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Abstract

Graphs are an intuitive model for states of a (software) system that involve dynamic resource
allocation or pointer structures, such as, for instance, object-oriented programs. However, a
straightforward encoding results in large individual states and large, or even unbounded, state
spaces. As usual, some form of abstraction is necessary in order to arrive at a tractable model.

In this paper we propose a fragment of first-order graph logic that we call local shape logic
(LSL) as a possible abstraction mechanism. LSL is inspired by previous work of Sagiv, Reps
and Wilhelm. An LSL formula constrains the multiplicities of nodes and edges in state graphs;
abstraction is achieved by reasoning not about individual, concrete state graphs but about their
characteristic shape properties. We show that the expressiveness of LSL is equal to integer
programming, and as a consequence, LSL is decidable. (This is a slight generalisation of the
decidability of two-variable first order logic.)

We go on to define the concept of the canonical shape of a state graph, which is expressed in
a monomorphic sub-fragment of LSL, for which we define a graphical representation. We show
that the canonical shapes give rise to a finite abstraction of the state space of a software system,
and we give an upper bound to the size of this abstract state space.
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1 Introduction

This paper contributes to an investigation into the use of graphs as models of system states, for the
(eventual) purpose of system verification, especially of software systems. The approach we follow
in this investigation is based on the following choices:

• An individual system state (state snapshot) is modelled as an edge-labelled graph, in which
the nodes roughly stand for the entities or resources (records, objects) present in the state,
and the edges for properties or fields (attributes, variables) of those resources.

• The dynamic behaviour of a system is modelled as a transition system in which the states are
graphs in the above sense, and the transitions are (possibly labelled) connections from each
state to all potential next states reachable from that state, containing enough information to
trace the identities of resources in the states.

• Such transition systems are generated from graph grammars, consisting of an initial graph
that models the initial state of the system, and a set of production rules that model the
computation steps of the system. Each production rule serves as an instruction on how to
get from one state to a next.

The advantage of using graphs and graph grammars as a basis for the semantics is that they
naturally arise on different levels of modelling, from the design level (UML models, see e.g. [6, 16,
15, 20]) to the code and even byte code level ([1, 21]).

As usual in the context of verification, the main problem is state space explosion; i.e., the effect
that, even for small systems, the number of states to be analysed exceeds all reasonable bounds.
The most promising solution technique to cope with this is abstraction, meaning that information
is discarded from the model after which it can be represented more compactly — usually at the
cost of either soundness or completeness of the verification.

In the context of graphs, we have previously studied abstraction techniques in [11, 12]. The idea
there is to have one or more nodes whose cardinality is not a priori fixed but may grow unboundedly
in the course of system execution. This idea can be found also in shape graphs, as defined by by
Sagiv, Reps and Wilhelm in [28]. Here, too, some graph nodes (called summary nodes) stand for
multiple instances; furthermore, shape graphs contain additional information about whether an
edge is necessarily there for every instance of a given node and whether outgoing edges may be
pointing to (i.e., sharing) the same node instance.

This paper is a consequence of our earlier efforts, inspired by the work on shape graphs. We
define a theory of graph shape by putting additional information about the edges, as well as
information about the multiplicity of nodes, in the form of a formula in what we call local shape logic
(LSL). LSL is essentially a fragment of typed first-order logic, where the typing is controlled by a type
graph of which all models are required to be instances. Besides the type graph, another parameter
in the definition of LSL is a multiplicity algebra, which partially controls the expressiveness of the
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logic. We show LSL to be decidable by reducing formulae to sets of integer programs. Since, vice
versa, any integer program can be expressed as an LSL formula it follows that the two are equally
expressive.

The combination of a type graph and a shape constraint gives rise to a (generalised) shape
graph. Thus, each shape graph defines a set of state graphs, viz. those instances of the type
graph that satisfy the shape constraint. Unfortunately, LSL formulae in general lack the appealing
pictorial representation of graphs. However, as a last result we also show a graphical representation
of a monomorphic fragment of LSL, and we show that any shape graph is equivalent to a set of
monomorphic shape graphs. We show that the set of distinct monomorphic shape graphs over a
given type graph is finite, and we give an upper bound for its size.

The paper is structured as follows: Section 2 contains basic definitions, in Section 3 we introduce
local shape logic and show its decidability; and in Section 4 we discuss (monomorphic) shape graphs.
Section 5 concludes and discusses related and future work.

2 Graphs and type graphs

We represent states as graphs. Nodes can be thought of as locations or objects, and edges are used
to represent variables, in particular references. Computation steps, which are as usual equated with
the state changes they inflict, are thus modelled by changes to graphs.

2.1 Graphs

We start by recalling the formal definition of graphs. We assume the existence of the following:

• A global set N of nodes, ranged over by u, v, w; subsets of N are denoted N,V,W . We use
the symbol ⊥ (/∈ N) to denote an undefined node; for an arbitrary set N ⊆ N we write N⊥
to denote N ∪ {⊥}.

• a global set L of labels, ranged over by a, b, c.

In this paper we use edge-labelled graphs, defined as follows:

Definition 2.1 (graph) A graph G is a tuple (N,E), where

• N ⊆ N is a finite set of nodes;

• E ⊆ N × L×N⊥ is a finite set of edges.

It follows that a graph consists of binary edges (v, a, w) with w ∈ N but also unary edges (v, a,⊥).
We also refer to unary edges as node properties or node predicates. For most purposes unary and
binary edges will be treated in the same way.

We use G to denote the set of all graphs, ranged over by G,H. Given a graph G, we denote
the node and edge sets of G by NG, EG, respectively; moreover, srcG:EG→NG, tgtG:EG→NG,⊥
and `G:EG→ L are functions extracting the source nodes, target nodes and labels from the edges
of G. Note that, due to the finiteness of N and E, the set LG = {`(e) | e ∈ EG} of labels occurring
in G is finite as well. We feel free to drop the subscripts G if they are clear from the context.
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Figure 1: State snapshots of a six-slot circular buffer and a three-element linked list

Pictorial representation. As usual, we draw graphs by showing nodes as boxes and binary
edges as arrows between them. Unary edges are drawn without an arrow head or target node;
alternatively, we often represent unary edges by writing their labels inside the source nodes and
omitting the edges. Also, we combine edges with the same source and target nodes by drawing a
single edge decorated with the collection of labels. The following example gives an idea how such
graphs may be used to represent states.

Example 2.2 Figure 1 shows two state graphs. The graph G on the left hand side models a circular
buffer, as a backwards-linked list of cells of which a number is filled with values (modelled by val-
labelled edges to the nodes representing the respective values) and the others are empty (modelled
by empty-labelled unary edges). One of the cells is designated head to indicate that this is the head
of the buffer, whose value is to be retrieved next; in contrast, the tail cell contains the newest value.
Buffer, Cell and Elem are node predicates used to reflect the types of the nodes. The right hand side
graph H depicts a linked list, using a similar encoding.

The effects of execution steps are modelled by modifications to the state graphs, resulting in new
graphs which differ (locally) from the previous ones. This gives rise to a transition system in
which the states are graphs and the transitions graph transformations. For instance, the primary
operations upon a circular buffer are the insertion and retrieval of values: these result in changes
in the neighbourhood of the tail- and head-edges. Figure 2 shows an example transition system, in
which the states are three-slot circular buffers built up in the same way as G in Figure 1, and the
transitions are generated by the insertion (〈put〉) and retrieval (〈get〉) of values.

2.2 Graph morphisms, graph partitionings, and type graphs

As can be seen from the examples above, graphs essentially represent structural relations between
nodes and properties of nodes, in the form of labelled edges. The identities chosen for the nodes, i.e.,
the particular choice of elements of N, is not part of this structure: they only serve to distinguish
the nodes from one another. For that reason, if we draw a graph we don’t usually include the node
identities at all: the nodes are then already distinguished by their position in the picture.

The fact that the choice of node identities is irrelevant is brought out most clearly by the concept
of graph morphism: these are mappings between graphs that preserve the structurally important
information but may change the underlying node identities.

Definition 2.3 (graph morphism) Given two graphs G,H, a graph morphism f from G to H
is a function f :NG→NH , strictly extended to ⊥, such that (f(srcG(e)), `(e), f(tgtG(e))) ∈ EH for
all e ∈ EG.
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Figure 2: Graph transition system for a three-slot circular buffer; see G in Figure 1

f :G→H denotes that f is a morphism from G to H. A morphism f is called injective [surjective,
bijective] if f is an injective [surjective, bijective] function both on nodes and edges. If f is bijective
we also call it an isomorphism; furthermore, we write G ∼= H to indicate that there exists an
isomorphism f :G→ H. Isomorphic graphs are thus structurally identical and only differ in the
accidental choice of node identities.

In the following we also need the following (standard) notions of graph partitioning : for a given
graph G = (N,E), every node equivalence relation ∼ ⊆ N × N gives rise to a partitioned graph
G/∼ = (N/∼, E/∼) where

N/∼ = {[v]∼ | v ∈ N}
E/∼ = {[v]∼, a, [w]∼ | (v, a, w) ∈ E}

(in which, as usual, [v]∼ = {w ∈ N | v ∼ w} for all v ∈ N , and moreover [⊥]∼ = ⊥). Furthermore,
we use π∼:G→ G/∼ to denote the (surjective) morphism defined by π∼(v) = [v]∼ for all v ∈ N .
Also, for an arbitrary partitioning Π of the set of nodes N and an arbitrary node v ∈ N , we use
[v]Π to denote the unique V ∈ Π such that v ∈ V ; furthermore, [⊥]Π = ⊥.

The graphs used to model the states of a given software system are, of course, not arbitrary.
For one thing, not all edges or combinations of edges are allowed. To take the circular buffer G
of Figures 1 and 2, there are only eight labels occurring in any of the state graphs; Buffer, Cell
and Elem only occur as node predicates of mutually exclusive nodes; prev-edges only occur between
Cell-nodes; et cetera. Such information can be captured partially using graph typings.

Definition 2.4 (typing) Let G ∈ G be arbitrary. A typing of G is a morphism τ :G→ T , where
T ∈ G is called a type graph. We call T a type of G and G an instance of T .

We use GT to denote the set of instances of a graph T . For instance, Figure 3 shows types for the
state graphs in Figure 1.

The notion of graph typing, however, is rather weak: the existence of a morphism from a
would-be instance graph to a would-be type graph can only forbid but never enforce the presence
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of certain edges in the instance. To take the type graph U for lists in Figure 3, the intention is
that any instance obeys the following structural properties:

• Every List-labelled node has precisely one outgoing head-edge, to the first element of the
corresponding list or to a Null-node;

• There is precisely one Null-node;

• Every Cell-node has precisely one outgoing val-edge to an Elem-node, and one outgoing next-
edge, either to another Cell-node or to a Null-node;

• Every Cell-node has either one incoming next-edge or one incoming head-edge (so Cell-nodes
are not shared).

Although H in Figure 1 indeed satisfies these intended properties, U has many instances that do
not. For instance, the graph in Figure 4 does not conform to the intended list structure at all, but
is nevertheless an instance of U . Clearly, the intended structure of state graphs cannot be fully
enforced by graph types.

In the next sections we discuss a way to strengthen the notion of graph typing.

2.3 Integer programs

Since some of the results of this paper depend on integer programming, we recall the basic concepts
here. An integer program is a set of linear equations for which we are only interested in solutions
consisting of natural numbers. Often this is combined with an optimisation criterion: the problem
is then not to find any solution but the one that minimises a given linear expression. In this paper
the optimisation plays no role, or (alternatively) the optimisation function is a constant.
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Figure 4: An instance of U in Figure 3 that does not have the intended list structure
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A common form to state an integer program is as a pair A, b where A is an m×n integer matrix
and b an m-dimensional integer vector. A solution is an n-dimensional natural vector x such that
Ax = b. We use Ai,j to denote the coefficients of A, bi to denote the elements of b and xj to denote
the elements of x; thus Ax = b is equivalent to a set of equalities∑

1≤j≤nAi,j · xj = bi for 1 ≤ i ≤ m .

Note that that inequalities may be modelled as well, at the cost of a fresh variable to absorb the
difference between the two sides of the inequality. We recall the following complexity result:

Theorem 2.5 (cf. [24]) Checking whether an integer program admits a solution is NP-complete.

Notation. We use A ,j to denote the j’th row of A, and for a vector b we use max |b| to denote
the maximum absolute value occurring in b.

3 Shape logic

To strengthen the control offered by type graphs we need to formulate additional constraints on
instances. The natural way to do this is through predicate logic. We first define a general shape logic,
SLT , which is a first-order graph logic, defined relative to a type graph T . Later on (Section 3.2)
we restrict this to a fragment of which we show decidability.

For the purpose of the shape logics purpose we assume a countable set of variables V. Formulae
of SLT are generated by the following grammar:

φ ::= | x = x | x−a− | x −a→ x | ¬φ | φ ∨ φ | ∀x: v. φ .

In this grammar, a ∈ L denotes an arbitrary label, x ∈ V an arbitrary (node) variable and v ∈ NT

a node of the type graph T . φ denotes a shape constraint for G. We employ the usual abbreviations
φ⇒ ψ, φ ∧ ψ, ∃x: v. φ and ∃!x: v. φ. Moreover, we also introduce so-called counting quantifiers as
syntactic sugar: for any n ∈ N, ∃nx: v. φ expresses that there are at least n instances of v that
satisfy φ (when substituted for x). Formally:

∃nx: v. φ ≡ ∃x1, . . . , xn: v.
∧

1≤i≤n

φ{xi/x} ∧
∧

1≤j≤n,i6=j

xi 6= xj

where φ{y/x} is the formula obtained by substituting every free occurrence of x by y. Note
that ∃0x: v. φ is equivalent to tt, ∃1x: v. φ is equivalent to ∃x: v. φ and ∃!x: v. φ is equivalent to
∃x: v. φ ∧ @2x: v. φ.

The predicates x−a− and x −a→ y express that there exists a (unary resp. binary) a-labelled edge
in a would-be instance of T , from the node denoted by x and leading (in the case of a binary edge)
to the node denoted by y. It is sometimes convenient to write x −a→ ⊥ rather than x−a−; i.e., we use
⊥ (/∈ V) as a pseudo-variable.

We consider only formulas that are well-typed according to T , in the sense that each free variable
x in a formula has an associated type node vx ∈ NT such that (vx, a,⊥) ∈ ET for all propositions
x−a− and (vx, a, vy) ∈ ET for all propositions x −a→ y. Note that quantification indeed imposes such
an association between variables in the formula and type nodes. We do not work this out formally
here.
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Example 3.1 (list shape constraints) Using shape constraints, we can give a much tighter
characterisation of instances than enforced by the type graph alone, more closely capturing the
intended structure. For instance, we can add the following constraints to U in Figure 3:

∀x: v1. x−List−−− ∧ ((∃!y: v2. x −head−−→ y ∧ @y: v3. x −head−−→ y) ∨ (∃!y: v3. x −head−−→ y ∧ @y: v2. x −head−−→ y)) (1)
∀x: v2. x−Cell−−− ∧ (∃!y: v4. x −val−→ y) (2)
∀x: v2. (∃!y: v2. x −next−−→ y ∧ @y: v3. x −next−−→ y) ∨ (∃!y: v3. x −next−−→ y ∧ @y: v2. x −next−−→ y) (3)
∀x: v2. (∃y: v1. y −head−−→ x ∧ @y: v2. y −next−−→ x) ∨ (@y: v1. y −head−−→ x ∧ ∃!y: v2. y −next−−→ x) (4)
∃!y: v3. tt ∧ ∀x: v3. x−Null−−− (5)
∀x: v4. x−Elem−−− (6)
∃x: v4. @y: v2. y −val−→ x (7)

Constraint (1) expresses that every v1-node has the List-property and a unique outgoing head-edge.
Constraint (2) states that every v2-node should have the Cell-property and a unique outgoing val-
edge. Constraint (3) states that every Cell-node should have a unique outgoing next-edge, either to a
Cell-node or to a Null-node. Constraint (4) expresses a no-sharing property of Cell-nodes: each Cell-
node has either an incoming head-edge or a unique incoming next-edge. Constraint (5) states that
there should be a unique v3-node, with the Null-property. Constraint (6) states that every v4-node
should have the Elem-property. Finally, (7) expresses that there exists an Elem-node not reachable
from a Cell-node.

The unique U -typing of H in Figure 1 clearly satisfies all these constraints except (7), whereas
the typing of the graph in Figure 4 only satisfies (7).

Note that we can not formulate a constraint in SL to express that every v1-instance should be
connected (through a head-edge followed by a sequence of next-edges) to the unique v3-instance.
This is a consequence of the fact that first-order graph logic cannot express connectedness (see,
e.g., Courcelle [9]).

Example 3.2 (ordered elements) As another example, suppose that there is a natural ordering
over Elem-nodes, expressed through additional leq-labelled edges; that is, (v, leq, w) ∈ E for an
instance graph implies v < w in the assumed natural ordering. This would be represented by an
additional edge (v4, leq, v4) in U of Figure 3. Furthermore suppose that we require the elements in
the list to be in ascending order. The following two shape constraints express the transitivity of the
Elem-ordering and the ascending order of the list:

∀x: v4. ∀y: v4. ∀z: v4. x −leq−→ y ∧ y −leq−→ z ⇒ x −leq−→ z (8)

∀c1: v2. ∀c2: v2. ∀x1: v4. ∀x1: v4. c1 −next−−→ c2 ∧ c1 −val−→ x1 ∧ c2 −val−→ x2 ⇒ x1 −leq−→ x2 (9)

The semantics of shape constraints is defined by the typings that satisfy them. Formally, satisfaction
of a formula φ ∈ SLT is defined by a ternary predicate τ, θ � φ, where τ :G→ T is a typing and
θ: fv(φ)→NG a valuation of the free variables of φ (extended strictly to ⊥) such that τ(φ(x)) = vx

for all x ∈ fv(φ). For a given θ, x ∈ V and v ∈ N, θ{v/x} denotes the valuation that equals θ on
all y 6= x and maps x to v.

τ, θ � x = y if θ(x) = θ(y)
τ, θ � x −a→ y if (θ(x), a, θ(y)) ∈ EG

τ, θ � ¬φ if τ, θ 6� φ
τ, θ � φ ∨ ψ if τ, θ � φ or τ, θ � ψ
τ, θ � ∀x: v. φ if τ, θ{w/x} � φ for all w ∈ τ−1(v).
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Shape logic clearly strengthens the notion of typing. Unfortunately, it is too powerful for our
purpose. As explained in the introduction, we intend to use shape constraints to characterise
state abstractions; this makes it desirable, if not necessary, for the logic to be decidable. Being a
(non-monadic) first order logic, SL does not meet that criterion.

Corollary 3.3 Satisfiability of SL-formulae is not decidable.

Instead, in this paper we concentrate on a reduced fragment which only allows to express local
shape properties: multiplicities of single node instances, and of their incoming and outgoing edges.

3.1 Multiplicities

A multiplicity is an abstract indication of set cardinality; for instance, in the context of graphs, the
set of instances of a given (type) node, or the set of edges from a given instance node. A well-known
example are the UML multiplicities (see Example 3.5 below).

Definition 3.4 (multiplicity algebra) A multiplicity algebra is a tuple 〈M, : , ⊔,0,1〉 where

• M is a set of multiplicities;

• : ⊆ N×M is a membership predicate. For all µ ∈M we denote Nµ = {m ∈ N | m : µ};
• ⊔:2M→M is intersection, with m : ⊔M iff ∀µ ∈M.m : µ (hence N ⊔M =

⋂
µ∈M Nµ);

• 0 ∈M is the zero multiplicity, such that N0 = {0};
• 1 ∈M is the singular multiplicity, such that N1 = {1}.

It follows that any multiplicity algebra M also contains the inconsistent multiplicity ⊥ = ⊔M
(thus N⊥ = ∅) and a largest multiplicity > = ⊔∅ (thus N> = N). Some auxiliary concepts:

• We call M interval based if for all µ ∈M, the lower bound bµc = min {m ∈ N | m : µ} and
upper bound dµe = max {m ∈ N | m : µ} (where min ∅ = maxN = ω and max ∅ = 0) are
such that Nµ = {i ∈ N | bµc ≤ i ≤ dµe}.

• We say that M has collective complements if for all µ ∈M, there is a set µ̄ ⊆M such that
µ u ν = ⊥ for all ν ∈ µ̄, and Nµ ∪

⋃
ν∈µ̄ Nν = N.

• We define multiplicity addition ⊕:M×M→M as follows:

µ1 ⊕ µ2 = ⊔{µ ∈M | m1 : µ1 ∧m2 : µ2 ⇒ m1+m2 : µ} .

It follows that Nµ1⊕µ2 ⊇ Nµ1 + Nµ2 (where addition is extended pointwise to sets).

• We define set multiplicity #µV ∈M for an arbitrary finite set V , as follows:

#µV = ⊔{µ ∈M | #V : µ} .

• We define an ordering v ⊆M ×M over multiplicities, derived from u as usual: µ1 v µ2 iff
µ1 u µ2 = µ1. It follows that µ1 v µ2 if and only if Nµ1 ⊆ Nµ2 .

In the sequel we will only consider interval-based multiplicity algebras. In particular we will use,
apart from the obligatory elements enforced by the definition, the multiplicities ↑ for at least one
(hence m : ↑ if m > 0) and ⇑ for more than one (hence m : ⇑ if m > 1). Note that {⊥,0,1, ↑,⇑,>}
has collective complements; in particular, 0̄ = ↑ and 1̄ = {0,⇑}. The corresponding membership
predicate, addition operator and intersection lattice are summarised in Table 5.
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m : condition
> tt
⇑ m > 1
↑ m > 0
1 m = 1
0 m = 0
⊥ ff

⊕ > ⇑ ↑ 1 0 ⊥
> > ⇑ ↑ ↑ > ⊥
⇑ ⇑ ⇑ ⇑ ⇑ ⇑ ⊥
↑ ↑ ⇑ ⇑ ⇑ ↑ ⊥
1 ↑ ⇑ ⇑ ⇑ 1 ⊥
0 > ⇑ ↑ 1 0 ⊥
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥

1 ⇑

⊥

0

↑

>

Table 5: Multiplicity membership, addition and ordering

Example 3.5 The multiplicities in the UML are denoted as ranges i..j where i ∈ N and j ∈ N∪{∗}
with i ≤ j — where ∗ denotes “arbitrarily many” and satisfies k < ∗ and ∗+k = k+∗ = ∗ for all
k ∈ N. To model the inconsistent multiplicity as well (which is not considered in the UML) we
introduce the special element ∗..∗. This gives rise to an (interval based) multiplicity algebra with
collective complements, much richer than M above:

• m : i..j if and only if i ≤ m ≤ j
• ⊔c ic..jc equals maxc ic..minc jc if maxc ic ≤ minc jc, or ∗..∗ otherwise.

• 0 is given by 0..0

• 1 is given by 1..1.

It follows that

• bi..jc = i if i 6= ∗ and b∗..jc = ω;

• di..je = j if j 6= ∗, di..∗e = ω if i 6= ∗ and d∗..∗e = 0;

• ⊥ equals ∗..∗ and > equals 0..∗;
• i1..j1 ⊕ i2..j2 equals (i1+i2)..(j1+j2).

• 0..j equals { (j+1)..∗ } and i..j for i > 0 equals { 0..(i−1), (j+1)..∗ }.

In fact, the UML multiplicities form the largest interval based multiplicity algebra: for any interval
in I ⊆ N of the form I = {i, . . . , j} where i ∈ N and j ∈ N ∪ {ω} there is a UML multiplicity µ
such that Nµ = I.

3.2 Local shape logic

On the basis of a multiplicity algebra we now define local shape logic, LSLT , as follows:

ξ ::= v | −a→v | ←a−v | −a− .

φ ::= µ[ξ] | ¬φ | φ ∨ φ | ∀vφ .

ξ stands for a (node or edge set) expression; these are used in combination with abstract multi-
plicities µ ∈M. Such expressions may contain explicit node identities v ∈ NT ; moreover, some of
them also use an implicit current node, which is the node of G (the instance graph) on which the
expression is being evaluated. We recognise:

• Node instance expressions of the form v, which stands for the instances of v;

10



LSLT SLT

µ[ξ] ff if µ = ⊥
∃bµcy: vξ. ϕξ if dµe = ω

∃bµcy: vξ. ϕξ ∧ @dµe+1y: vξ. ϕξ otherwise

∀vφ ∀x: v. φ

ξ vξ ϕξ

v v tt
−a→v v x −a→ y

←a−v v y −a→ x

−a− arbitrary x−a−

Table 6: Translation (de-sugaring) from LSLT to SLT

• Outgoing edge expressions of the form −a→v, which stands for the a-labelled edges from the
current node to some instance of v;

• Incoming edge expressions of the form ←a−v, which stands for the dual concept — the a-edges
from v-instances to the current node.

• Unary edge expressions of the form −a−, which stands for the (empty or singleton) set of
a-labelled unary edges from the current node. Again, we sometimes use −a→⊥ to denote −a−.

Again, there is an implicit typing condition imposed by T : the formula φ under a quantifier ∀vφ
may only contain expressions −a→w, ←b−u and −c− for (v, a, w), (u, b, v), (v, c,⊥) ∈ ET . We use ∃vφ to
denote the dual of ∀vφ.

Example 3.6 The constraints in Example 3.1 have equivalent counterparts in LSLT :

(1′). ∀v1(
↑[−List−−−] ∧ (1[−head−−→v2] ∧ 0[−head−−→v3] ∨ 0[−head−−→v2] ∧ 1[−head−−→v3]))

(2′). ∀v2(
↑[−Cell−−−] ∧ 1[−val−→v4])

(3′). ∀v2(
1[−next−−→v2] ∧ 0[−next−−→v3] ∨ 0[−next−−→v2] ∧ 1[−next−−→v3])

(4′). ∀v2(
1[←head−−−v1] ∧ 0[←next−−−v2] ∨ 0[←head−−−v1] ∧ 1[←next−−−v2])

(5′). 1[v3] ∧ ∀v3
↑[−Null−−−]

(6′). ∀v4
↑[−Elem−−−]

(7′). ∃v4
0[←val−−v2]

The following example shows that LSLT is indeed less expressive than SLT .

Example 3.7 The constraints in Example 3.2 do not have an equivalent counterpart in LSLT .
Informally, the reason is that they express structural properties involving more than two nodes at a
time.

LSLT formulae can be regarded either as sugared SLT -formulae, or through an independent seman-
tics. We show the two interpretations and their equivalence.

Local shape logic as a fragment of shape logic. We first show how LSLT -formulae can be
seen as special (sugared) SLT -formulae. In this view, there is a specific variable x that stands
for the “current node”. Table 6 defines the de-sugaring translation from LSLT to SLT , using two
auxiliary functions on expressions, vξ ∈ NT to retrieve the node of the type graph involved in an
expression, and ϕξ ∈ SLT to retrieve the de-sugared formula underlying the expression.

For instance, de-sugaring the LSL-constraints in Example 3.6 according to Table 6 yields the
original constraints in Example 3.1.

11



A direct semantics for local shape logic. Alternatively, we can interpret LSLT directly. The
semantics of the expressions ξ is given by the following function, where τ :G→ T is a typing and
u ∈ NG:

[[−a→v]]τ,u = {(u, a, w) ∈ EG | v = τ(w)}
[[←a−v]]τ,u = {(w, a, u) ∈ EG | v = τ(w)}

[[−a−]]τ,u = {(u, a,⊥) ∈ EG}
[[v]]τ,u = {w ∈ NG | v = τ(w)}

We now define a satisfaction relation τ, u �LSL φ for φ ∈ LSLT . The rules for negation and
disjunction are as always; we just show the special constructors of local shape logic.

τ, u �LSL
µ[ξ] if #[[ξ]]τ,u : µ

τ, u �LSL ∀vφ if τ, w � φ for all w ∈ τ−1(v) .

The following theorem states that the direct and indirect semantics coincide. Henceforth, we will
rely on the direct semantics and drop the suffix LSL.

Theorem 3.8 For all local shape constraints φ ∈ LSLT , typings τ :G→ T and nodes u ∈ NG,
τ, {u/x} � φ if and only if τ, u �LSL φ.

Theory and notation of local shape logic. We introduce some more concepts and notational
shorthand for LSL. In the following, let φ, ψ are two LSLT -formulae, let τ :G→ T be an arbitrary
typing and let u ∈ NG be arbitrary.

• φ is closed if all sub-formulae µ[−a−], µ[−a→w] and µ[←a−w] are in the scope of some ∀v. (Note that
this is the case iff the de-sugared SL-version of φ is closed, i.e., contains no free variables.)

• µ[Ξ] for a finite set of expressions Ξ will express that the sum of the multiplicities of the
expressions in Ξ equals µ, i.e., µ =

⊕
ξ∈Ξ µξ where for all ξ ∈ Ξ, µξ is the smallest multiplicity

w.r.t. v such that µξ [ξ]. Alternatively,

µ[{ξi}i] ≡
∨

µ=
⊕

i µi

∧
i

µi [ξi] (10)

For the multiplicity theory in this paper this comes down to

>[{ξi}i] ⇔
∧

i
>[ξi]

⇑[{ξi}i] ⇔
∨

i(
⇑[ξi] ∧

∧
j 6=i
>[ξj ]) ∨

∨
i6=j(

↑[ξi] ∧ ↑[ξj ] ∧
∧

j 6=k 6=i
>[ξk])

↑[{ξi}i] ⇔
∨

i(
↑[ξi] ∧

∧
j 6=i
>[ξj ])

1[{ξi}i] ⇔
∨

i(
1[ξi] ∧

∧
j 6=i

0[ξj ])
0[{ξi}i] ⇔

∧
i
0[ξi]

⊥[{ξi}i] ⇔
∨

i(
⊥[ξi] ∧

∧
j 6=i
>[ξj ])

• µ[−a→V ] for a finite set of nodes V is equivalent to µ[{−a→v | v ∈ V }] and µ[←a−V ] is equivalent
to µ[{←a−v | v ∈ V }]
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For instance, we may abbreviate constraint (4′) of Example 3.6 to ∀v2
1[←head−−−v1 | ←next−−−v2] and con-

straint (3′) to ∀v2
1[−next−−→{v2, v3}]. As another example, in the circular buffer type graph T in Figure 3

we should have ∀v2
1[−empty−−−− | −val−→v3].

Apart from the usual axioms of Boolean algebra, we have the following special local shape logic
properties:

>[ξ] ⇔ tt (11)
⊥[ξ] ⇔ ff (12)

µ1 [ξ] ∧ µ2 [ξ] ⇔ µ1uµ2 [ξ] (13)
¬ µ[ξ] ⇔

∨
ν∈µ̄

ν [ξ] (14)
0[−a−] ∨ 1[−a−] (15)

∀v(φ1 ∧ φ2) ⇔ ∀vφ1 ∧ ∀vφ2 (16)
∀v(ff) ⇔ 0[v] (17)

∀v(φ1 ∨ φ2) ⇔ φ1 ∨ ∀vφ2 if φ1 is closed (18)
∀vφ ⇒ ∀v(φ ∨ ψ) (19)

∃vφ ∧ ∀vψ ⇒ ∃v(φ ∧ ψ) (20)
∀v(φ ∨ ψ) ⇒ ∃vφ ∨ ∀vψ (21)

We will show that satisfiability, implication and equivalence of local shape logic are decidable. An
important role in the proof is played by the normal form of a formula. Since the normal forms
themselves also give some more intuition into the possibilities and limitations of LSLT , we present
them separately.

Proposition 3.9 (LSL normal form) Assume that M has collective complements and let T =
(N,E) be an arbitrary graph. For every closed formula φ ∈ LSLT there is an equivalent formula of
the form ∨

c∈C

∧
v∈N

(
µv,c

[v] ∧
( ∧

i∈Iv,c

∃vλ
v,i

)
∧ ∀v

( ∨
i∈Iv,c

λv,i

))
. (22)

In this formula, C is a (possibly empty) set of cases, each µv,c stands for the multiplicity of v (∈ N)
in case c (∈ C), Iv,c is an index set, and each λv,i is a conjunction of edge predicates, of the form

λv,i =
( ∧

e=(w,a,v)∈E

µe,i
← [←a−w]

)
∧

( ∧
e=(v,a,w)∈E

µe,i
→ [−a→w]

)
(23)

with incoming edge multiplicities µe,i
← and outgoing/unary edge multiplicities µe,i

→ . All multiplicities
are consistent, i.e., not ⊥; moreover, unary edge multiplicities are in {>,1,0}.

Proof sketch. φ can be transformed to normal form in several steps.

1. Remove negations. This is done by moving negation “inside”, applying (14) at the predicate
level.

2. Remove all closed predicates from under ∀v- and ∃v-quantifiers. This is done using (16)–(18)
and the dual properties for ∃v, together with the usual boolean axioms for conjunction and
disjunction.
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3. Rewrite the resulting formula to the form∨
p∈P

∧
v∈N

φv,p

where for all p ∈ P and v ∈ N

φv,p =
( ∧

k∈Kv,p

µk
[v]

)
∧

( ∧
j∈Jv,p

∃vψ
j

)
∧ ∀vψ

v,p

where the Kv,p and Jv,p are finite index sets and ψv,p and ψj for j ∈ Jv,p are non-closed
(and hence quantifier-free) formulae over edge predicates. This is done using standard laws
of predicate logic.

4. Rewrite each φv,p above to the form

µv,p
[v] ∧

∨
c∈Cv,p

( ∧
i∈Ic

∃vλ
v,i

)
∧

(
∀v

∨
i∈Ic

λv,i

)

where the Cv,p and Ic are finite index sets and all λv,i are conjunctions of edge predicates.
This is possible due to (13) and Lemma 3.11.

5. Rewrite each λv,i above to the form in (23) using (11)–(13).

6. Finally, distribute
∧

v∈N over
∨

c∈Cv,p
to put φ in disjunctive form as in (22). 2

The following is an auxiliary result for Lemma 3.11.

Lemma 3.10 For all finite sets of LSL-formulae Ψ, the following equivalence holds:

∀v

∨
Ψ ⇐⇒

∨
Φ⊆Ψ

( ∧
φ∈Φ

∃vφ ∧ ∀v

∨
Φ

)

Proof sketch. The right-to-left implication is a direct consequence of (19). The other direction is
essentially due to (21), which implies that for arbitrary φ ∈ Ψ

∀v

∨
Ψ =⇒ ∃vφ ∨ ∀v

∨
(Ψ \ φ)

and hence
∀v

∨
Ψ =⇒

∧
φ∈Ψ

(∃vφ ∨ ∀v

∨
(Ψ \ φ)) .

From this we may conclude

∀v

∨
Ψ =⇒ (

∧
φ∈Ψ

∃vφ ∧ ∀v

∨
Ψ) ∨

∨
φ∈Ψ

∀v

∨
(Ψ \ φ) .

The proof proceeds by induction on the size of Ψ. 2
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Lemma 3.11 Assume that M has collective complements, and let J be a finite index set. If ψ and
ψj for j ∈ J are quantifier-free LSL-formulae over edge predicates, then

φ =
(∧

j∈J

∃vψ
j

)
∧ ∀vψ

is equivalent to an LSL-formula of the form∨
c∈C

( ∧
i∈Ic

∃vλ
i

)
∧

(
∀v

∨
i∈Ic

λi

)
(24)

where C is a finite index set, Ic is a finite index set for all c ∈ C, and all λi are conjunctions of
edge predicates.

Proof sketch. First note that φ can be rewritten as follows, due to (20):

φ ⇐⇒
(∧

j∈J

∃vψ ∧ ψj

)
∧ ∀vψ

For all K ⊆ J let
ψK = ψ ∧

∧
k∈K

ψk ∧
∧

k∈K\J

¬ψk .

It follows that ψ ∧ψj ⇔
∨

j∈K⊆J ψ
K for all j ∈ J , and ψ ⇔

∨
K⊆J ψ

K . As a consequence φ can be
rewritten again:

φ ⇐⇒
(∧

j∈J

∨
j∈K⊆J

∃vψ
K

)
∧

(
∀v

∨
K⊆J

ψK

)
Now for all K ⊆ J let

∨
i∈IK

λi be the disjunctive normal form of ψK , where all IK are disjoint
index sets and all λi are conjunctions of edge predicates. This exists due to (14). It follows that

φ ⇐⇒
(∧

j∈J

∨
j∈K⊆J,i∈IK

∃vλ
i

)
∧

(
∀v

∨
K⊆J,i∈IK

λi

)
By distributing ∧ over ∨ this can be rewritten to the form

φ ⇐⇒
∨

h∈H

( ∧
i∈Ih

∃vλ
i

)
∧

(
∀v

∨
i∈I

λi

)
where I =

⋃
{IK | K ⊆ J} and (Ih)h∈H is an H-indexed family of index sets such that Ih ⊆ I for

all h ∈ H. Using Lemma 3.10, finally, this can be rewritten to

φ ⇐⇒
∨

h∈H,Ih⊆J⊆I

(∧
i∈J

∃vλ
i

)
∧

(
∀v

∨
i∈J

λi

)
where the right hand side equals the required form (24) if we set C = {J | h ∈ H, Ih ⊆ J ⊆ I} and
Ic = c for all c ∈ C. 2

Theorem 3.12 Let T ∈ G be arbitrary and let M be an arbitrary multiplicity algebra with collective
complements. For every formula φ ∈ LSLT there is a set of integer programs Sφ such that φ is
satisfiable if and only if some (A, b) ∈ Sφ admits a solution.
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Proof. Assume T = (N,E), and let φ ∈ LSLT . W.l.o.g. assume φ to be in normal form (see
Proposition 3.9); i.e., φ =

∨
c∈C φ

c where

φc =
∧

v∈N

(
µv,c

[v] ∧
( ∧

i∈Iv,c

∃vλ
v,i

)
∧ ∀v

( ∨
i∈Iv,c

λv,i

))
.

and the λv,i are as in (23). We will show that for each φc there is an integer program A, b such that
φc is satisfiable if and only if A, b admits a solution; thus Sφ consisting of all these A, b is the set
of integer programs required in the theorem.

The vector of variables in A, b consists of cardinalities mv,mv,i,me ∈ N for all v ∈ N , i ∈ Iv,c

and e ∈ E, where mv is the number of v-instances, mv,i the number of v-instances in sub-case i,
and me the number of e-instances. These are required to satisfy the following constraints (if the
upper bounds on the right hand side do not equal ω, otherwise there is no constraint):

mv =
∑

i∈Iv,c
mv,i

mv ≥ bµv,cc
mv ≤ dµv,ce
mv,i ≥ 1 for all i ∈ Iv,c

me ≥
∑

i∈Isrc(e),c
bµe,i
←c ·msrc(e),i

me ≤
∑

i∈Isrc(e),c
dµe,i
←e ·msrc(e),i

me ≥
∑

i∈Itgt(e),c
bµe,i
→c ·mtgt(e),i

me ≤
∑

i∈Itgt(e),c
dµe,i
→e ·mtgt(e),i .

We show below that this set of constraints has a solution in N if and only if φc is satisfiable.

if. Assume τ � φc for some typing τ :G → T . For all u ∈ NG let iu ∈ Iτ(u),c be such that
τ, u � λτ(u),iu . The above set of inequations is then satisfied by

mv = #τ−1(v)
mv,i = #{u | τ(u) = v, i = iu}
me = #τ−1(e)

only if. Assume that we have a solution. This gives rise to an instance G of T satisfying φc as
follows: The nodes and edges of G are numbered instances of T -nodes and T -edges, viz.
NG =

⋃
v∈NT

Nv
G and EG =

⋃
e∈ET

Ee
G where

Nv
G = {vi,j | i ∈ Iv,c, 1 ≤ j ≤ mv,i}

Ee
G = {ek | 1 ≤ k ≤ me} .

By construction there are partial injective mappings fe
←:N src(e)

G ⇀ Ee
G and fe

→:N tgt(e)
G ⇀ Ee

G

for all e ∈ ET , defined on those vi,j such that µe,i
← (resp. µe,i

→) equals either 1 or ↑. Either
fe
← or fe

→ (but not both) may fail to be surjective, namely if me > me
←, which implies that

e is source unbounded at some p ∈ Isrc(e),c, resp. me > me
→, which implies that e is target
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unbounded at some q ∈ Itgt(e),c. On the basis of these mappings we define

srcG : ek 7→
{
vi,j if fe

←(vi,j) = ek
vp,1 if ek /∈ cod(fe

←)
`G : ek 7→ `T (e)

tgtG : ek 7→
{
vi,j if fe

→(vi,j) = ek
vq,1 if ek /∈ cod(fe

→).

The typing τ :G→ T maps every vi,j to v. 2

The decidability result follows immediately, using Theorem 2.5.

Corollary 3.13 (decidability) For an arbitrary graph T ∈ G, satisfiability of LSLT is decidable.

3.3 From integer programs to local shape logic

Having seen, in the Theorem 3.12, that local shape logic formulae can be reduced to sets of integer
programs, it is natural to ask whether the inverse connection also holds, i.e., whether any integer
program can be reduced to a local shape constraint. In the remainder of this section we will show
that the answer is positive.

For an arbitrary integer program A, b (see Section 2.3) let TA,b = (N,E) where

N = {vj | 1 ≤ j ≤ n}
∪ {vj,p | 1 ≤ j ≤ n, 1 ≤ p ≤ max |A ,j |}
∪ {wq | 1 ≤ q ≤ max |b|}
∪ {ui | 1 ≤ i ≤ m}

E = {(vj , a, vj,p) | 1 ≤ j ≤ n, 1 ≤ p ≤ max |A ,j |}
∪ {(ui, c, vj,p) | 1 ≤ i ≤ m, 1 ≤ j ≤ m, 1 ≤ p ≤ |Ai,j |}
∪ {(ui, c, wq) | 1 ≤ i ≤ m, 1 ≤ q ≤ |bi|} .

N thus contains four kinds of nodes:

• vj and vj,p for 1 ≤ j ≤ m, corresponding to variable xj . p ranges from 1 to the maximum
coefficient that xj receives in A. The edge multiplicities of the (vj , a, vj,p)-edges will ensure
that in a graph satisfying the shape constraint, each vj,p has the same number of instances
as vj ; this number will be the solution in xj .

• wq, which will be constrained to have a single instance. q ranges from 1 to the maximum
number occurring in b.

• ui for 1 ≤ i ≤ n, corresponding to the i’th equation. Each ui has c-edges to variable nodes
vj,p for p = 1, . . . , |Ai,j | and to constant nodes wq for q = 1, . . . , |bi|. The shape constraints
will enforce that the number of instances of ui equals, on the one hand, the sum of the
numbers of instances of all vj,p for 1 ≤ p ≤ Ai,j and of wq for 1 ≤ q ≤ −bi (which equals∑

Ai,j≥0Ai,j ·xj +
∑

bi≤0−bi) and, on the other hand, the sum of the numbers of instances of
all vj,p for 1 ≤ p ≤ −Ai,j and of wq for 1 ≤ q ≤ bi (which equals

∑
Ai,j≤0−Ai,j ·xj +

∑
bi≥0 bi).

The corresponding shape constraint is given by

φA,b =
∧

1≤j≤m

(
λj ∧

∧
1≤p≤max |A ,j |

λj,p

)
∧

∧
1≤q≤max b

ψq ∧
∧

1≤i≤n

φi (25)

17



where for all 1 ≤ j ≤ m, 1 ≤ p ≤ max |A ,j |, 1 ≤ q ≤ max b and 1 ≤ i ≤ n:

λj = >[vj ] ∧ ∀vj

∧
1≤p≤|Ai,j |

1[−a→vj,p]

λj,p = >[vj,p] ∧ ∀vj,p(
1[←a−vj ] ∧

∧
1≤i≤n,1≤p≤|Ai,j |

1[←c−ui])

ψq = 1[wq] ∧ ∀wq

∧
1≤i≤n,1≤q≤|bj |

1[←c−ui]

φi = >[ui] ∧ ∀ui(
1[−c→{vj,p | 1 ≤ j ≤ n, 1 ≤ p ≤ Ai,j} ∪ {wq | 1 ≤ q ≤ −bi}] ∧
1[−c→{vj,p | 1 ≤ i ≤ n, 1 ≤ j ≤ −Ai,j} ∪ {wq | 1 ≤ q ≤ bi}])

Theorem 3.14 Let A, b be an integer program and φA,b the corresponding shape constraint as
defined above. A vector x ∈ Nm is a solution to Ax = b if and only if f � φA,b for some graph
morphism f such that xj = #f−1(vj) for all j = 1, . . . ,m.

Proof sketch.

If Assume f � φA,b and let xj = #f−1(vj) for j = 1, . . . ,m and yi = #f−1(ui) for i = 1, . . . , n.
For all 1 ≤ j ≤ m and 1 ≤ p ≤ max |A ,j |, λj and λj,p together imply

xj = #f−1(vj , a, vj,p)
#f−1(vj,p) = #f−1(vj , a, vj,p)
#f−1(vj,p) = #f−1(ui, a, vj,p) if 1 ≤ p ≤ |Ai,j |

It follows that

•
∑

1≤p≤Ai,j
#f−1(ui, c, vj,p) equals Ai,j · xj if Ai,j ≥ 0;

•
∑

1≤p≤−Ai,j
#f−1(ui, c, vj,p) equals −Ai,j · xj if Ai,j ≤ 0.

Furthermore, ψq implies #f−1(wq) = 1 and hence

#f−1(ui, c, wq) = 1 if 1 ≤ q ≤ |bi|.

Hence we have

•
∑

1≤q≤bi
#f−1(ui, c, wq) equals bi if bi ≥ 0;

•
∑

1≤q≤−bi
#f−1(ui, c, wq) equals −bi if bi ≤ 0.

Finally, φi implies

yi =
∑

1≤j≤m

∑
1≤p≤Ai,j

#f−1(ui, c, vj,p) +
∑

1≤q≤−bi
#f−1(ui, c, wq)

=
∑

1≤j≤m,Ai,j≥0Ai,j · xj −
∑

bi≤0 bi

yi =
∑

1≤j≤m

∑
1≤p≤−Ai,j

#f−1(ui, c, vj,p) +
∑

1≤q≤bi
#f−1(ui, c, wq)

=
∑

1≤j≤m,Ai,j≤0−Ai,j · xj +
∑

bi≥0 bi

It follows that
∑

1≤j≤mAi,j · xj = bi.
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Only if. For i = 1, . . . , n let yi =
∑

1≤j≤m,Ai,j≥0Ai,j · xj +
∑

bi≤0−bi. We define the following
graph G:

NG = {vj,k | 1 ≤ j ≤ m, 1 ≤ k ≤ xj}
∪ {vj,p,k | 1 ≤ j ≤ m, 1 ≤ p ≤ max |A ,j |, 1 ≤ k ≤ xj}
∪ {wq | 1 ≤ q ≤ max |b|}
∪ {ui,k | 1 ≤ i ≤ n, 1 ≤ k ≤ yi}

EG = {(vj,k, a, vj,p,k) | 1 ≤ j ≤ m, 1 ≤ p ≤ max |A ,j |, 1 ≤ k ≤ xj}
∪ {(ui,Ii(j,p,k), c, vj,p,k) | 1 ≤ i ≤ n, 1 ≤ j ≤ m, 1 ≤ p ≤ |Ai,j |, 1 ≤ k ≤ xj}
∪ {(ui,Ji(q), c, wq) | 1 ≤ i ≤ n, 1 ≤ q ≤ |bj |}

Here Ii:N3 →N and Ji:N→N for 1 ≤ i ≤ n are index functions that define the one-to-
one-connection of instances of ui to instances of vj,p and wq, such that for all 1 ≤ j ≤ m,
1 ≤ p ≤ |Ai,j |, 1 ≤ k ≤ xj and 1 ≤ q ≤ |bj |:

Ii(j, p, k) =
{ ∑

1≤l<j,Ai,l≥0Ai,l · xl + (p− 1) · xj + k if Ai,j ≥ 0∑
1≤l<j,Ai,l≤0−Ai,l · xl + (p− 1) · xj + k if Ai,j ≤ 0

Ji(q) =
{ ∑

1≤j≤m,Ai,j≥0Ai,j · xj + q if bi ≥ 0∑
1≤j≤m,Ai,j≤0−Ai,j · xj + q if bi ≤ 0

The morphism f :G→ TA,b, finally, is defined in the obvious way: it maps each vj,k to vj ,
each vj,p,k to vj,p, each wq to wq and each ui,k to ui. It is now straightforward to check that
f � φA,b. 2

Example 3.15 For instance, for the integer program consisting of the equations 2x1 + x2 = 2 and
x2 − 3x3 = −1, the type graph TA,b and shape constraint φA,b are shown in Figure 7. GA,b in this
figure is a graph instance modelling the solution (x1, x2, x3) = (0, 2, 1) to this program, constructed
according to the proof of Theorem 3.14.

4 Shape graphs

We now define the combination of a type graph with a shape constraint; the resulting models will
take over the role of type graphs (Definition 2.4) in capturing the intended structure of state graphs.

Definition 4.1 (shape graph) A shape graph is a tuple Γ = (T, φ) where T is a type graph and
φ ∈ LSLT a satisfiable local shape constraint. A Γ-shaping (or just shaping) is a typing τ :G→ T
such that τ � φ. We will call Γ a shape of G and G an instance of Γ.

We use NΓ, EΓ, TΓ, φΓ to denote the components of Γ. It should be noted that a shape graph is
actually determined (almost) completely by the shape constraint: the type graph merely provides
the collection of predicates to build the constraint from.

Any state graph has many different shapes; in fact, they form a hierarchy in which one shape
is more abstract than another if it allows more instances.
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φA,b = ∀v1(
1[−a→v1,1] ∧ 1[−a→v1,2]) ∧ ∀v2

1[−a→v2,1] ∧ ∀v3(
1[−a→v3,1] ∧ 1[−a→v3,2] ∧ 1[−a→v3,3]) ∧

∀v1,1(
1[←a−v1] ∧ 1[←c−u1]) ∧ ∀v1,2(

1[←a−v1] ∧ 1[←c−u1])
∀v2,1(

1[←a−v2] ∧ 1[←c−u1] ∧ 1[←c−u2]) ∧
∀v3,1(

1[←a−v3] ∧ 1[←c−u2]) ∧ ∀v3,2(
1[←a−v3] ∧ 1[←c−u2]) ∧ ∀v3,3(

1[←a−v3] ∧ 1[←c−u2]) ∧
1[w1] ∧ ∀w1(

1[←c−u1] ∧ 1[←c−u2]) ∧ 1[w2] ∧ ∀w2
1[←c−u1] ∧

∀u1(
1[−c→{v1,1, v1,2, v2,1}] ∧ 1[−c→{w1, w2}]) ∧ ∀u2(

1[−c→{v2,1, w1}] ∧ 1[−c→{v3,1, v3,2, v3,3}])

Figure 7: The integer program 2x1+x2 = 2, x2−3x3 = −1, with solution
(x1, x2, x3) = (0, 2, 1)

Example 4.2 One possible shape for the graph H in Figure 1 is U in Figure 3 augmented with
the formulae in Example 3.6. Another, more abstract typing is induced by the left hand graph in
Figure 8, with a shape constraint containing the following subformula:

∀v2
1[−next−−→v2] ∧ (1[−Cell−−→v2] ∧ 1[−val−→v3] ∨ 1[−Null−−→v2]) ∧ 1[←head−−−v1 | ←next−−−v2]

This shape graph is strictly more abstract because it allows instances containing arbitrarily many
Null-nodes, whereas the original shape graph specifies that there should be precisely one such. Yet
another, more concrete typing for the list shape is shown on the right hand side of Figure 8: here
the head Cell-node is explicitly distinguished from the others. The intended shape constraints for v2
and v3 should be clear and are omitted here.

To formalise the notion of a more abstract shape graph we have to relate shape constraints over
different type graphs. The following extends a morphism f :T→U to a mapping f−1: LSLU→LSLT

in the reverse direction — where ξ〈N〉 denotes the expression ξ with N (⊆ N) replaced for vξ (see
Table 6).

f−1(µ[ξ]) = µ[ξ〈f−1(v)〉]

v5

v1

v2

v3

v3v2v4

v1

head

next

Null
CellList

val

Null
next

Elem

Cell

Elem

val val

next
next

head

next

Cell

head

List

Figure 8: Alternative list shapes (see Example 4.2)
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f−1(¬φ) = ¬f−1(φ1)
f−1(φ ∨ ψ) = f−1(φ) ∨ f−1(ψ)
f−1(∀vφ) =

∧
v=f(w) ∀wf

−1(φ) .

Definition 4.3 (shape abstraction) Given two shape graphs Γ,∆, a shape abstraction mor-
phism (or just abstraction) from Γ to ∆ is a morphism α:TΓ→ T∆ such that φΓ ⇒ α−1(φ∆). The
abstraction is precise (or non-lossy) if in fact φΓ ⇔ α−1(φ∆).

We write α: Γ→∆ to denote that α is a shape abstraction morphism from Γ to ∆. Note that, as
suggested by the use of the word “morphism”, abstraction morphisms compose.

Example 4.4 Taking into account the shape constraints discussed in Examples 3.6 and 4.2, the
following mapping α1 defines an abstraction from the right hand side of Figure 3 to the left hand
side of Figure 8, whereas α2 defines an abstraction from the right hand side of Figure 3 to the left
hand side of Figure 8.

α1 = {(v1, v1), (v2, v2), (v3, v2), (v4, v3)}
α2 = {(v1, v1), (v2, v2), (v3, v2), (v4, v3), (v5, v4)} .

The following is immediate.

Proposition 4.5 If τ :G→Γ is a shaping and α: Γ→∆ an abstraction morphism, then α◦τ :G→∆
is a shaping.

A shape graph can be seen as a specification of the set of state graphs of which it is a shape.
Alternatively we may consider sets of shape graphs. We call two sets of shape graphs, Γ and ∆,
equivalent if they specify the same sets of instances:

Γ ≡∆ :⇔ ∀G ∈ G : (∃Γ ∈ Γ : τ :G→ Γ) ⇐⇒ (∃∆ ∈∆ : τ :G→∆) .

For instance, if there exists a precise abstraction from Γ to ∆ then {Γ} ≡ {∆}. Furthermore, if
φΓ =

∨
c φc then {TΓ, φc}c ≡ {Γ}. Vice versa, we may define the disjoint union of a set of shape

graphs, ∆ =
⊎

Γ, by taking the disjoint union of the underlying type graphs TΓ for Γ ∈ Γ and
defining φ∆ ≡

∨
Γ∈Γ φ

′
Γ where φ′Γ extends φΓ with a conjunct expressing 0-multiplicities for all

nodes and edges not in TΓ; then {∆} ≡ Γ.

4.1 Monomorphic shapes

Due to the combination of conjunction and disjunction in shape constraints, shape graphs are
not easy to visualise, or to reason about on an intuitive level — which may not be important
from a formal point of view but makes shape graphs less useful when it comes to conveying ideas
and principles. We now sketch a monomorphic fragment of local shape logic for which a visual
representation can be given that we believe is easy to grasp; and we show that every shape graph
is equivalent to a set of monomorphic shape graphs.

Definition 4.6 (monomorphic shape graph) Let Γ be a shape graph.
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• Γ is pseudo-monomorphic if there are partitionings Λ,Π of NΓ, such that φΓ is equivalent to∧
v∈N

µ[v]Λ [[v]Λ] ∧∧
(v,a,w)∈E

∀v
µv,a,[w]Π [−a→{u ∈ [w]Π | (v, a, u) ∈ E}] ∧

∀w
µ[v]Π,a,w

[←a−{u ∈ [v]Π | (u, a, w) ∈ E}]

(26)

where all multiplicities are consistent.

• Γ is monomorphic if it is pseudo-monomorphicand Λ = {{v}}v∈N — so each µ[v]Λ [[v]Λ] can
be replaced by µv

[v].

Thus, the multiplicity of each edge e = (v, a, w) in a [pseudo-]monomorphic shape graph is deter-
mined by precisely one (combined) incoming edge predicate←a−[v]Π for w with multiplicity µ[v]Π,a,w,
and precisely one (combined) outgoing edge predicate −a→[w]Π for v with multiplicity µv,a,[w]Π . Note
that a [pseudo-]monomorphic shape graph is completely characterised by the type graph T , the
partitioning Π [and Λ], and the multiplicities µv [µ[v]Λ] for all v ∈ N and µv,a,[w]Π , µ[v]Π,a,w for all
(v, a, w) ∈ E.

We use the term monomorphic for such shape graphs because, in a sense, they stand for a single
shape only — as evidenced by the fact that their shape constraints are in conjunctive form. In
fact, the non-determinism in a monomorphic shape constraint is “pushed” into the syntactic sugar,
i.e., the collective predicates of the form µ[Ξ] where Ξ is a set of (incoming our outgoing edge)
expressions. This is complemented by using sets of monomorphic shape graphs to represent states
— which corresponds to non-determinism on the outermost level. Indeed, below we show that sets
of monomorphic shape graphs are equally expressive as (general) shape graphs. In the meanwhile,
the single-shape property gives rise to the desired graphical representation.

Example 4.7 The shape graph consisting of U in Figure 3 as a type graph and the conjunction
of (1′)–(6′) in Example 3.6 as a shape constraint is not monomorphic: Constraint (4′) contains a
disjunction 1[←head−−−v1]∧ 0[←next−−−v2]∨ 0[←head−−−v1]∧ 1[←next−−−v2] that cannot be rewritten to the appropriate
form. Indeed, this is a typical example where the local shape is not singular: the constraint expresses
that a Cell-node either has an incoming head-edge (if it is the first element of the list) or an incoming
next-edge (if it is any element but the first). For the shape graph to be monomorphic, these two
cases should be embodied in distinct nodes of the type graph.

The more concrete type graph on the right hand side of Figure 8 does make this distinction and
is, in fact, monomorphic.

Note that the similar disjunction 1[−head−−→v2]∧0[−head−−→v3]∨0[−head−−→v2]∧1[−head−−→v3] in Constraint (1′)
does not violate the principles of monomorphic shape, since it is equivalent to 1[−head−−→{v2, v3}].

Graphical representation of monomorphic shapes. We can depict a monomorphic shape
graph as follows:

• Nodes and edges with 0 multiplicity are omitted.

• Each node v ∈ N receives an “outgoing edge port” for each a such that (v, a, w) ∈ E (for some
w); all outgoing a-edges are drawn as starting from this port, and the multiplicity µv,a,[w]Π is
written at the port as well — unless it equals >, in which case it is omitted.

• Likewise, v receives an “incoming edge port” for each a such that (w, a, v) ∈ E (for some w),
where all incoming a-edges end; µ[w]Π,a,v is written there unless it equals >.
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Figure 9: Two monomorphic list shapes

• Node multiplicities unequal to > are written inside the nodes.

For instance, the right hand shape graph of Figure 8 can be displayed as the left hand graph of
Figure 9. The right hand graph also represents a list structure, but makes explicit distinctions
between empty and non-empty lists, and between the elements contained in the first list cell and
those contained in others. (The latter implies that there can be no sharing of Elem-nodes between
head cells and subsequent cells; hence the left hand shape is more abstract than the right hand
shape.) Note that the multiplicities are written at the other end of the edge than in the UML
usage.

Another interesting observation is that the shape constraint φA,b corresponding to an integer
program A, b (see (25)) is actually monomorphic. For instance, the graphical representation of
Figure 7 is given in Figure 10. It follows from this (since shape constraints reduce to sets of integer
programs and each integer program to a monomorphic shape graph) that sets of monomorphic
shape graphs are equally expressive to arbitrary (sets of) shape graphs. We now give a direct
statement.

Theorem 4.8 For any shape graph there exists an equivalent set of monomorphic shape graphs.

This can be proved in two steps: first we convert a shape graph into an equivalent set of pseudo-
monomorphic shape graphs (Lemma 4.9), and then we convert each pseudo-monomorphic shape
graph into an equivalent set of monomorphic shape graphs (Lemma 4.10).

Lemma 4.9 For any shape graph there exists an equivalent set of pseudo-monomorphic shape
graphs.

Proof sketch. Let Γ be an arbitrary shape graph. Let the normal form of φΓ be given by
∨

c φc

(see Proposition 3.9), and for all c let Γc = (TΓ, φc). Clearly Γ ≡ {Γc}c.
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Figure 10: Monomorphic representation of the IP 2x1+x2 = 2, x2−3x3 = −1

23



Now for each c define a new shape graph ∆c = (Uc, ψc) where Uc = (Nc, Ec) with

Nc = {(v, i) | v ∈ NΓ, i ∈ Iv,c}
Ec = {((v, i), a, (w, j)) | (v, a, w) ∈ EΓ, i ∈ Iv,c, j ∈ Iw,c}

Thus, we split the nodes v ∈ NΓ according to the cases Iv,c distinguished in the normal form. Let
α:Nc→NΓ be defined by (v, i) 7→ v for all (v, i) ∈ Nc; define Λ = Π = {α−1(v) | v ∈ NΓ}, and for
all v ∈ NΓ, e = (v, a, w) ∈ EΓ, i ∈ Iv and j ∈ Iw let

µα−1(v) = µv,c

µα−1(v),a,(w,j) = µe,c,j
←

µ(v,i),a,α−1(w) = µe,c,i
→

where the multiplicities on the left hand side are those required in Definition 4.6 and the multiplic-
ities on the right hand side are those obtained from φc according to Proposition 3.9. Obviously this
gives rise to a pseudo-monomorphic shape graph ∆c; it can be shown that α:∆c→ Γc is a precise
abstraction, and hence ∆c ≡ Γc. It follows that ∆ = {∆c}c fulfils the proof obligation. 2

Lemma 4.10 For any pseudo-monomorphic shape graph there exists an equivalent set of monomor-
phic shape graphs.

Proof sketch. Let Γ be an arbitrary pseudo-monomorphic shape graph. We have to remove
combined instance predicates µ[V ]. This is done by expanding all such combined predicates in φΓ

according to (10) and rewriting the resulting formula to a disjunctive form
∨

c∈C φc, equivalent to
φΓ, where each φc is monomorphic. It follows that ∆ = {(TΓ, φc)}c fulfils the proof obligation. 2

For instance, although — as pointed out in Example 4.7 — the shape graph arising from U in Fig-
ure 3 is itself not monomorphic, it is equivalent to (the singleton set consisting of) the monomorphic
shape graph in Figure 9. On the other hand, the left hand shape in Figure 8 gives rise to almost
the same monomorphic shape graph, but without the 1-multiplicity at the Null-node.

4.2 Canonical shapes

Among the many different (monomorphic) shapes of a given state graph, it is useful to single out
one that can be generated from the graph automatically, and whose size is bounded, not by the
size of the state graph but by some global constant. For this purpose, we introduce the notion
of a canonical shape. The idea of a canonical shape is that nodes are distinguished only if their
local structure is sufficiently different in the first place; otherwise, they should be identified by the
shaping. Note that this is complementary to the idea underlying monomorphic shapes, which is
about restricting the circumstances under which nodes may be identified — namely, only if their
local structure is sufficiently similar.

To define the canonical shape of a graph, we just have to give a criterion for when two nodes
are “sufficiently different.” In this paper we take a very straightforward notion: the multiplicities
of the sets of incoming and outgoing edges should be the same for each edge label. For an arbitrary
graph G ∈ G, define characteristic functions γG

→, γ
G
←:N × L→M as follows:

γG
→: (v, a) 7→ #µ{u | (v, a, u) ∈ E}
γG
←: (v, a) 7→ #µ{u | (u, a, v) ∈ E} .
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Figure 11: Canonical shapings of the circular buffer and linked list states in Figure 1

We consider v, w ∈ N to be shape-indistinguishable if the characteristic functions yield the same
result for all edge labels:

v ∼G w :⇔ ∀a ∈ L : (γG
←(v, a), γG

→(v, a)) = (γG
←(w, a), γG

→(w, a)) .

The canonical shaping of a graph G will equate all ∼G-equivalent nodes of G; the edge multiplicities
are determined by the characteristic function.

Definition 4.11 (canonical shaping) Let G be a graph and i ∈ N. The canonical shaping of
G is given by the projection morphism π∼G to the monomorphic shape graph Σ with TΣ = G/∼G,
Π = {NG} and for all V ∈ NΣ and (V, a,W ) ∈ EΣ

µV = #µV

µ(V,a,NG) = γG
→(v, a) for any v ∈ V

µ(NG,a,W ) = γG
←(w, a) for any w ∈W .

It follows from the definition of γG
← and γG

→ that the choice of v ∈ V resp. w ∈ W in the side
conditions above does not matter. It also follows that the only multiplicities that can possibly
appear in a canonical shaping constructed according to this definition are 1 and ⇑.

Example 4.12 Figure 11 shows the canonical shapes ΣG and ΣH of the circular buffer instance
G and the list instance H in Figure 1. There are several noteworthy points:

• The (only) Elem-node in ΣG has multiplicity ⇑ but incoming edge multiplicity 1. This indicates
that there are multiple instances of this node, but they are not shared.

• ΣH has two distinct Elem-nodes, one of which is shared whereas the other is not. The fact
that their incoming edges start at distinct Cell-nodes is a coincidence due to the particular
state graph of which this is a canonical shape: it is unlikely that this particular distinction is
relevant in the application being modelled.

• ΣH is strictly more concrete than both shape graphs in Figure 9.

Characterising canonical shape graphs. By construction, canonical shapes are monomorphic;
but we can actually characterise them more closely than that. This characterisation allows us to
derive that the number of distinct (i.e., inequivalent) canonical shape graphs is finite.
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Like for ordinary graphs, for an arbitrary monomorphic shape graph Γ we define characteristic
functions γΓ

→, γ
Γ
←:N × L→M, as follows:

γΓ
→: (v, a) 7→

⊕
{µv,a,[w]Π | (v, a, w) ∈ E}

γΓ
←: (v, a) 7→

⊕
{µ[w]Π,a,v | (w, a, v) ∈ E} .

As before, this gives rise to an equivalence over the nodes of the shape graph:

v ∼Γ w :⇔ ∀a ∈ L : (γΓ
←(v, a), γΓ

→(v, a)) = (γΓ
←(w, a), γΓ

→(w, a)) .

A shape graph is called canonical if the underlying node partitioning equates all nodes, and node
equivalence (defined as above) implies identity.

Definition 4.13 (canonical shape graph) A monomorphic shape graph Γ is called canonical if
Π = {NΓ}, and ∼Γ is the identity relation over NΓ.

The following proposition states that this is indeed a proper characterisation of the canonical
shapings obtained from Definition 4.11.

Proposition 4.14 ΣG is a canonical shape graph for any G ∈ Γ.

It should perhaps be pointed out that, in contrast to monomorphic shapes, canonical shapes are not
as expressive as general shape graphs. This can be seen for instance from the fact (proved below)
that there are only finitely many canonical shape graphs, whereas the number of inequivalent LSL
formulae, and thus the number of inequivalence shape graphs, is infinite. It should therefore not
come as a surprise that the shapes used in Theorem 3.14 to encode integer programs (see (25)) are
not canonical; e.g., in Figure 10, v1,1 ∼ v1,2, v3,1 ∼ v3,2 ∼ v3,3 and u1 ∼ u2. (Nor does it help to
provide additional structure, for instance in the way of distinguishing node predicates, since the
global set of labels L is required to be finite.)

We propose canonical shape graphs as a workable state space abstraction. The following theorem
states that canonical shape graphs are bounded in size and number, although the general bound is
way too large to lead to tractable state spaces.

Theorem 4.15

1. The total number of canonical shape graphs is O(2n2·#L ·#Mn) where n = #M2#L.

2. The number of canonical shape graphs over a type graph (N,E) is O(#Mn+2m), where n =
#N and m = min(#E,#N ·#L).

Proof.

1. The characteristic functions γG
← and γG

→ have #M#L possible outcomes; so the number of
nodes that ∼G can at most distinguish is n = #M2#L. We need not consider graphs with
fewer nodes since these are generated through 0 node multiplicities. Furthermore, over n
nodes we can define 2n2·#L graphs. On each of these graphs only the µv are yet to be chosen,
since the other multiplicities are fixed by γG

← and γG
→; there are n such choices to be made.

2. The number of canonical shape graphs over (N,E) is equal to the number of possible combi-
nations of µv for v ∈ N and µv,a,N , µN,a,w for (v, a, w) ∈ E. Of the former there are #M#N

and of the latter no more than #M#E and also no more than #M#N ·#L. 2
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The upper bound can be improved by observing that the range of #µ actually is not M but
something like a base M of M, which can be characterised as those elements of M that are not
the conjunction of others. For instance, in our choice of multiplicity algebra, the base equals
M = {0,1,⇑}. It is the size of the base #M (= 3 in our case), rather than #M, that should be
the actual parameter in Theorem 4.15.

This evil upper bound notwithstanding, canonical shape graphs do provide an automatic ab-
straction from possibly unbounded state graphs to a finite operational model. It will remain to be
seen how well the abstraction performs in practice. The second part of the theorem shows that
the situation already improves if we consider only typed state spaces in the first place, i.e., there is
a “global” type graph. In practice, a likely scenario is that there is even a global shape graph of
which all canonical shapes are instances.

5 Conclusion

We review some related work, sketch some possible extensions and variations on the theory pre-
sented here, and outline the next steps in our research programme.

5.1 Summary and related work

We discuss below some previous work, which is in some cases quite close to that presented in the
current paper. In this comparison we stress similarities not differences. Before doing so, however,
we point out some aspects of our approach that we have not seen in most of the other papers cited
below:

• The explicit use of a multiplicity algebra. Besides leaning on an intuition fed by the common
use of multiplicities in class diagrams, this makes the approach more flexible: to obtain better
(i.e., more precise) shape constraints one just has to go to a more expressive multiplicity
algebra.

On the other hand, explicit counting quantifiers, as found in (some variants of) description
logic and also in C2 — see below — clearly are at least as powerful as a multiplicity algebra.

• The combination of logic and type graphs; in particular, the fact that an LSL formula express
properties of typings, i.e., of graph morphisms to the type graph associated with the formula,
rather than of graphs directly. This is motivated by the fact that we find graphs a very
appealing and concise model closely representing the kind of structures we are interested
in analysing (viz., program states). The requirement that a typing exist clearly imposes
a structural constraint on graphs; the same constraint, when expressed as a formula in first
order logic, does not come close to offering the same appeal or conciseness. We have somewhat
more to say on this point in the discussion on expressiveness, below.

• The graphical representation of monomorphic shapes. This reinforces the point made just
now about the appeal and conciseness of graphs. For instance, the monomorphic shape in
Figure 10, expressed as an explicit constraint in LSL, is the 6-line formula given in Figure 7
— which would be even longer if it were not accompanied by the type graph.

Among the related work discussed below, only the shape graphs by Sagiv et al. have a com-
parable graphical representation.
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• The automatic, bounded abstraction to canonical shapes. Note that this is only possible in
the presence of a finite multiplicity algebra, so here the fact that a multiplicity algebra is less
powerful than counting quantifiers is crucial.

Shape logics. The logic presented here is closely related to logics developed for static analysis,
especially based on shape graphs, with Benedikt, Reps and Sagiv [5] as a prime example — but see
also [14, 19]. The differences between their work and that presented here stem from the context in
which it was carried out. As we stated in the introduction, our primary interest is the verification
of systems on the basis of a graph grammar semantics. For that reason we concentrate on uniform
graphs as state models. This contrasts with the approach of [5, 14, 19], which is more language-
oriented and models states as stores, in which pointer variables are distinguished from field selectors.
Our setup has led us to consider shape logic, SL, which is a first-order graph logic that is symmetric
with respect to the direction of edge traversal. The logic Lr defined in [5], while sharing many
characteristics of SL, contains predicates expressing the existence of paths between pointer variables
and node sharing along (forward) paths from pointer variables — where, however, the pointer
variables are fixed, i.e., no quantification is possible. This has the advantage of making Lr decidable,
in clear contrast to SL. We believe that the decidable fragment LSL studied here is independent
from Lr.

In a setting that is more similar to ours, Baldan, König and König [4] have recently defined a
graph abstraction and monadic second-order graph logic for essentially the same purpose as SL.
The differences are twofold: their graph abstractions are not graphs but Petri nets, and more
importantly, their logic does not have nodes but edges as basic entities. Still, it will be very
interesting to compare the approaches in more detail and investigate if a combination is possible
and worthwhile.

Spatial logic. Another logic for graphs is studied by Cardelli, Gardner and Ghelli in [7]. This
so-called spatial logic is intended for the purpose of querying graphs but looks to be suited also
for typing them. It allows quantification over both nodes and edges and looks to be properly
encompassing both SL and LSL. The expressiveness of spatial logic is between first-order and
monadic second-order graph logic. The authors announce that decidability of their logic is under
study.

Separation logic. Also fairly recently, O’Hearn, Reynolds and Yang have proposed, in a series
of papers [23, 30, 27], a branch of logic for reasoning about dynamic storage allocation called
separation logic. The primary purpose is to extend Hoare logic to a setting with mutable shared
data. A prime feature of the logic is the ability to express the partitioning of a graph into disjoint
subgraphs using a primitive combinator (separating conjunction) — a feature also present in spatial
logic. Apart from this commonality, however, the work on spatial logic is more similar in spirit to
that on shape logic by Sagiv et al., discussed above: both are explicitly concerned with the analysis
of algorithms on data structures, and the logic is used to express shape invariants or, in the case
of separation logic, pre- and post-conditions, of data storage spaces (heaps).

Description logic. Only when putting the finishing touch on this paper we became aware of quite
a close connection with description logic, a long-standing approach to knowledge representation.
A good overview can be obtained from the recent handbook [2]. In the terminology of Baader
and Nutt [3], there is a close correspondence of LSL to ALEN , the assertional language with
existential quantification and number restrictions (where number restrictions are the counterpart
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of our multiplicity algebra) — although there are minor discrepancies such as the fact that in [3],
number restrictions may not appear on nodes but just on edges.

One important feature of description logic that is missing altogether from LSL is the intersection
of concepts — which in our setting would be represented best by an inheritance or “is-a” relation
between nodes. In the theory of graph rewriting, we have only seen this in a recent paper by
Ferreira and Ribeiro [13]. Taking inspiration from description logic, node inheritance is an issue
we intend to study more closely in the future.

Expressiveness and decidability. One of our main results is the decidability of LSL satisfia-
bility (Corollary 3.13). In the light of what is known about certain fragments of first order logic
this is not very surprising — even though we became aware of the facts recounted below only after
finishing this work.

First note that, despite our choice (see above) to define the semantics of LSL over morphisms
rather than graphs, there is a straightforward way to translate any shape graph, or even any SLT -
formula φ, to an equivalent (standard) first-order logic formula ψ, in the sense that a graph satisfies
ψ if and only if it has a morphism to T satisfying φ. The translation consists of taking the node
identities v ∈ N of the type graph T as additional unary “node type” predicates and insisting upon
∀x.

∨
v∈N x −v− (every node has an associated node type) and ∀x.x −v− ⇒ ¬(x −w−) for all v, w ∈ N

(node types are unique). Any formula of the form ∀v:φ. in SLT then becomes ∀x.v −v− ⇒ φ.
Clearly, then, any LSL formula containing just multiplicities ↑, i.e., just predicates of the form

↑[ξ], is equivalent to a formula of first order logic on two variables only, a fragment that is sometimes
denoted L2. This fragment was shown a long time ago to be decidable by Scott [29] and later to
have the finite model property by Mortimer [22]; more recently satisfiability was shown to be in
NEXPTIME (and therefore in fact NEXPTIME-complete) [17]. Moreover, an arbitrary formula of
LSL is equivalent to a formula in first-order logic on two variables with counting quantifiers, C2.
This fragment, too, was shown decidable, in [18].

In fact, as a step in the decidability proof of C2, [18] proves that any closed formula in C2 is
equivalent to a conjunction of sub-formulae of the forms (i) ∀x.∃<n.φ, (ii) ∀x.∃≥n.φ or (iii) ∀x.∀y.φ,
where the φ are quantifier-free. Conjunction- and negation-free formulae of forms (i) and (ii) can be
expressed directly within LSL, provided that M is rich enough to express the required multiplicities.
However, deciding LSL enriched with formulae of form (iii) would require non-linear equations (the
cardinality of the edge set equals the product of two node cardinalities), which would lead us beyond
integer programs and hence would invalidate our proof strategy.

Thus, with hindsight, LSL is strictly less expressive than C2 and Corollary 3.13 is a consequence
of a known decidability result.

5.2 Variations and extensions

The local shape logic as presented here can be extended in several respects while retaining its basic
properties.

• The multiplicity algebra presented here can be extended. A stronger multiplicity algebra will
lead to a refined notion of canonical shape (see also below), at the cost of increasing the size
of the state space (see Theorem 4.15).

• We have formulated (local) shape logic on plain graphs. It might be worthwhile investigating
an extension to hyper-graphs, in which the local edge predicates are of the form a(~v, •, ~w)
rather than −a→v or ←a−v, where a is now an n-ary predicate (or hyper-edge) and ~v, ~w are finite
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vectors such that #~v+1+#~w = n. Again, we conjecture that this extension will not influence
the decidability of the logic.

• The canonical shape of a graph G (Definition 4.11) is controlled by the notion of “sufficiently
different” nodes. We have now chosen a very simple distinguishing criterion, which however
can be refined in an elegant way using the idea of bisimulation approximations — actually, a
mixture of back-and-forth bisimulation (see [10]) and resource bisimulation (see [8]). For this
purpose redefine the characteristic functions of Section 4.2 to be parameterised by an existing
equivalence:

γG
→[∼]: (v, a, u) 7→ #µ{u′ | u′ ∼ u, (v, a, u′) ∈ EG}
γG
←[∼]: (v, a, u) 7→ #µ{u′ | u′ ∼ u, (u′, a, v) ∈ EG} .

Now define ∼0
G= NG×NG and for all i ∈ N let ∼i+1

G be the equivalence over NG generated by
the characteristic functions γG

→[∼i] and γG
←[∼i]. Clearly the relation ∼G defined in Section 4.2

equals ∼1
G. Instead one may use a finer approximation (a higher i) as the basis of the

construction in Definition 4.11. It should be noted, however, that the upper bound for the
state space size computed in Theorem 4.15 is non-elementary in i.

5.3 Future work

As stated in the introduction, this work is part of a project to develop verification methods for
graph grammars. In that project, the following steps are:

• Studying the extension of shape graphs with node inheritance, as in [13] and Description
Logic [2].

• Defining graph transformations over shape graphs, in such a way that the state graph trans-
formations are (over-)approximated as closely as possible; that is, if G is transformed into H
by some graph production rule P , then P should transform any shape of G into a shape of
H; and if P transforms Γ into ∆ then P should transform some instance of Γ into an instance
of ∆.

• Defining a modal logic for reasoning about graphs that can be model checked on the level of
shape graphs. A proposal for a logic is made in [26], but we also intend to study the connection
and possible integration with [4]. Previous work with Distefano and Katoen [11, 12] suggests
that abstract model checking may be feasible.

• Implementing shape graph transformation and model checking in a demonstrator tool; see
[25] for a preliminary version of such a tool, which we intend to extend in this direction.
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