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Summary

Cost saving and product improvement have always been important goals in the
metal forming industry. To achieve these goals, metal forming processes need to be
optimised. During the last decades, simulation software based on the Finite Element
Method (FEM) has significantly contributed to designing feasible processes more
easily. More recently, the possibility of coupling FEM to mathematical optimisation
techniques is offering a very promising opportunity to design optimal metal forming
processes instead of just feasible ones.

The goal of this thesis is to develop a generally applicable optimisation strategy
for industrial metal forming processes using FEM simulations. The latter can be
time consuming to perform. This goal has been achieved by developing

1. a structured 7 step methodology for modelling optimisation problems in in-
dustrial metal forming;

2. screening techniques for discrete variable selection and design variable reduc-
tion;

3. an efficient Sequential Approximate Optimisation (SAO) algorithm;

4. an extension of the deterministic optimisation strategy above (modelling,
screening and SAO) to include process robustness and reliability.

The developed structured methodology for modelling optimisation problems in
metal forming is based on the generally applicable Product Development Cycle.
This Product Development Cycle has been related to metal parts and their forming
processes and subsequently to the modelling of optimisation problems, i.e. defin-
ing objective function, constraints and design variables. In 7 steps, the modelling
methodology yields a mathematically formulated optimisation model for a variety
of optimisation problems, products and metal forming processes.

Solving the modelled optimisation problem is done in two stages: screening and
optimising using an algorithm. The optimisation problem modelled using the 7
step modelling methodology may include discrete design variables, which cannot
be solved using the developed SAO algorithm. The number of design variables
may also be large, which makes solving the optimisation problem prohibitively time
consuming. Screening techniques based on Mixed Array Design Of Experiment
(DOE) plans and Mean response plots have been developed to remove discrete
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design variables by selecting the best level of the discrete variable. Resolution III
fractional factorial DOE plans, ANalysis Of VAriance, and Pareto and Effect plots
assist in reducing the number of continuous design variables. The implemented
screening techniques reduce the size of the optimisation problem in order to solve
it efficiently in a second solving stage: optimisation.

For optimisation, a Sequential Approximate Optimisation (SAO) algorithm has
been developed. It consists of a DOE strategy including a Latin Hypercube Design
combined with a factorial design. Running the corresponding FEM simulations
yields response measurements through which metamodels can be fitted using Re-
sponse Surface Methodology (RSM) and Kriging metamodelling techniques. These
metamodels are subsequently optimised very quickly using a global multistart SQP
algorithm. Several sequential improvement strategies have been implemented to
efficiently improve the accuracy of the obtained optimum.

Process robustness and reliability play an important role for industrial metal
forming processes. To this end, the deterministic optimisation strategy described
above has been extended to a robust optimisation strategy. Similar to the determin-
istic optimisation strategy, the robust optimisation strategy consists of modelling,
screening and solving. For modelling, the 7 step methodology is still applicable.
In addition to deterministic control variables, noise variables are included as nor-
mally distributed inputs. Also, objective function and constraints are consequently
stochastic quantities having a certain distribution. The screening techniques devel-
oped for deterministic optimisation can be applied to robust optimisation problems
without any adaptations. The SAO algorithm has been adapted to efficiently opti-
mise response distributions rather than response values.

The deterministic and robust optimisation strategies have been applied to several
industrial metal forming processes. These applications comprise different products
and processes (a forged spindle and gear, a deep drawn automotive part, a hydro-
formed automotive part, and a deep drawn small cup). It can be concluded from
these applications that both the deterministic and robust optimisation strategies
are generally applicable to a wide variety of metal forming problems, products and
processes. Comparisons between the deterministic and robust optimisation strate-
gies demonstrated that taking into account process robustness and reliability during
optimisation is an important issue for optimising industrial metal forming processes.

Next to general applicability, efficiency is a second requirement for the optimi-
sation strategy. Screening plays an important role in reducing the problem size at
the expense of a limited number of FEM simulations only. The reduced problem
can subsequently be solved using the developed SAO algorithm. The efficiency of
the SAO algorithm has been compared to that of other optimisation algorithms by
application to two forging processes: the SAO algorithm yielded better results using
less FEM simulations. Additionally, the optimisation strategy solved the three com-
plicated industrial optimisation problems in less than 100 FEM simulations each.
The screening techniques, the SAO algorithm and its robust extension allow for
running FEM simulations in parallel, which reduces the calculation time. Hence, it
can be concluded that the optimisation strategies proposed in this thesis efficiently
solve optimisation problems in industrial metal forming using FEM simulations.



Samenvatting

Kostenreductie en verbetering van produktkwaliteit zijn belangrijke doelstellingen
in de metaalindustrie. Het optimaliseren van metaal omvormprocessen is een be-
langrijk middel om deze doelen te verwezenlijken. In de laatste decennia hebben
computersimulaties gebaseerd op de Eindige Elementen Methode (EEM) in belang-
rijke mate bijgedragen aan het ontwerpen van omvormprocessen die voldoende goede
producten produceren tegen voldoende lage kosten. Een van de nieuwste ontwikke-
lingen is het koppelen van EEM met wiskundige optimalisatie technieken. Dit is een
veelbelovende methode om optimale processen te ontwerpen in plaats van “slechts”
voldoende goede en goedkope productieprocessen.

Het doel van dit proefschrift is het ontwikkelen van een optimalisatiestrategie
voor industriële metaal omvormprocessen. Hierbij wordt gebruik gemaakt van EEM
simulaties van deze productieprocessen. De strategie dient algemeen toepasbaar te
zijn met betrekking tot allerlei problemen aangaande verschillende metalen pro-
dukten en hun omvormprocessen. Daarbij dient de strategie efficiënt te zijn in
combinatie met de tijdrovende EEM simulaties van de omvormprocessen.

Dit doel is bereikt middels het ontwikkelen van

1. een gestructureerde 7 staps methodologie voor het modelleren van optima-
lisatieproblemen in de metaalindustrie;

2. screening technieken voor het selecteren van discrete design variabelen en het
reduceren van het aantal design variabelen;

3. een efficiënt Sequential Approximate Optimisation (SAO) algoritme;

4. een uitbreiding van de bovenstaande deterministische optimalisatiestrategie
(modelleren, screenen en SAO) die optimaliseert naar proces robuustheid en
betrouwbaarheid.

De gestructureerde methodologie voor het modelleren van optimalisatieproble-
men in metaal omvormen is gebaseerd op de algemeen toepasbare Product Develop-
ment Cycle. Deze Product Development Cycle is gerelateerd aan metalen produkten
en hun omvormprocessen, en vervolgens aan het modelleren van optimalisatiepro-
blemen: het definiëren van de doelfunctie, randvoorwaarden en design variabelen.
Na het volgen van 7 stappen resulteert de modelleer methodologie in een wiskundig
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geformuleerd optimalisatiemodel voor een verscheidenheid aan optimalisatieproble-
men, produkten en omvormprocessen.

Het oplossen van het gemodelleerde optimalisatieprobleem gebeurt in twee stap-
pen: screenen en optimalisatie middels een algoritme. Het optimalisatiemodel resul-
terend na de 7 staps modelleer methodologie kan discrete design variabelen bevatten,
welke niet geoptimaliseerd kunnen worden door het ontwikkelde SAO algoritme. Het
aantal design variabelen kan tevens groot zijn, wat het oplossen van het probleem
zeer tijdrovend maakt. Screening technieken gebaseerd op Mixed Array Design Of
Experiments (DOE) zijn gebruikt om de discrete design variabelen te verwijderen
middels het bepalen van het beste niveau van de discrete variabelen. Resolutie III
fractional factorial DOE, Pareto en Effect plots worden toegepast om het aantal de-
sign variabelen te reduceren. De gëımplementeerde screening technieken reduceren
de grootte van het gemodelleerde optimalisatieprobleem met als doel het probleem
efficiënt te kunnen oplossen in een tweede stap: optimalisatie.

Een Sequential Approximate Optimisation (SAO) algoritme is ontwikkeld voor
de uiteindelijke optimalisatie. Het algoritme bestaat uit een DOE strategie die een
Latin Hypercube Design combineert met factorial designs. Het runnen van EEM
simulaties resulteert in metingen van doelfunctie en randvoorwaarden. Door de
metingen worden metamodellen geconstrueerd middels Response Surface Method-
ology (RSM) en Kriging metamodelleer technieken. Deze metamodellen kunnen ver-
volgens efficiënt worden geoptimaliseerd met een globaal multistart SQP algoritme.
Verschillende sequentiële strategieën zijn gëımplementeerd die de nauwkeurigheid
van het optimum verder verbeteren door nieuwe punten toe te voegen aan de initiële
DOE.

Proces robuustheid en betrouwbaarheid spelen een belangrijke rol in de metaal
omvormindustrie. Om ook deze te beschouwen tijdens optimalisatie is de boven-
staande deterministische optimalisatiestrategie uitgebreid tot een robuuste optima-
lisatiestrategie. Net als de deterministische strategie bestaat deze robuuste strategie
uit de drie stappen modelleren, screenen en optimalisatie. De 7 staps methodolo-
gie is nog steeds toepasbaar voor het modelleren. Echter, naast deterministische
design variabelen worden ook normaal verdeelde noise variabelen meegenomen.
Ten gevolge van deze stochastische inputs zijn ook doelfunctie en randvoorwaar-
den stochastische variabelen met een bepaalde verdeling. De screening technieken
kunnen zonder verdere aanpassing ook in de robuuste optimalisatiestrategie wor-
den gebruikt. Het SAO algoritme is aangepast om op efficiënte wijze stochastische
verdelingen te optimaliseren in plaats van deterministische getallen.

De deterministische en robuuste optimalisatiestrategieën zijn toegepast op een
aantal industriële applicaties. Deze applicaties behelzen verschillende produkten en
processen (een gesmede spindel, een gesmeed tandwiel, een diepgetrokken automo-
bielonderdeel, een gehydrovormd automobielonderdeel en een diepgetrokken cup).
Van deze applicaties kan worden geconcludeerd dat de optimalisatiestrategieën al-
gemeen toepasbaar zijn met betrekking tot verschillende problemen, produkten en
processen. Verder leiden diverse vergelijkingen tussen de deterministische en ro-
buuste strategieën tot de conclusie dat het belangrijk is om proces robuustheid en
betrouwbaarheid mee te nemen tijdens het optimaliseren van industriële metaal
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omvormprocessen.
Naast algemene toepasbaarheid is efficiëntie een tweede belangrijke voorwaarde

voor de optimalisatiestrategie. Screenen speelt een belangrijke rol in het reduceren
van de grootte van het optimalisatieprobleem terwijl het maar een relatief klein
aantal EEM simulaties vergt. Het gereduceerde probleem kan vervolgens worden
opgelost met het SAO algoritme. De efficiëntie van dit algoritme is vergeleken
met die van andere optimalisatie algoritmes middels toepassing op twee smeedpro-
cessen: het SAO algoritme bereikte betere resultaten in minder EEM simulaties.
Daarnaast heeft de ontwikkelde optimalisatiestrategie drie complexe industriële op-
timalisatieproblemen opgelost, elk in minder dan 100 EEM simulaties. De screening
technieken en de deterministische en robuuste versies van het SAO algoritme staan
toe dat de EEM simulaties parallel worden uitgevoerd. Dit reduceert de rekentijd.
Het kan dus geconcludeerd worden dat de optimalisatiestrategieën ontwikkeld in
dit proefschrift in staat zijn om op efficiënte wijze optimalisatieproblemen in de
metaalindustrie op te lossen.
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Chapter 1

Introduction

1.1 Background

Human civilisation would not have developed the way it has if metal working were
not invented. Long before our early ancestors invented metal working, there was
just stone. This period of prehistory — the Stone Age — encompassed the first use
of technology in human evolution and the spread of mankind from Africa to the
rest of the world [194]. Lasting from 2.5 million years ago to the last ten millennia
before the Current Era, it was a period of slow development.

It was the invention of metal working that rapidly increased the speed of human
development. The Stone Age ended with the introduction of agriculture, domesti-
cation of animals and the smelting of copper to produce metal tools and weapons.
The importance of the latter invention is so high that history books refer to the
final stage of the Stone Age as the Copper Age.

It was around the year 3300 B.C. that Ötzi the Iceman, see Figure 1.1(a), in-
conveniently found out that the invention of copper working did not finalise the
development of metal working. Although Ötzi was carrying the copper axe shown
in Figure 1.1(c) — one of the most advanced weapon systems of his era — it did
not save Ötzi’s life: he was found dead in 1991 A.D. in a glacier in the Ötztaler
Alps as shown in Figure 1.1(b). Cause of death: a stone arrow head was discovered
in his chest [192].

Although it cannot be proven that the poor quality of the copper axe caused
Ötzi to die, copper was found to be too soft a material. Further technological
development was needed to overcome this problem. Around 3000 B.C. mankind
introduced techniques for smelting copper and tin, and then alloying those metals
in order to cast bronze [190]. This advanced form of metal working ended the Stone
Age and introduced a new era in human history: the Bronze Age.

The Bronze Age was succeeded by the Iron Age, which is the most recent pe-
riod of prehistory. Being able to perform iron working was another giant leap in
the development of metal working. It allowed humanity to produce iron tools and
weapons. Iron’s hardness, high melting point and the abundance of iron ore sources
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Figure 1.1: (a) Ötzi the Iceman in 3300 B.C. (b) Ötzi the Iceman in 1991 A.D. (c)
Iceman Ötzi’s copper axe (Pictures are used with permission from the South
Tyrol Museum of Archaeology - www.iceman.it (Pictures (a) and (c)) and
the Landespolizeikommando Tirol (Picture (b)))

made iron more desirable than bronze. This contributed greatly to its adoption as
the most commonly used metal [191], which is still the case today.

Nowadays, metal working — and more specifically metal forming — is still of great
importance to society. The development of metal working that started in the pre-
history is continued in the modern era. Metal forming processes are currently often
highly automated mass production processes for manufacturing a wide variety of
metal parts such as car doors and beverage cans. Maximising product quality and
profit (or minimising costs) are major goals for the industrial companies exploiting
metal forming processes.

Until the 1980s, the design of a metal forming process to manufacture a metal
part primarily consisted of an experimental trial-and-error process in the factory.
This is a time-consuming and expensive approach based on experience. The result
of this trial-and-error process is a metal part that satisfies the required quality
demands.

With the increase in computer power, a recent development in the metal form-
ing industry has been the introduction of computer simulations in the late 1980s
and 1990s. This software based on the Finite Element Method (FEM) moved the
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trial-and-error process from the factory to the computer. Time-consuming and ex-
pensive iterations were now done on the computer instead of in the factory. This
significantly decreased the development time and costs of designing a metal forming
process. Hence, the introduction of FEM for metal forming processes contributed
to maximising product quality and minimising production costs.

The trial-and-error approaches — both in the factory and by computer — finally
resulted in a sufficiently good or feasible product. However, competitive industrial
companies are always striving for better or optimised products instead of just fea-
sible ones. A current trend in metal forming is coupling mathematical optimisation
techniques to FEM simulations. This is one of the most recent developments in
metal forming [103] and has been going on from the year 2000 onwards.

This thesis contributes to this recent development in metal forming. Its subject
is the optimisation of metal forming processes using FEM simulations. Before pre-
senting the goal and outline of the thesis in Sections 1.5 and 1.6, the three major
aspects are briefly introduced. Sections 1.2 and 1.3 introduce metal forming pro-
cesses and FEM simulations of these processes, respectively. Section 1.4 focuses on
optimisation.

1.2 Metal forming processes

Metal forming processes are a group of manufacturing processes for metal parts.
DIN 8580 [3] divides all manufacturing processes into six main groups:

• Primary shaping: creating a geometrical shape from a shapeless material.
Examples of primary shaping are casting and powder metallurgy;

• Forming: manufacturing of a solid body by plastic deformation. This is the
group of manufacturing processes considered in this thesis. Examples will be
given below;

• Parting: altering a rigid product’s shape by locally destroying its continuity.
Examples are cutting, punching and milling;

• Joining: combining two or more geometrically defined workpieces or a geo-
metrically defined workpiece with a shapeless material. Examples of joining
are welding, hemming, assemblying and bonding;

• Coating: adding a shapeless material to the surface of a workpiece. Painting
and galvanising are well-known processes within the group of coating;

• Modifying material parameters: changing, removing or adding microscopic
material parts, for example nitrating (adding nitrogen atoms to a material).

Concerning the group of forming, DIN 8582 [2] presents a further division of
forming processes based on the stress situation that is mainly present during the
forming process. Five groups are distinguished:

• Forming under compression;
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Figure 1.2: Forming processes according to DIN 8582 [2]

• Forming under combined compression and tension;

• Forming under tension;

• Forming under bending;

• Forming under shear.

These groups are displayed in Figure 1.2. Some well-known example processes
of the different groups are included in the figure.

Many metal forming processes exist. Typical applications are in the automotive
industry (each car consists of hundreds of formed metal parts), but also aerospace,
packaging and other industries employ metal forming processes on large scales. Next
to the categorisation in Figure 1.2, one can distinguish bulk, sheet and tube forming
processes [85]. To illustrate this difference, Figure 1.3 presents a car with three parts
manufactured by a sheet, tube and bulk metal forming process. Deep drawing is an
example of a sheet metal forming process. One starts with a flat sheet (blank) and
deforms this sheet into the final shape. It is often applied for automotive body parts
such as the part depicted in Figure 1.4(b). Figure 1.4(a) presents the corresponding
blank. Tube forming such as hydroforming is typically suited for complex shaped
hollow parts. The name tube forming refers to the input material that is not a
sheet, but a hollow tube. Instead of a sheet or a tube, bulk forming processes start
with a three dimensional piece of material. The bulk forming process forging can
be utilised to manufacture, for example, the engine parts shown in Figure 1.3.

1.3 Finite Element Method

The Finite Element Method (FEM) originated from the need to numerically solve
complex structural analysis problems in civil engineering and aeronautical engi-
neering and can be traced back to the early 1940s [41, 205]. It has since then been
extended to a wide variety of engineering disciplines, e.g. electromagnetism and
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Figure 1.3: Automotive parts produced by metal forming

fluid dynamics. Also, the non-linear mechanics occurring during a metal forming
process is a field in which FEM simulations are extensively used. The Finite Ele-
ment Method is a good choice for solving engineering problems on complex domains
like cars and airplanes.

FEM is based on mesh discretisation of a continuous domain into a set of discrete
sub-domains. Figure 1.4(c) presents the same metal part of Figure 1.4(b), but now
discretised by nodes and finite elements. Using FEM, mechanical properties of
the deformed part can be computationally predicted. Among these mechanical
properties are the final part shape, residual strains and stresses throughout the
part, and crack occurrence. Figure 1.4(d) presents the formability results from a
FEM simulation of the part in Figure 1.4(b): the dark spots denote that cracks are
predicted to occur in those regions of the product.

Many FEM codes are available for simulating metal forming processes. An
important property of FEM simulations for metal forming processes is that they
are, in general, very time consuming to execute. Depending on which FEM code is
used, one simulation of an industrial part may easily take hours or days to run.

1.4 Optimisation

Research in the field of mathematical optimisation has been going on for many
decades now. The basic idea is to study mathematical problems in which one seeks
to minimise or maximise a certain function by systematically choosing the values
of certain variables one is allowed to adapt. Figure 1.5 presents a function f that
needs to be minimised by adapting the variable x. f is the objective function and
x is denoted as a design variable. The result of mathematical optimisation is the
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(a)

(b)

(c)

(d)

Figure 1.4: (a) Blank; (b) A sheet metal part; (c) Finite Element Model of the sheet
metal part; (d) Finite Element Model displaying regions where crack failure
can occur
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Figure 1.5: Mathematical optimisation

optimum x∗
u indicated by the black square.

In many practical optimisation problems, certain restrictions are present next
to the objective function and design variables. These restrictions are referred to as
constraints. Suppose a constraint g determines that the optimum is not allowed to
be in the shaded area in Figure 1.5. Then the black circle presents the constrained
optimum x∗

c that results from minimising f by adapting the design variable x while
taking into account constraint g.

Mathematical optimisation comprises four steps [140]:

• Defining the objective function;

• Selecting a set of design variables;

• Determining a set of constraints;

• Finding the optimal design variable settings that optimise the objective func-
tion while satisfying the set of constraints.

The relations between the four steps are presented in Figure 1.6.

The first three steps are denoted as the modelling of the optimisation problem.
The fourth step is solving the modelled optimisation problem by an optimisation
algorithm. There is a strong interaction between modelling and solving an optimi-
sation problem: if the optimisation model and the algorithm are not compatible, it
is likely that the problem cannot be solved efficiently or even at all [140].

Hence, both the modelling and solving stages of mathematical optimisation are
equally important. In this thesis, the combination of techniques for modelling and
solving mathematical optimisation will be referred to as an optimisation strategy.
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Figure 1.6: The basic concept of mathematical optimisation: modelling and solving

1.5 Goal of this thesis

The goal of this thesis is to develop an optimisation strategy for industrial metal
forming processes using time-consuming FEM simulations.

The term optimisation strategy refers to both the modelling and solving stages
of mathematical optimisation. Hence, achieving the goal of this thesis comprises
the development of:

1. a procedure for modelling optimisation problems for industrial metal forming
processes;

2. an efficient algorithm for solving the modelled optimisation problem using
FEM simulations.

The optimisation strategy should be generally applicable to any metal forming
problem, concerning any product and process.

1.6 Outline

The optimisation strategy developed in this thesis is based on mathematical opti-
misation and metamodelling techniques. Metamodelling techniques are useful for
efficient optimisation using time-consuming objective function and constraint eval-
uations such as FEM simulations. Chapter 2 will introduce the theoretical back-
ground on mathematical optimisation and metamodelling.

As mentioned in Section 1.1, research in the field of optimisation of metal form-
ing processes has been going on from the year 2000. In Chapter 3, the literature
available on the optimisaton of metal forming processes using FEM will be reviewed.
Chapter 3 will also present an overview of the optimisation strategy proposed in
this thesis.

In Section 1.5, it has been shown that both a modelling procedure and an effi-
cient optimisation algorithm need to be developed. Chapter 4 presents a structured
methodology for modelling optimisation problems for industrial metal forming pro-
cesses. In Chapter 5, an efficient optimisation algorithm for solving optimisation
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problems using time-consuming FEM simulations is proposed. The performance of
this algorithm is compared to that of some other algorithms by application to two
forging processes in Chapter 6. The strategy developed in Chapters 4 and 5 will be
referred to as a deterministic optimisation strategy for metal forming processes.

However, in the goal of the thesis it has been explicitly mentioned that the
optimisation strategy should serve the metal forming industry. A major item in
industry is process robustness and reliability. Process robustness and reliability can
decrease due to uncertainty such as material variation. Optimisation towards robust
and reliable metal forming processes will improve product quality and reduce costs.
This implies that the uncertainty must be taken into account during optimisation.
Chapter 7 extends the optimisation strategy presented in Chapters 4 and 5 to
include uncertainty. This results in a robust optimisation strategy for metal forming
processes.

Both the deterministic and robust optimisation strategies have been applied to
several industrial metal forming problems. Chapter 8 presents the application of the
deterministic optimisation strategy to solve production problems in an automotive
deep drawing process. In Chapter 9, both the deterministic and robust optimisa-
tion strategies are applied to optimise the hydroforming process of a car bumper.
Both strategies are also applied to a non-automotive application: the deep drawing
process of small cups has been optimised in Chapter 10.

The thesis is rounded off in Chapter 11 by presenting conclusions and recom-
mendations.





Chapter 2

Mathematical optimisation
and metamodelling

This chapter introduces several theoretical aspects that are employed throughout
the remainder of the thesis.

As introduced in Chapter 1, the goal of this thesis is to develop an optimisation
strategy for metal forming processes. This includes applying mathematical optimi-
sation techniques to Finite Element (FEM) simulations of metal forming processes.
Mathematical optimisation is a theoretical concept that plays an important role
throughout this thesis. Section 1.4 already introduced the concept that mathemat-
ical optimisation consists of two stages: modelling and solving. In Section 2.1, both
stages will be further elaborated.

FEM calculations of metal forming processes can be time consuming. It will
become clear in Section 2.1 that so-called approximate optimisation algorithms are
efficient in combination with time-consuming function evaluations. Approximate
optimisation algorithms employ metamodelling techniques. Next to mathematical
optimisation, metamodelling is a second important concept utilised throughout the
remainder of this thesis. The concept of metamodelling is introduced in Section 2.2.

Many metamodelling techniques exist. The optimisation strategy proposed in
this thesis employs two specific ones: Response Surface Methodology (RSM) and
Kriging. The basis of these metamodelling techniques is presented in the Sections
2.3 and 2.4, respectively. Section 2.5 summarises the chapter.

2.1 Mathematical optimisation

In Section 1.4, it has been shown that mathematical optimisation consists of the
modelling and solving of the optimisation problem. The next sections describe
further details on the modelling and the solving. Regarding the subject of this
thesis, the focus is mainly on the modelling and solving of optimisation problems
using numerical simulations based on the Finite Element Method (FEM).
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2.1.1 Modelling optimisation problems using FEM

As displayed in Figure 1.6, the modelling of optimisation problems consists of select-
ing an objective function, the design variables and constraints. Figure 2.1 schemat-
ically presents the relation between an optimisation model and FEM. Running a
FEM simulation can be seen as an input-throughput-response model. Certain quan-
tities are known beforehand and serve as inputs of FEM. The design variables are
examples of such inputs. Quantities that depend on the response require a FEM
simulation for evaluating them: they implicitly depend on the design variables.
The objective function is generally a response quantity. As can be seen in Fig-
ure 2.1, constraints can be both input (explicit constraints) and response (implicit
constraints).

Below, the objective function, design variables and constraints will be further
elaborated. Subsequently, they will be combined to form a mathematical optimisa-
tion model.

Objective function

The objective function describes the optimisation goal. This objective function has
to be optimised, i.e. maximised or minimised. Maximisation problems can easily be
transformed to minimisation problems by the relation:

max(f) = min(−f) (2.1)

in which f denotes the objective function.
For FEM calculations, the objective function is generally a response quantity

as presented in Figure 2.1. Typical examples of objective functions for metal form-
ing include minimising manufacturing costs or maximising the shape accuracy of a
manufactured metal part.

Design variables

The design variables are the variables one is allowed to influence in order to optimise
the objective function. Design variables are inputs of the FEM calculations. One
can distinguish different types of design variables:

Continuous and discrete design variables

Design variables can be continuous or discrete [137]. Sometimes, these variables are
referred to as quantitative and qualitative variables, respectively [129]. An example
of the latter case for metal forming could be the choice of the best material type
for a specific application. The variables may only have integer values, which makes
this a discrete optimisation problem.
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Figure 2.1: FEM and optimisation

Design, control and noise variables

As mentioned above, design variables are inputs for the FEM calculations and can
hence be set exactly to a certain value. In practice, however, some inputs cannot
be exactly controlled and possess a known or unknown probability distribution.
These stochastic design variables are often referred to as noise variables. In this
context, the non-stochastic (deterministic) design variables can be referred to as
control variables.

In this thesis, deterministic and robust optimisation strategies are developed.
In the deterministic case, noise variables are not present. In this context, the term
design variables will be used. If noise variables are present in the optimisation prob-
lem, the terms control and noise variables will be employed for the deterministic
and stochastic design variables, respectively.

Constraints

Next to the objective function and the design variables, constraints may be present
in the optimisation problem. In this case, one will attempt to find the settings for
the design variables that optimise the objective function while satisfying the con-
straints. Several types of constraints exist:

Equality and inequality constraints

Constraints can be subdivided into equality and inequality constraints. The former
prescribe that a relation should be on a specific constraint. Inequality constraints
bound a domain in which the solution should be sought.

Linear and non-linear constraints

Constraints can be linear or non-linear. Depending on whether the constraints are
linear or non-linear, optimisation problems are solved with different optimisation
algorithms.

Explicit and implicit constraints

The difference between explicit and implicit constraints is illustrated in Figure 2.1.
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Explicit constraints directly depend on the design variables: it is not necessary to
run a FEM simulation for evaluating them. For metal forming these constraints are
often related to the (initial) undeformed workpiece, e.g. the volume of a workpiece
should not exceed a certain maximal volume.

Implicit constraints indirectly depend on the design variables: it is necessary to
run the FEM simulation for evaluating whether the constraint is satisfied or not. In
metal forming, implicit constraints are often related to the (final) deformed prod-
uct, e.g. the final part should meet a certain shape accuracy.

Box constraints

Box constraints are a specific form of explicit constraints. They are sometimes
denoted as bounds. Box constraints simply limit the domain in which the design
variables are allowed to vary by an upper and a lower bound.

Mathematical optimisation model

The final result of modelling optimisation problems is a mathematically formulated
optimisation model:

min f(x)

s.t. h(x) = 0

g(x) ≤ 0

lb ≤ x ≤ ub

(2.2)

where f is the objective function and x denotes the design variables. The objective
function is subject to (s.t. ) the equality constraints h and inequality constraints
g. Both the equality and inequality constraints can be divided further in linear
or non-linear and explicit or implicit constraints. Note that box constraints are
modelled separately in Equation (2.2).

2.1.2 Solving optimisation problems using FEM

Next to the modelling phase, mathematical optimisation’s second phase is solving
the optimisation problem. This comprises applying an optimisation algorithm to the
modelled optimisation problem. An optimisation algorithm requires evaluations of
the responses, i.e. objective function and implicit constraints, in order to converge
to the optimum. In the case of FEM, each function evaluation is performed by
running a FEM calculation as depicted in Figure 2.1.

Many groups of algorithms have been developed for many different kinds of
optimisation problems. Since many textbooks have been written on all kinds of
optimisation algorithms (see e.g. [38,67,137,140,174,195]), details will not be given
here. Instead, several groups of algorithms will be briefly elaborated:
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(a)

(b)

Figure 2.2: (a) Direct optimisation; (b) Approximate optimisation

Discrete vs. Continuous algorithms

A first distinction is made between problems modelled with qualitative (discrete)
or quantitative (continuous) design variables. When discrete design variables are
present, one should generally apply a discrete algorithm, whereas continuous algo-
rithms are more suitable when all variables are continuous.

Unconstrained vs. Constrained algorithms

Another important indicator for which algorithm to use depends on the presence
of constraints in the optimisation problem. Both unconstrained and constrained
problems require other optimisation algorithms for solving the problem effectively
and efficiently.

Local vs. Global algorithms

An objective function can obtain many different shapes. It is possible that the ob-
jective function possesses multiple local optima. If this is the case, a risk of applying
local optimisation algorithms is that the achieved result may be a local optimum of
the objective function rather than the global optimum. Global optimisation algo-
rithms try to find the absolute optimum and generally search a larger domain than
local optimisation methods. This makes them slower, which may form a problem,
especially for large optimisation problems (many design variables).
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Direct vs. Approximate algorithms

As mentioned above, each function evaluation required by an optimisation algorithm
implies running a Finite Element calculation. At least, this is the case when there is
a direct coupling between the optimisation algorithm and the FEM code as displayed
in Figure 2.2(a). Optimisation algorithms generally require several — often many
— function evaluations, which becomes prohibitively expensive when the function
evaluations are very time consuming or costly.

To overcome this disadvantage of direct optimisation algorithms, approximate
optimisation algorithms have been developed. Using approximate optimisation, the
direct coupling between the optimisation algorithm and the FEM code is removed
and a so-called metamodel is put in between as a buffer. The concept of approximate
optimisation is schematically presented in Figure 2.2(b). The metamodel provides
an approximation of the responses (objective function and implicit constraints)
which can be optimised very quickly by the optimisation algorithm. The final
result is generally not the exact optimal solution, but an approximation. However,
the lower accuracy is accepted for the benefit of a smaller computing time. In this
way, a satisfactory solution can be obtained for quite large optimisation problems.
However, approximate optimisation algorithms are known to suffer from the curse
of dimensionality, i.e. they become very time consuming when an increasing number
of design variables is included in the optimisation problem.

2.2 Metamodelling

Finite Element simulations for metal forming processes can be quite time consum-
ing: one simulation can take several hours or even days to complete. Therefore,
approximate optimisation algorithms based on metamodelling as introduced in the
previous section appear to be quite attractive. This section introduces metamod-
elling techniques further and compares different metamodelling techniques to each
other.

2.2.1 Introduction to metamodelling

The principle of metamodelling is presented in Figure 2.3. The basic idea is to
evaluate a certain problem entity, in our case a metal forming process. This problem
entity can be modelled by some sort of a simulation model. For metal forming, this
simulation model is usually a non-linear Finite Element Model (FEM), which is —
as mentioned earlier — generally quite time consuming to execute.

Metamodelling is a technique that limits the total amount of simulation time
by reducing the number of FEM calculations and allowing for parallel computing
such that several calculations can be performed within the run time of only one
calculation. The term “metamodelling” refers to the Greek word “meta”, which
means higher, denoting that another, higher model from a model is made [168].
This easy-to-evaluate model from a model is called a metamodel. Metamodels are
sometimes also referred to as surrogate or response surface models.
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Figure 2.3: Metamodelling [94]

Note from Figure 2.3 that the advantages of metamodelling come at the cost of
a certain loss of accuracy, since:

1. The metamodel is an approximation of the FE model;

2. The FE model is an approximation of the metal forming process.

Because of this “double approximation”, there is a large risk that the metamodel
does not represent the problem entity very well. To minimise this risk, it is very
important to select a type of metamodel that is able to describe the problem entity,
as well as to obtain and to validate this metamodel. An accurate metamodel should
be valid with respect to both the Finite Element Model and the metal forming
process and if it is, it forms a very useful substitute for both the process and the
FE model.

Kleijnen proposed a 10 step methodology for the selection, fitting and validation
of metamodels in simulation [94]:

1. Determine the goal of the metamodel;

2. Identify the inputs and their characteristics;

3. Specify the domain of applicability;

4. Identify the outputs and their characteristics;

5. Specify the required accuracy of the metamodel;

6. Specify the metamodel’s validity measures;

7. Specify the type of metamodel;

8. Specify a Design Of Experiments (DOE) strategy;
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9. Fit the metamodel;

10. Validate the metamodel.

These 10 steps are briefly described below.

Determine the goal of the metamodel Metamodels can serve several general
goals [94]. Among them are understanding the problem entity, predicting values of
an output under consideration, and optimisation. Different goals require different
types of metamodels and different levels of accuracy.

For the subject covered in this thesis, the primary interest lies in optimisation
as a metamodelling goal. However, the first and second goals — understanding and
prediction — are also employed: design variable screening as will be introduced in
Chapter 5 has the goal of understanding the magnitude and direction of the effect
of design variables on the responses. In Chapter 7, metamodels will be used to
predict the effect of noise variable variation on the response variation. In addition
to applying metamodelling techniques with optimisation as a goal, these other goals
can be realised at no or low computational costs, which is seen as a major advantage
of using metamodelling techniques for optimisation purposes.

Identify the inputs, the domain of applicability and the output variable
After having chosen the goal of the metamodel, it is important to select the input
variables, their ranges and the response variables. In the case of optimisation, these
steps are equal to the modelling of the optimisation problem as introduced in Section
2.1.1 and Figure 2.1: the response variables are the objective function and implicit
constraints, the input variables and domain of applicability are given by the design
variables and explicit constraints. At this point, it is important to know whether
the design variables and the responses are stochastic or deterministic, discrete or
continuous, etc.

Specify the required accuracy and the metamodel’s validity measures
Depending on the goal of the metamodel, the required accuracy of the metamodel
and the way this accuracy is measured should be determined. A metamodel used
for prediction should be very accurate, whereas for a metamodel used for under-
standing, it will be sufficient if only a trend is visible. The accuracy required for
metamodels utilised for optimisation purposes will lie somewhere in between. It is
necessary to specify both the accuracy of the metamodel with respect to the FE
model and with respect to the metal forming process.

Specify the type of metamodel Several types of metamodels exist. Each type
of metamodel has its own advantages and disadvantages and since a metamodel
should be suitable for the purpose it is used for, it should be selected with care. Sec-
tion 2.2.2 compares several metamodelling techniques suitable for obtaining meta-
models from computer simulations.
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Figure 2.4: Flow chart of metamodelling

Specify a DOE strategy Depending on the type of metamodel, a suitable De-
sign Of Experiment (DOE) strategy should be chosen. DOE is sometimes referred
to as “experimental design” or “DOX” [44]. A Design of Experiment strategy
is a structured method for determining the relationship between factors affecting
a process (design variables) and the output of that process (response) [74]. Since
time-consuming computer simulations are considered, an important property of each
DOE strategy is the potential to keep the number of simulations to be performed
at a minimum while ensuring a certain required accuracy.

Fit the metamodel This comprises constructing the FE model and performing
the calculations with the design variable settings specified by the DOE strategy in
the previous step. The values for the response are extracted from the simulation
output and the metamodel is fitted through the obtained response measurements.

Validate the metamodel Now, a metamodel is present. The last question to
answer is whether the metamodel satisfies the accuracy and validity measures spec-
ified earlier in Steps 5 and 6. Several validation techniques are available and the
choice for a specific technique again depends on the selected type of metamodel.
If the metamodel does not satisfy the accuracy demands, one may return to Step
8 to add more experimental points and subsequently fit the metamodel with the
additional information. This extra information will generally increase the accuracy
of the metamodel.
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In summary, the process of constructing a metamodel incorporating the above steps
is depicted in Figure 2.4. The “modelling” in Figure 2.4 comprises the first 7
steps mentioned above, i.e. determining the metamodel’s goal, selecting the design
variables and responses and determining the measures for the required accuracy and
validity of the metamodel. After having chosen the type of metamodel, one first
applies a suitable DOE strategy that provides the design variable settings for which
a simulation should be run to determine the response variable values. Subsequently,
the metamodel is fitted through the response values and validated. The validation
technique compares the metamodel’s accuracy to the required accuracy determined
during the modelling phase. If the accuracy is not sufficient, additional numerical
measurements may improve the metamodel until the required accuracy demands are
met. Finally, the more or less accurate metamodel can be analysed, i.e. optimised
in case the goal of the metamodel is optimisation. If the goals are understanding or
prediction, other analysis types such as ANalysis Of VAriance (ANOVA) or Monte
Carlo Analysis (MCA) can be employed, see Chapters 5 and 7.

2.2.2 A comparison between metamodelling techniques

Before applying metamodelling techniques to the optimisation of metal forming
processes, it is necessary to make a distinction between the many metamodelling
techniques encountered in the literature. This section will compare several meta-
modelling techniques to each other.

A well-known method for fitting a metamodel is Response Surface Methodology
or RSM [54,129]. RSM uses least squares regression techniques to fit a lower order
polynomial while allowing for a remaining random error. RSM has been developed
for constructing a metamodel or response surface from physical experiments, but
many authors have applied it to numerical experiments (computer simulations) as
well.

Although RSM has proven to be applicable in simulation practice, statisticians
claim that computer experiments are generally deterministic: running the same
simulation twice with exactly the same inputs will yield exactly the same responses.
Therefore, these statisticians claim that the remaining error should formally be
zero [155]. Thus, the metamodel should be interpolated through the response values.
They propose Design and Analysis of Computer Experiments or DACE instead
[152,153]. DACE generally uses Kriging as interpolation technique. For both RSM
and Kriging, the user needs to make some preliminary assumptions for the shape of
the metamodel. This shape is for Kriging much more flexible than for RSM, which
is limited to lower order polynomials. This larger flexibility generally implies that it
will be necessary to perform more function evaluations in the case of Kriging than
for RSM. On the other hand, Kriging’s flexibility has the potential to result in very
accurate metamodels, even for complicated response shapes.

It is also possible to apply Artificial Neural Networks for fitting metamodels.
Using Neural Nets (NN), it is not necessary to make any assumptions for the final
shape, which comes at the expense of performing even more function evaluations,
i.e. running even more expensive FEM simulations, for “training” the Neural Net-
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Metamodelling technique Advantages Disadvantages

RSM Well-established Lower order polynomials
Transparent < 10 variables

Smoothes numerical noise Stochastic

DACE/Kriging Flexible < 10 variables
Deterministic Time consuming to fit

Sensitive to numerical noise
Complexity of the method

NN Flexible Many simulations needed
Many variables Black box (not transparent)
Deterministic

IL Discrete variables Not transparent
No continuous variables

MARS Transparent Inaccurate for few simulations
Accurate for many simulations Relatively new in engineering

RBF Not sensitive to numerical noise Accuracy not known

SVR Transparent Recent development
High accuracy

Table 2.1: Advantages and disadvantages of several metamodelling techniques

work. Without going into detail, yet other metamodelling techniques for computer
simulations encountered in the literature are Inductive Learning (IL), Multivariate
Adaptive Regression Splines (MARS), Radial Basis Functions (RBF) and Support
Vector Regression (SVR) [40, 78,166–168].

Which metamodelling technique should be selected for which purpose is a diffi-
cult question. Several authors compared several metamodelling techniques [40, 78,
166–168] based on how accurate the metamodels are with respect to the nonlinear-
ity and/or noisy behaviour of approximated test functions, how many variables can
be taken into account, the transparency of the metamodel, the computational costs
to obtain the metamodel, the complexity of the method, etc. A summary of the
comparison between the advantages and disadvantages of the several metamodelling
techniques is presented in Table 2.1.

The optimisation strategies proposed in this thesis employ RSM and Kriging
metamodelling techniques. RSM and Kriging are presented in more detail in the
following sections.

2.3 Response Surface Methodology (RSM)

As presented in Section 2.2.1, adopting a specific metamodelling technique implies
selecting an appropriate DOE strategy, fitting the metamodel through the obtained
response measurements and validating the metamodel. Assuming the response mea-
surements are present, Section 2.3.1 presents how a metamodel is fitted using RSM.
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Validation measures are introduced in Section 2.3.2. Section 2.3.3 presents appro-
priate DOE strategies for RSM.

2.3.1 Fitting RSM metamodels

Using RSM, a lower order polynomial metamodel is fitted through the response
measurements y allowing for a random error term ε [54, 127,129]:

y = Xβ + ε (2.3)

where X is the design matrix, which includes the experimental design points. β

are the regression coefficients. The metamodel is ŷ = Xβ. However, the regression
coefficients β are unknown and need to be estimated. This is done by least squares
regression that aims at minimising the Sum of the Squared Error (SSE) at the
design points:

εTε = (y − Xβ)T(y − Xβ) (2.4)

Differentiating this expression with respect to β and setting the result equal to
0 yields the best estimation of β:

β̂ = (XTX)−1XTy (2.5)

where β̂ denotes the estimator of β.
With the estimation of the regression coefficients, the RSM metamodel is an

explicit mathematical function that can be used to predict the response y0 of an
unknown design variable setting x0. The value of y0 can be estimated by RSM by:

ŷ0 = xT
0 β̂ (2.6)

where x0 is a design matrix containing the design variable settings of x0.
It is also possible to determine the variance at this location [129]:

var(ŷ0) = σ2xT
0 (XTX)−1x0 (2.7)

where σ2 is the error variance. σ2 can be estimated by the Mean Squared Error
MSE:

MSE =

∑n

i=1 (yi − ŷi)
2

n − k − 1
(2.8)

where yi is a response measurement, ŷi is the metamodel’s prediction of that re-
sponse measurement, n is the number of response measurements and k is the number
of regression coefficients - 1. For a linear metamodel, k equals the number of design
variables.

Although Equation (2.3) seems to be a linear relation of the design variables,
the design matrix X can also incorporate terms that are non-linear with respect
to the design variables. Four possible shapes of RSM metamodels are commonly
applied. They are in ascending complexity:
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x y

0 4.5378
2 7.2705
4 8.2637
6 12.5248
8 13.0060
10 14.3263

Table 2.2: Some example measurements

• linear;

• linear + interaction;

• pure quadratic or elliptic;

• (full) quadratic.

As an example of how RSM metamodels are fitted, consider Table 2.2. It presents
measurements of a response variable y, which depends on the n = 6 settings of k = 1
design variable x. The measurements are also depicted in Figure 2.5(a) as the cross
marks.

Given the measurements in Table 2.2, the regression coefficients can be deter-
mined using Equation (2.5). For a linear metamodel, this yields two regression
coefficients: the estimate of the mean β0 and the regression coefficient β1 describing
the linear effect dependent on the single design variable x. The fitted linear RSM
metamodel is shown in Figure 2.5(a) as the solid line. The dashed lines denote the
prediction uncertainty given by the standard deviation, i.e. the square root of the
variance as calculated in Equation (2.7).

The metamodel can used to predict a response y0 at an untried point x0 using
Equation (2.6), as well as the variance at this location using Equation (2.7). The
round mark in Figure 2.5(a) is the prediction y0 at the untried point x0 = 5.

2.3.2 Validating RSM metamodels

Two aspects need to be validated:

• The assumptions underlying the use of RSM;

• The accuracy of the RSM metamodel with respect to the measured data.

Validating the assumptions

The following assumptions underly the application of RSM [14,15,61,184]:
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Figure 2.5: (a) An RSM metamodel; (b) A Kriging metamodel
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1. The response should depend on the design variables in a linear (at least with
respect to the regression coefficients) and additive way;

2. The expected error equals 0 or E(ε) = 0;

3. The error variance is homogenous, i.e. the variance of the error does not vary
for different design variable settings: var(εi) = σ2;

4. The errors are statistically independent: cov(εi, εj) = 0 for i 6= j;

5. The errors are normally distributed.

Many of these assumptions can be validated using Residual analysis and plots,
see e.g. [68]. Figure 2.6(a) presents a Residual plot: it plots the standardised error
vs. the response measurements. If the plot shows no particular trend, the first three
assumptions introduced above are satisfied. Furthermore, if no outliers are present,
the standardised residuals should be in the interval between -3 and 3. The error
correlation plot in Figure 2.6(b) validates assumption number 4: this plot should
not show any trend in case the errors are independent [184]. Normality of the errors
(or residuals) is checked in Figures 2.7(a) and (b). If the errors are normally dis-
tributed, the cross marks in Figure 2.7(a) are on the dashed line and Figure 2.7(b)
shows a normal distribution.

Validating the metamodel accuracy

Two aspects are important for validating metamodel accuracy:

• The metamodel should reflect the obtained response measurements;

• The metamodel should accurately predict untried measurements.

How well the metamodel reflects the obtained response measurements can be
statistically tested using ANalysis Of VAriance (ANOVA), see e.g. [129]. ANOVA
is briefly summarised in Appendix A.

Appendix A shows that ANOVA yields F0-, p-, R2- and R2
adj- values. A meta-

model is assessed to accurately represent the response measurements if:

• F0 is large, or equivalently p ≤ 0.05;

• R2 and R2
adj are close to 1.

In addition to these statistics, the amount of error in Equation (2.3) provides
useful information on the accuracy of an RSM metamodel. This error can be esti-
mated by the Root Mean Squared Error RMSE:

RMSE =
√

MSE (2.9)

where MSE is the estimator of the error variance defined in Equation (2.8).
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Figure 2.6: (a) Residual plot; (b) Error correlation plot
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Figure 2.7: (a) Normal probability plot; (b) Error distribution plot
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Next to reflecting the obtained response measurements, a second important property
of a metamodel is that it accurately predicts untried measurements. One can assess
the prediction accuracy by Cross validation. Using Cross validation, one leaves out
one or more measurement points and fits the metamodel through the remaining
response measurements. For each measurement point i, the difference between the
predicted and the real value presents the prediction error e−i [129]:

e−i = yi − ŷ−i (2.10)

where ŷ−i denotes the metamodel fitted through all but the ith response measure-
ment. One can calculate the prediction error for each of the n response measure-
ments.

Note that the R2, R2
adj and RMSE determined earlier were based on the error

εi = yi − ŷi (see Equation (2.3)). They can also be calculated using the prediction
errors e−i in Equation (2.10). This results in the prediction and prediction adjusted
R2-values. Values of R2

pred and R2
pred,adj close to 1 indicate the fitted metamodel is

a good predictor of untried measurement points. Analogous to Equation (2.9), one
can determine a Cross validation Root Mean Squared Error RMSECV:

RMSECV =

√

√

√

√

n
∑

i=1

(yi − ŷ−i)
2

n
(2.11)

RMSECV is an indication of the amount of prediction error for the fitted metamodel.
The lower RMSECV, the better the metamodel.

Cross validation can be visualised by a Cross validation plot such as the one
presented in Figure 2.8. If the metamodel’s prediction performance is perfect, the
prediction error in Equation (2.10) is zero for each response point. This implies that
ŷ−i = yi. Figure 2.8 plots the predicted response ŷ−i versus the actual response
yi for each response measurement and compares these to the line ŷ−i = yi. The
closer the points are to this line, the better the prediction properties of the fitted
metamodel.

2.3.3 Design Of Experiments for RSM

For RSM, many DOE strategies are known [125,129]. These DOE strategies should
result in a good fit of the response using RSM while using as few measurements as
possible. For RSM, the shape of the response (a first or second order polynomial) is
assumed to be known. Also a random error is present. Allowing for a good fit implies
making use of the knowledge of the response shape, as well as putting DOE points
on the boundaries of the design space and including replicate runs (performing the
same measurement more than once). The latter two requirements are related to
the random error term in Equation (2.3): putting points on the boundaries reduces
the sensitivity of the regression coefficients to the error [66], replicate runs allow for
testing the validity of the assumed polynomial order.

Full and fractional factorial designs are well-known DOE plans for RSM [20,125,
129]. Other DOE plans are Response Surface designs of which Central Composite
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and Box-Behnken Designs are frequently used examples. Factorial and Response
Surface designs are only applicable to rectangular or sometimes circular design
spaces. The design space is rectangular if the design variables are constrained by
their upper and lower bounds only. If explicit constraints are present, the design
space is generally not rectangular and factorial and Response Surface designs cannot
be applied. In this case, computer generated designs such as D-optimal designs can
be employed.

2.4 Kriging

Fitting the metamodel, validating the metamodel, and selecting an appropriate
DOE strategy is elaborated in this section for Kriging.

2.4.1 Fitting Kriging metamodels

Kriging or DACE has been proposed to fit metamodels using deterministic computer
experiments [152, 153]. Using Kriging, the random error term ε in Equation (2.3)
is replaced by a Gaussian stochastic process Z(x), which forces the metamodel to
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exactly go through the measurement points:

y = Xβ + Z(x) (2.12)

The first part of Equation (2.12) covers the global trend of the metamodel and
is similar to fitting an RSM metamodel. The Gaussian random function Z accounts
for the local deviation of the data from the trend function. Being a Gaussian
random function, Z is totally determined by its process variance σ2

z and correlation
function R. The process variance denotes the magnitude of deviation from the trend
function, the correlation function determines the shape of the metamodel between
the response measurements.

Appendix B presents in detail how a Kriging metamodel is fitted and how its
parameters are estimated. Here, it is sufficient to mention that — analogous to
Equation (2.6) for RSM — the Kriging metamodel can be used to predict a response
value y0 for an untried design variable setting x0 by [56,119,155]:

ŷ0 = xT
0 β + rT

0 R−1 (y − Xβ) (2.13)

in which x0 is the design matrix containing the settings of x0 and X the design ma-
trix containing the experimental design points. r0 is a vector containing the correla-
tion between the unknown point (x0, y0) and the known measurements (xi, yi), and
R is a matrix describing the correlation between the known measurement points.
How to estimate β, r0 and R is described in Appendix B.

The first term in Equation (2.13) is the trend function and equals the RSM
metamodel. The second term prescribes the deviation from the trend function and
forces the metamodel to go through the measurement points. Hence, the metamodel
defined in Equation (2.13) interpolates the response measurements.

An advantage of using Kriging as interpolation technique is that — just as was
the case for RSM — an estimate of the prediction error can be calculated. For RSM
this was given as the square root of the variance calculated by Equation (2.7). For
Kriging, a Mean Squared Error (MSE) can be calculated at the location x0, see
e.g. [56,122]:

MSE (y0) = σ2
z

(

1 −
[

xT
0 rT

0

]

[

0 XT

X R−1

] [

x0

r0

])

(2.14)

where σ2
z is the process variance. Appendix B describes how to estimate σ2

z .

The solid line in Figure 2.5(b) is a Kriging interpolation metamodel with a first
order trend function fitted through the example measurement points of Table 2.2.
The figure also contains the predicted response y0 at untried point x0 = 5. The
prediction error estimates (the square root of Equation (2.14)) are again shown as
the dashed lines.

Note the differences between the Kriging and the RSM metamodel: the Kriging
metamodel’s shape is more complex than that of the RSM metamodel. Additionally,
the Kriging metamodel interpolates through the response points, whereas the RSM
metamodel allows for random error.
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2.4.2 Validating Kriging metamodels

Just as was the case for RSM, it is necessary to validate both the assumptions un-
derlying Kriging and the metamodel accuracy.

Validating the assumptions

Several assumptions underly the application of Kriging. These are primarily related
to the zero mean Gaussian stochastic process Z(x). A Gaussian stochastic process
is a stochastic process for which all stochastic variables have the multivariate normal
distribution, the process is stationary by definition [186] and its variance is bounded
and constant over its domain [120,155]. The assumptions are thus:

1. The stochastic variables have a multivariate normal distribution;

2. The mean of the Gaussian process is constant and zero: E(Z(x)) = 0;

3. The variance of the Gaussian process is constant and bounded: var(Z(xi, xj)) =
σ2

zI.

The above assumptions are similar to those stated for RSM. In the case of
RSM, validation was performed by analysing the error terms ε in Residual, Normal
probability and Error distribution plots. This is not meaningful for an interpolation
technique such as Kriging since these errors are zero by definition.

It is still possible, however, to validate the assumptions based on the Cross val-
idation errors instead of the errors at the measurement points [158]. The Cross
validation error has been introduced in Equation (2.10). Using the Cross valida-
tion error, one can produce a Standardised residual plot such as the one in Figure
2.6(a), as well as Normal probability and Cross validation error distribution plots
(see Figures 2.7(a) and (b)). These plots indicate whether the assumptions under-
lying Kriging are satisfied.

Validating the metamodel accuracy

For RSM, ANOVA and Cross validation have been used to assess the metamodel’s
accuracy. ANOVA and all statistics based on calculating the error (F0, p-value, R2,
R2

adj, RMSE) are not applicable for Kriging due to its interpolative nature.

Cross validation and R2
pred, R2

pred,adj and RMSECV as presented in Section 2.3.2

can be used for Kriging metamodel validation. As was the case for RSM, R2
pred and

R2
pred,adj close to 1 indicate an accurate Kriging metamodel. Equation (2.11) can be

used to determine RMSECV. As it approaches 0, the metamodel becomes more and
more accurate. Cross validation can also be visualised in a Cross validation plot.
An example of such a plot has been presented in Figure 2.8. If the measurements
follow the line ŷ−i = yi, the metamodel fits the data well.
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2.4.3 Design Of Experiments for Kriging

As presented in Section 2.3.3, good DOE strategies for RSM are based on assumed
knowledge of the response shape (a lower order polynomial) and the presence of
the random error. The shape of Kriging metamodels is very flexible and not known
beforehand. Additionally, the random error is not present. Noticing these facts
advocates the choice of a DOE strategy for which the experimental design points
are evenly spread over the (interior of the) entire design space [66, 155]. Such a
design is called a spacefilling design.

Several good DOE strategies for Kriging are known [66, 100, 123, 152, 153, 155]
and summarised in [20]: Monte Carlo sampling, latice designs, uniform designs,
Latin Hypercube Designs, and DOEs based on statistical criteria such as Maximum
Entropy designs.

2.5 Summary

This chapter introduced several theoretical aspects that are employed throughout
the remainder of the thesis: mathematical optimisation and metamodelling.

Mathematical optimisation consists of four items. The first three items (select-
ing objective function, design variables and constraints) are part of the modelling
of an optimisation problem, whereas the fourth step comprises the solving of this
optimisation problem by an optimisation algorithm. The optimisation model and
the optimisation algorithm should be compatible with each other to solve the op-
timisation problem both effectively and efficiently. The four steps of mathematical
optimisation have been related to running Finite Element (FEM) simulations of
metal forming processes which is generally quite time consuming.

Metamodelling is a very useful technique for optimisation when dealing with
time-consuming or costly function evaluations such as FEM. Metamodelling is a
way to obtain an easy-to-evaluate model from a model. The latter model is the
computer model of some problem entity under investigation, the former is called
the metamodel. In this way, the metamodel should be valid with respect to both
the computer simulations and the problem entity. The procedure for obtaining a
metamodel from computer simulations is as follows:

• Start with a modelling phase in which the problem is modelled (define the
goal of the metamodel, the design variables, the response, validation measures,
etc.)

• Apply a Design Of Experiments (DOE) strategy

• Run the computer simulations and obtain the response measurements

• Fit the metamodel

• Validate the metamodel

• Analyse the metamodel
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Several metamodelling techniques exist with all their advantages and disadvan-
tages. This chapter has included a short overview and comparison of several specific
metamodelling techniques for application to time-consuming computer simulations
such as the FEM simulations of metal forming processes.

Two metamodelling techniques that play an important role in the remainder
of this thesis have been introduced: Response Surface Methodology (RSM) and
Kriging. For both techniques, it has been shown how to fit the metamodels, and
how to validate the assumptions underlying the metamodelling technique and the
metamodel accuracy. Also appropriate DOE strategies for both RSM and Kriging
have been briefly reviewed.





Chapter 3

Optimisation strategies for
metal forming processes: An
overview

In Chapter 1, it was shown that optimisation of metal forming has been going
on for several years now. This chapter reviews existing scientific literature and
relates it to the goal of this thesis: the development of an optimisation strategy for
metal forming processes using FEM simulations. Confronting the literature with
this goal in mind, two suitable optimisation strategies for metal forming processes
are proposed: a deterministic and a robust optimisation strategy. This chapter’s
purpose is to present a general overview of these optimisation strategies, before they
are described in detail in the remainder of the thesis.

Section 3.1 presents a thorough review of the literature on the field of optimisa-
tion of metal forming processes. Section 3.2 confronts the results of this literature
review with the goal of this thesis presented in Section 1.5. This results in a list of
requirements posed for the optimisation strategy. Based on these requirements, two
optimisation strategies achieving the goal of this thesis are proposed in Section 3.3.
Section 3.3 also presents an overview of the proposed optimisation strategies. This
overview serves as a basis for Chapters 4, 5 and 7, where the optimisation strategies
are dealt with in further detail.

3.1 Literature review

Academic research on the field of optimisation of metal forming using Finite Element
simulations has been going on now for several years, yielding a large number of
scientific publications. This large number of publications will be treated in more
detail in the next sections, where a distinction is made between the modelling and
solving of optimisation problems in metal forming.
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3.1.1 Modelling

In general, one can conclude from the literature that most research until now fo-
cussed on the solving part of optimisation, i.e. the selection and application of a
suitable optimisation algorithm. Objective function, design variables and some-
times constraints are modelled, but reasons for selecting that specific model are
often not explicitly given. Why is a certain quantity selected as objective function
and another as constraint? Why are only these quantities included as important
responses? Why is a certain parameter not taken into account as a design variable?

These kinds of questions are generally not answered in scientific publications,
although they are very relevant when performing optimisation. As mentioned in
Section 1.4, both the modelling and solving stages of mathematical optimisation are
equally important. The way an optimisation problem has been modelled strongly
influences the final outcome of optimisation.

To demonstrate this, refer to Figure 1.6. The objective function and constraints
are related to each other in the sense that they are often exchangeable. For example,
maximising product quality with a constraint on the production costs will yield a
different optimal solution than minimising the costs subject to a certain minimal
quality level. Moreover, leaving out one of the quantities from the optimisation
model may easily result in an unwanted situation: leaving out the costs, for instance,
will yield a very good, but extremely expensive product.

In most publications, however, the outcome of optimisation seems plausible al-
though the modelling has been quite arbitrarily performed. This is mainly because
the problem is modelled by researchers who are specialist in both mathematical
optimisation and metal forming. They know from experience how to model opti-
misation problems and which design variables and responses are important to be
included in the optimisation model. However, to fully employ the industrial po-
tential of optimisation in metal forming, there is a need for a structured way of
modelling optimisation problems in metal forming: one that is also accessible to
people who are not highly specialised in both optimisation and metal forming.

The optimisation models encountered in the literature are reviewed in more
detail in Tables 3.1, 3.2, 3.3 and 3.4 in the next section, where differentiation is made
between different optimisation algorithms applied in the different publications.

3.1.2 Solving

In scientific publications, much attention is paid to the solving part of mathematical
optimisation. This comprises the development of optimisation algorithms, which are
coupled to FEM and subsequently used to solve a specific optimisation problem in
metal forming. Process optimisation consisting of simply performing a number of
FEM calculations and denoting the best results as the optimised results, but not
including mathematical algorithms (see e.g. [62, 63, 117, 162, 197]) is of less interest
to this thesis and is excluded from this literature review.

In the remainder of this section, five major groups of algorithms that can be
applied for optimisation using FEM simulations will be reviewed:
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• Iterative algorithms;

• Evolutionary and Genetic algorithms;

• Approximate optimisation algorithms;

• Adaptive optimisation algorithms;

• Hybrid and combined optimisation algorithms.

The extensive application of these groups of algorithms to optimise metal form-
ing processes will also be indicated.

Iterative algorithms

One way of optimising metal forming processes is using classical iterative optimi-
sation algorithms (Conjugate gradient, SQP, BFGS, etc. ). Using these iterative
algorithms, there is a direct coupling between the FEM software and the optimisa-
tion algorithm. This has been schematically depicted in Figure 2.2(a): each function
evaluation of the algorithm means running a FEM calculation. In the case of metal
forming these FEM calculations can be extremely time consuming and need to be
sequentially evaluated.

Furthermore, many classical algorithms require sensitivities, the derivatives of
the objective function with respect to the design variables. Several methods for
calculating sensitivities for FEM exist [18,54,67]:

• Finite Difference approximations;

• Discrete derivatives;

• Continual/variational derivatives.

All these techniques have their difficulties when combined with Finite Element
calculations. Finite Difference approximations are known to be relatively costly
(many FEM calculations need to be performed) and can be quite inaccurate due to
truncation and round-off errors. The method of discrete derivatives is more efficient,
but access to the source code of the FEM software is necessary. This is clearly not
always possible, especially when using commercial FEM codes. A possibility to
overcome this problem using discrete derivatives is applying the third method for
determining the sensitivities. These continual or variational derivatives methods,
however, require the analytical differentiation of the physical system described by
the FEM model. For more complex situations, this is impossible.

Determining sensitivities for non-linear FEM calculations used for simulating
metal forming is a field of ongoing research (see e.g. [39, 88, 91, 171, 196]). Never-
theless, it is concluded that it is still quite difficult to determine sensitivities for
FEM calculations. Thus, optimisation algorithms requiring the determination of
first and/or second order derivatives are facing serious challenges when combined
with non-linear Finite Element Analysis.
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Ref. Optimisation algorithm Forming Process Objective Design variables

[34] Line search Deep drawing Reduce number of forming steps Diameter

[43] SQP Deep drawing Minimise thickness variations Addendum geometry
Optimise surface appearance

[88] SQP Deep drawing Springback compensation Die geometry

[96] BFGS, Conj.grad. Deep drawing Springback compensation Tool shape geometry
[97] Superplastic forming Constant wall thickness Initial thickness distribution
[141]
[142]

[134] SQP, BFGS Deep drawing Prevent wrinkling/necking Blankholder force
Optimal blankholder force Drawbead geometry

[133] BFGS Deep drawing Maximise distance FLC Restraining force
Material parameters

[114] SQP Deep drawing Dissipated energy Punch shape

[161] Simplex Deep drawing Minimise risk ruptures and wrinkles Tool geometry

[52] Non-linear Least Squares Hydroforming Constant thickness Axial force
[53] Geometrical errors Internal pressure

[57] Conj.grad. Hydroforming Uniform thickness Axial feeding
Geometrical accuracy Internal pressure

[79] Iterative Hydroforming Minimise wall thickness variations Axial feeding
Internal pressure

[165] SQP Hydroforming Constant wall thickness Axial feeding
Minimum wrinkling Internal pressure

[199] SQP Hydroforming Minimise thickness variation Axial displacement
Internal pressure

[87] Golden section Superplastic forming Uniform thickness Thickness parameters
Maximum deformation Thickness

[139] Conj.grad., Golden section Flexforming Minimise springback Blank diameters

[33] Steepest descent, Extrusion Minimise extrusion force Die shape geometry
Golden section (cold, warm, hot)

[187] BFGS Forging Folding defect Die geometry

[48] SQP Forging Optimise die closure Die geometry

[115] SQP Hot extrusion Improve die life Die radii
Minimum extrusion load/die stresses

[204] Iterative Forging Minimise shape deviations Billet geometry

Table 3.1: Overview of the literature on the optimisation of metal forming processes using iterative optimisation algorithms
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A third difficulty concerning iterative algorithms is the risk of getting trapped
in local optima. Finding the global optimum generally results in more improvement
with respect to a reference situation than when the algorithm is trapped in a local
optimum.

Advantages of the group of iterative algorithms comprise the fact that they
are well-known and widely spread. Additionally, convergence to a local optimum
generally requires relatively few iterations and is hence fairly efficient. In particular
due to the former advantage, iterative algorithms are quite often applied to optimise
metal forming processes, see e.g. [33, 34, 43, 48, 52, 53, 57, 79, 87, 88, 96, 97, 114, 115,
133,134,141,161,165,199,204].

Table 3.1 displays which iterative optimisation algorithm is applied in the above-
mentioned publications. Iterative optimisation algorithms are described in many
works on optimisation [38, 54, 67, 137, 140, 174]. The interested reader is advised to
refer to one of these documents for more information on the algorithms mentioned
in Table 3.1. The table also presents which forming process is considered in the
articles, as well as which optimisation objective and which design variables are used.

Evolutionary and Genetic algorithms

A second group of algorithms, for which there is a direct coupling between the
algorithm and the FEM software (Figure 2.2(a)), are genetic and evolutionary opti-
misation algorithms. Genetic and evolutionary algorithms look promising because
of their tendency to find the global optimum and the possibility for parallel comput-
ing. Furthermore, they do not require sensitivities, which are difficult to calculate.
However, the rather large number of function evaluations that is expected to be
necessary using these algorithms is regarded as a serious drawback [50]. Several au-
thors have applied genetic and evolutionary algorithms to optimise metal forming
processes, see [4, 6, 37, 47, 59, 60, 146, 157, 170, 189]. Table 3.2 provides information
on the forming process, the optimisation objective and the design variables. More
information on genetic and evolutionary algorithms can be found in many texts, see
e.g. [8, 16,159].

Approximate algorithms

A third way of optimisation in combination with FEM is using approximate optimi-
sation algorithms, of which Response Surface Methodology (RSM) is a well-known
representative. As already presented in Chapter 2, RSM is based on fitting a low or-
der polynomial metamodel through response points, which are obtained by running
FEM calculations for carefully chosen design variable settings and finally optimis-
ing this metamodel [129]. Hence, for approximate optimisation, the direct coupling
between the optimisation algorithm and the FEM calculations is removed and a
metamodel is placed in between as a buffer. This is schematically presented in Fig-
ure 2.2(b). Next to RSM, other metamodelling techniques are Kriging and Neural
Networks. Allowing for parallel computing and lacking the necessity for sensitivi-
ties, approximate optimisation is appealing to many authors in the field of metal
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Ref. Forming Process Objective Design variables

[157] Deep drawing Maximise distance to FLC Die geometry

[4] Hydroforming Maximum expansion Pressure load path
Axial displacement load path

[189] Hydroforming Minimise inertia variations Pressure load path
No necking (thinning) Axial displacement load path

No wrinkling (thickening)

[146] Forging Minimum folding Initial geometry
Minimum energy

[47] Forging Maximise forging quality Preform geometry
[59] Minimise forming energy
[46] Minimise folding potential

[6] Forging Minimum energy Tool geometry
[37] Minimum shape deviation
[170]

Table 3.2: Overview of the literature on optimisation of metal forming processes using
genetic and evolutionary algorithms

forming, see [11–13, 28, 29, 75, 76, 98, 111, 113, 130–132, 138, 149, 151, 154, 176]. Dis-
advantages include an approximate optimum as a result rather than the real global
optimum, and the curse of dimensionality mentioned before in Section 2.1.2.

Publications using approximate optimisation algorithms are presented in Table
3.3. The table shows the kind of metamodelling technique used (RSM, Kriging,
Neural Networks), as well as the forming process it is applied to and the objective
function and design variables that are used.

Another class of publications worth mentioning is the application of approximate
optimisation algorithms to non-linear FEM calculations for (automotive) crashwor-
thiness problems. These FEM simulations are also based on non-linear mechanics
and are very computationally expensive. They therefore show a large resemblance
with FEM simulations for metal forming. Approximate algorithms applied to crash-
worthiness problems can be found in [9, 42,69,75,77,148,198,202].
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Ref. Metamodelling technique Forming Process Objective Design variables

[11–13] RSM Deep drawing Minimise external work Blankholder force

[29] RSM Deep drawing Minimise thickness variations Blank geometry
[132] Maximise distance to FLC

[28] RSM Bending Minimise springback Tool geometry

[75] RSM Deep drawing Blank holder force Drawbead geometry

[76] RSM Deep drawing Optimum draw-in Drawbead geometry

[101] RSM Deep drawing Blank weight Blank size and shape

[111] RSM Deep drawing Minimise springback Drawbead geometry

[113] NN Deep drawing Minimise springback Friction parameters

[131] RSM Deep drawing Minimise springback Tool geometry
[130]

[98] RSM Hydroforming Maximum protrusion height T-shape Length, thickness, diameter

[151] RSM Hydroforming Minimise wall thickness variation Internal pressure
NN Axial displacement

[154] RSM Flanging Minimise springback Sheet geometry
Die geometry

[71] Kriging Forging Die wear Billet temperature
Die speed

[149] RSM Forging Minimise forging energy Preform geometry
Forging load

[176] RSM Forging Minimise strain variance Preform geometry
[177]

[138] RSM Annealing Constant wall thickness Annealing temperature
Annealing time

Table 3.3: Overview of the literature on optimisation of metal forming processes using approximate optimisation algorithms
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Adaptive algorithms

A fourth group consists of so-called adaptive algorithms. Adaptive algorithms are
not coupled to FEM in the same way as the other three groups of algorithms.
Adaptive algorithms are incorporated within the FEM code and generally optimise
the time-dependent load paths of the metal forming process during each increment of
the FEM calculation. For example, consider the time-dependent pressure load path
for hydroforming. If the pressure is too high necking will occur, if it is too low there
is a risk of wrinkling. If a risk of wrinkling is detected during a certain increment
of the FEM calculation, the pressure is increased in the following increment to
overcome wrinkles in the final product. Vice versa, if subsequently a risk of necking
is detected, the pressure is decreased again by the algorithm. In such a way, a defect
free product can be achieved by adaptive optimisation.

An advantage is that the optimum is obtained in only one FEM simulation.
However, access to the source code of the FEM software is necessary and only
time-dependent design variables can be taken into account. These disadvantages
seriously limit the general applicability of these kinds of algorithms. The literature
describes several applications of these algorithms to metal forming [7,35,36,45,80,
104–106, 147, 160, 165, 173], especially to optimise the internal pressure and axial
feeding load paths in hydroforming.

Table 3.4 presents several publications that incorporate adaptive algorithms to
optimise metal forming processes. One can indeed see that in all cases, the design
variables are time-dependent load paths. However, in several articles e.g. [7, 147]
geometrical or material parameters were taken into account by other optimisation
algorithms, i.e. iterative or approximate optimisation algorithms. Optimisation
strategies consisting of a combination of different groups of algorithms will be ad-
dressed in the next section.

Hybrid and combined algorithms

The previous sections introduced several groups of optimisation algorithms, which
are used for the optimisation of metal forming processes. The different groups
each have advantages and disadvantages and the successful application of a specific
algorithm depends heavily on the optimisation problem and the way it is modelled.
Several authors therefore try to combine the advantages of the different groups.
Some attention is paid below to optimisation algorithms combining the different
groups of algorithms presented in the previous sections.

First, a remark needs to be made concerning the approximate and adaptive opti-
misation algorithm groups introduced above. They do not actually solve a problem
in themselves, but they necessarily incorporate an iterative or genetic algorithm to
calculate an optimum.

Within the metal forming community, most authors utilising approximate op-
timisation algorithms choose some sort of an iterative algorithm to optimise the
metamodels. Some others were dealing with relatively noisy metamodels (i.e. many
local optima) — which are typically obtained from Kriging and Neural Networks as
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metamodelling techniques — and chose a more global genetic algorithm [113,151].

The same can be said for adaptive optimisation algorithms: some authors chose
iterative algorithms, others genetic ones [106]. However, the most widely used
strategy in adaptive simulation does not use optimisation algorithms to define an
optimum load path, but some controller incorporating a collection of experience or
theory-based rules to ensure compression (e.g. wrinkling) and tension failures (e.g.
necking) will not occur in metal forming [35,36,80,160,165]. In this context, several
authors [7, 45,147] use controllers based on fuzzy logic.

Next to the combination of approximate and adaptive algorithms to iterative
and genetic algorithms, several authors deliberately attempt to combine the advan-
tages of the different groups of optimisation algorithms. It was mentioned above
that adaptive optimisation algorithms can only take into account time-dependent
design variables like e.g. load paths. It is possible, however, to let an adaptive
algorithm optimise the load paths and implement an iterative algorithm to deter-
mine the optimal settings for other, non-time-dependent design variable groups, e.g.
geometrical and material parameters [7, 147].

It was emphasised above that approximate optimisation algorithms implicitly
need iterative or genetic/evolutionary algorithms to optimise the metamodel. Con-
versely, it is also possible to enhance an evolutionary algorithm with information
provided by a metamodel-based approximate algorithm to make it more efficient
and overcome the large number of function evaluations that is generally required
by genetic and evolutionary algorithms. Such a method is presented in [50] and
applied to optimise the tool geometry in forging [46,47,59,60].

A last note on the literature concerning the optimisation of metal forming is an
indication of the presence of software packages in which many different optimisation
algorithms are readily available, see e.g. [10,73,178]. The user can select one of the
algorithms and apply it to the optimisation problem that has been modelled.

3.2 Requirements

One can conclude from the literature review in the previous section that many pos-
sibilities exist for optimising metal forming processes using Finite Element simula-
tions. A variety of optimisation models and algorithms are applied to many different
metal forming processes using many different FEM codes. The modelling is often
done arbitrarily and a lot of attention is paid to developing specific efficient opti-
misation algorithms for the problem, process and product under consideration. For
these specific applications, the results are often very impressive which demonstrates
the large potential of optimising metal forming processes. However, an optimisa-
tion strategy that is generally applicable to all kinds of problems for different metal
forming processes and products is lacking.

As introduced in Section 1.5, the aim of this thesis is to develop such a generally
applicable optimisation strategy for industrial metal forming processes. This com-
prises a procedure for modelling optimisation problems for metal forming processes
with as requirements:



44 Optimisation strategies for metal forming processes: An overview

Ref. Forming Process Objective Design variables

[160] Deep drawing No wrinkling Blank holder force
No fracture

[173] Deep drawing No necking Blank holder force
No wrinkling Punch stroke

[106] Hydromechanical deep drawing Minimise damage Pressure load path
Punch force path

[104] Hydroforming Minimise wall thickness Pressure load path
[105] variations Axial displacement

[165] Hydroforming Minimum wrinkling Pressure load path
Axial feeding load path

[7] Hydroforming No necking (FLD) Pressure load path
No wrinkling Axial feeding load path

[45] Hydroforming No necking Pressure load path
No wrinkling Axial feeding load path

[80] Hydroforming Maximum formability Pressure load path
Axial feeding load path

[147] Hydroforming No necking Pressure load path
No wrinkling Axial feeding load path

[35] Superplastic forming Optimum strain rate Pressure load path
[36]

Table 3.4: Overview of the literature on optimisation of metal forming processes using
adaptive optimisation algorithms

Figure 3.1: General applicability of the optimisation strategy
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• The procedure should be generally applicable;

• The procedure should yield a specific mathematical optimisation model of
the form presented in Equation (2.2) in order to be able to solve it using a
mathematical optimisation algorithm such as the ones presented in Section
3.1.2;

• The procedure should overcome the disadvantages of arbitrary modelling in-
troduced in Section 3.1.1:

– No important responses and design variables should be neglected;

– The user should not necessarily have to be an optimisation specialist.

Regarding the solving part of mathematical optimisation, the algorithm should
satisfy the following requirements:

• The algorithm should be generally applicable;

• The algorithm should match the optimisation problem obtained by the mod-
elling procedure;

• The algorithm should be efficient in combination with time-consuming FEM
simulations.

As indicated above, general applicability of both the modelling procedure and
the algorithm is an important requirement. But what is meant by general appli-
cability? In the context of this thesis, general applicability has four dimensions as
schematically presented in Figure 3.1:

• Processes: the strategy should be able to model and solve all kinds of optimi-
sation problems for all kinds of different metal forming processes;

• Products: the same holds for different products. The products mentioned in
Figure 3.1 are all deep drawn products, but quite different demands are set
for them;

• Users: although both can benefit from the optimisation of metal forming, a
product designer is confronted with totally different challenges than a manu-
facturing engineer;

• Finite Element codes: many FEM codes are available which can all be used by
optimisation techniques. The choice for specific simulation software depends
heavily on the process, product, and the preference of the user.
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3.3 Optimisation strategies for metal forming pro-
cesses: An overview

A three stage optimisation strategy is proposed that lives up to all requirements
introduced in Section 3.2. The three stages are:

1. Modelling the optimisation problem using a 7 step modelling methodology;

2. Screening to reduce the number of design variables and to remove discrete
design variables;

3. Solving the optimisation problem by a Sequential Approximate Optimisation
(SAO) algorithm.

These three stages are schematically presented in Figure 3.2. The different stages
are further explained in the Sections 3.3.1 to 3.3.3.

3.3.1 Modelling

Concerning the modelling, a structured methodology of 7 steps is proposed. The
7 steps guide a user through the modelling process of the optimisation problem
for the metal forming process and metal product he or she is dealing with. The 7
step methodology overcomes the risks of arbitrary modelling presented in Section
3.1.1: the user does not have to be an optimisation specialist in order to model the
problem well and the structured approach makes sure that no essential responses
and design variables are neglected.

The two other requirements for the modelling procedure introduced in Section
3.2 were the general applicability and the specific mathematical optimisation model
that should be the result of modelling. Both requirements are quite contradictory:
the optimisation strategy needs to be generally applicable, yet solving it mathemat-
ically requires a detailed and specific optimisation model. The 7 step methodology
lives up to this paradox by starting as generally as possible: the first step is based
on the Product Development Cycle which is truly generally applicable to all kinds
of products and any production process. The subsequent steps reduce all possibili-
ties within the Product Development Cycle to the particular problem, product and
process faced by the user. After Step 7, the result is a specific optimisation model
of the form of Equation (2.2), which can subsequently be solved by a mathematical
optimisation algorithm.

The Product Development Cycle and the 7 step modelling methodology will be
further elaborated in Chapter 4.

3.3.2 Screening

Subsequently, the modelled optimisation problem needs to be solved by an appro-
priate optimisation algorithm. In order to live up to the requirements, the opti-
misation algorithm needs to be efficient in combination with time-consuming FEM
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Figure 3.2: Overview of the proposed optimisation strategy for metal forming processes
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simulations. As will be reasoned later in Section 3.3.3, an approximate optimisation
algorithm is proposed for solving.

However, approximate algorithms suffer from the curse of dimensionality as
mentioned before in Section 2.1.2. Moreover, they generally cannot handle discrete
design variables.

The optimisation problem modelled by the 7 step methodology may still contain
many design variables and also discrete design variables. To make the optimisation
model compatible to the optimisation algorithm, a screening stage is included in the
optimisation strategy. Screening can significantly reduce the size of the optimisation
problem and also eliminate discrete design variables. Subsequently, the reduced
continuous optimisation problem can be solved efficiently using an approximate
optimisation algorithm.

The adopted screening techniques are further elaborated in Section 5.1.

3.3.3 Solving

In Section 3.1.2, many publications were discussed in which mathematical opti-
misation algorithms were combined with FEM metal forming simulations. Many
different algorithms are used for many different metal forming models, which in-
dicates that academic research has not converged to one or two best optimisation
algorithms yet. This makes the choice for a suitable algorithm for application in
metal forming a difficult one. In this thesis, a metamodel-based Sequential Ap-
proximate Optimisation (SAO) algorithm is proposed for the optimisation of metal
forming processes. This choice is based on the following considerations:

• Iterative algorithms can be computationally expensive because of the necessity
to run FEM calculations sequentially. Moreover, sensitivities will need to be
determined — which is quite a challenge using FEM as described in Section
3.1.2 — and these algorithms are likely to be trapped in a local optimum;

• Adaptive optimisation algorithms can only take into account time-dependent
design variables and generally need access to the source code of the FEM
software. To keep the algorithm widely applicable, no preliminary restrictions
are allowed concerning both the choice of design variables or a specific FEM
package. The algorithm should be able to be combined with any FEM code,
including commercial ones for which access to the source code is not available;

• Genetic and evolutionary algorithms look promising because of their tendency
to find the global optimum and the possibility for parallel computing. How-
ever, the rather large number of function evaluations that is expected to be
necessary using these types of algorithms is regarded as a serious disadvantage;

• Approximate optimisation algorithms are designed to be efficient in cases of
expensive function evaluations like physical and time-consuming numerical ex-
periments. They do not require the calculation of sensitivities, allow for paral-
lel computing and tend to find the global optimum. Additionally, their black
box approach assures the optimisation strategy will be insensitive with respect
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to different FEM codes and the metamodels can also be used for other goals
than optimisation only. Unfortunately, these advantages come at the cost
of having only an approximate optimum, but this disadvantage can be min-
imised by applying a sequential approximate optimisation algorithm, which
allows for improving the accuracy of metamodels and thus the approximated
optimum sequentially. Other disadvantages like the “curse of dimensionality”
and difficulties solving discrete optimisation problems are overcome by ap-
plying screening techniques before the approximate optimisation algorithm is
applied.

The SAO algorithm is further elaborated in Chapter 5. Its performance is com-
pared to other optimisation algorithms by application to forging in Chapter 6.

3.3.4 Deterministic and robust optimisation strategies

The optimisation strategy proposed in Figure 3.2 and the Sections 3.3.1, 3.3.2 and
3.3.3 is a deterministic optimisation strategy : it only takes into account controllable
design variables. In industrial metal forming, process robustness and reliability is
of major importance. In order to be able to assess process robustness and reliabil-
ity, it is essential to take into account non-controllable stochastic variables (noise
variables) during optimisation. Therefore, the deterministic optimisation strategy
presented in Figure 3.2 will be extended to include robustness in Chapter 7. The
result is a second optimisation strategy for metal forming processes: a robust optimi-
sation strategy. Being based on the deterministic optimisation strategy, the robust
optimisation strategy will also consist of the three stages: modelling, screening and
solving.

3.4 Summary

This chapter introduced the optimisation strategy proposed in this thesis for opti-
mising metal forming processes. At the basis of the strategy is a thorough literature
study. From the literature review it has been concluded that many publications are
available on the field of optimisation of metal forming using Finite Element simu-
lations. However, the focus in these publications has primarily been on the solving
part of mathematical optimisation rather than the modelling part. Modelling is
often done in an arbitrary way, with the risk that important responses and design
variables may be left out the optimisation problem and are hence not taken into ac-
count during optimisation. Additionally, arbitrary modelling only yields meaningful
results in the hands of a person specialised in both metal forming and optimisation,
which limits the general applicability of optimisation in industrial metal forming.

Considering the solving, it has been concluded that many different optimisation
algorithms are applied to many different problems, products and metal forming
processes. Different groups of algorithms have been reviewed: iterative algorithms,
genetic and evolutionary algorithms, approximate algorithms, adaptive algorithms,
and hybrid and combined algorithms.
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The aim of this thesis is to develop a generally applicable, but efficient optimi-
sation strategy for metal forming processes. Any user should be able to apply it
to any metal forming problem, process and product, employing any Finite Element
code.

The overview of the three stage optimisation strategy proposed in this thesis has
been presented. The first stage is a structured 7 step methodology for modelling
the optimisation problem. The 7 step methodology ensures the user does not have
to be a specialist in order to model the problem well. Additionally, the structured
approach makes sure that no essential responses and design variables are neglected.

For solving the modelled optimisation problem efficiently, a Sequential Approx-
imate Optimisation (SAO) algorithm is proposed. Approximate algorithms suffer
from the curse of dimensionality and cannot take into account discrete design vari-
ables. After modelling, screening techniques are a second stage of the optimisation
strategy. Screening reduces the number of design variables and eliminates discrete
design variables, which assures that the optimisation model and the SAO algorithm
are compatible to each other.

The reduced continuous optimisation problem can subsequently be solved effi-
ciently using a metamodel-based Sequential Approximate Optimisation (SAO) al-
gorithm. Since SAO includes the FEM simulations as a black box, any FEM code
for any metal forming process and any product can be included, which makes the
algorithm very generally applicable.

The above deterministic optimisation strategy will be extended to include pro-
cess robustness and reliability which is an important issue in the metal forming
industry. Hence, this thesis proposes two optimisation strategies for metal forming
processes: a deterministic and a robust optimisation strategy. Both consist of the
modelling, screening and solving stages described above.

The 7 step modelling methodology is further elaborated in Chapter 4. The
screening techniques and the SAO algorithm are introduced in more detail in Chap-
ter 5. SAO is compared to other optimisation algorithms by application to two
forging processes in Chapter 6. Chapter 7 extends the deterministic optimisation
strategy to the robust optimisation strategy.



Chapter 4

Modelling optimisation
problems in metal forming

In this chapter, the modelling part of the optimisation strategy for industrial metal
forming processes is proposed. As presented in the overview in Section 3.3, the
modelling of optimisation problems is performed by a structured 7 step methodol-
ogy.

The structured modelling procedure is based on the Product Development Cy-
cle presented in Section 4.1, which is subsequently applied to metal forming in
Section 4.2. The relation between the Product Development Cycle and modelling
optimisation problems is explained in Section 4.3. Section 4.4 presents the 7 step
methodology for modelling optimisation problems in metal forming.

4.1 Product Development Cycle

At the basis of the structured methodology for modelling optimisation problems for
industrial metal forming processes is the Product Development Cycle, which is part
of the Product Life Cycle. A schematic of the Product Life Cycle is presented in
Figure 4.1 [200]. The Product Development Cycle comprises the Stages 0 through
5, i.e. the Product Life Cycle of Figure 4.1 excluding the Stages 6 (product con-
sumption) and 7 (product disposal).

Three groups of quantities are indicated in Figure 4.1:

• Functional Requirements (FRs): these are product properties that are critical
to customer satisfaction and product functionality;

• Design Parameters (DPs): these define the product design;

• Process Variables (PVs): these are process settings necessary to manufacture
the product.
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Figure 4.1: The Product Life Cycle according to [200]

The Product Life Cycle and Product Development Cycle are both generally
applicable to any product and process. The next step is to make this concept more
specific by applying it to metal forming.

4.2 Product Development Cycle applied to metal
forming

The Functional Requirements (FRs), Design Parameters (DPs) and Process Vari-
ables (PVs) introduced in the previous section can be specified for metal products
and their forming processes. However, in each of these three groups, many metal
forming quantities can be distinguished. Without limiting the general applicabil-
ity with respect to metal forming problems, products and processes, it has been
tried to mainly focus on industrially relevant quantities. Therefore, several large
metal forming companies have been consulted. This resulted in a large number of
industrially relevant metal forming quantities.

The industrially relevant metal forming quantities have been confronted with
the Product Development Cycle and were subsequently categorised in FRs, DPs,
and PVs. Two additional categories especially relevant for industrial metal forming
processes have been distinguished: Defects and Costs. The group of Defects com-
prises typical metal forming problems such as cracks. Costs is also a major item
in industry, which is not included explicitly in one of the groups FRs, DPs, PVs or
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Figure 4.2: The Product Development Cycle applied to metal forming

Defects. Defects and Costs have been added to the Product Development Cycle.
As presented in Figure 4.2, they are at the same position as DPs.

Within each of the five groups, the industrially relevant metal forming quanti-
ties have been structured top-down. The lowest level of these structures contains
quantities which can be used as inputs for and/or responses from FEM simulations.
The five groups and their top-down structures are introduced one by one in the
Sections 4.2.1 through 4.2.5.

4.2.1 Functional Requirements

It is very hard — not to say impossible — to present an exhaustive list of all
Functional Requirements possible for metal parts. Functional Requirements set
on metal products vary from product to product and from company to company.
Hence, it is not attempted to produce an exhaustive overview. This section provides
a number of useful FRs.

Metal formed products are generally included in mechanical systems such as
cars, airplanes, household equipment, etc. These systems, their subsystems and the
individual metal formed parts can be subject to static or dynamic loading. Typical
Functional Requirements related to static loads are strength and stiffness require-
ments. FRs related to dynamic loading are fatigue demands and crashworthiness
properties. These FRs are schematically presented in Figure 4.3.
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Figure 4.3: Functional Requirements of metal formed parts

Finite Element simulations are used to predict whether the Functional Require-
ments are met. Therefore, it is essential to quantify the above-mentioned FRs by
quantities that can be calculated using FEM software. Note that the top-down
structure in Figure 4.3 has not been elaborated to the lowest level. This is because
of the large amount of possibilities for FRs and an even larger amount of possibil-
ities for their quantification. Further quantifying of the FRs mentioned in Figure
4.3 is left to the user, who is in general very well aware how to calculate the FRs
for his metal formed product by FEM.

4.2.2 Design Parameters

Design Parameters are those parameters that are determined by a part designer to
achieve the Functional Requirements. For metal formed parts, two groups of Design
Parameters may be distinguished as shown in Figure 4.4: Part geometry and Part
material. The Part geometry can be subdivided further into part dimensions, radii,
etc. present in the part. The Part material can be looked at in two different ways:

• a discrete material including all its properties is considered, e.g. DP600 steel
or 6000 series aluminium;

• the material properties themselves are considered, e.g. initial yield stress,
Young’s modulus, Poisson’s ratio, density, etc.

DPs serve as inputs for FEM simulations that evaluate a metal part’s Functional
Requirements. On the other hand, DPs such as shape accuracy are output of FEM
simulations of metal forming processes. Note that the lowest level in Figure 4.4
contains quantities (part dimensions, discrete material and material properties)
that can be explicitly used as FEM inputs and/or responses.

4.2.3 Process Variables

When the metal part has been designed, it needs to be manufactured. This is gen-
erally performed by a process engineer, who at this stage still has many variables
to influence in order to produce the intended part (described by its DPs), which in
its turn needs to satisfy the required functionality (described by the FRs). These
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Figure 4.4: Design Parameters of metal formed parts

variables that can be influenced in the manufacturing stage are denoted as Process
Variables or PVs. For metal forming processes, PVs can be subdivided into geo-
metrical, material and process related variables [164, 165] as can be seen in Figure
4.5.

Geometrical parameters

In general, three groups of geometrical parameters can be distinguished:

• Part geometry;

• Workpiece geometry;

• Tool geometry.

The Part geometry is strictly not a PV, but a DP and has already been addressed
in Section 4.2.2. The Workpiece and Tool geometries are PVs. The workpiece is
the undeformed part, i.e. blank in the case of deep drawing, tube in the case of
hydroforming, billet in the case of forging, etc. The Workpiece geometry can be
further subdivided into the position of the workpiece in the tools and the workpiece
size and dimensions (shape, thickness, etc. ), which can all be influenced as inputs
of FEM simulations of metal forming processes.

The Tool geometry is the geometry of the dies, including for example addendum
geometry, drawbead geometry, and so on. Except for these parts that are finally
cut off the part, the tool geometry can often not be changed if the part design is
fixed. Exceptions include multistage metal forming processes (then one can vary
the tool geometry of all but the final stage) and when the tool geometry of the final
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stage is different from the part geometry, for example when optimisation is applied
for springback compensation.

The Workpiece and Tool geometries displayed on the lowest level in Figure 4.5
are all inputs for FEM simulations of metal forming processes.

Material parameters

Material parameters are also subdivided into Workpiece and Tool material. The
Workpiece material is the same as the Part material discussed as Design Parameter
in Section 4.2.2. It can, however, also be denoted as a Process Variable, since the
Part material selection is often merely a rough choice for a material, e.g. steel or
aluminium. Which type of steel or which grade material to use (highest or less
superior quality) is often decided in the process design stage, not in the part design
stage.

Tool material is a typical Process Variable. For FEM calculations, however,
tools are often assumed to be rigid, hence no material is included. Nevertheless,
tool material could well be varied. Both Workpiece and Tool material PVs can be
looked at in two different ways (see Figure 4.5):

• a discrete material including all its properties is considered, e.g. DP600 steel
or 6000 series aluminium;

• the material properties themselves are considered, e.g. initial yield stress,
Young’s modulus, Poisson’s ratio, density, etc.

Just as was the case for the Part material, both the discrete material and the
material properties are inputs of FEM.

Process parameters

Next to geometrical and material parameters, process parameters are the third
group of PVs. Figure 4.5 shows that amongst them are load paths and other
process parameters. The group of load paths are often time-dependent and include
tool forces, pressures, displacements, velocities, temperatures, etc., which all can be
changed in FEM.

As can be seen in Figure 4.5, the most important PV of the group “other process
parameters” is the coefficient of friction, which is in FEM generally the parameter
that includes lubrication and friction between workpiece and tools.

4.2.4 Defects

Next to the FRs, DPs and PVs for metal formed products and their processes,
there is a large industrial interest in preventing or solving defects. Of course, if the
products resulting from a metal forming process do not satisfy the demands put
on the functioning (FRs), or do not satisfy the geometrical accuracy with respect
to the intended part (DPs), one could describe the manufactured part as defective.
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Figure 4.5: Process Variables for metal forming processes

Hence, defects with respect to the FRs and DPs are already contained in these
categories.

However, what should one do with typical metal forming defects such as cracks
in parts? And with other instabilities like wrinkles in sheet metal forming? These
are important defects that are not included in the groups FRs and DPs and for this
reason they are included as a separate group.

Many kinds of these defects can be distinguished, which differ for different metal
forming processes. The main application in this thesis is industrial sheet and tube
metal forming processes. Therefore, the group of Defects is limited to typical de-
fects for these processes: necking, wrinkling and large deformation, see Figure 4.6.
These types of defects are typically represented in a Forming Limit Diagram (FLD)
in the principal strain space, of which a typical example is included in Figure 4.7.
In this figure, e1 and e2 denote the major and minor principal strain, respectively.

Necking

Whether a part necks — and subsequently fails from tensile fracture — is often
determined by means of a Forming Limit Curve (FLC), which is visualised in the
FLD in Figure 4.7. The FLC is mainly determined by the material under consider-
ation and its properties. This FLC can be compared to the strain distribution in a
metal part. If the strains exceed the FLC at a certain location, necking defects are
predicted to occur.
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Figure 4.6: Defects for sheet and tube metal forming processes

Hence, to evaluate a necking defect using FEM, one should calculate the strains
and know the material-dependent FLC.

Wrinkling

Where necking can be described as a tensile instability, wrinkling is a compressive
instability [17]. Wrinkling is a property difficult to predict. It depends on many
factors such as the strains/stresses in and geometrical properties of the part. Wrin-
kling indicators are sometimes implemented in Finite Element codes, see e.g. [1].
Alternatively, the risk of wrinkling can be obtained from the FLD as is also done
in the commercial Finite Element code AutoForm [1]: in Figure 4.7, one can ob-
serve the line e1 = −e2, which is the line of constant thickness. Below that line,
compression in the sheet material occurs, which indicates a danger of wrinkling.

The responses that are to be determined for evaluating wrinkling are hence
related to strains, which can easily be determined using FEM for metal forming
processes.

Large deformation

A third property of an FLD that can prove to be useful is the amount of deformation.
Some metal forming defects or cracks occur when the strains at a certain location
are very high, i.e. e1 and e2 are both large, either positive (tension) or negative
(compression). If defects can be related to large deformation, one can reduce the
strains by trying to achieve small strains, e.g. by defining a target as indicated in
Figure 4.7.

Just as was the case for necking and wrinkling, the target for reducing large de-
formation is also related to the FLD in strain space. Therefore, the FEM responses
important for evaluating the amount of deformation are the strains.

4.2.5 Costs

Yang and El-Haik [200] point out that — next to Functional Requirements, Design
Parameters and Process Variables — quantities such as reliability, environment and
costs play a role, too. This is certainly the case in the metal forming industry where
one of the major goals of applying optimisation techniques is to reduce the costs.
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Figure 4.7: Forming Limit Diagram (FLD)

A problem arising for the quantities reliability, environment and costs is that
they are difficult to quantify by FEM output. This is especially the case in the Part
Design phase. Reliability could e.g. be related to the FR fatigue. This is, however,
only part of the story, since other — perhaps unknown — quantities also influence
the part’s reliability. In a similar manner, it can be stated that the part needs to
be designed to minimise the amount of energy needed to form it. This contributes
to the environmental friendliness of the product, but is certainly not the only thing
that matters for the environment.

Reliability and the environment are becoming more and more important, but
are obviously of a lower industrial interest than the third quantity: costs. When
asked what one would like to achieve using optimisation, a commercial company will
nearly always reply: to minimise production costs. Therefore, it is of the utmost
importance to include costs as a fifth group of interesting quantities in the Product
Development Cycle applied to metal forming, see Figure 4.2.

For metal formed products and their processes, several costs can be specified,
see Figure 4.8: Material costs, Process costs, and Tooling costs.

Material costs

With increasing material prices, material costs are becoming more and more im-
portant. The material costs can be calculated easily from the part’s volume, the
material’s density and the price per kilogram material.

Material costs are made for the part itself and waste that is thrown away. Al-
ternatively, costs go into scrap, which are parts that were intended to be good, but
somehow do not satisfy demands and are disposed of. Note that waste material
is only present in case cutting operations are included in the manufacturing pro-
cess. Scrap material costs could be determined by calculating the material costs of
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Figure 4.8: Costs in metal forming

good parts plus the material costs of defective products. The number of defective
products can be determined when the scrap rate is known. This scrap rate is a
consequence of uncertainty, which can only be determined using FEM when noise
variables are taken into account instead of design variables only. This subject will
be continued in Chapter 7 when the robust optimisation of metal forming processes
is addressed.

Process costs

Process costs are all costs related to running the metal forming process. They are
time bounded. As can be seen in Figure 4.8, process costs can be subdivided into
several other costs such as press depreciation, labour costs, energy costs for driving
the presses, and costs of lubrication.

Process costs are quite difficult to quantify using FEM. Process cost minimi-
sation can be achieved by (i) minimising the time needed to produce the metal
parts; or (ii) minimising the price per hour. The former situation implies that
time-dependent material behaviour should be taken into account during the FEM
simulation. In the latter situation, one could imagine minimising the necessary deep
drawing force to be able to produce the desired parts on the smallest, and hence
probably cheapest press. An example where the energy costs per part have been
considered can be found in Chapter 6 where the forming energy during forging a
gear has been minimised.
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Tooling costs

A third type of costs are the tooling costs, i.e. the purchase of dies in the case of
metal forming processes. These costs consist of the number of toolsets/dies needed
multiplied by the price/toolset. The price/toolset is very hard to estimate: it
depends on the size, material, complexity, amount of machining, etc. The number
of toolsets used is strongly related to tool wear: the less wear, the fewer toolsets need
to be produced or purchased. Wear-related properties can be predicted by FEM,
e.g. the contact pressure between an extruded part and die is a measure for tool
failure. Minimising this contact pressure will contribute to a significant decrease in
tooling costs.

4.3 Product Development Cycle and optimisation
modelling

The Product Development Cycle of Section 4.1 and the five groups of metal form-
ing quantities introduced in Section 4.2 will now be related to the modelling of
optimisation problems.

For modelling optimisation problems in metal forming processes, only stages
2 through 5 of the Product Development Cycle (Concept Development through
Production) of Figure 4.2 are taken into account. Within this part of the Product
Development Cycle, four situations are distinguished in which the optimisation of
metal formed products and their manufacturing processes can play a role:

• Part Design, where it is aimed to optimise the metal formed product’s Func-
tional Requirements by determining the Design Parameters;

• Process Design Type I, where it is aimed to exactly obtain the Design Param-
eters set by the part designer by determining the Process Variables;

• Process Design Type II, where it is aimed to optimise the metal formed prod-
uct’s Functional Requirements by determining the Process Variables;

• Production, where optimisation techniques can be used to solve problems.

These situations and their relations to the Product Development Cycle are pre-
sented in the left part of Figure 4.2. The modelling of optimisation problems for
each situation is further elaborated in the Sections 4.3.1 through 4.3.4.

4.3.1 Situation 1: Part Design

It can be seen in Figure 4.2 that the Part Design phase relates the metal formed
product’s Functional Requirements to the Design Parameters. As pointed out in
Section 4.2.5, costs are also important to take into account. Designing a part in
order to achieve the required FRs is performed by a part designer, who is generally
not concerned with Process and Tooling costs. Waste and Scrap Material costs
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Figure 4.9: Input-Response model for FEM in a Part Design situation

Figure 4.10: Input-Response model for FEM in relation to optimisation

will probably not bother him as well. Thus, the Material costs of the metal parts
themselves are the only costs included in the Part Design phase. Possible defects
and how to set the manufacturing process (Process Variables) are also outside the
scope of the Part Design phase. Hence, remaining quantities in the Part Design
phase are FRs, DPs and Part material costs.

Finite Element (FEM) simulations of the metal part can be used to establish
the relationship between DPs, Part Material costs and the FRs. These FEM simu-
lations will generally be linear static or dynamic codes (for e.g. stiffness or fatigue
calculations) or non-linear codes for determining e.g. crashworthiness properties.
The application of FEM in the Part Design phase is depicted in Figure 4.9. DPs
are selected and serve as inputs for the FEM simulation. FRs are the responses.
Part Material costs are also input. Note that for simulating a part in order to satisfy
the FRs, a part will generally not undergo any volume change. Since the material
density and price are fixed, the Part material costs depend only on this volume.
Therefore, the Part material costs are not a response value, but a FEM input.

Now let us review the use of FEM in combination with optimisation as intro-
duced in Chapter 2. Figure 2.1 is repeated as Figure 4.10. Note the resemblance
between Figures 4.9 and 4.10.

When modelling optimisation problems, the question is which quantity to select
as objective, which as constraints, and which design variables to take into account.
For the Part Design phase of the Product Development Cycle, this question can now
be answered by comparing Figures 4.9 and 4.10: the objective function and implicit
constraints are the product’s Functional Requirements. The design variables are the
product’s Design Parameters. Explicit constraints on the DPs may also be present
as inputs. Being an input, Part material costs would be generally included as an
explicit constraint.
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Figure 4.11: Input-Response model for FEM in a Process Design Type I situation

4.3.2 Situation 2: Process Design Type I

In the Process Design Type I phase as defined in Figure 4.2, the Process Variables
are determined to manufacture the metal part, which has been designed by the part
designer in the Part Design phase. Thus, the inputs are the PVs and the responses
are the DPs, which have been determined in the earlier Part Design phase. As can
be seen in Figure 4.2, other groups of metal forming quantities that are of interest
as responses in a Process Design Type I situation are Defects and Costs. FRs fall
outside the scope of interest: the designed part is generally given and is assumed
to inherently satisfy its Functional Requirements.

FEM calculations can also be used in this phase as shown in Figure 4.11. In
the Process Design phase, FEM calculations typically simulate the metal forming
processes: non-linear general or special purpose codes can be used for determining
the final shape of the manufactured part (DPs) and whether defects occur or not.
Thus, FEM software used in the Process Design Type I phase is generally different
from the codes used in the Part Design phase.

Next to the DPs, costs are also important output quantities. All Material,
Process and Tooling costs distinguished in Section 4.2.5 can be relevant. Although
the part geometry and a rough part material choice have already been made, it is
still possible in the Process Design phase to downgrade the material type to obtain
a lower price per kilogram.

In order to model optimisation problems in this Process Design Type I situ-
ation, one can again compare Figure 4.11 with Figure 4.10 and easily obtain the
relevant inputs and responses. The objective function and implicit constraints are
Design Parameters, Defects and Costs as presented in the Figures 4.4, 4.6 and 4.8.
Concerning Part Material costs: note that if no cutting operations are taken into
account, the final product has the same volume as the initial workpiece and the
Part Material costs are inputs instead of responses. Hence, in this case they would
be included as explicit constraints instead of implicit ones. The design variables are
the Process Variables presented in Figure 4.5.

4.3.3 Situation 3: Process Design Type II

In some situations, the metal forming process strongly influences the performance of
the final part, e.g. the influence of the hydroforming process on the crash properties
of a car’s chassis part. For these kinds of applications, it is important to include the
FRs in the Process Design phase, whereas it was reasoned in the previous section
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Figure 4.12: Input-Response model for FEM in a Process Design Type II situation

that FRs fall outside the scope of a Process Design Type I situation.
For these situations, a Process Design Type II situation has been defined. As

can be seen in Figure 4.2, a Process Design Type II situation spans all five groups:
FRs, DPs, PVs, Defects and Costs.

Figure 4.12 shows the application of FEM in Process Design Type II problems.
Note that in general, two FEM calculations are involved. FEM1 simulates the metal
forming process and determines the influence of the PVs on the DPs, Defects and
Costs. This part is similar to the Process Design Type I situation introduced in
Section 4.3.2. The part resulting after the metal forming process (described by its
DPs) subsequently serves as input for FEM2, which simulates the part performance
with respect to its FRs. This second stage is similar to the Part Design situation
described in Section 4.3.1. As a whole, one can generally conclude that for a Process
Design Type II situation, the PVs are the inputs and FRs, DPs, Defects and Costs
are the responses of the FEM simulations.

Concerning optimisation modelling, comparing Figures 4.12 with Figure 4.10
yields possible optimisation models following the Process Design Type II approach.
The objective function and implicit constraints are the FRs, DPs, Defects and Costs,
design variables are the PVs.

4.3.4 Situation 4: Production

If the Part and Process Design phases have been successfully completed, apply-
ing optimisation techniques in the final Production phase is no longer necessary.
However, reality shows many examples where production problems occur for metal
forming processes, for example because optimisation has not been performed in the
Part and Process Design phases. In this case, optimisation can again prove useful
to solve these problems.

Following Figure 4.13, the application of optimisation techniques to solve pro-
duction problems for metal forming processes consists of three subsequent stages:

• Problem identification;
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• Process redesign;

• Part redesign.

Problem identification

The Problem identification stage is very important: it defines the problem to be
solved, the cause of the problem, and how to solve it using optimisation. One can
distinguish two problems:

1. Problems related to the DPs (or Defects): the production process does not
yield the product the part designer intended;

2. Problems related to the FRs: the production process does not yield products
that are able to satisfy the Functional Requirements.

It is very important to be certain about the cause of the production problems
and how to calculate this cause using FEM. If the wrong quantity is defined and —
later on — optimised, one will never be able to solve the production problem.

Process and Part redesign

After the problem identification, optimisation can be applied to solve the problems.
The fact that production problems exist implies that either the Process Design or
Part Design phase have not been performed correctly. A logical step to take is to re-
iterate back to (one of) the previous phases, and model the optimisation problems
to comply with this phase as discussed in the Sections 4.3.1 to 4.3.3.

The question now arises which of the phases to re-iterate back to: Part Design,
Process Design Type I, or Process Design Type II? As can be seen in Figure 4.13, a
distinction is made between Part redesign — in which the part is redesigned — and
Process redesign — in which the part itself is left the same, but the metal forming
process is altered to solve the production problems.

When solving production problems, Part redesign is often inconvenient. Chang-
ing a part’s design (geometry, material) influences the part’s performance and also
the compatibility with other parts. The former implies the performance needs to
be evaluated again by time-consuming and expensive tests, simulations, etc. The
latter makes it necessary to change the production processes of other parts which
is undesirable.

Process redesign can be quite costly, too, but is generally less demanding than
Part redesign. Therefore, the first approach to solve production problems would be
to apply optimisation techniques in Process redesign, as indicated in Figure 4.13.

Performing Process redesign, one returns to the Process Design Type I or Process
Design Type II situations. The choice for one of the two situations depends on
whether the problem is Design Parameter/Defect related or Functional Requirement
related. For modelling optimisation problems in these phases, refer to the Sections
4.3.2 and 4.3.3, respectively.
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Figure 4.13: Application of optimisation to solve production problems

Redesigning the process using optimisation as described above will generally
solve the majority of the production problems. However, one could imagine situ-
ations where the problems persist, even after Process redesign. In this case, the
final possibility to get rid of the problems is to redesign the part (see Figure 4.13).
This can be done for both DP and FR related production problems, although in a
slightly different way.

For DP related production problems, the part intended by the part designer
cannot be produced. The bottleneck needs to be determined and the part needs
to be adapted in order to be able to manufacture it. This influences the product’s
performance (FRs). A Part redesign optimisation problem can assist in optimising
the FRs while constraining the DP that caused the production problems.

For FR related production problems, the part’s performance is not sufficient.
Process redesign — altering the PVs — has not yielded sufficient improvement. A
Part Design optimisation problem can then be formulated that allows DPs to be
taken into account as additional design variables. This extra freedom may result in
the part satisfying the FRs.

4.4 A 7 step methodology for the optimisation of
metal forming processes

Combining the Product Development Cycle with optimisation yielded four possible
optimisation situations in metal forming. Depending on which situation is appro-
priate, the top-down structures in the Figures 4.3, 4.4, 4.5, 4.6 and 4.8 present
possible responses (objective function and implicit constraints) and/or inputs (de-
sign variables and explicit constraints). In order to obtain an optimal solution for
the metal forming problem, a mathematically formulated optimisation problem of
the form of Equation (2.2) is required.
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Based on the theory in the previous sections, a 7 step methodology for mod-
elling optimisation problems in metal forming is proposed. This 7 step modelling
methodology guides a user through the process of mathematically modelling his
metal forming problem in a structured way. The 7 steps are:

1. Determine the appropriate optimisation situation;

2. Select the necessary responses;

3. Select objective function and implicit constraints;

4. Quantify the responses;

5. Select the design variables;

6. Define the ranges on the design variables;

7. Identify explicit constraints.

The first step defines which of the four optimisation situations introduced in
Section 4.3 is applicable. Subsequently, Steps 2, 3 and 4 focus on the response side
of optimisation using FEM, i.e. the objective function and implicit constraints are
being modelled. The inputs (design variables and explicit constraints) are modelled
stepwise in Steps 5, 6 and 7. The final result is an optimisation model of the form
of Equation (2.2) that addresses the metal forming problem the user is facing.

Below, the 7 steps will be elaborated. The utilisation of the 7 steps for modelling
optimisation problems in metal forming will be extensively demonstrated for the
industrial applications in the Chapters 8 through 10.

4.4.1 Step 1: Determine the appropriate optimisation situa-
tion

The first step is to determine the appropriate optimisation situation. Four situations
in which the optimisation of metal products and their manufacturing processes can
play a role have been distinguished in the previous section:

• Part Design;

• Process Design Type I;

• Process Design Type II;

• Production.

The flow chart presented in Figure 4.14 can assist in selecting the appropriate
optimisation situation.

When the proper optimisation situation has been determined, the possible inputs
and responses to include in the optimisation model for metal forming processes are
known, which has been discussed before in the Sections 4.3.1 through 4.3.4 for all
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Figure 4.14: Flow chart to determine the appropriate optimisation situation

four different situations. Table 4.1 summarises the possible groups of responses
and inputs for the different optimisation situations. Each group has been further
divided into metal forming quantities that can serve as responses and inputs for
FEM in Section 4.2. In Table 4.1, it is indicated for each group in which section to
find the top-down structures of possible response and input groups.

Having reduced all possible responses and inputs into specific groups for each
optimisation situation, the remaining groups are subsequently used in Steps 2, 3
and 4 (responses) and 5, 6 and 7 (inputs) of the 7 step modelling methodology.

Example Suppose a manufacturing engineer wants to design a hydroforming process of a
product that has already been designed by a part designer, but is not yet in production. Based on
experience, it is guessed that the influence of the manufacturing process on the part performance is
small. Following Figure 4.14 yields a Process Design Type I situation, which has been introduced
in Section 4.3.2. Figure 4.11 and Table 4.1 show that for such a situation possible groups of
responses are the DPs, Defects and Costs. Possible inputs are the PVs.

4.4.2 Step 2: Select the necessary responses

Using Step 1, all possible quantities have been reduced to several groups, thereby
differentiating between different users and the challenges they are facing. The re-
maining amount of possible responses is, however, still very large. In Step 2, only
those responses will be selected that are necessary for optimising the problem, prod-
uct and process under consideration. This is done based on a combination of the
top-down structures (Figures 4.3, 4.4, 4.5, 4.6 and 4.8) and user experience. The
user can follow the top-down structure to determine the responses relevant for his
problem, product and process. To avoid making the optimisation problem unneces-
sarily complex and difficult to solve, it is important to keep the number of responses
to a minimum.

The results of Step 2 of the 7 step methodology are necessary response quantities
on the lowest level of the top-down structures, which are output quantities of FEM.



4.4
A

7
step

m
eth

o
d
ology

for
th

e
op

tim
isation

of
m

etal
form

in
g

p
ro

cesses
69

Optimisation situation Responses Inputs

Part Design Functional Requirements (Section 4.2.1) Design Parameters (Section 4.2.2)
Part Material costs (Section 4.2.5)

Process Design Type I Design Parameters (Section 4.2.2) Process Variables (Section 4.2.3)
Defects (Section 4.2.4)
Costs (Section 4.2.5)

Process Design Type II Functional Requirements (Section 4.2.1) Process Variables (Section 4.2.3)
Design Parameters (Section 4.2.2)

Defects (Section 4.2.4)
Costs (Section 4.2.5)

Production Use Figure 4.13 to determine
the right optimisation situation

Table 4.1: Possible responses and inputs for the four optimisation situations
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Example The top-down structures for DPs, Defects and Costs in the Figures 4.4, 4.6 and 4.8
are employed to select only the most important responses for the hydroforming application under
consideration. After having followed the top-down structures, the manufacturing engineer decides
that two responses are essential: (i) the final product should match the one designed by the part
designer; and (ii) no defects should be present in the final part. The former response is a DP,
of which the top-down structure is presented in Figure 4.4. Following the top-down structure,
the manufacturing engineer could reason that the material has already been selected by the part
designer. Then, the only remaining relevant DP response is the geometrical accuracy (dimensions).
For hydroforming, this geometrical accuracy is provided by the distance between the final product
and the tools, which represent the desired geometry.

The second response of interest are Defects, for which the top-down structure in Figure 4.6
can be followed. For the part considered, necking is of primary interest, which is quantified as the
distance between the strain distribution throughout the part and the FLC, as presented in Section
4.2.4. The other possible Defects in Figure 4.6 — Wrinkling and Large deformation — are judged
to be less important by the manufacturing engineer.

From the category Costs (see Figure 4.8), no important responses are selected for this hydro-
forming application.

Both necessary responses — filling distance and strains — are outputs of FEM for metal

forming.

4.4.3 Step 3: Select objective function and implicit con-
straints

Now the necessary responses have been selected, the question is how to take them
into account in the optimisation model. A first option is by applying multi-objective
optimisation. An easy way of multi-objective optimisation is combining the objec-
tives by a weighted sum approach [18]:

ftot = w1f1 + w2f2 + ... + wnfn (4.1)

where f denote the responses, ftot is the final single objective function value and w
are subjectively chosen weight factors.

Alternatively, one can select one response as objective function f , and the others
as implicit constraints g:

min f

s.t. g − USL ≤ 0
(4.2)

Because of the fact that the weight factors in Equation (4.1) are subjectively
selected, the constrained optimisation formulation of Equation (4.2) is preferred.
Note that one still needs to define a limit for the responses that are taken into
account as implicit constraints (the constants denoted as USL in Equation (4.2)).
USL denotes Upper Specification Limit, which is a user-defined upper limit that
is not allowed to be exceeded by the responses g. Similarly, a Lower Specification
Limit (LSL) can be defined for lower limits that responses g should stay above. A
user is often well aware of the critical values for the part or process, which makes
it easy to define USL in Equation (4.2).

Hence, in Step 3, one of the defined response quantities is selected as objective
function, the others as implicit constraints.
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Example In the case of the hydroforming example, the manufacturing engineer opts to man-
ufacture the part as accurately as possible. Hence, the filling is selected as objective function.
Defects are not allowed to occur: the distance to FLC is taken into account as implicit constraint.
The Upper Specification Limit is selected in such a way that the strains are not allowed to exceed
the FLC.

4.4.4 Step 4: Quantify the responses

Now, it is clear which FEM responses are taken into account and whether they are
formulated as objective or as implicit constraints. However, the exact mathematical
formulation of the responses is still not clear. This is done in Step 4 of the 7 step
methodology.

The FEM output X from which the responses are constructed are known. It can
be a nodal or element value or not. Examples of nodal/element values are strains,
stresses, thickness, etc. Quantities such as forming energy are not nodal/element-
related: one number results from one FEM calculation.

The nodal/element value dependent response — for example objective function
f — can be modelled in different ways:

fmax = maxN X (4.3)

fmean =
P

N
X

N
(4.4)

fnorm =

∥

∥X

∥

∥

2√
N

(4.5)

where N denotes the number of nodes or elements. The max formulation in Equa-
tion (4.3) is a worst case scenario: the most critical node or element provides the
response value. If one is more interested in the average performance of response
quantity X throughout the entire part or a certain region, one can best use the
mean or norm formulations in Equations (4.4) or (4.5), respectively.

Table 4.2 assists in selecting the final mathematical formulation of the objective
function and implicit constraints. Objective functions are subdivided into objectives
that aim to reach a target X0 and those that do not. For the implicit constraints,
an Upper Specification Limit (USL) and a Lower Specification Limit (LSL) are
distinguished.

Furthermore, Table 4.2 subdivides the element/nodal value related responses
further into critical and non-critical values. Critical values are the values for which
none of the nodal/element values is allowed to exceed a specified level. In this case,
a worst case situation is assumed and the max formulation from Equation (4.3) is
used. If it is acceptable that some of the element/nodal values exceed this specified
level, but it is important that the average response value performs well, the response
is non-critical. When no target is present, the mean formulation of Equation (4.4)
is used. When a target is present, each positive or negative deviation from this
target should be overcome and the norm formulation of Equation (4.5) is preferred.
Constraints are assumed to be critical values by definition as one can see in Table
4.2.

Step 4 concludes the modelling of the responses.
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Type of response No nodal /element value Nodal/element value Nodal/element value
critical non-critical

Objective function:

No target min X min maxN X min
P

N (X)

N

Target = X0 min |X − X0| min maxN |X − X0| min

X−X0


2

√

N

Implicit constraint:
USL X − USL ≤ 0 maxN (X − USL) ≤ 0
LSL LSL − X ≤ 0 maxN (LSL − X) ≤ 0

Table 4.2: Response quantification

Example For the hydroforming example, the shape accuracy is the objective function. Fur-

thermore, the gap between final product and die should not exceed a certain predefined distance

at any location. This makes it a “critical nodal/element value without a target”. From Table

4.2, it follows that in this case the maximum gap should be minimised. The FLC provides an

Upper Specification Limit (USL) implicit constraint, which is also critical: in none of the elements

are the strains allowed to exceed the FLC. Step 4 finalises the modelling of the responses: the

mathematical functions for the responses are now known.

4.4.5 Step 5: Select the design variables

Steps 5, 6 and 7 of the modelling methodology concern the FEM inputs, the design
variables in the case of optimisation. Step 5 comprises the design variable selec-
tion. The optimisation situation selected in Step 1 determines the groups of design
variables to be taken into account, see Table 4.1. The user can employ the top-
down structures referred to in the table (such as the one in Figure 4.5) to select the
design variables for the specific optimisation problem, product and process under
consideration.

After Step 5, the possible design variables are known. Being selected on the
lowest levels of the top-down structures, they all serve as input for FEM.

Example For the hydroforming example, we are considering a Process Design Type I situation.
Figure 4.11 showed that the PVs are the group of design variables for a Process Design Type I
situation. In Step 5, the top-down structure of the PVs (Figure 4.5) is employed to select the
design variables. Possibilities are Geometrical, Material and Process parameters. The Geometrical
parameters are further subdivided into the Workpiece and the Tool geometry. The latter cannot
be changed since for a one stage process, the Tool geometry corresponds to the final part geometry,
which has been fixed by the Part designer. From the group of Workpiece geometry, the initial
tube radius and thickness can be changed.

Concerning the Material parameters, the material has already been selected by the part de-
signer. The tools are modelled to be rigid in the FEM code: this omits the Tool material in Figure
4.5. Hence, no material related parameters can be taken into account as design variables.

The top-down structure in Figure 4.5 shows that the Process parameters are subdivided into
load paths and the coefficient of friction. The load path parameters for a hydroforming process are
the axial feeding and internal pressure load paths. The coefficient of friction can also be influenced,
e.g. by selecting different lubricants.

All the above design variables are quantities that can serve as inputs for the FEM simulation.
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4.4.6 Step 6: Define the ranges on the design variables

Step 6 comprises the selection of the ranges (upper and lower bounds) on all de-
sign variables. These bounds are taken into account as explicit constraints in the
optimisation problem.

Example The manufacturing engineer can fill in all upper and lower bounds on the design

variables for the hydroforming application.

4.4.7 Step 7: Identify explicit constraints

Step 7 concludes the input modelling by identifying additional explicit constraints.
Explicit constraints describe impossible combinations of the design variables, e.g.
it is not possible to run a FEM simulation for those settings, or the combination is
known beforehand to be an infeasible solution of the problem. Practice points out
that explicit constraints are quite simple to identify.

Example Typically, the time-dependent load paths give rise to additional explicit constraints,

e.g. time when end feeding stops should be larger than when it starts.

After having followed the 7 step methodology, the objective function, implicit con-
straints, explicit constraints, design variables and their upper and lower bounds are
mathematically modelled. The resulting optimisation model can subsequently be
optimised by an appropriate optimisation algorithm.

4.5 Summary

A structured methodology for modelling optimisation problems in metal forming has
been developed. It is based on the generally applicable Product Development Cycle
which has been applied to metal products and their forming processes. The Product
Development Cycle has subsequently been related to the modelling of optimisation
problems, i.e. defining objective function, constraints and design variables. The
result is a 7 step methodology for metal forming processes:

1. Determine the appropriate optimisation situation;

2. Select the necessary responses;

3. Select objective function and implicit constraints;

4. Quantify the responses;

5. Select the design variables;

6. Define the ranges on the design variables;

7. Identify explicit constraints.
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The modelling is concluded by re-emphasising that this 7 step methodology is
generally applicable to any metal forming problem and — after following the 7 steps
— yields a specific mathematical optimisation model, which can subsequently be
solved using a suitable optimisation algorithm. The 7 step methodology is exten-
sively demonstrated in the Chapters 8 through 10 when it is applied to industrial
metal forming processes.



Chapter 5

Solving optimisation
problems in metal forming

Next to modelling, solving is the second stage of mathematical optimisation. The
previous chapter presented a structured 7 step methodology for modelling optimisa-
tion problems in metal forming. In this chapter, a series of optimisation techniques
for solving the modelled optimisation problem are proposed.

As introduced in Section 3.3, an approximate optimisation algorithm is selected
for solving optimisation problems in metal forming. Advantages include its effi-
ciency in combination with time-consuming FEM simulations and its general ap-
plicability since FEM calculations can be included as a black box. Disadvantages
are that approximate algorithms cannot take into account discrete design variables.
Additionally, they suffer strongly from the curse of dimensionality, i.e. they are in-
efficient when many design variables are present. The 7 step modelling methodology
may yield many design variables, including discrete ones. Since the algorithm can-
not take these into account, the optimisation model needs to be adapted in order to
be compatible to the optimisation algorithm. This is done by screening techniques,
as already presented in the overview in Section 3.3.

Figure 5.1 presents an overview of the optimisation techniques used to solve opti-
misation problems in metal forming. After the 7 step methodology has been applied
to model the optimisation problem, screening is applied to reduce the optimisation
problem. The screening techniques that are employed for both reducing the number
of design variables and eliminating discrete design variables are described in Sec-
tion 5.1. Subsequently, a Sequential Approximate Optimisation (SAO) algorithm
is proposed for solving the reduced optimisation problem. SAO consists of several
stages as presented in Figure 5.1. These stages will be explained one by one in the
Sections 5.2 through 5.6. Section 5.7 contains a few words on the implementation
of the algorithm. In Section 5.8, SAO will be demonstrated by its application to an
analytical test function.
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Figure 5.1: Solving optimisation problems in metal forming: Screening and the Se-
quential Approximate Optimisation (SAO) algorithm



5.1 Screening 77

5.1 Screening

After modelling, many design variables may be present which makes the problem
time consuming to solve. An additional problem arises when discrete variables are
present in the optimisation problem. Screening techniques can assist to overcome
these two concerns serving two goals:

1. Continuous design variable reduction;

2. Discrete design variable selection.

The application of screening techniques for both purposes will be described in
the Sections 5.1.1 and 5.1.2, respectively. Section 5.1.3 introduces the proposed
screening procedure that is included in the optimisation strategy for metal forming
processes.

5.1.1 Screening for variable reduction

The modelling of optimisation problems described earlier may yield a fairly large
number of design variables. The Sequential Approximate Optimisation (SAO) algo-
rithm becomes increasingly less efficient for an increasing number of design variables.
Hence, before applying SAO, the number of design variables needs to be reduced.
In many cases, this is possible based on the Pareto principle that states that 80% of
the consequences stem from 20% of the causes [193]. In the context of optimisation,
the consequences are the response variation and the causes are the design variables.
Screening techniques for variable reduction assist in determining those couple of
design variables that have the most effect on the objective function and implicit
constraints.

Screening is not often applied in metal forming, which can be explained by the
literature study in Section 3.1: specialists in both metal forming and optimisation
know beforehand which design variables to select for optimisation based on experi-
ence. However, one could imagine situations where this experience cannot be used
(new processes, new materials,...). In this case, a choice for the couple of most im-
portant design variables is not trivial and there is a need for a quantitative method
such as screening to assist the user. Exceptions where screening is applied to metal
forming include [31] and [64]. An application of screening using crash simulations
is contained in [42].

For the optimisation strategy, it is proposed to use the proven, classical screen-
ing techniques that can be found in many textbooks [125, 129, 200]. Screening is
closely related to metamodelling. As a matter of fact, one could regard screen-
ing as metamodelling with “understanding” as a goal, see Section 2.2.1. Figure
2.4 presented a typical flow chart for the application of metamodelling techniques.
Figure 5.2 presents the application of metamodelling for screening. Being based on
metamodelling techniques, the applied screening techniques consist of Design Of Ex-
periments (DOE), running FEM simulations, fitting and validating the metamodels
and analysing the results. Screening is based on Response Surface Methodology
(RSM) as a metamodelling technique. Fitting and validating RSM metamodels,
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Figure 5.2: The application of metamodelling for screening

as well as suitable DOE strategies for RSM have been introduced in Section 2.3.
For screening purposes, it is sufficient to fit linear or linear + interaction RSM
metamodels: as will be shown later these provide enough “understanding” about
the optimisation problem to reduce the number of design variables. After fitting
and validating the metamodels, the results are typically analysed using ANalysis
Of VAriance (ANOVA) and can be visualised using Pareto and Effect plots. The
several steps presented in Figure 5.2 are described in more detail below.

Design Of Experiments (DOE)

Typical DOE plans for screening are factorial designs [129]. A well-known factorial
design is the full factorial design. Full factorial designs choose n levels for each of
the k design variables, which results in a DOE strategy for performing a total of
nk experiments, i.e. FEM simulations in this thesis. Figure 5.3(a) shows the full
factorial design for two levels and three factors (design variables), a so-called 23 full
factorial design. It allows for estimation of the linear and interaction effects of the
design variables on the responses and requires N = 23 = 8 FEM calculations.

If one wishes to estimate quadratic effects, a DOE of at least three levels is
required. Figure 5.3(b) shows a 32 full factorial design for two design variables on
three levels each. N = 32 = 9 FEM calculations are required to estimate the linear,
interaction and quadratic effects of the design variables. For three design variables,
a three level full factorial design needs N = 33 = 27 FEM calculations instead of
the 8 calculations needed for the 23 full factorial design in Figure 5.3(a). Hence, the
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(a) (b) (c)

Figure 5.3: (a) 23 full factorial design; (b) 32 full factorial design; (c) 23−1
III fractional

factorial design

extra information on quadratic effects is obtained at high costs. It has been men-
tioned above that fitting linear (+ interaction) RSM metamodels yields sufficient
understanding for screening purposes. These metamodels can be fitted using 2k full
factorial designs, which saves the FEM calculations necessary to estimate quadratic
effects.

Using full factorial designs, the number of FEM calculations increases exponen-
tially for an increasing number of design variables. This makes the application of
full factorial designs prohibitively time consuming.

However, if one is only interested in linear and lower order interaction effects,
the number of necessary FEM calculations can be significantly reduced by applying
fractional factorial designs. The applicability of fractional factorial designs is based
on three key ideas [129]:

• The Sparsity-of-Effects Principle, which states that it is likely that a system
or process is primarily driven by the main — i.e. linear — effects and lower
order interactions rather than higher order effects and interactions;

• The Projection Property: fractional factorial designs can be projected into
stronger designs in a subset of (fewer) significant factors;

• Sequential Experimentation: it is possible to combine two or more fractional
factorial designs to assemble a stronger design sequentially to estimate higher
order effects and interactions as already discussed earlier.

An nk−p fractional factorial design is the (1/n)p fraction of an nk full factorial
design. Suppose the 23 full factorial design from Figure 5.3(a) has been executed for
a three design variable problem. From the 8 FEM calculations, one can subsequently
determine the 8 regression coefficients of the linear + interaction RSM metamodel
ŷ, i.e. the polynomial:

ŷ = β0 + β1x1 + β2x2 + β3x3 + β12x1x2 + β13x1x3 + β23x2x3 + β123x1x2x3 (5.1)
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Simulation # x1 x2 x3

1 -1 -1 1
2 -1 1 -1
3 1 -1 -1
4 1 1 1

Table 5.1: A 23−1
III design

The regression coefficients β are estimated from the obtained response measure-
ments using Equation (2.5) in Section 2.3. Note that the 8 calculations are used to
estimate 8 regression coefficients. If one applies the 23−1 fractional factorial design
from Figure 5.3(c) instead, the number of simulations that needs to be performed
is actually N = 23−1 = 22 = 4. Table 5.1 presents the corresponding DOE plan.
A value of −1 denotes the lowest level of a variable, i.e. the lower bound modelled
within the 7 step modelling methodology. A value of 1 denotes the highest level,
i.e. the upper bound.

The reduction of the total number of simulations comes at the cost of being
able to determine only (1/2)1 part of the regression coefficients in Equation (5.1)
(group 1). Hence, one is only able to uniquely determine the effects related to these
regression coefficients. The effects related to the remaining regression coefficients
(group 2) are aliased with group 1. For determining which of the effects are actually
significant, the Sparsity-of-Effects Principle states that the lowest order main or
interaction effect is significant and that the highest order terms can be neglected.
The Resolution of an experimental design indicates which effects from group 2 are
aliased with which effects from group 1 [129]:

• Resolution III: main effects are not aliased with each other but with two-factor
interactions, and two-factor interactions are aliased with each other;

• Resolution IV: main effects are not aliased with each other nor with two-factor
interactions, but two-factor interactions are aliased with each other;

• Resolution V: main effects are not aliased with each other nor with two-factor
interactions, two-factor interactions are not aliased with each other either, but
they are aliased with three-factor interactions.

The 23−1 fractional factorial design presented in Figure 5.3(c) is of Resolution
III and is a 23−1

III design. Applying the Sparsity-of-Effects principle, the four ex-
periments only allow for the estimation of the four main effects in Equation (5.1):
the mean β0 and the linear effects of the three design variables β1, β2 and β3. The
interactions are aliased with the main effects and can hence not be estimated inde-
pendently. If one wishes to estimate interaction effects, one should a employ higher
resolution (Resolution IV or V) DOE. As mentioned before, a Resolution III design
can be efficiently expanded to a higher resolution design since fractional factorial
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designs allow for sequential experimentation. However, the extra information higher
resolution designs provide comes at the cost of running additional time-consuming
FEM calculations.

For screening purposes, it is proposed to consider linear effects only. In this
case, it is sufficient to employ Resolution III fractional factorial designs which are
very efficient and allow for independently estimating the main effects. The main
effects provide the magnitude and direction of the influence of the different design
variables on the responses. Of course, neglecting interaction and other non-linear
effects yields a crude approximation, but the gain in efficiency is — at least during
the screening stage — more important than the accuracy. The main purpose of
screening is to get a rough idea of the magnitude and direction of the influence
that design variables have on a response. The magnitude reflects the importance
of a response. Analysing the importance of variables allows for omitting the less
important design variables and hence for decreasing the size of the optimisation
problem. Thus, under the assumption that linear metamodels are accurate enough
to investigate the importance of design variables, Resolution III fractional factorial
designs are efficient designs to reduce the number of design variables in the modelled
optimisation problem.

Running the FEM simulations and fitting the metamodels

The N FEM calculations for the design variable settings determined by the Reso-
lution III fractional factorial DOE can be run in parallel on a cluster of processors,
which takes only the runtime of one FEM calculation. This results in N measure-
ment points for each response (objective function and implicit constraints).

For each response, one can fit a linear RSM metamodel through the measurement
points. How to fit an RSM metamodel has been presented in detail in Section 2.3.1.
The result is that the linear regression coefficients β in Equation (5.1) are known.
Hence, after having run N = 4 FEM calculations, the metamodel ŷ is now an
explicit mathematical function dependent on the three considered design variables
x1, x2 and x3:

ŷ = β0 + β1x1 + β2x2 + β3x3 (5.2)

ANalysis Of VAriance (ANOVA)

Following Figure 5.2, the next steps of applying metamodelling techniques for
screening are to validate and to analyse the metamodels. In the case of screen-
ing, use has been made of RSM as a metamodelling technique. Both validation
and analysis of the obtained metamodels is generally performed by ANalysis Of
VAriance (ANOVA). ANOVA is presented in Appendix A.

Using ANOVA for metamodel validation yields F0-, p− and R2-values. These
indicate how well the linear RSM metamodel represents the N obtained response
measurements. For screening, a linear RSM metamodel has been fitted based on as
few DOE points as possible. This implies metamodel validation is awkward in the
case of screening due to two reasons: (i) the metamodel is probably not accurate;
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and (ii) very few or sometimes no Degrees Of Freedom are present to estimate the
error. To explain the latter, consider the linear metamodel from Equation (5.2).
Four regression coefficients have been fitted based on four FEM calculations. This
implies the metamodel will go exactly through the measurement points. Hence,
one cannot determine the error, because not enough response measurements are
available to do this. When no error is present, F0-, p-, and R2-values will indicate a
perfect metamodel although this is entirely due to the lack of Degrees Of Freedom
to determine the error.

Hence, metamodel validation for screening is complicated due to the two reasons
mentioned above. However, it has been reasoned above that — for screening pur-
poses — it is not essential to have an accurate metamodel. If Degrees Of Freedom
are present to estimate the error, the metamodel accuracy can be tested by F0-, p-
and R2-values. If the obtained metamodel is not accurate, or if the error cannot be
estimated, it is proposed not to pay attention to metamodel validation during the
screening stage.

Next to metamodel validation, ANOVA can also be used to analyse the ob-
tained results. Using ANOVA in a similar way as described in Appendix A, F0-
and p-values can be determined for the effects of the individual design variables,
see e.g. [129, 200]. Using these F0- and p-values, it can be concluded whether an
effect due to an individual design variable significantly differs from the error or not,
provided Degrees Of Freedom are present to estimate the error. For example, if
the p-value corresponding to design variable x1 in Equation (5.2) is smaller than
0.05 (see Appendix A), x1 is estimated to have a significant effect on the considered
response. An approach to design variable reduction is to only include those design
variables in the final optimisation problem that display a significant effect on the
responses.

Pareto plots

Based on ANOVA, the contribution of each design variable to the total metamodel
can be visualised by a Pareto plot [200]. Pareto plots make it very easy to compare
the influence of different variables to each other and to the error (provided the
number of Degrees Of Freedom was sufficient to determine the error).

For the optimisation of metal forming processes, it is proposed to visualise the
main effects in a Pareto plot. For a two level factorial DOE without replicate runs
(running the same simulation twice), the main effect is defined as [129,200]:

main effect =
contrast

N/2
(5.3)

where N is the number of performed simulations. For two levels, the contrast is
defined as the difference between the response measurements resulting from sim-
ulations at the high levels of a design variable and the low levels, e.g. for design
variable x1:

contrastx1
=

∑

y(x+
1 ) −

∑

y(x−
1 ) (5.4)
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Figure 5.4: (a) Pareto plot of effects; (b) Main effect plot
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where y(x+
1 ) and y(x−

1 ) denote the response measurements obtained for high and
low levels of x1, respectively. The main effect in Equation (5.3) can be seen as the
difference between the average of the response values at the high level of a certain
variable and the average of the responses at the low level of this variable.

Figure 5.4(a) presents an example of a Pareto plot of effects. The height of the
bars in a Pareto plot denotes the magnitude of the effect contributed by each of
the design variables: the higher the bar, the larger the influence. The variables are
sorted from most important to least important. Additionally, it also makes sense
to plot the cumulative effect (the solid line in Figure 5.4(a)): using the cumulative
effects one can determine how many variables should be taken into account to assure
a certain percentage of remaining control over a response. For example, in Figure
5.4(a) one can easily observe that taking into account the two most important
variables x3 and x4 still yields about 75% control over the response.

In the previous section, it has been mentioned that ANOVA can assist in select-
ing which design variables are significant and which are not. The dashed line in the
Pareto plot presents the error effect: design variables having more effect than the
error effect are significant. Thus, if one wants to take into account all significant
variables for optimisation, one should, next to x3 and x4, also include x1.

A special note concerns the calculation of the error effect. The error effect
cannot be estimated using Equations (5.3) and (5.4). However, from ANOVA, the
Sum Of Squares of the Error SSE is known (see Appendix A). The following relation
between SSE and the error contrast holds [129]:

SSE =
error contrast2

N
(5.5)

Thus, using Equation (5.5), it is possible to determine the error contrast and
consequently the error effect using Equation (5.3). Thus, the error effect can also
be visualised in the Pareto plot as the dashed line in Figure 5.4(a).

Effect plots

Pareto plots display the magnitude of effect, but they do not indicate the direction
of the effect, i.e. whether this effect is positive or negative. This can be easily
investigated by plotting the effect in a Main effect plot [102,129,200]. Figure 5.4(b)
presents the Main effect plot of design variable x3, which has been screened to be
the most important design variable in the Pareto plot in Figure 5.4(a). Note that
the range of the Main effect plot coincides with the height of the bar in the Pareto
plot.

Main effect plots can be used to select the best settings of a variable. For
instance, if one would like to minimise the response f , the Main effect plot in
Figure 5.4(b) displays that one should select the lowest level of design variable x3.

5.1.2 Screening for discrete variable selection

Besides design variable reduction, screening techniques can be useful for selecting
the proper level of a discrete variable. This is essential since the Sequential Approx-
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Simulation # x1 x2 x3 x4 x5

1 -1 -1 -1 -1 0
2 1 1 1 1 0
3 -1 -1 1 1 1
4 1 1 -1 -1 1
5 -1 1 -1 1 2
6 1 -1 1 -1 2
7 -1 1 1 -1 3
8 1 -1 -1 1 3

Table 5.2: An MA.8.2.4.4.1 design [169]

imate Optimisation (SAO) algorithm cannot cope with discrete design variables.
Screening for discrete variable selection is similar to the screening techniques used
for design variable reduction presented in the previous section: a Design Of Exper-
iments (DOE) strategy determines which FEM simulations should be performed.
The obtained response measurements are subsequently analysed using Mean re-
sponse plots, which are similar to Main effect plots described earlier.

Design Of Experiments (DOE)

The fractional factorial designs in the previous section consist of two levels of each
design variable. If one of these variables is discrete with only two levels — e.g. a
choice between two material types — one can simply apply the fractional factorial
designs introduced earlier. However, if one or more discrete variables contain more
than two levels — e.g. a choice between three or more material types — one needs
to employ a DOE with more levels for the discrete variable(s) concerned.

This is possible using Mixed Arrays (MA). An example of an MA is presented in
Table 5.2. It is an MA.8.2.4.4.1 design, which denotes that it contains N = 8 FEM
simulations in total, and provides a DOE for four variables on two levels (-1 and 1)
and one variable on four levels (0, 1, 2 and 3). Hence, this would be an appropriate
DOE for screening an optimisation problem where four continuous design variables
x1, x2, x3 and x4 are present, as well as one discrete variable x5 on four levels.
Mixed Arrays do not exist for any combination of design variables. Those that do
exist are often implemented in statistical software packages. A list of a large number
of MAs can be found on the internet [169].

Running the FEM simulations

The N FEM calculations for the design variable settings determined by the Mixed
Array DOE can be run in parallel on a cluster of processors, which takes only the
runtime of one FEM calculation. This again results in N measurement points for
each response (objective function and implicit constraints).
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Figure 5.5: Mean response plot for a discrete design variable

Mean response plots

For removing the discrete design variable(s) from the optimisation problem, they
need to be set to the best setting. For this, it is proposed to calculate the mean
response at each of the discrete design variable’s levels. The mean response for level
0 of design variable x5 can be calculated as

mean responsex5=0 =

∑

y(x5 = 0)

N0
(5.6)

where y(x5 = 0) are the response measurements for level x5 = 0 and N0 is the
number of response measurements obtained for level 0 of the discrete design variable.
Note using Table 5.2 that the mean response for x5 = 0 equals the average response
of the first two FEM simulations (N0 = 2).

The mean response at all levels of a discrete design variable can be visualised
in a Mean response plot such as the one presented in Figure 5.5. The best setting
for the discrete design variable would be the one for which the mean objective
function value is minimal. That is, if the objective function is to be minimised.
The discrete design variable can now be removed from the optimisation problem:
it can be replaced by its best setting found in the Mean response plot. Figure 5.5
presents that x5 should be set to level 2 in order to minimise the response f .
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Figure 5.6: Flow chart of screening

5.1.3 Proposed screening procedure

Sections 5.1.1 and 5.1.2 presented how screening techniques can be applied to re-
duce the size of the optimisation problem and how discrete design variables can
be removed from the optimisation model. The flow chart in Figure 5.6 shows how
these screening techniques are applied within the optimisation strategy for metal
forming processes.

It is proposed to first remove the discrete design variables by applying an ap-
propriate Mixed Array, running the corresponding FEM simulations, calculating
and visualising the mean responses and selecting the best levels of the discrete vari-
ables. Subsequently — if many continuous variables are remaining — screening
for variable reduction is applied: the Resolution III fractional factorial designs are
generated, the FEM simulations are carried out, ANalysis Of VAriance is employed
and the Pareto and Main effect plots are visualised. Based on ANOVA, the Pareto
and Main effect plots, the most important design variables are determined. The
following procedure is proposed for selecting the most important design variables:

1. Use the Pareto plots to select for each response (objective function and implicit
constraints) the couple of most important design variables. Alternatively,
ANOVA and the Error effect (dashed line in the Pareto plot in Figure 5.4(a))
can be employed to select all significant design variables.

2. Examine the Main effects and include only those design variables that have
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opposite effects on objective function and implicit constraints.

The latter is recommended to reduce the number of design variables further and
is based on the following idea: if the effects are in the same direction, optimisation
is likely to result in an optimum constrained by the upper or lower bound of a
design variable. This optimum value can already be obtained based on the screening
calculations. Hence, taking these variables into account during optimisation requires
more computational effort whereas — to a certain extent — the outcome is already
known. Optimisation is especially useful for design variables that have an opposite
effect: in this case the implicit constraint will be active and optimisation will yield
the best compromise between the two opposite effects.

Two options are open for the design variables that one would like to remove
from the optimisation model:

• Set the variables to the original settings;

• Set the variables to the best values based on the Main effect plots.

If important design variables are left out because they do not display opposite
effects, it is strongly recommended to set these variables to the best settings based
on the Main effect plot of the objective function. In such a way, the information
obtained using screening is already used for optimisation.

Applying this procedure reduces the number of design variables present in the
optimisation model while maintaining control over the responses. Also, discrete
variables have been removed in a well-structured way. In such a way, the optimisa-
tion problem modelled by the 7 step methodology has been prepared to be able to
be solved efficiently using the SAO algorithm that will be introduced in the next
sections.

5.2 Design Of Experiments (DOE)

Figure 5.1 shows that the first step of the algorithm is to carefully select a number
of design sites by a Design Of Experiments (DOE) strategy. Selecting a proper
DOE strategy depends on the type of metamodel that is to be fitted later on. It
will become clear in Section 5.3 that both Response Surface Methodology (RSM)
and Kriging are employed as metamodelling techniques. Suitable DOE strategies
for RSM and Kriging have been reviewed in the Sections 2.3.3 and 2.4.3.

In Section 5.3, it will be stated that a choice between RSM and Kriging cannot
be made beforehand. However, the flexibility of Kriging and the fact that the Finite
Element simulations are deterministic is in slight favour of Kriging. A spacefilling
Latin Hypercube Design (LHD) is a good and popular DOE strategy for construct-
ing metamodels from deterministic computer experiments such as Finite Element
calculations [123, 155] and has been selected for the SAO algorithm. A so-called
maximin criterion is used for spacefillingness. The following approach is proposed
to achieve spacefillingness: many Latin Hypercube Designs are generated, the best
design is the one for which the minimum point to point distance is maximised. A
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(a) (b)

Figure 5.7: (a) LHD + full factorial design (b) LHD + full factorial design including
explicit constraints

typical size of an initial spacefilling LHD for computer experiments exists of 10
times the number of design variables [158].

However, when a metamodel is used for optimisation, it is important that the
metamodel gives accurate results in the neighbourhood of the optimum. Often, this
optimum will be constrained, i.e. lies on the boundary of the design space. There-
fore, an accurate prediction is needed on the boundary, which implies performing
measurements on that boundary. An LHD will generally provide design points in
the interior of the design space and not on the boundary. To compensate for this
lack of points on the boundary, the LHD is combined with a full factorial design,
which puts DOE points right in the corners of the design space. This method was
also proposed in [95]. Figure 5.7(a) presents the LHD modified with a full factorial
design for a two dimensional rectangular design space.

It has already been demonstrated in Section 5.1.1 that the number of FEM sim-
ulations needed for a full factorial design increases exponentially with an increasing
number of design variables. A full factorial design already becomes prohibitively
expensive for as few as four or five design variables. In this case, one could replace
the full factorial design by a fractional factorial design, or omit the corner points.
Which one of these DOE plans is the best has been investigated by applying them
to the optimisation of an analytical test function in [179–181]. The following DOE
plans have been considered:

• LHD + full factorial design;

• LHD + fractional factorial design;

• LHD only.

It was found that applying an LHD + fractional factorial design is more efficient
than applying the LHD + full factorial design. Applying an LHD + fractional
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Response type Response shape
Linear or parabolic Highly non-linear

Stochastic RSM RSM/Kriging

Deterministic Kriging/RSM Kriging

Table 5.3: Criteria for using RSM or Kriging

factorial is also preferred above applying LHD only, especially when the optimum
is located on the bounds of the design space. In conclusion, it is advised to apply
LHD + a Resolution III or IV fractional factorial design instead of the LHD + full
factorial design if the number of design variables is three or more.

The above DOE has been developed for a rectangular design space. Unfortu-
nately, the design space will often not be rectangular when explicit constraints are
present. In this case, the proposed algorithm will:

1. check which points of the LHD + factorial design are non-feasible;

2. skip the non-feasible points;

3. replace the non-feasible points with new points;

4. repeat the above procedure until all points are feasible.

Replacing the non-feasible points is done in a spacefilling way by the maximin
criterion described above. The DOE plan incorporated in the SAO algorithm is
presented in Figure 5.7(b) for two design variables (x1 and x2) and two explicit
constraints (g1 and g2).

5.3 Running the FEM simulations and fitting the
metamodels

Subsequently — using the settings indicated by the DOE plan — a number of
FEM calculations is run on parallel processors and the response points (objective
function and implicit constraint values) are obtained. Following Figure 5.1, the
next step is to fit metamodels for each response. Two metamodelling techniques
are incorporated in the SAO algorithm: Response Surface Methodology (RSM) and
Kriging. How to fit RSM and Kriging metamodels has been presented in Sections
2.3.1 and 2.4.1.

A choice between RSM and Kriging can be made based on two criteria: (i) the
type of response; and (ii) the shape of the response. The type of response can
be deterministic or stochastic (noise is present), the response shape a lower order
polynomial or highly non-linear. Which metamodelling technique to use for which
situation is schematically presented in Table 5.3.
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Regarding noise, computer simulations such as the Finite Element Method are
thought of as being deterministic [152, 153], which is in favour of Kriging as a
metamodelling technique. However, numerical noise due to, for example, adaptive
mesh refinement or step size adjustment may be present, which pleads for using
RSM.

Response shapes are not known beforehand and depend on the specific optimi-
sation problem considered. This makes it impossible to determine whether RSM
(linear or quadratic response shapes) or Kriging (more complex shapes) is most
appropriate. Therefore, the Sequential Approximate Optimisation algorithm incor-
porates both metamodelling techniques. For each response seven metamodels are
fitted:

1. A linear polynomial using RSM;

2. A linear + interaction polynomial using RSM;

3. A pure quadratic or elliptic polynomial using RSM;

4. A full quadratic polynomial using RSM;

5. A Kriging interpolation metamodel with a 0th order polynomial as a trend
function;

6. A Kriging interpolation metamodel with a 1st order polynomial as a trend
function;

7. A Kriging interpolation metamodel with a 2nd order polynomial as a trend
function.

Subsequently, the best metamodel for each response can be selected and included
in the optimisation model. Which of the above metamodels is the best one, is
selected based on metamodel validation.

5.4 Metamodel validation and selection

The RSM and Kriging metamodels are validated by means of the validation tech-
niques presented in the Sections 2.3.2 and 2.4.2, respectively. Both the assumptions
underlying the metamodelling techniques and the metamodel accuracy are vali-
dated.

Figure 5.8 presents the RSM metamodel validation generated by SAO. One can
distinguish the Residual and Error correlation plots (presented earlier in Figure
2.6), as well as the Normal probability and Error distribution plots introduced in
Figure 2.7. These plots validate the assumptions underlying RSM, which have been
presented in Section 2.3.2. The accuracy of the RSM metamodels is assessed by
ANOVA and Cross validation. The F0-, p-, R2- and R2

adj resulting from ANOVA,
as well as the Root Mean Squared Error RMSE from Equation (2.9) are presented
in Figure 5.8. Cross validation yields R2

pred, R2
pred,adj and RMSECV, and the Cross
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Elliptic RSM metamodel of response f1

  RMSE−CV = 927.1

R2predadj = 0.879

   R2pred = 0.9123

     RMSE = 698.6

    R2adj = 0.9519

       R2 = 0.9652

  p−value = 1.443e−13

       F0 = 72.72

Figure 5.8: Validation of RSM metamodels

validation plot in Figure 5.8. The plot in the middle left indicates 95% confidence
intervals on the regression coefficients: regression coefficients that do not include 0
significantly influence the considered response, see Section 5.1.1. The plot in the
middle right indicates 95% confidence intervals on the errors. If the metamodel is
accurate, these confidence intervals should include 0.

Figure 5.9 presents the Kriging metamodel validation generated by SAO. The
Residual, Normal probability and Error distribution plots test whether the assump-
tions underlying Kriging are satisfied. Cross validation is employed to test the
accuracy of the metamodel: one can obtain from Figure 5.9 R2

pred, R2
pred,adj and

RMSECV, as well as a Cross validation plot.

In Section 5.3, it has been indicated that the SAO algorithm fits four RSM
and three Kriging metamodels for each response (objective function and implicit
constraints). Based on the metamodel validation techniques and the metamodel
validation plots of both RSM (Figure 5.8) and Kriging (Figure 5.9), the user can
select for each response the metamodel outperforming the other six metamodels.
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Figure 5.9: Validation of Kriging metamodels

5.5 Optimisation and evaluation

The best metamodels for objective function and implicit constraints are added to
the explicit constraints in the optimisation model, which is subsequently optimised.
Once metamodels have been fitted, they provide mathematical functions that can
be evaluated really quickly. Hence, the optimisation algorithm that optimises the
metamodels does not have to be very efficient: any algorithm can be used for this.
However, for the optimisation of metal forming processes, it is wise to reckon with
rather non-linear responses and thus local optima. Thus, the algorithm does not
have to be efficient as long as it yields a global optimum.

Within the SAO algorithm, it is proposed to apply an iterative Sequential
Quadratic Programming (SQP) algorithm. Since iterative algorithms tend to get
stuck in local optima, a multistart approach has been implemented: the SQP algo-
rithm will be started at all DOE points. Such a multistart approach is also reported
in [81,158,172]. For more information on SQP algorithms, see one of the many texts
on optimisation, e.g. [18,38,67,137,140,174]. The specific algorithm implemented in
MATLAB is called “fmincon” and is described in MATLAB’s Help function [175].
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The obtained approximate optimum is finally evaluated by running one last
FEM calculation with the approximated optimal settings of the design variables.
Next to metamodel validation, the difference between the approximate objective
function value and the real value of the objective function calculated by the last
FEM run is an additional measure for the accuracy of the obtained optimum. If
the user is not satisfied with the accuracy, Figure 5.1 shows that the Sequential
Approximate Optimisation algorithm allows for sequential improvement.

5.6 Sequential improvement

If the user is not satisfied with the accuracy of the fitted metamodels and/or
achieved optimum, new DOE points can be added to the original ones by a se-
quential improvement strategy. Several ways of sequential improvement exist, see
e.g. [58,95,110,155,158,185].

For the SAO algorithm, three different sequential improvement strategies are
available:

• Adding new DOE points in a spacefilling way (SAO-SF);

• Adding new DOE points by Minimising a Merit Function (SAO-MMF);

• Adding new DOE points by Maximising Expected Improvement (SAO-MEI).

5.6.1 SAO-SF

The first variant simply adds new DOE points in a spacefilling way (SAO-SF). It is
especially useful if the goal of metamodelling is to develop a metamodel for replacing
the time-consuming FEM calculations, i.e. one is interested in accurately predicting
the response from certain design variable settings (the “prediction” goal in Section
2.2.1). For this method, the original design space is kept and new DOE points are
added based on the maximin criterion described in Section 5.2. New simulations are
run for the new experimental design points, metamodels are fitted, validated and
the best ones are selected again. This procedure is repeated until the metamodels
for all responses are predicted to be accurate.

SAO-SF is schematically presented in Figure 5.10(a). The cross marks form
the initial DOE, whereas the circles denote the DOE points that are added by the
sequential improvement strategy.

A more advanced sequential improvement strategy would be to use information
obtained in earlier iterations of SAO. The metamodels of these previous iterations
are known. These metamodels provide an indication of where the optimum is likely
to be. One could zoom in on the region near this optimum as indicated in Fig-
ure 5.10(b) (the optimum is supposed to be in the lower right corner of the design
space). The sequential improvement strategy that zooms in near the optimum is
often encountered in the literature [24,25,27,51,155]. However, we found the strat-
egy is not efficient compared to SAO-SF without zooming and the two sequential
improvement strategies described in the following sections [20].
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(a) (b)

Figure 5.10: (a) Sequential improvement (SAO-SF); (b) Sequential improvement with
zooming near the optimum

5.6.2 SAO-MMF

The second sequential improvement strategy makes use of all the information ob-
tained during previous iterations of the algorithm, i.e. metamodels of the objective
function ŷ and its standard deviation ŝ.

To explain this, consider the 0th order Kriging metamodel of an objective func-
tion depicted in Figure 5.11. In previous iterations, the DOE points x have resulted
in the objective function values y depicted as the cross marks. At an untried design
variable setting x0, the predicted objective function value is ŷ(x0). For Kriging,
ŷ(x0) can be determined from Equation (2.13). If the metamodel were an RSM
metamodel, Equation (2.6) would apply.

The uncertainty at this location x0 can be modelled as a normal distribution
with standard deviation ŝ(x0) as shown in the figure. For Kriging, ŝ equals the
square root of the Mean Squared Error in Equation (2.14), for RSM it is the square
root of the variance in Equation (2.7).

SAO-MMF selects the new DOE points based on minimisation of the merit
function:

fmerit(x) = ŷ(x) − w · ŝ(x) (5.7)

where ŷ and ŝ are for both RSM and Kriging given by metamodels from previous
iterations of the algorithm. w is a weight factor. The question is how to set the
value of the weight factor w. If one selects w = 0, the new DOE points equal the
optima of the metamodel ŷ. If w → ∞, the new DOE points are simply added in a
spacefilling way. Analysis on analytical test functions showed that w = 1 provides
a good compromise between both extreme cases [20].

For w = 1, the merit function equals the lower bound ŷ(x)− ŝ(x) of the Kriging
metamodel shown in Figure 5.11. Figure 5.12 presents the merit function again.
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Figure 5.11: Sequential improvement employing metamodel information of the previ-
ous iteration

Note that the merit function has many local minima. To overcome running a lot of
FEM simulations, only the best minima are actually included as new DOE points
for the next iteration of the SAO algorithm. As indicated in Figure 5.12, the best
minima are those minima that are predicted to yield better objective function values
than the best objective function value obtained in previous iterations:

fmerit(x) ≤ fmin (5.8)

where fmin denotes the best objective function value obtained in previous iterations
of SAO. The two minima of the merit function that form the new DOE points are
indicated by the circles in Figure 5.12. SAO-MMF employs the multistart SQP
algorithm introduced in Section 5.5 to minimise the merit function.

5.6.3 SAO-MEI

The third sequential improvement strategy is similar to SAO-MMF. It has been
proposed in [158] and aims at maximising the expected improvement of an untried
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Figure 5.12: SAO-MMF vs. SAO-MEI

point. This method is also reported in [81], [82], [155] and [156] and — just as
SAO-MMF — fully exploits all information available from previous iterations of
the algorithm.

The method starts by defining Improvement I as [158]:

I = fmin − y if y < fmin

I = 0 otherwise
(5.9)

where fmin is again the lowest objective function value obtained during earlier itera-
tions and y is a possible new outcome of a function evaluation. Clearly, if y < fmin,
the situation has improved. Otherwise not and I is set to zero. In general, the
expected value of a stochastic variable X is defined as:

E(X) =

∫ ∞

−∞
xp(x)dx (5.10)

in which x is a possible value of X and p(x) is the probability that X actually obtains
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this value. p(x) is the probability density function. Assuming a normal distribution,
a combination of Equations (5.9) and (5.10) yields the Expected Improvement :

E(I) =

∫ fmin

−∞
(fmin − y)φ(y)dy (5.11)

where φ(y) is the normal probability density function. Now y can be replaced by
the metamodel of the objective function ŷ and Equation (5.11) may be rewritten
to [82,158]:

E(I) = (fmin − ŷ) Φ

(

fmin − ŷ

ŝ

)

+ sφ

(

fmin − ŷ

ŝ

)

(5.12)

E(I) = 0 if ŝ = 0

where ŷ is the objective function metamodel and ŝ its standard deviation as depicted
in Figure 5.11. ŷ and ŝ can be calculated for both RSM and Kriging metamodelling
techniques by the Equations (2.6), (2.7), (2.13) and (2.14). φ and Φ denote the
probability density and the cumulative distribution functions of the standard normal
distribution. Note that — just as the merit function — E(I) in Equation (5.12) is
a metamodel dependent on the design variables x.

Figure 5.12 presents the Expected Improvement metamodel E(I) for the 0th

order Kriging metamodel that served as an example for SAO-MMF. Note it is 0 at
many locations and has two maxima in the vicinity of the metamodel’s optimum.
Schonlau [158] proposes to maximise E(I) in Equation (5.12) to yield the point
promising the Maximum Expected Improvement (MEI). Only this point is subse-
quently evaluated. For the SAO algorithm, it is proposed to exploit the possibility
for parallel computing and to include all points that Maximise Expected Improve-
ment. The two maxima of E(I) that form the new DOE points are indicated by
the circles in Figure 5.12. Note the new DOE points are close to — but not the
same as — the DOE points found by Minimising the Merit Function.

This sequential improvement strategy will be referred to as SAO-MEI. The Ex-
pected Improvement function of Equation (5.12) is maximised by the multistart
SQP algorithm. Two difficulties for maximising the Expected Improvement func-
tion can be seen in Figure 5.12 and are indicated in [82]: (i) the function can be
extremely multimodal with flat planes in between, which makes it difficult to op-
timise; and (ii) the Expected Improvement is 0 by definition for DOE points that
have already been calculated, thus we cannot start the multistart SQP algorithm
from the DOE points. These problems have been overcome by starting the SQP
algorithm from a dense grid of newly generated design points. This requires many
function evaluations, but this is not a problem since the Expected Improvement
function is a metamodel that can be very quickly evaluated.

SAO-MEI is similar to SAO-MMF introduced in the previous section. Both
make use of all information available from previous iterations, the metamodel ŷ
and its standard deviation ŝ. They both tend to select new DOE points in the
region where the global optimum is predicted to be (ŷ is small). Additional points
are selected where no points have been sampled before (ŝ is large).
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x1 x2 f g

0.1237 0.7582 -0.8231 0
1.7036 -0.7961 -0.2155 -16.38

Table 5.4: Minima of the analytical test function

5.7 Implementation

The screening techniques and the SAO algorithm presented in Figure 5.1 and the
previous sections have been implemented in MATLAB and can be used in combi-
nation with any Finite Element code for any metal forming process. It may also
be applied to other applications for which performing many function evaluations is
time consuming or otherwise prohibitive. For the fitting of the Kriging metamodels,
use was made of the MATLAB Kriging toolbox implemented by Lophaven, Nielsen
and Søndergaard [118, 119, 136]. For optimisation of the metamodels, MATLAB’s
internal function “fmincon” is employed.

5.8 Application to an analytical test function

As a demonstration, SAO will be applied to an analytical test function. A con-
strained optimisation problem is formulated as a combination of the Camel back
and the Branin function, two well-known analytical test functions for optimisation:

min f(x1, x2) = 4x2
1 − 2.1x4

1 +
1

3
x6

1 + x1x2 − 4x2
2 + 4x4

2

s.t. g(x1, x2) =

(

x2 −
5

4π2
x2

1 +
5

π
x1 − 6

)2

+ 10

(

1
1

8π

)

cos (x1) − 35 ≤ 0

− 2 ≤ x1, x2 ≤ 2

(5.13)

f is the Camel back function, which is depicted in Figure 5.13(a). g is the Branin
function. Figure 5.13(b) shows the contour plots of the Camel back function and
the Branin function as constraint. The shaded area is the infeasible region. The
global constrained optimum and local unconstrained optimum are indicated in the
figure and in Table 5.4.

The SAO algorithm is applied to solve the optimisation problem. The first step
is to apply the full factorial + LHD DOE strategy. Following the rule of thumb
of Section 5.2, a DOE of N = 10k DOE points is generated, where the number of
design variables k equals 2 in this case. The square marks in Figure 5.14 presents
the initial DOE.

The responses f and g are subsequently evaluated resulting in 20 response mea-
surements each. The results can be presented in a convergence plot as shown in
Figure 5.15 for the first 20 measurements. The cross marks in the upper and lower
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Figure 5.13: (a) Camel back function; (b) Contour of Camel back function with Branin
function as constraint
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Figure 5.16: Metamodel validation of (a) Objective function; and (b) Constraint
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Figure 5.17: (a) Visualisation of the metamodel of objective function after 20 func-
tion evaluations; (b) Contour plot of the metamodel of objective function
showing the approximate optimum
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plot are the obtained objective function and constraint measurements. Note that
the constraint values should be lower than 0 in order to give a feasible solution.
The circles in the upper plot display the convergence behaviour: the convergence
of function evaluation n is improved (lower) if (i) the constraint is satisfied, i.e.
g(n) ≤ 0; and (ii) the objective function is lower than the best feasible objective
function value obtained in the previous function evaluations, i.e. f(n) ≤ fmin.

Having obtained the response measurements, the 4 RSM and 3 Kriging meta-
models have been fitted and validated. For the objective function, a 0th order
Kriging metamodel has been validated to be the best. For the constraint, the
best metamodel was a 2nd order Kriging metamodel. Figures 5.16(a) and (b) show
the validation of the best metamodels for objective function and constraint, re-
spectively. Note that especially the metamodel of the constraint is quite accurate.
These metamodels have been optimised using the multistart SQP algorithm yield-
ing (x∗

1, x
∗
2, f

∗, g∗) = (2, 0.28,−1.93,−29.64) as the approximate global optimum.
Figure 5.17 presents the metamodel of the objective function, as well as the location
of the approximate optimum. Note the resemblance between the metamodel and
the true function in Figure 5.13: especially the contour of the metamodel of the
constraint is similar to the contour of the true constraint. Some inaccuracy in the
metamodel of the objective function gives a different approximate than the true
global optimum presented in Table 5.4.

However, in practice, the location of the true global optimum is not known.
In this case, the accuracy of the obtained optimum can be assessed by an addi-
tional function evaluation using the optimal design variable settings. In this case,
this evaluation of the optimum yielded (x∗

1, x
∗
2, f

∗, g∗) = (2, 0.28, 4,−29.67). Hence,
there is some difference between the metamodel of the objective function and the
true objective function value at the location of the approximate optimum. There-
fore, sequential improvement is applied to further improve the results. All three
sequential improvement strategies SAO-SF, SAO-MMF and SAO-MEI introduced
in Section 5.6 will be employed and compared to each other.

5.8.1 SAO-SF

Using SAO-SF, 10 new DOE points are generated in a spacefilling way. These are
shown as the circles in Figure 5.14(a). The function evaluations are carried out,
new metamodels are fitted, validated and optimised again. Subsequently, 10 new
DOE points have been added, and so on until the global optimum has been found.

Excluding the 20 initial function evaluation, this required 8 batches of each 10
function evaluations. The DOE points generated by SAO-SF are shown in Figure
5.14(a) as the cross marks. Note that they are distributed over the entire domain
in a spacefilling way, both in the feasible and infeasible region. The final results are
metamodels of objective function and constraint that are accurate over the entire
design space. Optimising accurate metamodels will also yield an accurate optimum.
The results of SAO-SF for the test problem will be further discussed in Section 5.8.4.
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5.8.2 SAO-MMF

Based on the metamodels fitted through the first 20 response measurements of
objective function and constraints, SAO-MMF puts in new DOE points based on
Minimising the Merit Function of Equation (5.7). The metamodel of the merit
function for the test function after the first 20 function evaluations is visualised in
Figure 5.18(a). Figure 5.18(b) presents the contour plot of the merit function that
is to be minimised. Since it does not make sense to perform function evaluations in
the infeasible region, the constraint is also taken into account during minimisation
of the merit function. The circles denote the minima of the merit function that are
selected as new DOE points in the second batch of function evaluations. Note that
the number of new DOE points depends on the shape of the merit function. Hence,
SAO-MMF selects the number of new DOE points itself.

Subsequently, the function evaluations are carried out, new metamodels are
fitted, validated and optimised again. Then, SAO-MMF can generate new design
points again, and so on until the global optimum has been found.

Excluding the 20 initial function evaluation, this required 7 batches of in total 29
function evaluations. All DOE points generated by SAO-MMF are shown in Figure
5.19(a) as the cross marks. Note they are directly focussed on finding potential
optima: many function evaluations are in the vicinity of the true constrained global
optimum. The results will be compared to the results obtained using the other
sequential improvement strategies in Section 5.8.4.

5.8.3 SAO-MEI

SAO-MEI works similarly to SAO-MMF. The only difference is that it uses the
Expected Improvement function E(I) from Equation (5.12) instead of the merit
function. Figure 5.20(a) presents the metamodel of E(I) after the first 20 function
evaluations. Note the rather sharp, difficult to maximise peaks, which is — as
mentioned in Section 5.6.3 — typical for the Expected Improvement function. The
new DOE points are the maxima of this metamodel and are shown as the circles
in the contour plot in Figure 5.20(b). Again, the constraint is taken into account
during maximisation of the Expected Improvement metamodel. Just as was the
case for SAO-MMF, SAO-MEI selects the number of new DOE points itself.

Applying SAO-MEI to the analytical test function comprised 5 batches of 19
function evaluations in total. That is, in addition to the 20 function evaluations
already performed for fitting the initial metamodels. All performed function eval-
uations are visualised in Figure 5.19(b). Note that Figure 5.19(b) bears a strong
resemblance to Figure 5.19(a). The figures demonstrate that SAO-MEI and SAO-
MMF function in a similar manner: they tend to converge quickly to the global
optimum whereas regions where no function evaluations have been performed be-
fore are also addressed.
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Figure 5.18: (a) Visualisation of the Merit function; (b) Contour plot of the Merit
function and the new DOE points
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Figure 5.19: Function evaluations performed by (a) SAO-MMF; and (b) SAO-MEI
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Figure 5.20: (a) Visualisation of the Expected Improvement function; (b) Contour plot
of the Expected Improvement function and the new DOE points
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Method Nopt Ntot # of batches x∗
1 x∗

2 f∗ g∗

Analytical – – – 0.1237 0.7582 -0.8231 0
SAO-SF 101 101 9 0.1057 0.7919 -0.8072 -0.0367
SAO-MMF 49 49 8 0.1234 0.7587 -0.8231 -0.0000
SAO-MEI 38 39 6 0.1198 0.7648 -0.8226 -0.0000

Table 5.5: Results of optimising the analytical test function

5.8.4 A comparison between sequential improvement strate-
gies

The three sequential improvement strategies will be compared to each other. Figure
5.21 compares the convergence behaviour of SAO-SF, SAO-MMF and SAO-MEI.
Table 5.5 summarises the results of optimisation. Nopt is the function evaluation
giving the best result, Ntot is the total number of function evaluations performed.

From Table 5.5, it can be obtained that all variants of SAO result in (an ap-
proximation of) the global optimum. Negative values of the constraint g denotes
that all obtained optima are feasible. However, SAO-MMF and SAO-MEI are more
efficient than SAO-SF.

Figure 5.21 indicates that SAO-SF needs 90 function evaluations to fit an accu-
rate metamodel that is able to get close to the analytical optimum. Table 5.5 shows
that even this optimum is the least accurate when compared to the other sequential
improvement strategies. The large number of function evaluations is needed to fit
accurate metamodels of objective function and constraints over the entire design
space.

However, if one is interested in optimisation, it is not necessary to have accurate
metamodels over the entire design space. For optimisation, it is necessary to have
accurate metamodels in the vicinity of the global optimum only. Both SAO-MMF
and SAO-MEI are primarily occupied with optimisation. Both result in much faster
convergence behaviour in Figure 5.21 while still obtaining the global optimum.
The many function evaluations in the vicinity of the global optimum make the
metamodels very accurate at this location, as is shown in Table 5.5. As can be
seen in both Table 5.5 and Figure 5.21, SAO-MEI performs slightly better than
SAO-MMF.

5.9 Summary

This chapter completed the deterministic optimisation strategy for metal forming
processes: mathematical techniques have been developed for solving optimisation
problems modelled by the 7 step methodology presented in Chapter 4.

The first stage of solving is screening. After applying the modelling methodol-
ogy, many design variables may still be present in the optimisation problem. Also,
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Figure 5.21: Convergence plots of SAO-SF, SAO-MMF and SAO-MEI for the analyt-
ical test function

discrete variables may be part of the optimisation model. The Sequential Approx-
imate Optimisation (SAO) algorithm proposed in this chapter is most efficient for
a limited number of design variables and cannot take into account discrete design
variables. Therefore, it is important to eliminate discrete variables, and to reduce
the number of design variables in the optimisation model as much as possible.

For discrete variable selection, Mixed Arrays DOE plans are employed to run
a limited number of FEM simulations. It is proposed to set the discrete design
variables to their best settings using Mean response plots.

For reducing the number of design variables, Resolution III fractional factorial
Design Of Experiment (DOE) strategies determine design variable settings for which
a limited number of FEM simulations is run. ANalysis Of VAriance (ANOVA) is
subsequently employed to analyse the linear metamodels fitted through the obtained
response measurements by Response Surface Methodology (RSM). Pareto and Main
effect plots assist in determining the most important variables: less important vari-
ables can be removed from the optimisation model which significantly reduces its
size.

The reduced optimisation model can subsequently be solved by a Sequential
Approximate Optimisation (SAO) algorithm. The algorithm includes a Design Of
Experiments (DOE) strategy based on a Latin Hypercube Design that takes into
account explicit constraints. RSM and Kriging are incorporated as metamodelling
techniques. The accuracy of the metamodels is assessed by ANOVA, Residual plots
and Cross validation. The best metamodels for objective function and implicit
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constraints are included in the optimisation model and optimised using a multistart
Sequential Quadratic Programming (SQP) algorithm. SAO allows for sequential
improvement if the approximate optimum is not accurate enough.

SAO includes three sequential improvement strategies. The first variant puts in
new DOE points in a spacefilling way (SAO-SF). The second and third variants ex-
ploit all information already obtained during previous iterations. New DOE points
are selected based on Minimising a Merit Function (SAO-MMF) and Maximising
Expected Improvement (SAO-MEI).

SAO and the three sequential improvement strategies have been demonstrated
by applying them to an analytical test function. This allowed for a comparison
between SAO-SF, SAO-MMF and SAO-MEI. SAO-MEI and SAO-MMF have per-
formed better for optimisation than SAO-SF, which primarily focusses on fitting
accurate metamodels throughout the entire design space. If one is concerned with
optimisation, it is only necessary to have accurate metamodels in the vicinity of the
optimum. SAO-MMF and SAO-MEI converge quickly towards the global optimum,
which makes them more efficient for optimisation than SAO-SF.





Chapter 6

A comparison between
optimisation algorithms by
application to forging

Chapter 3 contained an extensive literature review on optimisation algorithms that
are applied for optimising metal forming processes using Finite Element simula-
tions. Several groups have been distinguished: iterative algorithms, genetic and
evolutionary algorithms, approximate algorithms, adaptive algorithms and hybrid
algorithms. In this thesis, a Sequential Approximate Optimisation (SAO) has been
selected, which has been developed in Chapter 5.

In this chapter, the applicability of the SAO algorithm to metal forming pro-
cesses using FEM simulations will be demonstrated by its application to two forging
processes. Fourment, Vieilledent and Do have applied several other optimisation
algorithms to the same forging processes in e.g. [21,22,46,47,59,60,187]. This allows
for comparing the performance of SAO to that of other good algorithms for opti-
mising metal forming processes. In addition to SAO, an iterative and an efficient
evolutionary algorithm are considered for the comparison described in this chapter.

In Section 6.1, the iterative and efficient evolutionary algorithms will be briefly
introduced. Subsequently, SAO and the other algorithms will be applied to the
forging processes in Sections 6.2 and 6.3. The results of applying SAO will be
discussed in Section 6.4, where its performance is compared to the performance of
the iterative and evolutionary algorithm.

6.1 Optimisation algorithms

This section briefly introduces the algorithms to which SAO will be compared: an
iterative algorithm (BFGS) and an efficient evolutionary strategy. The latter algo-
rithm is a Metamodel Assisted Evolutionary Strategy (MAES).
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BFGS

The well-known BFGS algorithm [32] is usually the most efficient quasi-Newton
method for optimisation problems. It makes it possible to find satisfactory solu-
tions within few iterations when the objective function is convex, for instance as
in [187] for 2D forging applications. It requires computing the gradient, which is
not a simple issue. In fact, in many commercial FEM codes, this gradient is not
available. However, in the FEM code Forge3 — which is used for the forging appli-
cations in Section 6.2 and 6.3 — the adjoint state method is used and the partial
derivatives are calculated with a semi-analytical approach [107]. When the opti-
misation problem is more complex, the final solution may strongly depend on the
starting point of the BFGS algorithm, and in the worst case, the algorithm gets
trapped into local optima.

MAES

Evolutionary algorithms (and similar Genetic algorithms) are regarded as the most
robust with respect to local optima, making it possible to solve the most complex
optimisation problems. General information on Evolutionary Strategies (ES) and
Genetic Algorithms (GA) can be found in e.g. [8, 16,19,159].

As mentioned in Chapter 3, the costs of both ES and GA are usually quite high
in terms of function evaluations. The utilised Metamodel Assisted Evolutionary
Strategy (MAES) proposed in [50] combines an Evolutionary Strategy (ES) with
Kriging metamodels to reduce the number of function evaluations. Hence, one could
refer to MAES as a hybrid algorithm combining two of the three groups of algorithms
reviewed in Chapter 5: evolutionary algorithms and approximate optimisation.

The applied MAES starts by randomly choosing an initial population of three
times the number of design variables and running the corresponding FEM simu-
lations. Based on the obtained response measurements, the ES generates 10 new
design points. For a regular ES, one would run 10 FEM simulations for evaluat-
ing these new DOE points. For MAES, however, a Kriging metamodel is fitted
through the already obtained response measurements. Instead of running the 10
FEM calculations, the results are first predicted by the merit function of Equation
(5.7):

fmerit(x) = ŷ(x) − w · ŝ(x) (6.1)

where ŷ and ŝ are the Kriging metamodel and its standard deviation, which are
estimated by the Equations (2.13) and the square root of Equation (2.14), respec-
tively. The weight factor w is taken equal to 1. After having predicted the responses
of the 10 DOE points, only the 2 DOE points that show the lowest merit function
values are selected and evaluated by running 2 FEM simulations. In this way, the
application of metamodelling techniques saves 8 time-consuming FEM calculations
per iteration with respect to a regular ES.
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(a) (b)

Figure 6.1: The spindle: (a) The preform; (b) The final product

6.2 Application to forging a spindle

6.2.1 The optimisation problem

The first application process the algorithms are applied to is the forging process of
a spindle. The spindle is forged in two subsequent steps: first a preform is made
by upsetting, which is subsequently forged to result in the final product. These
two production steps for forging the spindle are presented in Figure 6.1. Note that
Figure 6.1(b) depicts only the upper half of the product.

To evaluate whether the final product can be made in the factory, a Finite
Element (FEM) calculation has been performed using the FEM code Forge3, which
— as indicated in Section 6.1 — allows for calculating sensitivities. Figures 6.2(a)
and (b) show the FE models after the two operations. Use has been made of
symmetry. One full simulation of the spindle takes about four hours to run. In
Figure 6.2(c), one can observe that a folding defect occurs, which deteriorates the
final product’s quality. The depicted quantity is the equivalent plastic strain rate

(a) (b) (c)

Figure 6.2: (a) The FE model after upsetting; (b) The FE model after forging; (c)
Folding
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Figure 6.3: The B-spline describing the top surface of the preform of the spindle

at the free surface of the product, i.e. where no contact exists between the product
and the die.

To overcome the folding defect, it is proposed to optimise the geometry of the
preform with an optimisation goal of minimising the equivalent plastic strain rate
at the free surface during forging. The objective function is formulated as follows
[59,187]:

ffold =
1

tend − t0

Z tend

t=t0

 
1

Γft,ref

Z
Γft

�
ε̇eq

ε̇eq,ref

�λ

dΓ

! 1
λ

dt (6.2)

where t denotes the time, Γft is the free surface of the discretised domain at time t
and Γft,ref the reference free surface at time t = t0. ε̇eq and ε̇eq,ref are the equivalent
strain rate and a reference equivalent strain rate and λ is an amplification factor,
which is selected to be equal to 10.

The geometry of the preform that can be changed to minimise the objective
function in Equation (6.2) is the top surface indicated as the flat surface in Figure
6.2(a). The axi-symmetric top surface of the preform is modelled by the B-spline
shown in Figure 6.3 as the thin line. The B-spline is controlled by the six control
points C1...C6. The three design variables are presented in Figure 6.3 as P1...P3.
All design variables are allowed to vary between -10 and 20 mm. For the reference
situation P1 = P2 = P3 = 0, in which case the top surface is a flat plane as shown
in Figure 6.2(a).

The total optimisation problem can now be modelled as follows:

min ffold(P1, P2, P3)

s.t. − 10mm ≤ P1 ≤ 20mm (6.3)

−10mm ≤ P2 ≤ 20mm

−10mm ≤ P3 ≤ 20mm
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Nopt Ntot P1 [mm] P2 [mm] P3 [mm] ffold OK?

Reference – – 0 0 0 10.49 No
BFGS 3 12 7.02 2.92 6.55 10.25 No
MAES 30 48 -7.26 -3.84 -10 8.35 Yes
SAO-SF 36 50 -1.69 -5.95 8.33 9.20 No
SAO-MMF 38 48 -10 -6.50 -9.82 8.06 Yes
SAO-MEI 22 50 -8.52 -6.40 -10 7.97 Yes

Table 6.1: Results of optimising the spindle

6.2.2 Applying the optimisation algorithms

The proposed Sequential Approximate Optimisation algorithm, as well as the opti-
misation algorithms introduced in Section 6.1, are now applied to solve the optimi-
sation problem modelled by Equation (6.3).

Table 6.1 presents the results. The table shows for all algorithms the number
of the FEM calculation Nopt, which gave the optimal settings, as well as the total
number of simulations Ntot performed for a specific algorithm. The convergence
of the optimisation algorithms is depicted in Figure 6.4. As introduced in Section
5.8 and Figure 5.15, the plateaus in the figure denote that an algorithm could not
improve the results of the first simulation of the plateau. The plateaus for the three
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Figure 6.4: Convergence of the algorithms for optimising the spindle
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(a) (b) (c)

(d) (e) (f)

Figure 6.5: Preforms of the spindle: (a) Reference; (b) BFGS; (c) MAES; (d) SAO-SF;
(e) SAO-MMF; (f) SAO-MEI

variants of SAO broadly correspond to different batches generated by the sequential
improvement strategies within SAO. For example, the first batch of all SAO variants
consisted of the same 20 calculations. Figure 6.4 presents this plateau as the same
for SAO-SF, SAO-MMF and SAO-MEI. Immediately afterwards, SAO-MMF and
SAO-MEI determine a new batch of DOE points near the optimum. This yields a
large improvement in objective function value and initiates a new plateau.

Table 6.1 also presents the optimal design variable settings and corresponding
objective function f for the optimal processes obtained by the different optimisa-
tion algorithms. These are compared to the design variable settings and objective
function value of the reference process. What these numbers imply for the forging
process is presented in the Figures 6.5 and 6.6. Figure 6.5 visualises the preforms of
the reference and optimised processes. Figure 6.6 presents the corresponding FEM
results for these preform shapes. Whether the algorithms have solved the folding
defect or not has been determined by visual inspection. It is indicated in Figure
6.6 and in Table 6.1 whether the different optimisation algorithms have been able
to solve the folding defect or not.

The results will be discussed in Section 6.4 together with the results of the
second forging application.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.6: Folding behaviour of the spindle: (a) Reference; (b) BFGS; (c) MAES; (d)
SAO-SF; (e) SAO-MMF; (f) SAO-MEI
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6.3 Application to forging a gear

6.3.1 The optimisation problem

The second forging case is the forging process of the gear presented in Figure 6.7(b).
Just as was the case for the spindle, forming the gear is a two step process. First,
a preform is established. Subsequently, the preform is forged to obtain the final
product. The resulting parts after both production steps are shown in Figures
6.7(a) and (b), respectively.

For optimising the gear, a Finite Element model was made. Figure 6.8(a) shows
the FE model of the gear after producing the preform. Note that use has been made
of the product’s symmetry. Forge3 is again used as FE code. One full simulation
of the gear takes about one hour.

To limit the production costs and environmental pollution, it is beneficial to
minimise the total energy required for forging the gear. An objective function is
formulated as:

fene =

∫ tend

t=t0

(
∫

Ωt

σ : ε̇dΩ +

∫

Γct

τ · vdΓ

)

dt (6.4)

where t denotes the time. The first part contains the plastic dissipation, in which Ωt

is the discretised domain at time t, σ and ε̇ are the stress and strain rate tensors. In
the second part of the equation — which describes the friction losses due to forging
— Γct is the contact surface and τ and v are the surface traction and the relative
velocity, respectively. However, to assure a final part without folding defects, it
is also recommended to include folding in the optimisation problem. A second
objective function is the same as already formulated for the spindle in Equation
(6.2).

The two objective functions from Equations (6.2) and (6.4) are combined to one
total objective function:

ftot =
ffold

ffold,ref
+

fene

fene,ref
(6.5)

To make the two objective functions comparable to each other, they are nor-
malised by ffold,ref and fene,ref .

The design variables are presented in Figure 6.8(b). Just as was the case for
the spindle, the design variables describe the preform geometry. The geometry is
described by the five variables µ1, µ2r, µ2z, µ3 and µ4. To reduce the number of
design variables to three, the z-coordinate of µ2 is connected to µ1. Additionally,
demanding volume conservation will result in three design variables since the fourth
one can be expressed as a function of the other three:

µ4 = y(µ1, µ2, µ3) (6.6)

where the subscript r is omitted for µ2. Thus, a set of three design variables µ1, µ2

and µ3 remains. No constraints have been formulated except the box constraints
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(a) (b)

Figure 6.7: The gear: (a) The preform; (b) The final product

(a) (b)

Figure 6.8: (a) The 3D FE model of the gear; (b) The design variables describing the
geometry of the preform of the gear
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Nopt Ntot µ1 [mm] µ2 [mm] µ3 [mm] fene ffold ftot

Reference – – 44.60 21.65 32.33 100% 100% 1.19
BFGS 3 7 40.91 18.00 30.11 ? ? 1.157
MAES 42 49 45.67 18.36 30.25 90.3% 92.4% 1.079
SAO-SF 51 51 45.25 18.00 30.58 91.3% 93.4% 1.091
SAO-MMF 31 49 45.25 18.18 30.65 91.8% 90.2% 1.076
SAO-MEI 49 54 45.35 18.00 30.41 90.6% 90.2% 1.068

Table 6.2: Results of optimising the gear

bounding the design variables. These box constraints are included in the following
optimisation model that is used for optimising the gear:

min ftot(µ1, µ2, µ3)

s.t. 40mm ≤ µ1 ≤ 46mm (6.7)

18mm ≤ µ2 ≤ 22mm

30mm ≤ µ3 ≤ 34mm

6.3.2 Applying the optimisation algorithms

Now, the different optimisation algorithms are compared to each other by applying
them to the optimisation problem modelled in Equation (6.7).

Table 6.2 presents the results of optimising the gear. The table again shows
for all algorithms the number of the FEM calculation Nopt, which gave the optimal
settings, and the total number of simulations Ntot performed for a specific algorithm.
Additionally, it presents the optimal design variable settings and corresponding
objective function values as well as the reduction in energy and folding potential
obtained by optimisation. Figure 6.9 visualises the reference preform shape and the
preform shapes after optimisation using the different algorithms. The convergence
of the algorithms is depicted in Figure 6.10.

6.4 Discussion

Concluding the application of different optimisation algorithms to two forging pro-
cesses, let us discuss the results. For both the spindle and the gear, the results were
very similar and are hence combined in the following sections.
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(a) (b) (c) (d) (e) (f)

Figure 6.9: Preforms of the gear: (a) Reference; (b) BFGS; (c) MAES; (d) SAO-SF;
(e) SAO-MMF; (f) SAO-MEI
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Figure 6.10: Convergence of the algorithms for optimising the gear
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Iterative BFGS algorithm

For both forging cases, the convergence plots in Figures 6.4 and 6.10 show that
the iterative BFGS algorithm yielded relatively small improvements in only a few
iterations. For the spindle, the improvement proved to be too small to solve the
folding defect, see Table 6.1 and Figure 6.6(b).

In return for being local, the BFGS algorithm requires relatively few FEM cal-
culations for obtaining its optimum. This makes it useful when a quick, but not
too large improvement is required. A disadvantage of iterative algorithms is the
necessity to calculate sensitivities. Sensitivities are provided by the Forge3 code
as described in [107]. For other, commercial FEM codes, however, this is mostly
not the case. Another disadvantage is the fact that all FEM calculations for BFGS
needed to be carried out sequentially, which is very time consuming.

Metamodel Assisted Evolutionary Strategy (MAES)

Being an evolutionary strategy, MAES is a global algorithm and use can be made
of parallel computations. However, instead of running all 10 FEM calculations in
this case, only the best 20% = 2 simulations are really performed. Hence, the
possibility for parallel computing is not used to full extent. However, in return, the
convergence plots in Figures 6.4 and 6.10 show that the objective function improves
quickly and greatly, the latter due to being a global algorithm.

MAES convincingly removed the folding defect from the spindle and reduced the
forming energy and folding potential of the gear by 10% and 7.5%, respectively. It
outperforms the BFGS algorithm and shows that combining an evolutionary strat-
egy with metamodelling techniques can overcome the disadvantage that genetic and
evolutionary algorithms need many function evaluations in return for providing a
global optimum and/or significant improvement.

Sequential Approximate Optimisation (SAO)

SAO-SF, SAO-MMF and SAO-MEI all started with 20 FEM calculations generated
by the spacefilling Latin Hypercube Design introduced in Section 5.2. This explains
the coinciding convergence behaviour of the three variants of SAO during the first 20
FEM calculations in the Figures 6.4 and 6.10. Subsequently, the different sequential
improvement strategies further improved the results in a number of batches. Using
SAO-SF, each new batch consisted of 10 new FEM calculations. The optimum
of the metamodel of the previous batch was included each time. SAO-MMF and
SAO-MEI themselves determine how many new simulations are required in a next
batch.

For both forging cases, the convergence plots in Figures 6.4 and 6.10 show very
slow convergence behaviour for SAO-SF, which simply adds new DOE points in a
spacefilling way. The final objective function value improvement is generally better
than that obtained by the local BFGS algorithm, but worse than MAES. Within
50 FEM calculations, SAO-SF did not manage to remove the folding defect for the
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spindle, see Table 6.1 and Figure 6.6(d).

In contradiction to SAO-SF, SAO-MMF and SAO-MEI exploit all information
available from previous iterations (mean and standard deviations) and perform
much better than SAO-SF. SAO-MMF and SAO-MEI did solve the folding problem
convincingly and they improved objective function values for the gear by about 10%,
see Table 6.2. SAO-MMF and SAO-MEI even performed better than the efficient
MAES algorithm in both forging cases. For both the spindle and the gear, SAO-
MEI performed slightly better than SAO-MMF, although the difference is small.

A final comparison

Concluding this comparison, it can be stated that applying any of the optimisation
algorithms yielded better results than the reference situations. For the spindle, it
was shown that the folding defect can be solved using optimisation. For the gear,
both the folding susceptibility and the energy consumption could be decreased by
about 10% with respect to the reference forging process.

It has been found that global algorithms perform better than the local algorithm.
MAES and the three variants of the SAO algorithm generally yield superior results
compared to the BFGS algorithm. The local algorithm is incapable of solving the
folding defect for the spindle, whereas most global algorithms are. The exception
is SAO-SF, which shows slow convergence behaviour, and less improvement than
MAES, SAO-MMF and SAO-MEI. Hence, this confirms the results found for the
analytical test function in Section 5.8.

In the end, it can be concluded that MAES, SAO-MMF and SAO-MEI all are
very good optimisation algorithms for the optimisation of metal forming processes.
They have been shown to eliminate the folding defect for the spindle and have
reduced both the folding susceptibility of the gear and the energy consumption
needed for forging this part by approximately 10%. The fact that the difference
between MAES, SAO-MMF and SAO-MEI is small is demonstrated by Tables 6.1
and 6.2: for both the spindle and the gear the optimal design variable settings are
approximately the same for all three algorithms. This is visualised by the Figures 6.5
and 6.9: the optimal preform shapes are very similar for MAES, SAO-MMF and
SAO-MEI. Comparing the performance of these three algorithms to each other,
SAO-MEI proves to be the best algorithm, followed closely by SAO-MMF. Both
SAO variants performed slightly better than MAES in both forging cases.

However, approximate algorithms — and thus SAO — are known to suffer from
the curse of dimensionality, whereas evolutionary algorithms are known to be less
sensitive to an increasing number of design variables. Both forging applications
comprised three-design variable optimisation problems. The question is whether
SAO performs equally well for larger optimisation problems.

This has been investigated by comparing SAO-MMF to a metamodel enhanced
evolutionary strategy such as MAES by application to an analytical test function,
see [179–181]. Both constrained and unconstrained optimisation problems for up to
10 design variables have been considered. From this analysis, it has been concluded
that SAO performs better than the metamodel enhanced evolutionary strategy, also
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for an increasing number of design variables.

6.5 Conclusions

This chapter aimed at evaluating the SAO algorithm proposed in Chapter 5 by its
comparison to other algorithms for metal forming processes. The other algorithms
included an iterative algorithm (BFGS) and an efficient Metamodel Assisted Evo-
lutionary Strategy (MAES). Three variants of the SAO algorithm have been taken
into account. They differ by the sequential improvement strategies used. The first
variant puts in new DOE points in a spacefilling way (SAO-SF). The second and
third variants exploit all information already obtained during previous iterations.
New DOE points are selected based on Minimising a Merit Function (SAO-MMF)
and Maximising Expected Improvement (SAO-MEI).

These three variants of the SAO algorithm have been compared to each other
and to the other optimisation algorithms by application to two forging processes: a
spindle and a gear. Forge3 has been used as FEM code.

It is concluded that it is essential for Sequential Approximate Optimisation algo-
rithms to use a sequential improvement strategy that employs as much information
obtained during previous iterations as possible. SAO-MEI and SAO-MMF have
performed much better than the SAO-SF algorithm for which the new DOE points
have been selected in a spacefilling way.

If an efficient sequential improvement strategy is used, SAO provides a good al-
gorithm to optimise metal forming processes: it outperforms the iterative algorithm
which gets stuck in a local optimum. Only the efficient MAES algorithm stays close.

The potential of the proposed SAO algorithm for optimising metal forming pro-
cesses using FEM simulations has been demonstrated by two forging cases: it solved
a folding defect for the spindle and decreased both the energy consumption and fold-
ing susceptibility for the gear by about 10%.



Chapter 7

A robust optimisation
strategy for metal forming
processes

Optimisation in combination with FEM simulations is an important tool to achieve
better products and lower costs in the metal forming industry. The optimisation
strategy presented in Chapters 4 and 5 contributes to finding the best settings of
the design variables in order to optimise one or more response quantities (objec-
tive function and implicit constraints). Deterministic constrained optimisation is
schematically depicted in Figure 7.1(a). The aim of deterministic optimisation is to
minimise objective function f subject to constraint g ≤ 0. The design variables in
this strategy can be exactly controlled. Running the FEM simulation for selected
values of the design variables yields one value for each response. The determinis-
tic optimum in Figure 7.1(a) lies exactly on the constraint (the shaded area is the
infeasible region). This implies the process is feasible, at least in a deterministic
situation.

Unfortunately, in a real manufacturing environment, design variables cannot be
controlled exactly. Moreover, some variables cannot be controlled at all, but show a
large degree of variation. A well-known example is material variation: one can select
a certain material, but each material will to a certain extent show variation in its
yield stress, hardening behaviour, etc. This variation is subsequently translated to
the response quantities, which will display a probability distribution instead of one
value only. This is demonstrated in Figure 7.1(b). The deterministic constrained
optimum design variable setting is now subject to noise. This causes response
distributions of both objective function f and constraint g. Note that approximately
half of the response distribution of g violates the constraint g ≤ 0. The obtained
response variation implies that the products violating the constraint will not satisfy
demands after the process, which will result in scrap.

Large variations in response quantities will deteriorate product quality and a
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(a)

(b)

Figure 7.1: (a) Deterministic constrained optimisation; (b) Robustness and reliability
of a deterministic constrained optimum where noise is present
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high scrap rate significantly contributes to the costs. Therefore, taking account of
variation during optimisation in order to achieve a robust metal forming process is
an important extension of the optimisation strategy proposed in this thesis. This
chapter extends the proposed optimisation strategy to include robustness. The
optimisation strategy not taking variation into account will be referred to as the
deterministic optimisation strategy for metal forming processes, the one extended
to include robustness as the robust optimisation strategy.

In Section 7.1, several topics on robust metal forming processes are introduced.
Several approaches to combine optimisation with uncertainty such as manufacturing
variation are reviewed in Section 7.2. One of these possibilities is “robust optimi-
sation”. Within the field of robust optimisation, several possible approaches exist
which are reviewed in Section 7.3. One of these robust optimisation approaches is
selected. This serves as a basis for extending the deterministic optimisation strategy
from Chapters 4 and 5 to a robust optimisation strategy. In Section 7.4, this robust
optimisation strategy for optimising metal forming processes is described. Both the
deterministic and the robust optimisation strategy will be applied to an analytical
test function including variation in Section 7.5.

7.1 Robust metal forming processes

7.1.1 Manufacturing variation

A manufacturing process — such as a metal forming process — can be characterised
by a P-diagram as shown in Figure 7.2 [200]. In general, the input can be categorised
as energy, information or material. In the case of a metal forming process, all
three groups are present: energy for powering the press, information contained by
the CAD-drawing, and the undeformed material that is to be deformed by the
process. The response is the deformed product or actually, the selected quality
characteristics (e.g. the part geometry) of the product. Also entering the process
are control variables x and noise variables z. The control variables can be controlled
by the process engineer. Examples are the shape of the tools and load paths. Noise
variables cannot ordinarily be controlled in an industrial setting. An environmental
factor like the temperature is a typical example. Material variation as mentioned
above is a second example. Note that noise variables are stochastic variables.

For deterministic optimisation, the design variables are input of the FEM code.
The P-diagram of Figure 7.2 shows that both control and noise variables influence
the response of a manufacturing process such as a metal forming process. In order
to take manufacturing variation into account during optimisation, it is necessary to
split the FEM inputs (design variables) into control and noise variables. Control
variables x resemble design variables as used in the deterministic strategy: they
can be exactly controlled. Examples of control variables are tool radii that can be
manufactured to a high accuracy. Variables that cannot be controlled are taken
into account as noise variables z. Material variation is an example: once a specific
material has been selected, it cannot be controlled anymore and it is hence not a
control variable. Its variation is, however, always present and should still be taken
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Figure 7.2: P-diagram [200]

into account as a noise variable. A third type of variables are variables that can be
controlled, but at the same time display variation. These are split into a controllable
and an uncontrollable part by defining the mean of the input distribution as a control
variable, and the variation around the mean as a noise variable. An example of such
a variable is the coefficient of friction: using different types of lubrication, one can
influence the mean, whereas it also displays variation.

As presented in Figure 7.1, the presence of noise variables will cause variation in
the response, the product characteristics. If the response deviates too much from the
intended product characteristics, the product’s performance is likely to deteriorate,
or the product may not be accepted for use at all. The former situation may cause
dissatisfied customers or high warranty and replacement costs. The latter situation
implies that material, time and energy have been spent for no reason. Both cases
can be very expensive and should be prevented.

7.1.2 Statistical Process Control

A way to monitor and control the variation within a manufacturing process is using
Statistical Process Control (SPC) [126]. Figure 7.3 presents a typical plot considered
when applying SPC. It presents two response distributions, which are assumed to
be normally distributed with a certain mean µ and standard deviation σ. Also
indicated in the figure are a user-defined Lower and Upper Specification Limit
(LSL and USL). The LSL and USL are selected independently from the process.
For example, if a final product’s thickness is required to be between 2 and 3 mm,
the LSL is defined to be 2 mm and the USL equals 3 mm. A process engineer’s
challenge is to design a process for which the distribution of the response — in this
case the part thickness — lies between the LSL and USL. The part of the response
distribution that lies outside the LSL and USL indicates the number of defective
products. This is referred to as the scrap rate.
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Figure 7.3 presents two response distributions: a 3σ and a 6σ process. Note that
for a 3σ process, the distance between LSL and USL equals 6 times the standard
deviation of the response distribution. This implies that the response distribution
µ ± 3σ exactly fits between the LSL and USL, provided one is able to direct the
mean µ of the response distribution exactly in the middle between the LSL and USL.
This situation is depicted in Figure 7.3. Under the assumption that the response
distribution is normal, this implies a low scrap rate. For a 3σ process bounded by
both an LSL and a USL, the scrap rate equals 0.3%. The 6σ process in Figure 7.3
possesses a smaller standard deviation. If the LSL and USL are the same as for the
3σ process, the distance between LSL and USL hence equals 12 times the standard
deviation of the response distribution. This implies that — if the mean is exactly
between LSL and USL — the scrap rate is 3.4 ppm, which is even much lower than
for the 3σ process.

Two aspects of SPC are of fundamental importance: process robustness and
process reliability. Process robustness is related to the amount of variation in the
process response: the narrower the response distribution, the more robust the man-
ufacturing process. The process robustness is related to the reproducibility of prod-
ucts resulting from the process. Figure 7.3 shows that the response distribution
belonging to a 6σ-process is narrower than that belonging to a 3σ-process. The
6σ-process is hence more robust. The process robustness does formally not include
the position of the response distribution with respect to the LSL and USL: a very
narrow response distribution far outside the region between LSL and USL is very
robust, but yields an almost 100% scrap rate. An advantage of a robust process is,
however, that a narrower distribution is easier to direct between the LSL and USL.
Note that a process that is not robust does not fit between the LSL and USL at all,
also not when the mean is located exactly in between both specification limits.

The second aspect is process reliability, which indicates how many products
will satisfy the user-defined Lower and Upper Specification Limits (LSL and USL).
Note that the more robust 6σ-process depicted in Figure 7.3 is also more reliable
than the depicted 3σ-process. As mentioned above, this is not necessarily the case,
since the reliability depends on the location of the distribution with respect to LSL
and USL. One could think of a very robust process being very unreliable since the
distribution is outside the LSL and USL. In general, however, a more robust process
shows higher potential to result in a reliable process. As mentioned above, if the
process variation is larger than the distance between LSL and USL, one will never
reach a reliable process.

Using SPC, process robustness and reliability are determined by Process Capa-
bility Ratios. Assuming a normal distribution of the response, the process capability
ratios Cp and Cpk are defined as [126]:

Cp =
USL − LSL

6σ
(7.1)

Cpk = min

(

USL − µ

3σ
,
µ − LSL

3σ

)

(7.2)

where µ and σ reflect the process mean and standard deviation, respectively. Note
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Figure 7.3: A 3σ- and a 6σ-process

that Cp is insensitive with respect to the location of the mean, whereas Cpk is
not. One could therefore say that Cp is related to the process robustness and Cpk

indicates the process reliability.
For the 3σ process in Figure 7.3, the Cp- and Cpk-values equal 1. For the 6σ

process, Cp = Cpk = 2. Striving for 6σ-reliability is the basis of the very successful
quality philosophy “Six Sigma”. Six Sigma has saved companies billions of euros
during the past 20 years [30], which indicates the potential of optimising for robust
and reliable manufacturing processes.

Both process robustness and reliability are essential properties for a good metal
forming process. For convenience, a good metal forming process — which is thus
both robust and reliable — will from now on be referred to as a robust metal forming
process.

7.2 Approaches to Optimisation Under Uncertainty

In order to optimise for robust metal forming processes, it is necessary to combine
optimisation techniques and uncertainty such as manufacturing variation. This is
sometimes referred to as “Optimisation Under Uncertainty”. Two approaches to
Optimisation Under Uncertainty are often distinguished: robust optimisation and
reliability based optimisation. First the application of deterministic optimisation in
order to optimise towards robust metal forming processes will be described, subse-
quently followed by robust and reliability based optimisation.
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Figure 7.4: Deterministic optimisation

7.2.1 Deterministic optimisation

Using deterministic optimisation, uncertainties are not accounted for explicitly.
However, it can be attempted to increase the reliability of the metal forming process
by optimising towards a point as far away as possible from the failure constraints.

For example, the Forming Limit Diagram presented in Figure 4.7 presents the
Forming Limit Curve (FLC) that should not be exceeded to prevent necking. The
distance between the strain points in a part and the FLC is a measure for the
reliability of a sheet metal forming process with respect to necking: the closer the
strains are to the FLC, the more likely it is that the necking constraint is violated.
If noise variables such as material variation are present, a larger distance to the
constraint(s) will yield a more reliable metal forming process. One could apply any
deterministic optimisation algorithm to maximise the distance to the FLC, which
could result in a robust and reliable metal forming process.

Although deterministic optimisation has the potential to result in a very robust
and reliable process, variation is not taken into account during optimisation. The
optimisation algorithm aims at shifting one realisation of the response distribution
far away from the specification limit(s). This is depicted in Figure 7.4 where the
selected realisation of the response distribution is assumed to be the mean response.
Shifting the mean of the response to a location far away from the specification lim-
its gives a more reliable process in this case. However, the probability distribution
depicted in Figure 7.4 is not known. Hence, quantitatively nothing is known about
the variation of the response: the process may be not robust/reliable or very ro-
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Figure 7.5: (a) Monte Carlo Analysis of an optimum; (b) MCA input generation

bust/reliable depending on the process variance.

However, after having obtained the deterministic optimum, one can validate the
process capability (process robustness and reliability) by performing a Monte Carlo
Analysis (MCA) as presented in Figure 7.5(a). For the optimal variables of the
control variables, the noise variables are varied randomly according to a normal
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Figure 7.6: Principle of robust optimisation

distribution as shown in Figure 7.5(b) for two noise variables. Following Figure
7.5(a), the process mean µ and variation σ can be calculated for each response by
running the FEM simulations for varying values of the noise variables. Comparing
the response distributions to the LSL and USL of each response yields the scrap rate.
Additionally, one can calculate the Process Capability Ratios from Equations (7.1)
and (7.2). These Process Capability Ratios are indicators of the process robustness
and reliability.

Note that performing a Monte Carlo Analysis using FEM simulations is ex-
traordinarily time consuming. Each cross mark in Figure 7.5(b) denotes one FEM
simulation. In practice, one will never allow for running that many FEM simula-
tions. Therefore, an MCA using FEM for metal forming processes will generally
be limited to a couple of hundred simulations. Although one will not be able to
predict process robustness and reliability in great detail, such an MCA still yields
a useful indication of the process capability.

The application of deterministic optimisation algorithms to achieve robust metal
forming processes is very common. Tables 3.1, 3.2, 3.3 and 3.4 include the objective
functions encountered in the literature. Many objective functions are related to
metal forming defects. In these publications, deterministic optimisation is applied
to overcome the defects, which implies that deterministic optimisation techniques
are employed to increase the process reliability, see e.g. [23].
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Figure 7.7: Robust and reliability based optimisation

7.2.2 Robust optimisation

A robust process is a process which is insensitive to variations in the stochastic
variables influencing this process [200]. Robust optimisation aims at reducing the
variability in the product quality characteristics. As mentioned above, less varia-
tion implies a higher product quality and lower costs. The principle behind robust
optimisation is depicted in Figure 7.6. Suppose the mean of variable x can be con-
trolled. At any mean value, however, x is normally distributed. As was introduced
in Figure 7.1, the uncontrolled noise is passed through to the response distribution.
Note that selecting design variable setting xb in Figure 7.6 will yield a narrower re-
sponse distribution than selecting design variable setting xa. Robust optimisation
techniques aim at reducing the variability in the response by influencing control
variables given a certain input noise. Note that using robust optimisation explicitly
takes noise variables and response distributions into account during optimisation.
Therefore, a result of robust optimisation is a metal forming process for which the
robustness is quantified.

Figure 7.7 schematically depicts the influence of applying robust optimisation
techniques to a certain reference response distribution: it is tried to manipulate the
control variables in such a way that the variability of the response is minimised.
Shifting the entire response distribution as was done for deterministic optimisation is
also possible using robust optimisation, but the main focus is on reducing variability.

A combination of robust optimisation and metal forming can be found in [86,
89,112].
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7.2.3 Reliability based optimisation

Another approach is reliability based optimisation. Reliability based optimisation
attempts to find the optimal values of a certain objective function, while at the same
time ensuring a predefined (usually small) probability that a product or process
fails. The probability that a manufacturing process fails equals the area below the
probability density function outside the specification limits as shown in Figure 7.7
for a 3σ-process. Often the predefined reliability level is achieved by shifting the
probability density function of the response, rather than reducing its variability as
was the case for robust optimisation. Shifting the response distribution by reliability
based optimisation differs from shifting the response by deterministic optimisation
(Figure 7.4). Deterministic optimisation can be seen as shifting the mean of an
unknown response distribution. Reliability based optimisation aims at shifting the
distribution by explicitly and accurately determining the area in the tail of the
distribution that is outside the Specification Limit.

A typical reliability based optimisation problem is formulated as:

min f ; s.t. P [g(x, z) ≤ 0] ≥ r (7.3)

in which P denotes the probability and r is the reliability level, e.g. 3σ-reliability.
g is the Limit State Function: the Limit State g = 0 separates the regions of failure
(g > 0) and success (g < 0).

Specific optimisation algorithms are known for solving the reliability based opti-
misation problem stated in Equation (7.3). These algorithms focus on high accuracy
in the tail of the response, which generally requires many FEM simulations. This
makes applying these reliability based optimisation algorithms very time consuming.

Typical applications are aerospace design (see e.g. [5,49,65,203]) and automotive
crashworthiness design (see e.g. [99, 188, 201, 202]). Within metal forming, only a
few examples are encountered, see [70,92,93,150].

7.2.4 A comparison between deterministic, robust and reli-
ability based optimisation

The question remaining is which approach (deterministic, robust or reliability based
optimisation) is most suitable for the optimisation of metal forming processes.

Deterministic optimisation is straightforward and often applied already today.
However, input noise and thus response distributions are not taken into account
quantitatively. Therefore, no conclusions can be drawn with respect to the robust-
ness or reliability of the obtained optimal process. Afterwards, process robustness
and reliability can be validated by a Monte Carlo Analysis (MCA). This is, however,
very time consuming and the question is what one should do if the MCA points out
that the process capability is not high enough.

Reliability based optimisation explicitly takes into account noise variables and
response distributions. The algorithms focus on the tail of the response distribution
which generally requires many function evaluations. This is very time consuming,
especially when using FEM simulations of metal forming processes.
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Robust optimisation techniques present a good compromise between determin-
istic and reliability based optimisation. They take into account input noise and
response distributions explicitly. The response distribution is described by a mean
µ and standard deviation σ, which makes it possible to increase process robustness
in a quantitative way. Even the process reliability can be quantified, e.g. by cal-
culating the Cpk-value from Equation (7.2). This is based on the assumption that
the response distribution is normally distributed. If the response is not normally
distributed, the quantified reliability level is just an approximation.

Taking account of noise in addition to control variables comes at a computa-
tional cost. Hence, robust optimisation is generally more time consuming than
deterministic optimisation. However, not focussing on the tail of the response dis-
tribution and allowing for “regular” optimisation algorithms, robust optimisation
is less time consuming than reliability based optimisation. Robust optimisation
techniques combine quantification of process robustness and — under certain as-
sumptions — reliability with only a relatively small increase in computational cost
with respect to deterministic optimisation. Therefore, it is proposed to use ro-
bust optimisation techniques for the optimisation towards robust and reliable metal
forming processes.

7.3 Approaches to robust optimisation

Several approaches to robust optimisation exist. This section treats two of them:
Taguchi and Dual Response Surface Methods. Two Dual Response Surface Meth-
ods are included: Direct Variance Modelling and Single Response Surface Methods.
In the end, the most appropriate robust optimisation technique is selected for ap-
plication to the optimisation of metal forming processes.

7.3.1 Taguchi method

The robustness concept was introduced by Taguchi in the 1980s. The method aims
at reducing the variability in the output caused by inevitable noise variables by
identifying proper settings of control variables without eliminating the noise. The
principle has been demonstrated in Figure 7.6.

Taguchi methods are based on Design Of Experiments (DOE). The DOE strat-
egy proposed by Taguchi employs orthogonal arrays, which are similar to the Reso-
lution III fractional factorial designs introduced in Section 5.1.1. However, Taguchi
introduces so-called crossed arrays that consist of an inner array for the control
variables and an outer array for the noise variables. A graphical representation for
the relatively simple 23 × 23−1 design is given in Figure 7.8. The dots represent the
locations where the observations are done. This example results in 32 experiments,
FEM simulations in the framework of this thesis.

After having performed the measurements, Taguchi proposes to analyse the
results by calculating the well-known Signal-to-Noise Ratio (SNR). The SNR pro-
vides an easy performance criterion that takes the process mean and variance into
account. It can be seen as a formulation of the objective function in the case of
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Figure 7.8: 23
× 23−1 crossed array DOE

optimisation. Different SNRs are known for minimisation, maximisation and closest
to target optimisation problems [200].

The Taguchi methodology is a robust optimisation technique. Hence, it aims at
a reduction in variance of response by choosing suitable settings of control variables.
Optimisation is performed by maximising the SNR. This is actually not algorithmic
optimisation but rather a “pick-the-winner” procedure. Typically, the following
three tools are used for optimising the SNR [200]:

1. Performing ANalysis Of VAriance (ANOVA);

2. Displaying Main and Interaction effect plots;

3. Optimisation by picking the best settings.

ANOVA and Effect plots can be used to study the effect of the control and
noise variables on the SNR. Especially the interaction between control and noise
variables is of high interest. Optimisation is performed by selecting the control
variable settings for which the SNR is maximised.

The Taguchi approach has been very popular among engineers, mainly because
the approach is simple and easy to understand and does not require a strong back-
ground in statistics [183]. Examples of applications in metal forming can be found
in [72,108,109,116].

However, the Taguchi method has several disadvantages [83, 128, 129, 135, 163,
182,183]. The DOE strategies focus on control-noise variable interactions. Control-
control variable interactions cannot be taken into account, which limits the ap-
plicability to problems where there are no interactions between different control
variables. Moreover, the crossed array approach (inner and outer array) requires
many function evaluations, especially when many control and noise variables are
present. Next to the DOE strategy, the Signal-to-Noise Ratio is criticised. SNR



140 A robust optimisation strategy for metal forming processes

combines the mean and variance of the response. Hence, mean and variance are
confounded: one cannot separate the effects of control and noise variables on the
mean and variance of the response. A final disadvantage is that Taguchi methods do
not allow for sequential experimentation: optimisation is performed by “pick-the-
winner” analysis based on one batch of function evaluations. This is in contradiction
to numerical optimisation techniques that sequentially improve objective function
values until an optimum has been achieved.

7.3.2 Direct Variance Modelling

A way to overcome the drawbacks of Taguchi’s methods is by applying Dual Re-
sponse Surface Methods (DRSM) [128,129]. Using DRSM, two separate metamod-
els are fitted: one for the mean and one for the variance of each response. Mean
and variance (or its square root, the standard deviation) can be estimated at any
location of interest in the control space. In this way, the user gains more knowl-
edge about the process. The influences of control variables on mean and standard
deviation are no longer confounded as in Taguchi’s Signal-to-Noise Ratio.

Two different methodologies will be treated with respect to Dual Response Sur-
face Modelling: Direct Variance Modelling and Single Response Modelling. Both
methodologies result in separate models for mean and variance of a response. A
wide variety of constrained optimisation techniques can be used in combination with
these models and much existing software is available for the optimisation [129]. This
section introduces Direct Variance Modelling, Section 7.3.3 will describe Single Re-
sponse Surface Modelling.

Being a metamodelling technique, Direct Variance Modelling is based on DOE.
The DOE is established in the control variable space. Any DOE can be used for this
as opposed to the use of orthogonal arrays prescribed for Taguchi methods. For each
DOE point in the control variable space, an orthogonal array in the noise variable
space is performed to obtain process variability of the response for that control
variable setting. This is depicted in Figure 7.9(a) for two control variables and three
noise variables. The DOE for Direct Variance Modelling resembles the crossed array
approach suggested by Taguchi. However, the DOE for Direct Variance Modelling
allows for sequential experimentation and thus for use of any numerical optimisation
algorithm. A disadvantage — as was the case for Taguchi methods — is that
the noise assessment for each control variable setting results in numerous FEM
simulations.

After having run the corresponding FEM simulations, mean and variance can be
determined in each design point in the control variable space. Two metamodels can
now be fitted: one for the mean and one for the variance (or standard deviation).
Any metamodelling technique can be used for fitting the metamodels. These meta-
models can both be visualised which provides the user with information on which
control variables influence the response mean and which control variables influence
the response variance. Interactions between control and noise variables are also
included in this information.

An optimisation model including response mean and variance as objective func-
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(a) (b)

Figure 7.9: DOE for (a) Direct Variance Modelling; (b) Single Response Surface Mod-
elling

tion/implicit constraints is easily formulated. This model can be solved using a
regular deterministic optimisation algorithm. However, for each iteration of the
algorithm in the control variable space, it is needed to run several FEM simulations
for assessing the noise at this control variable setting. This makes Direct Variance
Modelling a time-consuming robust optimisation technique, especially when a large
number of control and noise variables is present in the optimisation problem.

7.3.3 Single Response Surface Method

A more efficient Dual Response Surface Method is referred to as “Single Response
Surface Methodology”. The name seems contradictory, but can be easily explained.
Just as was the case for Direct Variance Modelling, the final result is two metamod-
els: one for the response mean, one for the variance. However, only one metamodel
in the combined control-noise variable space is really fitted to the FEM results.
Hence, the name “Single Response Surface Method”. The two different metamod-
els for response mean and variance are based on this single metamodel in combined
control-noise variable space.

At the basis of the Single Response Surface Method is again a DOE strategy. It
has been mentioned that the crossed array approach for Taguchi and Direct Variance
Modelling generally results in numerous calculations having to be performed. For
the Single Response Surface Method, one metamodel has to be fitted depending
on both control and noise variable. Therefore, many authors propose the use of
combined arrays [55, 129, 135, 163, 183]. Combined arrays consist of both control
and noise variables in one single array. Any DOE can be used for this such as
orthogonal arrays [55, 128, 129], Central Composite Designs [128, 129, 163], as well
as computer generated and Latin Hypercube Designs [83,84,135].

Figure 7.9(b) presents a Latin Hypercube Design (LHD) in the 2D combined
control-noise variable space for one control variable x1 and one noise variable z1.



142 A robust optimisation strategy for metal forming processes

Note that this combined array cannot be directly compared to the crossed array
presented in Figure 7.9(a), because the latter includes two control variables and
three noise variables. However, for two control and three noise variables, the same
LHD consisting of 5 design points could be applied in the 5D combined control-
noise variable design space. In order to fit an accurate 5D metamodel, one would
in this case run more than 5 FEM calculations, but generally not as many as the
20 calculations needed for the crossed array in Figure 7.9(a). Hence, the combined
array in Figure 7.9(b) is a relatively efficient DOE for robust optimisation.

After having run the FEM simulations and having obtained the measurement
points for the responses, one single metamodel is fitted in the combined control-
noise variable space. For instance, the following Response Surface Methodology
(RSM) metamodel is quadratic in the control variable space, linear in the noise
variable space, and control-noise variable interactions are also included:

ŷ(x, z) = β0 + xTβ + xTBx + zTγ + xT∆z + ε (7.4)

ŷ is the single metamodel of a response dependent on the control variables x and
noise variables z. β0, β, B, γ and ∆ denote the fitted regression coefficients and
ε is the random error term, which is formally not part of the metamodel. From
Equation (7.4), one can analytically determine two RSM metamodels for mean and
variance [129]:

µ̂y = E[ŷ(x, z)] = β0 + xTβ + xTBx

σ̂2
y = var[ŷ(x, z)] = σ2

z(γT + xT∆)(γ + ∆Tx) + σ2
(7.5)

with µ̂y and σ̂2
y the metamodels for mean and variance of the response. σ2 is the

random error variance. Hence, two metamodels have been deduced from the single
metamodel in control-noise variable space.

Just as was the case for Direct Variance Modelling, both the response mean and
variance can be included again in an optimisation model. This can be optimised
using any algorithm. Using the Single Response Surface Method, DOE points and
new iterations of the algorithm are not selected in the control variable space, but
in the larger control-noise variable space. However, it is no longer necessary to
run separate simulations in the noise variable space for each DOE point in con-
trol variable space. This particularly makes the crossed array approach used for
Direct Variance Modelling inefficient. It is concluded that the Single Response Sur-
face Method — just as Direct Variance Modelling — overcomes the disadvantages
of Taguchi’s methods. Moreover, it is much more efficient than Direct Variance
Modelling. Hence, it is proposed to use the Single Response Surface Method in-
cluding the combined array DOE strategy as robust optimisation technique for the
optimisation of metal forming processes.



7.4 Extension of the optimisation strategy to include robustness 143

7.4 Extension of the optimisation strategy to in-
clude robustness

Based on the Single Response Surface approach to robust optimisation, the deter-
ministic optimisation strategy presented in this thesis is now extended to include
manufacturing variation. The resulting robust optimisation strategy again consists
of three stages: modelling, screening, and solving.

7.4.1 Modelling

In Section 4.4, a 7 step methodology for modelling optimisation problems in metal
forming has been introduced:

1. Determine the appropriate optimisation situation;

2. Select the necessary responses;

3. Select objective function and implicit constraints;

4. Quantify the responses;

5. Select the design variables;

6. Define the ranges on the design variables;

7. Identify explicit constraints.

This 7 step methodology is still valid for the robust optimisation strategy. How-
ever, instead of putting in deterministic design variables, stochastic noise variables
are also included in Steps 5 and 6. The result is a variation in the responses —
objective function and implicit constraints (Steps 2, 3 and 4). Also, explicit con-
straints (Step 7) will become a stochastic quantity since they can be influenced by
the noise variables. The fact that noise variables, objective function and constraints
exhibit a probability distribution instead of a deterministic value, makes it neces-
sary to model the mean and variance of the concerned quantities rather than only
one value. The necessary adaptations to extend the 7 step modelling methodology
to include robustness are described in the remainder of this section.

Control and noise variables

In Steps 5 and 6 of the 7 step modelling methodology, the design variables and their
ranges are selected. In Steps 5 and 6 of robust modelling, control and noise variables
are now distinguished. Control variables are deterministic and can be treated in the
same way as design variables in the deterministic optimisation strategy. For noise
variables, however, a probability distribution needs to be assumed. It is proposed
to assume a normal distribution for each noise variable with mean µz and variance
σ2

z . Concerning the ranges, lower and upper bounds on the noise variables can be
selected a number of standard deviations away from the mean:
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(a) (b) (c)

Figure 7.10: Objective function formulations: (a) min µf ; (b) min σf ; (c) min µf ±

kσf

µz − kσz ≤ z ∼ N(µz, σz) ≤ µz + kσz (7.6)

The value of k depends on the process reliability one wants to assess. If one wants
to assess 3σ reliability (scrap rate of 0.3% based on a normal distribution), a value
of k = 4 is proposed. Note from Figure 7.5(b) that for a 10000 sample Monte Carlo
Analysis, none of the samples is outside the µz ± 4σz upper and lower bound.

Objective function

The presence of noise variables yields probability distributions for the responses.
Being a response, the objective function is hence a stochastic variable quantified by a
mean µf and a standard deviation σf . Figure 7.10 shows three possible formulations
using objective function mean µf and standard deviation σf and their influence on
process robustness and reliability. The several possibilities are described below.

In Figure 7.10(a), choosing the mean as objective will result in a shift of the
response distribution. Note that this is similar to deterministic optimisation as
presented in Figure 7.4: the mean is optimised in order to be far away from LSL
and USL. However, process robustness and reliability are not quantified.

Choosing the standard deviation as objective (Figure 7.10(b)) results in a vari-
ability reduction, which gives a robust process in a sense that the distribution is as
narrow as possible. However, the peak can be outside the feasible region between
LSL and USL. Hence, nothing is known about the reliability.

Figure 7.10(c) presents that when the weighted sum approach µf ± kσf is used,
both a shift and variability reduction will occur at the same time. This will yield
a robust process far away from the LSL and USL. For this process, reliability is
maximised although the reliability is not quantified explicitly. This formulation
is the only one that makes sense for optimising towards reliable metal forming
processes.

While minimising mean and standard deviation, process reliability can be taken
into account by defining an implicit reliability constraint on the response that is
defined as objective function. This can be done by selecting the weighted sum
µf ± kσf as implicit constraint, e.g.
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Formulation 1 Formulation 2 Formulation 3

Objective µf ± kσf µf σf

Constraint on f µf ± kσf µf ± kσf

Constraints on g µg ± kσg µg ± kσg µg ± kσg

Table 7.1: Modelling formulations for objective function and constraints for robust
optimisation

(a) (b) (c)

Figure 7.11: Objective function formulations following Table 7.1: (a) Formulation 1;
(b) Formulation 2; (c) Formulation 3

min σf

s.t. µf + kσf ≤ USL
(7.7)

In Equation (7.7), it is attempted to achieve a robust process with a small stan-
dard deviation σf . As has been mentioned above, this alone tells nothing about
the process reliability since it is not known whether the response distribution lies
between the LSL and USL or not. In Equation (7.7), the reliability is taken into
account by an implicit constraint of which the formulation resembles the reliability
based optimisation problem formulation of Equation (7.3). Suppose k = 3, then
Equation (7.7) aims to find a process that is as robust as possible while satisfying
the constraint that 99.85% of the response measurements is below the USL. This
corresponds to a 3σ reliability level and a Cpk-value of at least 1. In a similar way,
the Six Sigma philosophy introduced in Section 7.1.2 can be followed by choosing
k = 6. This will yield a Cpk-value of at least 2. Note that it is assumed that the
response distribution is normal in order to be able to predict the process reliability.

In conclusion, three formulations are proposed for modelling the objective func-
tion response in the case of robust optimisation, see Table 7.1. The proposed
formulations are optimising the weighted sum µf ± kσf , or optimising mean µf or
standard deviation σf . The latter two do not quantify reliability. Hence, in these
cases it is advised to take the weighted sum µf ± kσf into account as implicit reli-
ability constraint. The three formulations are schematically depicted in Figure 7.11.
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(a) (b)

Figure 7.12: (a) Screening DOE in control-noise variable space; (b) Full Factorial +
Latin Hypercube Design in control-noise variable space

Implicit and explicit constraints

So far, only mean and variance of the objective function are taken into account.
Also, the implicit and explicit constraints show a distribution in the case of robust
optimisation. Since these constraints contribute to reliability, it is recommended
that the constraints are treated as weighted sum formulations in the optimisation
problem. Constraint formulation for a constraint g is also included in the three
possible formulations in Table 7.1.

7.4.2 Screening

Screening for the robust strategy is the same as for the deterministic strategy. Here,
only screening for variable reduction is treated. Following the Single Response
Surface approach introduced in Section 7.3.3, the k control and j noise variables
are combined into one (k + j)-dimensional space and screened using the Resolution
III fractional factorial designs presented in Section 5.1. Figure 7.12(a) presents
the screening DOE for two control variables x1 and x2 and one noise variable z1.
Using Pareto and Effect plots, one can easily determine the most important control
and noise variables. Only these are taken into account by the robust optimisation
algorithm.

Note that — just as for deterministic optimisation — only the linear effects
are investigated and not the linear + interaction effects between control and noise
variables. One could argue that if there is no interaction between control and
noise variables, it does not make sense to take into account these “uncontrolled”
noise variables. They do, however, affect the response variation and thus, the
process robustness and reliability. Hence, they should be taken into account for
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optimisation, which implies it is sufficient to investigate only the linear effects of
control and noise variables on the responses.

7.4.3 Solving

The final stage of the robust optimisation strategy is to solve the reduced optimi-
sation model by a robust optimisation algorithm. In Chapter 5, a Sequential Ap-
proximate Optimisation (SAO) algorithm has been introduced. A flow chart of the
optimisation strategy, including the SAO algorithm, is presented in Figure 7.13(a).
This algorithm serves as a basis for solving the robust optimisation problem.

Following Figure 7.13(a) the result of the 7 step modelling methodology is an
optimisation model including control and noise variables. Objective function and
constraints are formulated by mean and variance following the formulations pre-
sented in Table 7.1. Screening techniques are applied to reduce the number of
control and noise variables.

Subsequently, SAO is applied to the robust optimisation problem. The algorithm
has been adapted in order to efficiently solve the robust optimisation problem. The
several stages of SAO are discussed one by one.

The first stage of the algorithm is the DOE strategy. The same full or fractional
factorial DOE combined with Latin Hypercube Design as introduced in Section 5.2
is applied. In the robust case, however, it is in the combined control-noise variable
space as displayed in Figure 7.12(b) for one control variable x1 and one noise variable
z1.

Subsequently, the FEM simulations are run and a metamodel is fitted and vali-
dated using RSM and Kriging metamodelling techniques. With the exception that
this time the metamodels are in the control-noise variable space, there is no differ-
ence between the deterministic and robust optimisation algorithm.

The next stage is to optimise the metamodels and to evaluate the accuracy
of the obtained optimum. Figures 7.13(b) and (c) present the differences in the
optimisation algorithms and optimum evaluation for the deterministic and robust
optimisation algorithms. The difference in optimisation is the determination of the
separate metamodels for µy and σy. For this, Single Response Surface techniques
such as the RSM metamodel presented in Equation (7.4) are employed. Using
Equation (7.5), one can subsequently calculate two metamodels for mean µy and
σy. When Kriging is employed instead of RSM, an analytical derivation of µy and σy

is not possible. In this case, a Monte Carlo Analysis (MCA) is run on the metamodel
as shown in Figure 7.13(c). Note that the metamodel is in this case used to predict
the responses depending on the noise variables. Hence, the metamodelling goal
“prediction” as introduced in Section 2.2.1 is now employed. From the MCA, the
two metamodels of µy and σy can be determined. Since the MCA is performed on
a metamodel, it is very efficient.

The difference between robust and deterministic optimisation (see Figure 7.13)
in the evaluation of the optimum x∗ is that, in the deterministic case, this can be
done by running one final FEM calculation. In case the robustness and reliabil-
ity need to be assessed after optimisation, it is necessary to run an MCA using
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Figure 7.13: (a) Flow chart of the optimisation strategy; (b) Deterministic; (c) Robust

FEM calculations as presented in Figure 7.5(a). Instead of using the determinis-
tic optimum, the robust optimimum is used. Performing MCA directly on FEM
simulations is time consuming.

Sequential improvement has not yet been implemented for the robust optimi-
sation algorithm. Sequential improvement has importantly contributed to the ef-
ficiency and accuracy of the deterministic SAO algorithm. Therefore, it is ex-
pected that sequential improvement strategies for the robust algorithm have great
potential. It is recommended as future work to develop an efficient sequential im-
provement strategy similar to SAO-MMF or SAO-MEI for the robust optimisation
algorithm.
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7.5 Application to an analytical test function

The robust optimisation algorithm will be compared to the deterministic optimi-
sation algorithm by application to the analytical test function presented in Figure
7.14(a). Figure 7.14(b) presents the contour of this objective function. The test
function has steep slopes for low values of the two design variables x1 and x2. Note
from Figure 7.14(b) that the deterministic optimum is quite close to the steep part
of the function. This implies that if variation is present on the two design variables,
a non-robust response distribution is expected.

Figure 7.14(b) also shows a constraint which will be active in the case of con-
strained deterministic optimisation. The infeasible region is presented as the shaded
area. The constraint can be used to assess the performance of the deterministic and
robust algorithms in the case of constrained optimisation.

The constrained deterministic optimisation problem is defined as:

min f =

{

12 + x2
1 +

1+x2
2

x2
1

+
x2
1x2

2+100
(x1x2)4

100 if f > 100

s.t. g = 6.5 − x2 ≤ USL = 0

1 ≤ x1, x2 ≤ 10

(7.8)

For the unconstrained deterministic optimisation model, the constraint g is sim-
ply omitted. Both the unconstrained and constrained deterministic optima have
been obtained by deterministic optimisation and are presented in Figure 7.14(b).

For the robust optimisation strategy, Formulation 2 in Table 7.1 is selected for
modelling the objective function and constraint. Hence, the robust optimisation
problem is modelled as follows:

min µf

s.t. µf + 3σf ≤ USL = 50

µg + 3σg ≤ USL = 0

1 ≤ x1, x2 ≤ 10

− 3σz ≤ z1, z2 ∼ N(0, σz) ≤ 3σz

(7.9)

where the USL for the reliability constraint on the objective function has been set
to 50. Note that the design variables have been split into deterministic control
variables and two normally distributed noise variables z1 and z2 that vary around
the deterministic settings of x1 and x2. The noise variables have mean 0 and
standard deviation σz, which has been selected equal to 0.4.

Again the unconstrained (g omitted) and the constrained problem have been
optimised, this time using the robust optimisation algorithm. 100 function evalu-
ations have been run in the 4D combined control-noise variable design space and
Single Response Surface RSM and Kriging metamodels have been fitted. Kriging
provided the most accurate metamodel. Following Figure 7.13(c), the multistart
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Figure 7.14: (a) Analytical test function for robust optimisation; (b) Contour plot
including optima
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(a) (b)

Figure 7.15: Response distributions: (a) Deterministic unconstrained optimum; (b)
Robust unconstrained optimum

SQP algorithm has subsequently been used to determine the robust unconstrained
and constrained optimum.

Both corresponding robust optima are again displayed in Figure 7.14(b). Note
from the figure that in the case of unconstrained optimisation, the optimum is
pushed away from the steep slopes for small values of x1 and x2. For constrained
optimisation, the robust optimum is pushed away from the active constraint.

After optimisation, the reliability of all optima has been evaluated using an MCA
of 20000 function evaluations. Figure 7.15 compares the results of deterministic
and robust unconstrained optimisation. In Figure 7.15(a), one can see the objective
function distribution resulting from the MCA on the deterministic unconstrained
optimum. The fitted normal distribution demonstrates that response distributions
do not need to be normal at all. The distribution of a determinstic optimum is
skewed as one would expect. Figure 7.15(a) presents a zoomed picture. This is
to visualise that several of the 20000 function evaluations are actually outside the
USL of 50. This is due to the fact that the deterministic unconstrained optimum
is close to the steep slopes for small values of x1 and x2. The corresponding scrap
rate equals 0.92%.

Figure 7.15(b) presents the results of MCA on the robust unconstrained opti-
mum. Note that none of the 20000 function evaluations exceeds the USL. Hence,
applying robust optimisation has reduced the scrap rate from 0.92% to a scrap rate
smaller than 0.005%.

The improvement of the robust optimisation strategy with respect to the de-
terministic one is even much more dramatic in constrained cases as depicted in
the Figures 7.16 and 7.17. For the deterministic optimum, the scrap rate due to
violation of the constraint g is 50.3% (Figure 7.16(b)). For the robust optimum,
Figure 7.17(b) shows that the scrap rate has been reduced to 0.1%, which nicely
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(a) (b)

Figure 7.16: Response distribution deterministic constrained optimum: (a) Objective
function; (b) Constraint

(a) (b)

Figure 7.17: Response distribution robust constrained optimum: (a) Objective func-
tion; (b) Constraint

corresponds to the 3σ reliability level modelled in Equation (7.9).

Note from Figures 7.16 and 7.17 that the increase in reliability in g comes at the
cost of a (small) shift of the objective function distribution towards the USL. Figure
7.17(a) shows, however, that there is enough room for shifting the distribution of
f towards the USL: none of the 20000 runs resulted in a violation of the USL of f
which results in a sufficiently large reliability.
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7.6 Summary

Including manufacturing variability like material variation is important for achieving
product improvement and cost reduction using optimisation techniques. Manufac-
turing variation — of which material variation is a well-known example — yields
response distributions rather than deterministic values. Statistical Process Control
techniques can be used to determine the process robustness and reliability from the
response distribution and user-defined Upper and Lower Specification Limits.

Optimising for robust metal forming processes can be done by deterministic opti-
misation, robust optimisation and reliability based optimisation techniques. Deter-
ministic optimisation neither quantifies robustness, nor reliability. Reliability based
optimisation algorithms are generally very time consuming. Robust optimisation is
relatively time efficient and takes into account process robustness and — assuming
a normal distribution — even reliability.

Three robust optimisation approaches have been reviewed: Taguchi’s robust
design, Direct Variance Modelling and Single Response Surface techniques. The
latter technique is the most efficient and is selected for a robust optimisation strategy
for metal forming processes.

The robust optimisation strategy is an extension of the deterministic optimisa-
tion strategy introduced earlier in this thesis. It comprises a modelling, screening
and a solving phase.

Concerning the modelling, the 7 step modelling methodology can be used to
define objective function, implicit constraints and design variables. For the robust
strategy, the objective function and constraints are built up from a mean and a
variance rather than a single value. Several propositions have been done to model
the optimisation problem to achieve the desired process robustness and reliability
(see Table 7.1). The design variables are, in the robust case, split up into deter-
ministic control variables and stochastic noise variables. The latter are defined by
their mean and variance.

Screening is done in the same way as for deterministic optimisation. In the
robust optimisation strategy, however, the design space is a combined control-noise
variable space. Only the most important control and noise variables are kept in the
optimisation problem.

The robust optimisation algorithm is an extension of the Sequential Approximate
Optimisation (SAO) algorithm. They differ in the optimisation and evaluation
stages. The robust SAO algorithm is based on the efficient Single Response Surface
approach and includes both RSM and Kriging. Evaluation of the obtained robust
optimum cannot be performed using one single FEM simulation as was the case
for deterministic optimisation. In the robust case, it is necessary to assess the
process robustness and reliability by a Monte Carlo Analysis employing many FEM
simulations.

The deterministic and robust optimisation strategies have been compared to each
other by application to an analytical test function. The robust optimisation strategy
yields a more robust and reliable optimum. This is especially true for constrained
optimisation, where a constrained deterministic optimum generally implies a scrap
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rate of about 50%.



Chapter 8

Application 1: Solving deep
drawing problems by
optimisation

This chapter applies the developed optimisation strategy in order to solve problems
in the deep drawing process of an automotive part. It only includes the deterministic
optimisation strategy; robust optimisation is not included.

The automotive part concerned is shown in Figure 8.1(b). It is manufactured
from 3 mm thick steel sheet. The blank is shown in Figure 8.1(a). The manufactur-
ing process to form the part from the blank consists of 19 stages, of which 10 are
deep drawing operations.

The part was already in mass production when cracks were encountered during
or after the deep drawing process. The location of the cracks is indicated in Figure
8.1(b). Due to the cracks, many parts have been rejected leading to an unusually
high scrap rate.

Upon discovery of the cracks, the deep drawing process has been altered by the
manufacturer. This resulted in a significant decrease of the scrap rate. Figure 8.2
presents the difference between the original process yielding a high scrap rate and
the modified process having a much lower scrap rate. The former process will be
referred to as the reference process, the latter one as the modified process.

In this chapter, the optimisation strategy is applied to improve the reference
process, i.e. to reduce crack occurrence and therefore the scrap rate. The modified
process — for which it is known that the scrap rate is much lower — can be used for
comparison. Sections 8.1, 8.2 and 8.3 contain the modelling, screening and solving
stages of the deterministic optimisation strategy. Section 8.4 draws conclusions
from the application of the developed optimisation strategy to the deep drawing
process of the automotive part and makes recommendations.
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(a) (b)

Figure 8.1: The automotive part: (a) Blank; (b) Part and crack location

(a)

(b)

Figure 8.2: (a) The reference process; (b) The modified process
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8.1 Modelling

The 7 step modelling methodology presented in Section 4.4 is followed to model the
optimisation problem.

8.1.1 Step 1: Determine the appropriate optimisation situa-
tion

The first step is to determine the appropriate optimisation situation. The flow chart
presented in Figure 4.14 assists in doing this. The automotive part is already de-
signed and also already in mass production. Following Figure 4.14, it is determined
that a “Production” situation is considered for this application. For a Production
situation, the modelling theory has been described in Section 4.3.4.

Employing Table 4.1 indicates that Figure 4.13 should be used to determine how
the optimisation problem should be tackled. As introduced in Section 4.3.4, the first
action to solve the production problem is to thoroughly investigate the cause of the
problems. This is the problem identification phase (see Figure 4.13). Several causes
of the cracks in the automotive part have been investigated. It was concluded that
the material deformation at the crack location causes the crack occurrence.

To investigate this cause further, FEM simulations of the 10 stage deep drawing
process have been run. AutoForm has been used as Finite Element code. One
FEM calculation took about 1.5 hours to run. Figure 8.3 compares the results of
simulations of both the reference and the modified process. Figure 8.3(a) shows
the FLD of the reference and the modified process. The strains in the vicinity of
the cracks indicated in Figure 8.1(b) are displayed in Figure 8.3(b). Figure 8.3(c)
shows that the FEM simulations yield a concentration in the part’s thickness at the
locations where cracks occur.

Comparing the reference and the modified process in Figure 8.3 indicates two
possible causes of crack failure: (i) large deformation as described in Section 4.2.4;
and (ii) the final part thickness. Regarding the first cause, Figure 8.3(b) shows that
the amount of deformation in the crack region (distance to the origin of the Forming
Limit Diagram (FLD)) is lower for the modified process than for the reference
process. This is an indication that reducing the large deformation in the region
where the cracks occur may help to solve the production problem. Regarding the
second cause, Figure 8.3(c) illustrates the large thickness at the crack location: the
final thickness at these spots is simulated to be 50% larger than the thickness of
the initial blank of 3 mm. The fact that the thickness resulting after the modified
process is smaller than that resulting from the reference process is especially clear
in the FLD in Figure 8.3(b): one can observe that the strains in the crack region
are for the modified process closer to the line y = −x. The line y = −x presents
the line of equal thickness: if the strains are on this line, the thickness equals the
initial thickness of 3 mm. Strains underneath this line indicate thickening at that
location. Hence, the FEM simulations present a correlation between the thickness
in the crack region and the scrap rate: the thinner the material at this location, the
better.
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The simulated results have been experimentally validated by measuring the
thickness of real parts. Figure 8.4 compares reality and FEM simulations of both
the reference and the modified process. On the left, the FEM result of the reference
process is presented. The figure also indicates the “edge” of the part. On the right,
the thickness over the edge for the real and simulated reference and modified pro-
cesses is presented. Figure 8.4 shows that for both reality and FEM simulations, the
thickness at crack location is smaller for the modified process than for the reference
process. This confirms the idea that decreasing the thickness in the vicinity of the
cracks reduces crack occurrence. Note, however, that the FEM simulations do not
coincide with reality: they overestimate the real thickness for both processes.

In the remainder of this chapter, it is assumed that the thickness and large
deformations cause crack occurrence and that the FEM simulations reflect reality.
Based on these assumptions, optimisation can be applied to reduce the scrap rate
of the considered deep drawing process.

The part thickness is a Design Parameter as introduced in Section 4.2.2 and
large deformation is a metal forming defect as described in Section 4.2.4. These are
both at the level of DPs in the Product Development Cycle. Following Figure 4.13,
this implies that the considered production problem is DP related. This concludes
the problem identification phase.

The next phase indicated in Figure 4.13 is “Process redesign”. Knowing that
this application involves a DP related production problem, a Process Design Type
I optimisation problem is to be formulated in order to try to improve the process.
From Table 4.1, it can be determined that possible responses are DPs, Defects and
Costs. Possible inputs are the Process Variables (PVs).

8.1.2 Step 2: Select the necessary responses

In Step 1 of the 7 step modelling methodology, DPs, Defects and Costs have been
defined as possible responses. The top-down structures in the Figures 4.4, 4.6 and
4.8 assist in selecting only the most relevant responses.

The most important response is the one solving the production problem. The
problem identification phase of Step 1 resulted in the part thickness and large
deformations in the critical crack region as essential responses for solving the cracks.
The part thickness is a parameter from the “Part geometry” category in Figure 4.4.
One could calculate the thickness directly using FEM. Alternatively, the distance
to the line of equal thickness in the FLD as introduced in the previous section can
be used. In this case, the latter formulation in strain space is used and visualised
as response f2 in Figure 8.5(b). Note that only the thickness in the critical regions
is included: the critical regions are defined as presented in Figure 8.5(a). Following
Figure 4.4, other possible DPs that could be taken into account belong to the group
of “Part material”. However, there is no reason to believe that the material is not
suitable for this application. Thus, the material choice is not included as additional
response.

The second essential response is the magnitude of deformation, which has been
introduced as a Defect in Figure 4.6 in Section 4.2.4. It is also defined in strain space



8.1 Modelling 159

(a)

(b)

(c)

Figure 8.3: (a) FLD containing the strains of all the elements; (b) FLD containing only
the strains of the elements in the critical region; (c) FEM result displaying
thickness
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Figure 8.4: The thickness over the edge of the part

and visualised as response f1 in Figure 8.5(b). Again, only the large deformations in
the critical regions are included. Other possible defects are necking and wrinkling.
Wrinkling is not expected in the relatively thick sheet metal part and is hence not
included. Necking, however, is expected to be important. Necking is taken into
account as described in Section 4.2.4: the strains are not allowed to exceed the
Forming Limit Curve (FLC) for the concerned material at any location. Necking is
visualised as response g in Figure 8.5(b). Note that even for the reference process,
the FLC is exceeded at certain locations. In practice, however, no necking defects
have been encountered at these locations. In order to let the reference process be
feasible with respect to necking, the FLC has been modified. The modifications are
visualised as the dashed lines in Figure 8.5(b).

The final group of possible responses is Costs of which the top-down structure
has been presented in Figure 4.8. Material costs, Process costs and Tooling costs
are not considered to be critical in this application and are hence not included.

8.1.3 Step 3: Select the objective function and implicit con-
straints

The objective of optimisation is preventing the cracks from occurring, hence the
crack related responses (large deformations and thickness in the critical region) are
selected as objective function. Since both quantities are assumed to contribute to
solving the defects, they are combined in a multi-objective way:

ftot =
f1

f1,ref
+

f2

f2,ref
(8.1)

where f1 and f2 are the objective function values related to the large deformations
and thickness, respectively. f1,ref and f2,ref normalise both contributions in order to
make sure that both objective functions are equally weighted for the total objective
function ftot.



8.1 Modelling 161

(a) (b)

Figure 8.5: (a) Critical regions; (b) Response visualisation in the FLD

Ensuring formability of the entire part (keeping the strains below the FLC to
prevent necking) is selected as an implicit constraint.

8.1.4 Step 4: Quantify the responses

All responses f1, f2 and g are distances in the FLD. The output from FEM are the
major and minor strains. The question remaining is how to mathematically quantify
the responses. In Step 2, it has already been defined that the large deformation is
the distance from a strain point in the FLD to the origin of the FLD, i.e.

f1 =
√

ε2
1 + ε2

2 (8.2)

where ε1 and ε2 are the major and minor strain at a certain location in the part.
For FEM simulations, this is usually the strain in a certain element.

In a similar way, the thickness can be defined in strain space as the distance
between the strain at a certain location and the line of equal thickness:

f2 =
|ε1 + ε2|√

2
(8.3)

The distance to the FLC is defined as:

g = ε1(ε2) − w · εflc
1 (ε2) (8.4)

where the weight factor w determines the margin to the FLC. w is selected equal to
one, which implies the FLC itself is the constraint. A negative value of g denotes a
strain point is below the FLC, i.e. necking is not expected to occur at that location.
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Subsequently, Table 4.2 can be used to finalise response quantification. All
responses are dependent on strains, which are element values. In Section 4.4.4,
three formulations have been proposed for element dependent responses: a max, a
mean and a norm formulation. For this first application, these three formulations
in Equations (4.3), (4.4) and (4.5) will be compared to each other. This is done
by running 100 FEM calculations for one design variable “Size”, which is the size
of the blank shown in Figure 8.1(a). Once the FEM simulations have been run,
calculating the three formulations is just post-processing of FEM results: it does
not require any extra time or effort with respect to choosing only one formulation.

Figure 8.6 presents the effect of the design variable on the three different for-
mulations of the responses f1 and f2. Note that the responses show quite noisy
behaviour. This noisy behaviour is numerical noise caused by, for example, auto-
matic mesh refinement and step size adjustment within the FEM code. Running
exactly the same FEM simulation twice will yield exactly the same result. However,
a small deviation in the design variable settings can cause the FEM code to have a
different mesh or a different number of increments. Consequently, this may give a
relatively large difference in response.

It can be seen in Figure 8.6 that using a mean or a norm definition smoothes
the response, but also decreases the trend slightly. There is not much difference
between using a mean or a norm definition.

Based on the presence of noise, a norm definition is selected for all responses.
Following Equation (8.1), the total objective function consists of normalising and
combining f1 and f2:

ftot (ε1, ε2) =

1√
Ncrit

‖f1‖2

1√
Ncrit,ref

‖f1,ref‖2

+

1√
Ncrit

‖f2‖2

1√
Ncrit,ref

‖f2,ref‖2

(8.5)

g =

{

1√
Nabove FLC

‖g‖2 if maxN g > 0

− 1
20√

N
‖g‖20 if maxN g ≤ 0

where Ncrit denotes the number of elements in the critical region defined in Figure
8.5(a), NaboveFLC the number of elements with strains above the FLC and N the
total number of elements. f1 and f2 are the distances in the FLD as presented in
Figure 8.5(b). f1,ref and f2,ref are these distances belonging to the reference process.
N and Nref are the total number of the elements for a simulation and the reference
process simulation, respectively.

The implicit constraint g in Equation (8.5) is split up into a feasible (g ≤ 0) and
an infeasible (g > 0) part. This causes jumps in the response between points that
are just feasible and others that are just non-feasible. If one formulates a higher
norm than the 2-norm, these jumps diminish. In Equation (8.5), a 20-norm is used
for the feasible part. Figure 8.7 visualises the formulated responses f1, f2, ftot and
g for the 100 FEM simulations dependent on the blank size. Note that — although
a norm formulation has been used — the responses are still noisy.

Completing Step 4 of the 7 step modelling methodology finishes the response
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Figure 8.6: Effect of Size on (a) Response f1; (b) Response f2
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Figure 8.8: Process Variables in one deep drawing stage

modelling: objective function and implicit constraints are now known and mathe-
matically quantified.

8.1.5 Step 5: Select the design variables

Let us now consider the inputs for FEM. From Step 1, it is known that Process
Variables are possible design variables.

Figure 4.5 assists in selecting the PVs that are allowed to be adapted in the
deep drawing process of the automotive part. Geometrical, Material and Process
parameters have been distinguished. Concerning the geometrical parameters: these
are the workpiece size and thickness. Furthermore, the tool geometries of all stages
may also be changed, with the exception of those modifications that change the
final part geometry. The final part geometry should stay the same, since it is
critical for assembling the part into the car. Concerning the material parameters,
it has been reasoned above that the workpiece material will not be changed. The
tools are modelled to be rigid, thus no material related parameters are taken into
account. The third category in Figure 4.5 are process parameters. For deep drawing,
this includes blank holder forces and deep drawing depths (tool displacements) for
several deep drawing stages. Friction coefficients can also be changed.

Figure 8.8 schematically presents one deep drawing stage and the variables that
can be changed in that stage. Eight variables can be distinguished: the coefficients
of friction of punch µp and die/binder µd, the deep drawing depth d, blank holder
force Fb, as well as radii r and curvatures ρ of punch and die. The process under
consideration consists of 10 deep drawing stages, which adds up to about 80 design
variables. Additionally, the blank thickness t and size are present.
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Design variable Parameter Reference process Lower bound Upper bound
x01 size 204 mm 200 mm 215 mm
x02 t 3.0 mm 2.8 mm 3.2 mm
x03 ρd02 9 mm 7.5 mm 12.5 mm
x04 ρp02 12.5 mm 10 mm 15 mm
x05 Fb02 100000 N 80000 N 120000 N
x06 ρd04 8 mm 6 mm 10 mm
x07 ρp04 11 mm 9 mm 13 mm
x08 ρd18 10 mm 8 mm 12 mm
x09 µd 0.1 0.08 0.15
x10 µp 0.12 0.08 0.15

Table 8.1: Design variables and their ranges for optimising the automotive part

Not all operations influence the strains in the critical region. Hence, the amount
of variables can be significantly reduced beforehand using common sense. The
FLDs after several manufacturing stages showed that only three deep drawing stages
(Operations OP02, OP04 and OP18) directly affected the strains in the crack region.
To reduce the number of design variables, the parameters for the other deep drawing
operations were omitted beforehand. Also, it was difficult to change parameters such
as the deep drawing depth d, as well as punch and die radii r as FEM input. These
parameters, which are difficult to alter, have also been omitted as design variables.
Another assumption is that the coefficients of friction µp and µd are equal for each
deep drawing stage.

Resulting are the 10 design variables presented in Table 8.1.

8.1.6 Step 6: Define the ranges on the design variables

Upper and lower bounds have been defined for all 10 design variables. These are
included in Table 8.1.

8.1.7 Step 7: Identify explicit constraints

For the optimisation problem of the automotive part no relevant explicit constraints
that describe impossible combinations of the design variables are present.

The 7 step methodology now resulted in the following mathematically formulated
optimisation model:
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f g

Response values of the reference process 2.0000 -0.0171
Response values of the modified process 1.4823 -0.0459

Table 8.2: Response values for reference and modified process

min f (ε1, ε2) =
1√

Ncrit
‖f1‖2

1√
Ncrit,ref

‖f1,ref‖2
+

1√
Ncrit

‖f2‖2

1√
Ncrit,ref

‖f2,ref‖2

s.t. g =

{

1√
Nabove FLC

‖g‖2 if maxN g > 0

− 1
20√

N
‖g‖20 if maxN g ≤ 0

200 mm ≤ x01 = size ≤ 215 mm

2.8 mm ≤ x02 = t ≤ 3.2 mm (8.6)

7.5 mm ≤ x03 = ρd02 ≤ 12.5 mm

10 mm ≤ x04 = ρp02 ≤ 15 mm

80000 N ≤ x05 = Fb02 ≤ 120000 N

6 mm ≤ x06 = ρd04 ≤ 10 mm

9 mm ≤ x07 = ρp04 ≤ 13 mm

8 mm ≤ x08 = ρd18 ≤ 12 mm

0.08 ≤ x09 = µd ≤ 0.15

0.08 ≤ x10 = µp ≤ 0.15

By solving the optimisation model in Equation (8.6) an attempt will be made
to improve the reference process. These results will be compared to the modified
process for which the improvement in scrap rate is known. In Table 8.2 the values
of the objective function and the implicit constraint for the reference process and
the modified process are presented. The negative constraint values denote that the
strains stay below the FLC and both processes are feasible.

8.2 Screening

Following the theory from Section 5.1, screening will now be applied to reduce the

amount of design variables further. A 2
(10−6)
III fractional factorial design is used

to set up 16 FEM calculations. The FEM simulations have been run on parallel
processors and Pareto and Main effect plots have been generated. Figure 8.9 shows
the Pareto plots for objective function and implicit constraint, Figure 8.10 the Effect
plots.

Figure 8.9 indicates that the variables x01, x03, x10, x02, x09 and x04 have
significant influence on the objective function. x01 and x06 influence the implicit



168 Application 1: Solving deep drawing problems by optimisation

x01  x03  x10  x02  x09  x04  x05  x06  x08  x07  
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

E
ffe

ct

(a)

x01  x06  x09  x03  x08  x02  x05  x10  x07  x04  
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

E
ffe

ct

(b)

Figure 8.9: Pareto plots for (a) the objective function; and (b) the implicit constraint

constraint. Figure 8.10 presents that the influence of x02 and x04 is in the same
direction for both objective and constraint: the best values for both objective and
constraint are obtained by the same design variable setting (maximal for x02, mini-
mal for x04). Hence, following the reasoning in Section 5.1.3, they are not interesting
enough to take into account for optimisation. Design variables x01, x03, x06, x09

and x10 are remaining.

Before including these variables into the optimisation model, it was noticed that
varying the blank size (variable x01) resulted in noisy response behaviour (see Figure
8.7). It is emphasised that this is — because of the large amount of FEM simulations
necessary — not part of the optimisation strategy for metal forming processes. For
demonstration purposes, however, similar analyses have been performed for the
design variables that have been screened to be important (x03, x06, x09 and x10).
Figure 8.11 presents the results. Again, both the objective function and constraint
are noisy. Moreover, there is no significant trend. Therefore, it is decided that only
the blank size (variable x01) is a significant variable that is to be taken into account
during optimisation. The reduced optimisation model is:

min f (ε1, ε2) =
1√

Ncrit
‖f1‖2

1√
Ncrit,ref

‖f1,ref‖2
+

1√
Ncrit

‖f2‖2

1√
Ncrit,ref

‖f2,ref‖2

s.t. g =

{

1√
Nabove FLC

‖g‖2 if maxN g > 0

− 1
20√

N
‖g‖20 if maxN g ≤ 0

(8.7)

200 mm ≤ x01 = size ≤ 215 mm

A question remaining is what to do with the other design variables. As presented
in Section 5.1.3, there are two options:

1. Set them to their original values;
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Figure 8.10: The effect of the ten variables on (a) the objective function; and (b) the
implicit constraint

2. Set them to the best values which can be determined when using the Main
effect plots.

Both options are followed. The first option is interesting since it is closest to the
original process: only the size is varied, which means the number of adjustments to
the existing process is minimal. The second option uses the information obtained by
screening: it is expected that setting the omitted variables to their best values yields
better optimisation results than keeping these variables on their original values. The
best settings are determined using the Main effect plots for the objective function
which are presented in Figure 8.10(a). Table 8.3 presents the sets of original and
best variable settings. Both cases will be optimised.
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Figure 8.11: Influence of different design variables on objective function f ( · · · f1,
−− f2, — ftot) and implicit constraint g
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x01 x02 x03 x04 x05 x06 x07 x08 x09 x10

original settings — 3.0 9 12.5 100000 8 11 10 0.10 0.12
lower bounds 200 2.8 7.5 10 80000 6 9 8 0.08 0.08
upper bounds 215 3.2 12.5 15 120000 10 13 12 0.15 0.15
best settings — 3.2 7.5 10 80000 10 13 8 0.15 0.08

Table 8.3: Design variable settings for optimisation

8.3 Solving

Equation (8.7) has subsequently been solved using the Sequential Approximate
Optimisation (SAO) algorithm described in Chapter 5. As mentioned above, the
process has been optimised twice: once using the original variables of the design
variables omitted during screening, and once using the best variable settings.

Starting with selecting the omitted design variables equal to their original set-
tings, a 10 design point Latin Hypercube Design has been generated in the dimen-
sion of the only design variable x01. The corresponding FEM simulations have been
run in parallel and the four RSM and three Kriging metamodels have been fitted
and validated using the metamodel validation techniques introduced in Section 5.4.
The best metamodels have been selected for both the objective function and implicit
constraint. These were a linear RSM metamodel for the objective function and an
elliptic RSM metamodel for the implicit constraint. The Kriging metamodels — be-
ing interpolative metamodels — appeared to have difficulties with the noisy nature
of the responses. The best metamodels have subsequently been optimised by the
multistart SQP algorithm and the optimum has been checked by running another
FEM simulation.

At the same time, the sequential improvement strategies have been used to add
new DOE points. SAO-MMF and SAO-MEI did not yield any potential points for
further improvement. Although they can be applied, these techniques tend not to
work very well for RSM. To explain this, consider the linear RSM metamodel in
Figure 2.5(a). The merit function equals the lowest dashed line indicated in the
figure. Minimising the merit function yields x = 0, which is the optimum of the
metamodel anyway. For the same measurement points, the merit function for the
Kriging metamodel in Figure 2.5(b) is much more flexible and gives more potential
points for further improvement that differ from the optimum of the metamodel by
definition. Hence, it can be concluded that SAO-MMF — and also SAO-MEI —
are best suited in combination with Kriging.

For this application, SAO-SF has been utilised as sequential improvement strat-
egy. Next to the optimum of batch one, four additional simulations have been
selected in a spacefilling way based on SAO-SF. This brings the total number of
FEM simulations to 15. New metamodels have subsequently been fitted and vali-
dated. Figure 8.12 presents the measurement points and final metamodels for both
the objective function and implicit constraint. The results of running 100 FEM
simulations depicted earlier in Figure 8.7 are also included for comparison. The
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x01 (mm) f g

Reference process 204 2.0000 -0.0171
Modified process 204 1.4823 -0.0459
Optimised ref. process with original settings 209.9 1.6732 -0.0049
Optimised ref. process with optimal settings 204.6 1.6457 -0.0118
Optimised modified process — 0.9097 -0.0048

Table 8.4: Optimisation results

measurement points obtained for optimisation do not coincide exactly with those
obtained using the 100 FEM simulations. This is due to the fact that they are not
exactly the same simulations. In this case, numerical noise is present which explains
the deviation between the two. Note, however, that the trend is quite similar.

Figure 8.13 presents the metamodel validation of the metamodels of objective
function and implicit constraint. Note that F0 is large, p ≤ 0.05, the R2-values are
close to 1 and the RMSE-values are close to 0. Also, the circles in the cross validation
plots are not too far away from the line y = −x. The metamodel validation indicates
that the metamodels are quite accurate and it is decided not to run any more FEM
simulations.

Without going into detail, one can follow a similar procedure for optimising the
deep drawing process for which the omitted design variables have been set to the
optimal variables based on screening.

Table 8.4 presents the obtained optimisation results of both optimisation cases.
The results are also compared to the reference and modified process. Using the
original variable settings for the omitted design variables, the blank size should
be increased from 204 to 210 mm. By doing this, the objective function value
has been reduced from 2 to 1.6732. Using the optimal settings of the omitted
variables, a further small improvement of objective function to 1.6457 has been
reached. Both optima are not as good as the objective function value 1.4823 of
the modified process. However, since the scrap rate improvement of the modified
process with respect to the reference process has been very large, it is expected
that the optimised processes will also yield a large improvement in scrap rate with
respect to the reference process. Negative values of the constraint g denote all
strains are below the FLC.

Figure 8.14 shows the FEM results of the optimised deep drawing processes,
both with original and optimal variable settings of the omitted design variables.
The figure can be compared to the FEM results of the reference and modified
processes already presented in Figure 8.3. Figure 8.14(b) and (c) illustrate that the
thickness in the critical region has been reduced with respect to the reference process
in the left part of Figures 8.3(b) and (c). The thickness is even smaller than for the
modified process. The modified process, however, performs better with respect to
the second critical property included in the objective function: large deformations.
This is why the modified process obtains a lower total objective function value.
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Figure 8.12: (a) Metamodel of objective function; (b) Metamodel of implicit constraint
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Figure 8.13: (a) Metamodel validation objective function; (b) Metamodel validation
implicit constraint
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It can be seen in Figure 8.14(a) that both optimised deep drawing processes are
feasible: no strains are above the FLC. However, since both optima are constrained
optima, the strains are right on the FLC giving quite critical processes in the event
that uncertainty such as material noise were to be present. Uncertainty is not
taken into account for modelling a deterministic optimisation problem. It could be
done by requiring a safety margin below the FLC (choosing the weight factor w
in Equation (8.4) smaller than 1), or by applying the robust optimisation strategy
presented in Chapter 7. This has not been done for this application.

In addition to optimising the reference process, the deterministic optimisation
strategy has been applied to optimise the modified process with the aim of further
decreasing the scrap rate. Optimising the modified process has been performed
by selecting the best settings of the variables based on screening and Main effect
plots. This is similar to selecting the best settings of the omitted design variables
as described above. Without going into detail, the results are displayed in Table
8.4. Although the effect of selecting the best variable settings instead of the original
ones proved to be small for optimising the reference process, the improvement for
optimising the modified process is dramatic. The objective function decreased from
1.4823 to 0.9097. Figure 8.15 presents the FEM results of the modified process and
the optimised modified process. Figures 8.15(b) and (c) show that the improvement
is not in the thickness, but in the large deformation part of the objective function.
Hence — assuming that the FEM simulations resemble reality and that the thickness
and large deformation are causing the cracks — the scrap rate could be reduced
further. Figure 8.15(a) shows the process is again (just) feasible: there are no strains
above the FLC.

8.4 Conclusions and recommendations

This chapter applied the deterministic optimisation strategy to solving production
problems (cracks) in a 10 stage deep drawing process. The 7 step modelling method-
ology has been applied to model the optimisation problem. The crack occurrence
has been related to the thickness and large deformation in the crack region. These
properties have been combined in the objective function. An implicit constraint
has been formulated to prevent necking. The 7 step methodology yielded 10 design
variables and no explicit constraints except lower and upper bounds on the design
variables.

It has been found that the responses show quite noisy behaviour due to numerical
noise in FEM software. It was shown that modelling the responses using different
formulations strongly influences the magnitude of noise. Following the remarks in
Chapter 3, this emphasises the necessity of also paying attention to how a problem
is modelled, rather than only developing suitable optimisation algorithms.

After modelling the optimisation problem, screening has been applied to reduce
the number of design variables. Due to the numerical noise, variables found to
be significant during screening appeared to have no influence on the responses.
Hence, the presence of noise may imply unimportant design variables are kept in
the optimisation problem, which results in an unnecessarily complex problem. The
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(a)

(b)

(c)

Figure 8.14: (a) FLD containing the strains of all the elements; (b) FLD containing
only the strains of the elements in the critical region; (c) FEM result
displaying thickness
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(a)

(b)

(c)

Figure 8.15: (a) FLD containing the strains of all the elements; (b) FLD containing
only the strains of the elements in the critical region; (c) FEM result
displaying thickness
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result of screening was a one-design variable optimisation problem: only the size of
the initial workpiece influenced the objective function and implicit constraint.

The reduced optimisation problem has been solved using the SAO algorithm.
Due to the noisy responses, RSM metamodels were most accurate: being an in-
terpolative technique, Kriging does not yield accurate metamodels in cases where
noise is present. Furthermore, it has been found that the sequential improvement
strategies SAO-MMF and SAO-MEI do not function very well when combined with
RSM. Therefore, SAO-SF has been used as sequential improvement strategy.

After 15 FEM simulations, the result of optimisation was an 18% decrease in
objective function value with respect to the reference process. However, a modified
process — which is known to have a much lower scrap rate in reality — has an
even lower objective function value. The modified process in its turn has also
been optimised using the deterministic optimisation strategy. Based on screening
techniques only, the objective function already decreased further by about 40%.

In the end, it can be concluded that the deterministic optimisation strategy
consisting of the 7 step modelling methodology, screening and SAO algorithm was
applicable to solve production problems for a complex industrial deep drawing pro-
cess. It was also very efficient: a large improvement with respect to the reference
situation has been obtained in only 31 FEM simulations (16 for screening, and 15
for SAO). The 40% improvement resulting from optimising the modified process
was based on 16 FEM simulations for screening only.

However, the obtained optimal processes were all constrained by the Forming
Limit Curve, which was taken into account as implicit constraint. Mathematically,
this is a perfect result. However, in practice, uncertainty such as material variation
will be present. A critical process such as the optimal processes obtained by de-
terministic optimisation will result in a high scrap rate. Hence, it is recommended
to take this noise into account during optimisation, e.g. by applying the robust
optimisation strategy that has been proposed in Chapter 7 of this thesis.



Chapter 9

Application 2: Optimisation
of the hydroforming process
of the CIB

The second application is the optimisation of a hydroforming process. The con-
cerned part is again an automotive part: the Crashbox Integrated Bumper beam
(CIB). Half of the part is shown in Figure 9.1. The part is designed by Corus as
a hydroformed alternative to regular car bumper systems that are an assembly of
deep drawn parts.

The optimisation strategy will be applied to optimise the hydroforming process
of the CIB using AutoForm FEM simulations. Both the deterministic and robust
optimisation strategies will be employed. Starting with the deterministic optimi-
sation strategy, Section 9.1 applies the 7 step methodology in order to model the
optimisation problem. Screening is performed to select the material and reduce the
number of design variables in Section 9.2. The reduced problem is subsequently
solved using the Sequential Approximate Optimisation algorithm in Section 9.3.
This results in the deterministic optimum. Considering that the selected material
displays variation, the robustness and reliability of the obtained deterministic op-
timum is assessed in Section 9.4. The results of this assessment can be compared
to the results obtained by the robust optimisation strategy, which is applied to this
application in Section 9.5. Section 9.6 presents some conclusions from the appli-
cation of the deterministic and robust optimisation strategies to the hydroforming
process of the CIB.

9.1 Modelling

The 7 step modelling methodology is used for modelling the deterministic optimi-
sation problem.
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Figure 9.1: Industrial hydroforming part (Corus design)

9.1.1 Step 1: Determine the appropriate optimisation situa-
tion

The flow chart presented in Figure 4.14 is used to determine the appropriate op-
timisation situation. The CIB has already been designed, but is not (yet) in mass
production. The hydroforming process is not expected to affect the part’s crash
performance. Hence, Figure 4.14 shows that we are dealing with a “Process Design
Type I” situation for which the modelling theory has been described in Section
4.3.2.

From Figure 4.11 and Table 4.1, it can be determined that possible responses
are Design Parameters (DPs), Defects and Costs. Possible inputs are the Process
Variables (PVs).

9.1.2 Step 2: Select the necessary responses

For selecting only the necessary responses, Figures 4.4, 4.6 and 4.8 can be used for
the DPs, Defects and Costs, respectively.

Concerning DPs in Figure 4.4, it is important that inflating the initial tube
yields the Part geometry defined by the part designer. The ideal part geometry is
described by the tools. Hence, the shape accuracy can be related to the gap between
the final product and the die. This “filling” of the die is selected as response. From
Figure 4.6, necking is a second important response to assure formability of the part.
Wrinkling and Large deformations are not expected to play an important role. Costs
(see Figure 4.8) are not taken into account.

Now, two quantities have been selected as responses: the Design Parameter
filling, and the Defect necking.
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9.1.3 Step 3: Select the objective function and implicit con-
straints

The next step is to select one of the two responses as objective function and the
other one as implicit constraint. Necking is selected as objective function and
filling as implicit constraint. This is primarily based on the following consideration:
when defining a constraint, the Upper or Lower Specification Limit has to be user
specified. The limit for shape accuracy (filling) is generally provided by the part
designer. For necking, the Forming Limit Curve (FLC) is the limit. However, this
FLC is quite uncertain: as presented in Section 8.1.2 and Figure 8.5(b), some strains
are above the FLC but no defects are present in reality. On the other hand, it is
also possible that the strains are below the FLC, whereas necks are occurring in
reality. To overcome this uncertainty, necking is taken into account as objective
function: when the strains are as far below the FLC as possible, the risk of necking
is the lowest. Filling is taken into account as implicit constraint.

9.1.4 Step 4: Quantify the responses

For final quantification, Table 4.2 proposed in Section 4.4.4 is used for each of the
two responses.

The necking response is defined in a similar way as was done for the automotive
deep drawing application in Chapter 8, namely as the distance to the FLC dflc:

dflc =
ε1(ε2)

εflc
1 (ε2)

− 1 (9.1)

Note that if the strains are exactly on the FLC, the dflc = 0. Table 4.2 is
now used to quantify this response. In Step 3, necking has been chosen to be
the objective. The distance to the FLC is to be maximised, i.e. no target value
is involved. The strains ε1 and ε2 are critical element-related values: the strains
in none of the elements are allowed to exceed the FLC. Following Table 4.2, it is
now proposed to quantify the necking response by the max formulation in Equation
(4.3):

min f = max
N

(

ε1(ε2)

εflc
1 (ε2)

− 1

)

(9.2)

where N is the number of elements.
The shape accuracy of the final hydroformed part is reflected by the filling of

the die, i.e. the distance between the final part geometry and the die describing the
desired part geometry dfilling. In Step 3, it has been determined that the filling is an
implicit constraint. It is also an element-related value. From Table 4.2, it follows
that

g = max
N

(dfilling − dfilling,USL) ≤ 0 (9.3)

where dfilling,USL is the USL which has been set by the part designer to be 3 mm.
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9.1.5 Step 5: Select the design variables

The Process Design Type I situation identified in Step 1 implies that the so-called
Process Variables (PVs) are possible design variables. Following the top-down struc-
ture in Figure 4.5 the PVs are subdivided into Geometrical, Material and Process
parameters.

The Geometrical parameters are subdivided further into Part, Workpiece and
Tool geometries. In the case of the CIB, the Part geometry is fixed by the part
designer, as is the Tool geometry since the manufacturing process contains only one
forming stage. What remains is the Workpiece geometry, in this case the initial
tube radius R and thickness t.

Following Figure 4.5, the Material parameters are subdivided into Workpiece and
Tool material. For the Workpiece material, 7 steel types are available in the case
of the CIB: DP600, DP800, TRIP600, TRIP700, TRIP800, H340LAD and DC04.
This is modelled as a discrete design variable M which can take the integer values
0, 1, ..., 6. M = 0 corresponds to using the material DP600, M = 1 corresponds
to using the material DP800, etc. The Tool material is assumed to be rigid in the
FEM simulation, thus no design variables are taken into account from this category.

The third category of PVs are the Process parameters, i.e. load paths and other
process parameters in Figure 4.5. The typical internal pressure and axial feeding
load paths for hydroforming are presented in Figure 9.2 and can be described by
nine design variables: the times T1, T2 and T3 with corresponding amounts of
internal pressure p1, p2 and p3 and axial feeding velocity v1, v2 and v3. Another
process parameter taken into account is the friction between product and die. The
coefficient of friction is denoted as µ.

Table 9.1 presents the 12 continuous design variables and 1 discrete design vari-
able modelled for optimising the CIB.

9.1.6 Step 6: Define the ranges on the design variables

Included in Table 9.1 are the upper and lower bounds on all design variables. Note
that the discrete design variable M is modelled somewhat differently: it is not a
continuous variable with a lower and an upper bound, but a discrete variable with
7 levels that can only take the integer values 0, 1, ..., 6.

9.1.7 Step 7: Identify explicit constraints

Explicit constraints are defined by impossible combinations of the design variables.
Explicit constraints for the hydroforming application are related to the axial feeding
and internal pressure load paths shown in Figure 9.2. T2 should be larger than T1

and T3 should in its turn be larger than T2:

T1 − T2 ≤ 0 (9.4)

T2 − T3 ≤ 0

Also there is no pressure drop, which implies that
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Figure 9.2: Typical internal pressure - axial feeding load path for hydroforming

Design variable Parameter Lower bound Upper bound

x01 R 56 mm 60 mm
x02 t 1.5 mm 3.5 mm
x03 T1 0.01 s 0.1 s
x04 T2 0.11 s 0.2 s
x05 T3 0.21 s 0.3 s
x06 p1 0 MPa 25 MPa
x07 p2 25 MPa 50 MPa
x08 p3 50 MPa 250 MPa
x09 v1 0 mm/s 150 mm/s
x10 v2 0 mm/s 150 mm/s
x11 v3 0 mm/s 150 mm/s
x12 µ 0.05 0.12
x13 M Discrete 0, 1, ..., 6

Table 9.1: Design variables and their ranges for optimising the CIB
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p1 − p2 ≤ 0 (9.5)

p2 − p3 ≤ 0

The second stage of hydroforming between T1 and T2 is generally the stage where
the largest amount of axial feeding is introduced:

v1 − v2 ≤ 0 (9.6)

v3 − v2 ≤ 0

Having modelled 6 explicit constraints, the question is whether they should be
taken into account in the optimisation model. Confronting the explicit constraints
with the lower and upper bounds on the design variables in Table 9.1 yields that the
explicit constraints in Equations (9.4) and (9.5) are automatically satisfied. Equa-
tion (9.6) is not automatically satisfied, hence these explicit constraints should be
included in the optimisation model.

Having used the 7 step methodology, the resulting mathematically formulated op-
timisation model is as follows:

min f = max
N

(

ε1(ε2)

εflc
1 (ε2)

− 1

)

s.t. g = max
N

(dfilling − dfilling,USL) ≤ 0

v1 − v2 ≤ 0

v3 − v2 ≤ 0

56 mm ≤ x01 = R ≤ 60 mm

1.5 mm ≤ x02 = t ≤ 3.5 mm

0.01 s ≤ x03 = T1 ≤ 0.1 s

0.11 s ≤ x04 = T2 ≤ 0.2 s

0.21 s ≤ x05 = T3 ≤ 0.3 s

0 MPa ≤ x06 = p1 ≤ 25 MPa

25 MPa ≤ x07 = p2 ≤ 50 MPa

50 MPa ≤ x08 = p3 ≤ 250 MPa

0 mm/s ≤ x09 = v1 ≤ 150 mm/s

0 mm/s ≤ x10 = v2 ≤ 150 mm/s

0 mm/s ≤ x11 = v3 ≤ 150 mm/s

0.05 ≤ x12 = µ ≤ 0.12

x13 = M = 0, 1, ..., 6

(9.7)
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Hence, the total optimisation model consists of 2 responses (1 objective function,
1 implicit constraint), 2 explicit constraints, 12 continuous design variables and 1
discrete design variable.

Besides modelling the optimisation problem, a Finite Element model needs to
be made of the hydroforming process. As depicted in Figure 9.1, half of the part has
been modelled using AutoForm. The calculation time for one simulation is about
1.25 hours. Within the FEM model, a strain rate independent material model is
defined. In that case, the parameters T1, T2 and T3 should not have any influence.
Any influence that will be observed is caused by numerical factors within FEM,
such as the influence of different step sizes.

9.2 Screening

Figure 5.6 is followed to reduce the optimisation problem in Equation (9.7). One
discrete variable M is present, thus this needs to be removed first. This is done in
Section 9.2.1. Figure 5.6 points out that screening techniques can also be used to
reduce the number of remaining continuous design variables. This is presented in
Section 9.2.2.

9.2.1 Material selection

The optimisation model in Equation (9.7) consists of 12 continuous design variables
and 1 discrete design variable. According to the theory in Section 5.1.2, a Mixed
Array (MA) DOE should be adopted to select the best level of the discrete variable.
An appropriate MA for this application would be one that incorporates 12 variables
on 2 levels and 1 variable on 7 levels (the 7 materials).

An MA.28.2.12.7.1 Mixed Array DOE exists [169] that does exactly that. Table
9.2 presents the DOE plan of the 28 FEM simulations. Note that for each ma-
terial type, 4 FEM simulations are run for which each continuous design variable
is set twice to the lower bound -1 and twice to the upper bound 1. Using the
MA.28.2.12.7.1, the performance of the 7 different materials on the responses f and
g can be independently assessed in just 28 FEM calculations. It is emphasised that
this approach does not take into account interactions between the different design
variables.

The corresponding 28 FEM simulations have been run and the mean responses
have been calculated. The squares in Figures 9.3(a) and (b) present the mean
responses of the objective function f and implicit constraint g, respectively. Note
that the Mean response plot for g does not show much difference in mean responses.
This is due to the FEM code that automatically limits the maximimum distance
between final product and die to a value of 4.8 mm: any distance larger than 4.8 mm
still results in a value of 4.8 mm. Therefore, choosing a good material cannot be
done based on the formulated responses.
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Calculation R t T1 T2 T3 p1 p2 p3 v1 v2 v3 µ M Material

1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 DP600
2 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 0 DP600
3 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 0 DP600
4 1 1 1 1 1 1 1 1 1 1 1 1 0 DP600
5 -1 1 -1 -1 1 1 -1 -1 1 1 1 -1 1 DP800
6 -1 1 1 1 -1 -1 1 1 -1 -1 -1 1 1 DP800
7 1 -1 -1 1 1 -1 1 1 1 -1 1 -1 1 DP800
8 1 -1 1 -1 -1 1 -1 -1 -1 1 -1 1 1 DP800
9 -1 -1 1 1 1 1 1 -1 -1 1 1 -1 2 TRIP600
10 -1 1 1 -1 1 -1 -1 1 -1 -1 1 1 2 TRIP600
11 1 1 -1 -1 -1 -1 -1 1 1 1 -1 -1 2 TRIP600
12 1 -1 -1 1 -1 1 1 -1 1 -1 -1 1 2 TRIP600
13 -1 1 1 1 -1 -1 -1 -1 1 1 1 -1 3 TRIP700
14 -1 -1 -1 1 1 -1 1 -1 -1 1 -1 1 3 TRIP700
15 1 1 1 -1 -1 1 1 1 1 -1 -1 -1 3 TRIP700
16 1 -1 -1 -1 1 1 -1 1 -1 -1 1 1 3 TRIP700
17 -1 -1 -1 1 1 1 -1 1 1 -1 -1 -1 4 TRIP800
18 -1 1 1 -1 1 -1 1 -1 1 -1 -1 1 4 TRIP800
19 1 -1 1 1 -1 -1 -1 1 -1 1 1 -1 4 TRIP800
20 1 1 -1 -1 -1 1 1 -1 -1 1 1 1 4 TRIP800
21 -1 -1 1 -1 -1 1 1 -1 1 -1 1 -1 5 H340LAD
22 -1 1 -1 1 -1 1 -1 1 -1 -1 1 1 5 H340LAD
23 1 -1 1 -1 1 -1 1 1 -1 1 -1 -1 5 H340LAD
24 1 1 -1 1 1 -1 -1 -1 1 1 -1 1 5 H340LAD
25 -1 1 -1 1 -1 1 1 1 -1 1 -1 -1 6 DC04
26 -1 -1 1 -1 1 1 -1 1 1 1 -1 1 6 DC04
27 1 1 -1 -1 1 -1 1 -1 -1 -1 1 -1 6 DC04
28 1 -1 1 1 -1 -1 -1 -1 1 -1 1 1 6 DC04

Table 9.2: MA.28.2.12.7.1 DOE plan for material selection of the CIB
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This problem is solved by selecting another formulation of the responses. During
modelling, a choice has been made for max formulations of f and g, see e.g. Equation
(9.7). Suppose a norm definition according to Equation (4.5) is used instead. From
the same FEM calculations performed for the MA, the mean responses can be
calculated again for the norm formulation. Since this is post-processing only, it
does not require running new FEM simulations. The mean responses for the norm
formulation are included in the Figures 9.3(a) and (b) as the circles. Note that
a more pronounced difference is present between the different materials. Hence,
for screening, a norm definition of f and g is used instead of the max formulation
modelled using the 7 step methodology.

The lower the responses f and g, the better. This implies that the materials
showing the lowest mean response values in Figure 9.3 perform best for this opti-
misation problem. The objective function is lowest for M = 4 and M = 6. This
corresponds with the materials TRIP800 and DC04, respectively. Considering the
norm formulation for the filling response, it can be observed in a similar way that
H340LAD and DC04 perform best. Based on the Mean response plots, DC04 per-
forms the best for both responses. This corresponds to the engineering experience
that DC04 is a well formable steel.

Hence, DC04 is selected as the most suitable material for this application. Thus,
the discrete design variable M can be set to its best level 6 and can hence be removed
from the optimisation problem.

9.2.2 Variable reduction

Following Figure 5.6, the next step is screening to reduce the amount of continu-

ous design variables. A 2
(12−8)
III fractional factorial DOE has been applied for the

remaining 12 design variables. This implies that 16 FEM simulations have been
run to screen the importance of the 12 continuous design variables. The resulting
Pareto plots for the objective function and implicit constraint are presented in Fig-
ures 9.4(a) and (b), respectively. The visualised Pareto plots display the importance
of the design variables on the norm formulation of both responses.

For the objective function, it can be observed that x01, x08 and x11 are impor-
tant design variables. These are the only variables that show more effect than the
statistical error effect depicted by the dashed line. For the implicit constraint, x08,
x10 and x12 are predicted to be important.

The Main effect plots in Figure 9.5 present the effects of the most important
design variables x01, x08, x10, x11 and x12 on the norm formulations of objective
function and implicit constraint. It can be observed that x10 and x11 have the
same effect on both responses: both should be set to their best levels in order to
obtain the best results for both responses. Because there is no conflict between
both responses, these two variables are not interesting for optimisation. Remaining
are three variables x01, x08 and x12. x12 is of importance to the constraint rather
than to the objective function. Assuming that taking into account only x01 and
x08, and setting all omitted design variables to their best settings for the objective
function will yield a possibility to satisfy the constraint, one can also leave out x12.
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Figure 9.3: Mean response plots of (a) Objective function; (b) Implicit constraint
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Figure 9.4: Pareto plots of (a) Objective function; (b) Implicit constraint
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Figure 9.5: Main effect plots of objective function f and implicit constraint g

Remaining are two design variables x01 (the initial tube radius R) and x08 (the
filling pressure p3).

The omitted variables are set to their best settings based on the Main effect
plots of the objective function in Figure 9.5. Table 9.3 presents the settings of the
omitted variables.

After having applied screening techniques for material selection and variable
reduction, the reduced optimisation model is now:

min f = max
N

ε1(ε2)

εflc
1 (ε2)

− 1

s.t. g = max
N

(dfilling − 3) ≤ 0

56 ≤ x1 = R ≤ 60 mm

50 ≤ x2 = p3 ≤ 250 MPa

(9.8)

Note that — although the norm formulation has been used for screening — the
max formulation following from the 7 step modelling methodology has been used
for optimisation. Since the axial feeding is not present in the reduced optimisation
model, the explicit constraints of Equation (9.6) no longer have to be taken into
account.

9.3 Solving

The SAO algorithm is now applied to solve the reduced optimisation problem in
Equation (9.8). An initial Latin Hypercube Design + full factorial design of 20
FEM simulations has been generated and the metamodels for objective function
and implicit constraints have been fitted. Based on the metamodel validation tech-
niques introduced in Section 5.4, Kriging metamodels proved to be most accurate.
Subsequently, three additional batches of FEM simulations have been run using
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x01 x02 x03 x04 x05 x06 x07

lower bounds 56 1.5 0.01 0.11 0.21 0 25
upper bounds 60 3.5 0.1 0.2 0.3 25 50
best variable settings — 3.5 0.01 0.2 0.21 25 50

x08 x09 x10 x11 x12 x13

lower bounds 50 0 0 0 0.05 —
upper bounds 250 150 150 150 0.12 —
best variable settings — 150 150 150 0.05 DC04

Table 9.3: Design variable settings for optimising the CIB

Batch # of FEM calculations in batch Cumulative

1 20 20
2 10 30
3 10 40
4 12 52
5 1 53

Table 9.4: Batches of FEM calculations for optimising the CIB

SAO-MMF as sequential improvement strategy. Table 9.4 presents the number of
FEM calculations in each batch. The fifth batch comprises the final FEM simulation
for evaluating the obtained optimum. A contour plot of the Kriging metamodels
after batch 4 is included in Figure 9.6.

Figure 9.7 presents the results of running the 53 FEM calculations. The upper
figure presents objective function values f , the lower graph the implicit constraint
values g. A value of g lower than 0 means the process is feasible. The circles in the
upper figure present the convergence behaviour of the SAO algorithm, i.e. the best
feasible objective function value obtained until that FEM calculation.

Note from Figure 9.7 that the algorithm starts with many low but infeasible func-
tion evaluations. In each batch defined in Table 9.4, the circled line decreases, which
implies that the feasible objective function is improved by the SAO algorithm. This
corresponds to constraint values decreasing to values around 0 — which is the limit
between the feasible and infeasible region — whereas the objective functions are
higher, but feasible. In the final batches, the algorithm obtains objective function
values around -0.3 and implicit constraint values around the Upper Specification
Limit 0. The optimum (R = 58.1 mm, p3 = 239 MPa) has been obtained in FEM
calculation 53 and is presented in Table 9.5: the objective function value of -0.313
denotes a 31% margin below the FLC, while a negative value for the constraint g
denotes the filling of the die satisfies the demands (3 mm maximum). In Figure 9.6,
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it can be seen that the deterministic optimum is constrained by the metamodel of
the implicit constraint.

After batch 5, new FEM calculations obtained by SAO-MMF were predicted
to have only small improvement with respect to the optimum already obtained.
Hence, it has been decided not to run any more simulations. The FLD and final
CIB resulting from the optimised hydroforming process are depicted in Figure 9.8
(a) and (b), respectively. Figure 9.8(a) shows that the strain distribution has ample
distance to the FLC, Figure 9.8(b) shows that the maximum distance between final
part and die is 2.844 mm, which is below the USL of 3 mm.

Now, the complicated optimisation problem formulated in Equation (9.7) has
been efficiently solved using the deterministic optimisation strategy and 97 FEM
calculations: 28 FEM calculations were needed to select the appropriate material,
16 FEM calculations for reducing the 12 continuous design variables to only 2, and
53 for finally obtaining the deterministic optimum. It has been presented in Figure
9.6 that the deterministic optimum is constrained by the metamodel of the implicit
constraint. Hence, the optimum is feasible, at least in a deterministic sense.

Figure 9.6: Contour of Kriging metamodels of objective function and implicit con-
straint for deterministic optimisation
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Figure 9.7: Obtained FEM results for optimising the CIB and convergence behaviour
of the SAO algorithm

9.4 Validation of robustness and reliability of the
deterministic optimum

In practice, variability such as material variation will be present. Will the deter-
ministically optimised process still be feasible when this variability is taken into
account? Following Figure 7.5(a), one can check the process robustness and relia-
bility by performing a Monte Carlo Analysis (MCA) using the optimised settings
of the design variables.

In the case of the CIB, material parameters such as the R-values of the DC04
material display variation. Three noise variables z1 = R0, z2 = R45 and z3 = R90

are introduced. They describe the anisotropy of the DC04 steel in the rolling,
45 degrees and transverse direction, respectively. Each of the noise variables is
assumed to possess a normal distribution N(µz, σ

2
z), which is entirely determined

by the mean of the noise variable µz and variance σ2
z . Realistic values for µz and

σ2
z have been used, which cannot be displayed due to reasons of confidentiality.

Figures 9.9(a) and (b) present the response histograms of a 201 FEM MCA
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(a) (b)

Figure 9.8: (a) FLD of the optimised hydroforming process; (b) Shape accuracy of the
CIB

for both f and g, respectively. From the response histograms, response mean and
standard deviation can be calculated for each response. Subsequently, the process
capability ratio Cpk can be determined using Equation (7.2) (Cp cannot be deter-
mined since there is no LSL on both responses). From the Cpk-values of f and g, the
scrap rate can be determined which is based on the assumption that the responses
are normally distributed. As can be seen in Figures 9.9(a) and (b), the responses
are not normally distributed, hence a scrap rate estimated by the Cpk-values is just
an approximation. One can also determine the real scrap rate, i.e. the percentage
of the 201 FEM calculations that yielded infeasible responses.

Table 9.5 presents the results of the MCA on the deterministic optimum. Mean
and standard deviation of the obtained response distributions of f and g, as well
as Cpk values of both responses are presented. Table 9.5 contains two scrap rates:
the real scrap rate and — between brackets — the scrap rate corresponding to
the Cpk values, which is based on the assumption that the responses are normally
distributed.

It can be concluded from Figures 9.9(a) and (b) and Table 9.5 that deterministic
optimisation yields Cpk(f) = 2 for the objective function (the distance to the FLC).
This corresponds to a 6σ-process, which is a very reliable process. However, this
reliability with respect to necking comes at the cost of the reliability with respect
to shape accuracy g: Table 9.5 presents Cpk(g) = 0.15 which corresponds to a scrap
rate of 33.1%. Due to non-normality of the distribution of g, the true scrap rate
appeared to be even worse: 41.2%. This high scrap rate has been expected since
the deterministic optimum is constrained by g, see Figure 9.6. Similar results have
been obtained for the constrained optimum of the analytical test function in Section
7.5. Hence, the optimum obtained by the deterministic optimisation strategy will
not yield a reliable hydroforming process.



9.4
V

alid
ation

of
rob

u
stn

ess
an

d
reliab

ility
of

th
e

d
eterm

in
istic

op
tim

u
m

195

R (mm) p3 (MPa) f g (mm) Cpk(f) Cpk(g) Scrap rate
(N(µ, σ)-assumption)

Deterministic optimum 58.1 239 -0.313 -0.16
µ = −0.264 µ = −0.250 1.98 0.15 41.2% (33.1%)
σ = 0.045 σ = 0.572

Robust optimum 59.3 258 µ = −0.234 µ = −0.659 1.73 0.33 27.9% (16.2%)
σ = 0.045 σ = 0.668

Table 9.5: Results of optimising the hydroforming process
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Figure 9.9: Monte Carlo Analysis of the hydroforming example: (a) Deterministic op-
timum f ; (b) Deterministic optimum g; (c) Robust optimum f ; (d) Robust
optimum g

9.5 Robust optimisation

The robust optimisation strategy is now applied to optimise the hydroforming pro-
cess of the CIB. Following the robust optimisation strategy presented in Section
7.4, the robust optimisation problem has been modelled and subsequently solved.

9.5.1 Modelling

The reduced optimisation model of Equation (9.8) is used as a basis for the robust
optimisation model. The design variables x1 = R and x2 = p3 are included with
the same upper and lower bounds as control variables. The noise variables z1 = R0,
z2 = R45 and z3 = R90 are independently taken into account and described by mean
µz and variance σ2

z . It is decided to strive for 3σ-reliability (Cpk = 1), for which
it has been recommended in Section 7.4.1 to select the upper and lower bounds on
the noise variables equal to µz ± 4σz.

Next to adding the noise variables in addition to control variables, the second
adaptation to the deterministic optimisation model is to include response distribu-
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tions rather than response values. This affects the objective function and implicit
constraint formulation. Formulation 2 in Table 7.1 is adopted: the aim is to min-
imise the mean of f including reliability constraints on both objective function f
and implicit constraint g. The robust optimisation model now reads:

min µf

s.t. g1 = µf + 3σf ≤ 0

g2 = µg + 3σg ≤ 0

56 ≤ x1 = R ≤ 60 mm

50 ≤ x2 = p3 ≤ 350 MPa

µz − 4σz ≤ R0, R45, R90 ∼ N(µz, σz) ≤ µz + 4σz

(9.9)

9.5.2 Solving

The robust optimisation algorithm introduced in Section 7.4.3 is now used to solve
the optimisation model in Equation (9.9). One batch of FEM simulations has
been run. To assure some metamodel accuracy, it is important to have ample
measurement data. Therefore, the Latin Hypercube + full factorial DOE strategy
has been used to generate 300 FEM simulations in the 5D combined control-noise
variable space. Subsequently, the four RSM and three Kriging metamodels have
been fitted in the 5D space. A Kriging metamodel appeared to be most accurate
and has been optimised using the multistart SQP algorithm. Table 9.5 presents
the obtained robust optimum: R = 59.3 mm and p3 = 258 MPa. Contour plots of
objective function and implicit constraints are presented in Figure 9.10. Note that
the robust optimum has shifted away from the deterministic constraint g that has
been presented in Figure 9.6.

The metamodels used for robust optimisation appeared to be quite inaccurate.
Because the robust optimum is based on inaccurate metamodels, it is especially
important to evaluate the accuracy of the obtained robust optimum. To do this, a
201 FEM analysis MCA was used to validate the robust optimum. The results are
presented in Table 9.5, the response histograms are included in Figures 9.9(c) and
(d). The resulting mean and standard deviation of the response distributions of f
and g are included in Table 9.5. Note from Table 9.5 that the Cpk-values for f and g
are 1.73 and 0.33, respectively. Comparing the robust optimum to the deterministic
optimum, the reliability of response g has been increased using robust optimisation
at the expense of the reliability of response f . This can also be seen comparing the
location of the response distributions in Figure 9.9.

For the objective function, Cpk(f) = 1.73 is denoting a 5σ-process, which is
satisfying the 3σ reliability demand without problems. Cpk(g) = 0.33 denotes a 1σ
process with respect to the implicit constraint. As can be seen in Table 9.5, the
corresponding scrap rate is 16.2%, which is again based on the assumption that the
response distributions are normally distributed. The real scrap rate for the robust
optimum equals 27.9%. Thus, applying the robust optimisation strategy reduced
the scrap rate from 41.2% to 27.9%. However, it is concluded from the table and
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Figure 9.10: Contour of Kriging metamodels of objective function and implicit con-
straint robust optimisation

the figures that the constraint µg + 3σg ≤ 0 has not been satisfied. This conclusion
is based on the MCA. As one can see in Figure 9.10, the metamodel of the implicit
constraint has been satisfied on the other hand, which implies that the metamodels
predicted 3σ-reliability.

The difference between metamodel prediction and MCA results denotes that
the metamodels after one batch are inaccurate as was already expected after meta-
model validation. Implementing sequential improvement strategies will increase the
accuracy of the metamodels in the neighbourhood of the robust optimum and con-
sequently also the process robustness and reliability finally obtained. The result
will be that — just as was the case for the analytical test function in Section 7.5
— an accurate metamodel further reduces the scrap rate, if possible to the required
3σ level, i.e. a scrap rate of maximum 0.3%.

Another reason for the difference between metamodel and MCA is presented in
Table 9.5 by the different scrap rates. The robust optimisation strategy — especially
the response formulations in Table 7.1 — assume a normal distribution for reliability
assessment. If the response distribution is not normal, the resulting reliability will
be just an approximation.

If it is not possible to achieve the required reliability level, the robust optimisa-
tion model in Equation (9.9) should be adapted. Note that this has already been
done by relaxing the upper bound of p3 from 250 to 350 MPa in order to allow
the algorithm to put the optimum further away from the constraint g. If this is
not sufficient, additional control variables could be taken into account. If — after
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having included these variables — the robust optimisation algorithm is still unable
to obtain a reliable process, it should be concluded that the designed part cannot
be manufactured at the required reliability level. This is very useful information to
both a manufacturing engineer and a part designer, since the necessary adaptations
can be done at low costs before the part goes into mass production.

9.6 Conclusions and recommendations

This chapter applied both the deterministic and robust optimisation strategies to
optimising the hydroforming process of the Crashbox Integrated Bumper (CIB).
The 7 step modelling methodology yielded a Process Design Type I optimisation
problem. The optimisation model of this optimisation problem includes two re-
sponses, two explicit constraints and 12 continuous design variables and 1 discrete
design variable. The latter comprised the choice from 7 different steel types. The
objective function was to minimise necking (maximise the distance to the Forming
Limit Curve), the implicit constraint assures the shape accuracy of the hydroformed
CIB (distance between final part and die, filling) is sufficient.

Screening techniques have been applied to select the best level of the discrete
design variable. DC04 has been determined to be the most appropriate material for
hydroforming the CIB. Screening for variable reduction finally yielded a two-design
variable optimisation problem: the most important design variables are the initial
tube radius and the filling pressure.

This two-design variable problem has been optimised using the SAO algorithm,
which resulted in a constrained deterministic optimum. In order to assess the reli-
ability of the optimised process, three noise variables related to the variation in the
DC04 material have been introduced. The noise variables are the R-values describ-
ing the anisotropy of the DC04 material in the rolling, 45 degrees and transverse
direction: R0, R45 and R90. A Monte Carlo Analysis (MCA) has been carried out
on the determistic optimum, which resulted in a 6σ process with respect to necking.
Thus, deterministic optimisation for robustness worked very well for the objective
function. However, the scrap rate was determined to be 41.2%, which is totally due
to violation of the implicit constraint formulated for filling. This confirms the results
found for the analytical test function in Section 7.5 where the constrained deter-
ministic optimum yielded a 50% scrap rate. Hence, the deterministic optimisation
strategy does not yield a reliable hydroforming process.

The robust optimisation strategy has also been applied. The reduced two-design
variable optimisation problem has been used as a basis and has been remodelled
to include robustness: the two deterministic design variables have been taken into
account as control variables and the three R-values as independent noise variables.
The objective function and implicit constraints have been stochastically described
following Formulation 2 in Table 7.1: an attempt was made to minimise the mean
of the necking response distribution while assuring reliability on both necking and
filling by two implicit reliability constraints.

The modelled robust optimisation model has been optimised using the robust
optimisation algorithm, which is an extension of the deterministic SAO algorithm.
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The obtained robust optimum was quite inaccurate due to inaccurate metamodels
and non-normality of the obtained response distributions. Nevertheless, the MCA
on the robust optimum showed an improvement in reliability of the filling response
with respect to the deterministic optimum: the scrap rate decreased from 41.2%
to 27.9%. This comes at the expense of a decrease in reliability for the necking
response (5σ-reliability instead of 6σ-reliability). Although the metamodels pre-
dicted a 3σ-process, only a 1σ-process has been obtained using robust optimisation.
As indicated above, this is for a large part due to inaccuracy of the metamodels.
Implementation of a sequential improvement strategy for the robust optimisation
algorithm is expected to significantly increase the accuracy of the robust optimum
and also the efficiency of the robust optimisation algorithm.



Chapter 10

Application 3: Optimisation
of the deep drawing process
of a small cup

The third application is to the deep drawing process of a small cup, which is a stand-
in product for an industrial metal product quite different from the automotive parts
treated in Chapters 8 and 9. The part is manufactured in four steps. The first three
operations are metal forming operations. The resulting parts after these first three
operations are shown in Figure 10.1. The steps are referred to as the deep drawing,
stretching and flattening stages, respectively. The fourth operation is a machining
after treatment which makes the final part geometry more accurate for the best
possible product performance.

The cup is made from a metastable stainless steel: Sandvik NanoflexTM. The
material is a metastable austenitic stainless steel, which implies that transformation
from an austenitic to a martensitic structure can occur during deformation, see
[90,144,145].

Figure 10.2 presents the axisymmetric Finite Element Model of the cup. The
figure indicates a groove as the area of interest. This is where shape accuracy of
the cup plays an important role. Also the hardness of the material at this location
in the cup is an important product property. A good hardness of the material
can be assured by maximising the martensite content in the groove. Therefore, it
is necessary to include phase transformations from an austenitic to a martensitic
structure in the Finite Element code. The in-house FEM code Crystal (see e.g. [144])
has been used for simulating the deep drawing process of the cup. Although the
FE model is axisymmetric, simulation of the metal forming problem of the cup is
extremely time consuming.

Figure 10.3 presents the simulated martensite content, as well as the part ge-
ometries after the four metal forming stages. Note that the tools are not contacting
the final product anymore, which indicates that also the springback behaviour after
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(a) (b)

Figure 10.1: The cup after different metal forming steps

Figure 10.2: Axisymmetric Finite Element Model of the cup
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(a) (b)

(c) (d)

(e)

Figure 10.3: Simulation of the multi-stage deep drawing process of a cup: (a) Deep
drawing; (b) Stretching; (c) Flattening; (d) Machining after treatment;
(e) Colourbar

tool retraction is simulated.

The process is known to be sensitive to noise such as variation in material
parameters of the NanoflexTM material and the material thickness. The industrial
demand is to reduce the variation in the final product as much as possible. If this
variation has been limited to a minimum, on-line control in the factory allows for
adjusting certain process parameters in order to adapt, for instance, the amount of
martensite. Given these considerations, the robust optimisation strategy proposed
in Chapter 7 is applied to the deep drawing process of the cup in order to design a
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process that is as robust as possible.

Section 10.1 starts with the modelling of the robust optimisation problem. Sub-
sequently, both the control and noise variables in the process are screened in Section
10.2 in order to reduce the amount of design variables present in the optimisation
problem. The next step is to solve the robust optimisation problem. Before describ-
ing this in Section 10.4, however, the robust optimisation problem will be converted
to a deterministic problem and solved using the deterministic Sequential Approx-
imate Optimisation (SAO) algorithm in Section 10.3. This allows for comparison
between the deterministic and robust optimal processes. Section 10.5 presents the
conclusions and recommendations obtained from this application.

10.1 Modelling

The 7 step modelling methodology introduced in Chapter 4 is followed to model
the optimisation problem. Since the robust optimisation strategy is applied rather
than the deterministic one, input and response variations are immediately taken
into account during the modelling.

10.1.1 Step 1: Determine the appropriate optimisation situ-
ation

The flow chart presented in Figure 4.14 is used to determine the appropriate op-
timisation situation. The part has already been designed in a sense that the part
geometry and material are already fixed. The cup is not yet in production. As men-
tioned above, the metal forming process influences the hardness, which is quantified
by the martensite fraction in the material. The latter is a FEM response resulting
from the metal forming simulation. Since this application includes metal forming
simulations only, Figure 4.14 indicates this is a “Process Design Type I” situation
for which the modelling theory has been described in Section 4.3.2.

From Figure 4.11 and Table 4.1, it can be determined that possible responses
are Design Parameters (DPs), Defects and Costs. Possible inputs are the Process
Variables (PVs).

10.1.2 Step 2: Select the necessary responses

For selecting only the necessary responses, Figures 4.4, 4.6 and 4.8 can be used for
the DPs, Defects and Costs, respectively.

Concerning the DPs in Figure 4.4, the Part geometry — especially the shape
accuracy in the groove indicated in Figure 10.2 — is an important property. The
martensite content in the groove is a Part material property. This is also indicated
as a DP in Figure 4.4.

Metal forming Defects and Costs are expected to be of less importance than the
above selected DPs and are hence not taken into account.
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10.1.3 Step 3: Select the objective function and implicit con-
straints

The next step is to select one of the two responses as objective function and the
other one as implicit constraint. The shape accuracy in the groove is measured in
the factory by the so-called slope S of the inner side of the groove:

S = 1000
(x1 − xn)

(y1 − yn)
(10.1)

where the nodal co-ordinates x1, y1, xn and yn are defined as depicted in Figure
10.2. The factor 1000 in Equation (10.1) converts the unit of the slope to [mm/m].
The desired slope is 0 mm/m, which assures an accurate inner side of the groove.
The maximum allowed slope is defined to be ±2 mm/m. Since these Specification
Limits are known, it is decided to take the slope into account as implicit constraint
rather than as objective function.

The second response — the martensite fraction in the groove — is hence selected
as objective function. The amount of martensite needs to be maximised with as the
ultimate goal to reach 100% of martensite at this location in the part.

10.1.4 Step 4: Quantify the responses

Table 4.2 in Section 4.4.4 is used for quantification of the objective function and
implicit constraint. Let us start with the objective function. The martensite content
is calculated in each integration point within the elements of the Finite Element
Model. Hence, it is regarded as an element-related value. Furthermore, it is non-
critical meaning that it is not is not catastrophic for the part if the martensite
content in a certain integration point is lower than a predetermined value: it is
simply not desirable. Furthermore, no target is strived for: the martensite content
needs to be maximised without a certain target value. Following Table 4.2, the
martensite fraction M can now be modelled as follows:

M =

∑

mi

N
(10.2)

where mi is the martensite fraction in integration point i and N denotes the number
of integration points in the groove. Since M is to be maximised this is converted
to a minimisation problem:

min f =

∑

(1 − mi)

N
(10.3)

where the term 1−mi denotes the fraction of austenite, i.e. the amount of material
that has not been transformed to martensite.

The slope is constrained by both a Lower Specification Limit (LSL = -2 mm/m)
and an Upper Specification Limit (USL = 2 mm/m). Following Table 4.2, this
implies that two implicit constraints need to be modelled: an LSL and an USL
constraint. However, for the concerned cup, the slope is generally presented as an
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absolute value which represents the deviation from the target S = 0 mm/m. This
converts the two implicit constraints into one USL constraint:

g = 1000

∣

∣

∣

∣

(x1 − xn)

(y1 − yn)

∣

∣

∣

∣

− 2 ≤ 0 (10.4)

To comply with the definitions used in practice, this quantification of the im-
plicit constraint is adopted rather than the suggestions for constraint quantification
proposed in Table 4.2.

Until now, the modelling methodology is the same for both the deterministic and the
robust optimisation strategy. For the robust optimisation strategy, it is necessary
to model the defined responses as stochastic quantities rather than deterministic
values. Following Section 7.4.1 and Table 7.1, three formulations can be selected
for the response in the robust optimisation model. As mentioned earlier, the metal
forming process for the cup is quite sensitive to material variation. This pleads for
adopting Formulation 3 in Table 7.1:

min σf

s.t. µf + kσf ≤ USLf

µg + kσg ≤ USLg

(10.5)

where USLg denotes the USL on the slope (2 mm/m). The USL on the marten-
site content USLf is not quantified. Hence, this constraint is omitted from the
optimisation model. However, this totally eliminates the (mean of the) amount of
martensite from the problem: only the variance of the objective function remains
in the optimisation problem. Nevertheless, the formulation without the reliability
constraint on f complies with the industrial demands set for this application: as
described earlier, the production line allows for on-line control of certain process
parameters. This control allows for increasing the amount of martensite as long as
the process is robust with respect to the noise variables. Therefore, it is sufficient
to optimise towards minimisation of the variation in responses:

min σf

s.t. µg + kσg ≤ USLg

(10.6)

The weight factor k is selected equal to 3 to assure 3σ-reliability.

10.1.5 Step 5: Select the design variables

In Step 1, it has been defined that this application concerns a Process Design Type I
situation: the group of Process Variables (PVs) are possible design variables. Figure
4.5 subdivided the PVs in Geometrical, Material and Process parameters.

This figure has been used to select possible design variables. The Geometrical
parameters of the tools that are selected as design variables for optimising the
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Control/noise variable Parameter Lower bound Upper bound

x01 D 35.4 mm 36.4 mm
x02 t1 100 s 1000 s
x03 R1 1.2 mm 2.7 mm
x04 r1 10 mm 10.4 mm
x05 F1 1150 N 1450 N
x06 t2 100 s 1000 s
x07 u2 1 mm 2.75 mm
x08 r2 1.5 mm 3.5 mm
x09 t3 100 s 1000 s
x10 u3 290 µm 330 µm
z01 d µd − 3σd mm µd + 3σd mm
z02 Cs µCs − 3σCs µCs + 3σCs

z03 Sf µSf − 3σSf MPa µSf + 3σSf MPa

Table 10.1: Design variables and their ranges for optimising the cup

process are indicated in Figure 10.4. Additionally, the diameter D of the initial
blank is also taken into account as design variable. The material, NanoflexTM, is
selected beforehand and cannot be altered. Hence, the group of Material parameters
in Figure 4.5 does not yield any possible design variables. Process parameters
include the blankholder force of the deep drawing stage (also indicated in Figure
10.4(a)) and the waiting times t1, t2 and t3 between the several forming operations.
These waiting times can be important since the material keeps transforming in
between the operations due to residual stresses present in the material [144]. The
10 design variables are summarised in Table 10.1.

Since the robust optimisation strategy is applied, the design variables defined
above will be referred to as control variables. Next to these controllable variables,
also non-controllable noise variables need to be included in the optimisation model.
As mentioned in the introduction of this chapter, the most important noise vari-
ables are related to the NanoflexTM material. Three noise variables are taken into
account. The first one is the material thickness variation d, which is a Geometrical
parameter from the top-down structure in Figure 4.5. The others are two Material
parameters from the same top-down structure: parameter Cs is related to the ve-
locity of phase transformation during transformation, the second parameter Sf is
the initial yield stress of the material. The three noise variables are also included
in Table 10.1.

10.1.6 Step 6: Define the ranges on the design variables

The user-selected upper and lower bounds on all control and noise variables are
included in Table 10.1. Note that the probability distribution of the three noise
variables is quantified symbolically by the mean µ and standard deviation σ. The
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(a) Deep drawing

(b) Stretching

(c) Flattening

Figure 10.4: Design variables for optimising the cup
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lower and upper bounds of the noise variables have been selected at a distance of
±3σ from the mean of the noise variables.

10.1.7 Step 7: Identify explicit constraints

No explicit constraints are relevant for optimising the deep drawing process of the
stand-in product of a cup.

Having used the 7 step methodology, the resulting mathematically formulated op-
timisation model is as follows:

min σf

s.t. µg + kσg − 2 ≤ 0

35.4 mm ≤ x01 = D ≤ 36.4 mm

100 s ≤ x02 = t1 ≤ 1000 s

1.2 mm ≤ x03 = R1 ≤ 2.7 mm

10 mm ≤ x04 = r1 ≤ 10.4 mm

1150 N ≤ x05 = F1 ≤ 1450 N

100 s ≤ x06 = t2 ≤ 1000 s

1 mm ≤ x07 = u2 ≤ 2.75 mm

1.5 mm ≤ x08 = r2 ≤ 3.5 mm

100 s ≤ x09 = t3 ≤ 1000 s

290 µm ≤ x10 = u3 ≤ 330 µm

µd − 3σd mm ≤ z01 = d ≤ µd + 3σd mm

µCs − 3σCs ≤ z02 = Cs ≤ µCs + 3σCs

µSf − 3σSf MPa ≤ z03 = Sf ≤ µSf + 3σSf MPa

(10.7)

Hence, the total optimisation model consists of 2 responses (1 objective func-
tion, 1 implicit constraint), 10 control variables and 3 normally distributed noise
variables.

10.2 Screening

Screening is now applied to reduce the number of control and noise variables. Follow-
ing the considerations on applying screening techniques within the robust optimisa-
tion strategy — which were introduced in Section 7.4.2 — the screening techniques
introduced in Section 5.1 can be applied to the combined control-noise variable space
without further problems. In this case, a total of 10 control and 3 noise variables

adds up to a 13D combined control-noise variable space. Hence, a 2
(13−9)
III fractional

factorial design can be applied to screen the importance of both the control and
noise variables. This implies 16 FEM simulations need to be run, which can be
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Figure 10.5: (a) Pareto plot for f ; (b) Main effect plots for f
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Figure 10.6: (a) Pareto plot for g; (b) Main effect plots for g



212 Application 3: Optimisation of the deep drawing process of a small cup

performed in parallel. This is especially attractive for this application because of
the excessive calculation time per simulation.

After having run the FEM simulations, the response measurements for both
responses given in the Equations (10.3) and (10.4) have been determined. Subse-
quently, Pareto and Main effect plots have been generated. Figure 10.5 shows the
Pareto and Main effect plots for the objective function (martensite fraction), Figure
10.6 those for the implicit constraint (slope).

Figure 10.5(a) shows that screening predicts that the control variables u3, R1

and u2, as well as the noise variables Cs and d strongly influence the martensite
fraction in the groove. From Figure 10.6(a), it can be concluded that many control
variables, as well as the noise variable Sf influence the shape accuracy at the inner
side of the groove. A comparison of the Main effect plots in the Figures 10.5(b) and
10.6(b) yields the conclusion that the control variables u2 and u3 are important with
respect to both responses, and display opposite effects for both responses. Following
the considerations in Section 5.1.3, this combination makes these control variables
interesting to take into account for optimisation. All other control variables have the
same effect: these control variables are set to their best settings for both responses
based on the Main effect plots. In this way, the information gained during screening
is fully employed to assist in finding the process settings that are optimal with
respect to both the martensite content and the shape accuracy. These best settings
are displayed in Table 10.2.

Next to the control variables, also the noise variables have been screened. Cs

and d have been determined to influence the amount of martensite, Sf influences
the shape accuracy. Following the theory in Section 7.4.2, all three noise variables
are hence included in the robust optimisation model.

In summary, only the control variables u2 and u3, as well as the three noise
variables Cs, d and Sf remain in the reduced optimisation model after screening:

min σf

s.t. µg + kσg − 2 ≤ 0

1 mm ≤ u2 ≤ 2.75 mm

290 µm ≤ u3 ≤ 330 µm

µd − 3σd mm ≤ z01 = d ≤ µd + 3σd mm

µCs − 3σCs ≤ z02 = Cs ≤ µCs + 3σCs

µSf − 3σSf MPa ≤ z03 = Sf ≤ µSf + 3σSf MPa

(10.8)

This reduced optimisation model can subsequently be optimised using the robust
optimisation algorithm proposed in Section 7.4.3.

10.3 Deterministic optimisation

Applying the robust optimisation algorithm to the reduced optimisation model of
Equation (10.8) will yield a robust optimum. In the framework of this thesis, it
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x01 x02 x03 x04 x05 x06 x07

lower bounds 35.4 100 1.2 10 1150 100 1
upper bounds 36.4 1000 2.7 10.4 1450 1000 2.75
best variable settings 36.4 1000 2.7 10 1150 1000 —

x08 x09 x10 z01 z02 z03

lower bounds 1.5 100 290 — — —
upper bounds 3.5 1000 330 — — —
best variable settings 3.5 1000 — — — —

Table 10.2: Design variable settings for optimising the cup

is interesting to compare this robust optimum to the resulting optimum of the
deterministic optimisation strategy. To this end, the reduced optimisation model
will also be optimised using the deterministic Sequential Approximate Optimisation
(SAO) algorithm proposed in Chapter 5.

Within the deterministic optimisation strategy noise variables and response dis-
tributions are not taken into account. Instead, only deterministic design variables
and response values are included. The reduced robust optimisation model of Equa-
tion (10.8) can easily be converted to a deterministic optimisation model using the
(deterministic) response formulations of Equations (10.3) and (10.4) as objective
function and implicit constraint, respectively. In addition, the noise variables in
Equation (10.8) can be simply omitted, i.e. set to their nominal settings. The
remaining deterministic reduced optimisation model is:

min f =

∑

(1 − mi)

N

s.t. g = 1000

∣

∣

∣

∣

(x1 − xn)

(y1 − yn)

∣

∣

∣

∣

− 2 ≤ 0

1 mm ≤ u2 ≤ 2.75 mm

290 µm ≤ u3 ≤ 330 µm

(10.9)

The SAO algorithm has been applied to solve this optimisation problem in a
similar way as was done for the other applications in the Chapters 8 and 9. It was
started with 10 times the number of design variables, i.e. 20 FEM calculations. A
spacefilling Latin Hypercube Design combined with a full factorial design has se-
lected the design variable settings of these first 20 simulations. Subsequently, the
FEM simulations have been run, and RSM and Kriging metamodels have been fit-
ted through the response measurements obtained for both objective function and
implicit constraint. Metamodel validation resulted in a second order Kriging meta-
model and a zeroth order Kriging metamodel as the most accurate metamodels
for the objective function and implicit constraint, respectively. Subsequently, these
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Batch # of FEM calculations in batch Cumulative

1 20 20
2 3 23
3 2 25
4 3 28
5 1 29

Table 10.3: Batches of FEM calculations for optimising the cup

metamodels have been optimised using the multistart SQP algorithm. After this
first batch, three subsequent batches have been performed to further improve the
accuracy of the optimum, see Table 10.3. SAO-MMF (Minimising a Merit Function)
has been used as sequential improvement strategy.

After a grand total of 29 FEM simulations, the optimum has been determined to
be (u∗

2, u
∗
3, f

∗, g∗) = (2.379, 0.29, 0.7147,−0.3013), which implies a martensite con-
tent of M = 29% has been reached in the groove, whereas a slope of S = 1.7 mm/m
satisfies the USL of 2 mm/m. Figure 10.7 shows a contour plot of the metamodels
after the fourth batch of FEM simulations, as well as the location of the best process
settings obtained. The shaded area represents the infeasible region, i.e. the region
where the metamodel of g is larger than 0. Note that the shape of the metamodel
of the implicit constraint is quite remarkable with very local feasible and infeasible
regions. This is due to applying a Kriging metamodel to a noisy response: after
the fourth batch of FEM simulations, a first order Kriging metamodel was found
to be quite inaccurate, but still more accurate than the other metamodels. Hence,
it was selected as the most accurate metamodel of g. Some response measure-
ments were quite far off the global trend of the Kriging metamodel, perhaps due
to numerical noise as described earlier in Chapter 8. Applying Kriging interpola-
tion of these“outliers” yields the local behaviour observed in Figure 10.7. Since
SAO-MMF did not find any new DOE points that were predicted to give a large
improvement with respect to the already obtained optimum, it has been decided
to stop optimisation after the fourth batch. As can be observed in Table 10.3,
only one extra FEM simulation has been additionally performed in order test the
accuracy of the obtained approximate optimum. This accuracy has been found to
be sufficient. The optimum indicated above corresponds to the results of this 29th

FEM simulation. Note from Figure 10.7 that the optimum is close to the constraint.

For deterministic optimisation, the influence of the noise variables Cs, d and Sf has
been neglected. The question is whether the obtained deterministic optimum also
yields a robust process. To evaluate this, a Monte Carlo Analysis (MCA) of 100
FEM simulations has been conducted to generate response distributions following
the theory discussed in Section 7.2. The three noise variables have been varied
independently according to a normal distribution between the lower and upper
bounds indicated in Table 10.1.



10.3 Deterministic optimisation 215

Figure 10.7: Deterministic optimum of optimising the deep drawing process of the cup

The response distributions resulting after the MCA are presented in the Figures
10.8(a) and (b) for the objective function and implicit constraint, respectively. The
results of deterministic optimisation and the MCA are summarised in Table 10.4.
The mean and standard deviation of the martensite content are 0.7074 and 0.0816,
respectively. The mean and standard deviation of the shape accuracy are 0.4624 and
1.3807, respectively. Note that a Specification Limit has been defined for the shape
accuracy only. Hence, it is possible to determine a Cpk-value and a scrap rate based
on this response only. Figure 10.8(b) shows a large violation of the USL. Table 10.4
presents the corresponding scrap rate: the MCA resulted in a scrap rate of 55%.
Assuming a normal distribution with the mean and standard deviation presented
above, this scrap rate is 63.1%. The difference between these scrap rates is due
to the fact that the response distribution is non-normal, which can clearly be seen
in Figure 10.8(b). The high scrap rate has been expected since the deterministic
optimum is close to the constraint, see Figure 10.7. Similar conclusions have been
drawn for the constrained deterministic optimisation of the analytical test function
in Section 7.5 and the CIB in Chapter 9.
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(a) (b)

(c) (d)

Figure 10.8: Monte Carlo Analysis of the cup: (a) Deterministic optimum f ; (b) De-
terministic optimum g; (c) Robust optimum f ; (d) Robust optimum g;

10.4 Robust optimisation

The robust optimisation algorithm is now applied to the reduced optimisation model
of Equation (10.8). The spacefilling Latin Hypercube Design combined with a full
factorial design has been used to generate one batch of 150 FEM simulations in the
5D combined control-noise variable space. The 29 simulations that have been run for
deterministic optimisation have been added to these 150 simulations which brings
the total number to 179 calculations. Metamodels have been fitted through the
obtained response measurements and validated: second order Kriging metamodels
appeared to be most accurate for both responses. The robust optimisation algorithm
schematically depicted in Figure 7.13(c) and Section 7.4.3 has been used to optimise
the metamodels in order to obtain a minimum variation in martensite fraction
while assuring 3σ-reliability with respect to the shape accuracy (k = 3 in Equation
(10.8)). However, the algorithm did not find a feasible solution which denotes that
it is not possible to reach a metal forming process with a scrap rate as low as
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0.14% (3σ-reliability), at least not within the selected boundaries. Visualisation
of the metamodel of the constraint learned that one can in the best case reach
1.5σ-reliability which implies a scrap rate of 6.68% (under the assumption that the
response is normally distributed). This is very useful information: one now knows
beforehand that, if the current USL is kept unaltered, one will have to accept a high
scrap rate during production. In an inverse way, one can now also reason to which
level to relax the USL if one wants to manufacture the cups with 3σ-reliability.

For this application, it has been decided to keep the USL unaltered and to accept
a 1.5σ-reliability level (k has been set to 1.5 in Equation (10.8)). The metamodels
have been optimised again resulting in a robust optimum of (u∗

2, u
∗
3) = (2.75, 0.33).

Figure 10.9 presents the location of the robust optimum in a contour plot of the
robust objective function and the reliability constraint. Note that the obtained
optimum is not constrained by the metamodel of response µg + σg ≤ 0, hence one
would expect a scrap rate lower than 6.68%. The scrap rate predicted by the meta-
models appeared to be 5.9%. As mentioned before, this prediction of the scrap rate
is under the assumption that the metamodels are accurate and that the responses
are normally distributed.

To validate these assumptions, a 100 FEM simulation MCA has been applied to the
robust optimum as well. Figures 10.8(c) and (d) display the response distributions,
the corresponding results are included in Table 10.4. It can be concluded that the
robust optimisation algorithm yielded a smaller standard deviation in martensite
content: the robustly optimised process provides a standard deviation of 4% instead
of the 8% for the deterministically optimised process. The smaller standard devi-
ation is nicely demonstrated by the response distribution in Figure 10.8(c) which
is much narrower than the one for the deterministic optimum in Figure 10.8(a).
Hence, the robust optimum resulted in a process that is less sensitive to input noise
than the deterministic optimum. A comparison of the Figures 10.8(b) and (d) shows
that not only the process robustness has been increased: also the process reliability
is much better. The scrap rate resulting from the MCA decreased to 19% whereas
the scrap rate for the deterministic optimum was 55%. However, the obtained scrap
rate of 19% is higher than the expected scrap rate of 5.9%. Figure 10.8(d) clearly
shows that this is partly due to non-normality of the response distribution. This
is, however, not the only reason. Table 10.4 shows that the scrap rate assuming
a normal distribution is 15.3%, which is still higher than the expected scrap rate.
This difference is due to inaccuracy of the metamodel for response g. It has already
been explained in Section 10.3 and Figure 10.7 that the metamodel of g for deter-
ministic optimisation is quite inaccurate. For robust optimisation — for which the
metamodel has been fitted in 5D space instead of 2D, and for which no sequential
improvement has been used — this is no better.
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u2 (mm) u3 (µm) f g (mm/m) Cpk(g) Scrap rate
(N(µ, σ)-assumption)

Deterministic optimum 2.379 0.29 0.7147 -0.3013
µ = 0.7074 µ = 0.4624 -0.11 55% (63.1%)
σ = 0.0816 σ = 1.3807

Robust optimum 2.75 0.33 µ = 0.8464 µ = −0.8983 0.34 19% (15.3%)
σ = 0.0437 σ = 0.8776

Table 10.4: Results of optimising the deep drawing process of the cup
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Figure 10.9: Robust optimum of optimising the deep drawing process of the cup. The
figure only depicts the upper right corner of the control space.

Nevertheless, the application of both the deterministic and robust optimisation
strategies to the deep drawing process of a cup clearly supports the results already
observed for optimising the analytical test function in Section 7.5 and the CIB in
Chapter 9. The robust optimisation strategy yields a more robust and reliable
process than the deterministic optimisation strategy. Similar to the cases for the
analytical test function and the CIB, this increase in robustness and reliability
comes at the expense of a shift of the objective function distribution to the right:
the response distribution belonging to the deterministic optimum in Figure 10.8(a) is
located more to the left than that belonging to the robust optimum in Figure 10.8(c).
This implies the martensite content is higher for the deterministic optimum than for
the robust optimum. Table 10.4 shows that the mean of the response distribution
for the deterministic optimum is 0.71 (martensite content is 29%), whereas that
of the robust optimum is 0.85 (martensite content is 15%). However, taking into
account noise yields a more robust and reliable process for the robust optimum,
which has been the aim for the robust optimisation of the deep drawing process of
the cup. As indicated earlier, the amount of the martensite fraction can be adjusted
later during production using on-line control as long as the process is unsensitive
to noise.
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10.5 Conclusions and recommendations

This chapter applied the robust optimisation strategy to optimise the multi-stage
deep drawing process of a small cup, which is a stand-in product for an industrial
product. The 7 step modelling methodology has been used to model the optimisa-
tion problem. Noise variables and response distributions have been modelled using
the adaptations to include robustness proposed in Section 7.4.1. Modelling the op-
timisation problem resulted in two responses, ten control variables and three noise
variables. The latter are two material parameters and the sheet thickness. The ob-
jective function has been defined to minimise the standard deviation of martensite
fraction that is appearing in a specific part of the cup during forming. A reliability
constraint has been taken into account to assure shape accuracy in the same part
of the cup.

16 FEM simulations have been run in the 13D combined control-noise variable
space to reduce the number of variables. This screening resulted in a reduced
optimisation model that included two important control variables and the three
noise variables.

Before applying the robust optimisation strategy, the reduced optimisation model
has been transformed to a deterministic optimisation problem. The aim has been
to maximise the amount of martensite while constraining the shape accuracy to a
certain Upper Specification Limit. For the deterministic optimisation model, the
noise variables have been neglected, i.e. set to their nominal values. The two-design
variable optimisation problem has been solved using the deterministic SAO algo-
rithm in five batches of in total 29 FEM simulations. The deterministic optimum
yielded a martensite content of 29% while satisfying the demanded shape accuracy.
However, the Monte Carlo Analysis (MCA) that has been performed on the deter-
ministic optimum resulted in a standard deviation in martensite content of 8% and
a scrap rate with respect to the shape accuracy of 55%. Hence, when the noise
variables are included, the deterministic optimum does not provide a robust and
reliable production process.

The robust optimisation algorithm has also been applied to the robust reduced
optimisation model. The noise variables have been directly included during solving
of the problem. One batch of 150 FEM simulations has been run, to which the 29
FEM simulations performed for deterministic optimisation have been added. Sub-
sequently, metamodels have been fitted to the results of these 179 FEM simulations.
Optimising these metamodels using the robust optimisation algorithm yielded a ro-
bust optimum. An MCA on the robust optimum resulted in a standard deviation in
martensite content of 4% and a scrap rate of 19%, which is a much more robust and
reliable process than the deterministically optimised process. However, this comes
at the expense of a lower mean martensite content of 15%, which is the trade-off
for reaching a more robust and reliable process.

For robust optimisation of this application, a 1.5σ-reliability level has been mod-
elled. This implies that the scrap rate has been expected to be < 6.68%, which has
clearly not been reached by robust optimisation. The difference between the ex-
pected scrap rate and the scrap rate obtained from the MCA in the robust optimum
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is due to inaccuracy of the metamodel for the shape accuracy and non-normality of
the corresponding response distribution. The inaccuracy of the metamodel and the
efficiency of the robust optimisation algorithm should be improved by implementing
sequential improvement strategies for robust optimisation.





Chapter 11

Conclusions and
recommendations

The goal of this thesis was to develop an optimisation strategy for industrial metal
forming processes using Finite Element (FEM) simulations. This strategy was re-
quired to be generally applicable and efficient in combination with time-consuming
FEM simulations. This goal has been achieved by developing

1. a structured 7 step methodology for modelling optimisation problems in in-
dustrial metal forming (see Chapter 4);

2. screening techniques for discrete variable selection and design variable reduc-
tion (see Section 5.1);

3. a Sequential Approximate Optimisation (SAO) algorithm that is efficient using
time-consuming FEM simulations (see Chapter 5);

4. an extension of the deterministic optimisation strategy (modelling, screening
and SAO) to include process robustness and reliability (see Chapter 7).

For each of the above items, this chapter presents conclusions and recommen-
dations.

Modelling

The developed structured methodology for modelling optimisation problems in
metal forming is based on the generally applicable Product Development Cycle.
This Product Development Cycle has been related to metal parts and their forming
processes and subsequently to the modelling of optimisation problems, i.e. defining
objective function, constraints and design variables. The result is a 7 step method-
ology for modelling optimisation problems in metal forming:

1. Determine the appropriate optimisation situation;
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2. Select the necessary responses;

3. Select objective function and implicit constraints;

4. Quantify the responses;

5. Select the design variables;

6. Define the ranges on the design variables;

7. Identify explicit constraints.

The 7 step modelling methodology has been used to model optimisation prob-
lems for the industrial applications in the Chapters 8, 9 and 10. These applications
comprised different products and processes (a deep drawn automotive part, a hydro-
formed automotive part, and a deep drawn small cup). In Chapter 8. optimisation
was applied to solve a production problem. In Chapters 9 and 10, a hydroforming
and a deep drawing process were optimised, respectively.

For all the industrial applications, the 7 step modelling methodology managed to
mathematically formulate an optimisation model. Hence, it can be concluded that
the modelling procedure is generally applicable to different metal forming problems
concerning different products and processes.

A recommendation concerns the presence of numerical noise in the response from
FEM simulations. In Chapter 8, it has been shown that different modelling for-
mulations strongly influence the amount of trend and noise in objective function
and implicit constraints. It is recommended to further investigate the influence of
modelling formulations on noisy responses with obtaining smooth functions as the
major aim.

Screening

The optimisation problem modelled using the 7 step modelling methodology may
include discrete design variables. The number of design variables may also be large.
Screening techniques using Mixed Array Design Of Experiment (DOE) plans and
Mean response plots have been developed to remove discrete design variables by
selecting the best level of the discrete variable. Resolution III fractional factorial
DOE plans, ANalysis Of VAriance (ANOVA), Pareto and Effect plots assist in
reducing the number of continuous design variables.

Screening for discrete variable selection has been applied in Chapter 9 to select
one of 7 possible material types. The optimisation problem for this application
included 12 continuous design variables and 1 discrete design variable on 7 levels.
Although this is a large optimisation problem, only 28 FEM simulations were needed
to select the best material type. Moreover, the FEM simulations can be performed
in parallel. Hence, it can be concluded that screening for discrete variable selection
is quite efficient.

In all three industrial applications, screening for design variable reduction also
proved to be very efficient. In all cases, only 16 FEM simulations were needed to
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reduce the amount of design variables from between 10 and 15 to only a couple
of them. The reduced problem can subsequently be efficiently solved by an opti-
misation algorithm. Again, these 16 FEM simulations were run in parallel. The
potential for efficiently solving the significantly reduced optimisation problem at the
cost of only 16 FEM simulations underlines the importance of screening techniques
for efficiently solving optimisation problems in metal forming.

Next to efficiency, another demand is the general applicability of the screening
techniques. They have been applied to all industrial applications including different
products (two different automotive parts and a cup) and processes (deep drawing
and hydroforming). The FEM simulations are included as a black box: the DOE
plans generate inputs for FEM, the responses are obtained from standard FEM
output. Hence, any FEM code can be included. In the applications included in this
thesis, AutoForm and the in-house FEM code Crystal have been used. In other
applications, PAM-stamp, PAM-crash and DiekA have been used as FEM software
for screening, see e.g. [26,124].

The screening techniques proposed in this thesis are very efficient. However, at the
basis is the assumption that the responses depend linearly on the design variables
and that there are no interactions between the variables. Ignoring interaction effects
is a crude assumption having large consequences since the settings of many design
variables are based on screening results. Omitting variables or setting them to a
certain value strongly influences the finally obtained optimum.

Because of the large consequences of screening, it is recommended to investigate
whether putting more effort into screening can improve optimisation results. For
example, employing Resolution V fractional factorial DOE plans instead of Resolu-
tion III plans makes it possible to estimate the interactions between different design
variables in addition to the linear effects. This may be helpful to better select the
proper design variables for optimisation and the best settings for omitted design
variables. Note, however, that these recommendations come at a certain compu-
tational cost: screening the ten-design variable optimisation problem in Chapter 8
using a Resolution III DOE only required 16 FEM simulations, whereas applying
a Resolution V DOE to this problem would have required 128 FEM simulations.
Achieving a good compromise between good and accurate optimisation results on
the one hand and computational efficiency on the other hand is a recommended
challenge for future research.

Another recommendation concerns the noisy response behaviour encountered in
Chapter 8. Screening resulted in several important design variables, whereas a more
detailed analysis proved that only one variable actually influenced the responses.
The influence of the other variables appeared to be caused by numerical noise on
the responses. It is recommended to extend screening techniques in order to detect
the presence and amount of numerical noise. This could be realised by including
replicate runs in the screening DOE (which is standard for DOEs applied to phys-
ical experiments). If replicate runs have been performed, ANOVA can be used to
separate the error (see Appendix A) in an error due to Lack Of Fit and a Pure
Error, see for example [129]. The former denotes the metamodel inaccuracy, the
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latter one can be used to estimate the amount of numerical noise. However, it has
been reasoned in this thesis that it does not make sense to perform replicate runs
for FEM simulations since running the same simulation twice will yield exactly the
same response. In this case, the Pure Error equals zero by definition. However,
numerical noise is not truly a Pure Error but a consequence of slightly perturbed
design variable settings. Hence, instead of performing exact replicate runs, intro-
ducing a number of design variable settings very close to — but not exactly equal to
— each other in the screening DOE could allow for estimating the numerical noise.
This information can subsequently be used to more accurately determine the most
important design variables during screening. It can also assist in selecting the most
appropriate metamodelling technique during optimisation.

Deterministic optimisation

After screening, the second stage of solving optimisation problems in metal forming
is applying the Sequential Approximate Optimisation (SAO) algorithm developed
in Chapter 5. It consists of a DOE strategy including a Latin Hypercube Design
combined with a full or fractional factorial design. FEM simulations yield response
measurements and metamodels can be fitted using Response Surface Methodology
(RSM) and Kriging metamodelling techniques. These metamodels can subsequently
be optimised very quickly using a global multistart SQP algorithm. Several se-
quential improvement strategies have been implemented to efficiently improve the
accuracy of the obtained optimum.

The efficiency of SAO has been assessed in Chapter 6 where it was compared
to an iterative and an efficient evolutionary algorithm by application to two forg-
ing processes. In both cases, the most efficient variants of SAO performed better
than the other optimisation algorithms, i.e. it obtained a larger improvement with
respect to a reference situation within fewer FEM calculations. Just as the screen-
ing techniques, the SAO algorithm employs the advantages of parallel processors.
Hence, it is concluded that approximate optimisation algorithms are best suited for
optimisation using time-consuming FEM simulations. Moreover, within the group
of approximate optimisation algorithms, efficient sequential improvement strategies
make SAO a very good algorithm.

SAO uses FEM simulations as a black box. This makes SAO generally ap-
plicable, which satisfies this requirement in the goal of this thesis. Next to the
application to forging in Chapter 6, SAO has also been used to optimise the three
industrial applications in Chapters 8, 9 and 10. Other applications of SAO are
contained in [26, 27, 124]. These applications comprised very different metal parts,
as well as three different metal forming processes and different FEM codes. Two
forging processes have been included using FEM code Forge3. Several deep drawing
processes used AutoForm and Crystal as FEM software. Hydroforming cases were
optimised using AutoForm, PAM-stamp and the in-house code DiekA. The variety
of products, processes and FEM codes optimised using SAO underlines the fact that
it is very generally applicable.
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To further improve the accuracy and efficiency of the SAO algorithm, it is rec-
ommended to focus on accurate metamodelling techniques. In Chapter 8, noisy
response functions have been encountered. Kriging interpolates this noise, which
causes the metamodels to become inaccurate. RSM metamodels have been suc-
cessfully used in Chapter 8, but may lack flexibility in other applications. Also for
less noisy response functions, accurate metamodelling is crucial to the accuracy and
efficiency of SAO. Each further improvement in metamodelling will yield a better
optimisation algorithm.

A second recommendation concerns constrained deterministic optimisation. In
this case, deterministic optimisation algorithms such as SAO will yield an optimum
on the constraint. For instance, the optimal processes obtained in Chapter 8 were
constrained by the Forming Limit Curve. From a mathematical point of view, this
is a perfect result. However, for optimising industrial metal forming processes in
practice, a constrained deterministic optimum yields a critical process. In practice,
process variability will be present. A constrained deterministic optimum combined
with this process variation will cause an unacceptably large scrap rate. This has
been demonstrated clearly in Chapters 9 and 10. Therefore, applying determin-
istic optimisation should be done with care: take into account critical properties
as objective function rather than as a constraint. Or — if taken into account as
constraint — make sure there is sufficient safety margin between the constraint and
failure in practice. However, it is recommended to explicitly take process variation
into account during optimisation. Thus, the robust optimisation strategy proposed
in Chapter 7 is of large importance for optimising metal forming processes in prac-
tice.

Robust optimisation

The robust optimisation strategy is an extension of the deterministic optimisa-
tion strategy. Like the deterministic optimisation strategy, the robust optimisation
strategy consists of modelling, screening and solving. For modelling, the 7 step
methodology has been adapted to include robustness: in addition to determinis-
tic control variables, noise variables are included as normally distributed inputs.
Objective function and constraints are consequently stochastic quantities having a
certain distribution. The screening techniques developed for deterministic optimisa-
tion can be applied to robust optimisation problems without any adaptations. The
SAO algorithm is adapted to optimise response distributions rather than response
values.

The robust optimisation strategy is based on the deterministic strategy. The 7
step modelling methodology remains generally applicable. Screening and the op-
timisation algorithm still employ FEM simulations as a black box, which ensures
different products, processes and FEM codes can be included for optimisation. Con-
cerning efficiency, screening reduces the amount of control and noise variables at
the expense of a limited number of FEM simulations only. The robust extension
of the Sequential Approximate Optimisation algorithm is based on Single Response
Surface techniques which is an efficient way of robust optimisation.
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The advantages of robust optimisation with respect to deterministic optimisa-
tion have been demonstrated by means of an analytical test function in Chapter 7:
the robust optimisation strategy yields a more robust and reliable process. Appli-
cation to industrial hydroforming and deep drawing processes in Chapters 9 and 10
confirms these advantages and demonstrates the applicability of the robust optimi-
sation strategy to industrial metal forming processes using FEM simulations.

However, in Chapters 9 and 10 large differences between the process reliability
based on metamodels and Monte Carlo Analysis have been found. This indicates
the metamodels are quite inaccurate. The influence of accurate metamodels appears
to be even larger for robust than for deterministic optimisation, for which it has
already been recommended to improve metamodel accuracy.

For the deterministic optimisation algorithm, sequential improvement strategies
have been implemented to achieve more accurate results and to enhance efficiency.
It is recommended to extend these sequential improvement strategies to robust
optimisation, too. This is expected to significantly improve the accuracy and effi-
ciency of the robust optimisation algorithm for optimising industrial metal forming
processes.







Appendix A

ANalysis Of VAriance
(ANOVA)

ANalysis Of VAriance (ANOVA) is a statistical technique that is useful for testing
how well an RSM metamodel explains obtained response measurements.

Figure A.1 presents the measurement points from Table 2.2 and a linear RSM
metamodel fitted through these data. From Figure A.1, one can now define the
total sum of squares SST, the sum of squares of the regression model (the RSM
metamodel) SSR and the error sum of squares SSE as:

SST =

n
∑

i=1

(yi − ȳ)
2

(A.1)

SSR =

n
∑

i=1

(ŷi − ȳ)
2

(A.2)

SSE =

n
∑

i=1

(yi − ŷi)
2

(A.3)

yi are the response measurements, ȳ denotes the mean of the response measure-
ments, and ŷi is the metamodel prediction of measurement i.

Using ANOVA, the total variability in the measurement points is partitioned
into a part due to the RSM metamodel and a part due to the error. The following
relation holds:

SST = SSR + SSE (A.4)

If an RSM metamodel represents the response measurements well, the variability
due to regression is large with respect to the variability due to the error. Whether
this is the case, is determined by a test for significance of regression. A test for
significance of regression is performed by the hypotheses [129]:
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Figure A.1: ANalysis Of VAriance (ANOVA)

H0 : β1 = β2 = · · · = βk = 0

H1 : βj 6= 0 for at least one j
(A.5)

and determining the F -statistic F0:

F0 =
SSR/k

SSE/(n − k − 1)
=

MSR

MSE
(A.6)

in which n is the number of measurements and k denotes the number of regression
coefficients - 1. The number of regression coefficients depends on the metamodel
shape. In the case of a linear metamodel, k equals the number of design variables.
In the remainder of this appendix, a linear metamodel for k design variables is
assumed. MSR in Equation (A.6) denotes the Mean Square of the Regression model
and MSE the Mean Squared Error.

If MSR is large with respect to MSE, F0 is large and we are willing to reject
hypotheses H0 in Equation (A.5). This implies at least some of the regression
coefficients in the RSM metamodel are non-zero. Hence, a trend is found and the
metamodel is significant.

Whether F0 is large enough to reject H0, depends on whether F0 exceeds a
critical F -value F(α,k,n−k−1). These critical F -values depend on the number of
measurements n, the number of design variables k and the significance level α. α
is usually selected equal to 0.05, which means we are allowing for a 5% probability
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Figure A.2: F(1,4) probability density function

that a metamodel is not significant, whereas it has been tested it is significant.
Tables for determining the F(α,k,n−k−1) for different values of n, k and α can be
found in many statistical texts, see e.g. [127].

To explain this further, Figure A.2 presents the F(1,4) probability distribution
function belonging to the measurement points of Table 2.2 and Figure A.1. In
this situation n = 6 and k = 1. Assuming α = 0.05 yields a critical F -value
F(0.05,1,4) of 7.71. The figure shows this critical F -value, as well as the so-called
p-value that exactly equals α in case F0 equals F(0.05,1,4). The p-value denotes the
probability that the metamodel is not significant, whereas it has been tested that
it is. Calculating F0 using Equation (A.6) yields F0 = 78.6. Since F0 ≥ F(0.05,1,4),
the H0 hypotheses is rejected and the metamodel has been found to represent the
response measurements well.

Analogous to testing whether F0 ≥ F(α,k,n−k−1), one can also test whether
p ≤ α. The p-value corresponding to F0 calculated for the response measurements
is 0.0009, which is much smaller than 0.05. Hence, also based on the p-value, it is
concluded that the metamodel represents the response measurements well.

Next to F0- and p-values, ANOVA results in a coefficient of determination R2

defined as:

R2 =
SSR

SST
= 1 − SSE

SST
(A.7)



234 ANalysis Of VAriance (ANOVA)

Source of Sum of Squares Degrees of Mean Square F0 p-value
variation Freedom

Regression SSR k MSR F0 = MSR
MSE p

Residual SSE n − k − 1 MSE
Total SST n − 1

Table A.1: ANalysis Of VAriance

A larger R2 indicates a better metamodel, whereas the metamodel is perfect
when R2 = 1. Since R2 increases with every design variable, also non-significant
design variables will cause an increase of the R2-value. To investigate if a design
variable is significant, one can use the adjusted R2-value, which is defined as [129]:

R2
adj = 1 − n − 1

n − q

(

1 − R2
)

(A.8)

where q denotes the number of model parameters, i.e. regression coefficients in the
case of RSM. For a linear metamodel q = k+1. R2

adj decreases when non-significant
variables are added.

The F0-, p-, R2- and R2
adj-values are all important measures for the significance of

the metamodel with respect to the measured data. These values are often presented
in a tabular form as shown in Table A.1, the well-known ANOVA table.
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Kriging

This appendix presents how to fit a Kriging metamodel. Using Kriging, a meta-
model is fitted through the response measurements by:

y = Xβ + Z(x) (B.1)

The first part of this equation covers the global trend of the metamodel and is
similar to fitting an RSM metamodel, see Section 2.3.1. The Gaussian random func-
tion Z, which accounts for the local deviation of the data from the trend function,
has zero mean, variance σ2

z and covariance

cov (Z(x1), Z(x2)) = σ2
zR (xi − xj) (B.2)

where R is the correlation function and xi and xj are two locations which are
determined by the design variable settings at these locations. For example, Figure
B.1 presents six response measurements (xi, yi) dependent on one design variable.
σ2

z denotes the amplitude of the deviation from the trend function (in this case the
mean), the correlation function R determines the shape of the metamodel between
the response measurements.

Several types of correlation functions R can be defined. A well-known and often
used correlation function is the Gaussian exponential correlation function:

R(ϑ, xi, xj) = exp−ϑ(xi−xj)
2

(B.3)

As opposed to other possibilities for the correlation function like e.g. cubic splines
and ordinary exponential functions, see e.g. [100, 118, 119, 155], Gaussian exponen-
tial functions are attractive because they are infinitely differentiable. Moreover,
Gaussian exponential functions are frequently used in the literature [155] and have
been found to give accurate results [118].

Equation (B.3) shows that the correlation between two measurement points, e.g.
xi and xj depends on the distance between the two, as well as the parameter ϑ. The
influence of the value of ϑ on the metamodel fitted through the measurement points
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Figure B.1: The influence of ϑ on a Kriging metamodel

(xi, yi) is indicated in Figure B.1: the larger ϑ, the smaller the distance influenced
by a certain measurement.

Assume k design variables are present. Then the total correlation function R
depends on the k one-dimensional correlation functions Rm as follows [152]:

R (xi − xj) =

k
∏

m=1

Rm (xim − xjm) (B.4)

This implies that it is assumed that there is no relation between the different
dimensions. Adopting the Gaussian correlation function introduced in Equation
(B.3), the total correlation function becomes:

R (xi − xj) =
k

∏

m=1

exp−ϑm(xim−xjm)2 (B.5)

Thus, one ϑ is present for each design variable (each dimension).
The remaining question is how to fit a Kriging metamodel given a number of

measurement points x and their responses y. This metamodel can be used to predict
a response value y0 for an untried design variable setting x0. Analogous to RSM, a
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Kriging metamodel is fitted in order to minimise the Mean Squared Error between
the Kriging metamodel and true but unknown response function y(x) :

min E(ŷ(x) − y(x))2

s.t. E(ŷ(x) − y(x)) = 0
(B.6)

The constraint is an unbiasedness constraint that makes sure there is no systematic
error between the metamodel and the true function. Without going into detail, it
can be derived that the Best Linear Unbiased Predictor ŷ0 for an untried design
variable setting x0 is [56,119,155]:

ŷ0 = xT
0 β + rT

0 R−1 (y − Xβ) (B.7)

in which x0 is the design matrix containing the settings of x0 and X the design ma-
trix containing the known measurement points. r0 is a vector containing the correla-
tion between the unknown point (x0, y0) and the known measurements (xi, yi), and
R is a matrix describing the correlation between the known measurement points.

The Mean Squared Error (MSE) can also be calculated at this location x0, see
e.g. [56,122]:

MSE (y0) = σ2
z

(

1 −
[

xT
0 rT

0

]

[

0 XT

X R−1

] [

x0

r0

])

(B.8)

where σ2
z is the process variance.

β, R, r0 and σ2
z in Equations (B.7) and (B.8) are not known. Adopting the

Gaussian exponential correlation function, recall from Equation (B.3) that R and
r0 are solely dependent on the parameters ϑ. Hence, Equations (B.7) and (B.8)
only depend on β, σ2

z and ϑ. These parameters are not known and need to be
estimated.

Maximum Likelihood Estimation (MLE) is a good way to estimate the unknown
parameters β, σ2

z and ϑ (see e.g. [56, 100, 119–122, 143, 155]). The likelihood of a
Gaussian process is related to its probability distribution function [56,120,122,155]:

L(β, σ2
z ,θ) =

1

σ2
z

√

|R|(2π)n
e

−1

2σ2
z
(y−Xβ)TR−1(y−Xβ)

(B.9)

where y are the n obtained measurement points, X is the design matrix contain-
ing the DOE points, and R is a matrix containing the correlation between the
measurement points, which — following Equations (B.3) and (B.5) — depends on
ϑ.

The logarithm of the likelihood function (log likelihood) is given by [56,155]:

ℓ(β, σ2
z ,θ) = −1

2

(

n log(σ2
z) + log |R| + 1

σ2
z

(y − Xβ)TR−1(y − Xβ)

)

(B.10)

Using MLE, the parameters β, σ2
z and ϑ are estimated by maximising the like-

lihood function in Equation (B.9) or the log likelihood function in Equation (B.10).
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The regression coefficients β can be estimated by maximising Equation (B.10) with
respect to β. This yields

β̂ = (XTR̂X)−1XTR̂−1y (B.11)

Similarly to the estimation of β, one can also estimate σ2
z using MLE. It turns

out that [56,155]:

σ̂2
z =

1

n − k − 1

(

y − Xβ̂
)T

R̂−1
(

y − Xβ̂
)

(B.12)

where k denotes the number of regression coefficients - 1. k equals the number of
design variables in the case of a linear trend function.

R̂ in Equations (B.11) and (B.12) depends on the parameters ϑ. If ϑ is given,
one can first determine β̂ by Equation (B.11). When β̂ is known, σ̂2

z is subse-
quently calculated by Equation (B.12). Note that this has been the procedure for
estimating β and σ2 for RSM in Section 2.3.1 (in the case of RSM, the errors are
uncorrelated, which implies that R = I). In this case, Equations (B.11) and (B.12)
equal Equations (2.5) and (2.8), respectively.

For Kriging, however, ϑ is not known and must be estimated by maximising
the log likelihood function in Equation (B.10) with respect to ϑ. This yields an
expression that depends on β and σ2

z , which themselves depend on ϑ. Hence,
a closed form solution of Equations (B.11), (B.12) and the formula for the best
estimate of ϑ does not exist.

As a consequence, the problem of maximising the log likelihood function is gen-
erally solved by non-linear optimisation algorithms. Combining Equations (B.10),
(B.11) and (B.12) yields:

ℓ(β, σ2
z ,θ) = −1

2

(

n log(σ̂2
z(ϑ)) + log |R(ϑ)| + (n − k − 1)

)

(B.13)

which depends on ϑ alone. Hence, the best estimate of ϑ is the one that maximises
Equation (B.13), i.e. the ϑ that minimises [118,155]:

ϑ̂ = min
ϑ

n log σ̂2
z(ϑ) + log |R(ϑ)| (B.14)

As soon as ϑ̂ is known, β̂ and σ̂2
z can be calculated easily using Equations (B.11)

and (B.12).
Now, all parameters in Equations (B.7) and (B.8) have been estimated. Hence,

the Kriging metamodel has been fitted and can be used to predict unknown points
and the prediction error at this location.
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[76] Jansson, T., Andersson, A., and Nilsson, L. Optimization of draw-in
for an automotive sheet metal part – an evaluation using surrogate models
and response surfaces. Journal of Materials Processing Technology 159 (2005),
426–234.

[77] Jansson, T., Nilsson, L., and Redhe, M. Using surrogate models and
response surfaces in structural optimization - with application to crashwor-
thiness design and sheet metal forming. Structural and Multidisciplinary Op-
timization 25, 2 (2003), 129–140.

[78] Jin, R., Chen, W., and Simpson, T. Comparative studies of metamodelling
techniques under multiple modelling criteria. Structural and Multidisciplinary
Optimization 23 (2001), 1–13.

[79] Jirathearanat, S., and Altan, T. Optimization of loading paths for tube
hydroforming. In Proceedings of NUMIFORM (Columbus OH, USA, 2004).

[80] Johnson, K., Nguyen, B., Dawies, R., Grant, G., and Khaleel, M. A
numerical process control method for circular-tube hydroforming prediction.
International Journal of Plasticity 20 (2004), 1111–1137.

[81] Jones, D. A taxonomy of global optimization methods based on response
surfaces. Journal of Global Optimization 21 (2001), 345–383.

[82] Jones, D., Schonlau, M., and Welch, W. Efficient global optimization
of expensive black-box functions. Journal of Global Optimization 13 (1998),
455–492.

[83] Jurecka, F., Bletzinger, K., and Ganser, M. Update schemes for
global approximations in robust design optimization. In Proceedings of
ESAFORM (2005).

[84] Jurecka, F., Ganser, M., and Bletzinger, K. Update scheme for se-
quential spatial correlation approximations in robust design optimisation. Ac-
cepted for: Computers and Structures (2006).

[85] Kals, H., van Luttervelt, C., and Moulijn, K. Industriële productie,
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[133] Naceur, H., Delamézière, A., Batoz, J., Guo, Y., and Knopf-

Lenoir, C. Optimization of drawbead restraining forces and drawbead design
in sheet metal forming process. Journal of Materials Processing Technology
146 (2004), 250–262.

[134] Naceur, H., Guo, Y., Batoz, J., and Knopf-Lenoir, C. Optimization
of drawbead restraining forces and drawbead design in sheet metal forming
process. International Journal of Mechanical Sciences 43, 10 (2001), 2407–
2434.

[135] Nair, V. Taguchi’s parameter design: A panel discussion. Technometrics 34,
2 (1992), 127–161.

[136] Nielsen, H. DACE, A MATLAB Kriging toolbox.
http://www.imm.dtu.dk/ hbn/dace/, 2002.

[137] Nocedal, J., and Wright, S. Numerical optimization. Springer-Verlag,
New York, USA, 1999.

[138] Ohata, T., Nakamura, Y., Katayama, T., and Nakamachi, E. De-
velopment of optimum process design system for sheet fabrication using re-
sponse surface method. Journal of Materials Processing Technology 143-144,
1 (2003), 667–672.



250 Bibliography

[139] Palaniswamy, H., Ngaile, G., and Altan, T. Optimization of blank
dimensions to reduce springback in the flexforming process. Journal of Ma-
terials Processing Technology 146 (2004), 28–34.

[140] Papalambros, P., and Wilde, D. Principles of optimal design. Cambridge
University Press, New York, USA, 2000.

[141] Ponthot, J., and Kleinermann, J. Optimisation methods for initial/tool
shape optimisation in metal forming processes. International Journal of Ve-
hicle Design 39, 1-2 (2005), 14–24.

[142] Ponthot, J., and Kleinermann, J. A cascade optimization methodol-
ogy for automatic parameter identification and shape/process optimization
in metal forming simulation. Computer Methods in Applied Mechanics and
Engineering 195 (2006), 5472–5508.

[143] Poortema, K. Statistiek en stochastiek; deel 1. Lecture notes. Universiteit
Twente, Enschede, Netherlands, 1999. (In Dutch).

[144] Post, J. On the Constitutive Behaviour of Sandvik NanoflexTM – Modelling,
Experiments and Multi-Stage Forming. PhD thesis, University of Twente,
2004.

[145] Post, J., Klaseboer, G., Stinstra, E., and Huétink, J. A dace study
on a three stage metal forming process made of Sandvik Nanoflex. In Pro-
ceedings of NUMIFORM (Columbus OH, USA, 2004).

[146] Poursina, M., António, C., Parvizian, J., Sousa, L., and Castro,

C. Eliminating folding defect in forging parts using a genetic algorithm. In
Proceedings of ESAFORM (Salerno, Italy, 2003).

[147] Ray, P., and Mac Donald, B. Determination of the optimal load path for
tube hydroforming processes using a fuzzy load control algorithm and finite
element analysis. Finite Elements in Analysis and Design 41 (2004), 173–192.

[148] Redhe, M., Forsberg, J., Jansson, T., Marklund, P., and Nilsson,

L. Using the response surface methodology and the D-optimality criterion in
crashworthiness related problems – an analysis of the surface approximation
error versus the number of function evaluations. Structural and Multidisci-
plinary Optimization 24, 3 (2002), 185–194.

[149] Repalle, J., and Grandhi, R. Optimum design of forging process param-
eters and preform shape under uncertainties. In Proceedings of NUMIFORM
(Columbus OH, USA, 2004).

[150] Repalle, J., and Grandhi, R. Reliability-based preform shape design in
forging. Communications in Numerical Methods in Engineering 21 (2005),
607–617.



Bibliography 251

[151] Revuelta, A., and Larkiola, J. Applying neural networks in the final
thickness optimisation of a thin hydroformed part. In Proceedings of ECCO-
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