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Abstract

This thesis concerns predicting wave evolutions in a laboratory basin. These
predictions provide useful information for predicting prescribed wave profiles.
These wave generations are motivated by the need for hydrodynamic labora-
tories. The waves are used to test models of ships and offshore structures in
operational conditions before the real ships and structures are constructed and
operated. Therefore, the waves to be generated should resemble the wave con-
ditions in seas and oceans, where the ships and structures will be operated.

To generate desired waves as stated above is not easy. This is mainly because
the dispersive and nonlinear properties of the waves. For example, in the labora-
tories some waves may give completely different profiles when they are measured
at different positions along the basin. A simple experiment for a bichromatic
wave in a long basin confirm this. After propagating 160 m downstream from the
wave generator, the wave height is about twice the height of that at a position
close to the wave generator.

The wave evolutions are studied using a simple model, a KdV type of equa-
tion (mKdV) that has dispersion properties which is also accurate for relatively
short waves. This model is considered, on the one hand, since the laboratories
are interested in short waves. On the other hand, the model is chosen for its
simplicity to understand the wave phenomena.

An exact solution of mKdV equation is difficult to obtain analytically. There-
fore, approximate solutions are considered, which are sought by applying two
perturbation techniques: a direct perturbation method and the Lindstedt-Poincaré
method.

The approximate solutions of mKdV model obtained using the perturbation
techniques above are compared to direct numerical simulations and experiments
from the literature. The numerical simulations using Finite Element/Finite
Difference Methods are done for the basic equations for surface waves. The
direct perturbation method is not accurate, since it yields the (linear) dispersion
relation which is not accurate in predicting the phase velocity. Moreover, it
does not show large envelope deformation as the numerical simulations and
experiments do for some type of bichromatic waves. This inaccuracy is too
large for spatial and temporal dimensions considered in the long basins.
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The Lindstedt-Poincaré method leads to the nonlinear dispersion relation, which
significantly reduces the error of propagation speed. However, second order
approximation does not reveal large envelope deformations. These deformations
arise from the third order side band interactions. The presence of the third order
free waves that travel with different velocities than the bound waves determine
the recurrence length of the envelope change, and is found to agree with the
numerical results.

Analytical Wave Codes (AWC’s) based on the perturbation techniques above
are constructed. These AWC’s, implemented in Matlab, are used to predict
wave evolutions obtained from experiments and numerical computations, also
for irregular waves. To compute wave elevation at any position there is no need
for time and space-stepping, which makes these AWC’s very efficient.
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Chapter 1

Introduction

This chapter is intended to give an overview of the thesis to general readers.
Therefore, there will not be any formulas, if so they are very basic and can be
neglected without losing the main ideas. It will be started with a brief discus-
sion of general perspective, the contributions of the study in real applications.
Before we continue with a short discussion of a hydrodynamic laboratory, we
will present the main research problem that we want to answer in this study,
which is motivated by wave generations in hydrodynamic laboratories. These
wave generations become more intricate because some classes of waves show
large ’envelope’ deformations during the evolutions. An example of such defor-
mations will be discussed in the section about wave phenomena. Finally, this
chapter will be ended with an outline of the thesis.

1.1 General perspective

Human activities in seas and oceans are so many and there is a tendency to
increase further. Some of those activities are intended for the exploration and
exploitation of plenty natural resources which lie in the seas and oceans, above
and under the bottom. Oil drilling and fisheries are among those activities.
For such activities, maritime structures, ships, ferries, oil rigs, etc. with several
standard requirements, for example safety and comfort, are needed.

In order to achieve those requirements, several tests for the designs of the struc-
tures are required. The tests are often done in wave tanks of hydrodynamic
laboratories. For the testing in the laboratories, conditions that resemble the
conditions in seas and oceans such as waves, currents and wind, should be re-
constructed, since the real structures will be operated in those seas and oceans.
In this thesis we merely study the wave reconstruction.

Wave evolutions in laboratories have widely been studied in several different
ways: experimentally, numerically as well as analytically. Direct numerical
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2 Chapter 1. Introduction

simulations based on the basic equations for surface waves have been done (see
for example [12, 25, 58]). A simplified model for surface elevation, a KdV
(Korteweg-de Vries) type of equation that will be called modified KdV (mKdV),
will be rederived. This mKdV equation has been applied to study surface wave
evolutions in several articles, see for examples [8, 19, 20, 21]. From this equation
we will derive a complex amplitude equation: based on the narrow-banded
spectrum assumption we obtain the modified NonLinear Schrödinger (mNLS)
equation. We will show that this mNLS equation is more general than the NLS
equation presented by Boyd and Chen [6].

The main concern of this thesis is the development of an Analytical Wave Code
(AWC) to predict uni-directional surface wave evolutions from given informa-
tion of the waves, represented by prescribed signals of one point measurements.
This will be discussed in the next section. The AWC is based on an approx-
imate analytical solutions of the mKdV equation by applying a perturbation
technique that takes the so-called third order side band contributions into ac-
count. Finally, the performance of the AWC in predicting waves is studied by
comparing the predictions with direct numerical simulations as well as experi-
ments for two types of waves: bichromatic and irregular waves. We note that
for some cases, even a bichromatic wave is not easy to predict, especially when
it shows large envelope deformations. For comparisons, we use the direct nu-
merical simulations done by Westhuis [58], and the experiments conducted at
MARIN by Westhuis and Huijsmans [56].

Figure 1.1 shows the general perspective of the study in this thesis. The Ana-
lytical Wave Code is the main concern of the work. The dark arrows connecting
two rectangles show the contents of the work. On the other hand, the light ar-
rows represent work that is not discussed in detail, even though the experiments
and direct numerical simulations are very important for the comparisons with
the predictions using the Analytical Wave Code.

Seas & oceans A towing
    tank

   Basic 
equations

       Simplified
equation (mKdV)

    Amplitude
equation (mNLS)

Direct Numerical
      Simulation

Experiments

COMPARISONS

Analytical Wave
    Code (AWC)

Figure 1.1: The general perspective of the thesis.



1.2. The main interest 3

1.2 The main interest

Figure 1.2 is a schematic plot of a two dimensional wave tank in a hydrody-
namic laboratory. We consider a very big tank, with dimensions of 5 m deep
and approximately 200 m long. At one side of the tank a wave generator is
installed to produce waves by pulling and pushing the generator. In that way,
the generated waves travel to the other side (here to the right), and at the end
of the tank there is a ’beach’ that acts like a wave absorber. Hence, the presence
of reflecting waves running to the left is prevented, or at least minimised, such
that the waves traveling to the right are the only significant ones.

Predict u(x,t)

5 m

Beach

200 m

u(x=x    ,t)=s(t)
Wave

generator

0

Figure 1.2: Schematic plot of a wave tank.

The main interest of this thesis is to predict how waves evolve if at one point
(say at x = x0) in the tank, but away from the wave generator, the waves give a
prescribed signal s(t), see Figure 1.2. Hence, we deal with the signaling problem.
The prescribed signal resembles the signal measured from wave conditions in seas
or oceans on a laboratory scale. For practical purposes, a model of a maritime
structure is positioned for testing in the presence of waves.

The prediction of the right traveling waves becomes intricate due to the presence
of so-called dispersion and nonlinearity. Their presence exhibits some phenom-
ena of wave evolutions, one of them is a large envelope deformation that will be
discussed in the next section. A measured signal of a wave at a point close to
the wave generator may be completely different from a signal taken at a point
far away from the wave generator. Knowledge of such wave properties is very
important for dealing with the signaling problem above. A good prediction of
the surface elevation, including at the point where the wave generator is, will
provide very useful information for generating specified wave profiles.

This topic has been part of the LABMATH project between two hydrodynamic



4 Chapter 1. Introduction

laboratories, Maritime Research Institute Netherlands (MARIN) and Indone-
sian Hydrodynamic Laboratory (IHL), and the Applied Analysis & Mathemat-
ical Physics group at the University of Twente and the Center of Mathematics
at Institut Teknologi Bandung (P4M-ITB). This project is intended to give
scientific support to the daily practice of generating waves in the laboratories.

1.3 A hydrodynamic laboratory

It is already mentioned that new designs of maritime structures such as ships,
ferries and oil rigs need to be tested, usually on model scales, in a hydrodynamic
laboratory before the actual structures are constructed and operated. The tests
are intended to get precise information about the hydrodynamic properties and
performance of the designs, with respect to safety, comfort and optimisation of
the construction cost of the actual structures.

For such tests a hydrodynamic laboratory usually has several facilities. Each
facility is used for specific testing purposes, therefore in general, these facilities
have different dimensions, and are equipped differently as well. Take as an
example MARIN that is located in Wageningen, the Netherlands [64]. This
laboratory has several facilities such as a sea keeping and manoeuvring basin
(SMB), a deep water basin, a shallow water basin, an offshore basin and a high
speed basin. The SMB is used to study seakeeping and manoeuvring properties
of ships. This basin has dimension 170 m × 40 m × 5 m. It is equipped with
330 individually controlled wave maker segments on two sides of the basin and
adjustable beaches on the opposing sides. This facility also has a carriage, a
device to tow a ship model and/or to facilitate measurements during a test, with
a maximum speed 6 m/s.

The dimension of the offshore basin is 45 m x 36 m x 10.5 m. This basin has sys-
tems for generating waves, current and wind. Current profiles over large water
depths, even opposite current at different water depths can be generated. The
bottom is adjustable such that the water depth can be varied up to a maximum
of 10.5 m. This enables for testing in shallow and deep water conditions. In
addition, this basin has a pit with a diameter of 5 meter that gives the opportu-
nity to perform tests at 30 meters water depth. This makes the basin dedicated
to Deep Water mooring tests up to 3,000 m.

The Deep Water Towing Tank is equipped with a carriage that has speed up to
9 m/s. This 250 m x 10.5 m x 5.5 m tank is dedicated for resistance and self-
propulsion tests, flow observations and various measurements of hydrodynamic
forces. For testing performance of a ship in this tank, waves are generated while
the ship is kept at fixed position or sails through the tank. In the situation that
the ship sails through the tank, it may be towed by the carriage or it may sail
by self propulsion.

In chapter 5 we use experimental results that have been conducted in the SMB
for some comparisons with predictions of the AWC’s. For these needs, uni-
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directional waves have been generated in this three-dimensional tank in which
the side walls are present. However, we may assume that the generated waves
are uni-directional waves, see [56], because of the following. First, the wave
elevations along the cross section of the tank do not vary. Second, the reflected
waves have been minimised by the wave absorber(s), therefore they are not
substantial.

1.4 Wave phenomena in laboratory basins

Surface wave evolutions in laboratory basins have been extensively studied, see
[31, 32, 39, 53]. In this section we present some wave phenomena observed in
the laboratory. We start with a simple example of waves, a cosine wave with
amplitude a

u(x, t) = a cos(kx − ωt).

At time t = 0 this wave is shown in Figure 1.3. The wave number k and
the (angular) frequency ω are related by the so-called dispersion relation. This
relation determines the wave velocity, two waves with different frequencies travel
with different velocities. Waves with this property are called dispersive. For
water waves, shorter waves travel slower.

Wave length

Amplitude

Figure 1.3: A cosine wave at t = 0.

Another wave property is nonlinearity. In a very simple case, nonlinearity mod-
ifies the wave profile from the cosine form as shown in Figure 1.4. For water
waves, the wave profile due to nonlinearity is flatter in the trough and steeper
in the crest, called cnoidal form.

In practical situations the dispersion and nonlinearity develop much more com-
plex wave phenomena, such as large envelope deformations and breaking. Some
reviews on water waves can be found in [26, 61, 62] or more recently in [14].
Recent observations of wave group evolution in wave tanks were reported in
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Crest

Trough

Figure 1.4: Wave profile due to nonlinearity. The solid line is a cosine form,
and the dotted line has a cnoidal form.

[53] and in [56] for the case of bichromatic waves. In the following subsections
we will present the evolutions of small and large amplitude bichromatic waves.
These examples are computed numerically by Westhuis, see [58]. However, these
have been proved to be in a good agreement with experiments. In a laboratory
a bichromatic wave is usually generated as a superposition of two cosine waves
with different frequencies, even though one can also take nonlinear properties
of the wave at this point, see [47]. Note that in this section the position x = 0
refers to the position of the wave generator. For simplicity of the mathematical
computation in chapter 4 and 5, however, we will use x = 0 for any point in the
tank where the prescribed signal is given.

1.4.1 Small amplitude wave evolutions

In the laboratory, waves are often measured at a fixed point. Hence, we get a
wave signal for an interval of time. Figure 1.5 shows signals of a bichromatic
wave recorded at several positions. The wave amplitude is up to 8 cm in a tank
of 5 m deep, which is considered as a small amplitude wave, and the wave length
is 7 m.

Some observations can be made from this figure. The wave amplitude varies
from 0 up to 8 cm. This is due to the destructive and constructive interferences
of the cosine waves that compose this bichromatic wave. There are 9 waves be-
tween two subsequent 0 amplitude waves, which are called a wave group. During
the evolution the envelope of the wave group, an imaginary curve connecting
the crests of the waves, does not reveal large deformations. This is completely
different from an example that we will discuss below.
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Figure 1.5: Record samples from small amplitude bichromatic wave at positions
x = 10, 40, 80 and 120 m from the wave maker. For this numerical results, the
horizontal and vertical axes are time in sec and elevation in m, respectively.

1.4.2 Large amplitude wave evolutions

In the previous section, we have stated that completely different signals may
be obtained from the same waves when they are measured at different posi-
tions along the tank. In the following we present a ’simple’ example of this
phenomenon, i.e. a large envelope deformation of a bichromatic wave. Such
evolution has been observed experimentally by Stansberg [49] and Westhuis &
Huijsmans [56], and numerically by Westhuis [58]. However, the investigation
of the envelope deformations, modulation-demodulation, has been started more
than three decades ago by Benjamin and Feir [5]

Figure 1.6 shows a record example of a bichromatic wave measured at several
positions which reveal large envelope deformations. At x = 10 m (see Figure
1.6 (a)) the wave amplitudes are up to 16 cm (the wave height is up to 32 cm)
in a wave tank of 5 m deep. We consider this as a large amplitude wave. As
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Figure 1.6: Record samples from large amplitude bichromatic wave at positions
x = 10, 40, 80, 120, 160 and 200 m from the wave maker.
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the previous example, the wave length is 7 m, and there are 9 waves within a
group.

While traveling downstream from the wave generator, the wave deviates as ob-
served in Figure 1.6 (b) - (f), showing a large envelope deformation phenomenon.
This phenomenon starts with a purely bichromatic wave at a point close to the
wave maker. Then the wave height increases as observed at x = 40 m and 80 m.
The asymmetry of the wave group is clearly observed, each group tends to lean
forward. At x = 120 m the wave group becomes steep, and the wave height is
almost twice of the original one. At this point the asymmetry of the wave group
is hardly noticed. The opposite occurrence is observed at x = 160 and 200 m,
the wave height decreases, and each group tends to lean backward. Analysing
the spectrum of this wave, it is observed that new side band frequencies appear.

This example shows that predicting wave evolutions is not easy, although it is
possible as we will show in chapters 4 and 5. A Bichromatic wave is just a
simple example, since at a point close to the wave maker this wave is merely
composed of two cosine waves. However, it already shows a phenomenon that
is not easy to reconstruct analytically. In practical situations, we will deal with
more complex waves than just a bichromatic wave. Irregular waves, laboratory
terminology for waves composed of many modes as observed in seas and oceans,
show more complex phenomena, even when these are small amplitude waves.

1.5 Outline of the thesis

The thesis consists of six chapters. Although they are relatively independent,
in chapter 3 we discuss perturbation methods for ordinary differential equa-
tions which facilitate a better understanding of the theory that will be used in
chapter 4 and chapter 5. Below is a summary of each chapter.

Chapter 2

Some surface wave models are presented in this chapter. The main interest is
to find a model for uni-directional waves with exact dispersion properties. We
start with the discussion of the basic equations for surface waves, and then, a
derivation of Boussinesq type of equations. These Boussinesq equations have
the exact dispersion relation as the basic equations. Finally, from these Boussi-
nesq equations we derive mKdV, a model for uni-directional waves with exact
dispersion properties, using uni-directionalisation procedure.

Chapter 3

Asymptotic methods to find approximate solutions of nonlinear differential equa-
tions are discussed. We will restrict the analysis to ordinary differential equa-
tions. The methods and ideas, however, are equally useful for the perturbation
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analysis of partial differential equations. As a classical example we take a non-
linear extention of the harmonic oscillator equation. First, we apply a naive
perturbation technique, by approximating the solution with a series expansion
in small amplitude. This approximate solution gives a good approximation for
small period of time. We observe that this nonlinear harmonic oscillator equa-
tion yields bounded solutions as long as the amplitude is small. However, the
approximate solution linearly grows in time, therefore it is not a good approxi-
mation for a large time period. Since we consider a large time period, we need
to improve the method above. In this improved method both the approximate
solution and its frequency are expressed as series expansions in the amplitude.
This method is known as the Lindstedt-Poincaré technique, which prevents the
linear growth of the approximate solution.

Chapter 4

Some numerical and experimental bichromatic waves reveal large envelope de-
formations during the evolutions. In this chapter we investigate this envelope
deformation phenomenon analytically. To do that, we apply mKdV model, and
perturbation techniques to find its approximate solutions. A naive perturba-
tion and the Lindstedt-Poincaré methods are applied. The direct second order
approximation obtained from the naive method is found to underestimate the
wave propagation speed, which is improved by applying the nonlinear dispersion
relation obtained in the Lindstedt-Poincaré method. The large envelope defor-
mations, however, can not be explained from the second order theory, but from
third order. We show that third order side band contributions quadratically de-
pend on the quotient of amplitude and wave number (or frequency) difference,
and become essential if this quotient is large. However, if this quotient is too
large, the perturbation techniques above break down. Hence, the wave number
(or frequency) difference is an additional perturbation parameter that needs to
be taken into account.

Chapter 5

This chapter is the main part of the thesis, the construction of Analytical Wave
Codes that will be used to predict waves based on a given signal from one point
measurement, say at x = 0. This signal is only given for a finite time-interval
T . The prescribed signal is assumed to be periodic with the period T . Hence,
this signal can be expressed in a Fourier series.

The same perturbation methods as in chapter 4 are applied to find an ap-
proximate solution of mKdV equation. The difference is that we now consider
waves with ’many’ frequencies, instead of two. The amplitude spectrum of the
lowest order contribution (of the solution) should be determined such that at
x = 0 the approximations satisfy the prescribed signal up to the relevant orders.
Three approximations will be considered: direct second order approximation,
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second order approximation with nonlinear dispersion relation and third order
side band approximation. Analytical Wave Codes are developed based on these
approximations: AWC1, AWC2 and AWC3, respectively. In predicting waves
AWC1 underestimates the wave propagation speed, that can be improved by
AWC2. Both are not capable to predict large envelop deformations of wave
groups. AWC3, which also takes the nonlinear dispersion into account, can pre-
dict an envelope deformation, show amplitude increase as the direct numerical
results and experiments. Asymmetry of the envelope during the evolution is
also observed.
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Chapter 2

Surface wave models

This chapter is a discussion of some surface wave models. The main interest is to
present a derivation of a uni-directional wave model with exact dispersion prop-
erties and a quadratic nonlinearity from the basic equations for surface waves.
This uni-directional model will be used in chapter 4 to investigate bichromatic
wave evolutions, and in chapter 5 to develop an analytical wave code for predict-
ing (irregular) wave evolutions. This derivation will give a general perspective
of the relation between direct numerical results based on the basic equations, as
done by Westhuis in [58], and the corresponding analytical solutions obtained
from the uni-directional model in this thesis. Moreover, the numerical results
have been proved to be in good agreement with experiments, hence we will also
compare the analytical approximations with the experiments.

To do that, we start with the Hamiltonian structure of the basic equations for
surface waves where most of the discussion is given in [18]. These basic equa-
tions are based on assumptions of an inviscid, incompressible and irrotational
fluid. Following [4], Boussinesq-type equations are derived after approximating
the kinetic energy. These Boussinesq-type equations have the exact dispersion
relation as the basic equations. Using uni-directionalisation argument in [18] we
derive the uni-directional model which is a KdV-type equation. We finally end
this chapter with a derivation of an amplitude (NLS-type) equation. This is
more general than the relation between standard KdV and NLS equations that
was presented in [6]. We note that the solutions of the NLS equation are re-
stricted to narrow-banded spectra, but the solutions of a KdV-type equation are
not. Hence, solutions obtained from the KdV-type equation are more general
than solutions found from the NLS equation.

Since the interest is to give a general overview that yields a connection of the
experimental and direct numerical results with analytical approximations based
on a simplified model, many details are left out. These details, however, can
easily be found in the cited references.

13
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2.1 Hamiltonian structure of the basic equations

2.1.1 Basic equations for surface waves

We consider a layer of two-dimensional incompressible fluid (water) over an even
bottom, see Figure 2.1. Note that the fluid is assumed to be unbounded in x-
direction. We assume that at the free surface there are no over taking waves.
This assumption enables us to write the free surface elevation as a function
η(x, t) measured from the undisturbed level z = 0.

z = −h

-
x

6z

η(x, t)

Figure 2.1: The fluid domain D(η) above an even bottom z = −h. The free
surface elevation is described by the graph of a function z = η(x, t).

Let D(η) denote the domain of the fluid i.e.

D(η) = {(x, z) : −h < z < η(x, t)}.
Assuming that the fluid flow is irrotational at some time t = t0, then it follows
that the flow remains irrotational for all time t. Mathematically, this implies
that the particle velocity can be expressed as the gradient of velocity potential
φ(x, z), i.e. u(x, z) = ∇φ(x, z). Since the fluid is incompressible, divu(x, z) = 0
leads to

∆φ = 0 in D(η).

In the following the density is normalised to 1. We consider an impermeable
bottom such that no fluid particles are able to cross the bottom. This means
that the normal component of the potential velocity at the (even) bottom is
zero. This leads to the condition at the bottom

∂φ

∂z
= 0 at z = −h.
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The momentum equation leads to the Bernoulli equation. At the free surface,
after neglecting surface tension, this gives the dynamic boundary condition

∂tφ = −1
2
|∇φ|2 − gη at z = η(x, t).

Finally, the condition that no fluid flows through the surface leads to the kine-
matic boundary condition:

∂tη = −∂φ

∂x

∂η

∂x
+

∂φ

∂z
at z = η(x, t).

Derivations of these equations can be found in standard text books, e.g. [13, 28].
These equations have been extensively studied for direct numerical simulations
(see for examples [12, 25, 58]) and analytically ([48, 63]). In chapters 3 and 5
we will use some numerical results given in [58] for comparisons with analytical
results obtained from a uni-directional model.

In practical situations both in laboratory or numerical wave tanks, there are
some additional boundary conditions. In the laboratories the additional bound-
ary conditions are due to the presence of the side walls, the ’beach’ and the wave
maker(s). In the numerics this is due to the restriction of the numerical domain
that should be finite. Experiments for uni-directional waves, however, show that
there is no significant effect of the side walls, see [56]. Measurements along a
line perpendicular to the wave propagation give signals that are similar. And,
reflecting waves have significantly been minimised by the wave absorber(s). In
the direct numerical simulation done by Westhuis [58] the boundary conditions
at the wave maker and the beach have been modeled and treated as in the real
wave tank.

2.1.2 Hamiltonian formulation

From now on we introduce the notation ϕ to denote the potential velocity at
the free surface z = η(x, t), i.e.

ϕ(x, t) = φ(x, z = η(x, t), t).

We define a Hamiltonian H(ϕ, η) as the total energy of the fluid expressed in
two variables at the free surface ϕ and η that is given by

H(ϕ, η) = P (η) + K(ϕ, η), (2.1)

where P (η) and K(ϕ, η) are the potential energy and kinetic energy, respec-
tively. Choosing z = 0 as reference level and neglecting the surface tension, the
potential energy is given by

P =
∫ ∫ η(x,t)

z=0

gz dzdx =
1
2

∫
gη2dx, (2.2)
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where g is the acceleration due to gravity.

The kinetic energy reads

K =
1
2

∫
D

|∇φ|2dxdz, (2.3)

where φ should be found by solving the following boundary value problem

∆φ = 0 in D ≡ {(x, z) : −h < z < η(x, t)} (2.4)
φ = ϕ at z = η(x, t) (2.5)

∂φ

∂z
= 0 at z = −h. (2.6)

By solving this boundary value problem, φ depends on the given functions ϕ and
η at the free surface. Hence, the kinetic energy can be expressed as a functional
of ϕ and η.

Now it turns out that the basic nonlinear surface equations can be described as
a Hamiltonian system with ϕ and η as canonical variables in Hamiltonian (see
[18].):

∂t

(
ϕ
η

)
=

(
0 −1
1 0

)(
δϕH
δηH

)
. (2.7)

2.1.3 Transformation of basic variables

For the discussion later on, we will consider a new variable u different from the
surface potential ϕ, defined by

u(x, t) = ∂xϕ(x, t), (2.8)

and express the Hamiltonian in the variables u and η. The Hamiltonian in this
new variable reads

Ĥ(u, η) = H(ϕ, η). (2.9)

Observe that this is well-defined, since the kinetic energy is invariant by adding
any constant to ϕ, H(ϕ + constant, η) = H(ϕ, η).

On substituting (2.8) and (2.9) into (2.7), after dropping the hat, we have the
following Poisson system

∂t

(
u
η

)
=

(
0 −∂x

−∂x 0

)(
δuH
δηH

)
. (2.10)

For the derivation of Boussinesq equation in section 3.3, we will use this Poisson
system, instead of the Hamiltonian system (2.7).
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2.2 Approximation for the kinetic energy

The Hamiltonian system (2.7) and the Poisson system (2.10) are exact. How-
ever, they cannot be expressed explicitly in the form of ϕ (or u) and η. This is
due to the expression of the kinetic energy (2.3). In this section we introduce
an approximation for the kinetic energy that enables us to write the Poisson
system (2.10) in explicit expressions of the potential velocity at free surface u
and the free surface elevation η.

To start with, we note that |∇φ|2 = div(φ∇φ) − φ div(∇φ). The second term
in the right hand side vanishes, since div(∇φ) ≡ ∆φ = 0 in D(η). Using Gauss’
divergence theorem, the kinetic energy can be written as

K =
1
2

∫
D

div(φ∇φ)dxdz =
1
2

∫
∂D

φ
dφ

dn
ds. (2.11)

Let D̄ = {(x, z) : −h < z < 0}. We use continuation argument by extending the
domain of the potential velocity φ(x, z) from D to D ∪ D̄. Hence, the kinetic
energy can be split into KD̄ and KDD̄

K = KD̄ + KDD̄, (2.12)

where

KD̄ =
1
2

∫
∂D̄

φ
dφ

dn
ds, (2.13)

KDD̄ =
1
2

∫ ∫ η(x)

z=0

|∇φ|2dzdx. (2.14)

Note that when infinitesimally small waves are considered, the integral (2.14)
is small. Neglecting the integral (2.14), the kinetic energy is only given by KD̄.
This leads to the linear theory of surface water waves.

Before we proceed, let φ̂(k, z) be the Fourier transform of φ(x, z) with respect
to the variable x:

φ(x, z) =
∫

φ̂(k, z)eikxdk.

Since φ satisfies Laplace equation in the domain D̄ and the condition (2.6) at the
bottom, this implies that φ̂(k, z) should satisfy φ̂zz − k2φ̂ = 0 and φ̂z|z=−h = 0.
Hence, we have

φ̂(k, z) = α(k) cosh k(z + h). (2.15)

Since we restrict to the real potential velocity φ, therefore, α satisfies

α(−k) = α∗(k),

where the star denotes the complex conjugate.
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It is now possible to write this approximate kinetic energy explicitly in u and
η. We start with the kinetic energy in the domain D̄ that reads

KD̄ =
1
2

∫
φ(x, 0)

dφ

dn
(x, 0)dx =

1
4

{
∂

∂z

∫
φ2(x, z)dx

}∣∣∣∣
z=0

=
1
4

{
∂

∂z

∫
|φ̂(k, z)|2dk

}∣∣∣∣
z=0

=
1
4

∫
|α(k)|2

{
∂

∂z
cosh2 k(z + h)

}∣∣∣∣
z=0

dk

=
1
2

∫
|α(k)|2k cosh kh sinh kh dk

=
1
2

∫
û(k) · R̂2(k) · û∗(k)dk (2.16)

where

R̂(k) =

√
tanh kh

k

û(k) = α(k)k sinh(kh).

Observe that û is the Fourier transform of the potential velocity at the undis-
turbed surface

u(x) = ∂xφ(x, z = 0, t).

Writing (2.16) back in the physical space we have

KD̄ =
1
2

∫
uR2udx, (2.17)

where R is the pseudo-differential operator that corresponds to the function
R̂. The action of the operator R can only be described in Fourier sense:
R(exp(ikx)) = R̂(k) exp(ikx).

The integral (2.14) will be approximated by neglecting the vertical fluid velocity.
In doing so, the kinetic energy KDD̄ is easily found to be

KDD̄ =
1
2

∫ ∫ η(x)

z=0

(
∂φ

∂x
(x, z)

)2

dzdx =
1
2

∫ ∫ η(x)

z=0

(
∂φ

∂x
(x, 0)

)2

dzdx

=
1
2

∫ ∫ η(x)

z=0

u2(x)dzdx =
1
2

∫
u2η dx. (2.18)

2.3 Boussinesq equations

The Boussinesq model consists of two equations, and involves two unknowns: a
potential velocity and the surface elevation. Although in the following discussion
we consider the potential velocity at the free surface, there are actually several
options of potential velocities to be considered, e.g. the depth-integrated flux
(see in [36, 37, 46]) or the velocity at an arbitrary level (see in [41, 46]). A
review of Boussinesq-type of equations for gravity waves can be found in [38].
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2.3.1 Linear Boussinesq equations

In this subsection we only consider infinitesimally small waves such that the
kinetic energy K can be approximated by KD̄. Hence, the Hamiltonian H(u, η)
is approximated by

Hlin(u, η) = KD̄ + P =
1
2

∫
{uR2u + gη2}dx. (2.19)

Using this approximation the Poisson system (2.10) reads

∂t

(
u
η

)
=

(
0 −∂x

−∂x 0

)(
δuHlin

δηHlin

)

which are linear Boussinesq-type equations

ut + gηx = 0, (2.20)
ηt + ∂xR2u = 0. (2.21)

This is a set of linear dispersive equations which has exact dispersion properties.
A single equation for surface elevation η can easily be found by eliminating u:

ηtt = g∂2
xR2η.

This equation gives a solution that represents waves running to the right and
to the left. Since it is linear, the general solution is given by a superposition of
modes

η(x, t) =
∫

[α(k) cos {kx − ωt} + β(k) cos {kx + ωt}] dk,

where k and ω satisfy the exact dispersion, ω =
√

gk tanh(kh), and α(k) and
β(k) are component amplitudes of wave modes running to the right and to the
left, respectively.

2.3.2 Nonlinear Boussinesq equations

The nonlinear Boussinesq-type equations are derived using the approximate
kinetic energy presented in the previous section. The Hamiltonian H(u, η) reads

H(u, η) = KE + P =
1
2

∫
{uR2u + u2η + gη2}dx. (2.22)

On substituting this into (2.10) we have

ut +
1
2
∂xu2 + gηx = 0 (2.23)

ηt + ∂x(uη) + ∂xR2u = 0. (2.24)

These are Boussinesq-type equations that have exact dispersion properties and
a quadratic nonlinearity.
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2.3.3 Transformations to normalised variables

In the following we normalise the Boussinesq-type equations (2.23) and (2.24)
by introducing transformations of variables

x = hx̃, z = hz̃, t =
√

g/h t̃,

u =
√

gh ũ, η = hη̃,

and wave parameters; wave length, wave number and frequency

λ = hλ̃, k = k̃/h, ω = ω̃
√

g/h.

On substituting this into (2.23) and (2.24), and dropping the tildes, we come to
Boussinesq-type equations in normalised form

ut +
1
2
∂xu2 + ηx = 0 (2.25)

ηt + ∂x(uη) + ∂xR2u = 0, (2.26)

where R is given by R(k) =
√

tanh k
k . We note that we use the same notation

R for the differential operator and the corresponding function in normalised
variables in the sense that R exp(ikx) = R(k) · exp(ikx). Suryanto in [50] used
(2.25) and (2.26) to study reflection properties of hydrodynamic beaches. In his
study the surface elevation, which in fact represents bi-directional waves, are
decomposed into incident and reflecting waves.

Replacing R2 by the Taylor expansion up to second order in k

R2(k) ≈ 1 − 1
3
k2,

we come to the standard Boussinesq equations

ut + ηx +
1
2
∂xu2 = 0 (2.27)

ηt + ux +
1
3
uxxx + ∂x(uη) = 0. (2.28)

2.4 Uni-directionalisation to a KdV-type equa-
tion

In this section we present a derivation of a model equation of waves that mainly
propagate to one direction. The model, which has exact dispersion properties
and a quadratic nonlinearity, is a variant of KdV equation that is also capable
to model relatively short waves.
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2.4.1 Transformation to uni-directional variables

We start by introducing a transformation from u and η to new variables r and
s given by

(
r
s

)
= A

(
u
η

)
, with A =

( 1
2R 1

2

1
2R − 1

2

)
. (2.29)

The variables r(x, t) and s(x, t) are candidates of waves mainly propagate to
the right and to the left, respectively, as we see in the following.

We use the notation R−1 for the inverse of the operator R, in the sense that

R−1 (exp(ikx)) =
1

R(k)
exp(ikx).

On substituting transformation (2.29) into (2.25), we have

∂t

(
r
s

)
= A

(
0 −∂x

−∂x 0

)
AT

(
δrH̄(r, s)
δsH̄(r, s)

)
, (2.30)

where the Hamiltonian H̄(r, s) = H0(r, s) + H1(r, s). After using∫ [
R−1r)(Rs) + (Rr)(R−1s) − 2rs

]
dx = 0,

H0 and H1 are given by

H̄0(r, s) =
1
2

∫ [
2r2 + 2s2

]
dx (2.31)

and

H̄1(r, s) =
1
2

∫ [
(R−1r)2r − (R−1s)2s + 2(R−1r)(R−1s)r

−2(R−1r)(R−1s)s − (R−1r)2s + (R−1s)2r
]
dx. (2.32)

Observe that

A

(
0 −∂x

−∂x 0

)
AT

is skew-symmetric, which implies that the transformation preserves the Hamil-
tonian structure. This means that the Hamiltonian H̄(r, s), which is the total
energy, is conserved. The equation (2.30) now becomes

∂t

(
r
s

)
=

( −Γ 0
0 Γ

)(
δrH̄(r, s)
δsH̄(r, s)

)

=
( −Γ 0

0 Γ

)(
2r + δrH̄1(r, s)
2s + δsH̄1(r, s)

)
(2.33)

where Γ = 1
2∂xR.
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2.4.2 Uni-directionalisation

In the lowest order, the equation (2.33) is decomposed into two equations of
waves running to the right r, and to the left s:

rt + ∂xRr = 0,

st − ∂xRs = 0.

Hence, we already have a uni-directional model which has exact dispersion prop-
erties, but this model is still linear. To get nonlinear equations for waves mainly
propagate to the right (or to the left) is not straightforward, since the contri-
butions of r and s are coupled in the Hamiltonian component H̄1(r, s). In the
following we restrict to the case that contribution of waves run to the left s
is small. In hydrodynamic laboratories such restriction is done by generating
waves (using wave generators) at one side of the tank that (are forced to) prop-
agate to the other side.

Since the contribution of s(x, t) is small, we can replace H̄1(r, s) in (2.33) by
H̄1(r, 0). This leads to an equation for r which has the exact dispersion prop-
erties as the basic equations and a quadratic nonlinearity:

rt + ∂xR

[
r +

1
2
R−1

(
r · (R−1r)

)
+

1
4

(
R−1r

)2
]

= 0. (2.34)

To observe this equation for the limiting case of long waves, we proceed the
following. Consider a long wave r1(x, t), and write it in the form

r1(x, t) =
∫

α(k, t)eikxdk, where α(k, t) =
1
2π

∫
r1(x, t)e−ikxdx.

Since r1(x, t) is a long wave, there should be a small number K0 (0 < K0 << 1),
such that α(k, t) = 0 outside the interval [−K0,K0]. Therefore, r1(x, t) becomes

r1(x, t) =
∫ K0

−K0

α(k, t)eikxdk.

Introduce the notation for the dispersion relation

Ω(k) = k

√
tanh k

k
. (2.35)

For small k this dispersion relation can be approximated by the Taylor expansion

Ω(k) ≈ k − 1
6
k3 + O(k5).
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The differential operator ∂xR applied to this long wave can be approximated as
follows

∂xR (r1(x, t)) =
∫ K0

−K0

α(k, t)Ω(k)eikxdk

=
∫ K0

−K0

α(k, t)
[
k − 1

6
k3

]
eikxdk

=
[
∂x +

1
6
∂3

x

]
r1(x, t).

On the other hand, applying to r1(x, t), the nonlinearity has the form

∂xR

[
1
2
R−1

(
r1 · (R−1r1)

)
+

1
4

(
R−1r1

)2
]

=
∫ K0

−K0

∫ K0

−K0

α(k1, t)α(k2, t)µ(k1, k2)ei{k1+k2}xdk1dk2,

where

µ(k1, k2) = (k1 + k2)R(k1 + k2)
[
1
2

1
R(k1)R(k1 + k2)

+
1

R(k1)R(k2)

]
.

Observe that for |k1|, |k2| << 1, µ(k1, k2) can well be approximated by

µ(k1, k2) ≈ 3
4
(k1 + k2).

This implies

∂xR

[
1
2
R−1

(
r · (R−1r1)

)
+

1
4

(
R−1r1

)2
]
≈ 3

4
∂x (r1(x, t))2 .

Hence, for this limiting case, the equation (2.34) is nothing else, but the standard
KdV equation

rt + rx +
1
6
rxxx +

3
4
∂xr2 = 0. (2.36)

In the following we show that up to second order r in equation (2.34) can be
replaced by η. In other words, based on the uni-directionalisation the surface
elevation η is governed by equation (2.34). To do that, we rewrite (2.34) in the
form

∂tr = −Γ
(
2r + δrH̄1(r, 0)

)
.

That gives

∂t(r − s) = −Γ
(
2(r − s) + δrH̄1(r, 0)

) − [∂ts + 2Γs] .

Since r and η are the same in the lowest order, this leads to

∂tη = −Γ
(
2η + δηH̄1(η, 0)

) − F,
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where the forcing F is given by

F = ∂ts + 2Γs.

Hence, the surface elevation evolves according to a KdV-type equation with the
presence of a force.

The expression of F shows that the force merely contains waves traveling to the
left. Before we proceed, observe that the inverse transformation (2.29) reads

2r = η + Ru,
2s = −η + Ru.

Restricting on an initial condition u0 = u(x, 0) and η0 = η(x, 0) which gives
s0 = s(x, 0) small compared to η0, implies that F is also small and remains
small for finite time-interval. In this case, the surface elevation η is governed by

ηt + ∂xR

[
η +

1
2
R−1

(
η · (R−1η)

)
+

1
4

(
R−1η

)2
]

= 0.

Details for standard KdV equation is given in [17, 18].

In chapter 4 and 5 we will use a KdV-type model that has exact dispersion
properties as the basic equations for surface waves and the quadratic nonlinear-
ity given by the standard KdV. In normalised variables, this equation has the
form

ut + iΩ(−i∂x)u +
3
4
∂xu2 = 0. (2.37)

From now on, we use the function u for the wave elevation, and we end this
section with the following remark.

Remark 2.1 Throughout our discussions we use the term modified KdV (mKdV)
equation that refers to the equation (2.37). In this equation we use the notation
Ω for both the differential operator and the dispersion relation, given by (2.35),
in the sense that Ω(−i∂x) exp(ikx) = Ω(k) exp(ikx). We use the notation K,
defined by K(ω) = Ω−1(ω), the inverse function of Ω. Obviously, we have

Ω(−k) = −Ω(k) and K(−ω) = −K(ω),

as shown in Figure 2.2.

2.5 Amplitude equation for mKdV model

The Nonlinear Schrödinger (NLS) and NLS-type equations have extensively
been applied to study wave modulations, see in [1, 2, 35, 51]. In this section
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ω

K ω

Figure 2.2: Exact dispersion relation.

we present a derivation of a generalised NLS (gNLS) equation from a KdV-type
equation. To do that, we consider a KdV-type equation in the form

ut + iΩ̃(−i∂x)u + auux = 0. (2.38)

Replacing Ω̃ with Ω and a with 3
2 , we have mKdV equation (2.37). Brief deriva-

tions of NLS and gNLS equations from mKdV equation were given in [20, 22].

Replacing Ω̃ with Ωbc = ck − bk3, we have a KdV-type equation in the form

ut + cux + buxxx + auux = 0. (2.39)

Boyd and Chen have used this equation to study weakly nonlinear wave-packets
and presented a derivation of the NLS equation from this equation (see [6]). We
will show that the derived NLS-type equation below is more general than the
NLS equation given in [6].

2.5.1 Dispersive distortion

We start with the general, but linear solution of the equation (2.38)

u(x, t) =
∫

α(k)ei[kx−Ω̃(k)t]dk + c.c., (2.40)

where α is the spectral function of the field at t = 0. Introduce the notation Θ(k)
to denote the phase of mode with wave number k that satisfies the dispersion
relation

Θ(k) = kx − Ω̃(k)t.
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The linear solution u in (2.40) can also be written in the form

u(x, t) = A(x, t)eiΘ(k̄) + c.c., (2.41)

where

A(x, t) =
∫

α(k)ei[{k−k̄}x−{Ω̃(k)−Ω̃(k̄)}t]dk

=
∫

α(k̄ + κ)ei[κx−{Ω̃(k̄+κ)−Ω̃(k̄)}t]dκ. (2.42)

Obviously, this complex amplitude A(x, t) satisfies

At + i[Ω̃(k̄ − i∂x) − Ω̃(k̄)]A = 0, (2.43)

since

At = −i

∫
{Ω̃(k̄ + κ) − Ω̃(k̄)}α(k̄ + κ)ei[κx−{Ω(k̄+κ)−Ω(k̄)}t]dκ.

The notation Ω̃(k̄ − i∂x) − Ω̃(k̄) should be interpreted as follows:

[Ω̃(k̄ − i∂x) − Ω̃(k̄)] exp(iκx) = {Ω̃(k̄ + κ) − Ω̃(k̄)} exp(iκx).

Introducing the transformation

t = τ, ζ = x − Ω̃′(k̄)t,

the equation (2.43) becomes

Aτ + iΩ̃2(−i∂ζ)A = 0, (2.44)

where
Ω̃2 = Ω̃(k̄ + κ) − Ω̃(k̄) − Ω̃′(k̄).

We note that the linear amplitude equation (2.44) is exact and valid for narrow-
banded as well as broad-banded spectra.

2.5.2 Nonlinear effects

To incorporate the nonlinearity in the deformation of the envelope amplitude,
the generation of a second order double harmonic bound wave and a variation
of the equilibrium level is anticipated:

u = A0e
iΘ(k̄) + Be2iΘ(k̄) + C + c.c. (2.45)

The amplitudes A0, B and C are allowed to vary slowly in the frame of ref-
erence, and B and C are of second order in the amplitude A0. The slowly
varying assumption implies that only narrow-banded spectra are considered. It
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is natural to restrict to solutions u which are, either, square integrable in time
(decaying at infinity) or are periodic with some period T . In the case

∫
udx = 0,

and the variations in the equilibrium level should satisfy at any time t, we have∫
Cdx = 0.

Before we proceed, we make the following remark:

Remark 2.2 For A0e
iΘ(k̄) is given by the first order of the Ansatz (2.45), we

have
iΩ̃(−i∂x)

(
A0e

iΘ(k̄)
)

= i
[
Ω̃(k̄ − i∂x) (A0)

]
eiΘ(k̄).

This notation will be clear for simple examples below.

i) For Ω̃(k) = k2

i(−i∂x)2
(
A0e

iΘ(k̄)
)

= −i∂2
x

(
A0e

iΘ(k̄)
)

= −i
[
∂2

xA0 + 2ik̄∂xA0 − k̄2A0

]
eiΘ(k̄)

=
[
Ω̃(k̄ − i∂x) (A0)

]
eiΘ(k̄),

ii) For Ω̃(k) = k3

i(−i∂x)3
(
A0e

iΘ(k̄)
)

= −∂3
x

(
A0e

iΘ(k̄)
)

= −i
[
∂3

xA0 + 3ik̄∂2
xA0 − k̄2∂xA0 − ik̄3A0

]
eiΘ(k̄)

=
[
Ω̃(k̄ − i∂x) (A0)

]
eiΘ(k̄).

Inserting the Ansatz in the equation gives a residue that has to be made as
small as possible. This residue is given by

Rres + R2 + h.o.t.

where h.o.t. means higher order terms. The resonant and second order residues
read

Rres =
[
∂tA0 + i

{
Ω̃(k̄ − i∂x) − Ω̃(k̄)

}
A0 + aik̄

{
A0C + A0C̄ + Ā0B

}]
eiΘ(k̄)

and

R2 = i
[
Ω̃(2k̄)B − 2Ω̃(k̄)B + ak̄A2

0

]
e2iΘ(k̄) +

[
Ct + Ω̃′(0)Cx +

a

2
∂xA0Ā0

]
.

Before we continue, we introduce the notations

γ0 =
1

Ω̃′(k̄) − Ω̃′(0)
and γ2 =

k̄

2Ω̃(k̄) − Ω̃(2k̄)
.
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Making the second order residue R2 = 0 defines the second order coefficients.
Obviously, we have

B = aγ2A
2
0, (2.46)

and
Ct + Ω′(0)Cx +

a

2
∂xA0Ā0 = 0.

The last equation can be written

Cτ − Ω(k̄)Cζ + Ω′(0)Cζ +
a

2
∂ζA0Ā0 = 0.

Assuming that Cτ is of higher order than the other terms, therefore it is ne-
glected here, we have

−Ω(k̄)Cζ + Ω′(0)Cζ +
a

2
∂ζA0Ā0 = 0,

which gives an explicit expression for C in the form

and C =
a

2
γ0[|A0|2 − I0] with I0 =

∫
|A0|2dx. (2.47)

Finally, to avoid resonant terms by making Rres = 0 and applying (2.46) and
(2.47), we have an equation for A0 that is given by

∂τA0 + a2γ0I0k̄A0 + iΩ̃2(−i∂ζ)A0 + iγ̃|A0|2A0 = 0

with
γ̃ = a2(γ0 + γ2).

This result can be simplified by introducing an additional phase in A0:

A0 = Aea2iγ0I0k̄ζ

leading to
∂τA + iΩ̃2(−i∂ζ)A + iγ|A|2A = 0. (2.48)

Approximating Ω̃2 with the Taylor expansion

Ω̃2 =
1
2
Ω̃′′(k̄)κ2 +

1
6
Ω̃′′′(k̄)κ3 + O(κ4).

Let β2 and β3 denote

β2 = −1
2
Ω̃′′(k̄) and β3 = −1

6
Ω̃′′′(k̄).

Taking this approximation up to second order in κ leads to the standard Non-
linear Schrödinger (NLS) equation

Aτ + iβ2Aζζ + iγ̃|A|2A = 0. (2.49)
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In [6] Ω̃(k) was replaced by Ωbc, therefore, the NLS equation reads

Aτ + i3bkAζζ − i
a2

6bk
|A|2A = 0. (2.50)

Comparing the NLS equation (2.50) and the gNLS equation (2.48), the gNLS
equation is more general, since the NLS equation (2.50) is obtained after taking
the Taylor approximation of Ω̃2 up to second order in κ and replacing Ω̃(k) by
Ωbc(k).

We note that the NLS equation derived from the KdV equation (2.39) is always
the defocusing case; envelope solitary waves cannot be found as solutions of
such KdV equation. For the wave number larger than a critical value k ≥ kcrit,
however, the NLS equation derived from the modified KdV equation (2.37)
yields the focusing case, where the NLS equation does have a solitary solution,
meaning that the mKdV has envelope solitary wave solutions.

For the surface wave problems, we have β3 6= 0. Approximating Ω̃2 up to third
order in κ leads to

Aτ + iβ2Aζζ + β3Aζζζ + iγ̃|A|2A = 0.

This result is an amplitude equation for broader spectra and known as the
Dysthe NLS (dNLS) equation (see [15, 16, 52]).
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Chapter 3

Perturbation Methods

In this chapter we consider asymptotic methods to find approximate solutions
of nonlinear differential equations. Most part of the discussion is contained
in [23]. We will restrict the analysis to ordinary differential equations. The
methods and ideas, however, are equally useful for the perturbation analysis
of partial differential equations that we will discuss in the next chapters. The
perturbation techniques we will present in the following can be found in some
standard text books: e.g. [27, 40, 29, 30].

As a classical example to which the ideas can be best illustrated is to find
the solution x(t) that satisfies a nonlinear extention of the harmonic oscillator
equation

ẍ + x + x2 = 0, for t > 0, (3.1)

with the initial condition
x(0) = ε, ẋ(0) = 0.

The dot represents the derivative with respect to the temporal variable t. Ne-
glecting the nonlinearity, the solution is simply the motion of the harmonic
oscillator:

x1(t) = ε cos t.

For small ε this may well be a good approximation of the nonlinear equation
also. We note that for the linear oscillator, all solutions have the same period,
2π, that is independent of amplitude.

Writing y = εx the initial values are normalised: y(0) = 1, ẏ(0) = 0, but now
the ’small’ parameter ε appears in the equation:

ÿ + y + εy2 = 0. (3.2)

This shows more clearly that the contribution of nonlinearity is ’small’ (as long
as y remains bounded). The equation (3.2) is often called weakly nonlinear
because it is indeed nonlinear but reduces to linear when ε = 0.

31
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Before discussing perturbation methods, we will investigate the global properties
of the solutions by phase plane analysis. In most cases this is not possible but
here we can exploit the standard analysis for Newtonian systems:

ẍ = −∂V

∂x

where V is the potential energy given by

V (x) =
1
2
x2 +

1
3
x3.

The plot of this potential energy and the phase portrait of solutions are given
in Figure 3.1. From this figure we conclude that for (3.1), all solutions with ε
smaller than a critical value are periodic. One phenomenon that is not directly
visible from the phase plane analysis is that the periods of the periodic motion
depend on the amplitude (on ε), in contrast to the linear equation for which
every solution has period 2π. This can, however, be expected by observing that
the equation can be written like

ẍ + ω2(x)x = 0,

with ω2(x) = 1 + x. Here the period depends on the solution, but it is not
known in advance. It can therefore be expected that perturbation methods will
also have to be able to vary the frequency with ε.

3.1 Naive perturbation method

We consider an approximate solution in the form of series expansion

x(ε, t) = εx1(t) + ε2x2(t) + ε3x3(t) + · · · . (3.3)

On substituting this into (3.1), this series expansion leads for each xk, k ≥ 1 to
an equation in the form

ẍk + xk = Fk

where Fk depends on the functions xj , j ≤ k − 1 and is therefore known in a
successive solution strategy. The solution of this linear equation can be found
explicitly. However, even though the forcing Fk is bounded, the solution does
not have to be bounded. When the forcing is periodic with the period as the
solution of the homogeneous equation, the phenomenon of resonance appears.

3.1.1 The linear oscillator driven by forces

Before we discuss the naive perturbation method in detail, we will recall some
examples. The explicit solution of

ü + ω2
0u = a cos ωt, ω 6= ω0
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Figure 3.1: Plots of the potential energy V and the phase portrait of solutions of
equation (3.1). The perturbation analysis is for the bounded, periodic solutions.
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is given by
u(t) =

a

ω2
0 − ω2

cos ωt.

This shows that the solution is bounded, and is forced to be periodic with the
same period of the driving force. It is quite different for ω = ω0, which gives

u(t) =
a

2ω0
t sin ω0t;

that is unbounded, growing linearly in time. The unboundedness is a conse-
quence of the forcing with the same period as the natural frequency ω0 of the
system. This phenomenon is called resonance.

Resonance will be essential in the discussion of a nonlinear dispersion relation
for water waves in the next chapters. Therefore, it is important to investigate
whether the resonance occurs, as an example, in the equation

ü + ω2
0u = f(t).

In other words, can we give conditions on f that guarantee that the solution is
uniformly bounded. Consider the following cases:

i) f is periodic.
The answer will be clear if f is periodic with period T0 = 2nπ

ω0
, where n

is a positive integer. Hence, f can be expanded as a Fourier series, and
the requirement must be that the coefficients in the front of the term with
eiω0t vanish, i.e.∫ T0

0

f(t) cos ω0t dt = 0, and
∫ T0

0

f(t) sin ω0t dt = 0.

These conditions on f are known as solvability conditions.

ii) f is not periodic.
In the case f is not periodic, but square integrable, Fourier-integral meth-
ods can be applied. We now consider the following example with complex
notation for simplicity

ż + iω0z = f(t).

Writing

f(t) =
∫

F (ω)e−iωtdω; F (ω) =
1
2π

∫
f(t)eiωtdt

the solution reads

z(t) =
∫

F (ω)
iω0 − iω

e−iωtdω.

We now show that z(t) is bounded. The last integral seems to have a singu-
larity at ω = ω0. To investigate the behaviour near ω0, write ω = ω0 + σ.
Hence, we have

z(t) = e−iω0t

∫
F (ω0 + σ)

−iσ
e−iσtdσ.
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Observe that

d

dt

∫
F (ω0 + σ)

−iσ
e−iσtdσ =

∫
F (ω0 + σ)e−iσtdσ

= eiω0t

∫
F (ω)e−iωtdω = eiω0tf(t).

The explicit solution reads

z(t) = e−iω0t

∫ t

eiω0sf(s)ds

known as the variation of constant formula. This shows that no reso-
nance will appear: the solution remains uniformly bounded, even though
F (ω0) 6= 0, i.e. even when the fundamental frequency ω0 is present in
the driving force. Of course, when the driving force is periodic, resonance
appears as we have already seen above. The equation

ż + iω0z = Ae−iω0t

gives z(t) = Ate−iω0t which also follows from the variation of constant
formula:

z(t) = e−iω0t

∫ t

eiω0sAe−iω0sds = Ate−iω0t.

The explanation of this seemingly discrepancy is the difference in energy-
content in the resonant forcing. The energy is finite for square integrable
functions, and hence infinitesimally small per unit time, while the energy
is infinite for the periodic forcing (finite per unit time). This is also seen
from looking at the increase in ’energy’ over a time interval T :

|z(T )|2 − |z(0)|2 =
∫ T

0

∂t|z(t)|2dt = 2Re
∫ T

0

z(t)f(t)dt.

In practical situations the analysis above leads to some confusions when energy
content is not taken into account properly. We will have to deal with this in
the analysis for the nonlinear dispersion relation for nonlinear wave equation
further on, and therefore make the following remarks.

Remark 3.1 In practical situation, we are dealing with signals that were mea-
sured, ’given’ only for a finite time, say

s(t), t ∈ [0, T ].

Then, in principle there are two ways to continue the mathematical reasoning:
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i) Extend the signal by zero outside the given time-interval. This then leads
to a square integrable function

s0(t) =
{

s(t), t ∈ [0, T ],
0, t 6∈ [0, T ],

where

s0(t) =
∫

ŝ0(ω)e−iωtdω, ŝ0(ω) =
1
2π

∫
s0(t)eiωtdt =

1
2π

∫ T

0

s0(t)eiωtdt.

Approximating the integrals by Riemann-sum, there results

s0(t) =
∑

ŝ0(n · ∆ω)e−i∆ω·t·n∆ω.

ii) Make a T−periodic continuation of the signal, and use Fourier series:

s(t) =
∑

cne−i 2π
T t·n, cn =

1
T

∫ T

0

s(t)ei 2π
T t·ndt.

The relation between the methods will be clear now: the choice ∆ω = 2π
T leads

to complete agreement, provided that

cn = ŝ0(n · ∆ω) · ∆ω for ∆ω =
2π

T
,

which shows the appearance of the length T of the time interval in the relation
between the discrete and continuous spectra.

3.1.2 Direct approximation

We are now back to the discussion of the naive perturbation method and proceed
up to third order. On substituting (3.3) into (3.1) and taking into account the
initial conditions, we have

ẍ1 + x1 = 0, x1(0) = 1, ẋ1(0) = 0, (3.4)
ẍ2 + x2 = −x2

1, x2(0) = 0, ẋ2(0) = 0, (3.5)
ẍ3 + x3 = −2x1x2, x3(0) = 0, ẋ3(0) = 0. (3.6)

Clearly the solution for x1 is given by x1 = cos t. Hence, the forcing of the
equation x2 is given by x2

1 = cos2 t = 1
2 (1 + cos 2t). The solution for x2 can be

written as
x2(t) = −1

2
+

1
3

cos t +
1
6

cos 2t.
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The terms − 1
2 and 1

6 cos 2t of this solution are due to the forcing of the equation.
The term 1

3 cos t is a solution of the homogeneous equation and taken into
account to satisfy the initial conditions. This idea is also considered in the
next chapters when free waves are taken into account to compensate bound
waves such that the solutions satisfy the initial signal.

The forcing of the equation x3 can be expanded (after some straightforward
calculation) to

−2x1x2 = −1
3

+
5
6

cos t − 1
3

cos 2t − 1
6

cos 3t. (3.7)

The solution can be written down, but the appearance of the source 5
6 cos t

indicates that resonance will appear:

x3(t) = −1
3

+
5
12

t sin t +
83
144

cos t − 1
9

cos 2t − 1
48

cos 3t.

Hence, up to third order, the solution reads

x(ε, t) = ε cos t + ε2(−1
2

+
1
3

cos t +
1
6

cos 2t)

+ε3(−1
3

+
5
12

t sin t +
83
144

cos t − 1
9

cos 2t − 1
48

cos 3t).

The interpretation of this solution is as follows. For small value of t > 0, in
fact for t in any interval of length, t ∈ [0, T ], this is a good approximation for
ε sufficiently small, since the third order term, although increasing linearly in
time, is bounded by constant ε3T , and a same result hold for the other terms. In
practice, however, we want to go further and have a solution that is also correct
for larger values of time, as an example, in the next chapters we deal with long
time wave evolutions in long wave tanks of hydrodynamic laboratories. Since the
solution is known to be bounded (for small value of ε) for all time (from phase
plane analysis), we would even like to have an approximation that holds for all
time, also t → ∞; an approximation with this property is called a uniformly
valid approximation. Clearly the approximation constructed above does not
satisfy this criterion, since ε3t will explode for t → ∞ at fixed ε.

3.2 Improved perturbation method

The naive perturbation method above (series expansion in ε) does not give a
possibility to prevent the linear growth in time, since this is caused by the
resonance phenomenon in the equation for x3. Moreover, this method does not
give any solutions in which their periods depend on the solutions themselves
as already predicted using the standard analysis for Newtonian system. All
improved perturbation techniques are based on creating more flexibility in the
Ansatz for the solution so that this resonance can be prevented. Throughout
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this section the initial conditions are neglected. If one needs to take these
conditions into account, they simply need to add the corresponding solution(s)
of the homogeneous equation as presented in the previous section.

In the following we will present one technique, which will be called the amplitude-
phase method, for reasons to become clear soon. For the problem discussed
above, we take an Ansatz

x(ε, t) = ε cos[(ω0 + εω1 + ε2ω2 + . . . )t] + ε2ξ2 + ε3ξ3 + . . . .

The expansion on the frequency above is known as Lindstedt-Poincaré method.
On substituting this Ansatz into the right hand side of (3.1), we have residual

Res = A(1)ε + A(2)ε2 + A(3)ε3 + O(ε4),

where

A(1) = (−ω2
0 + 1) cos[(ω0 + εω1 + ε2ω2 + . . . )t],

A(2) = ξ̈2 + ξ2 + cos2[(ω0 + εω1 + ε2ω2 + . . . )t]
−2ω1 cos[(ω0 + εω1 + ε2ω2 + . . . )t],

A(3) = ξ̈3 + ξ3 + 2ξ2 cos[(ω0 + εω1 + ε2ω2 + . . . )t]
−(2ω2 + ω2

1) cos[(ω0 + εω1 + ε2ω2 + . . . )t].

The Ansatz will be a good approximation to the solution provided that the
residual is small. Particularly, to get an approximation up to third order, the
condition A(j) = 0 for j = 1, 2, 3 should be satisfied. These conditions will yield
solutions for ωj and ξj that needs to be computed consecutively as follows.
Taking A(1) = 0, we find that ω0 = 1. Next, the resonant and non-resonant
terms in A(2) should be taken to be zero separately, which give a condition

2ω1 cos[(ω0 + εω1 + ε2ω2 + . . . )t] = 0 ⇒ ω1 = 0

and an equation

ξ̈2 + ξ2 + cos2[(ω0 + εω1 + ε2ω2 + . . . )t] = 0.

Neglecting the initial conditions, the forcing cos2[(ω0 + εω1 + ε2ω2 + . . . )t] of
the equation ξ2 gives solution

ξ2 = −1
2

+
1
6

cos[2(ω0 + εω1 + ε2ω2 + . . . )t].

Hence, the term −2ξ2 cos[(ω0 + εω1 + ε2ω2 + . . . )t] in A(3) (after some simple
calculations) equals to

5
6

cos[(ω0 + εω1 + ε2ω2 + . . . )t] − 1
6

cos[3(ω0 + εω1 + ε2ω2 + . . . )t].
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Collecting the resonant and non-resonant terms of A(3) we have

(
5
6
− 2ω2) cos[(ω0 + εω1 + ε2ω2 + . . . )t],

and
ξ̈3 + ξ3 − 1

6
cos[3(ω0 + εω1 + ε2ω2 + . . . )t]

respectively. Taking those terms vanish we have

ω2 =
5
12

and
ξ̈3 + ξ3 = −1

6
cos[3(ω0 + εω1 + ε2ω2 + . . . )t]. (3.8)

Solving (3.8) the solution ξ3 reads

ξ3 = − 1
48

cos[3(ω0 + εω1 + ε2ω2 + . . . )t].

Hence, up to third order, the approximate solution is given by

x(ε, t) = ε cos[(1 +
5
12

ε2)t] + ε2
(
−1

2
+

1
6

cos[2(1 +
5
12

ε2)t]
)

−ε3
1
48

cos[3(1 +
5
12

ε2)t].

Immediate observations on this solution are that the solution is bounded (it
does not contain resonant term that linearly grows in time), and the period
depends on amplitude ε. These facts distinguish the improved method from the
naive perturbation method.

3.3 Conclusion and discussion

We have presented two perturbation methods: the naive perturbation method
and the improved perturbation method. Consider the solutions that are bounded
by restricting to small value of ε (less than a critical value). For longer time
interval the former method is not accurate in predicting the solution: the reso-
nant contribution is present in the third order which linearly grows in time. The
latter method, however, has taken care of the resonance by expanding the fre-
quency as a series expansion of amplitude. Taking the resonant terms to vanish,
the approximate solution is bounded and the frequency depends on amplitude
as already predicted.

We have implemented the improved perturbation method up to third order. If
a very long time interval is to be considered, higher order frequency correction
may be taken into account. That can simply be done iteratively as follows:
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i) Collect the resonant and non-resonant terms of A(j).

ii) Make the resonant terms equal to zero. This determines a condition that
leads to the solution for ω(j).

iii) Make the non-resonant terms to vanish. This leads to an equation for ξj

without resonant forcing. Solving this equation gives a bounded solution
for ξj .

So far we applied these methods to a nonlinear ordinary differential equation
that leads to a single frequency solution in the lowest order. We have also
shown that the expansions of the solution and the frequency only depend on
amplitude. The case is very different for partial differential equations. For an
example consider the modified KdV equation

ut + iΩ(−i∂x)u +
3
4
∂xu2 = 0,

which in the lowest order gives the solution in the form

u(1)(x, t) =
∫

α(k) exp i{kx − Ω(k)t}dk.

Particularly, for

u(1)(x, t) = q exp i{k1x − Ω(k2)t} + q exp i{k2x − Ω(k2)t} + c.c.

the expansion will also depend on the difference k2 −k1. The next chapters will
deal with the implementation of the perturbation methods above for the mKdV
equation to study wave evolution phenomena.



Chapter 4

Nonlinear evolution of
bichromatic wave groups

In this chapter we will discuss the evolution of bichromatic wave groups. This
is motivated to understand the appearance of large deformations of bichromatic
waves that are of relevance for hydrodynamic laboratories. The deformations are
reported for numerical results in [54, 55, 57, 58] and experiments in [49, 56]. Re-
calling this deformation phenomenon that has been presented in chapter 1, the
evolution is started with a pure bichromatic wave at a point (very) close to the
wave maker. Then, the amplitude grows, showing asymmetry of the envelope,
and each group tends to lean forward. The growing process of the amplitude
continues until it reaches its optimum then decreases. Strictly speaking, the
initially purely bichromatic wave is modulated and eventually developing into
a more complex wave field.
Throughout the discussion we will follow the analysis given in [8, 9, 22] which
mainly use the perturbation techniques presented in chapter 3 that will be
modified for partial differential equations. Mathematically speaking, we are
looking for the solution of u(x, t) that satisfies the ’modified’ KdV (mKdV)
equation

ut + iΩ(−i∂x)u +
3
4
∂xu2 = 0, (4.1)

with the initial signal

u(0, t) = 2q [cos(ω−1t) + cos(ω+1t)] , (4.2)

where ω±1 = ω̄ ± ν. Writing u(0, t) as

u(0, t) = 4q cos νt cos ω̄t

this initial signal has cosine shaped envelopes, see Figure 4.1. Note that all
variables and parameters are in normalised forms. The function u(x, t) repre-
sents the wave elevation. In this chapter we take q small, meaning that we only
consider wave amplitudes that are small compared to the water depth.

41



42 Chapter 4. Nonlinear evolution of bichromatic wave groups

10 20 30 40
−0.15

−0.1

−0.05

0

0.05

0.1

0.15

t

u(
0,

t)

Figure 4.1: Beat pattern of the initial signal u(0, t), for q = 0.03, ω̄ = π, ν = 0.2.

For some comparisons with experiments or direct numerical simulations we
rewrite the transformation(s) to the laboratory variables that have been pre-
sented in chapter 2. The corresponding laboratory variables (in the right hand
sides) are given by the following transformation

x∗ = hx, t∗ = t
√

h/g, η = hu, (4.3)

where h is the uniform depth and g is the acceleration due to gravity. The spatial
variable x∗ denotes the horizontal direction, and t∗ is the temporal variable.
The transformations of wave parameters such as wave length, wave number and
angular frequency, are given by

λ∗ = hλ, k∗ = k/h, ω∗ = ω

√
g

h
. (4.4)

Observe that these transformations normalise the depth of the layer and the
propagation speed of infinitesimal long waves. From now on we use the same
notations for normalised and laboratory variables. To distinguish the laboratory
variables from the corresponding normalised ones we simply use physical units
for those quantities.

For comparisons with direct numerical results that are based on the basic equa-
tions for surface waves and experiments in this and the coming chapters, we
note the following remark.

Remark 4.1 The nonlinearity of this mKdV model may not be accurate com-
pared to the Stokes theory for relatively short waves, a theory mostly used for
comparison, see for example in [3]. This mKdV model, however, is chosen for
its simplicity to understand the theory that we will discuss below, yet it still gives
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a good approximation to the numerics and experiments as we will see in the fol-
lowing discussions. If a better accuracy in the nonlinearity is really needed, one
should consider the basic equations for surface waves. However, this introduces
much more complexity in the algebraic computations.

4.1 Direct second order approximation

In chapter 3 we presented how a naive perturbation technique can be used to
compute an approximate solution of an ordinary differential equation. In this
section we apply this technique to find an approximate solution of mKdV (4.1)
with the initial signal (4.2) up to second order. Hence, we approximate the
solution u(x, t) with a series expansion in the form

u = u(1) + u(2) + u(3) + · · · . (4.5)

The superscripts stand for the order in amplitude q, the perturbation parameter.
On substituting (4.5) into (4.1) we have equations for u(j), in particular for
j = 1, 2, 3

u
(1)
t + iΩ(−i∂x)u(1) = 0, u(1)(0, t) = 2q [cos(ω−1t) + cos(ω+1t)] , (4.6)

u
(2)
t + iΩ(−i∂x)u(2) = −3

4
∂x

[
u(1)

]2

, u(2)(0, t) = 0, (4.7)

u
(3)
t + iΩ(−i∂x)u(3) = −3

2
∂x

[
u(1)u(2)

]
, u(3)(0, t) = 0. (4.8)

These are linear equations that can be solved easily. In lowest order the driving
force to the linear equation is zero, but in second order and third order the
driving forces are given by − 3

4∂x

[
u(1)

]2
and − 3

2∂x

[
u(1)u(2)

]
, respectively.

Before solving these equations, we will introduce some notations for simplicity.
The notation Θ(ω) denotes the phase of the mode with frequency ω satisfying
the dispersion relation

Θ(ω) = K(ω)x − ωt,

and Vg(K(ω)) denotes the group velocity at frequency ω. We will also use the
notations

K±1 = K(ω±1),
k̄ = K−1+K+1

2 and
κ = K+1−K−1

2 = νK ′(ω̄) + O(ν2).

Observe that for fixed ω̄ and small ν, we have κ ∼ ν.

Solving the equation (4.6) leads to the lowest order solution u(1) in the form

u(1) = 2q [cos Θ−1 + cos Θ+1] , (4.9)

where Θ±1 = Θ(ω±1). For algebraic computation later, it is convenient to write
u(1) in the exponential form

u(1) = q
[
eiΘ−1 + eiΘ+1

]
+ c.c.,



44 Chapter 4. Nonlinear evolution of bichromatic wave groups

where c.c. denotes the complex conjugate. This is a superposition of two linear
dispersive waves. Another interpretation may be given by writing equation (4.9)
as

u(1) = 4q cos[κx − νt] cos[k̄x − ω̄t],

which is a carrier wave cos[k̄x − ω̄t] modulated by an envelope 4q cos[κx − νt].
The corresponding second order solution is found by solving (4.7) where u(1) is
given by (4.9). This solution reads

u(2) = u
(2)
bw + u

(2)
free, (4.10)

where

u
(2)
bw =

3
2
q2

[
s−1e

2iΘ−1 + s+1e
2iΘ+1 + 2sei[Θ−1+Θ+1]

+s0e
i[Θ+1−Θ−1]

]
+ c.c. (4.11)

and

u
(2)
free = −3

2
q2

[
s−1e

iΘ(2ω−1) + s+1e
iΘ(2ω+1) + 2seiΘ(2ω̄)

+s0e
iΘ(2ν)

]
+ c.c. (4.12)

The coefficients s, s0, s± are given by

s =
k̄

2ω̄ − Ω(2k̄)
, s±1 =

K±1

2ω±1 − Ω(2K±1)
, s0 =

2κ

2ν − Ω(2κ)
.

Observe that for κ → 0 implies s0 → σ0 and s, s± → σ2, where

σ0 =
1

Vg(K(ω̄)) − 1
, σ2 =

K(ω̄)
2ω̄ − Ω(2K(ω̄))

.

Before we continue to investigate the performance of this direct second order
theory, we make remarks on this second order solution as follows.

Remark 4.2 The solution u(2) contains u
(2)
bw and u

(2)
free. The solution u

(2)
bw is due

to the forcing 3
4∂x

[
u(1)

]2
. This contains four components that are called bound

waves, since these components do not satisfy the dispersion relation and cannot
exist ’individually’.

Remark 4.3 The second order forcing function −3
4∂x

[
u(1)

]2
acts as an input

to the linear system (4.7) that determines the output u
(2)
bw . Borrowing terminol-

ogy from signal theory, the coefficients s, s0, s± are often called second order
transfer functions.

These contributions of the first and second order solution in the frequency do-
main can be seen in Figure 4.2. The main frequencies ω± stimulate second order
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Figure 4.2: Schematic plot of the first and second order contributions in the
frequency domain.

interactions in the low frequency 2ν (also called subharmonic interaction) and
high frequencies 2ω̄, and 2ω̄ ± 2ν (superharmonic interactions).

The components of the second order solution, u
(2)
bw and u

(2)
free, have different

properties. On the one hand, the bound wave components do not satisfy the
dispersion relation and propagate with the same velocity as the main waves,
the first order solution. On the other hand, the free waves, u

(2)
free, are solutions

of the homogeneous equation and are present such that u(2) satisfies the initial
signal. Therefore, u

(2)
free satisfies the dispersion relation, and these free waves

travel with different velocity than the bound waves. The difference in the phase
velocity may cause a complex interference pattern in the wave evolution. Figure
4.3 shows these second order components and the results of the direct second
order theory at different positions. Since the presence of the free waves are to
compensate the bound waves at x = 0, at this position u

(2)
bw and u

(2)
free are out

of phase (see Figure 4.3 (a)) implying u(0, t) = u(1)(0, t) (see Figure 4.3 (c)).
At x = 10, however, these second order components are no longer out of phase
as shown in Figure 4.3 (b). Moreover, the free waves u

(2)
free, that are composed

of four modes, produce a signal with complex pattern. The direct second order
approximation as a sum of these first and second order components gives a
signal with envelopes that steepen upward (see Figure 4.3 (d)).

In the following we will compare the direct second order approximation

u(x, t) = u(1)(x, t) + u(2)(x, t)

with direct numerical results for two different bichromatics: namely Bichromatic
1 and Bichromatic 2. The numerical simulation was run in a basin of 5 m depth,
using FEM/FD for the basic equations for surface waves developed by Westhuis,
see [58]. This numerical simulation has been proved to be a good approximation
to experiments. Table 4.1 shows parameters in normalised and laboratory quan-
tities, which are the same for these Bichromatics. The only difference between
these bichromatics is the amplitude parameter q; for Bichromatic 1 q = 0.004
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Figure 4.3: The second order components and the results from the direct second
order theory at x = 0 and 10. For this example, q = 0.03, ω̄ = π, ν = 0.2, the
horizontal axis is time, and the vertical axis is elevation.

Normalized Laboratory
ω̄ 2.2464 3.1450 s−1

k̄ 5.0593 1.0119 m−1

ν 0.1107 0.1550 s−1

κ 0.4970 0.0994 m−1

Table 4.1: Parameter data of Bichromatic 1 and Bichromatic 2 in normalised
variables and laboratory variables.
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and for Bichromatic 2 q = 0.008. In the laboratory variables, the amplitude q of
Bichromatic 1 is 0.02 m, and the amplitude of the Bichromatic 2 is 0.04 m. The
parameters for Bichromatic 2 are chosen based on the experiments of Stansberg
[49], which showed large envelope deformations. To investigate the effects of
the amplitude q, direct numerical simulations (see [58]) as well as experiments
(see [56]) have been conducted for several values of amplitudes, while keeping
the other parameters fixed. For bichromatic wave with amplitude q = 0.009
(0.045 m in laboratory variables), breaking waves were observed. Since we are
not interested in the breaking phenomenon in this thesis, this is not presented
here.

Figure 4.4 shows numerical results and the corresponding direct second order
approximations at x = 10, 80 and 160 m (from the wave maker). We note
that for these comparisons we add phase constants such that at x = 10 m our
approximations are in phase with the numerical results. At x = 0, which refers
to the position of the wave maker, the approximations are superpositions of
two monochromatic waves only. This is based on the assumption that the wave
maker is controlled to produce superpositions of two modes, although in practice
it is not possible to do so, see Remark 4.4.

From Figure 4.4 three observations can be made. The first is that the numeri-
cal results show that the envelope of Bichromatic 2 spatially deforms, but the
envelope of Bichromatic 1 does not. The second observation is that there is
a phase shift between the numerical results and the approximations for both
Bichromatic 1 and Bichromatic 2. This phase shift depends on the position
where the signals are measured, indicating that the direct second order is not
accurate in predicting the propagation speed. Take for example Bichromatic 1;
at position x = 160 m the phase shift is about a half wave length, that corre-
sponds to a distance of about 3 m in the laboratory. The last observation is that
the envelope of direct second order approximation does not deform as indicated
by the numerical result for the Bichromatic 2.

We end this section with the following remark.

Remark 4.4 A small discrepancy between numerical and analytical results is
observed in the initial waveforms. This discrepancy is due to the following

i) the fact that the signal is not taken at the wave maker, but at a point
away from, but close to the wave maker (10 m downstream from the wave
maker),

ii) there is a start-up effect in generating the realistic and numerical waves
that disturbs the periodicity; see (4.28) in section 4.4.
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Figure 4.4: Numerical results (solid line) and direct second order approximations
(dashed line) for Bichromatic 1 (a), (c), (e) and Bichromatic 2 (b), (d), (f)
measured at various positions.
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4.2 Nonlinear dispersion relation

The error in propagation speed as observed in the previous section is too large
for the relevant distances and times in the laboratories. This error can be
explained from the resonance due to nonlinearity in the third order. The forcing
3
2∂x

[
u(1)u(2)

]
in the equation (4.8) contains a resonant term Fres and a non-

resonant term Fnonres,

3
2
∂x

[
u(1)u(2)

]
= Fres + Fnonres.

In this section we will deal with this resonant term. The non-resonant term
which leads to periodic solutions will be discussed in the next sections. This
resonant term reads

Fres =
9
4
q3K−1(s0 + s− + 2s)eiΘ− +

9
4
q3K+1(s0 + s+ + 2s)eiΘ+ + c.c..

Solving (4.8) leads to

u(3) = −9
4
q3tK−1(s0 + s− + 2s)eiΘ− − 9

4
q3tK+1(s0 + s+ + 2s)eiΘ+ + c.c.

+ Periodic Terms.

This contribution to the third order linearly grows in time, which then quickly
dominates the second order terms.

To prevent the growth of the solution linearly in time, we take care of the
resonant term by introducing the following Ansatz

u(x, t) = 2q[cos θ− + cos θ+] + u(2) + u(3) + · · · ,

=
[
q
{
eiθ− + eiθ+

}
+ c.c

]
+ u(2) + u(3) + · · · , (4.13)

where
θ± = k±x − ω±t,

with
k± = k

(0)
± + k

(1)
± + k

(2)
± + · · · .

The superscripts denote the order in the perturbation parameter q as for u(j).
Observe that now the wave number k± is given by a series expansion in the
amplitude q. Note that the second order solution u(2) is different than in the
previous section that will become clear later.

For the coming discussion we approximate Ω(k±) with the Taylor expansion
about k

(0)
± . This reads

Ω(k±) = Ω± + k
(1)
± Ω′

± +
[
k

(2)
± Ω′

± +
1
2

(
k

(1)
±

)2

Ω′′
±

]
+ · · · .

where Ω± and its derivatives should be evaluated at k
(0)
± .
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Substituting the Ansatz (4.13) into (4.1), and collecting first, second and third
order terms into A(1), A(2), A(3) respectively, we have a residual

A(1) + A(2) + A(3) + O(q4),

where

A(1) = qi[{−ω− + Ω(k(0)
− )}eiθ− + {−ω+ + Ω(k(0)

+ )}eiθ+ ] + c.c., (4.14)

A(2) = u
(2)
t + iΩ(−i∂x)u(2) + F (2), (4.15)

A(3) = u
(3)
t + iΩ(−i∂x)u(3) + F (3). (4.16)

Before we give the expression for F (j), j ≥ 2 for ease of notation we will discuss
A(1) first.

The Ansatz is a good approximation to the solution provided that the residue
is small. Making the lowest order term from the residual to vanish, A(1) = 0,
we have

ω± = Ω(k(0)
± ).

Writing this relation explicitly in the wave number gives

k
(0)
± = K±.

The function F (j) contains resonant and non-resonant terms. We will write it
in the form

F (j) = F (j)
res + F (j)

nonres, for j ≥ 2.

F
(2)
res is found by collecting the second order term from iΩ(−i∂x)u. This gives

F (2)
res =

3
2
qi

[
k

(1)
− Ω′

−eiθ− + k
(1)
+ Ω′

+eiθ+

]
+ c.c.

The non-resonant term F
(2)
nonres is given by the second order terms from the

nonlinearity 3
4∂xu2. This reads

F (2)
nonres =

3
2
qi

[
K−e2iθ− + K+e2iθ+ + {K+ + K−}ei(θ++θ−)

+{K+ − K−}ei(θ+−θ−)

]
+ c.c.

Observe that A(2) contains the resonant term F
(2)
res and the non-resonant term

u
(2)
t + iΩ(−i∂x)u(2) + F (2)

nonres.

To make the Ansatz correct up to second order, the condition A(2) = 0 has to be
satisfied. Actually a more strict condition has to be satisfied; both the resonant
and non-resonant terms have to be equal to zero. This leads to

F (2)
res = 0

and
u

(2)
t + iΩ(−i∂x)u(2) = −F (2)

nonres. (4.17)
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From F
(2)
res = 0, we have

k
(1)
± = 0.

The second order contribution is to be found by solving the equation (4.17) with
the initial signal u(2)(0, t) = 0. This leads to the solution u(2) in the form

u(2) = u
(2)
bw + u

(2)
free, (4.18)

where

u
(2)
bw =

3
2
q2

[
s−1e

2iθ−1 + s+1e
2iθ+1 + 2sei[θ−1+θ+1] + s0e

i[θ+1−θ−1]
]

+ c.c. (4.19)

and u
(2)
free is given in (4.12). Observe that Θ±1 in (4.11) is replaced by θ±1 in

(4.19).

The main aim of this section is merely to prevent the growth of the third order
contribution by taking care of the resonance. Therefore, we only consider F

(3)
res

and leave F
(3)
nonres for the next section. After using k

(1)
± = 0, we have

F (3)
res = qi




{
k

(2)
− Ω′

− + 9
4q2K−[s0 + s−1 + 2s]

}
eiθ−

+
{

k
(2)
+ Ω′

+ + 9
4q2K+[s0 + s+1 + 2s]

}
eiθ+


 + c.c.

To get the Ansatz correct up to third order, the resonant and non-resonant
terms have to be made to vanish. Making the resonant term vanish, we have

k
(2)
± = −9

4
q2 K±1

Vg(K±1)
(s0 + s±1 + 2s) = −Kcorr(ω±1).

This leads to the well-known nonlinear dispersion relation (NDR)

k(ω±) = k
(0)
± + k

(1)
± + k

(2)
± = K(ω±) − Kcorr(ω±1).

Observe that this wave number correction quadratically depends on the ampli-
tude q. In this technique we use a wave number correction, instead of a frequency
correction (as mostly found in literature, for an example of monochromatic wave
see [59]) for the NDR. The wave number correction is more convenient for the
signaling problem.

The first order contribution of the Ansatz (4.13), which will also be written as
u(1), is given by

u(1) = 2q [cos θ−1 + cos θ+1]
= 2q [cos{Θ−1 − xKcorr(ω−1)} + cos{Θ+1 − xKcorr(ω+1)}] .

It is obvious that even though Kcorr(ω±) is small, for large x (∼ O
(

1
q2

)
) the

contribution of this wave number correction is essential. This is already men-
tioned in [62]. Without taking this correction into account causes the large
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(a) Bichromatic 1 at x = 80 m.
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(b) Bichromatic 1 at x = 160 m.
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(c) Bichromatic 2 at x = 80 m.
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(d) Bichromatic 2 at x = 160 m.

Figure 4.5: Numerics (solid line) and the second order approximation with NDR
(dashed line) for Bichromatic 1 and Bichromatic 2.

phase shift of the carrier waves as observed in Figure 4.4. A review of resonant
interactions among surface water waves, both theoretically and experimentally,
was given by Hammack and Henderson in [26].

Figure 4.5 shows the numerical results and the second order approximation
using the NDR for Bichromatic 1 and Bichromatic 2 evaluated at the same
positions as in Figure 4.4. In this figure we observe that the phase shift in Figure
4.4 has been significantly reduced, indicating that the NDR has significantly
improved the propagation speed. We also notice that this improved second
order approximation is not capable to show large envelope deformations for
Bichromatic 2 as indicated by the numerical result.



4.3. Third order side band contributions and large envelope deformations 53

4.3 Third order side band contributions and large
envelope deformations

The numerical results have shown that the envelope of Bichromatic 2 does de-
form, but our second order approximations do not. Before we proceed, we
remark that the simpler amplitude equation, NLS, (see [6, 20, 22] for details of
the relation between KdV & NLS) does show the amplitude increase and skew
deformation qualitatively as in the numerics and experiments, see [51, 58]. Since
the NLS equation is of third order nonlinearity, this becomes a motivation to
proceed the analysis up to third order.

In the previous section we have made the resonant term of A(3) to be zero
and got the NDR. In this section we include the solution that is forced by the
non-resonant terms:

u
(3)
t + iΩ(−∂x)u(3) = −F (3)

nonres. (4.20)

The forcing function F
(3)
nonres contains terms of high frequencies 3[ω̄±ν], 3ω̄±2ν

and side band frequencies ω̄±3ν. These terms are results from the multiplication
of the first order and the second order solutions, 3

2∂x

(
u(1)u(2)

)
which do not

give resonance.

In this section we will merely consider the third order contributions that are
essential to the growth of the wave height. It will be clear later that these con-
tributions are due to the terms of the forcing F

(3)
nonres at the side band frequencies

ω̄± 3ν that are found from the multiplication of the first order solution and the
second order bound wave. To do that, we separate F

(3)
nonres into two terms

F (3)
nonres = F (3)

ν + F (3)
nonν .

where
F (3)

ν = q3i
[
b−3e

i(2θ+−θ−) + b−3e
i(2θ−−θ+)

]
+ c.c. (4.21)

with
b±3 =

9
4

(s0 + s±) · (K±1 ± 2κ) .

Restricting to the forcing function F
(3)
ν , the third order contributions should be

computed from
∂tu

(3)
ν + iΩ(−∂x)u(3)

ν = −F (3)
ν . (4.22)

In the following discussion we will show that this equation yields a third order
solution that infinitely grows as κ → 0. Before proceeding, we make a remark.

Remark 4.5 The third order contribution due to the forcing F
(3)
nonν on the equa-

tion
ξt + iΩ(−∂x)ξ = −F (3)

nonν (4.23)

is of order q3 and remains bounded as κ → 0.
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The proof of this remark is actually rather simple, even though it involves many
terms that seem complicated. To prove this remark we start with writing F

(3)
nonν

F (3)
nonν =

9
4
q3i




s−e3iθ− + s+e3iθ+ + [s− + s]ei[2θ−+θ+] + [s+ + s]ei[2θ++θ−]

+s−ei[Θ(2ω−1)+θ−] + s+ei[Θ(2ω+1)+θ+] + s−ei[Θ(2ω−1)+θ+]+
s+ei[Θ(2ω+1)+θ−] + sei[Θ(ω−1+ω+1)+θ−] + sei[Θ(ω−1+ω+1)+θ+]

+s−ei[Θ(2ω−1)−θ−] + s+ei[Θ(2ω+1)−θ+] + s−ei[Θ(2ω−1)−θ+]+
s+ei[Θ(2ω+1)−θ−] + sei[Θ(ω−1+ω+1)−θ−] + sei[Θ(ω−1+ω+1)−θ+]

+s0e
i[Θ(ω+1−ω−1)+θ−] + s0e

i[Θ(ω−1−ω+1)+θ+]




+c.c.

The terms contain ei[Θ(2ω±1)−θ±] and ei[Θ(±{ω+1−ω−1})±θ±] seem like resonant
terms, but they are not, since they do not satisfy the dispersion relation.

It is already shown in section 4.1 that s0, s and s± are bounded, even for
κ → 0. Hence, for this limiting case F

(3)
nonν is also bounded, and moreover,

F
(3)
nonν = O(q3). We now prove that ξ(x, t) that satisfies (4.23) is also bounded

and of order q3. To do so, we take an example for the forcing term

9
4
q3isei[Θ(ω−1+ω+1)−θ−],

but leave the rest terms which can be done in a similar way. Consider

ζt + iΩ(−i∂x)ζ = −9
4
q3isei[Θ(ω−1+ω+1)−θ−].

The solution reads

ζ =
9
4
q3 s

ω+1 − Ω(K(ω−1 + ω+1) − K(ω−1))
ei[Θ(ω−1+ω+1)−θ−].

Observe that for κ → 0, we have

s

ω+1 − Ω(K(ω−1 + ω+1) − K(ω−1))
→ σ2

ω̄ − Ω(K(2ω̄) − K(ω̄))
,

and ω̄ − Ω(K(2ω̄) − K(ω̄)) 6= 0. This will clearly be shown in a schematic
plot in k, ω-plane, see Figure 4.6. In this figure it is clearly seen that K(ω̄) 6=
K(2ω̄)−K(ω̄), since K(ω) is a convex (or Ω(k) is a concave) function. Hence, we
have shown that ζ is bounded and of order q3. Applying a similar way to solve
(4.23), by considering all terms of F

(3)
nonν , will complete the proof of Remark 4.5.

Solving (4.22) with the initial signal u(3)(0, t) = 0 leads to the solution

u(3)
ν = u

(3)
sb + u

(3)
free. (4.24)

where

u
(3)
sb = q3

[
a+3e

i(2θ+−θ−) + a−3e
i(2θ−−θ+)

]
+ c.c.

= 2q3 [a+3 cos(2θ+ − θ−) + a−3 cos(2θ− − θ+)] (4.25)



4.3. Third order side band contributions and large envelope deformations 55

0

ω

ω

ω ω

Ω

2

K(2     )K(     )

ω

k

k=K(    )ω

ωQ=K(2     ) − ωK(     )

Q

(Q)

Figure 4.6: Schematic plot of the dispersion relation. Concavity of Ω implies
that ω̄ − Ω(K(2ω̄) − K(ω̄)) 6= 0.

and
u

(3)
free = −2q3 [a+3 cos Θ(ω̄ + 3ν) + a−3 cos Θ(ω̄ − 3ν)] . (4.26)

The third order side band transfer functions a± are given by

a±3 =
9
4
(s0 + s±)

K±1 ± 2κ

ω̄ ± 3ν − Ω(K±1 ± 2κ)
.

Since for the water wave problem Ω′′ 6= 0, we observe that in the limit κ → 0,
we have

a±3 ∼ −γ

2κ2Ω′′ ± 4
3κ3Ω′′′ ,

where γ = 9
4 (σ0 + σ2). Obviously, the third order side band transfer functions

a±3 are unbounded, O
(

1
κ2

)
as κ → 0. It is now convenient to introduce α±3 =

κ2a±3 and β±3 = α+3 ± α−3, hence β+3 ∼ −γ
Ω′′ , β−3 ∼ γΩ′′′

Ω′′2 κ, and get

u
(3)
sb = 2q

( q

κ

)2

[α+3 cos(2θ+ − θ−) + α−3 cos(2θ− − θ+)]

= q
( q

κ

)2 [
β+3 cos θ̄ · cos(3 · ∆θ) + β−3 sin θ̄ · sin(3 · ∆θ)

]
where θ̄ = θ++θ−

2 and ∆θ = θ+−θ−
2 . A schematic plot of the third order side

band contributions is presented in Figure 4.7. Note that third order contribu-
tions at higher frequencies are neglected here.
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Figure 4.7: Schematic plot of the first order, second order and third order side
band contributions in the frequency domain.

Summarising so far, the first order and third order side band contributions
together can be written like

u(1) + u
(3)
sb = q cos θ̄

(
4 cos ∆θ +

( q

κ

)2

β+3 cos(3 · ∆θ)
)

+q
( q

κ

)2

β−3 sin θ̄ · sin(3 · ∆θ).

The effect of the side band contributions is clearly seen:

• the carrier wave cos θ̄ is modulated by the linear modulation 4 cos ∆θ and
a triple periodic contribution

(
q
κ

)2
β+3 cos(3 · ∆θ); the amplitude of this

last contribution may become substantial for small κ;
• in addition, the signal contains a contribution from the out-of phase car-

rier wave that is modulated by a same triple periodic function. This last
effect, is proportional to q2Ω′′′(K(ω̄))/κ; since (for the surface wave prob-
lem) Ω′′′(ω̄) 6= 0 this term will cause skew-symmetric distortions of the
envelope.

Figure 4.8 shows the third order side band approximation

u(x, t) = u(1) + u
(2)
bw + u

(3)
sb + u

(2)
free + u

(3)
free, (4.27)

and the five components of Bichromatic 2 at x = 80 m. We note that all
parameters are in laboratory quantities. In Figure 4.8 (b) we observe that the
lowest order component u(1) is a sinusoidally shaped wave group with wave
height of 32 cm. The contributions of u

(2)
bw and u

(2)
free are about 2.5 cm, small

compared to u(1). The component u(2) reveals a beat pattern that steepens
downward due to the subharmonic bound wave (see Figure 4.8 (c)). The second
order free waves u

(2)
free, which are composed of four modes that travel with their
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(a) Third order side band solution u
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(b) First order contribution u(1)
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(c) Second order contribution u(2)
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(d) Second order free wave u
(2)
free

–0.03

–0.02

–0.01

0

0.01

0.02

0.03

E
le

va
tio

n 
(m

)

100 110 120 130 140
Time (s)

(e) Third order side contribution u
(3)
sb
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(f) Third order free wave u
(3)
free

Figure 4.8: The third order side band approximation consisting of the five com-
ponents: the first order, second order and third order side band contributions.
For this case of Bichromatic 2, at the position x = 80 m, the axes (in laboratory
variables) are elevation in m (vertical) and time in s (horizontal).
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own speeds, show a complex interference pattern (Figure 4.8 (d)). The wave
height of u

(3)
sb and u

(3)
free are about 2.5 cm, that is as dominant as the second

order solution, see Figure 4.8 (e) and (f). The sum of these five components
results in a complex pattern of wave group in 4.8 (a).

In Figure 4.9, we plot the third order side band approximation (4.27) and the
numerical result for Bichromatic 2. In this figure we observe that the envelope
deforms as a result of the third order side band approximation. The carrier
waves of the numerical result and the approximation are in phase for large
’amplitudes’, the most important part of this evolution. For small amplitudes,
however, the phases differ. An asymmetry of the third order side band approx-
imation during the evolution is observed, even though it is not as strong as the
numerical result. The inadequateness in predicting this asymmetry is due to the
start-up effect in generating bichromatic waves numerically and experimentally.
This start-up effect disturbs the periodicity of the wave groups. Mathematically
speaking, this start-up effect modifies the initial signal to be

u(0, t) = 2q [cos(ω−1t) + cos(ω+1t)] · f(t) (4.28)

at the wave generator. In the numerics the function f is given by

f(t) =




0 for t ≤ 0,
t/τ, for 0 < t < τ,
1, for t ≥ τ.

An approximate solution composed by ’many’ frequencies should be considered
to deal with a start-up effect in the initial signal. This will be discussed in the
next chapter.
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(b) x = 160 m

Figure 4.9: Numerics (solid line) and the corresponding third order side band
approximation (dashed line) for Bichromatic 2.

Before we end this section, we make a remark on the spatial recurrence due to
the phase velocity difference between the third order side band bound wave and
free wave.
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Remark 4.6 Neglecting the wave number correction in the side band contribu-
tion, u

(3)
sb can be written as

u
(3)
sb = q

( q

κ

)2
[

β+3 cos 3[κx − νt] cos[k̄x − ω̄t]+
β−3 sin 3[κx − νt] sin[k̄x − ω̄t]

]
.

On the other hand, u
(3)
free may be approximated in the form

u
(3)
free = −q

( q

κ

)2
[

β+3 cos 3[κx − νt] cos[k̄x − ω̄t + 4K ′′ν2x]+
β−3 sin 3[κx − νt] sin[k̄x − ω̄t + 4K ′′ν2x]

]
.

Observe the x-dependent shift of the carrier wave that is different from the
that of the u

(3)
sb . The interference of the bound and the free third order car-

rier waves determines the spatial recurrence length of the solution, given by
4K ′′ν2Xrecurr = 2π, i.e.

Xrecurr =
π

2K ′′ν2
. (4.29)

In the case of Bichromatic 2 above Xrecurr = 63.3 that corresponds to about
315 m in the laboratory. This recurrence length is found correct compared with
numerical calculation.

4.4 Two wave interactions

We have presented the evolution of bichromatic wave groups as a result from
the interactions of two modes with the same amplitudes. When dealing with
irregular waves, many modes are involved, and in general they have different
amplitudes. In this section we discuss two wave interactions in which the am-
plitudes of wave components are different. To start with, we consider an initial
signal given by

u(0, t) = 2(q + q1) cos(ω̄ − ν)t + 2q cos(ω̄ + ν)t,
= (q + q1)ei(ω̄−ν)t + qeiω̄+ν)t + c.c. (4.30)

The parameter q1 is not necessarily small compared to q. This initial signal can
be written in the form

u(0, t) = 2[2q + q1] cos ν cos ω̄ − 2q1 sin ν sin ω̄.

Observe that in the preceding sections we restricted our discussion to the case
q1 = 0, we only considered an initial signal without an out-of-phase contribution
2q1 sin ν sin ω̄.

We now look for the solution u(x, t) of the equation (4.1) with the initial sig-
nal (4.30). Since the third order side band contribution is essential for small
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difference of wave numbers (frequencies), in this section we consider an ap-
proximation for u(x, t) by taking components up to third order side band into
account. Following the preceding sections the first order contribution reads

u(1) = 2(q + q1) cos θ−1 + 2q cos θ+1,

= (q + q1)eiθ−1 + qeiθ+1 + c.c. (4.31)

where
θ±1 = Θ±1 − xK±

corr.

The wave number correction K±
corr is slightly different than in the previous

section due to the difference in the component amplitudes. This correction
reads

K±
corr =

9
4

K±1

Vg(K±1)
(q2

±s±1 + q2
∓(s0 + 2s))

where
q− = q + q1 and q+ = q.

The term with s±1 accounts for the correction of the wave number k± from
the nonlinear interaction of the wave component ω± with itself, while the term
with (s0 +2s) is the contribution in k± by the nonlinear interaction of the wave
component with frequency ω± and ω∓.

Writing the first order contribution in a carrier wave modulated by an envelope,
we have

u(1) = 2[2q + q1] cos ∆θ · cos θ̄ − 2q1 sin ∆θ · sin θ̄.

Observe that it is different than in the preceding sections; i.e. the first or-
der solution already contains a contribution of out-of-phase carrier wave sin θ̄
modulated by 2q1 sin ∆θ.

The corresponding second order solution is given by

u(2) = u
(2)
bw + u

(2)
free

with

u
(2)
bw =

3
2

[
q2
−s−1e

2iθ−1 + q2
+s+1e

2iθ+1 + 2q−q+sei[θ−1+θ+1]

+q−q+s0e
i[θ+1−θ−1]

]
+ c.c. (4.32)

and

u
(2)
free = −3

2

[
q2
−s−1e

iΘ(2ω−1) + q2
+s+1e

iΘ(2ω+1)+
2q−q+seiΘ(2ω̄) + q−q+s0e

iΘ(2ν)

]
+ c.c. (4.33)

The third order side band contribution has the form

u
(3)
sb = u

(3)
bw + u

(3)
free.

The terms u
(3)
bw and u

(3)
free are given by

u
(3)
sb =

[
q2
+q−a+3e

i(2θ+−θ−) + q+q2
−a−3e

i(2θ−−θ+)
]

+ c.c.

= 2
[
q2
+q−a+3 cos(2θ+ − θ−) + q+q2

−a−3 cos(2θ− − θ+)
]

(4.34)
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Parameter Value Parameter Value
ω̄ 2.2500 q 0.0040
k̄ 5.0692 q1 0.0120
ν 0.0786 q− 0.0160
κ 0.3533 q+ 0.0040

Table 4.2: Parameter data for the initial signal in Figure 4.10 (a). These pa-
rameters are in normalised variables.

and

u
(3)
free = −2

[
q2
+q−a+3 cos Θ(ω̄ + 3ν) + q+q2

−a−3 cos Θ(ω̄ − 3ν)
]
. (4.35)

It will be easier to understand the contribution of u
(3)
bw by writing it in the form

u
(3)
bw = 2qq1(q + q1)a−3 cos[2θ−1 − θ+1]

+2q2(q + q1) [a−3 cos[2θ−1 − θ+1] + a+3 cos[2θ+1 − θ−1]] ,
= 2qq1(q + q1)a−3

[
cos θ̄ · cos(3 · ∆θ) + sin θ̄ · sin(3 · ∆θ)

]
+2

( q

κ

)2

(q + q1)
[
β+3 cos θ̄ · cos(3 · ∆θ) + β−3 sin θ̄ · sin(3 · ∆θ)

]
= 2

[
qq1(q + q1)a−3 +

( q

κ

)2

(q + q1)β+3

]
cos θ̄ · cos(3 · ∆θ)

+2
[
qq1(q + q1)a−3 +

( q

κ

)2

(q + q1)β−3

]
sin θ̄ · sin(3 · ∆θ).

Hence,

u(1) + u
(3)
bw = 2

[ {2q + q1} cos(∆θ) +{
qq1(q + q1)a−3 +

(
q
κ

)2 (q + q1)β+3

}
cos(3 · ∆θ)

]
cos θ̄

+2

[
q1 sin(∆θ) +{

qq1(q + q1)a−3 +
(

q
κ

)2 (q + q1)β−3

}
sin(3 · ∆θ)

]
sin θ̄.

As an example, we take an initial signal with parameters (in normalised quan-
tities) given in table 4.2. The initial profile is plotted in Figure 4.10 (a) (on the
following page).

The evolution of this wave according to the third order side band approximation
is given in Figure 4.10. In this figure we present some signals taken at several
positions x equals to 0, 0.13, 0.34, 0.66, 0.87 and 1 times the recurrence length,
Xrecurr. The recurrence length is computed using (4.29) that gives Xrecurr = 125.
At x = 0.13Xrecurr we observe that the wave envelope starts growing, showing
asymmetry, the wave groups lean forward. The wave height continues to increase
and the asymmetry of the envelope is clearly observed at x = 0.34Xrecurr.
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Figure 4.10: The evolution of two waves of different component amplitudes. For
this example, the wave parameters are given in Table 4.2, and the recurrence
length is Xrecurr = 125.
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The increase of the wave height at this point is approximately 50 % of the initial
signal. The inverse phenomenon of the feature at x = 0.34Xrecurr is observed at
x = 0.66Xrecurr. At this point the envelope is asymmetric, but on the opposite
side of the envelope in Figure 4.10 (b), the wave groups lean backward. At
x = 0.87Xrecurr the wave indicates the inverse phenomenon of the signal at
x = 0.13Xrecurr. Finally, the wave group envelope is back to its initial shape at
x = Xrecurr.

4.5 Conclusions

In this chapter we have investigated the evolutions of two classes of bichromatic
waves: a class of bichromatic waves that show large envelope deformations and
a class of bichromatic waves that do not reveal large envelope deformations. An
example of the former is Bichromatic 2, while Bichromatic 1 is an example of
the latter.

We have considered wave evolutions in long wave tanks. For such evolutions the
linear dispersion relation is not accurate in predicting the propagation speed.
This inaccuracy has been significantly reduced by introducing a nonlinear dis-
persion relation, that is obtained by taking care of the resonance in the third
order. The second order approximations, even though with the nonlinear dis-
persion relation, do not show large envelope deformations as indicated by direct
numerical simulations and experiments. Hence, the second order theory with
the nonlinear dispersion relation yields a good approximation for bichromatic
waves without large envelope deformations.

Based only on Bichromatic 1 and Bichromatic 2 examples, one may come to the
conclusion that the amplitude is responsible for the envelope distortion. In this
chapter this distortion, however, has been explained from the third order side
band contributions. These contributions become essential if the quotient of the
amplitude and the wave number difference is large. Hence, the wave number
difference turns out to be the additional parameter to the amplitude that are
responsible to the large envelope deformations.

The third order contributions contain two components: bound waves and free
waves. The free waves propagate with different velocity than the bound waves.
At x = 0, these components cancel each other, since the presence of the free
waves are to make the approximation satisfy the initial signal. Starting from
x = 0, the velocity difference spatially develops side band contributions to the
measured signal causing modulation-demodulation phenomenon.

We have also investigated two wave interactions of different amplitudes. We
have shown that large envelope deformations have also been observed when the
quotient of the amplitude(s) and the wave number difference is large. When
dealing with irregular waves, one actually deals with many wave interactions.
In the case that there are exist some wave components that give large quotients
of amplitudes and wave number differences, large increment of wave height
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can happen at some positions and at certain time. In offshore engineering
applications the presence of those very ’large’ waves can cause the so-called
ringing phenomenon, i.e. the large amplification in few cycles of response of
the structure at its natural frequency, see [11, 24]. The ringing phenomenon
has been observed both experimentally in the laboratory [10] and in the field
situation [33].



Chapter 5

Analytical Wave Codes

In this chapter we present several versions of analytical wave codes (of increasing
complexity and accuracy) to predict wave evolutions from one point measure-
ments in a laboratory wave tank. The waves to be predicted are determined by
a prescribed signal at a point of measurement somewhere in the tank. In the
laboratories, ship or offshore structure models are positioned or sailing for test-
ing their performance in the presence of waves. The prescribed signals resemble
the measurements in seas or oceans (on a laboratory scale) where the real ships
or offshore structures will be operated.

As a model, we consider the mKdV equation we have used in the previous
chapter. For convenience, we write again this equation

ut + iΩ(−i∂x)u +
3
4
∂xu2 = 0. (5.1)

5.1 Mathematical interpretations of signals ob-
tained from measurements

In this section we recall Remark 3.1 and discuss how we will proceed for given
signals in the laboratories. In a practical situation, we deal with signals that
were measured, ’given’ only for a finite time interval, say

s(t), for t ∈ [0, T ].

Then, in principle there are two ways to continue the mathematical reasoning.
First, extend the signal by zero outside the given time-interval. This leads to a
square integrable function

s0 =
{

s(t), t ∈ [0, T ]
0, t /∈ [0, T ].

65
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Second, make a T -periodic continuation of the signal, and use Fourier series:

s(t) =
∑
m

ŝme−iωmt, (5.2)

where

ωm =
2π

T
· m and ŝm =

1
T

∫ T

0

s(t)eiωmtdt. (5.3)

Theoretically, the sum should be taken for m = −∞ to ∞. In practice, however,
the signal is evaluated at a finite number of points, say 2M . In this chapter
we merely consider the periodic case, and the sum in (5.2) is only taken for
m = −M, · · · ,M by assuming that ωm = 0 for all m where |m| > M . Moreover,
since s(t) is a real function, we have

ŝ−m = ŝm,

where the over-line denotes the complex conjugate. Taking the still water level
to be zero, we have ŝ0 = 0. From now on the amplitude coefficient with subscript
0 will be left out.

5.2 Direct second order approximations

In this section we look for an approximate solution of the mKdV equation (5.1)
up to second order in amplitude somewhat similar to what we have discussed in
the previous chapter. However, there will be some differences that will become
clear throughout the discussion below. We start with applying a perturbation
method and write u as a series expansion in the form

u = u(1) + u(2) + u(3) + · · · . (5.4)

The superscripts denote the order in amplitude. On substituting (5.4) into (5.1)
the equations for u(1) and u(2) read

u
(1)
t + iΩ(−i∂x)u(1) = 0, (5.5)

and

u
(2)
t + iΩ(−i∂x)u(2) +

3
4
∂x

[
u(1)

]2

= 0. (5.6)

In this section we consider a direct second order approximation

u(x, t) = u(1) + u(2), (5.7)

where u(1) and u(2) are to be computed from (5.5) and (5.6), respectively.
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5.2.1 Solution for wave interactions

The aim is to find a solution of (5.5) that consists of many discrete frequencies.
This lowest order solution reads

u(1) =
∑
m

amei[Kmx−ωmt], (5.8)

with Km = K(ωm) that satisfies the dispersion relation. The complex ampli-
tudes am’s should be determined later. Note that even though u(1) is a linear
solution, the presence of modes composed of many frequencies may cause a
complex interference phenomenon during the evolution. Such waves are often
called, in laboratory vocabulary, irregular.

On substituting (5.8) into (5.6), and solving for u(2), we have the corresponding
second order contribution in the form

u(2) =
3
4

∑
m,n,m+n6=0

amanΓ2(ωm + ωn, ωn)ei[{Km+Kn}x−{ωm+ωn}t], (5.9)

where

Γ2(ω, σ) =
K(σ) + K(ω − σ)

ω − Ω(K(σ) + K(ω − σ))
. (5.10)

This second order transfer function Γ2(ω, σ), mathematically speaking, is the
multiplication factor from nonlinear interactions of modes σ and ω − σ that
produce a wave with frequency ω. From the concavity of Ω (or the convexity of
K), Γ2(ω, σ) is not singular for σ 6= 0 and σ 6= ω. This means that there is no
resonance in second order.

The second order contribution (5.9) is real, provided that the lowest order com-
ponent u(1) is real. This can be easily proved by using the fact that

Γ2(−ω,−σ) = Γ2(ω, σ), and Γ2(ω, ω − σ) = Γ2(ω, σ),

and then, showing that
B(−m,−n) = B(m,n),

where
B(m,n) = amanΓ2(ωm + ωn, ωn)ei[{Km+Kn}x−{ωm+ωn}t].

Observe that terms ei[{Km+Kn}x−{ωm+ωn}t] with m + n = 0 are not present in
(5.9). This means that u(2) does not contain a non-zero constant term (the
equilibrium level is unchanged).

We remark that there is no restriction in the spectra for the solutions obtained
using the perturbation technique above. This means that these solutions are
applicable for narrow-banded as well as for broad-banded spectra. Hence, these
are more general than the solutions of the NLS equation that are only valid for
narrow-banded spectra, see chapter 3 for the details of this restriction for the
NLS equation.
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5.2.2 Determination of free and bound wave contributions
from one point measurement

When waves, being generated in the laboratory, evolve freely, nonlinear interac-
tions will take place. At any position away from the generators, the wave field
is composed of free and bound waves. With the expression given above, it is
possible to determine these separate contributions in the following way. Let at
a certain point in the tank, without restriction of generality, say at x = 0, the
wave be described by a signal s(t). At this point the wave elevation u should
satisfy s(t) = u(x = 0, t). This leads in second order to

am +
3
4

∑
p+n=m

apanΓ2(ωp + ωn, ωn) = ŝm, for |m| = 1, · · · ,M. (5.11)

Solving up to the relevant second order for am, we get the following explicit
result

am = ŝm − 3
4

∑
p+n=m

ŝpŝnΓ2(ωp + ωn, ωn), for |m| = 1, · · · ,M. (5.12)

It should be remarked that this explicit solution avoids the use of an iteration
procedure applied in [48, 63].

Observe that u(x = 0, t) contains terms e−i[ωp+ωn]t with ωp + ωn > ωM , the
highest frequency of s(t). The presence of these terms cause the so-called alias-
ing phenomenon, i.e. a phenomenon of falsely translating spectral components
outside the frequency range [−ωM , ωM ] into that range. The largest frequency,
ωM , is called the Nyquist critical frequency. The details can be found in stan-
dard text books on signal analysis, for examples [42, 60], or in some books
on numerical recipes by Press et al., for example [44]. To avoid this, one can
consider large value for ωM such that all relevant wave components, including
second order interactions, fall into the frequency range [−ωM , ωM ]. By doing
this, all bound wave components with frequencies larger than ωM are not sub-
stantial, and left out. Hence, the second order contribution u(2), given by (5.9),
is replaced by

u(2) =
3
4

∑
m, n, m + n 6= 0,

|m + n| ≤ M

amanΓ2(ωm + ωn, ωn)ei[{Km+Kn}x−{ωm+ωn}t]. (5.13)

We end this section with a remark below, but we note that in this chapter we
do NOT use the technique given in this remark.

Remark 5.1 A different point of view in solving this signaling problem has been
introduced in the previous chapter for the bichromatic waves. For the case of
irregular waves we are able to proceed in a similar way; u(1) and u(2) should be
found from

u
(1)
t + iΩ(−i∂x)u(1) = 0
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with
u(1)(0, t) = s(t) =

∑
m

ŝme−iωmt,

and
u

(2)
t + iΩ(−i∂x)u(2) +

3
4
∂x

[
u(1)

]2

= 0

with u(2)(0, t) ≡ 0, respectively.

This gives
u(1) =

∑
m

ŝmei[Kmx−ωmt],

and
u(2) = u

(2)
bw + u

(2)
free,

where

u
(2)
bw =

3
4

∑
m,n,m+n6=0

ŝmŝnΓ2(ωm + ωn, ωn)ei[{Km+Kn}x−{ωm+ωn}t],

and

u
(2)
free = −3

4

∑
m,n,m+n6=0

ŝmŝnΓ2(ωm + ωn, ωn)ei[K(ωm+ωn)x−{ωm+ωn}t].

This method does not require determination of the amplitude as given by (5.12),
since the component amplitudes have been already given by ŝm. Stated differ-
ently, the ’free waves’ are chosen to cancel the second order bound waves at the
point of measuring the signal.

5.3 AWC1 based on the direct second order ap-
proximation

The algorithm of the analytical wave code (AWC) based on the direct second
order approximation is given in Figure 5.1. From now on we call the AWC based
on the direct second order approximation as AWC1, to distinguish it from other
AWC’s that we will introduce later on. AWC1 starts with the given periodic
signal s(t) with period T . The frequency ωm and the Fourier coefficient ŝm

are computed using (5.3). The wave number Km is found from the dispersion
relation Km = K(ωm), and the second order transfer function Γ2 is computed
using (5.10). The amplitude components am’s are determined using (5.12).
Hence, we can compute the direct second order approximation at any point x
and for any time t given by u(x, t) = u(1) + u(2).

In the following we present the performance of AWC1 by comparing the results
with wave evolutions obtained using direct numerical computation from the ba-
sic equations for surface waves done by Westhuis, see [58] and from experiments
as well, see [56]. The computations of the predicted waves using AWC1 were
run on a moderate PC (700 MHz, Pentium III processor).
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¨

§

¥

¦
Given signal s(t)

¨

§

¥

¦
Compute ωm, ŝm

¨

§

¥

¦
Compute Km = K(ωm)

¨

§

¥

¦
Compute Γ2

¨

§

¥

¦
Compute am

¨

§

¥

¦
Compute u(x, t) = u(1) + u(2)

Figure 5.1: The algorithm of the analytical wave code based on the direct second
order approximation (AWC1).

Predictions of AWC1 compared to numerical results

To evaluate the performance of AWC1, we will first apply AWC1 to predict the
evolutions of the Bichromatic 1 and Bichromatic 2 we have discussed in the
previous chapter. Figure 5.2 shows the numerical results and the corresponding
predictions at several positions. For both cases the length of the time interval
of the signal, [0, T ], is T = 200 s, and the signals were evaluated at 2000 equally
distant points, M = 1000. For these examples each computation at any posi-
tion took only few seconds. Bichromatic 1 and Bichromatic 2 are not purely
bichromatic waves, but ’pseudo’ bichromatic waves. This is because the start-
up effects in generating these waves, see Remark 4.4 in the previous chapter
for the start-up effects. Therefore, their amplitude spectra are not delta-Dirac
functions, but are given in Figure 5.3. For Figure 5.2 we make the following
observations.

• At x = 0 m the numerical results and the predictions can hardly be distin-
guished. This fact indicates the following. First, the spectral amplitudes
am’s are significantly well determined using the formula (5.12). Second,
the small discrepancy as observed in the previous chapter, see Remark
4.4, has been substantially reduced by introducing wave modes composed
of many frequencies.
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Figure 5.2: Numerical results (solid lined) and predictions using AWC1 (dashed
line). In this figure (a), (c) and (e) are Bichromatic 1, and (b), (d) and (f) are
Bichromatic 2. The axes are elevation in m (vertical) and time in s (horizontal).
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Figure 5.3: Raw spectral amplitudes of Bichromatic 1 and Bichromatic2 at
x = 0. The horizontal and vertical axes are angular frequency, ωm, in rad·s−1

and raw spectral amplitude, 2|ŝm|/∆ω, in m/
(
rad · s−1

)
, respectively.

• At x = 70 and 150 m there is a phase shift between the numerical re-
sults and the predictions for both Bichromatic 1 and Bichromatic 2. This
phase shift depends on the positions where the signals are measured, in-
dicating that, even though modes of many frequencies have been taken
into account, the inaccuracy of the direct second order approximation in
predicting the propagation speed still remains. The phase shift is larger
for the larger amplitude wave.

Predictions of AWC1 compared to experimental results

The experiments that we consider were performed in the Seakeeping and Ma-
noeuvring Basin (SMB) of MARIN [64]. The geometry of this basin is 170 m
long and 5 m deep. There are two types of experiments that will be discussed:
irregular waves and a bichromatic wave. This bichromatic wave, however, has
parameters that are different than Bichromatic 1 and Bichromatic 2. This ex-
perimental bichromatic wave is generated by two modes of equal amplitudes 12
cm, but different (angular) frequencies: ω1 = 2.86 and ω2 = 3.49 rad/s (see
experiment no. 636901 in [56] for the details). This experimental bichromatic
is named Bichromatic 3. Observations in predicting Bichromatic 3 are quali-
tatively the same as Bichromatic 1, therefore, we do not give more discussions
than just plotting the experiments and the predictions, see Figure 5.4. The
computations have been done for T = 200, and the signals were evaluated at
1696 equally distant points or M = 848. These computations took few seconds
for each position.

Figure 5.5 shows the experiment and the prediction at several positions for
irregular waves. In this case, we only plot for comparisons in a fixed time-
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Figure 5.4: Experiments (solid lined) and predictions using AWC1 (dashed line)
for Bichromatic 3.
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Figure 5.5: Experiments (solid lined) and predictions using AWC1 (dashed line)
for irregular waves.
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interval; [95,135] s, since we cannot follow the wave with a well-defined group
velocity as in the bichromatic case. In this figure we observe the following.
First, at x = 0 m the difference between the experiment and the prediction
(or the corresponding direct second order approximation) is hardly noticed.
This shows that formula (5.12) is capable to determine the spectral amplitudes
am’s. Second, at x = 50 m and 80 m there is a small phase shift between the
experiments and the predictions. Moreover, AWC1 is not accurate to predict
large waves as observed between t = 100 and 120 Figure 5.5 (b). Poor prediction
for large waves is also observed in Figure 5.5 (c) at t around 130 s. For offshore
engineering applications large waves may cause serious damage to ships and
offshore structures. Therefore, a good prediction of the large waves is very
important and is the interest here. For the computations of this irregular wave,
we have used T = 200 and the signals were evaluated at 1666 equally distant
points, M = 833. This computation also took few seconds.

Figure 5.6 shows the spectral amplitudes of these experimental bichromatic and
irregular waves at x = 0. Since from Figure 5.5 it is not clear to make any
observations as in the predictions of the Bichromatic 1 and Bichromatic 2, some
analyses of the spectral amplitude and the phase shift difference for this irregular
waves are needed. These will be given in the next section, together with taking
the so-called nonlinear dispersion relation for irregular waves into account.
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Figure 5.6: Raw spectral amplitudes of the experimental bichromatic and irreg-
ular waves at x = 0. The horizontal and vertical axes are angular frequency, ωm,
in rad·s−1 and raw spectral amplitude, 2|ŝm|/∆ω, in m/

(
rad · s−1

)
, respectively.

5.4 Nonlinear dispersion relation

It is already observed, also for the pure bichromatic case in the previous chapter,
that the linear dispersion relation causes error in propagation speed that is
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too large for the distances and times in the laboratories. This error has been
explained from the resonance in the third order for the pure bichromatic case.
For the case of waves composed of many frequencies, we generalise the discussion
given in section 4.2. Substituting (5.4) into (5.1) gives an equation for u(3) in
the form

u
(3)
t + iΩ(−i∂x)u(3) +

3
2
∂x

[
u(1)u(2)

]
= 0.

Write
3
2
∂x

[
u(1)u(2)

]
= Fres + Fnonres.

The resonant forcing Fres at frequency ωm is obtained from the interactions
between components of u(1) and u(2):

i) ane−i[Knx−ωnt] and 3
4amanΓ2(ωm + ωn, ωn)ei[{Km+Kn}x−{ωm+ωn}t],

ii) anei[Knx−ωnt] and 3
4amanΓ2(ωm − ωn,−ωn)ei[{Km−Kn}x−{ωm−ωn}t].

Hence, Fres has the form

Fres =
9
8
amKm


 ∑

n6=−m

|an|2Γ2(ωm + ωn, ωn) +
∑
n6=m

|an|2Γ2(ωm − ωn,−ωn)




× ei[Kmx−ωmt]

=
9
4
amKm


 ∑

n6=−m

|an|2Γ2(ωm + ωn, ωn)


 ei[Kmx−ωmt].

The resonant terms of 3
2∂xu(1)u(2), Fres, lead to the third order contribution in

the form

−9
4
amtKm


 ∑

n6=−m

|an|2Γ2(ωm + ωn, ωn)


 ei[Kmx−ωmt].

As already observed in the previous chapter for purely bichromatic waves, this
third order resonant contribution linearly grows in time, then for large t this
will dominate the second order contribution.

To prevent this growth, we need to take care of the resonance. To do that, we
consider the following Ansatz:

u(x, t) = u(1) + u(2) + u(3), (5.14)

where
u(1) =

∑
m

amei[kmx−ωmt]
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with
km = k(0)

m + k(1)
m + k(2)

m + · · · .

Observe that even though we use the same notation u(1), it is different than in
the preceding sections; the wave number km is now given as a series expansion in
amplitude. This technique is known as Lindstedt-Poincaré method. In chapter
3 we have discussed this method to find an approximate solution of an ordinary
differential equation, see also cited references in that chapter. For a partial
differential equation, a simple example of this method was given by Whitham
in [59].

We now proceed like in the previous chapter. The differences will be on the one
hand, that now we consider waves of many frequencies, and on the other hand,
we do not have any condition yet for u at x = 0. In this case, the homogeneous
solution for u(2) (and u(3)) will simply be taken to be zero. Substituting (5.14)
into the left hand side of (5.1), and collecting the first, second and third order
residues into A(1), A(2), A(3) respectively, we have

A(1) + A(2) + A(3) + h.o.t., (5.15)

where h.o.t. means higher order terms. The residue (5.15) has to be made as
small as possible. Writing

θm = kmx − ωmt,

A(j) for j = 1, 2, 3 are given as follows

A(1) =
∑
m

am

[
Ω(k(0)

m ) − ωm

]
eiθm , (5.16)

A(2) = u
(2)
t + iΩ(−i∂x)u(2) + F (2), (5.17)

A(3) = u
(3)
t + iΩ(−i∂x)u(3) + F (3). (5.18)

Before we write the expressions for F (2) and F (3), we make A(1) = 0 which gives

Ω(k(0)
m ) = ωm or k(0)

m = K(ωm) = Km, (5.19)

meaning that in lowest order the linear dispersion relation has to be satisfied.

The function F (j), for j = 2, 3, contains resonant and non-resonant terms:

F (j) = F (j)
res + F (j)

nonres.

Using k
(0)
m = Km, F

(2)
res and F

(2)
nonres are given by

F (2)
res =

∑
m

amk(1)
m Ω′(Km)eiθm

and
F (2)

nonres =
3
4

∑
m,n,m+n6=0

aman(Km + Kn)ei[θm+θn],
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respectively. Making the resonant and non-resonant terms of A(2) separately to
vanish leads to the condition

k(1)
m ≡ 0

and to the equation

u
(2)
t + iΩ(−i∂x)u(2) + F (2)

nonres = 0.

Taking the homogeneous solution be zero, the last equation gives

u(2) =
3
4

∑
m,n,m+n6=0

amanΓ2(ωm + ωn, ωn)ei[θm+θn]. (5.20)

In the third order residue, we now merely consider the resonant term which is
F

(3)
res . This is given by

F (3)
res =

∑
m


amk(2)

m Ω′(Km) +
9
4
amKm

∑
n6=−m

|an|2Γ2(ωm + ωn, ωn)


 eiθm .

Making the resonance in the third order to vanish, we come to the so-called
Nonlinear Dispersion Relation (NDR) for waves composed of many frequencies:

km = Km − K(m)
corr,

where

K(m)
corr = −k(2)

m =
9
4

Km

Ω′(Km)


 ∑

n6=−m

|an|2Γ2(ωm + ωn, ωn)


 . (5.21)

The nonlinear dispersion relation is well-known by applying frequency correc-
tions (see for examples [59] for monochromatic waves, and [63] for irregular
waves). However, we use wave number corrections that is more convenient for
the signaling problem we deal with.

Observe that this wave number correction is of second order in amplitude. The
wave number correction can be written as

K(m)
corr =

9
4

Km

Ω′(Km)


|am|2Γ2(2ωm, ωm) +

∑
n 6= m

n 6= −m

|an|2Γ2(ωn + ωm, ωm)


 .

The term with Γ2(2ωm, ωm) accounts for the correction of the wave number km

from the nonlinear interaction of the wave component ωm with itself, while the
term with Γ2(ωn + ωm, ωm) is the contribution to the correction in km by the
nonlinear interaction of the wave components with ωn.

Summarising so far, the second order approximation with the nonlinear disper-
sion relation,

u = u(1) + u(2),
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is given as follows. The phase with frequency ωm is denoted by θm and can be
written as

θm = Kmx − ωmt − K(m)
corrx. (5.22)

The lowest order contribution is then given by

u(1) =
∑
m

ameiθm .

Taking only significant mode contributions that fall in the frequency range
[−ωM , ωM ], the second order contribution reads

u(2) =
3
4

∑
m,n,m+n6=0

amanΓ2(ωm + ωn, ωn)ei[θm+θn].

At x = 0 the equation u(0, t) = s(t) should be satisfied up to second order. The
amplitude components am’s are determined using (5.12), since the wave number
corrections do not influence the solution at x = 0.

5.5 AWC2 based on the direct second order ap-
proximation with NDR

To incorporate the nonlinear dispersion relation in the AWC, the algorithm of
AWC1 given by Figure 5.1 needs to be improved. The improvement is merely
in determining the improved wave number by taking the nonlinear dispersion
relation into account. This requires that the ’linear’ wave numbers, the second
order transfer functions and the amplitude components should be computed
first. Then, we are able to compute the wave number corrections. This new
AWC, based on the second order approximation with NDR, will be called AWC2.
The complete algorithm of AWC2 is given in Figure 5.7.

In the following we evaluate the performance of AWC2 in predicting numerical
and experimental results in section 5.3. In this evaluation we do not plot the
comparisons between the predictions and the numerical or experimental results
at x = 0. These comparisons, however, give the same results as in section 5.3,
since the amplitude components are determined in the same way for AWC1 and
AWC2.

We note that the computations were done for the same length of time-interval
and number of points. The additional computation time is only needed once
for determining the wave number corrections, but not for computing the wave
elevation u(x, t) at any position x. For the examples above, this additional
computation was very fast and took only a few seconds.
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Figure 5.7: The algorithm of the analytical wave code based on the second order
approximation with nonlinear dispersion relation (AWC2).

Predictions of AWC2 compared to numerical results

Figure 5.8 shows the numerical results and the predictions of AWC2 for Bichro-
matic 1 and Bichromatic 2 at x = 70 and 150 m. In this figure we have qual-
itatively the same observations as Figure 4.5 in the previous chapter. First,
the phase shift has significantly reduced. However, this is achieved after mul-
tiplying the wave number corrections with constants, 5 for Bichromatic 1 and
3 for Bichromatic 2. This will be clear in the discussion about near-resonant
interactions in section 5.6.2. Second, the prediction of Bichromatic 2 does not
reveal large envelope deformations. Hence, we come to the stronger conclusions
than already presented in the previous chapter: the nonlinear dispersion has
significantly reduced the error in the wave propagation, but the second approx-
imation, even though many frequencies have been taken into account, is still
not capable to reveal the large envelope deformation as shown by the exper-
iments and the direct numerical simulations for Bichromatic 2. We conclude
that AWC2 is significantly capable in predicting bichromatic waves that do not
reveal large envelope deformations.
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Figure 5.8: Numerical results (solid lined) and predictions using AWC2 (dashed
line). In this figure (a) and (c) are Bichromatic 1, and (b) and (d) are Bichro-
matic 2.

Predictions of AWC2 compared to experimental results

The performance of AWC2 in predicting Bichromatic 3 is given in Figure 5.9.
Qualitatively similar observations as the case of Bichromatic 1 are noticed. For
this experimental bichromatic wave, the wave number corrections have been
multiplied by 3 such that the phases of the experiments and the predictions are
in a good agreement.

For the case of irregular waves the comparisons between the experiments and
the predictions are given in Figure 5.10. In this figure we observe that for large
waves, the most important part of these evolutions, the predictions of AWC2
are better than the predictions of AWC1 given in Figure 5.5, the inaccuracy in
predicting the large waves has significantly been reduced.

To investigate this performance in more detail, we will investigate the spectral
amplitude and phase errors of the predictions. This is done as follows. Let there
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Figure 5.9: Experiments (solid lined) and predictions using AWC2 (dashed line)
for Bichromatic 3.
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Figure 5.10: Experiments (solid lined) and predictions using AWC2 (dashed
line) for irregular waves.
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be given a time-signal f(t) that is evaluated at equally distant points 2M in a
finite time-interval [0, T ]. Assuming that the signal is periodic, see section 5.1,
we write f in the Fourier series

f(t) =
M∑

m=−M

b(ωm)e−iωmt, (5.23)

where

b(ωm) =
1
T

∫ T

0

f(t)eiωmtdt.

The expression (5.23) can be written in the form

f(t) =
M∑

m=1

2 |b(ωm)| cos
(
ωmt − θ̄(m)

)
, (5.24)

where 0 ≤ θ̄(m) < 2π that satisfies

cos θ(m) = Re(b(ωm)), sin θ̄(m) = Im(b(ωm)).

Re(b) means the real part of b, and Im(b) means the imaginary part of b. This
determination of the spectral amplitudes and the phases are applied for the
signals obtained from the experiments, the predictions of AWC1 and AWC2 at
x = x0. These signals are written in the forms

M∑
m=1

2 |bexper(ωm)| cos
(
ωmt − θ̄(m)

exper

)
,

M∑
m=1

2 |bAWC1(ωm)| cos
(
ωmt − θ̄

(m)
AWC1

)
,

and
M∑

m=1

2 |bAWC2(ωm)| cos
(
ωmt − θ̄

(m)
AWC2

)
,

respectively.

The spectral amplitude of these irregular waves at x = 0 is already given in
Figure 5.6. In the following, we will present spectral amplitude and phase er-
rors only in the frequency range [2,6] rad/s, the most substantial frequency
range of these irregular waves. Figure 5.11 shows the spectral amplitude er-
rors of the predictions using AWC1 and AWC2, 2 |bexper − bAWC1| /∆ω and
2 |bexper − bAWC2| /∆ω respectively, at positions x = 50 and 80 m. In this
figure we observe that there is no significant difference between the spectral
amplitude errors of the predictions using AWC1 and AWC2. This is due to the
component amplitudes am’s for both AWC’s have been determined in the same
way.
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Figure 5.11: Raw spectral amplitude errors of the predictions using AWC1 and
AWC2 at positions x = 50 and 80 m. The axes are angular frequency in rad·s−1

(horizontal) and raw spectral amplitude error in m/
(
rad · s−1

)
(vertical).
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Figure 5.12: Phase error of the predictions using AWC1 and AWC2 at positions
x = 50 and 80 m. The axes are angular frequency in rad·s−1 (horizontal) and
phase error (vertical).
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The phase errors of the predictions of AWC1
∣∣θ̄exper − θ̄AWC1

∣∣ and the predic-
tions of AWC2

∣∣θ̄exper − θ̄AWC2

∣∣ are presented in Figure 5.12. In this figure we
observe that the phase error of the predictions using AWC2 is much less than the
phase error of the predictions using AWC1 in this substantial frequency region,
especially in the most essential low-frequency region. Some large phase errors in
the angular frequency range [5,6] of the predictions using AWC2 are observed.
These errors correspond to small amplitude components of the Fourier series
of the signals. Hence, the contribution of these error in the inaccuracy of the
predictions is not substantial. These show that the wave number correction has
substantially reduced the phase error.

5.6 Third order contribution

In the preceding sections we have observed that the AWC’s based on the sec-
ond order approximations, even though modes and wave number corrections for
many frequencies have been taken into account, are not capable in predicting
large envelope deformation of Bichromatic 2. In the previous chapter we have
investigated that the third order side band contributions have become substan-
tial if the quotient of amplitude and frequency difference is small. Moreover,
we showed that the approximation is in a good agreement with the numerical
result for Bichromatic 2 in revealing large envelope deformations. Based on this
investigation, we also consider third order contributions for waves that consist of
many frequencies. These contributions should be computed from the equation
that is obtained by making the non-resonant terms of A(3) in (5.18) to vanish.
This equation reads

u
(3)
t + iΩ(−i∂x)u(3) + F (3)

nonres = 0. (5.25)

The forcing function F
(3)
nonres is non-resonant and given by a triple sum (in m, n

and p)

F (3)
nonres =

9
8

∑
m 6= −n
m 6= −p
n 6= −p


 amanap · {Km + Kn + Kp}×

Γ2(ωn + ωp, ωp)ei{θm+θn+θp}


 . (5.26)

5.6.1 Third order side band contributions

Solving (5.25) leads to the solution for u(3) that is given in a triple sum of the
form

u(3) =
9
8

∑
m 6= −n
m 6= −p
n 6= −p


 Γ3(ωm + ωn + ωp, ωn + ωp, ωp)×

amanap × ei{θm+θn+θp}


 , (5.27)
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where

Γ3(ω, µ, σ) = Γ2(µ, σ)
K(σ) + K(µ − σ) + K(ω − µ)

ω − Ω(K(σ) + K(µ − σ) + K(ω − µ))
.

The third order transfer function Γ3(ω, µ, σ) is, mathematically speaking, the
multiplication factor from third order interactions that produce a wave with
frequency ω. These interactions are of the mode ω − µ and the second order
bound wave µ, where this bound wave is the second order interaction of two
modes σ and µ − σ, see Figure 5.13 for this interaction in frequency domain.

0

1st order

2nd order

3rd order

ωBµ µBσσ ωµ Frequency

Figure 5.13: Third order interaction in the frequency domain.

Observe that if conditions µ = 0, σ = ω or µ = σ + ω are satisfied, this transfer
function is singular, meaning that there is resonance. We introduce the notation
C0 defined by

C0(ω) = {(σ, µ)|σ = ω or µ = 0 or µ = σ + ω} (5.28)

to denote the set of points in σ, µ-plane where the resonance conditions at fre-
quency ω are satisfied, see Figure 5.14.

Note that Γ3(ωm + ωn + ωp, ωn + ωp, ωp) is simply equal to

Γ2(ωn + ωp, ωp)
Km + Kn + Kp

ωm + ωn + ωp − Ω(Km + Kn + Kp)
.

It is already observed in the previous chapter that third order side band contri-
butions become essential if the frequency difference is small. We now investigate
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σ
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σ=ω

µ=σ+ω

0

Figure 5.14: C0 in σ, µ-plane.

the third order side band contribution of frequency ωq at frequency ω = ωq + ε.
Hence, one of the following three conditions ωm = ωq, ωn = ωq or ωp = ωq

should be satisfied. The sign of ε determines which side band is considered,
positive is for the upper side band, while negative is for the lower side band.
For ε = 0 we have resonance that has been taken care of. We introduce the
notation ∆ given by

∆ = K(ωm1) + K(ωM2), where ωm1 + ωm2 = ε.

Rewriting the three conditions above in more detail we have the following

i) ωm = ωq (Km = Kq) and ωn + ωp = ε (Kn + Kp = ∆),

ii) ωn = ωq (Kn = Kq) and ωm + ωp = ε (Km + Kp = ∆),

iii) ωp = ωq (Kp = Kq) and ωm + ωn = ε (Km + Kn = ∆).

This is given in Figure 5.15. The difference between cases ii) and iii) that look
similar in this figure can clearly be seen in Figure 5.16. Observe that cases i), ii)
and iii) are side band contributions near the resonance lines µ = 0, µ = σ+ωq+ε
and σ = ωq + ε, respectively. For these cases, we have

Γ±
3 = Γ3(ωq ± ε, ωn + ωp, ωp) ∼ 1

1
2∆2Ω′′ ± 1

6∆3Ω′′′ ,

where the second and third derivatives of Ω should be evaluated at Kq. Obvi-
ously, Γ±

3 tends to infinity as ∆ tends to zero. Moreover, we also have

Γ+
3 + Γ−

3 ∼ 1
∆2Ω′′ (5.29)
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Figure 5.15: Side band contribution of frequency ωq at frequency ωq + ε.
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Figure 5.16: Side band contribution of frequency ωq at frequency ωq + ε in
σ, µ-plane.
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and

Γ+
3 − Γ−

3 ∼ Ω′′′

∆ · [Ω′′]2
. (5.30)

The difference between lower and upper side band contributions, as shown by
Γ+

3 − Γ−
3 , yields an out-of phase contribution.

For discrete frequencies (due to periodic continuation of the signal s(t)) ε =
j · ∆ω, where j is an integer. From now on we only consider non-zero j, which
does not yield resonance.

Before we proceed, we note that

ωp1 + ωp2 = ωp1+p2 ,

and since Γ2(ωp2+p3 , ωp2) = Γ2(ωp2+p3 , ωp3), we also have

Γ3(ωp1 , ωp2+p3 , ωp2) = Γ3(ωp1 , ωp2+p3 , ωp3).

Let M0 be a positive integer. We define third order, M th
0 side band, contribution

by third order interactions between mode ωq and any modes that produce side
band contributions at frequencies ωq − (M0 · ∆ω) and ωq + (M0 · ∆ω). These
are upper and lower side band contributions, respectively. The third order, M th

0

side band, contribution reads

u
(3)
sb =

9
8

∑
q 6= −p
q 6= p − j
j = ±M0

aqa−p+japΓ3(ωq+j , ωj , ωp)ei{θq+θp+θ−p+j}

+
9
8

∑
q 6= −p
q 6= p − j
j = ±M0

aqa−p+japΓ3(ωq+j , ωp+q, ωp)ei{θq+θp+θ−p+j}

+
9
8

∑
q 6= −n
q 6= n − j
j = ±M0

aqa−n+janΓ3(ωq+j , ωn+q, ωq)ei{θq+θn+θ−n+j}

=
9
8

∑
q 6= −p
q 6= p − j
j = ±M0

aqa−p+jan

[
Γ3(ωq+j , ωj , ωp)+
2Γ3(ωq+j , ωp+q, ωp)

]
ei{θq+θp+θ−p+j}. (5.31)

Even though this is still a triple sum in q, p and j, the index j is only taken for
j = ±M0. Observe that u

(3)
sb given by formula (5.31) contains much less terms

compared to u(3) in formula (5.27).

5.6.2 Near-resonant interactions

The third order side band interactions may yield contributions that are substan-
tially large, even larger than the first order contribution. These interactions are
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called near-resonant interactions. If this happens the series expansion for the
approximate solution is no longer valid, and the perturbation technique breaks
down. We note that this does not happen for ordinary differential equations nor
if we only consider a single frequency solution for a partial differential equation,
see [59].

Near-resonant interactions are observed in Bichromatic 2. Figure 5.17 shows
amplitude spectra of the lowest order contribution and the third order side
band contributions for several values of M0. At the first side band, M0 = 1, the
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Figure 5.17: Amplitude spectra of the lowest order contribution (solid line) and
the third order side band contributions (dashed line) for several values of M0.
For this Bichromatic 2, all quantities are in normalised forms.

amplitude spectrum of the third order contribution is larger than the spectrum
of the lowest order contribution. Hence, this first side band interaction is near-
resonant, and should be taken care of. For M0 ≥ 2 the amplitude spectra of the
third order contributions are less dominant than the amplitude spectrum of the
lowest order contribution.

Before we discuss how M0 should be determined, we will present how we deal
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with the near-resonant interactions. Let the third order contributions in the
side band(s) less than M0 be near-resonant. These contributions are due to the
forcing

F (3)
nearres =

9
8

∑
q 6= −p
q 6= p − j
|j| < M0


 aqa−p+jap [Kq + Kp + K−p+j ]

×{Γ2(ωj , ωp) + 2Γ2(ωp+q, ωp)}


 ei{θq+θp+θ−p+j}.

Observe that for |j| < M0, we have

ωq + ωp + ω−p+j = ωq + ωj = ωq + ε,

Kq + Kp + K−p+j = Kq + Kj = Kq + ∆.

Hence, θq + θp + θ−p+j ≈ θq, and the forcing can be approximated by

F (3)
nearres ≈

9
8

∑
q 6= ±p
|j| < M0


 aqa−papKq×

{Γ2(0, ωp) + 2Γ2(ωp+q, ωp)}


 eiθq .

The second order transfer function for Γ2(0, σ) the very long wave interaction
should be interpreted by its limiting case as follow.

Γ2(0, σ) = lim
ω→0

Γ2(ω, σ) = lim
ω→0

K(σ) + K(ω − σ)
ω − Ω(K(σ) + K(ω − σ))

= lim
ω→0

K ′(σ) · ω
ω − Ω(K ′(σ) · ω)

= lim
ω→0

K ′(σ) · ω
ω − Ω′(0) · K ′(σ) · ω

=
1

V (σ) − Ω′(0)
= − 1

1 − V (σ)

where V (σ) is the group velocity at frequency σ defined by V (σ) = 1/K ′(σ).
Taking care of this approximate near-resonant forcing, we have additional terms
to the wave number correction (5.21). These terms read

9
4

Km

Ω′(Km)
(M0 − 1)

∑
p6=−m

[
Γ2(0, ωp) +
2Γ2(ωp+m, ωp)

]
|ap|2.

Without the presence of term Γ2(0, ωp), this additional wave number correction
is equal to 2(M0 − 1)K(m)

Corr. Factor 2(M0 − 1) comes from the total number of
near-resonant interactions in the lower and upper side bands, at each side there
are M0 − 1 bands.
Hence, K

(m)
Corr in θm given by formula (5.22) should be replaced by K

(m)
CorrSb,

where

K
(m)
CorrSb = K

(m)
Corr +

9
4

Km

Ω′(Km)
(M0 − 1)

∑
p6=−m

[
Γ2(0, ωp) +
2Γ3(ωp+m, ωp)

]
|ap|2

=
9
4

Km

Ω′(Km)

∑
p6=−m

[ {M0 − 1}Γ2(0, ωp) +
{2M0 − 1}Γ3(ωp+m, ωp)

]
|ap|2. (5.32)
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Note that the condition M0 = 1 means that there is no near-resonant interaction,
therefore K

(m)
CorrSb = K

(m)
Corr.

Determining M0 is not easy and probably there is no standard way. However,
there are two conditions that should be considered for this purpose. First, M0

should be determined such that the third order contribution at the side band M0

should be less dominant than the lowest order contribution, but not necessarily
than the second order contribution. Second, the choice for M0 should give the
best approximation for the propagation speed compared to the experiments or
direct numerical simulations.

The following is one technique to determine M0. Let ā be the maximum of
the amplitude spectrum of the lowest order contribution, in the example above
ā = 0.007. Denote ω̄ be the frequency which gives the largest amplitude ā, or to
be less strict a frequency nearby the frequency which gives the largest amplitude
ā. Since the third order side band contribution should be less dominant than
the lowest order contribution, we have a condition

9
8
ā3

[
Γ3(ω̄ + ε, ε, ω̄)+
2Γ3(ω̄ + ε, 2ω̄ + ε, ω̄)

]
< ā, (5.33)

see formula (5.31) by taking ωp = ωq = ω̄ and ε = M0 · ∆ω. Note that ∆ω is
determined from the initial signal, see section 5.1. Observe that[

Γ3(ω̄ + ε, ε, ω̄)+
2Γ3(ω̄ + ε, 2ω̄ + ε, ω̄)

]
=

[
Γ2(ε, ω̄)+
2Γ2(2ω̄ + ε, ω̄)

]
K(ω̄) + ∆

ω̄ + ε − Ω(K(ω̄) + ∆)

≈
[

Γ2(0, ω̄)+
2Γ2(2ω̄, ω̄)

]
K(ω̄)

− 1
2∆2 · Ω′′ .

The wave number difference ∆ is given by

∆ = K(ω̄ + {M0 · ∆ω}) − K(ω̄),

which can be approximated by

∆ ≈ M0 · K ′(ω̄) · ∆ω =
M0 · ∆ω

Ω′ .

Using this approximation, the condition (5.33) gives

M0 >
ā

∆ω
· Ω′ ·

√
9
4

K(ω̄)
−Ω′′ [Γ2(0, ω̄) + 2Γ3(2ω̄, ω̄)].

M0 may be different for different waves. For waves we have discussed, these
values can be found in Table 5.1. Observe that a wave with larger quotient ā

∆ω
need less side bands than one with smaller ā

∆ω . This is because the side bands 1
to M0−1 should be taken care of using NDR. For those waves, we have ω̄ ≈ 2.1,
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which comes from the laboratory interest in waves of length about 7 m in the 5
m deep basin. In this case, we also have

Ω′ ·
√

9
4

K(ω̄)
−Ω′′ [Γ2(0, ω̄) + 2Γ3(2ω̄, ω̄)] ≈ 16

We note that in this criterion, the restriction is only due to the lowest order
contribution, but not the second order contribution.

ā ∆ω M0 2M0 − 1
Bichromatic 1 0.0035 0.0225 3 5
Bichromatic 2 0.007 0.0225 5 9
Bichromatic 3 0.004 0.0281 2 3
Irregular 0.0012 0.0281 1 1

Table 5.1: M0 for considered Bichromatic and irregular waves.

From this table M0’s agree with the multiplication factors that have been taken
into account for the adjustment of the propagation speeds of Bichromatic 1 and
Bichromatic 3 in section 5.5. The wave number correction of Bichromatic 1 was
multiplied by 5, of Bichromatic 3 by 3.

However, to get the propagation speed correct, the wave number correction of
Bichromatic 2 was multiplied by the factor 3, instead of 9. The explanation is
that the third order contribution at the side band 2 is already needed for the
large envelope deformations for Bichromatic 2 . This side band contribution
is less dominant than the lowest order contribution as shown in Figure 5.17,
therefore, taking that contribution into account does not make the perturbation
method break down.

5.6.3 Third order contribution at the outer side bands

We have shown that some side band contributions are needed to be taken care
of, because their presence makes the perturbation technique fail. In the follow-
ing we will show that side band contributions outside M th

0 side band may be
substantial, and therefore they should be taken into account. Figure 5.18 shows
amplitude spectra of the lowest order contribution and third order contributions
only at the side band M0 and at the side bands M0 to M1. In this figure we
observe that the main difference between the amplitude spectra of the third
order contributions at the side band M0 and at the side bands M0 to M1 is at
the frequency 2.57. At this frequency the spectrum of the former contribution is
small, but the spectrum of the latter is indeed substantial, about one third of the
largest amplitude spectrum of the lowest order contribution. The contribution
is due to the interaction between two main frequencies 2.13 and 2.35.

As already observed, the contributions at outer side bands may be substantial.
But, how many outer side bands should be considered? Or stated differently,
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Figure 5.18: Amplitude spectra of the lowest order contribution (thick, solid
line), the third order contributions merely at the side band M0 = 2 (dashed
line) and at side bands M0 = 2 to M1 = 47 (thin line with diamonds).

how can we determine M1? This will be done as follows. Two cosine signals of
the same amplitude around frequency ω̄ with the side band ν can be written as

1
2

cos ({ω̄ − ν}t) +
1
2

cos ({ω̄ + ν}t) = cos(νt) cos(ω̄t).

For small ν, there are many waves in an envelope. As ν increases, the number
of waves within an envelope decreases, see Figure 5.19. For ν = 1

2 ω̄, there is
only one crest or one trough within an envelope, this allows a wave to appear
individually as a single crest (or trough). We will use this to determine M1, i.e.
from the condition

M1 · ∆ω =
1
2
ω̄,

or

M1 =
ω̄

2 · ∆ω
.

For Bichromatic 2, this condition gives M1 = 47.

The third order contributions at the side bands M0 to M1 read

u
(3)
sb =

9
8

∑
q 6= −p

q 6= p − j
M0 ≤ |j| ≤ M1

aqa−p+jan

[
Γ3(ωq+j , ωj , ωp)+
2Γ3(ωq+j , ωp+q, ωp)

]
ei{θq+θp+θ−p+j}. (5.34)

Taking also the outer side band contributions into account gives very substantial
improvement to the approximate solution as we will see in next section.
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Figure 5.19: Solid line: cos(νt) cos(ω̄t), dashed line: cos(ω̄t). In this example,
ω̄ = 2, (a) ν = 0.2 which gives 4 waves within an envelope, and (b) ν = 1 which
yields one wave in an envelope.

5.6.4 Determination of free wave, second order and third
order side band bound wave contributions from one
point measurement

At x = 0 the approximation u(0, t) should be equal to the prescribed signal s(t),
up to higher order. Hence, it is possible to obtain the lowest order, second order
and third order side band contributions separately. Up to second order, this
has been discussed in section 5.2. We will improve the technique to incorporate
the third order side band contributions. The condition u(0, t) = s(t) gives the
equation

am + 3
4

∑
p+n=m

apanΓ2(ωp + ωn, ωn)

+ 9
8




∑
q 6= −p
q 6= p − j
M0 ≤ |j| ≤ M1
q + j = m

aqa−p+jap

[
Γ3(ωq+j , ωj , ωp)+
2Γ3(ωq+j , ωp+q, ωp)

] 


= ŝm. (5.35)

The amplitude am is approximated using an iterative method as follows. Take
a
(0)
m = ŝm, for any m, and a

(r)
m for r ≥ 1 should be determined from the following



96 Chapter 5. Analytical Wave Codes

explicit equation

a
(r)
m = ŝm − 3

4

∑
p+n=m

a(r−1)
p a(r−1)

n Γ2(ωp + ωn, ωn)

− 9
8




∑
q 6= −p
q 6= p − j
M0 ≤ |j| ≤ M1
q + j = m

a(r−1)
q a

(r−1)
−p+ja

(r−1)
p

[
Γ3(ωq+j , ωj , ωp)+
2Γ3(ωq+j , ωp+q, ωp)

] 


. (5.36)

In the following we will show that this iteration converges. To do that, for
simplicity of the notations, we write

m∑
p,n

a(r)
p a(r)

n Γp,n
2 =

∑
p+n=m

a(r)
p a(r)

n Γ2(ωp + ωn, ωn)

and

m∑
p,q,j

a(r)
q a

(r)
−p+ja

(r)
p Γp,q,j

3 =

∑
q 6= −p
q 6= p − j
M0 ≤ |j| ≤ M1
q + j = m

a(r)
q a

(r)
−p+ja

(r)
p

[
Γ3(ωq+j , ωj , ωp)+
2Γ3(ωq+j , ωp+q, ωp)

]
.

Observe that in the first iteration

a
(1)
m +

3
4

m∑
p,n

a(1)
p a(1)

n Γp,n
2 +

9
8

m∑
p,q,j

a(1)
q a

(1)
−p+ja

(1)
p Γp,q,j

3

= ŝm − 3
4

m∑
p,n

ŝpŝnΓp,n
2 − 9

8

m∑
p,q,j

ŝq ŝ−p+j ŝpΓ
p,q,j
3

+
3
4

m∑
p,n

ŝpŝnΓp,n
2 +

3
4

m∑
p,n

ŝpΓ
p,n
2

[
3
4

n∑
p1,n1

ŝp1 ŝn1Γ
p,n
2

]

+
3
4

m∑
p,n

ŝnΓp,n
2

[
3
4

p∑
p1,n1

ŝp1 ŝn1Γ
p,n
2

]
+ h.o.t

+
9
8

m∑
p,q,j

ŝq ŝ−p+j ŝpΓ
p,q,j
3

+
9
8

m∑
p,q,j

ŝq ŝ−p+jΓ
p,q,j
3


9

8

p∑
p1,q1,j1

ŝq1 ŝ−p1+j1 ŝp1Γ
p1,q1,j1
3




+
9
8

m∑
p,q,j

ŝq ŝpΓ
p,q,j
3


9

8

−p+j∑
p1,q1,j1

ŝq1 ŝ−p1+j1 ŝp1Γ
p1,q1,j1
3




+
9
8

m∑
p,q,j

ŝ−p+j ŝpΓ
p,q,j
3


9

8

q∑
p1,q1,j1

ŝq1 ŝ−p1+j1 ŝp1Γ
p1,q1,j1
3


 + h.o.t.
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= ŝm +
3
4

m∑
p,n

ŝpΓ
p,n
2

[
3
4

n∑
p1,n1

ŝp1 ŝn1Γ
p,n
2

]
+

3
4

m∑
p,n

ŝnΓp,n
2

[
3
4

p∑
p1,n1

ŝp1 ŝn1Γ
p,n
2

]

+
9
8

m∑
p,q,j

ŝq ŝ−p+jΓ
p,q,j
3


9

8

p∑
p1,q1,j1

ŝq1 ŝ−p1+j1 ŝp1Γ
p1,q1,j1
3




+
9
8

m∑
p,q,j

ŝq ŝpΓ
p,q,j
3


9

8

−p+j∑
p1,q1,j1

ŝq1 ŝ−p1+j1 ŝp1Γ
p1,q1,j1
3




+
9
8

m∑
p,q,j

ŝ−p+j ŝpΓ
p,q,j
3


9

8

q∑
p1,q1,j1

ŝq1 ŝ−p1+j1 ŝp1Γ
p1,q1,j1
3


 + h.o.t.

We write this result as

sm + s [sΓ2]
2 + s

[
s2Γ3

]2
.

The second term contains third order in s and second order in Γ2. Since Γ2 is
bounded, the contribution of this term is small, see determination of amplitude
spectrum up to second order in section 5.2. The last term contains fifth order
in s and second order in Γ3. Even though Γ3 may be large, the third order
contributions have a restriction that the absolute value of s2Γ3 less than 1,
otherwise we have near-resonant interactions.

This process can be continues and we have

a
(2)
m +

3
4

m∑
p,n

a(2)
p a(2)

n Γp,n
2 +

9
8

m∑
p,q,j

a(2)
q a

(2)
−p+ja

(2)
p Γp,q,j

3

= sm + s [sΓ2]
3 + s

[
s2Γ3

]3
.

And for up to r iteration, this gives

a
(r)
m +

3
4

m∑
p,n

a(r)
p a(r)

n Γp,n
2 +

9
8

m∑
p,q,j

a(r)
q a

(r)
−p+ja

(r)
p Γp,q,j

3

= sm + s [sΓ2]
r+1 + s

[
s2Γ3

]r+1
.

This shows that the iterative method (5.36) up to r iteration give an approxi-
mate solution that has error in order s [sΓ2]

r+1 +s
[
s2Γ3

]r+1 to equation (5.35).

We note that the near-resonant interactions have been taken care of, therefore
their contribution excluded in formula (5.36).
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5.7 AWC3 based on the third order side band
approximation

The AWC based on the third order side band approximation will be called
AWC3. The complete algorithm of this AWC3 is presented in Figure 5.20.

¨

§

¥

¦
Given signal s(t)

¨

§

¥

¦
Compute ωm, ŝm

¨

§

¥

¦
Compute Km = K(ωm)

¨

§

¥

¦
Compute Γ2

¨

§

¥

¦
Compute Γ3

¨

§

¥

¦
Compute M0 and M1

¨

§

¥

¦
Compute am

¨

§

¥

¦
Compute K

(m)
CorrSb

¨

§

¥

¦
Compute u(x, t) = u(1) + u(2) + u

(3)
sb

Figure 5.20: The algorithm of the analytical wave code based on the third order
side band approximation (AWC3).

Compared to AWC2, AWC3 has several modifications. These modifications are
as follows. First, the need to compute the third order transfer function Γ3 at



5.8. Conclusions 99

the side band frequencies, and determine the side bands that will be considered,
from M0 to M1. Second, the amplitudes am’s should be computed by taking
the third order side band contribution into account. Hence, we apply formula
(5.36), instead of formula (5.12). Next, the wave number correction should
be computed from the formula (5.32) after taking care of the near-resonant
interactions. Finally, the third order contributions at the side bands M0 to M1

have to be taken into account to the predicted surface elevation u(x, t).

In the following we present the performance of AWC3 to predict the evolution
of Bichromatic 2. For this bichromatic wave, the first side band interaction
is considered as near-resonant, therefore M0 = 2 and M1 = 47. Figure 5.21
shows the direct numerical results and the predictions using AWC3. In this
figure we observe that the amplitude spectrum of the prediction has well been
determined using the iterative method (5.36). This is indicated by Figure 5.21,
where the prediction and the direct numerical result are in a good agreement.
At the position x = 70 m, the prediction deforms, shows an amplitude increase
as the numerical result. The largest amplitude increment is about 8 cm, from
16 cm at x = 0 m to about 24 cm. The prediction show an asymmetry of the
envelope, especially in the region where the slope of the envelope is not steep,
behind the ’centre’ of wave groups. However, in front of wave groups where the
envelope has steep slope, there is amplitude difference between the predicted
waves and the numerical result. We also notice that there is no phase shift
between them. At the position x = 150 m the prediction and the simulation are
in good agreement, especially in the region of large waves, the main important
part of the evolution and also in front of wave groups where the envelope slope
is not steep. Behind the centre of wave groups, where the slope of the envelope
are steep there is amplitude difference between the prediction and the numerical
result.

Even though the predictions of waves without large envelope deformations;
Bichromatic 1, Bichromatic 3 and irregular waves have also been done, the com-
parisons are not presented here. For these waves, the performance of AWC3 are
qualitatively not different compared to AWC2. This is because, on the one
hand, the propagation speed has been similarly improved. And, on the other
hand, the third order side band for these waves are small and insignificant.

5.8 Conclusions

We have presented the construction of three different Analytical Wave Codes
based on, respectively, the direct second order approximation (AWC1), the sec-
ond order approximation with the nonlinear dispersion relation (AWC2) and
the third order side band approximation (AWC3). These AWC’s have been
constructed to predict the wave evolutions from a given wave signal at one
point. This signal is given on a finite-time interval. For the need of methods to
find those approximations, the prescribed signal has been assumed to be peri-
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Figure 5.21: Numerics (solid line) and predictions using AWC3 (dashed line) of
Bichromatic 2.
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odic with the period of the time-interval as length of the signal, therefore it can
be expressed as a Fourier series.

AWC1 and AWC2 are based on the second order approximations. Hence, for
a given prescribed signal at x = 0, the approximation at this point should
be equal, up to second order, to this signal. By taking the approximation up
to second order in the amplitude causes two major problems that have been
taken care of: the determination of the spectral amplitudes and the presence of
the second order contributions which have frequencies larger than the Nyquist
critical frequency of the prescribed signal. The spectral amplitudes are directly
determined up to the relevant second order (in amplitude) using the explicit
formula (5.12). On the other hand, the Nyquist frequency has been taken to
be large enough to allow all substantial second order contributions fall into the
frequency range below the Nyquist frequency. By doing this, the second order
contributions at the higher frequencies are small, therefore, neglecting them
does not substantially cause the aliasing phenomenon.

We have considered the direct second order approximation and the second order
approximation with the nonlinear dispersion relation. The difference between
them is the relation between the frequencies and the wave numbers. In lowest
order, the frequencies and the wave numbers of the direct second order approxi-
mation satisfy the (linear) dispersion relation, where in the discussion above the
wave number has been expressed as a function of the frequency. For the second
order approximation with the nonlinear dispersion relation, however, the wave
number is a function of both the frequency and the amplitude as well.

The performance of AWC1 and AWC2 in predicting wave evolutions has been
presented. AWC1 is not capable in predicting wave evolutions in long wave
tanks. This is observed, on the one hand, from the presence of a phase error
and on the other hand, the incapability of revealing large envelope deformations,
for example of Bichromatic 2, as shown by the experiments and the direct
numerical simulations. We showed that AWC2 has significantly reduced the
phase error. To reduce this phase error, however, we have multiplied the wave
number corrections with a positive integer that has been explained from near-
resonant interactions in the third order. We also applied AWC1 and AWC2
to predict the evolution of experimental irregular waves. For predicting these
irregular waves, AWC2 performs significantly better than AWC1 in the sense of
the laboratory interest to have a good prediction for large amplitude waves.

We have also investigated the performance of AWC3 by applying this code to
predict Bichromatic 1, Bichromatic 2, Bichromatic 3 and the irregular waves.
For this AWC, we take care of not only the resonant interactions, but also the
near-resonant interactions. This explains why an adjustment of the wave num-
ber corrections for AWC2 may be needed to achieve good agreement with the
numerical or experimental results. We have considered third order contributions
at several side bands, including outer side bands, in the approximation. The
outer side band contributions allow a single wave to be present individually.
AWC3 that is based on this approximation predicts the envelope increase of
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Bichromatic 2 as the the numerical simulation. Asymmetry of the envelope is
also predicted, especially in the region where the slope of the envelope is not
steep the prediction is in good agreement with the direct numerical result. In
the region where the envelope has a steep slope, however, the wave amplitudes
of the prediction and the simulation are different. For waves that do not reveal
large envelope deformations; Bichromatic 1, Bichromatic 3 and the irregular
waves, the predictions of AWC3 are similar as the predictions of AWC2. This
is because the third order side band contributions of these waves are small.



Chapter 6

Conclusions and remarks

We have presented several models for surface waves including the mKdV equa-
tion, which is used as a model to study surface wave evolution. This model
is chosen for its simplicity to understand the theory which is applied, yet still
gives approximate analytical solutions that are in good agreement with the di-
rect numerical simulations and experiments.

The approximate solutions of mKdV equation have been obtained by applying
perturbation methods. To understand the methods, we started with illustrating
the methods to solve an ordinary differential equation. We considered several
different methods of increasing complexity and better approximation to the
solutions. Those methods are direct second order approximation and third
order approximation by taking care of the resonant interaction(s). In the former
method, the period of the solution is independent of the amplitude, but the latter
method exhibits a solution with period that depends on the amplitude, known
as the Lindstedt-Poincaré method.

The same methods have been applied to solve mKdV equation, which is a par-
tial differential equation. First, we applied the methods for a simple case, to
study an evolution of bichromatic waves. In lowest order, this method intro-
duce (linear) dispersion relation, the wave number is a function of frequency.
This dispersion relation determines the wave propagation speed. Direct sec-
ond order solution, which has linear dispersion properties, is not an accurate
approximation, since it underestimates the propagation speed of the direct nu-
merical results and it does not reveal large envelope deformations as the nu-
merical simulation does for a specific class of bichromatic waves. Applying the
Lindstedt-Poincaré method by taking care of the resonant interaction in the
third order, we come to the nonlinear dispersion relation, the wave number is
a function of both frequency and amplitude. The second order approximation
with the nonlinear dispersion properties gives a good prediction for the wave
propagation speed. However, this still does not show large envelope deforma-
tions. Third order side band contributions are shown to be responsible for the

103
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envelope deformations. These contributions are found to quadratically depend
on the quotient of amplitude and wave number difference. Hence, if this quotient
is large the deformation is also large. However, if this quotient is too large, the
method breaks down. We note that these third order side band contributions do
not appear in an ordinary differential equation nor if one only considers a single
frequency solution of a partial differential equation. This third order side band
approximation does not show strong asymmetric envelope of wave groups during
the evolution, while the direct numerical simulations and also the experiments
really do. The asymmetric envelope is due to the wave generations numeri-
cally or experimentally which lose periodicity, and give a pseudo-bichromatic
wave which is different than a purely bichromatic wave, as indicated by small
discrepancy of the initial signal.

The same methods are also applied to obtain approximate solutions with many
frequencies. Based on these methods we constructed three different Analytical
Wave Codes (of increasing complexity and accuracy) to predict wave evolutions.
Hence, the AWC’s are capable for predicting irregular waves. AWC1, which
is based on the direct second order approximation, is not accurate to predict
experiments nor simulations. The inaccuracy is due to its poor prediction of the
propagation speed and its incapability in predicting large envelope deformations
observed numerically and experimentally for a class of waves. AWC2, which is
based on the second order approximation with the nonlinear dispersion relation,
has significantly reduced the error of propagation speed, but it does not reveal
large envelope deformations. To achieve a good prediction for the propagation
speed, the wave number corrections have been multiplied with some factors
that may be different for different waves. These multiplication factors have
been explained from near-resonant interactions in third order. In addition, we
note that AWC2 is still not capable to predict large envelope deformations.

AWC3, which is based on the third order side band approximation, is capable
to predict large envelope deformations. The predictions show large amplitude
increase as the direct numerical simulation does. Moreover, it also predict asym-
metry of the envelope of the wave groups during the evolution. Several remarks
are made to apply the third order side approximation in AWC3. First, the third
order side band contribution to be considered should be less dominant than the
lowest order contribution. Some third order contributions, however, may be
more dominant than the lowest order contribution, and their presence will make
the perturbation methods break down. To proceed, they have been considered
as near-resonant interactions and taken care of which give a modification to the
nonlinear dispersion relation. This explains why for AWC2 we need to multiply
the wave number corrections with some factors to get a good prediction of the
propagation speed. Second, third order contributions at several side bands have
been taken into account. Even though the outer side band contributions may
be small, they may give a single wave to be present individually that can be
responsible for the asymmetry of the envelope of wave groups.

Table 6.1 shows performance of the approximations based on considered per-
turbation methods compared to the numerical results for Bichromatic 2. The
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interests for the comparisons are mainly in the small discrepancy at x = 0 (where
the approximations should coincide with the prescribed signal), phase shift and
large envelope deformations. Second order approximations with only two fre-
quencies, with or without the nonlinear dispersion relation, show small discrep-
ancy at x = 0 compared to the direct numerical simulations. This discrepancy
is not observed if one considers solutions with many frequencies. Second order
approximations are not capable to predict large envelope deformations, even
though many frequencies and nonlinear dispersion properties are taken into ac-
count. Phase shift has been reduced by applying the nonlinear dispersion, which
is used in the second order approximation with the nonlinear dispersion relation
(NDR) and the third order side band approximation. And, the large envelope
deformations can be explained from the third order side band contribution, but
not from the first order and second order interactions.

Discrepancy
at x = 0 Phase shift

Incapability
to show large
envelope defor-
mations

Two
frequencies

Direct 2nd
order

+ + +

2nd order
with NDR

+ - +

Third order
side band

+ - -

Many
frequencies

Direct 2nd
order

- + +

2nd order
NDR

- - +

Third order
side band

- - -

Table 6.1: Performance of approximate solutions with two and many frequencies
in predicting properties of a pseudo-bichromatic wave. The sign + indicates
that the property is observed, while the sign - shows that the property is not
observed.

Understanding the large envelope deformations will facilitate a better under-
standing of extreme wave evolutions, waves which reveal large amplitudes at
some positions for some period of time. Extreme waves which are also called
freak waves or rogue waves are interesting research topics in the last few years.
The presence of extreme waves has been observed in seas, see [34, 45], and also
in shallow water, see [7, 43]. Extreme waves are important for offshore engi-
neering applications. It has been mentioned in [11] that the presence of extreme
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waves can lead to dangerous ringing phenomenon, i.e. the large amplification
in few cycles of response of the offshore structure at its natural frequency. The
ringing phenomenon has been observed in the laboratory [10] and also in field
application [33]. In [24] it is shown that this phenomenon is also caused by
second order bound waves.
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