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Abstract Motivated by the increasing popularity of care pathways in outpa-
tient clinics, where some patients complete a significant part of the path in one
day, hospitals aim to optimize the flow of these patients by prioritizing them in
the appointment planning process. This paper considers the Geox/D/1 queue
with slot reservations that serves regular patients and priority patients. Prior-
ity patients reserve a time slot in a reservation window and are blocked when
all slots in the reservation window are occupied by other priority patients. The
reservation window models the advance reservation of service slots by patients
on a care pathway. We model the Geox/D/1 queue as a M/G/1-type queue
and apply a matrix-analytic approach, which simplifies to a matrix-geometric
solution. We use the vector generating functions to derive the patients waiting
times. Numerical experiments illustrate the influence of the reservation win-
dow on the number of regular and priority patients present and the blocking
probabilities for priority patients.
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1 Introduction

Care pathways have gained popularity in healthcare over the last two decades
[1]. A care pathway is a management tool to organize multidisciplinary care
for patients with similar characteristics (i.e., disease symptoms, diagnosis, age,
etcetera). The care pathway specifies the steps in the care process [2] and routes
patients along a predefined path of care providers and diagnostic facilities.
Patients may complete a significant part of the path in one day (one-stop
shop). Due to the large number of hospital facilities that may be incorporated
in the path, planning these patients is quite involved. Hospitals therefore tend
to prioritize the care pathway patients in the planning process. It is thus not
uncommon to reserve slots for care pathway patients in a walk-in clinic, where
the main flow of patients arrives without appointments. Examples include
diagnostic services, such as Radiology outpatient clinics (X-ray, CT) and blood
withdrawal facilities. When these clinics are highly utilized, reserving even a
few slots for care pathway patients may lead to a significant increase of walk-in
patients’ waiting times.

This paper considers the Geox/D/1 queue with slot reservations that serves
regular patients and priority patients. Service is slotted, which represents the
common appointment system in outpatient clinics. The number of regular
patients arriving in a time slot has a geometric distribution. A regular patient
takes the first available position in the queue. The number of priority patients
arriving in a time slot also has a geometric distribution. A priority patient
reserves a time slot in a reservation window between L and H slots in the
future. This mimics the advance reservation of a time slot by a priority patient.
If time slot L is occupied by a regular patient, the priority patient takes the
position of the regular patient and all regular patients from position L onwards
are shifted to the next time slot. If slot L is occupied by a priority patient,
then the new priority patient moves to the first available slot in the interval
L+1, . . . ,H that is not occupied by a priority patient, and takes that position.
All regular patients from that position onwards shift to the next available slot.
If all slots in the interval L, . . . ,H are occupied by priority patients, the new
priority patient is blocked, which models that this priority patient cannot be
served in a one-stop shop fashion.

We model theGeox/D/1 queue as a Matrix Geometric queue of theM/G/1-
type, where the levels correspond to the number of regular patients, and the
phases are the slots in the range 1, . . . ,H that are occupied by priority pa-
tients. Due to the special structure of the state space, we may factorize the sub
matrices of the transition probability matrix into the probability of j regular
arrivals in a slot, j = 0, 1, 2, . . ., and the behavior of priority patients. This fac-
torization allows for a detailed analysis of the equilibrium distribution similar
to that of the M/G/1 queue, but with states replaced by levels, and allows us
to mimic the generating function approach for the M/G/1 queue, see [7]. Using
a matrix-analytical approach, we derive the vector generating function of the
equilibrium distribution of the Geox/D/1 queue with slot reservations. Nu-
merical experiments illustrate the influence of the reservation window on the
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number of regular and priority patients present and the blocking probabilities
for priority patients.

The service and hospitality industry is quite familiar with policies where
part of an unscheduled customer stream is diverted and scheduled on a later
moment on the day. This concept is also known as virtual queuing [3,4]. Proba-
bly the most famous organization that employs virtual queuing is Walt Disney,
using the FastPass system for the most popular attractions in its theme parks
[5]. Park guests decide upon arrival at an attraction whether they want to join
the waiting line, or get a ticket (the ‘FastPass’), that gives them a time-frame
to return and subsequently enter the attraction without waiting. To avoid a
large number of no-shows and long waiting time for the non-FastPass guests, it
is allowed to possess a FastPass ticket for a single attraction, only. The queuing
system behind FastPass is analyzed in [6]. In the FastPass system park guests
are supported by information on the state of both the regular and FastPass
queue (i.e., the waiting time in the regular queue and the given return time
for the FastPass ticket) and decide upon arrival at the attraction which queue
they want to join. In this paper however, the two patient types originate from
separate arrival processes (walk-in or care pathway) which determine their
type and thus the queuing discipline.

The remainder of this paper is organized as follows. In the next section we
describe our queuing model, followed by the analysis in Section 3. In Section
4 we include numerical experiments and we conclude with the discussion in
Section 5.

2 Model

For ease of notation we refer to the care pathway patients as priority, or type
1 patients, and to the walk-in patients as regular, or type 2 patients.

2.1 Assumptions

We consider a hospital clinic that serves regular and priority patients. Both
patient types have a deterministic service time requirement of one unit. We
consider the state of the system at discrete times 0, 1, 2, . . ., and start with an
empty system at time 0. Service may start at discrete times 0, 1, 2, . . . only. A
precise definition of the system state shall be given later on.

The number of priority and regular arrivals per slot follow two, indepen-
dent, geometric distributions with success probabilities q1 and q2, respectively.
The service discipline among patients of the same type is according to FCFS
order. In case of multiple arrivals per slot the first arrival is served first then
the second and so forth. An arriving regular patient takes the first available
slot, i.e., the slot closest to the server. An arriving priority patient reserves
the first available slot h in the slot reservation window, L ≤ h ≤ H, where
1 ≤ L ≤ H <∞. When all slots in the reservation window are booked by pri-
ority patients, the newly arrived priority patient is blocked and cleared. When
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Fig. 1 The Geox/D/1 queue with slot reservations, slot reservation window (L, . . . ,H) =
(2, 3, 4) and h = 3.

the slot selected by the priority patient is occupied by a regular patient, then
the regular patient is shifted one slot backwards, i.e., one slot to the left in
Figure 1. If that slot was occupied by another regular patient, then also this
patient is shifted one slot backwards, etcetera. Using this reservation scheme,
the priority patients are to a large extent protected from the additional wait-
ing time due to an increasing flow of regular patients during some periods of
time. On the other hand, the regular patients may experience significant delay
when one or more priority patients join the queue.

Upon a service completion, if there is a patient in the first slot, i.e., slot 1
in Figure 1, this patient is served. In the case of no regular patients waiting in
the queue, the server may be idle, even though there may be a priority patient
on a slot position higher up in the queue. This implies that we are considering
a non-work-conserving queuing system.

As a convention, we assume the following sequence of events. At time i,
i ≥ 1, (i) the patient in service, if any, departs from the system, (ii) the patient
that occupies the first slot will be admitted in service and the position of all
patients in the queue is shifted one slot forward, i.e., one slot to the right in
Figure 1, (iii) the newly arrived regular and priority patients in the interval at
time i are added to the queue according to the reservation scheme explained
above, finally (iv) we record the system state.

We model our queuing system as a discrete-time Markov chain with infinite
state space. To do so, we need to keep track of the following stochastic pro-
cesses: (i) N2(i), i ≥ 1, total number of regular patients waiting in the queue at
the end of each time slot, and (ii) V (i), i ≥ 1, a state vector of length H with
entries denoting which slot in the set {1, . . . ,H} contains a priority patient.
More specifically, the n-entry, n ∈ {1, . . . ,H}, of V (i) is equal to one if slot
n is occupied by a priority patient and zero otherwise. The system state at
time i is defined as the two-dimensional process

{(
N2(i), V (i)

)
: i = 0, 1, . . .

}
.

We shall refer to N2(i) as the level process and V (i) as the phase process.
Since the jumps N2(i) − N2(i − 1) ∈ {−1, 0, 1, . . . }, i ≥ 1, we conclude that
the transition probability matrix P of (N2(i), V (i)) is an M/G/1-type matrix,
also known as skip-free to the left, i.e., it has the following canonical form, see
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[7],

P =



C0 C1 C2 · · · Cs · · ·
B0 A0 A1 · · · As−1 · · ·
0 B0 A0 · · · As−2 · · ·
...

. . .
. . .

. . .
. . . · · ·

... · · · · · · · · · · · · · · ·

 ,

where the matrices Ai, B0, and Ci shall be defined below based on elementary
matrices D, A∗, B∗, and C∗. Here D represents the one step transition prob-
ability matrix of the reservation priority vector from V (i) to V (i+ 1), A∗ and
B∗ are used for the representation of the transition of the number of regular
patients from N2(i) to N2(i+ 1) to the right and left, respectively, and C∗ is
used in the special case to represent the transition from N2(i) = 0 to N2(i+1)
to the right. We emphasize that the one step transitions of the priority vector
V (i) are independent of the number of regular patients present. However, the
one step transitions of the number of regular patients N2(i) depends on the
priority vector V (i), see Section 2.3.

2.2 Priority vector transition probability matrix D

Recall that the reservation priority vector V (i) is of length H and its entries
specify which slots in the set {1, . . . ,H} contain priority patient slot reserva-
tions. Let V (i) :=

(
V1(i), . . . , VH(i)

)
, where Vh(i) is a binary random variable,

which is equal to 1 when slot h is reserved by a priority patient and 0 other-
wise. Note that the slots {1, . . . , L− 1} cannot be selected directly by priority
patients, they possibly contain slot reservations of previously arrived priority
patients and thus should be taken into account in the analysis. We shall refer
to a realization of the random vector V (i) by

(
v1(i), . . . , vH(i)

)
, i = 1, 2, 3, . . ..

At the end of each time slot V (i) is updated; existing slot reservations
are moved forward one slot and new slot reservations, if any, are added. Let
Ω denote the state space of V (i). The set Ω contains 2L−1(H − L + 2) vec-
tors, each with length H. We order the states of Ω lexicographically, so that
the states with v1(.) equal to zero come first. For example, when L = 2 and
H = 3, Ω = {(000), (010), (011), (100), (110),(111)}. Note that positions sub-
sequent to a zero position in the slot reservation window are always equal
to zero as well, since priority patients occupy the first available slot in the
reservation window. It follows immediately that the one step transition prob-
ability matrix, D, which defines the transitions for V (i) → V (i + 1), has
size 22(L−1)(H − L + 2)2. We emphasize that Ω is not necessarily of size 2H .
In the following, we shall first analyze these cases and afterwards report the
non-zero transition probabilities. The transitions for V (i) → V (i + 1) where
vL(i + 1) = 0 and vh(i + 1) = 1 for some h ∈ {L + 1, . . . ,H} have zero
probability due to the definition of the priority patients reservation scheme.
Moreover, according to the sequence of events the slots are first shift forward
by one slot then new priority patients are added. Therefore, the transition from
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v1(i), . . . , vH(i)

)
to
(
v1(i+ 1), . . . , vH(i+ 1)

)
has a positive probability if the

following condition is satisfied:
(
v1(i+1), . . . , vL−1(i+1)

)
=
(
v2(i), . . . , vL(i)

)
and

(
vL(i + 1), . . . , vH−1(i + 1)

)
≥
(
vL+1(i), . . . , vH(i)

)
, otherwise this tran-

sition has a zero probability. The non-zero transition probabilities of D are
given by

P
[
V (i+ 1) =

(
v1(i+ 1), . . . , vH(i+ 1)

)
| V (i)

]
=

{
(1− q1)qn1 , vH(i+ 1) = 0,

qn1 , vH(i+ 1) = 1,

where n denotes the number of accepted priority arrivals at time i, given by

n =

H∑
h=L

vh(i+ 1)−
H∑

h=L+1

vh(i). (1)

Note that D is aperiodic and irreducible. We shall denote by π∞ its unique
steady state probability. In the following, we are interested in the subset of Ω
with vectors that have zero as a first entry, i.e., v1(.) = 0. Let Ω0 denote this
subset with cardinality |Ω0|. Note that, |Ω0| = 1 for L = 1 and |Ω0| = |Ω|/2
otherwise. This is because according to our reservation priority scheme when
L = 1 the subset Ω0 = {(0, . . . , 0)}.

2.3 Level transition probability matrices Aj , B0, and Cj

Recall that the levels represent the number of regular patients present in the
queue. The regular patient transition probability matrices, which contain the
probabilities for transitions of N2(i), depend on the slot reservation vector
V (i). Since we consider one step transitions, only v1(i) is of interest to deter-
mine whether or not a regular patient is served. Let us first introduce some
notation. Let u and w denote row vectors of length 2L−1(H−L+2). The first
|Ω0| entries of u equal q2, and the rest equal 1. Similarly, the first |Ω0| entries
of w equal 1, and the rest equal 0. Furthermore, define e as the row vector
with all elements equal to 1 and of length 2L−1(H −L+ 2). Let A∗ = uT × e,
B∗ = wT × e, and C∗ = eT × e. We define the following elementary matrices
that are used to find the level transition matricesAj , B0, and Cj , j = 0, 1, 2, . . .,

A∗j = ajA
∗, B∗0 = a0B

∗, C∗j = ajC
∗, (2)

where aj = (1 − q2)qj2. The intuition behind the definitions of elementary
matrices A∗j , B

∗
0 , and C∗j is as follows. When N2(i) > 0 and V1(i) = 0, i.e.,

slot one is reserved for a regular patient, exactly j + 1 regular patients should
join the queue such that the level process jumps from l at time i to l + j at
time i + 1. However, when N2(i) > 0 and V1(i) = 1, i.e., slot one is reserved
for a priority patient, exactly j regular patients should join the queue so that
the level process jumps from l at time i to l+ j at time i+ 1. This justifies the
definition of u and explain why it is multiplied by aj to get A∗j . Similarly, when
N2(i) > 0 and V1(i) = 0, exactly zero regular patients should join the queue so
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that the level process jumps from l at time i to l−1 at time i+1. However, when
N2(i) > 0 and V1(i) = 1, it is not possible that the level process jumps from l
at time i to l−1 at time i+1. This justifies the definition of w and explain why
it is multiplied by a0 to get B∗0 . Note that when N2(i) = 0, regardless of V1(i),
exactly j regular patients should join the queue such that the level process
jumps from 0 at time i to j at time i + 1. The priority and regular patient
arrival processes are independent. Therefore, the level transition matrices Aj ,
B0, and Cj are found by multiplying A∗j , B

∗
0 , and C∗j element-wise with D,

i.e., every (s, n)-entry of D is multiplied with the (s, n)-entry of A∗j , B
∗
0 , and

C∗j . This completes the description of the transition probability matrix P .

Note that that Aj can be rewritten as ajĀD, where Ā is the diagonal
matrix with the elements of u on the diagonal, B0 can be written as a0B̄D,
where B̄ is the diagonal matrix with the elements of w on the diagonal, and
Cj can be written as ajD.

3 Analysis

The structure of the matrix P is equal to that of the transition probability
matrix of M/G/1-type queues, see [7]. An overview of discrete time queuing
systems can be found in [9]. Several priority disciplines have been studied
for discrete time queuing models, but these are usually related to the non-
preemptive [10] or preemptive resume priority disciplines [11]. In [12] a differ-
ent, but related, service discipline is considered, where a slot is reserved for
regular patients at the end of the queue. In the case of high load traffic from
priority patients, it is then guaranteed that regular patients receive service as
well. The reservation policy studied in this paper is unique in that priority
patients are placed within a fixed reservation window, not necessarily at the
front of the queue.

We assume that the queue is stable, see Section 3.1. A key issue in com-
puting the steady state probabilities Π, ΠP = Π, is to find the minimal
nonnegative solution X of the following matrix equation (see, e.g., [8, Sec.
13.1] for further details):

X = B0 +

∞∑
i=1

Ai−1X
i. (3)

By inserting Ai−1 = ai−1ĀD we find that X is the minimal nonnegative
solution of

B0 + EX + q2X
2 = 0, (4)

where E = A0 − q2B0 − I. State of the art algorithms to solve this quadratic
equation are the logarithmic reduction and quadratically convergent algo-
rithm, see [8, Sec. 8.2, 8.4],

X(n+1) = −(E + q2X(n))
−1B0, (logarithmic), (5)

X(n+1) = −E−1(B0 + q2X
2
(n)), (quadratic), (6)
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with X(0) = 0. Note that E is nonsingular since (A0− q2B0)n → 0 for n→∞.
The latter gives that E − q2X is nonsingular.

Given our priority reservation scheme the size of D, equivalently X, is
equal to 22(L−1)(H − L+ 2)2. This yields that the logarithmic reduction and
quadratically convergent algorithms have a complexity of order 23(L−1)(H −
L+ 2)3. Moreover, given that X has been computed it is necessary to apply a
rather complicated recursive scheme to find the steady state probability vector
of levels, see, e.g., [8, Theorem 13.1.5]. Applying this scheme to our model we
find that πl satisfies the following matrix geometric solution,

πl = −π0S
(
q2I − ĀS

)l−1
, l ≥ 1, (7)

where S = C1(A0 − I + q2X)−1. The previous simplified result is mainly due
to the special structure of Aj , B0, and Cj block matrices. By solving the linear
system of equations π0(C0 − I − SB0) = 0 together with the normalization
condition which reduces to π0

(
I −S((1− q2)I + ĀS)−1

)
e = 1, π0 is computed

exactly.
Remark. We conclude that it is computationally prohibitive to attempt

to use the previous algorithms for large values of L and H. For example, for
L = H = 10 the complexity is of order 230, this is equivalent to one second
run time with a processor of 1Ghz speed. However, when L = H = 20 the
complexity is of order 260 which is equivalent to a billion seconds run time with
a processor of 1Ghz speed. Another problem with large L is due to limitation
of the computer active memory (RAM). For example, for L = H = 10 the
matrices will have a total number entries of 220. Given that an entry occupies
1bytes of memory space, therefore, we need 1Gbytes to store a full matrix.
This already consumes a large part of the active memory. We note that the
matrices that we have are not full matrices. Moreover, the extent to which
these matrices are sparse depends on L given a certain value of H. Therefore,
some memory space could be saved by for example a factor of 3 or 4 on average.
But these savings are incomparable to the exponential growth of the matrix
size. By taking into account this complexity, in Section 3.2 we shall use an
approach based on generating functions to find the moments of the number of
regular waiting patients in the queue.

3.1 Stability of the queue

In order for the queue to be stable, the mean load, ρ, should be less than one.
Given that we have an M/G/1-type process, the stability condition is given,
see [7, Sec. 3.6], by

ρ = πβ∗ < 1, (8)

where π is the steady state probability of the matrix B0 +
∑∞
n=0An and

β∗ is defined by
∑∞
n=1 nAn−1e

T . Inserting B0 and An by a0B̄D and anĀD,
respectively, we find that

B0 +

∞∑
n=0

An = D, and

∞∑
n=1

nAn−1e
T =

1

1− q2
uT . (9)
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The first equality gives that π is equal to π∞, the steady state probability of
D. Inserting π and β∗ by their values in the stability condition gives

ρ =
1

1− q2
π∞uT =

1

1− q2
−
|Ω0|∑
h=1

π∞h < 1. (10)

Recall that |Ω0| is the cardinality of the set Ω0 with all elements which have
v1(.) = 0. Note that a necessary condition for stability is q2 <

1
2 . This condition

is not sufficient since the number of accepted priority patients per slot also
depends on the blocking probability for priority patients.

3.2 Vector generating function of equilibrium probabilities πs

We derive the vector generating function of the equilibrium probability πs for
N2(∞), the number of regular patients present in the queue, where s = 0, 1, . . .,
jointly with V (∞), the priority reservation vector. Denote L1 = N1(∞), the
number of priority patients in steady state. Note that we use a vector gener-
ating function approach instead of the more common, exact matrix geometric
approach. Applying the latter method would not be manageable, see the pre-
vious discussion on the complexity in the computation of X. From ΠP = Π,
we obtain

πs = π0Cs +

s∑
i=1

πiAs−i + πs+1B0 for s ≥ 1, and (11)

π0 = π0C0 + π1B0, where

∞∑
s=0

πse
T = 1. (12)

Define the vector generating function for πs, PΠ(z), as

PΠ(z) =

∞∑
s=0

πsz
s. (13)

Furthermore, define

A(z) =

∞∑
s=0

Asz
s, and C(z) =

∞∑
s=0

Csz
s. (14)

Multiplying both sides of (11) with the scalar zs, where |z| ≤ 1, and summing
the result for s = 0, 1, . . ., we obtain

∞∑
s=0

πsz
s =

∞∑
s=0

π0Csz
s +

∞∑
s=1

s∑
i=1

πiAs−iz
s +

∞∑
s=0

πs+1B0z
s, (15)

and it follows that

PΠ(z) = π0C(z) + PΠ(z)A(z)− π0A(z) +B0z
−1PΠ(z)− π0B0z

−1 . (16)

Multiplication of (16) with z and rearranging terms gives

PΠ(z) [zI − zA(z)−B0] = π0 [zC(z)− zA(z)−B0] . (17)
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3.3 Mean number of regular patients

We derive the mean number of regular patients in the queue, E[L2], following
the analysis of [7], pp. 143-148. Let z = 1. First, note that

E[L2] = P ′Π(1)eT ,

PΠ(1) = π∞,

A(1) +B0 = C(1) = D. (18)

The first derivative of (17) with respect to z is

P ′Π(z) [zI − zA(z)−B0] + PΠ(z) [I −A(z)− zA′(z)]
= π0 [C(z) + zC ′(z)−A(z)− zA′(z)] . (19)

For z = 1, it follows that

P ′Π(1) [I −D] + π∞ [I −A(1)−A′(1)] = π0 [C(1) + C ′(1)−A(1)−A′(1)] .

(20)

Denote U = I − D + eTπ∞ and K = I − 1
1−q2 ĀD. Furthermore, note that

1
1−q2D−

1
1−q2 ĀD = B̄D. From (20), using P ′Π(1)eTπ∞ = E[L2]π∞, we obtain

P ′Π(1)U + π∞K = E[L2]π∞ + π0

[
1

1− q2
D − 1

1− q2
ĀD

]
. (21)

From Theorem 5.1.3 in [13] it follows directly that the matrix U is invertible.
We then have that π∞U−1 = π∞ and thus

P ′Π(1) = E[L2]π∞ + π0B̄DU
−1 − π∞KU−1. (22)

Multiplying with eT it follows that

π0B̄DeT = π∞KeT . (23)

By taking the second derivative of (17) with respect to z, setting z = 1 and
multiplying with eT we obtain

P ′′Π(1) [I −D] eT + 2P ′Π(1)KeT

= π∞
[

2q2
(1− q2)2

ĀeT
]

+ π0

[
2q2

1− q2
B̄DeT

]
. (24)

Since P ′′Π(1) [I −D] eT = 0 we get

P ′Π(1)KeT =
q2

(1− q2)2
π∞ĀeT +

q2
1− q2

π0B̄DeT . (25)

Now we combine (22) and (25) to obtain an expression for E[L2]:

E[L2]π∞KeT

= π∞
[

q2
(1− q2)2

Ā+KU−1K

]
eT + π0B̄

[
3q2 − 1

1− q2
eT +DU−1(eT −wT )

]
.

(26)



Appointments in Care Pathways: the Geox/D/1 Queue with Slot Reservations 11

Using (23) this simplifies to

E[L2] =

[
π∞

[
q2

(1− q2)2
Ā+KU−1K

]
eT − π0B̄DU−1wT

] [
π∞KeT

]−1
+

2q2
1− q2

. (27)

The second and higher moments of E[L2] can be computed using the same
approach. Note that the mean number of priority patients, E[L1], is easy to
compute using π∞, the equilibrium probability vector of the stochastic matrix
D. The blocking probability for priority patients, PB , can be computed using
that priority arrivals are blocked when the number of arrivals exceeds the
number of available positions in the slot reservation window L, . . . ,H:

PB = π∞α∗, (28)

with α∗ the vector defining the probabilities that the number of arrivals is
larger than n as given in equation (1).

4 Results

In this section we provide numerical results. In the practical case of the care
pathways it is usually the case that the load for regular patients is much
higher than that for priority patients. Therefore we start with an extensive
numerical experiment where we have a high load for regular patients and a
low to moderate load for priority patients. We then show the effect of in- and
decreasing patient arrivals.

4.1 Standard scenario

In this standard scenario we use a high load for regular patients, q2 = 0.45,
and a low to moderate load for priority patients, q1 = 0.10. This results in
on average 0.1111 priority patient arrivals per slot and 0.8182 regular patient
arrivals per slot. In Table 1 we see the effect of the size and position of the
slot reservation window on the number of priority (E[L1]) and regular patients
(E[L2]). Also, the blocking probability of priority patients, PB, and the load ρ
are given.

The results show that a larger slot reservation window increases the number
of regular and priority patients waiting and decreases the blocking probability
for priority patients. Increasing H with fixed L first increases the number
of regular and priority patients; for larger H compared to L they remain
constant while the blocking probability for priority patients further decreases.
Furthermore, a slot reservation window with larger L increases the number of
priority patients waiting. Since the blocking probability for priority patients is
very small, even for a slot reservation window of size 1, using L = H results in
the least possible number of regular patients waiting, while priority patients
have a high probability of acceptance.
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Table 1 Results for standard scenario, q1 = 0.10, q2 = 0.45

L H ρ E[L1] E[L2] PB

1 1 0.9182 0.1000 10.0000 1e−2

1 2 0.9281 0.1209 11.4985 1e−3

1 3 0.9292 0.1244 11.7038 1e−4

1 5 0.9293 0.1250 11.7317 2e−6

1 8 0.9293 0.1250 11.7321 2e−9

1 9 0.9293 0.1250 11.7321 2e−10

1 10 0.9293 0.1250 11.7321 3e−11

1 11 0.9293 0.1250 11.7321 3e−12

2 2 0.9182 0.2000 10.0000 1e−2

2 3 0.9281 0.2308 11.4985 1e−3

2 5 0.9293 0.2360 11.7287 1e−5

2 8 0.9293 0.2361 11.7321 2e−8

2 9 0.9293 0.2361 11.7321 2e−9

2 10 0.9293 0.2361 11.7321 2e−10

2 11 0.9293 0.2361 11.7321 3e−11

3 3 0.9182 0.3000 10.0000 1e−2

3 5 0.9292 0.3463 11.7038 1e−4

3 8 0.9293 0.3472 11.7320 2e−7

3 9 0.9293 0.3472 11.7321 2e−8

3 10 0.9293 0.3472 11.7321 2e−9

3 11 0.9293 0.3472 11.7321 2e−10

5 5 0.9182 0.5000 10.0000 1e−2

5 8 0.9293 0.5693 11.7287 1e−5

5 9 0.9293 0.5694 11.7321 2e−6

5 10 0.9293 0.5694 11.7321 2e−7

5 11 0.9293 0.5696 11.7321 2e−8

8 8 0.9182 0.8000 10.0000 1e−2

8 9 0.9281 0.8901 11.4986 1e−3

8 10 0.9292 0.9012 11.7038 1e−4

8 11 0.9293 0.9026 11.7287 1e−5

9 9 0.9182 0.9000 10.0000 1e−2

9 10 0.9281 1.0000 11.4986 1e−3

9 11 0.9292 1.0122 11.7038 1e−4

10 10 0.9182 1.0000 10.0000 1e−2

10 11 0.9281 1.1099 11.4986 1e−3

11 11 0.9182 1.1000 10.0000 1e−2

4.2 In- and decreasing patient arrivals

In this section we compare the results from the standard scenario, where the
expected number of patient arrivals per slot = 0.9293, with three scenarios
where we in- and decrease the number of patient arrivals:

– Scenario 1: increase priority patient arrivals: q1 := 0.15. This results in
0.1765 priority patient arrivals per slot and 0.9947 arbitrary patient arrivals
per slot.

– Scenario 2: decrease regular patient arrivals: q2 := 0.40. This results in
0.6667 regular patient arrivals per slot and 0.7778 arbitrary patient arrivals
per slot.
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– Scenario 3: increase priority patient arrivals and decrease regular patient
arrivals: q1 := 0.15 and q2 := 0.40. This results in 0.8432 arbitrary patient
arrivals per slot.

In Table 2 the results for the three scenarios are given. For convenience,
the results of the standard scenario are also given for the studied instances.

Table 2 Results for in- and decreasing patient arrivals

q1 q2 L H ρ E[L1] E[L2] PB

0.10 0.45 1 1 0.9182 0.1000 10.0000 1e−2

0.10 0.45 1 5 0.9293 0.1250 11.7317 2e−6

0.10 0.45 1 10 0.9293 0.1250 11.7321 3e−11

0.10 0.45 5 5 0.9182 0.5000 10.0000 1e−2

0.10 0.45 5 10 0.9293 0.5694 11.7321 2e−7

0.10 0.45 10 10 0.9182 1.0000 10.0000 1e−2

0.15 0.45 1 1 0.9682 0.1500 25.6989 2e−2

0.15 0.45 1 5 0.9946 0.2141 157.1787 2e−5

0.15 0.45 1 10 0.9947 0.2143 157.9901 4e−9

0.15 0.45 5 5 0.9682 0.7500 25.7010 2e−2

0.15 0.45 5 10 0.9946 0.9201 157.8476 4e−6

0.15 0.45 10 10 0.9682 1.5000 25.7035 2e−2

0.10 0.40 1 1 0.7667 0.1000 2.8571 1e−2

0.10 0.40 1 5 0.7778 0.1250 3.0416 2e−6

0.10 0.40 1 10 0.7778 0.1250 3.0417 3e−11

0.10 0.40 5 5 0.7667 0.5000 2.8571 1e−2

0.10 0.40 5 10 0.7778 0.5694 3.0417 2e−7

0.10 0.40 10 10 0.7667 1.0000 2.8571 1e−2

0.15 0.40 1 1 0.8167 0.1500 3.6364 2e−2

0.15 0.40 1 5 0.8431 0.2141 4.4093 2e−5

0.15 0.40 1 10 0.8167 0.2143 4.4107 4e−9

0.15 0.40 5 5 0.8167 0.7500 3.6364 2e−2

0.15 0.40 5 10 0.8431 0.9201 4.4104 4e−6

0.15 0.40 10 10 0.8167 1.5000 3.6364 2e−2

In Table 3 the maximum values of ρ, E[L1], E[L2] and PB are given for the
standard scenario and the three scenario’s. We see that, in the case of a high
regular patient load, even minimal priority patient arrivals has a significant
influence on the number of regular patients waiting.

Table 3 Maximum values of ρ, E[L1], E[L2] and PB

ρ(max) 0.9293 0.9947
E[L1](max) 1.0000 1.5000
E[L2](max) q2 = 0.45 11.7321 157.9901
PB(max) 1e−2 2e−2

ρ(max) 0.7778 0.8431
E[L1](max) 1.0000 1.5000
E[L2](max) q2 = 0.40 3.0417 4.4107
PB(max) 1e−2 2e−2

q1 = 0.10 q1 = 0.15
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5 Discussion & Conclusion

In this paper we have studied the Geox/D/1 queue with slot reservations that
serves regular patients and priority patients. Priority patients reserve a time
slot in a reservation window and are blocked when all slots in the reservation
window are occupied by other priority patients. The reservation window mod-
els the advance reservation of service slots by patients on a care pathway. We
have modeled the Geox/D/1 queue as a M/G/1-type queue and have applied
a matrix-analytical approach, which simplified to a matrix-geometric solution
to characterize the equilibrium probabilities. A numerical experiment has il-
lustrated the influence of the reservation window on the number of regular and
priority patients present and the blocking probabilities for priority patients.
A second numerical experiment showed the effects of in- or decreasing patient
arrivals. From the experiments it follows that, in case the load for the regular
patients is much higher than that for priority patients, the size of the slot
reservation window should be kept as small as possible, in order to keep the
waiting time for regular patients minimal.

Until L = H = 12 it is possible to follow a generic approach, which does not
use the structure of matrix D. For L,H > 12 numerical problems arise, since
the memory of a regular computer is not sufficient to store all data entries.
However, the methodology is not limited to L,H ≤ 12, but extension for
L,H > 12 requires a specific implementation using the structure of matrix D,
which is sparse. Furthermore, the computation of π0 is very time consuming
for larger values of L = H. In the practical case of the care pathways it is
usually the case that the load for regular patients is much higher than that
for priority patients. Therefore the probability that the server is idle, when
there are priority patients in the queue, is low. An approximation of π0 is thus
obtained by setting π0 = (1− ρ)π∞. Note that (1− ρ) is the probability that
the server is idle, but then in the related queue without priorities. However, in
the healthcare case we studied in this article, values for L,H > 12 do not have
practical value. Typical appointment slots have a length of 10-15-20-30-45-60-
90 minutes. Even in the case of appointment slots with length 10 minutes, a
reservation window with H = 12 would lead to postponing priority patients
for more than two hours, which is quite long. Studying longer time intervals
do not have practical relevance for this specific healthcare example.

The methodology we have developed is mainly meant as a capacity plan-
ning tool, so that managers can study for instance the effect of the size of
the slot reservation window. In reality, a steady state situation, especially in
an environment that does not offer 24/7 service such as an outpatient clinic,
will maybe not be reached. However, given the managerial insights that the
methodology gives, we still feel it can be very valuable in these cases.

In future research we plan to analyze queuing networks consisting of these
types of queues.
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