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Abstract: The objective of the present work is the mathematical modeling of the dy-
namics of polymer molecules grafted on a solid boundary during polymer melt extrusion.
This topic is closely related to the long-standing problem of polymer flow instabilities
encountered in industry when extruding melts. In order to describe the behavior of the
tethered chains, we introduce the bond vector probability distribution function (BVPDF)
which appears to be a simple, yet effective mathematical ’tool’. The bond vector, i.e. the
tangent vector to a polymer chain depending on the position along the chain and on time,
describes the local geometry via its direction and the local stretching of the chain via its
length. The BVPDF contains all information about the geometry of the ensemble of chains.
Via averaging over the BVPDF we can calculate all interesting macrsocopic quantities, e.g.
the thickness of and stress in the layer of tethered molecules. The time dependence of the
BVPDF yields the time evolution of the system. We derive the equation of motion for
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interest can be expressed via second order moments of this distribution function.
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Prologue

Previous studies of polymer melt flow near solid boundaries have shown that there are two
regions with different rheological behavior. The first one is far from the solid wall and then
is referred to as bulk flow area. It is only occupied by bulk molecules (chains that do not
contact with the wall). The second region is close to the wall and is ”populated” by both
bulk and tethered molecules. It will be referred to as interfacial layer throughout the text.
The goal of the present paper is to compute the thickness of the interfacial layer for different
flow regimes. This study is a step toward complete understanding of what is really going on
near the solid wall. The issue concerned is closely related to the problem of flow instabilities
encountered in polymer extrusion.
We begin with the simple case of slow flows and low grafting densities. In this situation,
the thickness h can be estimated from the freely-jointed chain model. We conjecture that
it should be of the order of the mean end-to-end distance and hence

h ≈< (R(L, t)−R(0, t))2 >1/2=
√

Nb (1)

Here, N and b are the number of monomers per tethered chain and the monomer length (in
the literature, Kuhn length), respectively. The vectors R(L, t) and R(0, t) are the position
vectors of the ends of the tethered chain. Their difference R(L, t) − R(0, t) is called the
end-to-end vector.
A small remark ought to be made on formula (1). We assume that tethered chains are
shorter then bulk ones. This assumption is plausible because of the following reasoning.
A single tethered chain makes,in general, more then one attachment to the wall giving rise
to so-called ”loops” and ”trails”. In this work ”loops” are not considered and we deal only
with ”trails” which are shorter then bulk chains.
As was mentioned before, in the case of slow flows and low grafting densities it’s possible
to estimate thickness h. Unfortunately, even in this simple situation it is only the order of
h that is known. We know even less about h in fast flows. In this work we will try to build
a quantitative theory which may enable us to compute the thickness. This analysis must
result in an equation of motion for h. We will not restrict ourselves to the low grafting
density regime (in the literature, the mushroom regime) because in reality the grafting
densities may be quite high. Attachment-detachments processes of the tethered chains will
be ignored.

Introduction

In this section we will introduce some physical quantities to be used later on. First, let us
focus on a single tethered molecule which will be referred to as the test chain (see, Fig1).
We will represent it as a parametric curve R(s0, t) where argument s0 ”labels” the same
physical segment at all times. It is important to realize that s0 is not the real arclength
of a segment along the backbone, but a mark that doesn’t change from chain to chain in
contrast to the actual coordinate. Since we have some freedom in choosing the label, it is
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Figure 1: The bond vector of the parameterized chain: s - the real position of segment s0

along the chain; L0 - the equilibrium length of the chain; R - the position vector; λ - local
stretching; u - the unit tangent vector

very convenient to ”address” every segment via its equilibrium arclength. Therefore, if the
physical position of the segment is denoted as s = s(s0), the local stretching is given by

λ(s0, t) =
∂s(s0, t)

∂s0

=

∣∣∣∣
∂R(s0, t)

∂s0

∣∣∣∣ (2)

Note that λ is in fact the ratio between actual and equilibrium length of a segment. In
case of inextensible chains s = s0 and therefore λ ≡ 1.
In principle, every possible spatial configuration of the test chain can be described by a
set of position vectors {R(s0, t)}s0=L0

s0=0 . Alternatively, it can also be done by specifying

the correspondent bond vectors {b(s0, t)}s0=L0
s0=0 (see, Fig 1). We point out that the bond

vector is defined as a vector with direction and length at a certain point along the chain
coinciding with the tangent to the primitive path and the local stretching, respectively.
Before we move to the next chapter an important remark ought to be made. We remind
that a chain is modelled as a parametric curve R(s0, t) where s0 labels the same physical
segment for every chain. At the same time different chains have different parameterizations
(or, equivalently, spatial conformations). Hence, the dynamic behavior of the ensemble of
chains as a whole is represented by a stochastic parametrization denoted by R̂(s0, t). So,
there are two types of variables involved: fixed and stochastic. In order to distinguish them
the latter will go with the hat sign above in what follows.

The orientation probability function

Until now, we have introduced all the variables that will be extensively used throughout
this paper. These are local stretching, position vectors and curvilinear coordinates.
The aim of this section is to understand how the thickness h can be expressed in terms of
these variables. We first consider a very simple example. Imagine that the tethered chain
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consists of Z segments. Each segment has a certain length, say ai. Then we have

< R̂zR̂z >=<

(∑
i

aiuz(i)

)2

>=
∑
ij

aiaj < uz(i)uz(j) >∼= h2 (3)

Here, R̂z is the z-th component (the Z-axis coincides with the normal to the solid wall) of
the end-to-end vector of the tethered chain; uz(i) is the z-th component of the unit bond
vector of segment number i. If there is no correlation between bond vectors of different
segments, i.e. < uz(i)uz(j) >= δij, we again arrive at h ∼=

√
Za if all the segments have

the same length a. In general, however, this correlator doesn’t vanish for i 6= j. It means
that ”non-local” interactions between tube segments may take place and the above stated
correlation function could be used as a measure of this ”non-locality”.
However, it’s possible to think that in equilibrium the correlator < uz(i)uz(j) > decreases
very fast with increasing |i − j| i.e. the distance between segments. It doesn’t mean of
course that only interactions between neighboring monomers are important. This locality
stems from the fact that we have some freedom in choosing a monomer unit (see [1]). The
local interaction between different chain parts holds if our unit is much larger then the
correlation length between segments, but much smaller then the size of the molecule itself.
Now we make the assumption that even under deformation this correlator still vanishes
very quickly with |i − j|. In other words, we can neglect non-local interactions between
different tube segments and so

h2 ≈
∑

i

a2
i < uz(i)uz(i) > (4)

The average in (4) is taken over the whole ensemble of the tethered chains. However,
it’s possible to replace the averaging over the ensemble by averaging via the orientation
probability function f(b, s0, t) which is the probability for the bond vector b̂(s0, t) at point
s0 and time t to have the direction b. Thus, we have (in the continuous representation of
the test chain)

a2
i < uz(i)uz(i) > ⇒

∫
d3b bzbzf(b, s0, t) (5)

Equation (5) makes it clear that finding the thickness of the interfacial layer amounts to
computing the bond vector distribution function f . We will see later that this function
obeys a certain partial differential equation. This equation doesn’t contain information
about the thickness h only, but also provides a deep insight into the micro-dynamics of the
tethered chains. Given the solution, we can predict the actual test chain configuration at
a particular moment of time.
So, the next step toward the explicit expression for h is the equation of motion for the
bond vector function f . Our goal now is to derive it. To this end, let’s start with the
definition of f :

f(b, s0, t) = 〈δ[b− b̂(s0, t)]〉 (6)
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The average in (6) is taken over the whole ensemble of the tethered chains and b̂(s0, ) is
the bond vector of the test tethered chain at site s0 and time t. This bond vector can,
indeed, be expressed in terms of the position vector R̂(s0, t)

b̂(s0, t) =
∂R̂(s0, t)

∂s0

(7)

Note that if there is no stretching in the test chain, then b̂ is merely the unit vector tangent
to the primitive path.
¿From (6) and (7) one can conjecture that in order to get the evolution equation for f we
must first focus on how the position vector R(s0, t) changes in time. But before we start
some important remarks ought to be made. First, as long as we are dealing with tethered
chains the reptation motion must be ”switched off”. Second, we have already claimed that
the formalism developed in this paper is valid for all flow regimes. It means that stretching
should be present in our theory. But we will not derive an equation for λ(s0, t) (2) in this
paper, but assume that it is known. In fact, it was derived by Mead, Larson and Doi in
their paper [2]. They show that the equation for the local stretching has a rather complex
form that needs special discussion which is beyond the scope of the present paper.
In order to figure out the equation of motion for the position vector R̂(s0, t), we will study
the behavior of the test tethered chain over the small time interval. To this end, let us
take two pictures of it at times t and t + ∆t where ∆t is small (see, Fig2). By comparing
them, one may ascertain that the following relation should hold

R̂(s0, t + ∆t) = (Â + B̂)R̂(s0, t) = (Â)R̂(s′0, t) = (Â)R̂(s0 + ∆ŝ0, t) , ∆ŝ0 = s′0 − s0 (8)

There are two different processes that happen simultaneously and affect the motion of the
tethered chain. The first one is the convective deformation of the tube ( Â -process ). If
only convection is present then s′0 = s0 in (8). It actually implies that the Â -operator
doesn’t change the label of segment s0. The second mechanism is the longitudinal motion
of the test chain inside the tube ( B̂ -process ). In contrast to convection it results
in a ”relabelling” of segments. As a consequence, if the second process is active then
the evolution equation (8) becomes non-local in the sense that motion of different chain
segments is then correlated. Note that displacement ∆ŝ0 (8) is the distance that segment
s0 will pass over the time interval ∆t due to pure retraction along the primitive path.
Since ∆t is assumed to be small, we can expand the convection operator (Â) in powers of
∆t as follows (Â) ∼= 1̂ + K̂∆t. Therefore, equality (8) may be rewritten as

R̂(s0, t + ∆t) = [Î + K̂(t)∆t]R̂(s0 + ∆ŝ0, t) (9)

Here the expression in square brackets defines the deformation of the tube produced by
the flow over the small time interval ∆t. We assume it to be affine and, accordingly, drop
the spatial dependence of the velocity gradient tensor Kαβ [3]

Kαβ(t) =
∂vα(r, t)

∂rβ
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where r is the position vector of a certain point in the melt and v(r, t) is the corresponding
velocity of the medium at this point at time t. We see that K̂ is, in fact, a measure of how
fast this velocity changes from point to point.
As was mentioned before the displacement ∆ŝ0 is related to the motion of the test chain
inside the confining tube due to retraction. It appears to be a function of s0 and t which
significantly complicates our analysis. To derive an explicit expression for ∆ŝ0 let us first
focus on the change of the actual position of segment s0 over the time interval (t, t + ∆t).
By definition, it is given by

∆ŝ =

∫ s0

0

ds′0

∣∣∣∣
∂R̂(s′0, t + ∆t)

∂s′0

∣∣∣∣−
∫ s0

0

ds′0

∣∣∣∣
∂R̂(s′0, t)

∂s′0

∣∣∣∣ (10)

Note that this equation can also be written out in terms of the local stretching. From (2)
it follows that

∆ŝ =

∫ s0

0

dx
∂λ̂(x, t)

∂t
∆t (11)

Finally, from (11) and (9) the explicit expression for the displacement ∆ŝ0 can be obtained

∆ŝ0 =
1

λ̂(s0, t)

∫ s0

0

dx

{
∂λ̂(x, t)

∂t
−Kαβûα(x, t)ûβ(x, t)λ̂

}
∆t =

1

λ̂

∫ s0

0

dx ˆ̇ξ∆t (12)
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Figure 2: The dynamics of the chain. There are two different mechanisms involved. Op-
erator (Â) determines how the tube is convected by the flow. Meanwhile operator (B̂)
pertains to the ”sliding” motion of the test chain along the backbone inside its confining
tube.
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Here, use has been made of the fact that ∆ŝ and ∆ŝ0 are related by

∆ŝ = λ̂∆ŝ0

where λ̂ is the local stretching at point s0. Besides that, for compactness’ sake we have

introduced new variable ˆ̇ξ which simply denotes the expression in curve brackets in (12).
Note that the Einstein convection is used in (12) i.e. we assume summation over repeated
indices.
Further, let’s show that ∆ŝ0 is defined by retraction motion only. Mead, Larson and Doi
[2] have shown that the local stretching obeys the following equation

∂λ̂(s0, t)

∂t
= Kαβûα(s0, t)ûβ(s0, t)λ̂(s0, t) +

[
∂λ̂(s0, t)

∂t

]

retr

(13)

This has the form of a balance equation. The first term may be associated with ”income”.
It describes the effect of the bulk chain being stretched by the flow. The second term can
be thought of as being ”outcome”. It is negative and pertains to relaxation of initially
stretched states via shrinking. Then from (13) and (12) it follows that

∆ŝ0 =
1

λ̂(s0, t)

∫ s0

0

dx

[
∂λ̂(x, t)

∂t

]

retr

∆t (14)

So, this implies that ∆ŝ0 is defined by pure retraction. From (14) it is clear that the ”total”
velocity of segment s0 along the primitive path is given by the sum of retraction rates of
the segments 0 ≤ x ≤ s0.
Note that it doesn’t mean that ∆ŝ0 is independent of the flow characteristics at all. Ac-
cording to Mead, Larson and Doi [2] the retraction rate on the right hand side of (14) turns
out to be a function of the flow rate. It arises from the fact that constraint release events
may also contribute to relaxation of stretching, the rate at which constraints are removed
being proportional to the corresponding flow rate. In other words, the bulk chain cannot
only restore its equilibrium length by shrinking along the backbone, but also via changing
its spatial conformations.
By now, we have derived the evolution equation for the position vector. It describes the
behavior of a certain segment of the tethered chain and includes such mechanisms as
convection and retraction. But there are other mechanisms that might be important for
tethered chains. These effects stem from the removal of constraints of the test chain and
result in random local jumps. These phenomena will be discussed later in this paper. In
order to make the formalism as clear as possible, we will ignore them for the moment.
Now, we know enough to derive the equation of motion for the bond vectors. From (7)
and (9) the relation between vectors b̂(s0, t) taken at different times t and t + ∆t is given
by (up to linear order in ∆t).

b̂(s0, t + ∆t) = b̂(s0 + ∆ŝ0, t) +

(
∂∆ŝ0

∂s0

)
b̂(s0, t) + ∆t ¯̄K(t) · b̂(s0, t) (15)
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If we substitute this result into (6), we get the explicit expression for the bond vector
orientation probability function f(b, s0, t) at time t + ∆t:

f(b, s0, t + ∆t) =

〈
δ
[
b− b̂(s0 + ∆ŝ0, t)−∆tΓ̂(b̂(s0, t))

]〉
(16)

where

Γ̂(b̂(s0, t)) = ¯̄K(t) · b̂(s0, t) +
∂

∂s0

{
1

λ̂(s0, t)

∫ s0

0

dx ˆ̇ξ(x, t)

}
b̂(s0, t) (17)

Here, ˆ̇ξ has already been defined in (12). We remind that the local stretching λ̂ and the
bond vector b̂ at a certain site s0 are not independent but are related through

λ̂(s0, t) =
∣∣b̂(s0, t)

∣∣ (18)

This implies that Γ̂ is a non-linear function of b̂(s0, t). Note that it also depends on
b̂(x, t) where 0 ≤ x ≤ s0. We will see later that this ”non-locality” brings in significant
complication in our theory.
For further analysis it’s very convenient to separate ”local” and ”non-local” terms in (17).
The first one on the right hand side is obviously local and we may now focus on the
second. In order to separate local and non-local terms in the second term we should
specify an explicit expression for the local stretching. Note that we have already used
the evolution equation for λ̂ proposed by Mead, Larson and Doi (see, (13) ). In single
exponential approximation it can be reduced to

∂λ̂

∂t
= λ̂Kαβ

b̂αb̂β

b̂2
− 1

Teff

(λ̂− 1) (19)

Here, Teff is the characteristic relaxation time for the local stretching. We don’t specify
any expression for it right now, but only note that in the case of pure retraction (in the
absence of constraint removal) Teff is equal to the Rouse time. So, if we substitute (19)

into equation for Γ̂ (17), we finally get

Γ̂(b̂) = . . .− 1

Teff

b̂− 1

b̂
b̂− ∂λ̂(s0, t)

∂s0

{∫ s0

0

dx ˆ̇ξ(x, t)

}
b̂

b̂2
(20)

We assumed already that even far from the equilibrium the correlation between different
tube segments with coordinates, say s0 and s′0, vanishes very quickly with |s0 − s′0|. It is
possible to exploit this when rewriting the derivative ∂λ/∂s0 in terms of bond vectors:

∂λ̂(s0, t)

∂s0

≈ λ̂(s0 + δs0, t)− λ̂(s0 − δs0, t)

2δs0

=
b̂(s0 + δs0, t)− b̂(s0 − δs0, t)

2δs0

(21)

Here, δs0 is small but, at the same time, larger then the correlation length between different
tube segments. Therefore, we may think of b̂(s0−δs0, t), b̂(s0+δs0, t) and b̂(s0, t) as being
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independent. From the same reasoning it also follows that ∂λ̂(x, t)/∂t with 0 ≤ x < s0 can
be taken independent of b̂(s0, t). Then we argue that the first two terms on the right hand
side of (20) are ”local”. Accordingly, the last term is ”non-local” and does not correlate
with b̂(s0, t) if we neglect long-range correlations between different tube segments.
Until now, we have derived the expression for Γ̂ as a function of the stochastic vector
b̂(s0, t). Besides that, we showed that it also depends on the vectors b̂(x, t) with 0 ≤ x ≤ s0.
Now, these results will be used to take another step. Keeping in mind that ∆t is small,
one can expand the right hand side of equation (16) in powers of ∆t. Then, discarding the
second order terms we have

f(b, s0, t + ∆t) =

〈
δ
[
b− b̂(s0 + ∆ŝ0, t)

]〉−∆t
∂

∂b

〈
Γ̂(b)δ[b− b̂(s0, t)]

〉
(22)

This result can be easily understood from a simple example. Consider the expansion

∫
dxf(x)δ[x− x0 − δφ(x0)] = f(x0 + δφ(x0)) = f(x0) +

∂f

∂x

∣∣∣∣
x0

(δφ(x0))

The same result can be obtained from the following equation

∫
dxf(x)

{
δ[x− x0]−

∂
(
δφ(x)δ[x− x0]

)

∂x

}
= f(x0) +

∂f

∂x

∣∣∣∣
x0

(δφ(x0))

Having noticed that f(x) in the above two equations is an arbitrary function of x we can
recognize that (22) holds.
An important comment on the right hand side of (22) should be made. Though the
argument of the vector-function Γ is no more stochastic but fixed, it is still a stochastic
quantity. The reason for this stems from the mentioned non-locality of Γ. Namely, if we
replace the stochastic vector b̂(s0, t) by the fixed value b, Γ will still depend on other
stochastic vectors b̂(x, t) and consequently will remain stochastic. So, from (17), (20) and
(22) we have

Γ̂(b) =

{
¯̄K − 1

Teff

b− 1

b
¯̄I

}
b−

− b̂(s0 + δs0, t)− b̂(s0 − δs0, t)

2δs0

{∫ s0

0

dx ˆ̇ξ(x, t)

}
b

b2

(23)

We see that the first term on the right is fixed, but the second term depends on b̂(x, t) and
is thus stochastic. So, we have found the explicit form of the Γ̂ function. This result can
now be used to derive the evolution equation for the bond vector distribution function f .
We start with the last term on the right hand side of (22). It can be evaluated as follows
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〈
Γ̂(b)δ[b− b̂(s0, t)]

〉
≈

{
¯̄K − 1

Teff

b− 1

b
¯̄I

}
bf(b, s0, t)−

−∂ < λ̂(s0, t) >

∂s0

∫ s0

0

dx < ˆ̇ξ(x, t) >
b

b2
f(b, s0, t)

(24)

Here, we have neglected long-range interactions between different tube segments. Besides
that, we note that the last term on the right hand side of (24) arises from the mentioned
”non-locality” of Γ̂ and may be dropped in case of little stretching.
Now, let’s tackle the first term on the right hand side of (22). Since ∆ŝ0 ∝ ∆t (see, (12)),
the first term on the right hand side can be expanded in powers of ∆t as follows

〈
δ
[
b−b̂(s0 + ∆ŝ0, t)

]〉 ∼=
〈{

1 + ∆ŝ0
∂

∂s0

}
δ
[
b− b̂(s0, t)

]〉
=

〈
δ
[
b− b̂(s0, t)

]〉
+

∂

∂s0

〈
∆ŝ0δ

[
b− b̂(s0, t)

]〉− 〈
δ
[
b− b̂(s0, t)

]∂∆ŝ0

∂s0

〉 (25)

The first term on the right hand side of (25) simply gives us the bond vector distribution
function itself, that is to say f(b, s0, t). Using (12) we can approximate the second term
in the following way:

∂

∂s0

〈
∆ŝ0δ

[
b− b̂(s0, t)

]〉 ≈
[
1

b

〈 ∫ s0

0

dx ˆ̇ξ(x, t)
〉∂f(b, s0, t)

∂s0

+
1

b

〈 ˆ̇ξ(s0, t)
〉
f(b, s0, t)

]
∆t

(26)

Again, we note that this result was obtained while neglecting long-range interactions be-
tween different parts of the tethered chain. Analogously, with the help of (17) and (23)the
third term can be presented as

〈
δ
[
b− b̂(s0, t)

]∂∆ŝ0

∂s0

〉 ≈− 1

Teff

b− 1

b
f(b, s0, t)−

−∂ < λ̂(s0, t) >

∂s0

∫ s0

0

dx < ˆ̇ξ(x, t) >
f(b, s0, t)

b2

(27)

Eventually, assembling all the contributions in (25), (26), (27), we arrive at the following
equation for the bond vector distribution function. For compactness we will denote the
average with the bar sign above.

∂f(b, s0, t)

∂t
=− 1

Teff

b̄(s0, t)− b

b
f +

1

b

{∫ s0

0

dx ¯̇ξ(x, t)

}
∂f

∂s0

+

+
∂λ̄(s0, t)

∂s0

{∫ s0

0

dx ¯̇ξ(x, t)

}
f

b2
− ∂

∂b

(
Γf(b, s0, t)

) (28)
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where

¯̇ξ(x, t) =
λ̄(x, t)

∂t
−Kαβ < uα(x, t)uβ(x, t)λ(x, t) >

Γ(b) =

{
¯̄K − 1

Teff

b− 1

b
¯̄I − 1

b2

∂λ̄(s0, t)

∂s0

∫ s0

0

dx ¯̇ξ(x, t) ¯̄I

}
b

(29)

So, (28) is the equation for the bond vector function f . Note that it does not only contain
information about the thickness of the interfacial layer. It may also help us to learn
more about the real dynamics of the tethered chain close to the solid interface. We could
incorporate such mechanisms as convection produced by the flow and retraction along
the primitive path due to stretching. The only one approximation that was used is that
the long-range interactions between different chain segments were neglected. Apart from
that we did not specify any relation between the characteristic times of convection and
retraction, so that the above equation (28) is quite general and valid for all flow regimes.
In case of slow flows, which is equivalent to little stretching, a remarkable reduction of (28)
may come out as will be shown later on.

Constraint Release

In the previous chapter we derived the equation of motion for the bond vector distribution
function f in the presence of chain retraction and convection by the flow. But another
important relaxation mechanism was missing. As observed by Joshi et al [3], constraint
release is highly important for tethered chains.
One should note, that removal of constraints of the tethered chain may result either from
thermal movement of the surrounding chains (that is via reptation or contour length fluc-
tuations) or from the movement produced by the flow (that is via retraction). The former
mechanism is often referred to as Constraint Release (CR), the latter as Convective Con-
straint Release (CCR). Note that both processes stem from the same effect of removal of
constraints and sometimes (where it may not lead to misunderstanding) we will address
these two processes as simply constraint release. What is different is the way how these
constraints are removed and therefore the time scales involved.
In this paper, we will follow the approach proposed by McLeish, Milner, Likhtman [4].
They propose to treat the CR(CCR) process as a random Rouse motion of the tube itself.
This ”imaginary” Rouse chain experiences local random jumps over a distance of the tube
diameter at a certain hopping rate, say ν . It’s necessary to point out that as far as we
are dealing with tethered chains the tube could be built up from both bulk and tethered
strands. But if we neglect the contribution of tethered chains (as they cannot reptate),
then it’s only bulk chains that cause random jumps. The hopping rate ν should depend
on the grafting density. For example, in the dry brush regime, when all the bulk chains
are driven out from the interfacial layer, no constraint release can occur.
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The simplest argument how to derive an expression for ν was given by Marrucci [5]. He
proposed that ν is simply of the order of the relative velocity between the ends of the
chain and the ”tube” confining it.This argument seems plausible and arises from the fact
that the tube confining the test chain is, in turn, built up from other chains. If one of the
neighboring chains forming a constraint moves a distance of the order of its length then
at least one entanglement on the test chain should be released. Marrucci proposes the
following expression for the hopping rate ν

ν =
1

τd

+ µ

∫ L/2

0

ds′KαβSαβ(s′, t) (30)

where Sαβ(s′, t) is the orientation tensor given by

Sαβ(s0, t) = 〈uα(s0, t)uβ(s0, t)〉
Here, u(s0, t) is the unit tangent vector to the primitive path at site s0, τd is the reptation
time of the bulk chain and µ an adjustable parameter of the theory. In (30) the first term
on the right hand side is related to reptation motion of the surrounding chain (in our
case bulk chain). The second term pertains to the CCR process and depends on the flow
characteristics.
We point out that the above equation doesn’t take into account the retraction of the chain
which becomes essential in case of fast flows. Mead and Larson [2] proposed a natural
generalization of the result by Marucci (30) with the equation

ε−1ν =
1

τd

+ ε

(∫ L/2

0

ds′KαβSαβ(s′, t)− 1

λ

∂λ

∂t

)
(31)

Here, ε is the relative fraction of entanglements that a single tethered chain shares with
the bulk. In the dry brush regime all the entanglements are of ”tethered-tethered” sort
and accordingly ε = 0. Besides that, as we are studying the behavior of tethered chains,
all the quantities on the right hand side of (30) and (31) correspond to bulk molecules, not
to tethered ones.
So, our goal at this moment is to incorporate the CR(CCR) relaxation mechanisms into
the existing formalism for the bond vector distribution function f (28). To this end, it’s
convenient to introduce the bond vector correlation function defined as

φαβ(s0, s
′
0, t) =

〈
∂Rα(s0, t)

∂s0

∂Rβ(s′0, t)
∂s′0

〉
(32)

Note, however, that the same correlator can be obtained with the help of the function f
introduced before:

〈bα(s0, t)bβ(s0, t)〉 =

∫
db bαbβf(b, s0, t) = φαβ(s0, s0, t) (33)

In other words, averaging via f is identical to averaging over the ensemble. Finding an
equation for f amounts to finding an equation for this correlator. To illustrate this, imagine
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that we are given an equation for φαβ. We can write it down in the form L̂(s, t)φαβ(s, s, t) =

0 where L̂(s, t) is a certain operator that acts on the s and t variables. Then

L̂(s0, t)φαβ(s0, s0, t) =

∫
dbbαbβL̂(s0, t)f(b, s0, t) = 0 ⇒ L̂(s0, t)f(b, s0, t) = 0 (34)

To find the explicit expression for the operator L̂ we follow the proposal by Milner, McLeish,
Likhtman and consider the CR(CCR) process as Rouse chain motion with local random
jumps. Their equation is (here and below we write down only the terms concerning con-
straint removal)

R(s0, t + ∆t) = . . . + ∆t

(
3νa2

2

∂2R(s0, t)

∂s2
0

+ g(s0, t)

)
(35)

Here g(s0, t) is a delta-correlated, zero-mean noise term. By the fluctuation-dissipation
theorem we see that the amplitude of this noise is related to the hoping rate ν as follows

〈gα(s0, t)gβ(s′0, t
′)〉 = νa3δ(t− t′)δ(s0 − s′0)δαβ (36)

It actually displays that the jumps (that the mentioned above imaginary Rouse chain
makes) happen at the rate ν. Each jump is over a distance a where a is the mean tube
diameter. The equation for the correlator φ(s0, s

′
0, t)(32) was already derived in [4] and

had the form

∂φαβ

∂t
= . . . +

3νa2

2

(
∂2

∂s2
0

+
∂2

∂s′20

)
(φαβ − φeq

αβ) (37)

where the equilibrium value of the tube correlation function is given by

φeq
αβ =

a

3
δ(s0 − s′0)δαβ (38)

Next, it’s convenient to introduce new variables x = s0− s′0 and y = (s0 + s′0)/2. In (38) it
is assumed that at the equilibrium the correlation between bond vectors vanishes very fast
with x = s0 − s′0. We supposed earlier that even beyond the equilibrium this correlator is
non-vanishing only in a narrow region near x = 0 with finite width, say γ. Therefore,

∫ ∞

−∞
dxφαβ(y +

x

2
, y − x

2
, t) ∼=

∫ γ

−γ

dx
[
φαβ(y, y, t) + O(γ)

] ∝ φαβ(s0, s0, t) (39)

Eventually, taking into account (39) and integrating both sides of (37) over x we get an
equation for φ(s0, s0, t):

[
∂

∂t
− 3νa2

4

∂2

∂s2
0

]
φαβ(s0, s0, t) = L̂(s0, t)φαβ(s0, s0, t) = 0 (40)
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So, we have just derived the explicit form of the L̂(s, t)-operator. From (34) it’s seen that
a similar equation should hold for the distribution function f(s, t). That is to say, the
equation for f is given by [

∂f

∂t

]

CR+CCR

=
3νa2

4

∂2f

∂s2
0

(41)

By now, we have obtained all the ”ingredients” that are needed to get the full equation of
motion for the bond distribution function f . Assembling (41) and (28), we obtain

∂f(b, s0, t)

∂t
=

3νa2

4

∂2f

∂s2
0

− 1

Teff

b̄(s0, t)− b

b
f +

1

b

{∫ s0

0

dx ¯̇ξ(x, t)

}
∂f

∂s0

+

+
∂λ̄(s0, t)

∂s0

{ ∫ s0

0

dx ¯̇ξ(x, t)

}
f

b2
− ∂

∂b

(
Γf(b, s0, t)

) (42)

where hopping rate ν was defined in (31), and ξ̇ and Γ in (29). This equation describes the
dynamics of the tethered chain close to the solid wall. We see that it’s a partial differential
equation of the second order. Note that ξ̇ and Γ also depend on f through correlators
< bαbβ/b2 >. It actually implies that (42) is a non-linear partial differential equation.
Solving it is not an easy task even in the case of slow flows when some of the terms in
(42) can be left out. But this is the price we have to pay for the generality. Again, we
outline here that the only one assumption that was made is locality of interaction between
different tube segments.
We would like to make some comments on (42). The first term on the right hand side gives
the contribution of CR(CCR). We see that CR(CCR) processes can be treated as diffusion
with diffusion coefficient 3ν/4. We agree with Mead, Larson and Doi [2] that CR(CCR)
as a random reorientation process of the tube is only essential for ”slack” chains. In other
words, if we have a highly stretched chain then removal of a constraint will result in tube
shortening, not tube reorientation. To account for this we assume that ν = 0 if λ >> 1.
The fourth term becomes, visa versa, important for highly stretched chains and can be
dropped in the case of small stretching. So, it’s possible to simplify the above equation for
a particular flow.
We also note that the second term on the right hand side of (42) describes local equilibration
process with characteristic time Teff . This relaxation originates from local redistribution of
monomers. Note that in the foregoing Teff was assumed to be constant, but the presented
formalism can be easily generalized for the case when it depends on s0.
And, finally, the third and fourth terms characterize relaxation of non-uniform non-equilibrium
states. From (42) one can see that this relaxation mechanism is non-local i.e. the local
stretching of other segments is also involved.

Slow Flow Regime

Until now, we have derived the general equation of motion for the f function. The purpose
of this chapter is to study the particular case of slow flows when the stretching is small.
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In this regime the retraction process can be thought as being instantaneous in comparison
to slow motion of chains due to the flow. It actually implies that on the time scale of the
flow the local stretching is constant. Therefore, neglecting the time derivative of the local
stretching in (29), we get

Kαβûαûβ =
1

Teff

λ̂− 1

λ̂
(43)

As follows from (43), the local stretching and orientation are coupled even in the case of
slow flows. Farther, taking (43) into account, equation (42) takes the following form

∂f(b, s0, t)

∂t
=

3νa2

4

∂2f

∂s2
0

+

{∫ s0

0

dx ¯̇ξ(x, t)

}
∂f

∂s0

− ∂

∂b

(
Γf(b, s0, t)

)
+

+ Kαβ

{
bαbβ

b2
−

〈
bαbβ

b2

〉}
f

(44)

where

¯̇ξ(x, t) = −Kαβ <
bα(x, t)bβ(x, t)

b2
>

Γ(b) =

{
¯̄K−Kαβ <

bαbβ

b2
> ¯̄I

}
b

(45)

This equation is much simpler then (42). This result should coincide with our previous
analysis where we neglected the stochastic nature of real segment coordinates s. Now it’s
clear that this works only in the case of slow flows when the stretching is small. We would
also like to call some attention to the fact that in the case of inextensible chains and slow
flows our result reduces to that by Doi, Edwards [1].
The obtained equation for f (44) is a second order partial differential equation. In order
to solve it, we must also specify the boundary conditions. We construct them from the
following consideration. First, we note that segments at the free end (i.e. s0 = L0) have a
lot of freedom in choosing their direction. So, we may think that the distribution function
f becomes isotropic at s0 = L0. In contrast, that segments close to the tethered end
are confined in the tube and cannot cross the solid interface. Therefore, the boundary
conditions are

f(b, uz ≤ 0, s0 = 0, t) = 0 f(b, uz > 0, s0 = 0, t) =
1

2π

f(b,u, s0 = L0, t) =
1

4π

Finally, having obtained the distribution function f , we can make the last step toward the
desired thickness. The answer follows directly from (3):

h2 ≈ 3Nb2

L0

∫ L0

0

ds0

∫
dbbzbzf(b, s0, t)
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where N - the mean number of monomers per chain, b is the Kuhn length. The pre-factor
3 arises from the facts that at the equilibrium

f(λ,u, s0, t) =
1

b2
δ(λ− 1)

1

4π
and

∫
dΩ

4π
uiuj =

1

3
δij

Conclusion

The formalism developed in this paper can help us reveal the main features of the dynamics
of the chains grafted onto the solid wall. One of the main results is the prediction of the
thickness of the interfacial layer. Our theory is quite general and should work in any flow
regime. In addition, we have shown that in the case of slow flows it can be reduced to the
result by Doi and Edwards [1]. Their analysis doesn’t include chain retraction and such
mechanisms as CR and CCR and consequently doesn’t work in fast flows.
Here, we would like to outline the important features of the presented theory.

1. Our analysis doesn’t include such mechanisms as attachment and deattachment. It
will be a subject of future publications.

2. We can write down a similar equation for the case of bulk chains if we add a reptation
term and change the boundary conditions to isotropic at both ends. Following the
idea by Doi [1], in case of small stretching it’s possible to present our result (42) in
a more convenient form. For bulk chains we get

< uα(s0, t)uβ(s0, t) >=

∫ t

−∞
dt′

(
∂

∂t′
K(s0, t, t

′)
)

Qαβ(E(t, t′)) (46)

where the kernel K is in fact the tube survival probability which obeys the equation

∂

∂t
K(s0, t, t

′) = Dc
∂2K

∂s2
0

+
3ν

4

∂2K

∂s2
0

−
(∫ s0

0

dxKαβuα(x, t)uβ(x, t)

)
∂K

∂s0

(47)

Here, Dc is the diffusion coefficient of the free Rouse motion. It’s worth mentioning
that this result is in agreement with that of the CV model obtained via a fenomeno-
logical generalization of the result by Doi [1]. Note however that at rather high flows
this agreement becomes poor. Exploitation of the CV model for fast flows is still
doubtfull.

3. Joshi et al [3] applied the same technique as in (46), (47) for tethered chains. Their
equation for the kernel is similar to (47) with the reptation term left out. We recognize
that their use of the integral representation (46) for the orientation order tensor of
tethered chains still needs a special discussion because it assumes isotropic boundary
conditions which is not the case for the grafted strands.
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4. Throughout this paper we assumed the interaction between different chain segments
to be local even beyond equilibrium. We suppose right now that it is CR(CCR) that
eliminates this locality since it involves a parabolic part of the equation. So, we may
come to the conclusion that this approximation should work where CR(CCR) is not
the dominating mechanism of relaxation.

5. The formalism that was derived was devoted to the function f(b, s0, t) which is a
distribution function over bond vectors. But a question may arise whether we can
consider local stretching and local orientation to be independent. In other words,
when can we ”split” our f as f(b, s0, t) = f(b, s0, t)f(u, s0, t) where u = b/b? We
will not discuss it here and leave it for future publications. We only note that the
results obtained here (for example, (42)) allows us to figure this out.

16



References

[1] Doi M, Edwards S, The theory of polymer dynamics, Oxford, 1986

[2] Mead D., Larson R., Doi M., Macromolecules, 31, 1998, p. 7895

[3] Joshi J., Lele A., Mashelkar R., Macromolecules, 34, 2001,p.3412

[4] Milner S., McLeish T., Likhtman A., Microscopic theory of convective constraint
release, Journal of Rheology, 45(2), 2001, p. 539

[5] Marrucci G. , J. Non-Newtonian Fluid Mech, 1996, 62, 279

17


