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Abstract— This paper considers regulated output synchro-
nization for heterogeneous networks, where agents are non-
introspective (i.e. agents have no access to their own states or
outputs), non-minimum-phase agents in the presence of external
disturbances, including process disturbances and measurement
noise, with known frequencies. Moreover, the communication
network is directed, weighted and time-varying. A purely
decentralized linear time-invariant protocol based on a high-
gain observer is designed for each agent to achieve regulated
output synchronization, i.e. agents’ outputs are asymptotically
regulated to a given reference trajectory, even in the presence
of external disturbance with known frequencies.

I. Introduction

The problem of synchronization among agents in a multi-
agent system has received substantial attention in recent
years. The objective of synchronization is to secure an
asymptotic agreement on a common state or output trajectory
through decentralized control protocols (see [1], [9], [14],
[18] and references therein). The main focus has been on
synchronization for homogeneous networks (i.e., agents have
identical dynamics) with introspective agents (i.e., the agent
has access to part of their own states).

For the observer design, many works require the avail-
ability of an additional communication channel using the
same network structure for the exchange of controller states.
For example, see [10], [11], [15], [19], [4], [20] and ref-
erences therein. There also exist some works that dispense
with that additional communication. In [15] (homogeneous
network) and [4] (heterogeneous network but introspective),
this additional communication of controller states is already
avoided. Recently, [2] addressed the output synchronization
for heterogeneous networks with non-introspective agents
without this additional communication, while agents are
assumed minimum phase.

For agents that are affected by external disturbances with
upper bound power, the notion of almost synchronization was
brought up in [13] (introspective) and [12] (homogeneous,
non-introspective), where the goal of their work is to reduce
the impact of disturbances on the synchronization error to
an arbitrary degree of accuracy (expressed in the H∞ norm).
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These references assume the availability of an additional
communication channel. [21] extended the above work to
heterogeneous networks of introspective agents without ex-
change of controller states. When the external disturbances
are stochastic noises with an upper bound rate, H2 norm
minimization of the transfer function is utilized under a
fixed network (e.g., [24]). For the disturbance with known
frequencies, almost disturbance decoupling is utilized to
achieve exact synchronization in a network(e.g., [22]).

The majority of the works assume the communication
network is fixed, i.e., the network graph is fixed. Exten-
sions to time-varying networks are done in the framework
of switching networks. Synchronization with time-varying
networks is studied utilizing concepts of dwell-time and
average dwell-time (e.g., [16], [17], [8]). It is assumed that
the time-varying network switches among a finite set of
network graphs. Recently, an infinite set of network graphs
is proposed in [23], [22] and [24]. In [25], switching laws
are designed to achieve synchronization.

This paper also considers synchronization problem
for time-varying multi-agent systems/networks with non-
introspective agents affected by disturbances and measure-
ment noises with known frequencies (i.e. they are generated
by linear autonomous exosystems), as considered in [22].
The difference is that in this paper we allow non-minimum-
phase agents, while in [22] only minimum-phase agents are
considered. That means we can achieve regulated output
synchronization for a larger class of networks in the presence
of known-frequency disturbances. In this paper, we adopted
the additional channel for the communication of controller
states during the observer design.

A. Notations and definitions

Given a matrix A ∈ Cm×n , A′ denotes its conjugate
transpose, ‖A‖ is the induced 2-norm, and λi (A) denotes
its i′th eigenvalue when m = n. A square matrix A is said
to be Hurwitz stable if all its eigenvalues are in the open
left half complex plane. We denote by blkdiag{Ai }, a block-
diagonal matrix with A1, . . . , AN as the diagonal elements,
and by col{xi }, a column vector with x1, . . . , xN stacked
together, where the range of index i can be identified from
the context. A⊗ B depicts the Kronecker product between A
and B. In denotes the n-dimensional identity matrix and 0n

denotes n × n zero matrix; sometimes we drop the subscript
if the dimension is clear from the context.

A weighted directed graph G is defined by a triple
(V ,E,A) where V = {1, . . . ,N } is a node set, E is a set
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of pairs of nodes indicating connections among nodes, and
A = [ai j ] ∈ RN×N is the weighting matrix, and ai j > 0 iff
(i, j) ∈ E. Each pair in E is called an edge. A path from
node i1 to ik is a sequence of nodes {i1, . . . , ik } such that
(i j , i j+1) ∈ E for j = 1, . . . , k − 1. A directed tree with root
r is a subset of nodes of the graph G such that a path exists
between r and every other node in this subset. A directed
spanning tree is a directed tree containing all the nodes of
the graph. For a weighted graph G, a matrix L = [`i j ] with

`i j =

{ ∑N
k=1 aik , i = j,
−ai j , i , j,

is called the Laplacian matrix associated with the graph G.
In the case where G has non-negative weights, L has all its
eigenvalues in the closed right half plane and at least one
eigenvalue at zero associated with right eigenvector 1.

Definition 1: Let LN ⊂ R
N×N be the family of all possi-

ble Laplacian matrices associated to a graph with N agents.
We denote by GL the graph associated with a Laplacian
matrix L ∈ LN . Then, a time-varying graph Gt with N
agents has such a definition as

Gt (t) = Gσ (t ) ,

where σ : R→ LN is a piecewise constant, right-continuous
function with minimal dwell-time τ (see [5]), i.e. σ(t)
remains fixed for t ∈ [tk , tk+1), k ∈ Z and switches at t = tk ,
k = 1,2, . . . where tk+1 − tk ≥ τ for k = 0,1, . . .. For ease of
presentation we assume t0 = 0.

Definition 2: A matrix pair (A,C) is said to contain the
matrix pair (S,R) if there exists a matrix Π such that ΠS =

AΠ and CΠ = R.
Remark 1: Definition 2 implies that for any initial condi-

tion ω(0) of the system ω̇ = Sω, yr = Rω, there exists an
initial condition x(0) of the system ẋ = Ax, y = Cx, such
that y(t) = yr (t) for all t ≥ 0 ([7]).

II. Heterogeneous multi-agent systems

We consider a multi-agent system/network consisting of
N non-identical non-introspective agents described by{

ẋi = Ai xi + Biui + Eiwi ,
yi = Ci xi + Diui + Dwiwi ,

(i = 1, . . . ,N ) (1)

where xi ∈ Rni , ui ∈ Rmi , and yi ∈ R
p are the state,

input and output of agent i while wi ∈ R
mwi is the external

disturbance with known frequencies, which can be generated
by the following exosystem:

ẋwi = Si xwi ,
wi = Ri xwi ,

(2)

where xwi ∈ R
nwi . Note that no initial conditions are im-

posed on the exosystem, for the technique we will use in this
paper will reject any disturbance with known frequencies. It
is clear that Eiwi represents the process disturbance while
Dwiwi represents the measurement noise.

We make the following assumptions on the agent dynam-
ics.

Assumption 1: For each agent i ∈ {1, . . . ,N }, we have

• (Ai ,Bi ,Ci ) is right-invertible;
• (Ai ,Bi ) is stabilizable, and (Ai ,Ci ) is detectable;
It is worth noting that we do not assume agents to be

minimum-phase, that is, agents can have invariant zeros in
the closed-right half complex plane. In [22], we only allow
minimum-phase agents.

The agents considered in this paper are non-introspective,
which means that they have no access to any of their
states, and that the only information that is available for the
controller design comes from the network. In particular, the
network provides each agent with a linear combination of its
own output relative to that of other neighboring agents, that
is, agent i ∈ {1, . . . ,N }, has only access to the quantity

ζi (t) =

N∑
j=1

ai j (t)(yi (t) − y j (t)), (3)

where ai j (t) ≥ 0 and aii (t) = 0, is a piecewise constant and
right-continuous function of time t, indicating a time-varying
communication among agents. We will use a time-varying
graph Gt to describe such a time-varying communication
network among agents. At time t, the weight of graph edges
is given by the coefficient ai j (t). The Laplacian matrix
associated with Gt is defined as Lt = [`i j (t)]. In terms of
the coefficients of Lt , ζi can be rewritten as

ζi (t) =

N∑
j=1

`i j (t)y j (t). (4)

III. Regulated output synchronization

In this section, we consider the regulated output synchro-
nization problem for heterogeneous time-varying networks
with non-introspective agents defined in Section II, where the
outputs of agents are asymptotically regulated to a reference
trajectory, even in the presence of external disturbances with
known frequencies. The reference trajectory is generated by
an autonomous system{

ẋ0 = A0x0, x0(0) = x00,
y0 = C0x0,

(5)

where x0 ∈ R
n0 , y0 ∈ R

p . Moreover, we assume that (A0,C0)
is observable, all eigenvalues of A0 are in the closed right
half complex plane.

We need an extra assumption on the agents with the given
reference system.

Assumption 2: (Ai ,Bi ,Ci ) has no invariant zeros in the
closed right-half complex plane that coincide with the eigen-
values of A0 and/or Si .

In order to have all the agents follow the reference
trajectory, it is clear that a non-empty subset of agents must
have knowledge of their outputs relative to the reference
trajectory y0 generated by the reference system. Specially,
let π be a subset of V . We assume that each agent has
access to the quantity

ψi = ιi (yi − y0), ιi =



1, i ∈ π,
0, i < π.

(6)
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In order to achieve regulated output synchronization for all
agents, the following assumption is clearly necessary.

Assumption 3: Every node of the network graph Gt at
time t, is a member of a directed tree which has a root
contained in the set π.

In the following, we will refer to the node set π as root set
in view of Assumption 3 (A special case is when π consists
of a single element corresponding to the root of a directed
spanning tree of Gt at time t).

Note that the reference system can be viewed as a new root
node, denoted as node 0. This time-varying network with the
reference system will be referred to as the augmented time-
varying network, and will be described by a graph G̃t . Based
on Assumption 3, this augmented time-varying network will
contain a directed spanning tree with node 0 as its root. The
associated Laplacian matrix, denoted by L̃t = [ ˜̀

i j (t)], is
defined as

L̃t =

(
0 0

− col{ιi } Lt + diag{ιi }

)
. (7)

In terms of the Laplacian matrix L̃t , the quantity ζi in (4)
will be updated as

ζ̃i =

N∑
j=0

˜̀
i j (t)y j , (8)

for i = 0,1, . . . ,N .
Define the matrix L̄t = [ ¯̀

i j (t)] as,

L̄t = Lt + diag{ιi }.

Clearly, for each time t, L̄t is not a Laplacian matrix
associated with some graph since it does not have a zero
row sum. From [3, Lemma 7], all eigenvalues of L̄t at time
t are in the open right-half complex plane. Moreover, these
eigenvalues are the non-zero eigenvalues of the Laplacian
matrix L̃t for any fixed time t.

We define next a set of network graphs for the augmented
network with the external reference system as follows:

Definition 3: Given a root set π, and real values α, β,ϕ >
0 and positive integer N , Gϕ,Nα,β,π is the set of directed graphs
composed of N nodes and the node of the reference system,
such that every augmented network graph G̃ ∈ G

ϕ,N
α,β,π

satisfies the properties:
• Assumption 3 holds for the root set π.
• The eigenvalues λ̃0 ≤ . . . ≤ λ̃N of the Laplacian

matrix L̃ associated with the augmented network graph
G̃ satisfy Re{λ̃i } > β and |λ̃i | < α for i ∈ {1,2, . . . ,N },
and λ̃0 = 0. Note that λ̃i (i = 1, . . . ,N) are the
eigenvalues of matrix L̄.

• The condition number1 of L̃ is bounded by ϕ.
Remark 2: Note that for undirected graphs the condition

number of the Laplacian matrix is always bounded. More-
over, if we have a finite set of possible graphs each of which
has a directed spanning tree then there always exists a set of

1In this context, we mean by condition number the minimum of
‖U ‖ ‖U−1 ‖ over all possible matrices U whose columns are the (general-
ized) eigenvectors of the expanded Laplacian matrix L̄.

the form Gϕ,Nα,β,π for suitable α, β,ϕ > 0 and N containing
these graphs. The only limitation is that we cannot find one
protocol for a sequence of graphs converging to a graph
without a spanning tree or whose Laplacian either diverges
or approaches some ill-conditioned matrix.

Then, a set of time-varying network graphs for augmented
time-varying communication network with the external ref-
erence system is defined as follows:

Definition 4: Given a root set π, real values α, β,ϕ, τ > 0
and a positive integer N , we define the set of time-varying
graphs Gϕ,τ,Nα,β,π composed of N nodes and the node of the
reference system, as the set of all time-varying graphs G̃t
for which

G̃t (t) = G̃σ (t ) ∈ G
ϕ,N
α,β,π

for all t ∈ R.
Remark 3: Note that the minimal dwell-time is assumed

to avoid chattering problems. However, it can be arbitrarily
small.

Define ei := yi − y0 as the regulated synchronization error
for agent i ∈ {1, . . . ,N } and e = col{ei }. Then, we formulate
the problem of regulated output synchronization as follows.

Problem 1: Consider a multi-agent system (1), (3), and
reference system (5). For a given root set π, a positive
integer N , and real numbers α, β,ϕ, τ > 0 and defining a
set of time-varying network graphs Gϕ,τ,Nα,β,π , the regulated
output synchronization problem for heterogeneous networks
under time-varying graphs and in the presence of external
disturbances with known frequencies is to find, if possible,
a linear time-invariant dynamic protocol such that, for any
time-varying graph G̃t ∈ G

ϕ,τ,N
α,β,π , and for all initial conditions

of the agents and the reference system, the regulated output
synchronization error satisfies

lim
t→∞
‖e(t)‖ = 0. (9)

As we emphasized at the beginning, we allow information
exchanging among agents by using the same communication
network. Assume that the controller of agent i supplies
information ηi , which will be defined exactly later on during
the controller design. Then, the extra information available
for controller design is

ζ̂i =

N∑
j=0

˜̀
i jη j , (10)

where η0 is set zero. The main result of this paper is stated
as the following theorem.

Theorem 1: Consider a multi-agent system (1) and(3), and
reference system (5). Let a root set π, a positive integer N
and real numbers α, β,ϕ, τ > 0 be given, and hence a set of
network graphs Gϕ,τ,Nα,β,π be defined.

Under Assumptions 1, 2 and 3, the regulated output
synchronization problem is solvable, i.e., there exists a family
of distributed dynamic protocols, parametrized in terms of
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high-gain parameter ε, of the form:




χ̇i = Ai (ε) χi + Bi (ε)
(
ζ̃i
ζ̂i

)
,

ũi = Ci (ε) χi +Di (ε)
(
ζ̃i
ζ̂i

)
,

i ∈ (1, . . . ,N ) (11)

where χi ∈ R
qi , such that for any time-varying graph

G̃t ∈ G
ϕ,τ,N
α,β,π , and for all initial conditions of agents and

the reference system, the regulated output synchronization
error satisfies (9).

In particular, there exists an ε∗ ∈ (0,1] such that for any
ε ∈ (0, ε∗], the protocol (11) solves the regulated output
synchronization problem.

Proof: To regulate the outputs of agents to the reference
trajectory and at the same time reject the external distur-
bance, we will first design a pre-compensator such that the
interconnection of the pre-compensator and agents dynamics
contain the reference system (5) and the exosystem (2).

Let
xir = col{x0, xwi },

Sir = blkdiag{A0,Si },Rir = blkdiag{C0,Ri }.

Then we get the following dynamics:




ẋir = Sir xir ,(
y0
wi

)
= Rir xir .

(12)

Let
R̄0r =

(
C0 0

)
and R̄ir =

(
0 Ri

)
.

Then, we have

y0 = R̄0r xir and wi = R̄ir xir .

When Ai and Sir have common eigenvalues (modes), the
common eigenvalues in Sir will be removed first. For this
process refer to [3]. Here we assume Ai and Sir have
no common eigenvalues. Then, with Assumption 2, the
following regulation equations

AiΠi + BiΓi + Ei R̄ir = ΠiSir ,
CiΠi + Dwi R̄ir + DiΓi = R̄0r ,

(13)

have unique solution of Πi and Γi with i = 1, . . . ,N (see [?]).
If (Γi ,Sir ) is not observable, we can construct the observable
subsystem (Γi,o ,Sir,o ); otherwise simply set Γi,o = Γi

and Sir,o = Sir . Then, the pre-compensator for agent i is
designed as

ẋpi = Sir,o xpi + Bpi ũi ,
ui = Γi,o xpi ,

(14)

for i ∈ {1, . . . ,N }, where xpi ∈ R
npi , and Bpi is chosen

to guarantee that no invariant zeros are introduced by the
pre-compensator (see [6]).

Let x̃i = col{xi , xpi }. The interconnection of agent (1) and
the pre-compensator (14) can be represented as

˙̃xi = Ãi x̃i + B̃i ũi + Ẽiwi ,
yi = C̃i x̃i + D̃wiwi ,

(15)

where x̃i ∈ Rñi and ñi = ni + npi . In the case that (Γi ,Sir )
is observable, by simply constructing Π̃i = col{Πi , I} and
using (13), we are able to achieve the equality

Ãi Π̃i + Ẽi R̄ir = Π̃iSir ,
C̃i Π̃i + D̃wi R̄ir = R̄0r .

(16)

When (Γi ,Sir ) is not observable, the construction of Π̃i

needs more work and is given in the Appendix.
Now define x̄i = x̃i − Π̃i xir . Then we find that

˙̄xi = Ãi x̃i + B̃i ũi + Ẽiwi − Π̃iSir xir
= Ãi x̃i + B̃i ũi + Ẽi R̄ir xir − ( Ãi Π̃i + Ẽi R̄ir )xir
= Ãi x̄i + B̃i ũi ,

and

ei = yi − y0

= C̃i x̃i + D̃wiwi − R̄0r xir
= C̃i x̃i + D̃wi R̄ir xir − (C̃i Π̃i + D̃wi R̄ir )xir
= C̃i x̄i .

Design a state-feedback controller

ũi = Fi x̄i , (17)

where Fi is chosen such that Ãi+ B̃iFi is Hurwitz. Therefore,
we achieve that limt→∞ x̄i (t) = 0 and limt→∞ ei (t) = 0. That
implies that all agents follow exactly the given reference
trajectory y0, even in the presence of external disturbances
with known frequencies.

However, x̄ is not available for the above controller design,
for all agents are non-introspective. Next, we will design a
high-gain observer to produce an estimation of x̄i , denoted
by ˆ̄xi (i = 1, . . . ,N).

Denote n = maxi {ñi }, and define a matrix

Ti =
*...
,

C̃i

...
C̃i Ãn−1

i

+///
-

.

Note that Ti is not necessarily a square matrix; however, the
observability of ( Ãi ,C̃i ) ensures that Ti is injective, which
implies that T ′i Ti is nonsingural. Let χi = Ti x̄i . Then, we
can write the dynamics of χi as follows:

χ̇i = (A + Li ) χi + Bi ũi , χi (0) = Ti x̄i (0),
ei = C χi ,

(18)

where i = 1, . . . ,N , and

A =

(
0 Ip(n−1)
0 0

)
, C =

(
Ip 0

)
, Li =

(
0
Li

)
, Bi = Ti B̃i

and where Li = C̃i Ãn
i (T ′i Ti )−1T ′i .

Let ε ∈ (0,1] be a high-gain parameter and define Sε =

blkdiag{Ipε−1, . . . , Ipε−n }. The high-gain observer for the
estimation of χi is constructed as

˙̂χi = (A + Li ) χ̂i + Bi ũi + SεPC′(ζ̃i − ζ̂i ),
ηi = C χ̂i .

(19)
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It is easy to verify that

ζ̂i =

N∑
j=1

˜̀
i j (t)C χ̂i and ˆ̄xi = (T ′i Ti )−1T ′i χ̂i .

Since (A,C) is observable, P is the unique solution of the
algebraic Riccati equation

AP + PA ′ − 2βPC′CP + Inp = 0. (20)

We will first prove the following lemma.
Lemma 1: There exists an ε∗ ∈ (0,1] such that for any

ε ∈ (0, ε∗],
lim
t→∞

( χi − χ̂i ) = 0, (21)

for all i ∈ {1, . . . ,N } and for all time-varying graphs G̃t ∈
G
ϕ,τ,N
α,β,π .

Proof: For each i ∈ {1, . . . ,N }, let χ̄i = χi − χ̂i . Then

˙̄χi = (A + Li ) χ̄i − SεPC′(ζ̃i − ζ̂i ). (22)

Noting that for each i ∈ {1, . . . ,N }, we have
∑N

j=0
˜̀
i j (t) = 0,

and therefore

ζ̃i =

N∑
j=0

˜̀
i j (t)y j =

N∑
j=0

˜̀
i j (t)(y j − y0)

=

N∑
j=1

¯̀
i j (t)e j =

N∑
j=1

¯̀
i j (t)C χ j .

Thus,

ζ̃i − ζ̂i =

N∑
j=1

¯̀
i j (t)C χ̄ j .

Then, dynamics (22) can be rewritten as

˙̄χi = A χ̄i + Li χ̄i − SεPC′C
N∑
j=1

¯̀
i j (t) χ̄i .

Define ξi = ε−1S−1
ε χ̄i . Then, we get

εξ̇i = Aξi + Liεξi − PC′C
N∑
j=1

¯̀
i j (t)ξi ,

where
Liε =

(
0

εn+1LiSε

)
.

Let ξ = col{ξi } and Lε = blkdiag{Liε }. Then, the dynamics
of the complete network becomes

εξ̇ = [IN ⊗ A + Lε − L̄t ⊗ PC′C]ξ. (23)

Define U−1
t L̄tUt = Jt , where Jt is the Jordan form of L̄t ,

and let v = (U−1
t ⊗ Ipn )ξ. Then we get

εv̇ = (IN ⊗ A)v + Wε, tv − Jt ⊗ (PC′C)v, (24)

where Wε, t = (U−1
t ⊗ Ipn )Lε (Ut ⊗ Ipn ).

By our definition on the set of time-varying graphs, we
know that Jt and J−1

t are bounded. Moreover, the bound-
edness of the condition number guarantees that Ut and U−1

t

are both bounded as well. Note that when a switching of

the network graph occurs, v will in most cases experiences
a discontinuity (because of a sudden change in Jt and Ut ).
There exists a m1 such that we will have

‖v(t+
k )‖ ≤ m1‖v(t−k )‖

for any switching time tk because of our bounds on Ut and
Jt . Here

v(t+) = lim
h↓0

v(t + h), v(t−) = lim
h↓0

v(t − h).

We find that when ε is small enough, the stability of
dynamics (24) is dominant by

εv̇ = (IN ⊗ A)v − Jt ⊗ (PC′C)v. (25)

It is well known that dynamics (25) is asymptotically stable
if the N subsystems

ε ρ̇ = Aρ − λ t, iPC′Cρ, (i = 1, ...,N ) (26)

is asymptotically stable, where λ t, i (i = 1, ...,N) are eigen-
values of L̄t at time t. Let At = A − λ t, iPC′C. Then, At

is Hurwitz stable, since

At P + PA ′t
= −Ipn + 2βPC′C − 2λ t, iPC′CP

= −Ipn − (2λ t, i − 2β)PC′CP

< −Ipn .

The last inequality holds because Re{λ t, i } > β, for any time
t > 0 and for all i = {1, . . . ,N }.

Since dynamics (25) is asymptotically stable, there exists
matrix P̃ and small enough µ > 0, such that

(IN ⊗ A) − Jt ⊗ (PC′C)]′P̃ + P̃[(IN ⊗ A) − Jt ⊗ (PC′C)
≤ −µP̃ − I .

Define a Lyapunov function V = εv′P̃v. Then, the deriva-
tive of V is bounded by

V̇ ≤ −µε−1V − ‖v‖2 + 2 Re(v′Wε, t P̃v)

≤ −µε−1V − 1‖v‖2 + εr1‖v‖
2

≤ −µε−1V,

for small enough ε, where ‖Wε, t P̃‖ ≤ εr1 with a large
enough r1. By integration, we find that

V (t−k ) ≤ e−µε
−1 (tk−tk−1)V (t+

k−1). (27)

We have a potential jump at time tk−1 in V . However, there
exists a m such that

V (t+
k−1) ≤ mV (t−k−1).

From the fact that tk − tk−1 > τ, there exists a small enough
ε such that

V (t−k ) ≤ e−µε
−1 (tk−tk−1)V (t−k−1).

Combining these time intervals, we get

V (t−k ) ≤ e−µε
−1tk V (0).
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Assuming tk+1 > t > tk , we have

V (t) ≤ e−µε
−1 (t−tk )V (t+

k )

≤ me−µε
−1 (t−tk )V (t−k ) ≤ me−µε

−1tV (0).

This implies that limt→∞ V (t) = 0. Given that Ut is
bounded for any graph in Gϕ,Nα,β,π for any time t, we achieve
limt→∞ χ̄i (t) = 0, i.e., limt→∞( χi (t) − χ̂i (t)) = 0.

From the above result of Lemma 1, we have

lim
t→∞

( x̄i (t) − ˆ̄xi (t)) = lim
t→∞

(T ′i Ti )−1T ′i ( χi (t) − χ̂i (t)) = 0,

for any time-varying graph G̃t ∈ G
ϕ,τ,N
α,β,π by choosing a small

enough ε.

Appendix

We will construct Π̃i for the case that (Γi ,Sir ) is not ob-
servable for some i ∈ {1, . . . ,N }. There exists a nonsingular
matrix Ωi , such that

S̄ir = ΩiSirΩ−1
i =

(
Sir,no Sir,12

0 Sir,o

)
,

Γ̄i = ΓiΩ
−1
i =

(
0 Γi,o

)
,

where (Γi,o ,Sir,o ) is observable while Sir,no contains the
unobservable modes. Choose

Π̃i =

(
Πi

(0 I)Ωi

)
where (0 I) has the same dimension of (0 Γi,o ). Then, we
find that

Ãi Π̃i + Ẽi R̄ir =

(
Ai BiΓi,o

0 Sir,o

) (
Πi

(0 I)Ωi

)
+

(
Ei

0

)
R̄ir

=

(
AiΠi + BiΓi + Ei R̄ir

(0 Sir,o )Ωi

)
,

and

Π̃iSir =

(
Πi

(0 I)Ωi

)
Sir =

(
ΠiSir

(0 I)ΩiSir

)
=

(
ΠiSir

(0 Sir,o )Ωi

)
.

From the regulation equations (13), we have

Ãi Π̃i + Ẽi R̄ir = Π̃iSir .

Moreover,

C̃i Π̃i + D̃wi R̄ir =
(
Ci DiΓi

) (
Πi

(0 I)Ωi

)
+ Dwi R̄ir

= CiΠi + DiΓi + Dwi R̄ir = R̄0r .
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