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Abstract

We consider the problem of linearizing a pseudo-Boolean function f : {0, 1}n → R by means

of k Boolean functions. Such a linearization yields an integer linear programming formulation

with only k auxiliary variables. This motivates the definition of the linarization complexity of f

as the minimum such k. Our theoretical contributions are the proof that random polynomials

almost surely have a high linearization complexity and characterizations of its value in case we

do or do not restrict the set of admissible Boolean functions. The practical relevance is shown by

devising and evaluating integer linear programming models of two such linearizations for the low

auto-correlation binary sequences problem. Still, many problems around this new concept remain

open.

1 Introduction

We consider functions f : {0, 1} → R, which are often called pseudo-Boolean functions. The corre-
sponding pseudo-Boolean optimization problem of minimizing f over {0, 1}n is known to be NP-hard
since it subsumes the maximum cut problem [3, 14]. One way of tackling the problem is to linearize the
objective function using auxiliary variables and then applying integer linear programming techniques.
A linearization of f is defined by functions g1, g2, . . . , gk : {0, 1}n → R such that

f(x) = a⊺x+ β +

k∑

i=1

bigi(x) (1)

holds for all x ∈ {0, 1}n. Its size is the number k of such functions. The linearization complexity of
f with respect to a family G of functions is defined as the minimum size of a linearization with gi ∈ G
for all i, and is denoted by lcG(f).
In this paper we focus on binary linearizations, which are those where each function g ∈ G is Boolean,
i.e., g : {0, 1}n → {0, 1} holds. For a binary linearization of size k there exists an integer linear
programming (IP) formulation with n+k variables which works as follows. In addition to the variables
x ∈ {0, 1}n we introduce the binary variables y ∈ {0, 1}k that shall represent the values gi(x). By
construction, f(x) is affine in (x, y). The following constraints ensure that yi = gi(x) holds:

∑

j:x̄j=0

xj +
∑

j:x̄j=1

(1− xj) + yi ≥ 1 ∀x̄ ∈ g−1
i (1), (2a)

∑

j:x̄j=0

xj +
∑

j:x̄j=1

(1− xj) + (1− yi) ≥ 1 ∀x̄ ∈ g−1
i (0), (2b)

where g−1(y) := {x ∈ {0, 1}n : g(x) = y} denotes the pre-image of y. Note that (2) consists of 2n

inequalities. We denote by B the set of all Boolean functions. An interesting constrained subclass is
the family C ⊆ B of functions of the form

gI,J(x) :=
∏

i∈I

xi ·
∏

j∈J

(1− xj), (3)
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i.e., products of potentially complemented variables. Even more restricted is the family M ⊆ C of
monomials, i.e., functions gI,∅ for all I.
There often exist smaller and stronger formulations than (2), e.g., if gi(x) does not depend on all
x-variables. For instance, for each function gI,J ∈ C, a perfect IP formulation is known, which is due
to Fortet [12], namely

yI,J ≤ xi ∀i ∈ I, (4a)

yI,J ≤ 1− xj ∀j ∈ J, (4b)

1− yI,J ≤
∑

i∈I

(1− xi) +
∑

j∈J

xj , (4c)

yI,J ≥ 0. (4d)

Here, perfect means that the convex hull of {(x, gI,J(x)) : x ∈ {0, 1}n} is described by (4) and
0 ≤ xi ≤ 1 for i = 1, 2, . . . , n.
The interplay of multiple simultaneous linearizations has been investigated by many researchers. How-
ever, we are not aware of any research about their size. Hence, besides establishing first results we
showcase the use of alternative linearizations for an application. Most importantly, we present open
problems and interesting research questions to stimulate further research in this direction.

Outline. The paper is structured as folllows. In Section 2 we present theoretical results about
the linearization complexity for various families G of Boolean functions. Section 3 is about the low
auto-correlation binary sequences problem, which is an optimization problem that arises in theoretical
physics, and for which we present a new linearization and evaluate it computationally. We conclude
the paper with several open problems in Section 4 and hope that some of them will be addressed by
researchers in the future.

2 Basic results

Nonlinear part of a function. We first introduce an auxiliary function with the purpose of re-
moving the linear part of a given function. For a function f : {0, 1}n → R we denote by f̃ the function
defined by

f̃(x) := f(x)− f(O) +

n∑

i=1

(
f(ei)− f(O)

)
xi,

which we call the nonlinear part of f . Here, O and e

i denote the zero vector and the i-th standard
unit vector, respectively. The following proposition makes clear why the nonlinear portion is useful.

Proposition 1. Let f :∈ {0, 1}n → R. Then its nonlinear part satisfies the following properties.

1. f̃(O) = 0 and f̃(ei) = 0 holds for i = 1, 2, . . . , n.

2. lcG(f̃) = lcG(f) holds for any family G of functions.

Proof. To verify the first property it suffices to plug in the zero vector and the unit vectors. Now
observe that f̃ = a⊺x+ β + f(x) where ai = f(ei) − f(O) and β = −f(O) holds. With this in mind,
the second property follows readily from the definition of linearization complexity.

The result implies that we only need to analyze linearization complexities of functions f with f(O) =
f(ei) = 0 for i = 1, 2, . . . , n.

Linearization complexity. We continue with simple properties of the linearization complexity. Our
first observation is that for arbitrary G ⊆ B, lcG(f) > 0 indicates that f is actually nonlinear over
{0, 1}n.

Proposition 2. For G ⊆ B, a function f has lcG(f) = 0 if and only if f is affine.
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We can rephrase the result in terms of the nonlinear part of f as follows. It holds lcG(f̃) = 0 if and

only if f̃ is the zero function.
The second property is the monotonicity of lcG(f) with respect to the family G, which also follows
from the definition.

Proposition 3. Let G′ ⊆ G and consider f : {0, 1}n → R. Then lcG′(f) ≥ lcG(f).

The third property is an easy upper bound.

Proposition 4. Every function f : {0, 1}n → R satisfies lcM(f) ≤ 2n − n− 1.

Proof. Let f : {0, 1}n → R and consider the polynomial

g(x) :=
∑

X⊆[n]

f(χ(X)) ·
∏

i∈X

xi ·
∏

i/∈X

(1− xi),

where χ(X) ∈ {0, 1}n denotes the characteristic vector of X , defined via χ(X)i = 1 ⇐⇒ i ∈ X . Note
that g has degree at most n and hence is the sum of a⊺x+ β (for suitable a ∈ Rn and β ∈ R) and at
most 2n − n− 1 monomials of degree greater than 1. By construction, we have f(x) = g(x) for each
x ∈ {0, 1}n.

Random polynomials. Our first larger result essentially states that having a small linearization
complexity is an exceptional property in a probabilistic sense.

Theorem 5. Consider a family G of functions with M ⊆ G ⊆ B. Then the subset of functions
f : {0, 1}n → R with lcG(f) < 2n−n−1 is a null set (in the set of arbitrary functions f : {0, 1}n → R).

Proof. Consider a fixed number n of variables and the subset Gn ⊆ G of functions that map from
{0, 1}n. We consider the system of equations

x̄⊺a+ β +
∑

g∈Gn: g(x̄)=1

cg = f(x̄) ∀x̄ ∈ {0, 1}n (5)

in variables ai ∈ R (for i = 1, 2, . . . , n), β ∈ R and cg ∈ R for all g ∈ Gn. On the one hand, every
solution (a, β, c) yields a linearization by letting g1, g2, . . . , gk be those g ∈ Gn for which cg 6= 0 and
letting bi := cgi for i = 1, 2, . . . , k. Note that its size k is equal to the number of nonzero components
of the c-vector. On the other hand, every linearization, say with a ∈ Rn, β ∈ R, b ∈ Rk and
g1, g2, . . . , gk ∈ Gn, corresponds to a solution (a, β, c), where cgi := bi for i = 1, 2, . . . , k and cg := 0 for
all g ∈ Gn \ {g1, g2, . . . , gk}.
Note that by Proposition 4, every function f has a solution to (5), which implies that the system has
full row rank 2n. Hence, the solutions (a, β, c) with the smallest number of nonzeros in the c-vector
arise as solutions of a 2n-by-2n subsystem D(a⊺, β, c⊺)⊺ = e of (5), where e contains as entries the
values f(x̄) for all x̄ ∈ {0, 1}n and D is some invertible submatrix of the coefficient matrix of (5).
Now note that the linearization has size less than 2n−n−1 if and only if D−1e has a 0-entry. However,
the set of right-hand side vectors e having such a property is a null set (i.e., it has Lebesque-measure
0), which concludes the proof.

Corollary 6. Consider a family G of functions with M ⊆ G ⊆ B. A polynomial p : {0, 1}n → R

whose coefficients are chosen randomly according to any absolutely continuous probability distribution
has lcG(f) = 2n − n− 1 with probability 1.

Products of variables. Proposition 3 implies that the worst results for lcG(f) will be obtained if
the family G of functions g is small. A minimal choice that still guarantees finiteness of lcG is G = M.
For this choice we characterize the linearization complexity in case a polynomial representing f is
known.

Theorem 7. Let f : {0, 1}n → R. Then lcM(f) is equal to the number of monomials (with a nonzero
coefficient) of degree at least 2 of a polynomial p with p(x) = f(x) for all x ∈ {0, 1}n.
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Proof. First, consider f : {0, 1}n → R with lcM(f) = k. This means that there exist a ∈ Rn, β ∈ R,

b ∈ R
k and sets I1, I2, . . . , Ik ⊆ [n] such that f(x) = a⊺x + β +

∑k
ℓ=1 bℓgIℓ,∅(x) for all x ∈ {0, 1}n.

Now let p(x) be the polynomial defined by the right-hand side of this equation (in variables x) and
observe that it has k non-linear monomials.
Second, consider f, p : {0, 1}n → R with f(x) = p(x) for all x ∈ {0, 1}n and with p being a polynomial

of the form p(x) = a⊺x+ β +
∑k

ℓ=1 bℓ
∏

i∈Iℓ
xi. Then f(x) = p(x) = a⊺x+ β +

∑k
ℓ=1 bℓgIℓ,∅(x) holds

for all x ∈ {0, 1}n and gIℓ,∅ ∈ M. Hence, lcM(f) ≤ k, which concludes the proof.

Arbitrary functions. We already observed that lcB(f) ≤ 2n − n − 1 holds for any function f :
{0, 1}n → R. It turns out that the family B is so general that the corresponding linearization complexity

only depends on the range of f̃ . To make this precise, we define for a vector w ∈ Rk its partial sum set
pss(w) as the set of partial sums

∑
i∈I wi over all subsets I ⊆ {1, 2, . . . , k}. We also allow for k = 0

and define pss(w) = {0} in this case.

Theorem 8. Let f : {0, 1}n → R and let Y := {f̃(x) : x ∈ {0, 1}n} be the range of its nonlinear part.
Then lcB(f) is equal to the smallest dimension k of a vector w ∈ Rk with pss(w) ⊇ Y .

Proof. Let f and Y be as in the theorem and consider a vector w ∈ Rk (for some k) with pss(w) ⊇ Y .

We now construct a linearization of f of size k. For each x ∈ {0, 1}n we have f̃(x) ∈ Y ⊆ pss(w),

which implies that there must be a subset Ix ⊆ {1, 2, . . . , k} with
∑

i∈Ix
wi = f̃(x). We now define,

for i = 1, 2, . . . , k, the function gi : {0, 1}
n → {0, 1} such that

gi(x) = 1 ⇐⇒ i ∈ Ix

holds. Moreover, we use b := w and observe
∑k

i=1 bigi(x) =
∑k

i∈Ix
wi = f̃(x) for each x ∈ {0, 1}n,

which establishes lcB(f̃) ≤ k and by Proposition 1 also lcB(f) ≤ k.
For the reverse direction, suppose lcB(f) = k. Again by Proposition 1 there exist vectors a ∈ R

n,
b ∈ Rk, scalar β ∈ R and functions g1, g2, . . . , gk : {0, 1}n → R such that

f(x) = a⊺x+ β +

k∑

i=1

bigi(x)

holds for all x ∈ {0, 1}n. For the nonlinear part we obtain

f̃(x) =

k∑

i=1

big̃i(x).

Now consider a y ∈ Y , i.e., the function value y = f̃(x) for some x ∈ {0, 1}n. By using the set
I := {i ∈ {1, 2, . . . , k} : g̃i(x) = 1} we obtain that y ∈ pss(b) holds. This implies pss(b) ⊇ Y , and
hence the choice w := b concludes the proof.

The intuition behind Theorem 8 is the following: since there are no restrictions on the structure of
the functions g used, the fact that the possible arguments x to f are actually (binary) vectors is not
relevant, i.e., one can think of just 2n different inputs without any structure.

Example. Consider f(x) = x1x2 + x1x3 + x2x3 − x1x2x3. Since it is the sum of four binary (non-
affine) terms it has lcC(f) ≤ lcM = 4. However, it turns out that lcC(f) = 1 holds: consider
g1(x) = (1 − x1)(1 − x2)(1 − x3) and observe that f(x) = x1 + x2 + x3 − 1 + g1(x), which yields
lcC(f) ≤ 1. Moreover, by Proposition 2 we have lcC(f) ≥ 1 and hence lcC(f) = 1.
Clearly, this example can be extended to an arbitrary degree, showing that the lcM(f) can be expo-
nentially larger (in n) than lcC(f).

3 Linearizing with value indicators

In this section we consider the low auto-correlation binary sequences problem, which arises in theoret-
ical physics when studying ground states of the Bernasconi model [1, 13]. An extension of the problem
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was considered in [15], which involves two parameters to specify a problem instance. In the Bernasconi
model, both parameters are equal, leading to the following formulation.

min
N−1∑

d=1

(
N−d∑

i=1

sisi+d

)2

(6a)

s.t. si ∈ {−1,+1} ∀i ∈ {1, 2, . . . , N} (6b)

The state-of-the-art method for solving this problem is a highly parallelized combinatorial branch-and-
bound algorithm [18] which builds upon earlier work [16, 17]. The optima for the problem are known
for all N ≤ 66.
In this section we investigate IP models based on binary linearizations for this problem. To this end,
let us first rephrase the problem by substituting si ∈ {−1,+1} with 2xi − 1 for xi ∈ {0, 1} for all
i ∈ {1, 2, . . . , N}. We obtain

min fbern
N (x) :=

N−1∑

d=1

(
N−d∑

i=1

(4xixi+d − 2xi − 2xi+d + 1)

)2

(7a)

s.t. xi ∈ {0, 1} ∀i ∈ {1, 2, . . . , N}. (7b)

Let fbern(N)(x) =
∑t

m=1 amgIm,∅(x) be the decomposition of fbern into its t monomials. With this
notation, the standard IP reformulation (4) applied to fbern

N reads as follows.

min

t∑

m=1

amzIm (8a)

s.t. zI ≤ xi ∀i ∈ Im, m = 1, 2, . . . , t (8b)

1− zIm ≤
∑

i∈Im

(1− xi) m = 1, 2, . . . , t (8c)

zIm ∈ {0, 1} m = 1, 2, . . . , t (8d)

xi ∈ {0, 1} i = 1, 2, . . . , N (8e)

Since it has one auxiliary variable and several constraints per monomial, its size grows in a cubic
fashion.

Proposition 9. For N ≥ 3, the number of monomials of fbern(x) is cubic, model (8) has Θ(N3)
variables and constraints.

Proof. The polynomial fbern(x) has degree 4. Since there are at most O(N3) monomials of degree at
most 3, it suffices to prove that the number of nonzero degree 4 monomials of fbern(x) is cubic. Since a
monomial of degree 4 arises only as a product of xixi+d and xi′xi′+d and such terms only have positive
coefficients, there are no cancellations. Consider such a monomial, i.e., xpxqxrxs for p < q < r < s.
It occurs if and only if either q = p + d and s = r + d holds (where d is the loop index in (7a)) or
r = p + d and s = q + d. This condition is equivalent to p + s = q + r. Clearly, the number of such
tuples (p, q, r, s) is cubic in N .

Model with value indicators. Proposition 9 indicates that solving the problem as an IP seems to
be hopeless because of its shear size. However, the next theorem suggests that one can do better:

Theorem 10. For N ≥ 3 we have lcB(f
bern

N ) ≤ O(N2).

Proof. We define the set Ld :=

{
N−d∑
i=1

sisi+d

}
of distinct function values of the inner sum. Since

si · si+d ∈ {−1,+1} holds, we have

Ld ≤ {−(N − d),−(N − d) + 2, . . . , (N − d)− 2, (N − d)}.

We obtain |Ld| ≤ N−d+1 for all d ∈ {1, 2, . . . , N−1}. Now we consider, for each d ∈ {1, 2, . . . , N−1}
and each ℓ ∈ Ld, the function gd,ℓ : {0, 1}

N → {0, 1} that indicates whether the inner sum for some
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d is equal to ℓ. More precisely, it shall satisfy gd,ℓ(x) = 1 if and only if
N−d∑
i=1

(2xi − 1)(2xi+d − 1) = ℓ.

Since for each d and each x ∈ {0, 1}n, precisely one of the functions gd,ℓ(x) is equal to 1, we obtain

fbern
N (x) =

N−1∑

d=1

∑

ℓ∈Ld

ℓ2gd,ℓ(x).

Since these are only O(N2) pairs (d, ℓ) to consider, the result follows.

We immediately obtain the existence of an IP formulation with only O(N2) variables, but without a
polynomial bound on the number of constraints. However, using more auxiliary variables (in addition
to those for each gd,ℓ), one can construct one with a quadratic number of variables and constraints.
We denote the corresponding family of linearization functions (that indicate whether an expression
attains a certain value or not) by V . The idea is to introduce variables yi,j that indicate for all i, j
(with i 6= j) whether the product sisj is +1 or −1.

min

N−1∑

d=1

∑

ℓ∈Ld

ℓ2zℓd (9a)

s.t. xi + xj ≥ 1− yi,j ∀i, j ∈ {1, 2, . . . , N} : i < j (9b)

xi − xj ≥ yi,j − 1 ∀i, j ∈ {1, 2, . . . , N} : i < j (9c)

−xi + xj ≥ yi,j − 1 ∀i, j ∈ {1, 2, . . . , N} : i < j (9d)

xi + xj ≤ yi,j + 1 ∀i, j ∈ {1, 2, . . . , N} : i < j (9e)
∑

ℓ∈Ld

zd,ℓ = 1 ∀d ∈ {1, 2, . . . , N − 1} (9f)

N−d∑

i=1

(2yi,i+d − 1) =
∑

ℓ∈Ld

ℓzd,ℓ ∀d ∈ {1, 2, . . . , N − 1} (9g)

xi ∈ {0, 1} ∀i ∈ {1, 2, . . . , N} (9h)

yi,j ∈ {0, 1} ∀i, j ∈ {1, 2, . . . , N} : i < j (9i)

zd,ℓ ∈ {0, 1} ∀d ∈ {1, 2, . . . , N − 1}, ∀ℓ ∈ Ld (9j)

Corollary 11. For N ≥ 3, the integer program (9) correctly models the low auto-correlation binary
sequences problem (6) and has O(N2) variables and constraints.

Proof. Similar to (7) we model si ∈ {−1,+1} by si = 2xi − 1, i.e., xi = 1 if and only if si = 1.
Constraints (9b)–(9e) enforces that 2yi,j − 1 = si · sj = (2xi − 1)(2xj − 1) holds, i.e., yi,j = 1 if and
only if xi = xj holds. For each d ∈ {1, 2, . . . , N − 1}, equation (9f) implies that zd,ℓ = 1 holds for
exactly one ℓ ∈ Ld. Since the left-hand side of (9g) is equal to the inner sum of (6a). Hence, the
right-hand side of (9g) is the corresponding ℓ ∈ Ld. This implies that the contribution of all zd,ℓ for
some d ∈ {1, 2, . . . , N − 1} to the objective (9a) is equal to ℓ2, where ℓ is the value of the inner sum
of (6a). We conclude that (6a) is indeed equal to fbern

N (x).

Experimental evaluation. The numbers of variables and constraints are only one factor that has
impact on the solution time of an IP. For instance, the quality of the dual (in our case lower) bounds on
the optimum and the ability to find good primal solutions is extremely important. Hence, we compare
the new IP model (9) to the standard formulation (8).
We tried to solve the low auto-correlation binary sequences problem with both models using the SCIP
solver framework [2]1. Note that both approaches are too slow to compete with the most recent state-
of-the-art approach that is based on combinatorial branch-and-bound with which the problem could
be solved to optimality up to N = 66 [18]. More precisely, we only report about instances that can be
solved by at least one of the models to optimality within 1 h using version 8.0.2 of SCIP using SoPlex
as an LP solver. Also note that we ran our experiments only on a single core (with an Intel CPU on

1The code for generating the instances can be found at github.com/discopt/multilinear-instance-generators.

6

https://github.com/discopt/multilinear-instance-generators


2.1GHz) while the computations for N = 66 were done using 248 cores and took about 55 days [18].
Moreover, we strengthened none of the two models to keep the comparison fair. Table 1 shows our
results. Note that for N > 22, SCIP could not solve the standard formulation (8) within one hour. In
fact, the lower bound obtained after that time was still a negative number. Note that by construction,
model (9) only provides positive bounds. We conclude that our new formulation outperforms the
standard formulation, not only by means of size, but also by means of quality of the bound obtained
from the LP relaxation.

Table 1: Comparison of IP models (8) and (9). For each model, the number of variables and constraints,
the number of solved branch-and-bound nodes as well as the total solution time are reported. The
symbol / indicates that the computation reached the timeout of 3600 s.

Standard IP (8) Value indicator IP (9)
N Vars Constrs Nodes Time Vars Constrs Nodes Time
3 5 4 0 0.01 s 17 16 1 0.0 s
4 16 40 1 0.03 s 31 30 1 0.01 s
5 28 82 1 0.04 s 49 48 1 0.01 s
6 47 153 5 0.12 s 71 70 1 0.04 s
7 75 261 23 0.31 s 97 96 1 0.06 s
8 113 411 35 0.43 s 127 126 1 0.08 s
9 160 599 89 0.81 s 161 160 1 0.22 s
10 222 850 191 1.59 s 199 198 19 0.27 s
11 297 1156 425 2.79 s 241 240 1 0.42 s
12 388 1530 881 5.63 s 287 286 70 0.98 s
13 496 1976 1622 14.73 s 337 336 4 0.35 s
14 623 2503 2173 30.88 s 391 390 732 5.01 s
15 769 3111 4049 72.4 s 449 448 1113 4.35 s
16 939 3821 9372 152.62 s 511 510 1452 10.45 s
17 1130 4621 19 265 317.73 s 577 576 5551 36.73 s
18 1346 5528 41 235 565.69 s 647 646 12 379 54.87 s
19 1589 6550 92 657 1042.12 s 721 720 14 396 64.73 s
20 1860 7692 206 383 1964.38 s 799 798 9751 58.45 s
21 2158 8950 – / 881 880 22 949 122.93 s
22 2489 10 349 – / 967 966 41 491 202.87 s
23 2851 11 881 – / 1057 1056 106 590 415.89 s
24 3247 13 559 – / 1151 1150 115 220 445.95 s
25 3678 15 387 – / 1249 1248 88 708 414.45 s
26 4146 17 374 – / 1351 1350 386 737 1716.33 s
27 4651 19 520 – / 1457 1456 266 951 1412.36 s
28 5198 21 846 – / 1567 1566 611 390 3078.0 s
29 5784 24 340 – / 1681 1680 – /

Our results show that a monomial-wise IP is not necessarily the best modeling approach to tackle a
binary polynomial optimization problem. We also tried to determine a small formulation for prob-
lem (6) for G = C, i.e., for the family of potentially complemented products of variables. To this end,
system (5) can be augmented by binary variables to indicate whether a g ∈ G is used (that is, has
a nonzero multiplier). The minimization of the sum of these binary variables yields lcG(f). Clearly,
this approach only works for small sizes |G|. Our results for N ∈ {3, 4, 5, 6} were quite disappointing
– at least when considering only functions g ∈ C of degree at most 5, the linearization complexity is
minimized by the linearization that just uses monomials. Hence, we do not expect that one can gain
much by allowing complements of variables for the low auto-correlation problem.
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4 Open Problems

We hope to have convinced the reader that the linearization complexity is a useful concept. Neverthe-
less, many unsolved problems remain, and we use the rest of the paper to present them.

More families. We discussed various families of functions g to use for linearization, namely the
products of variables M, the potentially complemented products of variables C, arbitrary Boolean
functions B, and finally value indicator functions V . We believe that there are more such interesting
families.

Formulations. Perfect formulations are known for the first two considered linearizations when con-
sidering every linearization variables separately. Strengthening the joint formulation for multiple
linearization variables from C is subject of current research, e.g., by means of studying multilinear
polytopes [4, 5, 6, 7, 8, 9, 10, 11, 19]. For B we cannot hope to identify perfect formulations since this
encompasses arbitrary binary sets. However, for other functions it is interesting to investigate which
inequalities are best to add in order to apply such a function. For instance, our model (9) worked
well because we did not model the meaning of each z-variable individually, but because we considered
multiple of them in a combined fashion in constraints (9f) and (9g).

Bounding techniques. While we could interpret the linearization complexities for M and for B,
little is known about C and V . The first natural question is which properties of a polynomial allow to
recast it as a sum of only few products of potentially complemented variables.

Algorithmic questions. After settling how f could be encoded (expressing it as a polynomial is
only one possibility), there are many algorithmic problems related to linearization complexity. Most
importantly, the complexity of the computation or approximation of lcC(f) or of lcB(f) is open. For
practical purposes it would be very interesting to find small linearizations based on C because the
actual formulations are essentially the same as those for M which are reasonably well understood.

Approximations. While Theorem 5 and Corollary 6 indicate that linearizations with small lineariza-
tion complexity are rare, one may still consider approximate linearizations, i.e., small linearizations
of a function f ′ that is very close to f . Instead of abandoning exactness one can also try to pursue
a related approach by finding a linearization that may not be small but for which only few of the
weights bi in (1) are large (in absolute value). While the resulting IP formulation would still have
many variables, one could apply strengthening techniques only on those few linearizations that are
most important for the value of f . Then, relaxation errors for the remaining variables (with small |bi|)
will not have a big impact on the overall objective value, which would yield better bounds.
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