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Abstract: In metal forming simulations large deformations are often treated based on objec-
tive formulations. Large rotations are accounted for by rotating the stress tensor or approxi-
mating the rotation by some integration rule for the rate of rotation. For isotropic material
behavior, this is easily done.

For anisotropic material behavior however, not only the stresses, but also the relation
between stress rate and strain rate must be updated. In this case it is easier to take a
co-rotating reference frame and apply the constitutive relations on a strain measure that is
neutralized for rigid body translations and rotations.

This paper presents an algorithm that is based on the latter idea. The algorithm directly
uses the increments in the deformation gradient, avoiding as much as possible to take time
derivatives that should then be integrated subsequently.

The algorithm is applied to a constitutive model including an initial anisotropic yield
function and isotropic and kinematic hardening. The kinematic hardening makes use of a
maximal back stress surface [1] to account for behavior observed in cyclic loading.
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1 Anisotropic plasticity

The yield stress in rolled metal sheets usually depends on the direction of the tensile stress. This can be
attributed to the texture that developed during the rolling process. The yield stress for tensile directions
in the plane of the sheet varies, but also the yield stress in the direction normal to the plane of the sheet
differs from the in-plane values.

A widely used anisotropic yield function is the quadratic yield function postulated by Hill [2]. In
this yield function three orthogonal planes of symmetry are presumed leading to three principal axes of
anisotropy. In the simulation of sheet metal deformations the principal directions coincide with the rolling,
transverse and thickness directions of the sheet. If the stress σ in the original model is substituted by
the effective stress ξ = σ−α were α is the back-stress the Bauschinger effect is described by a kinematic
hardening model. The Hill yield criterion can then be written as

f = F (ξy − ξz)
2 +G(ξz − ξx)2 +H(ξx − ξy)2 + 2Lξ2

yz
+ 2Mξ2

zx
+ 2Nξ2

xy
− x2 (1)

where F , G and H may be expressed in terms of the yield stresses in tension and L, M and N in terms
of the yield stresses in simple shear.

The value of x can be scaled with the orthotropy parameters F , G, H , L, M and N and is
taken equal to 1 in the original formulation of Hill. In that case, the orthotropy parameters are not
dimensionless and must all be adapted in case of hardening. Therefore x is often given the value of an
equivalent stress. In this paper, x is taken equal to σys

√

G+H . By this choice the equivalent stress σys

equals the stress σx in case of a uniaxial tensile test in the x-direction.
It is computationally convenient to write the yield function as a matrix–vector multiplication and

use a form with the dimension of stress instead of stress squared [3]. The same yield surface as described
by f in (1) can now be defined by φ:

φ(σ,α, κ) =
√

(σ − α)T ·P · (σ − α) − σys(κ) = 0 (2)

where σ is written as a vector σT = [σx σy σz τxy τyz τzx], α is the back-stress vector and κ the isotropic
hardening parameter. The matrix P contains the orthotropy parameters and is symmetric.

The plastic strain rate is taken according to Drucker’s postulate:

ε̇p = λ̇
∂φ

∂σ
=

λ̇

σys

P · (σ − α) (3)



The yield-stress σys defines the isotropic hardening and is a function of the equivalent plastic strain κ.
In rate form this gives:

σ̇ys = hisoκ̇ (4)

By the chosen format of the yield function φ we find that κ̇ = λ̇ and in case of a uniaxial tensile test
κ̇ = ε̇p

x
.
With kinematic hardening according to Prager, the back-stress evolution takes place in the direction

normal to the yield surface, parallel to the plastic strain rate:

α̇ = ckinε̇p = ckinλ̇
∂φ

∂σ
(5)

To derive the relation between the kinematic hardening and the strain increments in a uniaxial tensile
test, we note that dσy = dσz = 0 and there is no coupling between the normal and shear components.
The stress point must remain on the yield surface, hence in the absence of isotropic hardening
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With an initial value of ξ equal to σys in the x-direction and 0 in the other directions we can derive

dσx =

(

1 +
G2 +H2

(G+H)2

)

ckin dκ = hkin dκ (7)

For proportional loading, hardening functions can be defined with the equivalent plastic strain κ as
argument. The hardening parameters hiso and hkin can be derived from these functions by differentiation.

2 Cyclic hardening model

For reverse loading the purely isotropic or kinematic hardening models are not adequate. We now choose
a hardening model, similar to that of Vreede [4] and Huétink [5]. In the future we would like to use the
more adequate Vegter yield [6] criterion instead of the quadratic Hill yield criterion. Since in the Vegter
model, the yield criterion is not known as an explicit function, the original model of Vreede and Huétink
is reformulated with an equivalent back stress surface like in [1], instead of an isotropic bounding surface.
Basically, the hardening is kinematic, but the hardening rate depends on the strain history.
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Figure 1. Yield functions with Prager type kinematic hardening in the π-plane.

In the original model the yield locus hardens kinematically according to the Ziegler model and an
isotropic bounding surface develops simultaneously. Reverse loading starts when the kinematic yield locus
looses contact with the bounding surface. Reverse loading is assumed as long as the kinematic surface is



completely within the isotropic surface. As long as this is the case, the hardening is interpolated between
the initial hardening hini and the hardening at maximum load hiso according to

h = hini +

(

1 −
γ1

γ1 + γ2

)m

[hiso − hini] (8)

where γ1 and γ2 are defined in figure 1.
For hardening according to Ziegler (α̇ in the direction of the effective stress) the yield surface will

never be outside the bounding surface, but for hardening according to Prager this is not true. Although
this is not a violation of any flow law (since the bounding surface is not a yield surface) it requires a
redefinition of the reverse loading event. This can be avoided by the definition of a maximum back-stress
surface, that represents the maximum value of the equivalent back-stress value. The equivalent back-
stress value is defined similar to the equivalent effective stress ᾱ =

√

αTPα. The maximum back-stress
surface is then defined by

ψ =
√

αTPα − αmax = 0 (9)

With a translation of α in the direction of the plastic strain rate n the values of γ1 and γ2 can be found
from the requirement that (9) holds for α = α0 + γn. The value αmax represents the maximum value of
ᾱ in the past and a reversing event is happening if ᾱ < αmax.
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Figure 2. Uniaxial cyclic strain results.

Figure 2 shows some results for a uniaxial tensile test with cyclic prescribed strains. One simulation
with isotropic hardening is presented and 4 simulations with kinematic hardening and different values of
the parameter m in equation (8). Obviously, for m = 0 a purely kinematic hardening response is obtained
and for increasing values of m, the steady state values approach the values of the isotropic hardening. In
these simulation, isotropic hardening of the actual yield surface was not used (σys constant). As can be
seen, the parameter m can be used to adapt the numerical results to the behavior in a reversing event in
experiments.

3 Large deformation analysis

In the previous section we described a material model, based on stresses and strains, without giving
attention to large deformations. In this section the algorithm is adapted to large plastic strains and large
rotations, see also [7–9]. As usual for metals, the elastic strains are assumed to be small.

For orthotropic yield functions and kinematic hardening, the adaptation of the material axes
requires special attention. Two out of many options are based on the use of the polar decomposition
of the deformation gradient tensor F = RU. The material rotation tensor Rm is used to formulate the
stress–strain behavior in a corotating reference frame and the logorithm of the stretch tensor lnU is used
as a strain measure (the Hencky strain).

The decomposition can be performed on the total deformation gradient or on the incremental
deformation gradient:
Total algorithm

F1 = R1U1 F0 = R0U0 (10)

Rm1 = R1 ∆ε = lnU1 − lnU0 (11)



Incremental algorithm

F1 = F1
0F0 F1

0 = R1
0U

1
0 (12)

Rm1 = R1
0Rm0 ∆ε = lnU1

0 (13)

With both formulations, the uniaxial stretch with a superposed rigid rotation as in figure 3a will give
the same result as the stretch without the rotation (in the material coordinate system). If the loading
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Figure 3. Two large deformation tests.

is non-proportional, the total rotation, as found from the polar decomposition of the total deformation
gradient, depends on the previous stretching. This is indicated in figure 3b. The deformations from I to
III and from II to IV do not impose any rotation, but clearly deformation F2 changes the total rotation
in situation IV. It is however not evident that the total deformation determines the material axes. It
can be argued that if a new tensile test specimen would be machined from the part within the dashed
lines, the ‘knowledge’ of the previous stretch could not be incorporated in the material model, and using
the incremental values of R and U would be consistent with the assumption of an orthotropic material
model.

Tests with both models on large shear deformations indicate that the incremental algorithm gives
results comparable to the use of the Jaumann derivative. The total algorithm compares well with the
results for rigid–plastic material in [9].
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