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ABSTRACT

In this paper we extend previously proposed state-dependent
importance sampling heuristics for simulation of population
overflow in Markovian tandem queuing networks tonon-
Markovian tandem networks, and experimentally demonstrate
the asymptotic efficiency of the resulting heuristics.

I. I NTRODUCTION

In recent years, much progress has been made in the esti-
mation of small overflow probabilities in Markovian tandem
queueing networks using importance sampling simulation.
With importance sampling, the distributions of the model’s
random variables are modified (called a change of measure)
so as to make the event of interest more likely. The challenge
then lies in finding a good change of measure. In the present
paper, we extend a recently developed change of measure for
Markovian tandem queues to non-Markovian tandem queues.

The changes of measure for Markovian tandem networks
proposed in [1] and [2] and validated in [4] are state-
dependent: the state-dependence involves alinear transition
between different known state-independent changes of mea-
sure, as a function of the model’s state variables (namely,
the queue lengths). The changes of measure considered in the
present paper inherit this linear transition, but the constituent
changes of measure are replaced by the corresponding state-
independent changes of measure fornon-Markovian single
queues from [3].

Two ways of calculating the new network parameters ac-
cording to a linear dependence are suggested. The first one is
to linearly vary the distributions’ parameters (such as rates and
probabilities) themselves; the second way is to linearly change
the employed exponential tilting parameters (θ). Combined
with the two types of state-dependence (namely partial [1] and
full state-dependence [2]), this gives four possible changes of
measure that can be used to estimate the overflow probability
in non-Markovian tandem queuing networks. In this paper
we present only the fully state-dependent changes of measure
since these performed better than the ones with partial state
dependence (see [4]).

In Section II the example model under consideration is
described, together with some notation and background in-
formation. In Section III the general idea of our change of
measure is described, followed by the exact formulas for the
model considered in this paper in Section IV. At the end
the experimental results (Section V) and some conclusions
(Section VI) are given.

II. PRELIMINARIES

In this section we introduce the non-Markovian tandem
network model that will be used as an example; next we give
the notation and describe the known results for single queues
on which the change of measure for the tandem network will
be based.

A. The model: H2/Bim/1→ ·/Bim/1

The model we consider in this paper is a two-node tandem
queuing network with the service times at each node being bi-
modally distributed (modeling two different packets lengths,
such as data and acknowledgement packets in the internet) and
the inter-arrival times being hyper-exponentially distributed
(resulting in bursty arrivals, as is also the case in the internet).
In a real data network model, the service times at both
nodes would be strongly related (because the packet’s size
does not change); however, for simplicity we assume them to
be independent. (This is known as Kleinrock’s independence
assumption, and has been shown to be a reasonable approxi-
mation for networks of moderate connectivity [5].)

B. Service process

The service times in our model arebi-modally distributed.
Consider a communication link with a transmission speed of
ν (bits/sec) and packets having lengthl1 with probability p
and lengthl2 with probability1 − p; we call them packets of
type 1and2, respectively. Then,

service time=

{

t1 = l1/ν, with probabilityp,
t2 = l2/ν, with probability (1 − p),



and the moment generating function of the service process is

Mserv(θ) = eθt1p + eθt2(1 − p). (1)

An Importance Sampling (IS) change of measure to be used
for simulating bi-modally distributed service times changes the
probability p, and neither the transmission speed, nor packet
lengths can be changed, since the latter two are not random.
This also follows from the definition of IS. If in the new system
an event is possible such that in the original system it has a
zero probability, the corresponding likelihood ratio is equal
to zero. Thus, only the events (i.e., packet lengths) that are
possible in the original system have a non-zero probabilityin
the new system.

C. Arrival process

The inter-arrival times arehyper-exponentially distributed
with parametersλ1, λ2, i.e., the inter-arrival time is with
probabilityq an exponentially distributed random variableX1

with mean1/λ1 and with probability(1− q) an exponentially
distributed random variableX2 with mean1/λ2. Its density
function is

f(x) = qλ1e
−λ1x + (1 − q)λ2e

−λ2x, (2)

and the moment generating function

Mar(θ) =
qλ1

λ1 − θ
+

(1 − q)λ2

λ2 − θ
. (3)

An IS change of measure changes the ratesλ1, λ2 and the
probability q.

D. Optimal change of measure forGI/GI/1 queue

As shown in [3] a provably asymptotically efficient change
of measure for simulating a singleGI/GI/1 queue, isan
exponential change of measure(exponential twist), proposed
in [6] and defined as

dF̃ (x) =
eθxdF (x)

M(θ)
, with θ ∈ R, (4)

whereF (x) is the original distribution andM(θ) = Eeθx is
the moment generating function. The best change of measure
is the one for which parameterθ = θ∗, with θ∗ being a solution
of the equation

Mar(−θ)Mserv(θ) = 1, (5)

with Mar(θ) and Mserv(θ) being the moment generating
functions, for the arrival and service process, respectively.
According to (4), the new inter-arrival time distribution is
given by

dF̃ar(x) =
e−θ∗xdFar(x)

Mar(−θ∗)
, (6)

and the new service time distribution is given by

dF̃serv(x) =
eθ∗xdFserv(x)

Mserv(θ∗)
. (7)

III. T HE CHANGE OF MEASURE.

A. General formulation

The proposed state-dependent change of measure is a linear
combination of several state-independent changes of measure.
We denote each change of measure by a vector calledCOM ,
which contains parameters of the probability distributions. The
original network parameters (i.e., no change of measure) are
denoted byCOM0, whileCOM1 andCOM2 denote the state-
independent changes of measure that “push” queues1 and2,
respectively. Then our state-dependent change of measure can
be expressed as follows:

COMx1,x2
=

[

x2

b2

]1

COM2 +

[

b2 − x2

b2

]+

×

×

(

[

x1

b1

]1

COM1 +

[

b1 − x1

b1

]+

COM0

)

,

(8)

whereb1 and b2 are some integer numbers still to be deter-
mined,[a]+ = max(a, 0), and [a]1 = min(a, 1).

Equation (8) expresses the new network parameters in terms
of the original ones. Note, however, that the exact represen-
tation of COMi still needs to be defined, since parameters to
be changed need to be chosen. There are two possible ways.

The first possibility is to change the arrival and the service
processesdirectly through their parameters, i.e., let COMi

represent the new arrival and service parameters for the whole
network. The second possibility is to change the arrival andthe
service processesindirectly, i.e., through thetwisting parame-
ter θ∗ and letCOMi represent the new twisting parameters. In
more detail these two possibilities are described in the sequel.

In order to express theCOMi, we need to introduce the
following notation:θ∗i denotes the optimal twisting parameter
for simulating nodei as a single node: the non-zero solution
of Equation (5) withMserv(θ) = Mservi

(θ) whereMservi
(θ)

is the moment generating function for the service distribution
at nodei.

B. The change of measure linear in the parameters: COMp

The first possibility, calledthe change of measure linear in
the parametersand denoted byCOMp

x1,x2
is represented in

the following steps.

1) Find the twisting parametersθ∗i for each nodei.
2) Use Equations (6)–(7), for each nodei to calculate the

new inter-arrival and service time distributions.
3) Use the results from the previous step to defineCOMi

as a vector of the new arrival and service parametersto
“push” node i as a single node.

4) Define the change of measure for the whole network as
a vector ofthe new arrival and service parametersusing
Equation (8) andCOMi defined in the previous step.

In other words, the change of measure for the whole network
is a combinationof changes of measurefor each node.



C. The change of measure linear inθ: COMθ

The second possibility, calledthe change of measure linear
in θ and denoted byCOMθ

x1,x2
is defined as follows. In

essence, in this approach, we change the order of the steps
proposed above by moving step 2 to the last position.

1) Find the twisting parametersθ∗i for each nodei.
2) Define COMi as a vector of twisting parameters to

“push” node i as a single node in the network.
3) Define a vector oftwisting parameters for the whole

networkusing Equation (8)
4) The change of measure for the whole 2-node tandem

network is defined from Equations (6)–(7) with the
twisting parameter parameter found in the previous step.

In other words, the change of measure for the whole network
is defined as exponential twist with parameterθ∗ found as a
combinationof twisting parametersfor each node.

Note that for Markovian models, the above two possibilities
are equivalent, since the new (exponentially twisted) arrival
and service rates depend linearly onθ∗ as λ̃ = λ + θ∗ and
µ̃ = µ − θ∗. Below we present the exact equations of the
proposed heuristics for our example model.

IV. EXACT CALCULATION OF COM FOR THE MODEL:
H2/BIM /1 → ·/BIM /1

Let λ̃i,1, λ̃i,2, q̃i, (1 − q̃i) denote the new arrival rates and
probabilities for nodei, andp̃i denote the new probability for
the service process for nodei.

A. The change of measure linear in the parameters

For the considered model COMpx1,x2
changes the arrival

ratesλ1 and λ2, the arrival probabilitiesq and (1 − q) and
the service process probabilitypi (for nodei). From (6)–(7)
the new network parameters can be found as follows

λ̃i,k = λk + θ∗i , (9)

q̃i =
qλ1(λ2 + θ∗i )

qλ1(λ2 + θ∗i ) + (1 − q)λ2(λ1 + θ∗i )
, (10)

p̃i =
eθ∗i ti,1p

Mservi
(θ∗i )

. (11)

The changes of measureCOMi for each nodei correspond to
the new arrival and service processes and are equal to

COM1 = (λ̃1,1, λ̃1,2, q̃1, p̃1, p), (12)

COM2 = (λ̃2,1, λ̃2,2, q̃2, p, p̃2), (13)

COM0 = (λ1, λ2, q, p, p), (14)

where COM0 corresponds to no change of measure. The
change of measureCOMp

x1,x2
can be written by substitut-

ing (12)–(14) into (8).

B. The change of measure linear inθ

COMθ
x1,x2

is defined as follows.COMi denotes the new
twisting parameters, i.e.,

COM1 = (−θ∗1 , θ
∗

1 , 0), (15)

COM2 = (−θ∗2 , 0, θ∗2), (16)

COM0 = (0, 0, 0). (17)

Thus,COM1 twists node 1, change of measureCOM2 twists
node 2 andCOM0 corresponds to no change of measure.

The linear inθ change of measure (COMθ
x1,x2

) is defined
as the exponentially twisted distribution with parameterθ∗

defined as follows






































θ̃ar = −

[

x2

b2

]1

θ∗2 −

[

b2 − x2

b2

]+ [

x1

b1

]1

θ∗1 ,

θ̃serv1
=

[

b2 − x2

b2

]+ [

x1

b1

]1

θ∗1 ,

θ̃serv2
=

[

x2

b2

]1

θ∗2 .

(18)
By substituting (18) into (6)–(7) we obtain the following

expressions for the arrival and service processes of the whole
network:






















































λ̃1 = λ1 + θ∗ar,

λ̃2 = λ2 + θ∗ar,

q̃ =
qλ1(λ2 + θ∗ar)

qλ1(λ2 + θ∗ar) + (1 − q)λ2(λ1 + θ∗ar)
,

p̃1 =
eθ∗srt1,1p

Mserv1
(θ∗sr)

,

p̃2 =
eθ∗srt2,1p

Mserv2
(θ∗sr)

.

(19)

V. EXPERIMENTS

Experimental results for the model considered are given
below. The inter-arrival times are hyper-exponentially dis-
tributed with mean interarrival time 1/200 s with probability
0.1 and 1/4000 s otherwise. The service times at both nodes
correspond to packets having fixed lengths of 400 bits with
probability 0.3, and 12000 bits otherwise (drawn indepen-
dently at each queue), and being transmitted at a speed of
9.01 ·107 bit/s at the first server and9 ·107 bit/s at the second
server. These service rates were chosen almost equal, sinceit is
known from the Markovian case that this is the most difficult
parameter setting; they were not chosen precisely equal to
avoid implementation complexities arising from events being
scheduled at exactly the same time.

The changes of measure derived above still depend on the
two parametersb1 and b2. We now setb1 = b2 = b, and
experimentally find the valuebopt for b that minimizes the
variance.

Table I shows estimated overflow probabilities obtained with
16 · 105 replications for the fully state-dependent versions of
the heuristics, usingb = bopt. The relative errors, shown in



N linear in parameters linear in θ
b γ̃(N) ± RE% b γ̃(N) ± RE%

10 3 1.3068e-05± 0.12 3 1.30985e-05± 0.14
25 3 8.1645e-16± 0.14 3 8.11988e-16± 0.20
50 4 3.8084e-33± 0.20 4 3.81196e-33± 0.25
100 5 4.4188e-68± 0.32 5 4.45316e-68± 0.43

Table I
SIMULATION RESULTS SHOWING ASYMPTOTIC EFFICIENCY
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Figure 1. Comparison of the sensitivity tob of the two fully state-dependent
changes of measure

percent, are very small, and grow less than linearly with the
overflow levelN , so the heuristics show to be asymptotically
efficient.

Figures 1(a–b) show the dependence of the relative error
of an estimator (RE) on the parameterb. It is clear from the
figures that the heuristics produce very stable results. TheRE
of an estimator is not very sensitive with respect tob for low
level N = 10, and starts to be more sensitive when levelN
increases. Note also thatRE is more sensitive to values ofb

that are lower than to those that are higher thanbopt.

VI. CONCLUSIONS

Although only two models have been checked so far (for
the other one, see [4]), the experiments have been done for
the network parameter values that are known to be the most
difficult for simulation (equivalent service rates). Despite that,
the resulting estimates show very good performance. This
is a very promissing result. More experiments are needed,
however, to validate the heuristics for both considered models
(i.e., for different parameter settings), and, for other non-
Markovian queuing networks (other arrival and service rate
distributions, and possibly other topologies).
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