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Transversely isotropic materials are an unique group of materials whose properties are the same along two of 
the principal axes of a Cartesian coordinate system. Various natural and artificial materials behave effectively 
as transversely isotropic elastic solids. Several materials can be classified as transversely isotropic materials 
including crystals, rocks, piezoelectrics, some biological tissues such as muscles, skin, cartilage tissue or 
brainstem and fibrous composites. In this study, the theory of contact mechanics developed by Persson is 
extended in such a way that it can model the contact and friction of a transversely isotropic viscoelastic solid 
in contact with a rigid rough surface. Numerical results show that anisotropy should be taken into account 
when dealing with transversely isotropic materials. The hysteresis friction between a transversely isotropic 
viscoelastic rubber, reinforced unidirectionally by fibers and two rough counter surfaces are measured by a 
pin-on-disk setup. The experimental results validate the theory. 
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1. Introduction 

The analysis of the stresses, contact stiffness, surface 
deformations and contact areas generated by the contact 
of bodies with rough surfaces needs to be accurately 
accounted for in a smart design of various engineering 
components. Transversely isotropic materials are an 
unique group of materials whose properties are same 
along two of the principal axes of a Cartesian coordinate 
system.  

2. Contact mechanics between a transversely 
isotropic viscoelastic solid and a rough rigid  surface 

The friction contributors in contact between a 
viscoelastic solid and a rigid rough surface are 
commonly described by two main contributors i.e. the 
contribution from real area of contact and the hysteresis 
component1).  

𝐹𝐹𝑓𝑓 = 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 + 𝜏𝜏𝑓𝑓𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (1) 

 
where 𝐹𝐹𝑓𝑓 , 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 are the forces concerning the total 
friction and the contribution from the hysteresis losses 
respectively and the product 𝜏𝜏𝑓𝑓𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  represents the force 
in the real area of contact where 𝜏𝜏𝑓𝑓 , 𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  are the 
frictional shear stress and real area of contact. In this 

study, a model is presented to calculate 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣, 𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  for a 
transversely isotropic viscoelastic solid in contact with a 
rough rigid surface. The importance of shearing a 
modified surface layer to the overall friction have been 
emphasized previously3,4). 

Consider a transversely isotropic viscoelastic half 
space (whose surface is parallel to the planes of 
isotropy) sliding at a constant velocity v on a rough rigid 
surface. Take a rectangular coordinate system (𝐱𝐱, 𝑧𝑧) =
(𝑥𝑥,𝑦𝑦, 𝑧𝑧). By the application of a concentrated load 
F(𝐱𝐱, 0) = 𝐹𝐹0 on the free surface of the transversely 
isotropic viscoelastic solid, the displacement at any 
point on the surface, 𝑢𝑢𝑧𝑧(𝐱𝐱, 0), can be calculated by the 
equation below2), 

𝑢𝑢𝑧𝑧(𝐱𝐱, 0) = 𝐷𝐷
2𝜋𝜋

× 𝐹𝐹0
|𝐱𝐱|
 (2) 

where,  
𝐷𝐷 = �2𝛼𝛼2 + 𝛼𝛼(1 − 2𝛾𝛾) �𝐵𝐵44

2+𝐵𝐵11𝐵𝐵33−𝐵𝐵132

𝐵𝐵33𝐵𝐵44
� − 2𝛾𝛾(1 −

𝛾𝛾) 𝐵𝐵11
𝐵𝐵33
� × 1

𝐵𝐵66
× 1

𝑣𝑣2𝑘𝑘2�𝛼𝛼+(1−𝛾𝛾)𝑣𝑣1
2�−𝑣𝑣1𝑘𝑘1�𝛼𝛼+(1−𝛾𝛾)𝑣𝑣2

2�
  

and the correlations of 𝑠𝑠1,2
2,𝛼𝛼, 𝛾𝛾, 𝑠𝑠02, 𝑘𝑘𝑣𝑣 ,𝛽𝛽 to 

𝐵𝐵11,𝐵𝐵33,𝐵𝐵44,𝐵𝐵66,𝐵𝐵12,𝐵𝐵13 and consequently to the 5 
elastic constants of a transversely isotropic solid (elastic 
moduli and the Poisson’s ratios in the transverse plane 
and indentation direction and the shear modulus in the 
indentation direction respectively: 𝐸𝐸𝑝𝑝 ,𝐸𝐸𝑧𝑧 , 𝜈𝜈𝑝𝑝, 𝜈𝜈𝑝𝑝𝑧𝑧,𝐺𝐺𝑧𝑧𝑝𝑝) 
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can be found in  reference 2).  
The friction coefficient can be calculated by1): 
𝜇𝜇𝑣𝑣𝑣𝑣𝑣𝑣 = −𝑣𝑣

𝜎𝜎0
 ∫𝑑𝑑𝑑𝑑 𝑑𝑑2𝐶𝐶(𝑑𝑑)𝑃𝑃(𝑑𝑑)  ×  

∫ 𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐𝑠𝑠𝑑𝑑 𝐷𝐷−1(𝑑𝑑, 𝑑𝑑. 𝑣𝑣)2𝜋𝜋
0   (3) 

𝑃𝑃(𝑑𝑑) = 2
𝜋𝜋 ∫ 𝑑𝑑𝑥𝑥 𝑣𝑣𝑣𝑣𝑠𝑠𝑠𝑠

𝑠𝑠
∞
0 exp[−𝑥𝑥2 𝐺𝐺(𝑑𝑑)] (4) 

𝐺𝐺(𝑑𝑑) = 1
2 ∫ 𝑑𝑑 𝑑𝑑𝑑𝑑 𝐶𝐶(𝑑𝑑)∫ 𝑑𝑑𝑑𝑑 �𝐷𝐷

−1(𝑞𝑞,𝑞𝑞.𝑣𝑣)�
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𝜎𝜎02
2𝜋𝜋
0

𝑞𝑞
𝑞𝑞𝐿𝐿

 (5) 

where θ is the angle between the velocity vector and the 
wave vector 𝒒𝒒��⃗ .  

3. Numerical results 

The normalized modulus of elasticity of an isotropic 
rubber compound is depicted in Figure 1. The 
importance of anisotropy in the form of transversely 
isotropy on the contact and friction of a viscoelastic 
solid is studied; the presented isotropic material is 
virtually reinforced (reinforcement is performed by 
increasing both the storage and loss modulus 
independently, by a factor of 2.5, for the whole 
frequency range, in the direction of indentation) while 
all the other mechanical properties (such as Poisson’s 
ratio) are kept constant. The results are shown in Figure 
2.  

 
 
 
 

 

 

 

 

 

 

Fig.1 Normalized modulus of elasticity of an isotropic 
viscoelastic solid. 

                                          a) 

 

                                     b) 

Fig.2 Hysteresis coefficient of friction as a function of 
velocity (a) and variation of real area of contact 
over nominal contact area versus magnification 
for sliding velocity of v = 5 mm/s (b). 

4. Experimental results 

The hysteresis contribution to the overall friction 
between a SBR/BR rubber disk, unidirectionally 
reinforced with fibers and filled with silica and two 
rough rigid surfaces is measured by a ball–on–disk 
setup with a constant sliding velocity of 5 mm/s. The 
results validate the theoretical model as presented in 
Figure 3. 

Fig.3 Hysteresis coefficient of friction as a function of 
velocity. The measured friction at v=5mm/s 
matches with the theoretical results. 
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