an embedded FPGA. A short description of the software is given in Appendix
2.D, along with the height reconstruction procedure. The interferometric surface profiling
provides a resolution better than 0.1 nm that is roughly the diameter of a single atom,
which may be further improved by averaging multiple scans.

2.2.2 Point-like surface structures

Initial calibration of the nanostructuring setup is performed by writing a series of points
while varying focus and pulse duration. The writing order is randomised within each
run to prevent systematic errors. For each set of points, a surface scan was performed
both before and after the writing, with the analysis performed on the difference in order
to minimise the effect of mirror surface roughness. Fig. 2.3a shows the height map and
reflected light intensity of two typical outcomes: on top a point of moderate height, and
at the bottom an example of a locally destroyed mirror, which may occur for sufficiently
high irradiance. The height profile of the (non-destroyed) point-like structures is generally
observed to follow a Gaussian distribution.
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(a)
20 μm

(b)

(c)

(d)

(e)

Figure 2.3 Point-like surface structures. a) Height map (left) and local reflectivity (right), of
two written point-like structures. The upper point is a typical example of a written point, and its
height profile is similar to a 2D Gaussian function. The bottom example shows a locally destroyed
mirror as a result of excessive irradiance and pulse duration. b) Point height and c) FWHM as a
function of laser focus relative to the mirror surface for 6 pulse durations. Four different foci are
marked with triangles. d) Point height as a function of pulse duration for the four foci, with an inset
highlighting the low height low duration region. e) Point FWHM as a function of point height for
the four foci. In graphs b-e) each data point corresponds to one written point-like structure.
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First we examine the dependence of written point height and FWHM on the laser beam
focus relative to the mirror surface, which is shown in Figs. 2.3b and 2.3c, respectively.
Six characteristic pulse durations are used. Both figures show a symmetry axis around
approximately -3 µm, which is close to the location of the Si layer. Varying the focus
affects writing by altering the beam width at the thin silicon layer, which is shown as a
second x-axis in Fig. 2.3b. This changes the irradiance. Writing in focus with sufficiently
long pulses locally destroys the mirror stack, which can be seen as missing or scattered
data points. The smallest achievable point FWHM appears to be 3.5 µm which is roughly
three times wider than the laser beam. Overall, the lateral size of the written structures
is relatively insensitive to the diameter of the writing beam. In particular, the minimum
achievable feature size does not seem to be limited by the beam diameter. Four foci are
chosen for further calibration: -2, -9, -25 and -40 µm, in the following text they are referred
to as ’calibration foci’, as marked by triangles on the focus axis.

The effect of pulse duration on the point height for the four calibration foci is shown in
Fig. 2.3d. For near-focus writing (f=-2 µm), the curve is incomplete because for the given
laser power, pulse durations longer than 0.2 ms have a chance of causing local destruction
to the mirror, as seen in Fig. 2.3a bottom. Such destruction ejects some material from
the mirror which lands in the surrounding area, contaminating other point locations and
complicating the measurements. The spread of observed point heights just before this starts
occurring indicate the onset of mirror destruction. The acquired data using the three other
foci show that the point height asymptotically tends toward a maximum value, specific for
that particular focus. It appears that the maximum achievable height is almost 200 nm,
when writing about 20 µm off focus. The observed trend of point height increasing with
FWHM indicates that even higher point heights might be achieved if higher laser power is
used.

The point FWHM as a function of height is shown in Fig. 2.3e. In general, lower
peak heights have a higher width, which is about 4.5 µm for in-focus writing. As the point
height increases, the FWHM falls down to a value of about 3.3 µm, after which it appears
to rise again.
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2.2.3 Plateau-like surface structures

As complex structures involve writing a grid of overlapping points, writing plateaus of
various heights seems to be a reasonable starting point towards more arbitrary surface
structures. The writing and surface scan procedure is the same as in the previous section,
except for the fact that now the point spacing/density shows up as an additional parameter.
Plateaus are written at the four calibration foci with various pulse durations, and a fixed
point spacing of 1 µm is used for now. Fig. 2.4a shows the height map of a typical written
plateau. The writing is done from the bottom corner up. As discussed in the previous
section, in-focus writing can destroy the mirror quite easily as is indicated by a massive
drop in reflectivity, see Fig. 2.4b. This destruction, as mentioned before, ejects a certain
amount of material onto the mirror surface, as well as onto the 40x writing objective, and
as such should be avoided. Polymer cleaning solution appears to be able to remove most of
the debris, however some permanent damage remains around the structure. When writing
out-of-focus, sufficiently long pulses cause delamination as can be seen in Fig. 2.4c.

The resulting plateau height as a function of pulse duration is shown in Fig. 2.4d. The
determined heights are an average of all observed heights within half the plateau radius,
with the errorbars representing their standard deviation. Low pulse durations result in a
behaviour similar to that observed for individual points, however only up to a maximum
height of about 45 nm for all tested foci. Above that, a sharp jump occurs suggesting
the onset of delamination. The delaminated portion has a bubble shape, with the total
height appearing to be limited by the plateau radius. All in all, it seems that using in-focus
writing for more complex structures is the best approach, as the required pulse duration is
short and highest lateral resolution is achieved. However a sufficiently high pulse timing
resolution is needed in order to be able to accurately construct lower height features due
to the steep slope visible near the origin in Fig. 2.4d.

The radial height profiles are determined and plotted as a function of pulse duration in
Figs. 2.4e-g for three foci. For the -2 and -9 µm foci, the profiles follow a Gaussian-like
curve. Unsurprisingly, the feature size appears to increase with beam width. For the -25
µm focus (and the -40 µm which is not shown), some minor delamination can be seen at
the edges.

The effect of point spacing on nanostructuring is shown in Fig. 2.5. Circular plateaus
were written for 9 different point spacings, using a -9 µm focus. The same experimental
procedure was used as in the previous measurements.

The plateau height as a function of pulse duration is shown in Fig. 2.5a. The
previously determined maximum height of around 45 nm before the onset of delamination
is observed to apply also for laterally extended structures. The height standard deviation
within each plateau, as marked with the errorbars, indicates how uniform the surfaces are.
The height maps of plateaus close to 30 nm in height are shown in Fig. 2.5b for the various
spacings, revealing that at this focus, spacings denser than 2 µm provide relatively smooth
structures. Denser spacing may still be beneficial when writing complex non-uniform
structures, however this comes at a cost of increased writing time. The height deviation
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(d)

(e)

(a)

20 μm
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Figure 2.4 Plateau-like structures. a) Typical plateau height map. b) Spatially resolved reflec-
tivity, showing effects of mirror destruction when writing in-focus (-2 µm) with excessive pulse
durations. Material ejected during the writing is seen deposited around the destroyed structure. c)
Plateau height map showing a large delaminated central area. d) Plateau height as a function of
pulse duration for the four calibration foci. Each data point corresponds to one written plateau-like
structure. e-g) The radial height profile for three of the calibration foci, with colors representing
different pulse durations. The black lines show the intended plateau circle radius.
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Figure 2.5 Writing with varying point spacing. a) Plateau height as a function of pulse duration
for 9 point spacings using a -9 µm focus. b) The height maps of select plateaus with a height of about
30 nm. c) Replot of the data from b) highlighting the height deviation from the plateau average.

from the plateau average height using the same height map data is shown in Fig. 2.5c,
revealing that the plateaus start to become increasingly asymmetric with denser point
spacing. This is due to the fact that the points start to overlap, and previously written
peaks appear to decrease the effectiveness of the writing procedure (the writing is done
bottom to top). This effect is less noticeable with lower (≲ 20 nm) structures.

In order to write complex arbitrary structures, the data shown in Fig. 2.4d is used
to make a height - pulse duration mapping by fitting B-splines (see Appendix 2.D). This
mapping can then be used to convert heights of an arbitrary target height map to a pulse
duration matrix that can be written with the nanostructuring setup. The additional data
from the radial profiles and the different point spacing is not yet used, but may be in the
future to improve the accuracy of the writing setup.
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2.2.4 Complex structures

In order to test the capabilities and repeatability of the nanostructuring setup, we designed
a test structure shown in Fig. 2.6a, featuring four height levels of 5, 10, 15 and 20 nm with
features of various lateral sizes. Writing the structure using the -2 µm focus calibration
results in the height profile shown in Fig. 2.6b. Here, unlike in the previous section,
no background subtraction was made and correspondingly the height map also contains
the mirror roughness. The obtained height map is an average of 10 scans. Some of the
features appear blurred as is expected due to the achievable point FWHM, with the thin
parts being unable to reach the intended height since they are narrower than this FWHM.
The absolute height difference between the realised and the target structure is shown in
Fig. 2.6c, highlighting the finite lateral resolution. In the flat areas, the written height
matches the target value well. The repeatability of the nanostructuring is tested by writing
10 identical structures, and calculating the standard deviation. The result is shown in Fig.
2.6d, indicating a standard deviation below 0.1 nm which matches the surface roughness of
the mirror specified by the manufacturer. A small relative XY shift between the individual
height maps was observed and corrected for, which is caused by an error occurring when
switching between the two imaging objectives. These results show that the nanostructuring
process is very precise to the level of single atomic layers, at least in the non-delaminated

(a) (b)

(c) (d)

Figure 2.6 Repeatability of the nanostructuring process. a) Test structure design height map.
b) Measured height map of the actual written structure using a) as the source. c) The absolute height
difference between the source and realised height maps. d) The height standard deviation of 10
individually written test structures.
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regime. Test structures were written with the other three foci calibrations as well, and
they show some additional feature broadening as expected from the calibration data. The
repeatability appears to be the same.

2.2.5 Long-term stability
Surface measurements performed at intervals of a few months show that the nanostructur-
ing is fairly stable with a slight shrinkage in the order of the measurement error, as can be
seen in Fig. 2.7a for plateau-like structures. This holds as long as the nanostructuring has
been carried out in the non-delaminating regime. Point-like structures of various foci and
durations also show good long-term stability both in height and FWHM, see Fig. 2.7b,
with larger deviations present beyond the plateau height delamination threshold.

In the delaminated regime, on the other hand, our measurements show that written
plateau-like structures exhibit a significant change over a period of a few days. Writing
an uniform square using the -40 µm calibration with long pulse durations resulted in the
structure shown in Fig. 2.7c. A bubble 2.5 µm high forms near the corner, showing the
delamination. The same structure was scanned again 11 days later, with the height map
shown in Fig. 2.7d. The apparent growth of the bubble shows that internal stress kept the
delamination going further, significantly more than in the case with delaminated points.

(c) (d)

(a) (b)

Figure 2.7 Long-term nanostructuring stability. a) Observed height change in 54 and 79 days
compared to a few minutes after nanostructuring for plateau-like structures written at a -2 µm focus.
b) Point FWHM and height for three foci (-9, -25 and -40 µm) and three pulse durations (0.2, 1 and
5 ms). c) Height map of a structure realised by writing an uniform square, showing delamination,
and d) height map of the same structure, taken 11 days later.
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2.2.6 Thinner dielectric stacks
Not all applications require the high reflectivity resulting from the 20x layer pair dielectric
stack. A question arises: how does reducing the stack layer number affect what can be
achieved with the nanostructuring process? Instead of ordering a new mirror batch for
the purpose of this test, we employ a trick: we glue a metal piece onto the surface of the
mirror. Forcefully removing it with pliers has a chance of removing some or even all of
the stack layers. In our case, we were lucky to reduce the 20 layer pair stack to 11 and, in a
small area, 10 pairs. The exposed areas appeared to be undamaged, and we used them to
test the nanostructuring in the same way as for the full stack. In the following all writing
procedures are done in-focus to the silicon layer.

The point height dependence on pulse duration is shown in Fig. 2.8a. The first striking
difference lies in the pulse durations required to achieve certain heights: they are an order
of magnitude lower than those for the full stack. Furthermore, a significant reduction is
observed even with the removal of just one extra layer pair. In the case of 11 pairs, pulse

(a) (d)

(e)

(f)

(b)

(c)

Figure 2.8 Nanostructuring with a thinner dielectric stack. a) Point height as a function of
pulse duration for three dielectric stack configurations. b) Point FWHM as a function of point
height. c) Plateau height as a function of pulse duration. d) Plateau radial height profile, with colors
representing different pulse durations. e) Measured test structure height map. f) Height standard
deviation of 5 individually written test structures.
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duration just above 30 µs starts to destroy the mirror, in a similar manner as before.
The main benefit of nanostructuring with a thinner dielectric stack is shown in Fig.

2.8b: the written point FWHM appears to almost halve, significantly improving the lateral
resolution. This would most certainly be beneficial for photon BEC experiments, however
it is not yet clear how much reflectivity reduction can be afforded. A reduction from 20 to
11 pairs would decrease the reflectivity from ∼ 99.999% to ∼ 99.9%, and that is without
accounting for nanostructuring effects. Nonetheless, there may be other applications that
could benefit from this technique.

Circular plateaus are written on the 11-pair stack, as before, providing the necessary
calibration data for realising complex structures. The results are shown in Fig. 2.8c. The
maximum achievable height appears to be about 25 nm which is lower compared to the
previous 45 nm, and appears to scale in a similar way as the point FWHM. In contrast to
point structures, plateau height as a function of pulse duration appears less dependent on
the stack size. This indicates that the height gain is realised mostly in the lower layers. The
plateau radial height profile shown in Fig. 2.8d expectedly features a sharper boundary
than that observed for the full stack.

To evaluate writing of complex structures, we write the same target structure as before,
with the resulting height profile shown in Fig. 2.8e. Here the features are noticeably
sharper: the thin edge stripes appear to reach full intended height and the valleys seem to
reach baseline as well. Five identical structures were written, and the standard deviation
is shown in Fig. 2.8f. In this case, a mirror with a rougher substrate was used, and the
measured deviations again match the manufacturer data.

2.3 Time-resolved measurements

In an attempt to better understand the nanostructuring process, we perform time-resolved
measurements of the height surface profile during and after the heating pulses. Due
to the fact that the surface evaluation technique of the nanostructuring setup cannot be
simultaneously used with the direct laser writing, a new experimental setup was built for
this purpose, with the schematic shown in Fig. 2.9. The sample mirror was mounted on a
manual XYZ stage with one of the micrometer screws (an axis perpendicular to the laser
beam) motorised by a servo. A 405 nm laser (NEJE B25425) was used as the laser source
providing about 260 mW of optical power, reduced to 65 mW by a neutral density (ND)
filter (OD=0.6). A portion of that light is captured by a photodiode, providing the temporal
measurement of the pulse power. A lens then focuses the light onto the sample mirror’s
silicon layer, back side, with an estimated beam waist of 7 µm. A standard microscope
objective was used instead of the more convenient Mirau interferometric objective in order
to avoid possibly damaging the internal reference mirror, as the sample mirror is partially
transmissive at 405 nm. Instead, a Mach-Zehnder interferometer (MZI) was constructed
with the purpose of interfering the image of the surface with itself, offset vertically by a
set amount. In this way a flat portion of the sample mirror is used as a reference plane.
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Figure 2.9 Time resolved measurement setup. The schematic of the time-resolved measurement
setup consisting of the laser heating and the interferometric imaging based on a MZI.

The first beamsplitter of the MZI is actuated by a piezo in order to control the phase
shift. A 650 nm fiber tester laser was used as the imaging light source, due to its in-
termediate coherence length. A filter is added to remove any transmitted 405 nm light,
ensuring that only the interference pattern is imaged. One of the MZI outputs is imaged
onto a camera (Basler acA4024-29um), and the other onto a photomultiplier tube (PMT)
through a pinhole. The purpose of the latter is to provide feedback for the piezo, in order
to maximise interferometric sensitivity prior to measurement. The piezo is also used for
determining the minimum and maximum of the signal (i.e. visibility), which is measured
for each camera pixel and is necessary for the phase-to-height conversion (see Eq. 2.5).

By capturing a narrow horizontal strip, the camera frame rate can be increased to 1000
frames per second (fps), which provides a temporal resolution of 1 ms. Higher temporal
resolution is needed, however, which is achieved using a strobe effect where the camera
triggers are all offset by a set amount for each individual pulse, and multiple pulses are
combined for the final result. With this, a frame rate of 25000 fps, or 40 µs per frame
is achievable. In measurements where pulse duration was short enough such that no
permanent nanostructuring occurs, 1000 pulses were averaged to produce the final result.
With longer pulse durations where permanent structures were created, only 25 pulses per
measurement set were performed, and the servo was used to automatically move to a clear
portion of the sample mirror after each write. Afterwards, the sample mirror is placed
into the nanostructuring setup, where height maps of these permanently nanostructured
points were obtained. The full procedure used for calculating and correcting the height
maps from the measured frames is described in Appendix 2.C.1.

Ten pulse durations were tested: 0.1, 0.15, 0.2, 0.25, 0.3, 1, 2, 4, 8 and 16 ms. The
last five result in permanent structures. The result for the 0.3 ms pulse duration is shown
in Fig. 2.10a. The pulse power closely follows a square profile. The height average
values are obtained by simply subtracting maximum and minimum, while the procedure
for FWHM is discussed in the appendix. The dots are connected using splines as a guide
to the eye, except in the tail where an exponential fit is used. It is observed that the direct
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laser heating can be used to create temporary surface profiles of up to 17 nm height.
However the lateral feature size seems to more than twice than that of features created
via permanent nanostructuring. A steady thermal state appears to be reached within 0.2
ms. The effect observed here is likely solely due to thermal expansion induced by laser
heating. The measured height profiles are additionally fitted to a sum of a Gaussian and a
Lorentzian profile, which appears to match the data well. The purpose of this will become
more apparent with the measurements done on longer pulses. The vertical dashed line
marks a data point for which full data shown in Fig. 2.10b, as an example of a typical
frame. The left side shows the obtained height map, while the right contains a radial
profile, with the indicated fits and individual pixel values.
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Figure 2.10 Time-resolved measurements. a) Results for a pulse duration of 0.3 ms, where
no permanent nanostructuring occurs, showing the pulse power, measured point height, and point
FWHM as a function of time. b) A characteristic frame and its radial height profile. c) Results
for a pulse duration of 8 ms, where permanent nanostructuring is apparent. d) Three characteristic
frames and their height radial profiles.
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The result for the 8 ms pulse is shown in Fig. 2.10c. Here, the purpose of the fitting
becomes apparent: the Gaussian profile closely follows the permanent structure, while the
Lorentzian profile appears to indicate thermal expansion. The Lorentzian component ap-
pears to plateau at about 13 nm in both measurements, while the Gaussian asymptotically
tends towards a maximum value. There also appears to be a slight overshoot of the Gaus-
sian component which matches what is observed in the reversible pulses, however it is hard
to draw any conclusions from this. Three characteristic frames, as marked by dashed ver-
tical lines, are shown in Fig. 2.10d, along with the radial profiles indicating the fit accuracy.

The measured height maxima for the ten pulse durations that were tested are shown in
Fig. 2.11a. The bars represent overall maximum height values for each measurement, with
the orange hatched component indicating the permanent component, as determined by the
Gaussian fit near the end of each irreversible measurement. The reversible component
seems to consistently peak at about 17 nm. The blue hatched bars show the point heights
as determined afterwards in the nanostructuring setup. The observed mismatch might be
either due to measurement error, or because of an actual relaxation of the written structure
shortly after the writing process.

Finally, Fig. 2.11b shows reversible nanostructuring with a pulse duration of 0.1 ms,
applied to permanently written structures (points of various heights). These pre-existing
permanent structures do not seem to affect the heat expansion.
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Figure 2.11 Time-resolved results. a) Overview of time-resolved measurements showing the
overall maxima, as well as the permanent components. b) Results showing the (in)dependence of
thermal expansion on pre-written point height.

Numerical simulations were performed as well, and reported in Appendix 2.E. They
show that the measured amount of thermal expansion is easily reachable through laser
heating using the measured laser power and expected beam width. Furthermore, the radial
height profile of the simulated points has a Lorentzian-like shape. The peak simulated
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temperature in this case was about 800 °C, however due to the large range of thermal pa-
rameters found in literature and the approximations used in the simulation this might be off
by a factor of two, with the simulated rise and decay time indicating that the conductivity
might be overestimated, and thus the temperature underestimated.

In conclusion, the measurements in this section provide additional insights into the
nanostructuring process and reveal a new tuning method using thermal expansion, partic-
ularly for pulsed applications such as in our photon BEC experiments. For continuous
heating, it remains to be seen what maximum height can be reached without permanently
nanostructuring the mirrors. The measured FWHM are larger than what is achievable with
permanent nanostructuring, however that might be due to a comparatively larger heating
beam FWHM.

2.4 Physical origin of the nanostructuring process
While the exact mechanisms involved in the permanent nanostructuring process are not
fully understood, there is experimental evidence that the outgassing of argon and cor-
responding bubble formation in the dielectric layers of the mirrors is the key physical
mechanism that our nanostructuring method relies on. This evidence will be discussed
in this section. The amorphous oxide films in question, Ta2O5 and SiO2, are produced
via IBS using argon ions. It has been shown [68] that the synthesis of Ta2O5 via IBS
leaves some argon atoms incorporated in the films. Furthermore, annealing at 500°C was
found to increase the size of pores present in the film, increasing the total film thickness
by a few percent. Another study with tantalum oxide-based films for gravitational wave
interferometer mirrors [69] showed argon bubble formation upon annealing, with the size
increasing with annealing temperature. The film in question was Ta2O5 doped with TiO2
(∼10%). Annealing at 600°C for 24 hours resulted in nanometer-size bubbles, and argon
was found incorporated both in the bubbles, and the Ta2O5 matrix. While these results
involve long annealing times, higher temperatures may produce a similar effect on much
shorter timescales.

In order to confirm this ’bubble hypothesis’, we cut out cross sections of a few of our
plateau structures using focused ion beam (FIB) milling, and image them with scanning
electron microscopy (SEM). First, we evaluate the case where full delamination does not
occur: a 40 nm high plateau written at f = -2 µm, which is shown in Fig. 2.12a. The
image is focused onto the region around the silicon layer: from bottom to top we see: the
SiO2 substrate (dark gray), the Si layer (gray), and then interchanging of SiO2 and Ta2O5
(light gray). Bubbles with sizes in the 10-100 nm range are visible in the bottommost two
Ta2O5 layers, but not in the SiO2. It has been shown [70, 71] that argon incorporation is
far lower in SiO2 than Ta2O5, which matches our findings.

Figure 2.12b features the cross section of a fully internally delaminated plateau written
at f=-9 µm. The local discolouration in the SEM image visible in the bottommost Ta2O5
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layer and the thinning of the SiO2 layer indicates a mixed amorphous structure. Two types
of full delamination can be seen: the long jagged fracture consisting of connected bubbles,
and the clean separation of the Ta2O5 and SiO2 layer as marked with an arrow. The latter
extends towards the center of the structure (i.e. the highly delaminated region).

1 μm10 μm

cut

(c) (d)

(b)(a)

0.5 μm0.5 μm

Figure 2.12 SEM images of sample structures. The mirror cross sections exposed via FIB
milling are shown for a) a 40 nm high plateau written at f= -2 µm, and b) a delaminated plateau
written at f= -9 µm, both using the default 1 µm point spacing. The lowermost layer is the substrate.
Bubbles in the 10-100 nm size range can be clearly seen within the first few Ta2O5 layers, but not
within SiO2. In the delaminated case in b), a smooth crack is indicated with an arrow, and it extends
towards the highly delaminated center of the structure. c) A surface image of a destroyed structure,
similar to the one shown in Fig. 2.4b. d) A cross section of a part of the structure shown in c), as
indicated by the cut mark. All scans were performed at an angle of 52 degrees. Scans courtesy of
M. Goodwin.

Additional SEM/FIB scans of 40 nm high structures written at a -40 µm focus reveal
no visible bubbles - the cross section is visually indistinguishable from a non-structured
mirror. Due to the fact that the oxide layers are non-conductive, charges build up during
SEM imaging which severely limits the resolution, and as such bubbles of sizes ≲ 5 nm
cannot be easily resolved. Furthermore the charge build-up distorts the imaging which
makes it hard to perform a layer thickness analysis. As previously shown, using the -40
µm focus setting requires an order of magnitude longer pulse durations to reach the same
height as compared to the -2 µm focus setting. This longer annealing at lower irradiance
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appears to result in smaller bubbles that cannot be resolved by SEM, but the same overall
volume increase.

The surface image of a destroyed plateau written with long pulses at f=-2 µm similar
to that in Fig. 2.4b is shown in Fig. 2.12c. Craters due to point writing can be clearly
seen. A cross section of one is given in Fig. 2.12d, showing regions that have melted,
bubble formation and cracks.

During various iterations of nanostructuring we noticed that the mirror transmittance
tends to vary with the writing parameters. To evaluate this, we perform optical transmission
measurements with 405 nm light. Using a power meter, we determine the transmittance of
mirrors with the silicon layer to be 0.10±0.01. A simple setup consisting of a camera and a
microscopic objective is used to measure the transmission for the various written plateaus.
The results are shown in Fig. 2.13, where the measured intensities were converted to
transmission by matching the average value at the non-nanostructured part with the value
measured using the power meter. Structures were written using the four foci for which a
calibration was previously performed, with three target heights. The transmittance was
averaged over the same area of each structure (not including the artefact at the bottom
of the plateau area), and the values are shown in Tab. 2.1. For reference, numeric
calculations on our mirrors give a transmission value of 0.07 for amorphous silicon, and
0.45 for crystalline silicon. Here we can clearly see that, for structures written with a high
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Figure 2.13 Structure transmittance. Twelve square plateaus have been written, using the four
calibrations with their specific foci (columns) with three target heights: 10, 30 and 60 nm (rows). The
intensity of a transmitted 405 nm laser beam is measured by a camera, and converted to transmittance
by using a non-structured area as reference. The average transmittance for each structure is given in
Tab. 2.1.
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enough irradiance, the transmission is closer to that of what is expected for crystalline
silicon, than for amorphous.

In other work, it has been shown that direct laser writing can cause silicon to crystallise
through purely thermal effects when using CW and nanosecond-scale pulses [72, 73].
The rapid crystallisation is possible due to temperatures exceeding the silicon melting
point. Our numerical simulations also predict that the melting point of silicon is reached
very quickly during the nanostructuring process. All of this evidence indicates that the
temperatures during the writing process are indeed sufficiently high to reach the melting
point of silicon.

Table 2.1 Average measured transmittance of written structures. Values obtained by integrat-
ing the transmittances in Fig. 2.13 over an uniform section of each structure. For reference, the
transmittance of a mirror with amorphous silicon is 0.07 as determined via calculation, and 0.10 via
measurements with a power meter, and of one with crystalline silicon is 0.45 (calculation).

f = -2 µm f = -9 µm f = -25 µm f = -40 µm
h = 10 nm 0.45 0.46 0.12 0.12
h = 30 nm 0.33 0.35 0.19 0.10
h = 60 nm 0.02 0.08 0.21 0.20

2.5 Thermoresponsive polymer

Figure 2.14 Coil-to-globule transi-
tion. Above the LCST, the polymer un-
dergoes a coil-to-globule transition, fol-
lowed by globular aggregation in the order
of several ms causing further expansion (I,
II). Cooling below LCST reverses the pro-
cess (III, IV). Source: [74].

Another way to control the photon potential is
via the refractive index of the optical medium,
which is possible with the addition of the ther-
moresponsive polymer pNIPAM into the dye
solution. The molecular dimensions of pNI-
PAM change abruptly when its temperature ex-
ceeds the lower critical solution temperature
(LCST) of 305 K [75], which is just a few
kelvin above the room temperature. This coil-
to-globule transition of the polymer chain is il-
lustrated in Fig. 2.14. LCST has been shown to
be largely independent of the polymer’s molec-
ular weight or concentration within an aqueous
solution, however the addition of various com-
pounds such as salts [76] may change (usually
lower) it. Typically, our cavity solution is ethy-
lene glycol based, which is incompatible with
pNIPAM. Rhodamine dye can be used in an
aqueous solution, however since water evapo-
rates more rapidly compared to ethylene glycol,
cavity sealing is needed. This problem is discussed in appendix 2.A. The refractive index
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of the pNIPAM solution changes during this phase transition, and the exact amount de-
pends on the concentration. For example, the refractive index of a 1% solution changes
from 1.33 to 1.42 at λ = 600 nm [77]. This concentration dependence is in practice
problematic, as the tuning consistency may vary with each solution batch and may change
over time through evaporation. The time response of the polymer has been shown [74] to
be in the order of 0.1 seconds, with the full rebound requiring up to 10 seconds. We have
indeed observed similar behaviour during our experiments.

2.5.1 Potential reconstruction
In contrast to permanent nanostructuring and thermal expansion where the generated po-
tentials can be indirectly determined through surface profile measurements, measuring
the potentials resulting from local refractive index change is more difficult. During our
investigation of photonic Josephson junctions, to determine the induced photon potentials
we employed a potential reconstruction method which we describe here. For more details
on the experiment itself, see Chapter 4.

(a)

(b) (c)

Figure 2.15 Potential reconstruction and tuning via a thermoresponsive polymer. a) Height
profile of the permanent structures, showing condensate confining potentials (1,3), coupling waveg-
uide (2) and barriers. b) Measured photon densities for three different heating pulse powers. c)
The reconstructed potentials. The region around the nodes (shaded areas) are excluded from the
polynomial fit (blue line).

In short, the experiment consists an optical microcavity containing an aqueous solution
of pNIPAM and Rhodamine dye. One of the mirrors is planar, while the other contains
structures created with the nanostructuring setup (see Fig. 2.15a), which also contribute
to the potential landscape. These structures outline two potential traps, which couple
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together through a short waveguide. Optically pumping the traps causes the photon BEC
to form. By integrating the light that escapes the cavity, we measure the average photon
density ρ(x, y) = |ψ(x, y)|2 inside of it during the BEC lifetime (Fig. 2.15b). Here, we
are interested in reconstructing the potential along a line that cuts through the condensate
sites, for which we first require the wavefunction ψ(x) which we can calculate using:

ψ(x) = ϵ(x)
√

ρ(x), (2.2)

where ϵ(x) switches between +1 and -1 at every node in the wavefunction. The time
it takes for the condensate to reach a stable state and the time it takes to dissipate after
the pumping pulse has expired are much shorter than the time spent in that stable state,
which therefore accounts for most of the measured photon density. Eq. 1.31 can then be
rewritten for this stable state as:

V − C = −Ekin =
h̄2

2m
d2ψ

dx2 ψ−1, (2.3)

where C is a constant. Using Eqs. 2.2 and 2.3 leads to results shown in Fig. 2.15c,
with the gray points representing the calculated potential values. Since ψ−1 is present
in Eq. 2.3, this method breaks down at the nodes of the wavefunction. A polynomial
fit is performed, excluding areas around the nodes due to the high error. The result-
ing curve clearly shows both the permanent nanostructuring component which matches
the independently determined height profile, and the effect from the thermoresponsive
polymer. The reconstructed potentials for three heating pulse energies are shown in the
figure. Here, the induced refractive index change lowers the pre-existing permanently
nanostructured potential by more than 1 meV. Other than on pulse energy, the magnitude
of the effect also depends on the delay between the heating pulse and the optical pump.
The refractive index is approximately constant within the short optical pump pulse interval.

In case the index of refraction is constant, the potential reconstruction method can
moreover be used to determine the cavity length. The potential term from Eq. 1.27 can
be rewritten as

V(x, y) =
mc2

n2
0

∆d(x, y)
D0

. (2.4)

Given a dataset of reconstructed potentials and corresponding mirror height variations,
the cavity mirror separation D0 is obtained by fitting. For example, the condensate site
to barrier height difference of ∆d ≈ 0.45 nm is accompanied by a potential difference of
∆V ≈ 0.4 meV which yields a cavity spacing of D0 ≈ 2.4 µm.

In conclusion, the potential reconstruction method provides a valuable tool for esti-
mating the constructed potential and the cavity spacing using the photon density measured
during our photon BEC experiments.
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2.6 Conclusion
In this chapter, we demonstrated that adding a thin absorptive layer to an otherwise
conventional dielectric mirror allows for a number of advanced tuning techniques for
microresonators. These techniques can be divided into permanent and reversible meth-
ods. For the investigated permanent nanostructuring technique, the reliably achievable
maximum height of 45 nm is more than what is typically needed needed for photon BEC
experiments. The resolution in growth direction and reliability are extraordinarily high.
While an increased lateral resolution would benefit our experiments, this appears to be
achievable only by reducing the number of pairs of the stack, which then lowers the cav-
ity finesse. Even though high structures up to 4 µm can be created in the delaminating
regime, the fact that such structures are unstable, change over time and are hard to control
limits their usefulness. It may be possible to work around this by designing structures
that combine low non-delaminated features with high delaminated ones, however it is not
yet clear which parameters are possible. A few applications of higher structures may be
waveform shaping, curved micromirrors, gratings etc.

The absorptive Si layer also enables the use of two tuning methods: thermal expansion
and the use of a thermoresponsive polymer, both of which are controlled by laser heating
(at a lower irradiance compared to permanent nanostructuring). The thermal expansion,
while in hindsight an obvious consequence of laser heating, surprised us by the amount of
potential tuning it can achieve. With the tested parameters, up to 17 nm high features with
a FWHM of 10 µm were constructed, with a fast response time in the sub-millisecond
range. With different beam parameters, it might be possible to decrease the achievable
feature size.

The extensively used thermoresponsive polymer, in contrast to thermal expansion,
lowers the local potential. As such it serves as a complementary method to the thermal
expansion. It can be used to induce a much larger potential change compared to thermal
expansion. The downside of this method is that it may only be used in cavities with a
water-based medium.

2.7 Outlook
A number of improvements can be done in a future rebuild of the nanostructuring setup.
While front-side writing has a number of advantages over the alternative, the current
dual objective design is unnecessarily complex, and somewhat sensitive to drifts. It
could be replaced by a single Mirau objective that would be used both for direct laser
writing, and surface evaluation. By intentionally de-collimating the direct laser writing
beam, it would be possible to shift the waist position such that it does not match the
internal Mirau reference mirror. Switching to writing mode would then be performed
simply by readjusting the Z axis. While this would also halve the writing beam power,
it would not have a significant impact on the writing time since most of it accounts for
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stage positioning. The speed of the current nanostructuring setup appears to be sufficient.
However, faster writing could be implemented by adding a galvo or polygon mirror scanner
combined with a higher power beam, for example, which would allow line-by-line rather
than point-by-point nanostructuring.

As for the nanostructuring procedure itself, the written structure quality may be im-
proved in a number of ways. While iterative writing may seem like a good solution, the
nanostructuring seems to be sufficiently accurate in a single run. The first improvement
should involve compensating the effect of point overlap shown in Fig. 2.5c. Other im-
provements like non-uniform point spacing and combining different focus settings may
also improve the capabilities of the setup.

Accidental scratches on the mirror surface reveal another possible nanostructuring
method: by using a nanoindenter tip it may be possible to achieve a higher lateral resolu-
tion. On its own such a method would not be particularly useful, however combined with
the direct laser writing presented here it could help in special situations, such as where a
sharp negative potential is needed. Such features would locally reduce the mirror, but this
could be used to intentionally increase the photon loss rate.

Moreover, there is the question of mirror design: can this method also work for dif-
ferent dielectric stack materials? What would the effects of a thicker silicon layer be?
While it is unlikely that high lateral resolutions could be achieved while maintaining high
reflectivities, it might be possible to increase the achievable height to the wavelength
range, which would allow for full range wavefront shaping.

Regarding the two reversible methods, constructing complex potential patterns may
be performed through wavefront shaping of the laser heating beam, using either an SLM
or an DMD. While they could be used to construct whole potential landscapes, the lateral
resolution may be worse compared to permanent nanostructuring, and large amount of
optical power would need to be dumped into the mirror. Their real use lies in dynamic
tuning, such as for introducing phase shifts and modifying barrier heights. It may be
possible, however, to increase the tuning lateral resolution by coating small features on the
mirror surface with a thin absorptive layer, instead of using an absorptive layer below the
dielectric stack.
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2.A Microcavity assembly
The stability of the microcavity assembly is crucial for the photon BEC experiments.
Throughout this project there were several designs, out of which the final two are shown
here. Figure 2.16a shows the design used in the experiments of Chapters 3, 4 and first
half of Chapter 5. A piezo driven mirror mount (Thorlabs POLARIS-K1S3P) is used as
a base, into which two custom parts are inserted. The three piezo actuators provide the
degrees of freedom needed to adjust the tilt and cavity length. Each piezo is embedded
within a screw allowing for both rough manual adjustment, and in-operation tuning. The
dimensions of the sample mirrors used at this point were 5x5x6.3 mm3, and the holders
were designed to allow the two mirrors to approach distances of the order of a few µm. The
holders were 3D printed in PLA, as well as machined out of stainless steel. As the steel
design had a tendency to damage the fragile mirrors, the PLA version was used the most.
There were a few practical issues with the design. The use of the photoresponsive polymer
pNIPAM required a water based solution inside the cavity, which tends to evaporate over
time. To solve that the edges of the cavity had to be sealed with vaseline, which was te-
dious and messy work, and after disassembly thorough mirror cleaning was needed before
new structures could be written. Another issue was that the cavity length increased with
the piezo actuator voltage, therefore turning them off would crash the mirrors together.
Finally, there was the stability issue due to the loose attachment of the mirrors.

(a) (b) (c)

Figure 2.16 Microcavity assembly. a) A design based on a piezo actuated mirror mount. b) The
current fully custom stainless steel design, incorporating piezo actuators. c) Cross section of the
current design.

These issues were improved on with the current custom stainless steel design which is
shown in Figs. 2.16b and c. Here we used 1 inch mirrors, glued into sample holders (see
Fig. 2.2c) using a UV curable glue. Two such holders can be then assembled into a cavity,
using the large mount with three integrated piezo actuators (Thorlabs POLARIS-P20). The
assembly is such that increasing the cavity voltage draws the mirrors together, avoiding the
previous problem. Furthermore the whole mirror surface lies within the triangle drawn out
by the three piezo screws, preventing the possibility of accidentally crashing the mirrors
together during (dis)assembly. The cavity sealing is done using an O-ring, which may also
provide the force to keep the mirrors apart. Alternatively, spring screws can be used to
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maintain the required force. There is a noticeable delay in the cavity stabilisation which is
higher when using the O-ring compared to springs, however the main cause appears to be
the displacement of the cavity medium due to the larger surface area. The long term sta-
bility appears to be excellent, with little noticeable change in tilt over a course of a few days.

2.B Earlier version of the nanostructuring setup
The earlier version of the nanostructuring setup differs from the current one in a number of
ways. In this appendix, we first describe and compare the two, highlighting the drawbacks
and improvements. After that, point-like surface structure writing results are presented,
showing the dependence on pulse intensity.

2.B.1 The setup
The schematic is shown in Fig. 2.17. First we discuss the direct writing laser source,
shown in the left half of the schematic. A 532 nm laser was used (CNI MGL-G-532),
featuring 500 mW of optical power. The laser beam is modulated using an acousto-optic
modulator (AOM) (Isomet 1205C-2), with the first order being coupled into a single mode
fiber. An additional low power reference beam at 635 nm is inserted using a dichroic
and coupled into the fiber. The single mode fiber used is in fact a 99:1 splitter (Thorlabs
TW560R1A1), with the 1% branch diverted into a photodiode. The measured signal
is then used as the input for a PID (Proportional–Integral–Derivative) controller which
drives the AOM. In this way, the laser intensity is stabilised and the PID target is used to
set the desired laser power level. The secondary purpose of the single mode fiber is beam
filtering. After the fiber, the maximum achievable beam power was 250 mW.

The core of the nanostructuring setup can be divided into three parts: the direct
laser writing, the sample mirror platform, and the surface evaluation. The first lies atop
a magnetic direct drive stage (Newport XMS50): the direct laser writing source fiber
connects to a fiber coupler, which is directed onto a microscope objective. The stage
serves to focus the writing beam onto the sample mirror’s silicon layer. The middle
part is the sample mirror holder, which is mounted on top of a magnetic direct drive
stage (X)(Newport XMS160) and a servo stage (Y)(VP-25XL). Compared to the current
version of the setup, these stages provide faster motion, but also somewhat higher error.
The main benefit was, however, the ability to program in trajectories such that instead
of writing points, one could write continuous lines which is potentially faster, but more
complicated. The surface evaluation is assembled on top of a magnetic stage (Newport
XMS100). Compared to the piezo stepping stage of the current version, the magnetic
stage’s PID introduces noise into the interferometric imaging that distorts the signal,
potentially causing up to a few nm of height error, and as such is inferior. An LED
with a central wavelength of 470 nm was used (Thorlabs M470F3) that was not in the
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fully reflective region of the sample mirror, introducing additional unwanted signal into
the interferometry causing an additional height error. Compared to the current version,
the large magnetic direct drive stages of the earlier version, combined with no enclosure,
caused significantly more drift due to air movements and temperature fluctuations.

Direct laser writing from the back side introduces a problem: apart by adding additional
imaging which would increase complexity, how does one reliably focus the writing beam?
The writing laser wavelength was near the high reflective region of the sample mirrors,
which in this case had a central wavelength of 560 nm. As such little of the light would
reach the camera. It is for this reason that the 635 nm beam was additionally introduced
into the fiber, which meant it was aligned with the the 532 nm writing beam. Imaging the
transmitted 635 nm beam and searching for its waist position provided a way to match the
focal planes of the two objectives, which was, however, precise only within a µm or so,
which introduced a writing error affecting repeatability.
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Figure 2.17 Setup schematic. The schematic of the previous version of the direct laser writing
setup, showing the writing laser source in the top half, and the core of the setup in the bottom half.
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2.B.2 Point-like surface structures

Point-like structure nanostructuring performed with the previous version of the nanostruc-
turing setup is presented here as it shows the dependence on pulse power. Point height
and FWHM as functions of laser focus for five pulse powers are shown in Figs. 2.18a
and b, respectively. Here the pulse duration is 5 ms. Discontinuities both in height and
FWHM are present, unlike in Fig. 2.3. Near the focus, for high power both height and
FWHM seem to reach a steady value. After that there is a thin transitionary focus range
where the point height is reduced, before sharply rising again. Delamination certainly
plays a significant role here, but it is unclear what exactly is happening, and in this case no
additional plateau calibration was performed. Instead, the off-focus calibration was used
for nanostructuring, using data similar to that shown in Fig. 2.18c, as the in-focus cali-
bration shows a clearly wider point spread, indicating lower height precision. The overlap
correction was assumed to be a constant, which resulted in inferior complex structures,
but was sufficient for our initial photon BEC work presented in the subsequent chapters.

(a)

(b)

(c)

Figure 2.18 Point-like structures. a) Point height and b) FWHM as a function of laser focus
relative to the mirror surface for five pulse powers, with a pulse duration of 5 ms. c) Point height as
a function of pulse duration for two pulse powers, with a focus of 33 µm.
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2.C Time-resolved measurements

2.C.1 Data processing
Here we briefly describe the data processing performed on the time-resolved measure-
ments. The camera captures a snapshot of the interference pattern in a 12 bit image. In
order to convert this to height, measurements of maximum and minimum value per each
pixel are performed beforehand by varying the length of one of the interferometer arms.
The following equation is then used for the conversion:

h(i, j) =
λ

4π
arccos

(
1 − 2

I(i, j)− Imin(i, j)
Imax(i, j)− Imin(i, j)

)
, (2.5)

where h(i, j) is the height at pixel (i,j), λ is the imaging laser wavelength, while I(i, j),
Imin(i, j) and Imax(i, j) are the raw pixel values. For each frame individually, the rightmost
and leftmost flat regions are used as a baseline, and their average height is subtracted from
the whole image which removes phase differences between frames caused by vibrations.
Furthermore, for each individual pixel the average value prior to pulse start is subtracted
from all the frames, which corrects the non-uniform wavefront phase. In the case of
reversible pulses, averaging over corresponding frames is performed, providing the final
result. The FWHM is determined by calculating the area that is above half maximum, and
then determining the diameter of an circle of the same area.

2.C.2 Additional data
evaluation

Figure 2.19 Time-resolved measurement results - sur-
face plot. Results for a pulse duration of a) 0.3 and b) 8
ms, showing the height average over all measured vertical (y
axis) pixels of the original height map, plotted as a function
of the horizontal (x axis) position and time.

An alternative plot of the mea-
surements with pulse durations
of 0.3 and 8 ms is shown in
Fig. 2.19. Here, each pixel
represents the average height
of all vertical pixels per height
map column. While the height
value itself may be somewhat
misleading, the plot helps vi-
sualise the temporal and spatial
progression of the height pro-
file.
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2.D Nanostructuring setup software
The nanostructuring setup is operated by a custom program written in C++ using Qt for
GUI and OpenCV for processing, which runs on a dedicated PC. GNU scientific library
is used for fitting purposes. In total, it has around 15k lines of code. It interfaces with the
camera, and the single board computer Red Pitaya (RP), which handles pulse timing and
stage control. The RP incorporates an FPGA along with its ARM processor, and the code
written for it handles synchronisation between the various components and was written in
C++ (CPU side) and Verilog HDL (FPGA side). Here we describe some key features of
the program.

The procedure for obtaining the height maps is discussed first. Prior to any measure-
ment, the program adjusts the Z coordinate such that the Mirau objective focal plane lies
on the mirror surface. Typically, a range of ±1.6 µm around the focus is scanned, with a
step of about 3.2 nm. For each step, and image is taken with the camera. Figure 2.20 shows
the values measured by a single pixel during the scanning motion, with the curve titled
’regular scan’ indicating the typical ±1.6 µm range. Such a scan takes about 6 seconds, as
limited by the camera frame rate. Performing a fast Fourier transform (FFT) on this data
shows a peak corresponding the frequency of the sine. The exact step is chosen to be equal
to half the central LED wavelength λLED, divided by an integer, which was in this case
100. This causes the peak in the frequency domain, which has discrete steps, to lie exactly
on top of a grid value. The phase ϕ at that frequency can be used to determine the height
h at that point of the mirror, relative to adjacent pixels, using the following equation:

h(x, y) =
λLED
4π

ϕ(x, y). (2.6)
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Figure 2.20 One pixel scan data. Intensity measured by one pixel of the camera during scanning
move, as a function of Z position.

Following this, phase unwrapping has to be performed to obtain the final height map.
A number of features were also implemented, such as using focusing data (i.e. the offset of
the wave packet) in cases where there are discontinuities in the height map which causes
unwrapping to fail, furthermore various transformations on the height maps, averaging,
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saving and loading them. Standard deviation maps of multiple overlapping scans are
calculated as well, see Fig. 2.21b. The relative signal value of the peak in the frequency
domain can be also used to indicate the reflectivity drop in certain areas of the mirror
surface (resulting in Fig. 2.4b, for example). A potential pitfall in this method lies in the
fact that Eq. 2.6 becomes inaccurate if high Z position errors are present in the measured
scan data, as was the case with magnetic direct drive stages of the previous version.

(a) (b)

Figure 2.21 Scan example. a) Height map of the scanned structure, as an average of 10 scans.
b) Standard deviation map of 10 scans, indicating scanning precision. Dividing the values by

√
10

reveals the maximum error, which is about 0.044 nm.

The direct laser writing is performed by loading the target height map (as defined
by an image file), converting it to a pulse duration matrix using the calibration obtained
with plateau measurements, and then performing the write. The pulse duration - height
mapping is obtained by fitting B-splines with an arbitrary number of knots with optimised
positions to the plateau height data, which is shown in Fig. 2.22.
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Figure 2.22 Calibration mapping. Pulse duration to point height mapping.

A large set of other corrections has been implemented, such as axis skew correction,
mirror surface tilt (in relation to the focal plane) correction, compensation for apparent
height features caused by double reflections and dust and others. Furthermore, procedures
such as write calibration both using points and plateaus, and the processing of the obtained
data have been automated within the program.
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2.E Thermal modelling

We perform thermal modelling of the laser heated multilayer in order to estimate the
amplitude and shape of thermal expansion, and whether melting temperatures are reached.
Since the heating beam is radially symmetric, we solve the cylindrical heat equation:

[
1
r

k +
∂k
∂r

]
∂T
∂r

+ k
∂2T
∂r2 +

∂k
∂z

∂T
∂z

+ k
∂2T
∂z2 + q̇ = ρc

∂T
∂t

, (2.7)

where r and z are the coordinates, k(z, T) is thermal conductivity, q̇(r, z) is the volumetric
heat release due to laser heating, ρ(z) is the density and c(z, T) is the specific heat
capacity. Thermal expansion is disregarded during this calculation. Our layer structure is
as follows: SiO2, a-Si 30 nm, 20x(SiO2 104.98 nm and Ta2O5 72.48 nm), and air. We
use a z step of 30 nm, so both SiO2 and Ta2O5 are rounded to 90 nm since we didn’t
yet implement a non-uniform grid. The error due to this is smaller than the uncertainties
around conductivity (especially at the layer interfaces) and specific heat capacity anyway,
so the purpose of the modelling is to give a rough estimate. An r step of 100 nm is
used. A temperature dependence is assumed for thermal conductivity and capacity, with
the data taken from various sources (k(T) data from [78–81], c(z, T) data from [82–84],
and n, κ data from [85–88]). The temperature dependence of the extinction coefficient
is disregarded. In the current form, the modelling breaks down at melting temperature
(∼1600 K for Si).

First we calculate the transmission, reflection and absorption spectra using the trans-
mission matrix method. The error in calculated absorption at 405 nm due to layer thickness
rounding is less than a percent. With the determined propagation and boundary matrices,
and assuming a Gaussian beam of a given power and FWHM, we construct the q̇(r, z)
matrix. As expected, the absorption is negligible outside of the silicon layer.

Equation 2.7 is then solved using the Runge–Kutta–Fehlberg method which uses an
adaptive step size. The spatial partial derivatives are approximated using the first order
finite difference. A constant temperature is maintained at the air boundary, and exponential
decay is assumed at r = rmax and at the substrate boundary.
We run the simulation using a heating beam with a FWHM of 8 µm and power of 65 mW
approximately matching that used during time-resolved measurements. The heating pulse
duration was 0.3 ms matching the reversible measurement. The resulting temperature as
a function of time and z coordinate for r = 0 is shown in Fig. 2.23a. The temperature
peaks at the silicon layer (z = 0) where the heating occurs, with a maximum of 1030 K.
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(b) (c)

(a)

Figure 2.23 Thermal modelling results - temperature. Temperature as a function of time and z
coordinate for r = 0. a) For P = 65 mW, wFWHM = 8 µm. b) For P = 200 mW, wFWHM = 1.39 µm.
c) For P = 200 mW, wFWHM = 4.97 µm.

We also performed simulations using parameters close to those of the nanostructuring
setup: 200 mW beam power, with FWHM of 1.39, 1.59, 3.16 and 4.97 µm matching
the four foci. The results show that the melting temperature is reached very quickly,
within 13, 23, 410 and 3400 ns respectively. The results for 1.39 and 4.97 µm are shown in
Figs. 2.23b and c, where heating is turned off as soon as the melting temperature is reached.

Knowing the temperatures, we can now estimate the height profile caused by thermal
expansion. We use a very rough approximation by assuming all volumetric expansion
happens only in the +z direction (towards air) (i.e. using ∆z/z0 = 3αL∆T) (data for
αL taken from [80, 89, 90]). The results of a simulation using parameters approximately
matching those of the time-resolved measurement are shown in Fig. 2.24. The simulated
maximum height evolution shows rise and decay times comparable to the experiment. The
FWHM shows similar behaviour as in the experiment, but lower value which may be due
to a wrongly assumed beam FWHM or the z-only thermal expansion approximation. The
radial height profile is shown in Fig. 2.24c, at 15 and 300 µs after heating start. Lorentzian
functions (h0 = 0) were fitted to the data, showing a good fit near the peak.
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Figure 2.24 Thermal modelling results - thermal expansion. Using P = 65 mW,
wFWHM = 8 µm. a) Maximum height as a function of time, with measurement results for com-
parison. b) FWHM as a function of time, with measurement results for comparison. c) Radial
height profiles at 15 and 300 µs, with Lorentzian fits.





3 Modified Bose-Einstein
condensation of photons

Open quantum systems can be systematically controlled by making changes to their envi-
ronment. A well-known example is the spontaneous radiative decay of an electronically
excited emitter, such as an atom or a molecule, which is significantly influenced by the
feedback from the emitter’s environment, for example by the presence of reflecting sur-
faces. A prerequisite for deliberate control of an open quantum system is to reveal the
physical mechanisms that determine its state. In this chapter we investigate the Bose-
Einstein condensation of a photon gas in an environment with controlled dissipation and
feedback. The measurements presented here offer a highly systematic picture of Bose-
Einstein condensation under non-equilibrium conditions. We show that by adjusting their
frequency, Bose-Einstein condensates naturally try to avoid particle loss and destructive
interference in their environment. In this way our experiments reveal physical mechanisms
involved in the formation of a Bose-Einstein condensate, which typically remain hidden
when the system is close to thermal equilibrium.

3.1 Introduction
When a Bose gas exceeds the critical phase space density, a condensation process is trig-
gered [91]. This process can be considered as a competition between various possible
condensate wavefunctions that experience different growth rates under the given experi-
mental conditions and in which ultimately the state with the highest rate prevails. If these
growth rates are given by the respective Boltzmann factors, the system relaxes to thermal
equilibrium and the condensation takes place in the state that minimises the energy. It is
possible to modify these rates by moving to non-equilibrium conditions, for example, by
creating a net particle flow between the condensate and its environment. Such a deliberate
control of the growth rates in the condensation process can serve practical purposes, for
example, for the quantum simulation of spin models with optical condensates [54, 92] and
related systems [43, 46], which is currently an active field of research.

If the conditions for reaching thermal equilibrium are not met, the condensation will
not necessarily occur in the lowest energy state. Beyond that, the question arises: Is it
possible to formulate what kind of state a Bose condensate strives for under such non-
equilibrium conditions? In contrast to cold atomic gases [3, 4], which typically do not
allow significant particle exchange with their environment, optical quantum gases in pho-
tonic [9, 10, 13–18] and polaritonic [19–21] microcavity systems offer the possibility of
answering such questions experimentally. Previous studies of non-equilibrium condensa-
tion processes in optical microcavity systems have described, for example, the influence of
the pump geometry on the photon condensation and thermalisation process [93, 94], the
occurrence of multimode condensation phenomena arising from a dynamical equilibrium

The content of this chapter is adapted from the following paper: M. Vretenar et al., Nature Communications 12,
5749 (2021).

https://www.nature.com/articles/s41467-021-26087-0
https://www.nature.com/articles/s41467-021-26087-0


52 Modified Bose-Einstein condensation of photons

between gain and loss [10, 95–98], the non-equilibrium excitation spectrum of polaritonic
condensates [27, 99, 100], and effects of bistability [101, 102]. See Refs. [103–105] for a
broader overview.

In two-dimensional photonic quantum gases, photons obtain a non-zero chemical
potential µ that, in thermal equilibrium, is related to the excitation level in the optical
medium by e

µ
kT ∝ ρ↑/ρ↓ [34]. The densities of electronically excited and ground state

molecules ρ↑,↓ can be set by optically pumping the medium. A complete thermalisation
process in the system, which can be created by repeated absorption and emission of photons
by the optical medium [34, 93], would make all net energy and particle flows disappear. In
real systems with imperfect photon confinement, the thermalisation process is not always
able to bring the system into a global thermal equilibrium. This is especially true when
highly inhomogeneous optical pump geometries are used. Such pump geometries can lead
to non-equilibrium condensation phenomena in which the local chemical potential of the
photons (understood as the local excitation level of the optical medium) varies across the
system. This situation, however, still has to be differentiated from laser-like operation in
which particle losses are comparable or even overcome photon reabsorption by the optical
medium. Standard laser design typically seeks to prevent photon reabsorption, since this
increases the lasing threshold. This can be achieved, for example, by using a 4-level laser
scheme as opposed to a 3-level laser scheme [106]. In the case of photon condensation
experiments, on the other hand, one tries to prevent light from escaping from the resonator
as much as possible (similar to a black-body radiator). For this purpose, mirrors with
very high reflectivity and an optical medium with sufficient spectral overlap between
absorption and emission are used. The experiments described in this chapter are carried
out in a parameter range in which the probability that a cavity photon is absorbed by the
optical medium is significantly higher than the probability for transmission through the
cavity mirrors, but not so high that the system relaxes into a global state of equilibrium with
spatially homogeneous chemical potential irrespective of the optical pumping geometry.

A particular class of non-equilibrium condensation phenomena are transport processes,
which are an active research topic in 2D optical quantum gases [107–111]. In these
systems, condensates propagating in the transverse plane of the resonator can either be
created by directly condensing into states with higher kinetic energy, or by preparing
condensates at rest and subsequently setting the particles in motion. To achieve the
latter, the condensates must be generated in suitable potential landscapes using spatially
inhomogeneous optical pump geometries. If the condensate is created at an elevated
potential energy level, for example, particles will gain kinetic energy as they fall into
regions of lower potential. This can be used to prepare a stream of photons in a controlled
state of motion. In our experiments, such photon currents are directed into a potential
landscape that acts as a Mach-Zehnder interferometer. By partially or completely closing
the outputs of the interferometer, we can systematically vary the degree of dissipation and
feedback in the system, which allows us to identify the underlying physical principles that
determine the formation of Bose-Einstein condensates under non-equilibrium conditions.
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3.2 Experimental setup

In the experiment, we use a high-finesse optical microcavity filled with an aqueous so-
lution of rhodamine 6G dye (concentration 10 mmol/L) with a 4% mass fraction of the
thermo-responsive polymer pNIPAM added, see Fig. 3.1a. The separation between the
microcavity mirrors of D0 ≃ 10 µm causes the photon gas to effectively becomes two-
dimensional and the photon energy can then be approximated by Eq. 1.27. The dye
molecules are excited by a pulsed optical parametric oscillator (OPO) with a pulse dura-
tion of ≃5 ns at a wavelength of 470 nm. This wavelength is outside the reflection band
of the cavity mirrors and therefore allows non-resonant excitation on the optical axis. A
second pulsed laser at a wavelength of 532 nm with pulse duration 10-20 ms is used to
heat the silicon layer on the mirror. This leads to a temperature increase of a few Kelvin,
which is enough to reach the LCST of pNIPAM in water.

(a)

(c)

(b)

Figure 3.1 Experimental methods. a) Microcavity formed by a planar mirror, a nanostructured
mirror, and an organic optical medium. The photon density within the cavity is determined by
measuring the transmitted cavity light with a camera. b) The height profiles of the nanostructured
mirror, creating potential landscapes for the photon gas that effectively act as Mach-Zehnder inter-
ferometers. c) By tilting one of the microcavity mirrors, a potential gradient can be introduced to
the photon gas.

Three different experimental techniques are combined to control the potential land-
scape within the microresonator. First, a static nanostructuring of the mirror surfaces of
the cavity mirrors is performed via the direct laser writing technique, creating potential
landscapes that effectively act as Mach-Zehnder interferometers. The three height profiles
used in our experiments are shown in Fig. 3.1b, differing in the openness of their output
waveguides. Second, a reversible tuning of the potential landscape is performed by locally
heating the thermo-responsive polymer, allowing us to effectively change the optical path
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length of select waveguides. Finally, the potential landscape can be further adjusted by
tilting one of the mirrors (see Fig. 3.1c), effectively adding a potential gradient to the
photon gas.

3.3 Open Mach-Zehnder interferometer
We use non-resonant optical pumping to create regions of high chemical potential in
which photon Bose-Einstein condensates form (see location ’high chemical potential’ in
Fig. 3.2a). Particles emitted from the condensate into the microresonator plane are guided
by two waveguide potentials. The waveguides are at a lower potential energy, which
means that the condensate photons gain kinetic energy as they enter these regions (the
mirror height at the condensate position is roughly 4.5 nm higher than the height level
within the waveguide potential, see Fig. 3.1b). Note that the photon BEC system differs
here from many polaritonic systems: The potential gradient that leads to the acceleration
of the particles is explicitly added by nanostructuring of the mirror. A particle-particle
or particle-reservoir interaction that leads to a comparable effect in polaritonic systems
[112, 113] is negligible in the photon BEC system. The two waveguides first guide the
photons into disjoint areas of the microresonator plane before photons recombine in a
region that is designed as a 50:50 beamsplitter. In the following, the waveguides between

(a) (b)

Figure 3.2 Photon Bose-Einstein condensation in an open Mach-Zehnder interferometer.
a) Photon density for 4 time delays. The laser heating, as marked at the top-most illustration, is used
to create optical path length differences in the internal arms of the interferometer. The time delay
between the heating pulse and the optical pump pulse determines the path length difference that is
probed. b) Normalised switching function I2/(I1 + I2) (upper graph) and total intensity I1 + I2
(lower graph) of the open interferometer as a function of the delay between heating and optical
pumping (note the logarithmic time axis). Data points are averages over 20 measurements (optical
pulses). Error bars indicate the standard error of the mean.
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the condensate and the beamsplitter structure are referred to as the internal arms of the
interferometer, while the waveguides connected to the opposite end of the beamsplitter are
referred to as output arms. Optical path length differences between the internal arms of the
interferometer can be generated with the help of the thermo-responsive optical medium.
For this purpose, we heat the upper internal arm with a focused laser pulse, see location
"heating" in Fig. 3.2a, so that the refractive index of the medium and thus the optical
path length changes significantly. After the initial heating, the refractive index relaxes
back to equilibrium. We observe that this decay is approximately exponential in time.
Interestingly, the decay time is found to depend on the energy of the initial heating pulse.
For sufficiently strong heating, it can become as large as a few seconds.

Results for self-interference experiments with photon BECs performed in this manner
are shown in Fig. 3.2b. Here we show the photon density in the microresonator plane for
different time delays between the initial heating pulse and the optical pumping. Depending
on the probed path length difference, a switching between constructive and destructive
interference in the outputs can be observed. This observation confirms the coherence
of the particle stream emitted by the photon Bose-Einstein condensate [114]. Another
indication is the interference pattern that arises when the waveguide potentials at the end
of the two outputs cease, which is reminiscent of that of a double slit experiment. A
quantitative characterisation of the system is obtained by determining the intensities I1,2
in the lower and upper output arms of the interferometer (see locations ’I1’ and ’I2’ in Fig.
3.1b). The upper graph in Fig. 3.2b shows the normalised intensity in the upper output
arm I2/(I1 + I2) as function of the time delay (note the logarithmic time axis). Every
data point corresponds to an average over 20 optical excitations with a non-resonant pump
pulse of ≃ 5 ns duration. These measurements demonstrate coherences close to 100%
and a tuning range of more than 8π for the phase difference in the internal arms. The
lower graph in Fig. 3.2b shows the total intensity integrated over both output arms as a
function of time delay. Similar results as shown in Fig. 3.2 have previously been obtained
in a related polaritonic system [115].

3.4 Semi-open Mach-Zehnder interferometer
In order to experimentally reveal the underlying physical principles determining the con-
densation process under non-equilibrium conditions, we will systematically vary the de-
gree of dissipation and feedback in the system. For this purpose, we close one or even
both output arms of the interferometer by creating additional potential walls at the ends
of the waveguide potentials. Particles that reach these walls are reflected and propagate
backwards through the interferometer. This backreflection eventually reaches the location
of the Bose-Einstein condensate, where it interferes with the light field present there. De-
pending on the phase delays that the particles accumulated on their way, the interference
with the Bose-Einstein condensate can be constructive or destructive. Generally speaking,
the condensation process is expected to be accelerated in the case of constructive inter-
ference, as this increases the local field amplitude, which triggers additional stimulated



56 Modified Bose-Einstein condensation of photons

emission events. In contrast, destructive interference is expected to slow down the growth
of the condensate. This feedback phenomenon is fully analogous to effects known from
the modified spontaneous emission of quantum emitters [116, 117]. The feedback pro-
vided by the environment ultimately leads to a situation in which the condensation does
not necessarily occur in the lowest energy state as suggested by a gain-loss rule of the
Kennard-Stepanov type, but in a condensate state with higher kinetic energy for which
the feedback from the environment is more favourable. In Section 3.6 we show that the
initial evolution of the condensate population upon optical pumping can be approximately
described by

ṅ
n
= Γem − Γabs e

h̄(θ̇−ω0)
kT − Γenv(1 − Re[r(θ̇)]) , (3.1)

where the condensate wavefunction is described by a single complex number ψ =√
n exp(−iθ) with time-dependent particle number n = n(t) and phase θ = θ(t).

The interaction with the optical medium is mediated via stimulated absorption and emis-
sion with rates Γabs and Γem. Furthermore, Γenv denotes the rate of photons that are emitted
from the condensate to the environment (interferometer), while the complex reflection co-
efficient r = r(θ̇) describes magnitude and phase delay of the coherent feedback created
by the closed arm(s) of the interferometer. In general, the reflection coefficient depends on
the frequency of the condensate θ̇ as the propagation of particles through the interferometer
is highly frequency-selective. Closing the lower output arm reflects the particle flow back
through the interferometer and finally to the location of the Bose-Einstein condensate. In

(a) (b)

Figure 3.3 Semi-open Mach-Zehnder interferometer. a) Normalised photon density for 4
specific time delays between the heating pulse in the upper internal interferometer arm (’heating’)
and the optical pumping (’high chemical potential’). The observed standing wave mode patterns
indicate a superposition of an outgoing and a back reflected wave. b) Normalised switching function
I1/(I1 + 2I2) (upper graph) and total intensity I1 + I2 (lower graph) of the semi-open interferometer.
Data points are averages over 20 measurements (optical pulses). Error bars indicate the standard
error of the mean.
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Fig. 3.3a we show intensity patterns obtained under these conditions for 4 different time
delays after the initial heating pulse. A notable difference to the measurements with the
open interferometer is the appearance of standing waves created by the superposition of
forward and backward propagating waves. The distance between the nodes in the wave
function can be taken as a measure of the velocity of the particles. The varying node
distances in the upper interferometer arm, see for example panel i in Fig. 3.3a, shows that
the particles are first accelerated and then decelerated again when they run through the
thermo-optically induced potential. In this way they obtain a different phase delay than
the particles in the lower arm.

For the open interferometer the reflection amplitude r vanishes and the condensate
growth rate g = ṅ/n in Eq. 3.1 reduces to the gain-loss rule originating from the
Kennard-Stepanov law. In this case, the condensation occurs in the state that minimises the
energy independent of the interferometer configuration. What is effectively found in this
situation is an interferometer with an incoming wave having a given, i.e. fixed, frequency,
which is the usual case discussed in textbooks. This means that the switching function of
the interferometer necessarily needs to assume a sinusoidal shape, as was indeed shown
in Fig. 3.3b. Conversely, any deviation from a sinusoidal switching function indicates
that the condensate energy is not a constant during the scanning of the interferometer
and, consequently, that the condensation process is not solely determined by an energy
minimisation rule. In the upper graph of Fig. 3.3b we show the normalised intensity in
the lower (closed) output arm Î1 = I1/(I1 + 2I2) as function of the time delay in the case
of a semi-open interferometer. Since we compare the intensity of a travelling wave with
that of a standing wave we have included an additional factor of 2 in the normalisation
factor for compensating the additional intensity contribution of the back-propagating wave
in the lower output arm. Interestingly, the switching function in Fig. 3.3b shows a clear
imbalance between the intensities in the upper and lower output arms in favour of the
intensity in the lower (closed) output. The latter refers not only to the maximum signal
levels in both arms, but also to the time intervals for which Î1 > 0.5. Even if one ignores
the data for time delays of t > 5 s, since the refractive index of the medium is then largely
relaxed, it is observed that the areas shaded in green ( Î1 > 0.5) occupy an area which
is more than 4 times the size of the areas shaded in orange ( Î1 < 0.5). This imbalance
shows in particular that the condensate energy is not constant while the interferometer
is being scanned. Indeed, for the semi-open interferometer the condensate growth rate
g = ṅ/n in Eq. 3.1 can be shown to favour condensate frequencies that increase the level
of constructive interference in the closed arm, see Section 3.6. As long as it does not
become too detrimental in terms of energy (and the correspondingly stronger absorption
by the optical medium), the condensate can adjust its kinetic energy in such a way that
the particle loss via the open output arm is reduced. The same picture emerges from
the behaviour of the total intensity I1 + I2, which is given as a function of time delay in
the lower graph of Fig. 3.3b. The data indicates that the total intensity is significantly
higher when the conditions for constructive interference in the closed arm are met (and
vice versa). This simply means that the condensation process experiences a higher growth
rate when the particle loss is reduced.
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3.5 Closed Mach-Zehnder interferometer

For an interferometer that is closed at both output arms, the particles emitted by the con-
densate return to the location of the condensation after passing through the interferometer
twice (see the standing wave density profiles in Fig. 3.4a). These particles interfere with
the condensate, which alters the rate of the condensation process. In the case where the
optical path lengths in the two output arms are identical, the system has no reason to prefer
constructive or destructive interference in either of the two output arms. Under these
conditions, the switching function can be expected to return to the sinusoidal shape as in
the case of the open interferometer, which can be confirmed experimentally, see Fig. 3.4b.

In the case that the optical path lengths in the output arms differ, a different scenario
results. Differences in the optical path length of the outputs can be created by tilting one of
the cavity mirrors. This effectively adds a potential gradient to the photon gas, which lifts
the two output arms to two different potentials, see Fig. 3.4b. Due to the resulting optical
path length difference, the feedback from the two output arms will not interfere in the same
way with the condensate. This means in particular that the feedback cannot be maximally

(a) (b)

(c)

Figure 3.4 Closed Mach-Zehnder interferometer. a) Normalised photon density at different time
delays for both a plane-parallel and a tilted microresonator. By tilting one of the microcavity mirrors,
a potential gradient is introduced to the photon gas (bottom). This gradient leads to different phase
delays for photons that propagate in the different output arms. b) Normalised switching function
I2/(I1 + I2) (upper graph) and total intensity I1 + I2 (lower graph) of the closed interferometer in
plane-parallel configuration. c) Normalised switching function I2/(I1 + I2) (upper graph) and total
intensity I1 + I2 (lower graph) of the closed interferometer in a tilted configuration. Data points are
averages over 20 measurements (optical pulses). Error bars indicate the standard error of the mean.
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constructive if the photon density is distributed over both interferometer outputs. Figure
3.4c shows experimental results for the case of a tilted cavity. The data presented in Fig.
3.4c reveal an almost discrete switching behaviour between maximum intensity in the
upper and maximum intensity in the lower output arm as the phase difference between
the internal arms of the interferometer is scanned. This demonstrates that the condensate
adjusts its frequency in such a way that a maximum degree of constructive feedback is
achieved for all optical path length differences.

Another interesting aspect related to the observed behaviour is the fact that the switch-
ing function becomes quite steep as it jumps between completely destructive and con-
structive interference. In these regions, the closed interferometer is highly susceptible to
changes in optical path length - which is potentially interesting for sensing applications.
Indeed, our measurement can be regarded as a special form of self-mixing interferometry
[118–120]. The observation that the switching functions for the plane-parallel and the
tilted resonator are different, furthermore suggests that the interferometer can also be
switched by changing the optical path length in the outputs. This is indeed confirmed
experimentally, see Fig. 3.5. The fact that the frequency of the condensate (and thus the
relative intensities in the outputs) can be controlled by a refractive index change that is
more than 100 µm away from the location of the condensation clearly demonstrates the
non-local character of the condensation process.

(a) (b)

Figure 3.5 Closed Mach-Zehnder interferometer with optical path length tuning in the upper
output arm. a) Normalised photon density for 4 specific time delays between the heating pulse in
the upper output arm (’heating’) and the optical pumping (’high chemical potential’). b) Normalised
switching function I2/(I1 + I2) (upper graph) and total intensity I1 + I2 (lower graph) of the closed
interferometer with output arm tuning. Data points are averages over 20 measurements (optical
pulses). Errors (standard error of the mean) are smaller than the symbol size.
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3.6 Theoretical modelling
An illustration of our model is given in Fig. 3.6. The wavefunction of the condensate
is described by a single complex-valued amplitude ψ. This amplitude is affected by
both the interaction with the optical medium, i.e. absorption and emission events, and
the interaction with the environment. For the optical medium, we assume the validity
of the Kennard-Stepanov law. We choose a particular implementation of the Kennard-
Stepanov law, in which the emission coefficient of the medium is assumed to be frequency-
independent and the absorption spectrum is assumed to increase exponentially with the
frequency of the light. This corresponds approximately to the experimental conditions
in our experiment. Taking this into account, we expect that the time evolution of the
condensate can be described by the following dissipative Schrödinger equation:

iψ̇
ψ

= ω0 + ωr +
i
2

(
Γem−Γabs e

h̄(θ̇−ω0)
kT

)
− i

2
Γenv(1−r(θ̇)) . (3.2)

Here, ω0 denotes the frequency of a condensate at rest, while ωr accounts for a possible
non-vanishing kinetic energy of the condensate. Γem and Γabs denote the emission and
absorption rates. The particle exchange with the environment is described by the parameter
Γenv, which corresponds to the rate of particles that are emitted by the condensate to the
Mach-Zehnder interferometer, and the reflection amplitude r(θ̇), which is a complex-
valued function that describes magnitude and phase delay of the feedback created by
the closed arm(s) of the interferometer. By describing the interferometer feedback as
a complex multiple of the instantaneous wavefunction we implicitly have performed a
slowly varying amplitude approximation for the time evolution of the condensate, i.e., we
assume that the response time of the environment τenv is so small that |ψ̇|/|ψ| ≪ τ−1

env .

BEC

Optical medium 
(thermalisation)

50:50

Mach-Zehnder interferometer 
(dissipation & coherent feedback)

Figure 3.6 Theoretical model. Our model describes the Bose-Einstein condensation of photons
in an environment with controlled dissipation and feedback. A thermalisation process is induced by
absorption and emission processes in an optical medium. This competes with the coherent feedback
from the environment, which is modelled as a Mach-Zehnder interferometer. The outputs of the
interferometer are assumed to be either open or closed, which creates a varying degree of dissipation
and feedback.

The theoretical modelling presented in Section 3.6 was performed by C. Toebes and J. Klärs and is adapted from
the following paper: M. Vretenar et al., Nature Communications 12, 5749 (2021).

https://www.nature.com/articles/s41467-021-26087-0


Theoretical modelling 61

Here, τenv corresponds to the time the photons need to travel back and forth through
the Mach-Zehnder interferometer. Another approximation concerns the absorption (Γabs)
and emission rates (Γem), which we assume to be constant at the initial formation of the
condensate. This essentially means that Eq. 3.2 only correctly describes the time evolution
of sufficiently small condensates. The growth rate for the condensate population and the
time evolution of the phase directly follow from Eq. 3.2 by performing a transformation
ψ =

√
ne−iθ with real-valued functions n = n(t) and θ = θ(t):

ṅ
n
= Γem − Γabs e

h̄(θ̇−ω0)
kT − Γenv(1 − Re[r(θ̇)]) ,

θ̇ = ω0 + ωr − Γenv Im[r(θ̇)]/2 .
(3.3)

In our experiments, the probabilistic character of the condensation process manifests
itself in the fact that the condensate state can vary from shot to shot. In our model, we can
introduce this kind of randomness by converting the growth rate function g = ṅ/n in Eq.
3.3 into a probability distribution. To do this, we define the probability for the occurrence
of a condensate with frequency θ̇ as p(θ̇) = exp(g(θ̇) t∗)/Z, where g(θ̇) is the growth
rate of the state, t∗ is an effective time parameter, and Z is a normalisation parameter such
that

∫
p(θ̇)dθ̇ = 1. Furthermore, an expectation value for an observable Q can be defined

as ⟨Q⟩ = ⟨Q⟩t∗ =
∫

p(θ̇)Q(θ̇)dθ̇. Similar to the temperature in thermal averages, the
time parameter t∗ determines the statistical composition of the expectation value. For
small values of t∗, many different states contribute almost equally to the average, while
for large values of t∗ the statistical average is dominated by the state that maximises the
growth rate. In the following, we use the time parameter as a global free parameter, which
is chosen to obtain the best match between model and experiment. It turns out, however,
that the found value of this parameter is close to the actual pulse duration.

In order to reproduce the experimental results with the help of the so-defined model,
the frequency-dependent reflection amplitude r = r(θ̇) has to be determined. For the
open interferometer, this amplitude simply vanishes: ropen = 0. In general, r is obtained
by adding up the probability amplitudes of all possible paths through the interferometer,
which both start and end at the condensate. As an intermediate step, we determine
the probability amplitudes at the two outputs of the interferometer, which, assuming
a perfect 50:50 beamsplitter, are given by a1 = (i eik(α+γ) + eik(β+γ))/2 and a2 =
( eik(α+δ) + i eik(β+δ))/2. Here, α, β, γ, and δ denote the optical path lengths of the 4
interferometer arms, see Fig. 3.6. The wavenumber k = k(θ̇) of the photons propagating
in the interferometer arms follows from k = (2m [θ̇ − ω0(1 − ∆d/D0)]/h̄)1/2, where
∆d ≃ 4.5 nm denotes the height difference between the condensate location and the
interferometer arms on the nanostructured surface of our mirror (drop in potential energy).
With this, the frequency-dependent reflection amplitude in the semi-open interferometer
(output 1 closed, output 2 open) becomes rsemi = −a1a1. For the closed interferometer,
we obtain rclosed = −a1a1 − a2a2.

Figures 3.7 and 3.8 show results for the expected relative photon densities in the out-
put arms of the interferometer ⟨|a1,2|2⟩ (upper graphs) and the mode frequency ⟨θ̇ − ω0⟩
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Figure 3.7 Photon BEC in an open and semi-open Mach-Zehnder interferometer (MZI).
Theoretically expected relative photon density in the output arms and mode frequency as a function
of the optical path length difference. a) Open MZI. b) Semi-open MZI. Parameters used to calculate
these graphs are h̄ω0 = 2.1 eV, m = 6.8 · 10−36 kg, T = 300 K, D0 = 10µm, ∆d = 4.5 nm,
Γabs = 100 GHz, Γenv = 6.3 GHz, and t∗ = 4.75 ns. All other relevant parameters are given in
the figures. Note that some parameters such as Γem have no influence on the calculation of the
expectation values shown here.
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Figure 3.8 Photon BEC in a closed Mach-Zehnder interferometer (MZI). Theoretically ex-
pected relative photon density in the output arms and mode frequency as a function of the optical
path length difference. a) Closed MZI in plane-parallel configuration. b) Closed MZI in tilted
configuration. c) Closed MZI, for which the optical path length tuning is performed in the upper
output arm. Parameters used to calculate these graphs are the same as in Fig. 3.7.
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(lower graphs) as a function of the optical path length difference. For the open interfer-
ometer, our model reproduces the expected sinusoidal variation of the output intensity.
No variation of the condensate frequency is predicted. For the semi-open interferometer,
the imbalance in the switching function predicted by our model is even more pronounced
than in the experimental data in Fig. 3.3b. For large path length differences, this imbal-
ance increases, which suggests that, from a certain threshold value, the photon density is
fully concentrated in the closed interferometer output regardless of the optical path length
difference in the internal interferometer arms. In order to direct the particle flow into the
closed interferometer arm, the frequency of the condensate can adapt to a certain extent,
see lower graph in Fig. 3.7b. For the closed interferometer, our theoretical model shows a
transition between sinusoidal and rectangular switching functions, depending on the path
length difference in the output arms, see Fig. 3.8a, b. This is in good agreement with our
experimental results shown in Fig. 3.4b. Qualitative agreement is furthermore obtained
for the closed interferometer with optical path length tuning in the upper output arm, see
Fig. 3.8c and Fig. 3.5b.

3.7 Conclusion
In conclusion, our work investigates the Bose-Einstein condensation of photons in a Mach-
Zehnder interferometer potential with controlled dissipation and feedback. The switching
behaviour of the interferometer is analysed in order to reveal the physical mechanisms
that control the formation of a Bose-Einstein condensate. We show that by adjusting
their frequency, Bose-Einstein condensates naturally seek to minimise particle loss and
destructive interference in their environment. This ability remains hidden in thermal
equilibrium, but becomes visible when the condensation occurs under non-equilibrium
conditions. Beyond a deeper understanding of Bose-Einstein condensation, our results
will be useful for the experimental realisation of unconventional computing schemes
for the solution of hard optimisation problems based on coherent networks of photonic
or polaritonic condensates [54, 92] and lasers [43, 46]. Understanding the physical
mechanisms that determine the state of a condensate under controlled dissipation and
feedback, as identified in our work, is essential to the design of such systems.





4 Controllable Josephson
junction for photon
Bose-Einstein condensates

Josephson junctions are the basis for the most sensitive magnetic flux detectors, the
definition of the unit volt by the Josephson voltage standard, and superconducting digital
and quantum computing. They result from the coupling of two coherent quantum states,
as they occur in superconductors, superfluids, atomic Bose-Einstein condensates, and
exciton-polariton condensates. In their ground state, Josephson junctions are characterised
by an intrinsic phase jump. Controlling this phase jump is fundamental for applications
in computing. In this chapter, we experimentally demonstrate controllable phase relations
between photon Bose-Einstein condensates resulting from particle exchange in a thermo-
optically tunable potential landscape. Our experiment realises an optical analogue of
a controllable 0,π-Josephson junction. By connecting several junctions, we can study
a reconfigurable 4-condensate system demonstrating the potential of our approach for
analog spin glass simulation.

4.1 Introduction
Finding the energetic ground state of a magnet with disordered couplings is a complicated
combinatorial problem. This so called spin glass problem has no analytic solution and
even numerical techniques are found to be inefficient. It is known that many important
optimisation problems in machine learning, logistics, computer chip design and DNA
sequencing can be mathematically mapped to an equivalent spin glass problem [35]. The
latter results from the proven NP hardness of the problem [23, 24]. A method for solving the
spin glass problem in the Ising, XY or Heisenberg model can, thus, serve as a blueprint
for approaching a large class of mathematical optimisations. This motivates research
on analog spin glass simulators as a new class of computational devices specifically
designed for simulating spin systems. For the Ising model, a first generation of analog
spin glass simulators has been realised using networks of superconducting qubits [39, 40]
and optical parametric oscillators [41–43]. Whether these simulators already offer a
computational advantage over the more conventional von Neumann computer architecture
is currently a matter of controversy. For the XY model, the proposed physical platforms
are based on superconducting qubits [45], lasers [46], atomic Bose-Einstein condensates
(BEC) [52] and polariton condensates [53, 54, 56, 58, 61, 62]. The basic idea in these
approaches is to associate the XY spins φi ∈ [0, 2π) to the phases of coherent states. A
prototypical spin glass simulator consists of a lattice of simulated spins, which are coupled
to each other in a controllable manner. In the case of coupled BECs, the couplings can

The content of this chapter is adapted from the following paper: M. Vretenar et al., Phys. Rev. 3, 023167 (2021).
The experimental work was done in collaboration with Ben Kassenberg and Chris Toebes, and the theoretical
work in collaboration with Shivan Bissesar and Jan Klärs.

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.3.023167
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be considered as Josephson junctions [29, 121–126]. The ability to accurately adjust
the coupling constants between the spins is fundamental for defining the computational
problem to be solved. In earlier work with polariton condensates, tunable couplings were
realised by controlling the geometrical distance between the condensates or by exploiting
polariton-reservoir interactions [53, 54, 56, 58]. The former approach is mainly limited to
systems with homogeneous couplings across the lattice. Polariton-reservoir and polariton-
polariton interactions generally result in a gain [53, 56] and time dependence [53] of the
condensate couplings. This is undesirable for spin glass simulation as this leads to a
continuous redefinition of the computational problem when the system is amplified from
the quantum to the classical regime by increasing the optical gain. In this chapter, we
experimentally realise a controllable 0, π-Josephson junction for photon Bose-Einstein
condensates exploiting the anomalously large thermo-optical coefficient of an optical
medium close to a phase transition. By connecting several junctions, we can study
effective 4-spin systems demonstrating the potential of our approach for analog spin glass
simulation.

4.2 Josephson equations for coupled photon BECs
Here we show that the coupled photon BEC system follows equations of motion that
closely resemble the Josephson equations, with deviations from the textbook Josephson
scenario arising from the interaction with the environment. The system of two coupled
condensates with gain and frequency-dependent loss is sketched in Fig. 4.1. We have
already discussed larger systems in Section 1.6, from there we can reduce Eq. 1.37 to
two stochastic and dissipative Schrödinger equations which then describe the two coupled
photon BEC system:

ih̄ψ̇1 = h̄ωc,1ψ1 +
ih̄
2

(
Γ̃↑,1 − Γ̃↓,1

h̄
(
θ̇1 − ω̄c

)
kT

)
ψ1 + h̄Jψ2, (4.1)

ih̄ψ̇2 = h̄ωc,2ψ2 +
ih̄
2

(
Γ̃↑,2 − Γ̃↓,2

h̄
(
θ̇2 − ω̄c

)
kT

)
ψ2 + h̄Jψ1. (4.2)

Figure 4.1 Two coupled photon Bose-Einstein condensates with frequency-dependent gain-loss
scheme. The latter follows the Kennard-Stepanov law for fluorescent media and is responsible for a
thermalisation process between the coupled condensate system and its environment.



Josephson equations for coupled photon BECs 67

Here J = |J|eiθJ denotes the coupling of the two condensates. The evolution of the two
condensate phases that follows from Eq. 1.42 is given by

θ̇1 = Re(A1)ωc,1 +
1
2

Im(A1)

(
ṅ1

n1
− Γ̃↑,1

)
+ ω̄c [1 − Re(A1)]

+ |A1||J|
√

n2

n1
cos

(
θA1 + θJ + θ2 − θ1

)
,

(4.3)

θ̇2 = Re(A2)ωc,2 +
1
2

Im(A2)

(
ṅ2

n2
− Γ̃↑,2

)
+ ω̄c [1 − Re(A2)]

+ |A2||J|
√

n1

n2
cos

(
θA2 + θJ + θ1 − θ2

)
.

(4.4)

Likewise, the evolution of the particle numbers follows from Eq. 1.43 and is given by

ṅ1 =

[
Γ̃↑,1 + 2

Im(A1)

Re(A1)
(ωc,1 − ω̄c)

]
n1

+
2|A1||J|
Re(A1)

√
n1n2 sin

(
θA1 + θJ + θ2 − θ1

)
,

(4.5)

ṅ2 =

[
Γ̃↑,2 + 2

Im(A2)

Re(A2)
(ωc,2 − ω̄c)

]
n2

+
2|A2||J|
Re(A2)

√
n1n2 sin

(
θA2 + θJ + θ1 − θ2

)
.

(4.6)

Assuming equal loss rates, i.e. Ai = A, we find the equation of motion for the total
particle number n = n1 + n2:

ṅ =(Γ̃↑,1n1 + Γ̃↑,2n2) + 2
Im(A)

Re(A)
(ωc,1n1 + ωc,2n2 − ω̄cn)

+
4|A||J|
Re(A)

√
n1n2 sin(θA + θJ) cos(θ2 − θ1).

(4.7)

Upon optically pumping the system, the condensation process is triggered and a com-
petition among the possible system states is initiated. In this competition, the state that
maximises the gain ṅ is the one that acquires the dominant statistical weight. We can draw
the following conclusions:

(1) Equation 4.7 implies that a phase difference of

δ = θ1 − θ2 =

{
0 sin(θA + θJ) > 0
π otherwise,

(4.8)

maximises the gain in total particle number. This holds independent of the details of the
coupling, condensate frequencies and pumping rates. As a specific example, we consider
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the case of a real-valued coupling J, which implies θJ = 0 or θJ = π. In typical experi-
mental scenarios, θA is a (small) negative number. For θJ = π, we have sin(θA+ θJ) > 0,
which means that the symmetric state (δ = 0) maximises the gain. Based on Eq. 4.3, this
state also minimises the energy. For θJ = 0, we have the opposite case: the antisymmetric
state (δ = π) maximises the gain and minimises the energy. This simply means that for
real-valued couplings, the minimisation of energy and the maximisation of gain coincide.
For general coupling constants J, however, this is not the case.

(2) For condensates with equal frequencies (ωc,1 = ωc,2) and a given total particle
number n, the particle number distribution that maximises the gain is

n1 =
n
2

1 +
Γ̃↑,1 − Γ̃↑,2√[

4|A||J|
Re(A)

sin(θA + θJ)
]2

+
(

Γ̃↑,1 − Γ̃↑,2
)2

 with n2 = n − n1 .

(4.9)
For large coupling constants |J| or equal gain (Γ̃↑,1 = Γ̃↑,2), the solution reduces to equal
population. In other words, the state n1 = n2 = n/2 with δ = 0,π maximises the gain.
This solution is furthermore a dynamical fixed point of the Josephson equations given in
Eqs. 4.3-4.6.

4.2.1 Potential step model

In this section, we analyse a simplifying model, in which two photon Bose-Einstein
condensates exchange particles via an attractive potential step, see Fig. 4.2. Using this
model, we will gain insight into the physical mechanisms that drive the state selection
process between symmetric and antisymmetric wavefunctions in the photonic Josephson
junction. The main difference from the treatment in the previous section is that we do not
take the coupling constant as a given parameter, but rather as a consequence of the given
physical environment. The starting point is a one-dimensional dissipative Schrödinger
equation. We use this equation to find symmetric and antisymmetric wavefunctions that
can be associated to the 0- and π-state of a coupled condensate system. The Schrödinger
equation now includes terms related to the kinetic and potential energy:

ih̄
∂ψ

∂t
= h̄ωcψ − h̄2

2m
∂2ψ

∂x2 + Vψ +
ih̄
2

(
Γ↑ − Γ↓e

h̄(θ̇−ωZPL)
kT

)
ψ . (4.10)

We follow a procedure similar to that of Section 1.6. First, we rewrite the absorption term
as

Γ↓e
h̄(θ̇−ωZPL)

kT = Γ̃↓e
h̄(θ̇−ωc)

kT (4.11)

with Γ̃↓ = Γ↓ exp
[
h̄(ωc − ωzpl)/kT

]
. We assume that all occurring energies stay close

to the bare condensate frequency ωc in the sense that h̄(θ̇ − ωc) ≪ kT. Under this
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assumption, we linearise the exponential function in the gain-loss term

ih̄
∂ψ

∂t
= h̄ωcψ − h̄2

2m
∂2ψ

∂x2 + Vψ +
ih̄
2

(
Γ̃↑ − Γ̃↓

h̄(θ̇ − ωc)

kT

)
ψ . (4.12)

In the latter, we have introduced the renormalised gain coefficient Γ̃↑ = Γ↑− Γ̃↓. Assuming
slowly varying amplitudes in the wavefunction ψ =

√
n exp(−iθ), we approximate the

phase velocity as θ̇ ≃ iψ̇/ψ. This procedure leads to

ih̄
∂ψ

∂t
= h̄ωcψ − h̄2A

2m
∂2ψ

∂x2 +AVψ +
ih̄
2
AΓ̃↑ψ , (4.13)

in which we have used the complex dissipation parameter A as defined in Eq. 1.40. Using
ψ(x, t) = ϕ(x) χ(t) yields the time-independent Schrödinger equation

− h̄2A
2m

∂2ϕ

∂x2 +AVϕ +
ih̄
2
AΓ̃↑ϕ = (E − h̄ωc)ϕ . (4.14)

The potential and gain profiles are considered symmetric in space, i.e. V(x) = V(−x)
and Γ̃↑(x) = Γ̃↑(−x). Furthermore, they are set constant in each of the three regions

potential step

2

0-state

   -state

0

1 3

BEC 1 BEC 2

gain profile

0

0

region

b a a b

0

6

7

Figure 4.2 Potential step model. The model assumes that two Bose-Einstein condensates ex-
change particles via an attractive potential step. Depending on the potential energy V and gain
Γ↑ the system selects either 0- or π-state. We assume spatially symmetric and piecewise constant
functions V(x), Γ↑(x).
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shown in Fig. 4.2. For the symmetric state, we use the following ansatz

ϕ0(x) =


sin(k1[x+a+b]) −a−b ≤ x ≤ −a
A cos(k2x) −a ≤ x ≤ a
− sin(k1[x−a−b]) a ≤ x ≤ a+b .

(4.15)

For the antisymmetric state, we choose

ϕπ(x) =


sin(k1[x+a+b]) −a−b ≤ x ≤ −a
A sin(k2x) −a ≤ x ≤ a
sin(k1[x−a−b]) a ≤ x ≤ a+b .

(4.16)

Here, the complex wavenumbers ki must follow

ki = h̄−1

√
2m

(
E − h̄ωc

A − Vi −
ih̄
2

Γ̃↑,i

)
. (4.17)

Continuity conditions for ϕ and ∂ϕ/∂x at x = ±a determine the coefficient A. We find

A =


sin(k1b)
cos(k2a) (0-state)

− sin(k1b)
sin(k2a) (π-state) .

(4.18)

Furthermore, the continuity conditions deliver an additional relation between the wavenum-
bers. For the two states, these conditions are given by

k1 cot(k1b) =

{
k2 tan(k2a) (0-state)

−k2 cot(k2a) (π-state) .
(4.19)

Together with Eq. 4.17, these equation determine the allowed (complex) energies in the
system. Since analytical solutions are not possible, the energy spectrum has to be found
numerically. In particular, we are interested in the energies that belong to the kinetic
ground state of the condensates, which will be called E0 and Eπ . These two energies are
related to the coupling constant J, as defined in Section 4.2, in the following way:

E0 − Eπ = ih̄
(

ψ̇0

ψ0
− ψ̇π

ψπ

)
= h̄(θ̇0 − θ̇π) +

ih̄
2

(
ṅ0

n0
− ṅπ

nπ

)
= 2h̄ Re(AJ) + i2h̄ Im(AJ)/Re(A) .

(4.20)

Here, we have used Eqs. 4.3 and 4.5 with Γ̃↑,1 = Γ̃↑,2, ωc,1 = ωc,2 and consequently
n1 = n2. The solution of this equation in terms of the coupling constant is

J =
Re(E0 − Eπ) + i Re(A) Im(E0 − Eπ)

2h̄A . (4.21)
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Figure 4.3 shows the complex energy difference ∆E = E0 − Eπ as a function of the
potential step depth V2 for three parameter sets, which represent limiting cases for the
system. For positive imaginary components, i.e. Im(∆E) > 0, the 0-state system has
a larger gain than the π-state. Consequently, the system will predominantly realise the
0-state. For negative Im(∆E), the system chooses the π-state. For all parameter sets, the
gain periodically switches sign as the depth of the potential step is increased.

For large gain gradients Γ↑,1 − Γ↑,2 (left column) or high temperatures T (right column),
the system primarily maximises the spatial overlap with the high gain region. The latter is
reflected by the fact that the gain curve Im(∆E) correlates with the quantity Γ̄0

↑ − Γ̄π
↑ , as

shown in the third row of Fig. 4.3. Here, Γ̄0,π
↑ =

∫ −+a+b
−a−b Γ↑ |ψ0,π |2dx (with normalised

wavefunctions ψ0,π) is the spatially averaged gain. This quantity is positive, if the 0-
state has a larger overlap with the high gain regions than the π-state (and is negative

Figure 4.3 Potential step model numerical results. Complex energy difference ∆E = E0 − Eπ

as a function of potential step depth V2 for three parameter regimes. For positive Im(∆E), the
system predominantly realises the 0-state. For negative Im(∆E), the system chooses to be in the
π-state. For all parameter sets, the gain periodically switches sign as the depth of the potential step is
increased. For large gain gradients Γ↑,1 − Γ↑,2 (left column) or high temperatures T (right column),
the system maximises the spatial overlap with the high gain regions, as indicated by the quantity
Γ̄0
↑ − Γ̄π

↑ (see text). For small gradients or low temperatures (middle column), the system minimises
(the real part of) the energy. Further parameters: m = 6.5 × 10−36 kg, a = 9 µm, b = 7 µm.
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otherwise). For small gradients Γ↑,1 − Γ↑,2 or low temperatures T (middle column), the
system primarily minimises the energy, which is reflected by the fact that the gain curve
Im(∆E) now correlates with the energy curve Re(∆E). This behaviour can be understood
as a consequence of the thermalisation process induced by the Kennard-Stepanov gain-loss
scheme.

4.3 Experimental setup

Figure 4.4 The experimental
setup. Diagram of the optical mi-
crocavity cross section, with indi-
cators showing the optical pumping
and heating scheme.

Our experimental setup is based on a high-finesse
dye microcavity, see Fig. 4.4, in which optical pho-
tons propagate paraxial to the optical axis (z-axis)
and are repeatedly absorbed and reemitted by dye
molecules. As discussed in Section 1.5.1, the dye
molecules obey the Kennard-Stepanov law and mul-
tiple absorption-emission cycles establish a thermal
contact between the photon gas and its environment,
which, in effect, leads to a thermalisation and con-
densation of the photon gas at room temperature.
To achieve that, the rate of photon absorption by
the optical medium needs to be significantly higher
than the rate of photon transmission through the mir-
rors. The latter distinguishes photon condensation
experiments from conventional lasing phenomena.
For sufficiently small mirror spacing, the photon gas
effectively becomes two-dimensional and follows a
modified energy-momentum relation given by Eq. 1.27. Controlling the potential land-
scape within the microresonator through static and dynamic nanostructuring techniques is
fundamental to this experiment. The Josephson junction in our experiment consists of two
photon Bose-Einstein condensates that exchange particles in a tunable potential landscape
created by a combination of two experimental techniques: nanostructuring of the mirror
surface and in-situ variation of the index of refraction of the optical medium.

In a first step, we create a barrier around a rectangular region of 30µm length and 5µm
width, see Fig. 4.5a, which restricts the flow of light to the confined area. In a second
step, we divide the confined area into three regions by introducing two shallower barriers
(the three regions are denoted by 1, 2, and 3 in Fig. 4.5). The microresonator setup is
completed by a second (planar) mirror and an optical medium, which is a water-based
solution of rhodamine 6G (concentration 1 mMol/l) and the thermo-responsive polymer
pNIPAM (4 % mass fraction). To avoid self-quenching of the dye molecules, we add a
small amount of lauryldimethylamine N-oxide. Due to the addition of pNIPAM, the index
of refraction of our optical medium is expected to be slightly higher than that of pure
water. By optically pumping the dye molecules with a 5 ns laser pulse at λ = 480 nm, we
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(a) (b)

15 μm

Figure 4.5 Controllable Josephson junction for photon Bose-Einstein condensates. a) Static
confinement potential. A rectangular surface structure is created on one of the cavity mirrors, which
restricts the flow of light to the confined area. This area is furthermore divided into three parts
by introducing two shallower barriers, see the cross section in the lower graph. b) The Josephson
junction in our experiment consists of two photon Bose-Einstein condensates that are created in
local potential minima at the two ends of the junction. By tunnelling into the central region of the
junction, a particle exchange is created that leads to in-phase or anti-phase relations between the
condensates (upper two graphs). The acquired phase delay is controlled by the thermo-optically
induced potential (lower graph).

create photon Bose-Einstein condensates in local potential minima at the two ends of the
structure. The finite potential barriers allow photons to tunnel into the central region of
the junction establishing a particle exchange between the two condensates. The thermo-
responsive polymer pNIPAM is used to control the potential landscape in the central region
of the junction. For that, we use a second laser that emits 2 ms long laser pulses of variable
energy. These pulses are irradiated onto the sample 50 ms before the optical pumping
initiates the condensation process. The pulses are absorbed in the amorphous silicon layer
located below the dielectric stack of one of our mirrors (’Si’ in Fig. 4.4). As discussed in
Section 2.5, the absorbed energy increases the local temperature of the optical medium by
a few Kelvin such that it reaches the LCST of pNIPAM in water. This leads to a significant
change of the index of refraction which translates into a tunable potential for the photons
in the microcavity. The purpose of this tunable potential is to control the phase delay that
the photons acquire while travelling through the central region of the junction, see Fig.
4.5b.

4.4 Single junction

Figure 4.6a shows the photon density ρ = |ψ(x, y)|2 inside the microresonator as deter-
mined by a camera capturing the light transmitted by one of the cavity mirrors. We observe
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various stripe patterns indicating the presence of photon exchange and the formation of
standing waves between the condensates. All density profiles can be clearly assigned
to symmetric wavefunctions (0-states) or antisymmetric wavefunctions (π-states), see
Fig. 4.5b. With increasing potential depth, symmetric and antisymmetric states alter-
nate and the number of nodes in the wavefunction increases. The measured photon
density ρ allows us to reconstruct the potential landscape in the microresonator. Using
V − const = −Ekin = (h̄2/2m)(d2ψ/dx2)ψ−1 with ψ(x) = ϵ(x)

√
ρ(x) and a sign

function ϵ(x) switching between +1 and −1 at every node, we obtain the spatial variation
of the potential in the x-direction of the microcavity plane, see Fig. 2.15c and Section
2.5.1 describing the method in more depth. The reconstructed potentials clearly reveal
both the static potential due to the nanostructured mirror and the dynamically induced
potential due to the thermo-responsive polymer. This confirms that the condensation takes
place in the ground states of local energy minima. Condensation in the global potential
energy minimum (located between the two condensates) is intentionally prevented by the
applied inhomogeneous optical pumping.

Interferometric images of the coupled condensate system are shown Fig. 4.6b. For this,
we guide the transmitted light through a Mach-Zehnder interferometer, see the schematic

(a) (b)

Figure 4.6 Controllable phase relations. a) Photon density in the microresonator plane for six
different heating energies as determined by a camera capturing the light transmitted by one of the
cavity mirrors. All density profiles can be assigned to symmetric wavefunctions (0-states) or anti-
symmetric wavefunctions (π-states). The numbers in the red boxes indicate the number of observed
intensity maxima between the condensates. b) Interferometric images of the coupled condensate sys-
tem. The transmitted light is guided through a Mach-Zehnder interferometer to test for the coherence
of the two condensates. Data for the interferometric visibility v = (Imax − Imin)/(Imax + Imin) is
given in the inset. The estimated degree of first-order coherence, which is generally found to be
close to unity, takes into account the (small) population imbalances between the condensates.
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(a)

(b)

Figure 4.7 State-resolved statistics. a) State-resolved statistical information on the operation
of the junction. For every heating energy, 50 experimental runs with identical control parameters
are measured and analysed. The data indicates that the formation of a particular junction state,
as defined by the number of observed intensity maxima between the condensates (red boxes), is
deterministic for a significant fraction of the investigated heating energies. b) Probability of finding
the junction in a 0- or π−state as a function of the heating energy.

representation in Fig. 4.6b, and superimpose the images of the two condensates. The high
contrast of the observed stripe pattern indicates first-order coherences close to unity. The
fact that this level of coherence is reached when integrating over one Gaussian pump pulse
proves that the coupling in our junction is neither dependent on optical gain nor influenced
by self-interactions. The latter is an essential requirement for using the junction in optical
spin glass simulation. State-resolved statistical information on the operation of the junction
are provided in Fig. 4.7a. Here, we measure and analyse sequences of 50 experimental
runs with identical control parameters. The data indicates that the formation of a particular
phase relation between the condensates is deterministic for a significant fraction of the
investigated heating energies. Moreover, the transition between the states is quite sharp,
see Fig. 4.7b.

4.5 Multiple junctions
When several junctions are connected together, the gain function can be generalised to
ṅ = ∑i Γi ni − HXY with HXY = −∑i>j JXY

ij cos(θi−θj) and JXY
ij = −Jij

√ninj.
Maximising the gain thus corresponds to minimising the energy of a simulated XY system
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with couplings JXY
ij , which demonstrates the connection with the spin glass problem, see

Section 1.6. Figure 4.8a shows a mirror surface profile that is designed to implement four
mutually coupled Josephson junctions with rectangular symmetry. When the four corners
of the structure are pumped optically, condensates form and establish phase relations with
one another. By triggering the polymer phase transition, we can switch between positive

(a)

15 μm

(b)

(c)

Figure 4.8 Higher-order optical circuit composed of four Josephson junctions. a) Height map
of the used cavity mirror. Optical pumping with nanosecond pulses is carried out at the four corners
of the structure. b) Photon density for three different coupling configurations as denoted by the labels
’0’ and ’π’. By varying the spatial heat profile in the microcavity, the phase relations of the four
condensates can be switched between in-phase and anti-phase. The upper panel shows experimental
results, while the bottom panel contains theoretical results derived from the numerical solution of a
driven-dissipative Schrödinger equation (see Section 4.6). The white arrows correspond to the phases
of the photonic wavefunction at the position of the condensates and can be interpreted as the angular
orientation of four XY spins. c) Interferometric imaging of the four coupled condensates using a
Mach-Zehnder interferometer. The top right condensate in one interferometer path is superimposed
on the bottom left condensate in the other interferometer path. The observed interference fringes
indicate coherence close to unity (see cross section).
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(in-phase) and negative (anti-phase) couplings in this structure. Three different states
of the condensate lattice, which result from three different heat patterns applied to the
thermo-responsive optical medium, are shown in Fig. 4.8b. In all cases, we have verified
that the four condensates are coherent to each other, as exemplarily shown in Fig. 4.8c.
The observed states can be interpreted as the solutions to three different ground state
problems defined in a 4-spin XY model.

4.6 Spin-glass simulation with photonic Josephson junc-
tions - numerical results

We expect that analog spin glass simulation will be the first major application of photonic
Josephson junctions. To illustrate the potential of this approach, we propose and numer-
ically analyse a scheme for solving the ground state problem in XY spin glasses using
networks of coupled photon Bose-Einstein condensates. A particular instance of such
a problem is defined in Fig. 4.9, which shows a classical XY model with Hamiltonian
HXY = −∑i>j Jij cos(ϕi − ϕj) on a (random) 3-regular planar graph with antiferromag-
netic couplings Jij = −1. As discussed before, the basic idea is to associate the XY
spins ϕi ∈ [0, 2π) to the phases θi of photon Bose-Einstein condensates. For the given
example, we assume a triangular lattice potential in the microcavity. The lattice sites are
connected to each other by attractive step potentials with variable depth. For mapping the
XY coupling constants Jij = −1 to the photon BEC system, we set the potential depth
to a value that favours the formation of π-states. This results in the potential landscape
shown in Fig. 4.9.

To perform numerical simulations for the purpose of investigating the dynamics of the
condensation process on a 3-regular planar graph, we use the following two-dimensional,
stochastic and dissipative Schrödinger equation:

ih̄
∂ψ
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= h̄ωcψ− h̄2

2m

(
∂2ψ

∂x2 +
∂2ψ
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2

(
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)
ψ+ h̄η,

(4.22)
This equation is an extension of Eq. 4.10 to the two-dimensional domain. It includes
an additional term related to non-linear losses, namely −Γ2 |ψ|2, which allows us to
model gain saturation in the system, i.e. approximate Eq. 1.33 while keeping Γ↑ and
Γ↓ independent of molecular state densities. Moreover, we added the noise function
η = η(t). We perform the same steps and approximations as in Section 4.2.1 to obtain
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(4.23)
Numerical solutions of this equation are obtained with the Runge-Kutta method (4th
order) with constant time steps. The open source software library ViennaCL is used to
perform the computations on a fast GPU. We have verified that our numerical results
reproduce known analytical results in a series of test cases. The ground state problem
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shown in Fig. 4.9 is mapped onto the potential landscape in the microcavity system
by introducing a triangular lattice potential, in which the lattice sites are connected by
attractive step potentials. To simulate antiferromagnetic couplings (JXY

ij = −1), the depth
of the steps is chosen to favour the formation of π-states. The gain profile Γ↑(x, y)
follows the lattice geometry. The spatial profile of the loss (absorption) is assumed to
be homogeneous Γ↓(x, y) = 1 THz. We furthermore assume T = 300 K, which sets
the dissipation parameter A given in Eq. 1.40. Condensate frequency and zero-phonon
line are considered equal: ωc = ωzpl. The effective photon mass in the simulation is
m = 6.5 · 10−36 kg.

At t = 0, the optical gain on the triangular lattice is set close to the condensation
threshold and photons start to populate the cavity. This starts a competition among the
various system states, in which the phases of the light field, indicated by the arrows in
Fig. 4.10a, are adjusted to maximise the gain function. As discussed before in Section
1.6, the latter coincides with the XY Hamiltonian HXY. Figure 4.10b shows the total
photon number and the simulated energy, derived from the phases of the light field, as a
function of time. The data comprises 300 numerically obtained stochastic time evolutions

Figure 4.9 Proposed scheme for optical spin glass simulation with photonic Josephson junc-
tions. Mapping between XY spin glasses and systems of coupled Bose-Einstein condensates. We
propose to use photonic Josephson junctions to solve optimisation problems, namely the ground
state problem in XY spin glasses and mathematical equivalent problems. The ground state problem
corresponds to finding the minimum of HXY = −∑i>j Jij cos(ϕi − ϕj) with optimisation variables
ϕi ∈ [0, 2π). A particular instance of such a problem is defined on a (random) 3-regular planar
graph with antiferromagnetic couplings Jij = −1. The problem is mapped onto the potential land-
scape in the microcavity system by introducing a triangular lattice potential, in which the lattice sites
are connected by attractive step potentials. The depth of the steps is chosen to favour the formation
of π-states.
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(a) (b)

Figure 4.10 Numerical results for the 3-regular planar graph. a) Amplitude of the simulated
light field |ψ(x, y)|. At the start of the simulation, the optical gain on the triangular lattice is set
close to the condensation threshold and photons start to populate the cavity. The phases of the
light field, indicated by the arrows, are adjusted to maximise the gain. b) Total photon number and
simulated energy as a function of time. The relative frequency of the total photon number N and
the simulated energy HXY , derived from the phases of the light field, are color-coded. The photon
number is normalised to the noise level N0 in the stochastic Schrödinger equation (at zero gain). The
coupled condensate system is capable of finding good approximative solutions of the given ground
state problem within a period as short as 20 ps.

of the system. The relative frequency of photon number and simulated energy are color-
coded. From this figure, we conclude that the coupled condensate system is capable of
finding good approximative solutions of the given ground state problem within several
ten picoseconds. This is faster than a single tick of the clock in a conventional CPU,
which gives an indication of the potential of optical spin glass simulation. That said, we
would like to emphasise that many aspects determining the performance of the proposed
simulator will need to be investigated more closely in the future and several technological
challenges have yet to be overcome before such investigations can begin.

4.7 Conclusion
In conclusion, this chapter introduces and investigates Josephson junctions for photon
Bose-Einstein condensates controlled by thermo-optical interactions. We expect that
photonic Josephson junctions can play a major role for novel computational schemes,
for example, in analog spin glass simulation and oscillatory neural networks. Various
approaches to realising such simulators are currently being investigated. At this time it
is not clear whether the first generation of spin glass simulators provides a computational
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advantage over the more conventional von Neumann computer architecture. In the different
approaches there are also different challenges that have to be overcome, for example, the
replacement of digital electronic components in the computation process, miniaturisation,
non-local couplings, and scaling. At the moment, we do not see a system that has
overcome all of these challenges. For the photon BEC system, scaling to larger system
sizes is the most challenging aspect. In general, phase-coherent coupling of hundreds or
even thousands of coherent states is technically feasible and has already been achieved for
polaritonic BECs [56, 127] and laser-like systems [46]. However, controllable couplings
with single bond resolution have not yet been realised in such systems and remain a
challenge. The research on Bose-Einstein condensation of photons has brought forth
experimental techniques that allow an unprecedented level of control of microresonators
[11, 12]. Based on our results, we believe that these techniques are suitable for overcoming
this challenge. Beyond the application in spin glass simulation, the combination of
static nanostructuring with a thermo-responsive optical medium introduced in this work
moreover offers a powerful platform for the implementation of adaptive optical circuits,
lattice systems, and photonic crystals for paraxial light.



5 Realising dissipative
couplings for photon
Bose-Einstein condensates

The synchronisation of coherent states of light has long been an important subject of basic
research and technology. Optical analog spin glass simulators, introduced in Section 1.6,
are analog computers where this synchronisation process can be exploited to solve com-
putationally hard problems – potentially faster and more energy-efficient than what can
be achieved with conventional computer technology today. The unit cell of such systems
consists of two coherent centers that are coupled to one another in a controlled manner.
In this chapter, we investigate the nature of photon BEC couplings, which can be either
dispersive or dissipative. We then discuss loss engineering in the photon BEC system,
which is fundamental for implementing dissipative couplings.

5.1 Introduction
As discussed in Chapters 1 and 4, an optical XY spin-glass simulator consists of a lattice
of coherent states of light, which represent the XY spins, i.e. angular degrees of freedom
θi ∈ [0, 2π) in the simulated model. By physically coupling these states, one tries to map
the Hamiltonian of the simulated XY model, i.e. HXY = −ΣJij cos (θi − θj), to the gain
function of the simulator system. It is important to distinguish the physical couplings in the
simulator system from the coupling constants in the simulated model. While the couplings
in the simulated XY model are real-valued (Jij ∈ R), the physical couplings between
the coherent states in the simulator system are generally described by complex-valued
parameters since the simulators typically operate under non-equilibrium conditions, i.e.
they are determined by gain and loss. The coupling in these simulator systems is typically
divided into two groups, namely dispersive and dissipative [128, 129]. Dispersive coupling
is caused by direct particle exchange between the coherent centers. Here, the coupling
constant is real-valued and in turn leads to splitting in the eigenfrequencies of the coupled
system. In contrast, dissipative coupling is caused by the state of one coherent center
affecting the loss rate of another and therefore has an imaginary coupling constant. This
leads to a splitting in the imaginary component of the eigenfrequencies of the coupled
system.

The nature of the couplings between the coherent centers dictates the overall dynamics
of the simulator system. The couplings not only define a specific gain function but
also determine whether the system is aiming for fixed points in the configuration space.
Investigating the fundamental differences between dispersive and dissipative coupling is
therefore critical to understanding and improving optical spin-glass simulators and is the

The content of this chapter is partially adapted from the following paper: C. Toebes et al., Communications
Physics 5, 59 (2022).

https://www.nature.com/articles/s42005-022-00832-3
https://www.nature.com/articles/s42005-022-00832-3
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basis for extending their simulation capabilities to a larger class of physical models. In
this chapter, we investigate a system of two coupled photon Bose-Einstein condensates
[9–11, 13, 15, 16, 34, 93, 130], in which the flow of the photons is controlled in such a
way that either a predominantly dispersive or a dissipative coupling of the condensates is
created.

5.2 Experimental setup
Two different experimental settings were used: for measurements presented in Section 5.3,
the dye consisted of 10 mmol/L Rhodamine 6G dissolved in ethylene glycol, with a similar
experimental setup to that used in previous chapters. In Section 5.5 we make use of our
new experimental setup with mirrors with a central wavelength of 600 nm, and a dye
consisting of 1 mmol/L Rhodamine 101 dissolved in ethylene glycol. In the latter, a pulsed
laser (CniLaser MSL-AO-532-100uJ-CJ11009) with a 26 ns pulse duration at 532 nm is
used to locally excite the dye molecules. In both cases, we work at mirror separations in
the range of 10 to 20 µm.

5.3 Dispersive and dissipative couplings
The nanostructured mirrors that are used to create and investigate dispersive and dissipative
couplings between two photon BECs are shown in Fig. 5.1a and 5.1b. For the sake of sim-
plicity, we refer to these structures as direct coupling and Y-coupling structure. The direct
coupler (Fig. 5.1a) has been introduced in Chapter 4 and can be considered as a photonic
Josephson junction. It realises (predominantly) dispersive coupling between condensates.
Its height profile creates two circular confining potentials that can host localised photon
Bose-Einstein condensates. Optically pumping these sites induces a high local chemical
potential, leading to the formation of a photon BEC. The condensate locations are con-
nected by a waveguiding potential at a lower potential energy. Photons that leak from
one of the condensates gain kinetic energy as they enter this waveguiding potential and
form a travelling wave towards the other condensate. The phase difference that the light
accumulates while travelling through the waveguide determines whether the condensates
couple in phase or in antiphase. Figure 5.1c shows an example of the photon density inside
the microcavity plane obtained by observing the light that is transmitted through one of
the cavity mirrors. The shown density pattern indicates an antisymmetric wavefunction
that corresponds to an antiphase coupling of the two condensates. In order to achieve
a dissipative coupling, a direct exchange of particles between the condensates should be
avoided. Instead, we propose to use a potential landscape that realises a Y-coupling be-
tween the condensates. This structure defines a loss channel for the coupled condensate
system, i.e. the open end of the Y-coupling, which depends on the relative phase of the
two condensates: if the condensates oscillate in-phase, the particle streams emitted from
the two condensate interfere constructively in the open channel of the Y-coupling, which
maximises the overall losses of the coupled condensate system. Destructive interference,
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and thus a minimisation of losses, occurs with condensates in antiphase configuration. In
this way, the Y-coupling potential leads to a splitting in the imaginary components of the
complex energies of the two states. An example of a condensate system coupled in this
way is shown in Fig. 5.1d. The density distribution indicates an overall antisymmetric
wavefunction that describes two condensates in antiphase configuration. An important
difference between the direct and the Y-coupling method is that the direct coupler a priori
does not favour in-phase or antiphase correlations, while the Y-coupling investigated in
this work only creates antiphase correlations. If, for example, the arm lengths in the
coupling potentials were varied (keeping the overall mirror symmetry of the system), a
change in sign of the phase correlations is expected in the case of the direct coupling but
not for the Y-coupling. In the latter case, in-phase correlations can only be expected if the
mirror symmetry of the coupling potential is broken. This will be discussed in detail in
Section 5.4.

30 μm30 μm

30 μm30 μm

30 μm30 μm

(a)

(b)

(c)

(d)

Figure 5.1 Investigated coupling structures. a,b) Height map of the structure for the direct and
Y-coupling potential, respectively. c,d) Measured photon densities under symmetric excitation for
the direct coupler and the Y-coupler, respectively. These images are acquired by imaging the light
that leaves the microcavity onto a camera.

It is important to emphasise that, strictly speaking, neither the direct coupling method
described above is purely dispersive nor the Y-coupling is purely dissipative. Direct
particle exchange leads to a splitting of the frequencies of in-phase or antiphase coupled
condensates.The frequency-dependent absorption governed by the Kennard-Stepanov law
then contributes a dissipative component in the case of the direct coupling potential. For
the Y-coupling potential, the particle flow that is emitted by one condensate is not fully
directed into the open end of the coupling, but rather partially reaches the other condensate,
which makes the coupling partially dispersive. To quantify this effect, we can measure the
splitting ratio introduced by the Y-coupling potential, see Fig. 5.2. To do that, the potential
is modified by removing one of the condensate confining potentials and replacing it by a
second open end. This allows for the determination of the splitting ratio by integrating all
light leaving the structure towards either exit and comparing the intensities. We find that
(62 ± 5)% of the particle flow emitted by one condensate leaves the Y-coupling potential
through the designated loss channel, while (38 ± 5)% of the particles would reach the
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other condensate. This light contributes a dispersive component to the coupling which,
however, does not prevent the overall dissipative behaviour of the coupling (see Section
5.4).

30 μm30 μm

Figure 5.2 Flow of light in the Y-coupler. A modified Y-coupler structure, as shown in the top
left inset figure, is used to determine the splitting between photons flowing out of the structure at
the exits (I1, I2). I1 contributes to the dissipative component of the coupling, while I2 contributes a
dispersive component. The measured photon density in the area marked with ’50x’ is multiplied by
that factor in order to improve visibility of this low intensity region and highlight the spatial extent
of the wavefunction. The measured intensity is averaged over 100 pulses.

In our paper [131], we furthermore study the critical coupling of these two couplers
by systematically increasing the detuning of the natural condensate frequencies and thus
determining the degree of synchronisation. This quantifies the coupling strength, which
is an important parameter for spin-glass simulation. Our results indicate that the two
couplers can withstand a detuning of up to 100 GHz until coherence is fully lost and
the condensates start to oscillate independently. Numerical simulation of the couplings
confirm this finding. The coherence is observed to remain high with detuning of up to
10-20 GHz. We also evaluate the couplings in a time-resolved manner using a streak
camera, revealing the temporal evolution of the condensate populations for balanced and
imbalanced optical pumping. Results show that coherence is established somewhat faster
with the direct coupling than the Y-coupling (∆t = 130ps), however the coherence in the
direct coupling potential decreases more quickly.

In general, spin-glass simulation based on networks of photon or polariton Bose-
Einstein condensates not only requires precise control of the physical couplings between
the condensates, it is also necessary to control the condensate populations, since these
represent scaling factors for the effective coupling in the simulated XY model [63, 92].
To create a homogeneous network of condensates that all have the same population, it can
generally be necessary to distribute the optical gain inhomogeneously over the network.
A natural question that arises is how the two types of coupling examined in this chapter
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behave with regard to inhomogeneous or unbalanced optical pumping. This we also
investigated in [131], and both our experimental and numerical results show that the direct
coupler reaches an equal population of the condensates, while in the Y-coupler the direct
particle exchange is suppressed resulting in different condensate populations.

5.4 Theoretical methods
We perform numerical simulations to study the theoretically expected behaviour of the
coupler structures. The numerical simulations are based on equations of motion that
describe both the dynamics of the condensate and of the environment (optical medium).
The starting point is a dissipative Schrödinger equation given in Eq. 1.31, which describes
the deterministic part of the condensate time evolution taking into account stimulated
absorption and emission processes. The time evolution of the optical medium can be
described by an Einstein rate equation given in Eq. 1.33. These two equations describe
the deterministic time evolution of the (weakly) coupled light-matter system in our ex-
periments. Another process that is fundamental to the time evolution is the spontaneous
emission of photons. In our numerical simulations, this is taken into account by adding
unit complex noise with rate B21Mex to the wavefunction, rendering the time evolution
stochastic. This corresponds to a phasor model. See [132] for a detailed discussion.

We introduce two assumptions that simplify the equations of motion. The first as-
sumption is that the frequency of the condensate is small, such that a linearisation of the
Boltzmann factors is possible: exp(h̄θ̇/kT) ≃ 1 + h̄θ̇/kT. The second approximation
concerns the phase velocity θ̇, for which we assume

θ̇ = i
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This set of partial differential equations can be converted to a set of ordinary differential
equations by introducing a spatial discretisation. The equations obtained in this way can be
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solved with the help of conventional numerical integration schemes. We use the classical
Runge-Kutta algorithm with a step size control based on a fifth-order error approximation.

With this method at hand, we now examine the scenario in our experimental work: two
photon BECs are coupled to one another in two different ways using a direct coupler and
a Y-coupler. In our simulations, we set all system parameters according to the situation in
our experiments. This means, for example, that we use the experimentally given mirror
height profiles to obtain the potential function V = V(x, y). To implement a condensate
detuning, for example, we add a linear gradient to that potential. Note that every data
point shown in Fig. 5.3 is the average ⟨. . .⟩ over several independent realisations (due to
the stochastic nature of the spontaneous emission)

(a)

(b)

Figure 5.3 Numerical simulations - First-order correlations of two coupled photon Bose-
Einstein condensates. a) First-order correlations g(1) = ⟨ψ∗

1 ψ2⟩/
√
⟨|ψ1|2⟩⟨|ψ2|2⟩ with conden-

sate amplitudes ψ1,2 as a function of the spatial extent of the coupling potential (i.e., the geometrical
distance between the condensates) for the direct coupler. b) g(1) as a function of structure size for
the Y-coupling potential. All data points are averages ⟨. . .⟩ over several independent realisations,
i.e., simulations with different seed values for the pseudo-random number generator creating the
spontaneous emission noise. Error bars indicate the standard error of the mean. The numerical
parameters in the simulations are chosen to correspond to those of the experiment. In particular, we
use the measured height profile of the mirrors to derive the potential landscape for the simulations.
There is, however, some experimental uncertainty with regard to the resonator length D0. For our
simulations, we have chosen D0 = 7µm for the direct coupler and D0 = 5.6µm for the Y-coupler,
which we expect to be close to the experimental values.

We want to verify that the Y-coupling potential actually works as a dissipative cou-
pler. To do that, we investigate how the two types of coupling behave if we systemat-
ically increase the spatial extent of the coupling potentials (keeping the overall mirror
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symmetry). The results are given in Fig. 5.3. In the case of the direct coupling
potential, an approximately sinusoidal variation of the first-order correlation function
g(1) = ⟨ψ∗

1 ψ2⟩/
√
⟨|ψ1|2⟩⟨|ψ2|2⟩ with the distance between the two condensates is ob-

served, i.e., a periodic switching between in-phase and anti-phase coupling. With the
Y-coupling, on the other hand, only anti-phase correlations are expected - provided that a
minimisation of the particle losses by population of antisymmetric wave functions is the
dominant mechanism in the state selection process. Indeed, our numerical simulations
indicate almost no dependence of g(1) on the condensate distance for the Y-coupling poten-
tial: the condensates are always in anti-phase configuration. This difference in behaviour
shows quite clearly that the Y-coupling potential establishes a dissipative mechanism of
coupling despite the residual direct particle exchange. The system always selects the
state that minimises the particle flow in the loss channel (antisymmetric wavefunction),
regardless of what type of correlations the dispersive component of the coupling would
prefer.

5.5 Dissipative couplers with engineered loss
A loss channel is an essential component of every dissipative coupling. In the previously
investigated Y-coupler, this is achieved by releasing the photons into the surrounding
unstructured area of low potential. Creating lattices of coupled condensates is however
unachievable with this design, and as such it is not suitable for spin-glass simulation. To
overcome this issue, we consider alternative ways of introducing loss into the system.

5 μm5 μm

Figure 5.4 SEM images of holes
fabricated via FIB. Four holes at
the dielectric mirror surface, man-
ufactured at different foci and ion
exposure times. Image and fabri-
cation courtesy of M. Goodwin.

The mirror transmission loss γ (see Eq. 1.31) can
be affected in a number of ways. Excessive irradi-
ance during direct laser writing can locally reduce the
mirror reflectivity as shown in Chapter 2, however
this also creates a surrounding area of high poten-
tial which would reflect the photons, and is therefore
not suitable for this purpose. Instead, we turn to fo-
cused ion beam (FIB) milling. Prefabricating an array
of several-micron-diameter holes a few µm deep ef-
fectively realises areas of low reflectivity. Various
dissipative coupler designs can afterwards be nanos-
tructured over these holes. A SEM image of a series
of holes fabricated using FIB is shown in Fig. 5.4,
the process allows us to choose the hole diameter,
depth and, to a certain degree, edge chamfering. In
the remainder of this section, we evaluate structures
containing holes with a 3 µm diameter written in focus (i.e. with sharp edges) that pass
through the entire dielectric stack, similar to the one at the bottom left side of Fig. 5.4.
Preliminary results indicate no major effect of chamfering on the performance as loss areas.
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We first modify the direct coupler design by adding a loss area (hole) coupled to the
waveguide near its center, see height map in Fig. 5.5a and reflectivity in Fig. 5.5b.
Photon density measurements with varying cavity length indicate that the system tends
to realise only two modes, as shown in Fig. 5.5c, which are both antisymmetric. The
condensate coherence is high in both cases, as can be seen in Fig. 5.5d. This type of
coupler evidently has a significant direct photon exchange, but still avoids symmetric states
as such a configuration would have an antinode adjacent to the loss area and thus lower
gain.

(a) (b)

(c) (d)
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Figure 5.5 Direct coupler with loss area. A modified direct coupler structure with hole near
the center acting as a loss area. a) Structure height map. b) Reflectivity map, indicating the high
loss area. c) Measured photon densities showing two different modes manifesting at different cavity
lengths. d) Interference measurements showing the degree of coherence of the two modes. Measured
visibilities are 88% (top) and 85% (bottom). Measurements were performed under balanced optical
pumping, and are integrated over multiple pulses.

Next, we modify the Y-coupler by replacing the open end with a hole. A height map
of the structure is shown in Fig. 5.6a, and the reflectivity in Fig. 5.6b. As in the previous
case, the system realises only two modes throughout the tunable cavity length range, both
of which are antisymmetric, see Fig. 5.6c. The coherence, as shown in Fig. 5.6d, is
somewhat lower than that of the modified direct coupler as evident from the interference
fringe contrast, however these are preliminary results and no effort has yet been made to
optimise the design.

As a first step towards implementing triangular lattices, we briefly test the suitability
of holes as loss areas. The design is based on the Y-coupler, and the height map of the
realised structure is shown in Fig. 5.7a. A system of three antisymmetrically coupled
spins should realise a state where the condensate phases are at 120° relative to one another.
The measured photon density of one the states realised by the system is shown in Fig.
5.7c, with condensate interference shown in Fig. 5.7d. It is not entirely clear whether
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the realised state is the before-mentioned one, and further evaluation is required, both
theoretical and experimental.
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Figure 5.6 Y-coupler with loss area. A modified Y-coupler structure with hole acting as a
loss area. a) Structure height map. b) Reflectivity map, indicating the high loss area. c) Measured
photon densities showing two different modes manifesting at different cavity lengths. d) Interference
measurements showing the degree of coherence of the two modes. Measured visibilities are 67%
(top) and 41% (bottom). Measurements were performed under balanced optical pumping, and are
integrated over multiple pulses.
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Figure 5.7 Three coupled condensates with loss area. Three condensates coupled through
a modified Y-coupler structure with hole acting as a shared loss area. a) Structure height map.
b) Reflectivity map, indicating the high loss area. c) Measured photon density. d) Interference
measurements showing the degree of coherence. Measurements were performed under balanced
optical pumping, and are integrated over multiple pulses.
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5.6 Conclusion
In this work we investigated a two-condensate system with dispersive and dissipative
couplings, and whether the loss required for the latter can be engineered using focused ion
beam milling. One of the most interesting applications of a coupled condensate system
is to use it as a building block for an analog spin-glass simulator. Various approaches
to realizing such simulators are currently being investigated. In the different approaches
there are also different challenges that have to be overcome, for example, the replacement
of digital electronic components in the computation process, miniaturisation, non-local
couplings, and scaling. For the photon BEC system, scaling to larger system sizes is the
most challenging aspect. The larger the network of photon Bose-Einstein condensates,
the larger is the bandwidth of the natural (uncoupled) condensate frequencies, since even
the best resonator mirrors are not perfectly flat. Mapping a spin model Hamiltonian to the
gain function of an optical spin-glass simulator is a prerequisite for the simulator to start
sampling low-energy configurations. It is furthermore desirable that the dynamics of the
simulator have fixed points (including the ground state of the simulated spin model). In the
photon BEC system and related platforms this is only the case if the dispersive part of the
physical couplings is sufficiently small [63]. Dissipative types of coupling, as proposed and
investigated in this work, are particularly desirable in this regard. Another requirement is
the ability to control the condensate populations individually. Here, interesting differences
arise between the two types of coupling investigated in this work. In general, however,
one would like the condensate population to be precisely controllable by the provided
optical gain, which is indeed possible with the Y-coupling, since it keeps direct particle
exchange sufficiently low. For the future, it seems both possible and desirable to combine
dispersive and dissipative types of coupling by controlling the flow of photons between
the condensates, for example, with the help of refractive index changes [92]. This would
extend the class of physical models that can be investigated using analog simulations.

5.7 Outlook
Large dissipatively-coupled networks can be implemented using the Y-coupler design
with holes as loss areas. In practice, one would prefabricate an array of holes with a fixed
lattice constant over the entire mirror surface, and then nanostructure confining potentials
afterwards. The FIB process itself takes about 40 seconds per each 3 µm diameter hole that
is dielectric-stack deep, which becomes increasingly costly for large networks. Therefore,
this process needs to be optimised: the effectiveness of different hole diameters and depths
needs to be evaluated, and the manufacturing time minimised. Alternatively, an etching
process may be suitable if damage to the mirror surface can be avoided. We are also
considering alternative ways of introducing loss, such as selectively coating a thin layer of
absorptive material, or mechanically damaging the mirror at select locations. Further steps
include optimizing the coupler designs to minimise particle exchange, extensive testing of
the three coupled condensates system, and then realising larger lattices.



6 Summary and outlook
6.1 Summary
Bose-Einstein condensation (BEC) is the massive occupation of a single quantum state in
a gas of bosons at a finite temperature and is one of the few phenomena demonstrating
quantum behaviour at the macroscopic scale. A common Bose gas, thermal photons as
emitted by a blackbody radiator, however, does not exhibit Bose-Einstein condensation.
This is due to the fact that the photon number is not a conserved quantity for blackbody
radiation and at low temperatures photons are lost in the walls instead of condensing into the
lowest-energy mode of the blackbody (vanishing chemical potential). In quantum confined
structures such as optical microcavities, however, the situation is different. Here photons
can thermalise to the temperature of the optical medium through repeated absorption and
emission cycles while the chemical photon potential remains non-zero, allowing for an
independent tuning of temperature and particle number. In such systems, photons are
indeed observed to show Bose-Einstein condensation. Furthermore, the critical particle
number for such a system can be as low as 10 photons at room temperature, making photon
Bose-Einstein condensates experimentally easily accessible.

In an optical microcavity, photons behave like massive 2-dimensional particles con-
fined in a potential defined by the mirror geometry and the optical medium refractive
index. Controlling this potential is essential for exploring the physics of the condensation
process, and can be experimentally done in a number of ways. In this thesis, we develop,
characterise and employ a number of flexible methods. Arbitrary potentials are realised
with the help of modified dielectric mirrors that have an additional optically absorptive
silicon layer between the substrate and the dielectric stack. This layer allows us to locally
heat the mirror using laser light, and is the basis of our methods. The first is the permanent
nanostructuring, resulting from argon bubble formation inside the dielectric stack layers.
Fast thermal annealing redistributes the argon gas originally trapped in the amorphous
structure during their production, locally reducing the density of the material and thus
pushing the dielectric stack upwards resulting in a modified surface mirror profile, with-
out noticeable effect on the mirror reflectivity. We show the potential of this method by
constructing complex structures. The second method involves thermal expansion through
laser heating which can locally alter the surface mirror profile in a reversible fashion.
The last method is achieved by introducing a thermoresponsive polymer into the optical
medium, where local temperature increase may in turn significantly increase the refractive
index, thus lowering the potential.

Using these methods, we experimentally investigate Bose-Einstein condensation under
non-equilibrium conditions in potentials resembling a Mach-Zehnder interferometer. The
switching behaviour of the interferometer in various configurations deviates from what is
typically expected, and thus provides insight into the formation process of the condensate.
We show that by adjusting their frequency, Bose-Einstein condensates naturally try to
avoid particle loss and destructive interference in their environment. Understanding the
physical mechanisms that determine the state of a condensate under controlled dissipation
and feedback is essential for exploring the physics of analog simulators for classical spin
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models, which is the long-term goal of our activities.
As a first step towards the realisation of such an analog simulator, an optical analogue

of a 0,π Josephson junction is implemented and characterised. Our experiments show a
high degree of control over the junction state, which is essential for spin-glass simulation.
As a first step towards a larger system, we implement a coupled 4-condensate system and
show that it remains highly coherent. We furthermore perform numerical simulations on
larger lattices, with promising results.

In further work, we investigate alternative types of condensate couplings and their
possible implementations. In particular, we show that couplings can range from dispersive
to dissipative. Dissipative couplers are expected to have superior properties for analog
spin-glass simulation and are, therefore, of particular interest for us. We show that the
loss channel in dissipative couplings may be realised by drilling holes using focused ion
beam milling.

In short, in this thesis we develop a number of tools essential for a high degree of
control in photon Bose-Einstein condensates. We investigate the gain-dissipative nature
of non-equilibrium photon condensates, and perform first steps towards the realisation of
optical spin-glass simulators.

6.2 Outlook
The first major application of coupled photon Bose-Einstein condensates will be analog
spin-glass simulation. Medium-sized systems can be used to determine whether a com-
putational advantage over the more conventional von Neumann computer architecture can
be achieved. Experimentally realising fully controllable large networks of spins is no easy
task. While we have shown that the accuracy of our nanostructuring method is sufficient
for constructing highly coherent coupled condensate pairs, additional corrections may
be necessary in lattices with hundreds of spins. Furthermore, arbitrarily pumping and
tuning a large number of condensates and junctions requires wavefront shaping, which is
currently being adapted to this application in our research group. Spin-glass simulation
may also benefit from the ability to emulate a background magnetic field, which can be
done via resonant pumping. This requires locking with an external laser operating at
the same frequency as the condensates, which is another development we are pursuing.
Determining the final phase configuration of a condensate lattice is not in any way trivial
- one possible solution involves interfering with the before-mentioned external reference,
or perhaps interfering neighbouring condensates with each other to determine the phase
differences. This is essential since the phase configuration represents the spin orientations
in the simulated spin-glass and as such contains the solution to the simulated problem.

Beyond the application in spin-glass simulation, the photon Bose-Einstein platform
offers a powerful platform for the implementation of oscillatory neural networks, adaptive
optical circuits, lattice systems, and photonic crystals for paraxial light. Furthermore,
they can provide interesting insight into the physics of magnetic systems, such as the
Berezinskii-Kosterlitz-Thouless transition [30, 133].
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Nederlandse samenvatting
Bose-Einstein condensatie (BEC) is de enorme populatie van een enkele kwantumtoestand
in een gas van bosonen bĳ een eindige temperatuur en het is een van de weinige fenomenen
die kwantumgedrag vertoont op macroscopische schaal. Een veelvoorkomend Bose gas,
thermische fotonen uitgezonden door een zwartelichaamsstraler, ondergaat echter geen
Bose-Einstein condensatie. Dit wordt veroorzaakt door het feit dat het fotongetal niet een
behouden grootheid is en er bĳ lage temperaturen fotonen kwĳtraken in de wanden in
plaats van condenseren in de laagste energietoestand van het zwarte lichaam (verdwĳnend
chemische potentiaal). In kwantum opgesloten structuren, zoals optische microtrilholtes,
is de situatie echter anders. Hierin kunnen fotonen thermaliseren tot de temperatuur van
het optische medium door herhaalde absorptie- en emissie cycli, terwĳl de chemische
potentiaal niet nul wordt. Dit staat toe dat temperatuur en het fotongetal onafhankelĳk van
elkaar ingesteld kunnen worden. In zulke systemen kan Bose-Einstein condensatie van
fotonen daadwerkelĳk geobserveerd worden. Verder kan het kritische deeltjesaantal voor
zo’n slechts 10 fotonen bĳ kamertemperatuur zĳn, wat foton Bose-Einstein condensaten
experimenteel makkelĳk toegankelĳk maakt.

In een optische microtrilholte gedragen fotonen zich als massieve tweedimensionale
deeltjes opgesloten in een potentiaal die wordt gedefinieerd door de spiegelgeometrie en de
brekingsindex van het optische medium. Het controleren van deze potentiaal is essentieel
voor het verkennen van de fysica achter het condensatieproces. Dit kan experimenteel
gerealiseerd worden op een aantal verschillende manieren. In dit proefschrift ontwikke-
len, karakteriseren en gebruiken we een aantal flexibele methodes. Arbitraire potentialen
worden gerealiseerd met behulp van gemodificeerde diëlektrische spiegels die een extra
optisch absorberende siliciumlaag tussen het substraat en de diëlektrische stapel hebben.
Deze maakt het mogelĳk om lokaal de spiegel te verwarmen door middel van laserlicht
en is de basis van onze methodes. De eerste methode is het permanent nanostructureren,
veroorzaakt door argonbubbelformatie binnenin de diëlektrische stapel. Snel uitgloeien
herverdeelt het argongas dat initieel gevangen wordt in de amorfe structuur tĳdens het
productieproces, wat lokaal de dichtheid van het materiaal verandert en daarom de diëlek-
trische stapel omhoogduwt. Dit resulteert in een gemodificeerd spiegeloppervlakteprofiel
zonder significant effect te hebben op de reflectiviteit van de spiegels. We laten de
potentie van deze methode zien door complexe structuren te construeren. De tweede
methode gebruikt de thermische expansie als gevolg van laserverhitting. Dit zorgt voor
een lokale verandering van het spiegeloppervlakteprofiel die omkeerbaar is. De laatste
methode wordt bewerkstelligd door de introductie van een thermoresponsieve polymeer in
het optische medium, lokale temperatuurstoenames veroorzaken daardoor ook significante
toenames van de brekingsindex. Hiermee wordt de potentiaal dus lokaal verlaagd.

Door gebruik te maken van deze methoden onderzoeken wĳ experimenteel Bose-
Einstein condensatie onder non-equilibrium condities in potentialen lĳkend op een Mach-
Zehnder interferometer. Het schakelingsgedrag van de interferometer in verscheidene
configuraties wĳkt af van wat typisch wordt verwacht en geeft daarmee inkĳk in het
formatieproces van het condensaat. We laten zien dat door de frequentie aan te passen,
Bose-Einstein condensaten van nature verliezen en destructieve interferentie in hun omge-
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ving proberen te vermĳden. Begrip van de fysische mechanismen die de toestand van het
condensaat bepalen onder gecontroleerde dissipatie en terugkoppeling is essentieel voor
het verkennen van de fysica achter analoge simulators voor klassieke spinmodellen, wat
het langetermĳndoel is van onze activiteiten.

Een optische analoog van een 0,π-Josephsonjunctie is geimplementeerd als een eerste
stap richting de realisatie van zo een analoge simulator. Onze experimenten laten een
hoge mate van controle over de junctietoestand zien, wat essentieel is voor spinglassi-
mulatie. Als eerste stap richting een groter systeem implementeren wĳ een gekoppeld
4-condensatensysteem en laten we zien dat het zeer coherent blĳft. Verder voeren wĳ ook
numerieke simulaties uit op grotere systemen met veelbelovende resultaten.

In het daarop volgende werk hebben wĳ alternatieve soorten van condensaatkoppeling
en hun mogelĳke implementatie onderzocht. Specifiek laten we zien dat koppeling kan
variëren van dispersief tot dissipatief. Het wordt verwacht dat dissipatieve koppelaars
superieure eigenschappen hebben voor analoge spinglassimulatie en ze zĳn specifiek
daarom interessant voor ons. We laten zien dat een verlieskanaal in dissipatieve koppelaars
gerealiseerd kan worden door gaten te boren met behulp van focused ion beam milling.

Samenvattend ontwikkelen wĳ een aantal methodes die essentieel zĳn voor een hoge
mate van controle in foton Bose-Einstein condensaten. We onderzoeken de versterkings-
dissipatieve aard van non-equilibrium condensaten en voeren eerste stappen uit richting
de realisatie van optische spinglassimulatoren.
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