
O n  Mesh Refinement and Accuracy of Numerical Solutions 

Hong Zhou', Maria Peters' and Adriaan van Oosterom' 

'Department of Low Temperature, University of Twente 
2Laboratory of Medical Physics and Biophysics, University of Nijmegen 

Abetract-This paper investigates mesh refinement and its 
relation with the accuracy of the boundary element method 
(BEM) and the finite element method (FEM). TO this end 
an isotropic homogeneous spherical volume conductor, for 
which the analytical solution is available, wag used. The 
numerical results obtained with the BEM and FEM were 
compared with the results of the andytical solution. The 
results show that  the accuracy of the numerical solutions 
is improved by enriching a mesh only if the enriched mesh 
not  only incorporates a greater number of nodes but also 
follows more closely the actual geometry of the volume con- 
ductor involved. 

Introduction 

With the advance of modern computer technology numeri- 
cal solution methods such as the boundary element method 
and the finite element method have been widely used in the 
studies of electrophysiology. One of the concerns in the ap- 
plication of these numerical solution methods is their nu- 
merical accuracy. To assess the quality of the numerical so- 
lution of the BEM and FEM obtained with a given mesh, 
different errar indicators have been proposed and adap 
tively mesh refinement have been performed to increase 
the resolution of the numerical solutions [1,2,3]. 

In this paper the mesh refinement and its relation with 
the accuracy of the numerical solutions will be discussed. 
It will be demonstrated by numerical examples that, in 
certain circumstances, simple mesh refinement can lead to 
the decrease in the accuracy of the numerical solutions. 

Mesh Refinement and Accuracy 

The electric potential inside a homogeneous volume con- 
ductor V enclosed by a surface S due to an internal current 
source is described by Poisson's equation. In a Cartesian 
coordinate system z1,22,23 this reads 

v (ha) = -i,,(Z), (1) 

where +(Z) is the potential field, b= is the conductivity ten- 
sor, and io($) is the impressed current source volume den- 
sity. The boundary condition implied by the bounding 
surface S of the bounded volume conductor is 

ii - ( h i p )  = 0, (2) 

in which ti is the unit outward normal vector on the surface 
S. 
As is well known this problem can be solved numeri- 

cally by either the boundary element method or the finite 
element method. In the BEM the boundary surface S is 
approximately represented by a triangulated surface s d .  
The potential as, is then assumed to be a constant for 
which the potential at the center of mass of the triangles is 
taken (4). In the FEM the 3-D problem domain is approx- 
imately represented by a set of tetrahedron or hexahedron 
elements v d  that are connected to each other in such a way 
that there is neither overlap nor gap among them. Within 
each element the solution Cpv, is assumed to be a poly- 
nomial function, having the potentials a t  the nodes as its 
parameters. 

There are two different kinds of approximations invoived 
in these numerical methods. One is the approximation of 
the solution domain: the approximation of S by s d  for 
the BEM and the approximation,of V by V d  for the FEM. 
The other is the approximation of the second order differ- 
entiable solution: the approximation of ip by a piecewise 
constant solution Os, for the BEM and the approximation 
of 3 by a piecewise linear or tri-linear solution +bpd for the 
FEM. 

Once the numerical solution +sd or @vd is obtained cer- 
tain criteria can be established to judge the fineness of the 
elements [1,5]. The elements where the criterion is not sat- 
isfied are refined by adding new nodes. As the number of 
elements increases, the numerical solution converges. The  
straightforward element enrichment, however, does not im- 
prove per se the approximation of the boundary surface S, 
or the approximation of the solution domain V if new nodes 
are merely added on surface elements. The numerical solu- 
tion may converge to the true solution on Sd for the BEM 
or in v d  for the FEM, but not the true solution on S or V .  

The relative difference of the peak to peak value between 
the analytical solution and any of the numerical solutions 
considered, defined as 

(3)  

is used to  asses the numerical accuracy, where T ( @ )  = 
@mas - a m i n  * 
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Examples 

A spherical volume conductor with radius 3 and conduc- 
tivity 1 was used in numerical computations. The origin of 
the coordinate system is a t  the center of the sphere with 
z-axis upwards. A unit z-oriented current dipole located 
at (a, a l l )  was used as the source of the electric potential. 

For the computation of the BEM a coarse triangulated 
surface with 48 triangles and 26 vertexes as shown in 
Fig. 2b was first made to approximate the surface of the 
sphere. Fig. 2c shows a triangulated surface with 192 tri- 
angles and 98 vertexes which was made by dividing each 
triangle of the coarse triangulated surface into 4 smaller tri- 
angles. Note the new vertexes are all located on the coarse 
triangulated surface, i.e., the coarse triangulated surface is 
embedded in the fine triangulated surface. Fig. 2d shows a 
triangulated surface that is made by projecting the newly 
introduced vertexes of the surface shown in Fig. 2c onto 
the surface of the sphere. 

Fig. la shows the potential distribution of the surface of 
the sphere computed by means of the analytical solution. 
Fig. lb ,  Fig. IC and Fig. Id  show the results of the BEM, 
respectively, based on the triangulated surfaces shown in 
Fig. 2b, Fig. 2c and Fig. 2d. The relative errors of these 
results are 0.86%, 15.4% and 0.38% respectively. 

Similar computations were carried out with the FEM. 
Fig. 4b shows the perspective view of the surface elements 
of a coarse hexahedron mesh with 56 elements and 79 
nodes. Fig. 4c shows a refined hexahedron mesh with 448 
elements and 529 nodes which is generated by dividing each 
element of the coarse mesh shown in Fig. 4b into 8 ele- 
ments. Fig. 4d shows a mesh that is made by projecting 
newly introduced surface nodes of the refined mesh onto 
the surface of the sphere. 

Fig. 3a shows the potential distribution of the surface 
of the sphere computed by means of the analytical solu- 

irregular geometry, therefore, it is necessary to apply inter- 
polation technique to  make sure that the newly introduced 
vertexes in the BEM, or the newly introduced nodes which 
are belong to the boundary surface or interfaces bound- 
ing different compartments in the FEM, are located on the 
interpolated boundary surface or interfaces. 

Fig. la Fig. 1b Fig. IC Fig. I d  

tion. Fig. 3b, Fig. 3c and Fig. 3d show the results of the 
FEM, respectively, based on the hexahedron mesh shown 
in Fig. 4b, Fig. 4c and Fig. 4d. The relative errors of these 
results are 3.0%, 7.1% and 2.3% respectively. 

Discussion 

The results show that the straightforward element enrich- 
ment, which does not improve the approximation of the 
geometry of the solution domain, does not self-evidently 
improve the numerical accuracy of the BEM and FEM, 
even though it does increase the resolution of the numeri- 
cal solution. The error indicators that  are commonly used 
are certainly appropriate for judging the fineness of the el- 
ements of a mesh. They do not, however, always reflect the 
accuracy of the numerical solutions. The results also show 
that the accuracy of the numerical solution is increased by 
improving the approximation of the geometry of the solu- 
tion domain in the element enrichment. For the domain of 

Fig. 4b Fig. 4c Fig. - ~ d  
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