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Chapter 1

Introduction

1.1 Capillarity

When a droplet of water is placed on top of a surface it often has a distinctive
rounded shape, as illustrated in Figure 1.1a. This shape is a spherical cap,
a sphere intersected by the surface. This is closely related to phenomenon in
Figure 1.1b, where distinctively shaped droplets of oil float on the surface of
water, commonly observed on soup. Something similar can be observed when
a glass is filled with water, as it is actually possible to slightly overfill the glass.
In that case the surface of the liquid bulges slightly upward from the edges
of the glass. Apparently there is some effect that holds the liquid together.
However, an opposite trend can also be observed, when the fluid spontaneously
splits up into multiple droplets. This can be observed for a stream of water
from a tap, or a streak of water on a window during rain. In those cases the
the interface can destabilise, breaking up the liquid into multiple droplets, see
Figure 1.1c.

All of these phenomena are caused by capillarity. This effect is caused by
the interaction of individual molecules in the liquid with the molecules in their
close vicinity, through Van der Waals interactions or hydrogen bonds. These
cohesion forces between the molecules makes that the individual molecules
prefer to be in close proximity of their peers. However, when a molecule is
located in very close proximity of the liquid interface, half of the attractive
interactions disappear. This molecule near the interface will thus experience a
corresponding energy penalty. Collectively all these energy penalties add up to
an excess free energy γ per unit area of interface, commonly known as surface
energy or surface tension. The magnitude of the surface energy γ is generally

1
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Figure 1.1: Examples of capillary effects for liquids. (a) Raindrops on North-
ern Blue Flag (Iris versicolor) petals. Source: www.flickr.com/photos/

peternijenhuis/5775933142 (b) Oil droplets on water. Source: www.

flickr.com/photos/tombullock/12912238964 (c) Plateau-Rayleigh insta-
bility in dripping silicon oil. Source: www.flickr.com/photos/morberg/

4019604282

in the order of tens of mN/m, but can also be higher for materials with strong
inter-molecular interactions, like water or liquid metals. Since this energy is
proportional to the surface area, capillarity will tend to minimise the total
surface area of the interface. The minimisation of surface energy also leads to
a jump of the pressure across the interface, known as the Laplace pressure.
This pressure jump occurs for curved interfaces, and increases with stronger
curvatures. As the surface energy generally competes with the volumetric
effect of gravity, capillary effects only show up at small length scales, for
which the surface-to-volume ratio is high. The typical capillary lengthscale√
γ/ρg is in the order of millimeters, with ρ the density of the liquid and g the

gravitational acceleration. As an example, the height of droplets is limited by
this lengthscale, as gravity will flatten taller droplets into puddles. Similarly,
this also sets the height of the bulge on the aforementioned overflowing glass.

Capillary effects are not limited to liquids though, but are also present at
solid interfaces. Naturally the molecules in solids also exhibit the same cohe-
sive interactions that lead to an excess energy at the surface, with a magnitude
comparable to that of liquids. Just like for liquids, this leads to the minimi-
sation of the solid surface area, which has even been observed experimentally.

www.flickr.com/photos/peternijenhuis/5775933142
www.flickr.com/photos/peternijenhuis/5775933142
www.flickr.com/photos/tombullock/12912238964
www.flickr.com/photos/tombullock/12912238964
www.flickr.com/photos/morberg/4019604282
www.flickr.com/photos/morberg/4019604282
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Figure 1.2a shows how a soft gel, initially molded in a square wave pattern, is
flattened and rounded by surface tension. However, this rounding is resisted
by the elasticity of the solid, which is governed by the elastic modulus G [1].
The Rayleigh-Plateau instability, as was seen in Figure 1.1c, also shows up
for soft solids (see Figure 1.2d). In this case breakup is resisted by elasticity,
just like the rounding of solid surface. Like gravity, the elastic deformation is
a volumetric effect, which means elastocapillary effects will also only show up
for large surface-to-volume ratios. The balance between elasticity and surface
energy γ results in the typical size of the elastic deformation due to surface
tension, or elastocapillary length,

ℓec = γ/G. (1.1)

Given typical shear moduli of 10GPa for wood or 200GPa for steel, this length
will be smaller than the size of a single atom, with 0.01 Å for wood and even
smaller for steel. This means that surface tension play a negligible role when
describing their deformation. However, many materials have a significantly
lower elastic modulus, such as gels and tissue. Such materials typically have a
shear modulus in the kPa range. The elastocapillary length for these materials
will therefore be in the range of micrometers up to millimeters, which means
the elastocapillary deformations can often be observed by the naked eye. The
ratio of elastocapillary length and the radius of an elastic cylinder also deter-
mines whether capillary forces can induce the Rayleigh-Plateau instability. In
these cases, surface tension fundamentally alters the way that soft materials
can deform [2].

1.2 Soft contact: from wetting to adhesion

In this thesis we consider what happens when a soft, deformable solid comes
into contact with another medium. We can consider contact between a soft ma-
terial and a droplet, a rigid particle, or even the interaction of the soft substrate
with itself. Understanding soft contact is fundamental to understanding many
natural and industrial contexts, such as the adhesion of nanoparticles [6, 7],
the growth of tumors [8] and brains [9–12], spreading and condensation of
drops on deformable walls [13], or the adhesion and blistering of thin elastic
layers [14–17].

One typical situation is a droplet wetting a soft substrate (Figure 1.2c).
The capillary interactions cause these droplet to partially ‘sink’ into the sub-
strate, as well as pulling up the solid surface near the contact lines. Interest-
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Figure 1.2: Examples of capillary effects for soft solids. (a) Gelatin molded in
a square-wave pattern (top) is deformed and smoothened by surface tension
(bottom). Taken from [1]. (b) Silicone substrates adhering to spherical silica
particles. Taken from [3]. (c) A drop of water on a soft surface. Taken from [4].
(d) Shapes of agar gel cylinders showing a Rayleigh-Plateau instability. Taken
from [5].

ingly, these soft solids do also tend to be ‘sticky’ and adhere to other solids
as well. In an experiment with a rigid sphere and soft substrate, the sphere
adheres to the soft substrate (see Figure 1.2b). When the substrate becomes
softer, it partially sinks into the solid, and pulls up the solid near the edges
of the contact. In 1971 Johnson, Kendall and Roberts published their famous
JKR-theory [18] analytically and experimentally exploring the effect of ad-
hesion on the contact between two contacting elastic spheres. However, this
theory does not accurately capture particles settling in the exceedingly soft
gels, such as the blue datapoints (E = 3kPa) in Figure 1.2b show [3]. More
recent studies show that for very soft materials, particles settle onto these
materials similar to how the same particle would at a liquid interface [19–21].
Therefore, by changing the elastocapillary length ℓec, the contact between a
particle and a deformable layer can range from solid adhesion (governed by
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Figure 1.3: (a) Schematic overview of a wetting ridge, with the relevant surface
energies and elastocapillary length indicated. (b) X-ray image of a wetting
ridge on a soft silicone gel. Taken from [22].

JKR theory) to the liquid wetting (described by a contact angle).
Just like liquid wetting, adhesion between solids can also be described

by surface energies at the interfaces between the various materials. As such,
adhesion and liquid wetting can be considered limits of the same problem: soft
contact.

1.2.1 Wetting

As a prototypical example of soft contact, one can consider the simple case of
a liquid drop on a substrate (Figure 1.1a). Such a system would occur when,
for example, rain falls onto soft tissue, or when water condenses onto a soft gel.
In the case the substrate is rigid the angle between the solid surface and the
liquid interface is uniquely defined by three interfacial energies: liquid-vapor
(γLV ), solid-liquid (γSL) and solid-vapor (γSV ). When a contact line, the
point where these interfaces intersect, is at equilibrium a small displacement
this contact line should be energy-neutral. It can be shown that this occurs
when the liquid-vapor interface is at the Young angle θY , [23]

γLV cos θY = γSV − γSL. (1.2)

However, this Young angle only holds for rigid substrates. When a solid is
soft enough the surface tension may be able to deform the surface of the solid,
thereby changing the energetic considerations. The surface around the contact
line is pulled up into a sharp corner, known as a wetting ridge. In recent years
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it has been investigated how the fundamental laws of wetting are affected when
the substrate becomes elastic, or even viscoelastic. One of the questions one
can ask concerns the change in wetting angle, as the droplet sinks into the
substrate [13, 24–26]. Another question that can be asked in the soft wetting
problem concerns the height of the wetting ridge for various stiffnesses of the
substrate. It has been found that wetting ridges occur in intermediate cases,
but disappear in both the stiff and soft limits [26, 27]. One can also wonder
what would happen for moving droplets: how would these wetting ridges move
over the substrate? It has been found that drops move much more slowly over
soft substrates, caused by an effect called viscoelastic braking [28–31].

To understand why strong deformations occur around the contact edges,
it is important to consider the force balance at the contact line. When looking
at sufficiently small scales, the problem will be dominated by surface tension
only. This means that the surface tensions for each of the three interface
should balance. Figure 1.3a shows a schematic representation of this force
balance. The balance of the three surface energies uniquely sets the internal
angle of the three different phases. Since the internal angle in the soft solid is
generally smaller than 180◦, a sharp fold of the solid surface is typical for soft
contact problems [21]. This solid wedge protruding from the surface is better
known as the wetting ridge, and can be observed experimentally (see Figure
1.3b).

Solid capillarity has an additional feature compared to liquid capillarity.
Stretching the interface can change the local molecular structure of the mate-
rial, and with that the intermolecular interactions near the interface. There-
fore, the surface tension can be dependent on the surface stretch, known as the
Shuttleworth effect [2,13,32,33]. This effect leads to additional non-linearities
at the interfaces and contact line. The changes in the wetting behaviour this
can cause [34], have sparked controversy on the interpretation of experiments
and the validity of the Neumann force balance at the contact line [34–40].

1.2.2 Adhesion

As was explained at the start of this section, soft contact is not limited to the
contact between solids and liquids, but also occurs for the contact between
different solids. Therefore, the questions and challenges related to wetting
problems also apply to adhesion. We explore these questions for a beautiful
phenomenon, the crease instability. When an elastic material is under com-
pression, a sharp self-contacting fold may appear on the surface, illustrated in
Figure 1.4a [41,42]. This instability typically occurs in cases where constrained
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Figure 1.4: Typical examples of creases on soft solids. (a) Crease on com-
pressed starch gel. Taken from [41]. (b) Incomplete swelling of a hydrogel
sphere. Image courtesy of Anupam Pandey. (c) Schematic representation of
a non-adhesive and adhesive crease. (d) Modeled growth of a brain. Taken
from [11].

tissue growth at the origin of morphological features observed in organs (Fig-
ure 1.4d) [8–12] or swelling of gels (Figure 1.4b) [43–47] causes the lateral
compression at the interface.

Experiments on the formation of creases have found that capillarity inhibits
the nucleation of these creases, resulting in a hysteresis between the formation
and disappearance of the surface folds [48, 49]. Unlike what was seen for the
Rayleigh-Plateau instability for both liquids (Figure 1.1c) and solids (Figure
1.2d), for a crease capillarity stabilises the interface. The bifurcation behavior
of adhesive creases has been subject of recent studies, which have given an
explanation for the hysteresis of the bifurcation diagram [50]. However, more
quantitative descriptions are still missing, or still contain contradictions.

Non-adhesive creases feature a region where the two interfaces are nearly



1

8 CHAPTER 1. INTRODUCTION

A B

C

Figure 1.5: Examples of capillary interactions with slender solid structures.
(a) Fibril formation dring the debonding of tape. Taken from [53]. (b) PDMS
gel folded and held by an ethanol meniscus. Taken from [54]. (c) Overlaid
snapshots of a tape loop being peeled. Image courtesy of Twan Wilting and
Bart Lendfers.

parallel to each other, before finally connecting at the contact line, illustrated
in Figure 1.4c. The addition of adhesion is expected to close this narrow gap,
similar to the JKR problem (Figure 1.2b). In addition, a wetting-like boundary
condition is expected, which is governed by surface tensions. In [51], it was
therefore hypothesized that the edge of the contact changes from a Y-shape to
a T-shape, as illustrated in 1.4c. However, the morphology of adhesive creases
has not been studied in prior work, even though the local mechanics at the
contact line appears to be a critical feature for the stability, hysteresis and the
appearance of ‘scars’ that remain after releasing the compression [50,52].

1.2.3 Peeling

Adhesion does not only occur for thick soft substrates, but there are numerous
applications that involve slender elastic media [55,56]. One example of such a
system would be tapes, that can be adhered to and peeled from a large range of
substrates (see Figure 1.5a). However, also slices of cheese sticking together,
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or peeling a bandage from skin both concern thin adhesive layers. Similar
effects are observed for the capillary interaction of these slender materials
with liquids [54]. This allows the liquid to be deformed and folded into various
shapes, as can be seen in Figures 1.5b.

Important is that in these situations the elastic materials are relatively stiff,
meaning wetting ridges are often very small, or not present at all. Instead the
adhesion interacts with the relatively weak bending rigidity of these materials.
This competition results in a typical length scale, or elasto-adhesive length,

ℓea =
√
B/γ, (1.3)

where γ is the adhesion energy, and B the bending modulus of the elastic layer.
This length can vary significantly, and can even depend on the peeling rate.
When a tape is peeled from a surface, the curvature at the edge of the contact
is proportional to this elasto-adhesive length. For deformation by liquids in
Figure 1.5b a length of a few millimeters was observed. However, a typical
scotch tape has a very strong adhesion, resulting in lengths down to around
100 µm.

The mechanics and shape for peeling from a surface are already well under-
stood [53,57]. However, something interesting happens when a tape is adhered
to itself to create a loop, and is consequently peeled (see Figure 1.5c). In this
case the peeling contact line as well as the contact line of the loop move in
the same direction, preventing the loop from breaking. This apparent inter-
action between the two contact lines has received little attention in previous
literature [58], but is of great importance e.g. for the exfoliation of graphene
sheets [59].

1.2.4 Modeling challenges of soft contact

The accurate modeling of soft contact, specifically in relation to the various
questions mentioned above, still constitutes a major challenge. These chal-
lenges are mostly related to the wetting ridge present in these systems, where
the initially flat, or gently curved, interface is folded into a sharp corner (see
Figure 1.6a). The large deformations that occur in this wetting ridge prove to
be challenging to capture numerically, and have in most cases been modeled
using a simplified theory based on linear elasticity. The deformations that do
occur in these wetting ridges far exceed the linear regime of elasticity, and the
influence of large deformations has been topic of intense debate [2, 13, 34–40].
The singularities that occur at the contact line further increase the complexity
of the problem even further.
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Figure 1.6: (a) Numerical simulation of a wetting ridge. Taken from [40].
(b) Schematic view of a wetting ridge in a sharp and diffuse interface model.
Taken from [60].

Even though the non-linear elastic response in these sharp folds was al-
ready explored by Singh and Pipkin in 1965 [61], only in recent years has
this theory been applied to wetting ridges [40]. The theory shows that the
stress indeed exhibits a singularity at the contact line, which according to the
laws of capillarity imply a diverging curvature of the interface. More detailed
simulations and analysis are required to get a deeper understanding of these
mechanics and the influence on a broader class of soft contact problems. As
an example, the morphology around the contact line of adhesive creases is yet
to be explored. Besides the sharp folds in the solid, additional effects like the
Shuttleworth effect lead to further challenges. The addition of this effect leads
to markedly different wetting behaviour from liquid capillarity, capturing of
which requires a fundamentally new framework.

One method to regularise these problems that may arise at the contact
line, it to make use of a mesoscopic interface model [60, 62, 63]. Unlike in a
macroscopic interface model (Figure 1.6b), the transition between ‘wet’ and
‘dry’ regions occurs over a finite distance that is governed by molecular forces,
across which there is a gentle transition (see Figure 1.6c). In this case the
wetting behaviour is such that a thin precursor layer of liquid is present in the
‘dry’ region at all times (see Figure 1.6c). These models exhibit a regularized
version of the singularity at the contact line, with smoothened profiles on the
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mesoscale. This approach has the additional benefit that a diffuse interface
is able to capture dynamics. Of particular interest is to explore how these
mesoscopic models compare to their macroscopic equivalent, and how contact
line dynamics can be included in a purely macroscopic description.

1.3 A guide through the thesis

This thesis will answer some of the open questions in soft contact as described
above. We will start by exploring the soft wetting problem. In chapter 2
we investigate the influence the Shuttleworth effect has on wetting properties,
particularly looking at the deformations near the surface in the wetting ridges.
This problem also serves as a benchmark for two numerical methods, macro-
scopic and mesoscopic. We show that both these models can recover the
changes in wetting behaviour, and how these models are calibrated against
each other.

Chapter 3 continues the exploration of the soft wetting problem, specifi-
cally looking at dissipation within the wetting ridge calculated from the sharp
interface model. Inspired by the work of Khattak et al. [64] we explore the
effect of large deformations on the dynamic wetting behaviour of droplets,
in light of contradictions found in these recent experiments. We find that
non-linear viscoelasticity can explain some of the discrepancies observed in
experiments, and explore more advanced constitutive models for an even bet-
ter correspondence between numerical results and experimental data.

Thereafter, we make a transition to adhesion, and turn to the mechanics of
creases, the self-contacts that appear on the surface of soft solids. In chapter
4 we experimentally study the morphology of adhesive crease using confocal
microscopy, and compare this to numerical and analytical models. We are able
to resolve the distinctive T-shape of adhesive creases, and are able to collapse
these profiles according to scaling arguments. The collapse of this data reveals
an asymmetry between folding and unfolding of the crease caused by pinning
at the contact line.

In chapter 5 we take a closer look at the bifurcation behaviour and morphol-
ogy of adhesive creases from a numerical and analytical perspective. We find
how adhesion delays the nucleation of creases, and recover an energy scaling
that collapses the bifurcation diagrams onto one universal curve. Moreover,
we also manage to collapse the free surface profiles of the adhesive crease,
yielding additional information on the adhesive effects on the morphology.

Finally, we explore the peeling behaviour of tape loops in chapter 6. Our
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experiments show that the shrinking of the loop is driven by an interaction
between the two contactlines of the adhered region. We are able to derive a new
analytical model that could explain the interaction between the contact lines
that shrinks the loop when peeling. Comparisons between the experiments and
the model yield promising results, allowing us to predict the forces required
to remove these loops.



2Chapter 2

Soft wetting with
(a)symmetric Shuttleworth
effect

The wetting of soft polymer substrates brings in multiple complexities as com-
pared to the wetting on rigid substrates. The contact angle of the liquid is
no longer governed by Young’s law, but is affected by the substrate’s bulk and
surface deformations. On top of that, elastic interfaces exhibit a surface en-
ergy that depends on how much they are stretched – a feature known as the
Shuttleworth effect (or as surface-elasticity). Here we present two models by
which we explore the wetting of drops in the presence of a strong Shuttleworth
effect. The first model is macroscopic in character and consistently accounts
for large deformations via a neo-Hookean elasticity. The second model is based
on a mesoscopic description of wetting, using a reduced description of the sub-
strate’s elasticity. While the second model is more empirical in terms of the
elasticity, it enables a gradient dynamics formulation for soft wetting dynam-
ics. We provide a detailed comparison between the equilibrium states predicted
by the two models, from which we deduce robust features of soft wetting in
the presence of a strong Shuttleworth effect. Specifically, we show that the
(a)symmetry of the Shuttleworth effect between the “dry” and “wet” states
governs horizontal deformations in the substrate. Our results are discussed in
the light of recent experiments on the wettability of stretched substrates.

Published as: C. Henkel*, M. H. Essink*, T. Hoang, G. J. van Zwieten, E. H. van Brum-
melen, U. Thiele, and J. H. Snoeijer, Soft wetting with (a) symmetric Shuttleworth effect,
Proc. R. Soc. A 478, 20220132 (2022).
*Both authors contributed equally. Simulations on gradient dynamics model performed by
Henkel, simulations on the finite element model by Essink.
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2.1 Introduction

Drops on elastic substrates represent a paradigmatic example of “soft wet-
ting”, where capillarity-induced elastic substrate deformations dramatically
affect the static and dynamic wetting behaviour of partially and completely
wetting liquids [13]. Recent work has shown that substrates made from cross-
linked polymer networks offer versatile routes to manipulate contact angles of
droplets [24–27, 65], as well as their spreading dynamics [29–31, 66], directed
motion [67–69] and condensation [70]. However, the full richness of these
phenomena is only beginning to emerge and at present even a quantitative
understanding of the behaviour of a single drop of nonvolatile simple liquid
is not yet complete. Key challenges lie in the intricate effects of solid surface
tension, and how it affects the force balance near the static three-phase contact
line, while dynamics involves viscoelasticity of the substrate and elastocapil-
lary interactions between droplets [13].

The capillarity of soft solids introduces a major complication as compared
to liquid interfaces. Namely, in general, one expects the surface free energy
to depend on the surface strain. This is known as surface elasticity or the
Shuttleworth effect [2, 32, 33, 71–73]. Therefore, one needs to distinguish the
(scalar) surface energy from the (tensorial) surface tension, neither of which
can be treated as a universal material constant [2,13]. The influence of strain-
dependent surface tension was recently explored experimentally by measuring
contact angles on stretched substrates [34,37,38,74], but the results were con-
tradictory. On the theoretical side, the Shuttleworth effect is only beginning
to be explored for soft amorphous materials [39, 40], but so far work was re-
stricted to isolated contact lines.

Here we explore the static wetting of droplets on elastic substrates in the
presence of the Shuttleworth effect (Figure 2.1). We simultaneously present
two modelling approaches, each of which has its own specific merits. On the
one hand, we expand the macroscopic approach of Ref. [40], which consistently
accounts for large elastic deformation via a neo-Hookean elasticity in the pres-
ence of the Shuttleworth effect. The previous approach for single contact lines
is now extended to droplets of finite volume (Figure 2.1, top-row). On the other
hand we extend the mesoscopic thin-film model developed in Ref. [60], where
we now incorporate the Shuttleworth effect and allow for larger contact angles
(Figure 2.1, bottom-row). The elasticity in this mesoscopic model is described
using a reduced “Winkler” foundation, which sacrifices some detail on the
substrate’s deformation but offers a great potential towards dynamical mod-



2

2.1. INTRODUCTION 15

−0.5

0.0

0.5

y
/r

A

`ec � r

B

`ec ∼ r

C

`ec � r

−1 0 1

x/r

−0.5

0.0

0.5

y
/r

D

−1 0 1

x/r

E

−1 0 1

x/r

F

Figure 2.1: Drops on elastic substrates of decreasing stiffness, described using
two different modelling approaches: a macroscopic model based on a neo-
Hookean bulk elasticity (top) and a mesoscopic gradient dynamics model using
a Winkler foundation (bottom). In the top row (a-c) the substrate’s elastic
deformation is visible from the grids that in the reference state are straight
horizontal/vertical. In the bottom row (d-f) the lines indicate the interface
displacement induced by the presence of the drop. Both models capture the
transition from “rigid” to “liquid” wetting: the droplet sinks into the substrate
and its liquid angle (with respect to the horizontal) decreases. This process
is governed by the elastocapillary length ℓec normalized by the drop radius
r. Model parameters are Young’s angle θ0Y = 48.19◦, Shuttleworth coefficients
γ1SV = γ1SL = γ0SL, and liquid contact angles (left) θL ≈ 42◦, (center) θL ≈ 32◦,
(right) θL ≈ 22◦.

elling of large ensembles of drops. We now show how the Shuttleworth effect
can be introduced into the mesoscopic model, and offer a detailed comparison
of the equilibrium states obtained with the macroscopic neo-Hookean model.
This comparison includes the presentation of consistency conditions [60, 63]
that ensure the correct relation between macro- and mesoscale descriptions
of wettability, in the presence of the Shuttleworth effect. As can already be
inferred from Figure 2.1, both models recover the “sinking” of the drop into
the substrate as the elastic modulus is decreased.

Our central finding is that the Shuttleworth effect has a major influence
on the horizontal deformations of the substrate, while its effect on the normal
displacements is relatively minor. Specifically, any asymmetry of the Shuttle-
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worth effect between the “dry” and “wet” parts of the substrates induces large
horizontal displacements. This is in line with previous predictions made in the
rigid limit for very small deformations [33, 72], but now shown for arbitrary
stiffness and for large deformations. In addition, we for the first time model
the change of the liquid contact angle with stiffness in the presence of the
Shuttleworth effect; again we find that Shuttleworth (a)symmetry is essential
for the effective wettability.

The chapter is organized as follows. In Sec. 2.2 we give a detailed descrip-
tion of the Shuttleworth effect. We develop both the Lagrangian formulation
(common in solid mechanics) and the Eulerian formulation (common in fluid
mechanics). Then, we develop the macroscopic and mesoscopic descriptions
of wetting in Sec. 2.3, where we address subtleties of contact lines in the pres-
ence of the Shuttleworth effect. Then, the two models are presented in Sec. 2.4
followed by the results in Sec. 2.5. The chapter closes with a Discussion in
Sec. 2.6, where we also sketch a perspective in terms of dynamics, showing
how the mesoscopic model also allows the exploration of dynamical wetting in
the presence of the Shuttleworth effect.

2.2 The Shuttleworth effect: Capillarity with a stretch-
dependence

2.2.1 Kinematics of surface stretch

Lagrangian description

Elastic deformations are described in terms of a mapping, where a point R
in the reference configuration of the soft substrate (prior to deformation) is
displaced to a point r in the current configuration (after deformation) [75,76].
The mapping can be written as r = χ(R), where χ is called the deformation,
which is assumed to be differentiable and invertible. As Figure 2.2, we focus
on a substrate that is two-dimensional (assuming plain strain elasticity), so
that its free surface is one-dimensional. This will facilitate a physical discus-
sion in terms of scalar quantities, avoiding the tensor algebra associated with
two-dimensional manifolds. To be explicit, we employ Cartesian coordinates
R = (X,Y ) (also called “material coordinates”) and r = (x, y) (also called
“current coordinates” or “spatial coordinates”), as indicated in Figure 2.2.
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Figure 2.2: Substrate deformation defined by the mapping from material coor-
dinates R = (X,Y ) to current coordinates r = (x, y), which can be expressed
via a displacement vector (U, V ) = r−R. The free surface is defined as Y = 0
and y = ξ(x), respectively. The surface stretch λ is defined as the ratio ds/dX.

The mapping can then be written as

x = X + U(X,Y ) (2.1)

y = Y + V (X,Y ). (2.2)

where we introduced the horizontal and vertical displacements U and V , re-
spectively.

To facilitate the presentation, but without any essential restrictions, we
now consider the free surface of the substrate in the reference configuration
to be flat and to be located at Y = 0. The relation of the lengths of a
surface element in the reference configuration, dX, and the current deformed
configuration, ds, then follows as

ds2 = dx2 + dy2 =

[(
∂x

∂X

)2

+

(
∂y

∂X

)2
]
dX2, at Y = 0. (2.3)

The “surface stretch” λ is defined as the ratio of the surface measure in the
deformed and undeformed configurations, i.e.,

λ2 =

(
∂x

∂X

)2

+

(
∂y

∂X

)2

=
(
1 + U ′)2 + V ′2 at Y = 0. (2.4)

This gives the “Lagrangian definition” of stretch, expressed in terms of func-
tions that depend on the material coordinate X.

Eulerian description

In fluid mechanics, capillarity is usually described using the shape of the in-
terface, defined as y = ξ(x) in Figure 2.2. Such a description is intrinsically
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“Eulerian” in nature, since it uses the current coordinate x as a variable, and
no allusion is made to any underlying material coordinate X. The length of
a surface element is ds =

√
1 + ξ′2 dx. However, in order to compute the sur-

face stretch λ, we need to relate ds to the original length dX (see Figure 2.2).
This relation can be found by defining the inverse mapping, R = χ−1(r), or in
Cartesian coordinates X(x, y) and Y (x, y). We remind the reader that the free
surface is located at Y = 0 (Lagrangian), or y = ξ(x) (Eulerian). Evaluating
the inverse mapping at the surface, we thus find

X = x− U (X(x, ξ(x)), 0) ≡ x− u(x) (2.5)

Y = 0. (2.6)

Here we introduced the horizontal displacement at the surface, u(x), expressed
as a function of the Eulerian coordinate x.

With these definitions in place, we can compute the original length of a
surface element by taking the derivative of (2.5), giving dX = (1 − u′)dx.
Combined with ds =

√
1 + ξ′2dx this gives the Eulerian definition of surface

stretch:

λ =
ds

dX
=

√
1 + ξ′2

1− u′
. (2.7)

From this expression it is clear that one can change the material configuration
of the substrate without changing its shape. Namely, even when the surface
profile ξ(x) is kept constant, one can vary the surface stretch upon changing
u′(x).

2.2.2 Surface energy, surface tension, surface-chemical poten-
tial

We consider a soft solid with a free interface ΩSL to a macroscopic liquid layer
of thickness h(x) that completely covers it and has itself a free surface ΩLV .
The total capillary energy of the system reads

Fcap =

∫
ΩLV

ds γLV +

∫
ΩSL

ds γSL(λ), (2.8)

where γLV and γSL are the liquid-vapor and solid-liquid surface energy densi-
ties, respectively. Variation of the energy with respect to the substrate degrees
of freedom gives rise to two distinct physical quantities: the surface tension
Υ and the surface-chemical potential µ [13, 39, 40]. Here we show how these
quantities emerge from the parameterization based on h(x), ξ(x), and u(x),
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where h(x) refers to the liquid-layer thickness. In terms of these functions,
Eq. (2.8) becomes

Fcap[h, ξ, u] =

∫
dx
{
m(h′ + ξ′) γLV +m(ξ′) γSL(λ)

}
(2.9)

where we introduced metric factors m(z) =
√
1 + z2 for the two interfaces,

facilitating a description of the problem on the x-domain. Note that m′(z) =
z/m(z).

The surface tension Υ and chemical potential µ indeed appear during the
variations of Fcap. We therefore present the functional derivatives, keeping
in mind that the final minimization scheme will include additional energies
and Lagrange multipliers related to side conditions like fixed volume. The
functional derivative of (2.9) with respect to the liquid layer thickness, h(x),
gives

δFcap

δh
= −γLV

∂

∂x

(
h′ + ξ′

m(h′ + ξ′)

)
. (2.10)

On the right hand side we can recognize the usual Laplace pressure; namely,
working out the derivative with respect to x gives the curvature of the liquid-
vapor interface (h′′ + ξ′′)/m(h′ + ξ′)3. A similar result is obtained from the
functional derivative of (2.9) with respect to the shape of the solid-liquid in-
terface ξ(x):

δFcap

δξ
= − ∂

∂x

(
ΥSL

ξ′

m(ξ′)

)
− γLV

∂

∂x

(
h′ + ξ′

m(h′ + ξ′)

)
. (2.11)

An important difference with respect to the liquid-vapor interface is that this
expression now involves the surface tension

ΥSL ≡ γSL + λ
∂γSL
∂λ

, (2.12)

which contains an extra term associated to the stretch-dependence, ∂γSL/∂λ.
This reflects the Shuttleworth effect and also is the reason why one needs to
distinguish between surface energy γSL and surface tension ΥSL. Another
important feature is that ΥSL is no longer constant and can not be pulled
out of the x-derivative. The stretch-dependence of ΥSL is similar to the de-
pendency of surface tension on surfactant concentration for liquid surfaces
covered by surfactant molecules [63, 77]. In consequence, in analogy to the
solutal Marangoni effect [78], a gradient in local stretch λ will give rise to a
tangential Marangoni-like force [40].
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We can change the “material composition” of the substrate independently
of the interface shape. This is achieved by varying the horizontal displacements
u(x) at constant ξ(x). Taking the functional derivative with respect to u(x),
we obtain

δFcap

δu
= −∂µSL

∂x
(2.13)

where we define a surface-chemical potential

µSL ≡ λ2
∂γSL
∂λ

. (2.14)

related to the conservation of the material points at the surface of the elastic
substrate. The surface-chemical potential µSL governs the composition of
material points along the substrate’s interface.1 Note, however, that the µSL
defined in (2.14) will not remain constant when the substrate’s bulk elasticity
is incorporated.

We thus conclude that shape variations of the solid-liquid interface are gov-
erned by the surface tension ΥSL, while its composition involves the surface-
chemical potential µSL. This is perfectly in line with previous results derived
in Lagrangian formalism [40].

2.2.3 Constitutive relation for the solid interface

In a previous work [40], we proposed the constitutive relation for the surface
elasticity of the solid-liquid interface as

γSL(λ) = γ0SL (1− c0 log λ+ c1(λ− 1)) . (2.15)

This empirical form reduces to a linear “surface elasticity” used previously
[37, 66] when expanding around the minimum for small strains. A convenient
property of the proposed nonlinear form is that it diverges for λ → 0, avoid-
ing a singular mapping. Thermodynamic admissibility requires γ to remain
positive and convex, which puts constraints on the values of c0 and c1.

In the remainder we will focus on the simplified case where c0 = c1, such
that the minimal surface energy is attained for the unstretched state λ = 1.

1This can be directly seen when taking into account that the surface stretch λ is inverse to
the density ρs of the material points at the surface of the elastic layer. Namely, λ = ρ0/ρs
where ρ0 is the constant reference surface density of the undeformed layer. Expressed in ρs
we have µSL = −ρ0

∂γSL
∂ρs

and ΥSL = γSL−ρs
∂γSL
∂ρs

instead of (2.14) and (2.12), respectively,
implying that µSL is up to sign and units a usual chemical potential.
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With this, we write (2.15) as

γSL(λ) =γ
0
SL + γ1SL g(λ), with g(λ) = λ− 1− log(λ) (2.16)

where the parameter γ1SL = γ0SL c0 governs the strength of the Shuttleworth
effect; in the linear description of surface elasticity in [37], the coefficient γ1SL
is referred to as the modulus of surface elasticity. The corresponding surface
tension (2.12) reads

ΥSL(λ) = γ0SL + γ1SL [2(λ− 1)− log λ] . (2.17)

The chemical potential then follows as

µSL(λ) = λ2
∂γSL
∂λ

= γ1SLλ(λ− 1). (2.18)

Note that the above expressions for γSL, ΥSL and µSL are all nonlinear ex-
pressions in λ, and can be consistently applied at large deformations. The
specific choice for g(λ), however, is empirical; its practical accuracy for real
polymeric systems remains to be established.

In what follows, the liquid will only cover part of the elastic substrate.
Then we will use the same expressions (2.15)-(2.18) derived above for the solid-
liquid interface as well for the solid-vapor interface, replacing the subscript
“SL” by “SV ”. Further, we will distinguish the cases of symmetric (γ1SL =
γ1SV ) and asymmetric (γ1SL ̸= γ1SV ) Shuttleworth effect.

2.3 Wetting

2.3.1 Macroscopic approach

In the macroscopic description of wetting, the contact line represents a sharp
boundary between the “wet” and the “dry” regions of the substrate. On a
wet substrate, the solid-liquid interface energy is denoted γSL(λ). Similarly,
on a dry substrate the solid-vapor energy reads γSV (λ), which like γSL will in
general be a function of the local stretch. At the contact line the fluid-solid-
surface energy is discontinuous in general, and jumps from γSL to γSV .

When the liquid is at equilibrium on a rigid homogeneous substrate, the
energy of the system must be invariant with respect to a virtual displacement
of the contact line along the substrate. Such an equilibrium is only possible
when the substrate is perfectly homogeneous, so that the contact line does
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not exhibit any pinning to a material point on the solid. In this case, energy
minimization leads to Young’s law for the contact angle, i.e.,

γLV cos θY = γSV − γSL. (2.19)

On soft substrates, the situation is much more intricate since there are two
distinct, independent types of virtual displacements possible at the contact
line [13]: (i) Eulerian displacement, exploring the variation of the horizontal
and vertical contact line position in the lab-frame, (ii) Lagrangian displace-
ment, exploring the variation of the substrate’s material point that is located
at the contact line. At equilibrium, where there is no contact line pinning
to a specific material point, the energy should be minimal with respect to
both kinds of virtual displacements. Variation (i) has been shown to lead to
Neumann’s law at the contact line [39,40]. Variation (ii) is needed to prevent
pinning to a material point, and gives a second local condition:

µSL = µSV . (2.20)

This relation expresses that the surface-chemical potential µ as defined in
(2.14) needs to be continuous across the contact line. It was shown that
(2.20) indeed leads to liquid contact angles, measured with respect to the
horizontal, that satisfy Young’s law for infinitely large drops – when drops are
large compared to typical elastic deformations [40]. However, the equality of
chemical potentials across the contact line is a local condition at the contact
line, independently of the drop size. To date, (2.20) was only explored for
infinitely large drops. Here we will extend this to the case where substrate
deformations are comparable to the drop size, for which the liquid angle is
known to decrease [13,24–26,79]; see also Figure 2.1.

2.3.2 Mesoscopic approach

The macroscopic features of the contact line, as discussed above, should emerge
naturally in a mesoscopic description, which explicitly accounts for the finite
range of molecular interactions. In the mesoscopic framework the transition
from the “wet” to “dry” is not perfectly sharp, and hence the contact line
itself is not sharp. Instead, it becomes a contact-line region described by a
continuous function that interpolates between the wet and the dry state. This
is achieved by supplementing the surface energy (2.9) by a wetting energy

Fwet[h, ξ, u] =

∫
dx f(h, λ)m(ξ′), (2.21)



2

2.3. WETTING 23

where we introduce the wetting potential f(h, λ), which in principle can de-
pend on the stretch λ. In the limit where the liquid layer thickness lies outside
the range of molecular interactions, one recovers the macroscopic description
with a total surface energy as described by (2.9). We thus require a wetting
potential that on the one hand vanishes as h → ∞. On the other hand, for
standard wetting potentials the “dry” substrate corresponds to an adsorption
layer of thickness ha, for which

∂f
∂h |h=ha = 0 [62, 63]. So, for h = ha the com-

bined effect of γLV + γSL(λ) augmented with the wetting potential f(ha, λ)
should recover the macroscopic solid-vapor energy, i.e.

γSV (λ) = γLV + γSL(λ) + f(ha, λ). (2.22)

In consequence, the total mesoscopic capillary energy can be written as the
sum of (2.9) and (2.21). Then, the resulting mesoscopic surface-chemical po-
tential is

µ = λ2
∂

∂λ
[γSL(λ) + f(h, λ)] . (2.23)

Similarly, the mesoscopic surface tension follows as

Υ = γSL(λ) + f(h, λ) + λ
∂

∂λ
[γSL(λ) + f(h, λ)] . (2.24)

Using Young’s law, the correspondence between the mesoscopic and the macro-
scopic description (2.22) can be rewritten as

f(ha, λ) = γLV (cos θY (λ)− 1) . (2.25)

This relates the wetting potential to the macroscopic Young’s angle θY (λ),
which now depends on λ. We remind, however, that on elastic substrates
Young’s law is valid only for drops that are very large as compared to the
wetting ridge.

We remark that the energy due to molecular interactions, would in general
be a more complex functional that depends on the entire shape of the liquid
domain. When the layer is nearly flat, however, the functional reduces to a
simple dependence on the local layer thickness, as is assumed above. Strictly
speaking, the presented formulation of molecular interactions is thus only valid
in the long-wave limit where all interface slopes are small. However, such a
mesoscopic model also shows the correct behavior for larger contact angles
[80]. We will comment on this in more detail when presenting the complete
mesoscopic elasto-capillary model.
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2.3.3 Symmetric vs asymmetric Shuttleworth effect

We can now distinguish two different scenarios that we will refer to as sym-
metric versus asymmetric Shuttleworth effect. In the symmetric case, the
wet (γSL) and dry (γSV ) energies exhibit the same dependence on λ, i.e.,
in (2.16) one has γ1SV = γ1SL. Then, identity (2.22) conveys that the meso-
scopic wetting potential only depends on film thickness, but not on stretch,
i.e. f(h, λ) = f(h). In this case, (2.25) implies that Young’s angle is inde-
pendent of the stretch. Such a situation was indeed observed in experiments
of drops on elastomers where the liquid angle θL, which was assumed ≈ θY ,
was found unaffected when stretching the substrate [38], even though for some
systems a Shuttleworth effect was identified [34,39]. Furthermore, (2.18) indi-
cates that the functional dependence of µSV (λ) is the same as that of µSL(λ).
The equality of chemical potential (2.20) then amounts to the stretch λ being
continuous across the contact line.

In general, however, we need to consider the possibility of an asymmetric
Shuttleworth effect, macroscopically corresponding to ∂γSV /∂λ ̸= ∂γSL/∂λ,
i.e., in (2.16) one has γ1SV ̸= γ1SL, and due to Eq. (2.22) the mesoscopic wetting
potential depends on stretch as

∂f

∂λ

∣∣∣∣
h=ha

=
∂γSV
∂λ

− ∂γSL
∂λ

. (2.26)

This difference in the strength of the Shuttleworth effect in the wet and dry
states renders condition (2.20) nontrivial. In this case one expects θY to
depend on the imposed stretch; a stretch-dependent θL as was indeed observed
on stiff glassy polymer substrates [38]. Therefore, both the symmetric and
asymmetric Shuttleworth effect are of interest.

2.3.4 Specific wetting energy

While the above expressions are general, we need to make a specific choice for
f(h, λ) in order to perform calculations. We first recall the specification of the
macroscopic surface energies as

γSL(λ) = γ0SL + γ1SL g(λ) (2.27)

γSV (λ) = γ0SV + γ1SV g(λ), (2.28)

with g(λ) already defined in Eq. (2.16). Then, in the mesoscopic description,
we propose a product form

f(h, λ) = ν(λ) f̃(h) (2.29)
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where the stretch-dependence is encoded via an empirical dimensionless func-
tion ν(λ). The correspondence between the mesoscopic and macroscopic ap-
proaches is found via the consistency condition (2.22), which becomes

ν(λ) f̃(ha) = γLV (cos θ
0
Y − 1) +

(
γ1SV − γ1SL

)
g(λ). (2.30)

Here we introduced θ0Y as the Young angle at the unstretched state (i.e., using
(2.25) for λ = 1), defined as

f̃(ha) = γ0SV − γ0SL − γLV = γLV
(
cos θ0Y − 1

)
. (2.31)

We base the thickness-dependent part of the wetting potential on a commonly
used, regularized van der Waals interaction for partially wetting liquids on a
rigid substrate. In particular,

f̃(h) =
A

2h2

[
2

5

(
ha
h

)3

− 1

]
. (2.32)

where, A > 0 is the Hamaker constant. Introducing (2.32) at h = ha into
(2.30), we thus require the stretch-dependence to be:

ν(λ) = −10h2a
3A

[
γLV (cos θ

0
Y − 1) +

(
γ1SV − γ1SL

)
g(λ)

]
. (2.33)

Then (2.29) with (2.32) and (2.33) finally gives

f(h, λ) = −5h2a
3h2

[
2

5

(
ha
h

)3

− 1

] [
γLV (cos θ

0
Y − 1) +

(
γ1SV − γ1SL

)
g(λ)

]
.

(2.34)

As such, the wetting behavior is specified by the adsorption thickness ha,
the energies γLV , γ

0
SL, γ

0
SV , and the Shuttleworth coefficients γ1SL, γ

1
SV . Note

that in the absence of stretch g(λ = 1) = 0. It follows that ν(λ = 1) = 1 when
using (2.31) to replace γLV (cos θ

0
Y − 1) in (2.33) with f̃(ha) = − A

h2
a

3
10 . This

then finally leads to f(h, λ = 1) = f̃(h).

2.4 Two elasto-capillary models

The soft wetting problem with Shuttleworth effect can be closed upon in-
troducing the bulk elastic energy of the substrate. Below we propose two
different approaches that will be employed, each of which has its own benefits
(and drawbacks):
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• Macroscopic Neo-Hookean model. This in principle offers the most
complete description of the bulk elasticity of the substrate, resolving the
interior stress while consistently accounting for large deformations. This
substrate will be coupled to the macroscopic description of wetting.

• Mesoscopic gradient dynamics model. We use a reduced descrip-
tion of the bulk elasticity by resorting to a Winkler foundation model.
When coupled to the mesoscopic description of wetting, this reduced
model enables a description of the dynamics of soft wetting.

Below we define both modeling approaches and discuss their numerical imple-
mentation. The results from the two approaches will be compared in detail in
Sec. 2.5.

2.4.1 Macroscopic Neo-Hookean model

The Neo-Hookean model for (macroscopic) soft wetting was presented in detail
in Pandey et al. [40] for deformations induced by a single contact line. Here
we extend the formalism to droplets of finite (two-dimensional) volume. A
hyperelastic solid is characterized by an energy density W (F), where F = ∂r

∂R
is the (gradient) deformation tensor. In two dimensions, the combined elastic
and capillary energy (per unit length) reads

F [χ] =

∫∫
dXdY W (F) +

∫
dX λγ(λ), (2.35)

where γ may stand for γSL or γSV , depending on whether the surface is locally
wet or dry. This energy is a functional of the mapping r = χ(R). Since
the hyperelastic description is Lagrangian, we have also expressed the surface
energy as an integral over X at Y = 0. To account for the correct surface
metric, we used the connection ds = λdX, where λ is the stretch at the surface
[cf. (2.7)]. In the calculations below we use an incompressible Neo-Hookean
energy density, which in two dimensions reads

W (F) =
1

2
G
(
tr(F · FT )− 2

)
− p (det(F)− 1) . (2.36)

Here G is the shear modulus, while we have included the constraint of incom-
pressibility via the Lagrange multiplier p.

The wetting is accounted for via the traction that is exerted by the drop
onto the substrate. This traction is sketched in Figure 2.3. It consists of two
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Figure 2.3: The traction exerted by the droplet onto the substrate, consisting
of two localized contact line forces and the Laplace pressure ∆P inside the
drop. The liquid contact angle θL, measured with respect to the horizontal in
both the (a) reference and (b) deformed configurations, is not known a priori,
but determined consistently from (2.20).

localized forces γLV t pulling along the liquid-vapor interface at the two contact
lines, located at X = ±R and Y = 0. Here t is the tangential unit vector,
i.e., the force pulls at an angle θL. It is noteworthy that the localized loads
would lead to an ill-posed minimization problem in the absence of solid surface
energy, and that the solid surface energy provides sufficient regularization to
render the minimization problem well-posed. In between the contact lines the
droplet’s (Laplace) pressure ∆P is exerted on the substrate. It is related to
the liquid angle θL as ∆P = γLV sin θL/r, with r being the (Eulerian) base
radius of the droplet. Formally, this traction is captured by a work functional

R[χ] = γLV tR · r(R, 0)+ γLV t−R · r(−R, 0)−
∫ R

−R
dX λ∆P n · r(X, 0), (2.37)

where n is the surface normal in the current configuration. The problem is
then defined by minimization of F−R, with respect to the mapping (X,Y ) 7→
r = χ(X,Y ). Importantly, the Neumann condition at the contact line emerges
within this framework, since the minimization is explicitly done with respect
to the Eulerian contact line position, δr. However, the work functional (2.37)
still contains an unknown liquid angle θL; this angle can be found by imposing
the no-pinning condition (2.20), which reflects the variation of the Lagrangian
contact line position (see the discussion in Sec. 2.3). The problem is therefore
closed by introducing the liquid angle as an additional variable, with the no-
pinning condition (2.20) as the corresponding residual.

In summary, the elastocapillary problem thus consist of minimizing the
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functional

F [χ]−R[χ] =

∫∫
dXdY W (F) +

∫
dX λγ(λ) (2.38)

−γLV tR · r(R, 0)− γLV t−R · r(−R, 0) +
∫ R

−R
dX λ∆P n · r(X, 0),

subject to the no-pinning condition µSV = µSL at the contact line, to con-
sistently determine the equilibrium liquid angle θL. The minimization of the
energy functional F−R is based on the method in [40], adapted to the specific
problem at hand. For simplicity the goal-adaptive finite-element method used
in [40] is replaced by a residual-based method, in which elements are selected
for refinement based on the residuals when the current solution is projected on
a refined mesh. This method is implemented using the open-source numerical
framework Nutils [81].

The solid substrate measures 8R × 8R in the undeformed configuration.
The left and right boundaries of the substrate are only fixed in horizontal di-
rection, allowing for movement in the vertical direction. The bottom boundary
is fixed in both directions. We verified that results are nearly independent of
domain-size. For example, doubling the thickness from 8R to 16R, the an-
gle changes by 5 × 10−5 degrees and the wetting ridge height by 1 × 10−6.
The substrate is initially divided into a mesh of 48 × 48 elements and subse-
quently undergoes a total of 13 refinement iterations. At maximum refinement
the element size is reduced by a factor 2−13, and a minimum element size of
approximately 2R × 10−5 is reached. Since these elements are significantly
smaller than the elastocapillary length, this ensures that wetting ridges are
accurately resolved.

2.4.2 Mesoscopic gradient dynamics model

The second approach is in the spirit of the gradient dynamics approach (see,
e.g., [77,82]) to the dynamics of drops on simple compressible elastic substrates
presented by Henkel et al. [60], using a mesoscopic wetting description as given
in section 2.3.2. In this approach the hyperelastic model for the bulk elasticity
is replaced by a simpler “Winkler-type” approximation, for which the elastic
energy depends only on the displacements of the interface. Using this reduced
elastic energy together with a compressible substrate dynamics coupled to
a mesoscopic model for the dynamics of the liquid (thin-film, long-wave or
lubrication model [83, 84]) one obtains a versatile modeling framework. In
contrast to the hyperelastic model it allows one to study dynamical effects



2

2.4. TWO ELASTO-CAPILLARY MODELS 29

like viscoelastic braking in droplet spreading as well as film dewetting and
subsequent coarsening of ensembles of drops on elastic substrates [60]. Here
we extend this type of mesoscopic model to incorporate the Shuttleworth effect
considering full-curvature [82,85] and long-wave versions.

The total free energy of the gradient dynamics model is a functional of the
scalar Eulerian fields h(x, t), ξ(x, t), u(x, t), and reads

F [h, ξ, u] = Fel[ξ, u] + Fcap[h, ξ, u] + Fwet[h, ξ, u], (2.39)

with the capillary and wetting energies defined above, respectively, in (2.9)
and (2.21). The elastic energy is approximated by

Fel[ξ, u] =

∫
dx

κ

2

(
ξ2 + u2

)
, (2.40)

which involves an integral only over the interface (and not over the substrate
depth, as is the case for the Neo-Hookean model). The Winkler foundation
model employed in [60] only describes the vertical displacement ξ, where κ is
the effective stiffness of the substrate. In (2.40) we have now added a rigidity
with respect to lateral displacements. For reasons of simplicity we use the
same effective stiffness κ. To enable the possibility of a prestretched substrate
(as is common in experiments and in the Neo-Hookean model), we adapt the
energy as

Fel[ξ, u] =

∫
dx

κ

2

[
ξ2 +

(
u− u′∞x

)2]
, (2.41)

where u′∞ corresponds to an imposed prestretch λ∞ = 1/(1 − u′∞) prior to
placing a droplet. It should be mentioned, that the Winkler foundation model
is strictly speaking only valid for the description of thin compressible layer de-
formations but can not be expected to provide quantitatively satisfying results
beyond that case, i.e. thick layers and/or incompressible media. Nevertheless
we decided to treat accuracy for simplicity and will show that it fits the direct
simulations surprisingly well.

The static, equilibrium properties of a drop of some finite volume V can be
inferred by minimizing (2.39) together with the condition for volume conser-
vation

∫
hdx = V with respect to the three steady fields h(x), ξ(x) and u(x).

However, the formulation furthermore naturally admits a gradient dynamics
structure that, as a bonus, gives a time evolution towards this equilibrium.
For this we consider the time-dependent fields h(x, t), ξ(x, t) and u(x, t), and
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define the gradient dynamics model

∂h

∂t
=

∂

∂x

[
h3

3η

∂

∂x

(
δF
δh

)]
(2.42)

∂ξ

∂t
= −1

ζ

δF
δξ

(2.43)

∂u

∂t
= −1

ζ

δF
δu
. (2.44)

where we assumed the same “elastic friction constant” ζ governs the relax-
ation of ξ and u. As for the considered nonabsorbing substrate there is no
mass transfer between the liquid layer and the elastic substrate and the con-
sidered liquid is nonvolatile, the liquid dynamics (2.42) is fully conserved. The
nonconserved dynamics (2.43) and (2.44) for the deformations ξ and u, respec-
tively, reflect the assumed full compressibility of the elastic substrate. For the
derivation of such equations based on the Onsager variational principle see,
e.g., [82, 86].

The variations of (2.39) are

δF

δh
= −γLV

∂

∂x

(
h′ + ξ′

m(h′ + ξ′)

)
+
∂f

∂h
m(ξ′) (2.45)

δF

δξ
= −γLV

∂

∂x

(
h′ + ξ′

m(h′ + ξ′)

)
− ∂

∂x
Υ

(
ξ′

m(ξ′)

)
+ κ ξ (2.46)

δF

δu
= −∂µ

∂x
+ κ (u− u′∞x) (2.47)

where m(z) =
√
1 + z2 is again the metric factor. The variation with respect

to h expresses the (liquid-vapor) capillary pressure and the disjoining pressure
due to the molecular interactions. The variation with respect to ξ expresses
the capillary pressures and the substrate elasticity. Finally, the variation with
respect to u controls the substrate’s composition, leading to a shift of µ due
to elasticity. In the long-wave approximation (valid at small slopes) the above
expressions can be simplified (see Appendix 2.7). Other dynamic long-wave
models without considering the Shuttleworth effect or lateral displacements
were developed for the dynamics of a liquid drop on a viscoelastic layer [87–89]
and for the durotaxis of a liquid drop on a compliant Kirchhoff plate [90] while
certain elasticity aspects also enter long-wave models for drops on polymer
brushes [91] and on growing layers of ice [92]. These long-wave descriptions
are further discussed in section 2.1 of Ref. [60]. We emphasize that the gradient
dynamic model (2.42)-(2.44) represents a “full-curvature formulation”, i.e., it
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combines the exact form of the interface energies with the usual long-wave
approximation of the mobility in (2.42), in analogy to Refs. [85, 93, 94]. See
section 3 of Ref. [82] for a detailed discussion of the merits of this approach.

Eqs. (2.42)-(2.44) as well as their long-wave equivalents (Appendix 2.7)
are simulated in time employing the FEM-based software package oomph-
lib [95]. An adaptive time stepping is used based on a backward differentiation
method of order 2 (BDF2) from which the next state is obtained via a Newton
procedure. The efficient adaptive time stepping and mesh refinement routines
allow for a treatment of even very large systems. Branches of steady states
are as well followed in parameter space employing the continuation routines
[96–98] bundled in pde2path [99].

Finally, note a peculiar property of the chosen elasticity model and set-
ting without additional body forces: Even though the elastic layer is locally
compressible, all steady states (characterized by δF/δξ = 0) have a zero
global vertical displacement Ξ =

∫
ξdx = 0 (when using periodic or Neu-

mann boundary conditions). This is seen when integrating (2.46) over the
domain. When similarly integrated, the nonconserved dynamics (2.43) re-
duces to ∂Ξ/∂t = −(κ/ζ) Ξ, i.e., Ξ = 0 is a stable fixed point. The described
behavior directly follows from the simple parabolic elastic energy (2.40), i.e.,
the Winkler foundation model. The inclusion of a body force like gravity
shifts this fixed point away from zero. For comparison, the incompressible
neo-Hookean substrate is strictly volume conserving, locally and globally, also
in the presence of body forces.

2.4.3 Model parameters and the elastocapillary length

The two models contain various different parameters, so great care must be
taken when comparing the results. The parameters are summarized in Ta-
ble 2.1. The macroscopic surface energies can be chosen identical in both
models, and require a choice for the energy coefficients γLV , γ

0
SL, γ

0
SV , and

the Shuttleworth coefficients γ1SL, γ
1
SV , as defined in (2.27) and (2.28). The

mesoscopic model contains the adsorption layer thickness ha as an additional
parameter. We choose ha to be sufficiently small such that it does not affect
the macroscopic elastic deformations and the contact angle of the drop.

While the capillarity and wetting energies of the two models can be set
to fully agree in the macroscopic limit, this is not the case for the elastic en-
ergy. The elasticity of the (incompressible) Neo-Hookean model is described
by the shear modulus G. In the gradient dynamics model, elasticity is im-
plemented through a Winkler foundation model, which contains an empirical
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Table 2.1: Summary of parameters in the macroscopic and mesoscopic models.
The connection of macroscale parameters γ0SV , γ

1
SV and mesoscale wetting

potential f(h, λ) is given by the consistency conditions (2.31) and (2.33).
Quantity Macroscopic Mesoscopic

Surface energies (λ = 1) γLV , γ
0
SL, γ

0
SV γLV , γ

0
SL

Shuttleworth constants γ1SL, γ
1
SV γ1SL

Adsorption layer thickness - ha
Wetting potential - f(h, λ) = ν(λ) f̃(h)

Substrate stiffness G κ

Elasto-capillary length γLV /G
√
γLV /κ

Liquid viscosity - ηL
Elastic friction constant - ζ

elastic constant κ. For compressible layers, the constant κ can be expressed in
terms of G using a long-wave expansion for a thin elastic layer [60]. However,
the expansion for incompressible elastic layers does not reduce to the Winkler
form, and the systematic connection cannot be established. However, moti-
vated by Ref. [60], the connection between the two models can be made via
the elastocapillary length. For the two models it is respectively defined as

ℓNH
ec =

γLV
G

Neo−Hookean, (2.48)

ℓGD
ec =

(γLV
κ

)1/2
Gradient dynamics. (2.49)

In what follows we will therefore quantify the “softness” using ℓec/r. This
dimensionless number scales the elastocapillary length of the models to the
half-width of the drop (quantified by the contact line position x = r in the
deformed configuration). This enables a one-to-one comparison between equi-
librium shapes (drop and substrate) obtained in the two models, without any
adjustable parameters.

Besides these energetic parameters, the gradient dynamics model involves
dynamical parameters: the viscosity of the liquid layer η and the elastic friction
constant ζ that encodes the timescale of the substrate.

2.5 Contact angles and substrate deformations

Typical results of the two models are shown in Figure 2.1. On relatively stiff
substrates, the droplet induces small wetting ridges at the contact line. Upon
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Figure 2.4: Liquid contact angle θL versus substrate softness ℓec/r, for sym-
metric and asymmetric Shuttleworth effect. (a) γ1SV < γ1SL, (b) γ

1
SV = γ1SL,

(c) γ1SV > γ1SL. Black symbols and red lines correspond to the macroscopic
neo-Hookean and to the mesoscopic gradient dynamics model, respectively.
Results without (λ∞ = 1) and with (λ = 1.2) prestretch are shown as closed
symbols / solid lines and open symbols / dashed lines, respectively. Parameter
values are θ0Y = 21.06◦, γ1SL = γ0SL, while γ

1
SV is chosen 1

3 , 1, or 3 times γ1SL.

decreasing the substrate stiffness the drops gradually sink into the substrate,
until attaining a liquid-like geometry. This rigid-to-soft transition is charac-
terized in quantitative detail below, focusing on the liquid contact angle θL
and the deformations of the substrate.

2.5.1 Contact angles

In Figure 2.4 we report the transition of the liquid contact angle θL between
the limiting cases of rigid and liquid substrates as a function of the softness
ℓec/r, in the presence of the Shuttleworth effect with (λ∞ ̸= 1) and without
(λ∞ = 1) prestretch. The black symbols correspond to the results of the
macroscopic neo-Hookean model, while the red lines represent the mesoscopic
gradient dynamics model. In all calculations the surface energies without
stretch (γ0LV , γ

0
SV , γ

0
SL) were fixed to constant values, such that the corre-

sponding Young’s angle θ0Y = 21.06◦. All curves exhibit a transition from
“Young” to “Neumann”, namely, θL decreases as the substrate gets softer,
i.e., as one increases ℓec/r. The details of this transition depend on the choice
of the Shuttleworth coefficients γ1SV , γ

1
SL (different panels), and on the pre-

stretch of the substrate (λ∞ = 1 vs. λ∞ = 1.2, see legends).
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Symmetric Shuttleworth effect

Figure 2.4(b) corresponds to a situation with a symmetric Shuttleworth ef-
fect, for which γ1SV = γ1SL. In the limit of rigid substrates (ℓec/r ≪ 1), we
find that the liquid angle is independent of prestretch λ∞. This independence
reflects that for a symmetric Shuttleworth effect the difference in surface ener-
gies γSV − γSL is not affected by the imposed λ∞. In other words, stretching
a very rigid substrate does not render it more hydrophilic or more hydropho-
bic. However, the effect of stretching becomes apparent when the substrate is
deformable. In the soft limit (ℓec/r ≫ 1) of this particular example we find
θL = 10.3◦ without prestretch and θL = 11.1◦ for λ∞ = 1.2. This difference in
contact angles can be attributed to the changes in the surface tensions due to
stretching, which affect the vectorial Neumann’s balance (even though Young’s
angle based on surface energies remains unaffected).

Let us now discuss the predictions by the macroscopic neo-Hookean model
(symbols) in comparison to those of the mesoscopic gradient dynamics model
(lines). First, we note that both models predict the same angles θL in the rigid
and soft limits. This reflects that these limiting values for the liquid angle are
solely dictated by capillarity (Young and Neumann, respectively) – and capil-
larity is rigorously implemented in both models. However, it is clear that the
rigid-to-soft transition is much more abrupt in the gradient dynamics model as
compared to the neo-Hookean simulations. The contact angle in the gradient
dynamics model sharply changes within about one order of magnitude around
ℓec/r ∼ 1, while the neo-Hookean model takes two to three orders of magni-
tude in softness to effectuate the transition. In consequence, the neo-Hookean
liquid angles are larger than those in the gradient dynamics model during the
transition. We attribute the slow transition for the neo-Hookean solid to the
long-range nature of elastic interactions [100]: the displacement induced by a
localized traction exerted onto a two-dimensional elastic medium decays only
logarithmically with distance, until the size of the system is encountered. This
long-ranged nature of elasticity is lost when approximating the substrate by
Winkler’s foundation, for which the relation between traction and displace-
ment is perfectly local. We return to this long-range interaction below, when
discussing the substrate deformations.

We thus conclude that the mesoscopic gradient dynamics model with a
reduced description of elasticity faithfully reproduces the equilibrium angles
in the rigid and soft limits, including the effect of prestretch. When expressing
the stiffness through ℓec/r, the reduced model captures the trends qualitatively,
but significant quantitative differences appear in the transition range. Similar
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observations regarding the two models apply to all panels in Figure 2.4.

Asymmetric Shuttleworth effect

We now turn to the case of an asymmetric Shuttleworth effect, for which
γ1SV ̸= γ1SL. Figure 2.4(a) corresponds to a situation with γ1SV < γ1SL, such
that the solid-liquid energy increases more with stretch than the solid-vapor
energy. In this case, the substrate becomes more “hydrophobic” once it is
stretched. Indeed, one observes larger contact angles θL for λ∞ = 1.2 as
compared to the unstretched case λ∞ = 1. We verified that in the rigid limit,
the increase of θL exactly matches that predicted by Young’s law based on the
energies at λ∞. This enhanced θL with stretch is apparent irrespective of the
substrate softness.

The asymmetric Shuttleworth effect with γ1SV > γ1SL is shown in Fig 2.4(c).
This case is opposite to that of panel (a), since now the substrate becomes
more “hydrophilic” when stretched. In the rigid limit (ℓec/r ≪ 1) one indeed
observes smaller contact angles θL for λ∞ = 1.2 as compared to λ∞ = 1.
Again, this is in accordance with Young’s law based on the imposed λ∞.
Interestingly, the difference in contact angle is no longer apparent in the soft
limit (ℓec/r ≫ 1). To predict the contact angle in this soft, Neumann limit,
however, is not straightforward: Neumann’s balance depends on the local
values of surface tensions at the contact line. These local surface tensions
depend not on λ∞ but on the local values of the stretches at the contact line,
which, as we see below, take on nontrivial values.

2.5.2 Substrate deformations

We now turn to a detailed discussion of the substrate deformations, where once
again we investigate the effect of the (a)symmetric Shuttleworth effect in both
the macroscopic and the mesoscopic models. Figure 2.5 shows magnifications
of the vicinity of the contact line. To compare the results of the two models,
we employ the results from Figure 2.4 as a “calibration” curve, mapping the
effective stiffness between the models by selecting an identical liquid contact
angle. Specifically, in Figure 2.5 and the remaining graphs, we took θL ≈ 16◦.
When comparing the various panels with different Shuttleworth effect, one
notices a clear difference in horizontal displacements.

Detailed quantitative comparisons are presented in Figure 2.6, where black
and red data are obtained with the macroscopic and the mesoscopic model,
respectively. To enable a “fair” comparison between the two models, we select
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Figure 2.5: Typical height profiles and substrate deformations in the vicinity
of a contact line as obtained with the (a-c) macroscopic and (d-f) mesoscopic
model in the cases of symmetric and asymmetric Shuttleworth effect as indi-
cated above the panels. The central result is that horizontal displacements
induced by the droplet are governed by the (a)symmetry of the Shuttleworth
effect. In the top row (a-c) the deformation is visible from the grids that in
the reference state are straight horizontal/vertical. In the bottom row (d-f)
the lines indicate the interface displacement induced by the presence of the
drop. The substrate is prestretched with λ∞ = 1.2. Further parameters are
θ0Y = 21.06◦, θL ≈ 16◦, γ1SL = γ0SL, and γ

1
SV = 1

3 γ
1
SL (left) γ1SV = γ1SL, (cen-

ter) γ1SV = 3 γ1SL, (right). Note that for each panel ℓec/r is selected by θL,
cf. Figure 2.4.
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Figure 2.6: Substrate deformations for symmetric and asymmetric Shuttle-
worth effect. (top row) Vertical displacements ξ(x), normalized by drop
size r. (middle row) Horizontal displacements relative to the prestretch, i.e.,
u(x) − (λ∞ − 1)X, normalized by drop size r. (bottom row) Surface stretch
λ(x). Black lines correspond to the macroscopic neo-Hookean model, red sym-
bols to the mesoscopic model. Parameters are as in Figure 2.5.
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data at nearly identical liquid angles, at θL ≈ 16◦, which lies halfway the
rigid-to-soft transition. The data in Figure 2.6 are taken for a prestretch of
λ = 1.2.

The top row of Figure 2.6 shows the vertical substrate displacements h(x),
normalized by the drop size, for symmetric and asymmetric Shuttleworth ef-
fect. The profiles all look very similar, with a very good agreement between
the neo-Hookean (black) and mesoscopic (red) models. We observe the latter
to produce slightly higher ridges than the former model. Away from the drop,
the black wetting ridges systematically decay more slowly than the red ones.
This signals the previously mentioned long-ranged elastic interactions, which
are not faithfully captured by the Winkler foundation used in the mesoscopic
model.

The middle row of Figure 2.6 shows the horizontal substrate displace-
ments induced by the droplet, u(x) − λ∞X, where we corrected for the im-
posed prestretch. Now significant differences appear between the (a)symmetric
cases. Comparing the leftmost panel (γ1SV < γ1SL) to the rightmost panel
(γ1SV > γ1SL), we observe a change from “inward” to “outward” horizontal dis-
placements. This can be interpreted along the lines of Refs. [33,72], who show
that – in the rigid limit – a resultant horizontal force γ1SL − γ1SV is exerted
onto the substrate, oriented towards the droplet. Indeed, here we find that the
horizontal displacement changes its orientation when this difference changes
sign. Consistently, for the case of symmetric Shuttleworth effect only a very
small horizontal displacement is observed. Note, that despite the localized na-
ture of the Winkler Foundation model the deformations in both vertical and
horizontal direction are laterally extended beyond the contact line. This is for
once caused by the diffuse phase transition due to the nature of the mesoscopic
description using a wetting potential, but more importantly by the Laplace
pressure caused by the surface tension of the substrate. The latter suppresses
strong curvatures and smoothes out the flanks. Since the vertical and hori-
zontal displacements are coupled via the stretch λ these effects are translated
as well.

Finally, the bottom row of Figure 2.6 shows the stretches λ(x) along the
surface of the substrate. These stretches are subject to the conditions of
continuous chemical potential µSV = µSL across the contact line. In case
of symmetric Shuttleworth effect, this continuity of µ implies a continuity of
stretch λ. Indeed, the middle panel exhibits continuous λ at the contact line,
with only mild variations around the imposed value of λ∞ = 1.2. This is
in stark contrast to the case of the asymmetric Shuttleworth effect (left and
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right panels), for which the stretch is observed to exhibit a jump across the
contact line – in the macroscopic model it is truly a discontinuity, while in the
mesoscopic model the jump is smooth on the scale of molecular interactions.
The jump in stretch is necessary to ensure continuous µ. One side of contact
line is larger than the imposed prestretch value λ∞, while the other side of
the contact line lies below; this generates a non-monotonic behavior of λ along
the substrate. Overall, stronger variations in λ are observed for asymmetric
Shuttleworth effect. Thereby the larger λ are observed for the interface with
the smaller γ1, i.e., outside the drop in Figure 2.6(g) and inside the drop in
Figure 2.6(i).

For completeness, in Figure 2.7 we also report the data for the case with-
out prestretching of the substrate, i.e., for λ = 1. In comparison to the pre-
stretched case (λ = 1.2) in Figure 2.6, the Shuttleworth effect is much weaker.
The reason for this is that our choice for the function g(λ) that governs the
stretch-dependence of the surface energy exhibits a minimum at λ = 1. Ow-
ing to the weak Shuttleworth effect, the horizontal displacements in Figure 2.7
are much smaller than those in Figure 2.6. Similarly, the surface-stretch λ(x)
exhibits only small variations along the interface. Note finally that there is no
qualitative change anymore between the cases of different asymmetry.

2.6 Discussion

In summary, we have investigated the static wetting behavior of drops on
elastic substrates in the presence of the Shuttleworth effect. We have pre-
sented two rather different models: a macroscopic one admitting a detailed
description of large-deformation elasticity, and a mesoscopic one offering the
possibility of extensions to dynamics and multiple drops. Below we summarise
the implications of our work, from the experimental perspective and from the
modeling perspective.

A central finding is that the influence of the Shuttleworth effect depends
strongly on whether the strain-dependence of the surface energy is symmetric
or asymmetric between the “wet” and “dry” parts of the substrate. The most
prominent aspect that is governed by the Shuttleworth effect pertains to the
horizontal displacements below the contact line. When the Shuttleworth effect
is strongly asymmetric (∂γSV

∂λ ̸= ∂γSL
∂λ ), significant horizontal displacements ap-

pear oriented to the side where the Shuttleworth effect is largest. By contrast,
for a symmetric Shuttleworth effect (∂γSV

∂λ = ∂γSL
∂λ ), the horizontal displace-

ments remain much smaller than the typical vertical displacements. A similar
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Figure 2.7: Same as in Figure 2.6, but for λ = 1. In this case, the Shuttleworth
effect is small in comparison to that for λ = 1.2, leading to much weaker
horizontal displacements u and smaller change in surface stretch λ as compared
to Figure 2.6.
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conclusion was already drawn in the limiting case of stiff substrates [33, 72],
for which a tangential force ∂γSL

∂λ − ∂γSV
∂λ was found to be exerted onto the

elastic layer. Our results generalise this observation for substrates of arbitrary
softness, including the possibility of large elastic deformations. We remark
that very large tangential displacements were recently observed for wetting
of drops on hydrogels [101]. In that case, however, there was also a strong
contact angle hysteresis. The pinning of the contact line leads to additional
pinning forces that can enhance/reduce the horizontal displacements. Impor-
tantly, our findings show that strong horizontal displacements can persist at
equilibrium, in the absence of pinning, when the Shuttleworth effect is strongly
asymmetric.

Both symmetric and asymmetric Shuttleworth effects have been reported
in experiments that explore the dependence of the liquid angle on prestretch-
ing of the substrate [34,38,39]. According to Young’s law, which involves only
surface energy differences, the change in liquid angle directly reflects the asym-
metry in the Shuttleworth effect. While Young’s law only holds in the limit of
rigid substrates, our results confirm that the magnitude and sign of the change
in θL with changing prestretch correlates with the Shuttleworth-asymmetry up
to substrates with ℓec ≲ r; as is typically the case in experiments. This makes
the prestretch-induced variation of the liquid angle a powerful tool to assess
the Shuttleworth effect. Both symmetric and asymmetric Shuttleworth ef-
fect have been indeed reported in experiments on polymeric substrates. A
prestretch-independent θL was observed for various types of elastomers [38].
Also for the case of PDMS a strong Shuttleworth effect was inferred by a
number of different techniques [34, 39, 102]. From the perspective of physical
chemistry, this suggests that the “surface-elasticity” that is responsible for the
prestretch-dependence is independent of whether or not the substrate is wet-
ted. The case of an asymmetric Shuttleworth effect was observed for glassy
polymers [38]. Indeed, the physico-chemical properties that determine the
surface energy for glassy polymers are quite different in nature as compared
to elastomers [38].

In summary, our work emphasizes that horizontal displacements and stretches
offer an important quantitative probe for the Shuttleworth effect, which to date
has not been explored as such. A jump in the stretches is direct evidence for
an asymmetric Shuttleworth effect. However even in the absence of a jump,
i.e. for symmetric Shuttleworth effect, the stretch at the contact line offers
information on the strength of the Shuttleworth effect (see [40]). We hope
that our work motivates further experiments in this direction. Ideally, such
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experiments are complemented with simultaneous measurements of the con-
tact angles (of both the drop and of the solid ridge), as by now we have a clear
interpretation framework to relate all these quantities.

From the modeling perspective, we have seen that the gradient dynamics
model is able to capture the nontrivial equilibrium features of soft wetting,
including the Shuttleworth effect, in spite of its reduced description of elas-
ticity. This validation is very promising as the mesoscopic gradient dynamics
model naturally admits dynamical phenomena, such as viscoelastic braking
and the Cheerios-effect [60]. To illustrate this perspective, now including the
Shuttleworth effect, Figure 2.8 shows some typical dynamical results. They
are obtained for a droplet of Young’s angle θY = 30◦ spreading over an initially
flat substrate towards its equilibrium state characterized by θY = 10◦. The
panels (a-c) show space-time plots of the liquid-vapor interface h(x, t)+ξ(x, t),
the vertical displacement ξ(x, t) and the horizontal displacement u(x, t), re-
spectively, for a case with asymmetric Shuttleworth effect. To investigate the
influence of the latter on the spreading dynamics the difference of the liquid-
vapor contact angle to its equilibrium value ∆θL = θdynL (t)−θeqL was calculated
and displayed against the corresponding velocity of the contact line2 on a dou-
bly logarithmic scale [Figure 2.8 (d)]. The substrate softness and viscosity ratio
were chosen such that the dissipation in the substrate is significantly stronger
than the one within the liquid [60]. For all three symmetry cases the curves
exhibit the same characteristic linear dependency ∆θL ∼ v in the low velocity
regime v < 10−3, though shifted by up to a factor 1.5 to each other indicating
a difference in dissipation [66]. In the regime of small velocity, the symmetric
case γSV1 = γSL1 is the most mobile – due to the absence of horizontal dis-
placements, the dissipation is smallest in this case. Note, however, that there
is more to the dynamics as observed in the inset of Figure 2.8 (d), showing
the same data on a linear scale. Specifically, it highlights that the large ve-
locity regime, reached immediately after drop deposition, is nontrivial, with
the blue line standing out (γSV1 > γSL1 ). This initial stage involves a rapid
formation of the wetting ridges, and is different in nature from the regime of
viscoelastic braking, characterized by a power-law dynamics, reached at low
velocity. These two regimes are also observed for the dynamic opening angle

2In contrast to the static case the drop profile can not be assumed to be spherical during
the dynamics. Therefore the contact line position is estimated as the position of the tip of
the wetting ridge, i.e. the maximum of ξ, instead of fitting the drop with a circle segment.
To reduce oscillations caused by finite spatial discretization, the profiles were additionally
interpolated using cubic splines. The wetting ridge opening angle is obtained from the
maximum/minimum slope of ξ respectively, θS = π − tan−1(∂xξ|max)− tan−1(−∂xξ|min).
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Figure 2.8: The spreading of a droplet as determined by the mesoscopic gradi-
ent dynamics model (2.42)-(2.44): Panels (a), (b) and (c) present space-time
plots for the profiles of the liquid-vapor interface h(x, t) + ξ(x, t), vertical
substrate displacement ξ(x, t), and horizontal substrate displacement u(x, t),
respectively in the case of asymmetric Shuttleworth effect with γ1SV > γ1SL.
Here time is given in arbitrary units, while all lengths are given in units of
the final drop radius r. Panel (d) reports the dynamic liquid-vapor contact

angle relative to the equilibrium contact angle ∆θL = θdynL −θeqL over the corre-
sponding spreading velocity. In panel (e) the analogous curves for the absolute
difference of the dynamic wetting ridge opening angle to its equilibrium value
|∆θS | = |θdynS −θeqS | are shown. The spreading velocity is scaled in terms of the
characteristic velocity γLV /(3η). The softness of the substrate is characterized
by the elastocapillary length normalized by the drop size ℓec/

√
V ≈ 8 · 10−2

and the ratio of “viscosities” is given by ζha

3η = 10. The remaining parameters
including the Shuttleworth coefficients correspond to those of Figure 2.6.
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of the wetting ridge θS as shown in Figure 2.8 (e). The solid angle initially
is θS = π at t = 0 (i.e., at large speeds), and rapidly decreases during this
initial relaxation phase. For all cases, θS passes through a minimum, and
subsequently increases again to the equilibrium value θeqS at slow velocity. In

Figure 2.8 (e) we therefore plot the absolute value of ∆θS = θdynS − θeqS , as this
difference may transiently take on negative values. As for the liquid contact
angle, also here the asymmetric case γSV1 > γSL1 clearly differs from the others
and again all of them seem to satisfy a power law for low velocities. Future
systematic investigations using the presented model can demonstrate how the
Shuttleworth effect changes dynamical wetting on elastic substrates.

2.7 Appendix

The mesoscopic gradient dynamics model obtained in section 2.4.2 combines
an energy functional based on exact metric factors m(z) =

√
1 + z2 and a

cubic mobility for the liquid dynamics that can, in analogy to Refs. [83, 103],
be determined via a long-wave approximation of the Navier-Stokes equations.
Here, we obtain a long-wave approximation of our dynamical model for the
case where all interface slopes are small by expanding the metric factor in
the energy functional to m(z) ≈ 1 + z2/2. Then, instead of the variations
(2.45)-(2.47) obtained in the main text, we obtain

δF

δh
≈ −γLV

(
h′′ + ξ′′

)
+
∂f

∂h
(2.50)

δF

δξ
≈ −γLV

(
h′′ + ξ′′

)
−
(
Υ′ξ′ +Υξ′′

)
+ κ ξ (2.51)

δF

δu
≈ −µ′ + κ (u− u′∞x) (2.52)

where all dashes refer to derivatives w.r.t. x. Further we have (2.23)

µ = λ2
∂

∂λ
[γSL(λ) + f(h, λ)] . (2.53)

with

λ ≈ 1 + 1
2(ξ

′)2

1− u′
. (2.54)

and (2.24)

Υ = γSL(λ) + f(h, λ) +
1

λ
µ(h, λ). (2.55)
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Introducing (2.50)-(2.55) into the kinetic equations (2.42)-(2.44) one obtains a
consistent mesoscopic gradient dynamics model in long-wave approximation.

Note, however, that the model might be seen as not being asymptotically
correct as for small Young angles the interface energy γLV is much larger than
the wetting energy f (making the two terms in (2.50) the leading balance).
Then µ and Υ each combine terms of different order of magnitude. We argue
that nevertheless the much smaller terms in (2.53) and (2.55) need to be kept
as dropping them would destroy the gradient dynamics structure ensuring
thermodynamic consistency. Keeping them also ensures correct long-wave
forms of Neumann’s law. Also see the related discussion in [82] and appendix A
of Ref. [77].
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3

Chapter 3

Wetting ridge dissipation at
large deformations

Liquid drops slide more slowly over soft, deformable substrates than over
rigid solids. This phenomenon can be attributed to the viscoelastic dissipation
induced by the moving wetting ridge, which inhibits a rapid motion, and is
called “viscoelastic braking”. Experiments on soft dynamical wetting have thus
far been modelled using linear theory, assuming small deformations, which
captures the essential scaling laws. Quantitatively, however, some important
disparities have suggested the importance of large deformations induced by the
sliding drops. Here we compute the dissipation occurring below a contact line
moving at constant velocity over a viscoelastic substrate, for the first time
explicitly accounting for large deformations. It is found that linear theory
becomes inaccurate especially for thin layers, and we discuss our findings in
the light of recent experiments.

In preparation as: M. H. Essink, S. Karpitschka, E. H. van Brummelen and J. H. Snoeijer,
Wetting ridge dissipation at large deformations
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U

Figure 3.1: Schematic view of the surface of a wetting ridge, moving to the
right at velocity U . The horizontal translation of the contact line induced a
vertical motion of material points in the substrate, indicated by the blue ar-
rows. This motion induces viscoelastic dissipation inside the substrate. (Note
that the motion is not restricted to the interface but also occurs inside the
bulk of the substrate, and is not strictly in the vertical direction.)

3.1 Introduction

The motion of spreading and sliding drops offers a paradigmatic example of
wetting dynamics. While relevant for any application where drops touch a
wall, the wetting motion comes with challenges related to the fluid flow at small
scales near the contact line [104–106]. In the context of “soft contact”, it is of
particular interest how the spreading and sliding is affected by deformability
of the substrate. This field of research was pioneered by Shanahan and co-
workers [28, 29], who discovered that contact lines move more slowly over
rubbers and elastomers, as compared to rigid surfaces, regardless of the precise
polymeric nature of the substrate. This slowing down was attributed to the
viscoelastic dissipation inside the substrate that ensues when a wetting ridge
translates over the substrate.

The mechanism behind this so-called “viscoelastic braking” is sketched in
Figure 3.1. The contact line creates a deformation of the free surface as well
as in the underlying elastic substrate. Subsequently, a horizontal translation
of this wetting ridge (red arrow) induces time-dependent displacements of ma-
terial points (blue arrows). These displacements generate a strong dissipation
inside the substrate that is responsible for the slowing down of the wetting
motion [28, 29]. Scaling theories were presented to compute the dissipation
from the substrate’s rheological properties [13, 30, 69], as a function of the
speed of the contact line. In experiments, however, the dissipation is usually
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not measured directly, but it is mostly quantified via a change in the con-
tact angle of the liquid-vapor interface with respect to the equilibrium angle.
This change in angle was shown to originate from a rotation of the tip of the
wetting ridge that, again, can be related to the viscoelastic response of the
substrate [31, 66]. The interpretations based on “ridge rotation” and “dissi-
pation” offer strictly equivalent descriptions of dynamical wetting over soft
substrates. This equivalence has been shown explicitly in the context of linear
viscoelasticity, assuming small deformations, for which analytical predictions
have indeed been obtained from the two different methods [66,107].

Recent experiments have for the first time provided direct measurements on
the dissipation induced by moving contact lines [64]. These measurements were
achieved by dragging droplets over very thin PDMS substrates by a flexible
micro-pipette, which serves as a force sensor. The experiments confirmed the
essential scallings laws of dissipation with contact line speed. Specifically, the
dissipation per unit length of contact line, denoted D, is of the form

D
γU

= β(H)

(
U

U∗

)n

. (3.1)

In this expression γ is the liquid-vapor surface tension, U is the contact line
velocity, U∗ is a characteristic viscoelastic velocity, and n the rheological ex-
ponent of the substrate. The key element of interest here is the dependency
on the substrate thickness, reported as a dimensionless factor β(H). The ex-
perimental data for this factor β obtained by [64], is reproduced in Figure 3.2.
The data clearly show that dissipation decreases for smaller substrate thick-
ness, and suggest that β even vanishes for H → 0. This result, however, is
in stark disagreement with predictions from linear viscoelastic theory [31,66],
superimposed as the red curve in Figure 3.2. It was argued in [64] that the
mismatch between experiments and theory at small substrate thickness is due
to the emergence of large deformations for wetting ridges on thin substrates.
Namely, linear theory predicts the height of the wetting ridge hr to scale as
H3/4 in the limit of small substrate thickness [69]. This scaling for the ridge
height implies a typical vertical strain hr/H ∼ H−1/4, which obviously con-
stitutes a very large deformation when H becomes small. As such, linear
viscoelasticity does not offer a consistent theory of soft wetting on very thin
substrates.

The goal of this chapter is to model the statics and dynamics of wetting
ridges, while consistently accounting for large viscoelastic deformations. First,
we compute static wetting ridge profile using simulations of Neo-Hookean
solids, following a similar (macroscopic) scheme as in chapter 2 [108]. The
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Figure 3.2: Dissipation β in the wetting ridge, as a function of the substrate
thickness H and normalised thickness GH/γs. Experimental data is shown in
black, and the corresponding linear viscoelastic theory in red. Recreated from
data provided in [64].

static results are presented in Section 3.2, where we will focus on the ridge
profiles in the limit of small substrate thickness. Then, we compute the dissi-
pation following the idea sketched in Figure 3.1. The static profile is translated
horizontally at constant velocity; the dissipation is then computed from the
time-dependent deformations from this horizontal motion. This procedure
based on translation of a static profile is known to give the exact dynamical
dissipation, to leading order in velocity. Namely, the change in the shape of
the wetting ridge due to the motion offers only a higher order (in velocity)
correction to the shape of the wetting ridge, and thus to the dissipation (as
shown explicitly in linear theory in [31]). In Section 3.3 we formalise this
procedure for large deformations, and the resulting dissipation factors β(H)
are presented in Section 3.4. In Section 3.5 we explore substrate constitutive
relations beyond the Neo-Hookean model, specifically focusing on the effect
of finite extensibility. We compare our results to the experiments in [64] as
discussed in the concluding Section 3.6.
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γ

γsγs
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Figure 3.3: Schematic representation of the wetting ridge on a solid substrate.
The black lines indicate a course, non refined mesh in the deformed state. The
mesh in reference state is shown in gray. The surface tensions γ and γs are
shown in blue and red respectively. The solid opening angle θS is indicated
between the surface tension arrows.

3.2 Static profiles

3.2.1 Formulation

Figure 3.3, shows a static numerical result. We consider a two-dimensional
wetting ridge on a substrate of finite thickness H. The substrate has a shear
modulus G, and a surface energy γs on the free surface. For simplicity we
here consider γs as constant, i.e. independent of the stretch and the same
on both sides of the wetting ridge. The wetting ridge is induced by a point
force γ that pulls vertically on the surface, which models the force exerted
by a vertical interface at the contact line. The solid is deformed according
to a mapping x = f(X), which maps the reference configuration X to the
deformed configuration x. The gradient of this mapping, the deformation
gradient tensor F = ∂x/∂X, is a measure of the deformations of the solid.
Restricting our considerations to solids with hyperelastic constitutive relations,
from this tensor F an energy density W (F) can be calculated, that represents
the energy per unit area (in plane-strain conditions) that is stored in the
elastic deformations of the solid. For most of this chapter, we will consider
the substrate to consist of an incompressible Neo-Hookean solid under plane-
strain, for which the energy density reads

W (F) =
G

2

(
tr
(
F · FT

)
− 2
)
− p (det(F)− 1) , (3.2)
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where G is the shear modulus of the material, and incompressibility is enforced
through the Lagrange multiplier p. Integration of this energy density over the
entire substrate yields the total mechanical energy stored in the substrate.
With the addition of the surface energy γs on the free surface, and the vertical
point force γ at (X,Y ) = (0, H), the total energy is

U =

W∫
−W

dX

H∫
0

dY W (F) +

W∫
−W

γds+ γ ey · x(0, H)

=

W∫
−W

dX

H∫
0

dY W (F) +

W∫
−W

γλsdX,+γ ey · x(0, H) (3.3)

where λs is the stretch of the free surface, and ey the unit vector in vertical
direction. The problem can be solved by minimisation of the energy functional
U with respect to the deformation x. We anticipate that in the final part of
this chapter we investigate the effect of finite extensibility of the polymeric
substrate, which amounts to a modification of the elastic energy densityW (F).

A typical result of the minimisation is shown in Figure 3.3. The wetting
ridge is governed by an opening angle θS dictated by the Neumann balance of
the three surface tensions [40]. Therefore, the solid opening angle θS and the
ratio of surface energies γ/γs are directly related as

θS = 2arccos

(
1

2

γ

γs

)
⇐⇒ γ

γs
= 2 cos

(
θS
2

)
. (3.4)

Hence, we shall be using θS as the measure that quantifies the relative strength
of the surface tensions. We also remark that the theory of linear elasticity is
only expected to be valid for θS close to 180◦, i.e. γ/γs ≪ 1. Experimentally,
however, this condition is typically not fulfilled, which supports our interest
of performing simulations with large deformation theory. The ratio of surface
tension to elasticity is expressed via the elastocapillary length; here it can be
defined as both γ/G and γs/G. Roughly speaking, the former sets a typi-
cal vertical scale, while the latter is a horizontal scale of deformation. As a
dimensionless measure of the (inverse) substrate thickness, we will be using
γs/GH. The opening angle θS , or equivalently the ratio γ/γs, provides the
second dimensionless parameter in the problem.
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3.2.2 Numerical method

The minimisation of the total energy (3.3) is implemented using the open-
source finite element framework Nutils [81]. The deformations are defined
on a mesh consisting of 4 × 192 elements, representing only the right half
of the wetting ridge, for symmetry reasons. A high aspect ratio is achieved
by increasingly stretching the elements when moving further away form the
contact line, as can be observed in Figure 3.3. The mapping X 7→ X(1 +X)
produces a mesh of width W = 2352H, which is wide enough to be considered
infinite for the purposes of this chapter. The elements are hierarchically refined
up to 18 times using a residual-based adaptive method, such that an element
size of ∆ < 10−4 ℓec is achieved near the contact line. The bottom of the mesh
is constrained in both horizontal and vertical direction, imitating a substrate
bonded to a rigid surface. The right boundary is also constrained in both
directions. The left boundary represent the symmetry axis of the wetting
ridge, thus the deformations are only constrained in horizontal directions,
with no shear in the vertical direction. The top surface representing the free
surface is traction-free, with only stresses resulting from surface tension.

For the simulation of sharp wetting ridges a continuation approach was
required. In this case the surface energy ratio γ/γs was increased in a num-
ber of smaller steps, such that a value up to γ/γs = 1.5 (θS = 82.8◦) could
be reached. Additionally, to reduce computation time simulations are run
in decreasing order of elastocapillary number γs/GH, which results in an in-
creasing refinement level. Since the size of the wetting ridges shrinks with
decreasing elastocapillary length, the refinement pattern can be reused, and
further refined when needed.

3.2.3 Effect of substrate thickness

We are interested in studying how the wetting ridge is affected when varying
the substrate thickness. Specifically, we wish to investigate the limit of thin
substrates, for which linear elasticity becomes inconsistent since large strains
are predicted [64, 69]. In the simulations we thus vary γs/GH, which repre-
sents the ratio of the elastocapillary length γs/G and the substrate thickness
H. Figure 3.4a shows free surface profiles of the wetting ridge for a range of
γs/GH, with the horizontal and vertical axis normalized by H. The presented
data are for γ/γs = 1, so that θS = 120◦. The blue data corresponds to the
limit of small elastocapillary length, or equivalently of large substrate thick-
ness. In this limit, the deformation appears as a small feature on top of the
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Figure 3.4: Numerical free surface profiles for various values of the elastocapil-
lary length, with lines colored according to the colorbar on the right. A surface
energy ratio γ/γs = 1.0 was used, corresponding to a solid angle θS = 120◦.
(a) Normalised by the thickness of the undeformed solid layer H. (b) Nor-
malised by the height of the wetting ridge hr.

comparatively thick substrate. The yellow data correspond to the opposite
limit of large elastocapillary length, or small thickness. Now, the elastic defor-
mation becomes large compared to the layer thickness, and continues to grow
upon increasing γs/GH. Since the opening angle remains constant between
the curves, the profiles all appear to exhibit a similar shape, only changing
in scale. We examine whether the shape of the wetting ridge is indeed truly
self-similar in the thin limit, by scaling the profiles by the height of the wet-
ting ridge hr, both vertically and horizontally. The resulting set of curves
is displayed in Figure 3.4b. Indeed, the wetting ridge profiles converge to a
universal shape for thin substrates (γs/GH ≫ 1), suggesting that the ridge
height – rather than the substrate thickness – is the relevant length scale in
the thin limit.

The remaining task is to understand the scaling of the ridge height hr as a
function of γs/GH. The numerical results for for the ridge height are reported
in Figure 3.5, for different values of θS . In the plot the ridge height hr/H
is normalized by an additional factor γs/γ, which leads to a nearly perfect
collapse of the data for all θS . The Figure clearly reveals the presence of two
regimes. For thick substrates we find a scaling that is close to linear. This
is consistent with the commonly quoted hr ∼ γ/G, when also the logarithmic
corrections associated to two-dimensional elasticity are included [26,79].

Our main interest, however, lies in the limit of thin substrates, which
pertains to the data on the right in Figure 3.5. The ridge height hr now
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Figure 3.5: Height of the wetting ridge as a function of the elastocapillary
number. The height of the wetting ridge is scaled by the ratio of surface
energies γ/γs to overlay results for multiple solid opening angles. The triangles
show the linear regime for thick layers and the 1/4 power law for thin layers,
predicted by linear theory.

closely follows a scaling exponent 1/4. This behavior is perfectly in line with
predictions based on linear elasticity, which suggested the wetting ridge to
grow as [69]

hr
H

∼ γ

γs

( γs
GH

)1/4
. (3.5)

Hence, the wetting ridge continues to grow upon increasing the elastocapillary
length. Importantly, since hr/H serves as a measure for strain, at least at the
location of the ridge, we clearly see that strains do not remain small: they even
diverge in the limit H → 0. However, the results from the Neo-Hookean solid
(see Figure 3.5) are perfectly in line with the prediction from linear theory
(3.5). Hence, even though linear elasticity is no longer consistent in the limit
of thin substrates, it correctly predicts the horizontal and vertical scaling of
the wetting ridge on Neo-Hookean solids.

3.3 From static profiles to dissipation

We now turn to the heart of the chapter, which is to compute the dissipation
inside a wetting ridge as a function of its translation velocity. For this we
employ the procedure explained in the Introduction. In the spirit of the sketch
in Figure 3.1, we horizontally translate the full static solution of Figure 3.3 with
a constant velocity, and compute the dissipation from the resulting motion of
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material points. In this section we present the technical details on how to
perform this calculation while consistently accounting for large deformations.
The results of this calculation, in particular the behavior of the dissipation
factor β(H) as defined in (3.1), will be presented in the next section.

3.3.1 Deformation in terms of metric tensor

It will turn out convenient to express the relevant deformation tensors using
curvilinear material coordinates {qi}, with i = 1, 2 for our two-dimensional
problem. We therefore start by providing the connection between the curvi-
linear formulation and the quantities that can be extracted from the numerical
results. The discussion below is adapted from [109,110].

The numerical simulations make use of the deformation gradient tensor
F = ∂x/∂X. We now consider a dynamical problem, for which the mapping
x = f(X, t) becomes time-dependent. For this reason we from now on use
the notation x(t) and replace X = x(t0), where without loss of generality we
consider the system to be in its reference configuration at t = t0. With this F
and its inverse F−1 can be expressed as

F(t) =
∂x(t)

∂x(t0)
=
∂x(t)

∂qi
∂qi

∂x(t0)
= ei(t)⊗Ei, (3.6)

F−1(t) =
∂x(t)

∂x(t0)
=
∂x(t0)

∂qi
∂qi

∂x(t)
= Ei ⊗ ei(t), (3.7)

where we introduced the time-dependent curvilinear basis vectors

ei(t) =
∂x(t)

∂qi
, ei(t) =

∂qi

∂x(t)
, (3.8)

and the time-independent reference basis vectors

Ei = ei(t0), Ei = ei(t0). (3.9)

In what follows we need to compute the history of deformation by com-
paring states at two different times, say the current time t and a time in the
past t′ < t. The corresponding mapping F(t, t′), is defined by

F(t) · F−1(t′) = ei(t)⊗Ei ·Ej ⊗ ej(t′)

= ei(t)⊗ ei(t′) =
∂x(t)

∂x(t′)
= F(t, t′). (3.10)
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When evaluating the associated Finger tensor, we obtain

B(t, t′) = F(t, t′) · FT (t, t′)

= F(t) · F−1(t′) · F−T (t′) · FT (t)

= ei(t)⊗ ei(t′) · ej(t′)⊗ ej(t)

= gij(t′) ei(t)⊗ ej(t). (3.11)

Here we introduced the contravariant metric tensor gij , which is defined as

gij(t) = ei(t) · ej(t), gij(t) = ei(t) · ej(t), (3.12)

and for completeness we also gave the covariant metric gij . So, it follows
from (3.11) that the two-time Finger tensor is obtained by expressing the
contravariant metric at time t′ on the curvilinear basis at time t. Similarly
the inverse of this tensor can be evaluated

B−1(t, t′) = F−T (t) · FT (t′) · F(t′) · F−1(t)

= gij(t
′)ei(t)⊗ ej(t). (3.13)

So naturally, gij(t
′) and gij(t′) act as one-anothers inverse, being related re-

spectively to B−1 and B.
The constitutive relations of viscoelastic materials involve time-derivatives

of the two-time Finger tensor. These can be evaluated as

∂B(t, t′)
∂t′

= ġij(t′) ei(t)⊗ ei(t)

= F(t) ·
(
Ḟ−1(t′) · F−T (t′) + F−1(t′) · Ḟ−T (t′)

)
· FT (t), (3.14)

∂B−1(t, t′)
∂t′

= ġij(t
′) ei(t)⊗ ei(t)

= F−T (t) ·
(
ḞT (t′) · F(t′) + FT (t′) · Ḟ(t′)

)
· F−1(t), (3.15)

providing the expressions in both in symbolic notation and in curvilinear com-
ponents. Now we see the great advantage of the curvilinear formulation. When
expressed using the current basis vectors ei (resp. ei), the time-derivatives
of B (resp. B−1) reduce to ordinary time-derivatives of the metric compo-
nents in the past ġij (resp. ġij). By consequence, the constitutive relations
take on comparatively simple forms when expressed in curvilinear coordinates.
Phrased differently, the curvilinear description can be seen as an elegant way
to effectuate the intricate projections between current and past configurations.
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For completeness, we also provide the following connections (see [110] for
details):

Ḟ = (∇v)T · F, Ḟ−1 = −F−1 · (∇v)T . (3.16)

We thus obtain,

∂B−1(t, t′)
∂t′

= ġij(t
′) ei(t)⊗ ei(t)

= F−T (t) · F(t′)T ·
(
∇v(t′) + (∇v)T (t′)

)
· F(t′) · F−1(t)

= F−T (t, t′) · γ̇(t′) · F−1(t, t′) (3.17)

The time-derivative of B−1 thus reflects the shear-rate γ̇ = ∇v + (∇v)T in
the past, but projected on the current basis. When setting t = t′ after taking
the derivative, we find

∂B−1(t, t′)
∂t′

∣∣∣∣
t′=t

= ġij(t) e
i(t)⊗ ei(t) = ∇v + (∇v)T = γ̇(t) (3.18)

So, ġij(t) combined with the basis at the current time directly gives γ̇(t).

3.3.2 Stress relaxation at large deformations

The theory of linear viscoelasticity can be expressed using a stress relaxation
function that captures the memory of stress under time-dependent deforma-
tions. This formalism is applicable at small deformations and is typically
written in scalar form as

σ(t) =

∫ t

−∞
dt′ ψ(t− t′)γ̇(t′). (3.19)

This equation gives a relation between (a component of) the stress and the
history of the rate-of-strain γ̇. The function ψ(t − t′) is called the stress
relaxation function, and defines the linear rheological response of the material.
Since we wish to deal with dissipation in the presence of large deformations, we
need to use the appropriate tensorial form of this relation. We will motivate
below that, written in curvilinear coordinates, the appropriate expression for
a Neo-Hookean viscoelastic solid reads

σij(q, t) = −
∫ t

−∞
dt′ ψ(t− t′)ġij(q, t′). (3.20)
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We remind that the curvilinear coordinates qi correspond to material points, so
that the memory integral applies at a constant material point. In the remain-
der of this subsection we will drop the argument q, for notational convenience
and focus on the explicit dependencies on t and t′.

In the general description of nonlinear viscoelastic solids, the stress at
time t is a functional over the entire history of deformation as described by
B(t, t′) [111]. In contrast to viscoelastic liquids, the functional for viscoelastic
solids also depends explicitly on the deformation with respect to the reference
state B(t, t0). In what follows we will restrict ourselves to isotropic models of
solids with “finite linear viscoelasticity”: this terminology expresses that the
models are not restricted to small deformations, but are still taken as linear
operators of B. Specically, we shall be using the form [111]

σ(t) = σel(t) +

∫ t

−∞
dt′
[
−ψ1(t− t′)

∂B(t, t′)
∂t′

+ ψ2(t− t′)
∂B(t, t′)−1

∂t′

]
.

(3.21)
The first term σel(t) is the elastic stress that, as usual, depends on B(t, t0)
and B(t, t0)

−1 that measure the deformation with respect to the reference
configuration. This term directly derives from the elastic free energy density.
The dissipative part of the stress is expressed by the integrals, where the
kernels ψ1,2 decay to zero in the limit of large t − t′; this conditions ensures
that the elastic response is recovered after the configuration is held constant
(i.e. after stopping the “flow”).

In general, the relaxations functions ψ1,2 can be chosen to depend on
B(t, t0), which would be beyond finite linear viscoelasticity, but for simplic-
ity this possibility will not be considered here. Since furthermore the Neo-
Hookean solid, and also the Gent model that will be discussed later, do not
explicitly depend on B(t, t0)

−1, we will make the further simplification that
ψ2 = 0, so that

σ(t) = σel(t)−
∫ t

−∞
dt′ ψ1(t− t′)

∂B(t, t′)
∂t′

. (3.22)

A final reduction can be achieved for the Neo-Hookean solid, which is defined
by the elastic stress σel(t) = G(B(t, t0) − I). Setting the reference time t0 =
−∞, the elastic stress can be absorbed inside the integral as:

σ(t) = −
∫ t

−∞
dt′ ψ(t− t′)

∂B(t, t′)
∂t′

. (3.23)
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Here we defined ψ(t − t′) = G + ψ1(t − t′), and made use of the property
that B(t, t) = I. Using the curvilinear expression (3.14) for ∂B(t, t′)/∂t′, one
indeed finds the form anticipated in (3.20).

3.3.3 Dissipation for a traveling wave

With an explicit expression for the viscoelastic stress at hand, we can evaluate
the dissipation as the integral over the work done by by the stress. In a
two-dimensional context, the dissipation D per unit length reads

D =

∫∫
dA

1

2
σ(t) : γ̇(t)

=
1

2

H∫
0

dY

∞∫
−∞

dXσij(X,Y, t)ġij(X,Y, t)

= −1

2

H∫
0

dY

∞∫
−∞

dX

t∫
−∞

dt′ψ
(
t− t′

λ

)
ġij(X,Y, t′)ġij(X,Y, t). (3.24)

In the second line we made explicit that we will use the Cartesian reference
positions as the curvilinear coordinates, i.e. q1 = X and q2 = Y . In the
third line we inserted the expression for σij in terms of the stress relaxation
function ψ, as derived above. In order to keep track of dimensions, we made
the argument of the relaxation function dimensionless with the relaxation time
scale λ.

For a contact line moving to the right as a travelling wave, we find that
all fields are of the type G(X − Ut, Y ), where g(X,Y, t) = G(X − Ut, Y ).
Correspondingly, the dissipation induced by a travelling wave can be expressed
as

D = −U
2

H∫
0

dY

∞∫
−∞

dX

t∫
−∞

d(Ut′)ψ
(
t− t′

λ

)
Gij′(X − Ut′, Y )G′

ij(X − Ut, Y ),

(3.25)
where a prime indicates a derivative with respect to X. Making the transfor-
mation of variables X̄ = X − Ut and X̃ = X − Ut′ and replacing the dummy
variable X̄ back to X so that

D = −U
2

H∫
0

dY

∞∫
−∞

dX

∞∫
X

dX̃ψ

(
X̃ −X

Uλ

)
G′
ij(X,Y )Gij′(X̃, Y ). (3.26)
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Hence, for a travelling wave solution, the history-dependence at a point X can
be inferred by looking at the deformations at X̃ > X, i.e. points that have
already passed the material point X. As already explained, to leading order in
velocity we can evaluate this expression for the dissipation by taking the fields
Gij(X,Y ) and Gij(X,Y ) directly from the static numerical solutions obtained
in Section 3.2.

3.3.4 Chasset-Thirion rheology

Until now we have not considered any specific relaxation function ψ. In line
with previous work, we will consider the Chasset-Thirion rheology [64, 112],
that has a complex modulus

G′ + iG′′ = G [1 + (iωλ)n] , (3.27)

with 0 < n < 1, and where λ offers the characteristic relaxation timescale.
This complex modulus indeed provides an excellent fit of typical PDMS sub-
strates used in soft wetting experiments [31, 66]. On the time-domain, this
model is recovered to a stress relaxation function

ψ(t̄) = G
[
1 + Γ(1− n)−1t̄−n

]
, (3.28)

where t̄ = t/λ. In the expression for dissipation, the constant term of the
relaxation function expresses the elastic stress, and will not give a resultant
contribution to the total dissipation integral. Therefore, it is sufficient to
only retain the time-dependent part of the relaxation function, so that the
dissipation can be written as

D
UG

= −1

2

(Uλ)n

Γ(1− n)

H∫
0

dY

∞∫
−∞

dX

∞∫
X

dX̃
G′
ij(X,Y )Gij′(X̃, Y )(

X̃ −X
)n . (3.29)

3.3.5 Non-dimensionalisation

As a final step, we wish to express the dissipation in the form [64]

D
Uγ

= (U/U∗)n β, (3.30)

that was already mentioned in the Introduction. With the explicit definition
of the Chasset-Thirion rheology in place, the exponent n is now well-defined,
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while the characteristic horizontal velocity U∗ = γs/(Gλ) naturally emerges
from the elastocapillary length γs/G and the relaxation time λ. The goal is
now to find the expression for the dimensionless factor β. This is most easily
achieved by rescaling all lengths with H, so that (3.29) and (3.30) can be
combined to:

β = −1

2

γs
γ

( γs
GH

)n−1 1

Γ(1− n)

1∫
0

dY

∞∫
−∞

dX

∞∫
X

dX̃
G′
ij(X,Y )Gij′(X̃, Y )(

X̃ −X
)n .

(3.31)
In this expression it is understood that X, X̃, Y are dimensionless, scaled with
H. The factor β is a function of γs/GH and θS (via the factor γ/γs). We
remind that also the static deformation profiles as encoded in Gij(X,Y ) and
Gij(X,Y ), as obtained from the FEM simulations, depend on the parameters
γs/GH and θS .

The large-deformation result for β will be evaluated numerically, and com-
pared to the analytical expression for the limit of small deformations. The
latter consists of a single integral, rather than of a triple integral, and reads
[64,66]:

β = − γ

GH

( γs
GH

)n
sin
(nπ

2

)∫ ∞

−∞

dQ

2π

K(Q)Qn+1(
1 + γs

GHQ
2K(Q)

)2 , (3.32)

where K(Q) is the elastic kernel for a dimensionless layer of finite thickness,

K(Q) =
1

2Q

sinh (2Q)− 2Q

cosh (2Q) + 2Q2 + 1
. (3.33)

Now it is explicit that the dissipation integral β is only a function of γs/(GH)
and γ/γs. In the limit of infinite thickness (γs/GH ≪ 1), the integral can be
performed analytically and one finds the reference value for a half-space

β̂∞ =
γ

γs

n 2n−1

cos
(
nπ
2

) . (3.34)

Analogously to β̂∞, we also define β∞ for the large-deformation case as the
limiting value of β for infinite thickness (γs/GH ≪ 1).

3.4 Dissipation results

In the previous section we have shown how to compute dissipation within the
elastic layer. We now present the results of this calculation, while systemati-
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Figure 3.6: Work W(X,Y ) done in the bulk of the solid below a wetting
ridge moving to the right, normalised by the thickness of the elastic layer
H. Positive contributions (red) indicate mechanical energy being put into the
solid, where the negative contributions (blue) indicate energy is recovered.
The black contours emphasise the transitions between positive and negative.
Results are obtained for an opening angle of θS = 82.8◦ and an elastocapillary
number of γs/GH = 2.0. (a) For a pure elastic solid response (n = 0.0),
showing an anti-symmetric distribution of work in the solid. (b) For a typical
viscoelastic solid response (n = 0.25).

cally varying γs/GH and θS .

3.4.1 Spatial distribution of work inside the solid

While our main interest is to find the total dissipation induced by a moving
ridge, it is of interest to investigate where this dissipation occurs inside the
substrate. More precisely, we compute the power density generated by the
stress, as defined by 1

2σ : γ̇ = 1
2σ

ij ġij . In terms of the travelling wave solution,
this amounts to omitting the integration over the solid domain in (3.31), which
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gives the rate of work per unit volume in the wetting ridge:

W(X,Y )

H2
= −1

2

γs
γ

( γs
GH

)n−1 1

Γ(1− n)

∞∫
X

dX̃
G′
ij(X,Y )Gij′(X̃, Y )(

X̃ −X
)n . (3.35)

We note that even though this quantity integrates up to the total dissipation
inside the wetting ridge, it is not a measure of “local dissipation”. This be-
comes immediately clear when W(X,Y ) is plotted for a purely elastic solid
(achieved by setting n = 0), for which no dissipation can occur. The purely
elastic case is given in Figure 3.6a. Red zones are regions of positive work,
where energy is stored in the solid; primarily upon arrival of the ridge. Blue
zones are regions of negative work, where energy is released; primarily after
the passage of the ridge. For the purely elastic case of Figure 3.6a, the distri-
bution of work is perfectly anti-symmetric, such that all the stored energy is
eventually released. The resulting dissipation therefore vanishes; as should be
the case for for a purely elastic substrate that exhibits no viscoelasticity.

On the contrary, this left-right symmetry is broken for viscoelastic solids.
This can be seen in Figure 3.6b, where we show the distribution of power
for the case n = 0.25 (this value is close to the experimental value n = 0.23
in [64]). The storage of energy (red) ahead of the wetting ridge still closely
resembles that of the purely elastic substrate. However, much less of this
energy is released (blue) in the wake of the ridge. This implies a resultant
global (positive) dissipation.

3.4.2 Global dissipation

We now turn to the global dissipation, which is expressed using the dissipa-
tion factor β that is defined in the introduction as equation (3.1). We compute
this factor in the presence of large deformations, using (3.31), and the results
will be systematically compared to the small-deformation linear theory (3.32).
This direct comparison is shown in the three panels of Figure 3.7, each cor-
responding to a different opening angle θS of the wetting ridge. Naturally,
one would expect the dissipation to match the linear theory in the case of θS
close to 180◦, as the deformations in this limit are small. Indeed, for an angle
θS = 179.4◦ in Figure 3.7a the simulations almost perfectly match the small
deformation theory, for the full range of γs/GH. This excellent quantitative
agreement (including the normalisation factor for thick layers β̂∞, which was
not fitted but taken directly from linear theory), offers a validation of our
numerical scheme.
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Figure 3.7: Normalised dissipation in the wetting ridge as a function of the
elastocapillary length for various values of the parameter n in the Chasset-
Thirion rheology. Results from linear theory are shown as solid lines, where
the numerical results are denoted by the symbols. The ratio of surface energies
for the numerical results are (a) θS = 179.4◦, (b) θS = 120.0◦, (c) and
θS = 82.8◦.

However, as the wetting ridge becomes sharper, with smaller θS , some
deviations become apparent. In Figures 3.7b and 3.7c we see that with a
decreasing opening angle (or increasing γ/γs) two important changes occur.
First of all, the plateau of the dissipation coefficient β for infinitely thick layers
(γs/GH ≪ 1), defined as β∞, starts to increase and deviate from the linear
prediction β̂∞. This increase also appears to be dependent on the parameter
n, as can be seen in Figure 3.8a. Secondly, for thinner substrates another
change in the β curves is observed. It seems the minimum value of β, here
called βmin decreases when the wetting ridge becomes sharper. The minimum
βmin is further quantified in Figure 3.8b. It is clear that the minimum of the
dissipation decreases significantly when the solid angle θS takes on smaller
values.

Typical experimental values for θS lie around 90◦. Our results thus imply
that significant quantitative differences between experiment and linear the-
ory are to be expected. On the other hand, the qualitative trends of linear
theory remain intact: in all cases the dissipation exhibits a minimum, and
does not tend to zero in the limit of small thickness. This is in contrast with
the experimental data, suggesting that β vanishes in the limit H → 0. To
further elaborate on this, we replot the experimental results of [64] in Figure
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Figure 3.8: (a) Dissipation coefficient for thick substrates β∞ as a function
of the opening angle θS for various values of the parameter n, normalised
by the value β̂∞ predicted from linear elasticity. (b) Minimum value of the
dissipation coefficient β as a function of the parameter n, for a number of
surface energy ratios γ/γs.

3.9, compared to both linear and large deformation results. Note that β is
now normalised by β∞, since the large thickness value of β is experimentally
used as a fitting parameter, and the horizontal axis displays the dimensionless
thickness HG/γs (rather than its inverse in the preceding plots). The large
deformation results are clearly a closer match to the experiments; still, these
do not capture the strong decrease in β that was observed for experiments on
thin layers.

3.5 Finite extensibility

3.5.1 Modeling considerations

Until now we have only considered the Neo-Hookean constitutive behavior,
augmented with a Chasset-Thirion viscoelastic relaxation. While quantitative
differences appeared with respect to the linear theory, we found that qualita-
tive trends for the ridge height and the dissipation are the same, even in the
limit of very thin substrates. We now explore whether qualitative changes ap-
pear for constitutive relations with a more strongly nonlinear behavior, beyond
the Neo-Hookean solid.

Soft solids such as the PDMS used in the experiments [64], typically consist
of a cross-linked network of polymer chains. While the polymers have some
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Figure 3.9: Dissipation in the wetting ridge as a function of the substrate
thickness, normalised by the elastocapillary length. Dissipation is normalised
by β∞, the value of β observed for thick substrates. The experimental results
from [64] are overlaid in black. A surface energy ratio γ/γs = 1.0 was used
for the numerical results, corresponding to an internal solid angle θS = 120◦.
The value n = 0.25 is chosen to approximately match the experimental data.

freedom to deform, the polymer chains cannot be stretched indefinitely (in
contrast to the Neo-Hookean solid). A model that captures the finite extensi-
bility of the polymers is the Gent solid model, which imposes limiting behavior
on the strain invariant I = tr

(
F · FT

)
− 2, such that it cannot exceed a lim-

iting factor Im. Since I can be seen as a “mean stretch”, Im translates to a
direct limit on the stretch, with a maximum uniaxial stretch λm defined by
Im = λ2m + λ−2

m − 2. The Gent solid model has a free energy density [113]

W (F) = −G Im
2

ln

(
1− tr

(
F · FT

)
− 2

Im

)
− p (det(F)− 1) , (3.36)

which develops a diverging stress when I → Im. In the limit of I/Im → 0,
however, the model converges to the Neo-Hookean solid (3.2). Therefore, for
moderate deformations the two models should be nearly indistinguishable. For
large deformations, as is the case for thin substrates, qualitative differences
are anticipated.

Once again, the dissipation can be computed from static solutions, by us-
ing the travelling wave Ansatz. For the Gent model, the starting point of
the viscoelastic analysis is no longer (3.23) but rather (3.22), with a modified
expression for σel. However, the elastic part of the stress does not contribute
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Figure 3.10: Height of the wetting ridge as a function of the elastocapillary
number, similar to Figure 3.5 but including finite extensibility results for a
number of Im values. The triangles show the linear regime for thick layers
and the 1/4 power law for thin layers, predicted by linear theory [69]. A
surface energy ratio γ/γs = 1.0 was used for all simulations, corresponding to
an internal solid angle θS = 120◦.

to the dissipation. So if we use for ψ1 the time-dependent part of the Chasset-
Thirion relaxation function, we are still allowed to use the very same expres-
sion for the dissipation factor β, namely equation (3.31). The effect of finite
extensibility is then encoded via the change of the static profiles.

3.5.2 Results

Since the finite extensibility only comes into play at relatively large deforma-
tions, it is expected that differences between the Neo-Hookean model and Gent
models will only be apparent at large deformations. This is indeed the case
when plotting the height of the wetting ridge as a function of the elastocapil-
lary number, as done in Figure 3.10. Only for very thin substrates, where the
wetting ridge becomes large, we see a qualitative difference between the two
models. Specifically, the Gent model predicts a saturation to the unbounded
growth of the ridge height; leading to a breakdown of the 1/4 scaling law. This
implies that pulling more strongly on the solid does not lead to larger defor-
mations when reaching the finite extensibility limit. The smaller the value of
Im, the smaller the maximum height of the ridge.

The saturation of the deformation also impacts the total dissipation.
Roughly speaking, the finite extensibility means that the metric factors ap-
pearing in the dissipation integral (3.31) are also subjected to a saturation,
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Figure 3.11: Dissipation in the wetting ridge as a function of the substrate
thickness, similar to Figure 3.9. The data for the finite extensibility model is
added in blue. All simulations use a surface energy ratio γ/γs = 1.0, or an
internal solid angle θS = 120◦, and n = 0.25 in the rheology. The expected
power law (3.37) is displayed in the bottom left.

even if one continues to increases γs/GH. Approximating the integrals as
constant, (3.31) reduces to a simple scaling

β ∼
( γs
GH

)n−1
, (3.37)

whenever finite extensibility comes into play. Given that n < 1, this implies
β ∼ H1−n → 0 in the limit of vanishing substrate thickness. Hence, the Gent
model could offer a qualitative change in the behavior of β, with a trend that
is in line with experimental observations.

This hypothesis is confirmed in Figure 3.11, where we report β for the
Gent model. In contrast to the Neo-Hookean model and the linear theory, the
Gent model does not exhibit a minimum, but gives a vanishing dissipation
as HG/γs → 0. The observed scaling is in very good agreement with the
prediction (3.37). This reveals that strong nonlinearities are indeed important
to explain the experimental observations. Having said that, the Gent model
in combination with a “linear” Chasset-Thirion model is not able to provide
a quantitative match of the experiment on the thinnest substrates. The pre-
cise value of Im in the experiments is heavily dependent on the gel type and
crosslinking density. In the experimental results a value Im ∼ 10 would be a
reasonable estimate [114], which is within the captured numerical range.
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3.6 Conclusion

In this chapter we set out to find an explanation for the apparent disagreement
between the dissipation in experiments and linear theory that was observed in
[64]. It was found that linear theory does not capture the monotonic decrease
of dissipation when reducing the thickness of the subtrate; instead, linear
theory predicts a minimum in dissipation followed by a sharp increase for very
thin layers. It was hypothesised that the appearance of a minimum was an
artefact of the linear solid model, and would disappear for nonlinear solid
models. To test this we performed finite element simulations of the wetting
ridge, allowing for the consideration of nonlinear solid models. From these
simulation results the dissipation is then calculated.

When we look at the free surface profile we find that these converge to a
self-similar shape in the limit of thin substrates. This means that even though
the wetting ridge grows, its shape remains unaltered, but is only scaled up.
Remarkably, the wetting ridge in this limit, normalised by the layer thickness,
shows the same power law growth behavior as predicted for linear elasticity
[69]. Unexpectedly, even in the limit of large deformation the growth of the
wetting ridge persists.

Knowing the shape of the wetting ridges and deformation within the elastic
layer allows us to calculate the rate of work in the substrate. By extension,
the rate of work can be integrated to find the dissipation of a moving wetting
ridge. Our results show that the global dissipation for opening angles near
180◦ is indeed in perfect agreement with the predictions of linear theory; the
convergence validates our numerical method. For sharper wetting ridges we
start to see effects of nonlinear elasticity, as would be expected for the larger
deformations associated with the sharper ridges. The dissipation for thick
substrates increases, but the minimum and asymptote for thin layer do persist.

Since the molecular structure of typical soft materials is not fully captured
by a Neo-Hookean solid, we also consisered a finite extensibility model. Such
a model incorporates the limited amount of stretching allowed for by the poly-
mers that make up the bulk. We find the wetting ridges to be of comparable
size on thick substrates, but on thin substrates the growth levels off. Dis-
sipation calculations show an asymptote that goes to zero in this case. So,
the introduction of strong nonlinearities, beyond the Neo-Hookean solid, are
clearly of importance to capture the essentical feature of dynamical wetting ex-
periments on very thin layers. However, the Gent model combined with linear
viscoelastic dissipation does not yet offer a quantitative match to the exper-
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imental data. Future studies could be dedicated to add the nonlinear stress
of the Gent model into the dissipation model, to see if a quantitative match
can be achieved. Conversely, experiments on thinner layers combined with
macroscopic nonlinear rheological characterisations (beyond G′/G′′) could be
of interest to for future work.
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4

Chapter 4

Pinning-induced
folding-unfolding asymmetry
in adhesive creases

The compression of soft elastic matter and biological tissue can lead to creas-
ing, an instability where a surface folds sharply into periodic self-contacts.
Intriguingly, the unfolding of the surface upon releasing the strain is usually
not perfect: small scars remain that serve as nuclei for creases during repeated
compressions. Here we present creasing experiments with sticky polymer sur-
faces, using confocal microscopy, which resolve the contact line region where
folding and unfolding occurs. It is found that surface tension induces a second
fold, at the edge of the self-contact, which leads to a singular elastic stress and
self-similar crease morphologies. However, these profiles exhibit an intrinsic
folding-unfolding asymmetry that is caused by contact line pinning, in a way
that resembles wetting of liquids on imperfect solids. Contact line pinning is
therefore a key element of creasing: it inhibits complete unfolding and gives
soft surfaces a folding memory.

Published as: M.A.J. van Limbeek*, M. H. Essink*, A. Pandey, J. H. Snoeijer, and S.
Karpitschka, Pinning-induced folding-unfolding asymmetry in adhesive creases, Phys. Rev.
Let. 127(2), 028001 (2021).
* Experiments performed by van Limbeek, simulations and scaling theory by Essink.
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4.1 Introduction

Creases are ubiquitous to nature and can readily be observed by closing ones’
hand or bending ones’ arm: Soft tissue responds to compression by folding into
deep valleys of self-contacting skin [41,42,115]. The morphology of mammalian
brains [9–12] or tumors [8] is dominated by creases that emerge from tissue
growth under constraint conditions. Similarly, polymer coatings in technolog-
ical applications may suffer from creasing due to swelling [43–45,47,116], but
also compressed elastomers [42,117–119] and viscoelastic liquids [118] display
this instability.

The canonical creasing behavior can be realized by uniaxially compressing
a slab of a soft material (Figure 4.1 a). Sharp creases form via a sub-critical
bifurcation after a reaching a critical strain ϵc [41, 42]. When subsequently
releasing the strain to below ϵc, the length of the crease is only gradually
reduced. This implies bistability since either creased or homogeneous states
can be found, depending on the deformation history [48, 49, 120]. Recent
studies clarified the onset of creasing [41,121,122], invoking surface tension [48–
50] or the presence of a skin [123] to explain the observed bistability.

Interestingly, a microscopic residual crease typically remains even after the
strain is fully released to ϵ = 0 (Figure 4.1 a). This small feature, referred
to as a “scar”, is of great significance, since it serves as a nucleus for creases
when repeating the compression [45, 48, 49]. As such, these scars endow soft
materials with mechanical memory [45,48], offering a potential of dynamic pro-
grammability of surface folds. Despite their importance, scars have remained
somewhat enigmatic. It was found that scars are not due to material failure,
and their persistence was argued to originate from adhesion [48,49,119]. How-
ever, it is not clear whether adhesion and surface tension can actually lead
to a reduction of surface energy compared to the flat, scarless state. Recent
work focused on the consequences of surface tension to the onset bifurcation
of creasing [50], but it is not known how surface tension affects folding and
unfolding at the microscale.

In this Chapter we resolve the micro- and macro-morphology of adhesive
creases by confocal microscopy (Figure 4.1 b), and identify the role of surface
tension (γ), inside the self-contact. It is found that surface tension induces a
second fold at the edge of the self contact, turning the surface into a T-shaped
profile (Figure 4.1 b, bottom right). This involves a change of the contact angle
θ from 180° for γ ∼ 0 to 90° for γ > 0. Further, we show that folding and
unfolding the crease are, at the microscale, intrinsically asymmetric processes.
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Figure 4.1: (a) A uniaxially compressed soft material creases beyond a certain
critical strain ϵc, folding its surface into a self-contact. The crease persists
below ϵc, and “scars” remain even at ϵ = 0: contact line pinning prevents
complete unfolding. (b) Confocal images of creases for different elastocapillary
lengths, ℓ = γ/G ≈ 0 (red), 20 µm (green), and 300 µm (blue). Insets: solid
surface tension impacts the contact angle θ at the edge of the self-contact.

The unfolding is inhibited, and ultimately prevented, by contact line pinning.
This pinning-induced hysteresis implies a new type of bistability, even far
above the onset of creasing, and offers a natural explanation for the formation
of scars.
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4.2 Experimental

A layer of a soft polymer gel (Dow Corning CY52-276, components A:B mixed
1:1 or 1.4:1 to obtain different shear moduli, thickness H0 ∼ 1.0 to 1.3mm)
was prepared on top of a stiff, uniaxially pre-stretched PVS rubber sheet
(Zhermack Elite Double 20). To compress the gel layer, the pre-stretch of the
support was slowly released by a micrometer [118, 119]. Fluorescent particles
(Invitrogen FluoSpheres, 100 nm diameter) were added to the bottom and top
surface of the gel. Gel thickness and top surface morphology were measured
with an upright confocal microscope (Leica TCS-SP2) with 10X and 40X mag-
nification. To image the self-contact through the free surface with minimal
optical artifacts, we used index-matched immersion liquids. The immersion
also offers a way to tune the gel surface tension: We measured γ ∼ 0 for the
immersion with a long-chain silicone oil (Wacker, 12.5Pa s) and γ ∼ 20mN/m
for a water-glycerol mixture [119]. The relative importance of surface tension
γ to shear modulus G is quantified by the elastocapillary length, ℓ = γ/G. Im-
portantly, these liquids caused virtually no swelling of the gel, as was tested by
prolonged immersion. The typical compression protocol of an experiment is
sketched in Figure 4.1 a. First we increased the strain ϵ in small steps, record-
ing after each step and a prolonged waiting time (≳ 15min, much larger than
the material relaxation time ≲ 0.5 s) the free-surface morphology by an xyz-
scan. After creases had formed we compressed a bit further, then repeated
this procedure while decreasing ϵ again. Further experimental details can be
found in the Appendix 4.7.

4.3 Elastocapillary self-contact

We first quantify the morphology of the elastocapilary self-contact, and how it
is altered by surface tension. Figure 4.1 b shows creased surface profiles from
three experiments with different elastocapillary lengths: ℓ = γ/G ∼ 0 (red),
∼ 20 µm (green, G ∼ 1.1 kPa), and ∼ 300 µm (blue, G ∼ 65Pa). Increasing
the elastocapillary length amplifies the relative importance of surface tension,
which on the macroscale leads to shallower indentations.

However, the most important consequence of γ > 0 is reflected in the
micro-morphology of the contact region (high magnification data, insets of
Figure 4.1 b). The angle θ that the surface describes at the contact line
changes from a gentle touchdown with θ = 180° for γ ∼ 0, to θ = 90° for
γ > 0. Hence, besides the fold at the bottom of the crease, there is a second
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Figure 4.2: Free surface curvature κ versus the horizontal distance x to the
contact line, in units of the elastocapillary length ℓ = γ/G. κ diverges logarith-
mically for x → 0, both in experiments (symbols) and in simulations (lines).
The horizontal shift between the curves reflects difference in gauge pressure p0
in the log, which depends on the ratio ℓ/L. The experimental data was taken
after compressing, for ℓ ∼ 20 µm.

fold a the top of the self-contact where the surface profile acquires a T-shape.
On scales much smaller than ℓ, capillarity will be dominant over elasticity
and we expect the contact angle to be given by Neumann’s law [21, 34, 40].
In case of perfect self-adhesion, which is expected for soft polymer gels, the
surface tension in the self-contact vanishes completely. The remaining balance
of gel-vapor surface tensions implies the fold of θ = 90° (Figure 4.1 b), in good
agreement with our experiments.

Consequential to this second fold is a strong curvature κ of the free surface
near the contact line. When attempting to quantify this curvature, however,
it turns out that κ does not reach a well-defined limiting value. Rather,
it still grows as we reach our measurement resolution, which is well below
the elastocapillary length. Figure 4.2 (purple markers) shows the measured
curvature as a function of the distance to the contact line, for ℓ ∼ 20 µm.
Surprisingly, the data suggest a logarithmic divergence of κ as the contact line
is approached.

The logarithmic singularity of curvature is caused by the capillary bound-
ary condition, which forces the material into a 90° angle. Analogous to the
bottom of the crease [41, 120, 121], a fold of angle θ introduces a weak (log-
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arithmic) stress singularity. For a neo-Hookean solid the stress singularity
reads pel = (π/θ− θ/π)G ln(|x|) + p0 [61], where θ is the fold angle in radians
and p0 a gauge pressure. At the bottom of the self contact, where the crease
was initiated, the fold has an angle θ = 2π. In contrast, the two folds at the
contact line involve an angle θ = π/2, connecting the self-contact to the free
surface in a T-shape. Thus the elastic stress must be balanced by the Laplace
pressure γκ = −pel, which for a right angle gives the elastocapillary balance

γκ ≃ 3

2
G ln

(
b
ℓ

|x|

)
, (4.1)

valid at distances |x| ≪ ℓ. Here we absorbed the gauge pressure p0 into
a dimensionless constant b. The prediction (4.1) is shown as the solid line
in Figure 4.2, in excellent agreement with the experimental data. We only
adjusted the value of b, which cannot be derived by the local analysis of the
singularity: it reflects a gauge pressure that is inherited from the full solution,
invoking scales larger than ℓ.

To explore this effect, we performed finite element simulations of elasto-
capillary creases, assuming a neo-Hookean solid with constant surface tension
(see the Appendix 4.7 for details). Numerical results are obtained for various
ratios of ℓ/L, where L is the crease length. All numerical results exhibit the
logarithmic divergence of curvature (Figure 4.2, lines), following the prediction
(4.1). The fact that the data are shifted laterally reflects the non-universality
of b. Still, the numerical data gradually approach the experimental data as
ℓ/L approaches the experimental value.

Thus we conclude that the capillary nature of adhesive creases has two
important consequences at the microscale: (i) it governs the contact angle θ,
implying a second fold at the top of the crease where the surface is T-shaped.
(ii) the fold, in turn, introduces a logarithmic singularity of the elastic stress
and the surface curvature at the edge of the self-contact.

Intermediate asymptote Contrarily, for x≫ ℓ, we expect capillary effects
to play no role and hence, the problem should be described by a purely elastic
solid mechanics. Then the crease length L becomes the relevant scale, and the
morphology of the free surface was predicted to exhibit the scaling [120]

y − y0
L

∼
(x
L

)2/3
, (4.2)

where y0 is the vertical coordinate of the contact line. This intermediate
asymptote is expected to be valid whenever ℓ ≪ x ≲ L. Figure 4.3 shows
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Figure 4.3: Free surface profiles (experiment and simulation) for various ϵ for
the case where γ ≈ 0. The collapse of data confirms a universal shape that is
governed by the crease length L, according to (4.2).

the collapse of simulations and measurements for γ ∼ 0 and various ϵ, and
confirms the 2/3 exponent.

4.4 Folding-unfolding asymmetry

Elastocapillary (inner) and elastic (intermediate) regions can be collapsed si-
multaneously by choosing the appropriate scales x = lxx̂ and y = lyŷ on each
axis. The inner, elastocapillary morphology (4.1), requires l2x/ly = ℓ to col-
lapse the data. The scaling behavior of the intermediate region (4.2), requires

ly/l
2/3
x = L1/3. Both requirements are fulfilled simultaneously by choosing

lx = ℓ3/4L1/4, ly = ℓ1/2L1/2. (4.3)

In Figure 4.4, the original interface profiles (left panels) are shown next to
the profiles as rescaled by the prediction (4.3) (right panels). The simulation
data (top) almost collapse on a single curve, where the remaining difference
can be attributed to the non-universal gauge pressure. The experimental data
(bottom), by contrast, clusters into two groups. Filled symbols correspond
to measurements after ϵ has been increased and form the upper master curve
(folding). Open symbols correspond to measurements after ϵ has been de-
creased and form the lower master curve (unfolding).
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Figure 4.4: Folding-unfolding asymmetry. Numerical (top) and experimental
(bottom) profiles of the crease can be collapsed after rescaling by (4.3) (right
panels). The experimental curves (elastocapillary length ℓ ∼ 20 µm) cluster
into two sets, depending on whether the global compressive strain ϵ was in-
creased (filled symbols) or decreased (open symbols) prior to the measurement.
Surface profiles are shallower during unfolding than during folding.
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The experiments show that the history of the crease is important for the
observed morphology, even for ϵ > ϵc where only the creased state is stable.
The interface profiles observed during folding are manifestly different from
the profiles during unfolding, the latter being more shallow. This asymmetry
between folding and unfolding is not observed in the simulations. For a given
set of parameters, the numerical minimisation of elastocapillary energy selects
a unique crease morphology. Clearly, an element beyond equilibrium elasto-
capillary mechanics is required to properly interpret the experiments, which
originates from contact line physics.

4.5 Contact line pinning

The difference in morphologies upon switching from compression to expansion
is visualized in the inset of Figure 4.5. The green profile is taken during the
compression phase, while the red profile is obtained after a subsequent release
of strain. Clearly, the global indentation of the free surface decreased upon
reducing ϵ, while the crease length L remained identical up to the measurement
resolution. This offers direct evidence for contact line pinning, where there is
no “unfolding” at all, i.e. no change of material points at the contact line (cf.
sketch in Figure 4.1 a).

In the present context, the morphological hysteresis readily impacts the
crease length L, which is no longer a pure function of the imposed strain ϵ.
This is shown in Figure 4.5 (main plot), reporting L versus ϵ. While bista-
bility is well-known below the onset of creasing, we here find an additional
bistability that is caused by contact line pinning: the shaded area shows that,
even well above the onset of creasing, the crease length still exhibits a history
dependence. After increasing ϵ, smaller L are selected, rather than after de-
creasing ϵ, especially for ℓ ∼ 20 µm (orange curve, same data as in Figure 4.4).
For γ ∼ 0, the measurement error is comparable to the detected hysteresis,
and no definitive statement on its existence can be made. Due to experimen-
tal limitations we can only give an upper bound for the scar length ∼ 10 µm.
However, the fact that this hysteresis loop becomes more pronounced for larger
ℓ suggests a capillary origin of contact line pinning.

The observed contact line pinning is analogous to the wetting of liquids on
solid surfaces [105]. In that case, the motion of solid/liquid/vapor three-phase
contact lines is arrested by pinning on heterogeneities of the solid surface.
Such heterogeneities lead to a complicated energy landscape which allows for
a range of stable liquid morphologies, leading to a range of contact angles.
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Figure 4.5: Length of the self contact L as a function of global strain ϵ,
for purely elastic (ℓ ∼ 0, blue) and adhesive, elastocapillary (ℓ ∼ 20 µm)
creases. Two types of hysteresis can be observed: (i) the subcritical/critical
transitions from the homogeneous to the creased state (ϵ ∼ 0.28), and back
to homogeneous (ϵ ∼ 0.15), respectively. (ii) The creased state exhibits a
manifold of possible L for each ϵ (shaded area). L depends on its history,
reminiscent of contact line pinning. Upper inset: Two profiles of similar L but
different ϵ (green: after a compression; red: after releasing). Lower inset: A
tiny scar remains after full relaxation and even at ϵ < 0. The error bars in
the main plot reflect the uncertainty in determining the absolute size of the
(residual) crease. As this merely provides a systematic offset to the length
of developed creases, the uncertainty of the length hysteresis (shaded area) is
much smaller (∼ 0.005).
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The pinning observed for creasing could be of similar origin as in wetting,
where an energetic barrier ∆γ is required to move the contact line across fea-
tures of the surface topography. We therefore expect a range of mechanically
stable crease lengths of the order of ∆L ∼ ∆γ/G. This ultimately prevents
complete unfolding: the remaining elastic energy is not sufficient to overcome
this pinning-barrier. This explanation for scars is similar to that given in [49],
which was phrased in terms of an energy release rate rather than ∆γ. From
our findings, however, is clear that the energy release rate for unfolding an ad-
hesive crease cannot be given by the reversible work of self-adhesion, based on
surface energies, as that would not offer a mechanism for contact line pinning.
Indeed, our finite element simulations (with reversible adhesion) do not give a
folding-unfolding asymmetry. They lack the new bistability indicated by the
shaded areas in Figure 4.5, and do not admit any scars. To exclude the tracer
particles as cause for the scars in our experiments, we also tested an uncoated
specimen by brightfield reflection microscopy, finding the same behavior (see
the Appendix 4.7). Our explanation in terms of contact line pinning is also
consistent with the observation of scar-annealing on long timescales [49, 119]:
once again, this resembles the case of liquid wetting, where contact line pinning
can indeed be overcome by thermal activation [106,124,125].

4.6 Outlook

Our confocal microscopy experiments have revealed an intrinsic folding-
unfolding asymmetry, induced by contact line pinning, that offers a natural
explanation for scars. Pinning is therefore a central element in creasing that
needs to be accounted for in theory and simulations, and offers a way to ar-
ticulate the role of “defects”. In addition, we have shown that surface tension
dictates the mechanics at scales below the elastocapillary length, folding the
solid into well-defined contact angles. As such, the crease morphology opens
a new route to quantify solid-solid interfacial mechanics, in line with recent
developments for solid-liquid interfaces [13,34]. Understanding the interfacial
micro-mechanics of soft materials unfolds their potential as programmable
matter [126], impacting for instance soft robotics [127], biomolecular pattern-
ing [116], or smart textiles [128]
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4.7 Appendix

4.7.1 Experimental

The stiff support layer was made of Zermack Elite Double 20 in a 1:1 ratio,
resulting in a shear modulus G of 0.1MPa, which was two orders larger than
the stiffness of the soft layer. The layer was cured in a oven at 80 °C after
degassing in vacuum. Then, the support layer was coated with fluorescent
particles (Invitrogen FluoSpheres, orange fluorescent, 100 nm diameter) at low
coverage, to label the support-gel interface. Prior to applying the the soft layer,
the support layer was clamped in a movable stage and stretched by 100%.

The soft layer was made of a polydimethylsiloxane gel (Dow Corning CY52-
276, components A and B) and was poured after degassing in vacuum onto
the pre-stretched stiff layer. The sample was then heat-cured in an oven at
75 °C for three hours. Two types of soft layers were prepared: a 1:1 mixing
ratio of components A and B resulted in G ∼ 1.2 kPa. A mixing ratio of
1.4:1 (A:B) resulted in G ∼ 65Pa. All moduli were measured with an An-
ton Paar MCR502 Rheometer and a 50mm parallel plate geometry. After
curing, a layer of fluorescent tracer particles (Invitrogen FluoSpheres, orange
fluorescent, 100 nm diameter) was deposited onto the soft layer.

Two immersion liquids were used during the experiments: Wacker 12.5Pa s
silicon oil was used for the γ ∼ 0mN/m measurements, whereas an index-
matched water/glycerol mixture to obtain γ ∼ 20mN/m. Prior to measure-
ment, the liquid was put onto the soft layer and covered by a large microscope
cover slide to prevent evaporation and observation through a curved meniscus.
The slide rested on small glass beads of 2 mm diameter to keep it separated
from the sample.

An upright confocal microscope (Leica TCS-SP2) was used for imaging,
operating with either a 10X or a 40X objective. Scanning volumes were (3.0×
3.0×3.4) µm3 (10X objective) and (0.7×0.7×0.7) µm3 (40X objective), where
the last number refers to the vertical axis.

We performed another experiment on a similar specimen, but without the
tracer particles, using brightfield reflection microscopy, where the (residual)
creases induce contrast by refraction at the gel surface. Figure 4.6 shows
micrographs of scars and creases during the second compression, together with
macro images of the specimen.
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Figure 4.6: Top view images of a scar that creases (top row) and the unfolding
of the same crease down to a scar (bottom row), taken by brightfield reflection
microscopy during the second compression of a sample without tracer particles
at the gel surface. Contrast is generated by refraction at the gel surface:
inclined surface regions are imaged darker than horizontal ones. Top row:
After reaching a critical compression, the crease folds spontaneously along
a scar, which was left behind by a crease from the previous compression.
The crease folds in a zipping motion, visualized by the propagating contrast.
Bottom row: Unfolding upon releasing the compression is quasi-stationary and
homogeneous along the fold. The last image was recorded at slightly negative
compression, showing that the scar persists.
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4.7.2 Numerical methods

The numerical simulations of the adhesive crease are performed using the
Finite Elements Method (FEM) library oomph-lib [95]. These simulations
are based on those in [120], with the addition of surface tension. A square
slab of material of Lagrangian height H and width W = H is compressed
in horizontal directions. The material is simulated using a refineable mesh
of Neo-Hookean solid elements, refined according to a fixed refinement pat-
tern. Around the self-contact, the the mesh resolution was finest (∆x =
9.8 × 10−4L) and increased toward the domain boundaries to ∆x = 0.25L.
Non-dimensionalisation using the crease length allows us to probe the full
range of solutions by variation of W and γ only.

The bottom surface is constrained in the vertical direction and has a no-
shear condition in the horizontal direction. The left edge of the material is
constrained to the symmetry axis in horizontal direction, with a no strain
(symmetry) condition in the vertical direction. Similarly, the right edge has a
no-shear condition in vertical direction, but is constrained to a variable posi-
tion horizontal direction to impose the global compression through Lagrange
multipliers. The top surface is split into two parts: X ≤ 1 will be part of
the self-contact, and X ≥ 1 will form the free surface. For details, we refer
to [120]. On the free surface the Laplace pressure γ is applied, with a contact
angle of 90 degrees at either side. The self contact is subject to a no-shear
condition in vertical direction, and is constrained to the symmetry axis by
Lagrange multipliers.

A small cutout is made at the interface between the left boundary and the
self contact, as detailed in [120], to avoid the stress singularity at the sharp
fold [61]. Such a cutout cannot be used at the interface between the self-
contact and the free surface, as the morphology of the free surface at this point
is of particular interest. Therefore, the elements neighboring the singularity
are formulated in polar coordinates around the contact line. In the vertical
direction, the residual at the contact line is only controlled by surface tension
and an imposed force that reflects any residual bulk elastic stresses. The latter
force is an unknown of the problem, and determined in order to fulfill a bulk
element with a 45° angle at the contact line, ensuring a symmetry necessary to
find a consistent solution [40]. This force scales approximately as ∆x log(∆x)
for various mesh sizes ∆x and should hence be seen as a consequence of the
finite resolution of a numerical simulation. Finally, the location of the right
boundary w is controlled by requiring a 90° contact angle.
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Chapter 5

Self-similar features of
adhesive creases

An elastic material that experiences strong compression parallel to its free sur-
face can exhibit sharp surface folds. Such creases arise due to an instability
where a self-contacting fold appears on the surface, often observed in growing
tissues or swelling gels. Self-adhesion of the contact is known to affect the
bifurcation behavior and morphology of these structures, yet a quantitative de-
scription remains elusive. From numerical simulations and analytical analysis
we resolve how adhesion quantitatively affects both morphology and bifurcation
behavior. It is found that a reduced energy is able to accurately describe the
bifurcation. Specifically, the bifurcation is shown to exhibit a self-similar struc-
ture, that is revealed using a nontrivial scaling with surface tension. The model
accurately describes how adhesion hinders crease nucleation, and causes hys-
teresis in the crease size. Furthermore, we show that the free surface profiles
in the presence of surface tension exhibit self-similarity, and can be collapsed
onto a universal curve.

To be submitted as: M. H. Essink, M.A.J. van Limbeek, A. Pandey, S. Karpitschka, and
J. H. Snoeijer, Self-similar features of adhesive creases
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5.1 Introduction

The surface of a block of soft material exhibits intriguing pattern forming insta-
bilities under compressive forces. Creases are a prime example of such surface
instabilities where the soft interface folds onto itself to create sharp folds [115].
These surface features appear in a wide variety of mechanical and natural envi-
ronments such as swelling or shrinking gels [8,129] or coatings [44–47], bending
of elastomers [42,117–119], collapse of cavities within elastic materials [114], or
growth induced gyrification of mammalian brains [9–12] and tumors [8]. Thus
the geometry and mechanics of creases have been of significant interest to the
scientific community. In the canonical example of compressing a slab of soft,
elastic material parallel to its surface, creases nucleate at critical compressive
strain of ϵ0 ≃ 0.35, and their size grows with the strain following a supercritical
bifurcation. The mechanism of this is well understood; the crease geometry
alleviates strain in the material, decreasing the mechanical energy for a given
amount of compression [120, 121]. As the compression is slowly removed, the
crease disappears at a strain well below ϵ0, revealing the hysteretic nature of
the instability [49,50,52].

The key feature of a crease is the folded region of self-contact [41, 48–50,
52, 118–121]. Of particular interest is to consider the case where this contact
represents a gain in surface energy, such that a strong adhesion is present.
This resembles the situation of classical contact mechanics of spherical bodies,
where the presence of adhesion fundamentally changes the nature of the con-
tact, from “Hertz” to “JKR” theory [18, 100]. The nature of the bifurcation
from flat to creased states is thus expected to change upon the introduction
of adhesion. Indeed, recent experiments have shown that for increasingly soft
materials, surface tension drastically modifies the hysteresis loop, and poten-
tially explains the existence of microscopic scars left behind the creases [49,52].
The competition between surface and elastic energies also alters the micro-
morphology of creases near the edge of the self-contact; confocal microscopy
points to a transition from Y-shape to T-shape singular morphology in ma-
terials with higher softness [52]. However, a quantitative description of the
bifurcation behavior and the morphology of an adhesive crease remains elu-
sive.

In this chapter we use finite element analysis to explore the bifurcation
behavior and morphology of creases under the effect of surface tension and
adhesion. It is found that adhesion indeed changes the nature of the bifurca-
tion, from supercritical to subcritical. Our numerical results are interpreted
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in detail using a reduced energy, based on an expansion in the crease ampli-
tude. This reduced energy model exhibits a self-similar structure, where we
identify a nontrivial scaling based on the strength of surface tension. Based on
these findings, we successfully collapse the numerical bifurcation data. Fur-
thermore, we find how adhesion alters the morphology of the crease, primarily
near the edge of the self-contact. Like the bifurcation structure, also the crease
morphology exhibits self-similarity, by which we quantify the effect of surface
tension on the shape of the free surface in the vicinity of the self-contact.

T

C
a

Deformed

T C

L

H

H

Reference

Figure 5.1: Schematic representation of a crease, with the relevant length
scales and points indicated in white. Indicated are the crease amplitude a,
the tip of the crease T and the contact line C. The mesh represents an evenly
spaced grid in the reference configuration (inset, only right half shown).

5.2 Methodology

5.2.1 The elastocapillary free energy

We study creases in the presence of surface tension and adhesion by consider-
ing the lateral compression of a slab of elastic material. The approach closely
follows that of [41, 120], with the addition of surface tension [52]. Elastic de-
formations are characterized by the mapping x = f(X), which deforms the
coordinates in the reference configuration X to those in the current configura-
tion x (cf. Figure 5.1). Equilibrium states are obtained numerically through
minimization of the total free energy, which consists of elastic and capillary
contributions. The volumetric density of elastic energy W (F) is a function
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of the deformation gradient tensor F = ∂x/∂X. Specifically, we will con-
sider an incompressible Neo-Hookean solid. In plane-strain conditions, the
Neo-Hookean energy density reads

W (F) =
G

2

(
tr
(
F · FT

)
− 2
)
− p (det(F)− 1) , (5.1)

were we introduced the shear modulus G, while the constraint of incompress-
ibility is included via the Lagrange multiplier p. The total elastic energy is
obtained by integrating W over the reference domain. Further, we introduce
a surface energy γ, which contributes everywhere along the free surface of the
medium. Inside the self-contact, we assume a perfect adhesion so that this
region does not contribute to the surface surface energy. Outside the self-
contact, on the free surface, we consider the surface energy γ to be constant
(i.e. we do not include the possibility of surface elasticity/Shuttleworth ef-
fect). Note that γ respresents an Eulerian energy density, i.e. it is measured
per unit area in the current configuration.

We now describe the geometry in more detail (cf. Figure 5.1). In what
follows, all lengths measured in the reference state (Lagrangian) are denoted by
capitalised symbols, while lengths in the deformed configuration (Eulerian) are
lowercase. We consider a square domain of size H ×H, which is compressed
horizontally from the sides. Since the crease is symmetric, the numerical
domain only contains the right half of the crease. The left, bottom and right
side of the elastic slab are subject to symmetry conditions, while the top
represents a free surface. Effectively, this corresponds to an elastic layer of
thickness H with creases at 2H intervals, or a layer double the thickness
with creases on the top and bottom. The self-contact is explicitly imposed,
by enforcing a self-contact of length L along the surface, from point T to
point C in the reference configuration (Figure 5.1). The length of the self-
contact in the deformed state is generally a bit shorter and will be found self-
consistently during the energy minimization. Equilibrium creased solutions
can only be found upon imposing a lateral compression of the domain, whose
width is reduced to a value w in the current configuration. The compression
is measured as ϵ = 1− w/H.

Now that the domain is specified, one can make explicit the total mechan-
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ical energy. Using the symmetry X → −X, this gives

U = 2

H∫
0

dX

H∫
0

dY W (F) + 2

∫
γds

= 2

H∫
0

dX

H∫
0

dY W (F) + 2

H∫
L

γλsdX, (5.2)

where λs is the surface measure in the current configuration. This functional
is minimized with respect to the mapping x = f(X), under constraints that
represent the boundary conditions described above.

5.2.2 Control parameters and non-dimensionalisation

To quantify the balance between surface and elastic contributions to the total
energy, we define the elastocapillary length [2, 13]

ℓec ≡ γ/G. (5.3)

This length describes the scale below which capillarity starts to dominate
over elasticity. The problem is then defined by three length scales: the layer
thicknessH, the length of the self-contact L, and the elastocapillary length ℓec.
Hence, the dimensionless problem contains two control parameters, which we
choose to be L/H and ℓec/H. Among the output of the minimisation scheme
are the compressive strain ϵ, necessary to sustain the imposed self-contact
length L, and the crease amplitude a. The latter will be made dimensionless
as a/H.

In practice, we are interested in cases where the crease is small compared
to the layer thickness, which implies both L/H and a/H to be small. In
addition, experimental values of ℓec are typically smaller than the crease size.
Hence, in the results below we have

ℓec
H

≪ L

H
≪ 1, (5.4)

which reflects the typical experimental hierarchy of scales.

5.2.3 Numerical implementation

The numerical results presented in this chapter are generated by the finite
element method (FEM) simulation library oomph-lib [95]. The simulation
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methods are based on those in previous work [120], but now extended to
include capillary and adhesive effects. A schematic overview of the deformed
configuration with key length scales is shown in Figure 5.1.

The bulk of the material is simulated using a mesh (H×H) of Neo-Hookean
solid quad elements, refined in a fixed predefined pattern. The most refined
elements (∆ = 9.8×10−4L) are located at the free surface and along the length
of the fold, with the least refined (∆ = 0.25L) at the bottom right. Typically,
10L ≲ H ≲ 100L. Figure 5.2 shows a typical example of a solution with the
refinement pattern.

The interfaces of the slab are divided into five distinct regions: fold, free
surface, and right, bottom and left boundaries. The fold (X < L) and the
free surface (X > L) together make up the top boundary of the slab in the
reference configuration (Y = 0). Due to the x→ −x symmetry of the crease,
the fold and the left side of the slab are horizontally constrained at x = 0. The
right side is constrained at x = w < H, imposing the compression, and the
bottom is constrained vertically at y = 0. Each of these interfaces is subject
to a no-shear condition as well. Lastly, the free surface is subject to a surface
energy γ. At the bottom of the self-contact a small cutout is made, to avoid
the stress singularity of a sharp fold [61, 120]. The top of the self-contact,
where it meets the free surface, is a region of interest, and its treatment is
discussed separately below.

The adhesion within the self-contact is considered to be ideal (γss = 0),
which leads to a 90° contact angle between the free surface and self-contact
[52]. This results in the distinctive T-shape at the edge of the self-contact,
as is visible in Figure 5.1. The sharp fold at this location will generate a
pressure singularity, which we treat by elements that are formulated in polar
coordinates, centered around the contact line C. The 90◦ angle is maintained
by imposing a vertical force on the node at the contact line. Such a “contact
line force” is known to vanish in the continuum limit. Upon decreasing the
mesh size ∆, we have verified that this force indeed disappears according to ∼
∆ln(∆), as expected based on a corner analysis [13]. Since in our formulation,
the contact length is fixed in addition to the thickness and the surface tension,
the unknown of the problem is the width of the deformed configuration w or the
global compression ratio ϵ, which can be found by imposing a local condition
near the contact line. From literature [40] it is known that a fold between
two shear free interfaces requires uniform radial and tangential strains. This
is achieved by requiring a 45° angle for the line separating the two elements
at the contact line (The diagonal line originating from point C in Figure 5.1).
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Figure 5.2: A typical numerical result, including the full refined mesh.
For visual clarity a large self-contact L/H = 0.2 and elastocapillary length
γ/GH = 0.016 are used.

5.3 Bifurcation behaviour

5.3.1 Crease amplitude

In a typical experiment, one would impose the compressive strain ϵ and mea-
sure the crease amplitude a. In the numerical scheme, however, both ϵ and
a are output parameters once L/H and ℓec/H are fixed (we recall that all
lengths are defined in Figure 5.1). To interpret the relations between these
quantities, we therefore start by plotting the crease amplitude a/H as a func-
tion of the self-contact length L/H, as shown in Figure 5.3. The black symbols
correspond to the case without surface tension, ℓec/H = 0, while the colored
symbols represent data with increasing effect of capillarity. In all cases we
observe a nearly linear relation between the (Lagrangian) contact length and
the (Eulerian) crease amplitude, showing that both are nearly equivalent mea-
sures to quantify the size of the crease. One notices, however, that the crease
amplitude is decreased for increasing ℓec/H: the effect of surface tension is to
flatten the surface outside the self-contact.

We now turn to the creasing bifurcation diagrams, and discuss how these
are affected by capillary effects. Figure 5.4 presents a parametric plot, showing
the crease amplitude a/H as a function of the imposed strain ϵ. Different colors
represent different values of the ℓec/H. The non-adhesive case (ℓec/H = 0) is
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Figure 5.3: The size of the crease a as a function of the contact length L for
various values of the elastocapillary length. The data is colored according to
ℓec/H, with the non-adhesive data shown in black.

shown as the black symbols, overlaid by the red curve that is a perfect fit with
a square-root behavior (a ∼ √

ϵ− ϵ0). This fit shows that the non-adhesive
crease exhibits supercritical bifurcation, where the crease appears at a critical
value ϵ0. We numerically find ϵ0 ≃ 0.352, in perfect agreement with previous
simulations [41,50].

However, when the elastocapillary length ℓec/H becomes nonzero, the
bifurcation behavior changes fundamentally. The minimal compression for
crease formation increase with ℓec/H, and the size of the crease becomes
nonzero at the critical point. This shows that the introduction of surface ten-
sion leads to a transition from a supercritical to a subcritical bifurcation. The
fact that surface tension induces a finite crease-amplitude a the critical point
was previously anticipated [49] and confirmed in numerical simulations [50].
The purpose of the present study is to identify the exact bifurcation structure
near the critical point; specifically, we aim to identify the relevant scaling laws
that characterise the crease formation in the presence of surface tension.

5.3.2 Interpretation: the reduced elastocapillary energy

To interpret the bifurcation results we reduce the fully resolved energy through
an expansion in the crease amplitude a. This approach offers a simplified
form of the free energy, where the complete functional (5.2) is reduced to an
algebraic expansion in a. Such an analysis is inspired by the approach taken
in [49, 50]; we will here see how the appropriate scaling can collapse the data
in Figure 5.4 onto a universal bifurcation curve.
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Figure 5.4: Numerical bifurcation diagrams for the crease size a as a function
of compression ϵ. The black dots indicate the profile for the special case Γ = 0.
A fit of the theoretical prediction (5.7) is shown as a opaque red line.

For notational convenience, we make use of non-dimensional quantities in
the following:

∆Ū =
∆U

GH2
, ā =

a

H
, Γ =

ℓec
H
. (5.5)

Here, ∆U is the difference in energy U between a creased and uniform com-
pression state. The effect of surface tension is encoded in Γ, which, given the
the hierarchy of length scales (5.4) can be considered small.

Non-adhesive creases

We start the discussion with the non-adhesive crease, i.e. Γ = 0. In the
vicinity of the crease tip T , the elastic energy density is uniform and dictated
by the folding geometry geometry [61]. Given that the crease is generated
above ϵ0, we anticipate the reduction of energy (with respect to the uniform
compression) is proportional to ∆ϵā2, where we define ∆ϵ = ϵ − ϵ0. In order
to reach a saturation of the crease amplitude, a higher order term ∼ āα with
α > 2 must be included. We thus write the expansion

∆Ū0 = −c2∆ϵā2 + cαā
α. (5.6)

The subscript 0 of the energy indicates that Γ = 0, while the exponent α
remains to be identified.

The form (5.6) was previously suggested [48–50], with a value α = 3. This
value, however, is not consistent with the supercritical bifurcation observed
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in Figure 5.4. Namely, the equilibrium states obtained from the energetic
minima, ∂∆Ū0/∂ā = 0. Solving this expression for ∆ϵ yields

∆ϵ =
α

2

cα
c2
āα−2. (5.7)

For α = 3 one obtains a linear relation between a and ∆ϵ, while the numerical
results clearly exhibit a square-root behavior. Indeed, the red curve fitted
in Figure 5.4 corresponds to (5.7) with α = 4. It is somewhat unexpected
that the expansion misses a cubic term, which suggests that the elastic energy
admits only even powers of ā. This suggests that the appropriate expansion
parameter for the elastic energy is the characteristic area of elastic deformation
ā2, rather than the crease amplitude. Indeed, a negative value for ā does not
have any physical meaning; this lack of ā → −ā symmetry rationalizes that
ā2 is the correct expansion parameter for the elastic energy. The absence of
a cubic term furthermore implies that previously proposed scaling arguments
need to be revised, as will be discussed below.

Another route to explicitly verify the value of the regularisation exponent
ᾱ, we evaluate the energy of the crease, by inserting the equilibrium value for
ϵ. This gives

∆Ū0

∣∣
eq

= −c4ā4. (5.8)

This prediction can be compared directly to the exact expression of the full
elastic energy obtained from the numerical simulations. The result is shown
in fig. 5.5, where the red curve superimposed is the best fit of (5.8). The
numerical energy indeed follows the quartic behavior, and the prefactor gives
the value of c4. Combined with the fit of the bifurcation diagram, we obtain
the coefficients for our configuration, namely, c2 ≃ 1.30 and c4 ≃ 0.294.

Adhesive creases

Now that the energy of a non-adhesive crease is known, the contribution of
surface tension can be added. Given that we work in the limit Γ = ℓec/H ≪ 1,
we will assume that the effect of surface tension can be added perturbatively,
such that the numerical coefficients of the elastic energy (ϵ0, c2, c4) are un-
affected. In dimensional units, the additional energy (per unit width) due to
capillarity is given by γ∆ℓs, where ∆ℓs is the added length of the free surface
with respect to the flat state. When the effect of surface tension is very small,
the crease morphology can be estimated by that of the non-adhesive crease,
for which the numerics give ∆ℓs = 0.17a. Hence, the added contribution to
the free energy would be of the form ∆Ū ∼ Γā.



5

5.3. BIFURCATION BEHAVIOUR 97

0.00 0.02 0.04 0.06 0.08 0.10 0.12

a/H

−6

−4

−2

0

∆
Ū
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Figure 5.5: The energy difference between a creased and flat state as a
function of the crease size. A fit of the theoretical expression (5.8) is shown
as a red opaque line.

However, as can be seen in Figure 5.6, the shape of the free surface changes
significantly with the introduction of surface tension – even though Γ ≪ 1 for
the numerical profiles shown here. Hence, the length of the free surface is
decreased with respect to the asymptotic result ∆ℓs = 0.17a. This reduction
of the length is confirmed in Figure 5.7, where we report ∆ℓs as a function of
a. The linear trend is only very slowly approached in the limit of very small Γ.
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Figure 5.6: Surface profiles of creases for varying elastocapillary lengths,
indicated by the colorbar. The profile of a non-adhesive crease is shown in
black. All profiles are aligned by a vertical shift y|x=w, the vertical position
of the surface far from the crease.
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Figure 5.7: Increase in surface length between a flat and creased state ∆ℓs =
ℓs−w as a function of the crease size a, both normalised by the elastocapillary
length ℓec. Also shown are the prediction from the non-adhesive results (∆ℓs ≈
0.17a) and the empirical exponent β ≈ 1.20. The inset shows ∆ℓs as a function
of the elastocapillary length, normalised by the crease size.

Over the full range of values used in the numerics, however, the data is better
approximated by an effective scaling ∆ℓs ∼ aβ, with β ≈ 1.2. For this reason,
we introduce an empirical exponent β in the energy contribution of the surface
tension. Specifically, we propose to write the energy for the creased state as

∆Ū = cβΓ
2−β āβ − c2∆ϵā

2 + c4ā
4. (5.9)

In this expression we assumed that H does not appear in the capillary term,
which is achieved by the scaling with Γ2−β. While the true small Γ asymptotics
gives β = 1, we will find below that a much better description of the numerical
results is indeed obtained for β = 1.2. The values for ϵ0, c2 and c4 are kept at
the same value as the non-adhesive crease.

5.3.3 Scaling and self-similarity of the bifurcation

Once again, a bifurcation scenario can be derived by minimisation of (5.9)
with respect to ā. It is instructive, however, to first proceed by introducing a
scaling that eliminates Γ from the energy. This scaling should then collapse
all numerical results onto a single, universal bifurcation curve.
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We propose a self-similar structure by introducing a scaling of the form,

∆ϵ̂ = Γ−η∆ϵ, â = Γ−ζ ā, ∆Û = Γ−χ∆Ū . (5.10)

Substituting this into (5.9) yields the scaled expression for the energy differ-
ence.

Γχ∆Û = cβΓ
2−β+βζ âβ − c2Γ

η+2ζ∆ϵ̂â2 + c4Γ
4ζ â4. (5.11)

To find a Γ-independent solution each of the exponents of Γ in (5.11) should
be equal, χ = 4ζ = η + 2ζ = 2− β + βζ. Solving this system results in values
for the three unknown exponents,

η = 2
β − 2

β − 4
, ζ =

β − 2

β − 4
, χ = 4

β − 2

β − 4
. (5.12)

Under this scaling law the universal profile of the bifurcation diagram is,

∆ϵ̂ =
βcβ
2c2

âβ−2 + 2
c4
c2
â2, (5.13)

containing the exponent β and the coefficient cβ as unknown parameters. Ad-
ditionally, substituting this solution into (5.11) yields the energy difference
along the bifurcation curve,

∆Û
∣∣∣
eq

= cβ

(
1− β

2

)
âβ − c4â

4. (5.14)

Indeed, the scaled expressions for ∆ϵ̂ and ∆Û are independent of Γ and should
yield a collapse of the bifurcation curves and the corresponding energy.

To test this self-similar scenario, we first recall that the asymptotics for
Γ → 0 has β = 1, for which the exponents become

β = 1 : η =
2

3
, ζ =

1

3
, χ =

4

3
. (5.15)

The inset of the Figure 5.8a, plotting â versus ∆ϵ̂, shows that this scaling
groups the data, but does not really lead to a collapse. As anticipated, an
effective value of β = 1.2 gives a better estimate of the capillary energy, in
which case the scaling exponents become

β = 1.2 : η = 0.57, ζ = 0.29, χ = 1.14. (5.16)

Indeed, the main panel of Figure 5.8a shows that these exponents lead to an
excellent collapse of the data. The red curve corresponds to (5.13), with a
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Figure 5.8: (a) Numerical bifurcation diagrams for several values of Γ, col-
lapsed onto the (Red line) universal profile (5.13) using the similarity scaling
(5.10). Inset is the same figure, scaled with β = 1. (b) Energy difference
between the creased and flat state, collapsed onto the universal curve (5.14).
Parameter values (cβ,2,4 and β) are calculated from fits to numerical profiles,
and are provided in the main text. The numerical profiles correspond to those
shown in Figure 5.4.

fitted coefficient cβ = 6.39× 10−2. We also verified that the scaling works for

the crease energy ∆Û |eq, reported in Figure 5.8b. Once again, a collapse is
obtained and the red line provides (5.14) without any adjustable parameters,
taking into account that the value of β follows empirically from ∆ℓs vs. a.

A few closing remarks are in order. First, we note that a crease is only
energetically favourable for â = āΓ−ζ ≳ 0.4, as can be seen in Figure 5.8b; only
for those values the energy difference with respect to the flat state becomes
negative. Inspecting Figure 5.8a, one observes that â = 0.4 does not coincide
with the minimum value of ∆ϵ along the curve; hence, only part of the upper
branch will lead to a global minimum. Such a scenario was already proposed
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in the discussion of “channeling” of creases [49], which was found to require an
“overstrain” with respect to ϵ0 (the critical strain for non-adhesive creases).
A scaling law for the overstrain was experimentally found [49] to scale as
∆ϵ ∼ Γη, with η = 0.49 ± 0.06. This result was rationalized using a cubic
regularisation term in the elastic energy and β = 1, which gives η = 1/2. Here
we propose an alternative explanation: we know the regularization involves a
quartic elastic term, which in combination with the observed β = 1.2 gives the
value η = 0.57, which is close to the experimental observation. In addition,
we note that the experimental observations are at a comparatively large ℓec/a,
which fall in the range ∼ 0.1 . . . 10. Based on Figure 5.7, this would give an
even further increase in the effective value β, which brings the exponent η even
closer further towards the experimentally observed value.

5.4 Crease morphology

We now wish to discuss the effect of surface tension on the morphology of
the crease. We have already seen in Figure 5.6 that the crease amplitude is
decreased by the influence of surface tension. The fine structure of the crease
can be characterized in much more detail, and, like the bifurcation diagram,
is found to exhibit a self-similar structure. The analysis below closely follows
previous work [52], which is here complemented by additional numerical data
and a new rescaling for the curvature profiles.

5.4.1 Inner and outer profiles

We first focus on the large-scale features of the crease. For this we plot the
free surface profiles scaled by the crease amplitude a, in Figure 5.6 and, on
logarithmic scales, in Figure 5.9a. The profiles for various elastocapillary
lenghts are seen to collapse nicely on the large scale, where they approach the
shape of a non-adhesive crease (superimposed as the black-dashed line). This
shows that, as far as the large-scale features of the interface are concerned, the
crease amplitude a offers the relevant length scale. We further remark that
creases without surface tension exhibit the typical cusp scaling [120],

y − y0
a

∼
(x
a

)2/3
, (5.17)

which is shown as the red dotted line; it overlays perfectly with the non-
adhesive crease at small distances (black dashed). However, it is clear that
this behavior is no longer followed for the profiles with surface tension; in



5

102 CHAPTER 5. SELF-SIMILAR ADHESIVE CREASES

10−3 10−2 10−1 100

x/a

0.03

0.10

0.30

(y
−
y 0

)/
a

A

10−1 100

x/`ec

0.0

0.5

1.0

1.5

2.0

κ
` e
c

B

0 5 10

x (`3ec a)−1/4

0

1

2

3

(y
−
y
| x=

0
)

(`
e
c
a
)−

1
/
2

C

10−1 100

x (`3ec a)−1/4

0.0

0.5

1.0

1.5

2.0

κ
` e
c

D

1
0
−

3
1
0
−

2
` e
c
/a

Figure 5.9: Numerical surface profiles of adhesive creases, for a number of
elastocapillary lengths. For each profile the contact length was kept constant
at H/L = 10. (a) Surface height y in the outer region (ℓec ≪ x ≪ a),
scaled with the crease size a. The vertical offset of the numerical solutions
is determined by the axis-intersection of a fit to eq. (5.17), plotted as a red
dotted line. The profile of a non-adhesive crease is plotted in a dashed black
line. (b) Surface curvature κ = y′′/

√
1 + y′2 in the capillary dominated region

(x≪ ℓec), scaled with the elastocapillary length ℓec. The black line shows the
theoretical prefactor from (5.18). (c) Surface height profiles collapsed onto
a single, universal curve by scaling (5.22), offset by the surface height at the
edge of the self-contact. Since the universal scaling only holds for x≪ a, only
the range x < 0.2a is shown, approximately corresponding with the deviation
from (5.17) in (b). (d) Similar to (b), but scaled according to eq. (5.19).

addition, the curves for various ℓec/a no longer collapse at small distances x.
This departure from the non-adhesive crease, and the subsequent breakdown
of (5.17), must obviously be attributed to surface tension.

We now turn to the central region, where capillary effects are expected to
be dominant. As can be seen in Figure 5.2, the elastic medium at x = 0 near
the free surface is folded into a sharp 90◦ contact angle. The local mechanics
near this fold is thus expected to approach a folded elastic halfspace, which
has been solved analytically [61]. Specifically, the fold solution is described by
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an internal Lagrangian angle Θ that is folded to and Eulerian angle θ. For a
neo-Hookean solid, the fold mechanics gives rise to a pressure distribution

p =

(
Θ

θ
− θ

Θ

)
G ln

(
x

x0

)
, (5.18)

where x0 reflects an integration constant that is inherited from larger scales.
Using Laplace’s law of capillarity, we can now directly relate this pressure
singularity to the interface curvature κ, according to p = −γκ. Using that
θ/Θ = 1/2 for a fold of 90◦, we thus expect the curvature to scale as

κ ≃ 3
2ℓ

−1
ec ln

(x0
x

)
. (5.19)

This logarithmic divergence of curvature is indeed observed in Figure 5.9b,
where we scaled both κ and x with the elastocapillary lenght ℓec. The black
line provides the scaling (5.19), showing an very good match of the data – in
particular of the prefactor 3/2 in (5.19). However, we also observe a horizon-
tal offset between the various curves in Figure 5.9b. This suggests that the
horizontal inner scale x0 is not provided by ℓec, as was previously assumed [52].

5.4.2 Self-similarity

We have identified the scaling forms for the outer and inner shapes of the
crease, respectively given by 5.17 and 5.19. However, adhesive creases exhibit
a self-similar structure that covers all relevant scales, from inner to outer,
provided that x and y are both small compared to H. This self-similar nature
can be revealed by normalising x and y by unknown scales ℓx and ℓy, such
that X̄ = x/ℓx and Ȳ = y/ℓy. Inserted in 5.17 and 5.19, this gives

ℓyȲ ∼ a1/3ℓ2/3x X̄2/3, (5.20)

ℓy
ℓ2x
ℓec

d2Ȳ

dX̄2
≃ 3

2
ln

(
x0
ℓxX̄

)
. (5.21)

Self-similarity implies that both expressions be universal in the sense that they
do not depend explicitly on a nor on ℓec. Such an independence can indeed be
achieved, by choosing the horizontal and vertical scales as

ℓx = ℓ3/4ec a
1/4 ℓy = ℓ1/2ec a

1/2. (5.22)
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With this, a and ℓec now drop out and we find

Ȳ ∼ X̄2/3, (5.23)

d2Ȳ

dX̄2
≃ 3

2
ln

(
x0
ℓxX̄

)
, (5.24)

which are devoid of any parameters; apart from the unknown x0.
Rescaling the numerical crease shapes using ℓx and ℓy, one indeed simulta-

neously collapses the data of Figure 5.9a,b, now shown in Figure 5.9c,d. Both
representations, the curvature and the spatial profiles, reveal the universal
structure of creases. The adhesive creases are thus indeed self-similar, with
characteristic scales described by (5.22). The collapse also implies that x0
appearing in (5.24) scales like ℓx. The black line in Figure 5.9d corresponds
to a fitted value x0/ℓx = 0.16.

5.5 Conclusion

In this chapter, we have explored the effect of capillary forces on the bifurcation
behavior and the morphology of creasing. In accordance with previous work,
we have found that surface tension on the free surface and adhesion within
the self-contact oppose the formation and growth of creases. In particular,
the supercritical bifurcation behavior of a non-adhesive crease becomes sub-
critical, leading to the hysteresis observed in experiments. By introducing a
reduced free energy (5.9), the bifurcation profiles for a range of elastocapillary
lengths can be collapsed. The form of the reduced energy differs from that pro-
posed previously in the literature, but is based on full numerical simulations
of creases and in line with experiments on the channeling of creases [49].

It is of interest to compare our findings to the experimental results of the
preceding chapter [52]. Specifically, we can compare the bifurcation diagram of
the crease amplitude with the compression, with that observed experimentally
(Figure 4.5). These experiments showed a significant history-dependence for
a growing or shrinking crease, which was attributed to contact line pinning.
Such pinning is typically associated to defects on the surface. This pinning
behavior is clearly not captured in our numerical simulations: the simulations
are based on a perfectly homogeneous substrates for which no pinning to spe-
cific material points can occur. Pinning of the contact line indeed offers an
explanation for the differences observed between Figure 5.4 and the experi-
mental data in Figure 4.5. In particular, we hypothesize that pinning allows
for the gentle decrease of the crease amplitude when releasing the compressed
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substrate, which seems to go down continuously towards the flat state even
much below the critical compression ϵ0. Another remarkable feature is that
even after fully releasing the compression, small scars remain on the surface,
held together solely by pinning forces. Since the compression cycle starts from
a flat substrate, initial compression is not affected by pinning. After the crease
does nucleate, it does not follow the predicted square-root growth behavior;
this discrepancy remains to be explained.

Experiments also reveal two distinctive crease morphologies for compres-
sion and release, respectively corresponding to the open and closed symbols
in Figure 4.4. Again, as explained in chapter 4, this points to pinning forces
that give rise to differences between advancing and receding contact lines. Re-
gardless of this difference, the advancing and receding morphologies can be
collapsed independently using the exact same scaling arguments as presented
in this chapter. This shows that, even though the present simulations do
not include the contact line pinning, the resulting self similar scaling of the
morphology remains valid. Since most differences between experiments and
simulations appear driven by contact line pinning, adding it to the numerical
method would be an interesting avenue for future work.

5.6 Appendix

In Figure 5.10 we show the bifurcation curves similar to the inset of Figure
5.8a, but for the Lagrangian length L of the self-contact. These curves show
the non-trivial behavior of the length L, which unlike the crease size a can
exceed the length in the non-adhesive situation.
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Figure 5.10: Numerical bifurcation diagrams for the contact length L as a
function of compression ϵ. The black dots indicate the profile for the special
case Γ = 0. A fit of the theoretical prediction (5.7) is shown as a opaque red
line.
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Chapter 6

How to unloop a self-adherent
sheet

The mechanics of adherent sheets is central to applications ranging from patch-
ing a band aid, coating technology, to the breakthrough discovery of peeling
graphene flakes using sticky tape. These processes are often hindered by the
formation of blisters and loops, which are notoriously difficult to remove. Here
we describe and explain a remarkable phenomenon that arises when one at-
tempts to remove a loop in a self-adherent sheet that is formed by, e.g., folding
two adhesive sides of a tape together. One would expect the loop to simply
unloop when pulling on its free ends. Surprisingly, however, the loop does not
immediately open up but shrinks in size, held together by a tenuous contact
region that propagates along the tape. This adhesive contact region only rup-
tures once the loop is reduced to a critical size. We experimentally show that
the loop-shrinkage results from an interaction between the peeling front and
the loop, across the contact zone. This new type of interaction falls outside
the realm of the classical elastica theory and is responsible for a highly nonlin-
ear increase in the peeling force. Our results reveal and quantify the increased
force required to remove loops in self-adherent media, which is of importance
for blister removal and exfoliation of graphene sheets.

Published as: T. J. S.Wilting*, M. H. Essink*, H. Gelderblom, and J. H. Snoeijer, Soft
wetting with (a) symmetric Shuttleworth effect, Euro. Phys. Let. 134(5), 56001 (2021).
*Both authors contributed equally. Experiments performed by Wilting, model developed by
Essink.
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6.1 Introduction

Folding, self-adhering, blistering, and peeling phenomena occur in many types
of thin elastic layers, such as capillary films [55, 56, 130], soft adhesives
[131, 132], protective coatings or multi-layered materials [14–16], thin films
floating on liquid or polymer substrates [17,133], or graphene sheets [134,135].
The mechanical properties and stability of these layers are crucial to appli-
cations such as thin flexible electronic devices [17, 136], soft robotics [137],
the self-assembly of graphene ribbons [138] or liquid-phase exfoliation of lay-
ered two-dimensional nanomaterials [59]. These processes are often hindered
by delamination and the formation of blisters that are difficult to remove.
In liquid-phase exfoliation, for example, graphene sheets can self-attach or
reattach, and lead to the formation of unwanted self-adherent loops. To use
graphene layers for the self-assembly of novel nanomaterials [138] the tearing
force required for opening or removal of folds is crucial to understand. Sim-
ilarly, in the development of thin flexible electronics one has to understand
the critical force for debonding [136] and the magnitude of blisters [17], as a
function of the adhesive and mechanical properties of the thin layers.

Here we describe and quantify a remarkable phenomenon that occurs when
removing blisters by peeling. Consider an adhesive tape that is bent such that
two sticky sides bond together, forming a loop, as shown in Figure 6.1a. If
one tries to open the loop by pulling the two loop ends apart, one encounters
a rather unexpected dynamics. Initially, the extended adhesive zone where
the two sides of the tape are in contact, decreases in size. At the moment
where one would expect the loop to open up (Figure 6.1b), unlooping does
not occur: instead, the loop shrinks in size, held together by a narrow contact
zone that propagates along the tape (Figure 6.1d-f). This shrinking process
continues until the loop reaches a critical size at which the contact eventually
breaks, leading to the belated unlooping of the sticky tape (Figure 6.1g). In
spite of its importance for the applications mentioned above, and its ease to be
reproduced, the peeling physics of such a self-adhered loop has so far received
little attention [58]; for example, it is not known what is the force required
to remove a self-adherent loop. Here we reveal the mechanism by which the
contact zone of a loop of adhesive tape propagates and the loop shrinks, and
we determine when the loop eventually breaks.
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(a)

s = a

s = b

f f

1/κa

1/κb

(b) (c)

(d) 5 mm (e) (f) (g)

Figure 6.1: The unlooping of a self-adhered adherent sheet. (a) When pulling
the two ends with a force f , the adhesive contact zone decreases in length (dark
blue, between s = a and s = b), while the size of the loop initially remains
constant. The arcs and arrows indicate the magnitude of the peeling and
loop curvatures, κb and κa respectively. (b-c) When the contact zone becomes
very small the loop does not unloop: instead, the loop shrinks in size, held
together by a narrow adhesive contact that propagates along the tape. (d-g)
Experimental images of the shrinking loop and its eventual rupture. Only
when the loop is reduced down to a critical size, it finally opens up. The
images are captured for “tape A” at a peeling velocity v = 4.2 × 10−3mm/s
(cf. [139] Movie S1).
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6.2 Experimental procedure

To create loops of adhesive tape we carefully fold the tape such that two sides
are aligned and stick together, with a large extended region of self-contact,
where the two “contact lines” are well-separated. These contact lines are de-
noted by their arc-length coordinates, respectively, at s = a and b (insets of
Figures 6.2 and 6.5). We then perform peeling experiments where two lin-
ear motors are used to pull both tape ends apart with a constant velocity v
(see [139] Movie S.3). Side view recordings are made with a camera (Basler
acA2040-90um) at a frame rate linked to the peeling rate of the motors, be-
tween 0.025 and 50 fps, to maintain a peeling displacement per frame in the
order of 20 µm. We characterize the evolution of the process by measuring
the loop size and the curvatures on both sides of the contact zone (denoted
as κa and κb in Figure 6.1a). These curvatures are key quantities of the prob-
lem: they are known to offer a direct access to the peeling force whenever
the tape – outside the contact region – is accurately described by the elastica
[15, 131, 140, 141]. The curvatures are therefore extracted from the experi-
mental profiles through fits to the elastica equation, which will be discussed
explicitly below (see eq. 6.2). We extract the edge of the outer (non-adhesive)
side of the tape from these images, and find the shape of the midplane by
correcting for the thickness of the tape. The shape of the tape can indeed
accurately be fitted as an elastica, and allow us to measure the loop size a
and the curvatures at the edge of the contact region κa,b. The curvature at
the peeling front s = b is determined on both sides of the symmetry plane
and average values are reported (values that differ by more than 10% are
discarded).

To investigate the robustness of the phenomenon we applied a broad range
of peeling velocities. Each experiment was performed at a constant velocity,
where the chosen velocity was taken between 4.2 × 10−4 and 1.2mm/s. We
used three different types of commercial tapes that we indicate by tape A, B,
C. Tape D is a thicker tape, formed by sticking two layers of tape A together
(details given in Table 6.1). Most of the quantitative results will be presented
for tape A, which has a thickness t = 46.0 µm and a width of 15.3mm (similar
results for other types are reported in the Appendix 6.6). In addition, we
verified that contact zone propagation and delayed rupture also occur when
peeling a loop of a non-adhesive elastic sheet that is held together by a lubri-
cant (see [139] Movie S.4). Due to an accumulation of lubricant in the contact
zone during peeling, these experiments are only used for to demonstrate the
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universality of the phenomena but not for a quantitative analysis. The quan-
titative experiments are complemented by a theory that extends the classical
elastica with a model for the contact region, to explain why the loop shrinks,
when it ruptures, and what is the force required to unloop the loop.

Table 6.1: Technical specifications of the tapes

Tape Thickness Width Brand
[µm] [mm]

A 46.0 ± 0.5 15.3 ± 0.1 DLP Industry
B 43.0 ± 0.5 11.8 ± 0.1 Quantore
C 45.0 ± 0.5 15.2 ± 0.1 Tesa Film Basic
D 92.0 ± 1.0 15.3 ± 0.1 DLP Industry (2×)

6.3 Shrinking dynamics and unlooping condition

Each experiment starts with an extended contact zone (dark blue region in
Figure 6.1a). When the applied peeling force is sufficiently large, the free end of
tape peels at s = b and the contact zone shortens (see [139] Movie S.3). During
this initial stage the loop size, quantified by s = a, remains constant. However,
as the contact zone becomes sufficiently small the two contact lines start to
interact. The peeling front at s = b induces a “rolling” motion [58] during
which the contact line position s = a is also being displaced. This effective
interaction between the two contact lines typically starts when the size of the
contact falls below ten times the tape thickness. At this moment, the large
loop begins to decrease in size and follows the sequence shown in Figure 6.1.
During this process, the size of the tenuous adhesive zone gradually decreases,
until it finally ruptures (cf. [139] Movie S.2).

Surprisingly, we find that during the experiment the curvature at the peel-
ing front (s = b) increases, which implies a strongly nonlinear increase of the
peeling force. This increase can be seen upon careful inspection of Figure 6.1,
and is further quantified in Figure 6.2, where we plot the curvature κb at the
peeling front as a function of the loop size a. Initially, the curvature remains
approximately constant, but it steeply increases prior to the unlooping. Such
an increase is in contrast with a previous analysis of the loop mechanics [58].
There, the curvature at s = b was predicted to remain constant, namely
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Figure 6.2: Peeling curvature κb as a function of the loop size a. Orange dots
labeled (d-g) correspond to the snapshots in Figure 1(d-g), from which the
data in this figure is obtained. The curvature at the peeling front increases as
the loop shrinks, which indicates a strong increase of the peeling force. The
average peeling curvature is shown in black, with the curvature in s = b on
both sides of the symmetry plane shown in gray. Inset: Experimental tape
profile fitted by the two separate solutions of the elastica equation (6.2) for
the loop and peeling side, shown in red and blue, respectively. The size of the
loop is quantified by the arc-length coordinate of the contact line at s = a,
while the peeling front is at s = b. The corresponding curvatures κa and κb,
respectively, are determined from the elastica fits.

κb =
√

2γ/B, with γ the adhesion energy per unit area (or fracture energy
necessary for debonding), and B the bending modulus of the tape. The same
expression for the curvature was found for blisters [15], peeling [131] and elas-
tocapillary loops [55, 130], and actually goes back as far as the mechanics of
splitting mica [140]. Importantly, each of these situations involve only a single,
isolated peeling front with an infinitely extended contact (i.e. s = b without
a second contact at s = a). In the present context, the isolated peeling front
curvature κiso =

√
2γ/B is obtained in the limit where the distance between

the two contact lines is still large. This limit is approached at large loop sizes,
so that κiso corresponds to the large-a plateau in Figure 6.2. Importantly, the
increase of curvature – robustly observed for all tapes (cf. Figure 6.6a) – im-
plies a strong interaction between the two contact lines at s = a and b, which
remains to be explained.
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Figure 6.3: Effect of the peeling velocity v (4.2×10−4, 4.2×10−3, 4.2×10−2,
0.21 and 1.2mm/s) on the critical loop size at rupture ac (open symbols)
and the elasto-adhesive length ℓea (defined in text, closed symbols). Both
quantities decrease with v (slopes are a guide to the eye). Inset: Relation
between ac and ℓea. A power-law fit gives an exponent 0.70± 0.09, consistent
with the exponent 2/3 that is predicted by the model (6.9). All data for tape
A and each datapoint represents an average over at least 10 experiments.

The unlooping process exhibits an intricate dependence on the peeling
velocity. The open symbols in Figure 6.3 show the critical loop size ac, taken
at the point of rupture, as a function of the peeling velocity v. The results are
from the same tape as in Figures 6.1 & 6.2, and each datapoint represents an
average over at least 10 experiments. Clearly, the critical loop size depends
on the peeling velocity: faster peeling enables smaller loops. We attribute this
trend to an increase of adhesion energy γ with velocity. The adhesion energy
for pressure-sensitive adhesives generically exhibits a power-law dependence
with peeling velocity, which originates from the strong dissipation that occurs
during debonding when polymers are pulled out of the adhesive matrix [132,
142, 143]. A stronger dissipative adhesion makes it more difficult to break
the contact, leading to smaller loops. To verify this hypothesis, we determine
the elasto-adhesive length ℓea ≡

√
B/γ of the tape from the curvature of

an isolated peeling front, so that we can use κiso =
√
2/ℓea [15, 55, 58, 131].

Specifically, we measure ℓea from the large-a plateau in Figure 6.2. The closed
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symbols in Figure 6.3 show that ℓea decreases with v, in a way that is consistent
with a typical dissipation γ ∼ v0.5 [132,141–143]. Unexpectedly, however, the
loop size at rupture is not simply proportional to the elasto-adhesive length.
As is shown in the inset of Figure 6.3, the best power-law fit gives ac ∼ ℓ0.7ea .
This power-law dependence implies that, besides ℓea, another length scale must
be involved, and points to physics beyond the classical elastica theory.

Having established the velocity-dependence of the elasto-adhesive length
ℓea, we try to collapse the peeling dynamics. Figure 6.4 reports the curva-
ture κb versus the loop-size a for different v, non-dimensionalized by ℓea. The
datasets do not collapse; we see a systematic trend as the imposed peeling
velocity is increased (from light to dark blue). However, the experiments do
reveal a striking common feature: rupture always occurs close to the point
where κb = κa, where κa ∼ 1/a is indicated by the dashed line. This observa-
tion suggests that unlooping occurs when the curvatures are approxi-
mately equal on both sides of the contact. While there is some variability be-
tween individual experiments, there is strong evidence for this equal-curvature
hypothesis. Figure 6.4 (inset) reports the histogram over 123 experimental re-
alizations, obtained for the four different tapes. The histogram peaks near
κa = κb, with a small bias to unloop slightly before reaching the point of
equal curvatures.

6.4 Macroscopic model

Now we explain these robust observations using a mechanical model that de-
scribes the macroscopic (outer) scale of the loop problem. Specifically, we aim
to describe to find an explanation for the increase in peeling curvature as the
loop shrinks, the critical size of the loop, and, correspondingly, the critical
peeling force.

The bending energy EB of the tape and the work W performed by the
external peeling force f (all quantities taken per unit tape width), read

EB =

∫ L

0
ds

1

2
Bθ′2, W =

∫ L

0
ds f sin θ. (6.1)

Here the angle θ(s) gives the shape of the tape (see inset Figure 6.2), B is
the tape’s bending modulus, while s = L is the end of the tape where the
peeling force is applied. In the regions where the tape does not stick to itself,
the shape follows from the minimisation of the total mechanical energy with
respect to θ(s), i.e. δ (EB −W) /δθ = 0. This minimisation gives the classical
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Figure 6.4: Dimensionless plot of peeling curvature κbℓea versus loop size
a/ℓea. The data correspond to different peeling velocities (same color code
as in Figure 6.3, all for tape A). For each dataset, the smallest value of a
indicates the point of rupture, which occurs when κb is close to κa = 3.028/a
(dashed line). The symbols “+” indicate the model prediction for rupture
(with α = 4.3, see text). The solid line is the simplified model (6.5), the
dotted horizontal line shows κiso =

√
2/ℓea. Inset: Histogram of κb/κa at

rupture for various v and for the four tapes.

elastica equation [144]

Bθ′′ + f cos θ = 0. (6.2)

Solutions to this equation indeed provide excellent fits of the tape [15], as is
clear from the dashed lines in the inset of Figure 6.21. Importantly, (6.2) can
be integrated once to f = 1

2Bθ
′(b)2 = 1

2Bκ
2
b [131]. Hence, the increase of κb

is indeed a direct measurement of the increase in the peeling force.

We now turn to the peeling itself. At s = b peeling amounts to a displace-
ment of the contact line by a distance −db, taken as a positive quantity, during
which mechanical energy is released. When the peeling is overdamped, so that
inertia plays no role, the release of mechanical energy Gb = ∂(EB −W)/∂b is
exactly equal to the adhesion energy γ(v). This analysis is in direct analogy to

1Since the loop is not directly connected to the peeling force, due to the contact zone, (6.2)
for s < a requires a different value of f , which turns out to be f = 9.91B/a2.
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fracture mechanics, where the quantity Gb is referred to as the energy release
rate associated to the propagation of a crack tip [145, 146]. The energy (6.1)
gives (derivation in the Appendix 6.6),

Gb =
∂(EB −W)

∂b
=

1

2
Bκ2b . (6.3)

Equating Gb = γ, one indeed recovers the isolated contact line condition
κiso =

√
2/ℓea [15,131]. To include the motion of the contact line at s = a, we

consider the “rebonding” that occurs when the two sides of the tape are pushed
together. Debonding and rebonding are asymmetric processes: debonding
occurs when polymers are pulled out of a matrix and it typically leads to
fibril formation, while the rebonding is comparatively gentle and involves a
negligible amount of dissipation. This difference in dissipation is responsible
for the difference in curvature at the advancing and receding sides of the
peeling front. In analogy to (6.3), one finds the energy release rate during
rebonding at s = a to be

Ga =
∂(EB −W)

∂a
= −1

2
Bκ2a. (6.4)

The appearance of a minus sign implies that bending energy is actually being
stored rather than released, as the loop shrinks. Since the adhesive energy
gained by rebonding is negligible, this storage of elastic energy must originate
from an interaction with contact line at b, which pushes the contact line at
a. Crucially, however, this interaction is not accounted for in (6.1), so that
additional physics is needed to explain the shrinking of the loop.

As a simple model, we first neglect the finite size of the contact region.
We assume that the loop starts to shrink once b = a, and that subsequently
these points are displaced together. The corresponding propagation condition,
Gb +Ga = γ, gives

1

2
B(κ2b − κ2a) = γ, (6.5)

and is shown as the solid line in Figure 6.4. This result already offers an
excellent description of the data at large loop-sizes. Specifically, (6.5) explains
the increase of peeling curvature (and thus of the peeling force): this increase
can be attributed to the storage of elastic energy inside the shrinking loop.

However, (6.5) does not allow for equal curvatures κb = κa, and does not
predict any rupture of the loop. To refine the analysis one needs to account
for the physics inside the contact zone, where one encounters complexities
associated to the finite thickness of the tape, the viscoelastic shearing and
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stretching of the adhesive, and the extraction of polymers during debond-
ing [53, 57, 132, 141–143, 147–149]. Here we explore the feasibility of a generic
outer description of the problem that allows to explain the robust macroscopic
observations without being specific on the scale of the adhesive – just like the
outer scale of the intricate dynamical debonding of a single front is captured
by a single macroscopic length ℓea. To this end we propose an effective macro-
scopic interaction energy, Eint, that accounts for the interaction between the
contact lines at a and b. With this energy, the propagation conditions become

∂(EB + Eint −W)

∂b
=

1

2
Bκ2b +

∂Eint
∂b

= γ, (6.6)

∂(EB + Eint −W)

∂a
= −1

2
Bκ2a +

∂Eint
∂a

= 0. (6.7)

When the interaction energy is only a function of the distance w = b − a,
one recovers (6.5) and no progress is made. A key observation is that in
experiments the length of the contact w reaches a scale comparable to that
of thickness t of the tape and the adhesive, so that the system can no longer
be described as an infinitely thin elastica. As a phenomenological closure, we
therefore hypothesize that any difference in curvature κb−κa over such a short
distance w ∼ t comes with an extra elastic energy beyond (6.1). In the spirit
of a gradient expansion, we account for this gradient in curvature by an extra
energy ∼

∫ b
a ds (θ

′′)2, from which, using that θ′′ ∼ (κb − κa)/w, we obtain the
estimate

Eint = α2t2B
(κb − κa)

2

b− a
. (6.8)

Here t2B is introduced on dimensional grounds, so that α is a dimensionless
constant. The interaction (6.8) expresses that a difference in curvature cannot
be sustained for w ≪ t, and allows for rupture only when κb = κa.

The proposed Eint gives an accurate description of the experiments (deriva-
tions in the Appendix 6.6). First, far from rupture, the model reduces to (6.5)
and thus explains the collapse in Figure 6.4 at large loop size (as also observed
for tapes B, C, and D, cf. Figure 6.6). Second, the model describes the loop
rupture, with critical values of the loop size ac and κb as indicated by the “+”
symbols in Figure 6.4, with α = 4.3 as a single adjustable parameter (we take
t as the tape thickness). Hence, the model captures the intricate velocity de-
pendence of the experiment, as well as the equal-curvature condition. Third,
for t/ℓea ≪ 1 the model reduces to a scaling law (cf. Appendix 6.6),

ac ∼ t1/3ℓ2/3ea , (6.9)
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which is in close agreement with the experimental results as shown for tape A
in the inset of Figure 6.3. As such, the proposed gradient expansion for Eint
captures the essential macroscopic features of the shrinking and subsequent
unlooping.
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Figure 6.5: Contact length w as a function of loop size a, for tape A at a
velocity of v = 4.2 × 10−2mm/s. The contact size decreases linearly upon
approaching the point of rupture ac (solid line is the best fit). The data
is binned over intervals in a, with errorbars indicating the 95% confidence
interval. The purple dots indicate the individual data points corresponding
with the two insets, with the connection indicated through the labels (i) and
(ii). These inset images provide typical snapshots of the contact region, with
arrows marking the estimated locations of the contact lines.

To achieve a more detailed understanding of physics inside the contact
zone, one could complement the current results with experiments and theory
on the inner problem, on the scale of the adhesive, as previously achieved for
single peeling fronts [53, 57, 132,147–149]. As a first step in this direction, we
here explore the contact length w = b− a, which in the model is predicted to
vanish at the point of rupture, according to

w ∼
(
t

ℓea

)4/3

(a− ac). (6.10)
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To verify this prediction of the contact length experimentally, one needs to
bear in mind that in the macroscopic description the points s = a, b formally
represent the extrapolation of the outer elastica profiles (see inset Figure 6.2).
In practice, however, the small difference between the two extrapolated values
s = a, b turns out too sensitive to give reproducible results. As an alternative,
we therefore determine the length of the contact from close-up recordings near
the contact region. The insets of Figure 6.5 illustrate that the positions of the
two “fronts” are not sharply defined, due to the finite thickness of the tape
and the deformed adhesive; see e.g. [53, 57, 148] for a more detailed view on
a single peeling front. Here we determined the position of the contact lines
by taking the outside location of the bright region, as indicated by the ar-
rows. The resulting contact length w is reported in Figure 6.5. The contact
length indeed decreases linearly close to the point of rupture, but does not
seem to vanish completely at the critical loop size. This offset could possibly
be attributed to a systematic overestimation induced by the local measure-
ment of the contact positions. For example, an uncertainty of 20 µm in the
direction of the thickness of the tape/adhesive, would already lead to an error
of
√

20 µm/κb ∼ 100 µm on the position of each of the contact lines. Future
work on the detailed contact mechanics could shed further light on these mi-
croscopic features. The macroscopic experiments presented here, and the outer
description in terms of a gradient expansion, will serve as clear benchmarks.

6.5 Conclusion

In summary, we have analyzed the shrinkage and subsequent unlooping of a
self-adhered elastic tape. We have shown that the phenomenon of shrinking
is mediated by a tenuous contact zone, whose mechanics is not part of the
classical elastica theory. The model proposed for the contact zone offers a
good description of the experimental observations, and explains the critical
size and critical force at which the tape unloops. Importantly, our findings
are not restricted to a fold of sticky tape. The exact same effect of contact
propagation arises in non-adhesive loops held together by a lubricant (see [139]
Movie S.4) or when an adhesive sheet does not adhere to itself, but to another
surface – as one verifies using sticky tape on a table and exerting a force on each
end of the tape (see [139] Movie S.5). Therefore, we expect that our findings
will be applicable to a broader range of problems involving loops and blisters.
These phenomena appear in e.g. coatings, flexible electronics and during the
exfoliation of graphene sheets [150], for which narrow adhesive zones plays a
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Figure 6.6: Plot of the dimensionless peeling curvature κbℓea versus loop size
a/ℓea averaged over multiple measurements. The solid line is the simplified
model, equation (5) in the main text, the dotted horizontal line shows κiso =√
2/ℓea. (a) For all the four tapes listed in Table 1, at a peeling velocity

v = 4.2 · 10−2 mm/s. (b) For tape D at various peeling velocities ranging
between v = 4.2 · 10−3 mm/s and v = 1.2 mm/s. The symbols “+” indicate
the model prediction for rupture with α = 4.3. Inset: Relation between ac and
ℓ
2/3
ea t1/3, for both a single and a double layer of tape. The solid line represents
the asymptotic result predicted by the model given by (6.22), with α = 4.3.

crucial role in the appearance of folded and scrolled loop topologies [151,152].

6.6 Appendix

6.6.1 Experimental details

In the main text we primarily focus on peeling characteristics of tape A, except
for the inset of Figure 6.4. Here we show the robustness of the results for the
other tapes, as listed in Table 6.1. Figure 6.6a shows evolution of the peeling
curvature for the four tapes. In all cases the curvature increases as the loop
shrinks in size, and for a/ℓea ≳ 3, we find a good match between the model of
equation (6.5). The behavior at smaller loop sizes is not universal, as explained
in the text. However, the loop rupture always occurs very close to the point
where κb = κa, for all tapes.

In Figure 6.6b we have a closer look at the results for tape D, which
consists of two layers of tape A to show the influence of tape thickness t. The
elasto-adhesive length ℓea as determined from the measurements with tape D is
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approximately double that of tape A. This is slightly less than the ratio of 2
√
2

predicted by the typical thickness dependence of an elastica B ∼ t3, which can
be attributed to the soft adhesive layer between the two tapes. We see that
the peeling curvature is in line with expectations, as well as the prediction for
the point of rupture. The inset of this figure shows the collapse of the critical
loop size ac measurements onto the power law predicted in equation (6.9).

6.6.2 Modeling details

Energy release rate

We provide the expression for the total mechanical energy of the elastica (6.1),
as

EB −W =

L∫
0

ds

(
1

2
Bθ′2 − f sin(θ)

)
. (6.11)

However, this expression does not yet include the constraints that define the
contact points s = a and s = b; these constraints are important to compute
the energy released during peeling. The contact points are defined by the
condition that the loop is closed. In Cartesian coordinates, with y taken as
the normal distance with respect to the symmetry axis, this condition implies
y(a) = y(0) = 0, while similarly y(b) = 0. The former constraint can be
enforced by adding (fa

∫ a
0 ds sin θ) to the right-hand side of (6.11), where fa

is the internal force in the loop. The constraint on y(b) is already accounted
for in (6.11) by the expression for the work done by the peeling force. From
now on we write f = fb. Finally, one needs to impose θ(a) = θ(b) = 0,
ensuring that θ remains continuous on the entire domain. These constraints
are imposed by Lagrange-multiplier terms λaθ(a) and λbθ(b), added to the
mechanical energy. Finally, noting that θ = 0 for a < s < b, the functional to
be minimized reads:

EB −W =

a∫
0

ds

(
1

2
Bθ′2 − fa sin(θ)

)
+ λaθ(a)

+

L∫
b

ds

(
1

2
Bθ′2 − fb sin(θ)

)
+ λbθ(b). (6.12)
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By introducing the Lagrangians La and Lb for each side of the contact this
expression simplifies to

EB −W =

a∫
0

ds La(θ
′, θ) + λaθ(a) +

L∫
b

ds Lb(θ
′, θ) + λbθ(b). (6.13)

The variation of the total mechanical energy δ(EB −W) with respect to θ(s)
gives

δ(EB −W) = 0 =

− ∂La

∂θ′
δθ

∣∣∣∣
s=0

+

(
λa +

∂La

∂θ′

)
δθ

∣∣∣∣
s=a

+

∫ a

0
ds δθ

(
∂La

∂θ
− d

ds

∂La

∂θ′

)
+

(
λb −

∂Lb

∂θ′

)
δθ

∣∣∣∣
s=b

+
∂Lb

∂θ′
δθ

∣∣∣∣
s=L

+

∫ L

b
ds δθ

(
∂Lb

∂θ
− d

ds

∂Lb

∂θ′

)
. (6.14)

Hence, for the loop region (0 ≤ s ≤ a) and the peeling region (b ≤ s ≤ L) one
obtains the elastica equations

∂La,b

∂θ
− d

ds

∂La,b

∂θ′
= Bθ′′ + fa,b cos θ = 0, (6.15)

given as (6.2) in the main text. The boundary terms δθ(0) = δθ(L) = 0 vanish
naturally, but at s = a and s = b we determine the Lagrange multipliers as

λa = − ∂La

∂θ′

∣∣∣∣
s=a

, λb =
∂Lb

∂θ′

∣∣∣∣
s=b

. (6.16)

To find the energy release rates at s = a and s = b upon propagation of the
contact zone, we calculate the variation of the mechanical energy with the
location of the contact lines. Using again that θ(a) = θ(b) = 0, we find the
energy release rates

∂ (EB −W)

∂a
=
(

La + λaθ
′)∣∣

s=a
= −1

2
Bθ′(a)2, (6.17)

∂ (EB −W)

∂b
=
(
−Lb + λbθ

′)∣∣
s=b

=
1

2
Bθ′(b)2, (6.18)

which are given as Eqs. (3) and (4) in the main text.
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Asymptotic solution at rupture

To find the scaling of the critical loop size, we solve (6.6 6.7), with interaction
energy Eint given by (6.8). The interaction energy involves κb and κa. The
confinement of the loop gives that κa = 3.028/a, so that the its derivative
gives a contribution to ∂Eint/∂a in (6.7). By contrast, κb is not constrained
geometrically, so it remains constant during the differentiation. With this, one
can solve (6.6 6.7) in terms of the peeling curvature κb and the length of the
contact zone w, which gives

κb =

√√√√ 2

ℓ2ea
+ κ2a

(
1+4

α2t2

a2
−2

√
2
αt

a

√
2
α2t2

a2
+1

)
, (6.19)

w =
2α2t2 (κb − κa)

3.028

(
1 +

√
1

2

a2

α2t2
+ 1

)
. (6.20)

Rupture appears when w = 0, so that the critical loop size ac corresponds to
κb = κa = 3.028/a. In this case, assuming t≪ ℓea, (6.19) reduces to

2

ℓ2ea

a2c
3.0282

= 2
√
2α
ℓea
ac

(
t

ℓea

)
+O

(
t

ℓea

)2

, (6.21)

from which we obtain the asymptotic result which is presented as (6.9),

ac =
(
2× 3.0284

)1/6 (
αtℓ2ea

)1/3
. (6.22)

Similarly, expanding (6.20) around a = ac, assuming t≪ ℓea yields the asymp-
totic scaling of w with a near the point of rupture, presented as (6.10)

w =

(
108

3.0284

)1/3( αt
ℓea

)4/3

(a− ac) . (6.23)
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Chapter 7

Outlook

In this thesis we have studied the contact between soft solids and liquids
(Chapter 2 and 3), soft solids adhering to itself (Chapter 4 and 5) and ad-
hesion of slender bending solids (Chapter 6). While the precise geometries
and materials differ between chapters, we have shown these problems share a
number of common questions and solutions, mostly concerning the contact line
and wetting ridge. In this chapter we reflect on some of the general, overarch-
ing questions that remain, as the chapter-specific open questions have already
been addressed in the conclusions of the respective chapters. Here we pose a
selection of questions based on our observations and results, and speculate on
possible solutions.

7.1 Local properties at the contact line

A central issue of soft wetting is that one needs to carefully express the local
equilibrium properties at the contact line. Besides a mechanical equilibrium
(expressed via the Neumann balance, cf. Figure 7.1a-b), we have found that
there is a so-called “no-pinning” condition, expressed as an equality of chemi-
cal potential across the contact line. Given that the free energy is minimised at
equilibrium, this condition expresses that a jump of the contact line to a neigh-
boring material point does not incur an energy penalty. Equality of chemical
potential across the contact line ensures this is indeed the case. However, a
problem arises when the Shuttleworth effect is neglected: when the surface
energy is taken independent of the stretch, the chemical potential is auto-
matically zero. It is therefore of interest to investigate what becomes of the
no-pinning condition in the limit of vanishingly small Shuttleworth effect.

125
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A B C

Figure 7.1: Schematic views of typical contact line situation for (a) a wetting
ridge pulled up by a sessile droplet on a soft substrate; (b) and the contact
line region of an adhesive crease, closely resembling the wetting ridge. (c)
Schematic representation of the free-surface stretch λ near the contact line.
The situation with symmetric Shuttleworth coefficients in black. The non-
symmetric cases for various strengths, at constant γ1+/γ

1
−, in red.

In figure 7.1c we sketch the stretch-profiles in the vicinity of the contact
line for a weak Shuttleworth effect. The solid black line relates to a symmetric
situation, where the strength of the effect is equal on either side of the contact
line, i.e. γ1+/γ

1
− = 1. Then, the red lines use small Shuttleworth coefficients,

taken at a fixed asymmetric ratio γ1+/γ
1
− ̸= 1. In the latter case we observed

a jump in stretch, irrespective of the magnitude of the strength of the Shut-
tleworth effect. This can be understood by writing the chemical potential
as µ± = γ1±f(λ±), with λ the stretch of the free surface. Since this quan-
tity is continuous at the contact line, this means that γ1−f(λ−) = γ1+f(λ+),
resulting in a jump in surface stretch ∆λ ∼ 1 − γ1+/γ

1
−. Even though the

no-pinning condition gives rise to a jump in stretch for arbitarily small γ1,
the effect remains localized to a very narrow region around the contact line:
except for a narrow boundary layer, the stretch approaches a unique solution
given by the black line in Figure 7.1c. Since the Shuttleworth effect is the only
source of shear on the free surface, a vanishing Shuttleworth effect results in
a shear-free interface. This resulting purely elastic problem is uniquely solved
by the Singh-Pipkin corner solution [61], which has a free surface stretch of
λ =

√
π/θS . Indeed, we find that the numerical solutions for a vanishing

Shuttleworth effect converge towards this solution, except for an equally van-
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A B

Figure 7.2: Situations of unbalanced surface tensions. (a) The liquid pulling
force on a wetting ridge exceeds the sum of surface tensions of the substrate,
surface tension is balanced through elasticity at a mesoscopic scale. (b) Non-
perfect adhesion in the self-contact of a crease, where the solid-solid surface
tension is unbalanced at the bottom of the crease. The force is either dis-
tributed at mesoscopic scale (left) or through a cavity (right).

ishing boundary layer near the contact line, as shown in Figure 7.1c. A naive
estimate for the thickness of such a boundary layer would be γ1/G, i.e. an
elastocapillary length based on the Shuttleworth coefficient. The only solu-
tion that does not contain this boundary layer near the contactline is for the
case of “symmetric” Shuttleworth coefficients, which requires a surface-stretch
continuity across the interface. Therefore, is is expected that the no-pinning
condition in the absence of Shuttleworth is given by a continuity of surface-
stretch λ across the contactline. In fact, this condition of continuous λ was
already used to close the numerical problem in Chapter 4 and 5. The motiva-
tion above provides a justification for this closure, but it would be worthwhile
to give this a more rigorous foundation.

Interestingly, in Chapter 4 we have experimentally observed pinning of
the contact line, something that was not captured by the numerical model.
When the Shuttleworth effect is present, pinning of the contact line can be
implemented as a finite jump in chemical potential across the interface. How-
ever, when in the absence of any Shuttleworth effect is present the chemical
potential vanishes, which means a jump in chemical potential is impossible.
Therefore, the implementation of contact line pinning on a Shuttleworth-free
substrate remains an open question.

Further questions arise when in the soft wetting problem the pulling force
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of the liquid interface exceeds Υ/Υs ≥ 2, which would prevent the balancing of
forces at the contact line (Shown schematically in Figure 7.2), as the opening
angle θS = 0 or even becomes undefined in (3.4). With the addition of the
Shuttleworth effect, the increase in surface stretch in the increasingly sharp
wetting ridge would result in an increase solid surface tension, such that the
pulling force can always be balanced [35]. However, the macroscopic Neumann
balance can fail whenever the solid surface tension is constant; the question
then arises how the elastic solution behaves when the Υ/Υs ≥ 2. This problem
is most likely regulated on the mesoscopic scale, as the pulling force will be
distributed and balanced over the thickness of the liquid interface [153], a
feature which could for example be investigated using the mesoscopic model
of Chapter 2.

A related issue arises in the case of the adhesive crease. In this thesis we
have always considered perfect adhesion (γss = 0) within the self-contact, but
this need not be the case. If non-perfect adhesion (γss ̸= 0) is considered
the free surface near the self-contact will no longer be a flat T-shape, but
angled upwards to balance the nonzero surface tension γss, shown in Figure
7.2b. However, at the bottom of the self contact this surface tension cannot
be balanced, as no other interfaces are present (see Figure 7.2b). Therefore,
either this force is balanced at the mesoscopic scale like the aforementioned
wetting ridge, or a small cavity with a balancing free surface energy should be
present. Both of these hypothetical solutions provide a mechanism to transfer
the point force to the bulk, and the case of non-perfect adhesion offers an
interesting problem for future work.

7.2 Geometric effects

Besides the local effects around the contact lines, the global geometrical con-
figurations of the problems presented also pose some interesting questions. In
the case of soft wetting, where a droplet is wetting an elastic substrate, three
relevant lengthscales appear: the droplet radius r, the substrate thickness H
and the elastocapillary length ℓec. However, in Chapter 2 the thickness of
the substrate was considered to be much larger than the radius of the droplet
(r ≪ H). This means the substrate can be considered an elastic half-space
and the thickness H does not appear as a parameter. Contrary, in Chapter 3
the opposite was considered, where the radius of the droplet was assumed to
be much larger than the substrate thickness (r ≫ H), such that the radius be-
comes irrelevant. Though, in the former case it would be of interest to consider
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A B

Figure 7.3: (a) Macroscopic wetting angle as a function of substrate thickness,
data taken from Scheefhals [154]. (b) Substrate compression ϵ curves of a
non-adhesive crease for several contact lengths. For each curve a minimum in
compression is marked, indicating a preferred aspect ratio.

the layer thickness H as well. While the droplet can sink into a thick substrate
when it becomes softer, a thinner layer prevents the droplet from “sinking”
into the substrate by purely geometric constraints. Recent experiments [154]
have also observed that the layer thickness has a significant effect on the soft
wetting problem, shown in Figure 7.3a. The liquid angle decreases with soft-
ness, but this sinking effect is inhibited once the ratio r/H becomes order
unity. While experiments show a change in the transition from the Young to
Neumann state, numerical treatment of this problem could further quantify
this problem. This could, for example, help to get a better understanding of
the condensation behavior of liquids on soft substrates.

Furthermore, only a single droplet was considered in Chapter 2. Since the
boundaries of the solid domain are symmetry axes, this actually represents
an evenly spaced row of droplets. By breaking the symmetry of the problem,
for instance by placing the droplet off-center, the interaction between two or
more droplets can be simulated. Through this it should be possible to recover
the repulsive or attractive forces between droplets that have been observed in
experiments, like the inverted Cheerios effect [155]. However, after breaking
symmetry the problem may no longer be in equilibrium, which could require
modeling of dynamical behavior to simulate these problems, or an additional
equilibrium condition.

The influence of geometry is not confined to the soft wetting problem only.
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For the simulations of creases in Chapter 4 and 5 the substrate was chosen
to be square, meaning the spacing between creases is defined a priori. While
such a spacing is in the same order of magnitude as observed in experiments, a
change in crease spacing may decrease the free energy or critical compression,
see Figure 7.3b. Additionally, similar to soft wetting, irregularly spaced creases
could be considered too, by having the self-contact located off-center. This
may prove useful to predict and understand the spacing of creases found in
experiments.

7.3 Dynamics and dissipation

All macroscopic finite element simulations presented in this thesis have been
at equilibrium. While we have been able to extract the dissipation in a wetting
ridge through a traveling-wave approximation, rigorous treatment of dynam-
ical effects could prove useful for future research. For example, this could be
used to resolve the morphology of a wetting ridge under a moving contact line,
since the approach in Chapter 3 is only valid at low velocities, for which the
wetting ridge remains unchanged.

However, the implementation of dissipation and contact line movement
may prove difficult. First, the sharp-interface formulation requires the in-
terface to be located at a point in the mesh. This could be overcome by
using a liquid precursor layer like in the mesoscopic model in Chapter 2, or
by artificially spreading the pulling force over a small distance. Secondly, the
dissipation within the substrate needs to be captured accurately. In Chapter
3 the Chasset-Thirion rheology was used, which requires a costly convolution
integral over the deformation history. Alternatively a simpler Kelvin-Voigt
rheology could be used, which less accurately describes polymeric substrates,
but is not as costly to compute.

Naturally, a combination of approaches may be preferred, depending on
the precise problem. For a simple moving contact line at higher velocities, a
traveling wave approximation could still be used, if the morphology is itera-
tively modified by the stresses calculated from the Chasset-Thirion rheology.
Such an approach could potentially result in a very accurate description of
a moving wetting ridge. Another approach could combine a precursor layer
with a Kelvin-Voigt rheology, which may allow the dynamical simulations of
contact line movement. The quantitative modeling of dynamical soft contact
thus offers an important topic for future study.
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Summary

The interplay between elastic deformations and capillary forces are an impor-
tant property of soft gels and tissues. In soft contact we consider the situation
when such materials come into contact with other solids or liquids, and capil-
lary forces at the interfaces are able to significantly deform the solids. In this
thesis a number of these interactions have been explored in detail, ranging
from wetting to adhesion problems. Numerical simulations, theory and exper-
iments all show the importance of elastocapillary action at the edge of a soft
contact.

First, in Chapter 2 we describe the influence of the Shuttleworth effect
on a droplet wetting a soft surface. The Shuttleworth effect is the change of
wetting properties with the stretching of the solid surface. We find the defor-
mations near the wetting ridge, and thus the wetting properties of the solid,
are strongly dependent on the (a)symmetry of the Shuttleworth coefficients,
resulting in strong horizontal displacements near the contact line. Results are
obtained using two distinct but compatible numerical methods: a mesoscopic
and macroscopic model. The mesoscopic model uses a simplified elastic model,
but incorporates dynamic effects through a gradient dynamics formulations.
Even though the macroscopic model is unable to capture any dynamic effects,
it is able to fully resolve the intricate elastic deformations using a Neo-Hookean
constitutive relation.

Thereafter, the viscoelastic dissipation in the wetting ridge is investigated
in Chapter 3. Due to dissipation droplets move more slowly over soft sub-
strates, known as viscoelastic braking. Recent experiments have shown that
this effect is not accurately captured for thin substrates by linear theory.
Therefore, here we employ a traveling wave solution to calculate the dissi-
pation from static wetting ridge profiles calculated from a macroscopic model.
We have been able to model, consistent with experiments, the dissipation in
the substrate using large deformations, and demonstrate how nonlinear effects
alter the dissipative properties of a wetting ridge.
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In the following Chapter 4 the effect of self-adhesion on an elastic crease is
studied. Creases are sharp folding instabilities on the free surface of an elastic
substrate, caused by lateral compression. Experiments allow the measurement
of the free surface morphology using confocal microscopy, showing that the free
interface at the contact line is flattened due to adhesion, regulating the sharp
fold at a small scale. Folding and unfolding experiments reveal an asymmetry
in morphology that can be explained by contact line pinning. Therefore, we
find that contact line pinning leads to a memory effect in folding behavior, and
can even prevent the creases from fully unfolding, explaining the enigmatic
scars observed in experiments.

Next we take a closer look at adhesive creases from a numerical perspec-
tive. In Chapter 5 we are able to precisely describe the influence of adhesion
on bifurcation behavior and morphology, from numerical simulations of adhe-
sive and non-adhesive creases. We show that the bifurcation behavior of an
adhesive crease is accurately explained by a reduced energy expression, which
contains a nontrivial term to account for morphology changes due to adhe-
sion. This simplified model explains how adhesion hinders the formation and
growth of creases. Additionally, the different regions of the morphology of the
adhesive creases are analysed, and the free surface profile is shown to collapse
onto a universal curve.

Finally, in Chapter 6 we look at the adhesion of slender substrates, for
which the adhesive forces couple to the bending of the substrate. Specifically,
we have taken interest in the problem where a loop of self-adhered tape shrinks
when pulling on the ends of the tape, instead of simply breaking apart. Only
when the loop has shrunk sufficiently it breaks. Since the contact region
appears to move along the tape, an interaction between the two contact lines
is predicted. Using data from a large number of peeling experiments we are
able to propose a model that explains the interaction between the contact
lines, and the corresponding increase in peeling forces.



Samenvatting

De wisselwerking tussen elastische vervormingen en capillaire krachten is een
belangrijke eigenschap van zachte gels en weefsels. In zacht contact bekijken
we de situatie waarin dergelijke materialen in contact komen met andere vaste
materialen of vloeistoffen, en de capillaire krachten aan de oppervlakten in
staat om deze significant te vervormen. In dit proefschrift wordt een aan-
tal van deze interacties in detail bestudeerd, variërend van bevochtigings- tot
adhesieproblemen. Numerieke simulaties, theorie en experimenten tonen alle-
maal het belang aan van de elastocapillaire werking aan de rand van een zacht
contact.

Ten eerste beschrijven we in Hoofdstuk 2 de invloed van het Shuttleworth-
effect op een druppel die een zacht oppervlak bevochtigt. Het Shuttleworth
effect beschrijft de verandering van de bevochtigingseigenschappen door het
oprekken van de oppervlakte. We vinden dat de vervormingen nabij de
contactlijn, en dus de bevochtigingseigenschappen van het materiaal, sterk
afhankelijk zijn van de (a)symmetrie in de Shuttleworth coëfficiënten, wat
resulteert in sterke horizontale verplaatsingen nabij de contactlijn. De resul-
taten worden verkregen met behulp van twee verschillende, maar compatibele,
numerieke methoden: een mesoscopisch en macroscopisch model. Het meso-
scopische model gebruikt een vereenvoudigd elastisch model, maar integreert
dynamische effecten door middel van een gradiënt-dynamische formulering.
Hoewel het macroscopische model geen dynamische effecten kan weergeven,
kunnen de ingewikkelde elastische vervormingen wel volledig opgelost worden
met behulp van een Neo-Hookeaanse constitutieve relatie.

Vervolgens wordt de visco-elastische dissipatie in het elastisch vervormde
substraat onderzocht in Hoofdstuk 3. Door dissipatie hebben druppels de neig-
ing langzamer te bewegen over zachte substraten, bekend als visco-elastisch
remmen. Recente experimenten hebben aangetoond dat dit effect voor dunne
substraten niet nauwkeurig kan worden beschreven met de lineaire theorie.
Daarom gebruiken wij hier een bewegende golfoplossing om de dissipatie te
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berekenen uit statische contactlijnprofielen, berekend met een macroscopisch
model. Wij hebben, in overeenstemming met de experimenten, de dissipatie
in het substraat kunnen modelleren met behulp van grote vervormingen, en
aangetoond hoe niet-lineaire effecten de dissipatieve eigenschappen van een
contactlijn veranderen.

In het volgende Hoofdstuk 4 wordt het effect van zelfadhesie op een elastis-
che vouw bestudeerd. Dit zijn scherpe instabiliteiten op het vrije oppervlak
van een elastisch substraat, veroorzaakt door zijdelingse compressie. Exper-
imenten maken het mogelijk de morfologie van het vrije oppervlak te meten
met confocale microscopie, waaruit blijkt dat het vrije oppervlakte bij de con-
tactlijn wordt afgevlakt door adhesie, waardoor de scherpe vouw op kleine
schaal wordt gereguleerd. Uit vouw- en ontvouwexperimenten blijkt een asym-
metrie in de morfologie die kan worden verklaard door het vastpinnen van de
contactlijn. Daarom bevinden wij dat het vastpinnen van de contactlijn leidt
tot een geheugeneffect in het vouwgedrag, en zelfs het volledig ontvouwen kan
verhinderen, wat de raadselachtige littekens verklaart die in experimenten zijn
waargenomen.

Vervolgens bekijken we de zelfklevende vouwen vanuit een numeriek per-
spectief. In Hoofdstuk 5 zijn we in staat de invloed van adhesie op bifurcatiege-
drag en morfologie nauwkeurig te beschrijven aan de hand van numerieke
simulaties van zelfklevende en niet-klevende vouwen. Wij tonen aan dat het
bifurcatiegedrag van een zelfklevende vouw nauwkeurig wordt verklaard door
een gereduceerde energie-expressie, die een niet-triviale term bevat om reken-
ing te houden met morfologieveranderingen door adhesie. Dit vereenvoudigde
model verklaart hoe adhesie het ontstaan en de groei van plooien belemmert.
Bovendien worden de verschillende gedeelten van de morfologie van de zelfk-
levende vouw geanalyseerd, en wordt aangetoond dat het profiel van het vrije
oppervlak samen kan vallen op een universele curve.

Tenslotte kijken we in Hoofdstuk 6 naar de hechting van dunne substraten,
waarbij de kleefkrachten koppelen met de buiging van het substraat. In het
bijzonder hebben wij ons gebogen over het probleem waarbij een lus van aan
zichzelf klevende tape krimpt wanneer men aan de uiteinden van de tape
trekt, in plaats van simpelweg open te breken. Pas wanneer de lus voldoende
is gekrompen, breekt deze. Aangezien het contactgebied langs de tape lijkt
te bewegen, wordt een interactie tussen de twee contactlijnen voorspeld. Aan
de hand van gegevens van een groot aantal pel-experimenten kunnen wij een
model opstellen dat de interactie tussen de contactlijnen en de overeenkomstige
toename van de pel-krachten verklaart.
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