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ABSTRACT 
 
This contribution concerns a specific simulation method for coastal wave engineering applications. As is common to 
reduce computational costs the flow is assumed to be irrotational so that a Boussinesq-type of model in horizontal 
variables only can be used. Here we advocate the use of such a model that respects the Hamiltonian structure of the 
wave equations. To avoid approximations of the dispersion relation by an algebraic relation that is needed for finite 
element/difference methods, we propose a spatial-spectral implementation which can model dispersion exactly for 
all wave lengths. Results with a relatively simple spatial-spectral implementation of the advanced theoretical model 
will be compared to experiments for harmonic waves and irregular waves over a submerged trapezoidal bar and 
bichromatic wave breaking above a flat bottom; calculation times are typically less than 25% of the physical time in 
environmental geometries. 
 
 
1. INTRODUCTION 
 
The dynamic equations for incompressible, inviscid 
fluid flow have a well-known Hamiltonian structure in 
the surface potential and elevation as state variables [1, 
2, 3, 4]. The dimension reduction is obtained by 
modelling instead of calculating the interior flow, as in 
Boussinesq equations.  
 
A spectral implementation makes it possible to treat 
the non-algebraic dispersion relation in an exact way 
above flat bottom; a quasi-homogeneous 
approximation makes it possible to deal with varying 
bathymetry. As a consequence, waves with a broad 
spectrum, such as short crested irregular waves in 
oceans and coastal areas, can be dealt with. By 
truncating the required Dirichlet-to-Neumann operator 
at the surface to a desired order of nonlinearity, 
nonlinear long and short wave interactions and 
generation can be calculated exactly in dispersion to 
the order of truncation. 
 
In our research over the past years, difficulties with 
spectral modelling when spatial inhomogeneities are 
present have been overcome by using Fourier Integral 
Operators leading to hybrid spatial-spectral 
implementations. Then waves above varying bottom, 
waves colliding to (partially) reflecting walls or run-up 
on coasts can be simulated. Using a kinematic 
initiation condition, a breaking algorithm (of eddy 
viscosity-type) has been implemented [5]. Waves can 
be initiated by a prescribed initial wave field or 
generated from given elevation at points or lines.   

Comparing simulations with experimental data shows 
that the simulations are of high quality, typically the 
correlation with experiments is above 0.9, and are 
numerically efficient with calculation times typically 
less than 25% of the physical time in environmental 
geometries. 
 
In the present contribution examples of simulations for 
long crested waves will be shown: high frequency 
wave generation for harmonic and irregular waves 
running over a bar, and extensive frequency down-shift 
in bi-chromatic breaking waves above a flat bottom.  
 
With a good quality transfer function from wave 
elevation to wavemaker motion, the simulations can be 
used to design experiments in wave tanks in an 
efficient way [6].  
 
2. BASIC EQUATIONS 
 
Waves on a layer of incompressible, inviscid fluid can 
be described for irrotational internal fluid motion by 
variables depending on the horizontal variables only, 
namely the surface elevation 𝜂 and the fluid potential 
𝜙  at the surface. The structure of the equation is 
special: it is a dynamical system as in classical 
mechanics, with a Hamiltonian structure. This was 
described by Zakharov [2] and Broer [3], and follows 
from Luke’s variational principle [1] as was shown by 
Miles [4].  
 
The equations are completely determined by the 
Hamiltonian ℋ(𝜙, 𝜂)  and read (using partial 
variational derivatives denoted by 𝛿! , and 𝛿! )
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𝜕!𝜂 = 𝛿!ℋ 𝜙, 𝜂         
𝜕!𝜙 = −𝛿!ℋ(𝜙, 𝜂) 

 
The Hamiltonian is the sum of the kinetic energy 
𝐾(𝜙, 𝜂) and the potential energy 𝑃(𝜂). Unfortunately 
𝐾 cannot easily be expressed in the basic variables 
since it requires to solve the interior fluid potential 
Φ(𝑥, 𝑧, 𝑡)  to determine the Dirichlet-to-Neumann 
operator 𝜙 → 𝜕!Φ = 𝐿(𝜙) at the surface: 
 

𝐾 =
1
2

∇Φ ! 𝑑𝑧𝑑𝑥 =
1
2

𝜙𝐿𝜙 𝑑𝑥 

 
In [5] the operator 𝐿 is constructed up to 5th order in 
the surface elevation 𝜂. Here we will only describe the 
2nd order method since this case is especially simple. 
 
Introduce the tangential fluid velocity 𝑢 = 𝜕!𝜙  for 
simplified notation. Then 𝐾 is a quadratic expression 
in 𝑢, and it can be written as 
 

𝐾 =
1
2𝑔

(𝐶𝑢)! 𝑑𝑥 

 
where 𝐶 is some operator. In fact 𝐶 has a clear physical 
interpretation (when the gravitational acceleration 𝑔 is 
taken out of the integrand). In two limiting cases 𝐶 is 
easily determined to be (related to) the phase velocity. 
One limiting case is the shallow water equations, 
which are above bathymetry with depth 𝐷(𝑥) obtained 
for  
 
𝐶!" = 𝑔 𝐷(𝑥) + 𝜂 . 
 
The other limiting case is the linear wave theory, for 
infinitesimal small waves above constant depth 𝐷! . 
Then the Laplace problem can be solved in the strip 
with Fourier expansion and 𝐶  becomes a pseudo-
differential operator  
 

𝐶!𝑢 = 𝐶(𝑘,𝐷!)𝑢(𝑘)𝑒!"#𝑑𝑘 /2𝜋 

 
with 𝑢 𝑘 = 𝑢(𝑥) 𝑒!!"#𝑑𝑥 the Fourier transform of 
𝑢 and 
 
𝐶 𝑘,𝐷! = 𝑔 tanh 𝑘𝐷! 𝑘. 
 
Note that 𝐶 𝑘,𝐷!  is the usual phase velocity that 
corresponds in linear theory with the dispersion 
relation 𝜔! = 𝑔𝑘 tanh 𝑘𝐷! .  
 
Above varying bottom 𝐷(𝑥) this generalizes in a 
quasi-homogeneous way to 
 
𝐶 𝑘,𝐷(𝑥) = 𝑔 tanh 𝑘𝐷(𝑥) 𝑘 
 

which is a Fourier integral operator. Even more so, by 
taking the total depth 𝐻 𝑥, 𝑡 = 𝐷 𝑥 + 𝜂(𝑥, 𝑡) , the 
expression 
 
𝐶 𝑘,𝐻(𝑥, 𝑡) = 𝑔 tanh 𝑘 𝐻(𝑥, 𝑡) 𝑘 
 
leads to a second order correct approximation for 
nonlinear wave propagation above varying bottom. 
Observe that the limiting cases (shallow water and 
linear theory) are obtained in a consistent way. For 
higher order approximations the expression becomes a 
bit different but with a similar structure. For details we 
refer to [7]. These models are part of HaWaSSI 
software (Hamiltonian Wave Ship Structures 
Interactions) that has been developed over the past 
years. 
 
3. SPATIAL-SPECTRAL IMPLEMENTATION 
 
Most important in the result above is that using the 
phase velocity operator provides the correct dispersive 
properties without any restriction on the wavelengths, a 
substantial improvement above other Boussinesq 
models. However, in order to retain this property in a 
numerical implementation, Fourier truncation has to be 
used; with finite elements or finite differences, the 
non-algebraic expression in 𝑘 has to be approximated 
by an algebraic expression, leading to restrictions on 
the wavelengths that are propagated with the correct 
speed.  
 
A technical problem arises in the use of (adjoints of) 
Fourier integral operators that appear in the explicit 
expressions of the right hand sides of the Hamilton 
equations. To facilitate the use of fast (inverse) Fourier 
transform, the spatial-spectral phase velocity 
𝐶(𝑘,𝐻(𝑥, 𝑡)) has to be simplified. That can be done by 
a piecewise constant approximation, or by a 
interpolation method; see [5, 8] for more details.  
 
4. TEST CASES 
 
In this section we will illustrate the simulation capacity 
of the HaWaSSI code for various different cases.   
 
4.1 HARMONIC WAVE OVER A TRAPEZOIDAL 
BAR 
 
Beji and Batjess [9, 10] conducted a series of 
experiments to investigate wave propagation over a 
submerged trapezoidal bar. The experiments 
correspond to harmonic and irregular waves for either 
non-breaking, spilling breaking and plunging breaking 
cases.  These test cases are very challenging since they 
involve a number of complex processes such as the 
amplification of the bound harmonics during shoaling 
process, wave breaking on the top of the bar and wave 
decomposition in the downslope part.  
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The simulation for harmonic wave plunging breaking 
case has been shown in [5]. In this section we will 
show results for the non-breaking harmonic wave with 
frequency f = 0.5 Hz, wave height H = 2 cm. 
 
In Figure 1, the bathymetry is presented; the water 
depth varies from 0.4 m in the deeper region to 0.1 m 
above the top of the bar. In the experiment at seven 
position the wave height is measured: s1, s2, …, s7 at 
positions x = 5.7, 10.5, 12.5, 13.5, 14.5, 15.7, 17.3 m.  
The measured wave surface elevation at s1 is used as 
influx signal for our simulation.  
 

 
Figure 1: Lay out of the experiment of Beji and Battjes 
[10]. The locations of the wave gauges are indicated. 

 

 
Figure 2: Shown are at the top elevation time traces and at the bottom, normalized amplitude spectra at positions s2 
to s7 for the non-breaking harmonic wave case, the measurement (blue, solid) and the simulation with the HaWaSSI 
code (red, dashed-line). 
 
In Figure 2 we compare at all measurement points the 
elevation time traces in the time interval (60;95) s and 
the spectra of the measurements and simulations. It 
shows that the simulated surface elevation is in good 
agreement with the measurement: the wave shape is 
well reproduced and in phase during the shoaling 
process at up-slope, the wave amplification at the top 
and the wave decomposition at the down-slope. The 
corresponding normalized amplitude spectra describe 
the generation of bound harmonic at the upslope and 

annihilation at the downslope. Good agreement 
between measurement and simulation is obtained, 
except for a slight underestimation of the amplitude 
spectra of third and fourth harmonics at s5, s6, s7. 
 
4.2 IRREGULAR WAVES OVER A TRAPEZOIDAL 
BAR 
 
In this section we show results of propagation of non 
breaking irregular waves over the same trapezoidal bar. 
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The input signal consist of irregular waves with 
JONSWAP type of spectrum with peak frequency f = 
0.5 Hz, significant wave height Hs = 1.8 cm.  
 
For this test case the simulated surface elevation is also 
in good agreement with measurement, as shown in 
Figure 3 at the top. The wave shape is well reproduced 
and in phase, with a slight underestimation of the wave 
crests at s4 and s5.	   The generation of high frequency 
wave components due to nonlinear interaction occurs 
when the wave propagates over the bar in reasonable 
good agreement with measurement is shown in Figure 
3 at the bottom; the generation of high frequency 
waves is observed as the appearance of a second peak 
frequency near f = 1 Hz. 
 
4.3 BICHROMATIC WAVE BREAKING OVER A 
FLAT BOTTOM 
 
In this section we show simulation results for a 
bichromatic wave with initial steepness kp.a = 0.18, 
amplitude a = 0.09 m, periods T1 = 1.37 s, T2 = 1.43 s 

over a flat bottom with depth D = 2.13 m. This test 
case is one of a series of wave breaking experiments 
that have been conducted in the wave tank at TU Delft 
and registered as TUD1403Bi6 [6].   
 
In the experiment at six position the wave height is 
measured: W1, W2, …, W6 at x = 10.31, 40.57, 60.83, 
65.57, 70.31, and 100.57 m.  The measured surface 
elevation at W1 is used as influx signal in our 
simulation. In this simulation we use a third order 
Hamiltonian model with extended wave breaking as 
described in [5].  
 
In Figure 4 at the top we show the good agreement of 
the time traces of elevations of simulations and 
measurements at W2 to W6. The wave shape is well 
reproduced and the breaking position is well predicted; 
the breaking takes place at multiple positions starting 
at W3.  In Figure 4 at the bottom we show the 
corresponding normalized amplitude spectra; high 
frequency wave generation and downshift in the 
spectra are observed. 

              
 

 
 

	  
Figure 3: Same as in Figure 2. Now for irregular waves with peak frequency f = 0.5 Hz and significant wave height 
Hs = 1.8cm.  
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Figure 4: Same as in Figure 2. Now for bichromatic wave breaking over a flat bottom (TUD1403Bi6) . 

 
Table 1: Correlation between simulations and measurements at measurement positions and the relative computation 
time (Crel) for the test cases. 

No Case s2 (W2) s3 (W3) s4 (W4) s5 (W5) s6 (W6) s7 Crel 
1 Harmonic waves over a bar 0.99 0.99 0.97 0.96 0.96 0.96 1.44 
2 Irregular waves over a bar 0.97 0.96 0.93 0.89 0.88 0.89 0.78 
3 Bichromatic wave breaking 0.98 0.94 0.92 0.90 0.86 - 1.89 

 
In Table 1 we give quantitative information of the 
correlation and the computation time for the test cases 
that have been presented. The correlation between the 
measurement and the simulation is defined as the inner 
product between the normalized time signals. 
Deviations from the maximal value 1 of the correlation 
measures especially the error in phase, a time shift of 
the simulation. The relative computation time is 
defined as the cpu-time divided by the total time of 
simulation. Since the laboratory experiments are scaled 
with a geometric factor of approximately 50, the 
relative computation time for real scaled phenomena is 
a fraction of 7 of the test relative time; hence our 
simulations at geo-scale run in less than 25% of the 
physical time.  All the calculations were performed on 
a desktop computer with CPU i7, 3.4 Ghz processor 
with 16 GB memory. 
 

4. CONCLUSIONS 
 
The accuracy of the code as shown above makes it 
possible to use simulations in the design of 
experiments in wave tanks as was shown in [6] for a 
series of breaking waves of irregular, bi-chromatic and 
focussing type. Since in the present code waves are 
generated based on a time trace at an influx position, a 
high-quality transfer function is needed that transforms 
the influx signal to the corresponding wave maker 
motion. 
 
An extension to a fully coupled Hamiltonian-
Boussinesq wave-ship model is presently being 
implemented as part of HaWaSSI.  
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