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1
Introduction

1.1 Capillarity: liquid vs soft solid interfaces
A molecule at a liquid interface lacks roughly half of the cohesive interactions
as compared to its counterpart in the bulk. This shortage of cohesive inter-
actions gives rise to an excess free energy per unit area in a liquid interface,
also called the surface tension [1]. The manifestation of surface free energy
is prevalent in our everyday life; spherical raindrops, standing sand castles,
water walking insects are a few canonical examples. Importantly, surface ten-
sion can shape a liquid interface. The intriguing shapes of soap films are a
direct consequence of the minimization of this interfacial free energy and have
captivated both scientists and kids alike for ages (fig. 1.1(a)). Surface tension
also plays a crucial role in the floatation of small but heavy objects [2]. The
seemingly mundane observation of a floating aluminum paperclip in fact de-
fies the Archimedes’ principle of buoyancy (fig. 1.1(b)). It is surface tension
that provides the added restoring force. In general, whenever a solid object
comes in contact with a liquid, the interface curves to form a ‘meniscus’. The
meniscus causes a pressure jump across the liquid interface called the Laplace
pressure which is proportional to the mean curvature of the surface.

Surface tension also governs the stability of liquid interfaces. Two archetyp-
ical examples are the Rayleigh-Taylor instability of a viscous, thin liquid layer
coated underside of a horizontal surface (fig. 1.1(c)), and the Rayleigh-Plateau
instability of cylindrical water jet coming out the faucet (fig. 1.1(d)). In
case of the Rayleigh-Taylor instability, surface tension provides the restoring

1



1 2 CHAPTER 1. INTRODUCTION

Figure 1.1: Everyday examples of liquid interface shaped by surface tension. (a) Soap film
forming a catenoid. Source: www.soapbubble.dk (b) An aluminum paperclip floating on wa-
ter surface (Image courtesy: Sander Wildeman). (c) Dripping of silicon oil from the underside
of a slightly inclined glass plate. Image reproduced from [4] with permission. (d) Water jet
coming out of a faucet breaks into droplets. Source: www.flickr.com/photos/morberg.

force against the destabilizing effect of gravity. Naturally the capillary length
(`c = (γ/ρg)1/2, where γ is the surface tension, ρ is the density of the liquid,
and g is gravitational acceleration) becomes the characteristic length scale of
the problem, and any perturbation of wavelength larger than 2π`c grows ex-
ponentially in time causing the film to drip [1, 3]. On the contrary, surface
tension itself provides the destabilizing mechanism for Rayleigh-Plateau insta-
bility. This instability results from the tendency of a liquid cylinder of a given
volume to minimize its surface area by breaking into a number of spherical
drops. Any long wave radial perturbation of the cylindrical jet leads to higher
Laplace pressure at the trough of the wave causing outward fluid flow, and
subsequent breaking of the jet [1].

Traditionally, the deformation of elastic solids is associated to the bulk
stresses that develop within it, and the strain is inversely proportional to the
stiffness of the material. However, recent experiments involving soft poly-
meric solids have demonstrated the surprising effect of solid surface tension
(γs) which is able to shape elastic interfaces [5, 6]. In fact, the mechanical con-
sequence of solid capillarity is an additional normal traction γsκ, analogous
to the liquid Laplace pressure (where κ is the mean curvature). Figure 1.2
shows two remarkable examples where this capillary traction dominates the
response of the soft interface. Figure 1.2(a) demonstrates the change in shape
of a gelatin gel once it is removed from a stiff mold [7]. The sharp corners of
an initially square wave shape of the gel smoothens and the surface transforms
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Figure 1.2: Deformation and instability of soft interface driven by solid surface tension. (a)
Sharp edges on a gelatin surface are smoothened by surface tension once it is removed from
the mould (PDMS). Adapted from [7] with permission. (b) Rayleigh-Plateau instability of
agar cylinders immersed in toluene. Steady axial modulations appear when the the elasto-
capillary length γs/G > R, where R is the initial radius of the cylinder. Adapted from [8].

to a sinusoidal undulation. The destabilizing effects of solid surface tension
is shown in fig. 1.2(b) where a cylinder made of agar gel exhibits Rayleigh-
Plateau instability when dipped in toluene [8]. The soft cylinder (of radius R)
becomes unstable when Laplace pressure (γs/R) dominates over the restoring
elastic stresses (G, shear modulus).

The characteristic scale at which surface forces become important is given
by comparing surface tension γs to the shear modulus G. The ratio γs/G pro-
vides the elastocapillary length (`ec). The shear moduli of traditional solids
such as metals are of the order of 10 GPa, leading to sub-nanometric elasto-
capillary lengths. The scenario changes dramatically for soft, compliant solids
like elastomers, hydrogels, and biological tissues. Shear modulus of these solids
can be as low as 10 Pa, with typical surface tension values between 10−2−10−1

N/m, the length scale (`ec) becomes ∼ 1 mm, making it possible to observe
capillary effects in solids at a macroscopic scale.

The coupling of surface stresses to bulk deformation opens up new avenues
for studying interfacial phenomena in soft solids. Over the last decade, a
number of studies have revisited well known problems like wetting, adhesive
contacts, crack formation, and surface instability of creasing in the context of
soft solids and found exciting new insights. These observations have potential
technological implications and call for detailed study of ‘soft-wetting’ and ‘soft-
contact’ problems. Below we discuss some key features of soft interfaces that
are fundamental to the studies presented in this thesis.

1.2 Soft menisci
The example of a rigid substrate partially wetted by a millimetric water droplet
is one of the simplest demonstrations of capillary phenomena. If the drop size
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Figure 1.3: Shape of a soft meniscus. (a) A water drop is deposited on a silicone elastomer.
Notice the ridge like structure around the contact line. Image courtesy - Mathijs van Gorcum.
A magnified view of the contact line is shown in (b). The substrate has a shear modulus of
1kPa. (b) X-ray microscopy image of a wetting ridge at the three phase contact line. Surface
tension of the liquid pulls on the substrate at the contact line to form the wetting ridge.
Reproduced from [9] with permission. (c) Adhesive contact between a rigid particle and
silicone gel. Data points represent the deformed interface with varying stiffness measured
by confocal microscopy. Figure reproduced from [10] with permission.

is smaller than the capillary length the water surface attains a hemispherical
cap shape with a contact angle at the three phase contact line that is deter-
mined by Young’s law. The same experiment performed on a soft, silicone
gel shows a ridge-like structure around the contact line (cf. fig. 1.3(a)). The
capillary forces associated to the droplet significantly deform the underlying
substrate by pulling it upward at the contact line and pushing it downward
inside. A magnified view of the three phase contact line, obtained by x-ray
microscopy is shown in fig. 1.3(b) [9]. Since the substrate is pulled up by the
liquid-vapor surface tension, a balance with solid-liquid and solid-vapor sur-
face tensions lead to Neumann’s law defining the ridge like structure [9, 11–13].
This behavior is analogous to a floating oil lens on water. However, the solid
meniscus that forms around the liquid drop is of elastocapillary origin. At
distances below `ec from the contact line the solid-liquid and solid-vapor in-
terfaces meet at a well defined angle, while above the elastocapillary length,
elasticity governs the meniscus shape.

Replacing the liquid drop by a rigid particle changes the scenario even
further. In general the rigid particle can deform the substrate in two ways:
its weight pushes down on the soft solid, whereas the adhesive interaction
between two surfaces causes the soft interface to be pulled up at the edge of
the contact. In the limit of small particle weight, adhesion is the dominant
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cause of deformation. The Johnson-Kendall-Roberts (JKR) theory predicts
the stiffness and work of adhesion of a solid material from a measurement
of contact area versus applied force [14]. However, recent studies have found
that the JKR theory breaks down for soft solids [10, 15, 16]. Figure 1.3(c)
represents confocal microscopy images of soft interfaces of varying stiffness as
a rigid particle is indented onto them [10]. For the softest material (dark blue
data), the interface behave almost like a liquid, in which the particle sinks to a
depth to satisfy the contact angle. This transition from ‘adhesive’ to ‘wetting’
contact is governed by the elastocapillary length of the solid. Decreasing the
particle size instead of substrate stiffness should lead to identical behavior. If
the particle size is smaller than the elastocapillary length, the soft solid creates
a wetting like contact with the interface barely deforming around the particle.

These observations bring up a number of questions, some of which have
been the topic of contemporary research. For example, what happens to the
wetting ridge once the drop start spreading on the substrate? Recent experi-
ments have found that the contact line motion is significantly slowed down by
the ridge, and any effort of forced wetting may lead to contact line instabili-
ties like stick-slip [17, 18]. Soft solids have also shed light on the universality
of contact between two surfaces. The observation that at a small scale both
solid-liquid and solid-solid contacts are identical, may reveal unusual proper-
ties involving soft contacts, which is of great interest for designing new types
of adhesives and functional interfaces.

1.3 Interacting particles on a soft surface

Objects floating on a liquid surface interact and tend to form clusters; a phe-
nomenon that can control self-assembly and patterning at the micro scale [19]
in a fashion that resembles formation of galaxy clusters under Newtonian grav-
ity [20]. This capillary interaction is popularly known as the ‘cheerios effect’
due to clumping of the breakfast cereals on milk surface [21]. An example of
the cheerios effect in nature is the aggregation of mosquito eggs on water (see
fig. 1.4(a)). These ellipsoidal particles are millimetric in size and self-assemble
to form rafts of few centimeters in length. The key ingredient of this inter-
action is the meniscus around the particles. The deformation created by one
particle acts as an energy landscape for the other, causing the second particle
to slide down the meniscus, and leading to an attractive interaction. The local
slope of the meniscus at a distance from the first particle gives the force of
interaction on a second particle [22]. Figure 1.4(b), (c) shows two paperclips
that attract and clump together on water surface. Spherical particles with
negligible weight like colloids can not deform the liquid interface around them
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Figure 1.4: Cheerios effect. (a) Self-assembly of mosquito eggs on water. These are millimeter
sized ellipsoidal particles forming rafts after aggregation. Figure reproduced from [25] with
permission. (b), (c) Two paperclips floating nearby on water attract each other due to the
meniscus around them. Image courtesy - Sander Wildeman.

and hence do not interact in general. In that case, however, anisotropy in par-
ticle shape or inherent curvature of liquid interface causes surface deformation
and leads to inter particle interaction [23, 24].

As seen in fig. 1.3 both rigid particles and liquid droplets can signifi-
cantly deform a soft substrate creating an elastocapillary meniscus around
them [9, 11]. Hence it is natural to expect two such objects placed nearby
would interact. In fact, an elastic cheerios effect has been studied recently
where heavy, rigid cylinders and spheres are found to attract on soft sub-
strates [26, 27]. It was postulated that analogous to a liquid interface the
interaction force for an elastic surface is also given by local slope of the menis-
cus. In part of this thesis we will investigate these phenomena in detail, both
for liquid drops and rigid particles on soft, elastic solids.

1.4 Cuspy creases

Localized point forces deform a soft solid to create sharp features on the inter-
face, for example the wetting ridge at the contact line of a drop (see fig. 1.3(b)).
However, singular features can also appear spontaneously due to global forc-
ing or instability. A classical example from fluid mechanics is the drainage
of a viscous fluid through a small hole at the bottom of the container (see
fig. 1.5(a)) [28]. The liquid interface deforms to a sharp axisymmetric tip where
interfacial curvature diverges. Jeong and Moffat [32] studied the two dimen-
sional version of the free surface cusp both analytically and experimentally,
and found that a cusp exhibits a self-similar shape that scales like y ∼ x2/3.
Creases on the other hand are the most ubiquitous example of sharp features
found on soft solids, and appear when the solid becomes unstable under ap-
plied compressive forces. Creases are also a prime morphological feature of
human brain and growing tumors, and define a singular region of self-contact
where the surface folds onto itself. Figure 1.5(b), (c), and (d) give three ex-
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Figure 1.5: Examples of singular surface features found on liquid and elastic interfaces. (a)
Free surface cusp formed in viscous sink flow. Image adapted from [28] with permission.
(b) Growth of an artificial tumor. The outer ring (blue) grows when swelled in water and
exhibits sharp folds on the periphery. The inner circular disc acts as a constraint against
expansion. Image reproduced from [29] with permission. (c) Simulation of the gyrification
pattern found on human brain. They appear due to tangential cortical expansion. Image
reproduced from [30] with permission. (d) Confocal microscopy image of a surface crease on a
PDMS film under uniaxial compression. The bright vertical line is the region of self-contact.
Image adapted from [31] with permission.

amples of surface creases appearing due to growth or compression. There
have been a large number of studies dedicated towards predicting the critical
strain of appearance [33, 34], the growth dynamics [35], hysteretic nature of
creases [36] and wrinkle to crease transition [37, 38]. However, the singular
profile of these structures is still unknown [39]. Motivated by the wondrous
similarity between liquid and soft solid interfaces at a small scale, we ask the
question if creases can at all be considered as elastic cusps.

1.5 A guide through this thesis
In this thesis, we study a wide variety of phenomena involving mechanics at
soft interfaces. In chapter 2, we study the interaction of liquid droplets on a
soft PDMS substrate, termed as the inverted cheerios effect. We observe that
for drops sliding under gravity, the trajectories of two near by droplets deviate
from straight lines. Depending on the thickness of the substrate, the trajecto-
ries either merge leading to drop-drop coalescence or deviate away signifying
repulsion. The interaction is quantified via force vs distance curve for a pair of
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droplets. We corroborate the experiments by developing an analytical model
through minimizing the total free energy incorporating elasticity, and capillar-
ity of solid and liquid interfaces. Our analysis shows that the interaction force
originates from an imbalance of Neumann’s law at the three phase contact
lines.

In experiments, one observes an over-damped motion of droplets as they
move on the soft substrate, and interact. This naturally results in a velocity vs
distance curve. In chapter 3, we develop a dynamical theory for the inverted
cheerios effect incorporating the dissipation inside the substrate through a vis-
coelastic model, and predict the steady interaction velocity between droplets
for a given distance.

In chapter 4, we further generalize the problem to interacting particles on a
soft solid. For very low shear modulus substrates like hydrogels, gravity mod-
ifies the shape of the elastocapillary meniscus in the far-field. A competition
among solid surface tension, elasticity and gravity results in intricate hydrogel
menisci. These new shapes indicate new interaction laws.

In chapter 5, we focus on particle adhesion by studying the embedding
of nanoparticles on a polymethylmethacrylate (PMMA) polymer film. Ex-
periments show that large silica nanoparticles adhere to the film creating an
adhesive contact, while nanoparticles below a critical diameter are surprisingly
engulfed by the polymer film. This counterintuitive behavior is theoretically
explained by introducing line tension in elastic media, which causes engulfment
in order to minimize the length of the contact line.

In chapter 6, we study the singular shape of an elastic crease. Inspired by
the gradual formation of viscous cusps in the sink flow problem, we design a
new experiment to investigate the formation of creases. By slowly reducing
the volume of a spherical liquid inclusion in a soft PDMS gel, we observe the
deformation of the elastic interface. The interface initially deforms to form an
axisymmetric furrow. Beyond a critical deformation, the axisymmetry breaks
and the interface folds onto itself to form a crease. We quantify these obser-
vations in detail via experiments, finite element simulations, and analytical
calculations.

In chapter 7, we study the soft lubrication problem of a steadily moving
particle near a viscoelastic wall. Deformation of the viscoelastic boundary
generates a lift force on the particle that depends on the velocity. This lift
force vs velocity relation is calculated for three canonical viscoelastic solids
models, and different asymptotic regimes are discussed. Finally, the thesis
closes with a perspective on open questions in chapter 8.
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2
Inverted Cheerios effect: Liquid drops
attract or repel by elasto-capillarity ∗

Solid particles floating at a liquid interface exhibit a long-ranged attraction
mediated by surface tension. In the absence of bulk elasticity, this is the domi-
nant lateral interaction of mechanical origin. Here we show that an analogous
long-range interaction occurs between adjacent droplets on solid substrates,
which crucially relies on a combination of capillarity and bulk elasticity. We
experimentally observe the interaction between droplets on soft gels and pro-
vide a theoretical framework that quantitatively predicts the migration velocity
of the droplets. Remarkably, we find that while on thick substrates the interac-
tion is purely attractive and leads to drop-drop coalescence, for relatively thin
substrates a short-range repulsion occurs which prevents the two drops from
coming into direct contact. This versatile, new interaction is the liquid-on-
solid analogue of the “Cheerios effect". The effect will strongly influence the
condensation and coarsening of drops on soft polymer films, and has potential
implications for colloidal assembly and in mechanobiology.

∗Published as: S. Karpitschka, A. Pandey, L. A. Lubbers, J. H. Weijs , L. Botto, S. Das,
B. Andreotti and J. H. Snoeijer, Inverted Cheerios effect: Liquid drops attract or repel by
elasto-capillarity, PNAS 113 (27), 7403-7407 (2016).

9
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10 CHAPTER 2. INVERTED CHEERIOS EFFECT

2.1 Introduction

The long-ranged interaction between particles trapped at a fluid interface is
exploited for the fabrication of microstructured materials via self-assembly and
self-patterning [19, 24, 40–42] and occurs widely in the natural environment
when living organisms or fine particles float on the surface of water [25, 43].
In a certain class of capillary interactions the particles deform the interface
because of their shape or chemical heterogeneity [44–46]. In this case the
change in interfacial area upon particle-particle approach causes an attractive
capillary interaction between the particles. In the so-called Cheerios effect, the
interaction between floating objects is mainly due to the change in gravita-
tional potential energy associated to the weight of the particles, which deform
the interface while being supported by surface tension [21], and the same
principle applies when the interface is elastic [26, 27, 47]. The name “Cheerios
effect” is reminiscent of breakfast cereals floating on milk and sticking to each
other or to the walls of the breakfast bowl .

Here we consider a situation opposite to that of the Cheerios effect by con-
sidering liquid drops deposited on a solid. The solid is sufficiently soft to be
deformed by the surface tension of the drops, resulting in a lateral interac-
tion. Recent studies have provided a detailed view of statics of single-drop
wetting on deformable surfaces [11–13, 48, 49]. The length scale over which
the substrate is deformed is set by the ratio of the droplet surface tension γ
and the shear modulus G. The deformation can be seen as an elasto-capillary
meniscus, or “wetting ridge", around the drop (fig. 2.1(a),(b)). Interestingly,
the contact angles at the edge of the drop are governed by Neumann’s law,
just as for oil drops floating on water. In contrast to the statics of soft wetting,
its dynamics has only been explored recently. New effects such as stick-slip
induced by substrate viscoelasticity [17, 18] and droplet migration due to stiff-
ness gradients [50] have been revealed. The possibility that elasto-capillarity
induces an interaction between neighboring drops is of major importance for
applications such as drop condensation on polymer films [51] and self-cleaning
surfaces [52–55]. The interaction between drops on soft surfaces might also
provide insights into the mechanics of cell locomotion [56–58] and cell-cell
interaction [59].

Here we show experimentally that long-ranged elastic deformations lead to
an interaction between neighboring liquid drops on a layer of cross-linked poly-
dimethylsiloxane (PDMS). The layer is sufficiently soft for significant surface
tension induced deformations to occur (fig. 2.1). The interaction we observe
can be thought of as the inverse Cheerios effect, since the roles of the solid
and liquid phases are exchanged. Remarkably, the interaction can be either
attractive or repulsive, depending on the geometry of the gel. We propose a
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Figure 2.1: The Inverse Cheerios effect for droplets on soft solids. Two liquid drops sliding
down a soft gel exhibit a mutual interaction, mediated by the elastic deformation of the
substrate. (a) Drops sliding down a thick elastic layer attract each other, providing a new
mechanism for coalescence. (b) Drops sliding down a thin elastic layer (thickness h0) repel
each other. (c) Measurement of the horizontal relative velocities ∆vx of droplet pairs, as a
function of separation distance d. These measurement quantify the interaction strength. (d)
Sliding velocity of isolated droplets on the thick layer as a function of their volume. This
data is used to calibrate the relation between force (gravity) and sliding velocity.

theoretical derivation of the interaction force from a free energy calculation
that self-consistently accounts for the deformability of both the liquid drop
and the elastic solid.

2.2 Experiment: attraction versus repulsion
Here, the inverted Cheerios effect is observed with sub-millimeter drops of
ethylene glycol on a PDMS gel. The gel is a reticulated polymer formed by
polymerizing small multifunctional prepolymers – contrary to hydrogels, there
is no liquid phase trapped inside. The low shear modulus of the PDMS gel
gives an elasto-capillary length ` = γ/G = 0.17 mm sufficiently large to be
measurable in the optical domain.

The interaction between two neighboring liquid drops is quantified by track-
ing their positions while they are sliding under the effect of gravity along a soft
layer held vertically. The interaction can be either attractive (fig. 2.1(a)) or
repulsive (fig. 2.1(b)): drops on relatively thick gel layers attract each other,
while drops on relatively thin layers experience a repulsion.

The drop-drop interaction induces a lateral motion that can be quantified
by the horizontal component of the relative droplet velocity, ∆vx, with the
convention that ∆vx > 0 implies repulsion. In fig. 2.1(c), we report ∆vx as
a function of the separation d, defined as the shortest distance between the
surfaces of the drops. The drops (R ' 0.5−0.8 mm) exhibit attraction when
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sliding down a thick layer (h0 = 8 mm, black curve), while they are repelled
on a thin layer (h0 = 0.04 mm, red curve). ∆vx is larger at close proximity,
signaling an increase in the interaction force. Spontaneous merging occurs
where drops encounter direct contact. Importantly, these interactions provide
a new mechanism for droplet coarsening (or ordering) by coalescence (or its
suppression) that has no counterpart on rigid surfaces.

The interaction force F can be inferred from the relative velocities between
the drops, based on the effective “drag" due to sliding on a gel. We first
calibrate this drag by considering drops that are sufficiently separated, so
that they do not experience any mutual interaction. The motion is purely
downward and driven only by gravitational force Fg = Mg, and inertia is
negligible. Figure 2.1(d) shows that the droplet velocity vy is nonlinear, and
approximately scales as F 2

g . This force-velocity calibration curve is in good
agreement with viscoelastic dissipation in the gel, based on which one expects
the scaling law [18]:

v ∼ `

τ

(
F

2πRγ

)1/n
. (2.1)

Here n is the rheological exponent that emerges from the scale invariance of
the gel network [60–62], while τ is a characteristic timescale. The parameter
values n ' 0.61 and τ ' 0.68 s are calibrated in a rheometer (cf. sec. 2.6.3).
Equation (2.1) is valid for v below the characteristic rheological speed, `/τ
– this is justified here since `/τ ∼ 0.25 mm/s for the silicone gel, while the
reported speeds reach up to ∼ 100 nm/s. The presence of a large viscoelas-
tic dissipation in the gel exceeds the dissipation within the drop by orders
of magnitude, and explains these extremely slow drop velocities observed ex-
perimentally [18, 63]. In this case, it was also shown that all the dissipation
occurs in a very narrow region around the wetting ridge [19]. Therefore, the
dynamic substrate deformation approaches the corresponding static deforma-
tion beyond a distance vτ . 60nm from the contact line. The force-distance
relation for the Inverse Cheerios effect can now be measured directly using
the independently calibrated force-velocity relation (fig. 2.1(d) and (2.1)). By
monitoring how the trajectories are deflected with respect to the downward
motion of the drops, we obtain F (cf. sec. 2.6.3 for additional details). Despite
the different origins of calibration and interaction forces, both are balanced
by the same dissipative mechanism since the dissipative visco-elastic force is
nearly perfectly localized at the contact line [19], which corroborates the va-
lidity of our calibration routine.

The key result is shown in fig. 2.2, where we report the interaction force
F as a function of distance d. Panel (a) shows experimental data for the
attractive force (F < 0) between drops on thick layers (black dots), together
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Figure 2.2: Measured interaction force F (symbols) as a function of their separation d,
compared to three-dimensional theory (red lines, no adjustable parameters). (a) Attraction
on a thick elastic layer (h0 ≈ 8mm� R� `). (b) Repulsion and attraction on a thin layer
(R� `& h0 ≈ 40µm). Each datapoint represent an average over ∼ 10 realisations, the error
bars giving the standard deviation. Measurements are based on pairs of ethylene glycol
drops whose radii are in the range R∼ 0.7±0.1mm. The elastic substrate has a static shear
modulus 0.28kPa.

with the theoretical prediction outlined below. The attractive force is of the
order of µN, which is comparable to both the capillary force-scale γR and
the elastic force-scale GR2. The force decreases for larger distance and its
measurable influence was up to d∼R.

Figure 2.2 (b) shows the interaction force between drops on thin layers.
The dominant interaction is now repulsive (d& h0). Intriguingly, we find that
the interaction is not purely repulsive, but also displays an attractive range
at very small distance. It is possible to access this range experimentally in
case the motion of the individual drops are sufficiently closely aligned. The
“neutral" distance where the interaction force changes sign appears when the
separation is comparable to the substrate thickness h0, suggesting that the
key parameter governing whether the drops attract or repel is the thickness
of the gel.

2.3 Mechanism of interaction: rotation of elastic meniscus

We explain the attraction versus repulsion of neighboring drops by computing
the total free energy E of drops on gel layers of different thicknesses. The
interaction force between the drops is due to the energy gradient with respect
to the separation, −∂E/∂d, which in the experiment is thus balanced by the
forces due to viscoelastic dissipation in the vicinity of the the contact line. In
contrast to the normal Cheerios effect, which involves two rigid particles, in the
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current experiment an additional element of complexity is present: both the
droplet and the elastic substrate are deformable, and their shapes will change
upon varying the distance d. Hence, the interaction force involves both the
elastic and the surface tension contributions to the free energy that emerge
from self-consistently computed shapes of the drops and elastic deformations.

To reveal the mechanism of interaction, we first consider two dimensional
drops, for which the free energy can be written as

E [h] = Ee`[h] +
ˆ

dry

dxγSV
√

1 +h′2 +
ˆ

wet

dx
[
γ
√

1 +H′2 +γSL

√
1 +h′2

]
, (2.2)

The geometry is sketched in fig. 2.3(b), (c), and further details are given in
sec. 2.6.1. The elastic energy Ee` in the entire layer is a functional of the
profile h(x) describing the shape of the elastic solid: the functional explicitly
depends on the layer thickness, and is ultimately responsible for the change
from attraction to repulsion. The function H(x) represents the shape of the
liquid-vapor interface. The integrals in (2.2) represent the interfacial energies;
they depend on the surface tensions γ, γSL, γSV associated with the liquid-
vapor, solid-liquid and solid-vapor interfaces, respectively. For the sake of
simplicity, we ignore here the possibility of a dependence of surface energy on
the elastic strain. In absence of Shuttleworth effect [64], surface stress and
surface energy are equal.

At equilibrium, one can find the droplet shapes by analyzing the changes
in the free energy upon variations of the functions h(x) and H(x). In addition,
the variation of the contact line positions provide the relevant boundary con-
ditions [13]. However, when two drops are separated by a finite distance d, the
drops are not at equilibrium: the gradient in free energy results into an over-
damped motion by which the changes in free energy are dissipated in the solid.
To compute the interaction force f (per unit length in the two-dimensional
model), one therefore needs to consider the work done by the dissipative force
−f that we can assume to be localized near the inner contact line. This allows
one to determine the interaction force f =−∂E/∂d, with the convention that
attractive forces correspond to f < 0 (see sec. 2.6.1 for details).

The energy minimization reveals the mechanism of drop-drop interaction:
the interaction force f appears in the boundary condition for the contact
angles,

f = γ cosθ+γSL cosθSL−γSV cosθSV , (2.3)
where the angles are defined in fig. 2.3. Equation (2.3) can be thought of
as an “imbalance" of the static Neumann boundary condition. The resulting
interaction force due to the elasto-capillary energy gradient is balanced by
the dissipation due to the viscoelastic nature of the substrate. For a single
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Figure 2.3: Mechanism of interaction between two liquid drops on a soft solid. (a) Defor-
mation h(x) induced by a single droplet on a thick substrate. The zoom near the contact
line illustrates that the contact angles satisfy the Neumann condition. (b) A second drop
placed on a thick substrate experiences a background profile due to the deformation already
induced by the drop on the right. This background profile is shown in red. As a conse-
quence, the solid angles near the elastic meniscus rotate by an angle ϕ (see zoom). This
rotation perturbs the Neumann balance, yielding an attractive force f due to the gradient
in elasto-capillary energy. In the experiment, this force is balanced by the dissipative force
due to the viscoelastic deformation of the wetting ridge. (c) The single-drop profile on a thin
substrate yields a non-monotonic elastic deformation. The zoom illustrates a rotation ϕ in
the opposite direction, leading to a repulsive interaction.

droplet, the contact angles satisfy Neumann’s law, which is (2.3) with f = 0
(fig. 2.3(a)). On a thick elastic layer, the overall shape of the wetting ridge is
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of the form [13, 49]

h(x)∼ γ

G
Ψ
(

x

γs/G

)
, (2.4)

where the horizontal scale is set by elasto-capillary length based on the
typical solid surface tension γs. The origin of f can be understood from the
principle of superposition. Due to the substrate deformation of a single drop,
a second drop approaching the first one will see a surface that is locally rotated
by an angle ϕ∼ h′ ∼ γ/γs. The elastic meniscus near the inner contact line of
this approaching drop gets rotated by an angle ϕ (fig. 2.3(b)). Importantly,
changes in the liquid angle θ exhibit a weaker dependence ∼ h/R ∼ γ/(GR),
which for large drops can be ignored. As a consequence, this meniscus rotation
induces an imbalance of the surface tension forces according to (2.3), which for
small rotations yields f ' γϕ, where ϕ follows from the single drop deformation
(2.4). As a consequence, this meniscus rotation induces a net resultant surface
tension forces according to (2.3), which is balanced by the dissipative force f
due to the viscoelastic nature of the substrate [41]. For small rotations, one
obtains f ' γϕ, where ϕ follows from the single drop deformation (2.4). There
is no resultant interaction force from the stress below the drop, which, due to
deformability of the drop, provides a uniform pressure.

The inverted Cheerios effect is therefore substantially different from the
Cheerios effect between two particles floating at the surface of a liquid. Apart
from the drop being deformable, we note that the energy driving the interac-
tion is different for the two cases: while the liquid interface shape is determined
by the balance between gravity and surface tension in the Cheerios effect, the
solid shape is determined by elasto-capillarity in the inverted Cheerios effect.
Another difference is the mechanism by which the interaction is mediated.
The Cheerios effect is primarily driven by a change in gravitational potential
energy which implies a vertical displacement of particles: a heavy particle
slides downwards, like a bead on a string, along the deformation created by
a neighboring particle [21]. A similar interaction was recently discussed for
rigid cylinders that deform an elastic surface due to gravity [26]. In contrast,
the inverted Cheerios effect discussed here does not involve gravity and can be
totally ascribed to elasto-capillary tilting of the solid interfaces – as in fig. 2.3
– manifesting the interaction as a force near the contact line.

The rotation of contact angles indeed explains why the drop-drop interac-
tion can be either attractive or repulsive. On a thick substrate, the second
drop experiences solid contact angles that are rotated counter clockwise, in-
ducing an attractive force (fig. 2.3(b)). By contrast, on a thin substrate the
elastic deformation induced by the second drop has a non-monotonic profile
h(x). This is due to volume conservation: the lifting of the gel near the contact
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Figure 2.4: Three-dimensional calculation of interface deformation for a pair of axisymmet-
ric drops. The elasto-capillary meniscus between the two drops is clearly visible, giving a
rotation of the contact angle around the drop. The total interaction force ~F is obtained
by integration of the horizontal force ~f (indicated in red) and is related to the free energy
gradient associated with a change in separation between the drops. Parameter values are set
to `/R= 0.1, γ/γs = 1.

line creates a depression at larger distances (fig. 2.3(c)). At large distance, the
rotation of the contact angles thus changes sign, and, accordingly, the interac-
tion force changes from attractive to repulsive. Naturally, the relevant length
scale for this phenomenon is set by the layer thickness h0.

2.4 Three-dimensional theory

The extension of the theory to three dimensions is straightforward and allows
for a quantitative comparison with the experiments. For the three dimensional
case we compute the shape of the solid numerically, by first numerically solving
for the deformation field induced by a single drop using an axisymmetric elastic
Green function [49]. Adding a second drop on this deformed surface gives an
intricate deformation that is shown in fig. 2.4. The imbalance of the Neumann
law applies everywhere around the contact line: the background deformation
induces a rotation of the solid contact angles around the drop. According
to (2.3), these rotations result into a distribution of force per unit length
contact line ~f = f(β)~er, where ~er is the radial direction associated with the
interacting drop and β the azimuthal angle along the contact line (fig. 2.4).
The resultant interaction force ~F is obtained by integration along the contact
line, as ~F =R

´
dβ ~f(β) (cf. sec. 2.6.2 for details). By symmetry, this force is

oriented along the line connecting the two drops.
The interaction force obtained by the three-dimensional theory is shown

as the red curves in fig. 2.2(a), (b). The theory gives an excellent description
of the experimental data without adjustable parameters. The quantitative



2

18 CHAPTER 2. INVERTED CHEERIOS EFFECT

agreement indicates that the interaction mechanism is indeed caused by the
rotation of the elastic meniscus.

2.5 Discussion

In summary, we have shown that liquid drops can exhibit a mutual interaction
when deposited on soft surfaces. The interaction is mediated by substrate de-
formations, and its direction (repulsive versus attractive) can be tuned by the
thickness of the layer. The measured force/distance relation is in quantitative
agreement with the proposed elasto-capillary theory. The current study re-
veals that multiple “pinchings” of an elastic layer by localized tractions γ lead
to an interaction having a range comparable to γ/G. The key insight is that
interaction emerges from the rotation of the elastic surface, providing a generic
mechanism that should be applicable to a wide range of objects interacting on
soft media.

Our model provides general concepts that are applicable to a wide range of
experimental settings, whenever objects exert dipolar or quadrupolar forces on
their substrate (the integral force must vanish, however, as is the case e.g. for
cells [65]). The length scale of interaction is governed by the ratio two simple
quantities: force (per unit length) γ, divided by the substrate shear modulus
G. This can range from nanometers for small forces or stiff substrates, to
hundreds of microns for strong forces or soft substrates. In biological settings,
elasto-capillary interactions may play a role in cell-cell interactions, which are
known to be sensitive to substrate stiffness [59]. One example would be stem
cell aggregates that interact with their extracellular matrix [66]. In addition,
the elastic interaction could also play a role in cell-extracellular matrix interac-
tions, as a purely passive force promoting aggregation between anchor points
on the surface of adhered biological cells. For example, it has been demon-
strated that a characteristic distance of about 70 nm between topographical
features enables the clustering of integrins. These transmembrane proteins are
responsible for cell adhesion to the surrounding matrix, mediating the forma-
tion of strong anchor points when cells adhere to substrates [67, 68]. Assuming
that the topographical features “pinch” the cell with a force likely comparable
to the cell’s cortical tension, which takes values in the range 0.1− 1 mN/m
[69–72], and an elastic modulus of 103 − 104 Pa in the physiological range
of biological tissues [73], one predicts a range of interaction consistent with
observations.

More generally, substrate-mediated interactions could be dynamically pro-
grammed using the responsiveness of many gels to external stimuli (pH, tem-
perature, electric fields). Possible applications range from fog harvesting and
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cooling to self-cleaning or anti-fouling surfaces, which rely on controlling drop
migration and coalescence. The physical mechanisms revealed here, in com-
bination with the fully quantitative elasto-capillary theory, pave the way for
new design strategies for smart soft surfaces.

2.6 Appendix

This appendix describes technical details of the theory by which we compute
the drop-drop interaction as well as experimental information. We first dis-
cuss the two-dimensional variational problem and numerical solution, and the
scheme is then extended to axisymmetric three-dimensional droplets. The ex-
perimental part describes details of the experiment, including the rheological
calibration.

2.6.1 Interaction of 2D droplets

Free energy

The problem set up is shown in fig. 2.5. Two liquid drops of radius R sit on
a soft, elastic substrate with shear modulus G. The distance between liquid
drops is d. The soft substrate has surface free energies γsv (dry part) and
γsl (wet part). γ is the liquid surface tension. The proximal contact lines
of the two drops are at xi and −xi, while the distal contact lines are at xo
and −xo. xi = d

2 and xo = d
2 + 2R. θi and θo are the inner and outer liquid

contact angles and are unknown at this point. The deformed profile of the
substrate is defined by hsl(x) and hsv(x), for wet and dry parts, respectively.
Due to the extremely slow motion of the droplets, all dissipative effects are
localized at the contact line [18]. We use a quasi-stationary approximation
and incorporate the total dissipative force into a Lagrange multiplier f , acting
on the contact line distance between the drops.

Owing to the left-right symmetry, we use the energy of the right half of the
system, so that the total free energy of the system is 2E :

E = Eel[hsv,hsl] +γ

ˆ xo

xi

√
1 +H′2 dx+γsv

ˆ xi

0

√
1 +h′2sv dx

+γsl

ˆ xo

xi

√
1 +h′2sl dx+γsv

ˆ ∞
xo

√
1 +h′2sv dx+ Λ1(H(xi)−hsv(xi))

+ Λ2(H(xi)−hsl(xi)) + Λ3(H(xo)−hsv(xo)) + Λ4(H(xo)−hsl(xo))

+f(xi−d/2) +P

(
V −
ˆ xo

xi

(H−hsl)dx
)
.

(2.5)
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Figure 2.5: Problem setup. Two liquid droplets on an elastic half space. Energy is to be
minimized with respect to H(x), hsv(x), hsl(x), xi, and xo. The liquid angles θi and θo
follow from the minimization. The distance d between the adjacent contact lines is enforced
with a Lagrange multiplier f acting on (xi−d/2).

The first term, Eel, describes the elastic energy. Its explicit form will be
discussed later. Terms with prefactors γ, γsv, and γsl are the surface energies
of the drop and the dry and the wet part of the solid, respectively. This form
is presented as (2.2) in the main text. The remaining terms are Lagrange
multipliers to enforce the various boundary conditions on the three phase
contact lines. Λ1 to Λ4 enforce contact between the three interfaces H, hsv
and hsl at xi and xo, and thereby also the continuity of the substrate surface.
f enforces the distance d between the inner contact lines of the two droplets.
Hence, f quantifies the interaction force. Positive value of f corresponds to a
repulsive interaction. P is the Laplace pressure inside the drop, which enforces
a drop volume V . We solve for stationary E at fixed d. The variation of d
gives δE

δd =−f
2 , which implies that f is indeed the interaction force (the factor

1/2 drops out because E is only half of total free energy of the system).

Variation of H(x)

δE = γ

ˆ xo

xi

H′√
1 +H′2

δH′ dx+ Λ1 δH(xi) + Λ2 δH(xi) + Λ3 δH(xo)

+ Λ4 δH(xo)−P
ˆ xo

xi

δH(x) dx

=
(

Λ1 + Λ2−γ
H′√

1 +H′2

)
δH(xi) +

(
Λ3 + Λ4 +γ

H′√
1 +H′2

)
δH(xo)

−
ˆ xo

xi

(
P +γ

H′′

(1 +H′2)3/2

)
δH(x) dx.

(2.6)

Since δH is arbitrary, and δE = 0 at equilibrium, we obtain the following
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relations for the Lagrange multipliers Λ1 to Λ4:

Λ1 + Λ2 = γ
H′(xi)√

1 +H′(xi)2
= γ sinθi,

Λ3 + Λ4 = γ
−H′(xo)√
1 +H′(xo)2

= γ sinθo.
(2.7)

In addition, the integrand in (2.6) should vanish in the domain (xo,xi), which
gives the differential equation for the drop shape:

γH′′

(1 +H′2)3/2 =−P. (2.8)

Variation of hsv(x) and hsl(x)

The Lagrange multipliers Λi enforce the continuity of the solid profile at xi
and xo. With

h(x) =


hsv(x) for x < xi
hsl(x) for xi < x < xo
hsv(x) for x > xi

. (2.9)

we can write for the elastic free energy:

Eel =
ˆ ∞

0
σn(x)h(x) dx, (2.10)

where σn(x) is the normal stress at the surface of the elastic medium. The
variation after an integration by parts gives

δE =
ˆ ∞

0
σn(x)δh(x) dx+P

ˆ xo

xi

δhsl dx−Λ1 δhsv(xi)−Λ2 δhsl(xi)

−Λ3 δhsv(xo) +γsv

[
h′sv√

1 +h′2sv
δhsv|xi0 −

ˆ xi

0

h′′sv
(1 +h′2sv)3/2 δhsvdx

]

−Λ4 δhsl(xo) +γsl

 h′sl√
1 +h′2sl

δhsl|xoxi −
ˆ xo

xi

h′′sl
(1 +h′2sl)3/2 δhsldx


+γsv

[
h′sv√

1 +h′2sv
δhsv|∞xo−

ˆ ∞
xo

h′′sv
(1 +h′2sv)3/2 δhsvdx

]
.

(2.11)
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Due to symmetry, h′sv(0) = 0. In addition, we impose that the deformation
hsv (and thus its variation δhsv) shall vanish for x→∞. Hence, the elastic
problem is defined by the normal stress

σn(x) =


γsv

h′′sv
(1+h′2sv)3/2 for x < xi

−P +γsl
h′′sl

(1+h′2
sl

)3/2 for xi < x < xo

γsv
h′′sv

(1+h′2sv)3/2 for x > xo

. (2.12)

In analogy to [13], the elastic stress consists of a solid Laplace pressure term
proportional to the curvature of the deformed substrate; inside the drop there
is in addition the capillary pressure P .

As before, the boundary terms give

Λ1 = γsv
h′sv(xi)√

1 +h′sv(xi)
2

= γsv sinθsv,

Λ2 = γsl
−h′sl(xi)√
1 +h′sl(xi)

2
= γsl sinθsl,

Λ3 = γsv
−h′sv(xo)√
1 +h′sv(xo)

2
= γsv sinθsv,

Λ4 = γsl
h′sl(xo)√

1 +h′sl(xo)
2

= γsl sinθsl.

(2.13)

Combined with (2.7), this gives the vertical boundary conditions at the two
contact lines,

γ sinθi,o = γsv sinθsv +γsl sinθsl (2.14)

Variation of xi and xo

The key equation that provides the interaction force, (2.3) of the main text,
is obtained from the variation of xi:

δE
δxi

=−γ
√

1 +H′(xi)2 +γsv

√
1 +h′sv(xi)

2−γsl
√

1 +h′sl(xi)
2

+ Λ1
(
H′(xi)−h′sv(xi)

)
+ Λ2

(
H′(xi)−h′sl(xi)

)
+f +P (H(xi)−hsl(xi)).

(2.15)
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The last term drops out as the interfaces meet at the contact lines. Now
using (2.13) to express Λ1 and Λ2, the equilibrium condition δE

δxi
= 0 gives

f = γ√
1 +H′(xi)2

− γsv√
1 +h′sv(xi)

2
+ γsl√

1 +h′sl(xi)
2
,

f = γ cosθi+γsl cosθsl−γsv cosθsv.
(2.16)

This is (2.3) of the main text, demonstrates that f emerges as an imbalance
in the horizontal Neumann condition of the contact angles at xi.

For the variation of xo we obtain
δE
δxo

= γ
√

1 +H′(xo)2 +γsl

√
1 +h′sl(xo)

2−γsv
√

1 +h′sv(xo)
2

+ Λ3
(
H′(xo)−h′sv(xo)

)
+ Λ4

(
H′(xo)−h′sl(xo)

)
−P (H−hsl).

(2.17)

Again, with (2.13) and δE
δxo

= 0:

γ√
1 +H′(xo)2

+ γsl√
1 +h′sl(xo)

2
− γsv√

1 +h′sv(xo)
2

= 0,

γ cosθo+γsl cosθsl−γsv cosθsv = 0.
(2.18)

This is the horizontal Neumann condition at the outer contact line at xo.

Numerical solution

This variations of H(x),h(x) and the contact line positions xi,x0 define the
problem of two interacting drops. As usual, the constrained minimisation (i.e.
imposing the distance between the inner contact lines) only admits solutions
for a particular value of the Lagrange multiplier f . By determining numerically
the solutions H(x),h(x) consistent with the boundary conditions, we thus find
a unique interaction force f for a given distance.

The spherical cap solution for H(x), together with elementary geometry,
allows to express the drop pressure in terms of the contact angles as

P = γ
sinθi+ sinθo

2R , (2.19)

This appears as a traction to the elastic layer. The substrate shape h(x)
is solved using linear elasticity using a Green’s function approach, h(x) =´∞
−∞K(x−x′)σn(x′)dx′, whereK is the Green’s function for the elastic medium.
The resulting equation is best solved in Fourier space [11]. We use the con-
vention

f̃(q) =
ˆ ∞
−∞

f(x)e−iqxdx, (2.20)
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to obtain in the limit of small slopes and assuming γsv = γsl = γs:

h̃(q) = σ̃n(q)
γsq2 + K̃(q)−1 . (2.21)

Here, K̃(q) is the Fourier transform of Green’s function:

K̃∞(q) = 1
2Gq , (2.22)

K̃h0(q) = 1
2Gq

sinh(2qh0)−2qh0
cosh(2qh0) + 2(qh0)2 + 1 , (2.23)

where K̃∞ corresponds to an elastic half space, and K̃h0 to elastic layers with
finite thickness h0. σ̃n(q) is the traction that the two droplets exert onto the
elastic medium given by (2.12). Following the same steps as for the single
drop problem [13], we find the explicit form

σ̃n(q) = 2γ
[
(sinθi+ sinθo)

(
cosqR− sinqR

qR

)
cos (d+ 2R)q

2

+(sinθi− sinθo)sinqR sin (d+ 2R)q
2

]
,

(2.24)

where we made use of (2.19) to eliminate the pressure inside the drop. Note
that within this formulation the vertical Neumann balance is automatically
ensured.

The solution for the elastic layer h(x) is now fully specified in terms of θi
and θo. These need to satisfy the two horizontal Neumann conditions (2.16),
(2.18), but this introduces another unknown f . The problem is closed by
the requirement that the heights match at the contact lines, h(xi,o) =H(xi,o),
which selects a solution with unique θi,o and f for each separation distance d.
These solutions are determined numerically.

Figure 2.6 shows a force distance curve for typical parameters, together
with solid profiles (inset) at given distances.

2.6.2 Interaction of axisymmetric droplets
According to [49], the Green’s function for axisymmetric loads on elastic media
are

K̃∞(ξ) = 1
2Gξ , (2.25)

K̃h0(ξ) = 1
2Gξ

sinh(2ξh0)−2ξh0
cosh(2ξh0) + 2ξ2h2

0 + 1
. (2.26)
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Figure 2.6: Force-distance curve for 2D droplets on elastic half space (log-log scale), for
γ/(GR) = 1/

√
10, γ/γs =

√
10. The inset shows solid profiles at the indicated distances.

for half space and thin layers, respectively. The displacements due to the
traction exerted by a droplet at the origin reads in Fourier space [49]

h̃(ξ) = γ sinθ
RJ0(ξR)− 2

ξJ1(ξR)
K̃(ξ)−1 +γs ξ2

. (2.27)

Real space profiles are obtained by numerical Hankel transformation according
to

h(r) =
ˆ ∞

0
ξh̃(ξ)J0(ξr)dξ. (2.28)

Two droplets

In the presence of a second droplet, the slope of the wetting ridge of the
second droplet will rotate the solid angles at the contact line of the first drop.
Therefore, two droplets nearby will not be the equilibrium configuration, but
attract or repel, depending on the relative strengths of the forces acting on
the contact line. In order to keep two droplets with circular footprints of
radius 1 at a distance d, we impose a constraint on the radial coordinate of
the contact line. Associated with this is a continuous Lagrange multiplier
fr(β) that depends on the azimuthal angle β. fr(β) can be interpreted as a
virtual traction ~f = fr~er that fixes the contact line position. The horizontal
force balance becomes

fr(β) = γ cosθ+γs (cosθsl(β)− cosθsv(β)) . (2.29)

Let h2(x,y) be the solid shape for the case of two droplets a and b, where
drop a shall be located at the origin of the coordinate system, and drop b shall
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Drop a Drop b

Figure 2.7: Problem setup for axisymmetric drops on an elastic half space. The solid shape
is shown for a distance d = 0.3R between the droplets and γ/γs = 10. x and y are in units
of R, z in units of γ/G

be located to the right of drop a, centered at x= 2 +d (see fig. 2.7). The full
shape is composed as the superposition of two individual droplets

h2(x,y) = h(x,y) +h(2R+d−x,y). (2.30)

In polar coordinates, this becomes

h2(r,β) = h(r) +h(r2(r,β)) , (2.31)

where r2(r,β) =
√

(2R+d− r cosβ)2 + (r sinβ)2.
In small-slope approximation, the horizontal force balance for drop a be-

comes

fr(β) = γ cosθ+γs
[
(∂rh2(r,β)|r=1+)2−

(
∂rh
′
2(r,β)|r=1−

)2]
, (2.32)

where the superscripts + and − indicate the slopes on the dry and the wet
side of the contact line, respectively. Again, this can be decomposed into a
slope discontinuity and a rotation. The discontinuity equals γ/γs, and the
rotational part can be obtained by evaluating the backward transform exactly
at the position of the discontinuity [74], and the force balance becomes

fr(β) = γ

(
cosθ+h′(R) + (1− (2R+d)cosβ) h

′(r2)
r2

)
(2.33)

The interaction force F (d) between the droplets is given by the integral of the
projection of fr(β) onto ~ex:

F =
ˆ ∞

0
fr(β)cosβdβ. (2.34)
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Figure 2.8: Force distance curve for axisymmetric droplets on a thin elastic layer. Inset:
fr(β) at the contact line of a droplet on a thin layer in the presence of a second droplet at
d/h0 = 2. h0/R= 1/20, γ/(GR) = 1/

√
10, γ/γs =

√
10.

The calculation for axisymmetric droplets on thin elastic layers is identical
except for the convolution kernel. As in the 2D case, the “dimple” in the
profile causes a sign change in the slope, which results in a repulsive regime
for distances d & h0. However, now the contact line of one droplet always
crosses the dimple of the other droplet. Therefore, the rotation of the solid
angle and the net radial force on the contact line change sign when plotted
against the azimuthal angle (compare fig. 2.8, inset). This lead to a different
behavior of f(d) as compared to the 2D model (fig. 2.8): the sign change in
the 3D model appears at smaller distances because a significant fraction of the
contact line still feels the repulsive range.

2.6.3 Experiments: Material and Methods
Preparing the silicone gel

Experiments were performed using Ethylene Glycol (Sigma, purity ≥ 98%)
drops on a silicone gel (Dow Corning CY52-276). Typical droplet radii were
R ∼ 500−800µm. The two prepolymer components were mixed in a ratio of
1.3:1 (A:B), stirred thoroughly, degassed, and poured into petri dishes (diam-
eter ∼ 90mm) to make thick (∼ 8mm) elastic layers. Thin layers (∼ 40µm)
were prepared by spin-coating the gel onto silicon wafers. Thicknesses were de-
termined by colour interferometry. To ascertain smooth and flat gel surfaces,
substrates were cured in two steps: first the sample was kept for 48 hours
at room temperature on a stabilized optical table in a dust-free environment.
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80° C, shifted

-10° C, shifted

20° C

Figure 2.9: Spectra of storage (G′) and loss modulus (G′) of the substrates. Curves for
−10◦C and 80◦C were shifted to obtain a room temperature master curve.

After that, the gels were slowly heated to 90 deg C in an oven and cured for
two hours at that temperature. To determine the substrate rheology, part of
the mixed prepolymers was cured simultaneously (with the same temperature
profile) in a parallel plate geometry (d= 50mm) of a Rheometer (Anton Paar
MCR502 with Peltier bottom plate and hood). After curing, frequency sweeps
with small strains were performed at 20 deg C. Measurements are accurately
fitted by the form:

G′(ω) + iG′′(ω) =G [1 + (iτω)n] . (2.35)

with exponent n ' 0.61, a timescale τ = 0.68 s and a long-time shear modu-
lus G= 280 Pa. Combined with γ = 0.048 N/m, this provides the magnitude
for elastic deformations dictated by the elasto-capillary length ` = 0.17 mm.
Figure 2.9 shows the measured rheology of the substrates used in the ex-
periments. High and low temperature measurements are shifted to give a
room-temperature master curve.

Determining the interaction between drops

Droplets of Ethylene Glycol (V ∼ 0.3−0.8µl) were pipetted onto a small region
near the center of the cured substrate. The sample was then mounted vertically
so that gravity acts along the surface (−y direction, compare fig. 2.1(a), (b)).
The droplets were observed in transmission (thick layers) or reflection (thin
layers) with collimated illumination, using a telecenric lens (JenMetar 1x) and
a digital camera (pco 1200). Images were taken every 10 s. The contours of
the droplets were determined by a standard correlation technique.
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At large separation, droplets move downward due to gravity. The gravita-
tional force for each droplet is proportional to its volume. The relation between
force and velocity is follows the same power law as the rheology, which was
explained recently [18].

Due to their different volumes/velocities, distances between droplets change.
Whenever two droplets come close, their trajectories change due to their inter-
action. Drops on thick substrates (fig. 2.1(c), black) attract and finally merge.
On a rigid surface, these droplets would have passed by each other. Opposite
holds for droplets on thin layers (red): the droplets repel each other, which
prevents coalescence.

To determine the interaction forces, we first evaluate the velocity vector
of each individual droplet. The droplets behave as quasi-stationary, and the
total force vector acting on each droplet is aligned with its velocity vector. The
magnitude of the total force is derived by the calibration shown in fig. 2.1(d).
The interaction force is obtained by subtracting the gravitational force vector
from the total force vector. Figure 2.2(a) shows data from nine individual
droplet pairs, at different times and different locations on the substrate. Panel
(b) shows data from 18 different droplet pairs. The raw data has been averaged
over distance bins, taking the standard deviation as error bar.
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33
Dynamical theory of the inverted

cheerios effect ∗

In chapter 2 we have shown that liquid drops on highly deformable substrates
exhibit mutual interactions. This is similar to the Cheerios effect, the capillary
interaction of solid particles at a liquid interface, but now the roles of solid
and liquid are reversed. Here we present a dynamical theory for this inverted
Cheerios effect, taking into account elasticity, capillarity and the viscoelastic
rheology of the substrate. We compute the velocity at which droplets attract,
or repel, as a function of their separation. The theory is compared to a sim-
plified model in which the viscoelastic dissipation is treated as a localized force
at the contact line. It is found that the two models differ only at small sepa-
ration between the droplets, and both of them accurately describe experimental
observations.

3.1 Introduction
The clustering of floating objects at the liquid interface is popularly known as
the Cheerios effect [21]. In the simplest scenario, the weight of a floating par-
ticle deforms the liquid interface and the liquid-vapor surface tension prevents
it from sinking [2]. A neighboring particle can reduce its gravitational energy
∗Published as: A. Pandey, S. Karpitschka, L. A. Lubbers, J. H. Weijs , L. Botto, S.

Das, B. Andreotti and J. H. Snoeijer, Dynamical theory of the inverted cheerios effect, Soft
Matter, 13, 6000-6010 (2017).
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by sliding down the interface deformed by the first particle, leading to an at-
tractive interaction. The surface properties of particles can be tuned to change
the nature of interaction, but two identical spherical particles always attract
[75]. Anisotropy in shape of the particles or curvature of the liquid interface
adds further richness to this everyday phenomenon [23, 24, 45]. Self-assembly
of elongated mosquito eggs on the water surface provides an example of this
capillary interaction in nature [25], while scientists have exploited the effect
to control self-assembly and patterning at the microscale [19, 41, 42, 76, 77].

The concept of deformation-mediated interactions can be extended from
liquid interfaces to highly deformable solid surfaces. Similar to the Cheerios
effect, the weight of solid particles on a soft gel create a depression of the
substrate, leading to an attractive interaction [26, 27, 47]. In chapter 1, it
was shown that the roles of solid and liquid can even be completely reversed:
liquid drops on soft gels were found to exhibit a long-ranged interaction, a phe-
nomenon called the inverted Cheerios effect. An example of such interacting
drops is shown in fig. 3.1(a). In this case, the droplets slide downwards along a
thin, deformable substrate (much thinner as compared to drop size) under the
influence of gravity, but their trajectories are clearly deflected due to a repul-
sive interaction between the drops. Here capillary traction of the liquid drops
instead of their weight deforms the underlying substrate (cf fig. 3.1(b)). The
scale of the deformation is given by the ratio of liquid surface tension to solid
shear modulus (γ/G), usually called the elasto-capillary length. Surprisingly,
drops on a thick polydimethylsiloxane (PDMS) substrate (much thicker than
the drop sizes) were found to always attract and coalesce, whereas for a thin
substrate (much thinner than the drop sizes) the drop-drop interaction was
found to be repulsive. This interaction has been interpreted as resulting from
the local slope of the deformation created at a distance by one drop, which
can indeed be tuned upon varying the substrate thickness.

Here we wish to focus on the dynamical aspects of the substrate-mediated
interaction. Both the Cheerios effect and the inverted Cheerios effect are
commonly quantified by an effective potential, or equivalently by a relation
between the interaction force and the particle separation distance as done in
chapter 2. However, the most direct manifestation of the interaction is the
motion of the particles, moving towards or away from each other. In the
example of fig. 3.1(a), the dark gray lines represent drop trajectories and the
arrows represent their instantaneous velocities. When drops are far away, the
motion is purely vertical due to gravity with a steady velocity ~vg. As the two
drops start to interact, a velocity component along the line joining the drop
centers develops (~vi−~vig, i= 1,2) that move the drops either away or towards
each other. In fig. 3.1(c), we quantify the interaction by ∆(~v−~vg) = (~v1−~v1g)−
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x

Figure 3.1: Dynamics of the inverted cheerios effect. (a) Ethylene glycol drops of radius
R ' 0.5− 0.8 mm move down a vertically placed cross-linked PDMS substrate of thickness
h0 ' .04 mm and shear modulus G = 280 Pa under gravity. The arrows represent instan-
taneous drop velocity. Drop trajectories deviate from straight vertical lines due a mutual
interaction. In this example only repulsive interaction is observed between the two drops.
(b) A sketch of the cross-section of two drops on a thin, soft substrate. The region around
two neighboring contact lines is magnified in fig. 3.2(a). (c) Relative interaction velocity
as a function of the gap d between drops for five pairs of drops. We use the convention
that a positive velocity signifies repulsion and negative velocity signifies attraction. (d) A
theoretical velocity-distance plot for power-law rheology.

(~v2−~v2g), representing the relative interaction velocity as a function of inter
drop distance (d) for several interaction events. Even though the dominant
behavior is repulsive, we find an attractive regime at small distances. In what
follows, we consider the interaction to be independent of the motion due to
gravity and develop a theory for drops on a horizontal substrate. Similar
to the drag force on a moving particle at a liquid interface [78], viscoelastic
properties of the solid resist the motion of liquid drops on it [63]. Experiments
performed in the over damped regime allow one to extract the interaction force
from the trajectories, after proper calibration of the relation for the drag force
as a function of velocity.

In this paper, we present a dynamical theory of elastocapillary interaction
of liquid drops on a soft substrate. For large drops, the problem is effectively
two dimensional (cf. fig. 3.1(b)) and boils down to an interaction between two
adjacent contact lines. By solving the dynamical deformation of the substrate,
we directly compute the velocity-distance curve based on substrate rheology,
quantifying at the same time the interaction mechanism and the induced dy-
namics. In sec. 3.2 we set up the formulation of the problem and propose
a framework to introduce the viscoelastic properties of the solid. In sec. 3.3
we present our main findings in the form of velocity-distance plots for the
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case of very large drops. These results are compared to the previous theory
for force-distance curves, and we investigate the detailed structure of the dy-
namical three phase contact line. Subsequently, our results are generalised in
sec. 3.4 to the case of finite-sized droplets, and a quantitative comparison with
experiments is given.

3.2 Dynamical Elastocapillary interaction
3.2.1 Qualitative description of the interaction mechanism
Before developing a detailed dynamical theory of the inverted cheerios effect,
we start by a qualitative discussion of the interaction mechanism along with
the theoretical simplifications. The problem of drop-drop interaction on soft
substrates can be characterised by four length scales: the radius of the drop
(R), the thickness of the substrate (h0), the elastocapillary length (γ/G),
and of course the gap separating the drops (d). In the case of drop size
much larger than all other length scales: R�max(h0,d,γ/G), one can neglect
the curvature of the contact line and the wetting ridge becomes quasi two-
dimensional as in fig. 3.1(b). Furthermore the drop-drop interaction is limited
to an interaction between the neighboring contact lines. This provides an
important simplification: the liquid contact angles at the outer contact lines
of each drop are essentially unaffected by the presence of the second drop.
In addition, the wetting dynamics on highly viscoelastic solids are completely
dominated by dissipation inside the substrate. Hence, dissipative processes
in the liquid are negligible and by consequence the liquid can be considered
at equilibrium. The liquid-vapor interface thus simply takes a circular shape.
For large drops, the liquid contact angles at the interacting contact lines also
remain constant to satisfy this circular cap shape.

To understand the interaction mechanism, one can follow two distinct
routes. The first one consists of a full description of both the forcing due to the
interaction energy and the dissipative process inside the substrate. Thus the
substrate deformation is inferred from viscoelastic theory. This description is
the dynamical theory that we set out to develop in this paper. Alternatively,
one can make use of the fact that the dissipation is dominant only in a narrow
zone near the contact line. By this, one can approximate the substrate de-
formation by elasto-statics and incorporate the effect of dissipation as a point
force that is perfectly localized at the contact line – balancing the interaction
force between the drops. The latter approach, which will be referred to as
the quasi-static approximation, was followed in chapter 2. Below we discuss
the dynamical viscoelastic theory in detail, while we comment on the relation
between the two descriptions in sec. 3.3.2.
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Figure 3.2: Illustration of the interaction mechanism. (a) Schematic representation of the
deformed substrate due to a repulsive interaction between two contact lines. (b) Dynamic
deformation profiles associated to each of the contact line. Slope of the left profile at a
distance d from its contact line (H ′−v(d)) balances the rotation (φv) of the right wetting
ridge. Superposition of these two profiles give the resultant deformation.

Wemagnify the deformation around neighbouring contact lines in fig. 3.2(a).
Importantly, while dissipation is the largest near the contact line, the fact that
it is spatially distributed ensures that it does not act as a perfectly localized
point force. By consequence, the geometry of the contact line, defined by the
solid angle θs, is completely determined by the three respective surface ten-
sions. This is the so-called Neumann balance of surface tensions, which holds
even when the contact line is set into motion [18] (note that in the quasi-static
approximation there is an “apparent" violation of the Neumann balance, see
sec. 3.3.2).

Our goal is to find the value of v for a given distance d [fig. 3.2(a)]. We
assume that there is no Shuttleworth effect [64]. Hence, surface stress and
surface free energy are identical. Furthermore, we assume γsv = γs` = γs that
leads to the symmetric wetting ridges of fig. 3.2(a), and the liquid contact
angle (θ`) becomes π/2. As demonstrated in the next section, in first approx-
imation the solid profile is obtained by the superposition of the deformations
due to the two moving contact lines shown in fig. 3.2(b). However, motion
on a viscoelastic medium causes a rotation of the wetting ridge by an angle
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φv that depends on the velocity (while θs remains constant): the larger the
velocity, the larger the rotation angle [18]. At the same time, superposition
results in a rotation of a wetting ridge due to the local slope of the other de-
formation profile (H ′−v(d)) at that location. Hence, the force balance with the
capillary traction from an unrotated liquid interface can be maintained when
both rotations exactly cancel each other. Therefore, by equating H ′−v(d) to
φv, we obtain a relation between velocity and distance.

3.2.2 Formulation

In this section, we calculate the dynamic deformation of a linear, viscoelastic
substrate below a moving contact line. This step will enable us to quantify
the interaction velocity, according to the procedure described above.

Due to the time-dependent relaxation behaviour of viscoelastic materials,
the response of the substrate requires a finite time to adapt to any change
in the imposed traction at the free surface. Under the assumption of linear
response, the stress-strain relation of a viscoelastic solid is given by [79]

σ(x, t) =
ˆ t

−∞
dt′Ψ(t− t′)ε̇(x, t′)−p(x, t)I. (3.1)

Here σ is the stress tensor, ε is the strain tensor, Ψ is the relaxation function, p
is the isotropic part of the stress tensor, I is the identity tensor, and x = {x,y}.
The overhead dot represents a time derivative. Throughout we will assume
plane strain conditions, for which all strain components along the z axis vanish.
We are interested in the surface profile of the deformed substrate, given by the
vertical (y)-component of displacement vector u. For small deformations this
imply uy(x,h0, t) = h(x,t). The soft substrate is attached to a rigid support
at its bottom surface and subjected to traction T (x,t) on the top surface due
to the pulling of the contact line. In addition, the surface tension of the solid
γs provides a solid Laplace pressure that acts as an additional traction on
the substrate. For inertia-free dynamics, the Cauchy equation along with the
boundary conditions for the plane strain problem are given by

∇. σ = 0, (3.2a)

σyy|y=h0
= T (x,t) +γs

∂2h

∂x2 , (3.2b)

σyx|y=h0
= 0, (3.2c)

u(x,0, t) = 0. (3.2d)
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Following previous works [18, 61], we solve (3.1) and (3.2) using a Green’s
function approach. Applying Fourier transforms in both space and time (x→ q
noted by ‘˜’, t→ ω noted by ‘ˆ’), the deformation can be written as,

̂̃
h(q,ω) = ̂̃

T (q,ω)
[
γsq

2 + µ(ω)
K̃(q)

]−1

. (3.3)

Forward and backward Fourier transforms (with respect to space) of any
function is defined as, f̃(q) =

´∞
−∞ f(x)e−iqxdx and f(x) =

´∞
−∞ f̃(q)eiqxdq/2π.

Transformation rules are equivalent for t↔ ω. Here µ(ω) is the complex shear
modulus of the material and consists of the storage modulus G′(ω) = Re[µ(ω)],
and loss modulus G′′(ω) = Im[µ(ω)]:

µ(ω) = iω
ˆ ∞

0
Ψ(t)e−iωtdt=G′(ω) + iG′′(ω). (3.4)

The spatial dependence is governed by the kernel K̃(q), which for an incom-
pressible, elastic layer of thickness h0 reads

K̃(q) =
[ sinh(2qh0)−2qh0

cosh(2qh0) + 2(qh0)2 + 1

] 1
2q . (3.5)

Two backward transforms of (3.3) give the surface deformation h(x,t).
In what follows, we perform the calculations assuming a power-law rheology

of the soft substrate, characterised by a complex modulus,

µ(ω) =G [1 + (iωτ)n] . (3.6)

This rheology provides an excellent description of the reticulated polymers
like PDMS, as are used in experiments on soft wetting [11, 18, 50, 80]. In
particular, the loss modulus has a simple power-law form, G′′∼G(ωτ)n, where
G is the static shear modulus and τ is the relaxation timescale. The exponent n
depends on the stoichiometry of the gel, and varies between 0 and 1 [60, 81, 82].
The experimental data presented in fig. 3.1 is for a PDMS gel with a measured
exponent of n= 0.61 and timescale τ = 0.68s.

3.2.3 Two steadily moving contact lines
Now we turn to two moving contact lines, as depicted in fig. 3.2(a). Laplace
pressure of the liquid drops scales with R−1, and vanish in this limit of large
drops. Hence, the applied traction is described by two delta functions (noted
δ), separated by a distance d(t):

T (x,t) = γδ

(
x+ d(t)

2

)
+γδ

(
x− d(t)

2

)
. (3.7)
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Owing to the linearity of the governing equations, the deformations form a
simple superposition

h(x,t) = h1(x,t) +h2(x,t). (3.8)

Here h1(x,t) and h2(x,t) respectively are the solutions obtained for contact
lines moving to the left and right.

Before considering the superposition, let us first discuss the deformation
due to a contact line centered at the origin and moving steadily with veloc-
ity −v. The traction and deformation are then of the form γδ(x+ vt), and
H−v(x+ vt). When computing the shape in a co-moving frame, it can be
evaluated explicitly from (3.3) as

H̃−v(q) = γ

[
γsq

2 + µ(vq)
K̃(q)

]−1

. (3.9)

The effect of velocity is encoded in the argument of the complex modulus µ,
and hence couples to the dissipation inside the viscoelastic solid. Setting v= 0,
this expression (3.9) gives a perfectly left-right symmetric deformation of the
contact line. As argued, for v 6= 0, the motion breaks the left-right symmetry
and induces a rotation of the wetting ridge.

Now, for two contact lines located at ±d(t)/2 moving quasi-steadily with
opposite velocities v =±1

2 ḋ, the deformation in (3.8) can be written as

h(x,t) =H−v

(
x+ d

2

)
+Hv

(
x− d2

)
. (3.10)

Under this assumption of quasi-steady motion, there is no explicit time -
dependence; the shape is fully known once the velocity v and the distance d are
specified. However, as discussed in sec. 3.2.1, the total deformation of (3.10)
should be consistent with a liquid angle of π/2. This is satisfied when the
ridge rotation due to motion, φv, perfectly balances the slope induced by the
second drop. Summarizing this condition as

H ′−v(d) = φv, (3.11)

we can compute the velocity v for given separation d of the two contact lines.
Explicit expressions can now be found from equation (3.9), as

H ′−v(d) =
ˆ ∞
−∞

iqH̃−v(q)eiqd dq
2π , (3.12)
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and (See ‘Methods’ section of [18] for details)

φv =−1
2
[
H ′v

(
0+
)

+H ′v
(
0−
)]

=−
ˆ ∞
−∞

Re
[
iqH̃v(q)

] dq
2π .

(3.13)

In what follows we numerically solve (3.11), and obtain the interaction velocity
as a function of d.

3.2.4 Dimensionless form

The results below will be presented in dimensionless form. We use the sub-
strate thickness h0 as the characteristic lengthscale, relaxation timescale of
the substrate τ as the characteristic timescale, and introduce the following
dimensionless variables:

q = qh0, x= x

h0
, H = H

h0
, d̄= d

h0
, v̄ = vτ

h0
,

ω = ωτ, K̃ = K̃

h0
, H̃ = H̃

h2
0
, µ= µ

G
.

(3.14)

Equations (3.11), (3.12), (3.13) remain unaltered in dimensionless form, but
the scaled deformation reads

H̃−v(q) = α

αsq2 + µ(vq)
K̃(q)

−1

, (3.15)

This form suggests that the two main dimensionless parameters of the problem
are,

α= γ

Gh0
, αs = γs

Gh0
, (3.16)

which can be seen as two independent elastocapillary numbers. α compares
the typical substrate deformation to its thickness, and as discussed in the next
section αs measures the decay of substrate deformation compared to h0. The
assumption of linear (visco)elasticity demands that the typical slope of the
deformation is small, which requires α/αs = γ/γs� 1. In the final section we
will also consider drops of finite size R. In that case, the ratio R/h0 appears
as a third dimensionless parameter.
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Figure 3.3: (a) velocity-distance plots for increasing n values (n=0.5, 0.6, 0.7, 0.9), for the
parameter αs = 1. The red dashed line represent the far-filed asymtotic given in (3.20)
for n = 0.7. (b) Rescaling the velocity gives a perfect collapse for small velocity (large
distance). Inset: rescaled velocity vs distance on a log-log plot. The prefactor A(n) is given
by A(n) = n2n−1/cos(nπ/2).

3.3 Results

3.3.1 Relation between velocity and distance

Here we discuss our main result, namely the contact line velocity v of the
inverted Cheerios effect, as a function of distance d̄. Figure 3.1(d) represents
a typical velocity-distance plot for αs = 1 and n= 0.7 obtained by numerically
solving (3.11). The theory shows qualitative agreement with the experiments:
the interaction velocity is repulsive at large distance, but displays an attraction
at small distances. The change in the nature of interaction can be understood
from the local slope of deformation. As can be seen from fig. 3.2(b), the
slope H ′−v is negative at small distances from the contact line. This induces
a negative velocity (attraction) to the contact line located at d̄/2. However,
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incompressibility of the material causes a dimple around the wetting ridge,
and at d̄ ∼ 1 the slope changes its sign and so does the interaction velocity.
A fully quantitative comparison between theory and experiment, taking into
account finite drop size effects, will be presented at the end of the paper in
sec. 3.5.

We now study the velocity-distance relation in more detail. In fig. 3.3(a), we
show the interaction velocity on a semi-logarithmic scale, for different values of
the rheological parameter n. In all cases the interaction is attractive at small
distance, and repulsive at large distance. The point where the interaction
changes sign is identical for all these cases. The straight line at large d̄ reveals
that the interaction speed decays exponentially, v ∼ e−λd̄. The exponent λ
is not universal, but varies as λ ∼ 1/n. Indeed by rescaling the velocity as
|v|n, we observed a collapse of the curves (cf. fig. 3.3(b)) in the ranges where
the interaction velocities are small. The inset of fig. 3.3(b), however, shows
that the collapse does not hold at very small distances where the velocities are
larger.

To understand these features, we extract the far-field asymptotics of the
velocity-distance curve. As v decreases for large d̄, we first expand (3.12) for
small v to get

H ′−v ' α
ˆ ∞
−∞

iq
[
αsq

2 + 1
K̃(q)

]−1

eiqd̄ dq̄
2π +O(v). (3.17)

This effectively corresponds to the slope of a stationary contact line and the
viscoelastic effects drop out. Hence, at large distances away from the contact
line the deformed shape is essentially static. The substrate elastocapillary
number (αs) governs the deformed shape in far field. In the appendix we
evaluate this static slope, which yields

H ′−v ' α C(αs) e−λ̃(αs)d̄, (3.18)

indeed providing an exponential decay. This relation confirms that αs governs
the decay of substrate deformation. Similarly, we expand φv in (3.13) for small
v as (see [18]),

φv ' α
n2n−1

αn+1
s cos nπ2

vn. (3.19)

Hence, the rotation of the ridge inherits the exponent n from the rheology.
Comparison of eqs (3.18) and (3.19) gives the desired asymptotic relation

v =
[
αn+1
s C(αs)
A(n)

] 1
n

e−
λ̃(αs)
n

d̄, (3.20)
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Figure 3.4: Force vs distance plot for α = 1/5 and αs = 1. The blue line represents the
dissipative drag force for n = 0.7 given in (3.13). The red points represent the localized
force given by (3.21). Beyond small d̄, the slope of the dynamic profile is similar its static
counterpart. As a result, two forces agree well.

with A(n) = n2n−1/cos(nπ/2). For αs = 1, λ̃ = 0.783 and C = 0.069. The
red dashed line in fig. 3.3(a) confirms this asymptotic relation. The quantity
A(n)vn is independent of the substrate rheology and collapses to a universal
curve for large distances. Only at small separation, a weak dependency on n
appears (see the inset of fig. 3.3(b)).

3.3.2 Force-distance

We now interpret these velocity-distance results in terms of an interaction
force, mediated by the substrate deformation. The underlying physical picture
is that the interaction force between the two contact lines induces a motion
to the drops. In a regime of overdamped dynamics, dissipation within the
liquid drop can be neglected, and the interaction force must be balanced by
a dissipative force due to the total viscoelastic drag inside the substrate. In
fact, (3.11) can be interpreted as a force balance: the slope H ′−v(d̄) induced
by the other drop is the interaction force, while the dissipative force is given
by the rotation φv due to drop motion. Viscoelastic dissipation given by the
relationG′′(ω)∼ωn manifests itself in the ridge rotation through, φv ∼ vn. The
blue line in fig. 3.4, shows the corresponding dissipative force as a function of
distance for n= 0.7.

In chapter 2, a quasi-static approach to compute the interaction force was
presented. There, the main hypothesis was that the dissipative force can be
modelled as a point force f̄ that is perfectly localized at the contact line. We
are now in the position to test this hypothesis by comparing its predictions to
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those of the dynamical theory developed above, where the viscoelastic dissipa-
tion inside the solid is treated properly. In the localized-dissipation model, the
deformation profiles are treated as perfectly static and thus involve H ′v=0(d̄).
However, in this approximation the change in deformation profile now leads
to a local violation of the Neumann balance (cf. inset figure 3.5(a)), since the
static model has no ridge rotation, φv=0 = 0. This imbalance in the surface
tensions must be compensated by the localized dissipative force f̄ , which can
subsequently be equated to the interaction force. Hence, for the case of large
drops, the localized-force model predicts

f =H ′v=0(d̄). (3.21)

The result of the localized-force model is shown as the red data points in
fig. 3.4, showing f̄ versus d̄. At large distance this gives a perfect agreement
with the dynamical theory. For large d̄, H ′−v(d̄)'H ′v=0(d̄), and the dissipative
force φv perfectly agrees with the interaction force f̄ . In this limit, slope of
the deformation decays exponentially with distance, and so is the interaction
force. However, as d̄→ 0, the static profiles differ from the dynamic profiles,
inducing a small error in the calculation of the interaction force.

The differences between the localized-dissipation model and the full vis-
coelastic dynamic calculation can be interpreted in terms of true versus ap-
parent contact angles. Figure 3.5(a) shows the profile in the approximation of
the localized-force model. The inset shows the violation of the Neumann bal-
ance: the red dashed line is the dynamic profile obtained from our viscoelastic
theory. A more detailed view on the contact angles is given in fig. 3.5(b,c).
Here we compare the dynamical slope (red dashed line) to that of the localized-
force model (gray solid line), on both sides of the contact line at x̄= d̄/2. The
two profiles have the same slope beyond x̄ ∼ γs/Gh0. However, differences
appear at small distance near the contact line where viscoelastic dissipation
plays a role. While the dynamic profiles are left-right symmetric, the localized-
force model gives a symmetry breaking: the difference in slope between the
two approach at the contact line gives the magnitude of f̄ .

In summary, the inverted Cheerios effect can be characterised by an in-
teraction force, which at separations (d̄) larger than γs/Gh0 is independent
of substrate rheology. In this regime the interaction force can be computed
assuming that all dissipation is localized at the contact line – this gives rise
to an apparent violation of the Neumann balance, due to a dissipative force
f̄ . In reality the Neumann balance is restored at small distance, but the total
dissipative force is indeed equal to f̄ . At separations d̄ < γs/Gh0, however, the
spatial distribution of dissipation has significant effects and the localized-force
model gives rise to some (minor) quantitative errors.
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Figure 3.5: (a) Resultant deformation in the localized-force model, obtained by superimpos-
ing two static profiles (d̄= 1/2, for α= 1/5 and αs = 1). The gray curve represents a resultant
static profile. The red dashed curve shows the corresponding dynamic wetting ridge that
maintains equilibrium shape. (b), (c) Slope of the resultant deformation profiles (dynamic
and static) measured away from the contact line at x̄ = d̄/2 = 1/4 in both directions. The
red dashed lines are the dynamic slopes, approaching γ/2γs at the contact line. The gray
lines correspond to the localized-force model, showing an apparent contact angle that differs
by an amount f̄ .

3.4 Drops of finite size
We now show that interaction is dramatically changed when considering drops
of finite size R, compared to the substrate thickness h0. A fully consistent dy-
namical theory is challenging for finite-sized drops, since the two contact lines
of a single drop are not expected to move at the same velocity. However, the
previous section has shown that the localized-force model provides an excel-
lent description of the interaction force, which becomes exact at separations
d > γs/G. We therefore follow this approximation to quantify the inverted
Cheerios effect for finite sized drops.

3.4.1 Effect of substrate thickness
We assume that during interaction, radius of both the drops does not change
and the liquid cap remains circular (i.e. no significant dissipation occurs inside
the liquid). The traction applied by a single drop on the substrate comprised
of two localized forces pulling up at the contact lines and a uniform Laplace
pressure pushing down inside the drop. The traction applied by a single drop
of size R, centered at the origin, is thus given by
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Figure 3.6: (a) Substrate deformation and liquid cap shape due to two interacting drops
centered at x = ±5/4. The separation distance between two neighboring contact lines is
d/R= `/R−2 = 1/2. (b) The interaction force vs distance plot as the substrate thickness to
drop radius ratio is increased (h0/R= 1/10,1/5,2/5,1). For thick substrates the interaction
becomes predominantly attractive. Inset: Force vs distance plot on log scale for finite drops
of an elastic half space. The red dashed line is the far-field asymptotic representing f ∼ d−5.
The parameters used in this figure are γ/GR = 2/5, and γs/GR = 1/5. θ` for this case is
found to be 78.91◦.

Td(x) = γ sinθ` [δ(x+R) + δ(x−R)]

−γ sinθ`
R

Θ(R−|x|),
(3.22)

expressed in dimensional form. Here Θ is the Heaviside step function. The
liquid contact angle θ` is unknown a priori. It is solved self-consistently with
the elastic deformation using Neumann’s balance at the contact lines [13].
Placing a second drop changes the liquid contact angles at both the contact
lines (θi,θo) from the equilibrium value of θ` (cf. fig. 3.6(a)). Fourier transform
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of (3.22) reads

T̃d(q) = 2γ sinθ`
[
cos(qR)− sin(qR)

qR

]
. (3.23)

Considering two drops centered at x=−`/2 and x= `/2 respectively, with cor-
responding tractions of Td(x+`/2) and Td(x−`/2), the total traction induced
by the two drops reads, in Fourier space is

T̃ (q) = T̃d(q)eiq`/2 + T̃d(q)e−iq`/2, (3.24)
where the inter-drop separation d = `− 2R. Using the static Green’s func-
tion approach, we compute the corresponding deformation profiles. A typical
profile obtained from this traction is shown in fig. 3.6(a).

The problem is closed by determining θi, and θo self-consistently with the
elastic deformation. The interaction is found from reestablishing a violated
Neumann balance by a dissipative force (for details we refer to chapter 2).
As such we determine the force-distance relation for varying drop sizes. The
results are shown in fig. 3.6(b), for various drop sizes h0/R. Clearly, upon
decreasing the drop size, or equivalently increasing the layer thickness, the
interaction force becomes predominantly attractive. For a thin substrate, in-
compressibility leads to a sign change of the interaction force. As the substrate
thickness is increased the profile minimum is moved away from the contact line.
For an elastic half space, i.e. h0/R =∞, the deformation monotonically de-
cays away from the contact line giving rise to a purely attractive interaction.
The inset of fig. 3.6(b) shows the interaction force for an elastic half space.

3.4.2 Far-field asymptotics on a thick substrate
When two drops are far away from each other, θi = θo ' θ` and the liquid
cap resembles its equilibrium shape. In this limit, the drop-drop interaction
is mediated purely by the elastic deformation. Here we calculate the large-d
asymptotics of the interaction force. We follow a procedure similar to that
proposed for elasticity-mediated interactions between cells [83, 84], where the
cells are treated as external tractions. The total energy of the system Etot
then consists of the elastic strain energy Ee` plus a term Ew originating from
the work done by the external traction. At fixed separation distance, the
mechanical equilibrium of the free surface turns out to give Ee` =−1

2Ew (the
factor 1/2 being a consequence of the energy in linear elasticity). So, we
can write Etot = Ee` +Ew = −Ee` [84]. Subsequently, the interaction force
between the droplets is computed as f =−dEtot

dd = dEe`
dd . The task will thus be

to evaluate Ee` from the traction induced by two drops.
In the absence of body forces, the elastic energy (per unit length) is written

as
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Ee` = 1
2

ˆ ∞
−∞

T (x)h(x)dx

= 1
2G

ˆ ∞
−∞

T̃ (q)T̃ (−q)K̃(q) dq
2π .

(3.25)

Plugging in the traction applied by two drops given in (3.24) into (3.25) we
find that there are two parts of the elastic energy: one is due to the work done
by individual tractions (the self-energy of individual drops), and an interaction
term (Eint) given by

Eint = 1
G

ˆ ∞
−∞

T̃d(q)T̃d(−q)K̃(q)
(
eiq`+ e−iq`

) dq
4π . (3.26)

To obtain the far-field interaction energy (`�R), we now perform a mul-
tipole expansion of the traction Td(x), or equivalently a long-wave expansion
of its Fourier transform. The quadrupolar traction of (3.23) gives, after ex-
pansion

T̃d(q)'
(−iq)2

2 Q2, (3.27)

where Q2 is the second moment of the traction and is given by,
Q2 =

´∞
−∞Td(x)x2dx = 4

3γ sinθ`R2. So, the interaction energy in the far-field
reads

Eint '
1
G

ˆ ∞
−∞

(iq)4

22 Q2
2K̃(q)

(
eiq`+ e−iq`

) dq
4π

= Q2
2

8G
(
K ′′′′(`) +K ′′′′(−`)

)
.

(3.28)

For drops on a finite thickness, the Green’s functionK(x) decays exponentially
and again gives an exponential cut-off of the interaction at distances beyond
h0.

A more interesting result is obtained for an infinitely thick substrate, for-
mally corresponding to h0� `. The kernel for a half space is K(x) =− log |x|

2π ,
which can e.g. be inferred from the large thickness limit of (3.5). Consequently,
K ′′′′(`) =K ′′′′(`) = 3

π`4 , so that the interaction energy becomes

Eint = 4
3π

(γ sinθ`)2

G

R4

`4
. (3.29)
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This is identical to the interaction energy between capillary quadrupoles [44,
77, 85], except for the prefactor that depends on elastocapillary length in the
present case. We calculate the force of interaction by

f

γ
= −16sin2 θ`

3π

(
γ

GR

)(
R

`

)5

' −16sin2 θ`
3π

(
γ

GR

)(
R

d

)5
, (3.30)

where the result is collected in dimensionless groups. Here we replaced `' d,
which is valid when the drop separation is large compared to R. The red
dashed line in the inset of fig. 3.6(b) confirms the validity of the above asymp-
totic result, including the prefactor. Hence, in the limit of large thickness
the attractive interaction force decays algebraically, as 1/d5, which is in stark
contrast to the exponential decay observed for thin substrates.

It is instructive to compare (3.29) with the interaction energy for capillary
quadrupoles formed by rigid anisotropic particles embedded in a fluid-fluid
interface [45, 77]. In that case an undulated triple line is formed owing to
contact line pinning [77] or to the change in curvature of the solid surface
along the triple line [76, 86]. For capillary quadrupoles the far-field inter-
action energy is proportional to γH2

p (R/`)4 , where Hp is the amplitude of
the quadrupolar contact line distortion. Despite an identical power-law de-
pendence, the prefactors in (3.29) and in the corresponding expression for
capillary quadrupoles are different, reflecting a different physical origin. A
capillary quadrupole is formed by four lobes located at an average distance R
from the quadrupole center: two positive meniscus displacements of amplitude
Hp along one symmetry axis of the particle, and two negative displacements
along the perpendicular axis. The presence of a second particle changes the
slope of equal sign meniscii along the center-to-center line, resulting in a net
capillary attraction. The corresponding interaction force per unit length of
contact line is proportional to γ(Hp/R)2(R/d)5, to be compared with (3.30).
The non-dimensional ratio (Hp/R) is a geometric feature of the particle that
depends primarily on the particle shape and contact angle [45]. This ratio is
independent of the particle size. On the contrary, the non-dimensional ratio
γ
GR does depend on the particle size, as well as on the material-dependent scale
γ/G. A differentiating feature is also that in the elastocapillary quadrupole
the upward and downward distortions of the elastic surface are located along
the line of interaction, thus forming a linear quadrupole. The identical power-
law dependence for capillary and elasto-capillary quadrupoles is incidental. It
is a consequence of the fact that the log function is the Green’s function for
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Figure 3.7: Comparison between theory and experiment. The experimental data (black
points) and 3D theory (red dashed lines) is reproduced from chapter 2. The drops have
an average radius (R) of 700 µm in both cases. The liquid (ethylene glycol) and the solid
(PDMS) surface tensions are γ = 48 mN/m, and γs ' 20 mN/m respectively. Shear modulus
of the substrate is G = 280 Pa. The blue lines are the interaction force obtained from the
dynamical theory developed here. (a) Attraction and repulsion on a substrate of thickness
(h0) 40 µm. (b) Purely attractive interaction between drops on a thick substrate (h0 = 8
mm). The adjustable length, multiplied with the 2D interaction force for comparison with
the experiments is πR/6 for both the cases.

both the small-slope Young-Laplace equation of capillarity and the equation
governing 2D linear elasticity.

3.5 Discussion

Finally, let us turn to experiments of the inverted Cheerios effect. The re-
sults in fig. 3.1 already show a qualitative agreement between theory and
experiment. A quantitative comparison in terms of “velocity vs distance" is
challenging for two reasons. First, the drag force varies along the contact line
of a finite drop resulting in a variation of the interaction velocity which is
absent in our model of infinitely large drops. Second, the experimental mo-
tion follows from a combination of drop-drop interaction and gravity – the
latter was not taken into account in the dynamical theory. However, gravity is
easily substracted when representing the result as “force vs distance", as was
also done in chapter 1. The experimental data are reproduced in fig 3.7: On
thick substrates the interaction is purely attractive (panel b), while a change
in sign of the interaction force is observed on thin substrates (panel a). The
two-dimensional model presented in this paper predicts a force per unit length
f . Hence, to compare to experiment one needs to multiply the result with a
proper length over which this interaction is dominant. The blue lines are ob-
tained by choosing a length of πR/6, i.e. a small fraction of the perimeter,
giving a good agreement with experiment. In chapter 2, a three-dimensional
result was provided, based on the same localized-force approach. The result
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is shown as the red lines in fig. 3.7 and is similar to the two-dimensional case.
This good agreement with experiment shows that the elasto-capillary theory
presented here provides an accurate description of the physics. The similarity
between the two- and three-dimensional models shows that the interaction is
dominated by the regions where the contact lines are closest.

In conclusion, we present a theoretical model to capture the dynamical in-
teraction between two liquid drops on a soft, solid surface. For large drops the
interaction is limited to neighboring contact lines, and we find the interaction
velocity-distance relation in this limit. For large distances, the velocity decays
exponentially with an exponent that depends both on substrate rheology and
surface tension. The over damped dynamics of drop motion allow us to relate
the velocity to an effective viscoelastic drag force at the contact line. We also
connect our theory to a quasi static description of the interaction, quantified in
terms of force-distance curves, and find that the two approaches agree well for
large inter drop distances. Motivated by this, we extend the quasi-static force
calculation to finite sized drops to show how the ratio of substrate thickness
to drop radius governs the nature of the interaction. In the other physically
relevant limit of small drops on a very thick substrate, the interaction force
is found to decay algebraically for large distances. We anticipate that the
dissipation mediated interaction mechanism studied here to play a key role in
collective dynamics of drops on soft surfaces [50, 87], and dynamics of soft,
adhesive contacts.

3.6 Appendix

3.6.1 Far-field approximation of slope

We evaluate the complex counterpart of the integrand in (3.17) on a contour
C, given by

α

‰
C

iq̄
[
αsq̄2 + 1

K̃(q̄)

]−1

eiq̄d̄dq̄
2π . (3.31)

Here q̄ is the complex wave vector. The contour C consists of a semicircle of
radius r centered at the origin and a straight line connecting the ends of the
semicircle. We evaluate the above integral using Residue theorem. As r→∞,
the integrand vanishes on the semicircle and the contour integral simplifies
to (3.17). For any αs the integrand of 3.31 has an infinite number of poles on
the complex plane. The leading order behavior of the integration is governed
by the pole with smallest imaginary part (q̄pole) as other poles lead to much
faster decay.
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Figure 3.8: Variation of qpole on the complex plane with the elastocapillary number αs.
Below a critical αs, qpole is purely imaginary and signifies an exponential decay.

The substrate elastocapillary number αs dictates the value of q̄pole. Fig-
ure 3.8 shows that below a critical αs, q̄pole is purely imaginary suggesting an
purely exponential decay of the deformation. Beyond the critical αs, q̄pole has
a nonzero real and imaginary part giving rise to oscillatory behavior of slope
as predicted by Long et. al [61]. Hence, the large distance approximation of
slope is given by,

H ′−v̄ ' α Res

− q̄
αsq̄2 + 1

K̃(q̄)

eiq̄d̄


q̄=q̄pole

. (3.32)

For a chosen αs we numerically find q̄pole, and evaluate the residue. We
simplify the above equation to (3.18) of the main text by denoting the residue
of the terms within the open brackets as C(αs) and λ̃= iq̄pole(αs).
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Hydrogel menisci: Shape, interaction,

and instability ∗

The interface of a soft hydrogel is easily deformed when it is in contact with
particles, droplets or cells. Here we compute the intricate shapes of hydrogel
menisci due to the indentation of point particles. The analysis is based on a
free energy formulation, by which we also assess the interaction laws between
neighbouring particles on hydrogel interfaces, similar to the “Cheerios effect".
It is shown how the meniscus formed around the particles results from a com-
petition between surface tension, elasticity and hydrostatic pressure inside the
gel. We provide a detailed overview of the various scaling laws, which are
governed by a characteristic shear modulus G∗ =√γsρg that is based on sur-
face tension γs and gravity ρg. Stiffer materials exhibit a solid-like response
while softer materials are more liquid-like. The importance of G∗ is further
illustrated by examining the Rayleigh-Taylor instability of soft hydrogels.

4.1 Introduction

Hydrogels, a mixture of polymer network and water, constitute the extracellu-
lar matrix of animal bodies and are found in mucus, cartilage, and cornea [88].
Even though soft, these materials are tough, and perform remarkable functions

∗Manuscript under review: A. Pandey, C. L. Nawijn and J. H. Snoeijer, Hydrogel menisci:
Shape, interaction, and instability (arXiv:1803.05674).
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such as sensing [89], self-healing [90], lubricating joints [91], and selective filter-
ing [92]. In recent years synthetic hydrogels with tailored polymer structures
have been developed to serve as stimuli responsive valves in microfluidics [93],
scaffolds in tissue engineering [94], and vehicles for drug delivery [95]. In a
number of these applications liquid drops, solid particles or biological cells
reside on a hydrogel interface and deform it by applying traction. This de-
formation induces an interaction that leads to biomechanosensing in living
cells [59, 83, 96], and self-assembly of particles [26, 27]. Understanding the
mechanics of hydrogel interfaces is thus key in a broad variety of contexts.

The challenge is that hydrogels have attributes of both solids and liquids.
While the polymer network gives rise to an elastic (shear) modulus G, the
interface also possesses a surface free energy γs that plays a crucial role in
the deformation and stability of these solids [5, 7, 8]. As such, a soft elas-
tic solid forms a “meniscus" whenever brought into contact with a rigid ob-
ject [10, 15, 97, 98]. For solid particles on extremely soft hydrogels, with
shear moduli down to 10 Pa, these menisci indeed give rise to particle inter-
actions [26, 27] that resemble the “Cheerios effect" – the clumping of floating
paperclips and cereals induced by liquid menisci [21, 24, 25, 45, 99]. Similar
interactions were discussed in chapter 2 and 3 for droplets on elastomeric in-
terfaces. In this context it is of particular importance to know the detailed
shape of the meniscus, since ultimately this determines the nature of the in-
teraction. Pushing the analogy with liquid interfaces, it was argued that the
deformations are exponentially screened by hydrostatic pressure inside the gel
[26, 27]. However, even though hydrostatic effects were demonstrated in the
context of the Rayleigh-Taylor instability of hydrogels [100], its effect on the
meniscus shapes remains to be analysed in detail.

In this paper, we analyse hydrogel menisci based on a free energy formu-
lation. As such, we are able to investigate the combined effects of surface
tension, bulk elasticity and hydrostatic pressure inside the gel. We reveal
the emergence of intricate meniscus shapes and quantify the particle-particle
interactions that results from these. We provide a detailed overview of the
regimes and scaling laws, which are governed by a characteristic shear modu-
lus G∗ =√γsρg based on surface tension γs and gravity ρg. Stiffer materials
exhibit a solid-like response while softer materials are more liquid-like. Finally,
we discuss the gravity-driven instability of the hydrogel meniscus, showing how
G∗ governs the transition from liquid to solid response.
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Figure 4.1: A schematic of rigid particles on a soft elastic substrate. Each particle is associ-
ated with a deformation field around it, leading to mutual interactions.

4.2 Formulation
We start out by setting up a formalism for particles on a soft interface, from
which we compute the deformations and particle interactions (fig. 4.1). Par-
ticles are treated as being point-like so that the theory describes the far-field
behaviour, at distances larger than the typical particle size. Particle i is at a
position xi = (xi,yi) and has a weight wi =mig. Each particle resides at the
interface of shape h(x), so the corresponding gravitational energy is wih(xi).
However, there is also an energetic cost associated to deforming the interface,
described by a functional Eint[h]. Combined, this gives the total energy

E [h;xi] = Eint[h] +
∑
i

wih(xi). (4.1)

This is in the form of a simple field theory for particles of “charge" wi, coupled
to the field h(x) [101]. The degrees of freedom are therefore the discrete
particle positions xi and the continuous field h(x). The field equation that
describes the shape of the interface is obtained by the functional derivative of
E with respect to h(x),

δEint
δh(x) +

∑
i

wiδ (x−xi) = 0, (4.2)

or in compact form

σ(x) =−%(x), (4.3)

where we define the normal stress σ= δEint
δh(x) and the weight distribution %(x) =∑

iwiδ (x−xi). The force Fi on particle i follows as

Fi =− ∂E
∂xi

=−wi∇h, (4.4)

where the gradient is evaluated at x = xi. Here the interface shape h(x) plays
a role similar to the electrostatic or gravitational potential, since its gradient
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gives the force. Once the interface functional Eint[h] is specified, (4.3) and (4.4)
fully define the problem.

4.2.1 Interface functionals

When deforming a hydrogel interface, there is an energy cost due its bulk
elasticity, its bulk gravitational energy, as well as its surface free energy. We
first briefly recap the well-known case of a liquid interface, which will provide
expressions for the capillary and gravitational energies. Then we turn to the
hydrogel menisci by incorporating the elastic energy.

The liquid interface

A liquid interface is governed by capillarity and gravity, which can be described
by the interface functional

Eliq[h] =
ˆ

dx
(1

2γ|∇h|
2 + 1

2ρgh
2
)
. (4.5)

The first term is the excess surface energy due to the deformation, in the
approximation where |∇h| remains small. This is a natural approximation in
the present context based on point particles, which implicitly implies a far-
field description where deformations are small. Surface tension of the liquid
interface is denoted by γ. The second term is the gravitational energy of
an incompressible medium integrated over the vertical direction. Taking the
functional derivative with respect to h(x) we find the field equation

−γ∇2h+ρgh=−%. (4.6)

In the absence of particles (% = 0), we recover the classical Young-Laplace
equation for a meniscus, where the Laplace pressure balances with the hy-
drostatic pressure. The typical scale of a liquid meniscus is set by the ratio
`c = (γ/ρg)1/2, where we defined the capillary length `c.

When particles are present (% 6= 0), the meniscus will be perturbed with
respect to its flat state and induce a nontrivial field h(x). In fact, if we ignore
the hydrostatic term in (4.6), the equation is strictly identical to Gauss’s law of
electrostatics (or Newtonian gravity), where % is the distribution of charge (or
mass). These analogies have indeed been successfully exploited for particles
at liquid interfaces [21, 102]. However, the present formulation based on (4.1)
has the merit that it can be extended to more general Eint[h], as is necessary
for hydrogels.
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The hydrogel interface

Along with capillary and gravitational energy, any deformation of a hydro-
gel surface leads to strain energy inside the bulk. The poroelastic nature of
hydrogels gives rise to an intricate time-dependent evolution when it is in-
dented [103, 104]. However, here we focus on the equilibrium response of the
gel, which is purely elastic and can be captured by a free energy. Here we
assume that the hydrogel layer is infinitely thick, and the material is incom-
pressible (Poisson ratio ν = 1/2). For this case the energy based on linear
elasticity can be written in explicit form (see sec. 4.5.1 for a detailed deriva-
tion)

Eel = G

2π

ˆ
dx
ˆ

dx′ ∇h(x)∇h(x′)
|x−x′| . (4.7)

The corresponding functional derivative gives the elastic stress σel(x) = δEel
δh(x) ,

which after integrating by parts takes the form

σel(x) = −G
π

ˆ
dx′ ∇

2h(x′)
|x−x′|

= −G
π

(
K ◦∇2h

)
(x). (4.8)

Here we have introduced the convolution with a Green’s functionK(x) = 1/|x|.
A subtle point is that (4.7) is derived for an elastic medium without any

bulk force, i.e. without the gel’s gravitional energy. For incompressible media
however, the addition of a bulk force that derives from a potential can be
absorbed into the hydrostatic pressure. As a consequence, the resulting bulk
strains – and therefore the resulting elastic energies – are totally unaffected
by the presence of a bulk force. Therefore, the total functional for a hydrogel
interface is obtained by a simple addition

Eint[h] = Eliq[h] +Eel[h]. (4.9)

The validity of this approach will be demonstrated explicitly at the end of the
paper. Now, we immediately obtain σ = σliq +σel, so that (4.6,4.8) gives the
field equation

−γs∇2h+ρgh− G
π

(
K ◦∇2h

)
=−%. (4.10)

For a given distribution of particles %(x), this equation can be solved analyti-
cally using integral transformation methods.
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4.3 Hydrogel meniscus
Here we first determine the shape of the hydrogel interface indented by a
single particle of weight mg. Owing to the linearity of the problem, the de-
formation due to a distribution of particles as in fig. 4.1 is simply obtained
by superposition. For the single particle, we introduce cylindrical coordinates
with the particle located at the origin, so that r = |x|. We find the result-
ing axisymmetric deformation h(x) = h(r) by solving (4.10) using the Hankel
transform, defined as ĥ(s) =

´∞
0 h(r)rJ0(sr)dr. Here J0 is the zeroth order

Bessel function. Transformation of (4.10) gives

γss
2ĥ(s) +ρgĥ(s) + G

π
2πs2K̂(s)ĥ(s) =−%̂(s), (4.11)

where we used properties of the Hankel transform that resemble those of
the Fourier transform. Namely, the Hankel transform of the Laplacian reads
−s2ĥ(s), while the convolution K ◦∇2h transforms to −2πs2K̂(s)ĥ(s). Fur-
thermore, the Green’s function K̂(s) = 1/s, while for a single point particle
the weight distribution %̂(s) = mg/2π [105]. With this, (4.11) gives a closed
form solution

ĥ(s) = −mg/2π
γss2 +ρg+ 2Gs. (4.12)

The backward transform gives the deformation in real space, h(r), which in
general is done numerically.

4.3.1 Shape
Before presenting the actual shapes of hydrogel menisci, it is instructive to
discuss the length scales for r that are implied by the terms in the denominator
of (4.12). We remind that s is an inverse length, so that the ratios of the terms
give rise to two length scales:

`ec = γs/G, `eg =G/ρg. (4.13)

These are the elastocapillary length `ec and the elastogravity length `eg respec-
tively. The former describes the cross-over from capillary to elastic behaviour,
while the latter indicates when gravity dominates over elasticity. One recovers
the usual capillary length of liquid menisci as the geometric mean `c =

√
`ec`eg.

Interestingly, the problem gives rise to characteristic stiffness G∗ at which all
length scales coincide. Setting `ec = `eg, one finds

G∗ =√γsρg. (4.14)
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For typical values of γs ∼ 10−2 N/m and ρg ∼ 104 N/m3, we find this stiffness
to be G∗ ∼ 10 Pa. Coincidentally, this stiffness is comparable to the softest
hydrogels that can be obtained – and thus a highly relevant magnitude from
an experimental perspective. In fact, the type of meniscus shape is completely
determined by the ratio G/G∗, which is equivalent to

√
`eg/`ec.

The key result of this study is shown in fig. 4.2(a), showing the nontrivial
meniscus shapes for different stiffnesses. Leaving the details to sec. 4.5.2 here
we discuss only important asymptotic results. To keep an experimental per-
spective, we will present the results in dimensional form, with γs = 10−2 N/m
and ρg = 104 N/m3, so that G∗ = 10 Pa. The results in fig. 4.2(a) corre-
spond to varying stiffness from the nearly liquid case (G≈ 0) to values up to
G = 103 Pa. The upper curves correspond to stiff gels. These exhibit three
asymptotic regimes, separated by r ∼ `ec (filled circles) and r ∼ `eg (open cir-
cles). For r < `ec, the surface resembles a capillary interface where h∼ logr.
At distances beyond `ec the meniscus follows the classical Boussinesq solution
from linear elasticity where h ∼ 1/r [106]. Finally, as r becomes comparable
to `eg, gravity modifies the deformation and a new asymptotic shape h∼ 1/r3

emerges. This unexpected asymptote reads

h'−mgρg
πG2

(
`eg
r

)3
, (4.15)

which we inferred from the limit γss2→ 0 for which the inverse of (4.12) can
be found analytically (see sec. 4.5.2 for details).

When reducing the stiffness, the range over which elastic scaling ∼ 1/r is
observed gradually diminishes (fig. 4.2(a)). The thick line (green) corresponds
toG∗= 10 Pa, where all lengths coincide at r= 1 mm, and the naively expected
elastic regime has completely disappeared. While much lower G are difficult to
realise experimentally, the limit of vanishing stiffness has an intrinsic interest.
Namely, the limiting case G = 0 corresponds to a liquid meniscus. In that
case the inverse of (4.12) reduces to the classical solution −K0(r/`c), which is
the zeroth order modified Bessel function of second kind. The liquid meniscus
decays as e−r/`c at large distance. The introduction of a small but finite G
modifies this shape at r� `c. The hollow squares of fig. 4.2(a) locate the point
where the exponential decay of the liquid meniscus again gives way to the
elastogravity scaling of 1/r3. These observations provide a strong departure
from the previously assumed exponential screening for hydrogels [26, 27].

To summarise these intricate regimes, we present the various asymptotes
in terms of a phase diagram in fig. 4.2(b). The vertical axis indicates the gel’s
shear modulus G, while the horizontal axis is the distance r. The relevant
dimensionless scales G/G∗ and r/`c are indicated on the right and top axis.
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Figure 4.2: (a) Hydrogel shapes h(r) due to indentation by the weight of a particle. Different
curves correspond to G in the range of 0.25 Pa - 1 kPa, while γs and ρg are fixed at typical
values 10−2 N/m and 104 N/m3 respectively. For readability of the figure, the vertical axis is
scaled in arbitrary manner to avoid overlapping curves. The filled and hollow circles indicate
r = `ec = γs/G and r = `eg = G/ρg respectively, and separate different scaling regimes. At
G=G∗ = 10 Pa (thick green line), these length scales coincide and merge with the capillary
length `ec = `eg = 10−3 m (black dashed line). The hollow squares represent the transition
from capillary to elastogravity meniscus. (b) Phase diagram showing different asymptotic
meniscus shapes for varying shear modulus. The dimensionless scales are shown at the
right and on top. `ec, `eg, and `c define the boundaries of different regimes (black straight
lines). The red dashed curve separates capillary and elastogravity meniscus shapes, given
by eq. (4.16). The associated black curve traces this boundary numerically.

For substrates with shear modulus of 1 kPa or larger the meniscus is effec-
tively governed by elasticity over the full range of scales. Comparatively softer
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substrates with G ∼ 100 Pa exhibit an elasticity dominated region bounded
by `ec ∼ 100µm and `eg ∼ 1 cm, which shrinks to a point at G∗ = 10 Pa.
As mentioned, the typical shear modulus of extremely soft hydrogels are also
around 10 Pa, which makes this region of the phase diagram of particular ex-
perimental interest. At this shear modulus, all three length scales are equal,
`ec = `eg = `c = 1 mm, and the predicted 1/r3 elastogravity regimes should be
accessible in experiments. As G�G∗ the interface mostly resembles a capil-
lary meniscus where `c separates the near-field and far-field behaviour of logr,
and e−r/`c respectively. For completeness, we determine the boundary between
capillary and elastogravity by equating the corresponding asymptotes,

G

G∗
' 1

2 (r/`c)3K0(r/`c). (4.16)

This is shown as the red dashed line in fig. 4.2(b), in close agreement with the
numerical result (solid black curve).

4.3.2 Interaction

With the meniscus shape in hand, we can determine the interaction forces
between multiple particles (fig. 4.1). As per (4.4), the interaction force on a
particle is directly given by the local slope of h(x) at that location. We note
that the deformation diverges logarithmically at the location of the particles,
which is an artefact of the point-particle approach †. This is in direct analogy
to (two-dimensional) electrostatics, where the force on a charge is computed
by omitting the contribution of the infinite “self-energy" from the electrostatic
potential [101]. Hence, in what follows the force on particle i follows from
h(x) induced by all other particles j 6= i.

Here we consider the simple scenario of two identical particles located at
r = 0, and at a distance r = d. The interaction force then simply follows from
the slope

F =−mgdh
dr

∣∣∣∣∣
r=d

r̂, (4.17)

where h(r) is the axisymmetric shape derived in the previous section and
r̂ is the radial unit vector. Equation (4.17) is equivalent to Nicolson’s for-
mula [22] developed in the context of interacting bubbles on a liquid interface.
In the present case, for heavy particles on a hydrogel, the slope always remains
†This paradox of infinite deformation at xi is resolved once the particles are not treated

as point-like, but are given a finite size. This changes the shape of the meniscus in the
near-field, but does not affect the far-field results.
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Figure 4.3: Marginal wavelength in Rayleigh-Taylor instability of a hydrogel interface as a
function of material stiffness. In the liquid limit we recover λ= 2π`c, whereas for an elastic
half space we find λ= 4π`eg. Inset: instability threshold for a thin hydrogel layer showing the
variation of critical thickness (black curve) and wavelength (red curve) with shear modulus.
The gray dashed lines represent asymptotic relations hc ' 6.223`eg and λc ' 18.445`eg.

positive and gives an attractive interaction between the particles. Different
meniscus shapes give rise to different interactions laws, and the regimes for the
interaction forces are strictly the same as those in Fig. 4.2(b). The scaling laws
for the forces are simply inferred by taking the derivative of the asymptotes
indicated in fig. 4.2(b). For the special case of G∗ = 10 Pa at distances below
`c (10−3 m), the meniscus shape is given by logr, resulting in F∼ 1/d, whereas
for d� `c the elastogravity meniscus leads to an interaction force F∼ 1/d4.

4.3.3 Instability

The current formalism also allows to investigate the Rayleigh-Taylor instability
(RTI) for hydrogels. Indeed, when a layer of hydrogel in a petri dish is turned
upside down the free surface exhibits undulations [100] that are reminiscent of
the RTI of fluid interfaces (e.g. thin viscous films turned upside done). Here
we address the RTI for two reasons. First, it serves as a quantitative validation
of the additive energy functional (4.9) for hydrogel interfaces. Second, it allows
to unify the liquid and elastic versions of RTI. For fluid layers all wavelengths
larger than λ = 2π`c are unstable [1], independently of the layer thickness.
For elastic media the situation is more intricate. For an elastic half-space this
wavelength reads λ = 4π`eg [107], but recent experiments on polyacrylamide
hydrogels and theory have identified a threshold sample thickness below which
the instability does not occur [100]. Linear stability analysis showed this
sample thickness to be h0/`eg = 6.223. Our formulation allows to capture all
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these features in a single, tractable framework.
The onset of instability is studied by plane Fourier waves of wavenumber

q = 2π/λ. The Fourier transform of (4.10) then gives

ĥ(q) = −%̂(q)
γsq2−ρg+ 2G|q| , (4.18)

which is the plane-wave analogue of (4.12). Importantly, we have flipped the
sign of gravity g→−g to account for the fact that the hydrogel interface is
held upside down. The denominator of the above equation can be interpreted
as an effective stiffness of the entire layer, as it relates the displacement ĥ
to a forcing %̂. The onset of instability is found when this effective stiffness
vanishes, as it marks the point where the layer loses its restoring force. Solving
for q where the denominator of (4.18) vanishes, we find the wavelength

λ/`c = 2π

 G

G∗
+

√
1 +

(
G

G∗

)2
 . (4.19)

Figure 4.3 shows how this wavelength evolves with G/G∗. It indeed bridges
between the liquid and elastic RTI. For a liquid interface (G/G∗ → 0) we
recover λ = 2π`c, while the elastic half space (G/G∗→∞) is unstable under
gravity for perturbations with wavelengths larger than λ= 4πG/G∗`c = 4π`eg.

The final step is to incorporate the effect of a finite layer thickness h0, and
see why a threshold appears for hydrogels but not for liquid layers. For this
case, we use a modified Green’s function such that σ̂e`(q) = Gq2ĥ(q)K̂(q)→
Gĥ(q)k(q̄)/h0. Here we introduced the dimensionless wavenumber q̄ = qh0,
and the Green’s function for a layer attached to a rigid base in dimensionless
form [108]

k(q̄) = 2q̄
[

cosh(2q̄) + 2(q̄)2 + 1
sinh(2q̄)−2q̄

]
. (4.20)

In the limit of q̄→∞, one has k(q̄) = 2|q̄| and we recover the half space result
of (4.18). For finite thickness, the condition of a vanishing denominator of the
modified (4.18) reads (

h0
`c

)2
− G

G∗
k(q̄)

(
h0
`c

)
− q̄2 = 0, (4.21)

which marks the onset of the Rayleigh-Taylor instability. For any value
G/G∗ 6= 0, this equation indeed predicts a minimum layer thickness below
which the interface remains stable against perturbations of any wavenumber,
thus confirming the existence of an instability threshold. The inset of fig. 4.3
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shows this critical thickness hc and the corresponding critical wavelength (λc)
as a function of G/G∗. For stiffer hydrogels, the third term in (4.21) can be
neglected and hc is simply given by the minimum value of k(q̄c) ' 6.223 as
hc = 6.223`eg. Hence, we perfectly recover the threshold obtained by Mora
et al. [100], who solved the bulk elastic equations including gravity as a bulk
force. It confirms the validity of using an additive energy functional (4.9).
However, we can now investigate what happens when the hydrogels become
softer and consider (4.21) over the full range of G/G∗. The result is shown in
the inset of fig. 4.3. In the limit of G/G∗→ 0, we find hc/`c ∼ (G/G∗)1/3, so
that indeed the threshold vanishes in the liquid limit.

4.4 Discussion

In summary, we have computed how hydrogels deform under the influence of
particles and how this leads to mutual interactions similar to the Cheerios ef-
fect. It is shown that both surface tension and gravity (hydrostatic pressure)
can play a role for sufficiently soft materials. This leads to a variety of regimes,
which were classified in detail (fig. 4.2b). Importantly, we identified a char-
acteristic shear modulus G∗ = √γsρg, which for real materials is typically a
few tens of Pascals. A hydrogel’s mechanical response is solid-like for G�G∗,
but becomes more liquid-like when G∼G∗. The ratio G/G∗ also governs the
nature of the Rayleigh-Taylor instability for an inverted layer of hydrogel.

The role of both gravity and surface tension was previously appreciated for
experiments on the “elastic Cheerios effect", where spheres and cylinders on
a hydrogel were indeed found to attract [26, 27]. While qualitatively consis-
tent with our findings, these studies postulated that the force of interaction
decays exponentially. This was inspired by the interactions on a purely liq-
uid interface, and a “modified" capillary length was introduced to account for
elasticity. However, our calculations reveal a different picture, since elasticity
changes the decay from exponential to algebraic. It would be important to
validate these observations experimentally. An interesting extension of the
present study is to consider very small particles, for which the adhesion to
the gel dominates over the particle weight. This situation closely resembles
that of liquid drops, for which the loading is tensile at the contact line and
compressive in the contact zone. In Appendix B we show that the interaction
force on a “sticky" particle reads F∼−∇∇2h, as opposed to ∼∇h for “heavy"
particles.

From a more general perspective, similar elasto-gravity problems are en-
countered in geological contexts such as vulcano deformations [109]. We there-
fore expect that the presented energy approach, and the explicit elasto-gravity
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functional, will serve for a variety of problems.

4.5 Appendix

4.5.1 Elastic energy

In linear elasticity the strain energy (in absence of shear traction) can be
written as a surface integral

Eel = 1
2

ˆ
dxσ(x)h(x). (4.22)

To obtain Eel entirely in terms of h(x), we need to replace the normal stress
σ. In linear elasticity, the deformation can be expressed as a convolution of σ
with the Green’s function K(x) = 1/|x|:

h(x) = 1
4πG

ˆ
dx′ σ(x′)
|x−x′| , (4.23)

or

∇h(x) =− 1
4πG

ˆ
dx′σ(x′) (x−x′)

|x−x′|3 . (4.24)

This is in the form of a two-dimensional Hilbert transform [110], which has as
its inverse

σ(x) = G

π

ˆ
dx′∇h(x′) · (x−x′)

|x−x′|3 . (4.25)

So, the energy functional becomes

Eel[h] = G

2π

ˆ
dxh(x)

ˆ
dx′∇h(x′) · (x−x′)

|x−x′|3 . (4.26)

Integration by parts then gives (4.7).

4.5.2 Analytical shapes

In this section, we obtain analytical meniscus shapes (h(r)) in different asymp-
totic limits. A single dimensionless parameter α= `ec/`eg dictates the shape of
deformed interface. Scaling horizontal distances with `eg: r̄ = r/`eg, s̄= s`eg,
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and vertical deformation with mg/2πG`eg: h̄ = h 2πG2

mρg2 , we obtain dimension-
less deformation as

¯̂
h(s̄) = −1

αs̄2 + 1 + 2s̄ , (4.27a)

h̄(r̄) =
ˆ ∞

0

−s̄
αs̄2 + 1 + 2s̄J0(s̄r̄)ds̄. (4.27b)

For (s̄� 1), deformation results from the competition between elastic and
surface tension terms and ¯̂

h simplifies to ¯̂
h(s) ' −1/(αs̄2 + 2s̄). In this limit

we can perform the backward transform to real space analytically to find the
elastocapillary meniscus h̄ec ([97])

h̄ec =
ˆ ∞

0

−s̄
s̄2 + s̄

J0(s̄r̄)ds̄= π

2α

[
Y0

(2r̄
α

)
−H0

(2r̄
α

)]
, (4.28)

where Y0 is the zeroth order Bessel function of second kind, and H0 is the
Struve function or order zero. Expanding the above solution for large r̄ we
find the purely elastic response h̄ec ' −1/2r̄. For stiffer gels this asymptotic
shape holds for `ec < r < `eg, as shown in fig. 4.2.

We also obtain an analytical expression for the elastogravity meniscus shape
as a far-field approximation (s̄� 1) of eq. (4.27a). In this limit the contri-
bution due to surface tension can be neglected, ¯̂

h(s̄) ' −1/(1 + 2s̄), and the
transformation to real space is analytical

h̄eg =
ˆ ∞

0

−s̄
α+ s̄

J0(s̄r̄)ds̄= π

8H0

(
r̄

2

)
− π8Y0

(
r̄

2

)
− 1

2r̄ . (4.29)

An expansion of eq. (4.29) for large r̄ shows that the meniscus shape decays
as −2/r̄3 in the gravity dominated regime.

For hydrogels with G < G∗, the natural lengthscale is the capillary length
given by `c =

√
γs/ρg. So, we discuss a different rescaling of eq. (4.12) where

`c is used to scale horizontal distances: r̄ = r/`c, s̄= s`c, h̄= h
(mg/2πγs) . With

this scaling eq. (4.27a) and (4.27b) becomes

¯̂
h(s̄) = −1

s̄2 + 1 +βs̄
, (4.30a)

h̄(r̄) =
ˆ ∞

0

−s̄
s̄2 + 1 +βs̄

J0(s̄r̄)ds̄. (4.30b)

Here β = `eg/`c =G/G∗. For β = 0, the integral above is analytically tractable,
and we recover the capillary meniscus given by h̄(r̄) =−K0(r̄). Here K0 is the
zeroth order modified Bessel function of second kind. Introduction of elasticity
changes the far-field result. In this regime (s̄� 1), the meniscus shape is given
by −2β/r̄3.
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4.5.3 Adhesive particles
Adhesive particles without weight can be modelled as axisymmetric distribu-
tions of normal traction Ti centered around the particle position xi. As the
particles are weightless and axisymmetric, the zeroth and first moments van-
ish, i.e.

´
dxTi(x) = 0, and

´
dxTi(x)x = 0. The work done by this traction

gives the coupling

Eadh =
∑
i

ˆ
dxTi(x−xi)h(x)'

∑
i

qi∇2h(xi). (4.31)

Here qi =
´

dxTi(x)|x|2 is the quadrupole moment. The second step in (4.31)
is obtained by expanding the field h(x) around xi as

h(x) = h(xi) + (x−xi) ·∇h(xi) + 1
2(x−xi)T ·H(xi) · (x−xi), (4.32)

(where H is the Hessian). Inserted in Eadh, and using the vanishing zeroth
and first moments, indeed gives

ˆ
dxTi(x−xi)h(x) ' ∇2h(xi)

ˆ
dxTi(x)|x|2. (4.33)

The total energy is E = Eint[h] + Eadh, so that for adhesive particles we find
Fi =− ∂E

∂xi =−qi∇∇2h. The field h(x) is still found by solving σ+%= 0, but
now the loading becomes %(x) =

∑
iTi (x−xi).
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5
Size dependent submerging of

nanoparticles in polymer melts: the
effect of line tension ∗ †

Adhesion of nanoparticles to polymer films plays a key role in various polymer
technologies. Here we report experiments that reveal how silica nanoparti-
cles adhere to a viscoelastic PMMA film above the glass transition tempera-
ture. The polymer was swollen with CO2, closely matching the conditions of
nanoparticle-nucleated polymer foaming. It is found that the degree by which
the particles sink into the viscoelastic substrate is strongly size-dependent, and
can even lead to complete engulfment for particles of diameter below 12 nm.
These findings are explained quantitatively by a thermodynamic analysis, com-
bining elasticity, capillary adhesion and line tension. We argue that line ten-
sion, here proposed for the first time in elastic media, is responsible for the
nanoparticle engulfment.

∗The analytical model presented in this chapter is part of the thesis. Experiments were
performed by Shanqiu Liu.
†Published as: S. Liu, A. Pandey (co-first author), J. Duvigneau, J. Vancso, and J. H.

Snoeijer, Size dependent submerging of nanoparticles in polymer melts: the effect of line
tension, Macromolecules 51, 7, 2411-2417(2018).
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5.1 Introduction

The diminishing size of nanoparticles results in a tremendous increase in their
surface to volume ratio, leading to unexpected and highly exciting properties
[111–113]. In polymer technology, the interface between nanoparticles and a
surrounding matrix can indeed dominate the properties of the hybrid (compos-
ite) material [114–120]. With the growing interest in nanoparticles as fillers
and/or active component in polymers, it is of key importance to develop a
detailed understanding of the role of this interface on the resulting material
properties.

Recent studies have focused on the adhesion of nanoparticles present at
polymer/gas interfaces [121–128]. Nanoparticles for example serve as highly
efficient foam cell nucleation agents in CO2 blown polymer foams [129], or
very useful to prepare templated surfaces with controlled porosities and an-
tireflective properties [130]. However, the process of adhesion or embedding of
nanoparticles presents a great challenge. Rubner and coworkers [130] reported
the controlled thermally assisted particle embedding of surface deposited sil-
ica nanoparticles at the surface of polymethylmethacrylate (PMMA) polymer
films. Particle embedding was controlled by varying the thermal treatment
temperature and time, and similar results were obtained for surface modi-
fied silica nanoparticles in films of PMMA and poly(methyl methacrylate-
co-methacrylic acid) [127]. As alternative to thermal annealing, Loos and
coworkers [128] reported the embedding of gold nanoparticles in polystyrene
(PS) films via CO2 saturation of the polymer substrate at relatively low tem-
peratures. The CO2 saturated polystyrene surface exhibits an increased poly-
mer mobility causing the particles to sink in the surface. Surprisingly, we find
that reducing the particle size to macromolecular scale even leads to complete
engulfment of the nanoparticle into a polymer film.

From a theoretical perspective, the adhesion of nanoparticles requires a re-
vision of the classical JKR theory [14, 131], as it does not account for capillary
effects at small scale. Recent studies showed that particle adhesion is governed
by the elasto-capillary length γs/E [10, 15, 132, 133], where γs is the “solid
surface tension” and E is the Young’s modulus of the elastic polymer film.
While particles much larger than γs/E follow the JKR-law, smaller particles
are dominated by capillary forces. In the latter case the film’s bulk elastic-
ity is negligible, and the adhesion was proposed to be equivalent to particle
adsorption at a liquid interface. However, these proposed descriptions do not
predict any engulfment, nor have they been compared directly to experiments
on nanoparticles.

Here we reveal a transition from adhesion, to wetting, to complete engulf-
ment of silica nanoparticles on a PMMA film above the glass transition. Using
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Figure 5.1: Schematic showing deposition (a) and embedding (b) of nanoparticles on a
PMMA film. CO2 treatment of the particle laden PMMA layer leads to embedding and
even engulfment of the nanoparticles by the polymer film. The degree by which the particles
sink into the PMMA is quantified by measuring the height of nanoparticles above the polymer
layer using an AFM (c).

atomic force microscopy (AFM), it is found that the relative degree by which
the particles sink into the substrate is strongly size-dependent, and leads to
complete engulfment for particles of diameter below 12 nm. These findings
are explained quantitatively by a thermodynamic analysis, combining elas-
ticity, capillary adhesion and line tension. We argue that line tension, here
proposed for the first time in elastic media, is responsible for the nanoparticle
engulfment.

5.2 Experimental observation
The present study reports the adhesion of two types of silica nanoparticles, i.e.
bare (SiO2-OH) and PDMS coated core shell particles (SiO2-PDMS), with dif-
ferent silica (core) diameters on the surface of CO2 swollen PMMA films. The
schematic drawings of sample preparation as well as AFM measurement for
the prepared samples are shown in fig. 5.1. Silica nanoparticles were deposited
by drop casting the particle solution diluted with 2-propanol on PMMA films
(see fig. 5.1(a)). Upon saturating the PMMA samples with 58 bar CO2 at 40
◦C the PMMA reaches a viscoelastic state [134–136], and the particles residing
at its surface sink (partly/fully) into the bulk. The equilibrium position of the
particles is determined from the residual particle height (H) by AFM tapping
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Figure 5.2: Stöber nanoparticle synthesis and subsequent derivation of PDMS grafted
nanoparticles (a). AFM images of deposited ∼12 nm (b) and ∼40 nm (c) bare particles
(SiO2-OH) on glassy PMMA surfaces. In (d) and (e) the respective AFM images of the
PMMA surfaces after embedding are shown. For a clear display of the embedded nanopar-
ticles the maximum Z-scale for panels (c) and (e) was set to 20 nm.

mode imaging (see fig. 5.2(b), 5.2(c)). The key point to note here is that
the polymer has a finite storage modulus (G′) at zero frequency, called the
shear modulus G (G′(ω = 0)), which governs the equilibrium particle height
H. Experimental details can be found in the method section. Figure 5.2(a)
shows the systhesis of nanoparticles via a Stöber reaction (step 1), followed
by the hydrolysis of the surface exposed ethoxy groups to silanol moieties
(step 2). The hydrolyzed particles (SiO2-OH) were modified with APTES,
which results in the formation of amine functionalized nanoparticles (SiO2-
NH2) (step 3). Subsequently, PDMS-G was covalently attached to the surface
of the nanoparticles via the grafting method (step 4) to yield SiO2-PDMS
core shell nanoparticles. The successful modification of the nanoparticles was
confirmed by FTIR (see appendix for details).

The key parameter of interest is the apparent height H of nanoparticles
deposited on PMMA film surfaces, before and after CO2-assisted embedding.
The height profiles of the nanoparticles were obtained via tapping mode AFM
measurements. All the obtained height values presented in this paper are the
Gauss-averaged values for experiments over more than 100 individual isolated
particles. We first discuss results on the stiff, glassy PMMA substrate, where
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Figure 5.3: Engulfment of silica nanoparticles in a viscoelastic PMMA film. The nanoparticle
embedding exhibits a double transition upon reducing the size, from adhesion (A), to wetting
(B), and engulfment (C). The plot shows measurements of the relative degree of embedding of
the nanoparticles: the apparent height H normalized by the particle diameter D is shown for
different particles sizes (circles for bare silica particles, squares for PDMS coated particles).
H vanishes for both the bare and coated nanoparticles of diameter below 12 nm, indicated by
the dashed line, signifying a complete engulfment. The observed critical size of engulfment
is thus between 12 and 20 nm for both the bare and coated nanoparticles. Solid lines
correspond to the combined minimization of bulk energy, surface energy and line tension,
given by Equation (4). Particle sizes corresponding to the schematics of the left panel are
marked along the x-axis of the plot.

no particle engulfment is expected. Figures 5.2(b) and 5.2(c) show AFM height
images for bare particles on the glassy PMMA, respectively, for particle diam-
eters of 12 nm and 40 nm. The average apparent height of the deposited silica
particles prior to CO2 treatment of the PMMA surface agree well with the
diameter of these nanoparticles determined by scanning electron microscopy
(see appendix for details). As expected, there is no embedding of nanoparti-
cles in the polymer surface prior to CO2 treatment. In addition, decreasing
the tapping mode setpoint values (which corresponds to lighter normal load
on the particles imaged) did not alter the obtained height values. Thus the
agreement of the height values obtained with AFM and diameters obtained
with scanning electron microscopy for the used nanoparticles confirms that the
tapping mode AFM imaging conditions employed are suitable to accurately
determine the apparent height of the nanoparticles on the polymer films.

The main interest of this study is to present the size-dependent particle
embedding in the CO2 saturated and softened polymer films. Remarkably,
fig. 5.2(d) shows that the 12 nm particles are completely engulfed into the
substrate, as they are no longer visible in the AFM measurement. By contrast,
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the 40 nm particles bare particles are still partly visible (see fig. 5.2(e)). For
these nanoparticles we determined that the average height H was 6.9 nm,
which corresponds to a ratio H/D of 0.17. Hence, the particle attachment
and embedding to the softened PMMA film is strongly size-dependent.

The relative degree of particle embedding can be quantified by the ratio
H/D, which reflects the position of the particle at interface. This ratio is not
universal, but depends on the particle size. This is shown in fig. 5.3, where we
report the ratio H/D for different particle diameters D. The PDMS-coated
particles (blue squares) are systematically less embedded than the bare par-
ticles (red circles), as can be seen from the larger values of H/D. This can
be attributed to the low surface energy and high CO2-philicity of the grafted
PDMS as compared with the untreated particles. These differences in the in-
terfacial interactions between the nanoparticles and the CO2 softened polymer
explain this observation. Another clear trend from fig. 5.3 is that large parti-
cles do not sink very deeply into the polymer films as shown in the schematic
of panel A. Smaller nanoparticles exhibit a wetting-like behavior (panel B)
analogous to colloidal particles floating at a liquid interface. Finally, regard-
less the surface chemistry of the particles, complete engulfment is observed for
particles with a diameter of approximately 12 nm and less (schematic shown
in panel C). These behaviors are explained below in detail.

5.3 Analytical model
While size-dependent adhesion of nanoparticles has been predicted in theory
and simulations [16, 137], these do not capture the present experiments – in
particular they do not predict the engulfment phenomenon. Given that the
sample preparation ensures equilibrium, we propose a thermodynamic model.
We split the free energy in bulk contributions, surface contributions and a con-
tribution due to the formation of a contact line. The latter term, referred to
as line tension, is commonly used for wetting of nanodroplets. Here it is intro-
duced for an elastic interface, motivated by recent studies on the equivalence
between elastic and liquid contact lines and wetting [15].

The free energy can thus be written as

E = Eel+ (γsp−γp)Ac−γsπa2 + 2πaτ. (5.1)

The first term represents the elastic energy due to the indentation, for which
we will use the Hertz scaling law Eel ∼ h5/2 where h=D−H is the indentation
(see fig. 5.4). The second term represent the exchange of particle-vapor surface
with PMMA-particle surface, which gives a change in surface energy (γsp−γp)
times the relevant area Ac. Creating the contact also removes part of the solid-
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vapor energy. The associated solid surface energy is denoted as γs, while the
area is approximated as πa2 where a is the radius of the contact. Up to this
point, the free energy is identical to that posed in [10], which does not lead
to engulfment. The key addition is the final term in (5.1) containing the
line tension τ , representing the energy necessary to create a contact line of
perimeter 2πa.

The ratios of bulk-to-surface energy and of surface-to-line energy naturally
introduce two length scales in the problem, to which the particle diameter
D needs to be compared. The first is the elasto-capillary length, `ec = γs/E,
where E is the Young’s modulus of the polymer. We treat the polymer to
be incompressible for which E = 3G. Thus Young’s modulus of the swollen
PMMA film is approximated as E ∼ 106Pa (see sec. 5.6.1 for rheological mea-
surement), while γs is approximately 21 mN/m [138]. This gives `ec ' 20
nm, which is indeed a relevant scale for the particles considered here. The
second scale is the so-called tension length, `τ = τ/γs, which is known in the
context of nanodroplets [139, 140]. It is commonly accepted that `τ should
be of molecular scale [1], though much larger values are often claimed in the
literature. The ratio `τ/`ec is thus expected to be much smaller than unity and
will appear as a parameter in the model. Another dimensionless parameter
can be obtained from the work of adhesion

W = γs+γp−γsp = γs(1 + cosθy), (5.2)

which quantifies the energy per unit area required to separate two surfaces.
Here we wrote it directly in terms of Young’s angle θy, which will be used
as a model parameter. For liquid media this parameter can be measured as
the contact angle of macroscopic droplets. However, such a calibration is not
feasible for materials with an elastic modulus, such as PMMA under the given
experimental conditions. Namely, the contact of the PMMA sample with a
flat silica surface will be dominated by elasticity, and the Young?s angle only
appears below the elasto-capillary length [15].

To explicitly perform the minimization we express the free energy in terms
of the indentation depth h = D−H. For a spherical particle, one finds the
geometric relations Ac = πDh and a =

√
Dh−h2. Based on this we rewrite

the free energy as

E = cED1/2h5/2
√

2(1−ν2)
−πDhW +πγsh

2 +πτ
√
Dh−h2. (5.3)

Here we closely followed[10], by approximating the elastic energy by the small
deformation expression and use c= 8/5

√
3 to recover the JKR result for large

particles. The equilibrium position is obtained from dE/dh = 0, which, upon
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Figure 5.4: Transition from adhesion to wetting to engulfment of nanoparticles, based on
(5.4). The red dashed line represents the adhesion to wetting transition for θy = 45o, for
the case without line tension (`τ = 0). The solid lines incorporate line tension effects for
`τ/`ec = 10−5, and 10−4, 10−3 from left to right. The corresponding circles represent the
critical nanoparticle diameter for engulfment given by (5.6). The inset shows a nanoparticle
in and out of contact with a polymer film and relevant geometric variables. The difference
in energy between the two states leads to (5.1).

writing h̄= h/D and setting Poisson ratio ν = 1/2 (due to incompressibility),
can be rearranged to

8
√

2
33/2π

(
D

`ec

)
h̄3/2− (1 + cosθy) + 2h̄+

(
`τ
D

) 1−2h̄√
h̄− h̄2

= 0. (5.4)

As anticipated, the contact angle θy and the two length scales, `ec and `τ ,
appear as the relevant parameters. By solving h̄ from (5.4), we can determine
the sought-for equilibrium position H/D = 1− h̄.

The typical predictions of (5.4) are illustrated in fig. 5.4, showing H/D
as function of the particle diameter normalized by the elastocapillary length,
D/`ec. One indeed finds a monotonic dependence on the particle size. At
large D/`ec, there is barely any indentation and the result coincides with the
classical JKR-law. For D/`ec . 1, however, one observes that the particles
tend towards a preferred position that is governed by the Young’s angle θy.
This is because for smaller particles the surface energies start to dominate over
the bulk elastic term. The red dashed line is the result without line tension,
for which the particle position indeed approaches this wetting condition as
previously found for elastocapillary adhesion [10]. Formally, this corresponds
to `τ = 0 in the limit `ec� 1, and gives H/D = (1− cosθy)/2.

The addition of line tension dramatically changes the behavior for small
particle sizes, and leads to engulfment. This can be inferred from the solid
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lines of fig. 5.4, which were obtained for different strengths of the line tension,
namely `τ/`ec = 10−5, 10−4, and 10−3. The line tension introduces a critical
particle diameter below which stable solutions cease to exist. Instead, one
observes a bifurcation where the lowest free energy is achieved by completely
engulfing the particle inside the elastic layer. The critical diameter for engulf-
ment increases with `τ . For the largest tension length shown in fig. 5.4, the
plateau due to the wetting regime is no longer visible. We note that we im-
plicitly assumed that line tension takes a positive value, which need not be the
case [1, 139–144]. For a negative line tension small particles are not engulfed.
Instead, they would move to a position where H/D = 1/2, to maximize the
length of the contact line.

Such a line-tension induced bifurcation was previously observed for nanopar-
ticles at liquid interfaces [141], and the same mechanism appears to be at play
here. In the model, the critical diameter Dc for engulfment is due to the
disappearance of the energy minimum. The disappearance of the minimum
can be found by the combined condition dE/dh = 0, written as (5.4), and
d2E/dh2 = 0. A closed form analytical expression for Dc is obtained in the
physically relevant limit `τ � `ec, for which the elastic term can be treated
upon expansion. This gives the critical diameter below which nanoparticles
are unstable at the polymer interface:

Dc

`τ
' 2[

1− cosθ2/3
y

]3/2 −f(cosθy)
(
`τ
`ec

)
+O

((
`τ
`ec

)2)
, (5.5)

where f(x) = (16/3
√

3π)x−1/3(x1/3−1)−4(x1/3 +1)−5/2. The first term in the
above expression has been previously obtained as the critical size for engulf-
ment in the context of purely liquid interfaces [141]. Here we find the correction
in Dc due to finite elasticity. Indeed, the critical diameter is directly propor-
tional to the tension length `τ . However, there is an intricate dependence on
the contact angle. In particular, we find for θy� 1 that (neglecting elasticity)

Dc ' 2 ·33/2 `τ
θ3
y

. (5.6)

The dependence ∼ 1/θ3
y shows that for small contact angles, the critical diam-

eter for engulfment can be orders of magnitude larger than the tension length.
This pushes the engulfment diameter to the range of tens of nanometers. This
effect is due to a geometric amplification of the influence of line tension, arising
since contact lines with small θy only probe the “flat” part of the top of the
particle.
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5.4 Comparison between theory and experiment

Finally, we compare the theoretical prediction to our experiments. The results
are shown as the solid lines in fig. 5.3, capturing the full range of data including
the engulfment. Importantly, the model contains three parameters, one of
which is eliminated by setting the critical diameter to 12 nm. Using the
two remaining parameters to fit the experiment, we obtained for the coated
particles (blue line) θy = 55◦, `τ = 5 nm, `ec = 12 nm, while for the bare
particles (red line) θy = 34◦, `τ = 0.6 nm, `ec = 70 nm. This corresponds to a
positive line tension which for the estimated γs = 21 mN/m implies 1.3×10−11

J/m (bare particle), and 10.5× 10−11 J/m (PDMS coated particle). These
values are of the expected order of magnitude [1, 139–144].

A few observations can be made. Most importantly, the values obtained for
the tension lengths are of the expected order. This makes a strong case that
even relatively large particles, possibly tens of nanometers, can be engulfed by
line tension when θy is sufficiently small. When comparing the fitted values
of the bare particles and the PDMS-coated particles, we find that the PDMS
induces a higher contact angle, as to be expected. However, the fitting re-
quires an elastocapillary length `ec that is substantially smaller for the coated
particle. A possible explanation is the rather crude approximation of the elas-
tic energy, which is based on the result of linear elasticity and only holds for
H/D not too far from unity. Still, the thermodynamic model proposed here
provides a very good description of the experimental data, and in particular
explains the engulfment.

5.5 Conclusions

In this paper we experimentally showed how nanoparticle adhere to viscoelas-
tic (plasticized) PMMA films. Upon decreasing the size of the particles, we
found a gradual transition from a classical adhesion regime to a complete en-
gulfment of the particle into the PMMA. These observations were explained
by thermodynamic considerations, but work only when a line tension contribu-
tion is incorporated. Even though the PMMA has a nonzero elastic modulus,
the contact line behaves very much like that of a liquid at the nanoscale.
The modeling presented here is crude in the sense that all molecular interac-
tions are described by effective free energies. An important direction for future
work is to reveal further details near the contact line by molecular simulations,
and make the explicit link between molecular aspects and thermodynamics of
nanoparticle adhesion.

Despite this, it is now anticipated that for instance in heterogeneous nanocel-
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lular polymer foaming the contribution of line tension to the free energy of cell
nucleation must be considered [145–147]. In particular when nucleating parti-
cle dimensions are at the macromolecular length scale for which we have shown
that line tension can severely influence the three phase contact line, its effect
can not be ignored. In addition, our results demonstrate that when interested
in obtaining surface topology effects, the use of the smallest nanoparticles on
viscoelastic surface/interface may provide unexpected results due to line ten-
sion effects. Thus a deeper and better quantified understanding of the effect
of line tension on nanoparticles is needed from both a physical as well as a
practical point of view.

5.6 Appendix
5.6.1 Supporting experiments
Scanning electron microscopy (SEM) - A high resolution SEM (JEOL Field
Emission JSM-633OF, JEOL Benelux, Nieuw-Vennep, the Netherlands) was
used to determine the diameter of the prepared nanoparticles. The typically
used electron acceleration voltage was 5 keV. To prepare samples for SEM
measurement the nanoparticles were redispersed in 2-propanol at a very low
concentration followed by dropping the solution on silica wafers. Prior to anal-
ysis the prepared samples were dried in a nitrogen box at room temperature
for 12 h. The SEM images were analyzed with Image J(NIH). To determine
the particle diameter more than 100 nanoparticles were analyzed.

Fourier transform infrared (FTIR) spectroscopy - FTIR absorbance spectra
were collected with a Bruker ALPHA single attenuated total reflection (ATR)
FTIR Spectrometer equipped with an ATR single reflection crystal (Bruker
Optic GmbH, Ettlingen, Germany). The spectra were collected in the range of
400-4000 cm−1 (spectral solution of 4 cm−1, 128 scans). Background spectra
were recorded against air.

Rheological experiments - The rheological experiments were carried out with
an UDS 200 rheometer (Anton Paar) using parallel plates (25 mm diameter,
gap 0.8 mm) configuration at 120◦C and 140◦C in the oscillatory mode.

Figure 5.5(a) shows FTIR absorbance spectra of SiO2, SiO2-OH, SiO2-
NH2 and SiO2-PDMS nanoparticles with a silica (core) diameter of 40 nm.
The remaining ethoxy groups after the Stöber reaction of tetraethyl orthosil-
icate (TEOS) are clearly observed in the FTIR spectra of the SiO2 parti-
cles, i.e. the CH2/CH3 bending absorbance band at 1452 cm−1 and the
CH2/CH3 absorbance band at 2980 cm−1. After hydrolysis (SiO2-OH) these
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Figure 5.5: (a) Single reflection ATR-FTIR absorbance spectra of SiO2, SiO2-OH, SiO2-NH2
and SiO2-PDMS nanoparticles with a silica (core) diameter of 40 nm. The black arrows in the
figure indicate characteristic FTIR absorbance bands of the (modified) silica nanoparticles.
SEM images of bare nanoparticles (SiO2-OH) with a diameter of ∼12 nm (b) and ∼40 nm
(c).

absorbance bands disappeared, which indicates quantitative hydrolysis of the
ethoxy groups [148]. The reappearance of absorbances at 2980 cm−1, 1450
cm−1 and 1380 cm−1 in the FTIR spectrum of amino-functionalized nanopar-
ticles (SiO2-NH2) are assigned to CH2 groups of the propyl spacer of surface
tethered APTES. The absorption bands for CH3 stretching at 2967 cm−1 and
for C-H bending at 1263 cm−1 confirm the successful grafting of PDMS to
silica nanoparticles [149]. Figure 5.5(b) and (c) show SEM images of bare
(SiO2-OH) nanoparticles with a diameter of 11.8±2.2 nm and 41.2±4.7 nm,
respectively.

Saito and coworkers reported the modulus of CO2 saturated PMMA to
be ∼0.2 GPa compared to a modulus of 2.2 GPa for the unsaturated poly-
mer [150]. The measurements were performed at 30◦C and the CO2 saturation
pressure was around 50 bars. For these conditions it is reasonable to assume
that the material is still in a glassy state [134–136]. Data for the modulus
of CO2 swollen PMMA in the viscoelastic state is as far as we know not re-
ported. Since the temperature used in our experiments is 40◦C and following
CO2 saturation at 58 bar it is reasonable to assume that the PMMA is in the
viscoelastic state [136] we approximate the modulus of PMMA in our exper-
iments as the values obtained for unswollen PMMA in the viscoelastic state,
i.e. ∼106 Pa, as was determined by a rheometer (see fig. 5.6). This order of
magnitude for the modulus of PMMA above the glass transition temperature
is in good agreement with values reported in the literature, for example by Ni



5

5.6. APPENDIX 81

120 oC

140 oC

Figure 5.6: Storage modulus of PMMA at 120◦C and 140◦C.

and coworkers [151].

5.6.2 Materials & methods

Tetraethyl orthosilicate (TEOS) ≥ 99.0%, 2-propanol 99.5% were purchased
from Aldrich (Milwaukee, WI, USA). (3-Aminopropyl)-triethoxysilane (APTES)
99%, hydrocholoric acid 37%, and poly(dimethylsiloxane) monoglycidyl ether
terminated (PDMS-G) (Mw = 1000 g.mol−1) were purchased from Sigma-
Aldrich (St. Louis, MO, USA). Calcium chloride (CaCl2) was purchased
from Aldrich Chemical Company Ltd (Gillingham, England). PMMA was
a gift from Arkema (VM100, i.e. a PMMA-co-EA polymer) (La Garenne-
Colombes, France). Absolute Tetrahydrofuran (THF) were purchased from
Biosolve (Valkenswaard, the Netherlands). Ethanol absolute for analysis was
purchased from Merck (Darmstadt, Germany). Milli-Q water was produced
by a Millipore Synergy system (Billerica, MA, USA). Nanoparticles with di-
ameters of ∼12 nm (B220), ∼20 nm (B130) and ∼60 nm (Levasil 50/50) were
purchased from AkzoNobel (Bohus, Sweden). These particles were dispersed
in aqueous solution and have surface exposed hydroxyl groups on the sur-
face as received. Unless otherwise mentioned all other chemicals were used as
received.

Stöber nanoparticle preparation. To prepare Stöber silica nanoparticles
(SiO2) with a diameter ∼80 nm, 168 ml ethanol was mixed with 28 ml Milli-Q
water and 30 ml TEOS in the presence of 2 ml ammonium hydroxide while
stirring at 500 rpm at room temperature. After 1.5 hours the obtained SiO2



5

82 CHAPTER 5. LINE TENSION IN ELASTIC MEDIA

dispersion was centrifuged at 10,000 rpm for 30 min. Subsequently, the col-
lected SiO2 was redispersed in ethanol and centrifuged again. This washing
step was repeated 2 more times followed by vacuum drying the collected SiO2
nanoparticles at room temperature for 12 hours. To synthesize the 40 nm par-
ticles 84 ml of ethanol was mixed with 14 ml Milli-Q water and 15 ml TEOS in
the presence of 0.75 ml ammonium hydroxide in a 250 ml round bottom flask
while stirring at 500 rpm. The reaction was conducted for 1.5 hours at room
temperature. To synthesize the 120 nm particles 100 ml ethanol was mixed
with 8 ml Milli-Q water and 5 ml TEOS in a round bottom flask stirring at
500 rpm and subsequently 5 ml of ammonium hydroxide was added and re-
acted for 3 hours at 50◦C. To synthesize ∼150 nm SiO2, 8 mL Milli-Q water,
10 mL TEOS and 5 mL ammonia hydroxide solution were added to 100 mL
ethanol, followed by stirring at 50◦C for 4.5 h. To synthesis nanoparticles of
∼310 nm 100 ml Ethanol was mixed with 8 ml H2O and 10 ml TEOS, fol-
lowed by the addition of 7ml ammonium hydroxide and the reaction mixture
was left at 50◦C for 4.5 h. The collection, washing and drying steps for these
nanoparticles were the same as described for the 80 nm nanoparticles.

Hydrolysis. To introduce silanol groups on the surface of the prepared
SiO2 nanoparticles, the particles were redispersed in Milli-Q water by son-
ication (BRANSON 2510, Canada) for 1 hour. Subsequently, hydrochloric
acid was added to the dispersion while stirring at 500 rpm until the pH of
the solution reached a value of approximately 1. After 4 hours the dispersion
was centrifuged at 10,000 rpm for 30 min. The collected nanoparticles were
redispersed in Milli-Q water and centrifuged again. This washing step was
repeated 2 more times followed by drying the silanol functional nanoparticles
(SiO2-OH) in vacuum at room temperature for 12 hours.

Amino-functionalization. 1.5 g SiO2-OH nanoparticles were redispersed in
50 ml ethanol followed by the addition of 7.5 ml APTES. The dispersion was
left to stir at 500 rpm at room temperature for 17 hours. The APTES func-
tionalized nanoparticles (SiO2-NH2) were collected by centrifugation at 10,000
rpm for 30 min and redispersed in ethanol and centrifuged again. This wash-
ing step was repeated 2 more times followed by drying the collected SiO2-NH2
nanoparticles in vacuum at room temperature for 12 hours. Due to the small
size of B220 (12 nm) and B130 (20 nm), the nanoparticles could not be col-
lected by centrifugation. After amino-functionalization 1 ml CaCl2 (1 M) was
added to 15 ml of the reaction mixture of B130 and B220 to change the sur-
face zeta potential of the nanoparticles. This caused reversible agglomeration
of the nanoparticles and made it possible to separate them from the ethanol
during centrifugation.

Grafting of PDMS-G to silica nanoparticles. 1.0 g of SiO2-NH2 nanopar-
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ticles were redispersed in 20.5 ml THF and 15 g PDMS-G while stirring at
500 rpm for 1 hour followed by sonication for 1 hour. Subsequently, THF was
removed by rotary evaporation and the resulting silica nanoparticle disper-
sion in PDMS-G was immersed in an oil bath thermostated at 80◦C for 17
h. Following cooling to room temperature the reaction mixture was washed
with THF and centrifuged at 10,000 rpm for 30 min. This washing step was
repeated 2 more times, followed by vacuum drying the PDMS-G grafted silica
nanoparticles (SiO2-PDMS) at room temperature for 12 hours.

Sample preparation for embedding treatment. PMMA films of approxi-
mately 50 µm thick were prepared by drop casting a polymer-chloroform solu-
tion (0.1 g/ml) onto silica wafers (1 cm x 1 cm). Subsequently, the substrates
were dried in air for 16 hours followed by annealing at 135◦C for 12 hours
to relieve any potentially present residual stresses in the film before being
slowly cooled to room temperature. Prior to particle deposition, the prepared
nanoparticles (SiO2-OH and SiO2-PDMS) were redispersed in 2-propanol by
sonication and diluted to a concentration of 0.005 wt%. Subsequently, a drop
of the diluted nanoparticle solution was placed on the PMMA film, followed
by drying the samples in a nitrogen box at room temperature for 12 h. The
particles did not sink in into the glassy polymer surfaces as a result of this
preparation method as was confirmed by AFM height measurements.

Once prepared, the samples were placed inside a pressure vessel (Julabo,
Seelbach, Germany). The temperature of the set-up was set to 40◦C and the
set-up was flushed with CO2 for 20 s. Subsequently, the CO2 pressure was
set to 58 bar. To ensure that the nanoparticles obtain an equilibrium state
at the interface of the polymer matrix the samples were saturated in CO2 for
7 hours, subsequently, the pressure was slowly released and the samples were
quenched to room temperature for further analysis.

Atomic force microscopy (AFM) characterization. The apparent height
of the nanoparticles before and after embedding was determined by AFM
(MFP-3D, Asylum Research, Santa Barbara, CA, USA) analysis in tapping
mode (amplitude set-point 250 mv) using a silicon cantilever (Nano Word)
with a resonance frequency of 320 kHz and a spring constant of 42 Nm−1.
The substrates were scanned at a minimum of three different positions and the
obtained height images were analyzed. The height of more than 100 individual
isolated particles were analyzed for each data point.
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6
Cusp-shaped elastic creases and

furrows ∗

The surfaces of growing biological tissues, swelling gels, and compressed rub-
bers do not remain smooth, but frequently exhibit highly localized inward folds.
We reveal the morphology of this surface folding in a novel experimental setup,
which permits to deform the surface of a soft gel in a controlled fashion. The
interface first forms a sharp furrow, whose tip size decreases rapidly with defor-
mation. Above a critical deformation, the furrow bifurcates to an inward folded
crease of vanishing tip size. We show experimentally and numerically that both
creases and furrows exhibit a universal cusp-shape, whose width scales like y3/2

at a distance y from the tip. We provide a similarity theory that captures the
singular profiles before and after the self-folding bifurcation, and derive the
length of the fold from large deformation elasticity.

6.1 Introduction
Compressing a slice of soft white bread, one observes the formation of a crease,
a localized indentation where part of the surface folds into a self contact. Sim-
ilar patterns appear, for instance, on the surfaces of swelling gels [152, 153].
In biology, such elastic structures are called sulci, which are prime morpholog-
∗Part of this chapter has been published as: S. Karpitschka, J. Eggers, A. Pandey and

J. H. Snoeijer, Cusp-shaped Elastic Creases and Furrows, Phys. Rev. Lett., 119, 198001
(2017).
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Figure 6.1: The interface of a soft gel is deformed by slowly reducing the volume of a liquid
inclusion (initial radius R), located at an initial distance ` below the free surface. First, a
localized furrow with tip curvature κ forms; at larger deformations the furrow bifurcates into
a crease which folds the free surface onto itself over a length L.

ical features of human brains and growing tumors [34, 154, 155]. As a result,
creases have attracted considerable attention, experimentally, theoretically,
and from a numerical point of view [31, 33, 34, 36–39, 153–162]. Yet in spite
of their ubiquity and importance, a quantitative theoretical description of the
morphology of localized indentations is still missing.

Past approaches have focused on the idealized problem of a half-space of
elastic material, which is compressed uniformly parallel to the interface. Above
a critical compression, the uniform state becomes unstable toward sinusoidal
deformation of the interface [163]. However, since this setup lacks a charac-
teristic length scale, perturbations grow without bound even in the nonlinear
regime. Additional regularizing features have to be invoked, such as adding a
thin film of stiff material on the surface [34, 155]. While the metastability of
smooth and creased configurations has been studied in some detail [33, 34, 39],
much less is known on the profiles of localized indentations. Here we propose a
new experimental setup which guarantees the formation of a single indentation
of finite size, which bifurcates between two different structures, see fig. 6.1. It
allows to reveal for the first time the self-similar shape properties of both
structures, and provide quantitative analytical descriptions thereof.

6.2 Experiments and scaling laws
A highly deformable PDMS gel (Dow Corning CY52-276, components A & B
mixed 1:1, shear modulus G = 1 kPa) is prepared in a container of footprint
3x3 cm. A 10 times stiffer gel was prepared for some experiments by adding 5%
of Dow Corning Sylgard 184 (polymer & curing agent mixed 10:1, yielding G=
11 kPa). The gels were cured overnight at room temperature, protecting the
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air-exposed free surface from dust. By depositing a water drop inside the gel
prior to curing, we create a liquid inclusion of initial radius R at the bottom of
the container. ` denotes the initial distance between inclusion and free surface
(cf. fig. 6.1); we used `= 1−8 mm and R/`= 0.4−6. Subsequently, the water
is extracted slowly (& 100 s for the droplet volume) through a small hole at
the bottom (cf. fig. 6.1), creating a quasi-stationary axisymmetric strain field
in the gel, and an increasingly sharp indentation of the free surface. A two-
dimensional version of the experiment was realized by creating a cylindrical
inclusion at the bottom of the container. In that case, the inclusion was
templated by a cylinder of polyethylene glycol (M = 1000 g/mol, melting
point 37−40◦C) which was removed by melting after the gel was cured.

The free surface profile was measured as a shadowgraph through a long-
distance microscope with a spatial resolution on the order of 10 microns. The
deformation field and the length of the self-contacting surface fold were deter-
mined by tracking fluorescent particles embedded inside the gel (see supple-
mental material for details). The amplitude of the deformation is measured by
d, the deflection of the free surface relative to its reference level. The sharpness
of the deflection is quantified by its curvature κ in the image plane.

Figure 6.2 shows the result of a typical experimental run, obtained by first
deflating the water drop to vanishing size (filled symbols), and subsequently
re-inflating it up again to its original size (open symbols). The deformation
is quantified by d/` shown on the horizontal axis. Upon increasing defor-
mation, the gel develops an increasingly sharp furrow, as measured by the
dimensionless radius of curvature (κ`)−1 (panel (a); the furrow’s self-similar
shape is investigated below). At a deformation d = db, the furrow bifurcates
toward a crease (similar to previously reported behavior [34, 39]): part of the
surface folds into a self-contact of length L, connected to a free-surface cusp
of vanishing tip curvature. In the axisymmetric version of the experiment,
this is accompanied by a breaking of axisymmetry, the crease being essentially
two-dimensional. Experimental data are fitted with the scaling law (panel (a),
solid line)

κ= k`(dc−d)−2, (6.1)

which suggests the existence of a critical deformation dc at which the tip radius
of curvature vanishes; however, this critical scaling is cut off by a discontinuous
(first order) transition toward the crease at d= db.

Directly after formation of the crease, a self-contact of length L ≈ 0.03`
forms, while the radius of curvature of the new structure jumps to zero. With
increasing deformation, L increases further (circles). Re-inflating the liquid
inclusion again, so as to decrease d, L decreases beyond its original value to go
to zero in a continuous fashion at another critical value d0; this is described
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2

1

Figure 6.2: Bifurcation between “furrow" and “crease" (axisymmetric cavity, G = 1 kPa,
R = 2.1 mm, `= 2.4 mm). (a) Tip radius of curvature κ−1 in the image plane and (b) fold
length L, as a function of the deformation amplitude d. Arrows indicate the course of the
experiment. Increasing the deformation (filled symbols) beyond db nucleates a fold of finite
length. Decreasing the deformation again (open symbols), the fold disappears continuously
at d0. The solid lines are (6.1) and (6.2) for curvature and fold length, respectively. The
inset demonstrates (6.1) in a double logarithmic plot (here: R= 1.9 mm, `= 2.4 mm).

by the critical behavior (panel (b), solid line),

L= c
√
`(d−d0), (6.2)

reminiscent of a second order transition, to be discussed below. Below d= d0,
the crease disappears and the interface shape returns to a furrow, in the course
of which the tip radius jumps to a finite value. Decreasing the deformation
further, the tip radius returns to its original value along the same curve, indi-
cating that the entire process is reversible. To check reversibility, we repeated
the whole cycle several times for each specimen, which yielded nearly identical
results (typical deviation . 2%). Merely db was slightly smaller by about 4%
as compared to the first creasing event. This could indicate the formation of
a localized nucleation seed due to the initial creasing [36].

The scaling laws 6.1 and 6.2 are universal features of the creasing insta-
bility. These were consistently observed, where we in total considered about
25 different configurations (axisymmetric and 2D, soft and stiff gels) with
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Figure 6.3: Self-similar evolution of free surface profiles for 3D and 2D experiments, and
2D simulations, prior to the creasing instability. Left: measured (simulated) profiles Right:
profiles rescaled according to (6.4), and superimposed with the similarity solution Φ (red).

`= 1−8 mm and R/`= 0.4−6. R� ` precludes large deformations because
of the limited droplet volume. For R . 0.8`, creasing was not induced before
the droplet was drained completely (axisymmetric samples; R. 0.5` for 2D).
Otherwise, all experiments show similar curves as in fig. 6.2 with universal
scaling laws. As expected, the precise values of db and d0 are not universal
(see fig. 6.7).

The shape of the furrow is perfectly self-similar, as is shown in fig. 6.3. To
describe this self-similar structure analytically, we hypothesize that the surface
shape is described by a plane curve with a smooth parametric representation
x(s),y(s), which has been used successfully to describe cusp formation quan-
titatively in free surface flows and in optics [164, 165]; a rigorous rationale
for such a description is provided for example by a complex mapping between
the free surface and the unit circle [32], as has been verified experimentally
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for viscous flows [166]. To picture cusp formation of a parameterized curve
x(s),y(s) geometrically, one can imagine these components being deformed
smoothly such that the curve self-intersects. At the point of self-intersection,
the curve is a cusp with a singular tip. Just before intersection the curve opens
into a universal smooth curve.

Namely, a critical point of the curve corresponds to x′(0) = y′(0) = 0, so
expanding about s= 0 to lowest non-trivial order yields [167]

x= εs+s3/(23/2a), y = s2/2, (6.3)

where ε= 0 corresponds to the critical (cusp) point, and a is a parameter con-
trolling the opening of the cusp y = (ax)2/3. In the x-component we expanded
to third order, since any quadratic term can be eliminated using y, implying
a rotation. The curvature of (6.3) at the origin is κ = ε−2, so (6.3) can be
written in similarity form

yκ1/2 = Φ(ξ) , ξ = xκ3/4, (6.4)

where Φ is defined implicitly: ξ2 = 2Φ
(
1 + Φ/(

√
2a)
)2
, see [167]. As seen in

fig. 6.3 (b,d,f), the similarity form (6.4) is in excellent agreement with both 2D
and 3D experiments and simulation, and the collapsed data agrees very well
with the universal similarity function Φ(ξ). The single adjustable parameter a
is determined by the outer geometry of the problem. In addition, the relation
between the vertical deformation scale and κ implied by (6.4) is consistent
with (6.1). Of course, this geometric analysis cannot describe the precise
value of the tip curvature κ(d), which must be derived from large deformation
elasticity theory [168, 169].

6.3 Mechanics of the cuspy crease
6.3.1 Numerics
To show that the observations above are well described by the mechanics of
elasticity, we performed two-dimensional (plane strain) finite element simula-
tions implemented in oomph-lib [170], using the theory of finite deformations
[168], with an incompressible neo-Hookean constitutive equation [169]. In large
deformation theory the coordinates X of the undeformed state of the system
(the reference state, see fig. 6.4) is mapped upon the current, deformed state
of the system as x = f(X). For a neo-Hookean elastic material, the Cauchy
stress is [168]

σij =GFiK FjK −pδij , (6.5)
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reference state

Figure 6.4: Numerical simulation of the creased state, with self-contacting fold of length L;
the tip of the fold is at T, the self-contact ends at C (the tip of the cusp). (a) The deformed
state x, showing the solid pressure as a color plot; the reference state X is shown in the inset.
The grid lines represent material coordinates both in the reference and deformed state. (b)
Surface profile of the crease above the fold (x and y measured relative to C; red line: fit with
a 2/3-power law).

as derived from an elastic free energy density

W = G

2
(
λ2

1 +λ2
2 +λ2

3−3
)
. (6.6)

Here G is the shear modulus, FiJ is the deformation gradient tensor (FiJ =
∂xi/∂XJ), p the solid pressure (here defined up to a constant), which ensures
incompressibility: det(FiJ) = J = 1, and λ’ s are the principal stretches. Elastic
equilibrium is determined by ∂σik/∂xk = 0. For simulation details refer to
sec. 6.5. The result of the simulations is given in the bottom panels of fig. 6.3.
They recover the same features as in experiments, including the similarity
collapse with the same universal shape superimposed.

The remaining challenge is to understand the morphology of the creased
state, which contains two singular points, respectively indicated as C and T
in fig. 6.4 (a). To derive a solution of the creased state, we start from the fold
solution around point T [33, 171], which maps an elastic half space onto a fold
of infinite length (coordinates are defined in fig. 6.4 (a); here the origin lies in
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Figure 6.5: Surface tractions in the fold. The black line represents the normal traction (tx)
as a function of y. It diverges logarithmically near the tip of the fold (marked by the red
dashed line ), and vanishes at the edge of the contact. Inset: tx close to the contact point,
C follows a square root behavior similar to a Hertzian contact. The shear traction (ty) is
zero throughout the fold.

point T):
θ = 2Θ, r =R/

√
2, p=−3G lnr/2, (6.7)

which is an exact solution of (6.5). On the fold (x= 0), the principal stretches
are λx,y =

√
2,1/
√

2, and the elastic free energy density isW =G/4. The loga-
rithmic divergence of p near T is uncritical for a macroscopic description of the
experiment since p. 100 kPa down to molecular length scales. To numerically
simulate the creased state, we use a large domain (∼ 320L) under horizontal
compression, impose (6.7) near T, and require a non-negative normal traction
and vanishing tangential traction on TC (see sec. 6.5 for details).

Figure 6.4 (a) shows the deformed computational domain, while (b) reveals
a power-law behavior y ∼ (ax)2/3 of the interface above the self-contact, with
4 decades of spatial resolution. Hence, the interface forms an ideal cusp,
y ∼ x2/3, which is the limiting case ε= 0 in (6.3). In sec. 6.5 we also provide
experimental evidence for this scaling. To access the surface profile near the
self-contact experimentally with sufficient spatial resolution, we bent an elastic
rod until it creased on its surface and recorded its shadow graph. Despite the
significantly different outer geometry, we find the same 2/3 exponent for the
morphology of the crease, highlighting the universality of this result.

The traction within the self-contact gives further evidence of this universal
scaling law. Both the normal (tx) and shear (ty) tractions within the crease
are plotted in fig. 6.5. tx diverges logarithmically near the tip following (6.7),
and decays as y1/2 at the edge of the self-contact (inset of fig. 6.5). In fact, the
scaling of tx ∼ |y|1/2 is reminiscent of the pressure at the edge of a Hertzian
contact which leads to a deformed shape of x2/3 outside the the contact re-
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gion [106]. In chapter 8 we further exploit the analogy to postulate the shape
of creases in the presence of self-adhesion.

6.3.2 Green’s function of incremental elasticity
The cusp shape appearing in the Hertz contact is a direct consequence of the
linear elastic Green’s function in combination with mixed boundary condi-
tions [106]. In this section, we calculate the response of the nonlinear folded
state to small amplitude normal surface tractions. By solving the equations of
incremental elasticity [163], we show that the Green’s function (for wavenum-
ber q, displacement ∼ traction/|q|) retains its structure and differs from the
linear elastic case only by a numerical prefactor. Along with the mixed bound-
ary conditions near C, this thus explains why the structure of creases resembles
that of Hertz contacts.

In the vicinity of the point C, we can locally approximate the fold by
a homogeneous nonlinear state with principal stretches λ and λ−1 along x
and y. Near C, where the fold opens, the shape is slender: x� y. Hence
deformations relative to that of the fold are small and we can expand to linear
order in the deformations u,v and pressure p:

x= λX+u(λX,Y/λ), y = Y

λ
+v(λX,Y/λ), P = G

λ2 +p(λX,Y/λ) (6.8)

where λ is the stretch near C. We use coordinate systems as shown in fig. 6.4 (a),
but for simplicity use a reference state which is rotated clockwise by 90 degrees.
For the following calculation, we introduce a set of intermediate coordinates:
x̃=λX, ỹ= Y/λ. As shown in [163], if we introduce a stream function u= ∂ỹψ,
v =−∂x̃ψ, the linearized elasticity problem reduces to

44̄ψ ≡4Ψ = 0, (6.9)

where 4 and 4̄ denote the Laplacian in the deformed (x̃, ỹ) and reference
(X,Y ) coordinates, respectively. We look for a separable solution of (6.9) of
the form ψ= sinqx̃Φ(ỹ), which have a sinusoidal dependence on x̃, and decays
for ỹ→−∞. For any wavenumber q, the solution reads

ψ(x̃, ỹ) = sinqx̃
(
c1eqỹ + c2eλ2qỹ

)
. (6.10)

The constants c1 and c2 are found from stress boundary condition at the
free surface. The pressure p is found by solving the equilibrium equations
∂siJ/∂XJ = 0, where siJ is the nominal stress relating the force in the current
configuration with area in reference state. The nominal stress is related to the
Cauchy stress of (6.5) through σij = siKFjK/J . For the neo-hookean material
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model siJ is given by siJ =GFiJ −pHiJ . Corresponding to the map of (6.8),
FiJ and HiJ is given by (to linear order)

F =

λ(1 + ∂u
∂x̃

)
1
λ
∂u
∂ỹ

λ ∂v∂x̃
1
λ

(
1 + ∂v

∂ỹ

) ,H = F−T =

 1
λ

(
1− ∂u

∂x̃

)
−λ ∂v∂x̃

− 1
λ
∂u
∂ỹ λ

(
1− ∂v

∂ỹ

) . (6.11)
As a result, the incompressibility condition (J = 1) becomes (to linear order)

∂u

∂x̃
+ ∂v

∂ỹ
= 1, (6.12)

and the equilibrium equations simplifies to

G(λ2∂
2u

∂x̃2 +λ−2∂
2u

∂ỹ2 ) = ∂p

∂x̃
, (6.13a)

G(λ2 ∂
2v

∂x̃2 +λ−2∂
2v

∂ỹ2 ) = ∂p

∂ỹ
. (6.13b)

The nominal traction at the free surface is given by Tri = siJNJ at Y = 0,
where N = {0,1} is the unit normal to the free surface in the reference state.
Since, only normal traction is applied at the free surface, the two boundary
conditions are sxY = 0 and syY = Try at Y = 0. In terms of the ψ the two
boundary conditions become

sxY = 0→ ∂2ψ

∂ỹ2 −
∂2ψ

∂x̃2 = 0, (6.14a)

syY = Try→−
2G
λ

∂2ψ

∂x̃∂ỹ
−pλ= Try. (6.14b)

Using (6.14a) we eliminate one of the two constants of (6.10): c2 =−2c1/(1+
λ4). So, the stream function of simplifies to

ψ(x̃, ỹ) = c1 sinqx̃
(

eqỹ− 2
1 +λ4 eλ2qỹ

)
, (6.15)

and the pressure is found by integrating either of (6.13) -

p= c1Gq
2eqỹ cosqx̃(λ2−λ−2). (6.16)

Finally, we find the normal displacement of the free surface as v0 =−∂ψ
∂x̃ |Y=0.

In order to relate v0 to a true normal traction try = Try/λ, we simplify (6.14b),
and after some algebra find that

v0 = try
Gq

(λ2 + 1)
λ6 +λ4 + 3λ2−1 . (6.17)
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Indeed we recover the Green’s function ∼ 1/q establishing the equivalence
between a crease near point C and Hertz contact, where the pre-factor bears
the signature of the nonlinear base state. We note that v0 diverges for a
vanishing denominator of (6.17) at λcrit = 0.5437. As discussed in chapter 4,
the vanishing of the denominator marks the onset of instability. Indeed the
value of λcrit exactly corresponds to the Biot threshold of wrinkling, given by
εcrit = 1−λcrit = 0.4563 [163].

6.3.3 Local analysis of the singularity
As an alternative local description of the singularity near C, we now perform a
‘crack-like analysis’ similar to the cusp in a viscous fluid [164]. Here we derive
the universal crease shape from a local solution of (6.9) in polar coordinates.
We start with the self-similar ansatz ψ = rαf(θ) = Rαf̄(Θ); θ = Θ = π corre-
sponds to the cusp line, along which we impose vanishing shear (6.14a) and,
outside the self-contact, vanishing normal stress ((6.14b) with Try = 0). Using
that f is odd, we find from the second equation (6.9) that [164]

4̄ψ = Ψ =Arα−2 sin(α−2)θ (6.18)

where A is an arbitrary constant. The pressure is calculated from (6.13) which
in polar coordinate is

∂p

∂r
= G

r

∂Ψ
∂θ

,
∂p

∂θ
=−Gr∂Ψ

∂r
. (6.19)

Integrating any one of the above equilibrium equations along with (6.18) gives

p=AGrα−2 cos(α−2)θ. (6.20)

Furthermore we transform the shear and normal stress boundary condition to
polar coordinate which at θ = π yields

f ′′ = (α−2)f, 2(1−α)f =Aλ2 cos(α−2)π. (6.21)

Now solving (6.18) in reference coordinates, homogeneous solutions are f̄{1,2}=
{sin,cos}(αΘ). In polar coordinates, the transformation between deformed
and reference coordinates reads R/r =

(
λ2 cos2(θ) +λ−2 sin2(θ)

)1/2 ≡ g and
λ2 tanΘ = tanθ, and so

f{1,2} = {sin,cos}(αΘ)gα. (6.22)

An odd particular solution of (6.18) is found from the standard formula as
fp =A(f1I2(θ)−f2I1(θ)), where

I{1,2}(θ) =
ˆ θ

0

{sin,cos}(αΘ)sin(α−2)θ
αgα

dθ. (6.23)
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A general solution to (6.9) can be written f = fp+Bf1, where the constants
A,B must be chosen to satisfy σijnj = 0 at θ= π, where nj is the true normal.

For there to be a non-trivial solution, the determinant of this system of
equations must vanish, which after using that 2α(α−1)I1(π) =−λ2−α sin(2πα)
/(λ2 + 1), yields the condition sin(2πα) = 0. Thus the determinant vanishes
for α = i/2, where i = 1,2,3, . . . , irrespective of the stretch λ near C. Among
these possible solutions, the dominant value of α for which the pressure is not
singular at the cusp tip is α = 5/2, which means that the cusp opens with
the universal exponent u ∝ y3/2, as is confirmed over four decades in fig. 6.4
(b). Accordingly, α = 5/2 implies that the normal traction near the edge of
the contact scales like tx ∝ |y|1/2, as confirmed numerically (inset of fig. 6.5).
We also note that the above calculation provides a rationale for the scaling in
the far field of the furrow: away from its rounded tip, the furrow’s geometry
is again slender and can described by the same analysis.

6.4 Conclusions

Finally, we analyze the length L of the fold. Since the energy density of the
fold solution (6.7) is constant, the contribution from the fold is Ef = A0L

2,
since L sets the size of the area over which deformation is significant. We
can assume that the energy E0(d) of the rest of the strain field is a smooth
function of the deformation d. Hence, if the creation of the fold takes place
in a reversible fashion, we have A0L

2 +E0(d) = const. Expanding E0 linearly
about d = d0, where L = 0, we obtain (6.2). Apart from the experiment of
fig. 6.2, this scaling law is confirmed with great precision by the numerical
simulation of a neo-Hookean material shown in fig. 6.12(b).

In conclusion, our liquid-inclusion experiments allowed us to investigate
quantitatively localized furrows and creases which form on the surface of an
elastic medium under compression, and to document the hysteretic transi-
tions between them. We are able to describe the self-similar shapes of these
furrows quantitatively, in agreement with both experiment and neo-Hookean
non-linear elasticity. Based on elasticity theory, we are able to explain the
x ∝ y3/2 scaling of the width of both furrow and crease. These scaling laws
reveal that the elastic singularity is a “true" geometric cusp, and belongs to
the same universality class as caustics in optics and free surface flows.
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1mm

Figure 6.6: Measurement of deformation field with a light sheet based particle imaging
correlation technique. (a) Photograph of the experiment (upside-down: the (deformed) free
surface is located at the bottom of the light sheet, and the liquid inclusion is above it). (b)
Reference state, with particles and liquid inclusion (dark). (c) Deformed state: the grid
occupies the same Lagrangian coordinates as in (b).

6.5 Supporting Information

6.5.1 Particle tracking

Red fluorescent polystyrene microspheres (Invitrogen, 1 µm for tracer studies)
were mixed into the prepolymer (Dow Corning CY52-276) prior to curing.
The gel with particles was cured inside a container with flat transparent walls
on four sides, where the liquid inclusion was located at the bottom of the
container. For the experiment, a hole was drilled into the bottom of the
container in order to connect the liquid inclusion to the needle of a syringe.
The container was then mounted upside-down, and the syringe was operated
by a syringe pump. During an experiment, the particles were illuminated by a
laser-sheet (532 nm, 5mW) through the symmetry axis of the elastic domain,
see fig. 6.6(a). The light sheet filled the entire gap between inclusion and free
surface and was aligned with the focal plane of the observation optics. A mirror
on the side of the container opposite to the laser source reflected the light sheet
back through the sample. This setup allowed for precise deformation tracking
in a single plane of the elastic medium.

The displacements were evaluated by a correlation technique, similar to
Particle Image Velocimetry. In a first run, displacements between successive
frames were evaluated. These displacements were then used to seed the pair
correlation analysis of frames with increasingly different deformation, using
rotation-adapted interrogation windows of 8×8 pixels. The fold length of the
creased state was determined by tracking individual particles at the tip of the
fold.

Figure 6.7 shows the bifurcation points that were measured in axisymmetric
configurations with soft (G=1 kPa) and stiff (G=11 kPa) gels. The bifurcation
points increase approximately linearly with R/`. The experiments with the
stiffer gel require smaller deformations to induce or annihilate the crease.
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Figure 6.7: Bifurcation points db and d0 as a function of the inclusion radius R, both scaled
to ell, the distance from the top of the inclusion to the free surface. Open symbols: soft gels
(G=1 kPa); solid symbols: stiff gels (G=11 kPa).

6.5.2 Experimental determination of the crease morphology

To experimentally confirm the universal morphology of the crease, we also
investigated an alternative geometry (cf. fig. 6.8(a), inset) [160], which consists
of a bent cylindrical rod, so that the interface profile can be assessed in a side
view. The rod (15 mm diameter) is made from a polyacrylamide hydrogel
(G∼3 kPa). It was bent until it creased. The shape of the creased state was
determined by a shadowgraph observed through a telecentric measurement
lens.

An image of the creased rod is shown in fig. 6.8(a). Panel (b) shows the
free surface profile on logarithmic scales. The shape of the free surface is
accurately described by an ideal cusp, y = (ax)2/3, which is the limiting case
ε = 0 of (6.3) from the main manuscript. The deviation from the power law

1 mm

15 mm

Figure 6.8: The creased state, with self-contacting parts of the free surface. a) Shadowgraph
of a soft cylinder that has been bent until it creased (red line: fit with a 2/3-power law). b)
Surface profile of experiment from (a) on log-log scale (points). The red dashed line indicates
the 2/3-power law. The deviation of the experimental data from the power law at small x
could be due to self-adhesion or optical artefacts.
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Figure 6.9: (a) Simulation domain for the smooth furrow. (b) Furrow, induced by displacing
the solid inclusion downward. Grid lines indicate constant Lagrangian X or Y (spacing:
0.5R).

close to the fold is at the limit of the optical resolution.

6.5.3 Numerical solution of the smooth furrow

The simulation is implemented with the nonlinear solid mechanics package
of oomph-lib [170] (Refinable quad elements with pressure, displacements im-
posed with Lagrange multipliers). A custom structured mesh, sketched in
fig. 6.9(a) was designed for simulating an inclusion with a curved boundary
inside an elastic medium. Here we simulate a solid inclusion which we displace
in vertical direction to induce the furrow. Only the right half of the experi-
ment is modeled; the left half follows from the symmetry condition on X = 0.
The top surface of the elastic block is free (vanishing tangential and normal
tractions). On the bottom boundary, all coordinates are fixed (imposing van-
ishing displacement). On X = 0, x = 0 is imposed, whereas y is found from
the condition of vanishing tangential traction. On the curved part near X = 0,
which describes the inclusion,x and y are imposed, modeling a rigid inclusion.
During a simulation, the solid inclusion is successively displaced downward.
For the simulation shown in fig. 6.3(e), (f) of the main manuscript, W = 62R
and H = 57R, where R is the radius of the cylindrical inclusion. The distance
between the free surface and the top of the inclusion was `= 2R.

Although the way of inducing the furrow is different from the experiment
discussed in the main text, the surface profiles exhibit the same universal
shapes (see fig. 6.3). The deformation is visualized in fig. 6.9(b).

6.5.4 Numerical solution of the creased state

The simulation domain is a rectangular block of an incompressible Neo-Hookian
material (see fig. 6.10(a)) with undeformed horizontal and vertical dimensions
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Figure 6.10: (a) Simulation domain (reference state) and boundary conditions for the creased
state. (b) The creased state (fig. 6.4(a)). Black lines indicate material lines of constant
(Lagrangian) X or Y , with a Lagrangian spacing of 0.5. The color code indicates the solid
pressure.

W and H. This block is deformed into a creased state where the free surface
becomes self-contacting over a length 1, as measured in the undeformed state.

On the left boundary of the block, the left-right symmetry of the problem
about X = x= 0is imposed. Right and bottom surfaces are subject to imposed
displacements in the direction of the (undeformed) surface normal, i.e., x=w
and y = h, respectively. The surface-parallel displacements are not imposed
but found from the requirement of vanishing tangential tractions. This effec-
tively causes additional symmetry planes about X =W , x= w and Y =−H,
y =−h. Thus the simulation effectively describes periodic creases of distance
2w on top and bottom surfaces of a block of (undeformed) height 2H.

The top surface is split into two parts. The part X > 1 is a free elastic sur-
face (vanishing shear and normal tractions). For the part ε <X ≤ 1, the hori-
zontal displacement x= 0 is imposed. The top-left corner (X−Y ≤ ε) is “cut”
out of the domain. On the boundary X−Y = ε the displacement is imposed
to match the analytical solution for a folded half-space given by (6.7) [171].
This avoids the troublesome explicit numerical treatment of the tip of the fold.
Here we used ε≈ 0.015.

The deformed domain width w and height h are found by requiring a van-
ishing horizontal traction at X = 1 and a vanishing vertical (shear) traction
at X = ε. The former condition is necessary because a residual traction on
the contact point would open or close the self-contact, giving it a different
Lagrangian length. The latter condition is required to find the vertical equi-
librium position of the fold. The Eulerian length of the self-contact is not
imposed.

The simulation is implemented analogously to the furrow [170]. The creased
state is initiated by imposing the displacements of a fold solution on all 0 <
X ≤ 1, and gradually decreasing the (full) opening angle of the fold from π to
0. During this procedure, both x and y displacements are imposed, and the
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Figure 6.11: Principal stretches at the surface. For X→ 0 (the tip of the fold), the stretches
approach the values of a folded half space.

tractions at (X,Y ) = (1,0) are required to vanish. Upon reaching the complete
fold up to self-contact, the vertical displacement condition is released and the
final boundary conditions (as described above) are applied.

Figure 6.10(b) shows a crease on top of a domain with W = H = 276.
The average stretch is λ̄x = 0.6464, which was found to be approximately the
limiting value for very large domains. Smaller domains lead to smaller average
stretches (see below). The eulerian crease length is L= 0.8459, which is larger
than what the solution of a folded half space would give (1/

√
2 ≈ 0.7071).

Figure 6.11 shows the principal stretches at Y = 0 as a function of X. Close to
the tip of the fold, the stretches approach

√
2 and 1/

√
2, respectively, which

are the values for the homogeneous solution for a folded half space [171].
Figure 6.12(a) shows the dependence of the average horizontal stretch on

the domain size, keeping the aspect ratio H = W = 1. In the limit of very
large domain sizes, the average stretch becomes constant around λ̄x = λ̄c =
0.6464, which is close to the value given in [33]. The problem could also
be nondimensionalized with the domain size, making the crease length l the
parameter that is effectively changed. Then, the crease length can be plotted
as a function of the average stretch (see fig. 6.12(b)). Here, the average stretch
for l→ 0 determines the onset of creasing. The square-root behavior of the
crease length with respect to average stretch (red line) confirms (6.2) of the
main text.



6

102 CHAPTER 6. SHAPE OF SURFACE CREASES

Figure 6.12: (a) Dependence of the average horizontal stretch λ̄x for a crease of Lagrangian
self-contact length 1 on the domain size W for a quadratic domain. (b) Lagrangian crease
length l as a function of average horizontal stretch λ̄x in a domain of W = H = 1. At
λ̄x = λ̄c = 0.6464, the crease length vanishes. Red line: l ∼

√
λc−λ.
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7
Lubrication of soft viscoelastic solids ∗

Lubrication flows appear in many applications in engineering, biophysics, and
in nature. Separation of surfaces and minimisation of friction and wear is
achieved when the lubricating fluid builds up a lift force. In this paper we an-
alyze soft lubricated contacts by treating the solid walls as viscoelastic: soft
materials are typically not purely elastic, but dissipate energy under dynam-
ical loading conditions. We present a method for viscoelastic lubrication and
focus on three canonical examples, namely Kelvin-Voigt-, Standard Linear-,
and Power Law-rheology. It is shown how the solid viscoelasticity affects the
lubrication process when the timescale of loading becomes comparable to the
rheological timescale. We derive asymptotic relations between lift force and
sliding velocity, which give scaling laws that inherit a signature of the rhe-
ology. In all cases the lift is found to decrease with respect to purely elastic
systems.

7.1 Introduction

The ‘art’ of lubrication by thin liquid layers is known since ancient times [172],
permitting motion between adjacent solid surfaces at low friction and wear.
Lubrication is of paramount importance to the safe, reliable, and controlled
operation of many key elements in engineering applications ranging from very

∗Published as: A. Pandey, S. Karpitschka, C. H. Venner and J. H. Snoeijer, Lubrication
of soft viscoelastic solids, Journal of Fluid Mechanics, 779, 433- 447 (2016).
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large scale (planes, windturbines) to microfluidic devices. Synovial joints in
mammals are the archetype of this mechanism in nature. From a theoretical
point of view, the flow of a liquid within a narrow gap can be described by the
lubrication approximation of Stokes equations, first developed by Reynolds
more than a century ago [173]. Since then, lubrication theory has been used
to understand a wide range of phenomena like moving bubbles in a tube [174],
motion of red blood cells in capillaries [175–177], bio-mechanics of articular
cartilage [178, 179] or the physics of ‘Kugel fountain’ [180], to name a few
examples.

Due to the reversibility of Stokes flow in a lubricating layer between rigid
solids, the lift force

L=−
ˆ
TzjnjdA'

ˆ
p dA, (7.1)

on the sliding or rotating bodies vanishes: in a non-cavitating liquid a lubri-
cated contact could not support any load if the bodies were entirely rigid. Here
Tzj are the components of the total stress tensor in fluid, which in the lubrica-
tion approximation is dominated by the isotropic part (given by fluid pressure
p), and A is the area of solid boundary. However, usually the counter-moving
bodies are deformable. Importantly, the deformation was found to break the
reversibility of Stokes flow in the lubricating layer, which generates a lift force
L > 0 between the bodies [181–184]. Not the least motivated by novel biolog-
ical or bio-inspired engineering applications, this problem has been addressed
on many occasions in the last decade. Subjects range from ‘soft lubrication’
[185–187], motion of lubricated eyelid wiper [188], or sticking of particles on
lubricated compliant substrates [189, 190], to translating, spinning particles
near soft boundaries [191–193].

In most studies, the deformation of elastic materials was assumed to adapt
instantaneously to the stresses at their boundaries. In practice, however, most
soft materials like gels, elastomers, or cartilage behave viscoelastically: due
to dissipation, their relaxation behavior is time dependent, and deformation
requires finite time to adapt to changes in the loading. For example, re-
cent experiments show the viscoelastic nature of articular cartilage during
osteoarthritis [194, 195]. Hence the coupling between lubrication pressure and
viscoelastic deformation is crucial in understanding these systems [196, 197].

In this paper we investigate how the lubrication is affected by viscoelasticity
of the deformable boundaries. Figure 7.1(a) shows four principle configura-
tions in steady soft lubrication in a two-dimensional configuration: translation
with constant velocity V (cases (i., ii.)) or rotation with constant frequency
ω (cases (iii., iv.)) of cylinders near a wall. Either the wall (i., iii.) or the
cylinder (ii., iv.) is assumed to be soft. Contrary to freely moving particles,
here we impose translation or rotation on the cylinder to decouple the intricate
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Figure 7.1: (a) Four typical geometries of two-dimensional soft lubrication. The arrows show
the direction of steady motion of the cylinder. If the deformed material is purely elastic in
nature all four have same steady state response when studied in a comoving frame attached
with the cylinder. Viscoelasticity breaks the equivalence among four cases (see text for
details). (b) Schematic of the problem studied here: a steadily moving rigid cylinder close
to a viscoelastic wall, corresponding to case (i.). Note that case (iv.) can be recovered by
setting V → ωR.

particle dynamics from the viscoelastic effects. When the soft material is as-
sumed to be perfectly elastic, adapting instantaneously to changes in loading,
all four cases are equivalent. At constant separation distance, the lift force
and the velocity are then related as L∼ V 2 when deformation is small [186],
and as L∼ |V |3 when deformations are large [182, 184].

Importantly, viscoelasticity breaks the equivalence among the various cases
in fig. 1(a). In cases (ii.., iii.), the deformations are stationary relative to
the material points. In stationary conditions, one only probes the long-time
relaxation and the response is purely elastic. Contrary to this, in cases (i., iv.),
the material points in the deformed body are exposed to a dynamic loading
and the deformations lag behind the steadily moving fluid pressure. This
continuous reconfiguration of the viscoelastic material dissipates energy and
probes the time-dependent rheology of the solid. The key question addressed
here is how the viscoelastic rheology affects the generated lift force.

The paper is organised as follows. In sec. 7.2 we formulate the problem
based on linear viscoelastic response and discuss the solution strategy. Sec-
tion 7.3 presents the deformation profiles for three canonical examples, namely
Kelvin-Voigt-, Standard Linear-, and Power Law-rheology. We show viscoelas-
ticity affects the lift force in these cases, by a combination of numerical solution
and asymptotic analysis. The paper concludes with a discussion in sec. 7.4.
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7.2 Formulation
We focus on the geometry sketched in fig. 7.1(b), where the cylinder is treated
rigid and the lower boundary as viscoelastic. We restrict the analysis to small
deformations, in which case the analysis equally applies to case (iv.), using
the connection V → ωR. Below we first formulate the problem, introduce
dimensionless variables and subsequently explain the solution strategy to solve
the viscoelastic lubrication problem.

7.2.1 Lubrication equation and Viscoelastic deformation

A rigid cylinder of radius R moves with a constant velocity V within a fluid
of dynamic viscosity η. The minimum distance between the cylinder and the
undeformed wall is ∆ (cf. fig. 7.1(b)). In the limit ∆� R, the shape of the
cylinder is described by a parabola in the first approximation and the gap pro-
file is given by h0(x) = ∆+x2/2R= ∆(1+x2/2R∆). Hence, the characteristic
length of the contact zone becomes

`=
√

2∆R. (7.2)

The motion of the cylinder creates a lubrication pressure in the gap and this
in turn deforms the wall. This deformation is characterized by H(x). The de-
formed gap profile is h(x) = h0(x)−H(x). The profile of the thin gap h(x) and
the fluid pressure p(x) in the gap are the unknowns of this coupled problem.
They are related by two equations: the steady state hydrodynamic lubrication
equation, and the relation between load and deformation of a viscoelastic half
space.

We first compute the deformation by treating the lubrication pressure as
a traction acting on a semi-infinite viscoelastic solid layer. The stress in an
incompressible (Poisson ratio ν = 1/2), linear, viscoelastic material under dy-
namic strain is [79]

σij(x,z, t) =
ˆ t

−∞
Ψ(t− t′)ε̇ij(x,z, t′)dt′−Π(x,z, t)δij , (7.3)

where σij is the stress tensor, εij is the strain tensor, Ψ(t) is the shear relax-
ation modulus and Π is the isotropic part of the stress tensor. The overhead
dot represents a time derivative. In this two dimensional setting, deformation
of the viscoelastic wall is assumed to be zero in the y direction - this leads
to the plane strain conditions, for which all the strain components normal to
the page vanish. For the case of inertia-free dynamics, mechanical equilib-
rium is defined by σij,j = 0. We apply a Fourier transform in time (defined as
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f̂(ω) =
´∞
−∞ f(t)e−iωtdt) to (7.3) and σij,j = 0 to get

σ̂ij(x,z,ω) = µ(ω)ε̂ij(x,z,ω), (7.4a)
σ̂ij,j(x,z,ω) = 0 (7.4b)

for the stress-strain relation and the equilibrium condition, respectively. µ(ω)
is the complex shear modulus of the material and is given by

µ(ω) = iω
ˆ ∞

0
Ψ(t)e−iωtdt=G′(ω) + iG′′(ω), (7.5)

where G′(ω) and G′′(ω) are the storage and loss moduli. Equation (7.4) can
be solved for the surface profile H by a Green’s function approach. Recently, a
similar formulation has been used to study dynamic deformation of viscoelastic
substrate under a moving contact line [18]. For an arbitrary, dynamic traction
p̂(x,ω), applied at the top surface of the wall (z = 0), the deformation is given
by

Ĥ(x,ω) =
ˆ ∞
−∞

p̂(x′,ω)K(x−x′)
µ(ω) dx′ (7.6)

where K(x) is the elastic Green’s function. Taking a Fourier transform of (7.6)
in space (defined as f̃(q) =

´∞
−∞ f(x)e−iqxdx), we get

̂̃H(q,ω) = ̂̃p(q,ω)K̃(q)
µ(ω) . (7.7)

The Green’s function for an elastic half-space is K(x) = log |x|
2π , or, in Fourier

space, K̃(q) =− 1
2|q| [106].

In the present problem the cylinder moves at a constant velocity, so that
the dynamical loading has the form of a traveling pressure wave p(x−V t).
This simple form of the temporal loading enables detailed analysis taking into
account the full history-dependent response. Taking Fourier transforms of
p(x−V t) with respect to space and time, we reach ̂̃p(q,ω) = 2πp̃(q)δ(ω+V q),
where δ(ω) is the Delta function. Then (7.7) simplifies to

̂̃H(q,ω) =−πp̃(q)
|q|

δ(ω+V q)
µ(ω) . (7.8)

Now we take a backward transform from ω to t (defined as f(t) =
´∞
−∞ f̂(ω)eiωt dω

2π ),

H̃(q, t) =− p̃(q)2|q|
e−iV qt

µ(−V q) . (7.9)
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The only remaining time dependence is the phase factor e−iV qt, which describes
the translational motion of the cylinder. Hence, in the comoving frame that
travels with the cylinder, the profile becomes

H(x) =
ˆ ∞
−∞
− p̃(q)

2|q|µ(−V q)eiqx dq
2π . (7.10)

This is the first key equation of the problem, relating the lubrication pressure
in the narrow gap to the deformation of the viscoelastic wall.

The second equation is obtained by the steady-state lubrication equation,
describing the Stokes flow in the narrow gap. Using no-slip boundary condi-
tions† at both solids, we get the horizontal velocity component

u(x,z) = V

(
1− z

h

)
+ 1

2η
dp
dx
(
z2−zh

)
(7.11)

where η is the fluid viscosity and dp
dx is the pressure gradient in horizontal

direction. Integrating (7.11) over the gap we obtain the volume flux

Q=
ˆ h(x)

0
u(x,z)dz, (7.12)

which for an incompressible flow at steady state is constant (dQ
dx = 0). In the

comoving frame, it thus leads to

dQ
dx = d

dx

[ 1
6ηh

3 dp
dx +V h

]
= 0, (7.13)

where remind that h(x) = h0(x)−H(x) is the thickness of the liquid layer.
Equations (7.10) and (7.13) form a coupled set of equations that constitute
the viscoelastic lubrication problem. For µ=constant, this is the same set of
equations as for “classical” 2D elastohydrodynamics [182, 184, 198].

7.2.2 Non-dimensionalisation
We use the contact length ` as the horizontal length scale and the gap height
∆ as the vertical length scale. The lubrication pressure then scales as

P∗ = η`V/∆2. (7.14)

The scale of the deformation induced by this lubrication pressure is given by

H∗ = P∗`/2G= ηV R/G∆, (7.15)
†Horizontal motion due to viscoelastic deformation is negligible in the lubrication limit

and the no-slip boundary condition holds on the soft surface.
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where G is the static shear modulus of the viscoelastic material, defined as
G′(ω = 0). Hence, it is natural to introduce the first dimensionless parameter
of the problem as

β ≡ H
∗

∆ = ηV R

G∆2 , (7.16)

which is the ratio of elastic deformation and typical gap size. In this paper
we solve the coupled equations in the limit where H∗ is small compared to ∆,
i.e. β� 1.

In contrast to the purely elastic case, the viscoelastic wall exhibits a re-
laxation timescale τ . This timescale needs to be compared to that of the
dynamical loading due to the lubrication pressure. This pressure evolves on a
timescale τp = `/V , which can be seen as the inverse shear rate at which the
solid is excited. The ratio of these two timescales gives

T ≡ τ

τp
= τV

`
, (7.17)

the second dimensionless parameter in the problem. T is the solid analogue
of the Deborah number of a viscoelastic fluid. Equivalently, T can be inter-
preted as a ratio of two lengthscales and compares the lateral extent of the
viscoelastic deformation to the contact length. If the material relaxes much
faster than the timescale of the changes of its load i.e., T � 1, the mate-
rial behaves purely elastically. If both timescales are comparable (T ∼ O(1)),
viscoelasticity becomes important.

It turns out that β and T are the only two dimensionless groups in the
problem. This is made explicit by introducing a set of non-dimensional vari-
ables,

x= x

`
, z = z

∆ , h= h

∆ , H= H
H∗

, p= p

P∗

t= t

τ
, µ= µ

G
, q = q`, L= L

P∗` .
(7.18)

In the remainder, we will only use dimensionless quantities and thus drop the
overbars.

In dimensionless form (7.10) becomes

H(x) =−
ˆ ∞
−∞

p̃(q)
|q|µ(−T q)eiqx dq

2π , (7.19)

which contains T as a parameter. Likewise, the dimensionless lubrication
equation becomes

d
dx

[dp
dxh(x)3 + 6h(x)

]
= 0. (7.20)
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The deformed gap profile h(x) couples (7.19) and (7.20) by

h(x) = h0(x)−βH(x), (7.21)

where h0(x) = 1 + x2. As anticipated, the problem contains only the two
parameters T and β. In the case of a purely elastic deformation (T = 0), the
solution depends only on β [181, 182, 184].

7.2.3 Solution strategy
We seek a perturbative solution of (7.20) and (7.21) for β� 1, in the spirit of
previous work on thin compressible elastic layers [186]. In this limit, we can
expand p(x) in β as

p(x) = p0(x) +βp1(x) +O(β2). (7.22)

For the leading orders in β we get from the lubrication equation (7.20)

O(1) : d
dx

[dp0
dx h

3
0 + 6h0

]
= 0, (7.23a)

O(β) : d
dx

[dp1
dx h

3
0−3h2

0H
dp0
dx −6H

]
= 0. (7.23b)

Here (7.23a) is the steady state classical lubrication problem with rigid bound-
aries. It can readily be solved with the boundary conditions p0(−∞) = p0(∞) =
0:

p0(x) = 2x
(1 +x2)2 , p̃0(q) =−iπqe−|q|. (7.24)

We note that the zeroth order pressure p0(x) is antisymmetric and does not
contribute to the lift force. Substituting p̃(q) by p̃0(q) in (7.19), we solve for
the deformation

H(x) =
ˆ ∞
−∞

πqe−|q|

|q|

[ iG′(−T q) +G′′(−T q)
G′(−T q)2 +G′′(−T q)2

]
eiqx dq

2π . (7.25)

Subsequently we solve (7.23b) for p1(x). Inspecting (7.25), one can see that
the storage modulus (G′) is associated with the imaginary part of H̃(q) which
gives antisymmetric deformation in physical space. This antisymmetric part
of H(x) breaks the reversibility of the Stokes equation and generates a lift
force. In contrast, the dissipation in the viscoelastic medium (G′′) leads to the
symmetric part of H(x). Given H(x), one can solve for p1(x), and calculate
the lift force (per unit length) on the cylinder

L=
ˆ ∞
−∞

p(x)dx= β

ˆ ∞
−∞

p1(x)dx+O(β2). (7.26)
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It is important to note that the functions p1(x) and H(x) depend only
on T , so that the lift scales as L ∼ β. The proportionality factor, however,
will have a subtle dependence on T ; and hence on the cylinder velocity. The
primary goal of the analysis will be to identify this T dependence for different
rheological models.

7.3 Results
We consider viscoelastic lubrication for three different rheological models for
the wall, each with one single characteristic timescale: the standard linear solid
(SLS), the Kelvin-Voigt model (KV), and a power law gel (PL). In the follow-
ing, we first briefly discuss the elastic case and then introduce viscoelasticity
through the three different models.

7.3.1 Elastic wall (T =0)
For an elastic wall that adopts instantaneously to load changes, the scaled
shear modulus reduces to µ= 1. Solving (7.25), we get

H(x) =− x

(1 +x2) . (7.27)

This deformation is purely antisymmetric, just like p0(x). The first order
pressure p1 is obtained by solving (7.23b) using boundary conditions p1(−∞) =
p1(∞) = 0,

p1(x) = 1−2x2

(1 +x2)4 . (7.28)

The lift force on the cylinder is obtained by integrating over p1(x) and yields

L0 = 3π
16β. (7.29)

Our main interest is to study how the lift force differs from the purely elastic
L0, for various viscoelastic models. The difference will appear when T is
order unity (or larger), for which the viscoelastic solid is excited on timescales
comparable to (or faster than) the relaxation time. For T � 1 the response
will reduce to the elastic case, with L= L0.

7.3.2 Standard Linear Solid Model
The simplest rheological model for a viscoelastic solid is the superposition of a
elastic material and a viscous fluid with frequency-independent viscosity. It is
often represented by a spring and dashpot connected in parallel, which is the
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Figure 7.2: (a) Storage and Loss moduli of SLS for c= 100. (b) Deformation of SLS half space
(c= 100) due to zeroth order lubrication pressure p0 for T = {0.05,1,2,5,20,104} (cf. (7.31)).
Inset: Magnified deformation for T = 104 shows that it regains small T shape. (c) First order
pressure p1 for T = {0.05,1,2,5,20,104}. Inset: Magnified pressure at T = 104. (d) Lift force
on the cylinder as a function of T for three different c values normalised by L0 . The red
dashed line is the small T asymptotic (L/L0 = 1). The blue dashed lines are the large T
asymptotic given by (7.32). The gray curves represent numerically calculated lift force using
the full profile of (7.31). The green dashed curve gives lift force for KV model calculated
using (7.35).

so-called Kelvin-Voigt solid (KV). The KV model is, however, not applicable
to many solids, and we start our analysis with a generalisation of it: the
Standard Linear Solid (SLS) model, which shows exponential stress relaxation
(cf. (7.30a)). In a spring-dashpot representation, a spring and a dashpot are
connected in series to form one arm of the model, and a second spring is
connected in parallel to this arm. The ratio of two spring stiffnesses is given
by c. Both SLS and KV has equilibrium or long-time modulus, a signature of
viscoelastic solid models. The extra spring in SLS provides an instantaneous
modulus which KV lacks. For intermediate frequencies, viscous dissipation
causes an exponential relaxation behavior, characterized by a timescale τ .
In terms of the dimensionless relaxation function Ψ(t) and complex shear
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modulus µ(ω), the SLS reads

Ψ(t) = 1 + ce−ct, (7.30a)

µ(ω) = ω2 + c2 + cω2

ω2 + c2 + i c2ω

ω2 + c2 . (7.30b)

The storage modulus G′(ω) = Re[µ(ω)] and loss modulus G′′(ω) = Im[µ(ω)]
are plotted in fig. 7.2(a) for c= 100. One indeed observes two distinct values
of G′, at low and high frequency respectively.

For SLS model, the viscoelastic deformation is obtained in closed form by
solving (7.25):

H(x) =− x

(1 + c)(1 +x2) + c2e
cx
T+cT

T (1 + c)2 Re
[
e

ic
T+cT

(
Ei
[
−c(i +x)
T + cT

]
+ iπ

)]
,

(7.31)
where Ei is the exponential integral of a complex function z, defined as Ei(z) =
−
´∞
−z

e−t
t dt. The deformation according to (7.31) is plotted in fig. 7.2(b). At

very small values of T , the response is essentially elastic and H is perfectly an-
tisymmetric. Viscoelastic effects become apparent for increasing T , for which
the deformation decreases in amplitude and loses its perfectly antisymmet-
ric form. However, at very high T , the instantaneous elasticity of the SLS
becomes dominant. Hence, for T →∞, one recovers the same profile as for
T = 0, but with an amplitude reduced by a factor 1/(1+ c) (inset fig. 7.2(b)).

Using (7.31), we solve (7.23b) numerically for the first order pressure
p1. Integrating p1 we obtain the lift force L on the cylinder. The resulting
pressures are shown in fig. 7.2(c), while we report the lift force L/L0 (i.e.
normalised by the elastic case) in fig. 7.2(d). As anticipated, L/L0 = 1 in
the limit of small T . The lift decreases upon increasing T : the deformation
H drops in amplitude and its shape develops a symmetric component, both
leading to a reduction in the generated lift force. At very large T , where the
SLS responds as purely elastic with a higher modulus, the shape and pressure
becomes independent of T , and the lift force settles at a constant value. Since
the effective modulus at short-times is smaller by a factor 1/(1 + c), the lift
force in this limit becomes

L/L0 = (1 + c)−1, (7.32)

which is indicated by the blue dashed lines in fig. 7.2(d). All the asymptotic
results are obtained assuming T > 0.

Intriguingly, the numerical results in fig. 7.2(d) suggest an intermediate
asymptotic regime that emerges when c� 1, indicated by a dashed green
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curve. As we will show in the next section, this intermediate regime corre-
sponds exactly to the Kelvin-Voigt (KV) model. It will be shown that for
T � 1, lift force for KV reads L ' 2

3 |T |
−2. Comparing with (7.32), we see

that the intermediate asymptotics is described by

L/L0 = 2
3 |T |

−2, for 1�T �
√
c. (7.33)

This regime can indeed be observed when c� 1, which is naturally expected
to be the case for solids that exhibit an instantaneous elasticity.

7.3.3 Kelvin-Voigt limit
In the limit of c→∞, the instantaneous relaxation of the SLS is suppressed
and one recovers the KV model. The relaxation function and the complex
modulus of the KV model is given by

Ψ(t) = 1 + δ(t), (7.34a)
µ(ω) = 1 + iω. (7.34b)

So for ω � 1, KV behaves as purely elastic, while for ω � 1 it acts as a
Newtonian fluid. The surface deformation of a KV half space is obtained as
c→∞ in (7.31)

H(x;T ) = e
x
T

T
Re
[
e

i
T

(
Ei
[
−(i +x)
T

]
+ iπ

)]
. (7.35)

The green dashed curve in fig. 7.2(d) gives the numerically calculated lift force,
which is indeed the intermediate asymptotics of the SLS model.

We now calculate the asymptotic nature of the lift force for this material
model. At large T , (7.35) reduces to

H(x;T ) = |T |−1(γ+ 1
2 log(1 +x2))

+ |T |−2(x(γ−1) + x

2 log(1 +x2) + tan−1x) +O(|T |−3),(7.36)

where γ is Euler’s constant = 0.577216. Integrating (7.23b), we find

p1 =
ˆ x

−∞
2
( 1
h0

dp0
dx′ + 3

h3
0

)
Hdx′ = |T |−1g1(x) + |T |−2g2(x). (7.37)

Here g1(x) is antisymmetric and makes no contribution to the lift force. The
leading order contribution to the lift force is thus ∼ |T |−2:

L=
ˆ ∞
−∞

p1dx= |T |−2
ˆ ∞
−∞

g2(x)dx= k|T |−2. (7.38)
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Numerical integration over g2(x) appears to give an exact ratio k = π/8 up to
eight decimals. As a result, the large T asymptotics for the lift force becomes

L/L0 = 2
3 |T |

−2, (7.39)

which is the scaling law anticipated before.

7.3.4 Power Law Rheology
Many crosslinked polymers like PDMS, Polyurethane exhibit a power-law re-
laxation behavior at gel point, i.e. both G′(ω) and G′′(ω) scales as ωn. In
general, large degree of polydispersity or a broad relaxation spectrum causes
power law relaxation behavior in polymeric systems [199]. The value of the
exponent n depends on stoichiometry (ratio of prepolymer to crosslinker). For
example, n = 1

2 for a stoichiometrically balanced PDMS, otherwise n varies
between 1/2 and 1 [82]. The rheology of such a Power Law gel (PL) can be
modelled as:

Ψ(t) = 1 + Γ(1−n)−1 1
tn
, (7.40a)

µ(ω) = 1 + (iω)n. (7.40b)

where Γ is the Gamma function. Equations (7.40) require 0 < n < 1, to al-
low for integrability. Figure 7.3(a) shows the corresponding storage and loss
moduli for n= 3/4.

The case where n approaches unity is a singular limit, in the sense that the
limit of large ω and n→ 1 cannot be reversed. At a given frequency ω, the
response of the PL gel approaches that of the KV rheology in the limit n→ 1,
see (7.34b). However, for any value of n < 1, the high frequency asymptotics
of the PL gel is G′ ∼ G′′ ∼ ωn, while for KV one has G′ ∼ ω0. For a given
material of n < 1, we therefore anticipate the lift in the high velocity regime
(T � 1) to be different from the KV behavior. Again, we will find that the
KV model serves as an intermediate regime for the PL solid.

The Fourier transform of the deformation of the PL solid reads

H̃(q) = iπe−|q|q
|q|(1 + (−iT q)n) . (7.41)

The inversion to the physical space has to be performed numerically. The
results are shown in fig. 7.3(b). The inset shows a zoom of a profile of H(x) for
large T . Unlike the SLS model, PL solid does not exhibit an elastic response
at large T , and the profile is not perfectly antisymmetric. Figure 7.3(c) shows
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Figure 7.3: (a) Storage and Loss moduli of PL for n = 3/4. (b) Deformation of PL
half space (with n = 3/4) obtained by numerical backward transform of (7.41) for T =
{0.05,1,2,5,20,104}. Inset: Magnified deformation for T = 104 shows unlike SLS, PL
doesn’t exhibit elastic deformation for large T . (c) First order pressure p1 for T =
{0.05,1,2,5,20,104}. Inset: Magnified pressure profile at T = 104. (d) Lift force on the
cylinder as a function of T for four different n values. The red dashed line is the small
T approximation given by (7.29). The blue dashed lines are the large T asymptotic given
by (7.45). The gray curves represent numerically calculated lift force using the full profile
of (7.41). The green dashed curve gives lift force for KV model. Inset: Data points show
numerically calculated prefactor f(n) as n varies between 0 and 1.

the corresponding pressure profiles (for n= 0.75) and lift forces are shown in
fig. 7.3(d) (gray curves). For small T , the lift force is similar to the elastic
case. For large T , L decreases algebraically with an exponent that depends
on n. The green curve corresponds to the KV model.

We now extract the large T behavior of L, and in particular its dependence
on the rheological exponent n. We expand (7.41) and to leading order, get

H̃(q) =−e−|q|π(−iq)1−n|T |−n

|q|
, (7.42)

which can be inverted to physical space as

H(x;T ) =−Γ(1−n)Re
[ i−n(1 + ix)n

−i +x

]
|T |−n. (7.43)
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Using (7.37) we can write,

p1 = |T |−n
ˆ x

−∞
−3Γ(1−n)Re

[ i−n(1 + ix′)n

−i +x′

]( 1
h0

dp0
dx′ + 2

h3
0

)
dx′

= |T |−nf1(x;n), (7.44)

and the lift force

L/L0 = 16
3π

ˆ ∞
−∞
|T |−nf1(x;n)dx= |T |−nf(n). (7.45)

Hence we find that L ∼ |T |−n. The prefactor f(n) is evaluated numerically
and shown in the inset of fig. 7.3(d). The blue dashed lines in fig. 7.3(d) show
the large T asymptotes, in agreement with the full numerical evaluation.

The KV model again serves as an intermediate regime (green curve), which
now emerges as n→ 1. Comparing (7.45) and (7.39) we find the scaling

L/L0 = 2
3 |T |

−2, for 1�T � (1−n)−1 , (7.46)

where we used that f ∼ (1−n) near n= 1. The upper bound reflects that for
0 < 1−n� 1, the PL gel does not converge to the KV model at very high
frequencies.

7.4 Discussion
We have analyzed how the mechanics of lubricated contacts is affected by vis-
coelastic properties of the solid. We focused on two-dimensional cylindrical
contacts in the limit of small deformations, and considered several different
rheological models for the lubricated solid. Here we briefly summarise the key
findings, presented in physical units, and discuss how the results are gener-
alised to arbitrary form of µ(ω) =G′(ω) + iG′′(ω).

At low lubrication velocities, all rheologies with a non-vanishing static mod-
ulus G=G′(ω = 0) give rise to a purely elastic response. In this case, the lift
force (per unit length) becomes

L0 = 3πη2R2

8G∆3 |V |
2. (7.47)

For the Kelvin-Voigt solid, the large velocity asymptote reads

L= πη2R3

2Gτ2∆2 , (7.48)
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which interestingly corresponds to a lift that is independent of velocity. For
the Power-Law model we find the scaling law

L∼ η2R2`n

G∆3τn
|V |2−n, (7.49)

with a prefactor that depends on the rheological exponent n.
The effect of viscoelasticity is twofold: (i) the resulting deformation is re-

duced in amplitude with respect to the purely elastic case, and (ii) the defor-
mation profile develops a symmetric part. Both effects give a reduction in the
lift force, but the details of this reduction depend on the rheological model.It is
of interest to generalise these findings to arbitrary rheology. One can identify
the relevant scale of the solid deformation upon inspection of (7.25), bearing
in mind that only the antisymmetric deformation contributes to the lift. From
this, we derive that the lift scales as

L∼ η2R2

∆3
G′(|V |/`)

G′(|V |/`)2 +G′′(|V |/`)2 |V |
2, (7.50)

which is indeed consistent with all scaling laws mentioned above. Clearly, this
implies a reduction of the lift force with respect to the elastic response (7.47),
whenever the rheology contains a significant contribution of the storage mod-
ulus. This expression also highlights the importance of both the storage and
a loss modulus to determine the hydrodynamic lift in viscoelastic lubrication:
neither a vanishing nor an infinite G′ will lead to lift.

The presented formulation may be considered as a rheological tool. Indeed,
lubrication has recently been exploited for in-situ AFM measurements of elas-
tic properties of thin films at the microscale [200–202]. Similar experiments
can be performed to measure the lift force on a particle moving steadily in
parallel to a soft boundary. The large V limit of the velocity-lift data thus
obtained may show the viscoelastic signature of the underlying substrate ac-
cording to (7.50). In principle, the entire range of velocity-lift data provides
access to the full rheological spectrum of very soft layers. From a theoretical
point of view, interesting future directions would be to consider the effect of
viscoelasticity on freely moving particles and to release the condition of small
deformation.
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8
Perspective

In this thesis we have studied the mechanics at soft interfaces, in situations
involving wetting (chapter 2, 3), adhesion (chapter 5), lubrication (chapter 7),
interactions (chapter 2, 3, 4) and instabilities (chapter 4, 6). For most of the
phenomena discussed, there is a crucial role for solid surface tension. Solid
capillarity of soft materials is an active area of research that is only begin-
ning to be explored. The wide range of problems presented by the coupling
between surface tension and bulk deformation provoke exciting questions and
provide new perspective to classical concepts. In this chapter, we pose various
questions that originate from our results, discuss potential solution procedures
and postulate plausible answers.

8.1 Sticky particles on a soft interface

The sticky contact between a rigid particle and a soft substrate is governed by
the adhesive interactions between the two surfaces and classically described by
the JKR theory. In chapter 4, we discussed the interaction between two adhe-
sive particles on a soft interface. However, we limited ourselves to the far-field
interaction where the intricate contact details become irrelevant. In chapter 5,
we discussed the embedding of nanoparticles on polymeric substrates in the
presence of line tension effects. There we used an approximate energy func-
tional to incorporate adhesive effects into a free energy formulation. It will
be of interest to lift these restrictions and to provide a complete analysis of

119
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Rigid

Soft

Figure 8.1: Schematic of an adhesive contact (of size `) between a rigid particle and soft
interface. γpv, γsp and γs represent the particle-vapor, particle-substrate, and substrate-
vapor surface tensions respectively. Shape of the deformed interface is denoted as h(r). The
interface meets the particle at an angle θy, given by γs cosθy = γpv−γsp.

both situations. Recently, Karpitschka et al. [15] presented a detailed analy-
sis of the adhesive contact, self-consistently computing the interface shape in
the presence of solid surface tension to recover a wetting angle described by
Young’s law at the contact edge. The situation is sketched in fig.8.1 with the
respective surface energies and the associated contact angle θ. Adding the line
tension term in this theory would indeed be possible,

E [h(r), `] = EK[h(r), `] + 2π`τ. (8.1)

Here EK is the free energy posed in [15] and τ is the line tension. The three
degrees of freedom of the problem are the interface shape h(r), and contact
length `. Nonzero τ leads to a modified contact angle θ given by, cosθ =
cosθy − τR/(γs`

√
R2 + `2). For particles with radius R ∼ τ/γs, the contact

angle becomes unstable, and the particle is engulfed by the interface. A full
solution of the shape h(r) will contain the details of this transition.

Once the deformation around an adhesive particle if fully understood, one
can assess the interaction law between two adhesive particles. In chapter 4 we
found that the attractive interaction force, f ∼ −∇∇2h in the regime where
inter-particle distance d� `. The near-field interaction is challenging to tackle
analytically since it is a mixed boundary value problem, but within the reach
of numerics. Analogous to the drop-drop interaction, we anticipate that the
presence of a second particle would break the azimuthal symmetry of defor-
mation field and the contact angle, and this asymmetry would manifests as
the interaction force. As rigid particles have a fixed shape, the pressure asym-
metry due to interaction might lead to a torque causing shear stress within
the contact region. These scenarios could be tested numerically, by combining
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Figure 8.2: Analogy between a crease and a wedge contact. The top row corresponds to non-
adhesive crease and contact while the bottom row represents their adhesive counterparts.
(a) Schematic of a non adhesive crease and normal traction within the folded region. The
analogous contact problem of a wedge indenter is sketched in (b). The pressure within the
contact has same asymptotic behavior near the singular points T and C, while the traction-
free interface outside the contact follows the cusp scaling of y ∼ x3/2. (c) For an adhesive
contact between the wedge and the substrate, both the pressure and interface shape changes
significantly. Adhesive interactions at the edge cause pressure to become negative, and to
diverge logarithmically. The soft interface meets the indenter at an angle θy, determined by
Young’s law. At distances larger than the elasticapillary length the interface follows y∼ x1/2

(sketches are based on numerical solution of (8.2) and (8.3)). (d) We anticipate the traction
and shape of an adhesive crease to be locally identical to that of the sticky wedge contact.

the work in chapter 2 and the free energy approach of (8.1).

8.2 Towards adhesive creases
The formation of a self folded region comes at an expense of surface energy,
and creases appear once the elastic energy released is higher than this surface
energy barrier [36]. The presence of solid surface tension furthermore intro-
duces self adhesion within the fold and a normal traction outside the fold.
Naturally, we wonder, how would solid capillarity modify the cuspy shape of
the crease? To estimate the shape of adhesive creases, we exploit the analogy



8

122 CHAPTER 8. PERSPECTIVE

with contact mechanics. In chapter 6 we demonstrated that the cusp shape is
a direct consequence of the mixed boundary conditions near point C, in direct
analogy with the Hertz contact in linear elasticity. In fig. 8.2(a) and (b) we
draw an even stronger analogy: the traction and shape of a non-sticky crease,
and the contact between a wedge indenter and a flat elastic substrate. The
wedge has an exact solution within linear elasticity: like the crease, the normal
traction underneath the wedge represents a log singularity at the tip and a
square root behavior near point C. The deformed interface smoothly matches
the slope of the wedge, with a gap opening up like ∼ x3/2.

Introducing solid surface tension in the contact problem changes the sit-
uation qualitatively, as we now first explore for the sticky wedge shown in
fig. 8.2(c). In this particular problem, we can numerically solve for the menis-
cus shape and traction inside the contact, following [15]. The two-dimensional
linear elasticity problem for a wedge indenter of solid-angle β is defined by the
integral equation for the shape h(x):

γsh
′′(x) =−2G

π

ˆ ∞
`

2th′(t)
t2−x2 dt− 2Gcotβ

π
log
∣∣∣∣∣x2− `2

x2

∣∣∣∣∣ , (8.2)

with boundary condition given by Young’s Law (under small angle approxi-
mation),

h′(`) = cotβ− (2W/γs)1/2. (8.3)

The effect of adhesion in encoded within W = γs + γpv− γsp = γs(1 + cosθy),
which is called the work of adhesion. W measures the work needed to separate
two adhesive surfaces and incorporates the Young’s angle. Importantly, and
in contrary to the case without adhesion, the boundary condition implies a
discontinuity in interface slope - this comes with a logarithmically diverging
pressure at the contact edge (cf. the numerical profile in fig. 8.2(c)). The
elastocapillary length governs the shape of the deformed interface; it follows
the crack-like solution of y ∼ x1/2 at distances larger than γs/G, whereas the
meniscus meets the indenter at an angle defined by θ.

For an adhesive crease, we anticipate similar mechanics to govern the shape
of the interface just outside the fold. The work of adhesion in this case becomes
W = 2γs− γss where γss is the surface tension in the self-adhesive fold. For
perfect adhesion, γss = 0, which leads to W = 2γs and a contact angle of π/2
(fig. 8.2(d)). Since crease length L is the only geometric scale in the problem,
the interface shape is governed by the ratio of `ec/L. Based on this, we propose
a schematic of a perfectly adhesive crease in fig. 8.2(d), both for the shape
and the traction. In the absence of adhesion (W = 0) γss = 2γs resulting in a
contact angle of π, and the crease follows the cusp shape. In order to validate
our hypothesis, a full numerical solution of the non-linear elastic equations
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involving surface tension is currently being studied. This could also quantify
how the bifurcation to creasing is modified by surface effects.

8.3 Elastocapillarity & large deformation
Throughout this thesis we have discussed elasticity in the context of small de-
formation and a linear stress-strain relationship (except chapter 6). However,
soft solids very frequently exhibit comparatively large strains that demands a
reconsideration of deformation and stability of these solids from the perspec-
tive of large deformation elasticity. For example, fig. 1.3 of chapter 1 indicates
that deformation near the wetting ridge could in fact be large. Since strength
of the pulling force sets the amplitude of this deformation, non-linear elastic
effects may arise in many soft systems. Hence, for a quantitative comparison
with experiments non-linear constitutive laws should be incorporated in ana-
lytical models. The challenge is that even for the simplest non-linear material
models, the governing equations are analytically intractable, and only solvable
through numerical schemes.

Large deformations also play a crucial role in the final states of the Rayleigh-
Plateau instability in soft solids. Sufficiently soft cylinders spontaneously de-
velop steady, axial undulations along with elongated necks as shown in the
schematic of fig. 8.3. Even though the instability appears through linear per-
turbation, non-linear effects become dominant as narrow, elongated necks ap-
pear. The crucial difference of this elastocapillary instability with its liquid
counterpart is the absence of pinch off in the soft cylinders. We anticipate
this behavior to be analogous to the formation of long threads in the breakup
of viscoelastic jets and the so called ‘beads-on-string’ structure [203, 204].
More generally, it would be of interest to establish the link between strongly
visco-elastic fluids and their solid counterparts studied here.

8.4 It’s worth to consider Shuttleworth
While we have introduced solid surface tension, we have so far silently assumed
it be a constant. However, unlike liquids, elastic interfaces exhibit strain de-
pendent surface free energy γs(ε), where ε is the strain parallel to the interface.
The mechanical consequence of γs(ε) is the surface tension Υs (often referred
to as surface stress), which is given by the Shuttleworth relation [5, 64, 205]

Υs = γs+ dγs
dε . (8.4)

Again unlike liquids we thus need to distinguish between the thermodynamic
quantity γs and the mechanical quantity Υs. Measurements on the existence of
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Stiff

Soft elasticity prevents pinch off

Figure 8.3: Steady, axial deformations appear in soft cylinders due to destabilizing effects of
solid surface tension. This is the solid analog of Rayleigh-Plateau instability that governs
the break up of liquid jets. Elasticity prevents the pinch off singularity in solids forming
narrow, elongated necks.

such a strain dependence, dγs/dε, through wetting experiments have recently
lead to contradictory interpretations. Xu et al. [206] measured significant
increase in surface stress with the applied stretch for silicon elastomers. By
contrast, Schulman et al. [207] concluded the absence of Shuttleworth effect for
a number of elastomers. From an analytical standpoint, the challenge is to self-
consistently resolve the coupling between bulk and surface stresses - potentially
involving large deformations. A recent variational calculation including the
Shuttleworth effect on the selection of the contact angles [208] corroborates
the interpretation of a strong Shuttleworth effect in elastomers [206]. Recent
experiments and analysis [64, 209, 210] also indicate that the Shutteworth
effect gives rise to a strain discontinuity at the three phase contact line. This
strain discontinuity might have interesting consequences in the partial wetting
of thin, slender structures which remains to be explored.
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Summary

The use of soft, polymeric solids in science and technology have shown un-
precedented growth over the last decade. These solids can respond to a wide
range of external stimulus such as pH, humidity, temperature, electric field or
swelling, and consequently act as scaffolds in tissue engineering, valves in mi-
crofluidic devices, self-cleaning surfaces, and active components in soft robots
and metamaterials. One of the distinguishing features of soft solids is the ex-
istence of an interfacial tension strong enough to govern the response of these
materials at macroscopic scales. This thesis explored the interaction of a soft
interface with liquid drops, solid particles, and liquid flow leading to some
new, interesting phenomena. We also brought a new perspective to the clas-
sical creasing instability of a compressed soft solid where the interface folds
onto itself and creates a self contact.

We first addressed the interaction between liquid drops mediated by the
deformed interface, called a meniscus, of the soft substrate(chapter 2 and 3).
Depositing a liquid drop on a soft interface creates a meniscus around it.
When a second drop is placed nearby, it interacts with the first one through
this meniscus much like the floating paperclips that clump together on water.
Experiments showed that the nature of the interaction depends on the ratio of
drop size to substrate thickness; droplets on a thick elastomer substrate attract
each other and coalesce, whereas for substrates with thickness much smaller
than the drop size, the interaction is dominantly repulsive. We quantified these
interactions by developing force-distance curves. A free energy formulation
revealed that the interaction force results from a rotation of the meniscus
from the equilibrium state at the three phase contact line. In fact, we found
that this rotation is proportional to the local slope of the deformed interface
which changes its sign with the decrease in substrate thickness. This causes
the resulting interaction force to change from attractive to repulsive. Since
soft substrates are highly dissipative, drops exhibit a steady, over damped
motion as they interact. In chapter 3 we studied this dynamical interaction
incorporating viscoelasticity of the substrate, and captured the interaction
velocity as a function of inter drop distance.

The meniscus on a soft interface is of elastocapillary origin: a balance
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between surface tension and bulk elasticity determines the shape. How does
the meniscus shape change as the solid become increasingly softer? Does
gravity become important for very soft solids? We answered these questions
in chapter 4 by minimizing a generalized free energy that combines surface
tension, elasticity, and gravity. Our analysis predicted a characteristic shear
modulus that defines the boundary between solid like and liquid like response
of the meniscus. In experiments, these shapes can be realized for very soft
hydrogels which have large volume of water trapped inside an elastic, polymer
network.

Chapter 5 addressed the embedding of nanopartices on a polymer surface.
It was observed in the experiments that below a critical size, silica nanoparti-
cles are engulfed by a soft, polymer surface, while larger nanoparticles adhered
to the interface. We argued that the engulfment is due an effect called line
tension, which tends to minimize the length of the three phase contact line.
Even though the effect of line tension has been previously observed for liquid
interfaces, we demonstrated for the first time its dominance at the nanoscopic
mechanics of soft solid interfaces.

All the chapters discussed above dealt with different aspects of interfacial
deformation of a soft solid either by liquid drops or by rigid solid particles.
However in chapter 6, we studied the surface instability of creasing from a
geometric perspective by analyzing its shape near the self contact. To this
end, we set up an elastic sink flow experiment to gradually induce a crease
on the surface of a block of elastomer. By slowly reducing the volume of
a liquid inclusion inside the soft, solid block, we observed an axisymmetric
deformation of the surface called furrow. Below a critical inclusion size, the
interface broke this axisymmetry and jumped to a two dimensional creased
state. We found that both the furrow and the crease follow the generic cusp
shape, y∼ x2/3. Both finite element simulations and local analysis of nonlinear
elastic equations corroborated the experimental observation of the cuspy shape
of creases. In fact, the cusp shape is a generic feature of singular flow problems
in fluid mechanics, and thus present another example of analogous behavior
of solid interface to that of a liquid.

The interaction of viscous flow with a soft boundary is studied in chapter 7.
Particles moving within a viscous liquid near a deformable boundary experi-
ence a lift force that pushes the particles away from the wall. For a purely
elastic boundary this lift force L∼ V 2 where V is velocity of the particle. We
found that the lift force probes the relaxation timescale of the solid material
if the boundary is dissipative in nature and exhibit a viscoelastic response. In
that case, the lift force follows a scaling of L ∼ V n where n bears the signa-
ture of viscoelastic rheology. The thesis ended with a perspective (chapter 8)
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on some open questions about adhesion and instability at soft interfaces, and
their plausible answers.





Samenvatting

Het gebruik van zachte, polymeer gebaseerde, vaste stoffen in wetenschap en
technologie heeft een ongehoorde groei ondergaan in het afgelopen decen-
nium. Deze stoffen reageren op een breed spectrum van stimuli zoals pH,
luchtvochtigheid, temperatuur, elektrisch veld, of zwelling en worden daarom
gebruikt als skelet bij weefselconstructie, ventiel in microfluidische apparaten,
zelfverschonende oppervlakken, en actieve componenten in zachte robots en
metamaterialen. Een van de uitspringende eigenschappen van zachte vaste
stoffen is het bestaan van een oppervlaktespanning die sterk genoeg is om de
respons van het materiaal op macroscopische schaal te bepalen. Deze scriptie
verkent de interactie tussen een zacht oppervlak en vloeistof druppels, harde
deeltjes, en vloeistofstromingen en dit leidt tot nieuwe en interessante fenome-
nen. We brachten ook een nieuw perspectief op de klassieke vouwinstabiliteit
van een zacht materiaal onder compressie waar het oppervlak op zichzelf vouwt
en daarmee op zichzelf plakt.

Eerst bestudeerden we de interactie tussen millimetrische vloeistof druppels
door middel van de vervorming, meniscus genaamd, van het zachte oppervlak
(hoofdstuk 2 en 3). Het plaatsen van een vloeistofdruppel op een zacht opper-
vlak creëert een meniscus rondom de druppel. Wanneer een tweede druppel
in de buurt wordt geplaatst zal deze met de eerste interacteren door middel
van deze meniscus, net zoals drijvende paperclips op water samenklonteren.
Experimenten hebben laten zien dat de aard van de interactie af hangt van de
verhouding tussen de druppel grootte en de dikte van de het substraat; waar
druppels op en dik elastomeer substraat elkaar aan trekken, is de interactie
voor druppels op substraten die veel dunner zijn dan de druppel grootte voor-
namelijk afstotend. Wij hebben deze interacties gekwantificeerd door kracht-
afstandscurves te ontwikkelen. Een vrije energie formulering onthulde dat de
interactiekracht een resultaat is van een draaiing van de meniscus ten opzichte
van de evenwichtsstand bij de drie fase contactlijn. Feitelijk vonden wij dat
deze rotatie proportioneel is met de lokale helling van het vervormde opper-
vlak dat van teken verandert met de afname substraatdikte. Dit veroorzaakt
de verandering van de interactiekracht van aantrekkend naar afstotend. Om-
dat zachte substraten erg dissipatief zijn bewegen druppels zich gestadig en
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overdempt wanneer zij interacteren. In hoofdstuk 3 hebben we deze dynamis-
che interactie bestudeerd door de viscoelasticiteit van het substraat mee te
nemen, en daarmee de interactiesnelheid als functie van de afstand tussen de
druppels gevangen.

De meniscus op een zacht oppervlak ontstaat uit elastocapillariteit: Een
balans tussen de oppervlaktespanning en de bulk elasticiteit bepaald de vorm.
Hoe veranderd de vorm van de meniscus wanneer de vaste stof zachter wordt?
Wordt zwaartekracht belangrijk voor erg zachte vaste stoffen? We beantwo-
ordde deze vragen in hoofdstuk 4 door een gegeneraliseerde vrije energie te
formuleren die oppervlaktespanning, elasticiteit, en zwaartekracht combineert
en door deze te minimaliseren vonden wij nieuwe vormen. Onze analyse vond
ook een karakteristieke afschuifmodulus die de grens tussen een vaste stof
achtige- en vloeistofachtige response van de meniscus trekt. In experimenten
kunnen deze vormen gerealiseerd worden met hele zachte hydrogels welke een
grote hoeveelheid water in een polymeernetwerk vangen.

Hoofdstuk 5 bespreekt het inbedden van nanodeeltjes op een polymeerop-
pervlak. In experimenten werd geobserveerd dat onder een kritische grootte
silicium deeltjes verzwolgen door een zachte, polymeer oppervlak, waar grotere
nanodeeltjes adsorbeerden aan het oppervlak. Wij argumenteerden dat de
verzwelging een gevolg is van een effect genaamd lijnspanning, die de tendens
heeft om de lengte van de drie fase contactlijn te minimaliseren. Hoewel het ef-
fect van lijnspanning al geobserveerd was voor vloeistofoppervlakken, hebben
wij voor het eerst zijn dominantie bij nanoscopische mechanica van zachte
vaste oppervlakken gedemonstreerd.

Alle hierboven besproken hoofdstukken hebben verschillende aspecten van
de oppervlaktevervorming van zachte vaste stoffen behandeld, zei het door
vloeistofdruppels of door harde vaste deeltjes. Echter, in hoofdstuk 6 hebben
we de oppervlakte instabiliteit van kreukelen uit een geometrisch perspectief
behandeld door zijn vorm te analyseren rond het zelf-contact. Om dit te re-
aliseren hebben we een experiment opgezet van een elastische analoog van
een sink flow gemaakt werd om langzaam een vouw op het oppervlak van een
blok elastomeer te maken. Door het volume van een vloeistofinsluiting in het
blok elastomeer langzaam te verkleinen, observeren we een assymmetrische
vervorming van het oppervlak, groef genaamd. Onder een kritisch insluit-
ingsvolume verbrak het oppervlak deze assymmetrie en sprong naar een twee
dimensionale gevouwen staat. We vonden dat zowel de groef als de vouw een
generieke cusp vorm volgen, y ∼ x2/3. Zowel een eindige elementen simulatie
en een lokale analyse van niet-lineaire elastische vergelijkingen bevestigden de
experimentele observatie van het cusp-achtige vormen van vouwen. In feite
is de cusp vorm een generiek kenmerk van singuliere stromingsproblemen in
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vloeistofmechanica, en daarmee is dit nog een voorbeeld van analoog gedrag
van het oppervlak van een vaste stof met dat van een vloeistof.

De interactie tussen viskeuze stroming met een zacht grensvlak is bestudeerd
in hoofdstuk 7. Deeltjes die bewegen in een viskeuze vloeistof in de buurt van
een vervormbaar grensvlak ondervinden een hefkracht die de deeltjes van het
grensvlak wegduwt. Voor een puur elastisch grensvlak is deze hefkracht L∼V 2

waar V de snelheid van het deeltje is. We vonden dat de hefkracht beïnvloedt
wordt door de relaxatie tijdschaal van de vaste stof als het grensvlak een dissi-
patief karakter heeft en een viscoelastische respons laat zien. In dat geval volgt
de hefkracht een schaling van L ∼ V n waar n, bepaald door de viscoelastis-
che rheologie. De scriptie eindigt met een perspectief (hoofdstuk 8) op enkele
open vragen over adhesie en instabiliteiten bij zachte oppervlakken en hun
mogelijke antwoorden.
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