
Faculty of Mathematical Sciences

�
University of Twente

The Netherlands

P.O. Box 217
7500 AE Enschede

The Netherlands
Phone: +31-53-4893400

Fax: +31-53-4893114
Email: memo@math.utwente.nl

www.math.utwente.nl/publications

Memorandum No. 1596

Blocking probabilities in mobile communications
networks with time-varying rates

and redialing subscribers

N. Abdalla1 and R.J. Boucherie

November 2001

ISSN 0169-2690

1Vrije Universiteit, Department of Econometrics, de Boelelaan 1105, NL-1081 HV Amsterdam, The Netherlands



Blocking probabilities in mobile communications networks
with time-varying rates and redialing subscribers∗
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Abstract

Call-blocking probabilities are among the key performance measures in mobile communica-
tions networks. For the analysis of these blocking probabilities, mobile networks can be modelled
as networks of Erlang loss queues with common capacity restrictions dictated by the distribu-
tion of frequencies over the cells of the network. However, due to the time-varying load offered
to the cells of such networks, and due to the mobility pattern of users that varies over time,
blocking probabilities usually cannot be obtained in closed form. The relation between networks
of Erlang loss queues and networks of inÞnite server queues, for which also the time-dependent
occupancy distribution is known and is given by a multidimensional Poisson distribution, sug-
gests to use that distribution as approximate distribution for the occupancy distribution for the
network of Erlang loss queues. This paper extends this so called ModiÞed Offered Load (MOL)
approximation to networks of Erlang loss queues with the additional feature that subscribers
that Þnd their call blocked attempt to redial to continue their call. For GSM networks operating
under Fixed Channel Allocation such that capacity cannot be shared among the cells, it is shown
that blocking probabilities are increasing in the redial rates so that the MOL approximation
that is most accurate for the maximal value for the redial rates turns out to be a fairly accurate
approximation of the upper bound for the blocking probabilities of interest. The accuracy is
explicitly evaluated in an application of the results towards analysis of blocking probabilities of
subscribers travelling in a hot spot along a road through a GSM network.

Keywords: Network of Erlang loss queues, blocking probabilities, time-varying rates, Modi-
Þed Offered Load approximation.
AMS Subject ClassiÞcation. Primary: 90B18, 90B22; secondary 60K25.

1 Introduction

Mobile communications has been a rapidly growing service in the Þeld of telecommunications.
In contrast with this rapid growth, the capacity of mobile communications networks is severely
restricted causing service degradation due to e.g. blocking or interruption of calls. The concept
of cellular networks has lead to a substantial capacity gain. Such networks consist of a number
of base stations or radio access ports that provide wireless connections to the mobile terminals.
Base stations are distributed over the coverage area of the service provider, and the same part of
the available frequency spectrum can be used at multiple base stations as long as the interference
situation enables communication at sufficient quality. The area around a base station is referred to
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as cell, hence the concept of cellular networks, see e.g. [7] for a more detailed description of mobile
networks.

An important aspect of mobile networks is movement of subscribers among the cells. In addition,
mobility patterns may be changing over time due to e.g. rush hours, during which hot spots
containing a larger than average number of subscribers travel along a road. Clearly, a larger number
of subscribers induces a larger fresh call arrival rate. Subscribers making a call while travelling
through the network induce handovers that occur when a call is moving from the coverage area
of a cell into the coverage area of a neighbouring cell. At such occasions, the call has to transfer
from a channel of the originating base station to a channel of the destination base station. When
the destination base station cannot provide a channel, the call is interrupted (the handover is
blocked). Handover blocking is considered to have a more dramatic effect on the Quality of Service
(QoS) than fresh call blocking, which occurs when a new call cannot be accomodated due to lack
of capacity. Therefore, some subscribers that Þnd their handover blocked will try to re-establish
their connection. Clearly, while remaining in the blocked cell, these subscribers will not succeed in
these attempts. However, upon moving into a neighbouring (non-blocked) cell, the subscriber may
succeed in re-establishing its connection, resulting in a redial rate in cells neighbouring a blocked
cell.

The present study focusses on blocking probabilities for mobile networks with redialing sub-
scribers and time-varying parameters in the setting of GSM networks, the current standard used by
European service providers. These mobile networks have been successfully modelled as networks
of Erlang loss queues with time-varying parameters: a cell is represented as an Erlang loss queue,
where the limited capacity of the wireless network is represented by the limited number of servers
(state space restrictions), handovers are modelled as customers routing among the queues, and
redialing customers are modelled as an additional arrival rate in queues neighbouring a blocked
queue, see e.g. [1]. Unfortunately, for the resulting stochastic networks an appealing expression for
the time-dependent distribution of calls over the cells is not available. Building upon the close re-
lation between networks of Erlang loss queues, and networks of inÞnite server queues for which the
time-dependent distribution is often a multidimensional Poisson distribution with time-dependent
mean (the offered load), see [3], [9], we develop an approximation of the blocking probabities for our
network of Erlang loss queues. This approximation is an extension of the ModiÞed Offered Load
(MOL) approximation for a single Erlang loss queue developed in [6], [10]. The appealing aspect of
the resulting MOL approximation for our network of Erlang loss queues is that it requires solving a
system of linear differential equations with dimension equal to the number of queues for obtaining
a closed form expression for the approximate blocking probabilities of interest. As is shown via
numerical experiments for a hot spot travelling along a road, the MOL approximation turns out to
be fairly accurate in the relevant regime for mobile networks. This may aid in a quick indication of
capacity required in cells of a mobile network, which allows on-line dimensioning or load balancing
schemes for networks with time-varying parameters.

The MOL approximation for the Erlang loss queue with time-varying parameters is based on two
observations: (i) in equilibrium the occupancy distribution of the Erlang loss queue (with negative
exponential holding times) is simply a truncation of that distribution for the inÞnite server queue,
and (ii) the occupancy distribution of the inÞnite server queue with time-varying rates is a Poisson
distribution. To make this more precise, let X(t) record the number of calls in the Erlang loss
queue with capacity s, and X∞(t) record that number in the inÞnite server queue. With λ the
(non time-varying) fresh call arrival rate, and µ the call termination rate, in equilibrium, with load
c ≡ λ/µ, for n = 0, . . . , s,

lim
t→∞P (X(t) = n) =

cn

n!

,
sX
k=0

ck

k!
=
cn

n!
e−c
,

sX
k=0

ck

k!
e−c = lim

t→∞P (X
∞(t) = n|X∞(t) ≤ s). (1)

For a network with time-varying arrival rates λ(t) and therefore time-varying offered load c(t),
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under the condition that the system is empty at t = 0, the time-dependent distribution of the
inÞnite server queue remains Poisson:

P (X∞(t) = n) =
c(t)n

n!
e−c(t), t > 0, (2)

where (under the assumption of negative exponential holding times)

dc(t)

dt
= λ(t)− c(t)µ(t), t > 0, c(0) = 0,

and for general service times S, c(t) = E
hR t
t−S λ(τ)dτ

i
, t > 0. From (1), (2) it is appealing to

approximate the time-dependent distribution P (Xs(t) = n) as follows

P (Xs(t) = n) ≈ P (X∞(t) = n|X∞(t) ≤ s).

This approximation is referred to as ModiÞed Offered Load (MOL) approximation, see [6]. Espe-
cially when blocking probabilities are small, and c(t) is varying slowly, the MOL approximation
seems to be accurate. An extensive theoretical motivation for the MOL approximation for the
Erlang loss queue with time-varying arrival rates and time-varying service request is provided in
[10]. There results are provided for the Erlang loss queue with phase-type call length. It can readily
be seen that these results are also valid for a network model in which all cells share a common
capacity restriction, that is, a channel can be used in only one cell at a time, see Section 4.1.

For a network of Erlang loss queues with general capacity restrictions it was shown in [2] that
even in equilibrium a truncated multidimensional Poisson distribution is valid only when subscribers
that have experienced blocking attempt to re-establish their connection via a redialing process. In
fact, in equilibrium, only for a redial process that is modelled as an independent Poisson arrival
rate, and behaves as if all subscribers that have experienced blocking attempt to re-connect, the
occupancy distribution is truncated Poisson. This redial rate clearly over estimates the actual
redialing behaviour of subscribers. Therefore, we investigate (via numerical experiments) blocking
probabilities under various values for the redial rates, and compare our results with the MOL
approximation. As is expected, the MOL approximation is most accurate under the maximal
values for the redial rates that correspond with all subscribers redialing.

For a GSM network under Fixed Channel Allocation (FCA), where cells cannot share capacity,
it is shown that the blocking probabilities are increasing in the values for the redial rates. Therefore,
the blocking probabilities under maximal redial rates over estimate these probabilities in the original
network. As a consequence, the redial rate approximation is amenable for dimensioning purposes,
i.e., when blocking probabilities under maximal redial rates are below a prescribed threshold, then
these probabilities in the original network are also under that threshold. One might further argue
that an accurate approximation of an upper bound for the blocking probabilities is more suitable
for dimensioning than a loose approximation of the original blocking probabilities. As will be
demonstrated, the error in these blocking probabilities is proportional to the rate of change of the
offered load, and the actual values of blocking probabilities. For wireless networks, typically, the
load varies slowly, and blocking probabilities below 1% are desirable, see [12], which makes the
MOL approximation a suitable tool for dimensioning in wireless networks.

Here is the organisation of the paper. Section 2 characterises the wireless network model.
Section 3 investigates the MOL approximation, and obtains an explicit expression for the error in
this approximation that characterises the sources for the error in this approximation. Special cases
and error bounds are investigated in Section 4, and Þnally the approximation is applied in Section
5 for a traffic jam moving along a road in a GSM network under FCA.
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2 Wireless network model

Consider a network consisting of N cells labelled i = 1, 2, . . . ,N , modelling (a part of) a wireless
communications network. A state of this network is a vector n = (n1, n2, . . . , nN), where ni is
the number of calls in progress in cell i, i = 1, 2, . . . ,N . The states n are restricted due to, e.g.
interference constraints or resource sharing. Often, the set of feasible states can be written as

Ss = {n : An ≤ s} , (3)

where A is a d ×N matrix, and s is a d-vector, where d is the number of constraints, see [5]. A
state space of this form also arises in a loss network, see [8].

Let fresh calls arrive to cell i according to a non-homogeneous Poisson process, with rate λi (t)
at time t. These calls are admitted if n+ ei ∈ Ss, where ei is the i-th unit vector with 1 in place
i, 0 elsewhere. Otherwise these calls are blocked and cleared from the system (fresh call blocking).
Assume that an admitted call in cell i has a negative exponential holding time with rate µi (t)
at time t. When the holding time of a call in cell i terminates at time t, with probability pik (t)
the call attempts to continue in cell k, k 6= i, k = 1, 2, . . . ,N (handover), and with probability
pi0 (t) = 1−

PN
k=1 pik(t) the call is completed and is cleared from the network. When the network

is in state n, a handover attempt from cell i to cell k is successful provided that n− ei + ek ∈ Ss.
A handover from cell i to cell k that results in an unfeasible state is blocked and cleared from the
network. In this case the new state is n − ei. Subscribers Þnding their handover attempt from
cell i to cell k blocked will try to re-establish their connection. In cell j neighbouring cell k this
results in an additional arrival rate rkj(t), see Remark 1 for a further motivation of these redial
rates. For a more detailed description of a wireless network, its relation to a queueing network, and
generalizations to general holding times, see [1].

The assumptions on the wireless network enable us to model the network as a continuous time
Markov chain Xr = (Xr (t) , t ≥ 0) that records the number of calls in the cells. The state space
of this Markov chain is speciÞed in (3), and its transition rates Qr (t) = (qr (n,n

0, t) ,n,n0 ∈ Ss)
are given by

qr
¡
n,n0, t

¢
=


λi (t) , n0 = n+ ei fresh call,
niµi (t) pi0 (t) , n0 = n− ei call completion,
niµi (t) pik (t) , n0 = n− ei + ek handover,
niµi (t) pik (t) , n0 = n− ei and n− ei + ek /∈ Ss blocked handover,
rkj (t) , n0 = n+ ej ∈ Ss and n+ ek /∈ Ss redial attempt,

(4)

where rkj (t) is the redial rate in cell j when the neighbouring cell k is blocked, and the index r
refers to the values of the redial rates. Thus, the wireless network is a network of Erlang loss queues
with additional state space restrictions in which customers arriving to a full queue are blocked and
cleared from the system.

In this paper we are interested in the state probabilities

Pr (n, t) := P (Xr (t) = n), n ∈ Ss, t ≥ 0,
with initial condition Pr,0 (n) = P (Xr (0) = n). Since the network has a Þnite state space, these
probabilities are the unique solution of the following Kolmogorov forward equations, for n ∈ Ss,
t > 0:

dPr (n, t)

dt
= −

NX
i=1

"Ã
λi (t) +

NX
k=1

rki (t) 1(n+ ek /∈ Ss)

!
1(n+ ei ∈ Ss) + µi (t)ni

#
Pr (n, t)

+
NX
i=1

"
λi (t) +

NX
k=1

rki (t) 1(n− ei + ek /∈ Ss)

#
Pr (n− ei, t) 1(n− ei ∈ Ss) (5)
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+
NX
i=1

NX
k=1

µk (t) (nk + 1)pki (t)Pr (n− ei + ek, t) 1(n− ei + ek ∈ Ss)

+
NX
i=1

µi (t) (ni + 1)

"
pi0 (t) +

NX
k=1

pik (t) 1(n+ ek /∈ Ss)

#
Pr (n+ ei, t) 1(n+ ei ∈ Ss),

where 1(E) is the indicator function for event E. These equations can be written in the operator
form:

dPr (t)

dt
= Pr (t)Qr (t) , t > 0, (6)

Pr (0) = Pr,0,

where we have introduced the obvious notation Pr (t) for the vector containing the probabilities
Pr (n, t).

Formally, the solution for equation (6) is

Pr (t) = Pr,0EQr (t) , t ≥ 0, (7)

where EQr (t) is the time-ordered exponential of the generator Qr (t), see [4] for a detailed de-
scription of the time-ordered exponential and its properties. Here we merely state the properties
required for our analysis. The time-ordered exponential is the unique operator solution to the
equation

dEQr (t)

dt
= EQr (t)Qr (t) , t > 0,

where EQr (0) = I, the identity operator. For our network of Erlang loss queues, the generator
Qr (t) is bounded so that EQr (t) is invertible. For a piecewise constant generator such that there
exist 0 = t0 < t1 < · · · < tn < tn+1 = ∞, and generators Qi, i = 1, . . . , n, such that Qr(t) = Qi,
t ∈ [ti, ti+1), i = 1, . . . , n, say, the time-ordered exponential is

EQr (t) = e
Q1t1eQ2(t2−t1)eQ3(t3−t2) · · · eQk−1(tk−1−tk−2)eQk(t−tk−1), t ∈ [tk−1, tk). (8)

The generatorsQj andQj+1 generally do not commute so that the order of the terms in the product
(8) cannot be changed. For general Qr(t) the time-ordered exponential is deÞned by analogy with
(8), as the limiting result for n→∞, and ∆tk := tk − tk−1 → 0, see [4].

Despite its explicit form, the distribution (7) is not amenable for performance analysis. For the
special case of a network with unrestricted capacity an explicit solution for the state probabilities
can be obtained. The network with unrestricted capacity has state space S∞ = {n : ni ≥ 0, i =
1, . . . ,N}. Let X∞ = {X∞ (t) , t ≥ 0} be the corresponding Markov chain, with transition rates

q∞
¡
n,n0, t

¢
=


λi (t) , n0 = n+ ei fresh call,
niµi (t) pi0 (t) , n0 = n− ei call completion,
niµi (t) pik (t) , n0 = n− ei + ek handover.

The distribution P∞(n, t) = P (X∞(t) = n) is well known to be a multidimensional Poisson
distribution

P (X∞(t) = n) =
NY
i=1

ci (t)
ni

ni!
e−ci(t), (9)

provided that P∞(n, 0) is of the same form, where {ci(t), i = 1, . . . ,N} is the solution of the traffic
equations

dci (t)

dt
= λi (t) +

NX
k=1

ck (t)µk (t) pki (t)− µi (t) ci (t) , t > 0, i = 1, . . . ,N, (10)
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with initial conditions ci(0), uniquely determined by P∞(n, 0), see [9]. The multidimensional
Poisson distribution is also restricted to the case of inÞnite capacity, see [3]. As this distribution is
particularly suitable for obtaining performance measures such as blocking probabilities, below we
consider the ModiÞed Offered Load approximation (see [10]) that is based on the multidimensional
Poisson distribution (9), and the relation between the Markov chains X∞ and Xr.

Remark 1. (Interpretation of the traffic equations; redial rates) For the network with
unrestricted capacity, the mean ßow of calls from cell k to cell i is

∞X
nk=0

nkµk(t)pki(t)P
∞(n, t) = ck(t)µk(t)pki(t).

Similarly, the other terms appearing in the traffic equations can be characterised as mean ßow of
calls (load). Thus, the traffic equations (10) characterise the load offered to cell i as these equations
determine the rate of change of the load of cell i due to fresh call arrivals, λi(t), load migrating
into cell i,

P
k ck(t)µk(t)pki(t), and load departing from cell i, µi(t)ci(t).

The redial rate rkj(t) represents those subscribers that have lost their connection while entering
cell k (either as fresh call or as handover). These subscribers try to re-establish their connection
while entering cell j. This will occur only when cell k is blocked, and cell j can still accept extra
calls, which explains the addition n+ ej ∈ Ss, n+ ek /∈ Ss. As the mean ßow of subscribers with
their call blocked that is moving from cell k to cell j cannot exceed the mean ßow of calls in the
offered load model, it is natural to restrict the redial rates such that

0 ≤ rkj(t) ≤ ck(t)µk(t)pkj(t), (11)

where the maximal value corresponds to the network in which all subscribers try to re-establish
their connection. ¤

Remark 2. (Networks in equilibrium) For a network with time-independent transition
rates, the equilibrium distribution πr(n) = lim

t→∞Pr(n, t) is known to be a truncated Poisson distri-
bution

πr(n) =

NY
i=1

ci (∞)ni

ni!X
n∈Ss

NY
j=1

cj (∞)nj

nj !

, n ∈ Ss, (12)

for special choices of the handover probabilities or redial rates. In particular, the truncated Poisson
distribution (12) is obtained for reversible networks [5, 13] for which the equilibrium solution ci(∞)
of the traffic equations

0 = λi +
NX
k=1

ck (∞)µkpki − µici (∞) , i = 1, . . . ,N,

satisÞes, for i = 1, . . . ,N ,

λi = ci (∞) pi0, ci (∞) pij = cj (∞) pji, j = 1, . . . ,N.

This includes loss networks [8] for which pi0 = 1 for all i. For non-reversible networks, under
maximal redial rates rkj(∞) = ck(∞)µkpkj, the truncated Poisson distribution (12) has been
obtained in [2]. From the analysis presented there, it seems that, in equilibrium, for non-reversible
networks the truncated Poisson distribution is also restricted to the case of maximal redial rates.¤
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3 Blocking probabilities

Blocking probabilities are among the main performance measures for wireless networks. Such
blocking probabilities can be obtained from the state probabilities. The instantaneous fresh call
blocking probability for a call generated in cell i at time t is approximated as

βr,i (t) =
X
n∈Ti

Pr (n, t) , t ≥ 0, (13)

where
Ti = {n : n ∈ Ss, n+ ei /∈ Ss},

the set of states in which an additional call in cell i is blocked.
The expression (13) is the time-dependent version of the blocking probabilities obtained in

equilibrium from the pasta property, see [2]. In a non-stationary setting blocking probabilities can
be deÞned in various forms. As an alternative, we might consider average blocking probabilities,
e.g. time-averages over various time intervals. In contrast with the situation in equilibrium these
probabilities do not coincide with instantaneous blocking probabilities. For example, the average
fresh call blocking probability over the interval [t, t0] is

βr,i(t, t
0) =

R t0
t

P
n∈Ti

λi(τ)Pr (n, τ)dτR t0
t λi(τ)dτ

,

and the average fraction of time in (t, t0) that cell i is blocked is

bβr,i(t, t0) = R t0
t

P
n∈Ti

Pr (n, τ)dτ

t0 − t .

In equilibrium βr,i(t) = βr,i(t, t
0) = bβr,i(t, t0). Here we will focus on the instantaneous fresh call

blocking probability (13) as principle performance measure.
The above expressions for the blocking probabilities require an amenable form for the state

probabilities. To this end, the state probabilities Pr (n, t) can be approximated based on the
easily obtainably probabilities P∞ (n, t) in different ways. Here we select the ModiÞed Offered
Load approximation (MOL) as the load offered to the cells due to changes in the road traffic
is varying slowly, which results in acceptable error bounds. Remark 3 discusses the Pointwise
Stationary Approximation for approximating the state probabilities Pr (n, t) using P∞ (n, t), and
further motivates our choice of the MOL approximation.

The ModiÞed Offered Load approximation P ∗ (n, t) of Pr (n, t) is motivated by the relation
(12), which is the equilibrium distribution of the network with inÞnite capacity truncated to Ss.
To approximate the state probabilities, the MOL approximation uses the easily accessible Poisson
distribution P∞ (n, t) of (9), truncated to Ss, and is deÞned as

P ∗ (n, t) ≡

NY
i=1

ci (t)
ni

ni!X
n∈Ss

NY
j=1

cj (t)
nj

nj !

= P (X∞ (t) = n|X∞ (t) ∈ Ss), n ∈ Ss. (14)

Invoking the MOL approximation, the instantaneous fresh call blocking probability for a call
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generated in cell i at time t is approximated as

β∗i (t) =
X
n∈Ti

P ∗ (n, t) =

X
n∈Ti

NY
i=1

ci (t)
ni

ni!X
n∈Ss

NY
j=1

cj (t)
nj

nj !

, t ≥ 0, (15)

and the instantaneous handover blocking probability for a call moving from cell i to cell k at time t
might be approximated as

β∗ik (t) =

X
n∈Ss

niµi(t)pik(t)1(n− ei + ek 6∈ Ss)P
∗ (n, t)X

n∈Ss

niµi(t)pik(t)P
∗ (n, t)

=

X
n∈Tik

NY
i=1

ci (t)
ni

ni!X
n∈Ui

NY
j=1

cj (t)
nj

nj!

, t ≥ 0, (16)

where

Tik = {n : n ∈ Ss, n+ ei ∈ Ss, n+ ek /∈ Ss} , Ui = {n : n ∈ Ss, n+ ei ∈ Ss} ,
i.e., Tik is the call conÞguration (set of states) of the other calls when a handover from cell i to cell
k is blocked.

The expressions (15), (16) are the time-dependent version of the blocking probabilities obtained
in [2] for a network in equilibrium under maximal redial rates. Especially the expression for
the handover blocking probabilities should be handled carefully, and is given here for notational
convenience in the expressions below, only. The instantaneous fresh call blocking probabilities,
however, are a valid approximation of the instantaneous fresh call blocking probabilities as the
expression for βr,i(t) is based on the properties of the non-stationary Poisson arrival process.

The error in the MOL approximation β∗i of βr,i is determined by the error in the MOL approxi-
mation of the state probabilities, as expressed in the following theorem. This result generalizes the
result of [10] to networks of queues with common capacity restrictions.

Theorem 1. Let Pr (t) be the probability vector of the distribution of Xs (t), and P∗ (t) that
vector of the MOL approximation, where ci (t), i = 1, . . . ,N , are obtained from (10) with initial
condition P∗

0 = Pr,0 of the form (9). Then, for all t ≥ 0,

Pr (t)−P∗ (t) =

Z t

0

NX
i=1

dci (τ)

dτ

X
n∈Ti

P ∗(n, τ) (P∗ (τ)− en)EQ (τ)
−1EQ (t)dτ (17)

−
Z t

0

NX
i=1

NX
k=1

[ck (τ)µk (τ) pki (τ)− rki(τ)]
X

n∈Tik

P ∗ (n, τ) (en+ei − en)EQ (τ)
−1EQ (t)dτ ,

where en is the unit vector of appropriate length corresponding to the indicator function for the
state n ∈ Ss, and en equals the zero vector for n 6∈ Ss.

Proof. By analogy with the proof of Theorem 4.1 of [10], we will set up a system of differential
equations for P ∗(n, t) that resembles the Kolmogorov forward equations (6) for Pr(n, t). To this
end, Þrst observe that (14) implies that, for n ∈ Ss,

dP ∗ (n, t)
dt

=
NX
i=1

[P ∗ (n− ei, t) 1(n− ei ∈ Ss)− P ∗ (n, t) (1− β∗i (t))]
dci (t)

dt
, (18)
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and
ck (t)P

∗(n, t) = (nk + 1)P ∗(n+ ek, t). (19)

Substitution of (10) in (18), rearranging terms, and using (19) yields

dP ∗ (n, t)
dt

= −
NX
i=1

"Ã
λi (t) +

NX
k=1

rki(t)1(n+ ek 6∈ Ss)

!
1(n+ ei ∈ Ss) + µi (t)ni

#
P ∗ (n, t)(20)

+
NX
i=1

"
λi (t) +

NX
k=1

rki(t)1(n− ei + ek 6∈ Ss)

#
P ∗ (n− ei, t) 1(n− ei ∈ Ss)

+
NX

k,i=1

µk (t) (nk + 1) pki (t)P
∗ (n− ei + ek, t) 1(n− ei + ek ∈ Ss)

+
NX
i=1

µi (t) (ni + 1)

"
pi0 (t) +

NX
k=1

pik (t) 1(n+ ek /∈ Ss)

#
P ∗ (n+ ei, t) 1(n+ ei ∈ Ss)

+
NX

k,i=1

[ck(t)µk (t) pki (t)− rki(t)]1(n− ei + ek /∈ Ss)P
∗ (n− ei, t)

+
NX
i=1

P ∗ (n, t)β∗i (t)
dci (t)

dt

−
NX
i=1

dci (t)

dt
P ∗ (n, t) 1(n+ ei /∈ Ss)

−
NX

k,i=1

[ck(t)µk (t) pki (t)− rki(t)]1(n+ ek /∈ Ss)P
∗ (n, t) 1(n+ ei ∈ Ss).

In this expression the Þrst four lines coincide with the Kolmogorov forward equations (5) for
Pr (n, t). Rearranging (20) in operator form yields

dP∗ (t)
dt

= P∗ (t)Qr (t)

−
NX
i=1

dci (t)

dt

X
n∈Ti

P ∗ (n, t) (P∗ (t)− en)

+
NX

i,k=1

[ck(t)µk (t) pki (t)− rki(t)]
X

n∈Tik

P ∗(n, t)(en+ei − en). (21)

The solution of this inhomogeneous ordinary differential equation is

P∗(t) = P∗
0EQr (t)−

Z t

0

NX
i=1

dci (τ)

dτ

X
n∈Ti

P ∗ (n, τ) (P∗ (τ)− en)EQr (τ)
−1EQr (t) dτ (22)

+

Z t

0

NX
i,k=1

[ck (τ)µk (τ) pki (τ)− rki(τ)]
X

n∈Tik

P ∗(n, τ)(en+ei − en)EQr (τ)
−1EQr (t) dτ ,

as can easily be veriÞed by differentiation and observing that equation (21) has a unique solution.
Observing that P∗

0 = Pr,0, and therefore that P∗
0EQr (t) = Pr,0EQr (t) = Pr (t) completes the

proof. ¤
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The MOL approximation P ∗ as speciÞed in (14) is determined by the solution {ci(t)} of the
traffic equations (10) only. The redial rates rki(t) do not contribute to the traffic equations, so
that the MOL approximation is the same for all values of the redial rates. Clearly, the accuracy
of the approximation as expressed in Theorem 1 depends strongly on these redial rates. Below we
investigate aspects of the accuracy of the MOL approximation.

It is unclear whether the contribution of the second term in the right hand side of (17) that
explicitly involves the redial rates gives a positive or negative contribution to Pr(n0, t)− P ∗(n0, t).
A key element in this second term isX

n∈Tik

P ∗(n, τ)(en+ei − en)


n0


= 0 n0 6∈ Tik
< 0 n0 ∈ Tik, n0i < ci(t)
≥ 0 n0 ∈ Tik, n0i ≥ ci(t)

Multiplication of the resulting vector with EQr (τ)
−1EQr (t) makes the signs of the elements of

the resulting vector unclear. Notice, however, that cellular networks generally operate under light
load. In particular, ci(t), the offered load to cell i, will be small, so that the number of states
n0 ∈ Ss with n0i < ci(t) will be substantially smaller than that number with n

0
i ≥ ci(t). The time-

ordered exponential EQr (τ)
−1EQr (t) has all terms non-negative, so that, for sufficiently light load,

it is suggested that the second term of (17) is positive. Thus, intuitively, the error in the MOL
approximation is minimized for maximal redial rates.

Theorem 1 establishes an exact expression for the error in the MOL approximation. Applica-
tion of the MOL approximation requires easily interpretable expressions for Pr (t) −P∗ (t). Such
expressions can be obtained via bounds that are provided below. These results can readily be
obtained by analogy with results reported in [10]. Let |x| =Pj |xj | be the `1-norm applied to the

vector x. Then |P∗ (t)− en| = 2(1− P ∗(n, t)), |EQr (τ)
−1EQr (t) | = 1, and |en+ei − en| = 2. As

a consequence,

sup
0≤τ≤t

|Pr (τ)−P∗ (τ)| ≤ 2

Z t

0

NX
i=1

¯̄̄̄
dci (τ)

dτ

¯̄̄̄ X
n∈Ti

P ∗ (n, τ) (1− P ∗(n, t))dτ

+2

Z t

0

NX
k,i=1

[ck (τ)µk (τ) pki (τ)− rki(τ)]
X

n∈Tik

P ∗ (n, τ)dτ

≤ 2

Z t

0

NX
i=1

¯̄̄̄
dci (τ)

dτ

¯̄̄̄
β∗i (τ)(1− β∗i (τ)/|Ti|)dτ

+2

Z t

0

NX
k,i=1

[ck (τ)µk (τ) pki (τ)− rki(τ)]β∗ik(τ)(1− β∗i (τ))dτ (23)

≤ 2

Z t

0

NX
i=1

β∗i (τ)

(¯̄̄̄
dci (τ)

dτ

¯̄̄̄
+

NX
k=1

[ck (τ)µk (τ) pki (τ)− rki(τ)]
)
dτ ,(24)

where we have applied Jensens inequality to the concave function x(1−x) in the second inequality,
and we have deÞned |Ti| as the number of elements of the set Ti. The Þnal inequality is due to
Tik ⊂ Tk, and therefore β∗ik(τ)(1− β∗i (τ)) ≤ β∗k(τ).

Notice that all bounds above are minimized for rki(τ) = ck (τ)µk (τ) pki (τ), the maximal value
allowed in (11), which suggests that the MOL approximation performs best for networks with
maximal redial rates. This observation is further supported for networks with time-independent
transition rates starting off in equilibrium. For such networks dci(τ)

dτ = 0 so that the error is
completely determined by the second term. For maximal redial rates the equilibrium distribution
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is a truncated Poisson distribution (see (12)) that coincides with P ∗, and also makes all error
bounds obtained above equal to zero. Thus, for networks that have a truncated Poisson equilibrium
distribution the MOL approximation seems to result in minimal errors. This is in correspondance
with the intuitive basis for the MOL approximation as outlined in the introduction.

Intuitively, increasing the redial rates results in the network to contain additional calls and larger
blocking probabilities. In general, this intuition is false, which is a consequence of the intricate
relation between the constraints determining the state space Ss. For the important special case of
a network under Þxed channel allocation which corresponds to the most common mode of operation
of GSM (Global System for Mobile communications) networks, the following theorem shows that
blocking probabilities are monotone in the redial rates.

Consider a network under Þxed channel allocation, in which calls in cell i can only use the si
channels assigned to cell i. The state space is

Ss = {n : 0 ≤ ni ≤ si, i = 1, . . . , N} . (25)

Under Fixed Channel Allocation cells do not share state space restrictions. As a consequence,
adding an extra call to cell j results in all cells i = 1, . . . ,N to contain a strictly not smaller
number of calls. The redial rate adds extra calls in cell j at Poisson rate rkj(t) when nk = sk, but
otherwise does not modify the rates of the Markov chain Xr. Therefore, following the sample path
under different values for the redial rates leads to the following result.

Theorem 2. Let Xr0 and Xr be Markov chains with state space (25), and generator speciÞed
in (4), where the redial rates rkj(t) and r0kj(t), k, j = 1, . . . ,N , are such that

rkj(t) ≥ r0kj(t), k, j = 1, . . . , N, t ≥ 0.

Then, for all t ≥ 0, and n ∈ Ss X
S

i{n0:n0i≥ni}
Pr(n

0, t) ≥
X

S
i{n0:n0i≥ni}

Pr0(n
0, t). (26)

Proof. The redial rates form a Poisson proces. Therefore comparing Xr0 and Xr with redial
rates r0kj(t) and rkj(t), is equivalent with comparing Xr with a Markov chain with additional redial
rate ∆kj(t) given by

∆kj(t) := rkj(t)− r0kj(t), k, j = 1, . . . ,N, t ≥ 0.

This proof is analogous to a proof comparing Xr0 and Xr, where r0kj(t) ≡ 0 for all k, j = 1, . . . ,N ,
and t ≥ 0.

First consider two sample paths of X0, with redial rate 0: the Þrst path, path I, starts in state
n, the second sample path, path II, starts in state n+ ek for some k. In the network, calls in cell i
terminate at rate µi, and perform a handover at rate µipij, independent of the other calls as long as
handovers are not blocked. Therefore, on sample path II the calls represented by n behave exactly
as in sample path I as long as blocking does not occur. Furthermore, the extra call starting in cell
k routes independent of the other calls.

If the extra call terminates at time t0 before blocking occurs, then from that moment onwards
the sample paths coincide. If at time t0 on path I the Þrst handover is blocked, then this handover
will also be blocked on path II. If at time time t0 a handover from cell j to cell j0, say, is blocked on
path II but not on path I then the extra call starting in cell k on path II must be in cell j0. Now,
due to the exponential holding times, the evolution of both paths after time t0 is identical (only
the number of calls is counted).

11



If a fresh call arriving at time t0 on path I is blocked then this call is also blocked on path II.
If a fresh call arriving to cell j0, say, at time t0 is blocked on path II but not on path I then the
extra call must be in cell j0 at time t0, and the evolution of paths I and II coincides after time t0.
For each cell the number of calls in the cell on path II is not smaller than on path I: until time t0
one cell contains an extra call, and after time t0 both paths coincide.

Now consider the sample paths of X0 and Xr with the same initial state. Until a cell is blocked
these paths coincide. When at time t cell j, say, becomes blocked and an extra call is added to
cell k, say, due to the redial rate rjk(t) in Xr then we are in the situation for sample paths I and
II described above. If multiple calls are added due to redial rates obviously a similar comparison
is valid. This remains true when calls are added at a later point in time due to another cell being
blocked. Thus, the redial rate approximation increases the number of calls in the cells, which is
expressed by (26). ¤

The key to the proof of Theorem 2 is the observation that calls route independently as long as
blocking does not occur. Upon handover blocking, only the call that is blocked is affected, the other
calls continue on their route �unaware� of the blocked call that has terminated. This construction
is restricted to the case of Þxed channel allocation, because constraints that concern multiple cells
result in calls in a cell to be affected by blocking in other cells. For example, if cells i, j, and k
have the constraints ni + nk ≤ sik, and ni + nj ≤ sij, then blocking in cell i due to constraint
ni + nk ≤ sik might allow extra calls in cell j.

Theorem 2 expresses a stochastic domination relation between Pr (t) and Pr0 (t). In particular,
the blocking probabilities are monotone in the redial rates:X

n∈Ti

Pr(n, t) ≥
X
n∈Ti

Pr0(n, t),

a useful relation for dimensioning of the wireless network.
The result of Theorem 2 provides a stochastic ordering based on the redial rates. Alternatively,

the state probabilities for different redial rates can be explicitly compared. The following result
can be demonstrated by analogy with the proof of Theorem 1.

Theorem 3. Let Pr0,0 = Pr,0. Then, for all t ≥ 0,

Pr0 (t)−Pr (t) =

Z t

0

NX
i,k=1

[r0ki(τ)− rki(τ)]
X

n∈Tik

Pr0 (n, τ) (en+ei − en)EQr (τ)
−1EQr (t)dτ .

Remark 3. (Pointwise Stationary Approximation) Various approximations of the time-
dependent distribution of a network of Erlang loss queues based on the relation with a network of
inÞnite server queues have been introduced in the literature. A common approximation is the Point-
wise Stationary Approximation (PSA), that approximates the time-dependent distribution Pr (t)

that satisÞes dPr(t)
dt = Pr (t)Qr (t), with the distributionPPSA

r (t) that satisÞes PPSA
r (t)Qr (t) = 0,

i.e., with the solution of the equilibrium version of the Kolmogorov forward equations with time-
dependent transition rates: PPSA

r (t) is a time-varying stationary distribution. Notice thatPPSA
r (t)

is truncated Poisson only under the assumption of maximal redial rates, see Remark 2. The result-
ing distribution has the form (14) but with the solution ck(t) of the traffic equations (10) replaced
by the solution cPSAk (t) of the equilibrium version with time-dependent rates:

λi (t) +
NX
k=1

cPSAk (t)µk (t) pki (t)− µi (t) cPSAi (t) = 0. (27)
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An appealing aspect of the PSA is that PPSA
r (t) is the Þrst term in the Uniform Acceleration

expansion [11]. However, comparison of (27), and the traffic equations (10) suggests that PSA is a
good approximation only if the time variability of the transition rates is slow compared with the
rates at which transitions occur. For networks with larger variability of the transition rates MOL
is more appealing as it explicitly takes into account the variability in the offered load. ¤

Remark 4. (General call lengths) The extension of the result of Theorem 1 to include
phase type holding times is straightforward. To this end, notice that a phase type distribution can
be represented as a Markov chain over the phases. As a consequence, enlarging the state space to
include the possible phase for each call in each cell, the resulting stochastich process is a Markov
chain that Þts in the setting of Theorem 1. A detailed description of a wireless network with phase
type holding times is provided in [1]. The results of [10] for the M/Ph/s/s queue illustrate the
inclusion of the phases in the Markov chain, also see Example 4.1. ¤

Remark 5. (Bounds for blocking probabilities) Bounds on the error due to the MOL
approximation for the blocking probabilities βr,i(t) can be derived from (24). To this end, observe
that for each generator Q, and each probability vector P, the vector PEQ (τ)

−1EQ (t) is also a
probability vector for all τ and t. As a consequence, for maximal redial rates, from (24) we obtain
that

|βr,k(t)− β∗k(t)| =
¯̄̄̄
¯̄ X
m∈Tk

(Pr(m, t)− P ∗(m, t))
¯̄̄̄
¯̄ ≤ 2Z t

0

NX
i=1

β∗i (τ)
¯̄̄̄
dci (τ)

dτ

¯̄̄̄
dτ .

Additional bounding expressions can be derived from properties of the time-ordered exponential.
However, similar to the bound above, such expressions are linearly increasing in t and are therefore
of limited value. ¤

4 Examples

4.1 Complete sharing of capacity

Consider a network in which capacity is fully distributed over the cells, but each channel can be
used only in one cell at a time. Then, with s the number of channels available in the network, the
state space is

Ss = {n : |n| ≤ s} .
The network corresponds to the single M/Ph/s/s queue with phase-type service studied in [10].

It can readily be seen that Tik = ∅, for all i, k = 1, . . . , N , and that redial rates cannot occur.
Further notice that Ti = {n : |n| = s}, i = 1, . . . , N . Therefore

P0 (t)−P∗ (t) =
Z t

0

NX
i=1

dci (τ)

dτ

X
n:|n|=s

P ∗ (n, τ) (P∗ (τ)− en)EQ0 (τ)
−1EQ0 (t)dτ , (28)

which is also the result reported in [10]. The traffic equations (10) imply that

NX
i=1

dci (t)

dt
=

NX
i=1

[λi(t)− ci(t)µi(t)pi0(t)], (29)

which illustrates the role of the variability in the arrival rates for the accuracy of the MOL ap-
proximation. Further observe that the closed network with state space Ss = {n : |n| = s} has a
truncated Poisson distribution provided that the initial distribution is of the same form. In this
case, (29) implies that

PN
i=1

dci(t)
dt = 0, and, obviously, the MOL approximation is exact.
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For the network with a single capacity restriction |n| = s handover blocking cannot occur, and
the instanteneous fresh call blocking probabilities are the same for all cells:

β∗(t) := β∗i (t) =
X

n:|n|=s
P ∗(n, t) =

³PN
k=1 ck(t)

´s
s!

, i = 1, . . . , N.

the Erlang loss probability Erl(
P
k ck(t), s) for an M/M/s/s queue with load

P
k ck(t). Error

bounds are reported following Theorem 1, e.g.

sup
0≤τ≤t

|P∗ (τ)−P0 (τ)| ≤ 2
Z t

0
β∗(τ)

NX
i=1

¯̄̄̄
dci (τ)

dτ

¯̄̄̄
dτ .

For the special case of a single M/M/s/s queue, [10] provide additional bounds. In particular,
it is demonstrated that, if P (X0(0) = n), n = 0, . . . , s, is such that c1(0) ≥ λ1(0)/µ1(0), and
λ1(t)/µ1(t) is decreasing on [0, t] then β

∗(t) = P ∗(s, t) over estimates β(t) = P (s, t), i.e., the MOL
approximation overestimates the actual instantaneous fresh call blocking probability on [0, t].

4.2 Fixed Channel Allocation

Consider a network under Þxed channel allocation, in which calls in cell i can only use the si channels
assigned to cell i. The state space is given in (25). According to Theorem 2, for dimensioning of
the network, the case of maximal redial rates is of interest as the resulting blocking probabilities
over estimate these probabilities for all other values of the redial rates.

For maximal redial rates rki(t) = ck(t)µk(t)pki(t) the result of Theorem 1 reads

Pr (t)−P∗ (t) =
Z t

0

NX
i=1

dci (τ)

dτ

X
n∈Ti

P ∗ (n, τ) (P∗ (τ)− en)EQr (τ)
−1EQr (t) dτ , (30)

where Ti = {n : ni = si}.
Under Þxed channel allocation, blocking probabilities for the MOL approximation take on the

simple form

β∗i (t) =
X
n∈Ti

P ∗(n, t) =
ci(t)

si

si!

 siX
j=0

ci(t)
j

j!

−1

,

the Erlang loss probability Erl(ci(t), si) for anM/M/si/si queue with load ci(t). Similarly, observ-
ing that for Þxed channel allocation Tik = Tk \ Ti,

β∗ik(t) =
P

n∈Tik
P ∗(n, t)

1−Pn∈Ti
P ∗(n, t)

= β∗k(t),

i.e., under the MOL approximation handover blocking equals fresh call blocking.
The MOL approximation requires an estimate of ci(t). Alternatively, with |ci|∞ = supt≥0 ci(t),

since the Erlang loss function is an increasing function of the load, the instantaneous fresh call
blocking probability is bounded by

βr,i(t) ≤
|ci|si∞
si!

 siX
j=0

|ci|j∞
j!

−1

.
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5 A traffic jam moving along a road in a GSM network

Consider a traffic jam moving along a road in a GSM network. To focus on the interaction between
the higher than average number of users in the traffic jam, and the teletraffic behaviour of the
wireless network, we will assume that the cells along the road are dedicated to traffic moving along
the road and that this traffic is restricted to using the cells covering the road. Assuming that the
network operates under Fixed Channel Allocation, the most common mode in GSM networks, we
arrive at a unidirectional road and a linear wireless network. The road can thus be conveniently
modelled as a tandem network of Erlang loss queues, labelled i = 1, . . . ,N , along which calls
move in the direction of increasing queue number. The state space for the wireless network is
Ss = {n : 0 ≤ ni ≤ si, i = 1, . . . ,N}.

We are interested in the typical behaviour in the cells when a traffic jam is moving along the
road. Inside the traffic jam the number of subscribers passing through the cells is temporarily
substantially higher than average. An important problem arising in cellular networks is the dimen-
sioning problem, i.e., determining the values for si such that blocking probabilities do not exceed a
prespeciÞed threshold in the order of 1%. The result of Theorem 2 allows us to use maximal redial
rates to answer this question, as this approximation over-estimates blocking probabilities: when si
is large enough for the blocking probabilities under maximal redial rates not to exceed 1%, then
these probabilities will be even smaller for the original network. Typically, we are interested in
a short term prediction of the blocking probabilities, so that also the bounds obtained in Section
4.3 above are applicable. Such results enable us to obtain a dynamic capacity allocation rule that
presents the capacity si(t) required such that the network with time-varying load ci(t) has blocking
probabilities not exceeding 1%.

We assume that the arrival rate of fresh calls is a function of the number of subscribers in the
cells, and that subscribers move at constant speed v, say. We will restrict our attention to cells
of equal length. As a consequence, the holding time of calls can be chosen equal, say with mean
µi(t) = 1, i = 1, . . . , N , and the fresh call arrival rate in the cells satisÞes the relation

λi+1

µ
t+

1

v

¶
= λi (t) , i = 1, . . . , N − 1,

where λ1(t) determines the generic shape of the arrival rate function generated by the subscribers
when they pass along the road. Let 1− p := 1− pi0 be the fraction of calls that terminates in cell
i, and pi,i+1 = p the handover probability to cell i+1, which is assumed time-independent because
traffic moves at constant speed.

Assume that the network starts empty at time t = 0. Then the traffic equations for this network
are

dci(t)

dt
= λi(t) + ci−1(t)p− ci(t), i = 1, . . . ,N, (31)

with initial condition ci(0) := 0, i = 1, . . . ,N , that can be solved by e.g. a Runge-Kutta method.
We have assumed that the road is initially empty. Alternatively, we may introduce an additional

arrival rate into cell 1 corresponding to subscribers already making a call while entering cell 1. We
will not include such results in our numerical study below, as this will not signiÞcantly contribute
to our discussion below.

For various shapes of the traffic jam, and therefore of the arrival rate function, below we
investigate fresh call and handover blocking probabilities obtained via a discrete event simulation
and compare these with the MOL approximation that merely requires the solution of (31). Notice
that � under FCA � the MOL approximation predicts equal values for fresh call and handover
blocking probabilities (see Section 4.2). Furthermore, all graphs report results under redial rates
rjk(t) = 0, and under maximal redial rates rjk(t) = cj(t)p. As the MOL approximation requires
only the solution of the traffic equations (31), the MOL approximation does not depend on the
value of the redial rates.
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In all Þgures, the Þrst graph gives the arrival rates λ1(t) (indicated with solid line), and the
offered loads ci(t), i = 1, 2, 3 (indicated with �, ¨, N, resp.). The other graphs give blocking
probabilities for the Þrst 3 cells on the road. We have observed that, under FCA, the values for
fresh call and handover blocking probabilities are extremely close. Therefore, fresh call or handover
blocking probabilities are plotted in the graphs, only. In all graphs, fresh call blocking probabilities
under zero redial rates are indicated with �, and under maximal redial rates with ¨, handover
blocking probabilities under zero redial rates with ¥, and under maximal redial rates with N. The
MOL approximation is indicated with the solid line. All results use µi = 1, and si = 7, to indicate
that already for low capacity the MOL approximation performs reasonbly well. Notice that the
graph for cell 1 provides the accuracy of the MOL approximation for the Erlang loss queue with
arrival rate λ1(t).

We have performed two series of experiments. In the Þrst series, the call handover blocking
probabilities are set to p = 0.2, resulting in blocking probabilities not exceeding 1%, the regime in
which mobile communications networks usually operate. It is observed that the MOL approximation
performs very well. To also test the approxmation for higher blocking probabilities, in the second
series of experiments, the call handover blocking probabilities are set to p = 0.8, i.e., almost all
calls continue in the next cell, resulting in rapidly increasing blocking probabilities in cells down
the road.

The graphs of Figure 1a investigate the impact of the redial rates on the blocking probabilities.
To this end, a block shape traffic jam is used, that has initial value λ1(t) = 0, and for t > 1
has λ1(t) = 2. The call handover probability is set to p = 0.2. With time increasing, blocking
probabilities converge to their equilibrium values, where (recall Remark 2) under maximal redial
rates the MOL approximation is exact. For this experiment, we have found that handover and fresh
call blocking probabilities mainly coincide. Moreover, we have observed that blocking probabilities
without redial rates, and under maximal redial rates coincide, which is not surprising, since the value
of the blocking probabilities is an important factor in the accuracy of the redial rate approximation,
see e.g. Theorem 3. To also investigate the behaviour of the MOL approximation under higher
load, Figure 1b reports results for the same experiments, but with the call handover probability set
to p = 0.8 resulting in an increasing load in cells 2 and 3. The MOL approximation is fairly accurate
under maximal redial rates, which is to be expected since in equilibrium the MOL approximation
with maximal redial rates is exact. Under zero redial rates the error in the MOL approximation
now increases to roughly 10% in cell 3. For higher blocking probabilities the error for the zero
redial rate case rapidly increases. For load λ1(t) = 5 for t > 1 (not shown) this error was found
to increase to 25%. Notice that the regime of Figure 1b is not typical for mobile networks, that
generally operate with blocking probabilities around 1%.
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Figure 1b: Inßuence of redial rates (p = 0.8); cell 1: fresh call; cell 2: fresh call; cell 3: handover.
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Figure 2a: Periodic (p = 0.2); cell 1: fresh call; cell 2: fresh call; cell 3: handover.
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Figure 2b: Periodic (p = 0.8); cell 1: fresh call; cell 2: fresh call; cell 3: handover.

To illustrate the role of the variability in the offered load, the graphs of Figure 2a investigate
a periodic block shaped traffic jam: λ1(t) alternates between 0 and 3, and changes at times t = 1,
3, 5, 7, 9, and 11, and handover probabilities are set to p = 0.2. The behaviour of fresh call and
handover blocking is qualitatively similar in cells 2 and 3. Therefore, for cell 2 fresh call blocking
is depicted, and for cell 3 handover blocking is depicted. As can be seen from the graphs, the MOL
approximation does not capture the sharp decrease in fresh call blocking probabilities occurring at
times 3, 7, and 9. This error is obvious since the arrival rates immediately drop to zero at times
3, 7, and 9, whereas the MOL approximation is based on the load. The errors of this nature are
therefore due to the rapid change in offered load. It seems that handover blocking probabilities
are better captured by the MOL approximation, which is due to the number of handovers being
proportional to the load, too. To also investigate the behaviour of the MOL approximation under
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higher load, Figure 2b considers the case with handover probabilities set to p = 0.8. This results in
exceptional values for blocking probabilities in cells 2 and 3. Now, the MOL approximation does
not capture the peaks (both top and bottom) in the blocking probabilities. Moreover, under this
rapid ßuctuation of the load, the MOL approximation seems to better capture blocking probabilities
under zero redial rates. This seems in contrast with our observation in Section 3, but one should
note that the dicussion on the accuracy of the MOL approximation in Section 3 was under the
assumption of slowly changing loads. Finally, notice that the blocking probabilities obtained via
the MOL approximation seem to be trailing behind. This is due to the load trailing behind the
peaks in the arrival rates (see left graph). Notice that the error in the MOL approximation is
roughly 10 � 15% at the peak of the blocking probabilities, which is around engineering accuracy.
We can conclude that the MOL approximation seems to be less suitable for rapidly changing loads
in wireless networks with modest values for the blocking probabilities.
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Figure 3a: Traffic peak (p = 0.2); cell 1: fresh call; cell 2: fresh call; cell 3: handover.
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Figure 3b: Traffic peak (p = 0.8); cell 1: fresh call; cell 2: fresh call; cell 3: handover.

The Þnal experiment of Figure 3 considers a traffic jam with smoothly increasing loads obtained
via a triangular arrival rate function λ1(t) = (t−1)/4 for 1 < t ≤ 11, (19−t)/4 for 11 < t ≤ 21, and
0 elsewhere. Again, we have considere two cases: p = 0.2, and p = 0.8. In both cases, fresh call and
handover blocking probabilities coincide. For p = 0.2, with resulting blocking probabilities around
1%, the MOL approximation performs very well. For p = 0.8, resulting in blocking probabilities
around 10% the MOL approximation looses accuracy.

The results presented above are for a very special case, that, however, is of considerable interest
for the design of mobile networks, since capacity problems will most likely occur in slowly moving
traffic jams. Such traffic jams will often contain a single peak with relatively smooth slopes. For
such situations, the MOL approximation can be used to approximate blocking probabilities under
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maximal redial rates, which, in turn, yields an upper bound for blocking probabilities in systems
where only a fraction of subscribers attempts to redial.
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