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Abstract

The purpose of this paper is to introduce a new approach that allows
to construct no-arbitrage market models of for implied volatility surfaces
(in other words, stochastic smile models). That is to say, the idea pre-
sented here allows us to model prices of liquidly traded vanilla options
as separate stochastic quantities. The main reason why market models
of implied volatilities need to be constructed is that they can capture
the stochastic nature of an implied volatility surface. More to the point,
market models have a potential of improved pricing of forward volatility
depending products, such as compound options. Besides, this framework
allows to match the initial vanilla market by construction and hedge with
simple call and put options in a natural way. The modelling approach
presented in this paper relies on taking a deterministic smile model as
a backbone around which a stochastic smile model can be constructed
without violating no-arbitrage constraints.

Keywords: market models, volatility surfaces, no-arbitrage condi-
tions, joint simulation of an asset and implied volatilities, conditional
densities, conditional future smiles, stochastic smile model.

AMS Subject Classification: 91B70, 62P05.

1 Introduction

The problem of modelling an asset together with options written on this asset as
tradable quantities in their own right has been faced by financial mathematics
professionals for some time now. The need for such an approach is clear: this
will simply reflect the reality better. Many option markets are mature enough
to provide information which is not reflected in the underlying markets. Numer-
ous studies of the stochastic nature of implied volatility surfaces ([1],[8],[19],[10])
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show that there are several sources of uncertainty that are not refelcted in the
underlying asset price. It is also clear that modelling this finer structure of the
options market through classical approaches (such as local volatility, stochastic
volatility, jump diffusion and their various mixtures and extensions) becomes
extremely hard and yields models of ever-increasing complexity.1 Therefore,
there is a clear need in developing a framework for modelling the stochasticity
of implied volatilities directly. A model where implied volatilities (or, equiva-
lently, vanilla option prices) are modelled directly is called a market model (or a
stochastic smile model) and the quest for constructing a such a model is referred
to as market model problem throughout this note.

As mentioned in the abstract, potential applications of a market model are
in pricing heavily exotic and especially forward volatility dependent products,
such as various compound options. Besides, a market model should allow for
circumventing the calibration procedure (since the observed implied volatility
surface is included in the model’s initial state) and more natural hedging with
vanilla instruments. Finally, the ability of such a model to generate no-arbitrage
paths for future spot and option prices should prove useful in risk management.

There have been many attempts at solving the market model problem, and
neither of them is widely acknowledged as absolutely successful. To the best of
our knowledge, one of the first serious attempts at constructing a market model
for implied volatilities is a work by Shönbucher[18]. For the sake of completeness
and also in order to put our approach into perspective, we will briefly discuss
it in the next subsection. Please note that we by no means claim that the
Schönbucher’s is the only works aimed at solving the problem so far. Works on
the subject include those done by Cont et al[9], Ledoit et al[15], Brace et al[5],
Alexander and Nogueira[2], Häfner and Schmid[12] Fengler et al, [11], Le[14]
and others. The paper that appears to be the closest in spirit to the approach
presented here is a ’Kolmogorov project’ by Joshi and Rebonato [13]. However,
we deem a careful review of all these papers outside the scope of this short note.

Having discussed the Schönbucher’s model in the next subsection, we will
explain what we deem a solution of a market model problem (in subsection 1.2)
and then give a brief description of our modelling approach in subsection 1.3.
Section 2 is the main bulk of our work, where a formal explanation of the model
is given. Section 3 concludes the paper.

1.1 Schönbucher’s model

To the best of our knowledge, a work by Shoenbucher[18] was one of the first
serious attempts at constructing a market model for implied volatilities. We
will briefly discuss it here:

The spot process is modelled as

dS = S(rd − rf )dt + SσdW0 (1)

1A recent work by Carr and Wu[7] cit is a fine example of a classical approach, where
additional unobserved parameters are introduced in order to capture the stochasticity of the
implied volatility skew in currency options markets.
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where σ, spot volatility, follows some stochastic process. Additionally, n implied
volatilities for different strikes and maturities are modelled as:

dσ̂(T,K) = u(T,K)dt + γ(T,K)dW0 + v(T,K)dW (2)

where W = (W1,W2, ...,Wn)T is an n-dimensional Brownian motion, and dif-
fusion parameters u, γ, v = (v1, v2, ..., vn) are stochastic processes which can
depend on the full state vector (S, t, σ̂), with σ̂ being the n-dimensional vector
of implied volatilities.

As Shoenbucher notes in his original paper, this approach is similar to the
well-known Heath-Jarrow-Morton framework for modelling interest rates. Just
like in the HJM, one has to impose certain restrictions on the implied volatili-
ties’ evolution in order to ensure the martingale property for all traded securi-
ties. Indeed, according to the standard asset pricing theory, liquid option prices
should be martingales under a risk-neutral measure. It is straightforward to
show that given a choice of γ, v, σ, there is a unique choice of u that ensures the
no-arbitrage condition:

u =
1

2Cσ̂

(
(σ̂2 − σ2)S2CSS − Cσ̂σ̂v2 − 2γσSCSσ̂

)
(3)

Here C = C(K, T ) is a European option price (we suppress the dependence
om K, T for the sake of brevity). Also note that the equation (3) should hold
for each implied volatility.

As we can see, (3) relates the spot and implied volatility evolution. However,
there is an even stronger condition on implied volatilities, which arises in this
model. Schönbucher calls it ‘the no-bubble restriction’. The idea is simple: as
can be observed from (3), implied vols have mean-fleeing behavior, which might
lead to the drift explosion (a bubble) and consequently to an arbitrage situation
if some care is not taken. We refer the reader to the excellent explanation of
the intuition behind this bubble in the original paper. Here we simply remind
the restriction that has to be satisfied in the model if we want to prevent the
bubbles from occurring:

limt→T

{
1
σ̂

1
T − t

((σ̂2 − σ2)− 1
2σ̂

d1d2v
2 +

d2

σ̂
√

T − t
σγ

}
< ∞ (4)

Here d1, d2 are the same that appear in the standard Black-Scholes formula.
From here Schönbucher follows a logical path, making sure that in the limit
t → T stochastic volatility of the spot process σ is such that (4) is satisfied.
This leads to an explicit functional dependence between implied volatilities and
the spot volatility:

σ̂2 =
1
2
σ2 +

√
σ4

4
+ v2 ln

S

K
(5)

Please note that (5) has to be satisfied in the limit only. However, this already
gives a good feeling for how strongly the stochastic volatility process and the
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implied volatilities are locked on each other. Among other things, this condition
implies that on a short-term scale all the implied volatilities can be seen as driven
by the same source of uncertainty (the one behind the spot volatility). Thus
we see that the model that has been created with the purpose of richer implied
volatility dynamics, is in fact only capable of a very limited one. Take a closer
look at (3): given the parameters of the implied volatility model (including
the drift), this equation specifies the spot volatility process exactly. In fact,
Schönbucher goes on to show that for a particular choice of u = 0, γ = 0 (implied
volatility with zero drift and uncorrelated to spot), the stochastic volatility is
given by

σ2 = σ̂2 +
v2

σ̂2

(
ln

S

K

2

− 1
4
(T − t)2σ̂4

)
(6)

The important consideration here is that this equation has to hold for implied
volatility of every strike. The practical consequence is that once the drifts are
chosen, all the implied volatilities have to be driven by the same source of un-
certainty (or, in other words, only one strike volatility can be modelled). Hence,
having started with a rich formulation (2), we are back to square one: a single
factor stochastic volatility model, with the added advantage that the modelled
quantity is observable in the market, which should simplify the calibration pro-
cedure.

We think that the problem with this approach is that we have two separate
ways of specifying spot dynamics within one model. One specification is given
by the spot process according to (1) and another one is implied in the form of
a probability density by the implied volatilities. Providing these two different
laws in some parametrized form leads to a conflict which can only be resolved
by strongly restricting parameters of the model.

1.2 A weak solution to a market model problem

Recall that the main goal of a market model is to generate rich dynamics for
the volatility smile surface. We need a model that would enable the surface
to change its qualitative features (e.g. its skewness and convexity) randomly
over time. This is the main requirement. Therefore, when building our version
of the model we are not interested in choosing a specific stochastic differential
equation for the spot process, as long as this process does not contradict to
or strongly restrict the smile evolution. Our impression is that Schönbucher
and other authors ([5], [15]) have chosen for the clearness of the spot evolution
model, but have effectively sacrificed the complexity of the implied volatility
dynamics. We want to do the opposite: let the spot evolution be fully implicit
and focus on the implied volatilities.

Note that the difference between Schönbucher’s approach and the method
introduced in this paper is that of a strong solution versus a weak solution.
Schönbucher starts with the SDE’s in the risk-neutral measure and looks for
process solving these SDEs. On the contrary, we start with an idea that all the
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tradables should be martingales in the risk-netral measure, but we do not fix
this measure from the start. Instead, the process (e.g. possible paths) and the
measure are constructed at the same time. As a result, we do not arrive at an
SDE formulation of our model, but rather at probability laws that govern the
evolution of all modelled tradables (e.g. spot and option prices). Therefore, the
immediate application of our approach is a simulation procedure. The question
of whether our model has a nice continuous time limit is left for further research.

The next short subsection is meant to give an approximate idea of what we
are attempting to do, while the section 2 provides a more complete and formal
description of our modelling approach.

1.3 From conditional density to stochastic option prices

By Breeden and Litzenberger[6], the full knowledge of undiscounted call option
prices2for a given maturity t1 is equivalent to the knowledge of the terminal
spot risk-neutral density function ρ(St1). This holds in view of

ρ(ST ) =
∂2C(St0 , t0,K, t1)

∂K2

∣∣
K=St1

, (7)

Similarly, the knowledge of a conditional spot risk-neutral density ρ(St2 |St1 )
is equivalent to the knowledge of expected (at a future time t1) option prices
maturing at t2 and conditional on St1 :

ρ(St2 |St1 ) =
∂2E [C(St1 , t1,K, t2) |St1 ]

∂K2

∣∣
K=St2

. (8)

To see that consider that by definition of the conditional expectation

E [C(St1 , t1,K, t2) |St1 ] =
∫ ∞

K

(St2 −K)ρ(St2 |St1 )dSt2 .

Now applying integration by parts to the right-hand side twice, we arrive at (8)
Thus, one can think of the conditional spot density ρ(St2 |St1 ) as, essentially,

the same object as the set of all option prices maturing at t2(continuum in
strikes).

Now assume that there are more sources of uncertainty driving the option
prices than just the spot process. Assume also that the model keeps its Markov
property in the state space (S, θ), where θ is a finite-dimensional vector of other
uncertainty factors (e.g. spot volatility in a stochastic volatility model or a jump
occurrence and size in a jump model). Then,

E [C(St1 , t1,K, t2) |St1 ] =
∫

C(St1 , θt1 , t1,K, t2)φ(θt1 |St1 )dθt1 ,

where φ(θt1 |St1 ) is the density function of θt1 conditional on St1 . In other words,
after integrating out all option-specific uncertainty from future option prices,

2Here and everywhere throughout the paper, ’call price’ is short for undiscounted option
price’, unless explicitly stated otherwise
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we obtain effectively the same object as the conditional spot density function
(only expressed via conditionally expected option prices). This relationship can
be rewritten in such a way that it delivers this idea more explicitly:∫ ∞

K

(St2 −K)ρ(St2 |St1 )dSt2 =
∫

C(St1 , θt1 , t1,K, t2)φ(θt1 |St1 )dθt1 , (9)

We have now established a link between the time-t1 conditional density of our
newly introduced variable θ (which, loosely speaking, represents the stochastic
nature of the implied volatility smile) and the conditional spot density governing
the spot transition from time t1 to time t2. This is a very important observation
and we will refer to it now and again throughout this paper. At the moment, let
us reflect as to how the equation (9) can help in constructing a market model
of implied volatilities.

Note that in classical smile-consistent models θ is chosen to be some indi-
rectly observed quantity (e.g. stochastic volatility of the spot process). Further-
more, by specifying a process for this quantity , one implicitly sets transition
densities in the state space (S, θ) (and as a consequence the price densities
ρ(St2 |St1 ) too). Our approach relies on turning this procedure upside down.
Assume that ρ(St2 |St1 ) is known, then one can try to choose the transition
density for (S, θ) and the functional form of C(St1 , θt1 , t1,K, t2) so that (9) is
satisfied.

This approach is quite appealing, as it provides a lot of freedom in choos-
ing additional sources of risk, and it turns out that with a careful choice of θ
and its probability law, one can build a non-arbitrageable market model. One
interpretation of this approach is that given a full process structure in the spot
world (including conditional densities) we try to represent it as a ‘projection’ of
a richer multi-dimensional process.

Having formulated the basic idea, we now want to begin from the very
beginning and deliver the same message in a more structured and formal way.
This is done in the following section.

2 Market model: conditional density approach

In this section a conditional densities approach to the market model problem is
presented. The structure of the section is as follows. First, the state variables
are introduced. Then, conditional(transition) densities in the state space are
defined. Next, we postulate conditions that have to hold for these state densi-
ties in order to make a no-arbitrage market model. The rest of the section is
a constructive proof that such no-arbitrage state densities can indeed be built.
This is done in two steps: First, although state variables represent a stochasti-
cally changing implied volatility surface, we need to limit our attention to the
spot dimension only. Conditional price(spot) densities and deterministic smile
models will be introduced. The second step will be focused on constructing
no-arbitrage state densities (or, equivalently, a stochastic smile model) around
some pre-chosen conditional price densities (a deterministic smile model). By
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the end of the section we have proved that the approach presented here does
indeed lead to a sought-after market model.

2.1 State variables and static no arbitrage conditions

First of all, let us introduce the modelling set-up. Here we try to follow the nota-
tions and assumptions introduced in Joshi and Rebonato[13]. The usual perfect
frictionless market that allows no arbitrage is assumed. The instruments traded
in the markets are the underlying asset, calls and puts on this asset (continuum
in strikes and discrete maturities) and possibly some more complex products.
The price information is contained in calls and underlying prices observed today.
The state variable is the unity of all call prices and the underlying price at a
given moment of time.

It is clear that our state variable (and the initial price information) is just
the implied volatility surface together with the asset price. Here we present a
set of conditions that the initial smile surface has to satisfy in order to prevent
static arbitrages. This conditions are given in line with [13] and referred to as
the admissibility conditions.

Condition 2.1 [ADMISSIBILITY]

∂C(t, K, S, T )
∂K

< 0

∂2C(t, K, S, T )
∂K2

> 0

∂C(t, K, S, T )
∂T

> 0 (10)

∂P (t, K, S, T )
∂K

> 0

C(t, K, S, T ) |K=0 = S

lim
K→∞

C(t,K, S, T ) = 0

There is a one-to-one correspondence between the current set of prices, the
current smile surface and the risk-neutral price density:

ρ0(ST ) =
∂2C(t0,K, S0, T )

∂K2
=

∂C2
BS(t0,K, S0, T, σimp(t0,K, S0, T )))

∂K2
(11)

Therefore, the state variable can be described in three equivalent ways (in
line with [13] again):

Definition 2.2 The state variable Xt can be defined in either of the following
three equivalent ways:

As current call option prices and spot value

Xt = {St ∪ C(St,K, t, T )∀K, T} (12)
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As current implied volatility surface and spot value

Xt = {St ∪ σimp(St,K, t, T )∀K, T} (13)

As a current spot densities and spot values

Xt = {St ∪ ρt(ST )∀T, ST } (14)

No static arbitrage conditions that have just been formulated for smile sur-
faces (or equivalently, for option prices) naturally extend to the state variable.

Definition 2.3 State Xt is called admissible if its corresponding smile surface
satisfies condition 2.1.

The initial state X0 is, of course, the unity of the initial spot price S0 and
initially observed call option prices C(S0,K, t0, T ) for every strike K and matu-
rity T . As discussed in the subsection 1.2 (A weak solution to the market model
problem)we are after a simulation algorithm that would allow us to propagate
Xt in an arbitrage-free way. For that, we need to construct the risk-neutral
measure and define the evolution of the process Xt under this measure. This
construction starts now.

2.2 Conditional state density

Let us now introduce conditional state densities.

Definition 2.4 The future (time-t) conditional state density R(XT |Xt ) is the
probability density that the world will be in state XT at time T given that the
state Xt prevails at time t.

Our goal is to model Xt as a stochastic quantity. For that, it suffices to know
R(XT |Xt ). Indeed, if we know the conditional state density, we can simulate
the state evolution process. Let us consider the conditions that need to be en-
forced on R(XT |Xt ) in order to exclude arbitrage possibilities. From now on,
having a simulation algorithm in mind, we will be working in a discrete time
setting, with T = {t0, ..., tn}
being our time domain. In places, a traditional notation t, T will be used, but
with an understanding that these are some points from T .

Consider the following conditions for the one-step conditional state density
R(Xtk+1 |Xtk

):

Condition 2.5 [NON ARBITRAGEABLE STATE DENSITY]
(C1). Static arbitrage opportunities should not arise at any point of time:

R(Xtk+1 |Xtk
) = 0, (15)
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for all k = 0, ..., n, for all admissible Xk and unadmissible Xk+1.

(C2). All tradables should meet the martingale property over one time step:

E(C(Stk+1 ,K, tk+1, T ) |Xtk
) = C(Stk

,K, tk, T ), (16)

E((Stk+1) |Xtk
) = D−1

tk,tk+1
Stk

, (17)

for all admissible Xtk
and all K, T and k = 0, ..., n. Here D−1

tk,tk+1
is the appro-

priate discount factor

(C3). All usual transition density properties should be met:

R(XT |Xt ) ≥ 0 for all t, T (18)∫
R(XT |Xt )dXT = 1 for all t, T (19)

R(XT2 |Xt ) =
∫

R(XT2 |XT1 )R(XT1 |Xt )dXT1 . for all t, T1 < T2 (20)

Theorem 2.6 If conditions (C1)-(C3) above are met, R(XT |Xt ) provides an
arbitrage-free model (or a simulation algorithm) of spot and option prices.

Proof The proof is elementary: it is clear, that if R(XT |Xt ) is a valid density
function (in the sense of (C3)) and if we start in an admissible state X0, condi-
tions (C1)-C(2) ensure that for all tradable securities the martingale property
is met on the discrete time domain T and thus, by the fundamental theorem of
asset pricing, no strategy based on the same time domain can generate arbitrage
profits. In fact, providing a density R(X) consistent with (C1)-C(3) is the same
as providing a sought-after martingale measure for our model.

Now that the conditions the density R(XT |Xt ) should meet are known,
we can start building a candidate function. The plan is to present a way to
construct a function which satisfies all the conditions above and thus obtain the
arbitrage-free model.

As outlined in the subsection 1.3 (From conditional density to stochastic
option prices), we will need a spot-only version of the conditional density. Nat-
urally, given the conditional state density R(XT |Xt ) we can obtain the price
density ρ(ST |St )3but not the other way around. However, our modelling idea
is to try and go in that direction - construct R(XT |Xt ) given ρ(ST |St ). The
following subsection is devoted to the definition and properties of this object.
Having introduced the price density, we will move on with our construction of
R(XT |Xt ) in the section 2.4.

3Integrating out all sources of uncertainties other than ST and St from R(XT |Xt ) yields
exactly the conditional spot density ρ(ST |St ).
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2.3 Conditional price density

We start with the following fairly obvious definition:

Definition 2.7 future time-t conditional price(spot) density ρ(St2 |St1 ) is de-
fined to be the probability density that the spot price will be St2 at time t2 given
that the time-t1 spot price equals St1 .

Now note that our initial information (state X0) does not give us the knowledge
of ρ(St2 |St1 ), let alone the state densities. Therefore, we first discuss how
the price density can be extracted from the initial information. Let us start
with analyzing some properties ρ(St2 |St1 ) should satisfy. As discussed in Baker
et al[4] and Joshi and Rebonato[13], the conditional smile density should be
compatible with the current terminal densities and, of course, satisfy usual
properties of a density function:

Condition 2.8
ρ(St2 |St1 ) ≥ 0 for all t1, t2 (21)∫

ρ(St2 |St1 )dSt2 = 1 for all t1, t2 (22)

ρ(St2) =
∫

ρ(St2 |St1 )ρ(St1)dSt1 . for all t1, t2 (23)

Conditional spot densities and forward smiles that satisfy the last (23) of the
above conditions are called Kolmogorov-compatible. The important point
is that there are infinitely many Kolmogorov-compatible solutions of the inte-
gral equation (23) that yield us each its own ρ(St2 |St1 ) Each of this solutions
matches the initial market state X0 (or, in other words, all vanilla option prices
for maturities t1, t2), while providing its own dynamic properties for price pro-
cess. As discussed both in [4] and in [13] as well as in numerous other papers,
the vanilla information contained in X0 is simply not sufficient to determine the
finer structure of the process.

This non-uniqueness of the conditional density structure is reflected in the
fact that so many different models (various specifications of stochastic volatility,
jump diffusions, local volatility models etc) can be calibrated to the same vanilla
market, while yielding very distinct prices for path-dependent products (e.g.
barriers, forward starts and the like). In the practitioners lingo, this problem is
often referred to as the ‘smile dynamics problem’. This term is a tribute to
the fact that an expected change in the implied volatility smile in response to a
given spot price perturbation can be very different in two models, even if these
models show a compete agreement on all current vanilla prices. Of course, it
is just another manifestation of the non-unique nature of the solution to (23).
Besides the already referred to [13] and [4], we can direct the reader to Ayache
et al[3], where this topic gets a very complete treatment.

Thus, we must make some assumption regarding the conditional price den-
sity ρ(St2 |St1 ) A method described in [16] provides us with a fairly easy nu-
merical procedure to arrive at a parametrized family of Kolmogorov-compatible
densities.
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Note that a conditional density structure given by some fixed solution to
the conditions 2.8 gives rise to a deterministic smile model. That is to say,
we can assume the spot process to be the only source of uncertainty. Being
governed by the transition density ρ(St2 |St1 ), this model will have a property
that conditional on a spot St1 value at given point of time t1 in the future, the
smile σimp(t1, t2, St1 ,K) observed at this future time point will be deterministic
(for any maturity t2).

Armed with a parametrized family of Kolmogorov-compatible conditional
densities, we will not be baffled with uncertainty. In a real life situation, a
trader’s choice is needed to determine the conditional structure of choice. For
now, let us just assume that we pick some ρ(St2 |St1 ) from this family. The
corresponding deterministic smile model will be called a ’backbone model’, and
the plan is to construct s market model for stochastic smiles around this back-
bone. Let us now proceed with the construction of R(XT |Xt ) satisfying the
conditions of Theorem 2.6.

2.4 Constructing state densities around price densities

Our modelling approach relies on constructing a transitional state density that
would satisfy conditions (C1)-(C3) of 2.5. By Theorem 2.6 such a transitional
density would give rise to a no-arbitrage market model for Xt defined on the
time domain T .

This no-arbitrage state density will be ’constructed’ around the conditional
price density ρ(St2 |St1 ) that we assume to be known, as discussed in the pre-
vious subsection. Construction of conditional state density around conditional
price density has a natural interpretation in the language of implied volatilities:
It has been already explained that a conditional price density corresponds to
a certain deterministic smile model. Now we plan to show how extra factors
have to be added to this model in order to make smiles stochastic but keep the
construction arbitrage-free. Certain requirements for the probability law of this
extra stochasticity are introduced and, finally, subject to this requirements, the
no-arbitrage property of the resulting state density is proved. Thus, by the end
of this subsection a complete market model approach is explained. But first we
need to introduce a number of new notations.

Let us go back to our definition of the state vector

Xt = {St ∪ C(St,K, t, T )∀K, T} (24)

We would like to separate the spot price St from other sources of uncertainty
(those associated with the options market). Since it is not known what exactly
causes an extra stochasticity in the option prices part of Xt one can assume it
to be some finite-dimensional random variable θt

4. Having introduced that,
4Note that we have not asked ourselves what kind of process might θt be. We prefer to

think of it as a separate map Ω → Rm for each t ∈ T . For most practical applications we
can assume θt to take a finite number of possible values too; basically, this random variable
is then nothing else than a sequence of coin flips
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let us write

Xt = Xt(St, θt)

C(St,K, t, T ) = CK,T
t (St, θt)

Let us now fix some tk ∈ T and assume that Xtk
is known and admissible. Note

that the notations here are similar to those of the last subsection of chapter 1
(From conditional densities to stochastic option prices), where an outline of our
modelling idea was given. The plan is to put that very ‘projection’ construct
on a more formal footing.

Bear in mind that what is being described here is effectively a construction
of the state transition density R. This is a step-by-step procedure in a sense
that it will be repeatedly done for every tk and Xtk

, with a one-period density
R(Xtk+1 |Xtk

) created on every step.
In particular, for every new tk and Xtk

, terminal and conditional spot den-
sities are extracted anew and thus they will be indexed as follows:

ρXtk
(ST2 |ST1 ) and ρXtk

(ST ), (25)

in order to reflect their dependence on Xtk
Note that these densities give rise to

a ’backbone’ deterministic smile model, in the terms introduced in the previous
sections. Transition from tk to tk+1 will have its own (for each k) backbone
model around which a proper stochastic smile model will be constructed.

Thus, having fixed some tk ∈ T and assuming that the process have reached
some admissible Xtk

we extract ρXtk
(St2 |St1 ) for all t1, t2 ∈ T . Now the state

density R(Xtk+1 |Xtk
) can be also expressed via S, θ:

R(Xtk+1 |Xtk
) = R(Xtk+1(Stk+1 , θtk+1) |Xtk

(Stk
, θtk

) ) (26)

In new notations R(Xtk+1 |Xtk
) can be rewitten as a conditional density

in the (S, θ)-space, denoted R′(Stk+1 , θtk+1 |Stk
, θtk

). This two representations
of the state density will be used interchangeably throughout the rest of this
subsection.

Up until now we have been looking at a joint (S, θ) density, but now it is
more convenient to split it into a product of a θ-density and a price density.
First, consider the following two definitions.

Definition 2.9 We define rs(Stk+1 |Stk
, θtk

) to be the probability density that
the spot price will be Stk+1 at time tk+1 given that the state Xtk

= Xtk
(Stk

, θtk
)

prevails at time tk.

Definition 2.10 We define rθ(θtk+1

∣∣Stk+1 , Stk
, θtk

) to be the probability density
that the θ-vector will take value θtk+1 at time tk+1 given that spot will be Stk+1

at the same time tk+1 and that the state Xtk
= Xtk

(Stk
, θtk

) prevails at time tk.

Note that the definition 2.9 introduces a marginal price density corresponding
to R′(Stk+1 , θtk+1 |Stk

, θtk
), while 2.10 defines a density of θtk+1 conditional on
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a certain price value at time tk+1. Therefore, the state density can be split into
the product of these two newly introduced densities:

R′(Stk+1 , θtk+1 |Stk
, θtk

) = rs(Stk+1 |Stk
, θtk

) · rθ(θtk+1

∣∣Stk+1 , Stk
, θtk

) (27)

Since the joint density R′(Stk+1 , θtk+1 |Stk
, θtk

) is conditional on tk-variables in
the first place, one gets quite a cumbersome notation. In order to lighten it
slightly, let us drop the conditioning on tk-variables in the notations on the
right hand side. Remember that the tk-variables are assumed to be known and
thus do not introduce extra stochasticity. Therefore, leaving them out of the
notation is no problem. Thus, the equation turns into

R′(Stk+1 , θtk+1 |Stk
, θtk

) = rs(Stk+1) · rθ(θtk+1

∣∣Stk+1 ) (28)

Recall that what is being described here is a construction procedure for
the non-arbitrageable state density. The following two conditions have to be
enforced on the marginal rs and conditional rθ in order to exclude arbitrage
possibilities. First, for rθ(θtk+1

∣∣Stk+1 ):

Condition 2.11 [PROJECTION(AVERAGING) CONDITION]∫
CK,T

t (Stk+1 , θtk+1)rθ(θtk+1

∣∣Stk+1 )dθtk+1 =
∫

(ST −K)+ρXtk
(ST

∣∣Stk+1 )dST

for all K, T .

And another condition for rs(Stk+1):

Condition 2.12 [MATCHING TERMINAL DENSITY CONDITION]

rs(Stk+1) = ρXtk
(Stk+1)

The conditon 2.11 is at first sight a strangely looking identity, but it has
a very easy interpretation. On the right hand side we have conditional option
prices (for all K, T ) in a deterministic smile model associated with ρXtk

(St2 |St1 ).
On the left hand side we have stochastic option prices integrated over θ. In
other words, we require that when a future spot price is conditioned upon,
averaging stochastic option prices over all additional sources of uncertainty in
the model (e.g. stochastic volatility, stochastic skew and convexity) should
yield us conditional option prices from a spot-only model fixed with our choice
of ρXtk

(Stk+1 |Stk
). To put it in a still different way, we require that the

state density R(Xtk+1 |Xtk
), ‘projected’ on the price-only dimension, becomes

ρXtk
(Stk+1 |Stk

).
The second condition simply means that the price density should match the

vanilla market (from where ρXtk
is extracted in the first place).

Proposition 2.13 In notations introduced above, assume
(i). Xtk

is admissible
(ii). [PROJECTION(AVERAGING) CONDITION] holds for rθ(θtk+1

∣∣Stk+1 )
(iii).[MATCHING TERMINAL DENSITY CONDITION] holds for rs(Stk+1),
Then, condition (C2) from of the set of conditions 2.5 holds for R(Xtk+1 |Xtk

):

13



Proof The first equation of (C2) that needs to be verified is as follows:

E(C(Stk+1 ,K, tk+1, T ) |Xtk
) = CK,T

tk
(Xtk

)

. Writing the expectation as an integral over S and θ densities and using con-
ditions (2.11) and (2.12) we get:

E(C(Stk+1 ,K, tk+1, T ) |Xtk
) =

∫
CK,T

t R(Xtk+1(Stk+1 , θtk+1) |Xtk
)dθtk+1dStk+1

=
∫

CK,T
tk

(Stk+1 , θtk+1)rθ(θtk+1

∣∣Stk+1 )rs(Stk+1)dθtk+1dStk+1

= by (2.11) =
∫

(ST −K)+ρXtk
(ST

∣∣Stk+1 )dST rs(Stk+1)dStk+1

=
∫

(ST −K)+
∫

ρXtk
(ST

∣∣Stk+1 )ρXtk
(Stk+1)dStk+1dST

=
∫

(ST −K)+ρXtk
(ST )dST = CK,T

tk
(Xtk

)

Note that we have used the identity∫
ρ(ST

∣∣Stk+1 )ρXtk
(Stk+1)dStk+1 = ρXtk

(ST )

in the end of the derivation. This identity holds in view of conditions 2.8 that
are satisfied by the density ρ(ST

∣∣Stk+1 ) (recall that we have picked one of the
multiple solutions to 2.8 as our conditional price density). The very last equation
holds simply because the densities ρXtk

have been extracted from option prices
CK,T

tk
for all K, T . The very fact that properly defined marginal and conditional

densities exist follows from (i).
Now to the second part of (C2): the spot process:

E(Stk+1 |Xtk
) = D−1

tk,tk+1
Stk

Along the same lines as above, one can show that

E(Stk+1 |Xtk
) =

∫
ST ρXtk

(ST )dST

It only remains to be shown that the integral on the right equals the forward
spot price. This property always hold when the density in question has been
extracted from an admissible smile surface. To see it, substitute the density in
the integral with its representation as a second derivative of (discounted) option
prices, integrate by parts twice and (invoking the last two equation of (10)) get
the desired result. Hence, the proof of the proposition is completed.

We have just shown that by choosing the density R(Xtk+1 |Xtk
) in such a

way that it projects into ρXtk
(Stk+1 |Stk

), one ensures that the condition (C2)
holds. It only remains to show that the two other conditions from 2.5. If we
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succeed in that, by Theorem 2.6 we have proved the no-arbitrage nature of our
conditional state density.

Note that the condition (C3) is taken care of by the choice of the proper con-
ditional density ρXtk

(Stk+1 |Stk
) around which the state density is built. That

is to say, since all the consistency conditions are satisfied for the price density,
they will also be satisfied by the state density (the compatibility condition is
not really relevant, as we only define one-step transition densities and transition
across several steps are defined by compounding these one-step densities).

The last condition to check is (C1), which states that we can never reach
a statically arbitrageable smile (a non-admissible Xtk+1). There is no general
way to ensure that Xtk+1 is always automatically admissible. However, we can
simply make this an additional requirement for the density rθ(θtk+1

∣∣Stk+1 ).
This, in fact, is not a very hard requirement to match, as the distribution of
θtk+1 is dispersing stochastic future smiles around the admissible forward smile
provided by the deterministic1 smile model corresponding to the conditional
price density ρXtk

(ST

∣∣Stk+1 ).
In practice, this boils down to a careful selection of possible values of θ on

every simulation steps, so that degenerated future smiles are not allowed. Note
that we can always choose the values for θ in such a way that the stochastic
smiles are close enough to the admissible forward smile to be admissible them-
selves. Therefore, the condition (C1) will also be met.

By Theorem 2.6, a sequence of conditional state densities R(Xtk+1 |Xtk
) built

in accordance with the rules outlined above generates a no-arbitrage market
model for spot and options price processes. This constitutes the main result of
this paper.

3 Conclusions and further directions

The problem of capturing the stochastic nature of smile surfaces in mature
option markets is of great importance, affecting both pricing and risk man-
agement practice. As reflected in a number of both empirical and theoretical
works (([1],[8],[19],[18] and others), there is a clear need for a market model
of stochastic implied volatility surfaces. In this paper, we have presented a
modelling approach a that allows no-arbitrage market models to be created.

The immediate practical application of this approach is a simulation proce-
dure for the joint evolution of spot and option prices. Building such a simulation
and studying how well it will capture the real-life market behavior is the next
direction of our research. Studying the impact of a stochastic smile model on
prices of heavily exotic options (in particular, compound options) is another
possible by-product of this research direction.

It also remains to be investigated whether the presented framework yields a
sensible model in the continuous time limit.
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