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Abstract. In the study of interactions between liquids and solids, an accurate measurement of the film
thickness between the two media is essential to study the dynamics. As interferometry is restricted by the
wavelength of the light source used, recent studies of thinner films have prompted the use of frustrated
total internal reflection (FTIR). In many studies the assumption of a simple exponential decay of the
intensity with film thickness was used. In the present study we highlight that this model does not satisfy
the Fresnel equations and thus gives an underestimation of the films. We show that the multiple reflections
and transmissions at both the upper and the lower interfaces of the film must be taken into account to
accurately describe the measured intensity. In order to quantitatively validate the FTIR technique, we
measured the film thickness of the air gap between a convex lens of known geometry and a flat surface
and obtain excellent agreement. Furthermore, we also found that we can accurately measure the elastic
deformations of the lens under loads by comparing them with the results of the Herzian theory.

1 Introduction

Studies on the deformation and adhesion of soft matters
and biological materials become increasingly important as
they are associated with modern science and technology
such as MEMS fabrication and nanotribology [1], and cell
biology [2]. In many of these cases, an objet is separated
from another object by a small gas or liquid layer, which
is drained or thickened through a dynamical process.
These flows can typically be described by the lubrication
approximation.

Interferometry is commonly used for the measurement
of thin-film thicknesses. As the use of a single wavelength
light source can only measure the absolute value of the gra-
dient, often dual-wavelength interferometry is employed to
obtain the shape of the thin film [3,4]. However, the exact
film thickness is still unknown unless a reference thick-
ness can be found. Colour interferometry using a white
light source has successfully solved this problem [5–7]: the
multi-wavelength interference patterns contains the infor-
mation of the absolute thickness, though the limited co-
herence length (typically a few mean wavelengths) renders
the technique unusable for thicker films [8].

Films thinner than the wavelength of the light source
however cannot be studied by interferometry. As a
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consequence, Kolinski, Rubinstein and coworkers [9–11]
recently developed frustrated total internal reflection
(FTIR) imaging for their study of thinner films. We have
adopted this powerful technique [12–14]. Here, a transpar-
ent wall is illuminated at an angle larger than the criti-
cal one. In this situation an evanescent wave emerges in
the thin film, whose intensity decays in an exponential-
like manner within one-wavelength distance from the wall.
When a medium comes into the evanescent light, a portion
of energy of the light transmits through the object which
results in the decrease in the intensity of the reflection
light. The energy loss of the light beam is thus a measure
for the distance between the wall and the other medium.
Further applications of this technique other than the film
thickness measurement include particle image velocimetry
in a near-wall flow [15], studies of moving contact lines and
wetting/drying behaviour of heated surfaces in nucleate
boiling studies [12–14,16].

The focus of this paper is to discuss the FTIR tech-
nique, the post-processing of the data and to explain and
validate the analysis to obtain height profiles from the
measured intensity. Previous models [9–12] neglect mul-
tiple transmissions and reflections at both top and bot-
tom interfaces of the thin film and also the light po-
larization. Those assumptions imply that the measured
evanescent light intensity decays exponentially with in-
creasing film thickness. However, we observed deviations
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Fig. 1. Schematic of a frustrated total internal reflection setup,
which is calibrated by the use of forcing a lens onto the prism.
The camera focusses on the top interface of the prism. The
polariser is to control the polarization of the monochromatic
light source, in this case a laser.

from such behaviour, which we can account for by taking
the multiple reflections and the polarization into account.
In order to justify the improvement of the FTIR tech-
nique, we measure small deformations of a convex lens on
a flat smooth surface subject to various external loads.
The problem has already been well studied [17,18] in or-
der to investigate the deformation and adhesion of solids,
and thus is suitable to verify the modified FTIR technique
in the precision of the sub-wavelength scale.

2 Experimental setup and image analysis

2.1 Setup

A schematic overview of the essential parts of the setup
is shown in fig. 1. A 30mW laser with a wavelength of
643 nm was used as a monochromatic light source to illu-
minate the top of the prism, which is the measurement lo-
cation. As the polarization is important for a quantitative
height measurement, the light beam was designed to travel
through a polariser to control the polarization. To obtain
full illumination of the measurement area, we expanded
the beam by a Keplerian expander consisting of two plano-
convex lenses of proper combination. The reflected light
intensity was then recorded by a high-speed camera at a
recording rate of 60 fps with the shutter speed of 1/25000 s
and the spatial resolutions of 1280×1024 pixel2. The cam-
era sensor had 8-bit intensity depth and a linear sensitivity
for the light intensity. A high-speed camera was used in-
stead of a still camera in order to analyse and reduce the
time variation of the background intensity caused by both
the fluctuation of the laser output and the thermal fluctu-
ation of the camera sensor. The camera was equipped with
a long-distance microscope focussed on the top interface
of the prism to achieve a spatial resolution of typically
18μm/pixel.

The two basic requirements for FTIR to work are first
that the prism’s material must be transparent for the light
wavelength, as the event is imaged through the solid itself;
secondly, the surface is required to be optically flat, i.e.,
not curved, and its roughness must be smaller than the
wavelength. A good example is a right-angle prism, which
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Fig. 2. Schematic diagram of the optical path a laser beam
of with d0 follows and the image on the as recorded by the
camera. A spherical drop of diameter DL is placed to light
to escape the prism. The ratio between DL and DS is used to
measure the angle of incidence φ1 using eq. (1). n1 is the prism
refractive index and d1 the projected laser beam.

we used in our case. When the angle of incidence on the
top surface of the prism φ exceeds the critical angle, the
light is totally reflected and exits the prism via the side
face of the prism. Therefore, we require the refractive in-
dices of the prism n1 and the third medium n3 to be larger
than that of the second medium n2, i.e., n1, n3 > n2.

In our experiment, we verified the FTIR technique by
measuring the thin air film between the flat surface of the
prism and the curved surfaces of a convex lens. The radius
of curvature of the lens was 515.5mm (focal length was
1000mm). Its interface was at about 1μm away at 1mm
distance from the center of the lens. We also measured
the gaps under the deformed lens with loads ranging from
30 g to 190 g. The loads resulted in the increase of the flat
area, or the contact radius, at the center of the lens.

2.2 Image calibration and analysis

The image analysis consists of three main steps: 1) im-
age transformation, 2) intensity normalization, and, in the
present case of axisymmetry, 3) calculation of the aver-
aged radial intensity profile. The image transformation is
to compensate for the optical transformation by the setup.
Depositing a circular drop on the top prism face results
in a black spot on the camera, since the drop changes the
refractive index and hence light can exit the prism. How-
ever, the spot appears elliptical, with same ratio between
the major and minor axis, DL and DS , respectively, which
is used for the back transformation of the image. This ra-
tio is related to the angle of incidence φ1, and the ratio in
the refractive index n = n2/n1, see fig. 2:

DS

DL
=

cos φ1

cos(φ1 − 45)
× cos

(
sin−1 (n sin(φ1 − 45))

)
≡F (φ1),

(1)
which is of great importance for the quantitative height
measurement of the thin films.

The transformed image was then divided by the back-
ground image. Typical examples of the normalized image
are shown in fig. 3 for a s- and p-polarized laser. Note here
that the image for p-polarized laser shows a broaden pro-
file than the s-polarized one, since the reflection intensity
for p-polarized light increases more gradually in general
than s-polarized one with increasing air film thickness.
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Fig. 3. Typical example of the FTIR image for the air gap
between a convex lens (f = 1000 mm) and a plane surface.
Normalized intensity profile of s-polarized ((a), (b)) and p-
polarized ((c), (d)) laser light.

Let us stress that the polarization of the incident light
does affect the reflection intensity even with the evanes-
cent light.

Since we use an axisymmetric object for our calibra-
tion, the image was sampled by 100 different angles from
the objects centre, to obtain an averaged intensity profile
in radial direction. The centre was found by fitting a three-
dimensional quadratic surface to the intensity profile, see
appendix A.

2.3 Operating conditions

Next to the condition n1, n3 > n2 for the FTIR technique
to work, the angle of incidence φ1 is to be beyond the
critical angle, i.e. φ1 > sin−1(n2/n1). A similar criterion
arises from the fact that light should be able to propagate
in the drop: φ1 < sin−1(n3/n1). Figure 4 shows eq. (1) for
n = 1.5 and 1.75, representing a glass and sapphire prism,
respectively, where the proper operating range is indicated
in blue together with the region where φ1 < sin−1(n3/n1)
in red. From this relation, φ1 can be obtained using the
measured aspect ratio DS/DL. It should be noted that for
increasing n1, at some point the operating range becomes
multivalued. In this case, to obtain the correct φ1, the
angle of incidence of the laser beam with the side wall of
the prism is to be measured experimentally.

3 Principle of quantitative height
measurement with FTIR technique

In the following we will discuss more precisely the relation
between the reflected light intensity and the experimental
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Fig. 4. Solutions of the optical transfer function F (eq. (1)),
used to obtain the angle of incidence φ1 for two prism mate-
rials. Increasing the refractive index ratio n = n2/n1 shows a
shift towards lower angles in the operating range (blue curves).
The red curves indicate angles for which direct contact between
the third medium (here n3 = 1.4) and the prism also exhibits
total internal reflection and hence renders the FTIR useless.
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Fig. 5. Close-up of the transmitted and reflected light at a
thin homogeneous film of low refractive index.

parameters, and derive the formula for the frustrated total
internal reflection based on thin-film theory. We follow the
classical study by Court et al. [19] (see also the review
paper by Zhu et al. [20]).

3.1 When the angle of incidence is smaller than the
critical angle

Let us first consider an interface illuminated by a light
source with the angle of incidence φ1 being less than the
critical angle. A part of the light energy reflects and the
other part transmits across the interface, depending on
the materials’ reflective indices. If there are three media,
i.e., two interfaces, multiple transmissions and reflections
will occur.

A schematic of this configuration is shown in fig. 5,
where the second medium is of thickness d. The difference
in the optical path length, or the phase difference among
the reflected lights, result in constructive and destructive
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interferences. The phase difference can be expressed by
multiplying the reflected wave amplitudes by ejδ, where j
is the imaginary unit and δ the phase difference between
successive reflected waves. The phase difference between
consecutive reflected lights from the optical path differ-
ence is given by

Δl = n2l2 − n1l1

=
2dn2

cos φ2
− 2dn2 sin2 φ2

cos φ2
= 2dn2 cos φ2. (2)

Hence the change in phase δ = 2πΔl/λ can be expressed
using Snell’s law as

δ =
4πd

λ

√
n2

2 − n2
1 sin2 φ1 . (3)

At every interface, a part of the light energy is reflected
and the other part is transmitted. The Stokes’ relations
connect the transmission and reflection coefficients, t12
and r12, for light originating in the n1 medium and the
coefficients t21 and r21 for light originating in the n2

medium:

t12t21 + r2
12 = 1, r12 = −r21, r23 = −r32. (4)

The reflected wave amplitudes of the consecutive lights
from the (1, 2) interface can be calculated using the
incident amplitude Ei, they are: r12E

i, t12t21r23E
iejδ,

t12t21r21r
2
23E

ie2jδ . . ., where we have defined r23 as the
amplitude reflection coefficient for the light incident on
the (2, 3) interface from medium 2. Adding these multiple
reflection contributions yields the following geometric se-
ries, while making use of the Stokes’ relations eq. (4) to
obtain the total reflected amplitude Er/Ei ≡ r:

Er

Ei
= r = r12 +

t12t21r23e
jδ

1 − r21r23ejδ

= r12 +
(1 − r2

12)r23e
jδ

1 + r12r23ejδ

=
r12 + r23e

jδ

1 + r12r23ejδ
. (5)

For polarized light, the Stokes’ relations are described by
the Fresnel equations, which depend on the polarization of
the light. For p-polarized light, they are given as follows:

r12,p = (Er
p/Ei

p)12 =
n2 cos φ1 − n1 cos φ2

n2 cos φ1 + n1 cos φ2
, (6)

r32,p = (Er
p/Ei

p)32 =
n2 cos φ3 − n3 cos φ2

n2 cos φ3 + n3 cos φ2
. (7)

Similarly, the s-components are

r12,s = (Er
s/Ei

s)12 =
n1 cos φ1 − n2 cos φ2

n1 cos φ1 + n2 cos φ2
, (8)

r32,s = (Er
s/Ei

s)32 =
n3 cos φ3 − n2 cos φ2

n3 cos φ3 + n2 cos φ2
. (9)

The angles φ2 and φ3 can be expressed in terms of φ1 using
Snell’s law. The full analysis now becomes a sole function
of the angle of incidence φ1 and the refractive indices of
the three media.
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Fig. 6. Normalized reflection intensity, |r|2, as a function of
film thickness. n1 = 1.765 (sapphire), n2 = 1 (air/vapor), and
n3 = 1.5 (glass). The angle of incidence is φ1 = 37.6◦. For
comparison, the result of the model of Kolinski et al. [9–11] is
also shown (lower light blue curve).

3.2 When the angle of incidence is larger than the
critical angle

Let us now treat specifically the case of FTIR. Then,
δ = (4πd/λ) (n2

2−n2
1 sin2 φ1)1/2 becomes imaginary, since

n1 sinφ1 > n2, i.e., light is incident at an angle that is
greater than the critical angle φc. Now the contribution
from the phase difference ejδ becomes an exponentially
decaying function e−δ′

, where δ′ = (4πd/λ)(n2
1 sin2 φ1 −

n2
2)

1/2 is real. Furthermore, φ2 also becomes a complex
quantity with a real part of 90◦. Consequently, the reflec-
tion coefficient rij becomes complex as well.

The absolute values of these complex coefficients
are |rij | = 1 describing the total internal reflec-
tion. One can also calculate the phase difference be-
tween these reflected waves and the incidence wave by
tan−1(imag(rij)/ real(rij)). By substituting the Fresnel
equations (eqs. (6) to (9)) into eq. (5), we can obtain the
total reflection amplitude for both the p- and s-component
of the light. In summary, the reflectivity can be obtained
by a single expression, given by eq. (5), regardless of
whether φ1 is smaller or larger than φc.

Let us stress that the preceding analysis shows that,
even with an evanescent wave, the Fresnel equations
should be satisfied at the interfaces. In Kolinski et al.’s
analysis [9–11], it is assumed that all of the evanescent
light’s energy at height d is transmitted into the third
medium. In this way one neglects the polarization depen-
dence as described by the Fresnel equations, resulting in a
deviation from the correct result under some conditions,
as we will show in the following section.

4 Results and discussion

4.1 Reflectance by FTIR

The analysis is evaluated for our setup (see fig. 1) and is
shown in fig. 6. For comparison, the model proposed by
Kolinski et al. [9–11] (K-model) is also shown with the
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Fig. 7. Calculated confidence bounds and error analysis for
a glass lens (n = 1.510 ± 0.001) on a sapphire prism (n =
1.765±0.001). Every uncertainty is either added or subtracted
to maximize the deviation. Data is shown for red laser light
(λ = (643.0±0.5) nm) at an angle of incidence of (38.0±0.5)◦.

decay length β = λn
4π

1√
sin2 φ1−n2

, which describes the to-

tal internal reflection at the interface in the absence of
a third medium. Here, n represents the ratio of refrac-
tive indices, n2/n1. As shown in this figure, the intensity
with p-polarized light increases more gradually than the
s-polarized one with increasing film thickness. It is also
clearly shown that the K-model always underestimates the
film thickness for a given intensity.

4.2 Validation and uncertainty analysis with a lens
profile

Let us compare the FTIR model calculation with the pro-
file of the convex lens. The presented analysis is prone
to error by uncertainties in the angle of incidence φ1, the
wavelength of the light source λ, and the three refractive
indices n1, n2 and n3. In order to estimate the errors of the
analysis, the influence of all uncertainties on the intensity-
height curve is investigated numerically, as shown in fig. 7.
Two bounds can be constructed with the maximum de-
viation from the intensity-height curve, representing the
confidence bounds of the analysis: the upper (dashed) and
lower (dotted) bounds for both p- and s-polarized light.
Next to these uncertainties, the technique is subject to
fluctuations in the measured intensity and the total error
of the measurements can then be plotted. These fluctua-
tions arise from a finite bit-depth of the camera, thermal
fluctuations of the sensor and temporal fluctuation in the
laser intensity. In the present case, we measured these to
be smaller than 2% which can result in bias errors. For
high intensity, the curves approach the asymptote of in-
finite film thickness and hence measurements become un-
reliable.

Figure 8 shows the comparison between the measure-
ments and the lens profile. Here, the measurement data
were shifted to the lower by 19 nm and 44 nm for p- and
s-polarized light, respectively, to fit the lens profile at the
gap thickness ≈ 0.1μm. The FTIR model shows excel-
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Fig. 8. Measured film thickness of the air gap between a glass
lens (f = 1000) and a sapphire prism without forcing. Both the
s- and p-polarized light show excellent agreement with the the-
oretical lens profile, while the K-model systematically under-
estimates it. The measurement data are shifted by 19 nm and
44 nm for p- and s-polarized light, respectively, to compensate
for the bias error. For the K-model, the average of both p- and
s-polarized light intensities is used. Inset shows the same data
but in linear-linear plot with the confidence bounds shown in
fig. 7.

lent agreement with the theoretical lens profile in terms
of the curvature, which is clearly shown in the semi-log
plot. The deviations at both the lower and the higher gap
thicknesses arise mainly from the non-linearity of the sen-
sor sensitivity at the extreme intensities. The overall off-
set is found to be the order of the fluctuations described
above, i.e., the temporal fluctuation in the laser intensity,
the roughness of the lens and expected surface contami-
nations. It is also shown that the reconstructed profile by
the K-model with the average intensity of both p- and s-
polarized light does not well describe the curvature of the
lens.

4.3 Validation with the elastic deformation of a lens
by load

Another validation of the FTIR technique was examined
by comparing the elastic deformations of the lens with the
Hertzian theory [17,18,21] of a contact between a sphere
and a flat surface without any attractive forces between
them.

We controlled the external forcing by putting weights
ranging from 30 to 190 g on the lens. The Hertzian model
predicts the contacting radius a as follows:

a =
(

3LR

4E∗

)1/3

. (10)

Here L represents the externally applied loading force,
E∗ = [(1− ν2

1)/E1 + (1− ν2
2)/E2]−1 is the effective elastic
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Fig. 9. Elastic deformations of a f = 1000mm convex-plano
lens by externally applied forces. Data points of the various
colors represent the measured data and the dashed lines of the
corresponding colors the results of the Hertzian model.

modulus with E1,2 and ν1,2 being elastic moduli and Pois-
son’s ratios of sphere and plane, respectively. As a result
of the load the sphere and the flat body will have a to-
tal indentation of y = a2/R. Outside the contact region,
where r is the radial coordinate, the separation d of the
two bodies is given by

d =
1

2R
r2 + uz − y, (11)

where the combined elastic deformation of the two bodies
is the solution to the present elastic problem [18]:

uz =
1

E∗
L

2a

(

(2a2−r2) sin−1
(a

r

)
+ar

(
1−

(a

r

)2
)1/2

)

.

(12)
While increasing the load, we indeed obtain an increase

of contacting area, see fig. 9. In addition, the measured
separation between the lens and prism is well captured for
all applied loads even outside the contacting area. Note
here that the measured separations slightly differ from
the model prediction without load in terms of curvature.
The present model well predicts such slight differences in
the curvature caused by the external loads. Moreover, we
clarified that the FTIR technique enables us to resolve
such small deformations as 10 nm.

We see however an offset of roughly 25 nm in the con-
tacting area. The possible causes for this offset are 1) the
non-linear sensitivity of the image sensor in the lowest
range of the intensity depth, and 2) the surface roughness
of the order of 10 nm caused by defects or dusts. A promi-
nent non-linear sensitivity was found for the intensity less
than a few percent of the full range, see appendix B. This
non-linear sensitivity makes the image intensity to asymp-
totically go to the value slightly higher than 0, which in
turn results in the offset of the order of 10 nm. The con-
tamination or the roughness of 10 nm can exist in our
experimental environment. In FTIR measurements with

liquids or gels, however, this problem vanishes since the
material can in general adsorb and spread on solids.

5 Conclusion

We conclude that the FTIR measurement is a reliable
technique for a quantitative measurement of thin air layers
between two substrates of higher refractive indices, with
an accuracy of the order of 10 nm. We have verified the
applicability for quantitative thickness measurements of
thin air films using the frustrated total internal reflection
(FTIR) technique, that was originally developed by Kolin-
ski, Rubinstein and coworkers. We extended the analysis
and revealed that the Fresnel relations at the top and bot-
tom interfaces of the film should be taken into account,
and as a result, that the polarization of the incident light
plays an essential role. The successful measurement of the
film between a lens and a plate showed good agreement
with the analysis presented, proofing that a simple ex-
ponential decay of the intensity with film thickness as a
model for the evanescent light without a third medium is
too approximative. A detailed error analysis was provided
to study the measurement reliability and showed that the
error diverges only for films thicker than approximately
one wavelength of the light source.

We thank S.M. Rubinstein and J. Kolinski for helpful discus-
sions. This work was partially supported by Fundamenteel On-
derzoek der Materie and by an ERC-Advanced Grant.
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Appendix A. Step-by-step procedure of the
image processing to obtain the gap thickness
from an FTIR image

We describe how to obtain the film thickness from an im-
age taken with frustrated total internal reflection (FTIR)
imaging. The process consists of four main steps, for which
we made use of the commercial software package Matlab
(MATLAB version 8.2.0.701 (R2013b), The Mathworks,
Inc., Natick, Massachusetts, USA).

Step 1: Calculation of the angle of incidence φ1

As explained in the sect. 2.2 in the main text, we calculate
the angle of incidence φ1 from the aspect ratio of the ellip-
tically deformed drop image. The summary of the image
processing to obtain the aspect ratio is shown in fig. 10.
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Fig. 10. Image processing to obtain the aspect ratio of the drop. (a) Original image, (b) the outline of the original image, (c)
distance from the center to the outline of the drop in a polar coordinate with a fitted curve in red line, (d) transformed image
after applying the backward transformation using the aspect ratio and the rotation angle obtained in the process (c).

The edge detection algorithm (using the canny method)
was first applied. We then fitted the following symmetric
function to the outline of the drop described in a polar
coordinate with the origin being at the center of the drop:

r(θ) = R0 + R2 cos2(θ + ψ) + R4 cos4(θ + ψ), (A.1)

where θ is the angle measured from the horizontal axis,
and R0, R2, R4 and ψ were determined by the Matlab
function fit with the non-linear least square method. The
aspect ratio was then determined in terms of R0, R2 and
R4:

DS

DL
=

R0

R0 + R2 + R4
. (A.2)

Step 2: Calculation of the transformation function
F(φ1) and evaluation of φ1

For a given relative refractive index of the medium 1 to the
medium 2, i.e., n = n1/n2, we can calculate the transfor-
mation function F as a function of the angle of incidence
φ1 by using eq. (1) in the main text:

DS

DL
=

cos φ1

cos(φ1 − 45)
× cos

(
sin−1 (n sin(φ1 − 45))

)
≡F (φ1).

(A.3)
Note that the function F coincides with the aspect ratio
of the drop. If we re-plot φ1 as a function of F , then we
obtain the relation as shown in fig. 4, from which we can

determine φ1 for a given aspect ratio calculated in the
previous step.

Step 3: Calculation of the reflectance |r|2

The intensity of the reflection wave, the so-called re-
flectance which is determined as the square of the absolute
value of the complex reflection amplitude, |r|2, can be cal-
culated using eq. (5) in the main text combined with the
Fresnel equations eqs. (6) and (7) for p-polarized light or
eqs. (8) and (9) for s-polarized light. Note that r12 and
r23 become complex quantities, so does r, when the angle
of incidence exceeds the critical angle. Hence, we obtain
for the p-component

r12,p =
n2 cos φ1 − n1

√
1 − (n1

n2
sinφ1)2

n2 cos φ1 + n1

√
1 − (n1

n2
sinφ1)2

, (A.4)

r32,p =
n2

√
1 − (n1

n3
sin φ1)2 − n3

√
1 − (n1

n2
sinφ1)2

n2

√
1 − (n1

n3
sin φ1)2 + n3

√
1 − (n1

n2
sinφ1)2

.

(A.5)

Similarly, the s-components are

r12,s =
n1 cos φ1 − n2

√
1 − (n1

n2
sin φ1)2

n1 cos φ1 + n2

√
1 − (n1

n2
sin φ1)2

, (A.6)
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Fig. 11. An example of a three-dimensional quadratic surface
fitted to an axisymmetric intensity profile to specify the center.

r32,s =
n3

√
1 − (n1

n3
sin φ1)2 − n2

√
1 − (n1

n2
sin φ1)2

n3

√
1 − (n1

n3
sin φ1)2 + n2

√
1 − (n1

n2
sin φ1)2

,

(A.7)

where we used the identity cos(sin−1(x)) =
√

1 − x2. Note
that r12 and r23 become complex quantities, when the
angle of incidence exceeds the critical angle. They are two
sets of geometric coefficients used in

|r|2 =
∣
∣
∣
∣

r12 + r23e
jδ

1 + r12r23ejδ

∣
∣
∣
∣

2

, (A.8)

depending on polarization of the light.
Since the result is not invertible to solve for the

gap separation, a lookup table is generated: δ =

4πd
√

n2
2 − n2

1 sin2 φ1/λ for the gap thickness d ranging
from 0 to approximately one wavelength. One can numer-
ically calculate the reflectance as a function of the gap
thickness. An example of the result is shown in fig. 6,
where the gap thickness is plotted against the reflectance.
|r|2 is then used as a lookup table to convert the measured
intensities into the height profile.

Step 4: Evaluation of the averaged intensity for the lens
profile

If the film has an axisymmetric profile, for example the
one between a flat solid and a convex lens as examined in
the present study, the intensity averaging provides more
precise results. In advance of the averaging, the center of
the axisymmetric film must be determined. This is easily
achieved by fitting a three-dimensional quadratic surface
to the intensity profile. An example of the surface fitting
is shown in fig. 11. From the center, the intensity profiles
in radial direction for 100 different angles were extracted

using the Matlab function improfile. Finally, the averaged
intensity profile was obtained by taking the average of the
100 profiles.

Appendix B. Sensitivity of the image sensor

Since the gap-intensity correlation curve rapidly changes
near 0 intensity, as shown in figs. 6 and 7, the linearity
of the sensor is crucial for accurately determining the gap
thickness. In order to evaluate the linearity, we measured
the intensity of images (mean and standard deviation of
128×128 pixel2) taken with various light intensities, emit-
ted from an LED flat panel. The result is shown in fig. 12.
Note here that the image sensor has a 12-bit intensity
depth. The upper figure shows the quantity defined as the
average intensity, Iav, multiplied by the framing speed, fs.
This quantity should be constant if the sensor has a linear
sensitivity. As clearly shown in fig. 12, the sensor has non-
linear sensitivity in both the highest and the lowest ranges.

If we focus our attention on the lowest range, we
see that the non-linearity appears for the intensity less
than 100, which corresponds to 2.4% of the full range
(4096). The standard deviation in the intensity of the
128 × 128 pixel2 (lower figure) also shows rapid increase
in the intensity range less than 100. If the image intensity
asymptotically goes to 2% of the full range, instead of 0%,
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Fig. 12. The quantity defined as the average intensity, Iav,
multiplied by the framing speed, fs (upper panel), and the rel-
ative standard deviation Istd/Iav of the 128×128 pixel2 (lower
panel) against the average intensity of the image. The non-
linearity and the rapid increase in the standard deviation are
clearly seen in the images of Iav < 100.
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then it already gives an offset of about 20 nm with the pa-
rameters used for figs. 8 and 9. We therefore consider the
25 nm offset appeared in fig. 9 are mainly caused by the
non-linear sensitivity of the image sensor.
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