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Abstract — Calculation of the resonance
frequency of cantilevers fabricated from an
elastically anisotropic material requires the use
of an effective Young’s modulus. In this paper a
technique to determine the appropriate effective
Young’s modulus for arbitrary cantilever geometries
is introduced. This technique is validated using a
combined analytical and finite element simulations
(FEM) approach. In addition, the effective Young’s
modulus of PbZr0.52Ti0.48O3 (PZT) thin films
deposited on dedicated micromachined cantilevers
was investigated experimentally. The PZT films
were deposited on the cantilevers by pulsed laser
deposition (PLD). The change in flexural resonance
frequency of the cantilevers was measured both
before and after deposition of the PZT thin film.
From this frequency difference we determined
the Young’s modulus of PZT deposited by PLD to
be 103 ± 2 GPa. Even though the PZT is grown
epitaxially, this value is independent of the in-plane
orientation.

Keywords: Cantilever, resonance frequency,
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I – Introduction

Piezoelectric thin films are widely used in the MEMS
industry for both actuation and sensing purposes [1, 2].
Many micro sized structures such as cantilevers, mem-
branes and bridges have been employed for fabrication
of the micro sensors and actuators using PZT thin films
as an active material. These PZT films can be deposited
by processes [3] like sol-gel, sputter deposition and
pulsed laser deposition. Recently, excellent ferroelectric
properties have been published about PZT deposited
by PLD [4]. However, accurate determination of the
mechanical properties of the PZT thin film is being
hampered by the fact that up to now only mm-square
areas can be deposited uniformly. Micrometer sized
measurement devices provide a solution to this limita-
tion.

The effective Young’s modulus of the thin film is
an important parameter to be known accurately when
designing micro transducers. We devised a method to
accurately determine the Young’s modulus of PZT thin
films by using the shift in the resonance frequency of
cantilevers. An analytical relation for the determination
of the effective Young’s modulus of the PZT thin film
was developed and experiments were conducted to mea-
sure the resonance frequency of cantilevers both before

and after the deposition of PZT thin films.
We took extra care to eliminate the errors in the

determination of the effective Young’s modulus of the
PZT thin film. At this precision, conventional analytical
expressions to calculate resonance frequencies of
silicon cantilevers might not be accurate enough.
3D FEM simulations were performed to estimate
the deviations between these simulations, that use
anisotropic elastic properties of silicon, and the
values calculated analytically for our cantilevers.The
appropriate effective Young’s modulus to be used in the
resonance frequency calculation of our cantilevers was
determined along with the corresponding errors.

II – Theory

The resonance frequency of a cantilever without PZT
is calculated by using the analytical relation defined in
equation (1) [5]:

fn =
C2ts
2πL2

√
E∗s

12ρ
(1)

here fn is the resonance frequency, C is a constant which
depends on the vibration mode C = 1.875 for funda-
mental resonance frequency ( f0), E∗s is the effective
Young’s modulus, ρ is the density of silicon, ts is the
thickness and L is the length of the cantilever. Calcu-
lation of the resonance frequency of silicon cantilever
depends on the use of appropriate effective Young’s
modulus. However, single crystal silicon is elastically
anisotropic. Therefore the effective Young’s modulus
of silicon is different for different crystal orientations.
Consequently, the resonance frequencies of the can-
tilevers depend on their orientation with regards to the
crystal lattice. For the effective Young’s modulus we
can either take the biaxial modulus E/(1− ν) or plate
modulus E/(1−ν2), depending on the geometry of the
cantilevers. Both are however approximations. E and ν
are the Young’s modulus and Poisson’s ratio of silicon
in the particular crystal direction of silicon, see Table 1
[6]. The appropriate effective Young’s modulus for our
cantilevers was determined by calculating the resonance
frequencies using equation (1) and by FEM simulations
results for the silicon cantilevers aligned parallel to the
< 110 > and < 100 > crystal directions of the silicon
crystal lattice.

Full 3D finite element simulations were carried out
using the COMSOL software package to verify the
analytical results obtained using equation (1). To define
cantilevers aligned parallel to the < 110 > orientation
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Table 1: Elastic anisotropic properties of single crystal sili-
con.

Crystal plane {100}
Direction Young’s

modulus
GPa

Poisson’s
ratio

E/(1− ν)
GPa

E/(1− ν2)
GPa

< 110 > 168.9 0.064 180.4 169.8
< 100 > 130.2 0.279 180.4 141

in COMSOL, the cantilever geometry was drawn in
the xy-plane with the length axis parallel to the x-
axis and then rotated 45o around the z-axis. For the
< 100 > cantilevers, no rotation was given to the can-
tilever. Standard anisotropic elastic properties of single
crystal silicon as defined in the material section of the
COMSOL were used for the simulations. The elastic
stiffness coefficients are identical to values quoted in
literature[6].

Table 2 lists the analytical calculations of resonance
frequencies using equation (1) and the results of the
FEM simulations of a silicon cantilever. The analytical
values of the resonance frequencies calculated using a
plate modulus E/(1− ν2) agree with the FEM simu-
lations to within 0.04 % for the < 110 > direction, and
deviate by only 3 % for the < 100> direction. The FEM
results are 17 % lower when using the biaxial modulus
E/(1−ν) for < 100 > aligned cantilevers. The results
verify that the effective Young’s modulus that we apply
should be the plate modulus for the cantilever geometry
which we have used in this work.

Addition of the PZT thin film on the cantilever affects
the flexural rigidity and increases the mass. Both affects
result in a change in the resonance frequency of the can-
tilever. The effective Young’s modulus of the PZT thin
film is calculated using the resonance frequency both
before and after deposition of the PZT thin film. We
developed an analytical relation for the determination
of Young’s modulus of PZT as described in equation
(2). The equation was based on a shift of the neutral
axis and on the assumptions that the cantilever has a
uniform cross section and that there is small cantilever
deflection [5, 7]:

E∗f =
1
t3
f

[
6(tsρs + t f ρ f )B−2E∗s t3

s −3t f E∗s t2
s −2E∗s tst2

f

+2
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s t4
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f +
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2B2

]

(2)
where

A = E∗s ts(tsρs + t f ρ f ) and

B = (

√
E∗s t3

s

12tsρs
−0.568π4 foL2)2

the symbols E∗, t, L and ρ are the effective Young’s
modulus, thickness, length and density respectively.

Subscripts s and f denotes the silicon and PZT thin
film.4 fo is the difference in the fundamental resonance
frequency of the cantilever before and after the depo-
sition of PZT. By taking this difference, any potential
uncertainties in the thickness of the cantilever can be
eliminated and a more accurate result is obtained [8].

Table 2: Comparison of the fundamental resonance frequency
of silicon cantilevers with length, L = 300 µm, thickness, ts =
3 µm and width, w = 30 µm.

Orientation Calculated
resonance
frequency
(Hz) for
E/(1−ν)

Calculated
resonance
frequency
(Hz) for
E/(1−ν2)

FEM
simulation
3D,
Anisotropic
(Hz)

< 110 > 47369 45956 45978
< 100 > 47369 41878 40541

III – Fabrication

To ensure precise control of the dimensions of the
cantilevers, we fabricated our 3 µm thick silicon can-
tilevers in a dedicated SOI/MEMS fabrication process.
The fabricated cantilevers vary in length from 250 µm
to 350 µm in steps of 10 µm. Cantilevers were etched
on the front side of the SOI wafer as detailed in Figure 1
with the following sequence. SOI wafer was selected to
use the buried oxide as an etch stop (a). Application and
patterning of the photoresist for defining the cantilevers
(b) and (c). Deep reactive ion etching (DRIE) of the
cantilevers (d). Photoresist was removed by oxygen
plasma (e). Polyimide pyralin, a photoresist material,
was coated as the protective layer on the front side ( f ).

Silicon
SiO

Photoresist
Pyralin2

Figure 1: Fabrication process for defining cantilevers on the
front side of the wafers. (a) SOI wafer, (b) application of
photoresist, (c) patterning of photoresist, (d) DRIE of the
silicon device layer, (e) photoresist removal, (f) application
of protective layer polyimide pyralin.

Subsequently, cantilevers were released from the
handle wafer by making through holes from the back-
side of the wafer according to the steps shown in Fig-
ure 2. Application and patterning of the photoresist for
defining the holes (a) and (b). Etching of the backside
of the wafer using DRIE (c). Removal of photoresist
material from the top and back sides of the wafer by
oxygen plasma (d). In last step the cantilevers were
released by etching 500 nm of buried oxide layer using
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Vapour HF (e). To measure resonance frequencies in
the < 110 > and < 100 > directions, cantilevers were
fabricated from a (100) single crystal silicon wafer and
oriented parallel to the < 110 > and < 100 > directions
of the silicon crystal lattice, see Figure 3. Buffer layers
of Yttria-Stabilized Zirconia and SrRuO3, each 10 nm
thick, were deposited by PLD on the cantilevers. These
layers ensured that a high quality 100 nm PZT film
could be grown epitaxially on the silicon by PLD.

Silicon
SiO

Photoresist
Pyralin2

Figure 2: Fabrication steps on the backside of the wafers
for releasing the cantilevers. (a) application of photoresist,
(b) patterning of photoresist, (c) wafer through DRIE, (d)
photoresist removal from front and back sides, (e) etching of
buried oxide layer.

1 mm 100 μm

<110>
Oriented

<100>
Oriented

Figure 3: Scanning electron micrographs of the fabricated
cantilevers. The cantilevers vary in length from 250 µm to 350
µm in steps of 10 µm. The cantilevers are aligned parallel to
the < 110 > and < 100 > crystal orientations of silicon.

IV – Experimental Details

The resonance frequency of the cantilevers was mea-
sured by using a MSA-400 Micro System Analyser
scanning laser-Doppler vibrometer. The measured res-
onance frequency before the deposition of the PZT for
similar cantilevers aligned parallel to the < 110 > and
< 100 > crystal orientations of silicon are shown in
Figure 4. The difference of the fundamental resonance
frequency for two differently oriented cantilevers can be
seen clearly from the Figure 4. This difference is solely
caused by the different effective Young’s modulus for
the two directions.

The resonance frequency of the cantilevers was
again measured after the deposition of PZT. Due to
the addition of the PZT thin film on the cantilevers,
the resonance frequency was changed as expected, see
Figure 5.
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Figure 4: The difference in resonance frequency of similar
cantilevers, aligned in the < 110 > and < 100 > crystal
directions of the silicon crystal lattice.
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Figure 5: Measured resonance frequency before and after
deposition of the PZT. The amplitude is normalised to the
maximum value. The resonance frequency with PZT is lower
than for the cantilevers without PZT, which is as expected.

V – Results and Discussion

Figure 6 shows that the experimentally measured res-
onance frequencies for the range of cantilevers length
agrees well with the FEM simulations and the analyti-
cally calculated values when using the plate modulus as
the effective Young’s modulus of silicon.
The Young’s modulus of PZT calculated by using the

measured change in resonance frequency, was found to
be 103 GPa with a standard error of± 2 GPa (measured
on 11 cantilevers). This value is in the same order as
values quoted in literature for sol-gel [9] and sputter
deposited [10] PZT. The expected change in resonance
frequency, corresponding to the effective Young’s mod-
ulus of PZT, was also obtained from FEM simulations.
It was found that the measured change in resonance
frequency is 5 to 8 % higher when compared to what is
obtained from FEM simulations for different lengths of
cantilevers. The origin of this discrepancy is not known
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Figure 6: Analytically calculated, simulated and measured
resonance frequencies for cantilevers of varying length. The
cantilevers are aligned parallel to the < 110 > and < 100 >
crystal directions of silicon.

to us yet.
A thorough error analysis was performed to calculate

the propagation of errors in the parameters to the
calculated values for the effective Young’s modulus.
The cumulative error found in the calculated value
of the effective Young’s modulus is in the order
of 6 to 8 GPa for individual cantilevers. The 3 %
error in the < 100 > effective Young’s modulus of
silicon propagates as 3.7 % error in the value of the
effective Young’s modulus of PZT. This suggests that a
correction of the plate modulus model for the < 100 >
direction might be necessary.

VI – Conclusions

In conclusion, we determined the effective Young’s
modulus of PZT thin films using the resonance
frequency of the cantilevers both before and after the
deposition of PZT. The effective Young’s modulus of
PZT is 103 GPa with a standard error of ± 2 GPa in
both the < 110 > and < 100 > directions of silicon. We
also validated by FEM simulations and experimental
measurements that the plate modulus has to be used
for the calculation of the effective Young’s modulus
of silicon for our measured cantilevers. The analytical
relation for resonance frequency calculation of silicon
cantilevers is very precise in the < 110 > direction. For
the < 100 > direction, the deviation of analytical value
compared to the simulation is only 3 %. The inaccuracy
in the model however lies below the uncertainty in
the measured parameters. This method of determining
the appropriate effective Young’s modulus is generally
applicable for arbitrary cantilever geometries.
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