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Abstract
In this paper we compare the behaviour of the LQR solution for a finite pla-

toon model with its infinite version. We give examples where these are similar
and some where they are quite different. For the scalar case we obtain sufficient
conditions for the LQR solutions to be similar by relating the Toeplitz approxi-
mations to circulant approximating systems.

1 Introduction
In [9] a comparison was made between the LQR control of a long, finite platoon and
of an infinite version (which is easier to analyse mathematically). For this particular
example the infinite model reflected well the behaviour of the long finite platoon.
Based on this and other examples they ”argue that the infinite case is a useful paradigm
to understand large platoons”, but no theory to support this claim was given. In this
paper we show by means of a counterexample that this claim is not true in general.
More importantly, we give an insightful theoretical analysis of this paradigm for the
scalar case.



The class of finite platoons of vehicles that we consider is given by

żr(t) =
N

∑
l=−N

alzr−l(t)+
N

∑
l=−N

blur−l(t), (1)

yr(t) =
N

∑
l=−N

clzr−l(t), −N ≤ r ≤ N,

where only finitely many of the coefficients al ,bl ,cl are nonzero and zk,yk and uk are
set to zero for |k|> N. The above long platoons can also be written in a compact form
Σ(AN ,BN ,CN ,0)

żN(t) = ANzN(t)+BNuN(t), (2)
yN(t) = CNzN(t), t ≥ 0,

where zN(t) =
[

z−N(t) z−N+1(t) · · · zN(t)
]T , u,y are column vectors of size

2N +1, and AN ,BN ,CN are (2N +1)× (2N +1) banded Toeplitz matrices.
As N → ∞ we arrive at the infinite-dimensional version which falls into the class of
spatially invariant systems introduced in [1].

żr(t) =
∞

∑
l=−∞

alzr−l(t)+
∞

∑
l=−∞

blur−l(t), (3)

yr(t) =
∞

∑
l=−∞

clzr−l(t), r ∈ Z, t ≥ 0, (4)

where al ,bl ,cl ∈ C and zr(t), ur(t) and yr(t) ∈ C are the state, the input and the out-
put vectors, respectively, at time t ≥ 0 and spatial point r ∈ Z. As in [3, 4] we can
formulate (3), (4) as a standard state linear system Σ(A,B,C,0)

ż(t) = (Az)(t)+(Bu)(t), (5)
y(t) = (Cz)(t), t ≥ 0,

with the state space Z, the input space U and the output space Y equal to `2(C) =
{z |z = (zr)∞

r=−∞,zr ∈ C,∑∞
r=−∞ |zr|2 < ∞}. A,B,C are convolution operators, e.g.,

((Ax)(t))r =
∞

∑
l=−∞

alxr−l(t) =
∞

∑
l=−∞

ar−lxl(t).

A more convenient representation is obtained we taking Fourier transforms x̌ = Fx,
A = F−1ǍF, so that

( ˇ(Ax)(t))(ejθ) = Ǎ(ejθ)x̌(ejθ, t) =

(
∞

∑
l=−∞

alejθl

)
x̌(ejθ, t), t ≥ 0.



Note that our standing assumption is that only finitely many of the coefficients are
nonzero which means that Ǎ(ejθ), B̌(ejθ),Č(ejθ), are uniformly continuous in θ on
[0,2π] and Ǎ, B̌,Č∈L∞(∂D;C). Hence Ǎ, B̌,Č define bounded operators on L2(∂D;C).
Now, `2(C) is isometrically isomorphic to L2(∂D;C) under the Fourier transform F
(‖x‖`2(C) = ‖x̌‖L2(∂D,C)). Hence ‖A‖= ‖Ǎ‖∞, etc.
Taking Fourier transforms of the system equations (5), we obtain

˙̌z(t) = Fż(t) = Ǎž(t)+ B̌ǔ(t), (6)
y̌(t) = Fy(t) = Čž(t), t ≥ 0,

where Ǎ = FAF−1, B̌ = FBF−1 and Č = FCF−1 are multiplicative operators.
The state linear system Σ(A,B,C,0) is isometrically isomorphic to the state linear
system Σ(Ǎ, B̌,Č,0) with the state space, input and output spaces L2(∂D;C). Their
system theoretic properties are identical (see [2, Exercise 2.5]). For θ ∈ [0,2π] the
system (6) can be written as

˙̌z(ejθ, t) = Ǎ(ejθ)ž(ejθ, t)+ B̌(ejθ)ǔ(ejθ, t) (7)
y̌(ejθ, t) = Č(ejθ)ž(ejθ, t).

The following example illustrates that the infinite platoon is not always a useful paradigm
for the finite platoon.

Example 1.1 Let the positive parameter β > 1 be given. Consider the following finite
platoon model of the form (1)

żr(t) = zr(t)+ur(t)+βur−1(t), −N +1 ≤ r ≤ N

ż−N(t) = z−N(t)+u−N(t),
yr(t) = zr(t), −N ≤ r ≤ N, t ≥ 0.

which can be written in the compact form (2) with

AN = CN = I(2N+1)×(2N+1), BN =


1 0 0 ... 0
β 1 0 ... 0
... ... ... ... ...
0 0 ... β 1

 .

The finite platoon is obviously stabilizable and detectable for all N. Factorize

BNB∗
N =


1 β 0 ... 0
β 1+β2 0 ... 0
... ... ... ... ...
0 0 ... β 1+β2

= LNdiag(βk(N))L∗N ,

where LN is a unitary matrix. Then the solution QN to the corresponding control
Riccati equation is readily calculated

QN = LNdiag

(
1+
√

1+βk(N)
βk(N)

)
L∗N .



Hence

‖QN‖= maxk=0,...2N
1+
√

1+βk(N)
βk(N)

,

which is achieved at the minimum value of βk(N). The closed-loop operator is given
by

AN −BNB∗
NQN = LNdiag

(
−
√

1+βk(N)
)

L∗N .

We claim that for β > 1 one eigenvalue approaches 0 as N → ∞. It is readily verified
that BNB∗

NvN = wN , where

vN = (−β
−1,β−2,−β

−3, ...,β−2N ,−β
−2N−1)T , wN = (0,0,0, ...,0,−β

−2N−1)T .

SInce β > 1, one eigenvalue becomes arbitrarily small as N → ∞ which means that
‖QN‖→ ∞, and one eigenvalue of AN −BNB∗

NQN approaches −1.
We show below that this behaviour is very different from that of the infinite platoon

żr(t) = zr(t)+ur(t)+βur−1(t),
yr(t) = zr(t), r ∈ Z, t ≥ 0.

This system is isomorphic to version (7) with continuous operators Ǎ(ejθ) = Č(ejθ) =
1, B̌(ejθ) = 1 + βe−jθ. It is clearly exponentially detectable and it is exponentially
stabilizable, since the matrix [λ− Ǎ(ejθ) : B̌(ejθ)] = [λ− 1 : 1 + βe−jθ] has rank one
for all λ ∈ C+

0 and all θ ∈ [0,2π] (see [3, 4]). The LQR Riccati equation Ǎ∗Q̌+ Q̌Ǎ−
Q̌B̌B̌∗Q̌ + Č∗Č = 0 has the unique positive solution Q̌(ejθ) = 1+

√
2+β2+2βcosθ

1+β2+2βcosθ
. with

norm

‖Q̌‖= max
0≤θ≤2π

‖Q̌(ejθ)‖=
1+
√

1+(1−β2)
(1−β)2 .

The closed-loop operator is given by

Ǎ(ejθ)− B̌(ejθ)B̌∗(ejθ)Q̌(ejθ) =−
√

2+β2 +2βcosθ.

Since

ω∞ := sup
θ∈[0,2π]

σ(Ǎ(ejθ)− B̌(ejθ)B̌∗(ejθ)Q̌(ejθ)) =−
√

2+β2−2β,

the closed-loop system is is exponentially stable with stability margin
√

2+β2−2β.
Since β > 1, this is strictly larger than 1 and it increases with β. In contrast, for the
finite platoon the stability margin converges to one as N → ∞ for all β > 1.

The obvious conclusion from the above example is that the infinite-dimensional pla-
toon is not always a useful paradigm for the large platoon as claimed in [9].



2 Main Results
The standard result on Riccati equations [2, Theorem 6.2.7], results on stabilizability
and detectability of spatially invariant systems from[3, 4] and a continuity property
from [11, Theorem 11.2.1] yield the following result.

Theorem 2.1 Σ(A,B,C,0) is exponentially stabilizable (detectable) if and only if
(Ǎ(ejθ), B̌(ejθ),Č(ejθ),0) is stabilizable (detectable) for each θ ∈ [0,2π]. If the above
holds, then the control Riccati equation for (3), (4)

A∗Q+QA−QBB∗Q+C∗C = 0, (8)

has a unique nonnegative solution Q and AQ = A−BB∗Q generates an exponentially
stable semigroup. Moreover, the control Riccati equation for (7)

Ǎ∗Q̌+ Q̌Ǎ− Q̌B̌B̌∗Q̌+Č∗Č = 0, (9)

has a unique nonnegative solution Q̌ ∈ L∞(∂D;C) and ǍQ = Ǎ− B̌B̌∗Q̌ generates an
exponentially stable semigroup. Furthermore, Q̌(ejθ) is continuous in θ on [0,2π].

The problem of approximating solutions to operator Riccati equations has received
much attention in the literature. However, the strongest convergence results (see [8])
are achieved only if the input and output spaces are finite-dimensional, which is never
the case for spatially invariant systems. However, we can apply the theory in [10]
applied to (8) with (2) as a sequence of approximating control systems.
Denote by πN : Z = `2 → C2N+1 the natural projection with iN : C2N+1 → `2 the cor-
responding injection map: πN iN = I2N+1. Denote ZN := C2N+1 with the induced inner
product < x,y >N=< iNx, iNy >`2 . Then AN ,BN ,CN are Toeplitz matrix representa-
tions of the maps πNA|ZN , πNB|ZN , πNC|ZN , with ZN as the state space, input space
and output space. For simplicity of notation we use the same notation for the maps as
for the matrices. Hence the finite platoon system Σ(AN ,BN ,CN ,0) converges strongly
to the infinite-dimensional platoon system Σ(A,B,C,0) in the following sense.

eAtz = lim
N→∞

iNeAN t
π

Nz, (eAt)∗z = lim
N→∞

iNeA∗
N t

π
Nz,∀z ∈ `2

uniformly on compact time intervals. Moreover, as N → ∞

iNBNπ
Nu → Bu, iNB∗

Nπ
Nz → B∗z,

iNCNπ
Nz →Cz, iNC∗

Nπ
Ny →C∗y, iNπ

Nz → z for all z,u,y ∈ `2.

An application of [10, Theorem 1] together with [8] yield.

Theorem 2.2 Consider the exponentially stabilizable and detectable state linear sys-
tem (5) Σ(A,B,C,0) and the sequence of finite-dimensional approximating systems



(2) Σ(AN ,BN ,CN ,0). Suppose that Σ(AN ,BN ,CN ,0) are uniformly stabilizable and
detectable, i.e., there exist FN ,LN ∈ C(2N+1)×(2N+1), F,L ∈ L(`2) such that

iNFNπ
Nz → Fz, iNF∗

Nπ
Nz → F∗z, iNLNπ

Nz → Lz, iNL∗
Nπ

Nz → Lz ∀z ∈ `2,

A+BF and A+LC generate exponentially stable semigroups and there exist constants
M ≥ 1,β > 0 such that for all N ∈ N

‖e(AN+BN FN)t‖ ≤ Me−βt , ‖e(AN+LN CN)t‖ ≤ Me−βt , t ≥ 0.

If Q ∈ L(`2) and QN ∈ L(Z) denote the unique nonnegative solutions of their respec-
tive Riccati equations (8) and

A∗
NQN +QNAN −QNBNB∗

NQN +C∗
NCN = 0, (10)

then QN converges strongly to Q, i.e.,

Qz = lim
N→∞

iNQNπ
Nz, ∀z ∈ `2,

and consequently ‖QN‖is uniformly bounded in N. Denote AQ := A− BB∗Q and
AQN := AN −BNB∗

NQN . Then AQN converges strongly to AQ, i.e.,

iNeAQN t
π

Nz → eAQtz, ∀z ∈ `2 as N → ∞ uniformly on compact time intervals.

Moreover, there exist positive constants M,µ such that

‖eAQt‖ ≤ Me−µt , ‖eAQN t‖ ≤ Me−µt for all t ≥ 0. (11)

We remark that the solutions QN of (10) not Toeplitz in general. It is easy to see that in
our Example 1.1 the Toeplitz approximating system will be uniformly exponentially
stable only if β < 1.
Although we have given conditions for the strong convergence of eAQN t to eAQt , this
says nothing about the convergence of the stability margins nor about the convergence
of the closed-loop transfer functions in the H∞- norm. In order to do this we exam-
ine the related circular approximants of Ǎ, B̌,Č of dimension n = 2N + 1 denoted by
ÃN , B̃N ,C̃N (see the Appendix). For the proofs of the remaining theorems see [5].

Theorem 2.3 Consider the exponentially stabilizable and detectable system Σ(A,B,C,0)
on the state-space `2 with Q the unique self-adjoint solution to the Riccati equation
(8)

1. The following Riccati equation has a unique self-adjoint stabilizing solution Q̃N
which is the circular approximant of Q̌

Ã∗
NQ̃N + Q̃N ÃN − Q̃N B̃N B̃∗

NQ̃N +C̃∗
NC̃N = 0. (12)

iNQ̃NπN converges strongly to Q and iN ÃQN πN converges strongly to AQ = A−
BB∗Q as N → ∞, where ÃQN = ÃN − B̃N B̃∗

NQ̃N is a contraction semigroup.



2. limsupN→∞ ‖Q̃N‖= ‖Q̌‖= ‖Q‖.

3. ‖eÃQN t‖ ≤ eω∞t , where ω∞ = sup{Re(λ),λ ∈ σ(A−BB∗Q)}.

4. The growth bound ωN of eÃQN t satisfies limsupN→∞ ωN = ω∞.

We illustrate this with the platoon from Example 1.1.

Example 2.4 The circulant approximating system Σ(ÃN , B̃N ,C̃N ,0) has

ÃN = I2N+1, B̃N =


1 0 0 ... β

β 1 0 ... 0
... ... ... ... ...
0 0 ... β 1

 , C̃N = I2N+1.

and it corresponds to the following (fictious) finite platoon model

żr(t) = zr(t)+ur(t)+βur−1(t), −N +1 ≤ r ≤ N

ż−N(t) = z−N(t)+u−N(t)+βuN(t),
yr(t) = zr(t), −N ≤ r ≤ N, t ≥ 0.

Using the properties of circulant matrices from the Appendix, we factorize

B̃N B̃∗
N =


1+β2 β 0 ... β

β 1+β2 β ... 0
... ... ... ... ...
β 0 ... β 1+β2

= UNdiag(µk(N))U∗
N ,

where the eigenvalues of B̃N B̃∗
N are µk(N) = 1 + β2 + 2βcos 2kπ

2N+1 ,k = 0, ...,2N and

the unitary matrix UN = 1√
2N+1

[
e−

2πjrs
2N+1

]
r,s=0,...,2N

. Hence we can derive the explicit

solution to the corresponding circular Riccati equation

Q̃N = UNdiag

(
1+
√

1+µk(N)
µk(N)

)
U∗

N .

Hence

‖Q̃N‖= max
k=0,..,2N

1+
√

1+µk(N)
µk(N)

=
1+
√

2+β2−2βcos π

2N+1

1+β2−2βcos π

2N+1
→‖Q‖ as N → ∞.

The closed-loop operator is given by

ÃQN = ÃN − B̃N B̃∗
NQ̃N = UNdiag

(
−
√

2+β2−2βcos
2kπ

2N +1

)
U∗

N .

The eigenvalues of ÃQN all lie in the spectrum of AQ and the growth bounds of their

semigroups ωN =−
√

2+β2−2βcos π

2N+1 → ω0 as N → ∞.



The solutions Q̃N to the circulant Riccati equation (12) and the solutions QN to (10)
are related.

Theorem 2.5 Assume that Σ(A,B,C,0) is stabilizable and detectable and Σ(AN ,BN ,CN)
is uniformly stabilizable and detectable. Then

1. iN(QN − Q̃N)πN and iN(AQN − ÃQN )πN converge strongly to 0 as N → ∞.

2. |QN − Q̃N |N → 0, |(AQN − ÃQN |N → 0 as N → 0, and limsupN→∞ |QN |N ≤
‖Q‖.

3. For sufficiently large N the growth bound of eAQN t
ωN ≤ ω∞. Hence any ε > 0

there exists a M(N) independent of ε such that

‖eAQN t‖ ≤ M(N)e(ω∞+ε)t .

4. If |b0| > ‖B̌− b0‖∞, and |c0| > ‖Č− c0‖∞, or if there exists a nonzero δ such
that λmin(BNB∗

N) ≥ δ2 and λmin(C∗
NCN) ≥ δ2, then given ε > 0, there exists a

positive M(ε) such that for sufficiently large N there holds

‖eAQN t‖ ≤ M(ε)e(ω∞+ε)t .

5. If Ǎ has real values and B̌ = b0, then M(N) = 1 and we can take ε = 0.. If Ǎ has
real values and Č = c0, then M is independent of N and we can take ε = 0.

The growth bound in Part 3 of the above theorem is the main result, but the weak part
is the dependence of the gain factor M(N) on N. We have shown that it is in fact
independent of N under the conditions in parts 4 and 5. Although we believe that this
will always be true, it seems difficult to prove for the general case.
Note that in [9] and other papers on platoons an alternative type of approximating
Riccati equation of the following form were studied.

A∗
NQN +QNAN −QNBNB∗

NQN +(C∗C)N = 0, (13)

where (C∗C)N is the matrix representation of the map πNC∗C|ZN and πN : Z = `2 →
C2N+1.
In [5] it is shown that they have similar convergence properties to the solutions of
(10). As the following example shows, these are often easier to solve, since the term
(CC∗)N is a Toeplitz matrix, whereas C∗

NCN is not.

Example 2.6 Consider the alternative Riccati equation (13) with AN = BN = I2N+1
and

(C∗C)N =


1+κ2 κ 0 ... 0

κ 1+κ2 0 ... 0
... ... ... ... ...
0 0 ... κ 1+κ2

 6= C∗
NCN .



We write
(C∗C)N = (1+κ

2)IN +κTN ,

where the Toeplitz matrix

TN =


0 1 0 ... 0
1 0 1 ... 0
... ... ... ... ...
0 0 ... 1 0

= VNdiag
(

2cos
(k +1)π
2N +2

;k = 0,1, ...,2N
)

V ∗
N ,

and VN is a unitary matrix. Then the solution QN to (13) with these values is

QN = VNdiag
(

1+
√

1+ρk(N);k = 0,1, ...,2N
)

V ∗
N ,

since ρk(N) = 1+κ2 +2κcos (k+1)π
2N+2 ,k = 0,1, ...2N. Hence

‖QN‖ = max
k=0,...2N

(
1+
√

1+ρk(N)
)

= 1+
√

2+κ2 +2κcos
π

2N +2
.

The closed-loop operator is given by

AQN = AN −BB∗
NQN = VNdiag

(
−
√

1+ρk(N)
)

V ∗
N ,

and its growth bound is ωN =−
√

2+κ2−2κcos π

2N+2 . For the corresponding infinite-

dimensional problem we have Q̌(ejθ) =
(

1+
√

2+κ2 +2κcosθ

)
with norm ‖Q̌‖ =

1+
√

1+(1+κ)2. The closed-loop operator is ǍQ =−
√

2+ γ2 +2γcosθ with ω∞ =
−
√

1−2κ+κ2. So the eigenvalues of AQN all lie in the spectrum of AQ and the growth
bound converges to ω∞ as N → ∞. Moreover, ‖QN‖→ ‖Q̌‖ as N → ∞.
It is interesting to compare the above with the circular approximations. Following the
approach in Example 2.4 we find the solution to (12) to be

Q̃N = UNdiag
(

1+
√

1+µk(N)
)

U∗
N ,

where the unitary matrix UN is as in Example 2.4 and µk(N)= 1+κ2 +2κcos 2kπ

2N+1 ,k =
0, ...,2N. Hence

‖Q̃N‖= max
k=0,..,2N

(1+
√

1+µk(N)) = 1+
√

2+κ2 +2κ = ‖Q‖.

The closed-loop operator is given by

ÃQN = ÃN − B̃N B̃∗
NQ̃N = UNdiag

(
−
√

2+κ2 +2κcos
π

2N +1

)
U∗

N

and its growth bound is ωN =−
√

2+κ2−2κcos π

2N+1 . So the eigenvalues of ÃQN all
lie in the spectrum of AQ and the growth bounds of their semigroups converge to ω∞

as N → ∞



This example illustrates the fact that for the special case of only delays in C we obtain
much nicer convergence results than in Theorem 2.5.

Lemma 2.7 Suppose that Ǎ = a0, B̌ = b0 6= 0,Č 6= 0. Denoting the solutions to (13)
by QN and AQN := AN −BNB∗

NQN we have

1. limN→∞ ‖QN‖= ‖Q‖.

2. The growth bounds of eAQN t converge to those of eAQt and ‖eAQN t‖ ≤ eω∞t .

3. If min0≤θ≤2π |Č(θ)|> 0, then iNQN
πN converges strongly to Q as N → ∞.

4. Σ(AN ,BN ,CN ,0) is uniformly detectable, if and only if there exists a positive γ

such that
〈CNzN ,CNzN〉 ≥ γ‖zN‖2 for all zN ∈ ZN .

If the above holds, then iNQNπN converges strongly to Q as N → ∞ and
limsupN→∞ ‖QN‖= ‖Q‖. Furthermore the growth bounds of eAQN t converge to
those of eAQt and ‖eAQN t‖ ≤ eω∞t .

5. If Σ(AN ,BN ,CN ,0) is not uniformly detectable, we still have

limsup
N→∞

‖QN‖ ≤ ‖Q‖, and ‖eAQN t‖ ≤ e−|a0|t .

6. The feedback laws uN =−BNQ̃NzN and uN =−BNT N(Q)zN stabilize with

‖e(AN−BN B∗
N Q̃N)t‖ ≤ eω∞t , ‖e(AN−BN B∗

N T N(Q))t‖ ≤ eω∞t .

The above lemma shows that, whenever one has only delays in C, a good strategy is
to use the feedback law uN =−BNQ̃NzN , since Q̃N is easy to calculate.
The discretization of partial differential equations leads to systems with a self-adjoint
A operator and constant B,C operators. For such systems we also obtain nice conver-
gence results.

Corollary 2.8 Suppose that Ǎ is real, B̌ = b0 6= 0, Č = c0 6= 0.Then Σ(AN ,BN ,CN ,0) is
uniformly detectable and iNQNπN converges strongly to Q as N →∞ and limN→∞ ‖QN‖=
‖Q‖. The growth bound of eAQN t converges to ω∞ with ‖eAQN t‖ ≤ eω∞t .
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3 Appendix: Toeplitz and Circulant matrices
In this section we summarize known results from Davis [6], Gray [7] on circulant
approximations of Toeplitz operators with continuous scalar symbols

f (ejθ) =
∞

∑
l=−∞

fle−jlθ.

We denote the infinite matrix representation of the Toeplitz operator by F and the
Toeplitz approximant matrix of order n by T (n)( f )

T (n)( f ) =


f0 f1 f2 f3 · fn−1

f−1 f0 f1 f2 · fn−2
· · · · · ·
· · · · · ·

f−n+1 f−n+2 f−n+3 f−n+4 · f0

 .



The spectrum of T (n)( f ) can be very different from F , except in the self-adjoint case.

Lemma 3.1 If f is real, denote by m f and M f the minimum and the maximum of f
on [0,2π], respectively. If the Toeplitiz approximants T (n)( f ) have the eigenvalues
λ

(n)
k ,k = 1, ...,n. Then m f ≤ λ

(n)
k ≤ M f , and

lim
n→∞

max
k

λ
(n)
k = M f , lim

n→∞
min

k
λ

(n)
k = m f .

We define the circulant approximant matrix of order n by C(n)( f ),

C(n)( f ) =


c(n)

0 c(n)
1 c(n)

2 c(n)
3 · c(n)

n−1

c(n)
n−1 c(n)

0 c(n)
1 c(n)

2 · c(n)
n−2

· · · · · ·
· · · · · ·

c(n)
1 c(n)

2 c(n)
3 c(n)

4 · c(n)
0

 ,

where

c(n)
k =

1
n

n−1

∑
l=0

f (e
2πl
n j)e

−2jπkl
n .

Circulant approximant matrices have very nice properties

• ‖C(n)( f )‖ ≤ ‖F‖, limn→∞ c(n)
k = fk.

• C(n)( f g) = C(n)( f )C(n)(g); C(n)( f +g) = C(n)( f )+C(n)(g).

• The eigenvalues of C(n)( f ) are λ
(n)
k = f (e

2πk
n j), k = 0,1, ...n−1.

• C(n)( f ) = U (n)diag(λ(n)
k )(U (n))∗, where U (n)

rs = 1√
n

[
e−

2πjrs
n

]
, r,s = 0, ...,n−1.

In addition to the matrix spectral or induced L2-norm denoted by ‖ · ‖, we introduce
the following n-norm for square matrices of order n

|A|n =

(
1
n

n−1

∑
k=0

n−1

∑
l=0

|akl |2
)1/2

=
(

1
n

trace(A∗A)
)1/2

.

This matrix norm has the following properties

• |A|n ≤ ‖A‖, |AB|n ≤ |A|n‖B‖ |AB|n ≤ ‖A‖|B|n.


