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 Abstract - We present an alternative definition of the fuzzy 

weighted average, in which Zadeh's extension principle is applied 

to the definition of the non-fuzzy weighted average where weights 

are required to be normalised. It is argued that the alternative 

approach should be preferred above the traditional approach. An 

algorithm for the computation of the fuzzy weighted average for 

the alternative approach is given for the case where attributes 

and weights are fuzzy triangular numbers. Several examples are 

worked out in detail. 

 

I.  INTRODUCTION 

 In multiple criteria decision making problems, values of 

decision variables are weighted averages of criteria ratings. 

Often the rating criteria and their corresponding importance 

weights are vague, and therefore represented by fuzzy 

numbers. Then the values of the decision variables which are 

determined by them are fuzzy numbers as well; they are fuzzy 

weighted averages of the criteria ratings. 

 It is natural to base the definition of fuzzy weighted 

average on the application of Zadeh's extension principle to 

the non-fuzzy weighted average. However, there are several 

(equivalent) ways to define the non-fuzzy weighted average. 

Suppose we have n numbers and want to compute their 

average. One way to proceed is to divide each number by n, 

and add up. Another way to proceed is to add up the numbers, 

and divide the sum by n. In more general terms, in the first 

method one uses normalized weights, whereas in the second 

method non-normalized weights are allowed, at the expense of 

an additional division by their sum. Although both methods are 

equivalent, their fuzzy extensions are different. 

 The standard approach to fuzzy weighted averages [1,3-

10] is to apply the extension principle to the second method 

above. In this paper, we will advocate the alternative approach 

of applying the extension principle to the first method above. 

The main reason is that in the standard approach each 

combination of components of fuzzy weights, after 

normalisation, contributes to the result, whereas in our view 

only normalised combinations of components of fuzzy weights 

are allowed to contribute to the result, as is the case in the 

alternative approach. 

 This paper is organised as follows. In section II we discuss 

the application of the extension principle to different 

definitions of the non-fuzzy weighted average. In section III 

we argue that the alternative approach should be preferred 

above the standard approach. In section IV we present an 

algorithm for the computation of our fuzzy weighted average 

for the case where attributes and weights are fuzzy triangular 

numbers. In section V several examples are worked out in 

detail. 

 

II.  DEFINITIONS OF FUZZY WEIGHTED AVERAGE  

 Let x1..xn be real numbers, called attributes, let w1..wn be 

non-negative real numbers, called weights, and let 

wa(x1,..,xn,w1,..,wn) denote the corresponding weighted 

average. A basic requirement for the weighted average is that  

wa(x,..,x,w1,..,wn) = x (1) 

for all attributes x; i.e. whenever all attributes are equal, the 

fuzzy weighted average is equal to all attributes. Therefore, 

only sets of weights are considered for which this requirement 

holds; these sets of weights are said to be wa-normal. When 

we define wa by 

wa(x1,..,xn,w1,..,wn) = ∑
=

n

1    i

xi*wi (2) 

then only those sets of weights are wa-normal which satisfy 

∑
=

n

1    i

wi = 1. 

 When we define wa by 

wa(x1,..,xn,w1,..,wn) = ∑
=

n

1    i

xi*wi ∑
=

n

1    i

wi (3) 

then all sets of weights are wa-normal, except the set with 

∑
=

n

1    i

wi = 0. 

 In practice, there is no difference between the use of (2) 

and (3). Given a set of weights {w1,..,wn} with ∑
=

n

1    i

wi ≠ 0, we 

can either apply (3), or normalise the weights and apply (2), 

with the same result. Here normalising the weights means 

replacing wi by wi / ∑
=

n

1    i

wi, for all i∈{1,..,n}. As we will show 

in the sequel, the situation is quite different when attributes 

and weights are fuzzy numbers. 

 Let X1..Xn be fuzzy numbers, called fuzzy attributes, let 

W1..Wn be non-negative fuzzy numbers, called fuzzy weights, 



and let fwa(X1,..,Xn,W1,..,Wn) denote the corresponding fuzzy 

weighted average. The function fwa is defined by application 

of Zadeh's extension principle to the non-fuzzy weighted 

average wa:  

fwa(X1,..,Xn,W1,..,Wn)[α] = {wa(x1,..,xn,w1,..,wn) | x1∈X1[α],.., 

 xn∈Xn[α], w1∈W1[α],..,wn∈Wn[α]}. (4) 

 Here A[α] denotes the α-cut of a fuzzy set A. 

 Like in the non-fuzzy case, a basic requirement for the 

fuzzy weighted average is that  

fwa(X,..,X,W1,..,Wn) = X (5) 

for all fuzzy attributes X. We define a set of fuzzy weights 

{W1,..,Wn} to be fwa-normal if (5) is satisfied for all fuzzy 

attributes X.  

 First we consider (2) as our definition of wa. This leads to 

the following expression for fwa(X1,..,Xn,W1,..,Wn)[α]: 

{∑
=

n

1    i

xi*wi | x1∈X1[α],.., xn∈Xn[α], w1∈W1[α],..,wn∈Wn[α]} (6) 

 In this case {W1,..,Wn} is fwa-normal iff all weights Wi 

are non-fuzzy, and ∑
=

n

1    i

Wi = 1. Since restriction to non-fuzzy 

weights contradicts the purpose of this paper, this case will not 

be taken into account further. 

 As a second possibility for wa we consider (3). Then 

fwa(X1,..,Xn,W1,..,Wn)[α] is: 

{∑
=

n

1    i

xi*wi ∑
=

n

1    i

wi  | x1∈X1[α],.., xn∈Xn[α], 

 w1∈W1[α],..,wn∈Wn[α]}. (7) 

 This is the case which has been considered in the literature 

[1,3-10]. The set {W1,..,Wn} is fwa-normal iff all fuzzy 

weights Wi are normal, i.e. for each i∈{1,..,n} there exists a 

real number xi with µi(xi) = 1, where µi is the membership 

function of Wi. This condition poses no problem, since, in the 

literature, normality has always been (tacitly) assumed. 

 Finally, we consider the case where wa is defined by 

wa(x1,..,xn,w1,..,wn) = ∑
=

n

1    i

xi*wi,  if ∑
=

n

1    i

wi  = 1. (8a) 

wa(x1,..,xn,w1,..,wn) = undefined,  if ∑
=

n

1    i

wi  ≠ 1. (8b) 

 Then fwa(X1,..,Xn,W1,..,Wn)[α] is: 

{∑
=

n

1    i

xi*wi | x1∈X1[α],.., xn∈Xn[α], 

 w1∈W1[α],..,wn∈Wn[α]; ∑
=

n

1    i

wi = 1}. (9) 

 This is the case which is advocated in this paper. The set 

{W1,..,Wn} is fwa-normal iff for each i∈{1,..,n} there exists a 

real number xi with µi(xi) = 1, where µi is the membership 

function of Wi, such that ∑
=

n

1    i

xi = 1. We will consider weights 

which are triangular fuzzy numbers: Wi = (li,mi,ri). Then the 

condition of fwa-normality is ∑
=

n

1    i

mi = 1, i.e. their modal 

values add up to unity. When a set of fuzzy triangular weights 

is not fwa-normal, it can be made fwa-normal by normalising 

it, i.e. replacing Wi by (li/s,mi/s,ri/s) where s = ∑
=

n

1    i

mi. 

 

III.  COMPARISON OF TWO DEFINITIONS OF FUZZY WEIGHTED 

AVERAGE 

 In this section we will compare the traditional and the 

alternative definitions of fuzzy weighted average, which were 

introduced in the previous section. Both definitions allow fwa-

normal fuzzy weights, and both definitions have the property 

that for non-fuzzy attributes and weights the fuzzy weighted 

average is equal to the standard weighted average. Our 

analysis starts with the observation that the values of the 

weights only have a relative meaning. Consider two non-fuzzy 

attributes, x1 and x2, and two non-fuzzy weights, w1 and w2. 

When we know that w1 is equal to 2, we have no idea what this 

means, unless we know the value of w2. When we know that 

w2 is also equal to 2, we know that both attributes have equal 

weight. The same information would be obtained when both 

weights were equal to 1/2. When only sets of weights are taken 

into consideration which sum up to unity, the values of the 

weights do have an absolute meaning. Then, when w1 is equal 

to 1/2, we know that x1 contributes for 50% to the result, as 

does w2. So, to have an absolute meaning, the weights should 

be normalised. The appearance of the sum of the weights in 

(3), therefore, is just to compensate for the eventual non-

normality of the weights. When users would be disciplined 

enough to normalise their weights beforehand, this 

compensation would be non-necessary. In the case of non-

fuzzy attributes and weights, this compensation does no harm; 

for normalised weights it only performs a non-necessary 

division by 1. It does harm, however, in the case of fuzzy 

weights. When fuzzy weights W1 and W2 both are 

approximately equal to 1/2, there is no need for normalisation, 

and there is no need to divide the result by the sum of W1 and 

W2, which is only approximately equal to 1. The appearance of 

the denominator in (7) introduces a normalisation of all 

members w1 and w2 of W1 and W2 separately. As a 

consequence, all members w1 and w2 of W1 and W2, whether 

normalised or not, contribute, after normalisation, to the final 

result, which leads to unwanted results. We will illustrate this 

by means of the following very simple example.  

 Suppose there are two non-fuzzy attributes, X1=1 and 

X2=2, one non-fuzzy weight, W1=1/2, and one fuzzy weight, 

W2=(0,1/2,1). These weights are normal, their modal values 

sum up to unity, and so they are fwa-normal for both 

definitions of the fuzzy weighted average. Intuitively, since 

W1=1/2, the weight W2 must be equal to 1/2 as well, which is 

not in contradiction with the given definition. Therefore, the 

fuzzy weighted average should be equal to 3/2. As is easily 

seen, the result of the alternative approach indeed is 3/2. In the 

traditional approach, however, we obtain that the α-cut 



fwa(X1,X2,W1,W2)[α] is equal to the interval [(1+2α)/(1+α) , 

(5–2α)/(3–α)]. For α=1 this interval consists of the single value 

3/2, but for α=0 this interval is [1, 5/3]. The fuzzy set 

fwa(X1,X2,W1,W2) has membership function (see [10] for an 

algorithm to compute it): 

 
µ(x) = 0, if x<=1 

µ(x) =  (x–1)/(2–x),  if 1<=x<=3/2 

µ(x) = (5–3x)/(2–x), if 3/2<=x<=5/3 

µ(x) = 0,  if x>=5/3 

 

and is shown in the following figure: 

 

 
 

 To understand this result, consider the α-cuts at α=1/2. 

The α-cut at α=1/2 of W2 is [1/4, 3/4]. The α-cut at α=1/2 of 

fwa(X1,X2,W1,W2) consists, from (7), of the values of 

(w1+2w2)/(w1+w2) where w1=1/2 and w2 ranges over [1/4,3/4]. 

For all possible values of w2 from [1/4, 3/4], there is a factor 

(w1+w2) in the denominator of (7). This means that for w2=1/4, 

the components (1/2,1/4) are normalised to (2/3, 1/3), and for 

w2=3/4, the components (1/2,3/4) are normalised to (2/5, 3/5), 

leading to the α-cut [4/3, 8/5] of fwa(X1,X2,W1,W2) for α=1/2. 

So this result for the fuzzy weighted average is not in 

agreement with our intuitive notion of what it should be, and 

consequently we favor the alternative definition of the fuzzy 

weigted average above the traditional definition. Due to the 

absence of these unwanted effects, the fuzziness of the results 

is smaller, as can be seen from (7) and (9), as the α-cut of (9) 

is contained in the α-cut of (7). 

An advantage of the alternative definition of fuzzy weighted 

average is that the complexity of its computation is 

considerably smaller, as can be observed by comparing the 

algorithm in the next section with the algorithm for the 

traditional definition in [1]. Finally, we note that there is a 

close connection between fuzzy weighted averages on the one 

hand and fuzzy probabilities [2] on the other hand. In fuzzy 

probability theory, where probabilities are allowed to be fuzzy 

numbers, the probabilities for the outcome of a probabilistic 

process sum up to unity, just as weights sum up to unity. The 

alternative definition of the fuzzy weighted average is in 

agreement with corresponding definitions in fuzzy probability 

theory. 

 

 

IV. ALGORITHM FOR THE COMPUTATION OF THE FUZZY 

WEIGHTED AVERAGE 

 In this section we will first show how one can compute the 

α-cut fwa(X1,..,Xn,W1,..,Wn)[α], which is defined in (9), for 

some fixed value of α. Subsequently, we show how to do that 

analytically for all 0<=α<=1. Finally, we will derive the 

membership function of fwa(X1,..,Xn,W1,..,Wn).  

 The attributes X1..Xn are fuzzy triangular numbers, and the 

weights W1..Wn are fuzzy non-negative triangular numbers 

whose modal values add up to unity. So the α-cuts of 

X1,..,Xn,W1,..,Wn are intervals. Let these intervals be denoted 

by [X1α–,X1α+],..,[Xnα–,Xnα+],[W1α–,W1α+],..,[Wnα–,Wnα+]. The α-

cut 

{∑
=

n

1    i

xi*wi | x1∈[X1α–,X1α+],.., xn∈[Xnα–,Xnα+],  

 w1∈[W1α–,W1α+],..,wn∈[Wnα–,Wnα+]; ∑
=

n

1    i

wi  = 1} 

also is an interval. To determine this interval, we need to 

determine its minimal and maximal elements. We only discuss 

here the computation of the minimal value; computation of the 

maximal value is similar.  

 Since in ∑
=

n

1    i

xi*wi all wi are non-negative, the minimal 

value is attained when xi=Xiα– for all i∈{1,..,n}. So we need to 

compute the minimal value of the set  

{∑
=

n

1    i

Xiα–* wi | w1∈[W1α–,W1α+],..,wn∈[Wnα–,Wnα+]; ∑
=

n

1    i

 wi = 1} 

 The first step of the algorithm consists of sorting the 

indexed set {Xiα– |1<=i<=n}. From now on we assume this set 

is sorted, and the attributes and weights are renumbered 

accordingly. Initialise the variables wi by wi=Wiα– for all 

i∈{1,..,n}, and define min and rem by min = ∑
=

n

1    i

Xiα–* wi and 

rem = 1–∑
=

n

1    i

wi. Then rem >= 0, and the variables wi should be 

increased until rem = 0, while keeping min as small as 

possible. To achieve this, the variable w1 is increased first, as 

this increases min the least. The maximum increase of this 

variable is W1α+–W1α–. When rem <= W1α+–W1α–, then the new 

value for w1 is W1α–+rem, and min is the requested minimal 

value; when rem > W1α+–W1α–, then the new value for w1 is 

W1α+, and the process continues with the variable w2, where 

rem is replaced by rem + W1α+ – W1α–. This process continues 

until rem = 0. 

 Now that we have seen how to compute the minimal value 

of the set in (10) for a fixed value of α, we turn to the problem 

of computing the minimal value for all α with 0<=α<=1. The 

first step of the algorithm consists of sorting the indexed set 

{Xiα–|1<=i<=n}. However, this sorting is the same for each α 

only if the left sides of the Xi do not cross. So, we compute all 

the values of α for which two left sides cross. There are at 

most n(n–1)/2 such crosspoints. In practice, however, it turns 



out that there are only few crosspoints, if any at all. The 

crosspoints partition the interval [0,1] in at most n(n–1)/2+1 

subintervals. On each of these subintervals the left parts of the 

Xi do not cross and {Xiα–|1<=i<=n} can be sorted independent 

of α. We will consider each of these subintervals separately. 

So, in this step the problem has been reduced to the problem of 

finding the minimum of the set of (10) for all α in some 

subinterval [min,max] of [0,1] where the ordering of         

{Xiα–|1<=i<=n} is independent of α.  

 To solve this problem, it is sufficient to show that the 

calculations for fixed α given above are independent of α, and 

thus can be done for all α of the subinterval simultaneously. 

When Wi = (li,mi,ri), then Wiα+–Wiα– = (1–α)( ri – li), and the 

initial value of rem is (1–α) ∑
=

n

1    i

 (mi–li). So, rem is always 

proportional to (1–α), and the result of the comparison        

rem <= W1α+–W1α– is independent of α, since both sides are 

proportional to (1–α). 

 Now we will show that the exact solutions for the 

minimum and maximum values of the α-cuts of the fuzzy 

weighted average can be inverted to give the exact 

membership function of the fuzzy weighted average.  

 Suppose on some subinterval [min,max] of [0,1] the 

minimum of the α-cuts has been determined with our 

algorithm. It is a function of α of the form aα
2
+bα+c. This 

follows from the fact that the minimum value is ∑
=

n

1    i

Xiα–* wi, 

and both Xiα– and the final value of wi are linear in α. The 

inverse of this function is the left part of the membership 

function on the interval 

 

[a*min
2 
+ b*min + c, a*max

2
 + b*max + c] (10) 

which can be computed by solving α from the equation  

x = aα
2
 + bα + c. (11) 

Let us first consider the case where a ≠ 0. Then the solution is 

given by 

µ(x) = ( – b ± x)4a(c   b 2
−− ) / (2a), (12) 

where the ambiguity in the sign can be solved with the 

boundary conditions  

µ(a*min
2
 + b*min + c) = min  (13a) 

µ(a*max
2
 + b*max + c) = max (13b) 

 Next consider the case where a = 0 and b ≠ 0. Then the 

equation x = bα + c is solved by 

µ(x) = (x – c) / b (14) 

on the interval  

[b*min + c, b*max + c]. (15) 

 Finally, consider the case where a = b = 0. In this case the 

inverse does not exist. The membership function is non-

continuous in x = c. This occurs for instance when all 

attributes and weights are non-fuzzy numbers (i.e. of the form 

(z,z,z)), leading to a non-fuzzy weighted average, whose 

membership function is non-continuous. 

 

 

V.  EXAMPLES 

Example 1: The two-term example of Dong and Wong [4].  

 

 There are two fuzzy attributes: 

 

X1 = (0,1,2) X1α = [α, 2–α]   

X2 = (2,3,4) X2α = [2+α, 4–α]  

 

with fuzzy weights: 

 

W1 = (0,0.3,0.9) W1α = [0.3α, 0.9–0.6α] 

W2 = (0.4,0.7,1) W2α = [0.4+0.3α, 1–0.3α] 

 

 The modal values of the weights sum up to unity.  

 Calculation of the minimal values of the α-cuts: There are 

no crosspoints. Initialisation : w1 = 0.3α, w2 = 0.4+0.3α, rem = 

0.6(1–α). Since W1α+–W1α– = 0.9(1–α), the new value for w1 

becomes 0.6–0.3α and the minimal values of the α-cuts are 

α(0.6–0.3α) + (2+α)( 0.4+0.3α) = 0.8 + 1.6α.  

 Calculation of the maximum values of the α-cuts: There 

are no crosspoints. Initialisation : w1 = 0.3α, w2 = 0.4+0.3α, 

rem = 0.6(1–α). Note that now w2 should be increased first. 

Since W2α+–W2α– = 0.6(1–α), the new value for w2 becomes 1–

0.3α and the maximal values of the α-cuts of the fuzzy 

weighted average are (2–α)(0.3α) + (4–α)(1–0.3α) = 4–1.6α.  

So the fuzzy weighted average is the triangular fuzzy number 

(0.8, 2.4, 4). Its α-cut for α=0 is [0.8,4], where with the 

traditional definition it is [8/13,4]. 

 

Example 2: The three-term example of Dong and Wong [4].  

 

 This example has been considered in [5,6,8,10] as well. 

 There are two fuzzy attributes: 

 

X1 = (0,1,2) X1α = [α, 2–α]  

X2 = (2,3,4) X2α = [2+α, 4–α]  

X3 = (4,5,6) X3α = [4+α, 6–α]  

 

with fuzzy weights: 

 

W1 = (0,0.3,0.9) W1α = [0.3α, 0.9–0.6α] 

W2 = (0.4,0.7,1) W2α = [0.4+0.3α, 1–0.3α] 

W3 = (0.6,0.8,1) W3α = [0.6+0.2α, 1–0.2α] 

 

 The modal values of the fuzzy weights sum up to 1.8. So a 

normalisation is necessary, leading to 

 

W1 = (0,1/6,1/2) W1α = [α/6, 1/2–α/3] 

W2 = (2/9,7/18,5/9) W2α = [2/9+α/6, 5/9–α/6] 

W3 = (1/3,4/9,5/9) W3α = [1/3+α/9, 5/9–α/9] 

 



 Calculation of the minimal values of the α-cuts: There are 

no crosspoints. Initialisation : w1 = α/6, w2 = 2/9+α/6,           

w3 = 1/3+α/9, rem = 4(1–α)/9. Since W1α+–W1α– = (1–α)/2, the 

new value for w1 becomes 4/9 –5α/18 and the minimal values 

of the α-cuts are α(4/9 –5α/18) + (2+α)( 2/9+α/6) + 

(4+α)( 1/3+α/9) = 16/9 + 16α/9.  

 Calculation of the maximum values of the α-cuts: There 

are no crosspoints. Initialisation : w1 = α/6, w2 = 2/9+α/6,      

w3 = 1/3+α/9, rem = 4(1–α)/9. Since W3α+–W3α– = 2(1–α)/9, 

the new value for w3 becomes 5/9–α/9 and rem becomes 2(1–

α)/9. Since W2α+–W2α– = (1–α)/3 the new value for w2 

becomes  4/9–α/18 and the maximal values of the α-cuts of the 

fuzzy weighted average are (2–α)(α/6) + (4–α)(4/9–α/18) +           

(6–α)( 5/9–α/9) = 46/9 –14α/9.  

 So the fuzzy weighted average is the triangular fuzzy 

number (16/9, 32/9,46/9). Its α-cut for α=0 is [16/9,46/9], 

where with the traditional definition it is [32/19, 38/7].  

 

Example 3: Modification of example 2 

 

 The previous two examples were simple in the sense that 

there were no crosspoints, and the resulting fuzzy weighted 

averages were fuzzy triangular numbers, due to the fact that 

both all left sides of the attributes and all right sides of the 

attributes were parallel to each other. In this example we 

modify the previous example by replacing the value (4,5,6) of 

X3 by (–2,5,6). The α-cuts of X3 are now given by X3α =        

[–2+7α, 6–α]. The maximum values of the α-cuts of the fuzzy 

weighted average are the same as in the previous example.  

 To calculate the minimum values of the α-cuts, we 

determine the crosspoints of the left sides of the attributes. The  

left sides of X1 and X3 cross at α=1/3, and the left sides of X2 

and X3 cross at α=2/3. So we have to treat the intervals [0,1/3],  

 [1/3,2/3] and [2/3,1] separately, The ordering of the attributes 

on these intervals is [X3,X1,X2], [X1,X3,X2] and [X1,X2,X3] 

respectively. The initialisation in the three cases is w1 = α/6, 

w2 = 2/9+α/6, w3 = 1/3+α/9 and rem = 4(1–α)/9. 

 Case 0<=α<=1/3. First w3 increases to 5/9–α/9, leaving 

rem = 2(1–α)/9. Then w1 increases to 2/9–α/18. The minimal 

values of the α-cuts are α(2/9–α/18) + ( 2+α)( 2/9+α/6) +       

(–2+7α)( 5/9–α/9) = –2/3 +44α/9 –2α
2
/3. 

 Cases 1/3<=α<=2/3 and 2/3<=α<= 1: w1 increases to 4/9 –

5α/18 and the minimal values of the α-cuts are α(4/9 –5α/18) + 

(2+α)( 2/9+α/6) + (–2+7α)( 1/3+α/9) = –2/9 +28α/9 +2α
2
/3. 

 This leads to the following membership function of the 

fuzzy weighted average: 

 

µ(x) = 0 if x <= –2/3 

µ(x) = 11/3 – ( 54x-448 ) / 6 if –2/3 <= x <= 8/9 

µ(x) = 7/3 +( 54x  208 + ) / 6 if 8/9 <= x <= 32/9 

µ(x) = 23/7 – 9x/14 if 32/9 <= x <= 46/9 

µ(x) = 0 if x >= 46/9 

 

which is shown in the following figure: 
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