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1 Introduction

The RESTART method is a simple simulation method for the estimation
of rare event probabilities. The method is based on the idea to restart the
simulation in certain system states, in order to generate more occurrences of
the rare event. A modern version of the RESTART method was introduced in
[2] and further generalized in [3]. Other enhancements have been investigated
in [9] and [16]. A more theoretical analysis of the RESTART method may
be found in [5], [6] and [7].

In this paper we explore the possibility of further increasing the e�ciency
of the method by using so-called entrance distributions. Roughly speaking,
an entrance distribution may be seen as the conditional distribution of the
`system state' upon entering a rare event. We will see that the entrance
distribution is a natural concept in the context of RESTART simulation, at
least in the framework that we consider.

We will study the entrance distribution mainly through examples and
numerical experiments. It may be argued that the case studies are too speci�c
and can be `solved' numerically. However, they have served as convenient
reference frames (benchmarks) for several simulation methods. For example,
in [7], [12], [11] and [13] we �nd these same cases tested for Importance
Sampling estimations and various RESTART implementations.

The paper is organized as follows. Section 2 briey outlines the RESTART
method. In Section 3 we discuss the entrance distribution and its relevance
for RESTART simulation. Section 4 focuses on the limiting entrance dis-
tribution. A number of examples are presented for which this distribution
can be easily found. An interesting link with Importance Sampling is discov-
ered. In Section 5 we investigate numerically the usefulness of the entrance
distribution in RESTART simulation. Conclusions are given in Section 6.

2 The RESTART method

We briey review the RESTART method in the setting of [16]. Consider
a Markov process X := (Xt; t � 0) with state space E. Let f be a real-
valued function on E, and de�ne Zt := f(Xt), for all t � 0. For any level (or
threshold) L > 0, let T denote the �rst time that the process Z := (Zt; t � 0)
hits or up-crosses level L and let T0 denote the �rst time, after 0, that Z hits
or down-crosses 0.
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We assume that T and T0 are well-de�ned (possibly in�nite) stopping
times with respect to the history of X. We think of Z as the stochastic
process describing the water level in a reservoir, whose temporal uctuations
depends on the environment X. We are interested in estimating the overow
probability,  say, of the event D := fT < T0g. Note that  depends on the
initial distribution of X. We assume that Z0 2 [0; L).

The RESTART method works as follows (see Figure 1 for an illustration).
First, we partition the interval [0; L) into m subintervals [L0; L1); [L1; L2);
: : : , [Lm�1, Lm), with 0 =: L0 < L1 < : : : < Lm := L. We assume for
simplicity that Z actually hits all thresholds L1; : : : ; Lm if event D occurs.
Let Di denote the event that process Z reaches level Li before returning to 0.
Then D1; D2; : : : ; Dm is a nested sequence of events, decreasing to Dm = D.
And, with p1 := P(D1); p2 := P(D2 jD1); : : : , we have

 = p1 p2 � � �pm:

t

L

L

L

0

Zt

2

1

Figure 1: An illustration of the RESTART method

Now, instead of estimating  directly, we estimate the conditional proba-
bilities fpk; k = 1; : : : ; mg inm consecutive stages. The estimation procedure
goes as follows. At the �rst stage we run r1 (�xed) independent copies of X

(and Z). De�ne I
(1)
j as the indicator that the jth copy of Z reaches level L1

before visiting 0, j = 1; : : : ; r1. Let R1 be the total number of copies out
r1 that reach level L1. Then an obvious estimate of p1 is R1=r1. We save
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the entrance states (also called saved states) of all paths that reach level L1.
Speci�cally, for every copy of Z which crosses level L1 we remember the state
of the corresponding X at the time of crossing. We then proceed with the
second stage. Here we start r2 new independent copies of Z, each copy from
a certain saved state. More precisely, from the R1 possible starting states
we choose (randomly) r2 � R1 br2=R1c di�erent starting states from which
dr2=R1e new runs start; the number of runs starting from each of the other
starting states is br2=R1c.

Next, we generate Bernoullis I
(2)
j ; j = 1; : : : ; r2, where I

(2)
j indicates

whether the jth copy of Z (Z starting from level L1 and X from a saved
state) reaches level L2 before 0. This process repeats itself at all the subse-
quent stages 3; : : : ; m. We call rk the simulation e�ort at stage k, and Rk

the (random) number of starting states or successes at stage k, k = 1; : : : ; m.

In general the indicators fI
(k)
i g are not independent; the success proba-

bility of an indicator depends typically on the state from which X restarts.
However, with

p̂k :=
Rk

rk
; k = 1; : : : ; m;

the `natural' estimator

̂ :=
mY
k=1

p̂k; (1)

is still unbiased, see e.g. [16].
Notice that the intermediate levels L1; : : : ; Lm have not been speci�ed

(indeed, not even m has been speci�ed). The e�ciency of the RESTART
method, determined by the variance of ̂, depends crucially on the appro-
priate choice of the intermediate thresholds. As a rule of thumb, we choose
the levels L1; : : : ; Lm such that the probability of crossing a threshold when
starting from the previous threshold, i.e., pi, is roughly equal to e

�2 � 0:135.
A justi�cation of this rule is given in [16] (see also [3]). As a consequence,
for small  we should take approximately � log()=2 thresholds.

Remark 1 The RESTART implementation described above is called the
Fixed E�ort (FE) implementation [16], because in every stage k we have a
�xed simulation e�ort rk. The original implementation of RESTART works
somewhat di�erent; here the number of runs that start from each possible
starting state at stage k is �xed, typically 7 or 8. In [16] it is shown that
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the FE implementation is much less sensitive to the choice of the simulation
parameters, is easier to implement, and above all, gives a better performance.
The only disadvantages of the FE implementation is that the variance esti-
mation is more complicated and that it requires somewhat more computer
memory.

3 The entrance distribution

In this section we have a closer look at the way in which the simulation is
`restarted' at each level. For each stage k = 1; : : : ; m, let Tk be the time at
which Z hits level Lk; if this does not happen, we put Tk := 1. We de�ne
the entrance distribution �k at stage k as the conditional distribution of XTk

given the event Dk, i.e.

�k(dx) = P(XTk 2 dx jDk):

When X is a multi-dimensional Markov process of the form (Yt; Zt), for some
process (Yt), we will identify the entrance distribution with the conditional
distribution of YTk given Dk.

Now suppose that the entrance distributions f�kg are known. Then at
each stage k we should start rk new runs from the corresponding entrance
distribution, rather than from the `saved states' described in Section 2. More-
over, if we choose the new starting positions independently from each other,
the indicators fI

(k)
i g are all completely independent and have expectation pk.

Consequently, we can easily determine the variance of ̂:

Var ̂ = E ̂2 � (E ̂)2 = E

mY
i=1

p̂2i � 2

=
mY
i=1

fVar p̂i + (E p̂i)
2g � 2 =

mY
i=1

f
pi(1� pi)

ri
+ p2i g � 2

= 2

 
mY
i=1

f
1� pi
pi ri

+ 1g � 1

!
:

Remark 2 That using the exact entrance distributions leads to a smaller
variance for ̂ can be illustrated by the following two-stage example from
[16].
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Consider a two-stage RESTART simulation. Suppose we have R1 start-
ing states X(1); : : : ; X(R1) at the �rst stage. Assume for simplicity that R1

is �xed. We start a total of r2 := n2R1 new runs; n2 independent paths from
each starting state, where n2 � 1 is some �xed integer. The success probabil-
ity of reaching the next level, starting from state s will be denoted by p2(s).
Let Yi be the number of successful runs (that reach the next level) starting
from state X(i). Since we have only one intermediate stage, the X(i)'s are
i.i.d., with expectation p2. Consequently, p̂2 =

PR1

i=1 Yi=r2 is an unbiased
estimator for p2. We are interested in the variance of p̂2. It is not di�cult to
see [16] that

Var p̂2 =
1

r2

�
p2(1� p2) + (n2 � 1)Var p2(X

(1))
	
:

The second term between the brackets vanishes when the runs are started
from states which are drawn independently and from the true entrance distri-
bution. The di�erence in variance between the two cases is thus n2�1

n2R1
Var p2(X

(1))

� Var p2(X
(1))=R1. This suggest that the increase in e�ciency when using

the entrance distribution depends very much on the variance of the success
probability of reaching the next level.

Next, we give two examples for which the entrance distributions are easily
established.

Example 1 Consider an M/M/1 queue in a random environment. This
model is discussed in detail in Chapter 6 of [19]. Basically, we have an
ordinary M/M/1 queue whose arrival rate and service rate are determined
by a continuous time Markov process (Jt) with �nite state space E and
in�nitesimal generator (Q-matrix)Q. Speci�cally, when (Jt) is in state i 2 E,
customers arrive at the queue via a Poisson process with rate �i and are
served by the server at rate �i. Let � and � denote the vector of arrival
rates and service rates, respectively, and let q denote the vector of diagonal
elements of �Q. Let � = q+�+�. We can interpret � as being the vector
containing the total `transition rate' out of each state. Finally, let Zt be the
number of customers in the system at time t.

Below, for any vector a, �(a) denotes the corresponding diagonal ma-
trix. Starting with the bu�er at level Z0 = z and the regulating process in
state J0 = i, de�ne T as the �rst time that the queue either hits level L or
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becomes empty. For each �xed z; i and L, we are interested in the (entrance)
distribution � de�ned by

�(fjg) = P(JT = j jZT = L; J0 = i; Z0 = z); j 2 E:

We consider thereto the probabilities

P(JT = j; ZT = L j J0 = i; Z0 = z); i; j 2 E; (2)

which we collect (in the obvious way) into a matrix P (z). To �nd P (z) we
�rst de�ne the matrices Sk; k = 1; 2; : : : , such that the (i; j)th element of
Sk is the probability of entering level k + 1 at environment state j before
reaching level 0, starting from level k at environment state i. Let S0 be the
0-matrix, the reader may verify that for k = 1; 2; : : :

�(� )Sk = �(�) + (Q +�(q))Sk +�(�)Sk�1Sk;

It follows that Sk; k = 1; 2; : : : , can be determined recursively from

Sk = (�(�+ �)�Q��(�)Sk�1)
�1 �(�): (3)

Moreover, the matrix P (z) is given by

P (z) = Sz Sz+1 � � � SL�1: (4)

Finally, observe that the entrance distribution � is simply found from the
ith row of the matrix P (z), properly normalized.

Example 2 Next, consider as a continuous version of the previous example
a uid queue in which a reservoir, or bu�er, is �lled at rates which vary
according to the current state of a continuous time Markov chain (Jt) with
�nite state space E and Q-matrix Q.

The chain regulates the input to the bu�er in such a way that the input
rate is ri � 0 whenever state i 2 E is visited. The output rate is constant,
c say. Let r be the vector of input rates, and let R := �(r) denote the
corresponding diagonal matrix. Finally, let E+ := fi 2 E : ri > cg, E� :=
fi 2 E : ri < cg and E0 := fi 2 E : ri = cg. We assume that jE+j > 0
(otherwise an overow can never happen.) Let Zt be the content of the bu�er
at time t.
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Starting with the bu�er at level Z0 = z and the regulating process in
state J0 = i, de�ne T as the �rst time that the bu�er either hits level L or
becomes empty. We are interested in the probabilities of the form (2). which
we collect, as before, in a matrix P (z) = fpij(z)g. The reader may verify
that the matrix P (z) satis�es the following di�erential equation:

(R� c I) P 0(z) = �Q P (z); 0 < z � L: (5)

Note that pij(z); i 2 E0; j 2 E can be expressed in terms of pij(z); i 2 fE++
E�g; j 2 E; which are obtained by solving a reduced system of di�erential
equations, with the boundary conditions

pij(0+) = 0; i 2 E�; j 2 E and pij(L) = �ij; i 2 E+; j 2 E;

where �ij denotes the Dirac function.
The entrance distribution at level L, starting from J0 = i and Z0 = z,

may now be found as the ith row of the matrix P (z), properly normalized.

4 Limiting entrance distribution

The two examples in the previous section show that �nding the true entrance
distribution for each intermediate level may be as di�cult as the �nding the
actual overow probabilities. However, in many cases when the sequence
of levels L1; L2; : : : increases to in�nity1, the corresponding sequence of en-
trance distributions f�kg converges (in distribution) to a �xed distribution
�1, say. Often, this limiting entrance distribution is much easier to calculate.
Now, if the sequence f�kg indeed converges to some �1, we could start our
RESTART simulation from �1 for k high enough. This would presumably
reduce the variance in the simulation without introducing too much bias.

In some cases we may do even better than this. For example, often the
overow probabilities have an exponential decay, i.e. we have

lim
L!1

log L
L

= �� for some � � 0 ; (6)

where L denotes the overow probability of level L, i.e. the probability that
the process (Zt) reaches level L before 0. The parameter � is called the

1Here we have assumed that there is no maximum level L = Lm.
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(exponential) decay rate; it has been the subject of numerous studies, not
only because of its relevance for e�cient simulation, but also because it gives
important information about the asymptotics of the overow probabilities
and steady-state distributions.

To see how the decay rate is related to the limiting entrance distribution,
consider the following situation. Suppose that there exists a level v such
that the entrance distribution at any level w � v is `close' to the limiting
entrance distribution �1. Moreover, suppose that the probability of reaching
level z = w+a, (a > 0), starting from level w and from the limiting entrance
distribution, depends approximately only on a and not on w, and is given by
g(a), for some strictly positive function g. We then have

z � v g(z � v) � v g(w� v) g(z � w):

This suggests that g(a) = e��a, for some constant � > 0, and, consequently

z � v e
�v e��z:

Hence an accurate estimation of v would automatically yield an equally
accurate estimation of z, provided that � can be calculated. In cases where
it is di�cult or impossible to calculate �, an estimator could be constructed
using estimations for the overow probabilities for low to moderate levels.

Next, we give a number of models for which the limiting entrance distri-
bution and the decay rate can be easily derived. These models also show a
remarkable duality between the RESTART parameters and the Importance
Sampling parameters.

Example 3 (MMPP/M/1-queue) We return to the queueing system of
Example 1. The reader may verify that for stable systems, the matrices fSkg
converge to a �xed matrix S, say. From (3) it is easy to see that S must
satisfy the quadratic matrix equation

�(�)S2 + (Q��(�+ �))S +�(�) = 0: (7)

We describe in Appendix A.1 how to e�ciently calculate S. Notice that S is
closely related to the rate matrix R of [19]. In fact, S and R are similar (in
matrix jargon).

It turns out that the limiting entrance distribution is the left eigenvector
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corresponding to the largest2 eigenvalue (� say) of S. Moreover, this � is
exactly the geometric3 decay rate of the overow probabilities.

There is an interesting link with the Optimal Exponential Change of
Measure (OECM) in Importance Sampling (IS) simulation for this model.
Namely, using the theory of Markov additive processes, it can be shown that
the OECM is completely speci�ed by � and the right eigenvector of S, see
[15].

Example 4 (Fluid queue) For the uid queue of Example 2 the limiting
entrance distribution is found by determining the pair (�;u) that satis�es
the eigenvalue equation

�uQ = � u (R� c I); (8)

where � is the smallest strictly positive eigenvalue. The parameter � is the
exponential decay rate of the bu�er, and the corresponding left eigenvalue u
(properly normalized) is the limiting entrance distribution.

We have a similar right/left-eigenvector duality between RESTART and
IS parameters as in the previous example. Namely, the OECM used in an Im-
portance Sampling scheme for this model can be found from two parameters
(�;v) that satisfy the eigenvalue equation

�Qv = � (R � c I)v;

where � is the same as above, see [15].

Example 5 (M/G/1-queue) Consider an M/G/1-queue with tra�c in-
tensity � less than 1. Let G be the distribution(function) of the service time
and let B denote the corresponding the Laplace-Stieltjes transform. The
arrival intensity is denoted by �.

The entrance distribution �k at level k is identi�ed with the conditional
distribution of the remaining service time given that the queue reaches level
k before it becomes empty. The following result is from [13]. Let K > 1 be
the solution of the equation

B(�(1� z)) = z:

2Note that S is non-negative matrix; hence the by the Perron-Frobenius Theory S has
a maximal real eigenvalue, the so-called dominant eigenvalue, with a positive eigenvector.

3As opposed to the exponential decay rate �, given in (6). The two are related by
� = � log�.
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The sequence of entrance distributions �1; �2; : : : converges to a limiting dis-
tribution �1 which has probability density h given by

h(x) =
�

1� �

Z 1

x

�
e�(K�1)(t�x) � 1

	
G(dt); x � 0:

We now return to the idea discussed at the beginning of this section to
start the RESTART simulation from the asymptotic entrance distribution
�1 for high enough levels, when such a distribution exists. The question
is, of course, how to decide when a true entrance distribution �k is close
enough to the asymptotic entrance distribution so that only a minimum bias
is introduced in the simulation. We suggest here a heuristic method which
appears to work well.

Let us call the smallest level from which we can `safely' start our runs
using the asymptotic distribution the asymptotic level (AL). In other words,
AL is the level at which we switch from the standard RESTART implemen-
tation to the entrance distribution method. In order to specify an AL we
need to decide when �k is close enough to �1. Generally, only �1 is known,
but not the actual �k's, so we need to estimate the �k's during the simulation
and test whether these empirical distributions are close enough to �1. This
run-time test can be performed after each RESTART stage, when we have
collected all the entrance states, say X(1); : : : ; X(n) for the next stage from
the successful samples in the current stage. By testing whether the entrance
states could have been generated from the asymptotic entrance distribution
we have a test when we have reached the asymptotic level.

The easiest way to implement such a test would be to use a standard
�2-test. Speci�cally, we partition the state space E into m, say, subsets
E1; : : : ; Em (the letter m has no reference to the one in Section 2 and in any
other section of the paper). We now de�ne the number of Observed entrance
states in class Ei as

Oi =
nX

j=1

IfX(j)2Eig; i = 1; : : : ; m;

and the number of expected states as

Mi = n �1(Ei); i = 1; : : : ; m:
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The statistic

T =
mX
i=1

(Mi �Oi)
2

Mi

;

has (asymptotically) a �2
m�1 distribution when the entrance states come from

an independent sample from �1. Choosing Ei such that �1(Ei) �
1
m
usually

generates the best results. The value of m should be small enough such that
Mi � 5; i = 1; : : : ; m.

Note that this test can also be used to determine whether two consecu-
tive RESTART stages could have been generated from the same distribution,
which could be another way of testing whether we have reached the asymp-
totic level, without knowing the actual �1. This would also be useful for
e�cient estimation of decay rates. For certain problems the Kolmogorov-
Smirnov test could also be used, see e.g. [21].

5 Numerical experiments

To analyse the e�ect on e�ciency when using the (limiting) entrance distri-
bution in RESTART simulations, we conduct a series of experiments.

The RESTART parameters (e.g., m, L1; : : : ; Lm, etc.) are chosen in
accordance with the values suggested in [16]. In particular, we try to choose
the levels such that success probabilities (of hitting the next level) are near
the `optimal' value e�2. Also, we have used a truncation procedure to discard
unpromising trials, as in [6].

In all tables  denotes the rare event probability of interest. The estimate
of  is given by ̂. For each ̂ the corresponding estimate of the Relative Error
(RE) is included. As a measure of the e�ciency of the estimator ̂ we use the
Relative Time Variance product (RTV), which we de�ne as the simulation
time (in seconds of CPU time) multiplied by the squared (estimate of the)
relative error of ̂. Notice that the RTV is equivalent to the \work-balanced
variance" used in [8]. Once a stable estimate of the variance is reached, the
RTV becomes constant. This constant is smaller for more e�cient simulation
schemes. Practically, if scheme 1 gives a RTV which is half that of scheme 2, it
would take twice as long to estimate  within a certain accuracy via scheme 2
than via scheme 1.
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5.1 M=G=1-queue

In this section we examine how the RESTART estimation of bu�er overow
in an M/G/1 queue is e�ected by the use of the limiting entrance distribution.
Refering to the general model in Section 2, let Zt be the number of customers
in the system at time t, and let Xt = (Zt; Yt), where Yt denotes the remaining
service time at time t. We assume that Z0 = 1 and that Y0 is distributed
according to the service time distribution function G. We want to estimate
the probability  that Z hits some level L before 0.

Let � denote the arrival rate. We choose for the service time the Hyper-
exponential-2 distribution. In other words,

G(x) = p (1� e��1x) + (1� p) (1� e��2x):

From Example 5 we �nd that the limiting entrance distribution has a density
h, say, with

h(x) =
��1�2

�1�2 � �(p�2 + (1� p)�1)

2X
i=1

pi(K � 1)�

�i + �(1�K)
e��ix;

where K > 1 is the unique solution of the equation

K =
2X

i=1

pi�i
�i + �(1�K)

;

with p1 = p and p2 = 1� p.
In order to test the conjecture in Section 3 that the e�ectiveness of the

entrance distribution method depends on the variance of the probability of
entering the next level, we compare three di�erent sets of parameter values
(�1; �2; p; �). Given a speci�c value of �1, we choose �2 = 2�1; p is chosen
such that the expected service time is 1; and �nally � is chosen such that the
geometric decay rate is 0.5. This ensures that the probability of reaching the
next level is approximately the same for all cases.

The number of simulations4 in each stage (i.e. rk) is 3 � 10
6. The levels

are Lk = k + 1; k = 1; 2; : : : .

4Simulations were performed on a PC with Intel Celeron 300A CPU at 450MHz with
128MB memory, running Linux-2.2.0pre7; compiler GNU gcc version 2.7.2.3 with opti-
mization level 3.
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The simulation results are listed in Table 1. We have used the �2-
heuristic, described in the previous section, to determine from what level
onwards we may use the asymptotic entrance distribution. A 95% con�-
dence level was used for the test. The Asymptotic Level was in all cases
found to be 15.

With asympt. entr. dist. Standard (FE) RESTART

�1 L ̂ RE RTV ̂ RE RTV

0.55 21 2.905e-7 3.6e-3 7.3e-3 2.854e-7 4.1e-3 9.3e-3

0.55 31 3.010e-10 4.5e-3 1.8e-2 2.858e-10 6.4e-3 3.5e-2

0.55 41 3.101e-13 5.4e-3 3.5e-2 2.902e-13 8.6e-3 8.5e-2

0.60 21 3.283e-7 3.6e-3 7.0e-3 3.280e-7 3.8e-3 7.7e-3

0.60 31 3.393e-10 4.5e-3 1.7e-2 3.390e-10 5.1e-3 2.2e-2

0.60 41 3.492e-13 5.4e-3 3.4e-2 3.525e-13 8.4e-3 7.9e-2

0.75 21 4.155e-7 3.5e-3 6.7e-3 4.166e-7 3.7e-3 7.3e-3

0.75 31 4.251e-10 4.3e-3 1.7e-2 4.281e-10 4.8e-3 1.9e-2

0.75 41 4.343e-13 5.3e-3 3.4e-2 4.354e-13 6.0e-3 4.1e-2

Table 1: Simulation results for the M=G=1 queue

We note that the use of the entrance distribution gives a signi�cant reduc-
tion of simulation e�ort. We can quantify this by calculating the (limiting)
gain for the new method, which we de�ne as

gain = lim
L!1

RTVold(L)

RTVnew(L)
:

The gain represents the factor by which the simulation time decreases when
using the new method instead of the old one. Notice that this number is
dependent on the success probability per stage. However, for the three cases
of interest we have chosen the parameters such that these probabilities are
practically the same. When we estimate the gain for the three sets of param-
eter values, using L = 41 for each case, we �nd that the gains are 2.4, 2.3 and
1.2, respectively. Notice that the gain decreases when �1 increases. Now, the
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service time distribution is a mixture of an Exp(�1) and an Exp(�2) distribu-
tion, where the latter distribution gives the shorter service times on average.
When �1 increases we have less chance of introducing a short Exp(�2) service
time, thereby decreasing the variability in the entrance state. This results
in less variance in the success probability of reaching the next level. The
observed decrease in gain therefore con�rms what we predicted in Section 3,
namely that the reduction in simulation time is positively related to the
variance in the success probability of reaching the next level.

Remark 3 In order to quantify the advantages of the new method for a
general M/G/1 queue, we chose the remaining service time as our `system
state'. Notice that a more e�cient estimation of  would have been possible
in this case by choosing a di�erent system state. In particular, if we choose
Xt = (Zt; Ut), where (Ut) is a two-state Markov process describing if the
current type of service time distribution (Exp(�1) or Exp(�2)), we can achieve
a considerable variance reduction. In this case the advantage of the new
method is considerably less signi�cant, only a gain of a few percent.

Decay Rate Estimation An alternative approach to implement the knowl-
edge of the asymptotic properties of the system into the simulator is to use
the geometric decay rate �. The idea is that the overow probability L of
level L is of the form

L � C �L = AL �
L�AL;

for L large enough. Here AL is the Asymptotic Level, and C and � are
presumed to be unknown constants. In particular, for the estimate of � we
use the estimated probability of reaching the next level starting from the AL
using the (estimated) asymptotic entrance distribution. In this case � was
estimated by using 20 million samples, starting from level 15 and observing
the number of hits of level 16. An estimate for AL follows from the same
simulation. Our experience is that the number of simulations needed to
estimate � accurately enough is substantially higher than the number of
simulations in a `ordinary' RESTART stage.

Assuming that the estimators for � and AL are independent, we �nd
the relative error for the estimate of L via standard methods. The results
have been listed in Table 2. We have also included the gain of this method
with respect to the method using the asymptotic entrance distribution. Ob-
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serve that this method yields an noticeable improvement over the asymptotic
entrance distribution method, especially for larger values of L.

�1 L ̂ RE RTV gain

0.55 21 2.912e-7 3.5e-3 8.0e-3 0.9
0.55 31 3.022e-10 4.6e-3 1.3e-2 1.3
0.55 41 3.136e-13 6.3e-3 2.5e-2 1.4
0.60 21 3.293e-7 3.3e-2 6.6e-3 1.1
0.60 31 3.392e-10 4.7e-2 1.3e-2 1.4
0.60 41 3.495e-13 6.6e-3 2.4e-2 1.4
0.75 21 4.168e-7 3.2e-3 5.7e-3 1.2
0.75 31 4.301e-10 4.6e-3 1.2e-2 1.5
0.75 41 4.440e-13 6.5e-3 2.6e-2 1.3

Table 2: Simulation results with Decay Rate Estimation

5.2 A Markov-modulated M/M/1 queue with break-
downs

In this section we consider a particular case of the M/M/1-queue in a random
environment discussed in Example 1 and Example 3. We investigate how
much we can speed up the RESTART estimation of overow probabilities by
using the exact entrance distributions at all levels. This gives an idea of the
robustness of the normal RESTART method. Note that the calculation of
all entrance distribution is just as involved as the calculation of the overow
probability itself.

The model that we consider is an M/M/1 queue whose input process
consists of the superposition of ten independent Poisson arrival sources, 5 of
type 1 and 5 of type 2. Sources of type i have arrival rate �i, i = 1; 2. A
single server serves the customers at rate �. However, both the server and
the input sources are subject to breakdowns and repairs. We assume that
the corresponding up- and down-times are independent of everything else,
and are exponentially distributed. The failure rate of the server is  and the
repair rate is �. For sources of type i the failure rate is �i and the repair rate
is �i, i = 1; 2. Note that this model is a special case of the one described
in Example 1. We may take the environment process (N1(t); N2(t);M(t)),
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where Ni(t) denotes the number of active sources of type i, i = 1; 2 and M(t)
denotes the state of the server (0 = failed, 1 = working).

For the simulation5 we have taken the following parameters: �1 = 3; �2 =
1; �1 = 2; �2 = 4; r1 = 3; r2 = 6;  = 3; � = 4; � = 100. We have used
53 equal sized stages, with levels Li = 3i + 1; i = 1; 2; : : : ; 53. At each stage
106 simulations were performed, and a cut{o� technique was used to limit
simulation time spent on simulating sample paths back to fZ = L0g. For
each run the starting state for the environment process is (0,1,0), and we
start with 1 customer in the queue. We easily �nd, for example by using
Appendix A.1, that the geometric decay rate for this case is � = 0:836993.
The results for the simulations have been listed in Table 3.

True With true entr. dist. Standard (FE) RESTART

L  ̂ RE RTV ̂ RE RTV

40 4.591e-4 4.62e-4 1.5e-2 4.837e-2 4.35e-4 1.5e-2 4.5e-2

80 3.721e-7 3.75e-7 1.9e-2 1.807e-1 3.65e-7 2.3e-2 2.9e-1

160 2.445e-13 2.32e-13 2.5e-2 6.993e-1 2.45e-13 2.9e-2 1.6e-0

Table 3: Simulation results for the MMPP queue

Note that by using all entrance distributions we only gain a little in
variance, typically up to 10%. The reason for this relatively small gain in
variance is probably that the variance in the success probability of reaching
the next level is not very large. This is of course very good since we can then
obtain near optimal estimations using the plain RESTART estimator.

In the RTV comparison we observe a more substantial reduction in sim-
ulation e�ort, mainly because the true entrance distribution is easier to sim-
ulate and hence uses far less simulation time.

5.3 Tandem queue

In this section we consider a test case for many rare event studies: a system of
two M/M/1 queues in tandem. Customers arrive at the �rst queue according

5This simulation has been run on a PC with 32MB memory running a Linux-2.0.33
kernel on an Intel Pentium 150MHz processor, using the GNU C compiler gcc version
2.7.2.1 with optimization level 3 (-O3).
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to a Poisson process with parameter � and are served by a server with service
rate �1. When a customer is �nished at the �rst queue he/she proceeds to
the second queue. In the second queue the service rate is �2. The maximum
number of customers in the �rst system is n1 (in other words the maximal
queue size is n1 � 1); the second system allows maximally n2 customers.
Our `system state' is now Xt := (N1(t); N2(t)), where Ni(t) is the number of
customers in the ith system, i = 1; 2. The process Z is simply (N2(t)), and
we are interested in the probability that the second bu�er overows before it
becomes empty, starting with N1(0) = 0 and N2(0) = 1. As in the previous
test case, we restart our simulations from the actual entrance distributions.
How to calculated these is described in Appendix A.2. We remark that for
this calculation n1 needs to be �nite. However, n2 may be in�nite. For the
simulation we chose � = 3; �1 = 2; �2 = 6 and n1 = 40. Per stage 106 runs
were simulated. The levels are Li = i+1; i = 1; : : : L. The simulation results
for various values for n2 = L are given in Table 4. As before, the results for
the normal simulation are presented in the left half, and the results for the
simulations using the entrance distribution are given in the right half of the
table.

True With true entr.dist. Standard (FE) RESTART

L  ̂ RE RTV ̂ RE RTV

10 3.148e-7 3.12e-7 9.3e-3 1.2e-2 3.23e-7 1.2e-2 1.8e-2

20 2.990e-13 2.98e-13 1.2e-2 5.0e-2 2.93e-13 1.7e-2 9.4e-2

30 4.111e-19 4.06e-19 1.4e-2 1.2e-1 4.23e-19 2.0e-2 2.1e-1

Table 4: Simulation results for the tandem queue

From this table we can determine that the gain from the use of the true
entrance distribution is signi�cant in terms of improvement in relative error;
the variance buildup is considerably slower in the new method, causing a
80% e�ciency improvement in the last row, judging from the RTV ratios.
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6 Conclusions

In this paper we have looked at several ways to improve the e�ciency of
the RESTART method by using (limiting) entrance distributions. We have
investigated various properties of the entrance distributions and have shown
that for certain models they are closely related to corresponding Importance
Sampling parameters, thus establishing a link between the two main rare
event simulation methods { RESTART and IS.

We have studied a number of test cases. For the M=G=1 queue we ob-
served a considerable improvement in e�ciency when using the limiting en-
trance distribution in the RESTART method. The gain in e�ciency which
was strongly dependent on the choice of parameters. This dependence could
be explained by considering the variance of the success probability of reach-
ing the next level. The larger the variance, the larger the gain. A further
improvement could be made in this case by directly estimating the geometric
decay rate for the overow probabilities.

The observed improvement over the old method was small in the second
test case where the simulated system appeared to perform well using the stan-
dard RESTART algorithm. This con�rms the robustness of the RESTART
method, considering the fact that in this case the simulation was restarted
from the true entrance distribution, at every level. The last case involved
the tandem system of M/M/1 queues, a well-known problem case for many
rare event simulation. Also in this case the simulations were restarted from
the true entrance distributions. The outcome of this case was mixed. On
the one hand, some increase in e�ciency was observed. On the other hand,
the computation and implementation of the exact entrance distributions is
quite involved, whereas the standard RESTART method can cope with any
kind of system without having to make complicated pre-calculations. Future
research in the RESTART/Splitting method will be directed towards e�-
cient and robust implementation in other probability estimation areas such
as steady state probabilities and multidimensional state space queueing net-
works, for instance in modeling self-similar tra�c.
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A Appendix

A.1 An e�cient way to determine matrix S of Example 3

We may determine S iteratively and then determine the dominant eigenvalue,
but we may also combine these two evaluation steps via the following power
method. Put S(0) := �(0) (0-matrix) and w(0) := 1. Now de�ne recursively,
for n = 0; 1; : : : ,

S(n+1) := (�(�+ �)�Q)�1
�
�(�)S(n) 2 +�(�)

�

u
(n+1) :=

u
(n) S(n+1)

jju(n) S(n+1)jj

x(n+1) := jju(n+1) S(n+1) jj:

Then the sequence fx(n)g converges to the dominant eigenvalue x of S, and
fu(n)g to the corresponding eigenvector u.

A.2 The entrance distribution for the tandem queue

Here we explain how the entrance distributions (and indeed the actual over-
ow probabilities) can be computed for the tandem queue. Consider the
discrete time Markov process X := fX1(n); X2(n)g, where Xi(n) is the num-
ber of customers in system i, i = 1; 2, at the time of the n-th transition,
n = 0; 1; 2; : : : . The state space of the Markov chain is E := f0; : : : ; n1g �
f0; : : : ; n2g. Here n2 may be in�nite. To simplify the de�nitions below, let
us de�ne the events

� a : system 1 not empty or full,

� b : system 1 empty,

� c : system 1 full.

Given the fact that system 2 is not empty or full and event a has occurred,
one of the following three possible transitions will happen:

� 1 : service completion in the second queue,

� 2 : arrival in the �rst queue,

� 3 : service completion in the �rst queue.
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We denote the corresponding (conditional) probabilities by a1; a2; a3. How-
ever, when event b has occurred (again, system 2 is not empty or full), we have
only two possible transitions (1 and 2 of the list above). The corresponding
probabilities are b1; b2. We thus have, in the obvious notation,

fa1; a2; a3g := f�2=(�1 + �2 + �); �=(�1 + �2 + �); �1=(�1 + �2 + �)g;

fb1; b2g := f�2=(�2 + �); �=(�2 + �)g

fc1; c3g := f�2=(�1 + �2); �1=(�1 + �2)g

Now, for i 2 f1; 2; 3g, let Ai be square matrix of dimension n1 + 1 whose
(j; k)th element contains the probability that transition i occurs (as de�ned
in the list above) and the number of customers in the �rst system changes
from j to k, assuming that the second system is not full or empty.

Thus, A1 is the diagonal matrix with A1(i; i) = a1; i = 1; : : : ; n1 � 1,
A1(0; 0) = b1 and A1(n1; n1) = c1. Moreover, A2 is the \upper-diagonal"
matrix with A2(i; i + 1) = a2; i = 1; : : : ; n1 � 1 and A2(0; 1) = b2; all other
entries are 0. Finally, A3 is the \lower-diagonal" matrix with A3(i; i � 1) =
a3; i = 1; : : : ; n1 � 1 and A2(n1; n1 � 1) = c3; all other entries are 0.

Let Pk;l(i; j) be the probability that X enters (for the �rst time) level
(�; l) at state (j; l) before it reaches level (�; 0), (that is, before the second
server becomes idle), starting from state (i; k). We have

P1;2 =

0
BBBBBBBBBBB@

b2a3 b2a2a3 b2a
2
2a3 � � � b2a

n1�2
2 a3 b2a

n1�1
2 c3 0

a3 a2a3 a22a3 � � � an1�22 a3 an1�12 c3
...

0 a3 a2a3 � � � an1�32 a3 an1�22 c3
...

... 0 a3
. . .

...
...

...
. . . . . . . . .

...
...

... 0 a3 a2c3 0
0 � � � � � � � � � 0 c3 0

1
CCCCCCCCCCCA
;

and

Pk;k+1 = A1Pk�1;kPk;k+1 + A2Pk;k+1 + A3:

Hence, if we de�ne Qk := Pk;k+1, then Q1 = P1;2, and

Qk = (I � A1Qk�1 � A2)
�1A3:
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Finally, we have

P1;k = Q1Q2 � � �Qk�1:

The entrance distribution for level k, starting from state (i; 1), may be found
as the ith row of P1;k, properly normalized. The actual overow probability
of level k is the sum of all the elements in the ith row of P1;k.
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