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We consider the linear stability of compressible attachment-line flow within the spatial
framework. A fully two-dimensional approach is developed to compute the eigensolutions.
The results show that compressibility has a stabilizing influence on the attachment-line
boundary layer. The mode which satisfies the Görtler-Hämmerlin assumption appears as
the least stable mode. Furthermore, the results show that other two-dimensional modes
which have approximately the same wave number and growth rate exist. These modes
satisfy an extended similarity model and show algebraic growth in the chordwise coordi-
nate for high Reynolds numbers. Thus, in the chordwise direction these two-dimensional
modes are shown to grow faster than the mode satisfying the Görtler-Hämmerlin as-
sumption. Moreover, this algebraic growth in the chordwise direction increases for the
more stable modes.
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1. Introduction
The instability of flow near the leading edge of a swept wing is of great practical im-

portance with applications in e.g. aerodynamics and hydraulics. This instability can be
convected downstream and thus influence the transition from laminar to turbulent flow
around a swept wing. As a consequence considerable effort has been put in the computa-
tion of the stability characteristics of attachment-line flow. For instance Hall et al. (1984)
and Hall and Malik (1986) were among the first researchers who studied the linear sta-
bility of the incompressible attachment-line boundary layer. Theofilis (1994) studied the
linear stability of the incompressible attachment-line boundary layer in the spatial set-
ting instead of the temporal setting which allows direct comparisons with experiments.
These authors computed eigensolutions around the incompressible Hiemenz flow as base
flow near the leading edge. They adopted a similarity model for the perturbations, such
that the perturbation-eigensolution could be computed using a one-dimensional math-
ematical model; the so-called Görtler-Hämmerlin assumption. Although this model for
the perturbations turned out to be quite useful and has some analytical justification in
the incompressible case, there was no physical justification for the assumption of a special
one-dimensional structure of the dominant perturbations.

Quite recently, Lin and Malik (1996) stepped aside from this similarity model for
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the perturbations and used a fully two-dimensional representation of the perturbation-
eigensolutions around the Hiemenz flow. Apart from the similarity mode, they pre-
dicted a hierarchy of new symmetric and antisymmetric two-dimensional modes which
have a slightly smaller growth-rate in the spanwise direction compared to the Görtler-
Hämmerlin mode. The existence of one of these modes was confirmed in a direct
numerical simulation (DNS) by Joslin (1995). The two-dimensional modes found by
Lin and Malik (1996) show a much larger growth than the similarity mode in the chord-
wise direction, i.e. away from the attachment-line. Furthermore, for high Reynolds
numbers the two-dimensional modes converge in growth rate and wave number to the
similarity mode as shown by Heeg and Geurts (1997). Therefore the two-dimensional
modes are likely to be important in the transition process over swept wings, for instance
through nonlinear interaction downstream from the attachment-line. They may offer
another, better, explanation for the experimentally observed instability found well below
the critical Reynolds number of the similarity mode in this type of flow, as established ex-
perimentally by for example Arnal and Juillen (1990). This subcritical instability occurs
at much lower Reynolds numbers than the subcritical instability found by Joslin (1995)
and Hall and Malik (1986) using quasi-nonlinear simulations involving only modes satis-
fying the Görtler-Hämmerlin assumption.

The instabilities in leading-edge boundary-layer flow are almost exclusively studied
in the incompressible case. However, in several applications the compressibility of the
flow can be considered of considerable influence and the effects on the strength and
structure of the dominant instability is largely unknown. Moreover, in the case of com-
pressible flow the mathematical basis of the Görtler-Hämmerlin assumption for the domi-
nant instability is even more questionable, although Kazakov (1990) has performed some
calculations on this basis. Therefore in this paper the stability of the compressible
attachment-line flow is studied using the general two-dimensional model for the per-
turbations. The effects of the Mach number on the instability characteristics of the
leading-edge boundary-layer flow will be simulated in which the numerical methods as
developed in Heeg and Geurts (1997) are adopted. With this approach spatial stability
results are computed which can be compared directly with experiments.

The organisation of this paper is as follows. In § 2 we formulate the equations governing
the stability of the three-dimensional attachment-line boundary layer. In § 3 we outline
the numerical methods used. In § 4 we discuss the physical results we have computed and
consider in particular the effects of compressibility on the growth rates of the dominant
instabilities and on the spatial structure of the perturbations. Furthermore an extension
of the Görtler-Hämmerlin model is proposed which can accommodate all eigenvectors and
not just the similarity mode. This model is verified using the computed two-dimensional
perturbations. Conclusions which relate to the numerical algorithm and the physical
results are drawn in the last section.

2. Physical Problem
In this section we formulate the equations governing the mean flow near the lead-

ing edge of an airfoil. Moreover, the eigenvalue problem for the perturbations will be
described together with appropriate boundary conditions.

We consider the stability of laminar viscous compressible flow near the attachment-line
of e.g. an airfoil. This flow is locally represented by a flow impinging perpendicularly
on an almost flat plate. In the sequel we will not take the curvature near the leading
edge into account but focus on the compressibility effects. The effects of curvature in the
incompressible flow have recently been described by Lin and Malik (1997). Following the
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notation of Lin and Malik (1996), the x-axis is taken to be the chordwise direction, the
y-axis is the direction normal to the surface, and the z-axis is in the spanwise direction,
as shown in Figure 1. In these directions the velocities are denoted by U , V, and W
respectively. The characteristic Reynolds number is Re∞ = ρ∞W∞l/µ∞ where ρ∞
denotes the density, µ∞ the viscosity, l the profile’s chord-length and W∞ the spanwise
velocity in the free-stream. In all cases of practical relevance Re∞ is sufficiently large
so that viscous effects can be neglected apart from narrow layers near the surface of the
body. All quantities are used only in their dimensionless form, for which purpose the
spatial dimensions have been scaled by the characteristic length l, the density and the
viscosity by their free-stream values, the velocity components by W∞, the pressure by
the ρ∞W 2

∞, and the temperature by the free-stream temperature T∞.
The thickness of the viscous flow zone on the attachment-line is on the order of

∆ = (µ∞l/(ρ∞dU∞/dx))1/2. Our analysis of the stability characteristics of the mean
flow near the attachment-line is restricted to this slender region along the solid surface.
The parameter ∆ is used as an additional length scale in the boundary layer for the
dimensionless distances x∗, y∗, and z∗, following Lin and Malik (1996). In the stability
analysis the flow is decomposed into a base flow denoted by the subscript 0 and a pertur-
bation part, denoted by the hat-symbol. In the incompressible case the base flow is the
well-known Hiemenz flow which was adopted by many authors. The compressible base
flow follows along similar lines as will be described momentarily. The base flow is inde-
pendent of the z-coordinate, since we assume that the attachment-line is infinitely long.
Specifically, we introduce the following variables and decomposition in the boundary
layer (see also Kazakov (1990)):

x = x∗/∆, y = y∗/∆, z = z∗/∆, (2.1a)
U(x, y, z, t) = U0(x, y)/R+ û(x, y, z, t), (2.1b)
V(x, y, z, t) = V0(y)/R+ v̂(x, y, z, t), (2.1c)
W(x, y, z, t) = W0(y) + ŵ(x, y, z, t), (2.1d)
D(x, y, z, t) = ρ0(y) + ρ̂(x, y, z, t), (2.1e)
M(x, y, z, t) = µ0(y) + µ̂(x, y, z, t), (2.1f)
T (x, y, z, t) = T0(y) + T̂ (x, y, z, t) (2.1g)

P(x, y, z, t) = P0(x, y) + p̂(x, y, z, t), (2.1h)

where R = ρ∞W∞∆/µ∞, P is the pressure, M is the viscosity, T is the temperature,
and D denotes the density.

A system of equations for the base flow can be obtained by substituting (2.1) into the
Navier–Stokes equations and retain only the terms related to the base flow. In particular
we assume that the perturbations are small compared to the base flow components and
hence we retain only the leading order terms. In the neighbourhood of the attachment-
line we have U0(x, y) ≈ xU1(y) and thus we arrive at

ρ0U1 +
dρ0V0

dy
= 0, (2.2a)

ρ0U
2
1 + ρ0V0

dU1

dy
= 1 +

d

dy

(
µ0
dU1

dy

)
, (2.2b)

ρ0V0
dW0

dy
=

d

dy

(
µ0
dW0

dy

)
, (2.2c)
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ρ0V0
dT0

dy
=

(γ − 1)M2

Pr

d

dy

(
µ0
dT0

dy
+ µ0

(
dW0

dy

)2

, (2.2d)

P0(x, y) = 1− x2/(2R2), (2.2e)

where M is the Mach-number, and p∞ is the pressure in the free stream. The temper-
ature dependence of the base flow viscosity µ0 is given by Sutherland’s law to a good
approximation.

The base flow is subject to the following boundary conditions:

U1(0) = W0(0) = V0(0) = 0,
dT0

dy
= 0, (2.3a)

U1(∞) = W0(∞) = 1, T0(∞) = T∞, (2.3b)

where T∞ is the free-stream temperature. The boundary condition for T0 at y = 0
represents the fact that we assume that the wall is insulated.

The structure of the base flow, i.e. the translational invariance in the z-direction and
the separability of the time-variable can be used to simplify the functional form of the
perturbation, i.e. q̂ = q(x, y)ei(βz−ωt) in which we introduced the state-vector q =
[u, v, w, p, ρ, T ]. When computing stability properties in the spatial setting ω is a real and
known parameter and the wave-number β is complex and results from the computation
as well as the corresponding eigensolution qβ(x, y). After linearization of the Navier–
Stokes equations around the compressible base flow, we arrive at the following system of
equations for the amplitude function q and β:

ρ0(−iωu+ U0
∂u

∂x
+
∂U0

∂x
u+ V0

∂u

∂y
+
∂U0

∂y
v + iW0βu) + ρ

(
U0
∂U0

∂x
+ V0

∂U0

∂y

)
+
∂p

∂x
=

1
R

[
∂

∂x

(
µ0(l2

∂u
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+ l0

∂v

∂y
+ il0βw) + µ(l2

∂U0

∂x
+ l0

∂V0

∂y
)
)

+
∂
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(
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∂u

∂y
+
∂v
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) +

∂U0

∂y
µ

)
+ µ(iβ

∂w

∂x
− β2u)

]
,

(2.4)

ρ0(−iωv + U0
∂v

∂x
+ V0

∂v

∂y
+
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∂V0
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+
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1
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+
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∂U0
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]
,

(2.5)
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−iωρ+ ρ0
∂u
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ρ = γM2 p

T0
− ρ0

T0
T, (2.9)

where µ ≈ dµ0/dT0 T denotes the perturbation in the viscosity due to the temperature
perturbation, li = i − 2/3, Pr is the Prandtl number which is taken to be Pr = 0.72,
and γ = 1.4 is the ratio of the specific heats. This is a generalized, quadratic eigenvalue
problem in β for which a specialized numerical approach needs to be used in order to
arrive at an efficient treatment. Observe that (2.9) is not in the form of an eigenvalue
equation; instead this equation is related to the state-equation of an ideal gas and is used
to eliminate the pressure from the other equations in the system.

The computational domain is taken to be [0, xmax] × [0, ymax] in the xy-plane. That
is, the boundaries at x =∞ and y =∞ are represented by boundaries at finite but large
values xmax and ymax. At y = 0 we use the following boundary conditions:

u = v = w =
∂T

∂y
= 0. (2.10)

At y = ymax the boundary conditions are

u = v = w = T = 0. (2.11)

The boundary conditions at y = 0 reflect the no-slip property of viscous flow and adi-
abatic wall conditions for the perturbations while at y = ymax we assume unperturbed
flow.

As pointed out by Lin and Malik (1996) the system of equations (2.4)–(2.9) permits
two kinds of modes, i.e. modes symmetric around the attachment-line x = 0, and modes
antisymmetric around x = 0. Lin and Malik (1996) use different boundary conditions
on x = 0 and x = ±∞ to discriminate explicitly between these two types of modes. In
this paper we adopt a more general formulation for the boundary conditions at x = 0 as
follows. The boundary conditions for the symmetric modes are

u =
∂v

∂x
=
∂w

∂x
=
∂T

∂x
= 0, at x = 0, (2.12)
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The boundary conditions for the antisymmetric modes are

∂u

∂x
= v = w = T = 0, at x = 0. (2.13)

Instead of using a large domain from −xmax to xmax together with artificial direct en-
forcing of symmetry or antisymmetry through the boundary conditions at x = ±xmax.
as Lin and Malik (1996) did, the above alternative boundary conditions allow us to use
a shorter computational domain [0, xmax] in the x-direction. No outflow boundary con-
ditions have been prescribed at x = xmax. Instead, at the outflow boundary the var-
ious partial derivatives which appear in the equations (2.4)–(2.9) are represented nu-
merically on stencils which are set up using the interior points only. We have tested
these numerical boundary conditions in the incompressible situation which is described
in Heeg and Geurts (1997). In this way we have exploited the (anti-)symmetry in the
eigensolutions to reduce the size of the computational problem.

3. Numerical methods and parameters
In this section we describe the numerical methods used in the solution of the base flow

and the quadratic eigenvalue problem posed by (2.4)–(2.9). Basically we can distinguish
two main steps for the latter problem. The system of partial differential equations (2.4)–
(2.9) requires an accurate and flexible representation of the various partial derivatives
which occur in this system. Moreover, the continuous problem leads after discretization
to a large algebraic generalized eigenvalue problem for which suitable solvers are required.
These two elements will be considered in more detail next.

The equations and boundary conditions are discretized on a staggered grid using finite
differences for the discretization of the physical variables (Heeg and Geurts (1997)). High
order discretization and interpolation schemes were found to be most efficient in the
attachment-line computations. These finite difference schemes for computing partial
differential operators involve interpolations and derivatives. The construction of these
schemes proceeds in a few steps. First a stencil is defined which contains sufficiently
many points to ensure the desired formal accuracy of the finite difference operator. Such
a stencil consists of points near the position at which the finite difference operator is to
be evaluated. The stencils adopted by us are central in the interior of the computational
domain, and skew near the boundaries. In each point of the stencil a formal Taylor-
expansion of the variable-field is set up around the position at which the finite difference
operator is to be computed. Using this, the desired partial derivative can be expressed
as a linear combination of the variables which belong to the stencil. The ‘coefficients’ of
the partial derivative in this linear combination are related to the type of derivative and
the location of the grid-points in the stencil. They follow from a small system of linear
equations. To compute these ‘coefficients’ the matrix involved is simply inverted.

The formulation of the discrete equations uses a staggered grid with variables defined
at different positions. The unknowns u are defined at (xi, yj−1/2), v at (xi−1/2, yj), w
and p at (xi−1/2, yj−1/2), where i = 0, . . . , Nx and j = 0, . . . , Ny with Nx and Ny the
number of grid-cells in the x and y-direction respectively. The notation xi−1/2 refers to
(xi + xi−1)/2 and similar for y. Equations (2.4)–(2.8) are discretized at the positions
within the cells where the corresponding variables are defined. In particular, (2.4) is
discretized at (xi, yj−1/2), (2.5) at (xi−1/2, yj), and (2.6), (2.7) and (2.8) are discretized
at (xi−1/2, yj−1/2). Equation (2.9) has been used to eliminate p from the system of
equations. The grid is clustered in both directions near x = 0 and y = 0 in order to
obtain adequate resolution near this important region in an efficient manner. We verified
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that exactly the same results can be computed using a uniform grid in the x-direction at
the cost of a much larger computational effort. Around the grid a layer of dummy-cells
is introduced, labeled with i = 0, j = 0, and j = Ny. In the interior of the domain the
system (2.4)–(2.8) is discretized, whereas in these dummy-cells the boundary conditions
are discretized.

In the simulations we used at least Nx = 50 and Ny = 150. Moreover, in order to
obtain computational results which do not show an appreciable influence arising from the
finiteness of the computational domain we determined that xmax = 50 and ymax = 100
are appropriate values. In the y-direction the smallest grid-cell near the wall has a typical
dimension of about 0.05. For the actual formal order of accuracy of the discretization
we selected the fourth order accurate method. This formal order of accuracy results in
combination with the resolution and the computational domain in an accuracy of at least
five significant digits in the eigenvalues for the cases studied which is sufficient for our
purposes.

The second aspect of the solution to the eigenvalue problem as formulated in the
system (2.4)–(2.8) is to determine an appropriate solver for the algebraic eigenvalue
problem which results after the discretization. In particular discretization of the equa-
tions and the boundary conditions results in a quadratic eigenvalue problem of the type
Aξ+βBξ+β2Cξ = 0. This generalized eigenvalue problem can be solved in a number of
ways. In view of the sparse structure of the matrices A, B and C resulting from the use
of a finite difference discretization and the need for a highly efficient method in order to
limit the calculation time and the demand made on memory resources as much as possi-
ble, we solved the problem using the so called Jacobi-Davidson algorithm for polynomial
eigenvalue problems, JDPOL for brevity. For details we refer to the authors of this algo-
rithm, Sleijpen et al. (1996) and to Heeg and Geurts (1997). A short description of this
relatively new technique for solving eigenvalue problems is given below.

The JDPOL algorithm constructs a search subspace on which the problem is pro-
jected. The resulting much smaller eigenproblem is solved yielding approximations σ
for the desired eigenvalues β. Then, one of the approximate eigenvalues is selected, for
which an approximate eigenvector is computed. Subsequently, a correction equation for
the selected eigenvalue is set up based on these approximate solutions. This correction
equation can be solved using a sparse-matrix solver based on Krylov subspaces. The
computed correction is then used for the expansion of the search space and the iteration
of JDPOL is repeated until the L2-norm of the residual Aξ + σBξ + σ2Cξ is below a
user defined threshold. Here ξ is the resulting approximate eigenvector and σ the cor-
responding estimate for the eigenvalue. We emphasize that the method used is a local
method; it is not suitable for computing the whole spectrum of eigenvalues. Instead it
is suitable for the computation of e.g. a fixed number of the eigenvalues with the largest
growth rates within a certain fixed distance of a pre-defined estimation of β. For the
solution of the linear systems involved we use a complex arithmetic version of the ma-
trix solver BiCGSTAB(l) developed by Sleijpen and Fokkema (1993). By increasing the
integer parameter l one can increase its robustness, usually at the cost of its efficiency.
Furthermore a preconditioner is necessary for which we use the complex arithmetic ver-
sion of ILU(ε) developed by Van der Ploeg (1992). This preconditioner generates an
approximate LU-factorization of the input-matrix D(σ) = A+ σB + σ2C with an arbi-
trary sparsity pattern, where σ is the available estimate of the eigenvalue. By decreasing
the parameter ε one can improve the approximate LU-factorization at the cost of a larger
amount of fill-in. To minimize the fill-in in the preconditioner and the use of memory, we
compute the ILU-decomposition of a matrix D(σ) based on second order discretization
instead of using the higher order discretization.
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The dimensions of the computational domain as specified above have been chosen with
some care in order to yield results which are independent of the size of this domain while
retaining a computational efficiency. The eigenvalues turn out to be virtually independent
of xmax within a large range of acceptable values provided that the mesh sizes are not
altered when varying xmax. However, if xmax is chosen comparably small the convergence
of the eigenvalue solver is considerably decreased. Moreover, if the dominant eigenvector
is computed at a large value of xmax the difference with the incompressible similarity
mode is better illustrated. On the other hand, since the eigenvectors rapidly increase in
the x-direction a larger value of xmax also should lead to a larger value of ymax in order
to ensure that the velocities decay properly to 0 for y → ymax at large values of x. We
did not introduce a formulation of the far-field boundary condition near y = ymax which
takes the asymptotic behaviour of the eigenvector for large y into account. Instead we
adopted a fairly large value of ymax and established that a further increase in ymax does
not lead to a change in the eigenvalues beyond the fifth decimal.

In order to solve for the base flow we use a staggered one-dimensional grid in the y-
direction on which we discretize (2.2) and (2.3). These equations are discretized using a
finite difference discretization scheme of fourth order accuracy. The nonlinearity in these
equations is handled by a Picard-iteration. Linearization of these discretized equations
results in a system Ax = b which is solved using BiCGSTAB(l) and ILU(ε) as a precon-
ditioner. Typically we use about 3000 points to solve for the base flow and transfer this
solution to the much coarser grid used for the stability problem afterwards using high
order interpolation.

In the next section we present some simulation results obtained with the methods
described in this section. In particular we will concentrate on the effects of compressibility
on the stability characteristics of the base-flow and the changes in the structure of the
dominant eigenvectors corresponding to increased compressibility.

4. Results
The simulation results to which we turn in this section will be presented in three

ways. First, we provide a graphical and tabular illustration of the structure of the
dominant eigenvectors and propose a generalized one-dimensional model which describes
the instability-modes to a high degree of accuracy. Then, we will discuss the influence
of the Mach number M on this structure. Finally, we turn to a description of the
dependence of the eigenvalues on M and establish the strong stabilizing influence arising
from compressibility effects in this boundary layer flow. For all stability computations
presented in this section we set the free-stream temperature to a typical value of 200 K
and adopt a high value of the Reynolds number R = 1500.

4.1. Chordwise behaviour of the eigenvectors
In the incompressible case the least stable modes follow the sequence symmetric (S1),
antisymmetric (A1), symmetric (S2) etc. as observed by Lin and Malik (1996). In the
results presented in literature for incompressible leading edge boundary layer flow and
also in the present compressible case the least stable mode corresponds to the symmetric
S1-mode, which obeys the Görtler-Hämmerlin assumption, except for very small discrep-
ancies. So far only the S1-mode was considered to be an essentially one-dimensional
mode, which can be computed using a one-dimensional numerical model. In this sub-
section we will show that the other modes can also be approximated very accurately by
one-dimensional models and that they show algebraic growth in the chordwise coordi-
nate. First we will formulate this generalized one-dimensional framework and then we
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will present a posteriori checks using the eigenvectors which have been computed with
the two-dimensional formulation.

For incompressible flow all modes which satisfy the Görtler-Hämmerlin assumption also
satisfy the incompressible counterpart of the two-dimensional linear stability equations
(2.4)–(2.9) exactly. In the compressible case this is no longer true due to e.g. the x-
derivatives in the viscous terms of (2.4)–(2.9). However, for high Reynolds number flow
the discrepancy turns out to be very small. For example at R = 1500 the most amplified
S1-mode which was found using the compressible two-dimensional formulation as given
in section 2 satisfies the Görtler-Hämmerlin assumption to within two digits which shows
the value of the one-dimensional model from a practical point of view.

A simple example of extended ‘similarity behaviour’ of the perturbation eigenmodes is
furnished by the A1-mode. From the two-dimensional data it was recognized that the v-,
and w-component of this mode depend linearly on the x-coordinate. Further evidence
of the algebraic dependence of the eigenmodes on the x-coordinate was obtained by
considering x-derivatives of the components of the other modes. Along these lines, the
u-component of the A1-mode and the v- and w-component of the S2-mode, which are all
shown in figure 2, turned out to vary quadratically in the x-direction. This remarkable
structure in the components of the eigenmodes motivated us to formulate a more general
one-dimensional model which is detailed next.

In particular we propose ’product-formulations’ in which the x-dependence is repre-
sented by powers of x and the ’coefficients’ of these terms are functions of y alone. For
the symmetric modes we have considered the following ‘Ansatz’:

uSn(x, y) =
n−1∑
k=0

ũSn,k(y)x2k+1, (4.1)

χSn(x, y) =
n−1∑
k=0

χ̃Sn,k(y)x2k, (4.2)

and for the anti-symmetric modes:

uAn(x, y) =
n∑
k=0

ũAn,k(y)x2k, (4.3)

χAn(x, y) =
n−1∑
k=0

χ̃An,k(y)x2k+1, (4.4)

where χ corresponds to either v, w, ρ or T .
It may readily be verified in this Ansatz that these algebraic x-dependencies yield so-

lutions which satisfy the system (2.4)–(2.9) if certain terms are not taken into account.
In particular the term containing u∂P0/∂x in (2.8), and specific (small) viscous terms
in the entire system of equations need to be ignored in order for the Ansatz to be an
exact solution. Their effect increases with increasing x and decreasing R. However, in
the results presented below it is demonstrated that the coefficients ũn,k(y) and χ̃n,k(y)
quickly decay for higher values of k which suggests that only a finite and small number
of terms plays a role in the summations in (4.1)–(4.4). Therefore the discrepancy be-
tween the eigenmodes as given by (4.1)–(4.4) and the prediction obtained from the full
two-dimensional formulation, which arises from the neglect of certain term as indicated
above, is lower than intuitively expected. It should also be noted that this structure
still represents a strong limitation on the shape of the eigenmodes since it implies that
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each eigenmode can be represented as a sum of terms which are separable in x and y.
Moreover, the spatial structures of the eigenmodes for v, w, ρ and T are identical within
this approximation, which further clarifies the underlying interrelations.

4.2. One-dimensional structure of the eigenvectors
In order to illustrate the structure of the eigenmodes in a more efficient way we present
and discuss the one-dimensional coefficient-functions introduced in the previous subsec-
tion. For this purpose the eigenmodes at M = 0.8 and ω = 0.05763 are considered for
sake of illustration. At this value of ω the growth rate of the S1-mode is at its maximum.
To evaluate the approximations (4.1)–(4.4) we have computed the coefficient-functions
from the two-dimensional modes using a least squares method for the S1, A1, S2 and
A2-modes. Other methods for obtaining these one-dimensional coefficient-functions have
also been considered. However, adopting the least squares method provides a systematic
procedure as well as an estimate of the errors involved. The results corresponding to this
analysis will be presented in two different ways: first we turn to a detailed quantification
of the contributions and resulting errors involved in the Ansatz and then we focus on
the shape of the one-dimensional coefficient-functions. In order to obtain an impression
about the x-dependence of the eigenvectors and how well this compares to the proposed
Ansatz we also used xmax = 100 next to xmax = 50 for the computation of the two-
dimensional eigenmodes in this subsection. This enables a clearer identification of the
highest powers of x contained in the Ansatz.

In Table 1 we quantify various properties of the Ansatz. It contains for each mode
and velocity component the following data: in the second column the signed relative
maximum error, and in the last three columns the maximum of the absolute values of
the corresponding one-dimensional coefficient-functions. Here the relative error ε as a
percentage of a component q of the eigenmode is defined as follows:

ε = 100 F
{

maxx,y(|qls(x, y)− q(x, y)|)
maxx,y |q(x, y)|

}
, (4.5)

where qls denotes the least squares approximation, and ‘F ’ denotes the sign of |qls(x, y)|−
|q(x, y)| at the x and y where the maximum is attained.

As shown in the second column of table 1 the relative errors are small; the A2-mode
yields the largest error which is, however, still below one percent. Furthermore, the sign
of the relative error is positive for all fields and the maximum error occurs near the end
of the x-domain and near the wall. Therefore it may be concluded that the generalized
similarity model slightly overestimates the growth in the x-direction. The small relative
errors ε reported in table 1 strongly support the assumption that the four dominant
eigenmodes have the, essentially one-dimensional structure, as formulated in (4.1)–(4.4).
In view of the high accuracy with which the spatial structure of these most important
eigenmodes is captured by the Ansatz, in particular near the leading edge, the practical
use of this model can readily be inferred.

In figure 3 the amplitudes of the one-dimensional coefficient-functions corresponding
to the velocity components of the S1-eigenvector are shown and in figure 4 the corre-
sponding amplitude of the pressure and the temperature component are displayed at a
particular, illustrative Mach-number. These results clearly demonstrate the relatively
large perturbation-amplitudes near the wall with largest values for w̃. It is of interest
to compare the S1-mode with the other modes predicted. For that purpose we consider
the next important A1-mode. In figure 5 we display the two coefficient-functions corre-
sponding to the u-velocity component of the A1-mode, i.e. ũA1,0(y) and ũA1,1(y). One
may directly compare these functions with the corresponding function for the S1-mode
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ũS1,0(y) which is shown in figure 3(a). From this we observe that the spatial structure of
these one-dimensional coefficient functions for the velocity fields does not vary much with
the power of x it corresponds to and the mode it is related to. There are also some differ-
ences related to the behaviour as y → ymax. The one-dimensional coefficient-functions
reduce to zero faster for the more unstable modes. This is illustrated e.g. by comparing
figure 3(a) with figure 5 showing that ũS1,0 approaches zero faster than ũA1,0. So the
effect of the more unstable modes is slightly more localized near the wall. Moreover, the
one-dimensional coefficient-functions corresponding to one and the same mode converge
to zero faster as the index increases. As an example ũA1,1(y) approaches faster to zero
than ũA1,0(y), see figure 5. This behaviour was also observed for the other perturbation
components and modes.

The generalized one-dimensional model expressed by (4.1)–(4.4) can also be used to
derive a new approximate one-dimensional eigenvalue problem. In fact by substituting
the structure (4.1)–(4.4) into (2.4)–(2.9) and discarding certain terms, as described pre-
viously, such an eigenvalue problem can be obtained. After this operation the resulting
equations for each of the one-dimensional coefficient-functions would be the same ex-
cept for the terms related to the approximations made. The coefficients of these terms
grow in the chordwise direction with the power of x related to the perturbation consid-
ered. Since the resulting equations are more or less the same for each one-dimensional
coefficient-function it is not surprising that these functions have similar spatial structure.
The study of this approximate one-dimensional eigenvalue problem and in particular how
well it compares to the full two-dimensional formulation is worth pursuing in the future.

4.3. Compressibility effects in the eigenvectors
In order to study the effect of compressibility on the eigenmodes we also considered the
S1, A1, S2 and the A2-mode at M = 0.4. From the two-dimensional data we have
computed the one-dimensional coefficient-functions and compared these one-dimensional
fields with those obtained at M = 0.8. Generally, the shape of the one-dimensional fields
does not change dramatically as M changes from M = 0.4 to M = 0.8. The most notable
change occurs in the spatial structure of the temperature fields as shown in figure 4(a) and
figure 6, where the T -perturbations of the S1 mode are shown respectively for M = 0.8
and M = 0.4.

The relative amplitude of the coefficient-functions corresponding to the u-velocity as
well as of the T - and the ρ-perturbation grows with increasing compressibility, while
relative the amplitude of the v-velocity decreases. The amplitude of the w-coefficients
stays the same since it is with this component that we normalize the two-dimensional
eigenmodes. The y-position of the maximum of the coefficient-functions of the u- and the
w-fields in the boundary layer are farther away from the wall for M = 0.8. Furthermore
the boundary layer is less localized in the y-direction for M = 0.8 than for M = 0.4.
The maximum values of the one-dimensional fields which correspond with a power of x
greater than zero form a suitable measure for the growth in the x-direction. According
to this measure the growth in the x-direction of the velocity fields decreases with a few
percent while the growth of the T - and the ρ-fields increases with a factor of three to four
as M goes from 0.4 to 0.8. In summary we have a large change in the spatial structure
and chordwise growth of the perturbation eigenmodes for the density and temperature
while the corresponding effects on the velocity components are of a much more gradual
nature.

The error ε as given by (4.5) was also computed for the two-dimensional modes at
different values of M . We compared the values of ε for the first four eigenmodes at
M = 0.4, M = 0.8 and for a truly incompressible computation at M = 0. The values of



12 R. S. Heeg and B. J. Geurts

ε are of the same order for M = 0.4 and M = 0.8. For the incompressible computation,
however, ε is much lower, namely of the order of 10−6 for the S1, A1 and S2-mode. For
the A2-mode ε is of the same order for all three cases. Therefore it is safe to assume
that the difference between the two-dimensional modes and the one-dimensional model
is not caused by discretization errors and does not depend on the use of the least-squares
method which was adopted for the evaluation of the data. It is also of some interest that
the error does not build up significantly with an increase of the Mach-number. The main
error arises from substitution of the Ansatz in the temperature equation (2.8).

4.4. Growth rates

In order to complete the description of the eigensolutions to the compressible Hiemenz
flow we turn to the dependence of the growth rates in the spanwise direction on the Mach-
number. In Figures 7 and 8 the growth rates of the four least stable modes, i.e. the S1,
A1, S2 and the A2-modes, are presented for R = 1500 at M = 0.2, 0.6, and M = 1.0. As
shown compressibility is strongly stabilizing, just as occurs in other compressible flows
such as compressible Blasius boundary layer flow. We also studied the effect of variations
in R and observed, in line with other sources in literature, an increase in the instability
if R increases. In addition the maximum growth rate of the least stable mode occurs at
lower frequencies and lower wave numbers as M increases, which is shown in figures 9–11.
One may infer that the S1-mode is unstable at R = 1500 for Mach-numbers up to about
0.63. In addition we considered the departure of e.g. this maximum growth-rate from
the incompressible value as the Mach-number increases. From an analysis of the data we
inferred a nearly quadratic dependence of the growth rate on the Mach-number for small
value of M . Furthermore the compressible results converge readily to the incompressible
results. The growth rates were found identical within line thickness at various frequencies
for both incompressible and compressible flow at M = 0.01. This provides a motivation
for using the incompressible model when comparing results from linear stability theory
with experiments at low Mach number as has been done in the past, see for example
Hall et al. (1984).

5. Concluding remarks
An accurate method has been developed and employed in the study of the spatial

stability of compressible attachment-line flow. Results for the spatial stability of the
attachment-line have been presented which can be directly compared with experiments.
These results show that also in the attachment-line boundary layer flow compressibility
has a stabilizing influence as far as the spanwise growth-rate is concerned. In addition, we
established also for the compressible flow that the most unstable mode obeys the Görtler-
Hämmerlin assumption. However, since about equally unstable two-dimensional modes
at the same wave number and frequency are present it is likely that these modes also play
a role in the transition process which occurs further downstream. It has been shown that
these modes grow algebraically in the x-direction and that this growth becomes faster
for the less unstable modes. An approximate one-dimensional model for all perturbation
eigenfunctions near the leading edge was proposed which may be used to arrive at a
general one-dimensional approximate eigenproblem for the compressible attachment-line
flow. Further study based on direct numerical simulations with linear stability results as
input will clarify the physical importance of the dominant instability and its interactions
with the almost equally important (anti-)symmetric instabilities.
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Captions
Table 1. Table of ε from (4.5). The last three columns contain the maxima of the abso-
lute values of the corresponding one-dimensional fields.

Figure 1. Attachment-line region of swept Hiemenz flow.

Figure 2. Quadratic x-dependence of velocity fields for M = 0.8 at R = 1500. (a) ũA1,
(b) ṽS2, (c) w̃S2.

Figure 3. S1 mode for M = 0.8 at R = 1500. (a) ũS1,0, (b) ṽS1,0, (c) w̃S1,0.

Figure 4. S1 mode for M = 0.8 at R = 1500. (a) T̃S1,0, (b) ρ̃S1,0.

Figure 5. A1 mode for M = 0.8 at R = 1500. (a) ũA1,0, (b) ũA1,1.

Figure 6 T̃S1,0 for M = 0.4 at R = 1500.

Figure 7. Growth rates −βi of the four least stable modes, S1, A1, S2, and A2 against
F = (ω/R) 104, at R = 1500, and M = 0.2, 0.6 and 1.0.

Figure 8. Growth rates −βi of the four least stable modes, S1, A1, S2, and A2 against
βr, at R = 1500, and M = 0.2, 0.6 and 1.0.

Figure 9. Maximum growth rate at R = 1500 against M .

Figure 10. Frequency F = (ω/R) 104 for the maximum growth rate at R = 1500 against
M .

Figure 11. Wave number βr for the maximum growth rate at R = 1500 against M .
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Field ε 0 1 2
uS1 0.016 0.002602
uA1 0.011 0.1673 2.469 10−5

uS2 0.0055 0.002305 2.305 10−7

uA2 0.86 0.04324 3.801 10−5 2.736 10−9

vS1 0.026 0.2262
vA1 0.014 0.002167
vS2 0.0095 0.01634 2.042 10−5

vA2 0.49 5.225 10−4 1.747 10−7

wS1 0.024 1.000
wA1 0.012 0.009422
wS2 0.0079 0.09218 8.732 10−5

wA2 0.37 0.002799 7.219 10−7

ρS1 0.12 0.2350
ρA1 0.067 0.002245
ρS2 0.030 0.01725 2.109 10−5

ρA2 0.49 5.485 10−4 1.799 10−7

TS1 0.32 0.08596
TA1 0.18 8.128 10−4

TS2 0.081 0.006346 7.577 10−6

TA2 0.5 1.930 10−4 6.522 10−8

Table 1. Table of ε from (4.5). The last three columns contains the maxima of the absolute
values of the corresponding one-dimensional fields.

x

y

Figure 1. Attachment-line region of swept Hiemenz flow.
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Figure 2. Quadratic x-dependence of velocity fields for M = 0.8 at R = 1500. (a) ũA1, (b)
ṽS2, (c) w̃S2.
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Figure 3. S1 mode for M = 0.8 at R = 1500. (a) ũS1,0, (b) ṽS1,0, (c) w̃S1,0.
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Figure 4. S1 mode for M = 0.8 at R = 1500. (a) T̃S1,0, (b) ρ̃S1,0.
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Figure 5. A1 mode for M = 0.8 at R = 1500, (a): ũA1,0. (b): ũA1,1.
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Figure 6. T̃S1,0 for M = 0.4 at R = 1500.
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Figure 7. Growth rates −βi of the four least stable modes, S1, A1, S2, and A2 against
F = (ω/R) 104, at R = 1500, and M = 0.2, 0.6 and 1.0.
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Figure 8. Growth rates −βi of the four least stable modes, S1, A1, S2, and A2 against βr, at
R = 1500, and M = 0.2, 0.6 and 1.0.
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Figure 9. Maximum growth rate at R = 1500 against M .
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Figure 10. Frequency F = (ω/R) 104 for the maximum growth rate at R = 1500 against M .



Spatial stabilities in the compressible attachment-line boundary layer 25

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24
β r

M

Figure 11. Wave number βr for the maximum growth rate at R = 1500 against M .


