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Introduction

Previous studies of polymer melt flow near a solid wall have shown that two different
regions should be discerned. The first one is far from the wall. It is only populated by
bulk molecules and consequently will be referred to as the bulk flow region. The second
region is close to the solid wall. It is populated by both bulk and end-tethered molecules,
that is, molecules with one of the ends attached to the wall. Since this region separates
the flowing bulk and the wall, we will call it the interfacial layer. We stress that the above
introduced regions contain different sorts of polymer molecules, and therefore may possess
different rheological properties. This is the reason why they should be studied separately.

In our previous papers [1],[2] we only focused on the interfacial layer and left the bulk
region out of the discussion. In the present work we will try to develop a similar model
for the bulk flow area. Since some of the results obtained in [1],[2] will be used hereafter,
we find it helpful to outline briefly what has already been achieved. We start with the
description of a polymer chain as the so-called parameterized curve. As we wanted to
develop a model which would be applicable for a wide range of flow rates, our analysis
could not be based on the assumption of inextensible chains (see, for example [3]). This
implies that the molecules in the ensemble are now ”allowed” to have different lengths,
and the arclength of a segment (which is often used in the theory of inextensible chains
as a curvilinear coordinate) becomes chain-dependent. To eliminate this difficulty and use
a ”global” coordinate system, we will represent the bulk chains as parameterized curves.
That is to say, each chain in the ensemble is described by a set of position vectors R(s0, t)
with parameter s0 running over a certain fixed interval −L0/2 ≤ s0 ≤ L0/2 (see, Fig.1).
Here, L0 is an arbitrary number.
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Figure 1: The parameterized bulk molecule: s(s0, t) - the real position of segment s0 along
the chain at time t; L0 - the equilibrium length of the chain; R(s0, t) - the position vector
of segment s0; λ - local stretching; u - the unit tangent vector

Be aware that s0 is not the physical position of a segment along the chain contour, but
just a label. In contrast to the physical coordinate s(s0, t) this label refers to the same
physical segment at all times. Since we have freedom in choosing this label, we find it very
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convenient to label every segment via its mean equilibrium arclength along the contour.
According to this, we choose L0 as the mean equilibrium length of the bulk molecule.

At any moment of time, every bulk chain has its own spatial configuration, and conse-
quently its own parametrization function R(s0, t) which reflects its time evolution in space.
On the contrary, the segment coordinates s0 are fixed and do not change from chain to
chain. Underneath, in order to distinguish stochastic (i.e. chain dependent) and fixed
variables, the former will be denoted by a ’hat’ sign.

With s0 chosen as the mean equilibrium arclength of a segment, it is possible to intro-
duce a new quantity that might also be used for describing the spatial conformation of a
bulk chain. This is the so-called bond vector b̂(s0, t) defined as

b̂(s0, t) =
∂R̂(s0, t)

∂s0

From Fig.1, it is clear that its orientation coincides with the tangent to the primitive path
at point s0. At the same time, the modulus of b̂(s0, t) is equal to

|b̂(s0, t)| =
∣∣∣∣
∂R̂(s0, t)

∂s0

∣∣∣∣ =
∂ŝ(s0, t)

∂s0

(1)

Here, ŝ(s0, t) is the physical arclength of segment s0 discussed above. So we see that the
length of the bond vector at point s0 gives us the corresponding local stretching. Therefore,
if the chain is not stretched, than |b̂(s0, t)| = 1 and the bond vector coincides with the
tangent to the chain contour.

We emphasize that the description of the bulk chain with the help of the bond vectors
is alternative to that based on the position vectors. But, as shown in [1], the former is
more suitable for adequate mathematical modelling of the chain dynamics. The formalism
developed in [1] is based on the so-called bond vector probability distribution function
(BVPDF) f(b, s0, t) which is the probability for the bond vector at point s0 and time t to
be equal to a given vector b. Notice that the concept of the BVPDF is not brand new,
but is a reasonable extension of that introduced by Doi and Edwards [3] for the case of
inextensible chains.

We were able to derive the time evolution equation for f(b, s0, t) taking into account
all the major mechanisms typical for tethered chains such as retraction, convection, and
constraint release. Its solution not only provides us with information about the ensemble
averaged dynamics of the tethered chains, but also enables us to calculate different macro-
scopic values such as the thickness of the interfacial layer and the wall stress produced by
the bulk flow.

By now, we have introduced all the major ”bricks” out of which the previous model was
built: the s0-description of a chain, the local stretching λ̂, the bond vector b̂(s0, t), and
the bond vector probability distribution function f(b, s0, t). However, one should realize
that all these concepts are universal and can also be applied to the bulk chains. In this
paper an effort will be made to build up a similar formalism for the bulk flow region. It
should result in a time evolution equation for the BVPDF of bulk molecules. Note that the
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bulk molecules have another relaxation mechanism in comparison to tethered ones, namely
reptation. So our present task is in fact to add reptation into the existing model. Later
on, we will show that it will result in an extra term in the time evolution equation for
f(b, s0, t). It has the form of a diffusion process with the diffusion coefficient depending
on s0 and time.

The bond vector probability distribution function

As was stated in the Introduction, the purpose of this work is to develop a model valid for
the bulk molecules taking the previous results obtained for the tethered chains as a basis.
In other words, our objective is to derive the time evolution equation for the bond vector
probability distribution function f(b, s0, t) with the reptation mechanism ”switched on”.
As in the case of tethered molecules, we start with the definition of f(b, s0, t):

f(b, s0, t) = 〈δ[b− b̂(s0, t)]〉, −L0/2 ≤ s0 ≤ L0/2 (2)

Here, L0 is the mean equilibrium length of the bulk chain and the averaging is taken over
the whole ensemble of bulk chains. Note that f(b, s0, t) has a simple physical meaning:
it is the fraction of the bulk chains with the bond vector at point s0 being equal to the
given vector b. We remind that the tangential vector to the primitive path and the local
stretching at point s0 are expressed via the corresponding bond vector as follows

û(s0, t) =
b̂(s0, t)

|b̂(s0, t)|
, λ̂(s0, t) = |b̂(s0, t)| (3)

For compactness’ sake we denote the absolute value of the bond vector as λ̂. Notice that
both the local stretching and the bond vector pertains to a single bulk chain and goes with
the hat sign.

From (2) one can see that in order to derive the time evolution equation for f we
should first find out how the bond vector b̂ changes in time. We have already studied
the dynamics of the bond vectors when considering tethered chains. This resulted in the
following equation (see, [1]):

b̂(s0, t + ∆t) = b̂(s0 + ∆ŝ0, t) +

(
∂∆ŝ0

∂s0

)
b̂(s0, t) + ∆t ¯̄K(t) · b̂(s0, t) (4)

Here, the tensor ¯̄K is the velocity gradient tensor (see, for example, [3] ) defined as

Kαβ(t) =
∂Vα(r, t)

∂rβ

where r is the position vector of a point in the melt and V(r, t) is the corresponding
macroscopic velocity of the medium at this point at time t. One can see that the tensor
¯̄K is a measure of how fast the macroscopic velocity of melt changes in space. As in the
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case of tethered molecules, we assume the melt in the bulk to be homogeneous and hence
drop the spatial dependence of Kαβ.

The quantity ∆ŝ0 is a displacement of segment s0 along the primitive chain over a small
time interval ∆t due to retraction processes. Note that it is a stochastic quantity and, in
general, depends on s0 and t. Unfortunately, this dependence significantly complicates our
analysis. As was found in [1], ∆ŝ0 is given by

∆ŝ0(s0, t) =
1

λ̂(s0, t)

∫ s0

0

dx

[
∂λ̂(x, t)

∂t
−Kαβûα(x, t)ûβ(x, t)λ̂(x, t)

]
∆t (5)

Here, λ̂ is the local stretching and ûα is the α-component of the unit tangent vector to the
primitive path. Mead, Larson and Doi [4] proposed the following equation of motion for
the local stretching

∂λ̂(s0, t)

∂t
= Kαβûα(s0, t)ûβ(s0, t)λ̂(s0, t) +

[
∂λ̂(s0, t)

∂t

]

retr

(6)

This equation is quite general and has the form of a balance equation. The first term
on the RHS can be associated with ”income” and describes how flow stretches the chain.
Accordingly, the second one can be associated with ”loss”. It is negative and pertains to
relaxation of initially stretched states via retraction along the primitive path. Taking into
account (6), the explicit expression for ∆ŝ0 (5) can be rewritten as

∆ŝ0 =
1

λ̂(s0, t)

∫ s0

0

dx

[
∂λ̂(x, t)

∂t

]

retr

∆t (7)

This makes it clear that ∆ŝ0 defined by (5) is determined by retraction only. Since the flow
stretches the chain, the displacement ∆ŝ0 should depend on the flow rate and vanish if
the system is at rest. It is important to realize that the flow may also affect the retraction
dynamics of a chain via convective constraint release (i.e. removal of constraints imposed
by surrounding polymer molecules enhanced by the flow). In other words, the bulk chain
can restore its equilibrium length by either retraction along the backbone or fast shrinking
of a ’tout’ piece of chain after a constraint imposed on it is removed.

So we have used the results obtained in [1] to derive the time evolution equation for the
bond vectors of bulk chains. This analysis includes convection of the chains by the flow and
retraction motion. Note that reptation, which is an important relaxation mechanism for
bulk chains, was ignored. Therefore, the next step toward the full equation of motion for
the bond vectors of bulk chains is to add it. To this end, we first notice that reptation can
be imagined as a simultaneous cooperated motion of all segments along the primitive chain.
This originates from thermal motion of a chain inside its tube and, as a consequence, is
active even in the absence of flow. In contrast, retraction i.e. fast shrinking of a stretched
piece of chain is only relevant in the presence of flow.

Let us denote the physical shift of segment s0 along the primitive chain (over a small
time interval ∆t) due to pure reptation by ∆ξ̂(s0, t). Since reptation can be modelled as a
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one dimensional random walk (see, for example, [3]), we may treat ∆ξ̂(s0, t) as a stochastic
variable with the Gaussian probability distribution, and therefore

〈∆ξ̂〉 = 0 〈∆ξ̂
2〉 = 2Dc∆t (8)

Here, Dc is the diffusion coefficient of the free Rouse motion which depends on the molecular
parameters of the bulk chain. We see from (8) that ∆ξ̂ is a zero-mean noise with the
variance proportional to

√
∆t. This results from the diffusive nature of the process. To

find how the bond vector of a segment changes due to pure reptation, let us take two
snapshots of the same chain taken at times t and t+∆t in the absence of flow (see, Fig.2).
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Figure 2: Reptation motion of segment s0

Their comparison gives the following equality

b̂(s0, t + ∆t) = b̂
(
s0 + ∆ξ̂0, t) (9)

Here, ∆ξ̂0 is the shift of segment s0 due to reptation in the s0-space which is related to
that in the physical space via

∆ξ̂0(s0, t) =
∆ξ̂(s0, t)

λ̂(s0, t)
(10)

From the same physical arguments which we used to derive (5) in [1], one can can extend
the equation of motion for the bond vector due to pure reptation to the case when the flow
is present

b̂(s0, t + ∆t) =
[
¯̄I + ¯̄K∆t

]
b̂
(
s0 + ∆ξ̂0, t) (11)

Here, ¯̄I and ¯̄K is the unit and the velocity gradient tensor, respectively. Note that the
expression in square brackets on the RHS of (11) describes convection of the tube produced
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by the flow. Combining (4) and (11), we can write down the full equation of motion for
the bond vector of the bulk chain. It has the same form as (4) with the displacement ∆ŝ0

now given by

∆ŝ0 =
1

λ̂(s0, t)

∫ s0

0

dx

[
∂λ̂(x, t)

∂t

]

retr

∆t +
∆ξ̂(s0, t)

λ̂(s0, t)
(12)

We see that incorporation of reptation leads to the extra contribution to ∆ŝ0.
The first term on the RHS of (12) is related to shrinking of a stretched bulk chain

along its primitive path. We have mentioned already that it is especially important for
fast flows, and vanishes if the chain is not stretched. In contrast, the second term stems
from the reptative motion of the bulk chain inside its tube, and is especially important in
the absence of flow. We can drop it if the flow rate exceeds the inverse disentanglement
time. Note that both retraction and reptation leads to a ’sliding-like’ motion of chain
segments along the chain contour inside the confining tube. They can be referred to as
”internal” (inside tube) processes. In addition, deformation of the tube itself produced by
the flow is then regarded as an ”external”’ process. Therefore, motion of a bulk chain can
be imagined as superposition of two types of processes, namely external and internal. We
remind that this separation was already discussed in [1].

Having established the equation of motion for the bond vectors of bulk molecules,
one can find the corresponding time evolution equation for the bond vector probability
distribution function f(b, s0, t) (see, Eq.(2)). Taking into account (4) and (12), we have

f(b, s0, t + ∆t) =

〈
δ
[
b− b̂(s0 + ∆ŝ0, t)− γ̂(b̂(s0, t))

]〉
(13)

where

γ̂(b̂(s0, t)) = ¯̄K(t)b̂(s0, t)∆t +

(
∂∆ŝ0

∂s0

)
b̂(s0, t) (14)

From (14) and (12) it directly follows that γ̂ contains two contributions. The first one
pertains to convection, and is proportional to ∆t. The second term is determined by
retraction and reptation. Note that the retraction and reptation part of ∆ŝ0 is proportional
to ∆t and

√
∆t, respectively. Then, expanding the right hand side of (13) in powers of ∆t

and discarding second order terms, we arrive at

f(b, s0, t + ∆t) =

〈
δ
[
b− b̂(s0 + ∆ŝ0, t)

]〉− ∂

∂b

〈
γ̂(b)δ[b− b̂(s0, t)]

〉
(15)

A similar equation was already obtained in the case of tethered chains where ∆ŝ0 was de-
fined by retraction only (see, [1]). But now ∆ŝ0 contains an extra term owing to reptation.
It is stochastic and uncorrelated with the bond vector at the same point. Therefore, from
this and the fact that the reptation part of ∆ŝ0 is proportional to the zero-mean noise, we
come to the conclusion that reptation does not contribute to the second term on the RHS
of (15), so that it completely coincides with that obtained earlier in [1]

〈
γ̂(b)δ[b− b̂(s0, t)]

〉
= Γ(b)f(b, s0, t)∆t (16)

6



where

Γ(b) =

{
¯̄K − 1

Teff

b− 1

b
¯̄I − 1

b2

∂λ̄(s0, t)

∂s0

∫ s0

0

dx

[
∂λ̄(x, t)

∂t

]

retr

¯̄I

}
b (17)

Here, the bar sign denotes averaging over the ensemble.
Now, we have to take the last step to derive the equation of motion for f(b, s0, t). Let

us focus on the first term on the RHS of (15). As was already noticed, ∆ŝ0 contains the
retraction and reptation part proportional to ∆t and

√
∆t, respectively. Expanding it in

powers of ∆t and neglecting second order contributions, we therefore arrive at

〈
δ
[
b−b̂(s0 + ∆ŝ0, t)

]〉
=

〈{
1 + ∆ŝ0

∂

∂s0

+
1

2
(∆ŝ0)

2 ∂2

∂s2
0

}
δ
[
b− b̂(s0, t)

]〉 (18)

Note that we already obtained this expansion when studying tethered chains with ∆ŝ0

determined by retraction only (see, Eq.(5)). But now ∆ŝ0 is defined in (12). It contains
the extra zero-mean stochastic noise ∆ξ̂0 responsible for reptation. It is possible to think
that ∆ξ̂0 is uncorrelated with the corresponding bond vector at the same point, and can
be averaged separately. From this one may draw that reptation does not contribute to the
first two terms on the RHS of (18) and we again can use the results already obtained in
[1] for the tethered chains. So we may now focus on the last one. Since we discard the
second order (with respect to ∆t) contributions, it is determined by reptation only. Note
that this term can be approximated as follows

〈
(∆ξ̂0)

2∂2δ
[
b− b̂(s0)

]

∂s2
0

〉 ≈

〈(∆ξ̂)2

λ̂2

δ
[
b− b̂(s0 + 2δs0)

]
+ δ

[
b− b̂(s0 − 2δs0)

]

3δs2
0

〉−

〈(∆ξ̂)2

λ̂2

δ
[
b− b̂(s0 − δs0)

]
+ δ

[
b− b̂(s0 + δs0)

]

3δs2
0

〉

(19)

Here, δs0 is small. Let us assume that even in the presence of flow the correlation length
between different chain segments is very small. If δs0 is small enough, but at the same
time much bigger than the correlation length, one can think of b̂(s0 ± δs0, t) and b̂(s0, t)
as being uncorrelated. This implies that they can be averaged separately, and so

1

2

〈
(∆ξ̂0)

2∂2δ
[
b− b̂

]

∂s2
0

〉 ≈ ∆t

{
Dc

< λ̂2 >

∂2f(b, s0, t)

∂s2
0

}
(20)

Here, use has been made of (8). We stress that the accuracy of this approximation becomes
poor under fast flow conditions. But, as was mentioned earlier, reptation is especially
important in the absence or flow and can be dropped at high flow rates. Therefore, without
significant loss of accuracy we can add the contribution due to reptation defined by (20)
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to the full equation of motion for f(b, s0, t) valid for all flow regimes. In addition, as
was found in [2], under slow flow conditions the probability distribution over the local
stretching i.e. f(λ, s0, t) becomes extremely narrow with the width being proportional to
the deviation of the mean length of the bulk chain from its equilibrium value. Thus, (20)
can be further approximated by (for compactness’ sake we denote all the averages with the
bar sign)

∆t
Dc

λ
2

∂2f

∂s2
0

(21)

Finally, assembling all the contributions, one obtains the following equation of motion for
the bond vector distribution function f for bulk chains

∂f(b, s0, t)

∂t
=

Dc

λ
2

∂2f

∂s2
0

+
3νa2

4

∂2f

∂s2
0

− 1

Teff

λ̄(s0, t)− b

b
f +

1

b

{ ∫ s0

0

dx ¯̇ξ(x, t)

}
∂f

∂s0

+

+
∂λ̄(s0, t)

∂s0

{∫ s0

0

dx ¯̇ξ(x, t)

}
f

b2
− ∂

∂b
·
(
Γf(b, s0, t)

) (22)

where

¯̇ξ(x, t) =

[
λ̄(x, t)

∂t

]

retr

=
λ̄(x, t)

∂t
−Kαβ < ûα(x, t)ûβ(x, t)λ̂(x, t) >

Γ(b) =

{
¯̄K − 1

Teff

b− 1

b
¯̄I − 1

b2

∂λ̄(s0, t)

∂s0

∫ s0

0

dx ¯̇ξ(x, t) ¯̄I

}
b

(23)

Here, λ̄(s0, t) is the ensemble averaged local stretching of segment s0, ν is the frequency of
constraint release events, and a the mean tube diameter. We also introduced Teff which is
a characteristic relaxation time for retraction. That is to say, we have discarded the higher
relaxation modes in the equation (6) for the local stretching using the single exponential
approximation [

∂λ̂

∂t

]

retr

≈ − λ̂− 1

Teff

(24)

Note that Teff is of the order of the Rouse time of the bulk chain. As a result, the single
relaxation time approximation in (24) becomes poor when the flow rate exceeds the inverse
Rouse time.

The time evolution equation for f(b, s0, t) (without reptation) was discussed in detail
in [1], [2]. We only remind that since the mean local stretching is in turn expressed via
f(b, s0, t) via

λ̄(s0, t) =

∫
db b f(b, s0, t) (25)

Equation (25) is a second order non-linear integro-differential equation. It captures the
most important mechanisms typical for the bulk chains, namely reptation, retraction, con-
vection, and constraint release. We emphasize that contribution due to reptation (21) has
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the form of a diffusion process with the diffusion coefficient depending on the local stretch-
ing. In other words, this coefficient also depends on f(b, s0, t) via (25). We emphasize that
the constraint release term also has a diffusion like form.

So we have found the equation of motion for the bond vector probability distribution
function f(b, s0, t). As was shown in [1], from a known f(b, s0, t) one can calculate all
the macroscopic quantities of practical interest. But in order to solve (22), we must also
specify the initial and boundary conditions for f(b, s0, t). First, we point out that the ends
of a bulk chain can be considered as being free. This implies that the corresponding bond
vectors are free in choosing their direction. Second, due to very fast equilibration processes
with the time scale of the order of the Rouse time of a single segment, stretching at both
ends is small and can be neglected. Therefore, we find it plausible to set the isotropic and
”non-stretched” boundary conditions at either end

f(b,±L0/2, t) =
1

4π

Eventually, it is worthwhile mentioning that owing to symmetry inherent to bulk molecules,
all ensemble averaged variables are even functions of s0. For example, the bond vector
distribution function should satisfy the following relation

f(b, s0, t) = f(b,−s0, t), −L0/2 ≤ s0 ≤ L0/2

Equation for local stretching in a fixed network

In the preceding section we focused on the bulk flow region and were able to derive the
equation of motion for the bond vector probability distribution function. But one thing
is still missing in our analysis. We have not yet proposed an expression for Teff , the
characteristic relaxation time due to retraction. In this section we will try to derive an
explicit expression for it. First, we remind that Teff was introduced in the evolution
equation for the local stretching which was assumed to have the following form

∂λ̂

∂t
= λ̂Kαβ

b̂αb̂β

b̂2
− 1

Teff

(λ̂− 1) (26)

As was mentioned before, Teff is not only determined by pure shrinking along the primitive
path, but also includes relaxation of initially stretched states via constraint release. Note
that these mechanisms have, in general, different time scales. The former has the time
scale of the Rouse time whereas the latter of the order of the inverse flow rate. Mead,
Larson and Doi [4] proposed the following phenomenological expression for Teff

1

Teff

=
1

Trouse

+ ρ

[
2

L̄(t)

∫ L̄/2

0

ds′Kαβ
b̂αb̂β

b̂2
− 1

L̄(t)

∂L̄(t)

∂t

]
(27)

Here, L̄(t) is the mean physical length of the chain at time t, and ρ is an adjustable
parameter. The bar sign means averaging over the ensemble of bulk chains. One can see
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that the total relaxation time Teff contains two terms corresponding to different relaxation
processes. The first one on the RHS of (27) is associated with the fast shrinking along the
chain contour. On the contrary, the last term originates from release of constraints on the
bulk chain due to retraction of surrounding bulk molecules. It vanishes if the stretching
is small. This process is often referred to as convective constraint release (CCR). Note
that constraint release due to reptation (CR) of surrounding molecules is neglected in
(27) assuming that the bulk chains in the ensemble are so long that CR is irrelevant in
comparison to CCR.

Let us try now to derive the equation of motion for the local stretching free of adjustable
parameters. We start with the simplest case of a fixed network. By definition, there is
no constraint release, and a bulk chain can relax its stretching only by shrinking along
the backbone. Afterwards, we will incorporate CCR-effects into the formalism in a self-
consistent way.

We have already presented the equation of motion for the local stretching proposed by
Mead, Larson and Doi in [4] (see, Eq.(6)). This equation is quite general and has the form
of a balance equation with the first and the second terms being associated with stretching of
the chain by the flow and relaxation of the stretched chain, respectively. In the case of the
fixed network, one can easily find the explicit form of the relaxation term from the simple
physical arguments. Namely, considering the molecule inside its tube as one-dimensional
free Rouse chain, one can write down the corresponding Langevin equation (see, [3])

∂ŝ

∂t
=

3kbT

Neζ

∂2ŝ

∂s2
0

(28)

In (28), ŝ is the physical position of a segment along the primitive path (see, Fig.1), kb is
the Boltzmann constant, T is the absolute temperature, Ne is the equilibrium number of
monomers per segment, and ζ is the monomeric friction coefficient.

One should realize that (28) describes the ”elasticity” of the chain and in fact can be
used to derive the stretch relaxation term in (6). By definition, the local stretching is the
derivative of the real (physical) arclength of a segment with respect to its equilibrium value
(see, Eq.(1)). Therefore, differentiating both sides of (28) with respect to s0 we find that

[
∂λ̂

∂t

]

retr

= D
∂2λ̂

∂s2
0

, D = 3ZDc =
3kbT

Neζ
(29)

Here, Z the mean number of entanglements per chain. Note that the diffusion coefficient
D is equal to that of the free Rouse motion of a single chain segment.

Eventually, from (6) and (29) one can find the full time evolution equation for the local
stretching

∂λ̂

∂t
= λ̂Kαβ

b̂αb̂β

b̂2
+ D

∂2λ̂

∂s2
0

(30)

We outline that it has the form of a diffusion process a the ”source” depending on flow
parameters and a diffusion coefficient being a function of molecular parameters and tem-
perature (see, Eq.(29)).
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Now it is clear that retraction along the primitive path can be imagined as a diffusion-
like motion of monomers with the coefficient given by (29). In general, retraction process
should be described by a set of relaxation times, not a single Teff . To show this, let us
consider an initially stretched bulk chain in the absence of flow. Then, the first term
on the right hand side of (30) vanishes and only the retraction term is important. The
solution of this equation is well known and can be presented as a series of exponentially
decaying terms. Each term has its own ”life-time” given by Trouse/p

2 (p = 1,2,3 . . . ).
These ”modes” are often referred to as longitudinal modes leading to fast redistribution
of monomers along the backbone. The higher order terms with p = 2, 3, 4 correspond to
fast equilibration processes with the characteristic times much smaller then the Rouse time
Trouse. In reality, however, flow rates will not exceed T−1

rouse. Then, we may omit higher
modes assuming them to be instantaneous and keep only the slowest one. This is the
so-called single exponential approximation. In this approximation, the full equation for
stretching (30) boils down to

∂λ̂

∂t
= λ̂Kαβ

b̂αb̂β

b̂2
− 1

Trouse

(λ̂− 1) (31)

One can see from (31) that in a fixed network (i.e. neglecting constraint release) the
effective stretching relaxation time of the bulk chain is equal to the Rouse time.

Teff = Trouse

Now, in order to get a solution of (31) we must also specify boundary conditions for local
stretching. With fast equilibration processes acting at the free chain ends, it is reasonable
to neglect stretching at both ends, and so we take

λ̂(0, t) = λ̂(L0, t) = 1

CCR in the evolution equation for stretching

By now, we have derived the equation of motion for the local stretching in the case of a
fixed network. In this section an effort will be made to generalize this and incorporate
constraint removal effects. Note that we restrict ourselves to the case of long molecules,
so that removal of constraints due to reptation of surrounding chains is ignored. As a
consequence, constraints will only be released via the CCR process.

We begin with the equation for stretching (31) where all the constraint release events
were ignored. Let us take a single bulk molecule and follow what happens to it as time
proceeds. For simplicity, we assume that it is moving inside its tube at a certain velocity.
This molecule, in turn, also imposes some constraints on other chains. Consequently, if
one of the ends moves a distance of the order of the mean entanglement spacing, it may
release one (in case of pair-wise contacts) or more entanglements with other molecules. Let
us introduce the time t∗ necessary for the bulk chain to move a distance ā(t) which is the
mean entanglement spacing in the melt.

11



One can find a simple estimate of t∗ by carrying out two thought experiments. Imagine
that we have two types of bulk chains. Molecules of the first type cannot retract. In
contrast, molecules of the second type are able to retract along the backbone. We first
carry out our experiment with the first type of chains. Namely, we take two pictures of
the same bulk molecule at times t = 0 and t = t∗. Then, we repeat the procedure with the
bulk chain of the second type assuming that the ”t = 0” picture is identical to that of the
first experiment.

Having obtained the pictures we can now compare them. First, let us take the ”t =
0” and the ”t = t∗ : no retraction” snapshots. One may ascertain that the following
relation between the position vectors (we remind they describe spatial position of the
chosen molecule) should hold

R̂(s0, t
∗) = ¯̄E(t∗, 0)R̂(s0, t = 0), −L0/2 ≤ s0 ≤ L0/2 (32)

Here, ¯̄E(t∗, 0) is the transformation matrix (see, for example, [3]) which defines the defor-
mation of the tube by the flow over the time interval ∆t = 0..t∗. From (32) it follows that
at time t = t∗ chain segment L0/2 − a0 (a0 is the equilibrium entanglement spacing) has
position vector

¯̄E(t∗, 0)R̂(L0/2− a0, t = 0) (33)

Second, let us take the ”t = 0” and the ”t = t∗ : retraction” snapshots. Now, we find that

R̂(s0, t
∗) = ¯̄E(t∗, 0)R̂(s0 + ∆̂(s0), t = 0) (34)

Here, ∆̂(s0) stems from pure stretching and is equal to the displacement of segment s0

along the chain over the time interval from t = 0 to t = t∗. From (5) it follows that

∆̂(s0) =

∫ t∗

0

dt
1

λ̂(s0, t)

∫ s0

0

dx

[
∂λ̂(x, t)

∂t
−Kαβûα(x, t)ûβ(x, t)λ̂(x, t)

]
(35)

Therefore, at time t = t∗ chain segment L0/2 takes the position

¯̄E(t∗, 0)R̂(L0/2 + ∆̂(L0/2), t = 0) (36)

It is important to point out that the above formula is obtained with retraction ”switched
on” in contrast to equation (33) where only convection by the flow was considered.

Next, we remind that t∗ is the time necessary for the chain end s0 = L0/2 to move
a distance equal to the entanglement spacing. In fact, it implies that at time t∗ segment
L0/2 passes the distance and arrives at the point where actually segment L0/2− a0 of the
”un-retractable” chain is located. Therefore, taking into account (33) and (36) we argue
that the following equality should hold at time t∗

¯̄E(t∗, 0)R̂(L0/2− a0, t = 0) = ¯̄E(t∗, 0)R̂(L0/2 + ∆̂(L0/2), t = 0) (37)

The above formula yields an implicit equation for the time t∗. It can be rewritten as
〈∫ t∗

0

dt

∫ L0/2

0

dx

[
∂λ̂(x, t)

∂t
−Kαβûα(x, t)ûβ(x, t)λ̂(x, t)

]〉
= −a0 (38)
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where use has been made of the explicit expression for ∆̂(L0/2) (see (35)). Besides that,
we have also exploited the boundary conditions λ̂(±L0/2, t) = 1. Note also that in he
above derivation an explicit assumption was made that no constraints were released on the
test chain during the time interval from t = 0 to t = t∗. This actually implies that the
obtained result (38) is valid only when the frequency of the constraint removal is much
smaller then the inverse Rouse time.

In the previous chapter we were able to derive the equation of motion for the local
stretching with no constraint release mechanisms included (see, Eq.(31)). Now we will
show that it is possible to generalize it and allow for the finite life-time of constraints.
First of all, we notice that entanglements, in general, can be built up out of several chains.
Let n be the mean number of chains forming a single entanglement. We have already found
t∗ which is the mean time needed for a chain end to move the distance a0. As was shown
in [6] the mean mobility (i.e. inverse life time) of a constraint due to CCR is then given by

WCCR = 2
n

t∗
2

Z
(39)

The factor 2 on the right hand side stems from the fact that both ends of a bulk chain
”participate” in CCR and may be considered as moving independently on the Rouse time
scale. Next, an explicit assumption was made that removing one of the chains forming an
entanglement will ”destroy” the whole entanglement. These cooperative effects are often
ignored in the literature, and instead only pair-wise contacts are considered.

Some attention must be drawn to the fact that in the stationary case it is possible to
write down an explicit expression for WCCR in terms of molecular and flow parameters.
From (31) and (38) one can find

WCCR = 2
n

a0

2

Z

∫ L0/2

0

dx

[
λ̄(x)− 1

Trouse

]
(40)

As expected, it is determined by retraction motion of the chain inside its tube and vanishes
if the stretching is small (that is the case of slow flows). But one ”ingredient” is still
missing in this analysis. We see from (40) that the mean number of chains which form an
entanglement has not been defined yet. Thus, the last step toward a coherent and complete
model for bulk chains is to find n.

In order to do this, we will consider a network made up from bulk molecules in the
absence of any flow. We assume that every chain of this ensemble consist of N monomers
with the Kuhn length being equal to b. Let us point out a single molecule. We will refer
to it as the ”test” chain. In contrast, other bulk molecules will be referred to as ”network”
chains. At rest, all the molecules of our ensemble have an approximately spherical form
with the gyration radius of the order of b

√
N . We point out the sphere that ”spans” our

test molecule: all the network chains that can interact with it must cross this sphere.
To make the idea more depictive, we replace the sphere with a set of cells, the volume

of the total set being equal to that of the sphere (see Fig.3). All the cells have the same
characteristic size equal to the equilibrium spacing between entanglements aeq. Practically,
it implies that every cell on average contains only one entanglement.
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Figure 3: The test chain in the network. The thick line stand for the ’test’ chain, the thin
lines for ’network’ chains. The size of each cell is equal to the equilibrium spacing between
entanglements.

Furthermore, we notice that since our test chain has N/Ne segments, it traverses N/Ne

cells. At the same time, the total number of cells is N3/2/N
3/2
e . Let n be the mean number

of chains that form a single entanglement. Therefore, the total number of pair-wise contacts
experienced by the test chain is nN/Ne. Note that in general some of them belong to the
same network molecule. The conclusion is then the following: if we know the mean number
of pair-wise contacts between the test and any of the network chains, we know how many
of the N/Ne cells are visited by the same network molecule and then find n.

First, let us try to figure out how many of the N/Ne cells are visited by the same
network chain(we will denote this number by k). The relative fraction of the cells (of our
set) visited by the test molecule is known and given by

φ =
N/Ne

(N/Ne)3/2
=

(
N

Ne

)−1/2

Therefore, the mean number of N/Ne cells which are visited by the same chain is given by

N

Ne

φ =

(
N

Ne

)1/2

Consequently, the average number of pair-wise contacts between the test chain and a
network chain is

k =
nN

Ne

(
N

Ne

)−1/2

⇒ k

n
=

√
N√
Ne

We argue that n should not depend on the number of monomers N per chain. So we
eventually may take

k =
√

N, n =
√

Ne (41)
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If we assume that n doesn’t change significantly even in the presence of flow then from
(40) it follows that

WCCR = 2

√
Ne

aeq

2

Z

∫ L0/2

0

dx

[
λ̄(x)− 1

Trouse

]
(42)

Now, we have established all the ingredients necessary to write down the ”full” equation
of motion for local stretching, that is to say, for the case with constraint removal ”turned
on”. From (31) and (42) we get

∂λ̂

∂t
= λ̂Kαβ

b̂αb̂β

b̂2
− 1

Teff

(λ̂− 1) (43)

where
1

Teff

=
1

Trouse

+ 2

√
Ne

aeq

2

Z

∫ L0/2

0

dx

[
λ̄(x)− 1

Trouse

]
(44)

We remark that in (44) the average λ̄(x) is obtained for a fixed network. It should be
calculated with the help of the bond distribution function (22) where Teff must be set
equal to Trouse.

Note that perturbation theory was used to obtain the explicit expression for Teff . First,
we neglected constraint release (a fixed network model) and found that Teff was simply
given by the Rouse time. Thereafter, given the dynamics of the bulk chain in its fixed
tube, we calculated the finite life time of a constraint due to flow. Therefore, we argue
that (44) should work quite well for flow rates less then the inverse Rouse time.

In (43) we explicitly assumed that the rate at which constraints are released by the
flow is equal to the corresponding retraction rate. Therefore, fast equilibration processes
which have the time scale of the Rouse time of a single segment were considered to be
instantaneous.

Conclusion and Remarks

In the present work an attempt has been made to build a formalism which would enable
us to get a sound understanding of the dynamics of bulk chains under flow. The derivation
was partially based on our previous reports [1] and [2] devoted to the interfacial layer. As
in the case of tethered molecules, the proposed model was developed in terms of the bond
vector probability distribution function f(b, s0, t).

We derived the corresponding equation of motion for f with the most important mech-
anisms typical for the bulk chain taken into account (see (22)). These are convection,
retraction, reptation, and constraint release. Now it is clear that incorporation of repta-
tion into the formalism leads to an extra term in the equation for f . It has the form of
diffusion motion with the coefficient depending on position s0 and time t. We also specified
the corresponding boundary conditions for f(b, s0, t). In the case of bulk chains they can
be chosen isotropic with no stretching at the free ends.
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Besides that, attention was paid to the rigorous evolution equation for local stretching.
We showed that in the case of a fixed network it is represented by an equation which has
the form of a diffusion process (Fick’s law) with a source depending on the flow rate (see
(30)). Its solution can, in general, be described by a set of relaxation times that pertain to
pure shrinking along the primitive path and longitudinal modes. However, when the flow
rate does not exceed the inverse Rouse time, we may only consider the longest relaxation
time assuming the other fast equilibration processes to be instantaneous. This is the so-
called single exponential approximation, the equation for local stretching being given by
(31).

The next step was to incorporate the effect of CCR on the retraction rate in the equation
for local stretching. This was done in a self-consistent way. Namely, given the dynamics of
the chain inside its tube in a fixed network, we found the corresponding mean life-time of
a constraint. In addition, we showed that in general an entanglement can be built out of
several chains. This may remarkably enhance the effect of constraint release in comparison
to a model with pair-wise contacts. We stress that these cooperative effects were taken into
account. Therefore, known the removal rate of the constrains, we incorporated constraint
release events in the evolution equation for local stretching (see, (43)). Note that this
resulted in an extra term in the explicit formula for Teff (see, (44)). Note that Mead,
Larson and Doi [5] also proposed an explicit expression for Teff (see (27)) which was
obtained in a phenomenological way. In order to compare the results, we notice that under
slow flow conditions the local stretching of the bulk molecule is small and independent of
the position along the chain i.e. s0. Then, (44) can be rewritten as

1

Teff

' 1

Trouse

+ 2
√

Ne

[
2

L̄(t)

∫ L̄/2

0

dxKαβ
b̂αb̂β

b̂2
− 1

L̄(t)

∂L̄(t)

∂t

]
(45)

Here, we have used the fact that in the slow flow regime the bond vector probability
distribution function can be split up into a pure orientational and a stretching part (see
[2]). As a consequence, local stretching and local orientation can be averaged separately.
We see now that our result coincides with that by Mead, Larson and Doi in the case of
slow flow. Besides that, our model predicts the value of the adjustable parameter, which
is obviously given by 2

√
Ne.

Eventually, we would like to make some comments on the proposed theory. First, the
formalism was developed using the reduced equation of motion for the local stretching,
in which all the fast equilibration processes with characteristic times less than the Rouse
time were assumed to be instantaneous. We recognize that this approximation should
work pretty well for all flow rates that do not exceed the inverse Rouse time. Second,
when deriving the explicit expression for Teff a perturbation theory was used. Namely, we
assumed that the rate at which constraints are removed is smaller that the inverse Rouse
time. In that regime a simple estimate of the mean life time of a constraint comes out. We
emphasize that this may not work for fast flows and long bulk molecules. In this case the
desired accuracy cannot be reached and our theory should be modified. This is the subject
of ongoing research.

16



References

[1] Tchesnokov M.A., Molenaar J., Slot J.J.M., Report ”Dynamics of molecules grafted
on a solid wall during polymer melt extrusion”.

[2] Tchesnokov M.A., Molenaar J., Slot J.J.M., Report ”A universal constitutive model
for the interfacial layer between a polymer melt and a solid wall.”.

[3] Doi M, Edwards S, The theory of polymer dynamics, Oxford, 1986

[4] Mead D., Larson R., Doi M., Macromolecules, 31, 1998, p. 7895

[5] Likhtman A., McLeish T., Macromolecules, 2002, 35, p. 6332

[6] Tchesnokov M.A., Molenaar J., Slot J.J.M., Report ”A rigorous model for constraint
release in the bulk and the near-wall region”.

17


