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Previously, the authors presented a finite element for viscothermal acoustics. This element has
the velocity vector, the temperature and the pressure as degrees of freedom. It can be used, for
example, to model sound propagation in miniature acoustical transducers. Unfortunately, the
large number of coupled degrees of freedom can make the models big and time consuming to
solve. A method with reduced calculation time has been developed. It is possible to partially
decouple the temperature degree of freedom, as result of the differences in the characteristic
length scales of acoustics and heat conduction. This leads to a method that uses two sequential
steps. In the first step, a scalar field containing information about the thermal effects is calcu-
lated (not the temperature). This is a relatively small FE calculation. In the second step, the
actual viscothermal acoustical equations are solved. This calculation uses the field calculated
in the first step and has the velocity vector and the pressure as the degrees of freedom. The
temperature is not a degree of freedom anymore, but it can be easily calculated in a post pro-
cessing step. The required computational effort is reduced significantly, while the difference
in the results, compared to the fully coupled method, is negligible. Along with the theoreti-
cal basis for the method, a specific FE calculation is presented to illustrate its accuracy and
improvement in calculation time.

1. Introduction

A finite element of viscothermal acoustics has been presented at ICSV 14, see [1], and at ISMA
2008, see [2]. The underlying model of this finite element is the following set of linearized time
harmonic Navier Stokes equations:

iωρ0v − (λ+ µ)∇(∇ · v)− µ∆v +∇p = 0, (1a)
iωρ0CpT − κ∆T − iωp = 0, (1b)

∇ · v − iω T
T0

+ iω
p

p0

= 0, (1c)

with v, T and p, the velocity, temperature and pressure degrees of freedom; these are complex valued
perturbation amplitudes. Furthermore, ρ0, T0 and p0, are the mean (quiescent) values of the density,
temperature and pressure; µ, λ, Cp and κ the dynamic viscosity, the second viscosity, the specific heat
at constant pressure, and the heat conduction coefficients; i, ω, ∇ and ∆ are the imaginary unit, the
angular frequency, the gradient operator and the Laplace operator. Equation (1a) is the momentum
equation, equation (1b) is the entropy equation, and equation (1c) is the continuity equation. The
above set of equations contains all linear viscothermal and acoustic effects. The assumptions made in
the derivation of this model can be found in the mentioned references [1] and [2].
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The FE models based on these equations are computationally intensive, because five fields have
to be calculated (temperature, pressure and three velocity components). This paper presents a method
to solve the viscothermal equations in two steps. In the first step a thermal field will be solved (not the
actual temperature). This field will be used in the second step to solve the pressure and the velocity
components. The temperature can be easily calculated in a postprocessing step. This new method will
be referred to as the ‘two step method’, whereas the usual method based on the coupled equations (1)
is called the ‘full method’. The paper starts with the theory of the two step method. The two methods
are compared in section 3 for the specific application of a resonator that shows significant thermal
effects.

2. Theory

The ‘two step method’ is derived in this section. The method is based on the differences in the
characteristic length scales of acoustics and heat conduction. One assumption about the temperature
field is made and all subsequent approximations are presented.

2.1 Characteristic length scales

Heat conduction and (viscothermal) wave propagation have very different length scales. This
fact is important in the derivation of the two step method. The thermal effects are defined by equa-
tion (1b). For the following analyses, it is convenient to rewrite this equation as

T +
1

k2
κ

∆T =
1

ρ0Cp
p, (2)

with the thermal wave number

kκ =

√
−iωρ0Cp

κ
. (3)

Equation (2) is an inhomogeneous Helmholtz equation with the pressure field in the source term. This
equation can be compared to the isentropic acoustic Helmholtz equation:

∆p+ k2p = 0 (isentropic acoustics) (4)

with acoustic wave number
k =

ω

c0

. (5)

There are two distinct differences between the thermal wave number and the acoustic wave
number. The first difference is that the acoustic wave number is real valued, while the thermal wave
number contains the factor

√
i. Therefore, the thermal wave is highly damped. This is precisely the

reason that thermal effects are confined to boundary layers. The second difference between the two
wave numbers is the magnitude:∣∣ k

kκ

∣∣ =

√
ωκ

ρ0c2
0Cp
≈ 1.3× 10−5

√
ω � 1 (for air) (6)

This equation indirectly states that the thermal boundary layer thickness is very small compared to
the acoustic wavelength.

Although, equation (4) is not valid for viscothermal acoustics, the wave number of the pressure
wave does not change significantly. Therefore, equation (6) remains meaningful in viscothermal wave
propagation. The two step method is based on this equation. In the following sections, it is convenient
to think of the pressure as the cause of temperature change. Heat conduction is only significant in the
proximity of non-adiabatic (usually isothermal) boundaries. Furthermore, heat conduction is a local
phenomenon that does not have a significant influence on the local pressure, although it does make
wave propagation more dissipative. This reasoning is put mathematical form in the next section.
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2.2 Approximate thermal equation

The idea in the two step method is to solve the thermal equation (2) for a yet unknown pressure
field p. The formal way to do this is by means of a Green’s function. However, the Green’s function of
Helmholtz differential operator on T is highly localized, because the thermal wave number has a large
magnitude and a complex angle of π

4
rad. Furthermore, the pressure field is very smooth. Therefore

the approximation of the thermal equation is started with the assumption that the temperature field
can be expressed as

T = ψp. (7)

The problem statement is now to find the field ψ. Two properties of this field are already known: at
isothermal boundaries ψ = 0 and in the ‘bulk’ of the domain (away from the thermal boundary layers)
ψ = (ρ0Cp)

−1. This last expression is based on the result of isentropic acoustics in which κ → 0, or
kκ → ∞ in equation (2). Equation (7) is substituted into the the thermal equation (2), to find a PDE
for ψ:

ψp+
1

k2
κ

ψ∆p+
2

k2
κ

(∇ψ) · (∇p) +
1

k2
κ

p∆ψ =
p

ρ0Cp
. (8)

This equation will be simplified based on the order of magnitude analysis of equation (6).
First, consider the Laplacian of the pressure. The order of magnitude is similar to that of

isentropic acoustics as mentioned above: ∣∣∆p∣∣ ≈ ∣∣k2p
∣∣ . (9)

This equation in combination with equation (6) implies∣∣∣ 1
k2
κ
ψ∆p

∣∣∣ ≈ ∣∣∣ k2

k2
κ
ψp
∣∣∣� ∣∣ψp∣∣ . (10)

Second, the term in equation (8) containing the two gradients is an inner product of∇p (related
to the acoustic velocity) and ∇ψ (related to the thermal boundary layer). Rough estimates1 of the
orders of magnitude of these terms within the thermal the boundary layer are∣∣∇p∣∣ ≈ ∣∣kp∣∣ , (11)∣∣∇ψ∣∣ ≈ ∣∣kκψ∣∣ . (12)

These equations in combination with equation (6) imply∣∣∣ 2
k2
κ

(∇ψ) · (∇p)
∣∣∣ ≈ ∣∣ 2k

kκ
ψp
∣∣� ∣∣ψp∣∣ , (13)

if the directions of the steepest gradients are the same; usually they are not and then the considered
term will be even less significant.

An approximation of the thermal equation (8) is obtained by neglecting the terms that are small
according to the magnitude analyses of equations (10) and (13):

pψ +
p

k2
κ

∆ψ =
p

ρ0Cp
. (14)

1In the case of evanescent waves
∣∣∇p

∣∣ can be considerably larger than estimated in equation (11). Notice that evanes-
cent waves also occur in normal acoustics and are not necessarily related to the dissipative viscothermal effects. Such
waves can occur near sharp corners or non-smooth boundary conditions. Therefore, the two step method may be less
accurate at these locations. In fact, more assumptions fail at such locations, even those made in the derivation of the full
model and the acoustic Helmholtz equation from the non-linear Navier Stokes equations.
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This equation states that equation (7) is an accurate solution of the thermal equation (2), if ψ satisfies

ψ +
1

k2
κ

∆ψ =
1

ρ0Cp
. (15)

This equation can be solved by itself, without considering the rest of the viscothermal acoustical
model: the thermal effects are now decoupled. Notice the similarities of this equation and the original
thermal equation (2).

Appropriate boundary conditions for the above PDE are formulated now. Only adiabatic (at Γa)
and isothermal (at Γi) boundary conditions are considered. Following from the assumed temperature
field of equation (7), the boundary conditions for ψ are:

T = 0 → ψ = 0 at Γi (16)

∂T

∂n
= 0 → ∂ψ

∂n
= −

∂p
∂n

p
ψ at Γa (17)

The isothermal boundary condition can be applied directly, while the adiabatic boundary condition
depends on the unknown pressure field. However, the adiabatic boundary condition may be approxi-
mated using similar reasoning as for the PDE. Using equation (11) the following order of magnitude
analysis results ∣∣ ∂ψ

∂n

∣∣ =
∣∣∣− ∂p

∂n

p
ψ

∣∣∣ ≈ ∣∣kψ∣∣� ∣∣kκψ∣∣ , (18)

in which
∣∣kκψ∣∣ can be regarded the characteristic magnitude of ∇ψ, see equation (12). Therefore, an

approximate adiabatic boundary condition for the two step method is simply:

∂ψ

∂n
= 0 at Γa (19)

Clearly, if ∂p
∂n
/p is known, it is more accurate to use equation (17) than equation (19). Typically, this

applies to boundaries at which an acoustic impedance is prescribed.

2.3 The two step method

Step 1: solving for the approximate thermal equation

In step 1, the field ψ is calculated. The equations are restated for clarity. The PDE to solve is

ψ +
1

k2
κ

∆ψ =
1

ρ0Cp
,

for boundary conditions

ψ = 0 at Γi,
∂ψ

∂n
= 0 at Γa,

where Γi are isothermal boundaries and Γa are adiabatic boundaries. If the acoustic impedance is
known at an adiabatic boundary, then the more exact adiabatic boundary condition of equation (17)
may be used.

Step 2: solving the reduced viscothermal equations

In step 2, the calculated field ψ is used in the viscothermal model defined by the momentum
equation and the continuity equation in which assumption (7) is substituted:

iωρ0v − (λ+ µ)∇(∇ · v)− µ∆v +∇p = 0, (20a)

∇ · v + iω

(
1

p0

− ψ

T0

)
p = 0. (20b)
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The usual mechanical boundary conditions for viscothermal acoustics are used: in each spatial di-
rection either the velocity or the stress must be prescribed. Once both subproblems are solved, the
temperature field can be calculated in a postprocessing step from

T = ψp.

Implementation

The equations in both steps are solved with the finite element method using the software COM-
SOL. A standard Galerkin approach is used. As a result, the adiabatic and stress boundary conditions
are natural boundary conditions and the isothermal and velocity boundary conditions are essential
boundary conditions. The pressure is discretized by first order (linear, bilinear) Lagrangian shape
functions; the other degrees of freedom by second order (quadratic, biquadratic) Lagrangian shape
functions. Details about the finite element discretization and the boundary conditions of the fully
coupled system of equations (1) can be found in [2]; the two step method is similar in this regard.

3. Results

The two step method is demonstrated on an FE model of a resonator. This model is introduced
first. Next, the advantage of the two step method with respect to solving time and memory require-
ments are shown. The section ends with a discussion of the errors compared to the full method.

3.1 Problem definition

Resonator Microphones Loudspeaker

(a) Resonator in an impedance tube set-up

virtual microphone locations

BC: wall

BC: axis

BC: unit pressure,
adiabatic

(b) FE model geometry and boundary conditions

Figure 1. Application used to demonstrate the two step method

The two step method is demonstrated with a FE calculation of the absorption coefficient of
a resonator for an impedance tube; see figure 1(a). The set-up is rotational symmetric around the
horizontal center line, except for the microphones. Not the full length of the impedance tube is
shown, as indicated by the break lines. The resonator is placed on the left side of the tube and an
acoustic source (loudspeaker) is placed the right side of the tube. The signals measured by the two
microphones can be used to calculate certain characteristics of the resonator; the absorption coefficient
in this case.

The air inside the resonator and part of the impedance tube is the geometry of the FE model
of the resonator; see figure 1(b). The figure shows the used boundary conditions (BCs). The loca-
tions of the virtual microphones in the FE model is not necessarily identical to the locations of the
microphones in the real set-up.
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The absorption coefficient a is calculated from the FE model and from the measurements of the
resonator. The results are compared in figure 2. The small difference between the measurement and
the FE model may be a result of uncertainties of the material parameters of air. More importantly,
it is impossible to distinguish between the full method and the two step method in this figure. The
second FEM result plotted in this figure is for a calculation in which all boundaries are modeled as
adiabatic. This result shows that the thermal effects are important in this resonator. The differences
between the full method and the two step method are also indistinguishable in this figure for these
results. The errors of the two step method with respect to the full method are discussed in more detail
in section 3.3. First the benefits of the two step method are discussed.

500 1000 1500 20000

0.2

0.4

0.6

0.8

1

f

a

Figure 2. Absorption coefficient; the two step method can not be distinguished from the full method;
( ) measurement; ( ) FEM, two step and full method; ( ) FEM with adiabatic walls, two step and full
method .

3.2 Benefits

The two step method has been developed to solve larger models in less time. The model of
the resonator is used to illustrate the obtained reduction in solving time and memory requirements.
The geometry of the resonator model in figure 1(b) has been meshed with three different uniform
triangular meshes with 124, 182 and 322 thousand degrees of freedom. For reference, 157 thousand
DOFs were used in the calculation for figure 2, but less DOFs may be used if more time would have
been invested in meshing. The models are solved with two different direct (as opposed to iterative)
solvers, called SPOOLES and PARDISO. Both solvers take advantage of the complex symmetry of
the FE system matrix that results from equation (20). The solvers are available in COMSOL by
default. The solution times are given in table 1. The listed time includes the assembly of the matrices.
The three problems that do not show a time in the table could not be calculated because of insufficient
system memory. The important results from the table are:

1. A reduction of 50% in solving time is obtained for the SPOOLES solver (although the PAR-
DISO solver is faster).

2. An increase of at least 75% in the maximum number of DOFs is obtained for the PARDISO
solver (although the SPOOLES solver requires less memory).

The two step method in combination with the PARDISO solver seems to give the best perfor-
mance. The SPOOLES solver is only needed if the problem is still too large. Only little speedup is
obtained from the two step method in combination with the PARDISO solver. Perhaps the field ψ is
read from the hard drive in the assembly of the matrices of step 2. Clearly, the obtained results are
only an indication of the performance of the two step method, because just one the specific FE model
has been used.
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Table 1. Solving time for full method versus two step method; ‘—’ indicates insufficient memory.

124 000 DOFs 182 000 DOFs 322 000 DOFs

Method SPOOLES PARDISO SPOOLES PARDISO SPOOLES PARDISO

Full 21 s 10 s 60 s — — —
Two step 11 s 8 s 18 s 13 s 39 s 25 s

3.3 Errors

As mentioned above, the difference between the methods can not be observed in figure 2. There-
fore, the global relative error is probably very small. The field calculated with the full method is the
reference. We define the error as:

eT =

[∫
Ω

∣∣Tts − Tf ∣∣2 dΩ∫
Ω

∣∣Tf ∣∣2 dΩ

] 1
2

=

[∫
S
r
∣∣Tts − Tf ∣∣2 dS∫
S
r
∣∣Tf ∣∣2 dS

] 1
2

(21)

with Ω the volume of the resonator, S the surface of the FEM problem, r the radial coordinate (the
factor 2π is divided out), Tts the temperature from the two step method and Tf the temperature from
the full method. The errors for the other degrees of freedom are defined similarly. Figure 3 shows
the results. Indeed, for the presented problem the global relative error is very small: the order of
magnitude is 10−4 or smaller for the variables v, p and T for the given problem. Unexpectedly, the
error in the velocity is larger than the error in the temperature. The peaks in this figure at 1450 Hz are
caused by the formulation of the problem. At this frequency, a null in the pressure is located near the
unit pressure boundary. All fields have relatively high values at this frequency and the problem seems
more sensitive to the ‘disturbances’ caused by the two step method.

The locations of the maximum error depend on the frequency and on the degree of freedom.
Figure 4 shows typical locations for the maximum errors. The error plotted in these figures is

eST =

[
r
∣∣Tts − Tf ∣∣2

1
A

∫
S
r
∣∣Tf ∣∣2 dS

] 1
2

. (22)

with A the surface area of the FEM geometry, or
∫
S

dS. In general the errors are local, except for
errors in the pressure DOF. Errors near boundary discontinuities, as in figure 4c , are also visible (but
much smaller) in neighboring elements. The error in figure 4d is a result of the approximate adiabatic
boundary condition of equation (19).

500 1000 1500 2000

10−5

10−4

f

e

Figure 3. Global error: temperature ( ), velocity ( ), pressure ( ).
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(a) (b) (c) (d)

(d)

(a)

(b)

(c)

(a) 2200 Hz, max eSv = 2.0× 10−3

(b) 1992 Hz, max eSp = 4.3× 10−4

(c) 588 Hz, max eST = 8.6× 10−4

(d) 1450 Hz, max eST = 1.6× 10−3

Figure 4. Typical locations for error maxima with examples

4. Discussion

A new method for the simulation of viscothermal acoustics has been presented. The solving
time and memory requirements are reduced with this method, compared to the full method. The
global errors with respect to the full method are shown for a specific application. All errors are
negligibly small.

In this paper the FE method was used to calculated the field ψ. Of course, other methods are
also possible. Interesting is the analytic approximation

ψ =
1− e−ikκdb
ρ0Cp

(23)

in which db is the distance to the nearest isothermal boundary. This approximation satisfies PDE (15)
accurately, provided that the isothermal boundaries are smooth and that these boundaries do not ap-
proach each other nearer than several thermal boundary layer thicknesses. Similar approximations
are made in boundary layer methods; see [3]. For the specific problem presented in this paper, this
approximation yields results that are also indistinguishable if plotted in figure (2). Further discussion
of this approximation of ψ is beyond the scope of this paper.
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