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The Multiple-choice Multidimensional Knapsack Problem (MMKP) is a well-known NP-hard combi-
natorial optimization problem that has received a lot of attention from the research community as it can
be easily translated to several real-world problems arising in areas such as allocating resources, reliability
engineering, cognitive radio networks, cloud computing, etc. In this regard, an exact model that is able to
provide high-quality feasible solutions for solving it or being partially included in algorithmic schemes
is desirable. The MMKP basically consists of finding a subset of objects that maximizes the total profit
while observing some capacity restrictions. In this article a reformulation of the MMKP as a set par-
titioning problem is proposed to allow for new insights into modelling the MMKP. The computational
experimentation provides new insights into the problem itself and shows that the new model is able to
improve on the best of the known results for some of the most common benchmark instances.

Keywords: knapsack problem; reformulation; modelling; set partitioning problem; multiple-choice
multidimensional knapsack problem

1. Introduction

Often hierarchies of mathematical programming formulations with different numbers of
variables and constraints may have a major impact when it comes to solutions to be obtained
based on these formulations fed to a commercial solver. But even if the dimensions are literally
the same, the difference may have an impact on solvability and quality of results. This is shown
by means of the Multiple-choice Multidimensional Knapsack Problem (MMKP), a well-known
combinatorial optimization problem from the knapsack problem family. Since the MMKP is a
generalization of the Knapsack Problem (KP) it is obviously NP-hard. The problem can also
be considered as a combination of two KP-variants, namely the dimensional (d-KP) and the
Multiple-Choice (MCKP) Knapsack Problems. In this sense, some authors refer to the MMKP
as d-MCKP, where the MCKP is the single-dimensional case. Note that, as indicated by Kellerer,
Pferschy, and Pisinger (2004), in contrast to the MCKP, it is non-trivial to check the existence of
feasible solutions for the multidimensional case.

Within engineering optimization and beyond, as indicated by Mansi et al. (2013), the
MMKP has a large number of applications in several domains in engineering as well as in
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telecommunications, logistics and finance. Beyond those sectors, in recent years an increasing
interest in its application over some domains in computer science engineering has produced
works in the field of cloud computing (Wu et al., 2013, Wang et al., 2013, Sasikaladevi
and Arockiam, 2014, Byholm and Porres, 2014), hardware design (White, Doughtery,
and Schmidt, 2010, Shojaei et al., 2013) and web service composition (Moghaddam and
Davis, 2014, Liu et al., 2014), among others. Regarding a specific engineering application, some
recent advances have been achieved within reliability engineering and more specifically in reli-
ability redundancy allocation. The Redundancy Allocation Problem (RAP) is the problem of
finding an optimal allocation of redundant components subject to a set of resource constraints. In
the literature, a wealth of articles studies the RAP especially considering a series–parallel system
configuration and allowing for component mixing; see for example Valian and Valian (2013) for
a recent work in this journal. While this reference presents heuristics for the solution of the RAP,
some problem transformation to the MMKP (see Chern and Jan 1986 and Caserta and Voß 2015)
allows one to solve all problem instances considered by Valian and Valian (2013) to optimality
within negligible computational time. This has been put forward in Caserta and Voß (2015).

In the MMKP, a set of items or objects N partitioned into n disjoint classes N1, . . . , Nn is
given where each class Ni has ri items (i = 1, . . . , n), respectively. Each item j of a class Ni has a
non-negative profit value cij and requires a certain amount of resources given by a weight vector
Wij = (w1

ij, . . . , wm
ij ) with non-negative components wk

ij, k = 1, . . . , m. The capacities or amounts
of available resources are given by a vector R = (R1, . . . , Rm). The goal of the MMKP is to pick
exactly one item of each class while ensuring that some resource constraints are observed. The
following mathematical model presented in the literature is referred to as MMKP:

(MMKP) z(MMKP) = max
n∑

i=1

ri∑

j=1

cijxij (1)

subject to

n∑

i=1

ri∑

j=1

wk
ijxij ≤ Rk , ∀k = 1, . . . , m (2)

ri∑

j=1

xij = 1, ∀i = 1, . . . , n (3)

xij ∈ {0, 1}, ∀i = 1, . . . , n, j = 1, . . . , ri. (4)

The model uses binary variables with xij = 1 if the jth item of class Ni is selected, and xij = 0
otherwise. The objective function (1) aims to maximize the total profit of the picked objects.
Constraints (2) guarantee that the picked objects do not exceed the capacities of the knapsacks.
Constraints (3) ensure to pick exactly one item of each class.

In the related literature, a large number of real-world applications that partially or completely
use the MMKP model can be found. Moreover, several works for solving the MMKP use the
mathematical model (in a complete, relaxed or partial way) embedded in various algorithms or
frameworks. Thus, new insights from new or modified mathematical formulations as presented
in this work may improve their performance.

The main contributions of this article are the following.

• A modified mathematical model is provided that would allow one to improve the perfor-
mance of those algorithms and provide a formulation that can be considered when addressing
real-world applications where the MMKP is involved. In doing so, a new mathematical
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model based on a Set Partitioning approach is proposed for solving the MMKP, referred
to as SP-MMKP. For assessing its performance the most common benchmark instances for
this problem proposed by Khan (1998) and Hifi, Michrafy, and Sbihi (2006) are employed.
Using standard commercial solvers (CPLEX®,1 Gurobi™2), this new model allows one to
improve the quality of some of the best-known solutions and reduce the required computa-
tional effort compared with the standard model reported in the literature (i.e. MMKP). Through
this alternative formulation and its use within engineering applications where the MMKP is
involved, tighter bounds may be obtained. This pays dividends when assessing the perfor-
mance of approximate algorithms developed for tackling real-world problems directly related
to the MMKP.

• Important insights are obtained from equivalent formulations. Articles on modelling in
combinatorial optimization often attempt to provide a hierarchy of formulations that are com-
pared, e.g. in the number of variables, constraints, and quality of Linear Programming (LP)
relaxations (besides computational times to find solutions); see for example Gouveia and
Voß (1995). Even if different formulations have the same number of variables and constraints
as the traditional formulation, new insights may be gained. To do so, both formulations are
investigated under the same conditions to analyse their performance. The computational expe-
rience adds favourably to the recent discussion on unavoidable erraticism (see Fischetti and
Monaci 2014) related to the nature of the tree search. Although both formulations are equiv-
alent, SP-MMKP rather than MMKP provides additional new best values that have not been
reported in the literature before.

The remainder of this article is organized as follows. After a brief literature review, the pro-
posed mathematical formulation is introduced in Section 3. Computational experiments and a
comparison summary are presented in Section 4. Finally, some conclusions and lines for further
research are drawn.

2. Literature review

The MMKP has been studied extensively in literature. The works presented by Mansi
et al. (2013) and Shojaei et al. (2013) summarize the state of the art of the best approaches pro-
posed for the MMKP. They also provide a wealth of references regarding various approaches,
applications and the complexity status of the MMKP. For a few additional pointers to applica-
tions, the reader is also referred to the references provided in the previous section. Due to the
complexity of the problem, exact and heuristic approaches have been proposed. The following
exposition is restricted to a few recent approaches used for comparison.

Hifi, Michrafy, and Sbihi (2006) propose two approximate algorithms based on a reactive local
search. The first algorithm consists of a local search and degrading and deblocking strategies. The
degrading strategy is applied after improving a current solution by performing some swapping
between several items, whereas the deblocking mechanism is aimed at releasing the search pro-
cess when the obtained solution seems to cycle. It basically consists of a double exchange of
items of two selected classes. The second algorithm introduces a memory list which replaces the
deblocking strategy. This approach yields better solution values than the first one, as indicated
in the computational results. Hifi, Michrafy, and Sbihi (2004) propose several heuristics for the
MMKP. They provide two procedures that are later included in a main algorithm. The first is a
constructive procedure aimed at obtaining an initial feasible solution for the problem. The second
is aimed at improving the quality of the solution. The main algorithm is a guided local search
that uses a penalization strategy.
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Nawal and Hifi (2009) propose a hybrid algorithm which combines local branching and
column generation techniques. Sbihi (2007) proposes a branch-and-bound procedure using the
best-first strategy search. Initial feasible solutions are calculated by using the heuristic pro-
posed by Hifi, Michrafy, and Sbihi (2004). To obtain an upper bound as well as intermediate
upper bounds Sbihi solves an auxiliary problem obtained from the reduction to an MCKP.
Sbihi only tests his algorithm for small-sized instances. Crévits et al. (2012) propose iterative
relaxation-based heuristics for the MMKP. These heuristics exploit the relaxation information
for constructing a reduced problem that can be used to obtain a lower bound. They also include
a local search considering problem particularities and the use of some classical reduction rules.
Mansi et al. (2013) present a hybrid heuristic based on the iterative refinement of the upper
and lower bounds for the optimal value of the MMKP. In doing so, they use the LP relaxation
and different families of cuts. Htiouech, Bouamama, and Attia (2013) propose an oscillation
heuristic which explores both sides of the feasibility border; it uses surrogate constraint informa-
tion for building the choice rules. Hiremath and Hill (2013) propose a tabu search termed First
Level Tabu Search (FLTS); they include a random re-start for overcoming the problem associated
with infeasible neighbourhoods. Shojaei et al. (2013) present a Compositional Pareto-algebraic
Heuristic (CPH) which is a parameterized compositional heuristic based on the principles of
Pareto algebra. They also present a post-optimization process and a parallelization approach.

Iqbal, Bari, and Rahman (2010) propose two algorithms based on Ant Colony Optimization
(ACO) termed Ant-R and Ant-T. The difference between them is that Ant-T maintains a database
of a prefixed number of top solutions. The rationale behind this is to converge and explore better
promising areas of the solution search space. To assess their proposal they used the instances
proposed by Khan (1998).

Chen and Hao (2014) propose a ‘reduce and solve’ heuristic that combines problem reduction
techniques with integer linear programming. Their method recognizes variables which are highly
likely to be part of the optimal solution and fixes them to one (group fixing). On the other hand, it
also recognizes variables that are unlikely to be part of the optimal solution and fix them to zero
(variable fixing). Group and variable fixing is done using LP-relaxation. This leads to a reduced
problem that is solved by CPLEX®. They propose two strategies for expanding the reduced
problem and test the algorithms using the instances proposed by Khan (1998), Hifi, Michrafy,
and Sbihi (2006) and Sbihi (2007). The results show a better quality of the solutions in terms of
objective function value compared with most other algorithms reported in their comparison.

In the work presented by Wu and Hifi (2012) an auxiliary model is proposed based on
Lagrangian relaxation. The authors employ the relaxed model in a Lagrange neighbourhood
search. They state that this algorithm is an exact approach and claim that introducing an auxil-
iary model induces a favourable average acceleration for solving all the small-sized instances
they propose. However, when addressing the traditional instances proposed in the literature
they treat their exact approach as a heuristic because of the inclusion of a time limit. Due to
related inaccuracies, in line with other authors, their computational results are not included in
the computational section of this work.

Moreover, Wu and Hifi (2012), Crévits et al. (2012) and Shojaei et al. (2013), among others,
do not coincide in the objective values provided by CPLEX® when solving MMKP for the same
time limit and instances. This may be due to different CPLEX® versions, computers or different
CPLEX® options used during the execution. Consequently, with the aim of fairly comparing
the newly proposed model and the one reported in the literature, both are executed on the same
computer, with the same solver version and with all-default options.

With respect to reformulations, one may find quite a few references in the literature proposing
reformulations for already proposed problems that provide tighter bounds (some examples can
be found in Gouveia and Voß [1995], Vance et al. [1997], Elloumi, Labbé, and Pochet [2004],
Méndez-Díaz, Zabala, and Lucena [2008], Buhrkal et al. [2011] and Angel-Bello, Alvarez,
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and García [2013]). In addition, in some combinatorial optimization problem families one is
confronted with several formulations; this is the case regarding the lot-sizing problem family.
As indicated by Wolsey (2002), a fraction of problems belonging to that family can be solved by
non-specialists just by taking an appropriate a priori reformulation. Related extensions by adding
‘artificial’ capacity constraints are given, for example, in Caserta and Voß (2013). A seminal ref-
erence on this general issue of reformulations is the book by Martin (1999). Hence, it becomes
desirable for specialists and non-specialists to research and have reformulations that provide
insights about the problem itself and tighter bounds. Furthermore, proposing stronger reformu-
lations may also be a base for subsequently evaluating the performance of already proposed or
future algorithms and formulations.

3. Set partitioning model for the MMKP

The Set Partitioning Problem (SPP) is a well-known optimization problem because of its com-
plexity and several real-world applications (a survey of its applications can be consulted in the
works of Balas and Padberg [1976] and Vemuganti [1999]). The maximization SPP is defined as
follows:

(SPP) max{cx|Ax = 1, x = {0, 1}n}, (5)

where Aij = {0, 1}, i ∈ M , j ∈ N .
Following the same rationale as in Balas and Padberg (1976), if the rows of A are associated

with the elements of a set M = {1, . . . , m} and each column of A, aj, with the subset Mj of those
i ∈ M such that aij = 1, then the goal of the SPP is to find the maximum-weight family of subsets
Mj, j ∈ N , which is a partition of M and each subset Mj is weighted with cj.

That interpretation of the SPP recalls to some extent the MMKP. Therefore, in this work,
a reformulation of the MMKP is presented based on a maximization SPP with additional set
packing constraints. This reformulation as referred to as SP-MMKP. A decision variable in the
SP-MMKP mathematical model is associated with a feasible selection of an item. Each possible
item choice is a column in the model and the objective is to select a set of columns of maximum
total profit such that each row (i.e. specific resource requirement) does not exceed the capacities
of the knapsack and one item of each class is picked.

In SP-MMKP the set of columns is denoted by � with |�| = ∑n
i=1 ri elements. Two matrices

A and B are defined, both containing |�| columns. Matrix A = (Aiω) contains n rows, one for each
class, and Aiω = 1, if and only if column ω represents an assignment of item i. Each column of
A contains exactly one non-zero element. Matrix B = (Bpω) contains m rows and |�| columns,
where each row represents the resource requirement of an item. Therefore, the rows of B are
indexed by set P, with |P| = m. The entry Bkω, for all k = {1, . . . , m}, is equal to wk

ij, if and only
if the item i of class j is contained in the requirement that column ω represents. The cost cω of
any column ω ∈ � is the profit value of the respective item selection. A binary variable xω is
equal to one if column ω is used in the solution, and zero otherwise. With these definitions, the
set partitioning formulation for the MMKP is stated as follows.

(SP-MMKP) z(SP-MMKP) = max
∑

w∈�

cwxw (6)

subject to

∑

w∈�

Aiwxw = 1, i = 1, . . . , n (7)
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∑

w∈�

Bpwxw ≤ Rp ∀p ∈ P, (8)

xw ∈ {0, 1} ∀w ∈ �. (9)

The objective function (6) maximizes the total value of the chosen items. Constraints (7)
ensure that exactly one item per class is selected. Finally, constraints (8) represent the knapsack
capacity limitations. Constraints (9) are standard binary restrictions on the decision variables.

With this new mathematical model, a mono-dimensional decision variable is used instead of
the two-dimensional one in MMKP. In this regard, any SP-MMKP solution x can be transformed
into an MMKP solution by setting

xij =
∑

w∈�

δw
ij xw ∀j ∈ Ni ∀i = 1, . . . , n, (10)

where the coefficients δw
ij are defined as follows. δw

ij = 1 if w corresponds to an assignment of
item j of class i, δw

ij = 0 otherwise.
Note that if a point x = (x1, . . . , x|�|) of SP-MMKP satisfies constraints (8) and (9), then

the transformation into an MMKP solution also satisfies constraints (2) and (3), respectively.
Therefore, a solution of SP-MMKP is also a solution of MMKP.

In other words, MMKP and SP-MMKP are equivalent. This can also be shown by con-
tradiction. Let x∗ be an optimal solution to MMKP with the associated objective function
value f (x∗), and x∗

SP be an optimal solution to SP-MMKP with the objective function value
f (x∗

SP) associated with it. Suppose f (x∗) < f (x∗
SP). If the solution x∗

SP−MMKP is transformed to
MMKP using (10), one obtains a solution x′ to MMKP with the objective value f (x′) = f (x∗

SP).
Hence, f (x∗) ≮ f (x∗

SP). In a similar way, f (x∗) ≯ f (x∗
SP) is deduced. Therefore, both models are

equivalent.
The consequence of the before-mentioned proposition gives rise to another. Given the LP

relaxation of MMKP, LP, obtained by relaxing the integrality constraints (4), and the LP relax-
ation of SP-MMKP, LPSP obtained by relaxing the integrality constraints (9), it can now be
proven that both relaxations are equivalent, and therefore provide the same bounds. The starting
point follows immediately from the equivalence between both models MMKP and SP-MMKP.
Similarly, it can be shown that LP and LPSP are equivalent. For demonstrating this, a simi-
lar demonstration to the one shown above has to be followed considering the relaxation of the
equality constraints.

Some classical reductions can be applied to both formulations, MMKP and SP-MMKP, as
preprocessing simplification for improving their performance. In this regard, special problems
such as the SPP also offer additional preprocessing reductions. Although in this work they are not
implemented since the aim is to compare both mathematical formulations implemented under the
same conditions, the interested reader is referred to Balinski (1965), Balas and Padberg (1976),
Garfinkel and Nemhauser (1969) and Crowder, Dembo, and Mulvey (1979).

4. Computational results

This section is devoted to presenting comprehensive computational experiments carried out for
assessing the performance of the SP-MMKP model. The purpose is not to provide any algo-
rithmic exposition for solving the problem but to provide insights into modelling impact. All
the reported computational experiments are conducted on a computer equipped with a 3.16 GHz
Intel processor with 4 GB of RAM. The problem instances used in this work are those well-
known benchmark instances generated by Khan (1998) referred to as I01, . . . , I13 and the ones
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generated by Hifi, Michrafy, and Sbihi (2006) referred to as INST01, . . . , INST20. Addition-
ally, the instances proposed by Shojaei et al. (2013) referred to as INST21, . . . , INST30 are also
addressed. This latter set of instances incorporates irregular structure in terms of the number
of items per group. The description of the characteristics of the regular instances is depicted in
Appendix A.

The optimal values for some of the instances proposed by Khan (I01, . . . , I06) are known
and easily solvable for the already proposed mathematical formulation reported in the litera-
ture. Hence, in this work, in line with other works that address the MMKP, the experimentation
and analysis is focused on the most difficult and larger instances (I07, . . . , I13) proposed
by Khan (1998), all the instances (INST01, . . . , INST20) proposed by Hifi, Michrafy, and
Sbihi (2006), and the irregular structure instances proposed by Shojaei et al. (2013).

4.1. Comparison between mathematical models

In the computational experience, for fairly comparing the MMKP and SP-MMKP models, both
are executed under the same CPLEX® version (v12.3) within a time limit of 7200 seconds and
CPLEX® set to all-default. Moreover, in order to evaluate the performance of both models in a
different general purpose solver, they are also executed under the same Gurobi™ version (v5.6)
within a time limit of 7200 seconds and set to all-default.

4.1.1. Classical instances.

Tables 1–4 show a comparison of the two models for the benchmark instances from literature.
The column headed ‘obj.’ shows the best objective function value provided within the time limit,
the column ‘t (s)’ shows the required computational time (in seconds) for providing the best
objective value, the column ‘nodeobj.’ shows the number of nodes required to obtain the best
objective value. In the column ‘nodes’, the total number of nodes generated by the solver before
stopping the execution is provided. The column ‘UB’ shows the upper bound by means of the LP
relaxation. The number of times that the best values are obtained by each formulation is shown
in the row nbest.

In Tables 1 and 2, results are shown for those instances of Khan (1998), where both models
cannot provenly provide the optimal solutions within CPLEX® and Gurobi™, respectively. It can
be highlighted that SP-MMKP is able to improve the quality of the solutions in almost all cases
with respect to MMKP regardless of the solver used. Furthermore, as reported in the tables,
SP-MMKP requires one to evaluate, on average, fewer nodes to present its performance than
MMKP. In this regard, the time difference between both models for providing their best solution
is also noticeable within both solvers, a difference of over 1278 seconds for CPLEX®, and 350
seconds for Gurobi™. Concerning the UB values, SP-MMKP provides narrower bounds than
MMKP regardless of the solver.

Tables 3 and 4 show computational results for the problem instances of Hifi, Michrafy, and
Sbihi (2006). SP-MMKP provides a larger number of best objective values reached than MMKP
for the CPLEX® solver. On the other hand, using Gurobi™, SP-MMKP provides a smaller
number of best objective values. In this regard, SP-MMKP exhibits a similar performance in
terms of computational time and solution quality irrespective of the solver used. Regarding those
instances where both models can prove the optimality of the provided solutions (INST01 and
INST02), SP-MMKP requires less computational time, on average, regardless of the solver used.
For the problem instances where both models cannot solve them to proven optimality, SP-MMKP
requires one, on average, to generate fewer nodes, and hence requires less computational time to
provide competitive behaviour.
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Table 1. Comparison between the mathematical models MMKP and SP-MMKP using CPLEX® with a time limit of 7200 seconds for the Khan instances (Khan, 1998). Best values are
shown in boldface type. An asterisk indicates a new best value for that instance.

CPLEX®

MMKP SP-MMKP

Inst. obj. t (s) nodeobj. nodes UB obj. t (s) nodeobj. nodes UB

I07 24,585 1,547.80 2,503,554 4,809,144 24,602.48 24,587 2,160.59 5,004,497 7,159,242 24,601.92
I08 36,882 4,880.02 9,022,017 13,391,815 36,900.88 36,894 1,147.45 2,283,055 13,787,665 36,900.29
I09 49,177 6,271.33 11,359,968 13,071,812 49,191.74 49,186∗ 2,678.33 4,587,639 14,092,895 49,191.44
I10 61,475 5,975.75 11,696,626 14,168,683 61,484.5 61,478 1,288.92 4,057,159 7,854,328 61,484.58
I11 73,783 5,916.47 5,660,489 7,103,663 73,796.17 73,783 3,379.13 3,449,518 7,953,138 73,796.15
I12 86,091 520.17 390,201 11,963,379 86,099.06 86,091 4,451.42 4,389,867 7,308,145 86,099.14
I13 98,437 357.77 249,805 7,807,477 98,447.34 98,434 1,413.09 982,247 6,317,593 98,447.32
Avg. 61,490 3,638.47 5,840,380 10,330,853.29 61,503.17 61,493.29 2,359.86 3,536,283.14 9,210,429.43 61,502.98
nbest 3 6

Table 2. Comparison between the mathematical models MMKP and SP-MMKP using Gurobi™ with a time limit of 7200 seconds for the Khan instances (Khan, 1998). Best values are
shown in boldface type.

Gurobi™

MMKP SP-MMKP

Inst. obj. t (s) nodeobj. nodes UB obj. t (s) nodeobj. nodes UB

I07 24,589 4,805 12,101,746 18,513,951 24,601.33 24,592 50 84,168 21,399,306 24,599.70
I08 36,892 2,035 4,118,276 15,404,900 36,900.50 36,889 2,745 4,042,359 12,861,099 36,900.82
I09 49,175 1,275 1,377,424 9,412,167 49,191.91 49,177 5,050 6,421,740 9,938,952 49,192.01
I10 61,477 5,020 5,306,451 9,484,703 61,484.64 61,479 2,178 2,894,761 15,952,715 61,484.16
I11 73,789 880 574,791 11,966,185 73,795.89 73,785 4,560 5,027,543 8,449,198 73,796.30
I12 86,083 6,875 4,526,648 4,719,900 86,099.49 86,090 4,870 3,491,783 6,259,637 86,099.39
I13 98,438 6,675 5,275,498 5,918,390 98,447.44 98,445 5,663 4,598,131 10,515,645 98,446.58
Avg. 61,491.90 3,938 4,754,404.86 10,774,313.70 61,503.03 61,493.90 3,588 3,794,355 12,196,650.29 61,502.71
nbest 2 5
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Table 3. Comparison between the mathematical models MMKP and SP-MMKP within CPLEX® with a time limit of 7200 seconds for the instances from Hifi, Michrafy, and Sbihi (2006).
Best values are shown in boldface type. An asterisk indicates a new best value for that instance.

CPLEX®

MMKP SP-MMKP

Inst. obj. t (s) nodeobj. nodes UB obj. t (s) nodeobj. nodes UB

INST01 10,738 3,212.84 14,133,474 17,430,727 10,739.00 10,738 3,121.36 5,543,559 7,628,648 10,739.00
INST02 13,598 139.38 575,336 1,549,204 13,599.01 13,598 111.47 447,454 1,448,622 13,599.04
INST03 10,945 569.41 1,289,499 3,755,135 10,972.51 10,945 147.50 471,990 4,684,057 10,971.42
INST04 14,442 5,860.00 21,307,885 26,735,119 14,466.37 14,442 929.13 3,922,878 3,922,878 14,469.70
INST05 17,055 3,181.88 10,395,500 21,142,752 17,071.36 17,057 3,002.45 10,053,783 11,636,468 17,072.01
INST06 16,826 5,687.20 20,866,038 26,732,949 16,849.77 16,832 3,022.52 10,000,870 11,985,206 16,850.36
INST07 16,440 2,091.88 6,083,595 11,959,866 16,453.59 16,440 292.28 660,881 5,819,739 16,455.42
INST08 17,510 3,297.89 10,593,236 20,901,674 17,527.89 17,508 1,605.02 1,203,775 5,610,681 17,528.62
INST09 17,752 3,114.51 10,415,148 21,353,773 17,774.78 17,761 69.89 238,387 9,210,337 17,774.82
INST10 19,314 2,118.70 5,592,191 11,718,279 19,331.78 19,314 6,032.78 19,586,824 20,955,912 19,331.49
INST11 19,436 5,413.69 6,131,514 6,475,193 19,458.14 19,441 3,927.03 11,921,603 21,140,924 19,457.21
INST12 21,738 1,891.92 4,338,008 6,709,420 21,752.43 21,738 3,074.39 1,788,135 12,018,905 21,751.56
INST13 21,577 1,296.22 1,549,586 9,202,106 21,588.22 21,578 5,817 7,445,450 9,241,748 21,588.30
INST14 32,872 6,043.67 4,806,859 5,684,496 32,884.15 32,873 358.78 393,584 8,475,038 32,883.90
INST15 39,160 862.98 625,845 7,694,196 39,172.20 39,165∗ 3,711.83 3,310,335 7,069,869 39,172.16
INST16 43,365 1,931.11 1,205,912 5,398,361 43,376.68 43,365 6,922.67 5,386,329 5,597,613 43,376.80
INST17 54,360 687.16 536,776 7,902,965 54,370.63 54,360 5,056.72 3,385,579 4,809,807 54,370.64
INST18 60,466 4,612.63 3,093,499 5,133,939 60,477.17 60,466 6,847.16 6,661,792 7,076,659 60,477.96
INST19 64,932 1,022.50 601,282 9,758,735 64,941.84 64,931 1,917.53 1,181,057 4,990,477 64,941.98
INST20 75,613 6,169.08 2,637,469 3,098,923 75,625.88 75,615 1,555.80 990,477 5,424,647 75,625.75
Avg. 29,406.95 2,960.23 6,338,933 11,516,891 29,421.67 29,408.35 2,876.17 4,729,737 8,437,412 29,421.91
nbest 12 18
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Table 4. Comparison between the mathematical models MMKP and SP-MMKP within Gurobi™ with a time limit of 7200 seconds for the instances from Hifi, Michrafy, and Sbihi (2006).
Best values are shown in boldface type.

Gurobi™

MMKP SP-MMKP

Inst. obj. t (s) nodeobj. nodes UB obj. t (s) nodeobj. nodes UB

INST01 10,738 1500 5,429,986 7,270,842 10,740.04 10,738 1,545 8,544,002 10,455,190 10,739.84
INST02 13,598 440 1,806,689 2,229,244 13,599.00 13,598 195 1,114,101 1,797,437 13,600.06
INST03 10,955 2,460 7,227,214 23,089,965 10,966.21 10,955 3,590 10,408,252 21,813,091 10,967.28
INST04 14,456 3,520 9,323,086 19,590,747 14,465.82 14,449 3,850 9,722,326 19,193,586 14,466.94
INST05 17,059 6,465 17,805,255 20,270,972 17,071.74 17,057 2,735 7,645,754 19,981,562 17,071.69
INST06 16,834 6,675 18,671,372 19,107,288 16,850.15 16,833 1,320 3,856,948 19,743,972 16,849.60
INST07 16,441 2,150 7,266,325 22,091,542 16,452.27 16,440 955 2,463,301 20,391,589 16,452.30
INST08 17,508 6,175 17,163,046 20,103,519 17,528.40 17,508 200 537,895 19,821,877 17,527.86
INST09 17,761 1,025 3,297,286 22,128,306 17,774.45 17,762 5,160 15,441,938 21,643,433 17,774.44
INST10 19,316 1,650 4,081,495 18,283,552 19,331.22 19,314 2,730 7,277,205 17,943,859 19,331.50
INST11 19,437 1,670 3,858,724 16,714,116 19,457.29 19,438 5,485 12,480,285 16,330,653 19,458.12
INST12 21,738 6,350 14,552,950 16,786,627 21,751.78 21,741 3,880 8,389,349 17,354,794 21,751.44
INST13 21,577 1,305 2,048,049 13,647,176 21,588.14 21,578 3,315 6,329,036 14,384,548 21,588.33
INST14 32,872 1,290 1,457,521 9,586,299 32,884.07 32,872 5,490 6,969,151 9,323,435 32,884.20
INST15 39,165 400 209,836 12,875,241 39,171.88 39,160 860 694,935 8,159,948 39,172.28
INST16 43,365 1,195 766,204 7,698,582 43,376.69 43,364 5,720 4,967,225 6,384,760 43,376.94
INST17 54,360 4,205 5,684,589 10,961,339 54,371.00 54,360 515 168,405 7,836,710 54,370.51
INST18 60,464 40 5,811 5,764,601 60,477.30 60,467 3,100 2,194,089 6,684,581 60,477.22
INST19 64,932 4,745 3,380,265 5,958,886 64,942.18 64,930 5,045 4,192,483 6,148,798 64,942.16
INST20 75,615 5,276 3,420,690 5,020,149 75,626.00 75,615 530 142,847 9,372,996 75,625.70
Avg. 29,409.55 2,926 6,409,042 14,116,719 29,421.28 29,408.95 2,811.00 5,676,976 13,738,341 29,421.42
nbest 15 12
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Furthermore, it should be mentioned that, as shown in Tables 1, 2, 3 and 4, CPLEX®

and Gurobi™ provide different best solution values in several cases. As indicated by Koch
et al. (2011), the difference between the solvers’ performance is due to the way the nodes are
selected when there is a tie in terms of score. Note that when there is a tie between nodes, the
solver will use other criteria. This is known as the tie-breaking effect. The criteria may vary from
one solver to another. Once the path in the branch-and-bound tree diverges, the entire subse-
quent resolution is affected, that is, even small differences may lead to a completely different
behaviour. Also, as could be seen in the tables, the intrinsic characteristics from one model for-
mulation to another could introduce some variability. In this regard, if only the average values
of the objective function results are considered, one can observe that the variability of the set
partitioning formulation from one solver to another is lower (less than one unit), while for the
MMKP it is about two or three units.

4.1.2. Comparison over irregular structure instances.

In this subsection, model performance over the problem instances proposed by Shojaei
et al. (2013) is assessed. This benchmark suite considers irregular structure instances in terms of
the number of items per group.

Tables 5 and 6 show a comparison of the two models for these instances by means of CPLEX®

and Gurobi™. As can be seen in Table 5, SP-MMKP exhibits, on average, better performance in
terms of the objective function value of the provided solutions. Moreover, through this mathemat-
ical model a larger number of best solutions than through MMKP is reached. On the other hand,
Table 6 also indicates that SP-MMKP provides a better performance than MMKP. It should be
noted that, for instance, for INST25, both models provide the optimal solution within Gurobi™.

4.2. Comparison of SP-MMKP with the best literature approaches

This subsection is devoted to assessing the performance of the mathematical model with the best
approaches for the MMKP reported in the literature. A short description of these approaches is
included.

(1) The Branch Local Hybrid Generalized (BLHG) approach. The algorithm proposed by Nawal
and Hifi (2009) combines local branching and column generation techniques. The authors
report the use of a computer with a 250 MHz processor and 128 MB of RAM.

(2) The Iterative Linear Programming based Heuristic (ILPH), Iterative MIP based Heuristic
(IMIPH) and Iterative Independent Relaxations based Heuristics (IIRH) approaches. These
heuristics proposed by Crévits et al. (2012) exploit the relaxation information for construct-
ing a reduced problem that can be used to obtain a lower bound. They also include a local
search that considers the particularity of the problem and the use of some classical reduction
rules. In their approach, they used a Pentium IV computer with a 3.4 GHz processor, 4 GB
of RAM, and the CPLEX® solver (v11.2).

(3) The Compositional Pareto-algebraic Heuristic (CPH), which is a parameterized compo-
sitional heuristic based on the principles of Pareto algebra. The performance of CPH is
improved with a post-processing (CPH + OptPP) that uses the highest-value solution can-
didate obtained through the compositional computations as an initial solution for CPLEX®

applied to the original MMKP instance, Parallel-CPH (pCPH), which is a parallel variant
of CPH. These algorithms developed by Shojaei et al. (2013) are based on the principles of
Pareto algebra. The authors report the use of a computer with a 2.8 GHz processor, 12 GB of
RAM, and the CPLEX® solver (v9).
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Table 5. Comparison between the mathematical models MMKP and SP-MMKP within CPLEX® with a time limit of 7200 seconds for the instances from Shojaei et al. (2013). Best
values are shown in boldface type. An asterisk indicates a new best value for that instance.

CPLEX®

MMKP SP-MMKP

Inst. obj. t (s) nodeobj. nodes UB obj. t (s) nodeobj. nodes UB

INST21 44,282∗ 6,710.66 26,437,225 28,258,918 44,297.06 44,276 812.97 3,739,879 27,778,177 44,297.84
INST22 41,948 4,025.47 14,584,291 25,605,005 42,049.65 41,952 6,799.07 24,806,925 26,223,907 42,049.37
INST23 42,546 5,012.45 11,871,294 16,642,499 42,716.62 42,572 4,667.47 11,137,043 16,734,521 42,715.78
INST24 41,938∗ 2,543.94 4,089,527 11,554,698 42,210.59 41,912 3,676 6,801,031 13,047,603 42,209.51
INST25 44,156 2,796.85 11,079,707 28,201,488 44,166.38 44,156 4,462.35 16,966,220 27,638,464 44,168.26
INST26 44,855 3,520.04 7,036,218 14,302,223 44,973.35 44,878 3,655.7 7,297,902 14,408,573 44,973.92
INST27 87,616 68.41 181,357 20,230,829 87,641.77 87,616 1,872.31 4,785,003 17,762,407 87,642.04
INST28 134,644 231.32 433,489 16,692,494 134,665.00 134,650∗ 3,248.02 6,456,002 17,339,860 134,665.16
INST29 179,210 299.52 406,278 9,558,747 179,241.64 179,222 1,413.79 1,849,429 12,573,139 179,241.56
INST30 214,212 6,326 5,340,836 6,158,073 214,252.76 214,208 2,959.96 2,892,194 7,471,894 214,252.47
Avg. 87,540.70 3,153.47 8,146,022 17,720,497 87,621.48 87,544.20 3,356.76 8,673,163 18,097,855 87,621.59
nbest 5 7

Table 6. Comparison between the mathematical models MMKP and SP-MMKP within Gurobi™ with a time limit of 7200 seconds for the instances from Shojaei et al. (2013). Best
values are shown in boldface type. An asterisk indicates a new best value for that instance.

Gurobi™

MMKP SP-MMKP

Inst. obj. t (s) nodeobj. nodes UB obj. t (s) nodeobj. nodes UB

INST21 44,280 1,820 8,749,248 40,067,465 44,296.64 44,280 2,564 13,730,326 40,550,309 44,296.77
INST22 41,952 2,728 9,096,209 23,463,520 42,050.02 41,966 1,885 5,757,999 22,412,653 42,050.00
INST23 42,554 333 638,466 15,358,131 42,717.77 42,576 4,507 10,184,701 15,839,128 42,717.81
INST24 41,908 1,478 2,170,329 10,711,136 42,211.63 41,932∗ 3,792 5,864,016 12,632,963 42,210.00
INST25 44,159 6,320 21,675,716 35,355,250 44,159.00 44,159 2,879 15,804,577 30,614,536 44,159.00
INST26 44,872 2,345 6,450,569 20,045,750 44,973.08 44,871 5,184 14,497,140 20,430,222 44,976.25
INST27 87,634∗ 6,346 26,842,719 32,656,155 87,640.57 87,618 5,188 18,409,290 26,460,356 87,641.91
INST28 134,650∗ 4,797 11,355,167 19,354,783 134,665.03 134,644 307 548,405 19,816,190 134,664.70
INST29 179,228 1,934 3,413,744 21,956,044 179,240.91 179,232∗ 7,188 22,547,266 22,551,120 179,240.75
INST30 214,222 6,600 7,615,392 8,510,686 214,252.53 214,198 1,265 1,214,245 7,253,710 214,252.85
Avg. 87,545.90 3,470.10 9,800,756 22,747,892 87,620.72 87,547.60 3,475.90 10,855,797 21,856,119 87,621.00
nbest 6 6
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Table 7. Comparison of the solution quality between the best approaches reported in the literature for the Khan instances (Khan, 1998). Best values are shown in boldface type.
SPCPX–SP-MMKP using CPLEX®, SPGbi–SP-MMKP using Gurobi™ an asterisk indicates a new best value for that instance.

Inst. BLHG ILPH IMIPH IIRH
CPH +
OptPP pCPH MACH3 PEGF PERC SPCPX SPGbi

I07 24,587 24,591 24,587 24,592 24,592 24,592 24,586 24,590 24,592 24,587 24,592
I08 36,894 36,888 36,889 36,888 36,885 36,886 36,888 36,894 36,892 36,894 36,889
I09 49,179 49,174 49,183 49,179 49,179 49,185 49,180 49,185 49,185 49,186∗ 49,177
I10 61,464 61,469 61,471 61,466 61,464 61,465 61,480 61,477 61,478 61,478 61,479
I11 73,783 73,784 73,779 73,779 73,780 73,782 73,783 73,791 73,789 73,783 73,785
I12 86,080 86,091 86,083 86,091 86,081 86,084 86,094 86,095 86,091 86,091 86,090
I13 98,438 98,435 98,445 98,433 98,433 98,437 98,438 98,441 98,441 98,434 98,445
Avg. 61,489.29 61,490.29 61,491.00 61,489.71 61,487.71 61,490.14 61,492.71 61,496.14 61,495.43 61,493.29 61,493.86
nbest 1 0 1 1 1 1 1 3 1 2 2
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(4) The hybrid heuristic based on the iterative refinement of the upper and lower bounds pro-
posed by Mansi et al. (2013). They also propose an LP relaxation strengthened with different
families of cuts. Moreover, the heuristic is compared by means of different parameters and
strategies. In this regard, as indicated in their work, the strategy MACH3 gave the only
best bound for a larger number of instances; hence, in this work, the results of MACH3 are
reported. The parameter of the heuristic t = 7 provides the majority of best bounds among
the other t values. They assessed their approach using a 2.4 GHz Pentium computer having
4 GB of RAM and the CPLEX® solver (v11.2).

(5) The reduce-and-solve heuristic that combines problem reduction techniques with integer
linear programming (Chen and Hao, 2014). In this regard, two different ways for performing
the group and variable fixing are proposed. The first algorithm (PEGF) partially enumerates
the parameter k for group fixing and, for each k, the highest absolute reduced cost among
all the variables that receive different values in a previous LP relaxation (RCmax) is used
for variable fixing and constructing the sub-problem. In the second algorithm (PERC), the
parameter k is set to a promising value (identified in an empirical manner) and the absolute
reduced cost threshold is partially enumerated by increasing RCmax progressively. In the
computational experiments, the authors used a 2.83 GHz Intel Xeon E5440 having 2 GB of
RAM and the CPLEX® solver (v12.4).

4.2.1. Classical instances.

Table 7 shows the best objective values provided by the best approaches reported in the literature
for the Khan instances. The SP-MMKP model outperforms, on average, the solution quality if
compared with most of the other approaches regardless of the solver used.

Moreover, in order to present a fair analysis with regard to the consideration of the compu-
tational time, a comparison of SP-MMKP with the best approaches (IMIPH, MACH3, PEGF,
PERC) by means of the average objective value is presented. In this comparison, for setting an
equal time limit to SP-MMKP, the time limit used in those approaches is taken into account. As
described by Crévits et al. (2012) the time limit was 500 seconds while in Mansi et al. (2013)
and Chen and Hao (2014) the time limit established was 3600. Furthermore, this comparison is
divided into two tables in order to compare the algorithms with the models and highlight the best
values among them. Table 8 shows the head-to-head comparison with IMIPH (left-hand side)
and MACH3 (right-hand side), while the head-to-head comparison with PEGF and PERC is also
included on the right-hand side.

From Table 8 it can be highlighted that SP-MMKP outperforms the behaviour of IMIPH for
the same amount of time. It is noticeable that SP-MMKP has nearly the same objective value

Table 8. Head-to-head comparison between the SP-MMKP and the MACH3 approaches (left) and the IMIPH, PEGF
and PERC approaches (right) for the same time limit as used by the respective authors for the problem instances proposed
by Khan (1998). SPCPX–SP-MMKP using CPLEX®, SPGbi–SP-MMKP using Gurobi™.

500 seconds time limit 3600 seconds time limit

Inst. MACH3 SPCPX SPGbi IMIPH PEGF PERC SPCPX SPGbi

I07 24,586 24,584 24,592 24,587 24,590 24,592 24,587 24,592
I08 36,888 36,879 36,873 36,889 36,894 36,892 36,894 36,889
I09 49,180 49,168 49,173 49,183 49,185 49,185 49,186 49,173
I10 61,480 61,463 61,456 61,471 61,477 61,478 61,478 61,479
I11 73,783 73,777 73,784 73,779 73,791 73,789 73,783 73,784
I12 86,094 86,084 86,082 86,083 86,095 86,091 86,090 86,082
I13 98,438 98,433 98,433 98,445 98,441 98,441 98,434 98,433
Avg. 61,492.71 61,484.00 61,484.71 61,491.00 61,496.14 61,495.43 61,493.14 61,490.29
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Table 9. Comparison of the solution quality between the best approaches reported in the literature for the instances proposed by Wu and Hifi (2012). Best values are shown in boldface
type. SPCPX–SP-MMKP using CPLEX®, SPGbi–SP-MMKP using Gurobi™. An asterisk indicates a new best value for that instance.

Inst. BLHG ILPH IMIPH IIRH
CPH +
OptPP pCPH MACH3 PEGF PERC SPCPX SPGbi

INST01 10,738 10,738 10,728 10,728 10,727 10,733 10,724 10,738 10,738 10,738 10,738
INST02 13,598 13,598 13,598 13,598 13,598 13,598 13,598 13,598 13,598 13,598 13,598
INST03 10,944 10,949 10,943 10,949 10,955 10,955 10,938 10,947 10,947 10,945 10,955
INST04 14,442 14,442 14,445 14,446 14,452 14,452 14,456 14,447 14,456 14,442 14,449
INST05 17,053 17,058 17,055 17,057 17,055 17,059 17,053 17,057 17,061 17,057 17,057
INST06 16,827 16,835 16,832 16,832 16,827 16,830 16,832 16,840 16,840 16,832 16,833
INST07 16,440 16,440 16,440 16,440 16,440 16,440 16,442 16,444 16,444 16,440 16,440
INST08 17,510 17,510 17,511 17,510 17,507 17,509 17,508 17,508 17,514 17,508 17,508
INST09 17,761 17,760 17,760 17,753 17,757 17,754 17,760 17,763 17,763 17,761 17,762
INST10 19,316 19,320 19,320 19,314 19,314 19,316 19,311 19,314 19,316 19,314 19,314
INST11 19,441 19,446 19,446 19,446 19,441 19,441 19,437 19,449 19,449 19,441 19,438
INST12 21,732 21,733 21,738 21,738 21,738 21,738 21,738 21,738 21,741 21,738 21,741
INST13 21,577 21,577 21,580 21,577 21,577 21,577 21,577 21,578 21,578 21,578 21,578
INST14 32,874 32,873 32,872 32,872 32,872 32,872 32,872 32,875 32,875 32,873 32,872
INST15 39,160 39,161 39,160 39,162 39,160 39,161 39,161 39,161 39,162 39,165* 39,160
INST16 43,362 43,366 43,363 43,363 43,363 43,363 43,366 43,367 43,366 43,365 43,364
INST17 54,360 54,361 54,360 54,358 54,360 54,360 54,363 54,363 54,363 54,360 54,360
INST18 60,464 60,467 60,467 60,465 60,465 60,464 60,467 60,467 60,467 60,466 60,467
INST19 64,925 64,930 64,932 64,929 64,931 64,932 64,931 64,932 64,931 64,931 64,930
INST20 75,612 75,613 75,611 75,613 75,613 75,615 75,614 75,616 75,614 75,615 75,615
Avg. 29,406.80 29,408.85 29,408.05 29,407.50 29,407.60 29,408.45 29,407.40 29,409.60 29,411.15 29,408.35 29,408.95
nbest 2 4 6 1 2 3 4 12 12 3 5
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average as that shown for a time limit of 7200 seconds. Concerning the comparison between SP-
MMKP and MACH3, MACH3 clearly exhibits better behaviour. Nevertheless, SP-MMKP also
presents a very competitive performance. In this regard, it can be pointed out that the MACH3
framework is based on using the mathematical model MMKP embedded, which exhibits worse
behaviour than SP-MMKP as described above. The use of SP-MMKP instead of MMKP in the
framework proposed by Mansi et al. (2013) may improve its competitiveness. The additional
results shown in Table 8 provide a head-to-head comparison with PEGF and PERC for a time
limit of 3600 seconds. They indicate that although both models present worse performance in
terms of average objective function value, if one only takes into account the best solutions pro-
vided, their performance is similar. Moreover, as previously indicated, since PEGF and PERC
use the mathematical model within them, the use of a reformulation as SP-MMKP may improve
their performance.

In Table 9, the best objective values provided by the best approaches reported in the literature
for the problem instances proposed by Hifi, Michrafy, and Sbihi (2006) are shown. For these
instances, SP-MMKP exhibits good behaviour in terms of objective values when compared to
the best approaches.

In a similar way as for the Khan instances, in order to present a fair analysis with regard to the
consideration of the computational time, a comparison of SP-MMKP with the best approaches for
these instances (ILPH, pCPH, PEGF and PERC) is presented by means of the average objective
value. In this comparison, the time limit used in those approaches for setting an equal time
limit to SP-MMKP has been taken into account. As described by Crévits et al. (2012), Shojaei
et al. (2013) and Chen and Hao (2014), the time limit used for ILPH, PEGF and PERC was set
to 3600 seconds, while 1200 seconds was used for pCPH.

Table 10 shows this. Although SP-MMKP presents, on average, worse behaviour regarding
the average objective value than those approaches, it is noticeable that it is able to outperform
the objective value for some instances where those approaches are not able to. In this regard,

Table 10. Comparison between the SP-MMKP and the pCPH approaches (left) and the ILPH, PEGF and PERC
approaches (right) for the same time limit as used by the respective authors for the instances proposed by Hifi, Michrafy,
and Sbihi (2006). SPCPX–SP-MMKP using CPLEX®, SPGbi–SP-MMKP using Gurobi™.

1200 seconds time limit 3600 seconds time limit

Inst. pPCH SPCPX SPGbi ILPH PEGF PERC SPCPX SPGbi

INST01 10,733 10,724 10,721 10,738 10,738 10,733 10,738 10,738
INST02 13,598 13,598 13,598 13,598 13,598 13,598 13,598 13,598
INST03 10,955 10,945 10,945 10,949 10,947 10,947 10,945 10,955
INST04 14,452 14,442 14,441 14,442 14,447 14,456 14,442 14,442
INST05 17,059 17,048 17,050 17,058 17,057 17,061 17,057 17,057
INST06 16,830 16,824 16,832 16,835 16,840 16,840 16,832 16,833
INST07 16,440 16,440 16,440 16,440 16,444 16,444 16,440 16,440
INST08 17,509 17,505 17,508 17,510 17,508 17,514 17,508 17,508
INST09 17,754 17,761 17,754 17,760 17,763 17,763 17,761 17,761
INST10 19,316 19,301 19,302 19,320 19,314 19,316 19306 19314
INST11 19,441 19,426 19,430 19,446 19,449 19,449 19,429 19,434
INST12 21,738 21,732 21,729 21,733 21,738 21,741 21,738 21,732
INST13 21,577 21,577 21,576 21,577 21,578 21,578 21,577 21,578
INST14 32,872 32,873 32,871 32,873 32,875 32,875 32,873 32,871
INST15 39,161 39,157 39,160 39,161 39,161 39,162 39,159 39,160
INST16 43,363 43,362 43,362 43,366 43,367 43,366 43,362 43,362
INST17 54,360 54,356 54,360 54,361 54,363 54,363 54,356 54,360
INST18 60,464 60,464 60,462 60,467 60,467 60,467 60,464 60,467
INST19 64,932 64,926 64,929 64,930 64,932 64,931 64,931 64,929
INST20 75,615 75,611 75,615 75,613 75,616 75,614 75,615 75,615
Avg. 29,408.45 29,403.60 29,404.25 29,408.85 29,410.10 29,410.90 29,406.55 29,407.70
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since the ILPH and pCPH use the mathematical model MMKP in their approach, the use of
SP-MMKP embedded in them might improve their behaviour.

Note in passing that the best known objective function values for the following benchmark
instances from the literature have been improved: I09 (see Table 1) and INST15 (see Table 3).

4.2.2. Comparison over irregular structure instances.

In this subsection, the SP-MMKP model performance is assessed for the irregular structure
instances proposed by Shojaei et al. (2013). In doing so, the results of the best algorithms used
for those instance are included, i.e. PEGF (Chen and Hao, 2014), PERC (Chen and Hao, 2014)
and CPH + OptPP (Shojaei et al., 2013).

Table 11 shows a comparison of PEGF, PERC, CPH + OptPP, SPCPX and SPGbi. As can be
seen in the table, SP-MMKP provides some new best solutions and SP-MMKP, implemented in
either CPLEX® or Gurobi™, reports on average better quality solutions. When the time limit
is restricted from 7200 seconds to the same as used in PEGF, PERC and CPH + OptPP, SP-
MMKP exhibits competitive performance, as shown in Table 12. New best values are reported
for instances INST21 (Table 5), INST22 (Table 5), INST24 (Table 6), INST27 (Table 6), INST28
(Tables 5 and 6) and INST29 (Table 6).

Table 11. Comparison between the SP-MMKP approach and the most competitive approaches for the instances
proposed by Shojaei et al. (2013). Best values are shown in boldface type. SPCPX–SP-MMKP using CPLEX®,
SPGbi–SP-MMKP using Gurobi™.

Inst. PEGF PERC CPH + OptPP SPCPX SPGbi

INST21 44,280 44,280 44,270 44,276 44,280
INST22 41,966 41,952 41,976 41,952 41,966
INST23 42,522 42,584 42,562 42,572 42,576
INST24 41,876 41,860 41,918 41,912 41,932
INST25 44,156 44,159 44,156 44,156 44,159
INST26 44,879 44,861 44,869 44,878 44,871
INST27 87,630 87,630 87,616 87,616 87,618
INST28 134,642 134,642 134,634 134,650 134,644
INST29 179,228 179,224 179,206 179,222 179,232
INST30 214,216 214,230 214,198 214,208 214,198
Avg. 87,539.50 87,542.20 87,541.00 87,544.00 87,547.60
nbest 3 5 1 1 4

Table 12. Head-to-head comparison between the SP-MMKP and the PEGF approaches (left) and the PERC approach
(right) for the same time limit as used by them for the instances proposed by Shojaei et al. (2013). Best values are shown
in boldface type. SPCPX–SP-MMKP using CPLEX®, SPGbi–SP-MMKP using Gurobi™.

3600 time limit

Inst. PEGF PERC CPH + OptPP SPCPX SPGbi

INST21 44,280 44,280 44,270 44,276 44,280
INST22 41,966 41,952 41,976 41,948 41,966
INST23 42,522 42,584 42,562 42,518 42,544
INST24 41,876 41,860 41,918 41,864 41,916
INST25 44,156 44,159 44,156 44,145 44,159
INST26 44,879 44,861 44,869 44,836 44,850
INST27 87,630 87,630 87,616 87,616 87,616
INST28 134,642 134,642 134,634 134,650 134,644
INST29 179,228 179,224 179,206 179,222 179,228
INST30 214,216 214,230 214,198 214,208 214,198
Avg. 87,539.50 87,542.20 87,541.00 87,528.00 87,540.10
nbest 4 5 2 1 3
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5. Conclusions

In this article, a new mathematical model for addressing the Multiple-choice Multidimensional
Knapsack Problem (MMKP) has been proposed. This model is based on a Set Partitioning
approach (SP-MMKP). It allows one to reduce the decision variable dimension regarding the cur-
rent model (MMKP) used in the literature to one dimension (but literally staying with the same
number of variables and constraints). Moreover, it can be easily adapted to other similar knapsack
problems such as the multiple-choice knapsack problem, the multidimensional knapsack prob-
lem, the multiple knapsack problem with assignment restrictions, etc. As the MMKP is involved
within a large number of real-world optimization problems such as task assignment, resources
allocation, cloud computing and multi-item scheduling, the application of exact approaches using
SP-MMKP supports good behaviour for providing high-quality solutions, as the computational
experience reported in this work indicates. However, it should be noted that this work is not
about algorithms but about modelling and utilizing different ideas for modelling problems (like
the MMKP). This adds favourably to the recent discussion about the way constraints are provided
towards solvers. While possible unavoidable erraticism (Fischetti and Monaci, 2014) cannot be
avoided, in this article a controlled way of modifying and rearranging constraints is provided
which has an impact on the nature of the tree search. In this regard, although both formulations
are equivalent, SP-MMKP provides new best values for well-known benchmark instances that
have not been reported before.

In a more detailed analysis, the computational results show that SP-MMKP improves, on
average, the objective function values and the required computational time if compared with
the usual model reported in the literature for most well-known benchmark instances. Those
characteristics are one of its main advantages as it seems that up to now only one unique math-
ematical model has been reported in the literature (complete, relaxed or partial). Through the
computational experimentation performed in this work one can conclude that, for the instances
considered, SP-MMKP outperforms MMKP. The evaluation of SP-MMKP, when compared to
the best approaches in the related literature, reveals that SP-MMKP can still be competitive for
being used individually. Moreover, since some of the approaches use the mathematical model
embedded in their algorithms, the use of SP-MMKP instead of MMKP might improve their
performance.

For future research one may strive to investigate fully the use of the SP-MMKP model. In
this respect, one should utilize the relation to the duals of MMKP and SP-MMKP. On a different
scale, this may incorporate the use of matheuristic frameworks such as the Partial Optimization
Metaheuristic Under Special Intensification Conditions (POPMUSIC) (Taillard and Voß, 2002),
modern ideas like the rapid branching proposed in Borndörfer et al. (2013), and the like. More-
over, it would be interesting to see the impact of transferring cuts between the different models
to see related projection results, e.g. starting with older approaches like the ones presented in
Balas (1977).
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Notes

1. http://www-01.ibm.com/software/commerce/optimization/cplex-optimizer/
2. http://www.gurobi.com/products/gurobi-optimizer/gurobi-overview

References

Angel-Bello, F., A. Alvarez, and I. García. 2013. “Two Improved Formulations for the Minimum Latency Problem.”
Applied Mathematical Modelling 37 (4): 2257–2266.

Balas, E. 1977. “Some Valid Inequalities for the Set Partitioning Problem.” Annals of Discrete Mathematics 1: 13–47.
Balas, E., and M. Padberg. 1976. “Set Partitioning: A Survey.” SIAM Review 18 (4): 710–760.
Balinski, M. L.. 1965. “Integer Programming: Methods, Uses, Computations.” Management Science 12 (3): 253–313.
Borndörfer, R., A. Löbel, M. Reuther, T. Schlechte, and S. Weider, 2013. “Rapid Branching.” Public Transport 5 (1):

3–23.
Buhrkal, K., S. Zuglian, S. Ropke, J. Larsen, and R. Lusby 2011. “Models for the Discrete Berth Allocation Problem: A

Computational Comparison.” Transportation Research Part E 47 (4): 461–473.
Byholm, B., and I. Porres. 2014. “Cost-Efficient, Reliable, Utility-Based Session Management in the Cloud.” In 14th

IEEE/ACM International Symposium on Cluster, Cloud and Grid Computing (CCGrid), 102–111.
Caserta, M., and S. Voß. 2013. “A Math-Heuristic Dantzig–Wolfe Algorithm for Capacitated Lot Sizing.” Annals of

Mathematics and Artificial Intelligence 69 (2): 207–224.
Caserta, M., and S. Voß. 2015. “An Exact Algorithm for the Reliability Redundancy Allocation Problem.” European

Journal of Operational Research 244 (1): 110–116.
Chen, Y., and J.-K. Hao. 2014. “A ‘Reduce and Solve’ Approach for the Multiple-Choice Multidimensional Knapsack

Problem.” European Journal of Operational Research 239 (2): 313–322.
Chern, M.-S., and R.-H. Jan. 1986. “Reliability Optimization Problems with Multiple Constraints.” IEEE Transactions

on Reliability R-35 (4): 431–436.
Crévits, I., S. Hanafi, R., Mansi, and C., Wilbaut. 2012. “Iterative Semi-continuous Relaxation Heuristics for the Multiple-

choice Multidimensional Knapsack Problem.” Computers & Operations Research 39 (1): 32–41.
Crowder, H., R. S. Dembo, and J. M. Mulvey. 1979. “On Reporting Computational Experiments with Mathematical

Software.” ACM Transactions on Mathematical Software 5 (2): 193–203.
Elloumi, S., M. Labbé, and Y. Pochet. 2004. “A New Formulation and Resolution Method for the p-Center Problem.”

INFORMS Journal on Computing 16 (1): 84–94.
Fischetti, M., and M. Monaci. 2014. “Exploiting Erraticism in Search.” Operations Research 62 (1): 114–122.
Garfinkel, R. S., and G. L. Nemhauser. 1969. “The Set-Partitioning Problem: Set Covering with Equality Constraints.”

Operations Research 17 (5): 848–856.
Gouveia, L., and S. Voß. 1995. “A Classification of Formulations for the (Time-dependent) Traveling Salesman Problem.”

European Journal of Operational Research 83 (1): 69–82.
Hifi, M., M. Michrafy, and A. Sbihi. 2004. “Heuristic Algorithms for the Multiple-choice Multidimensional Knapsack

Problem.” Journal of the Operational Research Society 55 (12): 1323–1332.
Hifi, M., M. Michrafy, and A. Sbihi. 2006. “A Reactive Local Search-Based Algorithm for the Multiple-Choice Multi-

Dimensional Knapsack Problem.” Computational Optimization and Applications 33 (2-3): 271–285.
Hiremath, C. S., and R. R. Hill. 2013. “First-Level Tabu Search Approach for Solving the Multiple-Choice Multidimen-

sional Knapsack Problem.” International Journal of Metaheuristics 2 (2): 174–199.
Htiouech, S.. S. Bouamama, and R. Attia. 2013. “OSC: Solving the Multidimensional Multi-Choice Knapsack Problem

with Tight Strategic Oscillation Using Surrogate Constraints.” International Journal of Computer Applications 73
(13): 1–22.

Iqbal, S., M. F. Bari, and M. S. Rahman. 2010. “Solving the Multi-Dimensional Multi-Choice Knapsack Problem with
the Help of Ants.” In Swarm Intelligence, 312–323. Berlin: Springer.

Kellerer, H., U. Pferschy, and D. Pisinger. 2004. Knapsack Problems. Berlin: Springer.
Khan, S.. 1998. “Quality Adaptation in a Multisession Multimedia System: Model, Algorithms and Architecture.” PhD

thesis. University of Victoria, Canada.
Koch, Thorsten, Tobias Achterberg, Erling Andersen, Oliver Bastert, Timo Berthold, Robert E. Bixby, and Emilie Danna.

et al. 2011. “MIPLIB 2010.” Mathematical Programming Computation 3 (2): 103–163.
Liu, Z. Z., Z. P. Jia, X. Xue, and J. Y. An. 2014. “Reliable Web Service Composition Based on QoS Dynamic Prediction.”

Soft Computing 19 (5): 1409–1425. doi:10.1007/s00500-014-1351-4.
Mansi, R., C. Alves, J. M. Valerio de Carvalho, and S. Hanafi. 2013. “A Hybrid Heuristic for the Multiple Choice

Multidimensional Knapsack Problem.” Engineering Optimization 45 (8): 983–1004.
Martin, R. K.. 1999. Large Scale Linear and Integer Optimization: A Unified Approach. Boston, MA: Kluwer.
Méndez-Díaz, I., P. Zabala, and A. Lucena. 2008. “A New Formulation for the Traveling Deliveryman Problem.” Discrete

Applied Mathematics 156 (17): 3223–3237.
Moghaddam, M., and J. G. Davis. 2014. “Service Selection in Web Service Composition: A Comparative Review of

Existing Approaches.” In Web Services Foundations, 321–346. New York: Springer.
Nawal, C., and M. Hifi. 2009. “Hybrid Algorithms for the Multiple-Choice Multidimensional Knapsack Problem.”

International Journal of Operational Research 5 (1): 89–109.

http://www-01.ibm.com/software/commerce/optimization/cplex-optimizer/
http://www.gurobi.com/products/gurobi-optimizer/gurobi-overview
http://dx.doi.org/10.1007/s00500-014-1351-4.


850 S. Voß and E. Lalla-Ruiz

Sasikaladevi, N., and L. Arockiam. 2014. “LASA-HEU: Heuristic Approach for Service Selection in Composite Web
Services.” In 2014 IEEE World Congress on Computing and Communication Technologies (WCCCT), 256–259.

Sbihi, A.. 2007. “A Best First Search Exact Algorithm for the Multiple-Choice Multidimensional Knapsack Problem.”
Journal of Combinatorial Optimization 13 (4): 337–351.

Shojaei, H., T. Basten, M. Geilen, and A. Davoodi. 2013. “A Fast and Scalable Multidimensional Multiple-Choice
Knapsack Heuristic.” ACM Transactions on Design Automation of Electronic Systems 18 (4): 51:1–51:32.

Taillard, E., and S. Voß. 2002. “POPMUSIC – Partial OPtimization Metaheuristic Under Special Intensification Con-
ditions.” In Essays and Surveys in Metaheuristics, edited by C. C. Ribeiro and P. Hansen, 613–629. Boston, MA:
Kluwer.

Valian, Eh., and El. Valian. 2013. “A Cuckoo Search Algorithm by Lévy Flights for Solving Reliability Redundancy
Allocation Problems.” Engineering Optimization 45 (11): 1273–1286.

Vance, P. H., C. Barnhart, E. L. Johnson, and G. L. Nemhauser. 1997. “Airline Crew Scheduling: A New Formulation and
Decomposition Algorithm.” Operations Research 45 (2): 188–200.

Vemuganti, R. R.. 1999. “Applications of Set Covering, Set Packing and Set Partitioning Models: A Survey.” In
Handbook of Combinatorial Optimization, edited by D. Du and P. M. Pardalos, 573–746. New York: Springer.

Wang, W., Y. Chang, and W. Lo Y. Lee.. 2013. “Adaptive Scheduling for Parallel Tasks with QoS Satisfaction for Hybrid
Cloud Environments.” The Journal of Supercomputing 66 (2): 783–811.

White, J., B. Doughtery, and D. C. Schmidt. 2010. “Ascent: An Algorithmic Technique for Designing Hardware and
Software in Tandem.” IEEE Transactions on Software Engineering 36 (6): 838–851.

Wolsey, L. A.. 2002. “Solving Multi-Item Lot-Sizing Problems with an MIP Solver Using Classification and Reformula-
tion.” Management Science 48 (12): 1587–1602.

Wu, L., and M. Hifi. 2012. “An Equivalent Model for Exactly Solving the Multiple-Choice Multidimensional Knapsack
Problem.” International Journal of Combinatorial Optimization Problems and Informatics 3 (3): 43–58.

Wu, T., S. Zhang, X. Wu, and W. Dou. 2013. “A Consumer-Oriented Service Selection Method for Service-Based Appli-
cations in the Cloud.” In 16th IEEE International Conference on Computational Science and Engineering (CSE)
2013, 838–845.

Appendix A. Instances description

Table A1 shows the characteristics of the problem instances proposed by Khan (1998) and Hifi, Michrafy, and
Sbihi (2006). Namely, the number of classes n, the number of items ri in each class i, the number of resources considered
m and the total number of variables P = ∑n

i=1 ri.
The instances proposed by Shojaei et al. (2013) incorporate an irregular structure in terms of the number of the groups.

Their general feature is described as follows. The instances range from 100 to 500 groups, 10 to 40 resource constraints
and a maximum number of items from 10 to 20 items.

Table A1. Problem instances characteristics.

Khan (1998) Hifi, Michrafy, and Sbihi (2006)

Instance n ri m P Instance n ri m P

I01 5 5 5 25 INST01 50 10 10 500
I02 10 10 5 50 INST02 50 10 10 500
I03 15 10 10 150 INST03 60 10 10 600
I04 20 10 10 200 INST04 70 10 10 700
I05 25 10 10 250 INST05 75 10 10 750
I06 30 10 10 300 INST06 75 10 10 750
I07 100 10 10 1000 INST07 80 10 10 800
I08 150 10 10 1500 INST08 80 10 10 800
I09 200 10 10 2000 INST09 70 10 10 700
I10 250 10 10 2500 INST10 90 10 10 900
I11 300 10 10 3000 INST11 90 10 10 900
I12 350 10 10 3500 INST12 100 10 10 1000
I13 400 10 10 4000 INST13 100 30 10 3000

INST14 150 30 10 4500
INST15 180 30 10 5400
INST16 200 30 10 6000
INST17 250 30 10 7500
INST18 280 20 10 5600
INST19 300 20 10 6000
INST20 350 20 10 7000
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