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Abstract 

A comparison is made of two approaches to 
approximate reasoning: Mamdani's 
interpolation method and the implication 
method. Both approaches are variants of 
Zadeh's compositional rule of inference. It 
is shown that the approaches are not 
equivalent. A correspondence between the 
approaches is established via the inverse of 
the implied fuzzy relation. The interpolation 
method has the lowest time-complexity, 
provided the minimum operator is chosen 
as t-norm. Otherwise, the time-complexity 
of both methods is the same. It is more 
efficient to first compile a set of fuzzy rules 
into a fuzzy relation, instead of aggregating 
inference results for each fuzzy rule 
separately. 
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1.  Introduction 

The first and still most prominent approach to 
approximate reasoning is Zadeh's method [14] with 
the compositional rule of inference. In this approach, 
a fuzzy relation is defined by a set of fuzzy rules. 
However, the meaning of a fuzzy rule is not 
uniquely defined [2], which is a common source of 
confusion. Two variants of the compositional rule of 
inference, Mamdani's interpolation method [6] and 
the implication method [4], differ from each other 
just by their different meanings of fuzzy rules. The 
aim of this paper is to establish a correspondence 

between these approaches, and to compare their 
time-complexity. 

Let us examine here the origin of different meanings 
of if-then rules. Consider a case where one wants to 
specify a total function f from a set X to a set Y, 
denoted by y = f(x). The rule "IF x=a THEN y=b" 
then has an obvious meaning, which can be 
expressed both as "f(a) = b" and as "∀c∈X: c ≠ b => 
f(a) ≠ c". If R is the relation on X×Y which is 
determined by f, the meaning of the rule can be 
expressed both as "(a,b) ∈ R" and as "∀c∈X: c ≠ b 
=> (a,c) ∉ R". 

Now suppose that we want to specify a relation 
which is not necessarily a function, and again 
formulate the rule "IF x=a THEN y=b". What would 
the meaning of this rule now be? The two 
possibilities mentioned above cannot be adopted 
both. If the rule would be rephrased as: "∀(x,y)∈R: 
x=a => y=b" it would be clear that the second 
possibility is the correct one. However, for the 
original rule the first possibility is an equally 
acceptable choice. In fact, this is the choice which is 
made in the interpolation method. In the implication 
approach the second possibility is adopted. 

In the next section both approaches are briefly 
described, in section 3 a relation between them is 
established, and in section 4 their time-complexity is 
analysed. In section 5 our work is compared with 
related work, and section 6 contains our conclusions. 

2.  Two approaches to approximate reasoning  

Zadeh's compositional rule of inference method 
proceeds as follows. Given universes X and Y, a 
fuzzy set A on X and a fuzzy relation R on X×Y, the 
output is a fuzzy set B on Y given by  



∀y∈Y: B(y) = supx min (A(x),R(x,y)) (1) 

The relation R is determined by a set of N fuzzy 
rules of the form 

IF X = Ai THEN Y = Bi (2) 

where Ai and Bi are fuzzy sets on X and Y 
respectively, for 1 ≤ i ≤ N. 

Each rule determines a relation Ri, and the N 
relations Ri together determine the relation R.  

In Mamdani's interpolation method, Ri is given by 

∀x∈X, ∀y∈Y: Ri(x,y) = T(Ai(x),Bi(y)) (3) 

where T is a t-norm. A t-norm is a function of type 
[0,1]×[0,1]⇒[0,1] which satisfies T(0,0) = T(0,1) = 
T(1,0) = 0, T(1,1) =1, and some additional 
smoothness axioms (see e.g. [4]). Usually T is 
chosen to be the minimum operator: T(x,y) = min 
(x,y), but sometimes other t-norms are used. 

The relation R is defined to be the union of all Ri: 

∀x∈X, ∀y∈Y: R(x,y) = maxi T(Ai(x),Bi(y)) (4) 

In the implication method, Ri is given by 

∀x∈X, ∀y∈Y: Ri(x,y) = J(Ai(x),Bi(y)) (5) 

where J is an implication operator. An implication 
operator is a function of type [0,1]×[0,1]⇒[0,1] 
which satisfies J(0,0) = J(0,1) = J(1,1) = 1, J(1,0) = 
0, and some additional smoothness axioms (see e.g. 
[4]). 

The relation R is defined to be the intersection of all 
Ri.: 

∀x∈X, ∀y∈Y: R(x,y) = mini J(Ai(x),Bi(y)) (6) 

So the main difference between the two approaches 
is the way a rule determines a relation; in the 
interpolation method a t-norm is used, while in the 
implication method an implication operator is used. 
Using a t-norm implies that aggregation of rules is 
performed with the maximum operator; using an 
intersection operator implies that aggregation of 
rules is performed with the minimum operator [12]. 

All results in this paper remain valid if the minimum 
operator in eq. (1) is replaced by any other t-norm. 

The minimum and maximum aggregation operators 
should not be generalized, since aggregation 
operators need to be idempotent, and the minimum 
and maximum operators are the only idempotent t-
norm resp. t-conorm [4]. 

3.  Correspondence between the approaches 

Naturally, the first question to ask is: are both 
approaches equivalent? We consider the approaches 
to be equivalent if one approach can simulate the 
other and vice versa. Approach P can simulate 
approach Q if for each fuzzy rule for approach Q 
there exists a set of fuzzy rules for approach P such 
that, given a set of fuzzy rules for approach Q which 
lead to the fuzzy relation R, the corresponding set of 
fuzzy rules for approach P also leads to the fuzzy 
relation R. 

Proposition 1 : The interpolation method and the 
implication method are not equivalent.  

The proof is a simple: the empty set of fuzzy rules in 
the interpolation method determines the empty 
relation (all membership values equal to 0); the 
corresponding set of fuzzy rules for the implication 
method is also the empty set, but leads to the 
complete relation (all membership values equal to 
1). 

A consequence of this theorem is that for each 
application, when available knowledge is expressed 
in terms of fuzzy rules, the choice between the two 
possible approaches is not free. As a rule of thumb, 
the suitable approach can be determined as follows: 
if for an empty set of fuzzy rules the relation is the 
empty relation and it increases when rules are added, 
then the approach should be the interpolation 
method; if for an empty set of rules the relation is 
the complete relation and it decreases when rules are 
added, then the approach should be the implication 
method.  

For example, in a criminal investigation, relations 
are maintained between people and crimes. The 
relation COMMITTED starts as an empty relation and 
increases as knowledge becomes available; the 
relation SUSPECTED starts as the full relation 
(everybody is suspected of everything) and 
decreases as knowledge becomes available. So for 
COMMITTED the interpolation method should be 
adopted, while for SUSPECTED the implication 
method should be adopted. Suppose a witness 
observed John to commit a murder; this can be 



expressed as a fuzzy rule for the relation 
COMMITTED, but not for the relation  SUSPECTED. 
On the other hand, the knowledge that John has an 
alibi for the time of the crime, can be used for the 
relation  SUSPECTED , not for the relation 
COMMITTED. 

To find a correspondence between both approaches 
we first give a correspondence between t-norms and 
implication operators, which associates a t-norm T 
with the implication J which is the S-implication 
corresponding to the dual t-conorm of T: 

∀a∈X, ∀b∈Y: J(a,b) =  1 - T(a,1-b) (7) 

∀a∈X, ∀b∈Y: T(a,b) = 1 - J(a,1-b) (8) 

If T is a t-norm, then eq. (7) defines an implication 
operator, and if J is an implication operator then eq. 
(8) defines a t-norm, provided the smoothness 
axioms hold. For instance, to the minimum operator 
there corresponds the Kleene-Dienes implication, 
and to the bounded difference t-norm there 
corresponds the Lukasiewicz implication.  

Suppose the t-norm T and a number of fuzzy rules 
are given. The implication method gives the fuzzy 
relation R which is given by eq. (4). The inverse R' 
of this relation is given by 

∀x∈X, ∀y∈Y: R'(x,y) = 1 - maxi T(Ai(x),Bi(y)) (9) 

With eq. (8), this can be written as  

∀x∈X, ∀y∈Y: R'(x,y) = mini ( J(Ai(x),1-Bi(y))) (10) 

When we compare this equation with eq. (6), we 
find that the relation R' is determined by the 
implication method, with the implication operator J 
which corresponds to T via eqs. (7) and (8), when 
the consequents of all rules are replaced by their 
inverses. A similar result is derived in [3] for the 
special case of a crisp singleton input. 

So we have proved the following proposition: 

Proposition 2 : When the interpolation method with 
t-norm T for some set of fuzzy rules determines the 
fuzzy relation R, then the implication method with 
corresponding implication operator J determines the 
inverse relation of R for the set of fuzzy rules where 
the consequents of all fuzzy rules are replaced by 
their inverses. 

Similarly: 

Proposition 3 : When the implication method with 
implication operator J for some set of fuzzy rules 
determines the fuzzy relation R, then the 

interpolation method with corresponding t-norm T 
determines the inverse relation of R for the set of 
fuzzy rules where the consequents of all fuzzy rules 
are replaced by their inverses. 

To summarize, in order to obtain the fuzzy relation 
for one of the approaches, one may replace the 
consequents of all rules by their inverses, apply the 
other method with corresponding t-norm/ 
implication operator, and take the inverse of the 
result. 

4.   Time-complexity of the approaches 

Suppose both universes X and Y are finite, and have 
D elements. Suppose their are N fuzzy rules, and 
there are M inferences to be made. The time-
complexity of compiling the fuzzy relation (eqs. (4) 
or (6)) is O(N*D2). The time-complexity of an 
inference (eq. (1)) is O(D2) which gives an overall 
time-complexity O((M+N)*D2), for both 
approaches. Note that computing the inverse of the 
relation, which has time-complexity O(D2), does not 
contribute to the overall time-complexity. 

For the interpolation method there is an alternative 
way of computation. Substituting eq. (4) into eq. (1) 
gives 

∀y∈Y: B(y) = supx min (A(x),maxi T(Ai(x),Bi(y))) 

 (11) 

which can be rewritten as 

∀y∈Y: B(y) = maxi supx min (A(x),T(Ai(x),Bi(y)))  

 (12) 

This equation shows that, instead of compiling the 
fuzzy relation, the result can be obtained as an 
aggregation of the inference results of each rule 
separately. A similar result is derived in [3], for the 
special case of a crisp singleton input. 

The time complexity of a single inference with eq. 
(12) is O(N*D2), leading to an overall time-
complexity O(M*N*D2). This is worse than the 
time-complexity of compiling the fuzzy relation. If 
only a single inference is made (M=1), the time-
complexities are the same. Of course, there is a 
trade-off with the space-complexity. The space-
complexity of a compiled fuzzy relation is O(D2), 
and the space-complexity of N fuzzy rules is 
O(N*D). 



For the case where T is the minimum operator, eq. 
(12) can be rewritten as 

∀y∈Y: B(y) = maxi min  
 (supx min(A(x),Ai(x)),Bi(y))) (13) 

Then the overall time-complexity is reduced to 
O(M*N*D). The same transformation is possible if 
in eqs. (1) and (12) the minimum operator is 
replaced by T, since a t-norm is monotonous and 
associative. 

For the implication method this alternative way of 
computation is not possible. In that case eq. (11) is 
replaced by 

∀y∈Y: B(y) = supx min  
 (A(x),mini T(Ai(x),Bi(y))) (14) 

and here the order of supx and mini cannot be 
reversed. For the case where there is only one fuzzy 
rule (N=1), the overall time-complexity is O(M*D) 
for some implication operators [1], but in the general 
case, to the best of our knowledge, no algorithms 
exist with time-complexity O(M*N*D). 

5.  Related work 

After the introduction by Zadeh [14] of his approach 
to approximate reasoning with the compositional 
rule of inference, several other approaches have 
been introduced. Sugeno and Yasukawa [9] 
introduced the position type method and the 
position-gradient type method, Türksen [10] 
introduced methods for approximate reasoning with 
interval-valued fuzzy sets, Türksen and Zhong [13] 
introduced the approximate analogical reasoning 
method, Magrez and Smets [5] introduced a new 
model for fuzzy modus ponens. Many of these 
approaches have been compared in [8]. Further 
comparisons have been made in [3,7,11]. 

A major difference between this paper and the 
papers mentioned above is that we compare methods 
where the meaning of fuzzy rules is different, and 
establish a relation between sets of fuzzy methods in 
both approaches. Another difference is that we 
compare the asymptotical complexities, and thereby 
consider explicitly the number of inferences. 

 

 

6.  Conclusion 

The interpolation and the implication approach to 
approximate reasoning are not equivalent. When the 
implied fuzzy relation increases when rules are 
added, the interpolation approach must be adopted, 
when the relation decreases the implication approach 
must be adopted. 

The approaches are related to each other in the sense 
that, in order to obtain the fuzzy relation for one 
approach, one may replace the consequents of all 
rules by their inverses, apply the other approach with 
corresponding t-norm/implication operator, and take 
the inverse of the result. 

The interpolation method has the lowest time-
complexity, provided the minimum operator is 
chosen as t-norm. Otherwise, the time-complexity of 
both methods is the same. It is more efficient to first 
compile a set of fuzzy rules into a fuzzy relation, 
instead of aggregating inference results for each 
fuzzy rule separately. 
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