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INTRODUCTION

Navier-Stokes equations in two dimensions constitutes a

fundamental model for numerous physical phenomena. Most

notable examples are large scales dynamics of oceanic and

atmospheric flows. In the limit of vanishing viscosity, two-

dimensional fluid dynamics is characterised by an infinite

number of first integrals, i.e., the integrated powers of vor-

ticity. This set of constraints has profound effects on the

energy transfer mechanisms across scales of motion, e.g., the

double energy cascade, absent in three dimensions, theorised

by Kraichnan [1]. It is therefore natural to embed these

fundamental properties of the continuum into the numerical

algorithm used for the simulation for the corresponding dis-

crete system.

In this work we will present recent developments in

structure-preserving methods for fluid dynamics in two dimen-

sions. In particular, we will illustrate a recently developed

efficient and scalable Lie-Poisson integrator for flows on the

sphere based on [2]. For extremely large discrete systems,

however, the latter method becomes unfeasible. For such

cases, we propose a constrained pseudo-spectral method en-

abling to capture important invariants of the motion while

retaining more favourable computational complexity. Empha-

sis will be given to the construction of the numerical method,

the description of the main algorithms and their parallelisa-

tion. Furthermore, an illustration of fundamental geophysical

flows, such as two-dimensional turbulence on the sphere, will

be provided.

LIE-POISSON INTEGRATOR

Geometric integration for fluid systems has been elu-

sive, owing to the high computational complexity of estab-

lished geometric integrators. Nevertheless, recent advances in

structure-preserving integration [2] have laid down the basis

for direct numerical simulation of realistic flow models. The

geometric description of fluid dynamics arises when character-

ising the motion of inviscid fluid parcels on general manifolds.

Here, we describe the approach for the incompressible Eu-

ler equations. Addition of viscous dissipation and forcing

can be accounted for in the same manner proposed in [4],

also described in our recent work [5] for homogeneous two-

dimensional turbulence. In terms of vorticity ω, Euler’s equa-

tions can be written as{
ω̇ = {ψ, ω},
∆ψ = ω,

(1)

where {·, ·} is the Poisson bracket, defined as

{ψ, ω}(x) = x · (∇ψ ×∇ω), (2)

for any x on the surface of the sphere S2, ψ the stream func-

tion and ∆ the Laplace-Beltrami operator. System (1) admits

an infinite number of first integrals, called Casimir functions,

corresponding to integrated powers of vorticity

Ck(ω) =

∫
ωk, k = 1, 2, . . . (3)

In other words, functions (3) are invariants of motion. A dis-

cretisation that preserves these invariants can be constructed

from a Lie algebra of N ×N complex matrices which approx-

imates the Poisson bracket (2) by the matrix commutator [6].

The resulting discrete system can be written analogously as:{
Ẇ = [P,W ]

∆NP = W,
(4)

where ∆N is the discrete Laplacian while W , the vorticity ma-

trix, and P , the stream matrix, are skew-Hermitian traceless

matrices. As noted in [6], traces of powers of W ,

Ck(W ) = Tr(Wk) for k = 1, . . . , N, (5)

are conserved by system (4). This is the discrete analogue of

conservation of Casimirs, i.e. integrated powers of vorticity in

the continuum.

A key property of system (4) is that it evolves such that the

eigenvalues of W are constant over time. This property is re-

ferred to as isospectrality [9]. Conservation of the spectrum of

W is equivalent to conservation of the Casimir functions (5).

In [2], a class of Lie-Poisson integrators for isospectral flows

was derived. A particularly simple integrator in this class

(adopted in this work), is characterised by a low count of ma-

trix operations per time-step [7]. Here, we have reformulated

the latter method to work efficiently on modern supercomput-

ers. Fig. 1 shows a scaling test conducted on a problem of
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Figure 1: Computational time per time-step as a function of

the number of cores for N = 4096, using MPI parallelisation

(solid line), hybrid MPI parallelisation with 12 threads (dash-

dotted line) and hybrid MPI parallelisation with 24 threads

(dashed line). Linear scaling is shown as a reference by the

dotted line.

matrix size N = 4096, demonstrating the feasibility of this

geometric integrator.

APPLICATION

In this section we illustrate the capability of the developed

numerical method by simulating the discrete Euler equations

(4) for N = 2048. At the initial time, modes of spherical

harmonics of degree 2 ≤ l ≤ 20 are given a random value of

approximately the same magnitude. The system then evolves

for a total of 106 time-steps corresponding to 200 time units.

For this simulation 512 cores were employed. A qualitative il-

lustration of a typical vorticity field is shown in Fig. 2. From

Figure 2: Illustration of vorticity field on a sphere. Colours

range from blue corresponding to ω = −0.8 to red correspond-

ing to ω = 0.8.

an initial random distribution of vorticity in spherical harmon-

ics space, the flow evolves into well recognisable large-scale

vortical structures. At the same time, owing to non-linear in-

teractions, part of the energy injected at larger scales flows

toward the high-wave number end of the spectrum. This is

further illustrated in Fig. 3 where we present the evolution

over time of the kinetic energy spectrum. We observe that en-

ergy is transferred to small scales where an approximate l−3

scaling is established. The −3 exponent is consistent with the

theory of Kraichnan [1] on the direct cascade of enstrophy of
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Figure 3: Kinetic energy spectrum scaled by the mean kinetic

energy K as a function of the spherical harmonic index l at

different times: t = 10 (black line), t = 60 (blue line), t =

100 (green line) and t = 200 (red line). The l−3 scaling is

represented by the dashed black line.

two-dimensional turbulence, extensively investigated numeri-

cally [8] and recently also revisited in [5].

OUTLOOK

A computationally efficient and scalable geometric integra-

tor for Lie-Poisson flows on the sphere has been proposed.

This enables explicit conservation of the integrated powers

of vorticity in the two-dimensional Navier-Stokes equations in

the limit of vanishing viscosity. The structure-preserving core,

in combination with computational efficiency make this tool

valuable for numerical studies of long-time behaviour of com-

plex geophysical flows. At much larger matrix sizes N than

those investigated here, the geometric integrator becomes un-

feasible owing to the O(N3) complexity of the computation of

the commutator. As a complementary study, we will consider

reducing the computational complexity to O(N2 log(N)2),

by applying a pseudo spectral method, while still retaining

conservation of important Casimir functions. This will be

achieved by enforcing a suitable constraint on the Euler equa-

tions (1).
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