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Chapter 1

Introduction

Random walks in the positive orthant are a topic that has been extensively
studied in probability theory. They are often used to model queueing networks.
Analyzing the stationary performance of random walks can provide insight into
system performance such as the average number of jobs, the throughput, etc.

Consider a discrete-time random walk R in the M -dimensional positive or-
thant, i.e., the state space is S = {0, 1, . . . }M . Assume that R is irreducible,
aperiodic and ergodic. Hence, a unique stationary probability distribution π :
S → [0, 1] for which the balance equations hold exists, i.e., π satisfies

π(n)
∑

n′∈S
P (n, n′) =

∑

n′∈S
π(n′)P (n′, n), ∀n ∈ S, (1.1)

where P (n, n′) denotes the transition probability from n to n′. For a non-negative
function F : S → [0,∞), we are interested in the following stationary perfor-
mance,

F =
∑

n=(n1,...,nM )∈S
π(n)F (n). (1.2)

For example, if F (n) = n1, then F is the average number of jobs in the first
queue. Assume that the marginal distribution of π has a finite mean, i.e., for
any i = 1, . . . ,M ,

∑

n=(n1,...,nM )∈S
niπ(n) <∞. (1.3)

Moreover, we consider an F that can be bounded by a linear function. Hence, F
exists.

If the stationary probability distribution is known explicitly, the stationary
performance can be derived directly. However, in general it is difficult to obtain
an explicit expression for the stationary probability distribution of a random
walk. In this thesis, we do not focus on obtaining the stationary probability

1



2 Chapter 1. Introduction

distribution. Instead, our interest is in finding upper and lower bounds on F
when a closed-form π is not known.

We consider a perturbed random walk R̄, of which the stationary probability
distribution π̄ is known explicitly. We obtain upper and lower bounds on F
through the stationary performance of R̄ for F̄ : S → [0,∞), i.e.,

F̄ =
∑

n∈S
π̄(n)F̄ (n). (1.4)

Then, two questions arise for this approximation framework. The first question
is how to obtain an R̄ of which π̄ is known explicitly. The second question is how
to establish explicit bounds on F based on F̄ . Before we discuss these questions
in detail, we present the model considered in the thesis.

1.1 Model and notation

Let R be a discrete-time random walk in S = {0, 1, . . . }M . Moreover, let P :
S × S → [0, 1] be the transition matrix of R. In this thesis, only transitions
between the nearest neighbors are allowed, i.e., P (n, n′) > 0 only if u ∈ N(n),
where N(n) denotes the set of possible transitions from n, i.e.,

N(n) =
{
u ∈ {−1, 0, 1}M | n+ u ∈ S

}
. (1.5)

For a finite index set K, we define a partition of S as follows.

Definition 1.1. C = {Ck}k∈K is called a partition of S if

1. S = ∪k∈KCk.

2. For all j, k ∈ K and j 6= k, Cj ∩ Ck = ∅.

3. For any k ∈ K, N(n) = N(n′), ∀n, n′ ∈ Ck.

The third condition, which is non-standard for a partition, ensures that all
the states in a component have the same set of possible transitions. With this
condition, we are able to define homogeneous transition probabilities within a
component, meaning that the transition probabilities are the same everywhere
in a component. Denote by c(n) the index of the component of partition C that
n is located in. We call c : S → K the index indicating function of partition
C. Throughout the thesis, various partitions will be used. We will use capital
letters to denote partitions and the corresponding small letters to denote their
component index indicating functions.

In this thesis, we restrict our attention to an R that is homogeneous with
respect to a partition C of the state space, i.e., P (n, n + u) depends on n only
through the component index c(n). Therefore, we denote by Nc(n) and pc(n),u
the set of possible transitions from n and transition probability P (n, n + u),
respectively. To illustrate the notation, we present the following example.
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Example 1.1. Consider S = {0, 1, . . . }2. Let C consist of

C1 = {0} × {0} , C2 = {1, 2, 3, 4} × {0} , C3 = {5, 6, . . . } × {0} ,
C4 = {0} × {1, 2, . . . } , C5 = {1, 2, 3, 4} × {1, 2, . . . } ,
C6 = {5, 6, . . . } × {1, 2, . . . } .

The components and their sets of possible transitions are shown in Figure 1.1.

n2

n1C1 C2 C3

C4 C5 C6

p1,u p2,u p3,u

p4,u

p5,u p6,u

Figure 1.1: A finite partition of S = {0, 1, . . . }2 and the sets of possible transitions
for its components.

Throughout the thesis, we often consider a specific partition called the min-
imal partition, which divides S into the interior as well as different faces of the
boundary and is defined next.
Definition 1.2. Let K = {0, 1}M . For indicator vector k = (k1, . . . , kM ) ∈ K,
let

Wk = {n = (n1, . . . , nM ) ∈ S | ni > 0 if and only if ki = 1, i = 1, . . . ,M} .
(1.6)

Then, {Wk}k∈{0,1}M is called the minimal partition.

If k = (1, 1, . . . , 1), Wk is referred to as the interior of the state space. If
k 6= (1, 1, . . . , 1), then Wk is a face of the boundary of the state space. Since each
component has a different set of possible transitions from another, the compo-
nents of partition W can not be combined while still guaranteeing Condition 3
in Definition 1.1. Therefore, W is ‘minimal’ among all partitions.

In the following definition, we give the minimal partition specifically for the
two-dimensional state space, as this partition is considered in Chapter 5 and
Chapter 6.
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Definition 1.3 (Minimal partition for two-dimensional positive orthant). Sup-
pose that S = {0, 1, . . . }2. The minimal partition divides S into four components.
For simplicity of notation, denote by

W1 = W(1,0) = {1, 2, . . . } × {0} ,
W2 = W(0,1) = {0} × {1, 2, . . . } ,
W3 = W(0,0) = {0} × {0} ,
W4 = W(1,1) = {1, 2, . . . } × {1, 2, . . . } .

Moreover, W1, W2, W3 and W4 will be referred to as the horizontal axis, the
vertical axis, the origin and the interior, respectively. The components and their
sets of possible transitions are shown in Figure 1.2 below.

n2

n1W3

W2

W1

W4

p2,u

p3,u

p4,u

p1,u

Figure 1.2: The minimal partition for S = {0, 1, . . . }2.

Based on a partition, we now define a component-wise linear function.

Definition 1.4. Let C be a partition of S. A function H : S → [0,∞) is called
C-linear if

H(n) =
∑

k∈K
1 (n ∈ Ck)

(
hk,0 +

M∑

i=1
hk,ini

)
. (1.7)

In this thesis, we often consider transformations of H of the form G(n) =
H(n + u), u ∈ N(n). It will be of interest to consider a partition Z of S such
that G is Z-linear if H is C-linear.

Definition 1.5. Given a finite partition C, Z = {Zj}j∈J is called a refinement
of C if
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1. Z is a finite partition of S.

2. For any j ∈ J , any n ∈ Zj and any u ∈ Nj , c(n+u) depends only on j and
u, i.e.,

c(n+ u) = c(n′ + u), ∀n, n′ ∈ Zj . (1.8)

Remark that the refinement of C is not unique. To give more intuition, in
the following example we give a refinement of the partition C in Example 1.1.
Example 1.2. In this example, consider the partition C given in Example 1.1.
A refinement of C is shown in Figure 1.3.

n2

n1Z1 Z2 Z3 Z4 Z5 Z6

Z7 Z8 Z9 Z10 Z11 Z12

Z13 Z14 Z15 Z16 Z17 Z18

Figure 1.3: A refinement of C that is in Example 1.1.

Since R is homogeneous with respect to partition C, it is homogeneous with
respect to partition Z as well. Next, we present the result that H(n + u) is
Z-linear for a C-linear function H. The proof of the lemma is straightforward
and is hence omitted.
Lemma 1.1. Let H : S → [0,∞) be a C-linear function. Moreover, let Z
be a refinement of C. For any u ∈ {−1, 0, 1}M , define G : S → [0,∞) as
G(n) = 1(n+ u ∈ S)H(n+ u). Then, G is Z-linear.

1.2 Construction for R̄

In the thesis, we obtain an R̄ of which π̄ is known explicitly though a constructive
way. More precisely, we consider an R̄ with the same transition probability as R
in the interior of the state space, i.e.,

P̄ (n, n′) = P (n, n′), ∀n ∈ {n ∈ S | ni > 0, ∀i = 1, . . . ,M} . (1.9)
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We first choose a probability distribution π̄ : S → [0, 1] satisfying the balance
equations of R for the interior states. Then, we construct the transition prob-
abilities for the boundary of R̄ such that R̄ is irreducible as well as aperiodic
and π̄ satisfies all the balance equations. We show in later chapters that such a
construction can be done.

In line with works in [10, 19, 28], we consider π̄ that is a sum of finitely many
geometric terms, i.e.,

π̄(n) =
L∑

l=1
cl

M∏

i=1
ρnil,i , ∀n = (n1, . . . , nM ) ∈ S, (1.10)

where L ∈ N+ = {1, 2, . . . }, cl ∈ R\ {0} and ρl,i ∈ (0, 1). Specifically, when
L = 1, π̄ is called a geometric product-form distribution. Queueing networks
with product-form stationary probability distributions have been studied in, for
example, [9] and [16]. In [37], Jackson has given a class of queueing networks
which has a product-form stationary probability distribution. This class of queue-
ing networks is therefore named Jackson networks. Specific models have been
considered in, for instance, [17], [45], [55] as well as [59] and it has been shown
that the selected models have product-form stationary probability distributions.
In more recent works, studies have been extended to random walks of which the
stationary probability distribution is a sum of geometric terms (finitely many or
infinitely many). Necessary conditions have been given for such class of random
walks and the geometric terms.

Given a geometric product-form π̄ satisfying the interior balance equations
of R̄, it is shown in [10] that the boundary transition probabilities of R̄ can be
constructed step by step for the boundary faces, such that π̄ satisfies all the
balance equations. For example, consider a random walk in the quarter plane.
First, the transition probabilities for the horizontal axis and vertical axis can
be constructed such that the balance equation (1.1) holds for all the states on
the axes. Since R̄ is homogeneous, the balance equations can be reduced to a
finite number of equations. Then, the transition probability for the origin can be
constructed such that (1.1) holds for the origin. This constructive approach has
been applied [19] for π̄ that is a sum of finitely many geometric terms. In the
thesis, we use this approach to construct the boundary transition probabilities
for R̄.

Next, we discuss the necessary conditions on the geometric terms of π̄ that
satisfies the interior balance equations of R. To characterize geometric terms
ρn1σn2 satisfying the interior balance equation for random walks in the quarter
plane that are homogeneous with respect to the minimal partitionW , we consider
the following restriction of an algebraic curve to (0, 1)2,

Q =



(ρ, σ) ∈ (0, 1)2 |

∑

u=(u1,u2)∈{−1,0,1}2

p4,uρ
−u1σ−u2 = 1



 . (1.11)

A generalized form where ρ and σ are allowed to be complex numbers has been
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studied in [24]. Clearly, one necessary condition for ρn1σn2 satisfying the interior
balance equation is (ρ, σ) ∈ Q.

In addition to geometric product-form distributions, π̄ that is a sum of ge-
ometric terms have also been studied for random walks in the quarter plane,
i.e.,

π̄(n) =
L∑

l=1
clρ

n1
l σ

n2
l , (1.12)

where L ∈ N+ ∪ {∞}, cl ∈ R\{0} and (ρl, σl) ∈ (0, 1)2. In [4], a compensation
approach has been developed to construct the stationary probability distribution
of the form in (1.12) with L =∞. It has been shown that a necessary condition
for such a form of π̄ is that there are no interior transitions to North, East or
Northeast. Then, the compensation approach has been applied in [3], [5] and [15]
for analyzing specific models such as the shortest queue problem or a 2×2 switch
system.

π̄ that is a sum of finitely many geometric terms has been studied in [18].
Again, several necessary conditions are required on the geometric terms. One
important necessary condition derived in [18] is that all the geometric terms
need to be pairwise-coupled, which means that the parameters can be ordered
by (ρ1, σ1), . . . , (ρL, σL) such that either ρl+1 = ρl or σl+1 = σl for all l =
1, . . . , L − 1. In addition, it is necessary that for all l = 1, . . . , L, (ρl, σl) ∈ Q.
To give more intuition on the pairwise-coupled structure, we give the following
example, in which a pairwise-coupled geometric terms and a non-pairwise-coupled
geometric terms are given.
Example 1.3. Let R be a random walk in the quarter plane, of which the curve
Q is shown in Figure 1.4. In 1.4(a), L = 3 and (ρl, σl) ∈ Q is given by

(ρ1, σ1) = (0.35, 0.7202), (ρ2, σ2) = (0.35, 0.32), (ρ3, σ3) = (0.6158, 0.32).

Then, ρ1 = ρ2, σ2 = σ3 and hence the geometric terms are pairwise-coupled.
In 1.4(b), L = 4 and

(ρ1, σ1) = (0.35, 0.7202), (ρ2, σ2) = (0.35, 0.3200),
(ρ3, σ3) = (0.3017, 0.4), (ρ4, σ4) = (0.8438, 0.4).

We see that (ρ1, σ1) and (ρ2, σ2) are vertically connected (ρ1 = ρ2). (ρ3, σ3) and
(ρ4, σ4) are horizontally connected. However, these two sets of parameters are
neither connected vertically nor horizontally. Thus, the geometric terms are not
pairwise-coupled.

In the thesis, we have enlarged the class of R̄ in the quarter plane of which
π̄ is known explicitly. In Chapter 5, we take any finitely many (ρl, σl) ∈ Q,
which are not necessarily pairwise-coupled. We show that inhomogeneous tran-
sition probabilities for the boundary can be constructed such that the given π̄
is the stationary probability distribution of the resulting R̄. In Chapter 6, for a
geometric product-form π̄, we construct inhomogeneous transition probabilities
along a square in S.



8 Chapter 1. Introduction

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.5

1

1.5

ρ

σ

Q

(a) Pairwise-coupled

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.5

1

1.5

ρ

σ

Q

(b) Non-pairwise-coupled

Figure 1.4: Examples for pairwise-coupled and non-pairwise-coupled geometric
terms.

1.3 Markov reward approach for error bound

Suppose that we have obtained an R̄ for which π̄ is known explicitly. Then, we
build up upper and lower bounds on F using the Markov reward approach, an
introduction to which is given in [66]. In this section, we give an overview of this
approach including its main results.

In the Markov reward approach, F (n) is considered as a reward if R stays in
n for one time step. Let F t(n) be the expected cumulative reward up to time t
if R starts from n at time 0,

F t(n) =
t−1∑

k=0

∑

m∈S
P k(n,m)F (m), (1.13)

where P k(n,m) is the k-step transition probability from n to m. Then, since R
is ergodic and F exists, for any n ∈ S,

lim
t→∞

F t(n)
t

= F , (1.14)

i.e., F is the average reward gained by the random walk independent of the
starting state. Moreover, based on the definition of F t, it can be verified that
the following recursive equation holds,

F 0(n) = 0,

F t+1(n) = F (n) +
∑

n′∈S
P (n, n′)F t(n′). (1.15)

Next, we define the bias terms as follows.
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Definition 1.6 (Bias terms). For any t = 0, 1, . . . , the bias termsDt : S×S → R,
are defined as

Dt(n, n′) = F t(n′)− F t(n). (1.16)

We present the main result of the Markov reward approach below.

Theorem 1.2 ([66, Result 9.3.5]). Suppose that F̄ : S → [0,∞) and G : S →
[0,∞) satisfy

∣∣∣∣∣F̄ (n)− F (n) +
∑

n′∈S

(
P̄ (n, n′)− P (n, n′)

)
Dt(n, n′)

∣∣∣∣∣ ≤ G(n), (1.17)

for all n ∈ S, t ≥ 0. Then
∣∣F̄ − F

∣∣ ≤
∑

n∈S
π̄(n)G(n).

We include the proof of this theorem in Appendix ??. Throughout the thesis,
we obtain bounds on F by finding F̄ and G for which (1.17) holds.

In addition to the bound on
∣∣F̄ − F

∣∣, the following theorem is given in [66]
as well, which is called the comparison result and can sometimes provide a better
upper bound.

Theorem 1.3 ([66, Result 9.3.2]). Suppose that F̄ : S → [0,∞) satisfies

F̄ (n)− F (n) +
∑

n′∈S

(
P̄ (n, n′)− P (n, n′)

)
Dt(n, n′) ≥ 0, (1.18)

for all n ∈ S, t ≥ 0. Then,

F ≤ F̄ .

Similarly, if the LHS of (1.18) is non-positive, then F ≥ F̄ .

1.4 Continuous-time random walks
In Chapter 5 and 6, we consider a continuous-time R. By the uniformization
method introduced in [29] and [39], a uniformizable continuous-time random walk
can be transformed into a discrete-time random walk with the same stationary
probability distribution. Next, we give an introduction to the uniformization
method.

Let Q(n, n′) denote the transition rate of a continuous-time random walk R.
In this thesis, we assume that R is uniformizable, i.e., there exists 1 ≤ γ < ∞
for which

sup
n∈S

∑

n′∈S:n′ 6=n
Q(n, n′) ≤ γ.
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Then, for any n, n′ ∈ S, let

P (n, n′) =
{
γ−1Q(n, n′), n 6= n′,

1− γ−1∑
n′∈S:n′ 6=nQ(n, n′), n = n′.

We have obtained a discrete-time random walk with the transition probabil-
ity P (n, n′). Moreover, the discrete-time random walk has the same stationary
probability distribution as R and hence can be used to evaluate the stationary
performance of R.

The Markov reward approach can also be applied to continuous-time R and
R̄. In this case, first we uniformize R by the constant γ and obtain an equivalent
discrete-time random walk. Then, we define the bias terms Dt(n, n′) as in Defi-
nition 1.6 for the discrete-time random walk with the reward γ−1F (n) per time
step. We have the following result for the case of continuous-time R and R̄.

Theorem 1.4. Suppose that F̄ : S → [0,∞) and G : S → [0,∞) satisfy
∣∣∣∣∣F̄ (n)− F (n) +

∑

n′∈S

(
Q̄(n, n′)−Q(n, n′)

)
Dt(n, n′)

∣∣∣∣∣ ≤ G(n), (1.19)

for all n ∈ S, t ≥ 0, where Q and Q̄ are the transition rates of R and R̄,
respectively. Then,

∣∣F̄ − F
∣∣ ≤

∑

n∈S
π̄(n)G(n).

The error bound does not depend on the uniformization constant γ (see Re-
mark 9.3.1 in [66]).

1.5 Other works on characterizing stationary per-
formance

There are several approaches in literature for finding the stationary probability
distribution of a random walk. A well-known approach is through the probability
generating function of π. For random walks in the quarter plane, the studies by
Fayolle et al. in [24] and by Cohen and Boxma in [20] have shown that a bound-
ary value problem can be formulated for the probability generating function.
However, the boundary value problem has an explicit solution only in special
cases (for example in [61]). If the probability generating function is obtained, the
algorithm developed in [1] can provide a numerical inversion of the probability
generating function and hence give an approximation to the stationary probabil-
ity distribution. Next to the generating function approach, the matrix geometric
method has been discussed in [47] and [56] for Quasi-birth-and-death (QBD)
processes with finite phases, which provides an algorithmic approach to obtain
the stationary probability distribution numerically. In [44], QBD processes with
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infinite phases have been considered. It is shown that the decay rates of the
sequence of finite truncations on the phases do not necessarily converge to the
decay rate in the infinite phase case.

Perturbation analysis has been studied in, for example, [6], [33] and [34],
where π is expressed in terms of the explicitly known π̄. This expression depends
on the deviation matrix of the perturbed random walk, which is difficult to
obtain explicitly in general. In [33], a numerical algorithm has been given to
obtain the deviation matrix of a random walk in a finite state space. In [49],
perturbation analysis has been applied to a QBD process in the quarter plane.
As the perturbed system, a truncated QBD process with state space that is finite
in one dimension and infinite in the other dimension has been used. It is shown
that if the QBD process has negative drift, an explicit expression can be derived
for the error bound.

Heavy-traffic single-server queues have been studied in [40] and [41], where it
is shown that under certain condition the distribution of the scaled equilibrium
waiting time converges to an exponential distribution as the traffic load goes to
1. Then, a tandem system with two single-server queues has been considered
in [31]. It is shown that as the traffic loads go to 1, the scaled equilibrium
waiting time has the same distribution as the limiting distribution of a reflected
Brownian motion. Heavy-traffic approximations for multi-channel queues have
been studied in, for example, [11] and [36]. In the works mentioned above, the
number of servers are fixed while the traffic load goes to 1. Another regime
has been discussed in, for instance, [12], [46] and [72], where the traffic load
is fixed while the number of servers goes to infinity. For general service time
distribution, the scaled queue-length process converges to a Gaussian process.
The QED regime has been considered in [30] and [73], where the traffic load ρ
and the number of servers s both increase while the term (1−ρ)

√
s is fixed. This

regime has been used in works such as [58] and [60].
Tail asymptotics of the stationary distribution have been considered in [54],

where the existing approaches for deriving the tail asymptotics have been dis-
cussed. In particular, random walks in the quarter plane with light-tail stationary
probability distributions have been studied. It is shown that as long as the drift
of R in the interior is non-zero and π exists, it has a light tail. Moreover, in [53]
the decay rates are given explicitly for the stationary probability distribution of
random walks in the quarter plane. The tail asymptotics for specific models have
also been studied in, for example, [2], [13], [42], [48] and [74]. Tail asymptotics
of two-dimensional semi-martingale reflecting Brownian motions (SRBM) have
been studied in [21], [22] and [32].

1.6 Contributions of this thesis
In most of the works mentioned in the previous section, random walks in the
quarter plane have been considered. In this thesis, we aim to develop an approxi-
mation framework that provides bounds for random walks in higher-dimensional
positive orthant. We build up a numerical linear program that returns bounds on
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the stationary performance for general random walks. Besides, we develop per-
turbation schemes for random walks in the quarter plane, which can be extended
to random walks in higher-dimensional state space. We see from numerical results
that our schemes can give tighter bounds than the existing results. Therefore,
the contributions of the thesis are as follows.

In Chapter 2, we formulate a linear optimization problem to obtain upper
and lower bounds on the stationary performance measure numerically. More
precisely, in the optimization problem the bounds on the bias terms are used as
variables and the objective function gives an upper or lower bound. We extend
the linear programming approach developed in [28], where it is applied for random
walks in the quarter plane with the minimal partition. With our extension, this
approach can be applied to a general partition of a state space of any dimension.
Based on the results of Chapter 2, we build up a numerical script in Python
and use it throughout the thesis to obtain bounds on the stationary performance
numerically.

In Chapter 3, we apply the approach and techniques developed in Chapter 2
to two-node queues. First, we apply the approach to tandem systems with finite
buffers at both queues. We consider various performance measures and show
that the upper and lower bounds obtained by our approach are tighter than
those given in the literature. Moreover, by using our approach, we can obtain
bounds on stationary performance for which no bounds are available in previous
works. Then, we apply the same approach to a coupled-queue model with a finite
buffer at one queue. We see from the numerical results that tight bounds can be
obtained through our approach. Chapter 3 is based on the paper “Performance
measures for the two-node queue with finite buffers ” in collaboration with Dr.
Yanting Chen, which is submitted to Probability in the Engineering and Infor-
mational Sciences. My contribution is to use the numerical script that I develop
in Chapter 2 to compute numerical results for the coupled-queue model with a
finite buffer at one queue.

In Chapter 4, we focus on obtaining bounds on the bias terms defined in
Definition 1.6. If the random walk has negative drift, we present two results for
the bias terms. First, we obtain an explicit expression for a bounding function
that is geometrically increasing in the coordinate of the state. As is seen from
numerical examples, this bounding function is often far from tight. Then, we
present another bounding function, which is quadratic in the coordinate of the
state. The quadratic bounding function is tighter than the geometric one. Nev-
ertheless, it is difficult to obtain its expression explicitly. Thus, we formulate a
linear program that gives bounds on F based on quadratic bounding functions
on the bias terms.

In Chapter 5, we propose to use a perturbed random walk with inhomo-
geneous transition rates along the axes, of which the stationary probability dis-
tribution is a sum of geometric terms. Building on the results from Chapter 4,
we assume that the bias terms are bounded by polynomial functions and give an
explicit expression for the error bound based on the inhomogeneous perturbation.
The way to choose the inhomogeneous transition rates is not unique. Therefore,
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we formulate an optimization problem to find the best inhomogeneous pertur-
bation and we give the optimal solution to this problem. Through numerical
results we see that the inhomogeneous perturbation can provide tighter bounds
than homogeneous perturbation. In addition, we see that by allowing for inho-
mogeneous perturbation, we can take any finitely many geometric terms located
on Q instead of only the pairwise-coupled geometric terms.

In Chapter 6, we propose to perturb only the transition rates for states
outside a square. Moreover, the transition rates are perturbed such that the
stationary probability distribution of states outside the square has a geometric
product form. Then, the stationary probability distribution of states in the
square can be solved numerically. Assuming that the bias terms are bounded
by polynomial functions, we give an explicit expression for the error bound.
Moreover, we show that the error bound converges to 0 geometrically fast as the
size of the square goes to infinity.
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bounds

2.1 Introduction
In this chapter, we consider a discrete-time random walk R in theM -dimensional
positive orthant, i.e., the state space is S = {0, 1, . . . }M . Given a non-negative
C-linear function F : S → [0,∞), we are interested in finding upper and lower
bounds on the stationary performance F given by (1.2). The upper and lower
bounds are established by the Markov reward approach described in Section 1.3
in terms of the stationary performance of the perturbed random walk F̄ .

In particular, we focus on obtaining the bounds through linear program-
ming. In [28] linear programs have been formulated that provide upper and
lower bounds on F for random walks in the two-dimensional positive orthant. In
this chapter we extend the linear program given in [28] in the following aspects.

1. In [28], only the minimal partition of the state space, defined in Section 1.1,
was considered. In this chapter we consider a general partition of the state
space.

2. In this chapter, random walks inM -dimensional space are considered while
in [28] only two-dimensional random walks were considered. Hence, the
linear problem established in this chapter can be applied to more general
models.

The contribution of this chapter is two-fold. First, we build up a numerical
program that can be applied to general models. The numerical program used
in [28] cannot be easily implemented for general partition or multi-dimensional
cases. Secondly, in the linear programming approach, one important step is that
we assign values to a set of variables such that all the constraints hold. We
formulate a linear program to obtain values for this set of variables while in [28]
the values are given in terms of the transition probabilities and then verified. We
show that this linear program is feasible.

The chapter is structured as follows. In Section 2.2, we formulate optimiza-
tion problems for the upper and lower bounds, which are non-convex and have
countably infinite number of variables and constraints. Next, in Section 2.3 we
apply the linear programming approach and establish linear programs for the
bounds. Finally, in Section 2.4, we will present some numerical examples.

2.2 Problem formulation

Recall from Chapter 1 that P (n, n′) and P̄ (n, n′) denote the transition probability
of R and R̄, respectively. Let ∆(n, n′) = P̄ (n, n′)− P (n, n′). From the result of
Theorem 1.2 in Chapter 1, the following optimization problem comes up naturally
to provide an upper bound on F .
Problem 2.1 (Upper bound).

min
∑

n∈S

[
F̄ (n) +G(n)

]
π̄(n),
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s.t.
∣∣∣∣∣F̄ (n)− F (n) +

∑

n′∈S
∆(n, n′)Dt(n, n′)

∣∣∣∣∣ ≤ G(n), ∀n ∈ S, t ≥ 0, (2.1)

F̄ (n) ≥ 0, G(n) ≥ 0, ∀n ∈ S.

In this problem, F̄ (n), G(n) and Dt
u(n) are variables and π̄(n), δ(n, n′) are

parameters. Similarly, the following optimization problem gives a lower bound
on F .

Problem 2.2 (Lower bound).

max
∑

n∈S

[
F̄ (n)−G(n)

]
π̄(n),

s.t.
∣∣∣∣∣F̄ (n)− F (n) +

∑

n′∈S
∆(n, n′)Dt(n, n′)

∣∣∣∣∣ ≤ G(n), ∀n ∈ S, t ≥ 0, (2.2)

F̄ (n) ≥ 0, G(n) ≥ 0, ∀n ∈ S.

In addition, the following problems provide a direct upper or lower bound on
F , which follows from the comparison result given in Theorem 1.3.

Problem 2.3 (Comparison upper bound).

min
∑

n∈S
F̄ (n)π̄(n),

s.t. F̄ (n)− F (n) +
∑

n′∈S
∆(n, n′)Dt(n, n′) ≥ 0, ∀n ∈ S, t ≥ 0, (2.3)

F̄ (n) ≥ 0, ∀n ∈ S.

Similarly, the following optimization problem gives a lower bound on F .

Problem 2.4 (Comparison lower bound).

max
∑

n∈S
F̄ (n)π̄(n),

s.t. F̄ (n)− F (n) +
∑

n′∈S
∆(n, n′)Dt(n, n′) ≤ 0, ∀n ∈ S, t ≥ 0, (2.4)

F̄ (n) ≥ 0, ∀n ∈ S.

It will be seen from numerical results that in some cases the comparison result
can provide a better upper or lower bound than that obtained from Problem 2.1
or 2.2. In the remainder of this chapter, we only consider Problem 2.1, since the
other problems can be solved in the same fashion. We see that in Problem 2.1
there are countably infinite number of variables and constraints. In the next
section, we will reduce Problem 2.1 to a linear program with a finite number of
variables and constraints.
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2.3 Linear programming approach to error bounds
In this section, we apply the approach from [28], i.e., in (2.1) we replace the time-
dependent functions Dt(n, n′) with bounding functions that are independent of
t. Simultaneously, several extra constraints are added to ensure that those newly
introduced functions provide upper and lower bounds on Dt(n, n′).

Since only transitions between the nearest neighbors are allowed, we have
∆(n, n + u) = 0 for u /∈ Nc(n). Then, ∆(n, n′)Dt(n, n′) vanishes from (1.17) for
all n′ − n /∈ Nc(n). Thus, it is sufficient to only consider the bias terms between
nearest neighbors, i.e., Dt(n, n+ u), u ∈ Nc(n).

More precisely, consider functions A : S×S → [0,∞) and B : S×S → [0,∞),
for which

−A(n, n+ u) ≤ Dt(n, n+ u) ≤ B(n, n+ u), (2.5)

for all t ≥ 0. Then, in Problem 2.1, replacing Dt(n, n + u) with the bound-
ing functions, we get rid of the time-dependent terms and obtain the following
constraints that guarantee (2.1),

F̄ (n)− F (n) +
∑

u∈Nc(n)

max {∆(n, n+ u)B(n, n+ u),−∆(n, n+ u)A(n, n+ u)}

≤ G(n), (2.6)

F (n)− F̄ (n) +
∑

u∈Nc(n)

max {∆(n, n+ u)A(n, n+ u),−∆(n, n+ u)B(n, n+ u)}

≤ G(n). (2.7)

Besides the constraints given above, additional constraints are necessary to guar-
antee that (2.5) holds. In the next part, we establish these additional constraints.

Recall that Dt(n, n+u) = F t(n+u)−F t(n). We will show in the next section
that Dt+1(n, n + u) can be expressed as a linear combination of Dt(m,m + v)
where v ∈ Nc(m). More precisely, there exists φ(n, u,m, v) ≥ 0 for which the
following equation holds,

Dt+1(n, n+ u) = F (n+ u)− F (n) +
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)Dt(m,m+ v),

(2.8)
for t ≥ 0. We will reduce the sum in the equation above to a sum over a finite
number of states. Therefore, the convergence of the sum is not an issue. Then,
the following inequalities are sufficient conditions for −A(n, n′) and B(n, n′) to
be a lower and upper bound on Dt(n, n+ u), respectively,

F (n+ u)− F (n) +
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)B(m,m+ v) ≤ B(n, n+ u), (2.9)

F (n+ u)− F (n)−
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)A(m,m+ v) ≥ −A(n, n+ u).

(2.10)



2.3. Linear programming approach to error bounds 19

Summarizing the discussion above, the following problem gives an upper
bound on F .

Problem 2.5.

min
∑

n∈S

[
F̄ (n) +G(n)

]
π̄(n),

s.t. F̄ (n)− F (n) +
∑

u∈Nc(n)

max {∆(n, n+ u)B(n, n+ u),−∆(n, n+ u)A(n, n+ u)}

≤ G(n), (2.11)

F (n)− F̄ (n) +
∑

u∈Nc(n)

max {∆(n, n+ u)A(n, n+ u),−∆(n, n+ u)B(n, n+ u)}

≤ G(n), (2.12)

Dt+1(n, n+ u) = F (n+ u)− F (n) +
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)Dt(m,m+ v),

(2.13)

F (n+ u)− F (n) +
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)B(m,m+ v) ≤ B(n, n+ u),

(2.14)

F (n)− F (n+ u) +
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)A(m,m+ v) ≤ A(n, n+ u),

(2.15)
φ(n, u,m, v) ≥ 0, for n,m ∈ S, u ∈ Nc(n), v ∈ Nc(m)

A(n, n′) ≥ 0, B(n, n′) ≥ 0, F̄ (n) ≥ 0, G(n) ≥ 0, for n, n′ ∈ S.

Clearly, Problem 2.5 is non-linear in the variables φ(n, u,m, v), A(n, n′) and
B(n, n′). Therefore, we apply the linear programming approach introduced
in [28]. More precisely, first we find a set of φ(n, u,m, v), for which (2.13) holds.
Then, we plug the obtained φ(n, u,m, v) into Problem 2.5 as parameters and
remove (2.13). As a consequence, the remainder of Problem 2.5 becomes linear.
In [28], the set of φ(n, u,m, v) is obtained by manual derivation.

2.3.1 Linear program for finding φ(n, u,m, v)

In this section, we formulate a linear program to obtain φ(n, u,m, v) for which (2.13)
holds. For the bias terms, using (1.15), we get

Dt+1(n, n+ u) = F t+1(n+ u)− F t+1(n)

= F (n+ u)− F (n) +
∑

m∈S
[P (n+ u,m)− P (n,m)]F t(m). (2.16)
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Thus, (2.13) holds if and only if
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m, v)Dt(m,m+ v) =
∑

m∈S
[P (n+ u,m)− P (n,m)]F t(m).

(2.17)

Rewriting the LHS of (2.17), we have
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m,m+ v)Dt(m,m+ v)

=
∑

m∈S

∑

v∈Nc(m)

φ(n, u,m,m+ v)[F t(m+ v)− F t(m)]

=
∑

m∈S





∑

v∈Nc(m)

[φ(n, u,m+ v,−v)− φ(n, u,m, v)]



F t(m). (2.18)

In comparison with the RHS of (2.17), we obtain the following constraint that is
sufficient for (2.17) as well as (2.13),

∑

v∈Nc(m)

[φ(n, u,m+ v,−v)− φ(n, u,m, v)] = P (n+ u,m)− P (n,m), (2.19)

for all n,m ∈ S, u ∈ Nc(n). Intuitively, for a fixed n ∈ S and a fixed u ∈ Nc(n),
φ(n, u,m, v) can be interpreted as a flow from state m to state m+ v, and P (n+
u,m)− P (n,m) can be seen as the demand at state m. Then, intuitively (2.19)
means that the demand at every state m is equal to the difference between the
inflow and outflow of m.

In the next part, we formulate a linear program with a finite number of
constraints and variables. In addition, we show that based on the solution of this
linear program we can obtain φ(n, u,m, v) ≥ 0 that satisfies (2.19) and hence
satisfies (2.13).

Let Z = {Zj}j∈J be a refinement of partition C defined in Definition 1.5.
Then, for any n ∈ Zj and u ∈ Nj , let c(j, u) be the index of the component of
partition C that n+ u is located in. For j ∈ J and u ∈ Nj , let

Nj,u = Nj ∪
(
u+Nc(j,u)

)
. (2.20)

Then, we consider the following problem and we present Theorem 2.1.

Problem 2.6.

min
∑

j∈J

∑

u∈Nj

∑

d∈Nj,u

∑

v∈Nc(j,d)

φj,u,d,v,

s.t.
∑

v∈Nc(j,d)

1 (d+ v ∈ Nj,u) [φj,u,d+v,−v − φj,u,d,v] = pc(j,u),d−u − pj,d,

∀j ∈ J, u ∈ Nj , d ∈ Nj,u, (2.21)
φj,u,d,v ≥ 0, ∀j ∈ J, u ∈ Nj , d ∈ Nj,u, v ∈ Nc(j,d).
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Theorem 2.1. Problem 2.6 is feasible and has a finite number of variables and
constraints. Suppose that φj,u,d,v is the optimal solution of Problem 2.6. Then,

φ(n, u,m, v) =
{
φz(n),u,m−n,v, if m ∈ n+Nz(n),u and m+ v ∈ n+Nz(n),u,

0, otherwise,
(2.22)

satisfies (2.19).

Proof. For any n ∈ Zj and u ∈ Nj , consider an undirected graph G = (V, E),
where V contain all the nearest neighbors of n and of n+ u. Moreover, e ∈ E if
and only if e connects two nearest neighbors. Then, it is easy to see that G is
connected. By the discussion after (2.19), we see that (2.19) intuitively means
that in G, the demand at every node m ∈ V is equal to the difference between
the inflow and outflow of m.

This is a classical flow problem in graph theory and combinatorial optimiza-
tion. There exists a feasible non-negative flow on G, since the graph is connected,
there is no capacity for the flows and all the demands sum up to 0 (see Exercise
5 in Chapter 8 in [43]). Thus, there exists φ(n, u,m, v) ≥ 0, where m,m+ v ∈ V,
such that for all m ∈ V,

∑

v∈Nc(m)

1 (m+ v ∈ V) [φ(n, u,m+ v,−v)− φ(n, u,m, v)]

= P (n+ u,m)− P (n,m). (2.23)

From (2.20), we see that m ∈ V if and only if m = n+d where d ∈ Nj,u. Since R
is homogeneous with respect to partition Z, we can verify that for any n ∈ Zj ,
φ(n, u, n+ d, v) depends only on j, u, d and v. Therefore, Problem 2.6 is feasible
by taking φj,u,d,v = φ(n, u, n+ d, v) where n ∈ Zj .

Suppose that φj,u,d,v is the optimal solution of Problem 2.6. From the discus-
sion above, φ(n, u,m, v) given by (2.22) clearly satisfies (2.19) if m ∈ n+Nz(n),u
and m+ v ∈ n+Nz(n),u. If m /∈ n+Nz(n),u or m+ v /∈ n+Nz(n),u, (2.19) holds
since φ(n, u,m, v) = 0 and P (n+ u,m)− P (n,m) = 0 for the RHS.

Since there are |J | components in partition Z and at most 3M possible transi-
tions for every component, the number of the variables in Problem 2.6 is bounded
by 2 |J | · 27M from above. Moreover, the number of the constraints is bounded
from above by 2 |J | · 9M . Therefore, Problem 2.6 has a finite number of variables
and constraints.

2.3.2 Implementation of Problem 2.5
Suppose that we have obtained a set of feasible coefficients φj,u,d,v from Prob-
lem 2.6. In this section, we show that by restricting F (n), A(n, n′), B(n, n′) to
be C-linear and using the partition structure of S, Problem 2.5 can be reduced
to a linear program with a finite number of variables and constraints.
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Since we only consider the bias terms between the nearest neighbors, we
rewrite the bounding functions as Au(n) and Bu(n) for n ∈ S and u ∈ Nc(n).
Then, Problem 2.5 is equivalent to the following problem.

Problem 2.7.

min
∑

n∈S

[
F̄ (n) +G(n)

]
π̄(n),

s.t. F̄ (n)− F (n) +
∑

u∈Nc(n)

max
{

∆c(n),uBu(n),−∆c(n),uAu(n)
}
−G(n) ≤ 0,

(2.24)

F (n)− F̄ (n) +
∑

u∈Nc(n)

max
{

∆c(n),uAu(n),−∆c(n),uBu(n)
}
−G(n) ≤ 0,

(2.25)

F (n+ u)− F (n) +
∑

d∈Nz(n),u

∑

v∈Nc(z(n),d)

φz(n),u,d,vBv(n+ d)−Bu(n) ≤ 0,

(2.26)

F (n)− F (n+ u) +
∑

d∈Nz(n),u

∑

v∈Nc(z(n),d)

φz(n),u,d,vAv(n+ d)−Au(n) ≤ 0,

(2.27)
Au(n) ≥ 0, Bu(n) ≥ 0, F̄ (n) ≥ 0, G(n) ≥ 0, for n ∈ S, u ∈ Nc(n).

Next, we give the reduction for Problem 2.7 by restricting F̄ , G, Au and Bu to
be C-linear. By Lemma 1.1, we know that Av(n+d) and Bv(n+d) are Z-linear.
Thus, it is easy to check that all the constraints in Problem 2.7 have the form,

H(n) ≤ 0,

where H(n) is Z-linear.
For any Zj and i ∈ {1, . . . ,M}, define Lj,i and Uj,i as

Lj,i = min
n∈Zj

ni, Uj,i = sup
n∈Zj

ni. (2.28)

Notice that Zj can be unbounded in dimension i, in which case Uj,i =∞. More-
over, let I(Zj) be the set containing all the unbounded dimensions of Zj and ∂Zj
be the corners of Zj , i.e.,

I(Zj) = {i ∈ {1, 2, . . . ,M} | Uj,i =∞} , (2.29)
∂Zj = {n ∈ Zj | ni = Lj,i, ∀i ∈ I(Zj), nk ∈ {Lj,k, Uj,k} , ∀k /∈ I(Zj)} .

(2.30)

Then, for the constraint H(n) ≤ 0 for n ∈ Zj , sufficient and necessary conditions
can be obtained in terms of the coefficients hj,i. We give the following lemma to
specify these conditions. The proof of this lemma is straightforward and hence
is omitted.
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Lemma 2.2. Suppose that H(n) is Z-linear. Then, H(n) ≤ 0 for all n ∈ Zj if
and only if

H(n) ≤ 0, ∀ n ∈ ∂Zj , hj,i ≤ 0, ∀i ∈ J(Zj). (2.31)

For any n ∈ ∂Zj , clearly H(n) = hj,0 +
∑M
i=1 hj,ini is linear in the coeffi-

cients hj,i. For each bounded dimension, there are at most two corners of Zj .
Thus, (2.31) contains at most 2M linear constraints in hj,i.

Next, consider the objective function of Problem 2.7. In the next lemma, we
show that it can be written as a linear combination of the coefficients f̄k,i and
gk,i. The proof of the lemma is straightforward and hence is omitted.

Lemma 2.3. Suppose that F̄ : S → [0,∞) and G : S → [0,∞) are C-linear.
Then,

∑

n∈S

[
F̄ (n) +G(n)

]
π̄(n) =

∑

k∈K

(
f̄k,0 + gk,0

) ∑

n∈Ck
π̄(n)

+
∑

k∈K

M∑

i=1

(
f̄k,i + gk,i

) ∑

n∈Ck
niπ̄(n). (2.32)

Therefore, based on the two lemmas above, we give the main result of this
section in the following theorem.

Theorem 2.4. Suppose that F̄ , G, Au and Bu are C-linear. Then, Problem 2.7
can be reduced to a linear program with a finite number of variables and con-
straints.

Proof. From Lemmas 2.2 and 2.3, we see that Problem 2.7 can be reduced to
a linear program where the coefficients of the functions are variables. Next, we
show that there is a finite number of variables and constraints in the reduced
problem.

There are at most |K| components and at most 3M transitions from each
state. Since F̄ , G, Au and Bu are C-linear, the total number of coefficients is at
most 2 |K| (3M + 1)(M + 1). Hence, the number of variables in Problem 2.7 is
finite. Moreover, for each component Zj , there are at most 2M corners and at
most M unbounded dimensions. Then, each constraint in Problem 2.7 can be
reduced to at most |J | (M + 2M ) constraints. Thus, the number of constraints is
finite.

2.4 Numerical experiments
In this section, we consider some numerical examples and find upper and lower
bounds on various performance measures through solving Problem 2.7. We build
up scripts in Python to implement Problem 2.6 and 2.7. Moreover, we use the
Pyomo package and the solver Gurobi in the scripts.
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2.4.1 Three-node tandem system with boundary speed-up
or slow-down

Consider a tandem system containing three nodes. Every job arrives at node 1
and goes through all the nodes to complete its service. In the end, the job leaves
the system through node 3. Let λ be the arrival rate. Moreover, we assume that
each server has the service rate µ when there are jobs in the system of the queues.
For server 1, the service rate changes to µ∗, if both queue 2 and queue 3 become
empty. The diagram of the system is given in Figure 2.1.

λ µ(µ∗) µ µ

Figure 2.1: Diagram of the tandem queueing system

Let µ∗ = η · µ. For the stability of the system, assume that λ/µ < 1 and
λ/µ∗ < 1.

The original random walk

In this example, we have S = {0, 1, . . . }3 and the minimal partitionW defined in
Section 1.1. Notice that the tandem system described above is a continuous-time
system. As is discussed in Section 1.4, a uniformization method can be used to
transform the continuous-time tandem system into a discrete-time R. Without
loss of generality, assume that λ + max{µ, µ∗} + 2µ ≤ 1. Hence, we take the
normalization constant γ = 1. Then, the non-zero transition probabilities of the
discrete-time R are given below.

P (n, n+ e1) = λ, P (n, n+ d2) = 1 (n+ d2 ∈ S)µ, (2.33)
P (n, n− e3) = 1 (n− e3 ∈ S)µ, (2.34)

P (n, n+ d1) =
{
µ∗, if n2 = n3 = 0,
µ, otherwise,

(2.35)

P (n, n) = 1−
∑

u∈{e1,d1,d2,d3}
P (n, n+ u), (2.36)

for all n ∈ S, with e1 = (1, 0, 0), d1 = (−1, 1, 0), d2 = (0,−1, 1) and e3 = (0, 0, 1).

The perturbed random walk

For the perturbed random walks R̄, let

P̄ (n, n+ e1) = λ, P̄ (n, n+ d2) = 1 (n+ d2 ∈ S)µ, (2.37)
P̄ (n, n− e3) = 1 (n− e3 ∈ S)µ, P̄ (n, n+ d1) = 1 (n+ d1 ∈ S)µ, (2.38)

P̄ (n, n) = 1−
∑

u∈{e1,d1,d2,d3}
P̄ (n, n+ u), (2.39)
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and the other transition probabilities be 0. We know from [37] that the stationary
distribution of R̄ is,

π̄(n) = (1− ρ)3 · ρn1+n2+n3 , (2.40)

where ρ = λ/µ.
As a performance measure, first we consider the probability that the system

is empty, i.e., F (n) = 1(n = 0). Let λ/µ = 1/3. In Figure 2.2, we consider
various values for η. In addition to the upper and lower bounds, we also include
the comparison result given by Problem 2.3, which provides upper bounds.

0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

η

F

Fl

Fu

F(c)
u

Figure 2.2: Bounds on F for various η: F (n) = 1(n = 0), λ/µ = 1/3.

The solid line is for the upper bounds Fu and the dashed one is for lower
bounds Fl. Moreover, the comparison upper bound is denoted by F (c)

u . From
Figure 2.2 we observe that the larger perturbation we make, the bigger the dif-
ference is between the upper and lower bounds. Moreover, we also see that the
comparison result can give a better upper bound, when η < 1. When η > 1, the
upper bound given by Problem 2.1 coincides with the upper bound returned by
the comparison result.

Next, fix η = 1.5 and consider various values of λ/µ. In Figure 2.3, the upper
and lower bounds as well as the comparison result are given on the probability
that the system is empty. When λ/µ ≥ 0.7, the lower bound obtained by the
optimization problem is negative. Hence, we use the trivial bound 0.

From Figure 2.3, we notice that the upper and lower bounds are relatively
tight. In addition, the comparison result is always the same as the upper bound,
which is consistent with the result in Figure 2.2, i.e., the comparison result
provides the same upper bound for η > 1. Moreover, we see that as λ/µ increases,
the probability that the system is empty decreases since the system becomes
busier. Although at some point, the lower bound drops to 0, the bounds given
by our optimization problems are still reasonably good.

Next, we consider a different performance measure, the average number of
jobs in the first queue, i.e., F (n) = n1. Remark that the job in the server is
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Figure 2.3: Bounds on F for various λ/µ: F (n) = 1(n = 0), µ∗ = 1.5µ.

also included for the number of jobs in the queue. This performance measure is
usually interesting and important since it helps us to know more about the size
of the queue and design the buffer capacity. Again, we fix η = 1.5 and consider
various values of λ/µ. The bounds and comparison result are given in Figure 2.4.
When the load is larger than 0.75, the problems for both upper and lower bound
are infeasible. Hence, the results for these cases are not included.
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Figure 2.4: Bounds on F for various λ/µ: F (n) = n1, µ∗ = 1.5µ.

From Figure 2.4, we see again that the upper and lower bounds are fairly
tight. Besides, as λ/µ increases, the system is more occupied and the average
number of jobs in the first queue also increases.

In the next part, we consider a different model and implement the same
approximation framework there.
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2.4.2 Three-node coupled queue
Consider a discrete-time coupled queue model in the three-dimensional space, i.e.,
S = {0, 1, . . . }3. Similar to the tandem system, consider the minimal partition
W of S.

Moreover, we restrict our attention to the symmetric case. The non-zero
transition probabilities of R are

P (n, n+ e1) = P (n, n+ e2) = P (n, n+ e3) = λ, (2.41)
P (n, n− e2) = 1(n− e2 ∈ S)µ, P (n, n− e3) = 1(n− e3 ∈ S)µ, (2.42)

P (n, n− e1) =
{

1(n− e1 ∈ S)µ∗, if n2 = n3 = 0,
1(n− e1 ∈ S)µ, otherwise,

(2.43)

P (n, n) = 1−
3∑

i=1

∑

u∈{ei,−ei}
P (n, n+ u), (2.44)

where e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1). Without loss of generality,
assume that 3λ + 2µ + max {µ, µ∗} ≤ 1. Moreover, assume that λ/µ < 1 for
stability.

As perturbed random walk R̄, let

P̄ (n, n+ e1) = P̄ (n, n+ e2) = P̄ (n, n+ e3) = λ, (2.45)
P̄ (n, n− e2) = 1(n− e2 ∈ S)µ, P̄ (n, n− e3) = 1(n− e3 ∈ S)µ, (2.46)
P̄ (n, n− e1) = 1(n− e1 ∈ S)µ, (2.47)

P (n, n) = 1−
3∑

i=1

∑

u∈{ei,−ei}
P̄ (n, n+ u), (2.48)

and the other transition probabilities be zero. Thus,

π̄(n) = (1− ρ)3 · ρn1+n2+n3 , (2.49)

where ρ = λ/µ. Let µ∗ = 1.5µ and first consider the probability that the system
is empty. The upper and lower bounds, together with the comparison result are
given below in Figure 2.5.

From Figure 2.5, we see that the upper and lower bounds are very tight.
Similar to the tandem system, the comparison result is the same as the upper
bound. Even for the case that λ/µ > 0.7, the problem for the lower bound is
still feasible. Hence, tight bounds are still available for heavy-load cases. Next,
the performance measure F (n) = n1 is considered.

From Figure 2.6, we see that the upper and lower bounds provide very good
approximation to the performance for all the loads between 0 and 1. In addition,
similar to the observation in the tandem system, the average number of jobs in
the first queue increases as the load increases.
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Figure 2.5: Bounds on F for various λ/µ: F (n) = 1(n = 0), µ∗ = 1.5µ.
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Figure 2.6: Bounds on F for various λ/µ: F (n) = n1, µ∗ = 1.5µ.

2.5 Conclusions
In this chapter, we have considered random walks in an M -dimensional posi-
tive orthant. Given a non-negative C-linear function, we have formulated opti-
mization problems that provide upper and lower bounds on the stationary per-
formance. Moreover, we have shown that these optimization problems can be
reduced to linear programs with a finite number of variables and constraints.

We have built up a numerical script in Python to implement the linear pro-
grams. Throughout the thesis we will use this script to obtain numerical bounds
on stationary performance of various random walks.

In numerical experiments, we see that the linear programs for upper and
lower bounds are not always feasible. In particular, once the load exceeds some
threshold the problems often become infeasible and cannot return any bounds.
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The reason for this is still not clear yet. One possible direction for future research
is to use duality theory to find out exactly which constraints are violated. Then,
we can understand more about how the linear programs work and then find a
way to deal with the cases for heavy loads. It is also of interest to apply this
numerical script to models where M > 3.
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3.1 Introduction

This chapter is self-contained. Therefore, some definitions and results may be
repetitive.

The two-node queue is one of the most extensively studied topics in queueing
theory. It can be often modeled as a two-dimensional random walk on the quarter-
plane. Hence, it is sufficient to find performance measures of the corresponding
two-dimensional random walk if we are interested in the performance of the two-
node queue. In this work we analyze the steady-state performance of a two node
queue for the particular case that one or both of the queues have finite buffer
capacity. Our aim is to develop a general methodology that can be applied to
any two-node queue that can be modeled as a two-dimensional random walk on
(part of) the quarter-plane.

A special case of the two-node queue with finite buffers at both queues which
has been extensively studied so far, is the tandem queue with finite buffers. An
extensive survey of results on this topic is provided in [8, 57]. Most of these
papers focus on the development of approximations or algorithmic procedures
to find steady-state system performances such as throughput and the average
number of customers in the system. A popular approach used in such approxi-
mations is decomposition, see [7, 26]. The main variations of a two-node queue
with finite buffers at both queues are: three or more stations in the tandem
queue [62], multiple servers at each station [69, 71], optimal design for allocating
finite buffers to the stations [35], general service times [63, 68], etc. Numerical re-
sults of such approximations often suggest that the proposed approximations are
indeed bounds on the specific performance measure, however rigorous proofs are
not always available. Moreover, these approximation methods cannot be easily
extended to a general method, which determines the steady-state performance
measure of any two-node queue with finite buffers at both queues.

Van Dijk et al. [67] pioneered in developing error bounds for the system
throughput using the product-form modification approach. The method has
since been further developed by van Dijk et al. [64, 65] and has been applied
to, for instance, Erlang loss networks [14], to networks with breakdowns [69], to
queueing networks with non-exponential service [68] and to wireless communica-
tion networks with network coding [27]. An extensive description and overview
of various applications of this method can be found in [66].

A major disadvantage of the error bound method mentioned above is that
the verification steps that are required to apply the method can be technically
quite complicated. Goseling et al. [28] developed a general verification technique
for random walks in the quarter-plane. This verification technique is based on
formulating the application of the error bounds method as solving a linear pro-
gram. In doing so, it avoids completely the induction proof required in [64].
Moreover, instead of only bounding performance measures for specific queueing
system, the approximation method developed in [28] accepts any random walk
in the quarter-plane as an input.

The main contribution of the current work is to provide an approximation
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scheme which can be readily applied to approximate performance measures for
any two-node queue in which one or both queues have finite buffer capacity. This
is based on modifying the general verification technique developed in [28] for
a two-dimensional random walk on a state space that is finite in one or both
dimensions.

We apply this approximation scheme to a tandem queue with finite buffers
at both queues. We show that the error bounds for the blocking probability are
improved compared with the error bounds for the blocking probability provided
in [67]. The method in [67] is based on specific model modifications. Apart from
this, our approximation scheme is more general in the sense that other interesting
performance measures could also be obtained easily. This is an advantage over
the methods used in [64, 65, 67] where different model modifications are necessary
for different performance measures. Moreover, we show that the error bounds
can also be obtained for variations of the tandem queue with finite buffers. In
particular, we consider the case that one server speeds-up or slows-down when
another server is idle or saturated.

For a two-node queue with finite buffers at both queues, it is also possible
to find the invariant measure by solving a system of linear equations. The com-
plexity solving this system is at least O(L2), where L is the size of the smallest
buffer. We will demonstrate that the approach that is presented in this chapter
has a complexity that is constant in L. This makes it an interesting alternative
to solving for the invariant measure by brute force if L is large.

Finally, we apply this approximation scheme to a two-node queue with finite
buffers at only one queue. In particular, we apply our results to an adaptation of
the coupled-queue in [23]. We consider the case that one of the queues has finite
buffer capacity instead of two infinite buffer capacities. The numerical results
illustrate that our approximation scheme achieves tight bounds.

There are other means to analyze the two-node queue with finite buffers
at only or both queues. In particular, the models considered in this chapter
are instances of quasi-birth-and-death process (QBD) processes and, therefore,
amendable for a solution using the matrix-geometric approach [47, 56]. There are
many variations on the matrix geometric method, in particular in how to compute
the rate matrix. However, all methods share a common complexity of O(L3) in
general, where L is the number of phases, which in our case corresponds to the
size of the smallest buffer. Therefore, our approach, with constant complexity in
L, provides a promising alternative to the matrix geometric method for large L.
A drawback of our approach is that it in general does not give an exact result,
but only bounds.

Another important advantage of our work is that it is possible, though outside
the scope of the current chapter, to extend our approach to queueing networks
with more than two queues and more complicated interactions. Such an extension
is not possible for the matrix-geometric method. This chapter provides the nec-
essary intermediate step in building up our approach from the first ideas in [28]
towards a completely general method that can be applied to queueing networks
for which currently no methods exist by which we can analyze them.
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The remainder of this chapter proceeds as follows. In Section 3.2, we present
the model and formulate the research problem. In Section 3.3, we provide an
approximation scheme to bound performance measures for any two-node queue
with finite buffers at both queues. We bound performance measures for a tandem
queue with finite buffers and some variants of this model in Section 3.4. In
Section 3.5, we extend the approximation scheme to any two-node queue with
finite buffers at only one queue. In Section 3.6, this extended approximation
scheme has been applied to a coupled-queue with processor sharing and finite
buffers at only one queue. Finally, we provide concluding remarks in Section 3.7.

3.2 Two-node queue with finite buffers at both
queues

3.2.1 Two-node queue with finite buffers at both queues
The two-node queue with finite buffers at both queues is a queueing system with
two servers, each of them having finite storage capacity. If a job arrives at a
server which does not have any more storage capacity, then the job is lost. In
general, the two queues influence each other, i.e., the service rate at one of the
queues depends on the number of jobs at the other.

Such a queueing system is naturally modeled as a two-dimensional finite ran-
dom walk, which we introduce next. The connection between the continuous-
time queueing system and the discrete-time random walk, obtained through uni-
formization, is made explicit for various examples in Section 3.4 and Section 3.6.

3.2.2 Two-dimensional finite random walk on both axis
We consider a two-dimensional random walk R on S where

S = {0, 1, 2, · · · , L1} × {0, 1, 2, · · · , L2}.

We use a pair of coordinates to represent a state, i.e., for n ∈ S, n = (i, j). The
state space is naturally partitioned in the following components (see Figure 3.1):

C1 = {1, 2, 3, · · · , L1 − 1} × {0}, C2 = {0} × {1, 2, 3, · · · , L2 − 1},
C3 = {1, 2, 3, · · · , L1 − 1} × {L2}, C4 = {L1} × {1, 2, 3, · · · , L2 − 1},
C5 = {(0, 0)}, C6 = {(0, L2)}, C7 = {(L1, L2)}, C8 = {(L1, 0)},
C9 = {1, 2, 3, · · · , L1 − 1} × {1, 2, 3, · · · , L2 − 1}.

We refer to this partition as the C-partition. The index of the component of
state n ∈ S is denoted by k(n), i.e., n ∈ Ck(n). Take for instance, C5 = (0, 0).
Then the index of (0, 0) is 5, hence, k((0, 0)) = 5, i.e., (0, 0) ∈ C5.

Transitions are restricted to the neighboring points (horizontally, vertically
and diagonally). For k = 1, 2, · · · , 9, we denote by Nk the neighbors of a state
in Ck. More precisely, N1 = {−1, 0, 1} × {0, 1}, N2 = {0, 1} × {−1, 0, 1}, N3 =
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C5 C1

C2 C9

C8

C7C6 C3

C4

Figure 3.1: C-partition of S with components C1, C2, · · · , C9.

{−1, 0, 1} × {−1, 0}, N4 = {−1, 0} × {−1, 0, 1}, N5 = {0, 1} × {0, 1}, N6 =
{0, 1} × {−1, 0}, N7 = {−1, 0} × {−1, 0}, N8 = {−1, 0} × {1, 0} and N9 =
{−1, 0, 1} × {−1, 0, 1}. Also, let N = N9.

Again, let us consider C5. The neighbors, N5, is the product set {0, 1}×{0, 1},
which denotes the coordinates of the transitions, either horizontally or vertically.

Let pk,u denote the transition probability from state n in component k to n+u,
where u ∈ Nk. For C5, we now have pk,u from state n = (0, 0) in component
k = 5 to (0, 0) + u, where u ∈ N5. This means u could be (0, 0), (0, 1), (1, 0)
and (1, 1). For instance, p5,(1,0) is the transition probability from state (0, 0) in
component 5 to (0, 0) + (1, 0), i.e., (1,0), transition to the right. The transition
diagram of a two-dimensional finite random walk can be found in Figure 3.2. The
transitions from a state to itself are omitted.

The system is homogeneous in the sense that the transition probabilities (in-
coming and outgoing) are translation invariant in each of the components, i.e.,

pk(n−u),u = pk(n),u, for n− u ∈ S and u ∈ Nk(n). (3.1)

Equation (3.1) not only implies that the transition probabilities for each part of
the state space are translation invariant but also ensures that also the transi-
tion probabilities entering the same component of the state space are translation
invariant.

We assume that the random walk R that we consider is aperiodic, irreducible,
positive recurrent, and has invariant probability measure π(n), where π(n) sat-
isfies for all n ∈ S,

π(n) =
∑

u∈Nk(n)

pk(n+u),−uπ(n+ u).
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→i

↑j
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p4,(−1,1)

p4,(−1,−1)

p7,(−1,0)

p7,(0,−1)

p7,(−1,−1)

L1

L2

Figure 3.2: Two-dimensional finite random walk on S. The transitions from a
state to itself are omitted.

3.2.3 Problem formulation
Our goal is to approximate the steady-state performance of the random walk R.
The performance measure of interest is

F =
∑

n∈S
π(n)F (n),

where F : S → [0,∞) is linear in each of the components from C-partition, i.e.,

F (n) = fk(n),0 + fk(n),1i+ fk(n),2j, for n = (i, j) ∈ S. (3.2)

The constants fk(n),0, fk(n),1 and fk(n),2 are allowed to be different for different
components from the C-partition of S.

In general, it is not possible to obtain the probability measure π(n) in a closed-
form. Therefore, we will use a perturbed random walk of which the invariant
measure has a closed-form expression to approximate the performance measure
F .

We approximate the performance measure F in terms of the perturbed ran-
dom walk R̄. We consider the perturbed random walk R̄ in which only the
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transition probabilities along the boundaries (C1, · · · , C8) are allowed to be dif-
ferent, i.e., for instance, p1,(−1,0), p1,(1,0), p1,(0,0) for the state from C1 are allowed
to be different in R̄, p2,(0,1), p2,(0,−1), p2,(0,0) for the state from C2 are allowed to
be different in R̄, etc. An example of a perturbed random walk R̄ can be found
in Figure 3.3.

→i

↑j

p̄5,(1,0)

p̄5,(0,1)

p̄1,(−1,0) p̄1,(1,0)

p̄2,(0,−1)

p̄2,(0,1)

p̄6,(1,0)

p̄6,(0,−1)

p̄3,(1,0)p̄3,(−1,0)

p̄8,(0,1)

p̄8,(−1,0)

p̄4,(0,1)

p̄4,(0,−1)

p̄7,(−1,0)

p̄7,(0,−1)

L1

L2

Figure 3.3: Perturbed random walk R̄.

We use p̄k,u to denote the probability of R̄ jumping from any state n in
component Ck to n + u, where u ∈ Nk. Moreover, let qk,u = p̄k,u − pk,u. The
probability measure m̄ of R̄ is assumed to be of product-form,i.e.,

π̄(n) = αρiσj ,

where n = (i, j) for some (ρ, σ) ∈ (0, 1)2 and α 6= 0. The measure π̄ is the
invariant measure of R̄, i.e., it satisfies

π̄(n) =
∑

u∈Nk(n)

p̄k(n+u),−uπ̄(n+ u), (3.3)

for all n ∈ S.
In the following sections, we are going to find upper and lower bounds of F

in terms of the perturbed random walk R̄ defined above.

3.3 Proposed approximation scheme
In this section, we establish an approximation scheme to find upper and lower
bounds for performance measures of a two-dimensional finite random walk.

In [28], an approximation scheme based on a linear program is developed for
a random walk in the quarter-plane. This approximation scheme has also been



38 Chapter 3. The two-node queue with finite buffers

used in [18]. We will show in this chapter that the technique can be extended
to cover our model, i.e., a two-dimensional finite random walk. We will explain
how this is achieved in the following sections.

3.3.1 Markov reward approach to error bounds

The fact that R and R̄ differ only along the boundaries of S makes it possible
to obtain the error bounds for the performance measures via the Markov reward
approach. An introduction to this technique is provided in [66]. We interpret F
as a reward function, where F (n) is the one step reward if the random walk is
in state n. We denote by F t(n) the expected cumulative reward at time t if the
random walk starts from state n at time 0, i.e.,

F t(n) =
{

0, if t = 0,
F (n) +

∑
u∈Nk(n)

pk(n),uF
t−1(n+ u), if t > 0,

For convenience, let F t(n+u) = 0 where u ∈ {(s, t)|s, t ∈ {−1, 0, 1}} if n+u /∈ S.
Terms of the form F t(n + u) − F t(n) play a crucial role in the Markov reward
approach and are denoted as bias terms. Let Dt

u = F t(n + u) − F t(n). For the
unit vectors e1 = (1, 0), e2 = (0, 1), let Dt

1(n) = Dt
e1(n) and Dt

2(n) = Dt
e2(n).

The next result in [66] provides bounds for the approximation error for F . We
will use two non-negative functions F̄ and G to bound the performance measure
F .

Theorem 3.1 ( [66]). Let F̄ : S → [0,∞) and G: S → [0,∞) satisfy
∣∣∣∣∣∣
F̄ (n)− F (n) +

∑

u∈Nk(n)

qk(n),uD
t
u(n)

∣∣∣∣∣∣
≤ G(n), (3.4)

for all n ∈ S and t ≥ 0. Then
∑

n∈S
[F̄ (n)−G(n)]π̄(n) ≤ F ≤

∑

n∈S
[F̄ (n) +G(n)]π̄(n). (3.5)

3.3.2 A linear program approach
In this section we present a linear program approach to bound the errors. Due to
our construction of R̄, the random walks R and R̄ differ only in the transitions
that are along the unit directions, i.e.,

qk,u = p̄k,u − pk,u = 0 for u 6= {e1, e2,−e1,−e2, (0, 0)}. (3.6)

This restriction will significantly simplify the presentation of the result.
To start, consider the following optimization problem. We only consider how

to obtain the upper bound for F here because the lower bound for F can be
found similarly.
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Problem 3.1.

minimize
∑

n∈S
[F̄ (n) +G(n)]π̄(n), (3.7)

subject to

∣∣∣∣∣F̄ (n)− F (n) +
∑

s=1,2

(
qk(n),esD

t
s(n)− qk(n),−esD

t
s(n− es)

)
∣∣∣∣∣

≤ G(n), for n ∈ S, t ≥ 0, (3.8)
F̄ (n) ≥ 0, G(n) ≥ 0, for n ∈ S. (3.9)

The variables in Problem 3.1 are the functions F̄ (n), G(n) and the parameters
are F (n), π̄(n), qk(n),es and Dt

s(n) for n ∈ S, s = 1, 2. Hence, Problem 3.1 is a
linear programming problem over two non-negative variables F̄ (n) and G(n) for
every n ∈ S.

This linear program has infinitely many constraints because we have un-
bounded time horizon. We will first bound the bias term Dt

s(n) uniformly over t.
Then we have a linear program with a finite number of variables and constraints.
However, further reduction is still needed because the number of variables and
constraints will increase rapidly if L1 and L2, which define the size of the state
space, increase. Our contribution is to reduce Problem 3.1 to a linear program-
ming problem where the number of variables and constraints does not depend
on the size of the finite state space. By doing so, we will achieve a constant
complexity in the parameters L1 and L2, as opposed to, for instance, the matrix
geometric method which has cubic complexity.

We now verify that the objective in Problem 3.1 is indeed an upper bound on
the performance measure F . Consider Dt

(0,0)(n) = 0, Dt
−es(n) = −Dt

es(n−es) for
s = 1, 2 and (3.6), it follows directly that (3.8) is equivalent to (3.4). Therefore,
it follows from Theorem 3.1 that the objective of Problem 3.1 provides an upper
bound on F .

3.3.3 Bounding the bias terms
The main difficulty in solving Problem 3.1 is the unknown bias terms Dt

s(n).
It is in general not possible to find closed-form expressions for the bias terms.
Therefore, we introduce two functions As: S → [0,∞) and Bs : S → [0,∞),
s = 1, 2. We will formulate a finite number of constraints on functions As and
Bs where s = 1, 2 such that for any t and s = 1, 2 we have

−As(n) ≤ Dt
s(n) ≤ Bs(n), (3.10)

i.e., , the functions As and Bs provide bounds on the bias terms uniformly over
all t ≥ 0. In the next section, we will find a finite number of constraints that
imply (3.10). Our method is based on the method that was developed in [28] for
the case of an unbounded state space.

For notational convenience, as will become clear below, we define a finer
partition of S, the Z-partition. This partition is depicted in Figure 3.4. For



40 Chapter 3. The two-node queue with finite buffers

example, we have Z1 = {(0, 0)}, Z2 = {(1, 0)}, Z3 = {2, . . . , L1 − 2}×{0},
Z4 = {(L1−1, 0)} and Z5 = {(L1, 0)}, the rest of the elements in the partition are
determined similarly. Let kz(n) denote the label of component from Z-partition
of state n ∈ S, i.e., n ∈ Zkz(n). Similar to the definition of Nk, let Nz

k denote
the neighbors of a state n in Zk from the Z-partition of S.

Z1 Z2 Z3 Z4 Z5

Z6 Z7 Z8 Z9 Z10

Z11 Z12 Z13 Z14 Z15

Z16 Z17 Z18 Z19 Z20

Z21 Z22 Z23 Z24 Z25

Figure 3.4: Z-partition of S with components Z1, Z2, · · · , Z25.

The constraints which ensure (3.10) are obtained based on an induction in t.
More precisely, we express Dt+1

s as a linear combination of Dt
1 and Dt

2 as

Dt+1
s (n) = F (n+ es)− F (n) +

∑

v=1,2

∑

u∈Nz
k(n)

cs,kz(n),v,uD
t
v(n+ u), (3.11)

where the cs,k,v,u, s ∈ {1, 2}, k ∈ {1, 2, · · · , 25}, v ∈ {1, 2}, u ∈ Nz
k are constants.

An important property of the Z-partition is that starting from any state n in
component kz of the Z-partition the component k(n + u) in the C-partition is
well defined for all u ∈ Nz

k and depends only on kz and u. In [28] it was shown,
using this property, that constants cs,k,v,u that ensure (3.11) always exist and
that they can be expressed as simple functions of the transition probabilities of
the random walk. The results in [28] are derived for the random walk on the
whole quarter-plane. However, a careful inspection of the results in [28] reveals
that they hold also for our model of a random walk on a bounded state space.
Therefore, we refer the reader to [28] and omit further details here.

We are now ready to bound the bias terms based on (3.11). The result, which
is easy to verify, states that if As: S → [0,∞) and Bs: S → [0,∞) where s = 1, 2
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satisfy

F (n+ es)− F (n) +
∑

v=1,2

∑

u∈Nz
k(n)

max{−cs,kz(n),v,uAs(n+ u), cs,kz(n),v,uBs(n+ u)}

≤ Bs(n), (3.12)

F (n)− F (n+ es) +
∑

v=1,2

∑

u∈Nz
k(n)

max{−cs,kz(n),v,uBs(n+ u), cs,kz(n),v,uAs(n+ u)}

≤ As(n), (3.13)

for all n ∈ S, then

−As(n) ≤ Dt
s(n) ≤ Bs(n), (3.14)

for s = 1, 2, n ∈ S and t ≥ 0.
After bounding the bias terms, we are able to rewrite the linear program

Problem 3.1 into Problem 3.2 with plugging in the upper and lower bounds for
Dt
s(n).

Problem 3.2.

minimize
∑

n∈S
[F̄ (n) +G(n)]m̄(n), (3.15)

subject to F̄ (n)− F (n) +
∑

s=1,2
max{qk(n),esBs(n) + qk(n),−esAs(n− es),

− qk(n),esAs(n)− qk(n),−esBs(n− es)} ≤ G(n), (3.16)

F (n)− F̄ (n) +
∑

s=1,2
max{qk(n),esAs(n) + qk(n),−esBs(n− es),

− qk(n),esBs(n)− qk(n),−esAs(n− es)} ≤ G(n) (3.17)

F (n+ es)− F (n) +
∑

v=1,2

∑

u∈Nz
k(n)

max{−cs,kz(n),v,uAs(n+ u),

cs,kz(n),v,uBs(n+ u)} ≤ Bs(n), (3.18)

F (n)− F (n+ es) +
∑

v=1,2

∑

u∈Nz
k(n)

max{−cs,kz(n),v,uBs(n+ u),

cs,kz(n),v,uAs(n+ u)} ≤ As(n), (3.19)
F̄ (n) ≥ 0, G(n) ≥ 0, As(n) ≥ 0, Bs(n) ≥ 0, (3.20)
for n ∈ S, s ∈ {1, 2}. (3.21)

3.3.4 Fixed number of variables and constraints
The final step is to reduce Problem 3.2 to a linear program with fixed number of
variables and constraints regardless of the size of the state space.
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We first introduce the notion of a piecewise-linear function on the Z-partition.
A function F : S → [0,∞) is called Z-linear if the function is linear in each of
the components from Z-partition, i.e.,

F (n) = fkz(n),0 + fkz(n),1i+ fkz(n),2j, for n = (i, j) ∈ S.

where fkz(n),0, fkz(n),1 and fkz(n),2 are the constants that define the function. In
similar fashion we define C-linear functions on the C-partition of S.

Now, in Problem 3.2 we put the additional constraint that the variables F̄ ,
G, As, Bs and Es are C-linear functions. Hence, these functions are defined in
terms of variables, the number of which is independent on L1 and L2. Hence,
the number of variables in the resulting linear program is independent of L1 and
L2.

It remains to show that the number of constraints is independent of L1 and
L2. Following the reasoning on the properties of Z-partition below (3.11) it
is easy to see that all constraints in Problem 3.2 can be formulated as a non-
negativity constraint on a Z-linear function. Such a constraint on a Z-linear
function induces at most 4 constraints per component in the Z-partition, one
constraint for each corner of the component. This indicates that the number of
constraints does not depend on the size of the state space, since the number of
constraints are fixed as well.

3.3.5 The optimal solutions

We are now able to find the upper and lower bounds of F based on the linear
program here.

Let P denote the set of (F̄ , G) for which we are able to find functions As,
Bs and Es where s = 1, 2 such that all constraints in Problem 3.2 are satisfied.
Then, we find the upper and lower bounds for F as follow.

Fup = min
{∑

n∈S
[F̄ (n) +G(n)]m̄(n)|(F̄ , G) ∈ P

}
,

and

Flow = max
{∑

n∈S
[F̄ (n)−G(n)]m̄(n)|(F̄ , G) ∈ P

}
.

We have now presented the complete approximation scheme to obtain the up-
per and lower bounds for F using the perturbed random walk R̄ of which the
probability measure is of product-form.

In the following section, we will consider some examples: a tandem queue
with finite buffers and some variants of this model.
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3.4 Application to the tandem queue with finite
buffers

In this section, we investigate the applications of the approximation scheme pro-
posed in Section 3.3.

3.4.1 Model description
Consider a two-node tandem queue with Poisson arrivals at rate λ. Both nodes
have a single server. At most a finite number of jobs, say L1 and L2 jobs, can
be present at nodes 1 and 2. This includes the jobs in service. An arriving job
is rejected if node 1 is saturated, i.e., there are L1 jobs at node 1. The service
time for the jobs at both nodes is exponentially distributed with parameters µ1
and µ2, respectively.

1 2

L1 L2Loss Blocked

Figure 3.5: Tandem queue with finite buffers.

When node 2 is saturated, i.e., there are L2 jobs at node 2, node 1 stops
serving. When it is not blocked, it instantly routes to node 2. All service times
are independent. We also assume that the service discipline is first-in first-out.

The tandem queue with finite buffers can be represented by a continuous-
time Markov process whose state space consists of the pairs (i, j) where i and j
are the number of jobs at node 1 and node 2, respectively. We now uniformize
this continuous-time Markov process to obtain a discrete-time random walk. We
assume without loss of generality that λ + µ1 + µ2 ≤ 1 and uniformize the
continuous-time Markov process with uniformization parameter 1. We denote
this random walk by RT . All transition probabilities of RT , except those for the
transitions from a state to itself, are illustrated in Figure 3.6.

3.4.2 Perturbed random walk of RT

We now present a perturbed random walk R̄T . The invariant measure of the
perturbed random walk R̄T is of product-form and only the transitions along the
boundaries in R̄T are different from those in RT .

In the perturbed random walk R̄T , the transition probabilities in the compo-
nents C3, C4, C6, C7, C8 are different from those in RT . More precisely, we have
p̄3,(1,0) = λ, p̄3,(−1,0) = µ1, p̄4,(0,1) = λ, p̄4,(0,−1) = µ2, see Figure 3.7. It can
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Figure 3.6: Transition diagram of RT .
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Figure 3.7: Transition diagram of R̄T .

be readily verified that the measure, which is of product-form, with α, which
depends on L1 and L2 as the normalizing constant

π̄(i, j) = α

(
λ

µ1

)i(
λ

µ2

)j

is the probability measure of the perturbed random walk by substitution into the
global balance equations (3.3) together with the normalization requirement.

3.4.3 Bounding the blocking probability
In this section, we provide error bounds for the blocking probability for the
tandem queue with finite buffers using our approximation scheme provided in
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Section 3.3. Moreover, we show that our results are better than those obtain by
van Dijk et al. in [67].

For a given performance measure F , we use Fup, F low to denote the upper
and lower bounds for F obtained based on our approximation scheme and F̃up,
F̃ low to denote the upper and lower bounds based on the method suggested by
van Dijk et al. [67].

We use F0 to denote the blocking probability, i.e., the probability that an ar-
riving job is rejected. We now consider an example that has also been considered
in [67].

Example 3.1. Consider a tandem queue with finite buffers, we have λ = 0.1,
µ1 = 0.2, µ2 = 0.2.

We would like to compute the blocking probability of the queueing system.
Hence, for the performance measure function F (n), defined in (3.2), we set the
coefficients fk,d where with k = 1, 2, · · · , 9, d = 0, 1, 2 to be f8,0 = 1, f4,0 = 1,
f7,0 = 1 and others 0. The error bounds can be found in Figure 3.8. Clearly, our
results outperform the error bounds obtained in [67]. Moreover, the difference
between the upper and lower bounds of F0 are captured in Figure 3.9. This
indicates that our error bounds are tighter than those in [67].

Example 3.1
λ = 0.1
µ1 = 0.2
µ2 = 0.2
L1 = L2
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Figure 3.8: The blocking probability F0.

In addition to the improved bounds, there is another advantage to our method.
There is a limitation to the model modification approach that is used in [67]. This
method requires a different model modification for each specific performance
measure. For instance, the specific model modifications which are used to find
error bounds for the blocking probability of a tandem queue with finite buffers
in [67] cannot be used to obtain error bounds for the average number of jobs
in the first node. In addition, extra effort is needed to verify that the model
modifications are indeed valid for a specific performance measure. In the next
section, we will show that our method can easily provide error bounds for other
performance measures without extra effort.
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Example 3.1
λ = 0.1
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Figure 3.9: The difference between bounds of F0.

3.4.4 Bounds for other performance measures

In this section, we will demonstrate the error bounds for other performance mea-
sures for Example 3.1, i.e., a tandem queue with finite buffers.

Let F1 be the average number of jobs at node 1 and F2 be the average number
of jobs at node 2.

In general, the models, (i.e., the perturbed systems), used to bound the block-
ing probability in [67] cannot be used to bound F1 and F2. The method in [67]
requires different upper and lower bound models for different performance mea-
sures. Moreover, this method also requires effort to verify that they are indeed
the upper and lower bound models for this specific performance measure. Our ap-
proximation scheme does not have this disadvantage. For different performance
measures, we only need to change the coefficients fk,d where k = 1, 2, · · · , 9 and
d = 0, 1, 2 in F (n), which is defined in (3.2).

It can be readily verified that the performance measure F is F1 if and only
if we assign the following values to the coefficients: f1,1 = 1, f8,1 = 1, f9,1 =
1, f4,1 = 1, f3,1 = 1, f7,1 = 1 and others 0. Figure 3.10 presents the error bounds
of F1. Similarly, the performance measure F is F2 if and only if we assign the
following values to the coefficients: f2,2 = 1, f9,2 = 1, f4,2 = 1, f6,2 = 1, f3,2 =
1, f7,2 = 1 and others 0. Figure 3.11 presents the error bounds of F2.

The results show that tight bounds have been achieved with our approxi-
mation scheme. Moreover, the only thing we need to change for different per-
formance measures is the input function, which does not require further model
modifications. In the next section, we will show that our approximation scheme
could also give error bounds for the performance measures of the tandem queue
with finite buffers which has a slower or faster server when another node is idle
or saturated, respectively, without model modifications as well.
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Figure 3.10: Average number of jobs at node 1, F1.
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Figure 3.11: Average number of jobs at node 2, F2.

3.4.5 Tandem queue with finite buffers and server slow-
down/speed-up

In this section, we consider two variants of the tandem queue with finite buffers.
More specifically, we provide error bounds for the blocking probabilities when
one server in the tandem queues with finite buffers is slower or faster if another
node is idle or saturated, respectively.

Tandem queue with finite buffers and server slow-down

Tandem queue with server slow-down has been previously studied in, for in-
stance, [52, 70]. A specific type of tandem queue with finite buffers and server
slow-down has been considered in [52, 70]. More precisely, the service speed of
node 1 is reduced as soon as the number of jobs in node 2 reaches some pre-
specified threshold because of some sort of protection against frequent overflows.
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We consider a different scenario with server slow-down. In our case, the
service rate at node 2 reduces when node 1 is idle. This comes from a practical
situation that when node 1 is idle, the working pressure for node 2 decreases
and can shift some working capacity to other tasks. Therefore, we consider a
two-node tandem queue with Poisson arrivals at rate λ. Both nodes have a single
server. At most a finite number of jobs, say L1 and L2 jobs, can be present at
nodes 1 and 2, respectively. An arriving job is rejected if node 1 is saturated.
The service time for the jobs at both nodes are exponentially distributed with
parameters µ1 and µ2, respectively. While node 2 is saturated, node 1 stops
serving. When it is not blocked, it instantly routes to node 2. While node 1 is
idle, the service rate of node 2 becomes µ̃2 where µ̃2 < µ2. All service times are
independent. We also assume that the service discipline is first-in first-out.

The tandem queue with finite buffers and server slow-down can be represented
by a continuous-time Markov process whose state space consists of the pairs
(i, j) where i and j are the number of jobs at node 1 and node 2, respectively.
We assume without loss of generality that λ + µ1 + µ2 ≤ 1 and uniformize
this continuous-time Markov process with uniformization parameter 1. Then we
obtain a discrete-time random walk. We denote this random walk by RsdT , all
transition probabilities of RsdT , except those for the transitions from a state to
itself, are illustrated in Figure 3.12.

It can be readily verified that the random walk R̄T as defined in Section 3.4.2
is a perturbed random walk of RsdT as well, i.e., the transition probabilities in R̄T
only differ from those in RsdT along the boundaries. We next consider a numerical
example.
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Figure 3.12: Tandem queue with server slow-down and blocking.

Example 3.2 (slow-down). Consider a tandem queue with finite buffers and
server slow-down, we have λ = 0.1, µ1 = 0.2, µ2 = 0.2 and µ̃2 = 0.5µ2.

The error bounds for the blocking probability of Example 3.2 are illustrated
in Figure 3.13.
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Example 3.2
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Figure 3.13: Blocking probability with server slow down.

Notice that our approximation scheme is sufficiently general in the sense that
the error bounds for the performance measures of all tandem queue with server
slow-down and blocking mentioned in the previous paragraphs can be obtained
with our approximation scheme. There are no restrictions on the input random
walk.

Tandem queue with finite buffers and server speed-up

It is also of great interest to consider a tandem queue with finite buffers and
server speed-up.

We consider the following scenario with server speed-up: The service rate at
node 2 increases when node 1 is saturated. This comes from a practical situation,
for instance, when node 1 is saturated, the working pressure for node 2 increases
to eliminate the jobs in the queueing system. Therefore, we consider a two-node
tandem queue with Poisson arrivals at rate λ. Both nodes have a single server.
At most a finite number of jobs, say L1 and L2 jobs, can be present at nodes 1
and 2, respectively. An arriving job is rejected if node 1 is saturated. The service
time for the jobs at both nodes are exponential distributed with parameters µ1
and µ2, respectively. When node 2 is saturated, node 1 stops serving. When it is
not blocked, it instantly routes to node 2. When node 1 is saturated, the service
rate of node 2 becomes µ̄2 where µ̄2 > µ2. All service times are independent. We
also assume that the service discipline is first-in first-out.

Tandem queue with finite buffers and server speed-up can be represented
by a continuous-time Markov process whose state space consists of the pairs
(i, j) where i and j are the number of jobs at node 1 and node 2, respectively.
We assume without loss of generality that λ + µ1 + µ̄2 ≤ 1 and uniformize
this continuous-time Markov process with uniformization parameter 1. Then we
obtain a discrete-time random walk. We denote this random walk by RsuT , all
transition probabilities of RsuT , except those for the transitions from a state to
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itself, are illustrated in Figure 3.14.
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Figure 3.14: Tandem queue with finite buffers and server speed-up.

Again, it can be readily verified that the random walk R̄T as defined in
Section 3.4.2 is a perturbed random walk of RsuT because only the transitions
along the boundaries in R̄T are different from those in RsuT . We next consider
the following numerical example.
Example 3.3 (speed-up). Consider a tandem queue with finite buffers and server
speed-up, we have λ = 0.1, µ1 = 0.2, µ2 = 0.2 and µ̄2 = 1.2µ2.

The error bounds for the blocking probability of Example 3.3 can be found
in Figure 3.15.

Example 3.3
λ = 0.1
µ1 = 0.2
µ2 = 0.2
L1 = L2
µ̄2 = 1.2µ2

5 6 7 8 9 10 11 12 13 14 15

0

0.5

1

1.5

·10−2

Size of the �nite bu�ers

B
lo
ck
in
g
p
ro
b
a
b
il
it
y

Fup
0

F low
0

Figure 3.15: Blocking probability with server speed-up.

In the next section, we will extend our approximation scheme to the two-
dimensional random walk in which one dimension is finite and another dimension
is infinite.
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3.5 Two-node queue with finite buffers at one
queue

The two-node queue with finite buffers at one queue is a queueing system with
two servers, one of them having finite storage capacity. Without loss of generality,
we assume node 1 has finite capacity. If a job arrives at node 1 when it does
not have any more storage capacity, then the job is lost. There is no restriction
to the capacity of node 2. In general, the two queues influence each other. In
particular, the service rate at node 2 depends on the number of jobs at node
1. Again we model this queueing system as a two-dimensional random walk for
which the state space is finite in one dimension.

We consider a two-dimensional random walk R̃ on S̃ where

S̃ = {0, 1, 2, · · · , L1} × {0, 1, 2, 3, · · · }.

Next, we introduce the modified approximation scheme which will be used
to find the upper and lower bounds. Similar to the development of the approxi-
mation scheme for the two-dimensional finite random walk at both axis, we are
able to partition the state space and construct the approximation scheme for the
random walk R̃ on state space S̃ based on the Markov reward approach. The pro-
cedure is different only in the aspect the definition of the components C1, C2, . . . ,
changes. Therefore, we omitted the details and present only the numerical results
that have been obtained based on this model.

3.6 Application to the coupled-queue with pro-
cessor sharing and finite buffers at one queue

In this section, we apply the approximation scheme to a coupled-queue with
processor sharing and finite buffers at one queue. Two coupled processors problem
has been extensively studied so far. In particular, Fayolle et al. reduce the
problem of finding the generating function of the invariant measure to a Riemann-
Hilbert problem in [23]. However, when we have finite buffers, in general, the
methods developed for a coupled-queue with infinite buffers are no longer valid
except for the matrix geometric method.

3.6.1 Model description
Consider a two-node queue with Poisson arrivals at rate λ1 for node 1 and λ2
for node 2. Both nodes have a single server and at most L1 jobs can be present
at nodes 1 and there is no restriction for the capacity of node 2. When neither
of the nodes is empty they evolve independently, but when one of the queues
becomes empty the service rate at another queue changes. An arriving job for
node 1 is rejected when node 1 is saturated. The service time at both nodes is
exponentially distributed with parameters µ1 and µ2, respectively, when neither
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of the queue is empty. When node 1 is empty, the service rate at node 2 becomes
µ̃2 where µ̃2 > µ2. When node 2 is empty, the service rate at node 1 becomes µ̃1
where µ̃1 > µ1. All service requirements are independent. We also assume that
the service discipline is first-in first-out.

This coupled-queue with processor sharing and finite buffers at one queue can
be represented by a continuous-time Markov process whose state space consists
of the pairs (i, j) where i and j are the number of jobs at node 1 and node 2,
respectively. We assume without loss of generality that λ1 +λ2 + µ̃1 + µ̃2 ≤ 1 and
uniformize this continuous-time Markov process with uniformization parameter
1. Then we obtain a discrete-time random walk. We denote this random walk
by RC . All transition probabilities of RC , except those for the transitions from
a state to itself, are illustrated in Figure 3.16.
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Figure 3.16: Coupled-queue with processor sharing and finite buffers at one
queue.

3.6.2 Perturbed random walk R̄C

We now display a perturbed random walk R̄C of RC such that the probability
measure of R̄C is of product-form and only the transitions along the boundaries
in R̄C are different from those in RC .

It can be readily verified that the invariant measure of the perturbed random
walk R̄C in Figure 3.17, which is of product-form, with α, which depends on L1
as the normalizing constant

π̄(n) = α

(
λ1
µ1

)i(
λ2
µ2

)j
where n = (i, j),

is the probability measure of the perturbed random walk by substitution into the
global balance equations (3.3) together with the normalization requirement.



3.6. Application to the coupled-queue with processor sharing and
finite buffers at one queue 53

→i

↑j

λ1

λ2

µ1 λ1

λ2

µ2 λ1

λ2
λ1

λ2

µ1

µ2 µ2

µ1

λ2

µ1

λ2

Figure 3.17: Transition diagram of the perturbed random walk R̄C .

We next illustrate a numerical example of a coupled-queue with processor
sharing and finite buffers at one queue.

3.6.3 Numerical results
Example 3.4. Consider a coupled-queue with finite buffers at one queue, we
have λ1 = λ2 = 0.15, µ1 = µ2 = 0.2, µ̃1 = µ̃2 = 0.25.

We approximate the average number of jobs in node 1. We use F1 to denote
the average number of jobs in node 1. The upper and lower bounds of F1, which
are denoted by Fup1 and F low1 , can be found in Figure 3.18.
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Figure 3.18: Average number of jobs in node 1.

We see from the results in Figure 3.18 that our approximation scheme can



54 Chapter 3. The two-node queue with finite buffers

also be extended to finite random walks at one axis. Moreover, note that when
L1, i.e., the size of the first dimension, is increasing, the values of the upper and
lower bounds reach a limit.

In the next numerical example, we will fix the service rate. We present the
error bounds for the corresponding performance measure when the occupation
rate, i.e., ρ = λ

µ increases, even close to 1.

Example 3.5. Consider a coupled-queue with finite buffers at one queue, we
have µ1 = µ2 = 0.2, µ̃1 = µ̃2 = 0.25, L1 = 20. Let ρ changes from 0.5 to 0.95.
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Figure 3.19: Average number of jobs in node 1 when ρ increases.

We see from Figure 3.19 that the error bounds are quite tight as well.
Next, we present several examples for the blocking probability, which is again

denoted by F0, based on Example 3.5 in which the size of the buffers in the first
dimension increases from 20 to 10000.

Example 3.6. Consider a coupled-queue with finite buffers at one queue, we
have µ1 = µ2 = 0.2, µ̃1 = µ̃2 = 0.25, L1 = 20 and the occupation rate increases
from 0.5 to 0.95.

The bounds for blocking probabilities are very close in this case, hence, we
convert these probabilities by applying logarithm to the y axis in Figure 3.20 and
also in following examples.

Example 3.7. Consider a coupled-queue with finite buffers at one queue, we
have µ1 = µ2 = 0.2, µ̃1 = µ̃2 = 0.25, L1 = 500 and the occupation rate increases
from 0.98 to 0.99.

Next, we also extend these numerical results to the case when L1 = 10000.

Example 3.8. Consider a coupled-queue with finite buffers at one queue, we
have µ1 = µ2 = 0.2, µ̃1 = µ̃2 = 0.25, L1 = 10000 and the occupation rate
increases from 0.98 to 0.99.
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Figure 3.20: The converted blocking probability (y = log Y ), L1 = 20.
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Figure 3.21: The converted blocking probability (y = log Y ), L1 = 500.

We see from the above examples that relatively tight bounds are obtained
efficiently based on our approach. As discussed in the introduction that the
matrix geometric method has cubic complexity in L1.

3.7 Conclusions
In this chapter, we presented a general approximation scheme for a two-node
queue with finite buffers at either one or both queues, which establishes error
bounds for a large class of performance measures. Our work is an extension of
the linear programming approach developed in [28] to approximate performance
measures of random walks in the quarter-plane.

We first developed an approximation scheme for a two-node queue with finite
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Example 3.8
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Figure 3.22: The converted blocking probability (y = log Y ), L1 = 10000.

buffers at both queues. We then applied this approximation scheme to obtain
bounds for performance measures of a tandem queue in which both buffers are
finite and some variants of this model. We also extended the approximation
scheme to deal with a two-node queue with finite buffers at only one queue. We
applied our approximation scheme to a coupled-queue with finite buffers at one
queue. The approximation scheme gives tight bounds for various performance
measures, like the blocking probability and the average number of jobs at node
1. We also obtain error bounds for the blocking probabilities when the size of
the buffers in one dimension is really large.

To summarize, the complexity for solving a system of linear equations is at
least O(L2

1) and the variations of matrix geometric method share a complexity
of O(L3

1) in general. Therefore, when L1 is large, our approach, of which the
complexity is a constant in L1, acts as a promising alternative to finding an
approximation to the invariant measures.
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4.1 Introduction

In this chapter, we consider a discrete-time random walk R in S = {0, 1, . . . }M ,
that is homogeneous with respect to a partition C = {Ck}k∈K .

Moreover, we consider a non-negative, C-linear F : S → [0,∞), defined as

F (n) =
∑

k∈K
1 (n ∈ Ck)

(
fk,0 +

M∑

i=1
fk,ini

)
. (4.1)

Recall from Section 1.3 that the bias terms are defined as

Dt
u(n) = F t(n+ u)− F t(n), (4.2)

where F t(n) is the expected cumulative reward up to time t if R starts from n at
time 0. As is seen from Chapter 2, bounds on the bias terms that are independent
of time t are important for applying the Markov reward approach.

The Markov reward approach has been applied to various queueing networks
in [14], [64], [65], [66], [67], [68] and [69]. In these works, bounds on the bias
terms are verified for the selected model by induction, which is often complicated
and tedious. Then, in [28] a general verification technique has been developed
for random walks in the quarter plane, where bounds on the bias terms can be
verified through a linear program. In [66], it is shown that the bias terms are
bounded by the mean first passage time between n and n+ u, for which closed-
form expressions are difficult to obtain. Therefore, in this chapter our goal is to
find Bu(n) for which

∣∣Dt
u(n)

∣∣ ≤ Bu(n), (4.3)

for all t ≥ 0. The contributions of this chapter are:

1. We present a bounding function on the bias terms that is geometrically
increasing in the coordinate of the state if R has negative drift. We give an
explicit expression for the bounding function.

2. We show that if R has negative drift, there exists a bounding function
that is quadratically increasing in the coordinate of the state. The explicit
expression for the quadratic bound is difficult to obtain. Hence, we have
extended the linear program in Chapter 2 to obtain bounds on F based on
quadratic bounds on the bias terms.

3. We compare numerical results obtained by considering various bounds on
bias terms. We see that the geometric bounds are often not tight. By con-
sidering quadratic and linear bounds on the bias terms, we obtain relatively
tight bounds on F . Moreover, by considering quadratic bounds we can ob-
tain error bounds in cases where error bounds are not available considering
linear bounds. We can also get tighter bounds by considering quadratic
bounds.
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The remainder of the chapter is structured as follows. In Section 4.2, we
review the existing results on geometric ergodicity and µ-ergodicity given in [50]
and [51]. Then, in Section 4.3 we use these results to find a geometric and a
quadratic bounding function on the bias terms. Next, in Section 4.4, we extend
the linear program in Chapter 2 to a program based on quadratic bounds on the
bias terms. Finally, in Section 4.5, we implement the linear program in numerical
examples, where we consider various performance measures and compare the
upper and lower bounds provided by the results of this chapter and those from
Chapter 2.

4.2 Preliminaries: geometric ergodicity and µ-
ergodicity

In this section, we will review some definitions and results on geometric ergodicity
and µ-ergodicity that are given in [51]. First, we give the following definitions.

Definition 4.1 (µ-norm). Let µ : S → [1,∞). Then, for h : S → R, the µ-norm
of h is defined as

|h|µ = sup
n∈S

|h(n)|
µ(n) . (4.4)

Definition 4.2 (µ-total variation norm). Let µ : S → [1,∞). Then, for h : S →
R, the µ-total variation norm of h is given by

‖h‖µ = sup
g:|g|µ≤1

∣∣∣∣∣
∑

n∈S
h(n)g(n)

∣∣∣∣∣ . (4.5)

Definition 4.3 (Geometric ergodicity). A random walk R is geometrically er-
godic if there exist function V : S → [1,∞), constant b > 0, ε > 0 and finite set
B ⊂ S such that

∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n) ≤ −εV (n) + b1B(n), ∀n ∈ S, (4.6)

where

1B(n) =
{

1, n ∈ B,
0, otherwise.

(4.7)

Definition 4.4 (µ-ergodicity). A random walk R is µ-ergodic if there exist
functions µ : S → [1,∞) and V : S → [0,∞), constant b > 0 and finite set
B ⊂ S such that

∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n) ≤ −µ(n) + b1B(n), ∀n ∈ S. (4.8)
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If (4.6) holds, by taking µ = V , V ′ = ε−1V , b′ = ε−1b, (4.8) holds for
µ, V ′, b′ and B. Therefore, geometric ergodicity implies µ-ergodicity. In the
following lemmas, we present results from [50] and [51] for geometrically ergodic
and µ-ergodic random walks.

Lemma 4.1 ([50, Theorem 2.3]). Suppose that R is irreducible and aperiodic.
If (4.6) holds for V : S → [1,∞), ε > 0, b > 0 and finite set B ⊆ S, and

δ := min
n∈B

∑

u∈Nc(n):
n+u∈B

pc(n),u > 0, (4.9)

then,
∞∑

k=0
‖P kn − P kn′‖V ≤ (1 + γ)ρ(1− ρ)−1(ρ− ϑ)−1 [V (n) + V (n′)] , (4.10)

for any ρ > ϑ = 1−M−1
B , where P kn : S → [0, 1] is the k-step transition probability

starting from state n at time 0 and

MB = (1− λ)−2
[
1− λ+ b̂+ b̂2 + η(b̂(1− λ) + b̂2)

]
,

γ = δ−2 [4b+ 2δ(1− ε)vB ] ,
λ = (1− ε+ γ)/(1 + γ), b̂ = vB + γ,

vB = max
n∈B

V (n), η = δ−5(4− δ2)ε−2b2.

Lemma 4.2 ([51, Theorem 14.2.3]). Suppose that R is irreducible and aperiodic.
If (4.8) holds for V : S → [0,∞), µ : S → [1,∞), b > 0 and finite set B ⊆ S,
then there exists b0 <∞ such that for any n, n′ ∈ S,

∞∑

k=0
‖P kn − P kn′‖µ ≤ V (n) + V (n′) + b0. (4.11)

In both lemmas, bounds can be obtained on the sum of µ-total variation
norms of P kn − P kn′ over k. The difference is that under the stronger geometric
ergodicity condition an explicit bound can be obtained, while under the weaker
µ-ergodicity condition, the constant b0 of the bound is not known explicitly.

4.3 Bounds on the bias terms
In this section, we show that if R has negative drift, then the bias terms are
bounded by a geometric function as well as a quadratic function. In Section 4.3.1,
we define what we call a random walk with negative drift. Next, in Section 4.3.2
we show that a random walk with negative drift is geometrically ergodic. Hence,
we can obtain a geometric bounding function on the bias terms. Then, in Sec-
tion 4.3.3 we show that a random walk with negative drift is also µ-ergodic. Thus,
the bias terms can be bounded by a quadratic function.
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4.3.1 Random walks with negative drift
We first consider the following definitions. For state n ∈ S, let I(n) denote the
dimensions i for which ni > 0, i.e.,

I(n) = {i = 1, . . . ,M | ni > 0} . (4.12)

Moreover, for i = 1, . . . ,M , define partial sums of the transition probabilities in
the following way,

s+
i (n) =

∑

u∈Nc(n):ui=1
pc(n),u, (4.13)

s◦i (n) =
∑

u∈Nc(n):ui=0
pc(n),u, (4.14)

s−i (n) =
∑

u∈Nc(n):ui=−1
pc(n),u. (4.15)

Note that if i /∈ I(n), then ni = 0 and s−i (n) = 0. Since the transition probabili-
ties sum up to one, for any i = 1, . . . ,M and n ∈ S,

s+
i (n) + s◦i (n) + s−i (n) = 1. (4.16)

Therefore, below we define a random walk with negative drift.

Definition 4.5 (Random walk with negative drift). A random walk R is said to
have negative drift if

sup
n∈S,i∈I(n)

{
s+
i (n)− s−i (n)

}
< 0. (4.17)

Intuitively, it means that in any dimension i, if ni > 0, then the drift at state
n in dimension i is strictly negative. We remark that since R is homogeneous
with respect to a partition C, the supremum above can be obtained.

4.3.2 Geometric bounds on the bias terms
In this section, we show that if a random walk has negative drift, then it is
geometrically ergodic. Using the results given in the previous section, we can
obtain a geometric bounding function on the bias terms.

Notice that in Lemmas 4.1 and 4.6, bounds have been obtained on the µ-total
variation norm of P kn − P kn′ . Before we dive into geometric ergodicity, we build
a relation between bounds on the bias terms and the µ-total variation norm of
P kn − P kn′ in the following lemma.

Lemma 4.3. Consider a C-linear function F : S → [0,∞). Let µ : S → [1,∞)
be a function for which |F |µ ≤ 1. Then,

∣∣Dt
u(n)

∣∣ ≤
∞∑

k=0
‖P kn+u − P kn‖µ, (4.18)
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where P kn : S → [0, 1] is the k-step transition probability starting from state n at
time 0.

Proof. Since

Dt
u(n) = Dt(n, n+ u) = F t(n+ u)− F t(n),

using (1.13) and the definition of µ-total variation norm, we have

∣∣Dt
u(n)

∣∣ =
∣∣∣∣∣
t−1∑

k=0

∑

m∈S

[
P kn+u(m)F (m)− P kn (m)F (m)

]
∣∣∣∣∣ (4.19)

≤
t−1∑

k=0

∣∣∣∣∣
∑

m∈S

[
P kn+u(m)− P kn (m)

]
F (m)

∣∣∣∣∣ (4.20)

≤
∞∑

k=0
‖P kn+u − P kn‖µ. (4.21)

Thus, if we establish an upper bound on
∑∞
k=0 ‖P kn+u−P kn‖µ, we also obtain

a bounding function on Dt
u(n). In the next lemma, we show that a random walk

R with negative drift is geometrically ergodic.

Lemma 4.4. Suppose that the random walk R is irreducible, aperiodic, positive
recurrent and has negative drift. Let ri, i = 1, . . . ,M satisfy

1 < ri < inf
n∈S:i∈I(n)

{
s−i (n)
s+
i (n)

}
. (4.22)

Then, R is geometrically ergodic, with

V (n) = v0 +
M∑

i=1
vir

ni
i , (4.23)

for any v0 ≥ 1, vi > 0, i = 1, . . . ,M , 0 < ε < ε∗, and

b = εv0 +
M∑

i=1
vi

(
sup
n∈S

{
s+
i (n)

}
(ri − 1) + ε

)
, (4.24)

B =
{
n ∈ S | ni ≤ max

{
log(v−1

i b)− log(ε∗ − ε)
log ri

, 1
}
, ∀i = 1, . . . ,M

}
, (4.25)

where ε∗ = minn∈S,i∈I(n)
{
s+
i (n)(1− ri) + s−i (n)(1− r−1

i )
}
.

Proof. First we show that V (n) is well defined. For any i = 1, . . . ,M , since R is
irreducible, there exists at least one n0 ∈ S for which i ∈ I(n0) and s+

i (n0) > 0.
Therefore,

inf
n∈S:i∈I(n)

{
s−i (n)
s+
i (n)

}
≤ s−i (n0)
s+
i (n0)

<∞. (4.26)
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Due to negative drift of R, it can be verified that

inf
n∈S:i∈I(n)

{
s−i (n)
s+
i (n)

}
> 1. (4.27)

Thus, there exists ri satisfying (4.22) and V (n) is well defined. Moreover, V (n) ≥
1 since v0 ≥ 1 and vi ≥ 0.

Next, for geometric ergodicity, it is sufficient to verify that (4.6) holds. We
have

∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n)

=
∑

u∈Nc(n)

pc(n),u

(
v0 +

M∑

i=1
vir

ni+ui
i

)
− v0 −

M∑

i=1
vir

ni
i

=
∑

u∈Nc(n)

pc(n),u

M∑

i=1
vir

ni+ui
i −

M∑

i=1
vir

ni
i . (4.28)

Since

∑

u∈Nc(n)

pc(n),u

M∑

i=1
vir

ni+ui
i =

M∑

i=1
vi
(
s+
i (n)rni+1

i + s◦i (n)rnii + s−i (n)rni−1
i

)
,

(4.29)

using (4.16) we get
∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n)

=
M∑

i=1

vi

(
s+

i (n)rni+1
i + s◦i (n)rni

i + s−i (n)rni−1
i

)
(4.30)

−
M∑

i=1

vi

(
s+

i (n) + s◦i (n) + s−i (n)
)
rni

i

=
∑

i∈I(n)

(
s+

i (n)(ri − 1) + s−i (n)(r−1
i − 1)

)
rni

i +
∑

i/∈I(n)

vi

(
s+

i (n)(ri − 1)
)
. (4.31)

Note that rnii vanishes from the second term in (4.31) since ni = 0 and rnii = 1.
Thus,

∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n) + εV (n)

=
∑

i∈I(n)

vi

(
s+

i (n)(ri − 1) + s−i (n)(r−1
i − 1) + ε

)
rni

i + εv0 +
∑

i/∈I(n)

vi

(
s+

i (n)(ri − 1) + ε
)

≤
∑

i∈I(n)

vi (−ε∗ + ε) rni
i + b, (4.32)
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where we use the definition of ε∗ and b for the inequality. Since 1 < ri <
s−i (n)/s+

i (n), it can be checked that as a function of ri, s+
i (n)(1−ri)+s−i (n)(1−

r−1
i ) > 0 for any i ∈ I(n). Hence, ε∗ > 0 and −ε∗ + ε < 0. Thus, the first
term in (4.32) is decreasing in ni while the second term is a constant in n. From
the definition of B it can be checked that for any n /∈ B there exists at least an
i0 ∈ I(n) for which

vi0 (−ε∗ + ε) rni0i0
+ b ≤ 0. (4.33)

Therefore, (4.6) holds.

Next we use the results of Lemmas 4.1, 4.3 and 4.4 to obtain a geometric
bounding function on the bias terms, which is one of the main results of this
chapter.
Theorem 4.5. Suppose that random walk R is irreducible, aperiodic, positive
recurrent and has negative drift. Then, for any C-linear F : S → [0,∞),

|Dt
u(n)| ≤ (1 + γ)ρ(1− ρ)−1(ρ− ϑ)−1 [V (n) + V (n+ u)] , (4.34)

for any ρ > ϑ = 1−M−1
B , where

V (n) = f0 +
M∑

i=1
f∗i r

ni
i , f0 = max

k∈K
{fk,0, 1} , f∗i = maxk {fk,i, 1}

log ri · rlog ri
i

,

1 < rj < inf
n∈S:i∈I(n)

{
s−i (n)
s+
i (n)

}
,

ε∗ = inf
n∈S,i∈I(n)

{
s+
i (n)(1− ri) + s−i (n)(1− r−1

i )
}
, 0 < ε < ε∗,

b = εf0 +
M∑

i=1
f∗i

(
sup
n∈S

{
s+
i (n)

}
(ri − 1) + ε

)
,

MB = (1− λ)−2
[
1− λ+ b̂+ b̂2 + η(b̂(1− λ) + b̂2)

]
,

δ = min
n∈B

∑

u∈N(n):
n+u∈B

pc(n),u, vB = f0 + Mb

ε∗ − ε
, η = δ−5(4− δ2)ε−2b2,

γ = δ−2 [4b+ 2δ(1− ε)vB ] , λ = (1− ε+ γ)/(1 + γ), b̂ = vB + γ,

Proof. In the proof we only need to show that |F |V ≤ 1. Let

f0 = max
k∈K
{fk,0, 1} , fi = max

k∈K
{fk,i, 1} , ∀i = 1, . . . ,M. (4.35)

Then fi > 0, for all i ∈ {1, . . . ,M}. Moreover, it can be verified that

max
x>0

{
fix

rxi

}
≤ fi

log ri · rlog ri
i

= f∗i . (4.36)
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Hence, for any i = 1, . . . ,M , fini ≤ f∗i r
ni
i and then |F |V ≤ 1. Moreover, since

B 6= {0} and R has negative drift,

δ = min
n∈B

∑

u∈N(n):
n+u∈B

pc(n),u > 0. (4.37)

The result follows immediately from Lemmas 4.1, 4.3 and 4.4.

We have obtained a geometric bounding function on the bias terms that can
be computed based on the parameters of the random walk. However, as will be
seen in Section 4.5, these bounds are often far from tight. Thus, we can not
obtain reasonable error bounds on F using these bounds. Therefore, next we
show that a random walk with negative drift is also µ-ergodic. Thus, a quadratic
bounding function for the bias terms exists.

4.3.3 Quadratic bounds on the bias terms
In this section, we follow the same steps as the previous section. First, in the
next lemma we show that a random walk with negative drift is µ-ergodic for any
linear function µ.

Lemma 4.6. Suppose that random walk R is irreducible, aperiodic, positive re-
current and has negative drift. Then, for any function

µ(n) = µ0 +
M∑

i=1
µini,

with µ0 ≥ 1 and µ1, . . . , µM ≥ 0, R is µ-ergodic. More precisely, (4.8) holds with

V (n) =
M∑

i=1
vin

2
i , vi = −µ∗

supn∈S:i∈I(n)
{
s+
i (n)− s−i (n)

} ,

µ∗ = max
i=0,...,M

{µi} , b = µ0 +
M∑

i=1
vi,

B =
{
n ∈ S | ni ≤

µ0 +
∑M
i=1 vi

µ∗

}
.

Proof. This proof follows the same approach as the proof of Lemma 4.4. Thus,
some intermediate verification steps are omitted for brevity.

First, we show that V (n) is well defined. Since R has negative drift, 0 <
vi <∞. Moreover, for i = 1, . . . ,M , there exists at least one state no for which
i ∈ I(n0). Then,

vi ≥
−µ∗

s+
i (n0)− s−i (n0)

≥ 0. (4.38)
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Therefore, vi ≥ 0 for i = 1, . . . ,M and V (n) is non-negative.
Next, we verify that (4.8) holds. Plugging in the expression for V (n), we have

∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n) =
M∑

i=1

∑

u∈Nc(n)

pc(n),uvi(ni + ui)2 −
M∑

i=1
vin

2
i .

(4.39)

Using (4.16), we have
∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n)

=
∑

i∈I(n)

[
s+
i (n)vi(2ni + 1) + s−i (n)vi(−2ni + 1)

]
+
∑

i/∈I(n)

s+
i (n)vi. (4.40)

Rewriting the RHS gives that
∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n)

=
∑

i∈I(n)

2vi
[
s+
i (n)− s−i (n)

]
ni +

∑

i∈I(n)

vi
[
s+
i (n) + s−i (n)

]
+
∑

i/∈I(n)

s+
i (n)vi

≤−
∑

i∈I(n)

2µ∗ni +
M∑

i=1
vi, (4.41)

where the inequality follows from the definition of vi. Hence,

∑

u∈Nc(n)

pc(n),uV (n+ u)− V (n) + µ(n) ≤
∑

i∈I(n)

−µ∗ni + µ0 +
M∑

i=1
vi, (4.42)

Observe that RHS has linearly decreasing terms in ni and one constant part.
Moreover, µ∗ ≤ 1 from its definition. Therefore, it can be verified that (4.8)
holds for the specified B and R is µ-ergodic.

In the following theorem we show that the bias terms can be bounded by a
quadratic function, which is the other main result of this section.

Theorem 4.7. Suppose that random walk R is irreducible, aperiodic, positive
recurrent and has negative drift. Then, for any C-linear F : S → [0,∞), there
exists b0 <∞ such that

|Dt
u(n)| ≤ V (n) + V (n+ u) + b0,

where

V (n) =
M∑

i=1
vin

2
i , (4.43)
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f∗ = max
k=1,...,K

max
i=0,...,M

{fk,i, 1} , (4.44)

vi = −f∗
supn∈S:i∈I(n)

{
s+
i (n)− s−i (n)

} . (4.45)

Proof. Let

f0 = max
k=1,...,K

{fk,0} , fi = max
k=1,...,K

{fk,i} , ∀i = 1, . . . ,M,

and take

µ(n) = max{1, f0}+
M∑

i=1
fini.

Thus, it is clear that µ(n) ≥ 1 and |F |µ ≤ 1. The result follows immediately
from Lemmas 4.2, 4.3 and 4.6.

From Theorems 4.5 and 4.7, we see that for a random walk with negative
drift the bias terms can be bounded by a quadratic function and by a geometric
function. In general, the quadratic bounding function is much tighter than the
geometric bounding function. However, the constant b0 of the quadratic function
is not known explicitly.

4.4 Linear program for error bounds based on
quadratic bounds on the bias terms

As is seen from Section 4.3.3, the bias terms can be bounded by quadratic func-
tions. In this section, we use ideas that are similar to the linear programming
approach in Chapter 2. More precisely, we extend Problem 2.7 by considering
quadratic bounds on the bias terms.

Note that the quadratic bounding function given in Section 4.3.3 holds for all
n and u. Thus, it may not be tight for a fixed n and u ∈ Nc(n). To obtain as
tight as possible bounding functions on the bias terms, we consider Au(n) and
Bu(n) for which

−Au(n) ≤ Dt
u(n) ≤ Bu(n). (4.46)

Moreover, consider Au(n) and Bu(n) that are component-wise quadratic with
respect to partition C, i.e.,

Au(n) =
K∑

k=1
1 (n ∈ Ck)

(
ac(n),u,0 +

M∑

i=1

(
ac(n),u,ini + αc(n),u,in

2
i

)
)
, (4.47)

Bu(n) =
K∑

k=1
1 (n ∈ Ck)

(
bc(n),u,0 +

M∑

i=1

(
bc(n),u,ini + βc(n),u,in

2
i

)
)
. (4.48)
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Next, we extend the linear programming approach from Section 2.3.2 to the case
that Au(n) and Bu(n) are component-wise quadratic.

Let Z = {Zj}j∈J be a refinement of partition C. Similar to Section 2.3.2, for
any Zj and i = 1, . . . ,M define Lj,i, Uj,i, I(Zj) and ∂Zj as

Lj,i = min
n∈Zj

ni, Uj,i = sup
n∈Zj

ni, (4.49)

I(Zj) = {i = 1, . . . ,M | Uj,i =∞} , (4.50)
∂Zj = {n ∈ Zj | ni = Lj,i, ∀i ∈ I(Zj), nk ∈ {Lj,k, Uj,k} , ∀k /∈ I(Zj)} (4.51)

Intuitively, I(Zj) contains the dimension in which Zj is unbounded. We consider
a Z in which all the bounded components have only one state. This implies that
for any Zj , if i /∈ I(Zj), then Lj,i = Uj,i. Hence,

∂Zj = {n ∈ Zj | ni = Lj,i, ∀i = 1, . . . ,M} . (4.52)

The reason for considering this type of refinement will be discussed after we
present Lemma 4.8. Recall that c(j, u) denote the index of the component in
partition C that n+ u is located in for any n ∈ Zj , and

Nj,u = Nj ∪
(
u+Nc(j,u)

)
. (4.53)

Suppose that we have obtained φj,u,d,v ≥ 0 from Problem 2.6. As is discussed
in Section 2.3.2, Problem 2.7 gives an upper bound on F . Next, we show that by
restricting our attention to a C-linear F̄ and component-wise quadratic G, Au
and Bu, we can formulate a linear problem with a finite number of variables and
constraints, whose feasible set is a subset of the feasible set of Problem 2.7. We
refer to the problem as the restricted problem.

Since Au and Bu are component-wise quadratic with respect to partition C,
we can check that the constraints in Problem 2.7 have the form H(n) ≤ 0 where
H(n) is component-wise quadratic with respect to partition Z. Therefore, we
present the following lemmas, in which we write sufficient conditions forH(n) ≤ 0
in terms of the coefficients of H.

Lemma 4.8. Suppose that

H(n) =
∑

j∈J
1 (n ∈ Zj)

(
hz(n),0 +

M∑

i=1

(
hz(n),ini + ηz(n),in

2
i

)
)

(4.54)

Then, H(n) ≤ 0 for all n ∈ Zj if

ηj,i ≤ 0, 2Lj,iηj,i + hj,i ≤ 0, ∀i ∈ I(Zj), (4.55)
H(n) ≤ 0, ∀n ∈ ∂Zj . (4.56)

Proof. We can check that the constrains in (4.55) ensures that hz(n),ini+ηz(n),in
2
i

is monotonically decreasing in ni on [Lj,i,∞) for all i ∈ I(Zj). Therefore, H(n) ≤
0 at all the corners n guarantees that H(n) ≤ 0 for all n ∈ Zj .
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Suppose that a bounded component Zj has more than one state, i.e., there
exists i ∈ {1, . . . ,M} such that Lj,i < Mj,i. Then, to obtain sufficient constraints
such that H(n) ≤ 0 for all n ∈ Zj , we need to find sufficient constraints on hz(n),i,
ηz(n),i such that hz(n),ini + ηz(n),in

2
i ≤ 0 for ni ∈ [Lj,i,Mj,i]. We can require

hz(n),ini+ηz(n),in
2
i to be monotonically decreasing and non-positive at ni = Lj,i.

However, these constraints are often too strong. Therefore, we suppose that Zj
has only one state and hence H(n) ≤ 0 for all n ∈ Zj can be reduced to only one
constraint.

It is easy to check that the objective function of Problem 2.7 can be reduced
to a linear function in terms of the coefficients of F̄ and G. Therefore, we give
the main result of this section in the following theorem.

Theorem 4.9. Suppose that F̄ is C-linear and G, Au and Bu are component-
wise quadratic with respect to partition C. Then, a restricted linear problem for
Problem 2.7 can be formulated, which provides an upper bound on F and has a
finite number of variables and constraints.

Proof. From Lemma 4.8, we see that a restricted problem can be formulated, in
which the constraints and objective function are all linear in the variables, i.e., the
coefficients of F , F̄ , G, Au and Bu. Moreover, the feasible set of the restricted
problem is a subset of the feasible set of Problem 2.7. Hence, the restricted
problem gives an upper bound on F . Next, we show that the restricted problem
has a finite number of variables and constraints.

Since F̄ is C-linear, G, Au and Bu are component-wise quadratic with respect
to C, the total number of coefficients is at most 2 |K| (3M+1)(2M+1). Moreover,
for each component Zj , there is only one state in ∂Zj and at mostM unbounded
dimensions. Hence, for each constraint in Problem 2.7, we formulate at most
2 |J | (3M + 1)(2M + 1) constraints in the restricted problem. Thus, the number
of constraints is finite.

In this section, we have formulated a linear program to obtain the error bound
based on quadratic Au and Bu. Comparing the result in this section and that in
Section 2.3.2, we see that if we consider F̄ , G, Au and Bu to be C-linear, we can
formulate sufficient and necessary conditions for the constraints in Problem 2.7. If
we consider the functions to be component-wise quadratic, we can only formulate
sufficient conditions for the constraints. A final remark is that the restricted linear
program we formulate does not require that R has negative drift.

4.5 Numerical experiments
From the results of Sections 4.3 and 4.4, for a random walk with negative drift,
on one hand, the bias terms are bounded by explicit geometric functions. On the
other hand, quadratic bounds exist but we can only obtain them numerically in
some cases. In this section, we implement the linear program based on quadratic
bounds in Python and consider two examples. We compare the obtained bounds
on F based on linear, quadratic and geometric bounds on the bias terms.
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4.5.1 Two-node tandem system with boundary speed-up
or slow-down

In the first example, we consider a random walk with negative drift and compare
bounds on F obtained through geometric and quadratic bounds on the bias terms.

Consider a tandem system containing two nodes. Every job arrives at Node
1 and then goes to Node 2 to complete its service. In every node jobs are served
by the First-In-First-Out discipline. In the end, a job leaves the system through
Node 2. Let λ denote the arrival rate. Suppose that Node 1 and Node 2 have
service rates µ1 and µ2, respectively. For Node 1, the service rate changes to µ∗1
if Node 2 becomes empty. Remark that the job in the server is also included for
the number of jobs in a node. The diagram of the system is given in Figure 4.1.

λ µ1(µ∗
1) µ2

Figure 4.1: Diagram of the tandem queueing system

In this example, we have S = {0, 1, . . . }2 and has the minimal partition
W (Definition 1.3). Note that the tandem system we use is a continuous-time
system. As is discussed in Section 1.4, uniformization method can be used to
transfer the continuous-time tandem system into a discrete-time R. Without loss
of generality, assume that λ+max{µ1, µ

∗
1}+µ2 ≤ 1 and we use the uniformization

constant γ = 1. Thus, a discrete-time random walk R can be obtained with the
non-zero transition probabilities

pk,(1,0) = λ, pk,(0,−1) = 1 ((0,−1) ∈ Nk)µ2, ∀k = 1, 2, 3, 4,

pk,(−1,1) =
{
µ∗, if k = 1,
µ1, if k = 4,

pk,(0,0) = 1−
∑

u∈Nk:u6=(0,0)

pk,u.

For the stability of the system, assume that λ/µi < 1 for i = 1, 2. Assume that
λ < µ∗1 and µ1 < µ2. Thus, R has negative drift.

The perturbed random walk

The non-zero transition probabilities of the perturbed random walk are

pk,(1,0) = λ, pk,(0,−1) = 1 ((0,−1) ∈ Nk)µ2,

pk,(−1,1) = 1 ((−1, 1) ∈ Nk)µ1, pk,(0,0) = 1−
∑

u∈Nk:u6=(0,0)

pk,u, ∀k = 1, 2, 3, 4.

Hence,

π̄(n) = (1− ρ1)(1− ρ2)ρn1
1 ρn2

2 ,
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where ρi = λ/µi for i = 1, 2. In Figure 4.2, the transition structures of the
original and the perturbed random walks are shown. The perturbed transition
is marked with dashed lines.

n2

n1

µ1

µ

λ

µ∗
1

λ

λ

µ2

λ

(a) Transition structure of R

n2

n1

µ1

µ

λ

µ1

λ

λ

µ2

λ

(b) Transition structure of R̄

Figure 4.2: Transition structures of the original and perturbed random walks.

Let F (n) = n1. Take µ∗1 = µ2 = 2µ1 and consider various values for λ/µ1.
For the explicit geometric bounds on the bias terms, we use the result in

Theorem 4.5 and we have
1 < r1 < max {µ∗1/λ, µ1/λ} , 1 < r2 < {µ2/µ1} , f∗1 = f∗2 = 1/2,

ε∗ = min
{
λ(1− r1) + µ1(1− r−1

1 ), λ(1− r1) + µ∗1(1− r−1
1 ), µ1(1− r2) + µ2(1− r−1

2 )
}
,

V (n) = rn1
1 + rn2

2
2 , B = {(0, 0), (1, 0), (0, 1), (1, 1)} , b = λ/2(r1 − 1) + ε.

Unfortunately, no matter how we choose r1, r2 and ε, we get the bounds
∣∣Dt

u(n)
∣∣ ≤ C [V (n) + V (n+ u)] ,

where C ≥ 1020. Thus, the resulting error bound is too large to give meaningful
information.

For the quadratic bounding function on the bias terms, we implement the
restricted linear program given in Section 4.4 to obtain upper and lower bounds
on F where F (n) = n1. In Figure 4.3, these bounds are shown for various
λ/µ1. We use F (q)

u and F (q)
l to denote the upper and lower bounds given by the

restricted problem, respectively. Moreover, we include upper and lower bounds
given by Problem 2.6 from Section 2.3.2 by considering linear bounds on Dt

u(n),
denoted by Fu and Fl respectively.

Moreover, since in this case µ∗1 ≥ µ1, using the comparison result in The-
orem 1.3 we see that F̄ provides an upper bound for F . On the contrary, if
µ∗1 < µ1 then F̄ provides a lower bound for F . The comparison upper or lower
bound is denoted by F (c)

u or F (c)
l .

From Figure 4.3, we see that the upper bounds are always F̄ . For the lower
bounds, when the λ/µ1 ≤ 0.6, considering quadratic bounds or linear bounds on



72 Chapter 4. Non-linear bounds on the bias terms

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

λ/µ1

F

F(q)
u

F(q)
l

F(c)
u

Fu

Fl

Figure 4.3: Bounds on F for various λ/µ1: F (n) = n1, µ∗1 = µ2 = 2µ1.

Dt
u(n) does not affect much to the lower bound. However, when λ/µ1 > 0.6, by

considering quadratic bounds on the bias terms, we can significantly improve the
lower bound on F .

Next, fix λ/µ1 = 0.8, µ2 = 2µ1 and let µ∗1 = η · µ1. In Figure 4.4, we show
the upper and lower bounds on F for various η.
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F(q)
u

F(q)
l

F(c)
u

F(c)
l

Fu

Fl

Figure 4.4: Bounds on F for various η: F (n) = n1, λ/µ1 = 0.8, µ2 = 2µ1.

We see that the smaller perturbation we make, the tighter upper and lower
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bounds we obtain. When η > 1, all the upper bounds are consistent. Since
λ/µ1 > 0.6, we observe that when η ≥ 1, the lower bound gets tighter by consid-
ering quadratic bounds on the bias terms.

4.5.2 Three-node tandem system with boundary speed-up
Next, we re-consider the three-node tandem system considered in Section 2.4.1
and we will see that by considering quadratic bounds on the bias terms, bounds
on F can be obtained for more cases. The three-node tandem system does not
have negative drift. Thus, we show that the numerical program is also applicable
when R does not have negative drift.

Consider the tandem system described in Section 2.4.1. Every job arrives at
Node 1 and goes through all the nodes to complete its service. In the end, a job
leaves the system through Node 3. Assume that the arrival rate is λ. Moreover,
we assume that each server follows the First-In-First-Out discipline and has the
service rates µ when there are jobs in the queues. For Server 1, the service rate
changes to µ∗, if both Queue 2 and Queue 3 become empty. For the transition
probabilities of R and R̄, we refer the reader to Section 2.4.1.

Let F (n) = n1 and let µ∗ = 1.5µ. We consider various values for λ/µ. In
Figure 4.5, we plot the upper and lower bounds for F . The bounds obtained by
considering quadratic bounds on the bias terms are denoted by F (q)

u and F (q)
l .

We also include the upper and lower bounds obtained in Section 2.4.1, which are
denoted by Fu and Fl respectively.

0 0.2 0.4 0.6 0.8 1
0

2

4

6

λ/µ

F

F(q)
u

F(q)
l

Fu

Fl

Figure 4.5: Bounds on F for various λ/µ: F (n) = n1, µ∗1 = 1.5µ.

In Figure 4.5, we see that F (q)
u and F (q)

l are slightly better than Fu and
Fl. Moreover, by allowing quadratic bounds on the bias terms, results can be
obtained for cases where the linear problem in Chapter 2 is infeasible. However,
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for random walks with very heavy load, the linear program based on quadratic
bounds on the bias terms becomes infeasible as well.

4.6 Conclusions
In this chapter, we have discussed bounds on the bias terms. Moreover, we have
shown that if function F is C-linear and the random walk has negative drift, a
geometric bounding function as well as a quadratic bounding function can be
found. The geometric bounding function has an explicit expression, but it often
provides bounds that are far from tight. The quadratic bounding function is
relatively tight. Nevertheless, we are not able to obtain a closed-form expression
in general.

We have formulated a linear program to find bounds on the stationary perfor-
mance based on quadratic bounds on the bias terms. Indeed, the linear program
can provide quite tight bounds on the stationary performance, even when the
random walk does not have negative drift. However, the linear problem is only
feasible in some cases. Therefore, one direction for future research is to explore
techniques that enable us to apply the linear program to more general cases.

We see from numerical results that when the load of the system is heavy and
the linear program is feasible, the bounds on F obtained based on quadratic
bounds can be tighter than those based on linear bounds. Thus, it is promis-
ing that by considering polynomial bounds of higher order, we can improve the
bounds on F . It will be of interest to develop implementation techniques for
obtaining performance bounds based on higher-order polynomial bounds on the
bias terms.
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5.1 Introduction
In this chapter, we consider a continuous-time random walk R in the two-
dimensional positive orthant, i.e., M = 2, that is homogeneous with respect
to the minimal partition W (Definition 1.3). Given a non-negative W -linear
function F : S → [0,∞), our goal is to obtain upper and lower bounds on the
stationary performance F through a perturbed random walk R̄ and its stationary
performance F̄ .

We consider inhomogeneous transition rates for R̄ along the axes of the state
space and π̄ is considered to be a sum of finitely many geometric terms with
positive coefficients, i.e.,

π̄(n) =
L∑

l=1
clρ

n1
l σ

n2
l , ∀ n = (n1, n2) ∈ S, (5.1)

where (ρl, σl) ∈ Q and cl > 0 for l = 1, . . . , L.
The upper and lower bounds are obtained using the Markov reward approach.

In Theorem 1.2 we see that the bound on
∣∣F̄ − F

∣∣ (the error bound) depends
highly on the bounds on the bias terms. As discussed in Chapter 4, for a random
walk with negative drift, the bias terms can be bounded by quadratic functions.
Besides, there are random walks that do not have negative drift. Generalizing
from this, in this chapter we assume that the bias terms can be bounded by
polynomial functions. In this chapter, we do not focus on deriving the bounds on
the bias terms. Our goal is to obtain an explicit expression for the error bound
assuming that the bias bounds are bounded by polynomial functions.

Error bound based on homogeneous perturbation have been studied in [28],
where a product-form π̄ has been considered. This often leads to a relatively
large difference between the transition rates of R and R̄. In [19] π̄ that is a sum
of geometric terms has been considered. It is shown that by considering a sum of
geometric terms, the error bound gets smaller. However, as is mentioned in Sec-
tion 1.2, necessary conditions such as a pairwise-coupled structure are required
for the geometric terms. By allowing for inhomogeneous perturbation in this
chapter, the pairwise-coupled structure condition is no longer necessary. More-
over, we can obtain a smaller error bound using inhomogeneous perturbation.
The main contributions of this chapter are:

1. For any π̄ : S → [0, 1] of the form (5.1) satisfying the interior balance
equation of R, we show that an irreducible R̄ with inhomogeneous boundary
transition rates can be constructed such that π̄ is the stationary probability
distribution of R̄. Based on R̄, we give an explicit expression for the bound
F .

2. The construction for the inhomogeneous transition rates is not unique. We
formulate an optimization problem to find the optimal construction for the
perturbed transition rates so that the error bound is minimized.
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3. We provide numerical results indicating that we can obtain tighter bounds
on F through inhomogeneous perturbation compared with homogeneous
perturbation. The reason is that by allowing for inhomogeneous pertur-
bation, the difference between the transition rates of R and R̄ becomes
smaller.

The remainder of the chapter is structured as follows. In Section 5.2, we in-
troduce the random walk model and discuss the problems to be solved. Next, in
Section 5.3 we give the main result of the chapter. Then, we present the proofs
for the results in Section 5.4. Finally, we consider numerical experiments in Sec-
tion 5.5, whose results suggest that the inhomogeneous perturbation framework
gives tighter upper and lower bounds than homogeneous perturbation.

5.2 Model description and notation

5.2.1 The original random walk

Consider a continuous-time random walk R in S = {0, 1, 2, . . . }2. Suppose that R
is homogeneous with respect to the minimal partitionW defined in Definition 1.3.
Recall that w(n) denotes the component that n is located in. Moreover, Nw(n)
and qw(n),u denote the set of possible transitions and the transition rate at n,
respectively. For the simplicity of notation, denote by hu, vu, ru and qu the
homogeneous rates q1,u, q2,u, q3,u and q4,u respectively. We remark that there
is a slight abuse of notation in the sense that qi,j is the interior transition rate
when i and j are both scalars and it is the general transition rate when i is a
scalar and j is a vector and no confusion can arise. In particular, let hf = h1,0,
hb = h−1,0, vf = v0,1 and vb = v0,−1. The notation for the transition rates of R
is given in Figure 5.1.

5.2.2 The perturbed random walk
Let q̄u(n), u ∈ Nw(n) denote the transition rate of R̄ from n to n + u. We
construct R̄ such that the interior transition rates are homogeneous and equal to
those of R, i.e.,

q̄u(n) = qu, ∀n ∈W4, u ∈ N4. (5.2)

Moreover, we choose the transition rates from the axes to the interior equal to
the interior rates, i.e.,

q̄u1,1(n) = qu1,1, ∀n ∈ S1, u1 ∈ {−1, 0, 1} , (5.3)
q̄1,u2(n) = q1,u2 , ∀n ∈ S2, u2 ∈ {−1, 0, 1} , (5.4)
q̄1,1(0, 0) = q1,1. (5.5)

For notation convenience, let h̄f = q̄1,0(n) for n ∈ W1 and v̄f = q̄0,1(n)
for n ∈ W2. We call h̄f and v̄f the forward rates along the horizontal and
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Figure 5.1: Notation for transition rates of R.

vertical axis, respectively. Similarly, let h̄b(n1) = q̄−1,0(n) for n ∈ W1 and
v̄b(n2) = q̄0,−1(n) for n ∈W2, which are called the backward rates. We allow the
backward rates to depend on the state. In addition, let the transition rates from
the origin to the axes be equal to the forward rates, i.e.,

q̄1,0(0, 0) = h̄f , q̄0,1(0, 0) = v̄f . (5.6)

The notation for the transition rates of R̄ is shown in Figure 5.2.
Given a probability distribution π̄ in which (ρl, σl) ∈ Q, we will choose h̄f

and v̄f and use them as parameters. Then, by solving the balance equations, we
can construct h̄b(n1) and v̄b(n2) so that the balance equations hold for all n ∈W1
as well as n ∈ W2. In addition, since the transition rates are homogeneous for
the axes, the balance equations can be reduced to one equation for each axis. For
example, the balance equation for the horizontal axis is as follows,

π̄(n1 − 1, 0)h̄f + π̄(n1 + 1, 0)h̄b(n1 + 1)− π̄(n1, 0)
(
h̄b(n1) + h̄f

)

= π̄(n1, 0)
1∑

i=−1
qi,1 −

1∑

i=−1
π̄(n1 − i, 1)qi,−1. (5.7)

Then, we observe that the construction for h̄b(n1) depends only on h̄f and not
on v̄f . Similarly, the construction of v̄b(n2) depends on v̄f and not h̄f . If h̄f , v̄f ,
h̄b(n1) and v̄b(n2) are chosen such that balance equations hold for W1 and W2,
the balance equation for W3 also holds.
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Figure 5.2: Notation for transition rates of R̄.

5.2.3 Error bound using the Markov reward approach

As is discussed in Section 1.3, we use the Markov reward approach to establish
the error bound. In particular, let F̄ (n) = F (n) for F̄ . In the following corollary,
we state the result using the notation that is used in this chapter.

Corollary 5.1. Suppose that G : S → [0,∞) satisfies
∣∣∣∣∣∣
∑

u∈Nw(n)

(
q̄u(n)− qw(n),u

)
Dt
u(n)

∣∣∣∣∣∣
≤ G(n). (5.8)

Then,
∣∣F̄ − F

∣∣ ≤∑n∈S π̄(n)G(n).

As is discussed in previous chapters, bounds on Dt
u(n) that are independent

of t are important for using the theorem. Indeed, in Chapters 2 and 4, effort
has been spent on obtaining such bounds. We want to stress that this is not our
focus in this chapter. We would like to derive an explicit expression for the error
bound assuming that bounds on the bias terms have already been obtained. In
Chapter 4, we have shown that if R has negative drift, then the bias terms can be
bounded by quadratic functions. This inspires us to assume that for general R the
bias terms can be bounded by polynomial functions. Therefore, in this chapter
we assume that there exist K ∈ N+, Bh : W1 → [0,∞) and Bv : W2 → [0,∞) of
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the form,

Bh(n1, 0) =
K∑

k=0
bh,kn

k
1 , Bv(0, n2) =

K∑

k=0
bh,kn

k
2 , (5.9)

with bh,k ≥ 0, bv,k ≥ 0, as well as br ≥ 0 such that
∣∣Dt

u(n)
∣∣ ≤ Bh(n), ∀n ∈W1,

∣∣Dt
u(n)

∣∣ ≤ Bv(n), ∀n ∈W2,
∣∣Dt

u(0, 0)
∣∣ ≤ br.
(5.10)

5.2.4 Notation for the main results
In this section, we give the definition for the notation that will be used in stating
the main result of the chapter. Denote by ρ∗ = maxl {ρl} and σ∗∗ = maxl {σl}.
For l = 1, . . . , L let

αl =(1− ρl)−1

( 1∑

i=−1
qi,1 −

1∑

i=−1
ρ−il σlqi,−1

)
, (5.11)

βl =(1− σl)−1




1∑

j=−1
q1,j −

1∑

j=−1
ρlσ
−j
l q−1,j


 . (5.12)

Let Lis(z) and Φ(z, s, a) denote the polylogarithm function and Lerch tran-
scendent respectively, which are defined as

Lis(z) =
∞∑

k=1
k−szk, and Φ(z, s, a) =

∞∑

k=0
(k + a)−szk, (5.13)

for s ∈ C, |z| < 1 and a ∈ N+. Then, from [38] we have the identity

Φ(z, s, a) = znΦ(z, s, a+m) +
m−1∑

k=0
(k + a)−szm. (5.14)

In addition, define

h̄f,0 = maxl {ρlαl, 0} , v̄f,0 = max
l
{σlβl, 0} , (5.15)

h̄f,m = maxl {ρl(αl + hb), 0} , v̄f,m = max
l
{σl(βl + vb), 0} . (5.16)

Let

sgn(x) =





−1, if x < 0,
0, if x = 0,
1, if x > 0.

(5.17)

The following notation is defined for the case L = 2.
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For i ∈ N+, let

Hi =
∑2
l=1 clρ

i
l(αl + hb)∑2

l=1 clρ
i−1
l

, Vi =
∑2
l=1 clσ

i
l(βl + vb)∑2

l=1 clσ
i−1
l

, (5.18)

and

H∞ =
∑
l:ρl=ρ∗ clρl(αl + hb)∑

l:ρl=ρ∗ cl
, V∞ =

∑
l:σl=σ∗∗ clσl(βl + hb)∑

l:σl=σ∗∗ cl
. (5.19)

If (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb, then for any h̄f , let

τh,k,l(h̄f ) =





−Li−k(ρl), if h̄f ≤ H1,

Li−k(ρl), if h̄f ≥ H∞,
Li−k(ρl)− 2ρi+1

l Φ (ρl,−k, i+ 1) , if Hi < h̄f ≤ Hi+1.

(5.20)

If (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) > hb, then

τh,k,l(h̄f ) =





−Li−k(ρl), if h̄f ≤ H∞,
Li−k(ρl), if h̄f ≥ H1,

−Li−k(ρl)− 2ρi+1
l Φ (ρl,−k, i+ 1) , if Hi+1 ≤ h̄f < Hi,

(5.21)

If (σ2 − σ1)−1(σ1β1 − σ2β2) ≤ vb, then

τv,k,l(v̄f ) =





−Li−k(σl), if v̄f ≤ V1,

Li−k(σl), if v̄f ≥ V∞,
Li−k(σl)− 2σi+1

l Φ (σl,−k, i+ 1) , if Vi < h̄f ≤ Vi+1.

(5.22)

If (σ2 − σ1)−1(σ1β1 − σ2β2) > vb, then

τv,k,l(v̄f ) =





−Li−k(σl), if v̄f ≤ V∞,
Li−k(σl), if v̄f ≥ V1,

−Li−k(σl)− 2σi+1
l Φ (σl,−k, i+ 1) , if Vi+1 < h̄f ≤ Vi.

(5.23)

Moreover, let

θh(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
· sgn(h̄f − hf )

+
L∑

l=1

K∑

k=0
clbh,kρ

−1
l τh,k,l(h̄f ). (5.24)

5.3 Main result
Consider π̄ to be a sum of geometric terms for which (ρl, σl) ∈ Q for l ∈ {1, . . . , L}
(see (1.11) for the definition of Q). In this section, we present the main result of
this chapter, the proofs of which will be given in the next section.
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First, we state that we can construct an irreducible, well-defined, i.e., with
bounded and non-negative rates, R̄ of which the stationary probability distribu-
tion is π̄.

Theorem 5.2. Let h̄f > h̄f,0 and v̄f > v̄f,0, and construct R̄ as

h̄b(n1) =
∑L
l=1 clρ

n1
l

(
ρ−1
l h̄f − αl

)
∑L
l=1 clρ

n1
l

, v̄b(n2) =
∑L
l=1 clσ

n2
l

(
σ−1
l v̄f − βl

)
∑L
l=1 clσ

n2
l

.

(5.25)

Then, R̄ is irreducible and the π̄ given by (5.1) is the stationary probability dis-
tribution of R̄. Moreover,

0 < h̄b(n1) ≤ max
l

{
ρ−1
l h̄f − αl

}
, 0 < v̄b(n2) ≤ max

l

{
σ−1
l v̄f − βl

}
. (5.26)

Then, in the next theorem we give an explicit expression for the bound on∣∣F̄ − F
∣∣ based on the constructed R̄.

Theorem 5.3. If h̄f > h̄f,m and v̄f > v̄f,m, then
∣∣F̄ − F

∣∣ ≤ gh(h̄f ) + gv(v̄f ) + gc, (5.27)

where

gh(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
·
∣∣h̄f − hf

∣∣+

L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

)
Li−k(ρl), (5.28)

gv(v̄f ) =
L∑

l=1
cl

(
K∑

k=0
bv,kLi−k(σl) + br

)
· |v̄f − vf |+

L∑

l=1

K∑

k=0
clbv,k

(
σ−1
l v̄f − βl − vb

)
Li−k(σl), (5.29)

gc = |q1,1 − r1,1| br
L∑

l=1
cl +

1∑

i=−1
|qi,1 − hi,1|

L∑

l=1

K∑

k=0
clbh,kLi−k(ρl)

+
1∑

j=−1
|q1,j − v1,j |

L∑

l=1

K∑

k=0
clbv,kLi−k(σl). (5.30)

In particular, if K = 0 or K = 1, we present a cleaner expression in the
following corollary.

Corollary 5.4. If K = 0 or K = 1, then

gh(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kρl(1− ρl)K+1 + br

)
·
∣∣h̄f − hf

∣∣



5.3. Main result 83

+
L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

)
ρl(1− ρl)K+1, (5.31)

gv(v̄f ) =
L∑

l=1
cl

(
K∑

k=0
bv,kσl(1− σl)K+1 + br

)
· |v̄f − vf |

+
L∑

l=1

K∑

k=0
clbv,k

(
σ−1
l v̄f − βl − vb

)
σl(1− σl)K+1. (5.32)

Comparing the conditions of Theorems 5.2 and 5.3, we see that if we choose
h̄f > h̄f,0 and v̄f > v̄f,0 we can construct a R̄ such that π̄ is the stationary
probability distribution of R̄. Nevertheless, the expression for the error bound is
only available for h̄f > h̄f,m and v̄f > v̄f,m, which is a stronger than h̄f > h̄f,0
and v̄f > v̄f,0. The reason is that in (5.8) the sign of the h̄b(n1)−hb is important.
For different n1, the sign may be different, depending on the value of h̄b(n1).
However, it is an open problem to analyze the properties such as monotonicity
or the zeros of a sum of geometric terms even for the case that cl > 0. Thus, it
is difficult to obtain an expression for the sum of

∣∣h̄b(n1)− hb
∣∣ over n1. When

L = 2, we can obtain results on the properties of h̄b(n1) for any h̄f > h̄f,0.
Therefore, we present the following theorem for an explicit expression for gh(h̄f )
when L = 2.

Theorem 5.5. If L = 2, then for any h̄f > h̄f,0 and v̄f > v̄f,0,

gh(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
·
∣∣h̄f − hf

∣∣

+
L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

)
τh,k,l(h̄f ), (5.33)

gv(v̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(σl) + br

)
· |v̄f − vf |

+
L∑

l=1

K∑

k=0
clbh,k

(
σ−1
l v̄f − βl − vb

)
τv,k,l(v̄f ). (5.34)

From the expression above, we see that in the error bound gh(h̄f ) and gv(v̄f )
are independent of each other in the sense that gh(h̄f ) does not depend on v̄f and
vice versa. Therefore, in the remainder of the chapter, we only discuss gh(h̄f )
and the results for gv(v̄f ) follow in the same fashion.

Since the result of Theorem 5.3 holds for all hf > h̄f,m, we have
∣∣F̄ − F

∣∣ ≤ inf
h̄f>h̄f,m

gh(h̄f ) + inf
v̄f>v̄f,m

gv(v̄f ) + gc. (5.35)

In this chapter, we consider the following problem to obtain the optimal pertur-
bation on the horizontal axis.
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Problem 5.1.

inf gh(h̄f ),
s.t. h̄f > h̄f,m,

As will be shown in Section 5.4, gh(h̄f ) is continuous in h̄f . Thus, the infimum
can be obtained at h̄f = h̄f,m. Therefore, Problem 5.1 has the same optimal value
as

Problem 5.2.

min gh(h̄f ),
s.t. h̄f ≥ h̄f,m,

In the remainder of this chapter we consider Problem 5.2 to find the optimal
error bound. Similarly, when L = 2, we consider the following problem for the
optimal error bound.

Problem 5.3.

min gh(h̄f ),
s.t. h̄f ≥ h̄f,0.

In the next theorems, we present the optimization result for gh(h̄f ).

Theorem 5.6. For any L ∈ N, denote by h̄?f and g?h the optimal solution and
the optimal value of Problem 5.2, respectively. Then,

h̄?f =
{
hf , if hf ≥ h̄f,0 and gh(hf ) ≤ gh

(
h̄f,0

)
,

h̄f,m, otherwise.
(5.36)

and g?h = gh(h̄?f ).

We have the following optimization result if L = 2.

Theorem 5.7. If L = 2, then consider Problem 5.3. Denote by h̄??f and g??h the
optimal solution and the optimal value respectively. Then,

h̄??f =





h̄f,0, if Hi? ≤ h̄f,0,
hf , if Hi? > h̄f,0 and gh(hf ) ≤ gh(Hi?),
Hi?? , otherwise,

(5.37)

g??h = gh(h̄??f ), (5.38)

where

i?? =
{

sup {i ∈ N+ | θh(Hi) ≤ 0} , if (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb,
inf {i ∈ N+ | θh(Hi) ≤ 0} , otherwise.

(5.39)
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5.4 Analysis and proofs

5.4.1 The perturbed random walk
In this section, we prove Theorem 5.2. First, we show that the balance equations
hold for h̄b(n1) given in (5.25). Then, we show that the transition rates of R̄ on
the axes are strictly positive and bounded from above. Finally, we prove that R̄
is irreducible and hence that π̄ is the stationary probability distribution of R̄.
Lemma 5.8. Suppose that π̄ : S → [0, 1] is a given probability distribution
that is a sum of geometric terms satisfying the interior balance equation. For
any h̄f , v̄f ∈ R and h̄b(n1), v̄b(n2) given in (5.25), π̄ satisfies all the balance
equations for R̄.

Proof. In this proof, we only verify the horizontal balance equation (5.7) holds,
as the verification for the vertical balance equations follows in the same fashion.
Starting from the RHS of (5.7), we have

π̄(n1, 0)
1∑

i=−1
qi,1 −

1∑

i=−1
π̄(n1 − i, 1)qi,−1 =

2∑

k=1
ck(1− ρk)αkρn1

k ,

where the last equality holds using (5.11). Moreover, for the LHS,

π̄(n1 − 1, 0)h̄f + π̄(n1 + 1, 0)h̄b(n1 + 1)− π̄(n1, 0)h̄f − π̄(n1, 0)h̄b(n1)

=
2∑

k=1
ckαkρ

n1
k −

2∑

k=1
ckαkρ

n1+1
k =

2∑

k=1
ck(1− ρk)αkρn1

k .

Hence, the balance equation on the horizontal axis holds.

For the random walk R̄, it is necessary that all the transition rates are non-
negative. In the next part, we discuss the properties of h̄b(n1) and show that we
can choose strictly positive h̄f such that h̄b(n1) is also strictly positive. We only
discuss h̄b(n1) since the result for v̄b(n2) follows in similar fashion.

Recall that ρ∗ = max {ρ1, . . . , ρL} and σ∗∗ = max {σ1, . . . , σL}. In the next
lemma, we show that h̄b(n1) converges as n1 go to infinity.
Lemma 5.9. For any fixed h̄f ∈ R, h̄b(n1) converges, and

lim
n1→∞

h̄b(n1) =


 ∑

l:ρl=ρ∗

cl



−1 
 ∑

l:ρl=ρ∗

cl(ρ−1
∗ h̄f − αl)


 . (5.40)

Proof. First suppose that ρ1 = ρ2 = · · · = ρL. Then ρl = ρ∗ for any l = 1, . . . , L.
From the expression in (5.25), it is easy to see that (5.40) holds.

Then, suppose that ρl is not all identical. By dividing both the numerator
and denominator by ρn1∗ in (5.25), we obtain

h̄b(n1) =
∑
l:ρl=ρ∗ cl

(
ρ−1
∗ h̄f − αl

)
+
∑
l:ρl 6=ρ∗ cl(ρl/ρ∗)

n1
(
ρ−1
l h̄f − αl

)
∑
l:ρl=ρ∗ cl +

∑
l:ρl 6=ρ∗ cl(ρl/ρ∗)n1

. (5.41)
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Since ρl/ρ∗ < 1 for all ρl 6= ρ∗, we have limn1→∞(ρl/ρ∗)n1 = 0 and the result
follows.

Then, in the next lemma, we show that if we choose h̄f > h̄f,0, then h̄b(n1)
is strictly positive.

Lemma 5.10. If h̄f > h̄f,0, then

0 < h̄b(n1) ≤ max
l

{
ρ−1
l h̄f − αl

}
. (5.42)

Proof. We see from the expression in (5.25) that for any n1, h̄b(n1) is a weighted
average over ρ−1

l h̄f − αl. Moreover, the weight clρn1
l is strictly positive. Thus,

min
l

{
ρ−1
l h̄f − αl

}
≤ h̄b(n1) ≤ max

l

{
ρ−1
l h̄f − αl

}
. (5.43)

Thus, the upper bound in (5.42) has been proved.
If h̄f > h̄f,0, we see from the definition of h̄f,0 that ρ−1

l h̄f − αl > 0 for any
l = 1, . . . , L. Therefore,

min
l

{
ρ−1
l h̄f − αl

}
> 0, (5.44)

and the result follows.

In particular, we show in the lemma below that if L = 2 the inhomogeneous
rate h̄b(n1) becomes monotonic.

Lemma 5.11. If L = 2, then for any h̄f > h̄f,0, h̄b(n1) is monotonic in n1.

Proof. Using (5.25), we have

h̄b(n1)−h̄b(n1+1) =
∑2
k=1 ckρ

n1
k

(
ρ−1
k h̄f − αk

)
∑2
k=1 ckρ

n1
k

−
∑2
k=1 ckρ

n1+1
k

(
ρ−1
k h̄f − αk

)
∑2
k=1 ckρ

n1+1
k

= c1c2ρ
n1
1 ρn1

2 (ρ2 − ρ1)(ρ−1
1 h̄f − α1 − ρ−1

2 h̄f + α2)
(c1ρn1

1 + c2ρ
n1
2 )(c1ρn1+1

1 + c2ρ
n1+1
2 )

. (5.45)

for any n1 = 1, 2, . . . . Thus, we see that h̄b(n1)− h̄b(n1 +1) is either non-negative
or non-positive for all n1.

From the result above, we see that the transition rates for the axes can be
chosen to be strictly positive and bounded from above. Then, R̄ is uniformizable.
In the lemma below, we will show that R̄ is irreducible. More precisely, for
n, n′ ∈ S, ω(n, n′) = (s0, . . . , sK), with K ∈ N+ is called a directed path in R
from n to n′ if

s0 = n, sK = n′, sk+1 ∈ Nw(sk), qsk+1−sk(sk) > 0,

for k = 0, . . . ,K − 1. In similar fashion, a directed path in R̄ can be defined and
denoted by ω̄(n, n′). We show in the next lemma that for any n, n′ ∈ S, there
exists a directed path ω̄(n, n′).
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Lemma 5.12. If h̄f , h̄b(n1), v̄f and v̄b(n2) are strictly positive, then R̄ is irre-
ducible.

Proof. Since R is irreducible, we know that for any n, n′ ∈ S there exists a
directed path ω(n, n′) = (s0, . . . , sK) for some K ∈ N+. In the following proof,
we will show that for any n, n + u ∈ S where u ∈ Nw(n) and qu(n) > 0, there
exists a directed path ω̄(n, n+ u). Then, there exists a directed path ω̄(si, si+1)
for i = 0, . . . ,K − 1. Connecting all the directed paths from ni to ni+1, there is
a directed path ω̄(n, n′) in R̄. Therefore, R̄ is irreducible.

We proceed by considering three cases.

(i) n ∈W4.
Since q̄u(n) = qw(n),u > 0, we can take ω̄(n, n+ u) = (n, n+ u).

(ii) n /∈W4 and n+ u /∈W4.
Then, let ω̄(n, n+u) = (n, n+u). From Lemma 5.10 we know that h̄f , v̄f ,
h̄b(n1) and v̄b(n2) are all strictly positive. Hence, q̄u(n) > 0.

(iii) n /∈W4 and n+ u ∈W4.
Since R is irreducible, there exists a ũ = (ũ1, ũ2) ∈ N4 for which ũ1 = 1 or
ũ2 = 1 and q4,ũ > 0. For R̄ the transitions from the axes to the interior
have the same rates as those of the interior. Thus, there exists a directed
path ω̄(ñ, n+u), in which ñ /∈W4 and n+u = ñ+L·ũ for some L ∈ N+. For
example, suppose that n ∈ W1 and u = (0, 1). In Figure 5.3, we illustrate
all the possibilities for the path ω̄(ñ, n+ u).

n2

n1

ñ

n + u

(a) ũ = (1,−1)

n2

n1

ñ n + u

(b) ũ = (1, 0)

n2

n1
ñ

n + u

(c) ũ = (1, 1)

n2

n1
ñ

n + u

(d) ũ = (0, 1)

n2

n1
ñ

n + u

(e) ũ = (−1, 1)

Figure 5.3: Possibilities for the path ω̄(ñ, n+ u): n ∈ c1, u = (0, 1).



88 Chapter 5. Inhomogeneous perturbation along the axes

Since n /∈ W4 and ñ /∈ W4, following from Case (ii) there exists a directed
path ω̄(n, ñ). Therefore, connecting ω̄(n, ñ) and ω̄(ñ, n+ u), there exists a
directed path ω̄(n, n+ u).

The proof of Theorem 5.2 follows from Lemmas 5.8 to 5.12.

5.4.2 Explicit expression for the horizontal error bound
In this section, we use the Markov reward approach to verify the expression for
the error bound given in Theorem 5.3.

First, we apply the result given in Corollary 5.1 and give an intermediate
expression for bound on

∣∣F̄ − F
∣∣.

Lemma 5.13. Let π̄ : S → [0, 1] be a given probability distribution that is a
sum of geometric terms satisfying the interior balance equations of R. Moreover,
suppose that the bias terms are bounded as in (5.10). Then,

∣∣F̄ − F
∣∣ ≤ Gh(h̄f ) +Gv(v̄f ) + gc,

where

Gh(h̄f ) =
∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

∣∣h̄f − hf
∣∣+ π̄(0, 0)br

∣∣h̄f − hf
∣∣

+
∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

∣∣h̄b(n1)− hb
∣∣ , (5.46)

Gv(v̄f ) =
∞∑

n2=1
π̄(0, n2)Bv(0, n2) |v̄f − vf |+ π̄(0, 0)br |v̄f − vf |

+
∞∑

n2=1
π̄(0, n2)Bv(0, n2) |v̄b(n2)− vb| , (5.47)

and gc is given by (5.30).

Proof. From Corollary 5.1, we need to find a function G(n) satisfying (5.8). We
can verify that

G(n) =





∑
u∈N1

|q̄u(n)− hu|Bh(n), if n ∈W1,∑
u∈N2

|q̄u(n)− vu|Bv(n), if n ∈W2,(∣∣h̄f − hf
∣∣+ |v̄f − vf |+ |q1,1 − r1,1|

)
br, if n ∈W3,

0, if n ∈W4.

(5.48)

satisfies (5.8). Then, by Corollary 5.1,
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∣∣F̄ − F
∣∣ ≤

∞∑

n1=1
π̄(n1, 0)

∑

u∈N1

|q̄u(n)− hu|Bh(n)

+
∞∑

n2=1
π̄(0, n2)

∑

u∈N2

|q̄u(n)− vu|Bv(n)

+ π̄(0, 0)
(∣∣h̄f − hf

∣∣+ |v̄f − vf |+ |q1,1 − r1,1|
)
br. (5.49)

The result for Gh(h̄f ) follows by noticing that

∑

u∈N1

|q̄u(n)− hu| =
1∑

i=−1
|qi,1 − hi,1|+

∣∣h̄f − hf
∣∣+
∣∣h̄b(n1)− hb

∣∣ , (5.50)

and by combining all the terms containing h̄f and h̄b(n1). The result for Gv(v̄f )
follows in similar fashion.

For the proof of Theorem 5.3, we only need to verify that Gh(h̄f ) = gh(h̄f )
and Gv(v̄f ) = gv(v̄f ), where gh(h̄f ) and gv(v̄f ) are given by (5.28) and (5.29),
respectively.

Proof of Theorem 5.3. Suppose that h̄f > h̄f,m. It is easy to check that
h̄f ≥ h̄f,0. Thus. the result of Theorem 5.2 holds.

For the RHS of (5.46), we have

∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

∣∣h̄f − hf
∣∣+ π̄(0, 0)br

∣∣h̄f − hf
∣∣

=
(

L∑

l=1

L∑

k=0
clbh,k

∞∑

n1=1
nk1ρ

n1
l + br

L∑

l=1
cl

)
·
∣∣h̄f − hf

∣∣

=
(

L∑

l=1

L∑

k=0
clbh,kLi−k(ρl) + br

L∑

l=1
cl

)
·
∣∣h̄f − hf

∣∣ , (5.51)

where the last equality follows from (5.13).
Since h̄f > h̄f,m, it is easy to verify that for any l = 1, . . . , L,

ρ−1h̄f − αl > hb. (5.52)

Therefore, h̄b(n1) > hb for any n1 = 1, 2, . . . . Thus,

∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

∣∣h̄b(n1)− hb
∣∣ =

∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

(
h̄b(n1)− hb

)

=
L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

) ∞∑

n1=1
ρn1
l n

k
1
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=
L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

)
Li−k(ρl). (5.53)

Therefore, Gh(h̄f ) = ghh̄f follows from (5.51) and (5.53). Gv(v̄f ) = gv(v̄f )
can be verified in similar fashion.

In the following part, we consider the case L = 2. First, we present the
property of Hi in the following lemma.

Lemma 5.14. If L = 2, then

lim
i→∞

Hi = H∞.

Moreover, Hi is monotonically increasing in i if and only if (ρ2 − ρ1)−1(ρ1α1 −
ρ2α2) ≤ hb.

Proof. If ρ1 = ρ2, then Hi = H∞ for any i ∈ N+ and the result follows imme-
diately. If ρ1 > ρ2, diving both the numerator and denominator of Hi by ρi−1

1 ,
then we get

Hi = c2(ρ2/ρ1)i−1ρ2 (α2 + hb) + c1ρ1 (α1 + hb)
c2(ρ2/ρ1)i−1 + c1

.

Since limi→∞(ρ2/ρ1)i = 0, it is easy to verify that limi→∞Hi = H∞. If ρ1 < ρ2,
then the proof follows in similar fashion by dividing the numerator and denomi-
nator by ρi−1

2 .
Using the definition of Hi in (5.18), we have

Hi+1 −Hi = c1c2ρ
i−1
1 ρi−1

2 (ρ2 − ρ1) [ρ1 (α1 + hb)− ρ2 (α2 + hb)]∑2
k=1 ckρ

i−1
k

∑2
k=1 ckρ

i
k

.

Suppose that (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb. Then, we can verify that

(ρ2 − ρ1) [ρ1 (α1 + hb)− ρ2 (α2 + hb)] ≤ 0.

Thus, Hi+1−Hi ≥ 0 for any i ∈ N+. Similarly, if (ρ2−ρ1)−1(ρ1α1−ρ2α2) > hb,
we can show that Hi+1 −Hi < 0.

Proof of Theorem 5.5. Suppose that (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb. Then,
by Lemma 5.14, we know Hi is increasing in i and is bounded above by H∞. In
the proof we consider three cases.

(i) h̄f ≤ H1.
In this case, h̄f ≤ min {H1, H∞}. Moreover, h̄f ≤ Hi for all i ∈ N+.
Using (5.25), if h̄f ≤ Hi, then h̄b(i) ≤ hb for any i ∈ N+. Thus, we have

∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

∣∣h̄b(n1)− hb
∣∣
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= −
L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

)
Li−k(ρl)

=
L∑

l=1

K∑

k=0
clbh,k

(
ρ−1
l h̄f − αl − hb

)
τh,k,l(h̄f ), (5.54)

where the last equality holds since ρ−1
l h̄f −αl ≤ hb in this case. Then, the

result follows from Lemma 5.13, (5.51) and (5.54).

(ii) h̄f ≥ H∞.
Similar to Case (i), we can show that in this case h̄b(n1) ≥ hb for any
n1 = 1, 2, . . . . Therefore, the result follows in similar fashion.

(iii) H1 < h̄f < H∞.
In this case, since Hi is monotonically increasing in i, there exists a unique
i such that Hi < h̄f ≤ Hi+1. Moreover, using (5.25), we show that

h̄b(i) > hb, h̄b(i+ 1) ≤ hb. (5.55)

Since h̄b(n1) is monotonic, we know that h̄b(n1) ≤ hb if and only if n1 ≥
i+ 1. Therefore, using (5.13) and (5.14), we have

∞∑

n1=1
π̄(n1, 0)Bh(n1, 0)

∣∣h̄b(n1)− hb
∣∣

=
L∑

l=1

K∑

k=0
clbh,k(ρ−1

l h̄f − αl − hb)
(

i∑

n1=1
ρn1
l n

k
1 −

∞∑

n1=i+1
ρn1
l n

k
1

)

=
L∑

l=1

K∑

k=0
clbh,k(ρ−1

l h̄f − αl − hb)τh,k,l(h̄f ). (5.56)

If (ρ2 − ρ1)−1(ρ1α1 − ρ2α1) > hb, the proof follows in similar fashion.

5.4.3 Optimization for the horizontal error bound

As is seen from Theorems 5.3 and 5.5, gh(h̄f ) depends on h̄f . Thus, in this
section we consider Problems 5.2 and 5.3, which optimize over h̄f so that gh(h̄f )
is minimized.

We first consider Problem 5.2. Let s(h̄f ) be the derivative of gh(h̄f ) at h̄f ,
i.e.,

s(h̄f ) = d
d h̄f

gh(h̄f ). (5.57)

From the expression in (5.33), we have the following lemma. The proof of the
lemma is straightforward and is omitted.



92 Chapter 5. Inhomogeneous perturbation along the axes

Lemma 5.15. For h̄f ≥ h̄f,m, s(h̄f ) is a step function given by

s(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
· sgn(h̄f − hf ) +

L∑

l=1

K∑

k=0
clbh,kρ

−1
l Li−k(ρl).

(5.58)

Moreover, s(h̄f ) is monotonically increasing in h̄f .

Then, in the next lemma, we show that gh(h̄f ) is continuous and convex.

Lemma 5.16. gh(h̄f ) is piecewise linear, continuous, and convex on
[
h̄f,m,∞

)
.

Proof. From (5.28) and Lemma 5.15, it is easy to see that gh(h̄f ) is piecewise
linear. Moreover, we can verify that

lim
h̄f→hf

gh(h̄f ) =
L∑

l=1

K∑

k=0
clbh,k(ρ−ll hf − αl − hb)Li−k(ρl) = gh(hf ). (5.59)

Hence, gh(h̄f ) is continuous. In addition, since s(h̄f ) is monotonically increasing
in h̄f , gh(h̄f ) is convex.

Proof of Theorem 5.6. In the proof, we first show that s(h̄f ) ≥ 0 for h̄f ≥ hf .
From (5.58), we have

s(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
+

L∑

l=1

K∑

k=0
clbh,kρ

−1
l Li−k(ρl) ≥ 0. (5.60)

We proceed the proof by considering the following two cases.

(i) hf < h̄f,m.
Then, gh(h̄f ) is monotonically increasing in h̄f for h̄f ≥ h̄f,m. Hence,
h̄?f = h̄f,m.

(ii) hf ≥ h̄f,m.
In this case, since gh(h̄f ) is piecewise linear and convex, the optimal solution
is either h̄f,m or hf . Therefore,

h̄?f =
{
hf , if gh(hf ) ≤ gh(h̄f,m),
h̄f,0, if gh(hf ) > gh(h̄f,m).

Next, we consider the case that L = 2. We see the the expression for gh(h̄f )
in Theorem 5.5 extends the expression in Theorem 5.5 to a larger range. Thus, in
the following lemmas we show that gh(h̄f ) has the same properties for h̄f ≥ h̄f,0,
i.e., piecewise linear, continuous and convex.
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Lemma 5.17. Suppose that L = 2. Then, for h̄f ≥ h̄f,0, s(h̄f ) is a step function,
and s(h̄f ) = θh(h̄f ) given by (5.24). Moreover, s(h̄f ) is monotonically increasing
in h̄f .

Proof. Suppose that (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb. From the expression for
gh(h̄f ) in (5.33) and (5.20), it is easy to see that s(h̄f ) = θh(h̄f ) and s(h̄f ) is a
step function.

If Hi < h̄f < Hi+1, then

θh(h̄f ) =
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
· sgn(h̄f − hf )

+
L∑

l=1

K∑

k=0
clbh,kρ

−1
l

(
Li−k(ρl)− 2ρi+1Φ(ρl,−k, i+ 1)

)
. (5.61)

As h̄f increases, sgn(h̄f − hf ) increases and the integer i for which Hi < h̄f ≤
Hi+1 also increases. In addition, using (5.13) and (5.14),

Li−k(ρl)− 2ρi+1Φ(ρl,−k, i+ 1) =
i∑

n1=1
nk1ρ

n1
l −

∞∑

n1=i+1
nk1ρ

n1
l , (5.62)

which increases as i increases. Therefore, θh(h̄f ) is increasing in h̄f .

Lemma 5.18. Suppose that L = 2. Then, gh(h̄f ) is piecewise linear, continuous
and convex on [h̄f,0,∞).

Proof. Suppose that (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb. By Lemma 5.17, we know
that gh(h̄f ) is piecewise linear. Then, to show that gh(h̄f ) is continuous, it is
sufficient to show that gh(h̄f ) is right-continuous, i.e.,

lim
h̄f→Hi,h̄f>Hi

gh(h̄f ) = gh(Hi). (5.63)

In the following proof, we show that the second term of gh(h̄f ) is continuous,
i.e.,

lim
h̄f→Hi,h̄f>Hi

L∑

l=1

K∑

k=0
clbh,k(ρ−1

l h̄f − αl − hb)τh,k,l(h̄f )

=
L∑

l=1

K∑

k=0
clbh,k(ρ−1

l Hi − αl − hb)τh,k,l(Hi). (5.64)

For the LHS, consider h̄f ∈ (Hi, Hi+1]. Using the definition of τh,k,l and (5.62),
we have

lim
h̄f→Hi,h̄f>Hi

L∑

l=1

K∑

k=0
clbh,k(ρ−1

l h̄f − αl − hb)τh,k,l(h̄f )
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=
L∑

l=1

K∑

k=0
clbh,k(ρ−1

l Hi − αl − hb)
(

i∑

n1=1
nk1ρ

n1
l −

∞∑

n1=i+1
nk1ρ

n1
l

)
. (5.65)

For the RHS, by definition we get

τh,k,l(Hi) =
i−1∑

n1=1
nk1ρ

n1
l −

∞∑

n1=i
nk1ρ

n1
l . (5.66)

Here we assume i > 1 and the verification for i = 1 follows in the same fashion.
For h̄f = Hi, we can verify that h̄b(i) = 0, i.e.,

L∑

l=1
clρ

i
l(ρ−1

l Hi − αl − hb) = 0. (5.67)

Thus, by moving n1 = i from the second sum to the first sum, we get

L∑

l=1

K∑

k=0
clbh,k(ρ−1

l Hi − αl − hb)
(

i∑

n1=1
nk1ρ

n1
l −

∞∑

n1=i+1
nk1ρ

n1
l

)

=
L∑

l=1

K∑

k=0
clbh,k(ρ−1

l Hi − αl − hb)
(

i−1∑

n1=1
nk1ρ

n1
l −

∞∑

n1=i
nk1ρ

n1
l

)

=
L∑

l=1

K∑

k=0
clbh,k(ρ−1

l Hi − αl − hb)τh,k,l(Hi). (5.68)

Then, (5.64) follows immediately. Thus, gh(h̄f ) is continuous by observing that
its first term is also continuous. The convexity of gh(h̄f ) follows from the conti-
nuity and Lemma 5.17.

The proof for (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) > hb follows in similar fashion.

Proof of Theorem 5.7. Suppose that (ρ2 − ρ1)−1(ρ1α1 − ρ2α2) ≤ hb. From
Lemma 5.17 and (5.24), we that if h̄f ≤ hf and h̄f ≤ H1, then

s(h̄f ) = −
L∑

l=1
cl

(
K∑

k=0
bh,kLi−k(ρl) + br

)
−

L∑

l=1

K∑

k=0
clbh,kρ

−1
l Li−k(ρl) ≤ 0.

(5.69)

Similarly, if h̄f ≥ hf and h̄f ≥ H∞, then s(h̄f ) ≥ 0. Therefore, i? defined
by (5.39) exists and is unique.

In the proof we consider two cases.

(i) Hi? ≤ h̄f,0.
In this case, gh(h̄f ) is monotonically increasing for h̄f ≥ h̄f,0. Therefore,
h̄??f = h̄f,0.
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(ii) Hi? > h̄f,0.
Then, we know that gh(h̄f ) is increasing for h̄f > Hi+1 and gh(h̄f ) is
decreasing for h̄f ≤ Hi.

If hf /∈ (Hi, Hi+1], then gh(h̄f ) is monotonically increasing on (Hi? , Hi?+1]
since s(Hi?+1) > 0. Thus, the optimal solution is Hi? .

If hf ∈ (Hi, Hi+1], then gh(h̄f ) is monotonically increasing on (hf , Hi?+1].
Hence, the optimal solution is either Hi? or hf . Therefore, it is easy to see
the result of Theorem 5.7 holds.

5.5 Numerical experiments: random walk with
joint departures

In this section, we consider numerical experiments and we compare the error
bound obtained by the optimal inhomogeneous perturbation with that obtained
by homogeneous perturbation.

Consider a random walk with joint departures in the quarter plane, which
has been studied in [27]. Homogeneous perturbation for this model is applied
in [28] and bounds on the stationary performance are obtained using a linear
programming approach. In this section, we apply our inhomogeneous perturba-
tion framework on this model and derive the error bound.

The model describes two queues with independent Poisson arrivals and si-
multaneous departures from both queues. When one of the queues is empty, the
other one serves at a lower rate. A general introduction to the model is given
in [28]. In this section, we consider a symmetric scenario, which means that both
queues serve at the same rate in case that the other one is empty. Thus, the
non-zero transition rates are,

q1,0 = λ, q0,1 = λ, q−1,−1 = µ,

h1,0 = λ, h0,1 = λ, h−1,0 = µ∗,

v1,0 = λ, v0,1 = λ, v0,−1 = µ∗.

Assume that λ < µ. The transition structure of this random walk is given in
Figure 5.4.

We assume that 2λ+ µ ≤ 1. Thus, we can uniformize R with the constant 1
to obtain the bounds on the bias terms.

For the perturbed random walk R̄, in Section 5.5.1 we describe the homo-
geneous perturbation considered in [28]. Then, in Section 5.5.2, we give the
inhomogeneous perturbation scheme.
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n2

n1

µ

λ

λ

λ

λµ∗

λ

λ

µ∗

λ

λ

Figure 5.4: Transition rates for random walk with joint departures.

5.5.1 Homogeneous perturbation
Homogeneous perturbation is considered in [28]. More precisely, let R̄0 denote
the perturbed random walks with homogeneous transition rates. For R̄0,

h̄b(n1) = µ/2, v̄b(n2) = µ/2, ∀n1, n2 = 1, 2, . . . ,

and the other rates are the same as those of R. Then,

π̄0(n) = (1− ρ0)(1− σ0)ρn1
0 σn2

0 , ∀n ∈ S,

where

ρ0 = σ0 = −µ+
√
µ2 + 8λµ

2µ .

Similar to Q, define

H =
{

(ρ, σ) ∈ (0, 1)2 |
1∑

i=−1
ρ−iσqi,−1 + ρ−1hf + ρhb =

1∑

i=−1
hi,1 + hf + hb

}
,

(5.70)

V =



(ρ, σ) ∈ (0, 1)2 |

1∑

j=−1
ρσ−jq−1,j + σ−1vf + σvb =

1∑

j=−1
v1,j + vf + vb



 .

(5.71)

Then, H and V contains the parameters of geometric terms satisfying the hor-
izontal and the vertical balance equation, respectively. We consider µ∗ = 0.4µ.
In Figure 5.5, all the curves for R are plotted and (ρ0, σ0) is marked with solid
square. In addition, the curves for R̄, i.e., H̄ and V̄, are also plotted so as to
see how the perturbation modifies the curves. The curves of R are in solid lines
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Figure 5.5: Algebraic curves of R and R̄: µ∗ = 0.4µ.

and those of R̄ are plotted in dashed lines. Besides, the curve H is marked with
diamonds and V is marked with circles.

Indeed, (ρ0, σ0) lies on the curves Q, H̄ and V̄. Hence, π̄0 is the stationary
probability distribution of R̄0.

5.5.2 Inhomogeneous perturbation
For the inhomogeneous perturbed random walk R̄, consider

π̄(n1, n2) = c1ρ
n1
1 σn2

1 + c2ρ
n1
2 σn2

2 ,

where (ρk, σk) ∈ (0, 1)2 ∩Q. We consider a π̄ with symmetric structure, i.e.,

ρ1 = σ2, ρ2 = σ1, c1 = c2. (5.72)

From Section 5.4.3 we see that the optimal error bound depends on the given
parameters (ρk, σk). Moreover, from Figure 5.5, we see that for any ρ ∈ (0, 1)2,
there exists at most one σ for which (ρ, σ) ∈ Q. Thus, if we choose ρ1 such that
there exists σ1 for which (ρ1, σ1) ∈ Q, then π̄ is determined. Therefore, we build
up a numerical script that takes ρ1 as input and returns the optimal error bound
corresponding to the π̄ determined by ρ1. We use the Matlab function fmincon
to numerically optimize over ρ1.

5.5.3 Numerical result for error bound
In this part, we consider two performance measures, the expected probability
that the system is empty and the expected number of jobs in the first queue.
The first performance measure is discussed in [28] and bounds on the bias terms
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are given explicitly there. The second performance measure is considered in [27].
No explicit bounds are known for the bias terms in this case. We use the linear
program given in Chapter 2 to obtain bounds on the bias terms.

The probability of an empty system

Consider the expected probability that the system is empty. In this case, the
reward function is F (n) = 1{n = (0, 0)}. In [28], it is shown that

∣∣Dt
u(n)

∣∣ ≤max
{

1
µ∗
,
µ− µ∗
µµ∗

}
, (5.73)

for n ∈ S and u ∈ {(1, 0), (−1, 0), (0, 1), (0,−1)}. Since

q̄u(n) = qw(n),u, for u /∈ {(1, 0), (−1, 0), (0, 1), (0,−1)} , (5.74)

Dt
u(n), u ∈ {(1, 0), (−1, 0), (0, 1), (0,−1)} are the only bias terms that are related

to the error bound. Moreover, using the results from 5.5.1, it is given in [28] that

∣∣F̄ − F
∣∣ ≤ 2r(1− r) (µ/2− µ∗)(µ− µ∗)

µµ∗
, (5.75)

where

r = −1 ∗
√

1 + 8λ/µ
2 .

Let µ∗ = 0.4µ and consider various loads, i.e., various values for λ/µ. The
upper and lower bounds obtained by both the homogeneous perturbation in (5.75)
and the optimal inhomogeneous perturbation are shown in Figure 5.6. For the
inhomogeneous perturbation, the optimization value given in Theorem 5.7 is
used and then it is optimized over ρ1 for the symmetric scenario we consider.
Denote by F (0)

u and F (0)
l the upper and lower bounds given by R̄0, respectively.

Similarly, let Fu and Fl denote the upper and lower bounds given by the optimal
inhomogeneous R̄.

From Figure 5.6, we see that the upper and lower bounds given by the in-
homogeneous perturbation are tighter than that returned by the homogeneous
perturbation. The reason is that for R̄, the inhomogeneous transition rates on
the axes approach gradually to the limits, while the homogeneous rates remain
the same everywhere. By applying the optimal inhomogeneous perturbation, the
difference between the rates of R and R̄ becomes smaller, hence the error bound
is smaller.

Next, fix that λ = 0.2, µ = 0.6, and let µ∗ = η · µ. In Figure 5.7, the upper
and lower bounds for homogeneous and the optimal inhomogeneous perturbation
for various η are given.

Again, we observe that the inhomogeneous perturbation can provide tighter
bounds. In some cases, for example when η > 0.5, the inhomogeneous perturba-
tion gives the same bound as the homogeneous perturbation.
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Figure 5.6: Bounds on F for various λ/µ: F (n) = 1 {n = (0, 0)}, µ∗ = 0.4µ.
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Figure 5.7: Bounds on F for various η: F (n) = 1 {n = (0, 0)}, λ/µ = 1/3.

The expected number of jobs in the first queue

In this case F (n) = n1. In [27], it is shown that the bias terms Dt
u(n1, n2) can

be either non-negative or non-positive depending on n and u. But there is no
explicit expression available for the bounds on the bias terms. Following the
approach in Chapter 2, we formulate a linear program that gives the bounding
functions Bh(n), Bv(n) and br. Then, these bounding functions are used in the
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error bound result.
First, fix µ∗ = 0.4µ and consider various loads. For each λ/µ, bounding func-

tions are obtained by solving the linear program. Then, these functions are used
to get the error bound result. The upper and lower bounds obtained by homo-
geneous and the optimal inhomogeneous perturbation are shown in Figure 5.8.
We see that the optimal inhomogeneous perturbation gives tighter bounds.
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F(0)
u

Fl

F(0)
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Figure 5.8: Bounds on F for various λ/µ: F (n) = n1, µ∗ = 0.4µ.

We see that the inhomogeneous perturbation gives tighter bounds than the
homogeneous perturbation. When λ/µ > 0.45, similar to the observation in [28]
and Chapter 2, the linear program for the bounding functions on the bias terms
does not have a solution satisfying all the constraints. Hence, the corresponding
part is not included in the figure.

Next, let λ = 0.2, µ = 0.6, and take µ∗ = η · µ. The upper and lower bounds
for homogeneous and the optimal inhomogeneous perturbation are given below.

5.6 Conclusions
In this chapter, we have considered an inhomogeneous perturbation framework
for the stationary performance of a continuous-time random walk in the quarter
plane. For a given probability distribution π̄ that is a sum of geometric terms, we
have shown that we can construct a well-defined R̄ such that π̄ is the stationary
probability distribution of R̄. Moreover, we give an explicit expression for the
error bound. We have also formulated an optimization problem to minimize the
error bound and have given the optimal inhomogeneous perturbation. Numer-
ical results demonstrate that the optimal inhomogeneous perturbation provides
tighter than homogeneous perturbation.
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Figure 5.9: Bounds on F for various η: F (n) = n1, λ/µ = 1/3.

We see that the error bound expression depends on the coefficients cl in the
given π̄. Thus, one direction for future work is to consider optimizing over cl
for given (ρl, σl). Another direction is to apply the inhomogeneous perturbation
framework to a random walk in hight-dimensional positive orthant. Moreover,
since we show that the bias terms can be bounded by quadratic functions from
Chapter 4, it is of interest to consider quadratic bounding functions in the nu-
merical results.
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6.1 Introduction
In this chapter, we consider a continuous-time random walk R in the two-
dimensional positive orthant that is homogeneous with respect to the minimal
partition W . We assume that R is irreducible and positive recurrent. Given a
W -linear function F : S → [0,∞), our goal is to obtain upper and lower bounds
on the stationary performance measure F .

From Chapter 5 we see that by allowing for inhomogeneous transition rates
along the axes of the perturbed random walk, the upper and lower bounds can
be improved. In this chapter, we consider another construction for the perturbed
random walk. More precisely, consider a square of size M , i.e.,

E = {0, . . . ,M}2 . (6.1)

Within E we preserve the transition rates, i.e., we don’t make any perturbation.
The transition rates outside the square are perturbed homogeneously such that
the stationary probability distribution outside the square has a geometric product
form. This model is a N -partially space-homogeneous Markov chain, of which
the tail asymptotics have been studied in [13]. Since the transition rates are not
perturbed in the square and π̄ is relatively small for the states outside the square,
the error bound can be made arbitrarily small by making M sufficiently large.

The main contributions of this chapter are:

1. We show that for any (ρ, σ) ∈ Q, we can construct the transition rates of
R̄ such that R̄ is irreducible and for any n outside E,

π̄(n) = C · ρn1σn2 ,

with C > 0. In E, π̄ can be obtained numerically by solving a finite number
of balance equations.

2. Based on the perturbed random walk R̄, we give an explicit expression
for the bound on

∣∣F̄ − F
∣∣. Moreover, the explicit construction for the

transition rates of R̄ is not necessary for the expression. We show that the
error bound converges to 0 geometrically fast in M , the size of E.

The remainder of this chapter is structured as follows. In Section 6.2, we
define the original random walk. Then, in Section 6.3, we define the perturbed
random walk R̄. In Section 6.4, we derive the explicit expression for the error
bound and prove the convergence result. Finally, we consider numerical experi-
ments in Section 6.5.

6.2 The original random walk

We consider a continuous-time random walk R in S = {0, 1, 2, . . . }2, that is
homogeneous with respect to the minimal partition W defined in Definition 1.3.
The model we consider in this chapter is the same as the model of Chapter 5.
The transition structure of R is shown in Figure 5.1.
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6.3 The perturbed random walk
In this section we show that an irreducible and well-defined, i.e., with bounded
and non-negative transition rates, R̄ can be constructed. The transition rates of
R̄ are constructed based on R and another random walk R′, whose stationary
probability distribution is geometric product-form. Thus, in the next part we
first define R′ that is considered in this chapter.

6.3.1 The random walk R′

Let q′w(n),u, u ∈ Nw(n) denote the transition rate of R′ from n to n + u. We
construct R′ such that the transition rates of R′ in the interior are equal to those
of R, i.e.,

q′4,u = q4,u, ∀u ∈ N4. (6.2)

In addition, let the transition rates from the axes to the interior be equal to the
interior rates, i.e.,

q′1,(u1,1) = q1,(u1,1), ∀u1 ∈ {−1, 0, 1} , (6.3)
q′2,(1,u2) = q2,(1,u2), ∀u2 ∈ {−1, 0, 1} . (6.4)

For the origin, let

q′3,(1,0) = q′1,(1,0), q′3,(0,1) = q′2,(0,1), q′3,(1,1) = q4,(1,1). (6.5)

Based on the construction from [10] which is reviewed in Chapter 1, we have the
following proposition.

Proposition 6.1. Let (ρ, σ) ∈ Q, which is defined by (1.11). Also, let h′u1,0 > 0,
u1 ∈ {−1, 1} and v′0,u2 > 0, u2 ∈ {−1, 1} satisfy the balance equations for W1
and W2, i.e.,

h′−1,0 + h′1,0 +
1∑

u1=−1
q4,(u1,1) =

1∑

u1=−1
ρu1q4,(−u1,−1) + ρh′−1,0 + ρ−1h′1,0, (6.6)

v′0,−1 + v′0,1 +
1∑

u2=−1
q4,(1,u2) =

1∑

u2=−1
σu2q−1,−u2 + σv′0,−1 + σ−1v′0,1. (6.7)

Finally, let q′1,(u1,0) = h′u1,0, for u1 ∈ {−1, 0, 1} and q′2,(0,u2) = v′0,u2 , for u2 ∈
{−1, 0, 1}. Then, the stationary probability distribution of R′ is

π′(n) = (1− ρ)(1− σ)ρn1σn2 , ∀n ∈ S.

Also, h′u1,0 and v′0,u2 satisfying (6.6) and (6.7) exist.
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6.3.2 The perturbed random walk R̄

The perturbed random walk R̄ is defined based on the transition rates of R and
R′. In addition to the minimal partition W , for a fixed positive integer M , we
consider E defined by (6.1) and

∂E = {0, . . . ,M + 1} × {M + 1} ∪ {M + 1} × {0, . . . ,M + 1} , (6.8)
Ec = {n ∈ S | n1 ≥M + 2 or n2 ≥M + 2} . (6.9)

The transition rates of R̄ are denoted by q̄u(n) for u ∈ Nw(n). In the following
part, we are going to specify q̄u(n) using qw(n),u and q′w(n),u.

Before we give the formal details, we first briefly explain the idea behind the
construction of q̄u(n). For states in E, we do not perturb the transition rates.
For states in Ec, the transition rates are perturbed to be those of R′. Moreover,
the transition rates from ∂E to E and to Ec are equal to the transition rates
of R and R′, respectively. Summing up the description above, q̄u(n) is given as
follows.

q̄u(n) = qw(n),u, ∀n ∈ E, (6.10)
q̄u(n) = q′w(n),u, ∀n ∈ Ec, (6.11)
q̄u(n) = qw(n),u, ∀n ∈ Ē, n+ u ∈ E, (6.12)
q̄u(n) = q′w(n),u, ∀n ∈ Ē, n+ u ∈ Ec. (6.13)

In addition, the construction for the transition rates within ∂E will be given
below. They are chosen such that the balance equations for ∂E are satisfied. The
structure and transition rates of R̄ are shown in Figure 6.1, where the transition
rates that are defined through (6.10) – (6.13) are drawn in solid arrows and the
rates to be obtained through balance equations are drawn in dashed arrows.

6.3.3 Transition rates within ∂E

In this section, we construct the transition rates within ∂E such that π̄ is of the
form

π̄(n) =
{
C · ρn1σn2 , n ∈ ∂E ∪ Ec,
C · µ(n), n ∈ E, (6.14)

where (ρ, σ) ∈ Q and µ(n) is the solution of the following system of equations,

µ(n)
∑

u∈Nw(n),u

qw(n),u =
∑

u∈Nw(n)

∑

n+u∈E
µ(n+ u)qw(n+u),−u

+
∑

u∈Nw(n),u

∑

n+u∈∂E
ρn1+u1σn2+u2qw(n+u),−u, (6.15)

∀n ∈ E, and where C is the normalization constant given by

C−1 =
∑

n∈E
µ(n) + (1− ρ)−1(1− σ)−1 [1− (1− ρM+1)(1− σM+1)

]
. (6.16)
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Figure 6.1: Illustration of the perturbed random walk R̄

Intuitively, π̄ has geometric product-form for states outside E. In E, π̄ does
not depend on the transition rates within ∂E and can be obtained by solving
the balance equations before rates within ∂E are constructed. Existence and
uniqueness of µ(n) will be shown in Subsection 6.3.4. From the definition of π̄
and R̄, it is easy to verify that π̄ satisfies the balance equations for n ∈ Ec.

Suppose that the transition rates within ∂E are constructed such that the
balance equations for n ∈ ∂E are also satisfied and the resulting R̄ is irreducible.
Then, π̄ is indeed the stationary probability distribution of R̄. In the next theo-
rem, we prove that positive transition rates within ∂E can be obtained such that
the balance equations for n ∈ ∂E hold. Note that the transitions within ∂E are
either horizontal or vertical. Thus, for notational convenience, let e1 = (1, 0) and
e2 = (0, 1).

Theorem 6.2. Suppose that π̄ : S → [0, 1] is given by (6.14). There exist
q̄ei(n) > 0, for i = 1, 2, n, n + ei ∈ ∂E and q̄−ei(n) for i = 1, 2, n, n − ei ∈ ∂E
such that π̄ satisfies the balance equations for n ∈ ∂E.

Proof. From the balance equations, it is easy to see that the rates between (0,M+
1), . . . , (M + 1,M + 1) and those between (M + 1, 0), . . . , (M + 1,M + 1) can be
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constructed without interfering each other. Thus, we only present the proof for
the states (0,M +1), . . . , (M,M +1) and the proof for the other states follows in
the same fashion. Next, we show that these transition rates can be constructed
state by state.

First, consider n = (0,M + 1), for which the balance equation is given by

∑

u∈Nw(n):
n+u∈E∪Ec

π̄(n+ u)q̄−u(n+ u) + π̄(n+ e1)q̄−e1(n+ e1)

= π̄(n)
∑

u∈Nw(n):
n+u∈E∪Ec

q̄u(n) + π̄(n)q̄e1(n). (6.17)

Rearranging terms in (6.17) gives

π̄(n)q̄e1(n)− π̄(n+ e1)q̄−e1(n+ e1)

=
∑

u∈Nw(n):
n+u∈E∪Ec

[π̄(n+ u)q̄−u(n+ u)− π̄(n)q̄u(n)] . (6.18)

Observe that (6.18) is a linear equation q̄e1(n) and q̄−e1(n + e1). If the RHS
of (6.18) is non-negative, then for ε > 0, let

q̄−e1(n+ e1) = ε.

Then, q̄e1(n) > 0 can be obtained from (6.18). In similar fashion, if the RHS
of (6.18) is negative, then let

q̄e1(n) = ε.

Positive q̄−e1(n + e1) can be obtained. Thus, positive q̄e1(n) and q̄−e1(n + e1)
can be obtained satisfying the balance equation for (0,M + 1).

Next, consider n = (1,M + 1) and the balance equation for n. Following the
same approach, positive q̄e1(n) and q̄−e1(n + e1) can be obtained such that the
balance equation for (1,M + 1) holds. Then, we consider the balance equations
for (2,M + 1), . . . (M,M + 1) and use their balance equations state by state.
Therefore, positive transition rates can be obtained.

In Theorem 6.2, we have shown that in our construction, we choose one of
q̄ei(n) and q̄−ei(n + ei) to be ε. The other one can be obtained from balance
equations. Moreover, the construction depends on ε > 0, which can be arbitrarily
chosen. As will be seen in the next section, explicit expression for the rates that
are not equal to ε is not necessary to derive an error bound result. Hence, we do
not specify the explicit expression for those transition rates.
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6.3.4 Ergodicity of the perturbed random walk R̄

In this part, we consider the properties of R̄ and show that if the transition rates
within ∂E are all positive, R̄ is irreducible and ergodic.

Define the following subset of S,

C = ({M + 2, . . . } × {0}) ∪ ({0} × {M + 2, . . . }) ∪ ∂E. (6.19)

The states in set C are shown in Figure 6.2.

n2

n1
C

M + 1

M + 1

Figure 6.2: The communicative class C

We present the following lemma. The proof follows directly from the definition
of q̄u(n) and that q′4,u = q4,u. Hence, we omit the proof of the lemma.

Lemma 6.3. There is no perturbation for n /∈ C, i.e., if n /∈ C then q̄u(n) =
qw(n),u.

For n, n′ ∈ S, ω(n, n′) = (s0, . . . , sK), with K ∈ N+ is called a directed path
in R from n to n′ if

s0 = n, sK = n′, sk+1 ∈ Nw(sk), qsk+1−sk(sk) > 0,

for k = 0, . . . ,K − 1. In similar fashion, a directed path in R̄ and R′ can be
defined and denoted by ω̄(n, n′) and ω′(n, n′), respectively. Next, we show that
R̄ is irreducible, i.e., for any n, n′ ∈ S, there exists a directed path ω̄(n, n′).

Theorem 6.4. Suppose that the transition rates with ∂E are strictly positive.
Then, R̄ is irreducible.

Proof. Since R is irreducible, we know that for any n, n′ ∈ S there exists a
directed path ω(n, n′) = (s0, . . . , sK) for some K ∈ N+. In the following proof,
we will show that for any n, n + u ∈ S where u ∈ Nw(n) and qw(n),u > 0,
there exists a directed path ω̄(n, n+ u) in R̄. Then, there exists a directed path
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ω̄(si, si+1) for i = 0, . . . ,K − 1. Connecting all the directed paths from ni to
ni+1, there is a directed path ω̄(n, n′) in R̄. Therefore, R̄ is irreducible.

We consider the following four cases.
(i) n ∈W4.

From the definition of q̄u(n), it is easy to see that q̄u(n) > 0. Hence, we
take ω̄(n, n+ u) = (n, n+ u).

(ii) n /∈W4 and n ∈ E.
Since q̄u(n) = qw(n),u > 0, we can take ω̄(n, n+ u) = (n, n+ u).

(iii) n /∈W4 and n ∈ Ec.
It is easy to check that n ∈ C. We know that q̄u(n) = q′w(n),u. Since R′
is irreducible, there exists u′ = (u′1, u′2) ∈ N4 for which u′1 = 1 or u′2 = 1
and q′w(n),u > 0. For R′ the transitions from the axes to the interior have
the same rates as those of the interior. Thus, there exists a directed path
ω̄(ñ, n + u), in which ñ ∈ C and n + u = ñ + L · u′ for some L ∈ N. For
example, suppose that n ∈ W1 ∩ Ec and u = (0, 1). In Figure 6.3, we
illustrate all the possibilities for u′, where the set C is represented by a
dashed line. Note that in Figure 6.3 the location of ñ can still vary. For
instance, in Figure 6.3(a) ñ can also be located on the vertical axis.

n2

n1

ñ

n + u

n

(a) u′ = (1,−1)

n2

n1

ñ n + u

n

(b) u′ = (1, 0)

n2

n1

n + u

n(ñ)

(c) u′ = (0, 1)

n2

n1
ñ

n + u

n

(d) u′ = (1, 1)

n2

n1
ñ

n + u

n

(e) u′ = (−1, 1)

Figure 6.3: Possibilities for the path ω̄(ñ, n+ u): n ∈W1 ∩ Ec, u = (0, 1).

The transition rates within ∂E and the transition rates of R′ along the axes
are all positive. Hence, since n ∈ C and ñ ∈ C, there exists a directed path
ω̄(n, ñ). Therefore, connecting ω̄(n, ñ) and ω̄(ñ, n + u), we get a directed
path ω̄(n, n+ u).
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(iv) n /∈W4 and n ∈ ∂E.
If n + u ∈ E ∪ ∂E, q̄u(n) > 0 since there is no perturbation. Hence, take
ω̄(n, n + u) = (n, n + u). If n + u ∈ Ec, following from the proof in Case
(iii), there exists a directed path ω̄(n, n+ u).

Next, we show that R̄ is ergodic.

Theorem 6.5. Suppose that R̄ is constructed by (6.10) – (6.13) and Theorem 6.2.
Then, R̄ is ergodic.

Proof. In the proof we use the remark on Page 40 of [25] that an ergodic ran-
dom walk remains ergodic if a finite number of transition rates are perturbed,
providing that the random walk after perturbation is still irreducible. Since R̄ is
irreducible, and R̄ obtained by perturbing a finite number of transition rates of
R′, R̄ is also ergodic.

Since R̄ is irreducible and ergodic, π̄ exists and is unique. Therefore, there
exists unique µ : E → [0, 1] satisfying (6.14). Moreover, the equations in the
system are all linear. Thus, µ can be obtained numerically by solving (6.14).
Regarding the time complexity, there are (M+1)2 linear equations and (M+1)2

variables in the system. The complexity of solving this system is O((M + 1)6).

6.4 Error bound result

6.4.1 Explicit expression for the error bound
In this section, we use the Markov reward approach to derive the error bound.
We assume that the bias terms are bounded by a polynomial function of the form

B(n) =
K∑

k=0

(
bk,1n

k
1 + bk,2n

k
2
)
. (6.20)

Moreover, let Φ(z, s, α) be the Lerch transcendent defined as

Φ(z, s, α) =
∞∑

k=0

zk

(k + α)s , ∀n ∈ S. (6.21)

and

∆ = max
w∈W

{ ∑

u∈Nw

∣∣q′w,u − qw,u
∣∣
}
, (6.22)

γ = max
w∈W

{ ∑

u∈Nw
qw,u

}
+ max
w∈W

{ ∑

u∈Nw
q′w,u

}
, (6.23)

bk = bk,1 + bk,2, (6.24)
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θ = max {ρ, σ} . (6.25)

In the theorem below, we give an explicit expression for the error bound.

Theorem 6.6. Suppose that ε is the transition rate parameter for ∂E. Then,
∣∣F̄ − F

∣∣ ≤ g(M),

where

g(M) = 2C∆θM+1
K∑

k=0
bkΦ(θ,−k,M + 1)

+ 4CγθM+1(1− θ)−1
K∑

k=0
bk · (M + 1)k. (6.26)

In Theorem 6.6, a neat expression has been presented for the error bound.
Nevertheless, to make the presentation as clear as possible, we have taken some
crude bounds. For example, ∆, γ and θ all contain maximums. Numerically,
computing the expression for g(M) given in Theorem 6.6 often leads to large
error bounds. In the next theorem, we provide a much tighter result for the error
bound. The proofs of Theorem 6.6 and 6.7 are given in Appendices 6.B and 6.A,
respectively.

Theorem 6.7. Suppose that the conditions in Theorem 6.6 are all satisfied.
Then,

∣∣F̄ − F
∣∣ ≤ gc(M),

where

gc(M) =
∑

u∈N1

∣∣q′1,u − q1,u
∣∣
K∑

k=0
Cbk,1ρ

M+1Φ(ρ,−k,M + 1)

+
∑

u∈N2

∣∣q′2,u − q2,u
∣∣
K∑

k=0
Cbk,2σ

M+1Φ(σ,−k,M + 1)

+
∑

n∈∂E

∑

u∈Nw(n)

∣∣q̄u(n)− qw(n),u
∣∣Cρn1σn2B(n). (6.27)

The result above requires a calculation for q̄u(n) for n ∈ ∂E, which has the
time complexity O(M) since there are 2M + 1 states in ∂E. In the next section,
we will see that compared to Theorem 6.6, the result in Theorem 6.7 is indeed
much tighter.



6.4. Error bound result 113

6.4.2 Convergence of the error bound
In this part, we show that the error bound g(M) converges to 0 as M goes to
infinity. Moreover, g(M) decays geometrically fast, i.e.,

lim sup
M→∞

log g(M)
M

< 0.

Let the decay rate α be defined as

α = − lim
M→∞

log g(M)
M

.

Theorem 6.8. Let g(M) be the error bound result given by Theorem 6.6. Then,
limM→∞ g(M) = 0. Moreover, g(M) decays geometrically fast, with decay rate
α ≥ η(ρ, σ), where η(ρ, σ) is the decay rate of π′, i.e.,

η(ρ, σ) = lim
M→∞

∑
n∈Ec π

′(n)
M

= lim
M→∞

log(ρM + σM − ρMσM )
M

. (6.28)

Proof. It is easy to see that g(M) ≥ 0, for any M ∈ N+. Moreover, for the Lerch
transcendent, it is easy to verify that

Φ(θ,−k,M + 1) =
∞∑

i=0
(M + 1 + i)kθi

≤
∞∑

i=0
[(M + 1) · (i+ 1)]k θi = (M + 1)kθ−1Li−k(θ), (6.29)

where Li−k(θ) is the polylogarithm function defined as

Lis(z) =
∞∑

i=1

zi

is
. (6.30)

Thus,

g(M) ≤ 2C∆
K∑

k=0
bk(M + 1)kθMLi−k(θ) + 4CγθM+1(1− θ)−1

K∑

k=0
bk · (M + 1)k.

(6.31)

Notice that the normalization constant C differs for variousM . Thus, the limiting
behavior of g(M) depends on CθM . The tail behavior of N -partially space-
homogeneous Markov chain in [13]. Since R̄ is irreducible, uniformizable and
there is a finite number of transitions from every state, using Theorem 1.1 in [13],
π̄ decays geometrically if R′ is ergodic. Moreover, the decay rate of π̄ is equal
to the decay rate of π′ since the transition rates outside Ec are equal to those of
R′. Thus, for a sufficiently large M , there exists τ > 0 such that

CθM ≤ τe−η(ρ,σ)M . (6.32)
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Consequently, for a sufficient large M ,

g(M) ≤ 2∆τe−η(ρ,σ)M
K∑

k=0
bk(M + 1)kLi−k(θ)

+ 4γτe−η(ρ,σ)(M+1)(1− θ)−1
K∑

k=0
bk · (M + 1)k (6.33)

For any k = 0, . . . ,K, limM→∞ e−ηM (M + 1)k = 0. Therefore,

lim
M→∞

g(M) = 0.

Next, we show that g(M) decays geometrically fast. Taking the logarithm on
both sides of (6.33), and combining all the terms which are not dependent onM ,
we have that there exists β0 > 0, β1 > 0 and β2 > 0 such that

log g(M) ≤ β0 +K log(M + 1) + (−η(ρ, σ)M). (6.34)

Thus,

lim sup
M→∞

log(M)
M

≤ −η < 0. (6.35)

This implies that g(M) decays geometrically fast and

α = − lim
M→∞

log g(M)
M

≥ η(ρ, σ). (6.36)

6.5 Numerical experiments: random walk with
joint departures

Consider the random walk with joint departures in the quarter plane, which is
introduced in [28]. This model has been introduced in detail in Section 5.5. We
see from the numerical results there that the error bound has become smaller
by using inhomogeneous perturbation. In this section, we see that using the
perturbation scheme proposed in this chapter, the error bound can be further
reduced by the method from this chapter.

For the random walk R, the non-zero transition rates are,

qw(n),e1 = λ, qw(n),e2 = λ, ∀n ∈ S,
q4,(−1,−1) = ν, q1,−e1 = q2,−e2 = ν∗.

Assume that 2λ+ ν = 1, λ/ν = 1/3 and ν∗ = 0.4ν.
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The perturbed random walk R̄

We first specify the transition rates of R′ and π′. For any chosen (ρ, σ) ∈ Q, let
q′1,e1 = q′2,e2 = λ. By Proposition 6.1, the departure rates q′1,−e1 and q′2,−e2 can
be obtained by solving the balance equations for W1 and W2, respectively. In
Figure 6.4, we plot Q for R.

0 0.5 1 1.5 2
0

0.5

1

1.5

2
Q

Figure 6.4: Interior characteristic curve of R′.

We first verify that the error bound decays geometrically fast. Moreover,
we choose multiple pairs of (ρ, σ) from Q and compare the decay rates of the
obtained error bounds.

We can calculate that for any (ρ, σ) ∈ (0, 1)2 ∩Q, 1/3 < ρ, σ < 1. Thus, let

ρ0 = 0.35, ρj = (j + 3)/10, for j = 1, . . . , 6,

and σj be the parameter corresponding to ρj on Q, as is marked in Figure 6.4.
Then, R′i can be constructed for which π′j(n) = (1 − ρj)(1 − σj)ρn1

j σ
n2
j . Let R̄j

be the perturbed random walks based on R′j . In the next part, we consider two
performance measures of the system.

6.5.1 The probability of an empty system
Let F (n) = 1{(n) = (0, 0)}. In [28], it is shown that

∣∣Dt
e1(n)

∣∣ ≤max
{

1
µ∗
,
µ− µ∗
µµ∗

}
, (6.37)

∣∣Dt
e2(n)

∣∣ ≤max
{

1
µ∗
,
µ− µ∗
µµ∗

}
, (6.38)

for n ∈ S. Since q̄w(n),u = qw(n),u for u /∈ {e1,−e1, e2,−e2}, these are the only
bias terms that affect the error bound.
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The error bound results obtained by considering R̄i and using Theorem 6.6
are shown in Figure 6.5. Note that the y-axis is in logarithmic scale.
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Figure 6.5: Error bounds given by R̄i: F (n) = 1 {n = (0, 0)}, λ/ν = 1/3, ν∗ =
0.4ν.

As is seen from Figure 6.5, the error bounds obtained by various R̄i all con-
verge geometrically fast to 0. The decay rate α can be obtained by calculating
the slope of the straight line in Figure 6.5. In Table 6.1, the decay rates of g(M)
and the decay rates of R̄i are given for i = 0, . . . , 6. From Table 6.1 we see that
for any R̄i, α ≥ η(ρ, σ). Moreover, the decay rate of g(M) does not depend on
(ρ, σ).

R̄0 R̄1 R̄2 R̄3 R̄4 R̄5 R̄6
η(ρ, σ) 0.3253 0.6165 0.6545 0.4780 0.3285 0.1985 0.0834
α 0.6651 0.6651 0.6651 0.6651 0.6651 0.6651 0.6651

Table 6.1: Decay rates of g(M) and of R̄i for various i.

Next, we consider upper and lower bounds of the performance measure given
by a specific R̄i. Take R̄2 for example. In Figure 6.6, upper and lower bounds
given by Theorem 6.6 as well as Theorem 6.7 are given. In Theorem 6.7, the
construction for the rates within ∂E is necessary, which depends on the parameter
ε. For eachM , we use the Matlab function fmincon to numerically optimize over
ε. The optimal solutions for ε are non-trivial.

Moreover, in [28] it is given that

(1− r)2 − g ≤ F̄ ≤ (1− r)2 + g, (6.39)
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where

g = 2r(1− r) (µ/2− µ∗)(µ− µ∗)
µµ∗

, (6.40)

r = −ν +
√
ν2 + 8λν

2ν . (6.41)

We also include these bounds in Figure 6.6.
In addition, consider R̄T , which is defined on the state space E. For the

transition rates q̄(T )
u (n),

q̄(T )
u (n) =

{
qw(n),u, if n+ u ∈ E,
0, otherwise.

(6.42)

Intuitively, R̄T is obtained by truncating the whole state space to E and setting
all the outgoing rates to be 0. The performance of R̄T is also included, which is
an approximation to F . In Figure 6.6, the upper bounds are drawn with solid
lines while the lower bounds are drawn with dashed lines. FT represents the
result given by truncation approximation. Fu, Fl and F (c)

u and F (c)
l are the

bounds obtained by Theorem 6.6 and Theorem 6.7, respectively. Moreover, the
bounds given in [28] are denoted by F (h)

u and F (h)
l .
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Figure 6.6: Bounds on F : F (n) = 1 {n = (0, 0)}, λ/ν = 1/3, ν∗ = 0.4ν.

Comparing the results of Theorem 6.6 and Theorem 6.7, clearly Theorem 6.7
gives much tighter bounds than the theorem. As we have discussed before, the
result of Theorem 6.6 gives insight in the convergence behavior of the error bound.
However, it is often far from tight. The result of Theorem 6.7 gives very tight
bounds, but depends on additional computations and is less insightful.
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In addition, it is seen that the bounds given by our perturbation scheme,
are tighter than both the homogeneous bounds in [28] and the approximation
result FT . All the bounds given by our proposed perturbation as well as the
approximation by R̄T converge to the same limit as M increases.

6.5.2 The expected number of jobs in the first queue
In this section, we consider the expected number of jobs in the first queue, i.e.,
F (n) = n1. In [27], it is shown that the bias terms Dt

u(n) can be either non-
negative or non-positive depending on n and u. For this performance measure,
there is no explicit expression available for the bounds on the bias terms. Fol-
lowing the approach in [28] and Chapter 2, we formulate a linear program that
gives a linear bounding function B(n). More precisely, we obtain

∣∣Dt
u(n)

∣∣ ≤ 9.1635 + 8.125n1 + 1.125n2, ∀n ∈ S, u ∈ Nw(n).

This bounding function will be used in the error bound result.
In Figure 6.7, the error bounds obtained by considering R̄i are shown, where

the y-axis is in logarithmic scale.
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Figure 6.7: Error bounds given by R̄i: F (n) = n1, λ/ν = 1/3, ν∗ = 0.4ν.

Similar to the previous the performance measure, the error bounds all con-
verge to 0 geometrically fast with the same rate. Next, we take R̄2 and plot
the upper and lower bounds on F based on our perturbation scheme. Again,
we compare the results given by Theorem 6.6 and Theorem 6.7 as well as the
approximation result obtained by R̄T .

In Figure 6.8, all the upper and lower bounds converge to the same limit as
M increases. Moreover, similar to the observation before, the bounds obtained
by Theorem 6.7 are far tighter than those from Theorem 6.6. Compared to
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Figure 6.8: Bounds on F : F (n) = n1, λ/ν = 1/3, ν∗ = 0.4ν.

the approximation FT , our perturbation scheme provides guaranteed bounds on
the performance measure, while the approximation result does not give such
guarantee.

6.6 Conclusions

In this chapter, we have proposed a perturbation scheme based on a square
for the stationary performance of random walks in the two-dimensional positive
orthant. We have shown that using this perturbation scheme, we can obtain
an explicit expression for the error bound, assuming that the bias terms are
bounded by polynomial functions. Moreover, the error bound will converge to 0
geometrically fast, as the size of the square increases.

This perturbation scheme does not work for all performance measures. For
example, if we want to obtain bounds on P(n1 ≥ m) for some large integer m,
to obtain good bounds we need to consider a square of the size larger than m.
In this case, it may be numerically difficult to compute π̄ for n in the square.
Therefore, the perturbation scheme in this chapter works well for performance
measure such as expected number of jobs, which is relatively large itself. In this
case, we can use a square whose size is not too large to obtain very tight bounds
on the performance measure.
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6.A Proof of Theorem 6.7
Recall that for the Markov reward approach, we need to find a function g : S →
[0,∞) for which

∣∣∣∣∣∣
∑

u∈Nw(n)

(
q̄u(n)− qw(n),u

)
Dt
u(n)

∣∣∣∣∣∣
≤ g(n), (6.43)

for all n ∈ S, t ≥ 0. From Lemma 6.3, it is known that q̄u(n) = qw(n),u for n /∈ C.
Thus,

g(n) = 0, ∀n /∈ C. (6.44)

Consider n ∈ C. It is assumed that the bias terms Dt
u(n) are bounded by the

function B(n). Thus, for (6.43),

g(n) =
∑

u∈Nw(n)

∣∣q̄u(n)− qw(n),u
∣∣B(n), ∀n ∈ C. (6.45)

Therefore,
∣∣F̄ − F

∣∣ ≤ g,

where

g =
∑

n∈C

∑

u∈Nw(n)

π̄(n)
∣∣q̄u(n)− qw(n),u

∣∣B(n). (6.46)

Based on the construction of q̄u(n) for n ∈ C, g can be decomposed as g = g1 +g2,
where

g1 =
∑

n∈C

∑

u∈Nw(n):
n+u∈Ec

π̄(n)
∣∣q̄u(n)− qw(n),u

∣∣B(n), (6.47)

g2 =
∑

n∈C

∑

u∈Nw(n):
n+u∈∂E

π̄(n)
∣∣q̄u(n)− qw(n),u

∣∣B(n). (6.48)

In Figure 6.9, this is illustrated.
From Figure 6.9, it is easy to verify that

g1 ≤
∑

n1=M+1

∑

u∈N1

∣∣q′1,u − q1,u
∣∣ π̄(n1, 0)B(n1, 0)

+
∑

n2=M+1

∑

u∈N2

∣∣q′2,u − q2,u
∣∣ π̄(0, n2)B(0, n2) (6.49)

=
∑

n1=M+1

∑

u∈N1

∣∣q′1,u − q1,u
∣∣Cρn1

K∑

k=0
bk,1n

k
1
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n2

n1
M + 1

M + 1

(a) States and transitions in g1

n2

n1
M + 1

M + 1

(b) States and transitions in g2

Figure 6.9: States and transition involved in the error bound result

+
∑

n2=M+1

∑

u∈N2

∣∣q′2,u − q2,u
∣∣Cσn2

K∑

k=0
bk,2n

k
2 (6.50)

=
∑

u∈N1

∣∣q′1,u − q1,u
∣∣
K∑

k=0
Cbk,1ρ

M+1Φ(ρ,−k,M + 1)

+
∑

u∈N2

∣∣q′2,u − q2,u
∣∣
K∑

k=0
Cbk,2σ

M+1Φ(σ,−k,M + 1) (6.51)

Plugging in π̄(n) = Cρn1σn2 , it is easy to see that the result of Theorem 6.7
holds.

6.B Proof of Theorem 6.6
Suppose that for an arbitrary ε > 0, the transition rates within ∂E are con-
structed by the approach given in Section 6.3. From Section 6.A, we know

∣∣F̄ − F
∣∣ ≤ g1 + g2. (6.52)

In this proof, we derive upper bounds on g1 and g2 separately in two parts.

6.B.1 Upper bound for g1

In this case, the transition rate q̄u(n) is equal to qw(n),u for any n ∈ C ∩W4.
Thus we only need to consider the states on the horizontal and vertical axes. In
addition, q̄u(n) = q′w(n),u, which is homogeneous. Thus, for any n,

∑

u∈Nw(n):
n+u∈Ec

∣∣q̄u(n)− qw(n),u
∣∣ ≤ max

n∈S





∑

u∈Nw(n)

∣∣∣q′w(n),u − qw(n),u

∣∣∣



 = ∆. (6.53)
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Moreover, since n2 = 0 for n ∈W1 and n1 = 0 for n ∈W2,

B(n) ≤
K∑

k=0
bkn

k
1 , for n ∈W1, B(n) ≤

K∑

k=0
bkn

k
2 , for n ∈W2. (6.54)

where bk is defined by Equation (6.24). Therefore,

g1 ≤
∞∑

n1=M+1
π̄(n1, 0)∆

K∑

k=0
bkn

k
1 +

∞∑

n2=M+1
π̄(0, n2)∆

K∑

k=0
bkn

k
2

≤C∆
K∑

k=0
bk

∞∑

n1=M+1
nk1θ

n1 + C∆
K∑

k=0
bk

∞∑

n2=M+1
nk2θ

n2

=2C∆θM+1
K∑

k=0
bkΦ(θ,−k,M + 1), (6.55)

where the last equality follows from the definition of Lerch transcendent.

6.B.2 Upper bound for g2

From Figure 6.9(b), it is seen that g2 is a finite sum over n ∈ ∂E. Moreover,
since n1, n2 ≤M + 1 for n ∈ ∂E, it holds that

B(n) ≤
K∑

k=0
bk(M + 1)k. (6.56)

Thus, g2 can be rewritten as

g2 =
K∑

k=0
bk(M + 1)k

∑

n∈∂E\(M+1,M+1)

ϕ(n), (6.57)

where

ϕ(n) =





π̄(n)
∣∣q̄e1(n)− qw(n),e1

∣∣
+π̄(n+ e1)

∣∣q̄−e1(n+ e1)− qw(n+e1),−e1

∣∣ ,
for n2 = M + 1,

π̄(n) |q̄e2(n)− qe2(n)|
+π̄(n+ e2) |q̄−e2(n+ e2)− q−e2(n+ e2)| ,

for n1 = M + 1.

(6.58)

The goal of this section is to show that
∑

n∈∂E\(M+1,M+1)

ϕ(n) ≤ 4C (γ + ε) θM+1(1− θ)−1, (6.59)
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from which the upper bound on g2 follows immediately.
The derivation of (6.59) follows in three steps. More precisely, divide the

states in ∂E into two subsets and then

∑

n∈∂E\(M+1,M+1)

ϕ(n) =
M∑

n1=0

∑

n2=M+1
ϕ(n) +

∑

n1=M+1

M∑

n2=0
ϕ(n). (6.60)

In the following part, we first derive an upper bound for the first sum in
Step 1 and 2. The upper bound for the second sum can be obtained in the
same fashion. We then use these upper bounds to obtain an upper bound for∑
n∈∂E\(M+1,M+1) ϕ(n) in Step 3.

Step 1
In Step 1, we show that

M∑

n1=0

∑

n2=M+1
ϕ(n) ≤

M∑

n1=0

∑

n2=M+1
|π̄(n)q̄e1(n)− π̄(n+ e1)q̄−e1(n+ e1)|+

M∑

n1=0

∑

n2=M+1

[
π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1 + 2επ̄(n)

]
. (6.61)

By rearranging the terms in (6.58), we get that for n for which n2 = M + 1,

ϕ(n) ≤ π̄(n)q̄e1(n) + π̄(n+ e1)q̄−e1(n+ e1) + π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1 .

(6.62)

For a, b > 0, it holds that a + b ≤ |a− b| + 2a and a + b ≤ |a− b| + 2b. From
Theorem 6.2, it is known that either q̄e1(n) = ε or q̄−e1(n+ e1) = ε. Therefore,

π̄(n)q̄e1(n) + π̄(n+ e1)q̄−e1(n+ e1)
≤ |π̄(n)q̄e1(n)− π̄(n+ e1)q̄−e1(n+ e1)|+ 2επ̄(n), (6.63)

Hence,

ϕ(n) ≤ |π̄(n)q̄e1(n)− π̄(n+ e1)q̄−e1(n+ e1)|
+ π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1 + 2επ̄(n). (6.64)

Similar inequality can be obtained for n for which n1 = M + 1. Then, summing
over n ∈ ∂E, (6.61) holds. As is discussed in Section 6.3, q̄e1(n) and q̄−e1(n+ e1)
are the transition rates within ∂E. These rates will not be computed explicitly.
Instead, in the next step, we will immediately obtain an upper bound on the first
sum on the right hand side of Equation (6.61) in terms of the parameters of R
and R′.
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Step 2
For any n ∈ ∂E for which n2 = M + 1, define

d(n) =π̄(n)q̄e1(n)− π̄(n+ e1)q̄−e1(n+ e1), (6.65)

κ(n) =
∑

u∈Nw(n):
n+u∈E∪Ec

[π̄(n+ u)q̄−u(n+ u) + π̄(n)q̄u(n)] . (6.66)

Then in Step 2, we show that

M∑

n1=0

∑

n2=M+1
|d(n)| ≤ (M + 1)

M∑

n1=0

∑

n2=M+1
κ(n). (6.67)

From the balance equation at n = (0,M + 1), it follows that

d(n) =
∑

u∈Nw(n):
n+u∈E∪Ec

[π̄(n+ u)q̄−u(n+ u)− π̄(n)q̄u(n)] . (6.68)

Similarly, for n = (1,M + 1), . . . , (M,M + 1), through the balance equations we
get

d(n) = d(n− e1) +
∑

u∈Nw(n):
n+u∈E∪Ec

[π̄(n+ u)q̄−u(n+ u)− π̄(n)q̄u(n)] . (6.69)

Then,

d(n) =
{
κ(n), n = (0,M + 1),
d(n− e1) + κ(n), n = (1,M + 1), . . . , (M,M + 1).

(6.70)

By recursion, it follows that for any n = (1,M + 1), . . . , (M,M + 1),

|d(n)| ≤ |d(n− e1)|+ κ(n) (6.71)

≤ |d(n− 2e1)|+ κ(n− e1) + κ(n) ≤ · · · ≤
∑

m∈∂E:m1≤n1

κ(m). (6.72)

Summing over all n, we get

M∑

n1=0

∑

n2=M+1
|d(n)| ≤

M∑

n1=0

∑

n2=M+1

∑

m∈∂E:m1≤n1

κ(m)

=
M∑

m1=0

∑

m2=M+1
(M + 1−m1)κ(m)

≤ (M + 1)
M∑

m1=0

∑

m2=M+1
κ(m), (6.73)
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Step 3
In this step, we combine the conclusions of Step 1 and Step 2, and derive the

upper bound for
∑
n∈∂E\(M+1,M+1) ϕ(n). From the inequalities given in (6.61)

and (6.73), it is seen that

∑

n∈∂E\(M+1,M+1):
n2=M+1

ϕ(n) ≤ (M + 1)
M∑

m1=0

∑

m2=M+1
κ(m)+

M∑

m1=0

∑

m2=M+1

[
π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1 + 2επ̄(n)

]
.

A similar inequality can be obtained as well for the sum over all states in ∂E\(M+
1,M + 1) for which n1 = M + 1. Then, combining these two inequalities gives
that

∑

n∈∂E\(M+1,M+1)

ϕ(n) ≤ (M + 1)
∑

n∈∂E
κ(n)

+
∑

n∈∂E:n2=M+1

[
π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1 + 2επ̄(n)

]

+
∑

n∈∂E:n1=M+1

[
π̄(n)qw(n),e2 + π̄(n+ e2)qw(n+e2),−e2 + 2επ̄(n)

]
. (6.74)

First, we drive an upper bound on
∑
n∈∂E κ(n) using the partial balance.

More precisely, we have
∑

n∈∂E

∑

u∈Nw(n):
n+u∈E

π̄(n)q̄u(n) =
∑

m∈E

∑

v∈Nw(m):
m+v∈∂E

π̄(m)q̄v(m), (6.75)

which intuitively means that the flow from E to ∂E is equal to the flow from ∂E
to E. Similarly, we get the following

∑

n∈∂E

∑

u∈Nw(n):
n+u∈Ec

π̄(n)q̄u(n) =
∑

m∈Ec

∑

v∈Nw(m):
m+v∈∂E

π̄(m)q̄v(m), (6.76)

for the flows between ∂E and Ec. Then, from (6.58) we have
∑

n∈∂E
κ(n) =

∑

n∈∂E

∑

u∈Nw(n):
n+u∈E∪Ec

π̄(n)q̄u(n) +
∑

n∈∂E

∑

u∈Nw(n):
n+u∈E∪Ec

π̄(n+ u)q̄−u(n+ u).

(6.77)

We change the variable by letting m = n + u and v = −u in the second sum.
Then,

∑

n∈∂E
κ(n) =

∑

n∈∂E

∑

u∈Nw(n):
n+u∈E∪Ec

π̄(n)q̄u(n) +
∑

m∈E∪Ec

∑

v∈Nw(m):
m+v∈∂E

π̄(m)q̄v(m)
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=2
∑

n∈∂E

∑

u∈Nw(n):
n+u∈E∪Ec

π̄(n)q̄u(n), (6.78)

where the second equality follows by applying the partial balance equations
in (6.75) and (6.76).

Then, plug (6.78) into the inequality in (6.74) and we get

∑

n∈∂E\(M+1,M+1)

ϕ(n) ≤ 2
∑

n∈∂E
π̄(n)

∑

u∈Nw(n):
n+u∈E∪Ec

q̄u(n)

+
∑

n∈∂E:n2=M+1

[
π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1

]

+
∑

n∈∂E:n1=M+1

[
π̄(n)qw(n),e2 + π̄(n+ e2)qw(n+e2),−e2

]
+ 2ε

∑

n∈∂E
π̄(n). (6.79)

Since q̄u(n) = q′w(n),u for n ∈ ∂E, n + u ∈ Ec and q̄w(n) = qw(n),u for n ∈
∂E, n+ u ∈ E,

∑

n∈∂E\(M+1,M+1)

ϕ(n) ≤ 2
∑

n∈∂E
π̄(n)




∑

u∈Nw(n):
n+u∈E

qw(n),u +
∑

u∈Nw(n):
n+u∈Ec

q′w(n),u




+
∑

n∈∂E:n2=M+1

[
π̄(n)qw(n),e1 + π̄(n+ e1)qw(n+e1),−e1

]

+
∑

n∈∂E:n1=M+1

[
π̄(n)qw(n),e2 + π̄(n+ e2)qw(n+e2),−e2

]
+ 2ε

∑

n∈∂E
π̄(n)

≤ 2
∑

n∈∂E
π̄(n)




∑

u∈Nw(n):
n+u∈E∪∂E

qw(n),u +
∑

u∈Nw(n):
n+u∈Ec

q′w(n),u


+ 2ε

∑

n∈∂E
π̄(n), (6.80)

Then, with the definition of γ in (6.23), we get
∑

n∈∂E\(M+1,M+1)

ϕ(n) ≤ 2 (γ + ε)
∑

n∈∂E
π̄(n)

=4C (γ + ε) θM+1(1− θ)−1(1− θM+2)
≤4C (γ + ε) θM+1(1− θ)−1. (6.81)

Therefore, it follows immediately that

g2 ≤ 4C (γ + ε) θM+1(1− θ)−1
K∑

k=0
bk(M + 1)k. (6.82)
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Note that (6.82) holds for all ε > 0. Thus,

g2 ≤ inf
ε>0

4C (γ + ε) θM+1(1− θ)−1
K∑

k=0
bk(M + 1)k

= 4CγθM+1(1− θ)−1
K∑

k=0
bk(M + 1)k. (6.83)





Chapter 7

Conclusions

In this thesis we have presented several contributions for obtaining upper and
lower bounds on the stationary performance measure of random walks in the
positive orthant. Below we present a high-level overview of the main contribu-
tions of this thesis.

1. We have developed a generic numerical linear program that gives upper
and lower bounds on the stationary performance of random walks in any
dimensional positive orthant. The linear program can be applied to a large
class of models, including processes in both bounded and unbounded state
space.

2. When the random walk has negative drift, we have obtained both geometric
and quadratic bounds on the bias terms for a C-linear F , which is important
for applying the Markov reward approach. We have extended the linear
program such that it provides upper and lower bounds based on quadratic
bounds on the bias terms. The extended linear program can be applied to
cases where the random walk does not have negative drift.

3. We have developed two perturbation schemes for random walks in the two-
dimensional positive orthant. We have given explicit expressions for error
bounds using these perturbation schemes. We have shown that our per-
turbation schemes can provide tighter upper and lower bounds than the
existing bounds in literature.

The remainder of this chapter is structured as follows. In Section 7.1 we
discuss the contributions of this thesis in detail. Then, in Section 7.2 we discuss
the possibilities for future research.

7.1 Contributions and concluding remarks
In Chapter 2 we have formulated an optimization problem that provides upper
and lower bounds for the stationary performance of random walks in general.
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We saw that the original optimization problem is not linear. Hence, we first
solve a flow problem and obtain an optimal solution. Then, we plug the optimal
solution of the flow problem into the main optimization problem as parameters.
Using this approach, we have shown that the main optimization problem can be
reduced to a linear program with a finite number of variables and constraints.
We have seen that our optimization problem can provide quite tight bounds in
various numerical examples. In particular, in Chapter 3 we have implemented
this approach into a coupled-queue model in which one queue has finite buffer
and the other one has infinite buffer.

In Chapter 4 we have obtained a geometric bounding function and a quadratic
bounding function on the bias terms for random walks with negative drift. We
have compared these two bounding functions. The advantage of the geometric
function is that we can get an explicit expression. The disadvantage, as is shown
in a numerical example, is that value of this bounding function is often very
large. Hence, using this bounding function cannot provide reasonable bounds
on the performance measures. For the quadratic bounding function, we are not
able to find an explicit expression. Therefore, we have formulated a numerical
program for obtaining error bound based on quadratic bounding functions on
the bias terms. This numerical program can be seen as an extension of the
program given in Chapter 3, where we consider linear bounding functions on the
bias terms. From the numerical examples, we see that by considering quadratic
bounding functions, we can obtain error bounds for more random walk models.

In Chapter 5 and Chapter 6 we have proposed two perturbation schemes for
random walks in the quarter plane. In Chapter 5 we have considered construct-
ing inhomogeneous transition rates for the perturbed random walk such that
the stationary probability distribution is a sum of geometric terms. We have
given an explicit expression for the error bound. Moreover, we have presented
an optimal way to construct the inhomogeneous rates. By allowing for inhomo-
geneous perturbation, we have enlarged the class of random walks that can be
used as the perturbed random walks. In addition, we can obtain tighter bounds
by considering inhomogeneous perturbation.

In Chapter 6 we have proposed to perturb the transition rates only for states
outside a square. We have presented detailed construction for the transition rates
of the perturbed random walk. Moreover, we have given an explicit expression
for the error bound. We have shown that the error bound converges to zero
geometrically fast as the square size increases. Compared to the inhomogeneous
perturbation scheme in Chapter 5, this square perturbation scheme can provide
arbitrarily small error bound. However, in the square perturbation scheme, the
stationary probability distribution of the perturbed random walk is not explicit
in the sense that it is obtained numerically. Hence, upper and lower bounds on
the stationary performance depend on numerical computation.
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7.2 Future work
This section concerns future work related to approximation framework for bounds
on the stationary performance of random walks in the positive orthant.

Feasibility of the numerical program for error bound
In this thesis we have seen that the numerical program we have developed is
infeasible in some cases. As is discussed before, we apply the linear programming
approach by first obtaining a solution of the flow problem and then plugging it
as parameter into the main optimization problem. Hence, one possible reason
for the infeasibility of the main problem is that the solution of the flow problem
is not chosen properly. One direction for future research is to adjust the flow
problem such that it returns a better solution for the main problem. For ex-
ample, for different bias terms, we can adjust the objective function of the flow
problem, or add more constraints such that the optimal solution is tailored for
the corresponding bias terms. Another direction for future research is to develop
techniques that optimize the non-convex main problem besides using the linear
programming approach.

Perturbation schemes for multi-dimensional random walks
The perturbation schemes developed in Chapter 5 and Chapter 6 in this thesis
are considered for random walks in the quarter plane. It is promising to extend
these perturbation schemes to random walks in higher-dimensional state space.
For transition rates on the boundary faces, we can consider inhomogeneous rates
for only one transition while fixing the other rates to be homogeneous. Then,
the explicit expression for the error bound and the optimal inhomogeneous con-
struction can be obtained in a similar way.

Optimization over perturbed random walks
In our approximation framework the error bound depends on how we choose π̄.
In this thesis we often first fix π̄ and then build up the error bound. In the
numerical example in Chapter 5, we have included a numerical optimization over
the parameters of the geometric terms in π̄. In future research, it is of interest
to formulate an optimization problem that optimizes over the coefficients of the
geometric terms in π̄.





Chapter A

Proof of Theorem 1.2

In this proof, we use the following shorthand notation for any A : S → [0,∞),
B : S → [0,∞) and C : S × S → [0, 1],

A ·B =
∑

n∈S
A(n)B(n), A · C(n) = C ·A(n) =

∑

n′∈S
A(n′)C(n, n′). (A.1)

From Equation (1.15), we have

F̄ t − F t = (F̄ − F ) + (P̄ F̄ t−1 − PF t−1)
= (F̄ − F ) + (P̄ − P )F t−1 + P̄ (F̄ t−1 − F t−1). (A.2)

Then, we use the relation above again for F̄ t−1 − F t−1 in the RHS. Hence,

F̄ t − F t = (F̄ − F ) + (P̄ − P )F t−1

+ P̄
[
(F̄ − F ) + (P̄ − P )F t−2 + P̄ (F̄ t−2 − F t−2)

]

= · · · =
t−1∑

k=0

[
P̄ k(F̄ − F ) + P̄ k

(
P̄ − P

)
F t−k−1]+ P̄ t+1(F̄ 0 − F 0).

(A.3)

The last item vanishes since F̄ 0(n) = F 0(n) = 0, for n ∈ S. Then, we have

π̄ · (F̄ t − F t) =
t−1∑

k=0
π̄ ·
[
P̄ k(F̄ − F ) + P̄ k

(
P̄ − P

)
F t−k−1] . (A.4)

Since π̄ is the stationary distribution of R̄, π̄P̄ k = π̄ for any k ≥ 0. Therefore,
taking the absolute value on both sides of (A.4) we get

∣∣π̄ · (F̄ t − F t)
∣∣ =

∣∣∣∣∣
t−1∑

k=0

∑

n∈S
π̄(n)

{
(F̄ (n)− F (n)) +

[(
P̄ − P

)
F t−k−1] (n)

}
∣∣∣∣∣ .

(A.5)
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Moreover, by summing over n′ 6= n and n′ = n separately in the RHS of (A.5),
we have
[(
P̄ − P

)
F t−k−1] (n)

=
∑

n′ 6=n

[
P̄ (n, n′)− P (n, n′)

]
F t−k−1(n′) +

[
P̄ (n, n)− P (n, n)

]
F t−k−1(n)

=
∑

n′ 6=n

[
P̄ (n, n′)− P (n, n′)

]
F t−k−1(n′)

+




1−

∑

n′ 6=n
P̄ (n, n′)


−


1−

∑

n′ 6=n
P (n, n′)




F t−k−1(n)

=
∑

n′ 6=n

[
P̄ (n, n′)− P (n, n′)

]
F t−k−1(n′)−

∑

n′ 6=n

[
P̄ (n, n′)− P (n, n′)

]
F t−k−1(n)

=
∑

n′∈S

[
P̄ (n, n′)− P (n, n′)

]
Dt−k−1(n, n′). (A.6)

Therefore, by (A.6) and (1.17) we have
∣∣π̄ · (F̄ t − F t)

∣∣

≤
t−1∑

k=0

∑

n∈S
π̄(n)

∣∣∣∣∣F̄ (n)− F (n) +
∑

n′∈S

[
P̄ (n, n′)− P (n, n′)

]
Dt−k−1(n, n′)

∣∣∣∣∣

≤
∑

n∈S
π̄(n)tG(n)

= tπ̄ ·G. (A.7)

We know that for any n ∈ S,

F = lim
t→∞

F t(n)
t

, F̄ = lim
t→∞

F̄ t(n)
t

.

Therefore,

lim
t→∞

∣∣π̄ · (F̄ t − F t)
∣∣

t
≤ π̄ ·G =⇒

∣∣F̄ − F
∣∣ ≤ π̄ ·G. (A.8)
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Summary

We consider methods to establish upper and lower bounds on stationary per-
formance measures of a random walk in the positive orthant. We develop an
approximation framework that is based on the Markov reward approach to error
bounds, in which we use the stationary performance measure of a perturbed ran-
dom walk to obtain the upper and lower bounds. The perturbed random walk is
constructed such that its stationary performance measure is known explicitly.

This thesis has two parts. In the first part we consider the numerical im-
plementation of the approximation framework. Given an original random walk
and a perturbed random walk whose stationary probability distribution is known
explicitly, we formulate linear programs that return the upper and lower bounds.
Implementations of these linear programs are provided that can be used to ob-
tain numerical bounds for a large class of multi-dimensional random walks. These
linear programs are not always feasible. We establish sufficient conditions under
which the linear programs are feasible, i.e. under which a bound is provided.

In the second part of this thesis we introduce various classes of random walks
that can be used as the perturbed random walk for two-dimensional models.
First, we obtain a perturbed random walk with state-dependent transition rates
on the horizontal and the vertical axis. Secondly, we construct a perturbed
random walk of which only the transition rates in the tail are different from
those of the original random walk. In both cases, we give explicit expressions
for the error bounds. Through numerical results, we see that these perturbation
schemes can provide tighter upper and lower bounds than existing schemes.

These perturbation schemes are considered as an intermediate step towards
developing perturbation frameworks for higher-dimensional models. The long-
term goal is to provide insights into behavior of, for instance, large queueing
networks, which can be modeled as random walks.
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Samenvatting

In dit proefschrift bekijken we het verkrijgen van boven- en ondergrenzen op de
stationaire prestatiemaat van een stochastische wandeling in het positieve or-
thant. We ontwikkelen een benaderingsmethode die is gebaseerd op de Markovi-
aanse opbrengst aanpak van foutgrenzen, waarbij we de stationaire prestatiemaat
van een geperturbeerde stochastische wandeling gebruiken om de boven- en on-
dergrenzen te verkrijgen. De geperturbeerde stochastische wandeling wordt zo-
danig geconstrueerd dat de stationaire prestatiemaat expliciet bekend is.

Dit proefschrift bestaat uit twee delen. In het eerste deel ontwikkelen we
de numerieke implementatie van de benaderingsmethode. Gegeven een originele
stochastische wandeling en een geperturbeerde stochastische wandeling waarvan
de stationaire kansverdeling expliciet bekend is, formuleren we lineare optimal-
isatieproblemen die de boven- en ondergrenzen geven. We geven implementaties
van deze optimalisatieproblemen die gebruikt kunnen worden om numerieke te
verkrijgen voor een grote klasse meerdimensionale stochastische wandelingen.
Deze optimalisatieproblemen hebben niet altijd een oplossing. We ontwikke-
len voldoende voorwaarden waaronder er gegarandeerd een oplossing is, oftewel
waaronder een grens wordt gegeven.

In het tweede deel van dit proefschrift introduceren we verschillende klasses
van stochastische wandelingen die gebruikt kunnen worden als de geperturbeerde
stochastische wandeling voor tweedimensionale modellen. Ten eerste verkrijgen
we een geperturbeerde stochastische wandeling met toestandsafhankelijke over-
gangssnelheden op de horizontale en verticale as. Ten tweede construeren we een
geperturbeerde stochastische wandeling waarvan alleen de overgangssnelheden in
de staart verschillen van die van de originele stochastische wandeling. In beide
gevallen geven we expliciete uitdrukkingen voor de foutmarge. Aan de hand van
numerieke resultaten zien we dat deze benaderingsschema’s voor betere boven-
en ondergrenzen kunnen zorgen dan de bestaande methodes.

Deze benaderingsschema’s worden beschouwd als een tussenstap voor het
ontwikkelen van benaderingsschema’s voor hoger-dimensionale modellen. Het
uiteindelijke doel is om inzicht te kunnen geven in het gedrag van, bijvoorbeeld,
grote netwerken van wachtrijen, die gemodelleerd kunnen worden als stochastis-
che wandeling.
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