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Introduction

Prevailing trend in the modelling of systems for simulation is network modelling. The
system is split into subsystems and the model of the system is constructed out of
models of the subsystems, called sub-models. This way of modelling has several ad-
vantages. The knowledge about sub-models can be stored in libraries, and is reusable
for later occasions. The modelling process can be performed in an iterative manner,
gradually refining the model by adding other sub-models. In this way hierarchies of
models can be established. An especially successful approach to network modelling of
physical systems is port-based modelling, where the sub-systems are interacting with
each other through energy exchange modelled by ports of power variables. This the-
sis is aimed at developing tools for the analysis and simulation of port-based models
called bond graphs.

Port-based modelling

For the modelling of physical systems it is very effective to split a system into subsys-
tems that are interacting with each other via ports of variables called flow and effort
variables and whose product defines power. This method of modelling called port
based modelling offers a unified way to model physical systems from different physical
domains, such as mechanical, electrical, hydraulic, thermal and so on. Therefore, it
represents a systematic way of modelling general physical systems. The conceptual
framework described above has been successfully formalised into the modelling lan-
guage of bond graphs formulated by Paynter in 1961 [41] (see also [29, 6]). In this
setting one defines (ideal) sub-models with ports, called multi-port elements, which
are linked to each other through bonds. Therefore, the model of the system is rep-
resented by a graph, called bond graph. This methodology supports the concept of
what Paynter calls reticulation and Kron tearing, i.e. it is possible to concentrate and
to separate certain properties of an object and to describe this object as a system of
interrelated properties or interconnected elements.

For example consider a system consisting of a voltage source (e.g. DC-AC con-
verter supplied by a battery) connected to a coil. The sketch of the considered system
is shown in Figure 1(a). Suppose that we are interested in analysing the behaviour
of the current through the voltage source. Assume that the wires do not dissipate
energy neither accumulate. The subsystem coil can be represented by a sub-model
denoted by Mc having one port whose port variables are the voltage drop vc and the
current through the coil ic. Similarly the subsystem voltage source can be represented
by a sub-model denoted by Mb having one port with the voltage drop across vb and

1



2 Introduction

the current through the voltage source ib as the port variables. Since the wires do not
dissipate energy neither accumulate ic = ib and vc = vb. Therefore the sub-models of
the voltage source and coil are connected via a bond as shown in Figure 1(b) where
ic = ib = f is the flow signal and vc = vb = e is the effort signal. The process of
reticulation could be pursued further. The sub-model voltage source could be split
into two sub-models. One of them represents the battery and the other DC-AC con-
vertor. Similarly, the sub-model coil could be split into several sub-models to include
the effects such as the parasitic capacitance and resistance, heating effects and so on.

ib

ic
+ �vc

+ �vb

ic

ib

(a) (b)

b = (f ; e)

Mb Mc

DC-AC

coil

voltage
source

Figure 1: (a) Schematic of the system voltage source & coil.

(b) Bond graph representation.

Automated support procedures

The quality of the modelling technique depends on the support procedures that are
needed to analyse models. Support procedure can be performed both manually and
automatically. In this thesis we focus on automated support procedures because
the manual analysis of complex models would be difficult or in same cases even an
impossible task. In our view, automated support procedures should complement
the modeler’s competence since it is not efficient to let a modeler do routine model
verifications. A support procedure has to satisfy the following two requirements:

R1 : It always generates information consistent with the information obtained by
well-proven procedures.

R2 : Its complexity is as low as possible.

First, requirement R1 is discussed. Consider a class of models represented by linear
differential equations with constant excitation. The goal is to found the equilibrium
points. It can be achieved by solving a system of linear equations. A well-proven
procedure for solving a system of linear equations is the Gauss elimination method.
If the matrix describing the system of linear equations is sparse then the Gauss elim-
ination method is not efficient way to find solution. Suppose that we have developed
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a procedure, which takes into account the sparsity of the matrix. The developed
procedure satisfies requirement R1 if the solution of every system of linear equations
obtained by the developed procedure is the same as the solution obtained by the
Gauss elimination method.

The complexity of the support procedure is an important factor. The increase of
computational speed of computers is immense, but the increase of the complexity of
models of systems to be analysed is also enormous. With time, the ratio between
the complexity of the modelling tasks and the computational power of computers did
not improve. For example the processor 80286 released in 1982 has a clock speed
of 6MHz and contains 134000 transistors. The processor Pentium r©4 released in
2000 has the clock speed of 1.5GHz, while the number of transistors is 42000000.
The computational power of computers can be measured by the clock speed of the
processors. Therefore it has increased from 1982 until today for almost 300 times.
Suppose that we would like to analyse the heating effects of the processors. Then
the complexity of the model of processors measured by the number of transistors has
increased for more than 300 times. Let the computational complexity of the support
procedure be proportional to the number of sub-models (in this case the number of
transistors). The time needed for the analysis of the heating effects of the model of
the processor 80286 by using the processor 80286 is approximately the same as the
time needed for the model of Pentium r©4 by using the processor Pentium r©4. If the
computational complexity of the support procedure is proportional to the square of
the number of sub-models then we need even more time to analyse the same effect.
This example shows that the computational complexity of the support procedure
should be explicitly taken into account in order to the use computational power of
computers in an efficient way.

Motivation

The most employed method for the analysis of models obtained by means of the bond
graph methodology is causal analysis. The main aim of causal analysis is to derive a
simulation model1. Secondly, it is used to analyse the correctness of a model, and to
get insight into the dynamical behaviour of the model. Causal analysis can be also
used during the modelling phase as a feedback on the modeler’s decisions. A rough
and incomplete description of what causal analysis is aimed at is explained below by
means of two simple examples.

Consider the bond graph model of the voltage source & coil system, shown in
Figure 1(b). Let the behaviour of Mb be described by

e(t)− u(t) = 0,

(voltage of the voltage source at time t is equal to a pre-specified function of time
u(t)) where f = ib, e = vb, and let the behaviour of Mc be described by the linear
inductor with inductance L

e(t)− Ldf (t)
dt

= 0,

1A set of equations that can be used for a numerical simulation.
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where f = ic, e = vc. Suppose that the goal is the derivation of a simulation model
i.e., a set of equations that can be used for numerical simulation. For this purpose
the behavioural equations describing the multi-port elements will be rewritten in an
input/output form in which at every port one of the port variables is the input and
the other is the output2. First we consider the behavioural equation associated to Mb.
From the point of view of numerical simulation e has to be output and thus f has to
be input as shown in Figure 2(a). Now we consider the multi-port element Mc. The
behavioural equation associated to this multi-port element can be rewritten such that
either e is input or e is output. If e is input then f can be obtained by integrating
e. On the other hand e as output can be obtained by differentiating f . For the
purpose of numerical simulation the first possibility (e is input) is preferred. Namely,
the numerical differentiation amplifies noise caused by roundoff error. This preferred
situation is shown in Figure 2(b). If the multi-port elements are connected then this
choice of the inputs and outputs for both subsystems are seen to be not conflicting
(see Figure 2(c)), in the sense that the input of one sub-model is the output of the
other.

(a)

Mb

(b)

Mc

(c)

Mb Mcf

e

f

e e

f

Figure 2: (a) Input and output choice of Mb.

(b) Input and output choice of Mc.

(c) Preferred signal flow.

Suppose on the other hand that the behavioural equation describing the multi-port
element Mc is given by

f (t)− C de(t)
dt

= 0,

which is the case when the coil is replaced by a linear capacitor with capacitance C.
By using the same arguments as above we obtain the preferred directions of signals
for both multi-port elements as shown in Figure 3(a),(b). However, in this case, when
the multi-port elements are connected a conflict situation arises as shown in Figure
3(c). Namely, the flow signal f is input to both multi-port elements and the effort
signal e is the output from both multi-port elements. Certainly from the point of view
of numerical simulation, this can be interpreted as a conflict, since f and e can not be
easily computed anymore. This conflict situation can be resolved by exchanging the
positions of the input and output in either Mb or Mc. Since e must be output from Mb

we may only exchange the input and output of Mc. In this way a situation without
conflicts is obtained as shown in Figure 3(d). Although the conflict is resolved the

2If effort is input then flow is output and vice verse.
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obtained simulation model involves now the operation of differentiation, which is the
price we had to pay for the conflict resolution.

(c)

Mb Mc

f

e

(d)

Mb Mcf

e

(a)

Mb

(b)

Mcf

e e

f

Figure 3: (a) Input and output choice of Mb.

(b) Input and output choice of Mc.

(c) Conflict situation.

(d) Non-preferred signal flow.

As illustrated by these two simple examples the goal of causal analysis in the
context of numerical simulation is to find an input/output form of all multi-port
elements such that the following two requirements are satisfied

(a) there are no conflict situations (input of every sub-model is output of another
system)

(b) the number of multi-port elements with non-preferred choice of inputs and out-
puts is minimal.

So, we can conclude that causal analysis is basically an optimisation problem (Al-
though this is not the usual formulation of the problem).

Generally speaking, causal analysis is a two-step procedure. In the first step,
depending on the topology of the model, the type of the multi-port elements, and the
type of analysis we want to pursue, a set of constraints (e.g. requirement (a)) and a
cost function (e.g. requirement (b)) are derived. In the second step, we are seeking
for the solution such that the constraints are satisfied and the cost function has a
minimal value.

The most used procedure for causal analysis is the sequential causality assign-
ment procedure (SCAP) introduced in [30]. The SCAP is the predecessor of other
procedures for causality analysis such as the relaxed causality assignment [27], the
modified sequential causality assignment procedures [60], etc. Regarding the first step
of the causal analysis, the SCAP not necessarily generates all constraints as observed
in [26] (see also Example 2.3.11 in Subsection 2.3.4). Therefore the set of constraints
is not completely defined and the obtained solution can be wrong. This problem was
partially solved3 in [1, 60]. Regarding the second step of causal analysis we will show
in this thesis that application of the SCAP does not necessarily lead to an optimal
solution (see Example 1.5.6 in Subsection 1.5.2). The other procedures used for causal
analysis are based on the same ideas as the SCAP to solve the optimisation problem.
Consequently, they may also generate solutions which are not optimal. Therefore, we

3In [1] only bond graphs that can be transformed into the port connection graphs are considered
and in [60] bond graphs that do not contain gyrators.
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can say that the existing procedures for causal analysis do not satisfy requirement
R1.

Also the complexity of the SCAP and similar procedures has not been system-
atically studied. It was reported in [60] that the use of the SCAP can involve an
undesired step called backtracking 4 which is a complicated and time-consuming task.
Some solutions for this problem are presented in [47, 60] but it has not been shown
that this undesired step can be always avoided. Therefore the complexity of the exist-
ing methods for causal analysis and thus the satisfaction of requirement R2 is an open
problem. We conclude that the existing methods for the causal analysis do not fully
satisfy the proposed requirements for the support procedures of port-based modelling.

Mathematical results concerning bond graphs [42, 35, 33, 34] have been concen-
trated on a specific type of bond graphs. Consequently, they narrow down the original
bond graph framework presented in [41], and it can be said that a general mathemati-
cal formulation of bond graphs is currently lacking. Such a mathematical formulation
of bond graphs is important for at least three reasons. First, this enables to use
results and tools from different mathematical areas such as graph theory, combina-
torial optimisation, and differential geometry for the analysis of models represented
by bond graphs. Secondly, mathematical systems and control theory and numerical
analysis can benefit from a closer study of the structures appearing as a result of
the use of bond graph methodology. Finally, as pointed out in [42], ”the lack of a
rigorous mathematical theory for bond graphs has probably contributed to their rather
slow acceptance by the engineering community”.

The bond graph methodology is mainly used for the modelling of physical systems
with lumped parameters. Physical systems that we are facing today are composed
of both lumped parameter and distributed parameter components. Examples include
electromechanical and mechatronic systems of all sorts ranging from automotive and
robotic applications to microsurgery tools, thermofluid systems like power plants,
fuel cells, etc. Port-based (bond graph) models of distributed-parameter systems
obtained so far [29, 52, 12] are focussed on particular classes of physical systems with
distributed parameters. A systematic and unified approach to modelling, analysis
and simulation of broad classes of physical systems composed from both lumped-
parameters and distributed-parameters, called complex physical systems, is currently
lacking. Although in principle the idea of port based modelling can be applied to this
general class of physical systems it is far from straightforward. Some steps have been
undertaken in [24, 23, 22] but a general theoretical foundation is still missing. So,
we can say that the modelling, simulation and analysis of complex physical systems
within the port-based framework still leaves many problems to be solved.

Aims of the thesis and methodology

The aims of this thesis are

Aim 1: to give a mathematical formulation of bond graphs,

4In one of the steps of the execution of the SCAP, say Step k, there are two or more possible
choices to continue the procedure. After choosing one of them it can happen that after some number
of steps we face a conflict situation. In that case we have to return to Step k and take another choice.
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Aim 2: to provide support procedures for the analysis of models represented by bond
graphs that satisfy requirements R1, R2,

Aim 3: to develop support procedures for structural analysis of bond graphs,

Aim 4: to develop support procedures for the derivation of a simulation model ef-
ficient for numerical simulation,

Aim 5: to develop a theoretical basis for the analysis of models of physical systems
with both lumped and distributed parameters within a port-based framework.

In order to achieve these aims two approaches are used. The first approach is integer
programming [48], which is used for Aim 2. The second approach is based on the
properties of the interconnection structure of the models obtained by using the port-
based methodology and is used for Aims 2, 3, 4, 5. The interconnection structure of a
bond graph called junction structure is the power-conserving part5 of the bond graph.
The junction structure will be looked from the geometric point of view. Namely,
every junction structure can be directly related to a geometric object called Dirac
structure6. Hence the properties of the junction structure can be analysed by means
of the properties of the corresponding Dirac structure.

Outline of the thesis and obtained results

This thesis contains five chapters. A mathematical formulation of bond graphs is
presented in Chapter 1. A bond graph is defined as a labelled directed graph with a
special connection topology where to every edge there is associated a pair of signals
and where to every vertex there is associated a behaviour expressed in the signals of
the edges incident to that vertex. Our definition of bond graphs is a formalisation of
the original bond graph framework presented in [41]. It can be applied to all classes of
bond graphs existing in literature such as (scalar)bond graphs7, and multibond graphs
[6], including screw-vector bond graphs [2]. In this chapter we also show how causal
analysis can be translated into an integer programming problem.

In Chapter 2 we analyse the part of the bond graph called the junction structure.
The junction structure is formally defined and some of its properties are pointed out.
Based on these properties support procedures for causal analysis are proposed. It is
rigorously proved that the proposed support procedures satisfy requirements R1 and
their complexity (requirement R2) is analysed in detail. The range of applicability of
the proposed support procedures is the same as the range of applicability of the SCAP
and their modifications. The philosophy underlying the proposed support procedures
differs from the SCAP. Our approach can be characterised as global since all multi-
port elements that constitute the junction structure are replaced by a single multi-port
element. In this way all the constraints imposed by the multi-port elements are taken
into account.

5Beside being a power-conserving structure, junction structures also satisfy some additional prop-
erties as will be pointed out later on.

6Dirac structures were originally introduced by Courant and Weinstein [10] and Dorfman [13].
The notion of Dirac structures has been used for the description of models of physical systems in
[4, 57, 58, 36, 53, 11, 55, 50, 3].

7This is the most common class of bond graphs in practical applications.
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Based on the results achieved in Chapter 2 procedures for structural analysis (Aim
3) and quantitative analysis (Aim 4) for scalar bond graphs are presented in Chapter
3 and Chapter 4, respectively. In Chapter 3, we show how the following aspects of the
behaviour of a model can be checked in an automated manner: regularity of a bond
graph, dependency of the sources, presence of algebraic constraints and existence of
dynamic invariants. Chapter 4 deals with the derivation of a simulation model from
a bond graph. It is shown that the obtained simulation model has the form of a
port-Hamiltonian system. The properties of the obtained simulation model are anal-
ysed by means of a characteristic parameter called index. This chapter shows how
to eliminate algebraic constraints and dynamic invariants from a simulation model in
a symbolical way. The proposed procedures for elimination are based on the Hamil-
tonian formalism. The transformed simulation model is a port-Hamiltonian system
and is again representable by a bond graph. All eliminated variables can be recovered
from the transformed simulation model.

Aim 5 is studied in Chapter 58. In this chapter infinite dimensional junction
structures are treated. The junction structure is defined as a subgraph of the bond
graph such that the space of admissible port variables represents a Dirac structure.
In this way the properties of junction structures are analysed through the properties
of Dirac structures. In this chapter we show how the concept of power-conserving
elements such as ideal junctions, ideal transformers and ideal gyrators defined for
finite dimensional real vector spaces can be generalised to infinite dimensional real
vector spaces. Special attention is focused on Dirac structures defined on Hilbert
spaces. The reasons why we study Dirac structures on Hilbert spaces is twofold.
Hilbert spaces are general enough to cover a large class of models of physical systems
and at the same time the notion of Hilbert spaces offers enough tools for analysing such
systems. Two questions are addressed: (1) what are the possible representations of
Dirac structures, and (2) when is the connection of two Dirac structures again a Dirac
structure. We prove that there exist kernel, image and scattering representations
of Dirac structures defined on Hilbert spaces and we give sufficient and necessary
conditions for the connection of two Dirac structures to be again a Dirac structure.

8Some results of this chapter have been obtained in collaboration with O. V. Iftime (subsections
5.2.1,5.2.2) and with H. Zwart (subsections 5.2.2, 5.2.3)).



Chapter 1

Bond graphs

In this chapter bond graphs are defined as mathematical objects. Based
upon the established framework a procedure for a causal analysis of bond
graphs is presented. The limitations of the proposed method are also dis-
cussed.

Introduction

The bond graph approach for modelling of physical systems was introduced by Paynter
in [41]. This approach is graphically oriented, domain independent, and supports
the concept of what Paynter calls reticulation and Kron tearing, i.e. it is possible
to concentrate and to separate certain properties of an object and to describe this
object as a system of interrelated properties or interconnected elements. The outcome
of this approach is called the bond graph. From a mathematical point of view a bond
graph is defined as an oriented graph with a special connection topology, whose edges
and vertices have special meanings. Our definition of bond graphs is a mathematical
formalisation of the original bond graph framework presented in [41]. Based upon
the established framework we present our approach for the causal analysis of bond
graphs.

The most exploited method for the analysis of bond graphs is the causal analysis
[41]. The causal analysis of a bond graph is concerned with establishing an orientation
structure on the underlying undirected graph of the bond graph in such a way that its
edges are oriented with respect to certain rules imposed by its vertices. The obtained
graph is called a causally assigned bond graph and the rules are called causality
constraints. The main aim of the causal analysis is to derive a simulation model from
a bond graph. Secondly, it is used to analyse the correctness of a model represented
by a bond graph, and to get insight into the dynamical behaviour of the model.

The most used procedure for causality assignment of a bond graph is the sequential
causality assignment procedure (SCAP) introduced in [30]. The SCAP is the prede-
cessor of other procedures for the causality assignment such as: the relaxed causality
assignment procedure (RCAP) [27], the Lagrangian causality assignment procedure
(LCAP) [28], the modified sequential causality assignment procedures (MSCAP’s)
[60], and the preference table causality assignment procedure (PT-CAP) [8]. Note that

9
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only the PT-CAP is applicable to bond graphs with arbitrary causality constraints.
The other procedures are applicable if the causality constraints have a specific form.

The view on causal analysis taken here digresses from those listed above. We for-
mulate causal analysis as an integer programming problem. Furthermore, algorithms
for solving integer-programming problems are used for causality assignment of a bond
graph. The proposed procedure has the same range of applicability as the PT-CAP.
The key advantage of the proposed procedure over the above mentioned ones is that
it generates an optimal result.

The outline of the chapter is as follows. Some basic concepts from graph theory are
recalled in Section 1.1. The material of this section is based on [45]. Bond graphs are
mathematically defined in Section 1.2. The concept of causality is recalled in Section
1.3. The representations of admissible causality assignments of multi-port elements
are treated in Section 1.4. Based upon the established framework a procedure for
causal analysis of bond graphs is presented in Section 1.5. Conclusions and some
open problems are presented in Section 1.6.

1.1 Basic concepts from graph theory

In this section, we give a brief review of some elementary concepts in graph theory
[45].

Formally, a graph G consists of a nonempty finite set M and a collection B of
pairs of elements of M . We denote the graph by G = (M ,B). The elements of M
are called the vertices of G and the elements of B are called the edges of M .

If an edge b ∈ B is a pair (M1,M2) of vertices then these vertices are called the
end vertices of b. If M1 = M2 then b is a loop. If two non-loop edges have the same set
of end vertices, then they are called parallel edges. Graphs with no loops or parallel
edges are called simple.

Two distinct vertices M1, M2 are adjacent if there exists an edge {M1,M2} in the
graph. A vertex M and an edge b are incident if M is an end point of b. A vertex is
isolated if it is incident to no edges. The number of incident edges is called the degree
of a vertex; possible loops are counted twice.

Example 1.1.1
In Figure 1.1 it is presented a graph G = (M ,B) with M = {M1,M2,M3,M4}; B =
{b1, b2, b3, b4}. The end vertices of b1 are M1 and M3. The edge b4 is a loop, and b1, b2 are
parallel edges. M3 is incident to every edge but b4, and M3 is adjacent to every vertex but
M2. The vertex M2 is isolated. The degrees of M1, M2, M3, M4 are 2, 0, 3, 3, respectively.

b1 b2

b3
b4

M1 M2

M3 M4

Figure 1.1: Graph.
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Let us call an ordered sequence [M0, b1,M1, b2, · · · ,Mk−1, bk,Mk] an edge sequence
if M0,M1, · · · ,Mk ∈ M , b1, b2, · · · , bk ∈ B and bi joins Mi−1 and Mi (i.e. bi =
(Mi−1,Mi)) for every i = 1, 2, · · · , k. An edge sequence is called a path if all vertices
of it are different. The length of a path is the number of its edges.

An edge sequence as above is called closed if M0 = Mk. If all the other vertices
are different from each other and from M0, then this closed edge sequence is called a
circuit. The length of the circuit is the number of its edges. A graph is simple if and
only if it does not have any circuit of length 1 or 2.

Let M ∈ M be some vertex, and define M̃ = M \M . Define B̃ as the subset
of edges B which are not incident on M . The resulting graph G̃ = (M̃ , B̃) will be
denoted by G̃ = G \M . This process is called the deletion of a vertex. Let b ∈ B be
some edge, and define B̃ = B\b. The resulting graph G̃ = (M , B̃) will be denoted
by G̃ = G \b. This process is called the deletion of an edge. Let G̃ be obtained by
deleting one or more vertices or edges from a graph G . The graph G̃ is called a
subgraph of the graph G .

Example 1.1.2
For example [M3, b2,M1, b1,M3, b3,M4, b4,M4] is an edge sequence in the graph of Figure 1.1,
while [M1, b1,M3, b2,M1] is a path of length 2. Also, [M1, b1,M3, b2,M1] is a circuit of length
2 and [M4, b4,M4] is a circuit of length 1. Figure 1.2 shows a graph obtained by deletion of
the vertex M4 from the graph shown in Figure 1.1.

b1 b2

M1 M2

M3

Figure 1.2: G̃ = G \M4.

A directed graph consists of a nonempty finite set of vertices M and a collection
�B of ordered pairs of vertices, called directed edges. A directed graph is denoted as
�G = (M , �B). A directed edge b = (M1,M2) ∈ �B can be drawn as an arrow from M1

to M2; M1 is the tail and M2 is the head of b.
The number of edges leaving a vertex M is the out-degree of M , the number of

those entering M is the in-degree of M .
If we replace the arrows of a directed graph �G by usual lines then we obtain the

underlying undirected graph G . On the other hand, if we replace lines by arrows then
we assign an orientation to the undirected graph G to get a directed graph �G .

A (directed) graph is called labelled if with every (directed) edge an object (the
label) is associated.

Example 1.1.3
Figure 1.3 shows a directed graph �G = {M , �B} with M = {M1,M2, M3,M4}; �B =
{b1, b2, b3, b4}. The edge b1 is the ordered pair (M3,M1) and the edge b2 is the ordered
pair (M1,M3). The out-degrees of vertices M1, M2, M3, M4 are 1, 0, 1, 2, respectively.
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b1 b2

b3
b4

M1 M2

M3 M4

Figure 1.3: Directed graph.

1.2 Definition of bond graphs

In this section we define a special type of directed graphs called a bond graph. To
do that we successively discuss the following ingredients in the definition of a bond
graph:

• Connection topology.
• What does a (directed) edge represent?
• What does a vertex represent?

Connection topology of bond graphs

A bond graph is a directed graph �G without isolated vertices whose underlying undi-
rected graph is simple. This means that its underlying undirected graph does not
contain parallel edges1 and loops. The edges of the bond graph are called bonds and
its vertices are called multi-port elements.

Edges

Every edge b of a bond graph �G is labelled by a pair of two signals: flow signal f and
effort signal e, that is2

b = (f , e).

The signals f , e are defined on a set T, called time axis, which is an interval of R.
The values of f , e at any instant of time t belong to two real vector spaces: F (flow
space) and E (effort space), respectively. Elements of the space F are called flows
f and elements of the space E are called efforts e 3. Consequently b(t) belongs to
B := F × E for any t ∈ T, and B is called the bond space.

The graphical representation of a bond in bond graph notation is different from the
usual representation in graph theory. Consider the bond shown in Figure 1.4(a) (in
usual graph notation). Its graphical representation in bond graph notation is shown
in Figure 1.4(b). The bond is represented by two parallel lines and the direction of

1Since in this subsection we consider only directed graphs the word directed is further omitted
for sake of simplicity.

2To simplify the exposition we use the same letter for the bond and its label (the pair of two
signals).

3Note the distinction in font between the variables f and e, and the signals (time functions) f , e
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the bond is defined by a half-arrow.

(b)(a)

�

b;B b

Mi MjMi Mj

Figure 1.4: Graphical representation of bond in the notation of (a) graph theory (b)
bond graph theory.

If the bond space B is R
n × R

n then the bond 4 is represented as shown in Figure
1.5(a) for general n, and in Figure 1.5(b) for the case n = 1.

b

(b)

n

b

(a)

Mi MjMi Mj

Figure 1.5: Bond graph representation of bond (a) B = R
n × R

n (b) B = R × R.

Furthermore, in the usual formulation of a bond graph as introduced in [41] the
spaces F and E are assumed to be power conjugate. This means that there exists a
pairing

〈·|·〉 : E × F → R

called power product satisfying the following three properties:

(i) it is a linear function of each coordinate, that is〈
αe1 + βe2|f〉 = α 〈e1|f〉+ β 〈e2|f〉 ,〈
e|αf1 + βf2

〉
= α

〈
e|f1

〉
+ β

〈
e|f2

〉
,

∀f, f1, f2 ∈ F , ∀e, e1, e2 ∈ E and ∀α, β ∈ R,

(ii) it is non-degenerate, that is

〈e|f〉 = 0 ∀ e ∈ E ⇒ f = 0,

〈e|f〉 = 0 ∀f ∈ F ⇒ e = 0,

(iii) the expression 〈e|f〉 has the physical dimension of power5.
4In this case the bond is also called a multibond and the bond graph is called a multibond graph

[6].
5Flow f and effort e correspond to some physical quantities (e.g. current and voltage; velocity

and force; entropy flow and temperature; and so on). By inserting their physical dimensions into
〈f |e〉 we obtain the dimension of power.
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Note that if F is a vector space and E is its dual space then the duality product satisfies
conditions (i) and (ii). Hence, if the duality product has the physical dimension of
power it defines a power product. This case is often encountered in applications.

The direction of a bond determines the positive flow of power exchanged between
the vertices incident on the bond. The direction of a bond b ∈ �B with respect to a
multi-port element M ∈ M (that is, a vertex) is defined by the map

σ : �B ×M → {−1, 1}

as follows

σ (b,M ) =
{

1, if M is the tail of b,
−1, if M is the head of b.

(1.1)

Vertices

Consider a part of a bond graph shown in Figure 1.6. The number of bonds incident
on the multi-port element M is k. Therefore, M is called a k-port element. Let the

Mb1

bi

bk

Figure 1.6: Multi-port elements.

flow signal and the effort signal of the bond bi be denoted by fi and ei, respectively.
The vertex M represents a behaviour BM ⊆ BT

1 × . . . × BT

k in the flow and effort
signals of edges incident to M . In applications, the behaviours are usually described
by equations called behavioural equations [43]. Thus we associate with the multi-port
element M a behavioural equation

V : K → V

where K ⊆ BT

1 × . . .× BT

k and where

BM = {(f1, e1, . . . , fk, ek) ∈ BT

1 × . . .× BT

k : V (f1, e1, . . . , fi, ei, . . . , fk, ek) = 0}.

The net power of the multi-port element M at any time instant t is defined by

PM
net (t) =

k∑
i=1

σ (bi,M )
〈

ei (t) |fi (t)
〉

Bi
.

Here, 〈·|·〉Bi
is the power product associated to the bond bi.
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Definition of bond graphs

Everything we have said above about bond graphs is summarised as follows.

Definition 1.2.1 (Bond graph)
A bond graph is a labelled directed graph �G = (M , �B) without isolated vertices whose
underlying undirected graph is simple and where to every edge b ∈ �B there is associated
a pair (f , e) ∈ FT × ET with F , E power conjugate real vector spaces, and where to
every vertex M ∈ M there is associated a behaviour in the flow and effort signals of
the edges incident to M .

Remark 1.2.2 (Bond graph)
If the spaces F and E are not power conjugate then the directed graph �G is called a
pseudo-bond graph. Nevertheless all mathematical results developed in this chapter
also apply to pseudo-bond graphs. On the other hand, in this case the net power of a
vertex can not be always meaningfully defined.

Example 1.2.3
Consider the electrical circuit shown in Figure 1.7(a). It consists of a resistor and a capacitor.
A bond graph representation of the electrical circuit is shown in Figure 1.7(b). The bond b1 =

M1 M2M3

b1 b2

Figure 1.7: (a) Ideal physical model. (b) Bond graph representation.

(M3,M1) is associated with the pair of signals (f1, e1) and bond b2 = (M3,M2) is associated
with the pair of signals (f2, e2). The efforts are the voltage drops on the components and the
flows are the currents through the components. The flow space of both b1 and b2 is R and
the effort space is R. The flow and effort spaces are power conjugate and the power product
is given by

〈e(t)|f(t)〉 = e(t)f(t).

The behavioural equations associated with the vertices M1, M2, M3 are

M1 : e1 −Rf1 = 0, R > 0,

M2 : C
de2
dt
− f2 = 0, C > 0,

M3 :
f1 + f2 = 0,
e1 − e2 = 0.

The net powers associated with the multi-port elements are

PM1
net (t) = σ (b1,M1) e1 (t) f1 (t) = −Rf 21 (t) ,

PM2
net (t) = σ (b2,M2) e2 (t) f2 (t) = −Ce2 (t) de2(t)

dt
,

PM3
net (t) = σ (b1,M3) e1 (t) f1 (t) + σ (b1,M3) e2 (t) f2 (t) = e1 (t) f1 (t) + e2 (t) f2 (t) = 0.
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1.3 Causality

The way how behavioural equations are defined suggests that there is no preferred
signal flow direction. This point of view is very suitable for the purpose of modelling.
However, for the purpose of analysis (e.g. numerical simulation) the input/output
point of view is often useful. In this section we discuss possible directions of the
signal flow, and some definitions used in the subsequent sections and chapters are
recalled from the literature.

First at all we want to emphasize that the assignment of direction of the signals
flows is completely unrelated to the orientation of the bond graph corresponding to
the direction of positive power flow6.

Consider a part of the bond graph shown in Figure 1.8(a). The multi-port ele-
ments Mi and Mj are the end vertices of the bond b = (f , e).

b

Mi Mj Mi Mjf ;F

e; E

Figure 1.8: (a) Part of bond graph. (b) Part of bond graph with decomposed bond.

The bond is decomposed as shown in Figure 1.8(b). The possible directions of the
signal flow represented by the bond b are shown in Figures 1.9.

Mi Mjf ;F

e; E

Mi Mjf ;F

e; E

Mi Mjf ;F

e; E

Mi Mjf ;F

e; E

Figure 1.9: Possible directions of signal flow:
(a) f is input to Mi and e is output from Mi,
(b) f is output from Mi and e is input to Mi,
(c) f is input to Mi and e is input to Mi,
(d) f is output from Mi and e is output from Mi.

In the thesis we only consider bond graphs with directions of signal flow as pre-
sented in Figures 1.9(a),(b). This does not mean that the situations shown in Figures
1.9(c),(d) are not possible as illustrated by Example 1.3.8 presented at the end of this
section. However, a large class of physical systems have vertices resulting in signal
flow directions as shown in Figures 1.9(a),(b), and we could say that the situations
shown in Figures 1.9(a),(b) are generic.

6The direction of bonds does not play any role since changing the direction of a bond is equivalent
with multiplying either the flow signal or the effort signal with −1.
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If signal flow through the bond b is as shown in Figures 1.9(a),(b) then the signal
flow is called bilateral. This notion is formalised below.

Definition 1.3.1 (Bilateral signal flow)
The signal flow through a bond b = (Mi,Mj) is bilateral if either

• the flow f is an input to Mi and an output from Mj, and the effort e is an output
from Mi and an input to Mj, or

• the flow f is an output from Mi and an input to Mj and the effort e is an input
to Mi and an output from Mj.

The information about which of the two cases applies is called the causality of the
bond b. From the graph theoretic point of view, adding information about the signal
flow of a bond is equivalent with assigning an orientation to the undirected bond7.

Definition 1.3.2 (Causally assigned undirected bond)
Consider a bond with end vertices Mi and Mj. The causally assigned undirected bond
is an edge with end vertices Mi, Mj, whose head is the vertex where the effort is the
input. The direction of the causally assigned undirected bond is called the direction of
the signal flow through the bond.

To distinguish between the direction of positive power and the direction of a signal
flow, causality of the bond is indicated by adding a single stroke, called causal stroke,
perpendicular to the bond at the end where the effort is the input8. For example the
causality assignment of the bond b for the case shown in Figure 1.9(a) is given in
Figure 1.10(a), and for the case shown in Figure 1.9(b) in Figure 1.10(b).

b

Mi Mj

b

Mi Mj

Figure 1.10: The causality of the bond shown in Figure 1.8a:
(a) for the case shown in Figure 1.9(a),
(a) for the case shown in Figure 1.9(b).

Definition 1.3.3 (Causally assigned bond)
A bond is causally assigned if the information about the direction of the signal flow is
added.

Definition 1.3.4 (Causally assigned bond graph)
If every edge of a bond graph is causally assigned then the bond graph is called a
causally assigned bond graph.

7Once more we emphasize that this orientation is in general different from the orientation of the
positive power flow.

8Since the direction of causally assigned bond coincides with the direction of the associated effort
signal the stroke is added to the end where the effort is input



18 Chapter 1. Bond graphs

The causality of a bond b ∈ �B with respect to a multi-port element M ∈ M is defined
by the map

κ : �B ×M → {−1, 1}
in the following way:

κ (b,M ) =
{
1, if effort of b is output fromM ,
−1, if effort of b is input toM .

We also say that the bond b has effort-out or flow-in causality with respect to M if
κ(b,M ) = 1 and flow-out or effort-in if κ(b,M ) = −1. The definition of causality
assignment of a multi-port element is recalled from [41].

Definition 1.3.5 (Causality assignment of a multi-port element)
Consider a multi-port element M incident to bonds b1, b2, . . . , bk. The causality as-
signment of M is the k-dimensional vector defined by


κ(b1,M )
κ(b2,M )

...
κ(bk,M )


 ,

where κ(bi,M ) stands for the causality of bi defined with respect to M .

The maximum number of different causality assignments of a k-port elements is 2k.
Which of them are admissible depends on the behavioural equation associated to the
k-port element. This leads us to the definition of admissible causality assignments.

Definition 1.3.6 (Admissible causality assignment)
Consider a multi-port element M incident to bonds b1, b2, . . . , bk. A causality assign-
ment of M 


κ(b1,M )
κ(b2,M )

...
κ(bk,M )


 ,

is admissible 9 if the values of the signals wout
1 , · · · ,wout

k at the time instant t ∈ T

can be calculated by means of the past values of the signals w in
1 , · · · ,w in

k and an initial
condition xic at an initial time t0, i.e.


wout

1 (t)
wout

2 (t)
...

wout
k (t)


 = Ṽ (

w in
1 |[t0,t],w in

2 |[t0,t], . . . ,w in
k |[t0,t], xic

)
, (1.2a)

9The problem of splitting the variables of a general behavioural system into input variables w in

and output variables wout has been extensively studied in behavioural system theory. See e.g. [43]
for a treatment of linear differential systems. Many of these notions could be fruitfully employed in
the current context.
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where the signals wout
i , w in

i , i = 1, 2, · · · , k are defined by

w in
i =

1
2
(1− κ (bi,M )) ei +

1
2
(1 + κ (bi,M )) fi, (1.2b)

wout
i =

1
2
(1 + κ (bi,M )) ei +

1
2
(1− κ (bi,M )) fi.

Remark 1.3.7 (Admissible causality assignment of a vertex)
Expression (1.2b) has the following interpretations. If the causality of bi defined with
respect to M is effort-out i.e., k(b,M ) = 1 then wout

i = ei and w in
i = fi. Conversely,

if the causality of bi defined with respect to M is flow-out i.e., k(b,M ) = −1 then
wout
i = fi and w in

i = ei.

Example 1.3.8
Consider the electrical network shown in Figure 1.11a. It consists of an ideal operational

amplifier, a capacitor, an inductor and a resistor. A bond graph representation is shown in
Figure 1.11b. The efforts are voltage drops over the components and the flows are currents
through the components.

b1

b2

b3

b4

M1

M2

M3 M5

M4

M6

M7

M8

b5
b6 b7

Figure 1.11: (a) Ideal physical model (b) Bond graph representation

The behavioural equations associated with the multi-port elements Mi, i = 1, 2, · · · , 8, are

M1 : e1 − L
df1
dt

= 0,

M2 :
e2 = 0,
f2 = 0,

M3 : C
de3
dt
− f3 = 0,

M4 : f4, e5 are free

M5 : e5 −Rf5 = 0,

M6 :
e1 = e2 = e6,

f1 + f2 + f6 = 0,

M7 :
e3 − e6 + e7 = 0,

f3 = f6 = f7,

M8 :
e4 = e5 = e7,

−f4 + f5 + f7 = 0.
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Obviously, the signal flow between M2, M6 is not bilateral since both f2 and e2 are outputs
from M4. Similarly, the signal flow between M4, M8 is not bilateral since both f5 and e5 are
inputs to M4.

1.4 Representations of causality

In this section we show how to represent all admissible causality assignments of a
multi-port element. We present two methods: preference tables [8] discussed in Sec-
tion 1.4.1, and causality constraints discussed in Section 1.4.2. In Section 1.4.3 the
causality of one-port elements is treated and the problem of causality of a subgraph
is discussed in Section 1.4.4.

1.4.1 Preference tables

Consider the multi-port element M shown in Figure 1.12. Let m be the number of

Mb1

bi

bk

Figure 1.12: k-port element

admissible causality assignments such that the behavioural equation associated with
M is equivalent to an input-output form (1.2). Obviously, the maximal value of m
is 2k. The admissible causality assignments of the multi-port element M can be
represented by a preference table introduced in [8] as shown below.

1 2 · · · m

κ (b1,M ) cM
1,1 cM

1,2 · · · cM
1,m

κ (b2,M ) cM
2,1 cM

2,2 · · · cM
2,m

...
...

...
. . .

...
κ (bk,M ) cM

k,1 cM
k,2 · · · cM

k,m

(1.3)

The integer cM
i,j ∈ {−1, 1} represents the jth admissible causality assignment of the

bond bi defined with respect to M . The following notation will be useful in the sequel
of this section. CM ∈ {−1, 1}k×m stands for the matrix whose i, jth element is cM

i,j

and cM
j ∈ {−1, 1}k stands for the vector whose ith element is cM

i,j .

Example 1.4.1
Consider a part of a bond graph shown in Figure 1.12. Suppose that the behavioural equation
associated with the multi-port element M is:
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(a) M :
e1 − re2 = 0,
f2 − rf1 = 0.

where r ∈ R\{0} and f1, f2, e1, e2 ∈ R,

(b) M :
e1 − rf2 = 0,
e2 − rf1 = 0.

where r ∈ R\{0} and f1, f2, e1, e2 ∈ R,

(c) M :

k∑
i=1

σ (bi,M ) ei = 0,

f1 = f2 = · · · = fk,
where fi, ei ∈ R for i = 1, 2, · · · , k,

(d) M :

k∑
i=1

σ (bi,M ) fi = 0,

e1 = e2 = · · · = ek,
where fi, ei ∈ R for i = 1, 2, · · · , k.

Here, σ(bi,M ) stands for the orientation of the bond bi with respect to the multi-port element
M . Suppose that M is described as in (a). The effort equation is solvable for both e1 and e2.
Also the flow equation is solvable for both f1 and f2. Therefore, there are four possibilities
for the choice of inputs:

1. f1, e2 are inputs,

2. f2, e1 are inputs,

3. f1, e1 are inputs,

4. f2, e2 are inputs.

The third and fourth possibilities are rejected since they do not define bilateral signal flows
through b1 and b2. Therefore, the preference table has the following form

1 2

κ (b1,M ) 1 −1

κ (b2,M ) −1 1

Similarly, if the behavioural equation is described as in (b), then the preference table has
the following form

1 2

κ (b1,M ) 1 −1

κ (b2,M ) 1 −1

Suppose that M is described as in (c). If f1 is an input then all other flows are outputs. As
the signal flows through the bonds are bilateral all other efforts but e1 are inputs, which is
also in accordance with the part of the behavioural equations describing the efforts. The
other possibilities are obtained by choosing other flows to be independent. Consequently,
there are k possibilities and the preference table has the following form (only the diagonal
elements cM

i,i, (1 ≤ i ≤ k) are positive)

1 2 · · · k

κ (b1,M ) 1 −1 · · · −1

κ (b2,M ) −1 1 · · · −1
...

...
...

. . .
...

κ (bk,M ) −1 −1 · · · 1

.

Similarly, if the behavioural equation is as in (d), then the preference table has the following
form (only the diagonal elements cM

i,i, (1 ≤ i ≤ k) are negative)

1 2 · · · k

κ (b1,M ) −1 1 · · · 1

κ (b2,M ) 1 −1 · · · 1
...

...
...

. . .
...

κ (bk,M ) 1 1 · · · −1
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In some cases, the causality assignments of some ports of the multi-port element
are independent from the choice of the causality assignment of other ports. In these
cases, we say that the preference table associated with the multi-port element is
decomposable. Before this concept is formally defined we introduce the binary matrix
operation �.

Let A be a matrix of dimension k1 × m1 and let B be a matrix of dimension
k2 ×m2. A�B is the matrix of dimension (k1 + k2)×m1m2 defined by

A�B =
[
A1 A1 · · · A1 A2 A2 · · · A2 · · · Ak1 Ak1 · · · Ak1
B1 B2 · · · Bk2 B1 B2 · · · Bk2 · · · B1 B2 · · · Bk2

]
,

where Ai is the ith column of A and Bi is the ith column of B.

Definition 1.4.2 (Decomposability of preference table)
A preference table of a multi-port element M described by (1.3) is decomposable if there
exist matrices CM

1 , CM
2 such that (possibly after permutation of rows and columns of

CM )
CM = CM

1 � CM
2 ,

where CM is the matrix associated with the preference table (1.3).

Suppose that the preference table described by (1.3) is decomposable, i.e. CM =
CM

1 � CM
2 . Let k1, k2 be the numbers of rows of the matrices CM

1 , C
M
2 , respec-

tively. Obviously, k1 + k2 = k. The preference tables constructed by virtue of CM
1 ,

respectively, CM
2 represent the admissible causality assignments of the first k1 ports,

respectively, the last k2 ports.
In the following subsection, we show how to represent a preference table by means

of a system of equalities and inequalities. Its complexity depends on the size of k,m;
so it is always desirable to decompose the preference table.
Example 1.4.3 Suppose that the preference table of a multi-port element is

1 2 3 4

κ (b1,M ) 1 1 −1 −1

κ (b2,M ) 1 −1 1 −1

κ (b3,M ) −1 1 −1 1

.

The matrix associated with the causality table is

CM =


 1 1 −1 −1

1 −1 1 −1
−1 1 −1 1




and it can be decomposed as

CM
1 � CM

2 =
[

1 −1
]
�
[

1 −1
−1 1

]
.

The preference tables constructed by virtue of the matrices CM
1 , CM

2 are

1 2

κ (b1,M ) 1 −1
,

1 2

κ (b2,M ) 1 −1

κ (b3,M ) −1 1

.
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1.4.2 Causality constraints

In this subsection we show how admissible causality assignments of a multi-port el-
ement may be represented as a system of equalities and inequalities. Consider a
multi-port element whose preference table is described by (1.3). The goal is to find
maps

QM
1 : R

k → R
l1 ,

QM
2 : R

k → R
l2 ,

such that the vectors cM
1 , c

M
2 , . . . , c

M
m (columns of the matrix associated with the pref-

erence table) are the only k-tuples on {−1, 1}k satisfying

QM
1 (κ(b1,M ), κ(b2,M ), · · · , κ(bk,M )) = 0,

QM
2 (κ(b1,M ), κ(b2,M ), · · · , κ(bk,M )) < 0.

(1.4)

The system of equalities and inequalities (1.4) is called the set of causality constraints
of the multi-port element M .

In the sequel, we present two methods for the construction of the maps QM
1 ,

QM
2 . The first method represents the admissible causality assignments of a multi-port

element with an equality.

Proposition 1.4.4
If the map QM

1 has the following form

QM
1 (κ (b1,M ) , . . . , κ (bk,M )) =

m∏
j=1

(k −
k∑
i=1

cM
i,jκ (bi,M )), (1.5a)

then the vectors cM
1 , c

M
2 , . . . , c

M
m are the only k-tuples in {−1, 1}k satisfying the equality

QM
1 (κ (b1,M ) , . . . , κ (bk,M )) = 0. (1.5b)

Proof:
QM

1 (κ (b1,M ) , . . . , κ (bk,M )) = 0 if and only if at least one of the terms

k −
k∑
i=1

cM
i,jκ (bi,M )

is zero. Since, cM
i,jκ (bi,M ) ∈ {−1, 1} then

k∑
i=1

cM
i,jκ (bi,M ) = k if and only if κ (bi,M )

cM
i,j = 1, or equivalently κ (bi,M ) = cM

i,j , for all i.

The second method represents admissible causality assignments of a multi-port ele-
ment by a system of linear inequalities. If the number of admissible causality assign-
ments of k-port element is m then the number of inadmissible causality assignments
is 2k −m and they are denoted by

c̃M
1 , c̃

M
2 , . . . , c̃

M
2k−m.
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Proposition 1.4.5
If the map QM

2 has the following form

QM
2 (κ (b1,M ) , . . . , κ (bk,M ))=




(
c̃M
1

)T(
c̃M
2

)T
...(

c̃M
2k−m

)T






κ (b1,M )
κ (b2,M )

...
κ (bk,M )


−



k
k
...
k


 , (1.6)

then the vectors cM
1 , c

M
2 , . . . , c

M
m are the only k-tuples in {−1, 1}k satisfying the in-

equality
QM

2 (κ (b1,M ) , . . . , κ (bk,M )) < 0.

Proof:
Consider the inequality

k∑
i=1

c̃M
i,jκ (bi,M )− k < 0,

where c̃M
i,j is the ith element of c̃

M
i . Since c̃

M
i,jκ (bi,M ) ∈ {−1, 1} then

k∑
i=1

c̃M
i,jκ (bi,M ) = k

if and only if κ (bi,M ) c̃M
i,j = 1, or equivalently κ (bi,M ) = c̃M

i,j for all i. All k-tuples
satisfying the previous inequality belong to the set

{−1, 1}k\{c̃M
i }.

Thus, the k-tuples satisfying QM
2 (κ (b1,M ) , . . . , κ (bk,M )) < 0 belong to the set

2k−m⋂
j=1

{−1, 1}k \
{
c̃M
i

}
= {−1, 1}k \

{
c̃M
1 , c̃

M
2 , . . . , c̃

M
2k−m

}
=
{
cM
1 , c

M
2 , . . . , c

M
m

}
.

In many cases QM
1 is a linear map as the following example illustrates.

Example 1.4.6
If M is described as in Example 1.4.1 Case (a) then the matrix associated with the preference
table is

CM =

[
cM
1,1 cM

1,2

cM
2,1 cM

2,2

]
=

[
1 −1
−1 1

]
.

By virtue of (1.5), the causality constraint is given by

(2− κ (b1,M ) + κ (b2,M )) (2 + κ (b1,M )− κ (b2,M )) = 0⇒
4− κ2 (b1,M )− κ2 (b2,M ) + 2κ (b1,M )κ (b2,M ) = 0.
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Since, κ(b1,M ), κ(b2,M ) ∈ {−1, 1} then κ2(b1,M ) = κ(b2,M ) = 1 and the causality con-
straints becomes

1 + κ (b1,M )κ (b2,M ) = 0.

Multiplying the previous equations by κ(b1,M ) and taking into account κ2(b1,M ) = 1 yields

κ (b1,M ) + κ (b2,M ) = 0.

Similarly, if M is described as in Example (1.4.1) Case (b), the causality constraint is

κ (b1,M )− κ (b2,M ) = 0.

Suppose that M is described as in Example 1.4.1 Case (c). By inspecting the preference
table, we conclude that the sum in every columns is 2 − k. Thus a causality constraint
equation is

k∑
i=1

κ(bi,M ) + k − 2 = 0.

It is easy to check that the only k-tuples satisfying the previous equality are the columns
of the preference table. Therefore, the previous equality is the causality constraint of the
multi-port element M described as in Example 1.4.1 Case (c).
Similarly, if M is described as in Example (1.4.1) Case (d), the causality constraint is

k∑
i=1

κ(bi,M ) + 2− k = 0.

An example of a multi-port element whose causality constraints are described with
an equality and an inequality is given below.

Example 1.4.7
The behavioural equation associated with a four-port element M is

M :

−f1 + f3 + f2 = 0,
f1 − f3 + f4 = 0,
e1 + e2 − e4 = 0,
e1 − e2 + e4 = 0.

The preference table associated with M has the following form:

1 2 3 4 5

κ (b1,M ) 1 1 1 −1 −1

κ (b2,M ) −1 1 −1 −1 1

κ (b3,M ) 1 −1 −1 1 1

κ (b4,M ) −1 −1 1 1 −1

.

The number of positive and negative terms in every column is two. Thus a causality con-
straint is

κ(b1,M ) + κ(b2,M ) + κ(b3,M ) + κ(b4,M ) = 0. (1.7a)

The equality is satisfied for every 4-tuple whose two entries are 1 and two entries are -1.
Therefore, (1.7a) has six solutions. Five of them are represented by the preference table and
the other one is 


−1
1
−1
1


 .
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This solution of (1.7a) is eliminated by adding an inequality

−κ(b1,M ) + κ(b2,M )− κ(b3,M ) + κ(b4,M )− 4 < 0.

Summation of the last inequality with (1.7a) gives

κ(b2,M ) + κ(b4,M )− 2 < 0. (1.7b)

Therefore the causality constraints are given by (1.7).

1.4.3 Causality of one-port elements

Consider a one-port element whose behavioural equation is

M : V (f , e) = 0.

The possible forms of the preference table are

1
κ (b,M ) −1 , (1.8a)

1
κ (b,M ) 1

, (1.8b)

1 2
κ (b,M ) 1 −1 . (1.8c)

If the preference table is described by (1.8a), respectively, (1.8b) then the one-port
element M has flow-out, respectively, effort-out causality. If the preference table is
described by (1.8c) then the one-port element M has arbitrary causality.

Example 1.4.8
Let the behavioural equation associated with the one-port element M have one of the fol-
lowing forms:

(a) M : f − fout = 0,

(b) M : e − eout = 0,

(c) M : e − f = 0.

The behavioural equation of the one-port element described in (a) is only solvable for f ,
therefore its causality is flow-out. Similarly, in Case (b) the one-port element has effort-out
causality. For Case (c) the behavioural equation is solvable for both f and e. Thus the
causality of M is arbitrary.

Suppose that the behavioural equation associated with a one-port element M is

f − de
dt
= 0,

where f , e ∈ R
T and T = [t0,∞). The previous equation is solvable for both f and e,

namely

f (t) =
de(t)
dt

,

e (t) = e (t0) +

t∫
t0

f (τ) dτ ,∀t ∈ T.



1.4. Representations of causality 27

Thus in the principle this one-port element has arbitrary causality. However, if the
goal is numerical simulation, then the integral form is better suited (because the op-
eration differentation amplifies numerical noise caused by roundoff error). Therefore,
the one-port element should have effort-out causality. However, the situation is not
the same as in Example 1.4.8 Case (b) since in the latter case the effort-out causality
is the only possibility, while in the present case effort-out causality is only more suit-
able. To overcome this ambiguity we define the causality of a one-port element M ,
called desired causality index, as an integer

cdM ∈ {−cmax, . . . ,−1, 0, 1, . . . , cmax}, cmax ≥ 1

with the following meaning:

• If cdM > 0 then M has effort-out causality.

• If cdM < 0 then M has flow-out causality.

• If cdM = 0 then M has arbitrary causality.

• The integer |cdM |, called causality level, represents the degree of how much the
one-port element should have effort-out causality (cdM > 0) or flow-out causality
(cdM < 0).

Example 1.4.9
The behavioural equation associated with a one-port element M has the following form:

(a) M : f − fout = 0,

(b) M : e − eout = 0,

(c) M : e − f = 0,

(d) M : e − df
dt

= 0,

(e) M : f − de
dt

= 0.

If the goal is numerical simulation, we can set cmax = 2, cdM = −2 for Case (a), cdM = 2 for
Case (b), cdM = 0 for Case (c), cdM = −1 for Case (d) and cdM = 1 for Case (e).

Note that the value of cmax depends on the type of behavioural equations but also
on the type of analysis to be performed. In many cases cmax = 2 and causality levels
2, respectively, 1 correspond to fixed causality, respectively, preferred causality, the
terms usually used in bond graph literature. In Chapter 4, we present examples where
cmax = 3.

The concept of desired causality index is not only applicable to one-port elements.
This concept can be applied to any multi-port element which ports have independent
causality.

Definition 1.4.10 (Ports with independent causality)
Consider a multi-port element M having k ports. The matrix associated to a preference
table of the multi-port element M is denoted by CM . The ports of M have independent
causality if there exist k matrices CM

i (1 ≤ i ≤ k) such that

CM = CM
1 � CM

2 � · · · � CM
k .
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Remark 1.4.11 (Ports with independent causality)
In other words, the preference table can be decomposed into k smaller preference tables
such that any of them represents the admissible causality of a port of the multi-port
element M .

This is illustrated by means of the next example.

Example 1.4.12
The behavioural equation describing a three-port system is

M :
−f1 + 2de1

dt
+

df2
dt

= 0,

−e2 + de1
dt

+ 2
df2
dt

= 0,
−fout + f3 = 0.

The preference table associated with M has the following form:

1 2 3 4

κ (b1,M ) 1 1 −1 −1

κ (b2,M ) −1 1 −1 1

κ (b3,M ) −1 −1 −1 −1

The matrix associated with the preference table is

CM =


 1 1 −1 −1
−1 1 −1 1
−1 −1 −1 −1


 ,

and it can be decomposed as

CM = CM
1 � CM

2 � CM
3 =

[
1 −1

]
�
[ −1 1

]
� [−1] .

If the goal is numerical simulation then the first port should have effort-out causality, the sec-
ond should have flow-out causality and the third one must have flow-out causality. Therefore,
the desired causality indices of the ports are: cd1 = 1, cd1 = −1, cd1 = −2.

1.4.4 Causality assignment of a subgraph of a bond graph

In the previous section the admissible causality assignments of a multi-port element
are analysed. In this section, we consider the problem of causality assignment of a
subgraph of a bond graph.

Consider a bond graph �G = (M , �B). Suppose that it contains n multi-port
elements denoted by M1, · · · ,Mn. The subgraph �GMj1 ,...,Mjl

(1 ≤ j1 < . . . < jl ≤ n) is
a directed graph defined by

�GMj1 ,...,Mjl
= �G \{M \{Mj1 , . . . ,Mjl

}},

i.e. �GMj1 ,...,Mjl
is obtained by deleting the vertices M \{Mj1 , . . . ,Mjl

} and edges inci-
dent to them. Bonds incident to at least one vertex of the subgraph �GMj1 ,...,Mjl

are
classified in the following way:

• A bond is called internal if both end vertices belong to �GMj1 ,...,Mjl
.
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• A bond is called external if only one end vertex belongs to �GMj1 ,...,Mjl
.

The subgraph �GMj1 ,...,Mjl
may be seen as a new multi-port element denoted byMj1,...,jl

.
The behavioural equation associated with the multi-port element �GMj1 ,...,Mjl

is ob-
tained by eliminating the flow and effort signals of the internal bonds from the be-
havioural equations associated with the multi-port elements Mj1 , . . . ,Mjl

.

Example 1.4.13
Consider the bond graph shown in Figure 1.13a. It contains eight vertices denoted by
M1, . . . ,M8. Subgraph �GM5,M6,M7,M8 is an oriented graph obtained by deleting M1, M2, M3,
M4 and bonds incident to them. The external bonds are b1, b2, b3, b4 and the internal bonds
are b5, b6, b7, b8. The subgraph �GM5,M6,M7,M8 is replaced by the multi-port element M5,6,7,8

as shown in Figure 1.13b. Suppose that behavioural equations associated with multi-port

M1

M2

M3

M4

M8

M6

M7

M5

b1

b2

b3

b4

b5 b6
b7b8

M1

M2

M3

M4

b1

b2
b3

b4
M5;6;7;8

Figure 1.13: (a) Bond graph (b) Subgraph �GM1,M2,M3,M4 is replaced by the multi-port ele-

ment M5,6,7,8.

elements M5,M6,M7,M8 are:

M5 :
f1 = f5 = f8,

e1 + e5 − e8 = 0,

M6 :
f2 − f5 + f6 = 0,

e2 = e5 = e6,

M7 :
f3 = f6 = f7,

e3 + e7 − e6 = 0,

M8 :
f4 − f7 + f8 = 0,

e4 = e7 = e8.

The behavioural equation associated with M5,6,7,8 is obtained by eliminating f5, e5, f6, f6, f7,
f7, f8, f8, from the behavioural equations of M5,M6,M7,M8, resulting in

M5,6,7,8 :

−f1 + f3 + f2 = 0,
f1 − f3 + f4 = 0,
e1 + e2 − e4 = 0,
e3 − e2 + e4 = 0.
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The causality constraints associated with the multi-port element Mpi
are

Q
Mpi
1

(
cG
)
= 0,

Q
Mpi
2

(
cG
)
< 0.

Here, cG stands for the vector whose components are the causality of bonds incident to
Mji

(1 ≤ i ≤ l) and defined with respect toMji
. Every admissible causality assignment

of the multi-port element Mj1,...,jl
satisfies the following causality constraints:

Q
Mji
1

(
cG
)
= 0, (1 ≤ i ≤ l),

Q
Mji
2

(
cG
)
< 0, (1 ≤ i ≤ l), (1.9a)

κ (bs,Mji
) + κ (bs,Mjv

) = 0, (1.9b)

where bs is any internal bond whose end vertices are Mji
and Mjv

. The causality
constraint (1.9b) expresses the fact that if the causality of a bond is effort-out at one
of its ends then its causality is flow-out at the other end.

However, every causality assignment satisfying (1.9) is not necessarily an admissi-
ble causality assignment of Mj1,...,jl

(see Example 1.4.13). This means that admissible
causality assignments of the multi-port element Mj1,...,jl

satisfy also some additional
causality constraints

Q
Mj1,...,jl
1

(
cG
)
= 0,

Q
Mj1,...,jl
2

(
cG
)
< 0,

(1.9c)

called the causality constraints of the subgraph �GMj1 ,...,Mjl
.

Generally, to derive causality constraints of a subgraph is a hard problem. Three
systematic procedures that can be applied to a subgraph satisfying certain properties
are given in [47], [61], [1].

Example 1.4.14
Consider the bond graph shown in Figure 1.13a. The causality constraints associated with
the multi-port elements M5, M6, M7 and M8 are (see Example 1.4.1 Cases (c) and (d))

κ (b1,M5) + κ (b5,M5) + κ (b8,M5) + 1 = 0,
κ (b2,M6) + κ (b6,M6) + κ (b7,M6)− 1 = 0,
κ (b3,M7) + κ (b7,M7) + κ (b6,M7) + 1 = 0,
κ (b4,M8) + κ (b8,M8) + κ (b5,M8)− 1 = 0.

(1.10a)

The causality constraints corresponding to Equation (1.9b) are

κ (b5,M5) + κ (b5,M6) = 0,
κ (b6,M6) + κ (b6,M7) = 0,
κ (b7,M7) + κ (b8,M8) = 0,
κ (b8,M8) + κ (b8,M5) = 0.

(1.10b)

Straightforward but cumbersome analysis shows that all admissible values of κ(b1,M5),
κ(b2,M6), κ(b3,M7), κ(b4,M8) satisfying (1.10) are given by the following preference table:

1 2 3 4 5 6

κ (b1,M ) 1 1 1 −1 −1 −1

κ (b2,M ) −1 −1 1 1 1 −1

κ (b3,M ) 1 −1 −1 1 −1 1

κ (b4,M ) −1 1 −1 −1 1 1

.
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The causality constraint corresponding to this preference table is

κ (b1,M5) + κ (b2,M6) + κ (b3,M7) + κ (b4,M8) = 0. (1.11a)

In Example 1.4.7 is shown that the causality constraints corresponding to the multi-port
element M5,6,7,8 (its behavioural equation is given in Example 1.4.13) are described by the
previous equality together with the following inequality

κ (b2,M6) + κ (b4,M8)− 2 < 0. (1.11b)

It is clear that the sixth possibility in the preference table does not satisfy (1.11b). The

inequality (1.11b) represents the causality constraint of the subgraph �GM5,M6,M7,M8 .

1.5 Causal analysis

The concept of causality introduced in the previous section plays an important role for
the analysis of models represented by bond graphs. This section contains three sub-
sections. Notation is introduced in Subsection 1.5.1. The concept of causal analysis
is explained in Subsection 1.5.2. In the same subsection, based upon the established
framework a procedure for causal analysis is presented. In Subsection 1.5.3 we com-
pare the proposed procedure with other procedures for causal analysis.

1.5.1 Notation

Suppose that a bond graph �G contains n multi-port elements denoted by M1,M2,
. . . ,Mn. If Mi, Mj are end vertices of a bond and Mi is the tail then the bond is
denoted by bi,j . The flow and effort of bi,j are denoted by fi,j and ei,j , respectively.
The number of bonds of the bond graph is nb.

The causality of bond bi,j with respect to Mi is denoted by ci,j and with respect
to Mj by cj,i. The variables ci,j and cj,i are related by

ci,j + cj,i = 0.

Let cG be a vector whose components are causality of all bonds defined with respect to
both their end vertices. The dimension of cG is 2nb (there are nb bonds and for every
bond the causality is defined with the respect to both end vertices). The causality
constraints of the multi-port elements and the subgraphs are represented by

Q1(cG ) = 0,
Q2(cG ) < 0.

Suppose that the bond graph contains n1 one-port elements denoted by M1,
M2, . . . ,Mn1 . The desired causality index of the one-port element Mi is denoted by

cdi ∈ {−cmax, . . . ,−1, 0, 1, . . . , cmax}
where cmax stands for the highest causality level. The number of one-port elements
whose causality level is l is denoted by nl1. Obviously,

n1 =
cmax∑
l=0

nl1.
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We introduce a map φG : {0, 1, . . . , cmax} → N ∪ {0} as
φG (0) = 0,

φG (l) = 1 +
l−1∑
i=0

ni1φ
G (l).

Example 1.5.1
Consider a bond graph shown in Figure 1.14. It contains eight multi-port elements (n = 8)
and eight bonds nb = 8. There are four one-port elements (n1 = 4) denoted by M1, M2, M3,
M4. The behavioural equations describing the one-port elements are:

M1 : e5,1 − eout = 0,

M2 : e6,2 − df6,2

dt
= 0,

M3 : f7,3 − de7,3

dt
= 0,

M4 : e8,4 − f8,4 = 0.

Suppose that the goal of causal analysis is numerical simulation. By virtue of Example
1.4.9, cd1 = 2, cd2 = −1, cd3 = 1 and cd4 = 0. The numbers n01, n11, n21 are 1, 2, 1, respectively.
Therefore, the numbers φG (0), φG (1) and φG (2) are 0, 1, 3, respectively.

M1

M2

M3

M4

M8

M6

M7

M5

Figure 1.14: Bond graph.

The vector cG is defined by

cG = [c1,5 c5,1 c2,6 c6,2 c3,7 c7,3 c4,8 c8,4 c5,6 c6,5 c6,7 c7,6 c7,8 c8,7 c8,5 c5,8]T.

The behavioural equations describing the multi-port elements M5, M6, M7, M8 are:

M5 :
f5,1 = f5,6 = f8,5,

e5,1 + e5,6 − e8,5 = 0.

M6 :
f6,2 − f5,6 + f6,7 = 0,

e6,2 = e5,6 = e6,7.

M7 :
f7,3 = f6,7 = f7,8,

e7,3 − e6,7 + e7,8 = 0.
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M8 :
f8,4 + f8,5 − f7,8 = 0,

e8,4 = e8,5 = e7,8.

The causality constraints of these multi-port elements are (see Example 1.4.1 Cases (c) and
(d))

c5,1 + c5,6 + c5,8 + 1 = 0,

c6,2 + c6,5 + c6,7 − 1 = 0,

c7,3 + c7,6 + c7,8 + 1 = 0,

c8,4 + c8,5 + c8,7 − 1 = 0,

and the causality constraint of the subgraph �GM5,M6,M7,M8 (see example 1.4.14) is

c6,2 + c8,4 − 2 < 0.

1.5.2 Formulation of causal analysis

Causal analysis of a bond graph is a method which causally assignes the bond graph
such that the causality constraints imposed by the multi-port elements of the bond
graph are satisfied, and the causality of the one-port elements matches the desired
causality indices as much as possible. The information obtained by performing causal
analysis is used to derive a simulation model from a bond graph, to analyse the
correctness of a model represented by a bond graph, and to get insight into the
dynamical behaviour of the model. We formulate causal analysis of a bond graph as
a combinatorial optimisation problem as follows:

Problem 1.5.2 (Causal analsyis of bond graphs)
Find a vector cG ∈ {−1, 1}2nb that maximises the cost function

n1∑
i=1

sgn(ci)φG (|ci|) ci,ji
(1.12)

subject to the causality constraints

Q1 (c) = 0,
Q2 (c) < 0,
ck,m + cm,k = 0.

Here, ci,ji
is the causality of the bond incident to the one-port element Mi and ck,m

(cm,k) is the causality of the bond bi,j with respect to the multi-port element Mk (Mm).

The following aspects are present in the formulation of Problem 1.5.2.

• The causality assignment of the bonds is such that all causality constraints must
be satisfied.
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• One-port elements whose desired causality index is zero do not contribute to
the value of the cost function, since φG (0) = 0. Thus they indeed have arbitrary
causality.

• Suppose that the causality level of a one-port element is not zero. If sgn(ci)ci,ji
is

positive then the obtained causality matches the desired causality of Mi and the
contribution of the term sgn(ci)ci,ji

φG (|ci|) is positive. If there is no matching
then the contribution is negative. This is a reason why the cost function has to
be maximised.

• The weighted factor φG (l) is chosen in a such way that the contribution of all
one-port elements whose causality levels are less than l is always smaller than
the contribution of a one-port element whose causality level is l.

Problem 1.5.2 has the form of an integer programming problem. If the causality
constraints are nonlinear then existing algorithms for solving integer programming
problem not necessarily solve Problem 1.5.2 (the obtained solution is not necessarily a
global optimum). However, if the causality constraints are linear then algorithms such
as Lenstra’s method, Gonory’s cutting plane method, and branch-and-bound methods
solve Problem 1.5.2. In Subsection 1.4.4 we have shown that any preference table can
be represented by the set of linear inequalities (see Proposition 1.4.5). Therefore,
causal analysis can be always formulated as a linear integer problem, although the
number of causality constraints might be large.

It is worth noting that the above mentioned algorithms run in exponential time
[48]. However, if the matrix 

 ∂Q1(cG )
∂TcG

∂Q2(cG )
∂TcG




is totally unimodular (the determinant of any square sub-matrix is −1, 0, 1) then an
integer programming problem can be transformed into a linear programming problem
which is solvable in polynomial time.

Definition 1.5.3
A bond graph causally assigned by means of a solution of Problem 1.5.2 is called an
optimally causally assigned bond graph. The solution of Problem 1.5.2 is denoted by
CG

opt.

Example 1.5.4 (Continuation of Example 1.5.1)
Consider the bond graph analysed in Example 1.5.1. The multi-port elements M1, M2, M3,
M4 are adjacent to M5, M6, M7, M8, respectively. Therefore j1 = 5, j2 = 6, j3 = 7, j4 = 8
and the cost function given by (1.12) is

4∑
i=1

sgn (ci)φ (|ci|) ci,ji = sgn (c1)φ (|c1|) c1,5 + sgn (c2)φ (|c2|) c2,6 +

sgn (c3)φ (|c3|) c3,7 + sgn (c1)φ (|c3|) c4,8 =

1 · φ (2) c1,5 + (−1) · φ (1) c2,6 + (1) · φ (1) c3,7 + 0 · φ (0) c4,8 =

3c1,5 − c2,6 + c3,7.
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M1

M2

M3

M4

M8

M6

M7

M5

Figure 1.15: Optimally causally assigned bond graph.

The causality assignment of the bond graph is equivalent to the following integer program-
ming problem:
Find cG ∈ {−1, 1}16 that maximises

3c1,5 − c2,6 + c3,7

subject to the following causality constraints:

c5,1 + c5,6 + c5,8 + 1 = 0,

c6,2 + c6,5 + c6,7 − 1 = 0,

c7,3 + c7,6 + c7,8 + 1 = 0,

c8,4 + c8,5 + c8,7 − 1 = 0,

c6,2 + c8,4 − 2 < 0,

c1,5 + c5,1 = 0,

c2,6 + c6,2 = 0,

c3,7 + c7,3 = 0,

c4,8 + c8,4 = 0,

c5,6 + c6,5 = 0,

c6,7 + c7,6 = 0,

c7,8 + c8,7 = 0,

c8,5 + c5,8 = 0.

This problem has been solved by means of the integer programming solvers LINGO7 (demo
version)10. The optimal solution is:

cG
opt =

[
1 −1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 1 1 −1

]
,

where cG
opt = cG is defined as in Example 1.5.1. The causality assignment for this solution

is indicated in Figure 1.15.

10The web address is http://www.lindo.com



36 Chapter 1. Bond graphs

1.5.3 Relations with other procedures

In this subsection we discuss how the causality assignment of bond graphs presented
in Subsection 1.5.2 is related to the sequential causality assignment procedure (SCAP)
proposed in [30]. This technique can be seen as a method to solve Problem 1.5.2.

Algorithm 1.5.5 (SCAP)

1. FOR k = cmax, cmax − 1, . . . , 1

(a) CHOOSE a one-port element Mi with causality level k. Its adjacent vertex is
denoted by Mji .

(b) IF causality is not assigned to the bond incident to Mi THEN

i. ci,ji = −cji,i = sgn(ci).

ii. INSERT values of ci,ji , cji,i into the causality constraints.

iii. Solve the causality constraints for as many as possible unknown variables.

(c) REPEAT until all one-port elements with causality level k have been used.

2. END FOR.

3. IF there is a bond bi,j whose causality is not assigned THEN

(a) ci,j = −cj,i = 1.

(b) INSERT values of ci,j , cj,i into the causality constraints.

(c) Solve causality constraints for as many as possible unknown variables.

4. REPEAT until all bi,j whose causality is not assigned have been used.

The point worth noting in this algorithm is that the obtained solution depends on
which one-port element is chosen to be processed first. Thus the obtained solution
does not necessarily minimize the cost function as is shown by the following example.

Example 1.5.6
Consider the bond graph with a tree-like structure as shown in Figure 1.16. It contains four
multi-port elements: M1, M2, M3, M4 as shown in Figure 1.16. The one-port elements are
M1, M2, M3 and their desired causality index is 1, i.e., c1 = c2 = c3 = 1. The causality

M1

M2

M3

M4

Figure 1.16: Bond graph.

constraint associated to the multi-port element M4 is

2c4,1 + c4,2 + c4,3 = 0.
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Problem 1.5.2 has the following form: find cG ∈ {−1, 1}6 that maximises

c1,4 + c2,4 + c3,4

subject to the following causality constraints:

2c4,1 + c4,2 + c4,3 = 0,

c1,4 + c4,1 = 0,

c2,4 + c4,2 = 0,

c3,4 + c4,3 = 0,

All one-port elements have causality level 1. Choose multi-port element M1 to be processed
first. Then step 1.(a)i implies c1,4 = −c4,1 = sgn(c1) = 1. The causality constraint equations
become

−2 + c4,2 + c4,3 = 0,

c2,4 + c4,2 = 0,

c3,4 + c4,3 = 0,

The equation −2 + c4,2 + c4,3 = 0 has the unique solution c4,2 = c4,3 = 1. Consequently,
c2,4 = −1 and c3,4 = −1. Therefore the value of the cost function has values −1. The
obtained causality assignment is indicated in Figure 1.17(a). The optimal solution obtained

M1

M2

M3

M4M1

M2

M3

M4

Figure 1.17: (a) Causally assigned bond graph by means od the SCAP.
(b) Optimally causally assigned bond graph.

by LINGO7 is c1,4 = −c4,1 = −1, c2,4 = −c4,2 = 1, c3,4 = −c4,3 = 1 and the value of the cost
function is 1. We conclude that the solution obtained by the SCAP is not optimal in this
case. Note, that the optimal solution would be obtained if instead the multi-port element
M2 had been chosen to be processed first. The optimally causally assigned bond graph is
shown in Figure 1.17(b).

Other procedures for the causality assignment such as the relaxed causality as-
signment procedure [27], the Lagrangian causality assignment procedure [28], the
modified sequential causality assignment procedures [60], and the preference table
causality assignment procedure [8] use the same idea to causally assign a bond graph.
Therefore, they possibly generate solutions which are not optimal.
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1.6 Conclusions

In this chapter a bond graph has been mathematically defined as a labelled directed
graph where to every edge there is associated a pair of signals and where to every
vertex there is associated a behavioural equation in the signals of the edges incident
to that vertex. Based upon the established framework we have presented a new
approach to causal analysis of bond graphs. The key advantage of the proposed
procedure over the existing procedures (SCAP, RCAP, LCAP, MSCAP’s, PT-CAP)
is that it generates an optimal result. Two major limitations of the proposed method
are:

• the desired causality index is defined only for one-port elements.
• the obtained solution is correct if and only if the causality constraints imposed
by all the subgraphs are taken into account.

The notion of desired causality index could be also extended to multi-port elements
having two or more ports. Consider a k-port element M (k ≤ 2). Its causality could
be defined as a pair (cM , cM

l ) where the vector c
M ∈ {−1, 1}k represents a admissible

causality assignment of M , and cM
l ∈ {0, 1, . . . , cmax} represents a causality level. The

open problem is how to define a linear cost function that includes the desired causality
index of multi-port elements having two or more ports.

Since there is no systematic procedure that generates all causality constraints of
subgraphs for an arbitrary form of the behavioural equations the obtained solution may
not be correct. The way to cope with this problem seems to focus the investigation to
a class of bond graphs whose vertices satisfy additional properties like linearity and
symmetry.

Some open problems related to this chapter are:

• Suppose that the forms of behavioural equations associated with the multi-
port elements having two or more ports are as in Example 1.4.1. Under which
conditions is the matrix ∂Q1(c

G )
∂TcG totally unimodular?

• Under which conditions does SCAP generate an optimal solution?
• Does there exist an algorithm running in polynomial time for checking the de-
composability of a preference table?

• Does there exist an algorithm for generating causality constraints with a minimal
number of linear equalities and linear inequalities?

• The development of a method for analysis of bond graphs with non-bilateral
signal flows.



Chapter 2

Junction structures

In this chapter a subgraph of the bond graph called junction structure is
analysed. Some properties of junction structures are pointed out. Based
upon the established framework, a procedure for the optimal causality as-
signment of a bond graph is presented.

Introduction

In the previous chapter it has been concluded that the causality assignment of a
bond graph based only on causality constraints of the multi-port elements may not be
correct. The reason for this is that a subgraph of a bond graph may impose additional
causality constraints. To find causality constraints imposed by all subgraphs of a bond
graph is a hard problem. The way to solve this problem is to focus the investigation
to a class of bond graphs whose multi-port elements satisfy additional properties.

In this chapter we consider so-called scalar bond graphs. The bond space of any
edge of a scalar bond graph is R × R, and its multi-port elements are classified into
two groups. The first group consists of power conserving linear multi-port elements
such as ideal junctions, ideal two-port transformers, and ideal two-port gyrators. The
second group consists of multi-port elements whose ports have independent causality
(see Definition 1.4.10). The subgraph whose vertices belong to the first group is called
the junction structure [41]. The junction structure is classified, with respect to the
type of multi-port elements from which it is constructed, as (see [46])

1. Simple junction structure or Kirchhoff junction structure if all its vertices are
ideal junctions.

2. Weighted junction structure or Kron junction structure if all its vertices are ideal
junctions or ideal two-port transformers.

3. Generalised or Birkhoff junction structure if its vertices are ideal junctions, ideal
two-port transformers or ideal two-port gyrators.

In this chapter we derive behavioural equations associated to the three types of junc-
tion structures. Furthermore some properties of these junction structures are pointed
out.

39
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The causality assignment procedure followed here differs from the procedure used
in Chapter 1. Namely, the approach presented in the previous chapter consider ver-
tices separately. Here we replace all vertices that belong to a junction structure by
a single multi-port element. The behaviour represented by the multi-port element
can be expressed in the form 1.2a in different ways. With any representations of the
multi-port element a unique admissible causality assignment is related. The proposed
method is based on the idea of transforming the behaviour of the junction structure
into the form 1.2a such that the admissible causality assignment related to this form
optimally matches the desired causality assignment.

This chapter is organised as follows. In Section 2.1 definitions of some power
conserving elements are recalled [41, 29]. A special class of scalar bond graph called
canonical bond graphs is introduced in section 2.2. The properties of different types
of junction structures are analysed in Sections 2.3, 2.4, and 2.5. Conclusions and
remarks are presented in Section 2.6.

2.1 Power conserving multi-port elements

In this section the definitions of the following multi-port elements are recalled (see
e.g. [41]): ideal junctions, ideal two-port transformers, ideal two-port gyrators and
ideal constraints.

Consider a k-port element M incident to the bonds b1, b2, · · · , bk. Let Bi be the
bond space of bi where 1 ≤ i ≤ k. The power product associated to the bond bi is
denoted by 〈·|·〉Bi

. The multi-port element M represents the behaviour denoted by
BM ⊆ BT

1×. . .×BT

k . First the definitions of linear multi-port elements and memoryless
multi-port elements are recalled.

Definition 2.1.1 (Linear multi-port element [[43])
The multi-port element M is linear if BM is linear subspace of BT

1 × . . .× BT

k .

Definition 2.1.2 (Memoryless multi-port element)
The multi-port element M is memoryless if the behaviour BM can be represented as

BM = DT,

where D ⊆ B1 × . . .× Bk.

Two classifications of linear memoryless multi-port elements are presented below.
Note that both classifications are pointwise in time.

Definition 2.1.3 (Power conserving multi-port element [6])
The multi-port element M is power conserving if the net power of M for any 2k-tuple
(f1, e1, . . . , fk, ek) ∈ BM is zero, i.e.

PM
net(t) =

k∑
i=1

σ(bi,M )〈ei(t)|fi(t)〉Bi
= 0, ∀t ∈ T.
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Definition 2.1.4 (Reciprocal multi-port element [44])
The multi-port element M is reciprocal if for any two 2k-tuples (f 1

1 , e
1
1 , . . . , f

1
k , e1k) ∈

BM , (f 2
1 , e

2
1 , . . . , f

2
k , e

2
k) ∈ BM

k∑
i=1

σ(bi,M )(〈e1i (t)|f 2
i (t)〉Bi

− 〈e2i (t)|f 1
i (t)〉Bi

) = 0, ∀t ∈ T.

2.1.1 Ideal junctions

Consider a k-port element M shown in Figure 2.1.

Mb1

bi

bk

Figure 2.1: k-port element

Definition 2.1.5 (Ideal zero-junction)
The multi-port element M incident to bonds b1, b2, · · · , bk is an ideal zero-junction if
k ≥ 2 and the behavioural equation associated to M is

M :
e1 = e2 = . . . = ek,
k∑
i=1

σ (ei,M ) fi = 0.

To easily recognise this type of multi-port elements in a bond graph, the standard
symbol for the vertex is replaced by the graphical symbol 0 as shown in Figure 2.2(a).
Also for simplicity the term ideal zero-junction is abbreviated to 0-junction.

Mb1

bi

bk Mb1

bi

bk

Figure 2.2: (a) Zero-junction. (b) One-junction.

The net power of a 0-junction is

PM
net(t) =

k∑
i=1

σ(bi,M )fi(t)ei(t) = e1(t)
k∑
i=1

σ(bi,M )fi(t) = 0, ∀t ∈ T.
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Therefore a 0-junction is a power conserving multi-port element.

Definition 2.1.6 (Ideal one-junction)
The multi-port element M incident to the bonds b1, b2, · · · , bk is an ideal one-junction
if k ≥ 2 and the behavioural equation associated to M is

M :
f1 = f2 = . . . = fk,
k∑
i=1

σ (bi,M ) ei = 0.

The symbol for the vertex is replaced with the graphical symbol 1 as shown in Figure
2.2(b), and the term ideal one-junction is abbreviated to 1-junction. Analogously
to the case of a 0-junction it can be proved that a 1-junction is a power conserving
multi-port element.

Note that there is no restriction on the direction of the bonds incident to ideal junc-
tions (direction in the sense of the positive power flow). Nevertheless their directions
influence the form of the behavioural equation (through the coefficients σ(bi,M )).

2.1.2 Ideal two-port transformer

Consider a two-port element shown in Figure 2.3.

b1 b2M M2M1

Figure 2.3: Two-port element.

Definition 2.1.7 (Ideal two-port transformer)
A two-port element M incident to bonds b1, b2 is an ideal two-port transformer if:

(i) M is the tail for one incident bond and head of the other incident bond, i.e.
σ(b1,M )σ(b2,M ) = −1;

(ii) The behavioural equation associated with M has the following form:

M :
e1 − rσ(b2,M )e2 = 0,
rσ(b2,M )f1 − f2 = 0, r ∈ R\ {0} .

In this case the symbol for vertices is replaced by the graphical symbol TF as shown
in Figure 2.4(a) and the parameter r is indicated in the graph. In the special case
r = 1, the path

[M1, b1,M , b2,M2]

may be replaced by the path
[M1, b,M2]

as shown in Figure 2.4(b).
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Note that the graphical symbol TF, the direction of bonds incident to TF, and
together with the parameter r uniquely determine the behavioural equation associated
to the multi-port element M . In the sequel the term ideal two-port transformer is
abbreviated to TF-element .

The net power of a TF-element is

PM
net(t) = σ(b1,M )f1(t)e1(t) + σ(b2,M )f2(t)e2(t)

= σ(b1,M )(rσ(b2,M )f1(t)e2(t)− rσ(b2,M )f1(t)e2(t)) = 0, ∀t ∈ T.

Therefore a TF-element is a power conserving multi-port element.

b1 b2
M

bM2M1 M2M1

b1 b2
M M2M1 b1 b2

M M2M1

Figure 2.4: (a) TF-element. (b) Simplified TF-element with ratio 1.
(c) SF-element. (d) Simplified SF-element with ratio 1.

2.1.3 Ideal two-port gyrator

Consider a two-port element shown in Figure 2.3.

Definition 2.1.8 (Ideal two-port gyrator)
A two-port element M incident to bonds b1, b2 is an ideal two-port gyrator if:

(i) M is the tail for one incident bond and head of the other incident bond, i.e.
σ(b1,M )σ(b2,M ) = −1;

(ii) The behavioural equation associated with M has the following form:

M :
e1 − rf2 = 0,
rf1 − e2 = 0, r ∈ R\ {0} .

In this case the symbol for the vertex is replaced by GY as shown in Figure 2.4(c)
and the parameter r is indicated in the graph. In the special case r = 1, the ideal
two-port gyrator is called a symplectic gyrator [6], and the graphical symbol GY is
replaced by SGY as shown in Figure 2.4(d).

Note that the graphical symbol GY and the parameter r uniquely determine the
behavioural equation associated to the multi-port element M . In the sequel the term
ideal two-port gyrator is abbreviated to GY-element and the term symplectic gyrator
is abbreviated to SGY-element. Analogously to the TF-element, it can be proved that
a GY-element is a power conserving multi-port element.
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2.1.4 Ideal constraints

Consider the one-port element M shown in Figure 2.5(a).

Definition 2.1.9 (Ideal flow constraint)
The one-port element M incident to bond b is an ideal flow constraint if:

(i) M is the head of the incident bond;

(ii) The behavioural equation associated with M has the following form:

f = 0.

The symbol for the vertex is replaced by FC as shown in Figure 2.5(b).

Mb bb MM

Figure 2.5: (a) One-port element. (b) Ideal flow constraint. (c) Ideal effort constraint.

Definition 2.1.10 (Ideal effort constraint)
The one-port element M incident to bond b is an ideal effort constraint if:

(i) M is the head of the incident bond;

(ii) The behavioural equation associated with M has the following form:

e = 0.

The symbol for the vertex is replaced by EC as shown Figure 2.5(c). In the sequel
the term ideal flow constraint is abbreviated to FC-element and the term ideal ef-
fort constraint is abbreviated to EC-element. Obviously, ideal constraints are power
conserving multi-port elements.

2.2 Canonical bond graphs

The class of bond graphs considered in this and the next two chapters are the scalar
bond graphs.

Definition 2.2.1 (Scalar bond graphs)
A bond graph is a scalar bond graph if the following two conditions are satisfied:

(i) The bond space of every edge is R × R;

(ii) The ports of all multi-port elements except the 0-junctions, 1-junctions, TF-
elements and GY-elements, have independent causality (see Definition 1.4.10).
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In Section 2.6 we discuss how the results presented in this chapter can be extended
to other classes of bond graphs. Now the definition of a junction structure is recalled
[30].

Definition 2.2.2 (Junction structure)
Consider a scalar bond graph. The subgraph of the scalar bond graph obtained by
deleting all multi-port elements which are not ideal junctions, TF-elements and GY-
elements is called the junction structure.

Arbitrary scalar bond graphs are not particularly suitable for the purpose of anal-
ysis we want to pursue. In this and the following two chapters we concentrate on a
special type of scalar bond graphs called canonical bond graphs.

Definition 2.2.3 (Canonical bond graph)
A scalar bond graph is canonical if the following conditions are satisfied:

(i) At least one end vertex of every bond is an ideal junction;

(ii) If both end vertices of a bond are ideal junctions then one of them is a 1-junction
and the other is a 0-junction;

(iii) Any ideal junction is adjacent to one and only one multi-port element which
does not belong to the junction structure;

(iv) If an end vertex of a bond is a multi-port element that does not belong to the
junction structure then the bond is incoming with respect to the multi-port ele-
ment;

(v) Every TF-element is adjacent to a 1-junction and to a 0-junction;

(vi) Every GY-element is adjacent to either two 1-junctions or two 0-junctions;

(vii) The number of different paths of length one and two between any two ideal
junctions of the underlaying undirected graph of the bond graph is less than or
equal to one.

The restriction to canonical bond graph does not entail any loss of generality, since it
can be shown that every scalar bond graph can be transformed into a canonical bond
graph. A procedure for this transformations is given in Appendix A.

Definition 2.2.4 (Canonical junction structure)
If a scalar bond graph is canonical then its junction structure is called a canonical
junction structure.

We use the abbreviation CJS for canonical junction structure. In the next three
sections different types of CJS’s are analysed. Before that we introduce some notation
used in this chapter.
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Multi-port elements

In the sequel, let M1,M2, . . . ,Mn denote the multi-port elements that do not belong
to the CJS. We assume that all multi-port elements which do not belong to the CJS
are one-port elements. Since we are interested in causal analysis of canonical bond
graphs, this assumption is not restrictive. Namely, condition (ii) of Definition 2.2.1
implies that the ports of the multi-port elements that do not belong to the CJS
have independent causality. Therefore for the purpose of causal analysis the multi-
port elements that do not belong to the CJS can be seen as a collection of one-port
elements.

Bonds

All bonds are classified as either external or internal (cf. Subsection 1.4.4). A bond is
internal if its end vertices both belong to the CJS; otherwise it is external. Since the
multi-port elements M1,M2, . . . ,Mn are one-port elements it follows that the number
of external bonds is equal to n. An external bond incident to Mi is denoted by bi.

Equivalent canonical bond graphs

Consider two canonical bond graphs �G I and �G II. The one-port elements which do
not belong to the junction structure of �G I are denoted by

M I
1 ,M

I
2 , . . . ,M

I
n.

Assume that the number of one-port elements which do not belong to the junction
structure �G II is also equal to n, and denote these one-port elements by

M II
1 ,M

II
2 , . . . ,M

II
n .

Let B I stand for the behaviour imposed by the CJS of the bond graph �G I and let
B II stand for the behaviour imposed by the CJS of the bond graph �G II.

Definition 2.2.5 (Equivalent CJS’s)
The CJS’s of the bond graphs �G I and �G II are equivalent if

B I = B II.

Definition 2.2.6 (Equivalent bond graphs)
The bond graphs �G I and �G II are equivalent if

(i) B I = B II;

(ii) M I
i = M II

i , ∀1 ≤ i ≤ n.
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Ideal junctions

Condition (iii) of Definition 2.2.3 implies that there are n-ideal junctions. Let n0 be
the number of 0-junctions and let n1 be the number of 1-junctions. Thus

n1 + n0 = n.

Let us assume that the multi-port elements M1, . . . ,Mn1 are adjacent to 1-junctions
and that the multi-port elements Mn1+j , . . . ,Mn are adjacent to 0-junctions. Hence
bi with 1 ≤ i ≤ n1 are the external bonds incident to 1-junctions, and bn1+j with
1 ≤ j ≤ n0 the external bonds incident to 0-junctions.

Causality

Let cdi stand for the desired causality index (see section 1.4.3) of the one-port element
Mi for 1 ≤ i ≤ n and let cmax stand for the maximal causality level. The vector Cd

given by
Cd = [ cd1 cd2 · · · cdn ],

is called the desired causality assignment of the CJS.

2.3 Simple CJS

This section deals with simple CJS. The definition of a simple CJS is presented in
Section 2.3.1. Its properties are analysed and the behavioural equation associated
with a simple CJS is presented in Section 2.3.2. Equivalence transformations of a
simple CJS are considered in Section 2.3.3 and the causality assignment of this type
of junction structures is discussed in Section 2.3.4. How to assign causality to a scalar
bond graph with a simple CJS is shown in Section 2.3.5.

2.3.1 Definition of simple CJS

We first define the basic CJS and then the simple CJS as a special type of the basic
CJS.

Definition 2.3.1 (Basic CJS)
If a canonical bond graph does not contain TF-elements nor GY-elements then its
junction structure is called a basic CJS.

Consider a canonical bond graph whose junction structure is a basic CJS . First we
introduce some notation for internal bonds. If the internal bond (bond whose end
vertices are elements of CJS) is incident to the same 1-junction as bi and to the same
0-junction as bn1+j then it is denoted by bi,n1+j . A generic graphical representation
of a canonical bond graph is shown in figure 2.6.
Now, the notion of a P-link is introduced (P stands for primitive).

Definition 2.3.2 (P-link)
Two external bonds are connected via a P-link if the junctions incident to them are
adjacent.
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b1

biMi

M1

bn1 bn

bn1+1

bn1+j

Mn1
Mn

Mn1+1

Mn1+j

bi;n1+j

Figure 2.6: A generic graphical representation of basic CJS

By inspecting Figure 2.6, one concludes that the external bonds bi and bn1+j are
connected via a P-link.

The graphical information about a basic CJS is represented by a matrix as shown
below. The matrix denoted by S has n1 columns and n0 rows, i.e. S ∈ {−1, 0, 1}n0×n1 .
The (j, i)th element of S is defined as follows:

1. If the external bonds bi and bn1+j are connected via a P-link, i.e there exists an
internal bond bi,n1+j , then

(a) sj,i = 1 if the 1-junction incident to bi,n1+j is the head of bi,n1+j (see Figure
2.7(a)).

(b) sj,i = −1 if the 1-junction incident to bi,n1+j is the tail of bi,n1+j (see
Figure 2.7(b)).

2. If the external bonds bi, bn1+j are not connected via a P-link then sj,i = 0.

bi
bi;n1+j bn1+j

Mn1+jMi

bi
bi;n1+j bn1+j

Mn1+jMi

Figure 2.7: (a) sj,i=1. (b) sj,i=-1.

Note that the basic CJS can be uniquely reconstructed from the matrix S. Next we
define a simple CJS.

Definition 2.3.3 (Simple CJS)
If the matrix representation of a basic CJS is totally unimodular, i.e. each square
sub-matrix of S has determinant 0, +1 or −1, then the basic CJS is called a simple
CJS.

Example 2.3.4
Figure 2.8 shows two examples of canonical bond graphs whose junction structures are basic
CJS’s. Their structures are almost identical (only the orientation of the internal bond b2,3

is different).
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Consider the canonical bond graph shown in Figure 2.8(a). It contains two 1-junctions
and two 0-junctions. Therefore, n1 = 2 and n0 = 2. Let Sa be the matrix containing
graphical structure of the basic CJS . Its dimension is n1 × n0 = 2 × 2. Since b1 (i = 1) is
connected to b4 = bn1+2 (j = 2) then sj,i = s2,1 �= 0. The head of b1,4 is at a 1-junction
therefore s2,1 = −1. The other elements of Sa are determined similarly and Sa is given by

Sa =

[
1 −1
−1 1

]
.

Its determinant is zero implying that the basic CJS is a simple CJS.
The matrix representation of the basic CJS shown in Figure 2.8(b) is

Sb =

[
1 −1
1 1

]
.

Since its determinant is two then this basic CJS is not a simple CJS.

b1

b2

b3

b4

M4

M2

M3

M1 b1

b2

b3

b4

M4

M2

M3

M1

Figure 2.8: (a) Simple CJS. (b) Basic CJS.

The algorithm for recognising total unimodularity of a matrix is polynomial-time
(see [48], pages 282-293). The number of steps is proportional to n4min(n0, n1).
Therefore, it can be checked in polynomial time if a basic CJS is a simple CJS .

2.3.2 Properties of a simple CJS

In this subsection we derive the behavioural equation associated with a simple CJS.
Furthermore, some properties of a simple CJS are pointed out.

Behavioural equation of a simple CJS

The behavioural equation is obtained in two steps:

• Internal bonds are characterised in terms of the external bonds.
• The behavioural equations of the ideal junctions are used to derive the be-
havioural equation associated to a simple CJS.
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Step 1
Consider an internal bond denoted by bi,j+n1 = (fi,j+n1 , ei,j+n1). This means that
the external bonds bi, bn1+j are connected via a P-link as shown in Figure 2.7. The
bonds bi, bi,n1+1 are incident to the same 1-junction. This means that

fi,n1+j = fi.

Similarly, the bonds bn1+j , bi,n1+1 are incident to the same 0-junction. Thus

ei,n1+j = ej+n1 .

Therefore, the internal bond bi,n1+j is described by

bi,j+n1 = (fi, ej+n1). (2.1)

Step 2
The flow balance equation for the 0-junction connected to the external bond bn1+j is

fn1+j(t)−
n1∑
j=1

sj,ifi,n1+j(t) = 0, ∀t ∈ T.

The previous equation can be rewritten using (2.1) as

fn1+j(t)−
n1∑
i=1

sj,ifi(t) = 0, ∀t ∈ T, j ∈ {1, . . . , n0}. (2.2a)

Similarly, the flow balance equation for a 1-junction connected to the external bond
bi is

ei(t) +
n0∑
j=1

sj,ien1+j(t) = 0, ∀t ∈ T, i ∈ {1, . . . , n1}. (2.2b)

A compact representation of Equations (2.2) is

SF f (t) = 0, ∀t ∈ T (2.3a)

SE e(t) = 0, ∀t ∈ T, (2.3b)

where
SF =

[ −S In0
]
,

SE =
[
In1 ST

]
,

and

f =


 f1

...
fn


 , e =


 e1

...
en


 .
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Properties of a simple CJS

In the rest of this subsection we investigate the properties of Equations (2.3). We
show subsequently that the concept of causality is applicable to a simple CJS, that
a simple CJS is a power conserving and reciprocal multi-port element, and that the
subspace of flow and efforts imposed by a simple CJS represents a Dirac structure.

Input-output representation of a simple CJS

By inspecting Equation (2.3) we conclude that the behavioural equation associated
with a simple CJS can be rewritten in the form given by Equation (1.2). Indeed, let
fa, ea represent the first n1 components of f and e respectively, and let fb, eb represent
the last n0 components of f and e respectively. Equation (2.3) may be rewritten as

−Sfa(t) + fb(t) = 0,
ea(t) + STeb(t) = 0 ∀t ∈ T.

Solving the previous equation for ea(t), fb(t) yields

fb(t) = Sfa(t), (2.4a)

ea(t) = −STeb(t) ∀t ∈ T. (2.4b)

Equations (2.4) have the form of (1.2). This means that the simple CJS allows
bilateral signal flow and that there exists an admissible causality assignment. This
observation is usually taken as an axiom, but here we have shown that this property
actually follows from the definition of a simple CJS.

Power conservation of a simple CJS

The net power of the simple CJS is

eT(t)f (t) = eTa (t)fa(t) + eTb (t)fb(t), ∀t ∈ T.

By inserting Equation (2.4) into the previous equation it can be shown that

eT(t)f (t) = 0, ∀t ∈ T.

Therefore the simple CJS is a power conserving multi-port element (see Definition
2.1.3).

Reciprocity of a simple CJS

Let (f1, e1),(f2, e2) be any two pairs satisfying Equation 2.4. Then also the pairs (f1, e2),
(f2, e1) satisfy Equation 2.4. Power conservation implies that

(e2(t))Tf 1(t) = 0,
(e1(t))Tf 2(t) = 0, ∀t ∈ T,

Therefore
(e2(t))Tf 1(t)− (e1(t))Tf 2(t) = 0, ∀t ∈ T.

Hence, the simple CJS is a reciprocal multi-port element (see Definition 2.1.4).

Dirac structure
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A simple CJS can be considered from a geometric point view. Namely the subspace
of admissible flows and efforts imposed by the simple CJS

D = {(f, e) ∈ R
n × R

n : SFf = 0, SEe = 0}.

represents a Dirac structure, that is (see Chapter 5 for explanations)

D⊥ = D,

where D⊥ is defined by

D⊥ = {(f̃ , ẽ) ∈ R
n × R

n : eTf̃ + ẽTf = 0, ∀(f, e) ∈ D}.

We already refer to Chapter 5 for a more elaborate treatment of Dirac structures.
In particular there it is shown that Dirac structures are a key tool for analysing and
formulating infinite-dimensional junction structures.

Let us prove that D⊥ = D. Let (f1, e1), (f2, e2) be any two pairs that belong to
D. It is clear that the pairs (f1, e2), (f2, e1) also belong to D. Power conservation
implies that

(e2)Tf1 = 0,
(e1)Tf2 = 0.

Therefore
(e2)Tf1 + (e1)Tf2 = 0.

This means that D ⊆ D⊥. Since SE(SF )T = 0, rank(SE) = n1, and rank(SE) = n0,
the subspace D can be also represented by

D = {(f, e) ∈ R
n × R

n : f = (SF )Tλf , e = (SE)Tλe, λf ∈ R
n1 , λe ∈ R

n0},

Suppose that the pair (f̃ , ẽ) belongs to D⊥. It means that

eTf̃ + ẽTf = 0, ∀(f, e) ∈ D ⇔ λT
e S

F f̃ + λT
f S

E ẽ = 0, ∀λf ∈ R
n1 , λe ∈ R

n0 .

If λf = 0 then

λT
e S

F f̃ = 0 ∀λe ∈ R
n0 ⇔ SF f̃ = 0.

Similarly, it can be proved that SE ẽ = 0. Therefore, the pair (f̃ , ẽ) ∈ D. This means
that D⊥ ⊆ D and thus

D⊥ = D.
This property implies that D is a Dirac structure.

All we have mentioned above is summarised as follows.

Proposition 2.3.5 (Properties of a simple CJS)
Every simple CJS is a power conserving reciprocal multi-port element and the subspace
of admissible flows and efforts imposed by a simple CJS defines a Dirac structure.
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2.3.3 Equivalence transformations of simple CJS

If the matrix SF is known then the matrix SE can be constructed. Therefore, in
the rest of this subsection only Equation (2.3a) is considered. The ith column of the
matrix SF is denoted by sFi . Suppose that the columns,

sFm1
, . . . , sFmn0

, 1 ≤ m1 < · · · < mn0 ≤ n

form a basis of SF . Permute the columns of SF in a such way that the column mj is
on the (n1 + j)th position. The permuted matrix has the following form

[ SF
1 SF

2 ],

where
SF

2 = [ sFm1
· · · sFmn1

]

is an invertible matrix. Premultiplication of the permuted matrices with (SF
2 )

−1 gives

S̃F = [ (SF
2 )

−1SF
1 In0 ] = [ −S̃ In0 ].

Proposition 2.3.6
S̃ is a totally unimodular matrix.

Proof:
In [48] (page 267) it is shown that SF is totally unimodular if and only if S is totally
unimodular. Suppose that mj = n1 + j. Then SF

2 = In0 and S̃ is totally unimodular
since S̃F = SF . Since there exists a basis such that S̃F is totally unimodular then
condition (c) of Theorem 19.5 in [48] implies that for any other basis, the matrix S̃F

is totally unimodular. Thus S̃ is totally unimodular.

As stated above, the graphical information of a simple CJS is coded in the matrix S.
Since the matrix S̃ is totally unimodular its elements are −1, 0, 1. Therefore, another
simple CJS can be constructed by virtue of the matrix S̃. These new simple CJS
imposes the same constraints on the external bonds as the old one. Therefore, we say
that these two simple CJS’s are equivalent in the sense of Definition 2.2.5.

Example 2.3.7
Consider the electrical circuit shown in Figure 2.9(a). The bond graph representations of
the electrical circuit are shown in Figure 2.9(b) (point of zero potential is Ga) and Figure
2.9(c) (point of zero potential is Gb).

The simple CJSs shown in Figure 2.9(b) and in Figure 2.9(c) represent the same topology
of the electrical circuit. Therefore both of them share the same space of admissible flows
and efforts and are thus equivalent (see Definition 2.2.5).
This can be also shown in the following way. The matrix S associated with the simple CJS
shown in Figure 2.9(a) is

S =

[
1 −1
−1 1

]
,

and the matrix SF , described by (2.3a) is

SF =
[ −S I2

]
=

[ −1 1 1 0
1 −1 0 1

]
.
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The first and fourth columns form a basis of S. Permuting the positions of the first row and

the third row and pre-multiplying the permuted matrix with
[
sF1 sF4

]−1
yields

S̃F =
[ −S̃ I2

]
=

[ −1 −1 1 0
1 0 0 1

]
.

The matrix S̃ is associated to the simple CJS shown in Figure 2.9(c).

e1

e4

f1

f3 f4
e3

e2
f2

M4

M2

M3

M1

M4

M2M3

M1

M1 M2

M3

M4

b4

b2

b3

b1 b4

b2b3

b1

Figure 2.9: (a) Ideal physical model. (b), (c) Bond graph representations.

The following proposition plays an important role for the optimal causality as-
signment of a canonical bond graph with a simple CJS.

Proposition 2.3.8 (Equivalence transformation)
Consider a simple CJS. Suppose that the external bonds bi, incident to a 1-junction,
and bn1+j, incident to a 0-junction, are connected via a P-link. Then there exists an
equivalent simple CJS such that the external bond bi is incident to a 0-junction and
the external bond bn1+j is incident to a 1-junction, while the incidence relations of
the other external bonds remain unchanged.

Proof:
The external bonds are connected via the P-link and thus sj,i �= 0. Permute the
positions of the ith and n1 + jth columns. The matrix SF

2 has the following form

SF
2 =


 Ij−1 ∗ 0

0 sj,i 0
0 ∗ In0−j


 .
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The determinant of SF
2 is sj,i �= 0. Consequently, the columns sFn1+1, · · · , sFn1+j−1, s

F
i ,

sFn1+j+1, · · · , sFn form a basis of the matrix SF . The permuted matrix SF is expressed
in the new basis as [ −S̃ In0

]
,

and an equivalent simple CJS is constructed by means of S̃. Due to the specific
construction the external bond bi is connected to a 0-junction and the external bond
bn1+j is connected to a 1-junction.

Remark 2.3.9 (Equivalence transformation of a simple CJS)
Consider a simple CJS such that the external bonds bi, bn1+j are connected via a P-
link. A transformation that converts the simple CJS into the equivalent simple CJS,
as described by Proposition 2.3.8, is denoted by

TS(bi, bn1+j).

The following example explains how the transformation TS works.

Example 2.3.10
Consider the simple CJS shown in Figure 2.9(b). The external bonds b1 incident to a
1-junction, and b3 incident to a 0-junction are connected via a P-link. If the procedure
TS(b1, b3) is applied then the simple CJS shown in Figure 2.9(c) is obtained where b1 is
connected to a 0-junction and b3 is connected to a 1-junction. Conversely, if TS(b3, b1) is
applied to the simple CJS shown in Figure 2.9(c) then the simple CJS shown in Figure 2.9(b)
is obtained.

2.3.4 Causality of a simple CJS

In this subsection we consider admissible causality assignments (see Definition 1.3.6)
of a simple CJS. A simple CJS consists of ideal junctions and we first investigate
admissible causality assignments of these multi-port elements. Then by means of an
example we show that a causality assignment of a simple CJS obtained by satisfying
the causality constraints imposed on the ideal junctions is not necessarily admissible.
Finally, we discuss admissible causality assignments of a simple CJS.

Causality assignment of ideal junctions

Consider the 0-junction shown in Figure 2.10(a). The causality constraint imposed
by the 0-junction M is (see Example 1.4.1 Case (d) and Example 1.4.6 Case (d))

k∑
i=1

κ(bi,M ) + 2− k = 0.

The case κ(bj ,M ) = 1 for 1 ≤ j ≤ k ∧ j �= i and κ(bi,M ) = −1 is shown in Figure
2.10(a). The causality constraints imposed by the 1-junction M shown in Figure
2.10(b) is (see Example 1.4.1 Case (c) and Example 1.4.6 Case (c))

k∑
i=1

κ(bi,M ) + k − 2 = 0.

The case κ(bj ,M ) = −1 for 1 ≤ j ≤ k ∧ j �= i and κ(bi,M ) = 1 is shown in Figure
2.10(b).
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bk

bi

b1 Mk

Mi

M1
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bi

b1 Mk

Mi

M1

MM

Figure 2.10: (a) Admissible causality assignment for the 0-junction.
(b) Admissible causality assignment for the 1-junction.

Causality assignment of a simple CJS

A necessary condition for a causality assignment of a simple CJS to be admissible is
that all causality constraints imposed by the ideal junctions are satisfied. Unfortu-
nately, this is not a sufficient condition as the next example shows.

Example 2.3.11
Consider a causally assigned bond graph shown in Figure 2.11. It is clear that all causality
constraints imposed by the ideal junctions are satisfied. Equation (2.3a) has the following
form

[ −S I2
]

f (t) =

[ −1 1 1 0
1 −1 0 1

] 
f1
f2
f3
f4


 = 0, ∀t ∈ T.

The causality assignment shown in Figure 2.11 implies that the flows f1 and f2 may be
chosen as inputs. However, this would mean that the matrix S is invertible which is not
true. Therefore the causality assignment shown in Figure 2.11 is not admissible.

b4b2

b3b1

M4M2

M3M1

Figure 2.11: Inadmissible causality assignment.

It is worth noting that the causality assignment of a simple CJS obtained by
satisfying only the causality constraints imposed by the ideal junction, is admissible
if the underlying undirected graph of the simple CJS does not contains circuits. If
this is not the case, then such a causality assignment is not necessarily admissible
as has been observed in [26]. Necessary and sufficient conditions when a causality
assignment is admissible for a class of simple CJS’s are given in [1].

In the sequel we relate admissible causality assignments with an equivalent rep-
resentation of a simple CJS. Consider a simple CJS shown in Figure 2.6. Equation
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(2.4a) implies that fa and eb are inputs. Therefore an admissible causality assignment
for the simple CJS is shown in Figure 2.12.

Mi

M1

Mn1

b1

bi

bn1 bn

bn1+1

bn1+j

Mn

Mn1+1

Mn1+j

bi;n1+j

Figure 2.12: Simple CJS assigned by the strong causality assignment.

Obviously all causality constraints imposed by the ideal junctions are obeyed. We
call this causality assignment strong and its formal definition is given below.

Definition 2.3.12 (Strong causality assignment of a simple CJS)
The causality assignment of a simple CJS such that

(i) all external bonds connected to 0-junctions have flow-out1 causality with respect
to the simple CJS and

(ii) all external bonds connected to 1-junctions have effort-out causality with respect
to the simple CJS.

is called the strong causality assignment.

The notion of a strong causality assignment is used for checking if a causality assign-
ment of a simple CJS is admissible.

Proposition 2.3.13 (Admissible causality assignment)
A causality assignment of a simple CJS is admissible if and only if there exists an
equivalent simple CJS with the same strong causality assignment.

Proof:
Sufficiency: Consider an admissible causality assignment such that fa and eb are
inputs. The flow part of the behavioural equation associated to the simple CJS can
be rewritten (possibly after permutation of the columns) as

[
SF

1 SF
2

] [ fa(t)
fb(t)

]
= 0, ∀t ∈ T.

Since fa is input fb is output and SF
2 is an invertible matrix. Therefore the previous

equation can be rewritten as

[ −S̃ In1
] [ fa(t)

fb(t)

]
= 0, ∀t ∈ T.

1Recall that flow-out causality means that flow is output and effort-out causality means that
effort is output.
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where S̃ is a totally unimodular matrix. An equivalent simple CJS is reconstructed by
means of S̃, and its strong causality assignment coincides with the admissible one.
Necessity: Suppose that there exists an equivalent simple CJS such that its strong
causality assignment have fa and eb as inputs. The matrix associated to the equivalent
simple CJS is denoted by S̃. Now, Equation (2.4) implies that

fb = S̃fa,
ea = −S̃Teb, ∀t ∈ T.

Therefore, the causality assignment with fa and eb as inputs is admissible.

Example 2.3.14
Consider a bond graph shown in Figure 2.13(a).

b4b2

b3b1

M4M2

M3M1

b4b2

b3 b1

M4M2

M3 M1

Figure 2.13: (a) Admissible causality assignment of simple CJS.

(b) Strong causality assignment of simple CJS.

Its causality assignment satisfies the causality constraints imposed by the ideal junctions,
however it is not strong since b1 connected to a 1-junction has flow out causality and b3
connected to a 0-junction has effort out causality. The external bonds b1, b3 are connected
via a P-link. The equivalent simple CJS obtained by applying the transformation TS(b1, b3)
as shown in Figure 2.13(b). It is clear that its strong causality assignment matches with
the one shown in Figure 2.13(a). Thus, the causality assignment shown in Figure 2.13(a) is
admissible.

2.3.5 Causal analysis of bond graphs with simple CJS

In this section we show how to optimally assign causality to a canonical bond graph
with a simple CJS.

The strong causality assignment of a simple CJS is given by a vector Cs

Cs = [ cs1 cs2 · · · csn ],

where csi stands for the causality of the external bond bi defined with respect to the
multi-port element Mi, i.e. csi = κ(bi,Mi). How much the strong causality assignment
matches a desired causality assignment of a simple CJS can be measured by the
quantity2

Ψ(Cd, Cs) =
n∑
i=1

cdi c
s
i .

2The form of Ψ(Cd, Cs) is similar to the form of the cost function (1.12). The argument ci,ji is
replaced by csi and the weighting factor sgn(cdi )φ(c

d
i ) is replaced by cdi .
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If there is a matching between the desired causality index cdi and the causality as-
signment csi of the multi-port element Mi then cdi c

s
i = |cdi |; otherwise cdi csi = −|cdi |.

Therefore, a complete matching between the desired causality assignment and strong
causality assignment of a simple CJS occurs if cdi c

s
i = |cdi | for all i, implying that

Ψ(Cd, Cs) =
n∑
i=1

|cdi |,

and complete mismatching between the desired and strong causality assignment of a
simple CJS occurs if

Ψ(Cd, Cs) = −
n∑
i=1

|cdi |.

Example 2.3.15
Consider the electrical circuit shown in Figure 2.9(a). Two bond graph representations are
shown in Figures 2.14(a) and 2.14(b).

b4b2

b3b1

M4M2

M3M1

b4b2
M4M2

b3 b1
M3 M1

Figure 2.14: Matching between the strong and the desired causality assignment.

Suppose that
Cd =

[
2 1 −1 0

]
.

The desired causality is indicated above the external bonds. The strong causality assignment
for the case shown in Figure 2.14(a) is

Cs =
[ −1 −1 1 1

]
,

and is indicated below the external bonds. The quantity Ψ(Cd, Cs) is

Ψ(Cd, Cs) =
4∑

i=1

cdi c
f
i = 2 · (−1) + 1 · (−1) + (−1) · 1 + 0 · 1 = −4.

Since
4∑

i=1

|cd| = 4 we conclude that there is complete mismatching between the desired

causality assignment and strong causality assignment of the simple CJS. Consider now the
bond graph shown in Figure 2.14(b). In this case

Cs = [ 1 −1 −1 1 ].

The quantity Ψ(Cd, Cs) is

Ψ(Cd, Cs) =

4∑
i=1

cdi c
f
i = 2 · 1 + 1 · −1− 1 · −1 + 0 · 1 = 2.
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In this case there is neither a complete matching nor a complete mismatching between the
desired causality assignment and the strong causality assignment of the simple CJS.

The following proposition shows how the quantity Ψ(Cd, Cf) is changed when the
transformation TS is applied.

Proposition 2.3.16
Consider a simple CJS whose desired causality assignment is Cd. Let Cs stand for
the strong causality of the simple CJS. Suppose that the external bonds bi incident
to a 1-junction and bn1+j incident to a 0-junction are connected via a P-link. If
TS(bi, bn1+j) is applied to the simple CJS then

Ψ(Cd, C̃s) = Ψ(Cd, Cs) + 2cdi − 2cdn1+j . (2.5)

where C̃s stands for the strong causality assignment of the equivalent simple CJS.

Proof:
The procedure TS(bi, bn1+j) changes the incidence relations of the external bonds bi
and bn1+j . Thus the strong causality of the bond bi change from −1 to 1 and the
strong causality of the bond bn1+j changes from 1 to −1. This yields the formula
(2.5).

The quantity Ψ(Cd, Cs) can be used to define an optimal causality assignment prob-
lem for simple CJS.

Problem 2.3.17 (Optimal causality assignment for a simple CJS)
Let Cd represent a desired causality assignment of a simple CJS. Find an equivalent
junction structure with a strong causality assignment Cs such that

Ψ(Cd, Cs)

has the largest possible value.

The solution of Problem 2.3.17 is called the optimal causality assignment . In the rest
of this section we first explain how to solve Problem 2.3.17 on an example. Afterwards
we present an algorithm (running in polynomial time) that solves Problem 2.3.17.

Example 2.3.18
Consider the bond graph shown in Figure 2.15(a). The desired causality assignment is

Cd = [ 3 0 −2 −1 ],

The strong causality assignment of the simple CJS in Figure 2.15(b) is

Cs =
[ −1 −1 1 1

]
.

The quantity Ψ(Cd, Cs) is −6. Since
4∑

i=1

|cdi | = 6 we conclude that there is a complete

mismatching between the desired causality assignment and the strong causality assignment
of the simple CJS.

To solve Problem 2.3.16 we apply TS such that the quantity Ψ(Cd, Cs) is increased as
much as possible. The external bond bi which has to be processed first is such that the term
cdi c

s
i has the smallest possible negative value.
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In our case, cd1c
s
1 = −3, cd3c

s
3 = −2, cd4c

s
4 = −1 and thus the bond b1 is processed first.

The bond b1 is connected via P-links to b3 and b4. Between b3 and b4, we choose the one
with the lowest desired causality index, i.e. b3. In this way we increase the quantity to its
maximal value. If the transformation TS(b1, b3) is applied then by virtue of (2.5)

Ψ(Cd, C̃s) = Ψ(Cd, C
s) + 2cd1 − 2cd3 = −6 + 6 + 4 = 4.

Since Ψ(Cd, C̃s) > Ψ(Cd, Cs) we apply TS(b1, b3) and the equivalent canonical bond graph
is shown in Figure 2.16(a). The procedure explained above is repeated. The bond b4 is the

b4b2

b3b1

M4M2

M3M1

b4b2

b3b1

M4M2

M3M1

Figure 2.15: (a) Bond graph. (b) Strong causality assignment of bond graph.

b4b2
M4 M2

b3 b1
M3 M1

b4b2
M4M2

b3 b1
M3 M1

Figure 2.16: (a) TS(b1, b3) is applied. (b) TS(b2, b4) is applied.

external bond to be processed since cd4c
s
4 has the smallest negative value. The bond b4 is

connected via P-links to b3 and b2. Between, b3 and b2 we choose the one with the highest
desired causality index. In this case it is b2. If the transformation TS(b2, b4) is applied then
formula (2.5) implies

Ψ(Cd, C̃s) = Ψ(Cd, C
s) + 2cd2 − 2cd4 = 4 + 0 + 2 = 6.

Since Ψ(Cd, C̃s) > Ψ(Cd, Cs) we apply TS(b2, b4) and the equivalent canonical bond graph
is shown in Figure 2.16(b). Since there is no any other bond bi such that the term cdi c

s
i

is negative the procedure terminates. In this particular case we have obtained a complete
matching between the desired causality assignment and the optimal causality assignment.

Now we present an algorithm, called the optimal causality assignment procedure
(OCAP), for a simple CJS that solves the optimal causality assignment problem stated
in Problem 2.3.17.
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Algorithm 2.3.19 (OCAP for a simple CJS)

FOR k = cmax, cmax − 1, . . . , 2, 1

1. CHOOSE bi incident to a 1-junction such that cdi = k.

(a) FIND bn1+j incident to a 0-junction, connected to bi via a P-link and such
that cdn1+j has the lowest possible value.

(b) IF cdn1+j < k THEN

APPLY TS(bi, bn1+j).

REPEAT until all bonds with desired causality index k and incident to 1-
junctions have been used.

2. CHOOSE bn1+j incident to a 0-junction such that cdn1+j = −k.

(a) FIND bi incident to a 1-junction, connected to bn1+j via a P-link, and such
that cdi has the highest possible value.

(b) IF cdi > −k THEN

APPLY TS(bi, bn1+j).

REPEAT until all bonds with desired causality index −k and connected to 0-
junctions have been used.

END FOR.

Proposition 2.3.20
Algorithm 2.3.19 solves Problem 2.3.17.

Proof:
Let Cd stand for the desired causality assignment and Cs for the strong causality
assignment of an equivalent simple CJS generated by Algorithm 2.3.19. Suppose that
Cs is not an optimal causality assignment. It means that there exists at least one
pair of external bonds bi, bn1+j satisfying the following conditions:

(a) bi is incident to a 1-junction,

(b) bn1+j is incident to a 0-junction,

(c) bi and bn1+j are connected via a P-link and

(d) Ψ(Cd, C̃s) > Ψ(Cd, C
s) where C̃s stands for the strong causality assignment of

the equivalent simple CJS obtained by applying TS(bi, bn1+j).

Since Ψ(Cd, C̃s) = Ψ(Cd, C
s)+2cdi−2cdn1+j then condition (d) implies that cdi > cdn1+j .

Two situations may arise

1. cdi > 0 and −cdi ≤ cdn1+j < cdi ,

2. cdn1+j < 0 and c
d
n1+j

< cdi < −cdn1+j .
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We consider the first situation. In one of the steps of the execution of Algorithm 2.3.19,
the external bond bi is chosen to be processed since it is incident to a 1-junction and
its desired causality is a positive number. The condition −cdi ≤ cdn1+j < cdi guarantees
that the bond bn1+j is not processed yet. The bond bi is connected via P-links to the
m external bonds incident to 0-junctions: bn1+j1 , · · · , bn1+jm

. Since the connection
of bi is not changed this yields

cdn1+jl
≥ cdi , 1 ≤ l ≤ m.

After this step, Algorithm 2.3.19 will not process any of the bonds bn1+j1 , · · · , bn1+jm
.

Thus the generated equivalent simple CJS is such that bi is only connected via P-
links to bn1+j1 , · · · , bn1+jm

. This means that bn1+j is one of them and the last relation
implies that

cdn1+j ≥ cdi .
This is a contradiction. Similarly it can be proved that also situation 2 is not possible.

In the rest of this subsection a complexity of Algorithm 2.3.19 is discussed. Namely,
we analyse how many elementary arithmetic operations3 Algorithm 2.3.19 requires.
First we analyse the action of the transformation TS(bi, bn1+j). The new matrix S̃ is
given by

S̃ = −(SF
2 )

−1SF
1 ,

where

SF
2 =


 Ij−1 sui 0

0 sj,i 0
0 sdi In0−j


 , SF

1 =


 S1,1 0 S1,3

S2,1 1 S2,3

S3,1 0 s3,3


 .

Here the vectors sui , s
d
i contain the first j − 1 components, and the last n0 − j com-

ponents of the ith column of S, respectively. The first i− 1 columns of S and the last
n1 − i columns of S are represented by the block matrices

 S1,1

S2,1

S3,1


 ,


 S1,3

S2,3

S3,3


 ,

respectively. Straightforward but cumbersome computation shows that the matrix
−S̃ equals to

−S̃ =

 S1,1 − sj,isui S2,1 −sj,isui S1,3 − sj,isui S2,3

sj,iS2,1 sj,i sj,iS2,3

S3,1 − sj,isdiS2,1 −sj,isdi S3,3 − sj,isdiS2,3


 .

To calculate the matrix −S̃ we need one sign change, n1n0 − 1 multiplications, and
(n1 − 1)(n0 − 1) summations. Searching for a bond with the lowest or the highest
causality requires max(n0, n1) − 1 comparisons. The number of iterations of step 1
and step 2 is always less or equal than min(n1, n0). The maximal cost of Algorithm
2.3.19 is presented by Table 2.1. So we conclude that Algorithm 2.3.19 is polynomial.

3The elementary arithmetic operations are: adding, subtracting, multiplying, dividing and com-
paring numbers
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Operation Number of steps
Multiplications min(n1, n0) · (n1n0 − 1)
Summations min(n1, n0) · (n1 − 1) · (n0 − 1)
Sign changes min(n1, n0)
Comparisons n1n0 −min(n1, n0)

Table 2.1: Number of operations of Algorithm 2.3.19.

2.4 Weighted CJS

This section considers weighted CJS. The definition of a weighted CJS is given in
Subsection 2.4.1. Its properties are analysed in Subsection 2.4.2. The equivalence
transformation of weighted CJS is presented in Section 2.4.3. Causality assignment
of a weighted CJS is treated in Subsection 2.4.4. Finally, the optimal causality as-
signment of scalar bond graphs with a weighted CJS is shown in Subsection 2.4.5.

2.4.1 Definition of weighted CJS

The definition of a weighted CJS is as follows.

Definition 2.4.1 (Weighted CJS)
If a canonical junction structure does not contain GY-elements then it is called a
weighted CJS.

A generic graphical representation of a weighted CJS is shown in Figure 2.17.

Mn1+1

Mi

MnMn1

M1

Mn1+j

bn

bi

b1

bn1

bn1+1

bn1+j;ibi;n1+j bn1+j

Figure 2.17: Generic graphical representation of weighted CJS.

First, the definition of TF-link is introduced (TF stands for transformer).

Definition 2.4.2 (TF-link)
Two external bonds are connected via a TF-link if the ideal junctions to which they
are incident, are adjacent to a TF-element.

By inspecting Figure 2.17, we conclude that the external bonds bi, bn1+j are connected
via a TF-link.

Now, the notation for internal bonds is introduced. We assume without loss of
generality that there are no P-links. This assumption is not restrictive since any bond
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can be represented by means of two bonds and a TF-element with ratio equal to one
(cf. Figures 2.4(a), 2.4(b), and discussion in Subsection 2.1.3).

Suppose that the external bonds bi, bn1+j are connected via a TF-link. The
internal bond incident to the 1-junction is denoted by bi,n1+j and the internal bond
incident to the 0-junction is denoted by bn1+j,i.

In the rest of this subsection we show how the graphical information of a weighted
CJS can be represented by a matrix W . The matrix W has n1 columns and n0 rows.
Its (j, i)th element wi,j is defined as follows:

1. If bi, bn1+j are connected via a TF-link, then

(a) wj,i = r if the head of the internal bond bi,n1+j is the TF-element (see
Figure 2.18a).

(b) wj,i = −r−1 if the tail of the internal bond bi,n1+j is the TF-element (see
Figure 2.18b).

2. If bi, bn1+j are not connected via a TF-link then wj,i = 0.

Mi

Mi

bi

bi

Mn1+j

Mn1+j

bn1+j;i

bn1+j;i

bn1+j

bn1+j

bi;n1+j

bi;n1+j

Figure 2.18: (a) wj,i = r. (b) wj,i = −r−1.

Note, that the weighted CJS can not be uniquely reconstructed4 by means of the
matrix W . If wj,i ∈ {−1, 1} then the external bonds bi, bn1+j are connected via
either a P-link or a TF-link, where the ratio of the transformer is 1. However, for our
purpose of analysis this fact does not play any role.

2.4.2 Properties of weighted CJS

In this subsection we derive the behavioural equation associated with a weighted CJS.
Furthermore, some properties of a weighted CJS are pointed out.

Behavioural equation of a weighted CJS

The behavioural equation is obtained in two steps:

4This problem could be solved by introducing two matrices. One of them contains the information
about P-links and the other the information about TF-links.
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• Internal bonds are characterised in terms of the external bonds.
• The behavioural equations of ideal junctions are used to derive the behavioural
equation associated to a weighted CJS.

Step 1
Suppose that the external bonds bi, bn1+j are connected via a TF-link as shown in
Figure 2.17. Let M 1

i stand for the 1-junction incident to the external bond bi. The
element wj,i can be also represented by

wj,i = σ(bi,n1+j ,M
1
i )r

σ(bi,n1+j ,M
1
i ). (2.6)

The bonds bi, bi,n1+1 are incident to the same 1-junction. This means that

fi,n1+j = fi.

Similarly, the bonds bn1+j , bn1+1,i are incident to the same 0-junction. Thus

en1+j,i = ej+n1 .

The behavioural equation associated to the transformer is

fn1+j,i − rσ(bi,n1+j ,M
1
i )fi,n1+j = 0,

ei,n1+j − rσ(bi,n1+j ,M
1
i )en1+j,i = 0.

Solving the last four equations for fi,n1+j , ei,n1+j , fn1+j,i, en1+j,i yields

b1
i,j+n1

= (fi, rσ(bi,n1+j ,M
1
i )ej+n1),

b2
i,j+n1

= (rσ(bi,n1+j ,M
1
i )fi, ej+n1).

(2.7)

Step 2
Let ITF

i be the set of integers such that j ∈ ITF
i is equivalent to the existence of a

TF-link between the external bonds bi and bn1+j . The effort part of the behavioural
equation associated to the 1-junction M 1

i is

ei(t) +
∑

j∈ITFi

σ(bi,j+n1 ,M
1
i )ei,n1+j(t) = 0, ∀t ∈ T,

Equation (2.7) implies that ei,j+n1 = rσ(bi,n1+j ,M
1
i )ej+n1 . Therefore, the previous

equation becomes

ei(t) +
∑

j∈ITFi

σ(bi,j+n1 ,M
1
i )r

σ(bi,n1+j ,M
1
i )ej+n1 = 0, ∀t ∈ T.

By taking into account Equation (2.6) and the fact that wj,i = 0 if j /∈ ITF
i the

previous equation becomes

ei(t) +
n0∑
j=1

wj,ien1+j(t) = 0, ∀t ∈ T, i ∈ {1, . . . , n1}. (2.8a)
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Similarly, it can be shown that

fn1+j(t)−
n1∑
i=1

wj,ifi(t) = 0, ∀t ∈ T, j ∈ {1, . . . , n0}. (2.8b)

A compact representation of Equations (2.8) is

WF f (t) = 0, ∀t ∈ T (2.9a)

W E e(t) = 0, ∀t ∈ T, (2.9b)

where
WF =

[ −W In0
]
,

W E =
[
In1 WT

]
,

and

f =


 f1

...
fn


 , e =


 e1

...
en


 .

Properties of the weighted CJS

We show that the concept of causality is applicable to a weighted CJS, that a weighted
CJS is a power continuous and reciprocal multi-port element, and that the subspace
of flow and efforts imposed by a weighted CJS represents a Dirac structure.

Input-output representation of a weighted CJS

Equation (2.9) can be rewritten as

fb(t) =W fa(t), ∀t ∈ R (2.10a)

ea(t) = −WTeb(t), ∀t ∈ R, (2.10b)

where fa, ea represent the first n1 components of f , e, respectively and fb, eb represent
the last n0 components of f , e, respectively. Equation (2.10) has the form of (1.2).
Thus the concept of causal analysis is applicable to a weighted CJS.

Power conservation, reciprocity and Dirac structure

By using the same arguments as in Subsection 2.3.2 one proves that a weighted CJS is
a power conserving reciprocal multi-port element. Similarly, the space of admissible
flows and efforts imposed by a weighted CJS is a Dirac structure.

Proposition 2.4.3 (Properties of a weighted CJS)
A weighted CJS is a power conserving reciprocal multi-port element and the subspace
of admissible flows and efforts imposed by the weighted CJS

D = {(f, e) ∈ R
n × R

n :WFf = 0,W Ee = 0},

is a Dirac structure on R
n × R

n.
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2.4.3 Equivalence transformation of a weighted CJS

If the matrix WF is known then the matrix W E can be reconstructed. In the rest
of this subsection only Equation (2.9a) is considered. The ith column of the matrix
WF is denoted by wF

i . Suppose that the columns,

wF
m1
, . . . , wF

mn0
, 1 ≤ m1 < · · · < mn0 ≤ n

form a basis of WF . Permute the columns of WF in a such way that the column mj

is on the (n1 + j)th position. The permuted matrix has the following form[
WF

1 WF
2

]
,

where
WF

2 = [ wF
m1

· · · wF
mn1

]

is an invertible matrix. Premultiplication with (WF
2 )

−1 gives

W̃F =
[
(WF

2 )
−1WF

1 In0
]
=
[ −W̃ In0

]
.

Another weighted CJS can be constructed by means of the matrix W̃ . The new
weighted CJS imposes the same constraints on the external bonds as the old one.
Therefore, we can say that these two weighted CJSs are equivalent. An equivalent of
Proposition 2.3.8 is given below.

Proposition 2.4.4 (Equivalence transformation)
Consider a weighted CJS. Suppose that the external bonds bi incident to a 1-junction
and bn1+j incident to a 0-junction are connected via a TF-link. Then there exists an
equivalent weighted CJS such that the external bond bi is incident to a 0-junction and
the external bond bn1+j is incident to a one-junction and incidence relations of other
external bonds remain unchanged.

Proof:
The external bonds are connected via a TF-link and thus wj,i �= 0. Permute the
positions of the ith and (n1 + j)th columns. The matrix WF

2 has the following form

WF
2 =


 Ij−1 ∗ 0

0 wj,i 0
0 ∗ In0−j


 .

The determinant of WF
2 is wj,i �= 0. Consequently, the columns wF

n1+1, · · · , wF
n1+j−1,

wF
i , w

F
n1+j+1, · · · , wF

n form a basis of the matrix WF . The permuted matrix WF is
expressed in the new basis as [ −W̃ In0

]
,

and an equivalent weighted CJS is constructed by virtue of W̃ . Due to specific
construction of W̃ , the external bond bi is connected to a 0-junction and the external
bond bn1+j is connected to a 1-junction.

Remark 2.4.5 (Equivalence transformation of a weighted CJS )
Consider a weighted CJS such that the external bonds bi, bn1+j are connected via a
TF-link. The transformation, that converts the weighted CJS into the equivalent one,
as described by Proposition 2.4.4 is denoted by

TW (bi, bn1+j).
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2.4.4 Causality of a weighted CJS

In this subsection we consider admissible causality assignments of a weighted CJS.
A weighted CJS consists of ideal junctions and TF-elements. Since in Subsection
2.3.4 admissible causality assignments of ideal junctions are discussed, here we only
analyse the admissible causality assignments of TF-elements. Furthermore, we discuss
admissible causality assignments of a weighted CJS.

Admissible causality assignments of transformers

Consider the transformer shown in Figure 2.19(a). The causality constraints imposed
by the TF-element is (see Example 1.4.1 Case (a) and Example 1.4.6 Case (a))

κ(b1,M ) + κ(b2,M ) = 0

This equation implies two solutions that are shown in Figures 2.19(b), 2.19(c).

M MM b2b1 b2b1b2b1

Figure 2.19: (a) TF-element. (b) f1 and e2 are inputs. (c) f2 and e1 are inputs.

Admissible causality assignments of a weighted CJS

A necessary condition that a causality assignment of a weighted CJS is admissible is
that all causality constraints imposed by ideal junctions and TF-elements are satisfied.
This condition is also sufficient if the underlying undirected graph of the weighted CJS
does not contain circuits. However, if the underlying undirected graph of a weighted
CJS contains circuits then the condition is not sufficient as demonstrated in [60] by
means of examples .

Furthermore, we define strong causality assignments of a weighted CJS . Consider
a weighted CJS shown in Figure 2.17. Equations (2.10) imply that fa and eb are
inputs. Therefore a admissible causality assignment of the weighted CJS is shown in
Figure 2.20.

Obviously all causality constraints imposed by ideal junctions and TF-elements
are obeyed. We call this causality assignment strong and its formal definition is given
below.

Definition 2.4.6 (Strong causality assignment of weighted CJS)
The causality assignment of a weighted CJS such that

(i) all external bonds connected to 0-junctions have flow-out causality with respect
to the weighted CJS and

(ii) all external bonds connected to 1-junctions have effort-out causality with respect
to the weighted CJS
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is called strong causality assignment.

Mn1+1

Mi

MnMn1

M1

Mn1+j
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b1

bn1

bn1+1

bn1+j;ibi;n1+j bn1+j

Figure 2.20: Weighted CJS assigned by the strong causality assignment.

The notion of a strong causality assignment is used for checking if a causality assign-
ment of a weighted CJS is admissible.

Proposition 2.4.7 (Admissible causality assignment)
A causality assignment of a weighted CJS is admissible if and only if there exists an
equivalent weighted CJS with the same strong causality assignment.

Proof:
The proof is the same as the proof of Proposition 2.3.13.

2.4.5 Causal analysis of bond graphs with weighted CJS.

In this section we show how to optimally assign causality to a canonical bond graph
with a weighted CJS.

The strong causality assignment of a weighted CJS is given by the vector Cs as

Cs = [ cs1 cs2 · · · csn ].

How much the strong causality assignment matches a desired causality assignment is
measured by the quantity (defined in Subsection 2.3.5)

Ψ(Cd, Cs) =
n∑
i=1

cdi c
s
i .

The optimal causality assignment problem of a weighted CJS is defined below.

Problem 2.4.8 (Optimal causality assignment of a weighted CJS)
Let Cd represent a desired causality assignment of a weighted CJS. Find an equivalent
weighted CJS with a strong causality assignment Cs such that

Ψ(Cd, Cs)

has the largest possible value.

The solution of problem 2.4.8 is called the optimal causality assignment . The algo-
rithm that solves this problem is presented below.
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Algorithm 2.4.9 (OCAP for weighted CJS)

FOR k = cmax, cmax − 1, . . . , 2, 1

1. CHOOSE bi incident to a 1-junction such that cdi = k.

(a) FIND bn1+j incident to a 0-junction, connected to bi via a TF-link and such
that cdn1+j has the lowest possible value.

(b) IF cdn1+j < k THEN

APPLY TW(bi, bn1+j).

REPEAT until all bonds with desired causality index k and incident to 1-
junctions have been used.

2. CHOOSE bn1+j incident to a 0-junction such that cdn1+j = −k.

(a) FIND bi incident to a 1-junction, connected to bn1+j via a TF-link, and such
that cdi has the highest possible value.

(b) IF cdi > −k THEN

APPLY TW(bi, bn1+j).

REPEAT until all bonds with desired causality index −k and connected to 0-
junctions have been used.

END FOR.

By using the same lines as in Subsection 2.3.5, one can prove that Algorithm 2.4.9
solves Problem 2.4.8. In the rest of this subsection a computational issue of Algorithm
2.4.9 is discussed. If the transformation TW(bi, bn1+j) is applied then the matrix −W̃
is given by

−W̃ =


 W1,1 − w−1

j,i w
u
iW2,1 −w−1

j,i w
u
i W1,3 − w−1

j,i w
u
iW2,3

w−1
j,iW2,1 w−1

j,i w−1
j,iW2,3

W3,1 − w−1
j,i w

d
iW2,1 −w−1

j,i w
d
i W3,3 − w−1

j,i w
d
iW2,1


 .

Here, the vectors wui , w
d
i contain the first j−1 components, the last n0−j components

of the ith column of W , respectively. The first i− 1 columns of W and the last n1− i
columns of W are represented by the block matrices

 W1,1

W2,1

W3,1


 ,


 W1,3

W2,3

W3,3


 ,

respectively. The maximal cost of Algorithm 2.4.9 is given by Table 2.2.

Operation Number of steps
Multiplications min(n1, n0) · (n1n0 − 1)
Summations min(n1, n0) · (n1 − 1) · (n0 − 1)
Sign changes min(n1, n0)
Divisions min(n1, n0)

Searching for bond n1n0 −min(n1, n0)

Table 2.2: Number of operations of Algorithm 2.4.9.
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The cost of Algorithm 2.4.9 without divisions is the same as the cost of Algorithm
2.3.19 but in the former case the multiplications and summations have to be performed
on real numbers.

Algorithm 2.4.9 is illustrated on the following example.

Example 2.4.10
Consider the electrical network shown in Figure 2.21. A bond graph representation is shown
in Figure 2.22. It is assumed that the parameter r is different from zero.

e1
f1f3 f4

e4

f2
e2

e3

M1

M2

M3 M4

Figure 2.21: Ideal physical model.

M4M2

M3M1

b4b2

b3b1

Figure 2.22: Bond graph representation of electrical network shown in Figure 2.21.

The desired causality assignment is

Cd =
[

1 1 −1 −1
]
.

The desired causality index is marked above the external bonds as shown in Figure 2.23(a).
The strong causality assignment, marked below the external bonds, is

Cs =
[ −1 −1 1 1

]
.

The quantity Ψ(Cd, Cs) = −4, indicating that there is a complete mismatching between the
desired causality assignment and strong causality assignment of the weighted CJS shown in
Figure 2.23. There are two external bonds b1 and b2 incident on 1-junctions such that the
desired causality indices of the corresponding ports are 1. Let b2 be processed first. The
result of step 1.(a) is the external bond b4. The result of step 1.(b) is shown in Figure 2.23(b)
(since cd4 = −1 < 1 TW(b2, b4) is applied).

We consider the case when r = 1 (see Figure 2.23(c)). The external bond b1 is processed.
The result of step 1.(a) is the external bond b2. Step 1.(b) does not change anything. Now
we proceed the external bond b3. The solution of step 2.(a) is the external bond b4. Step
2.(b) does not changed anything. Since all bonds are processed the causality assignment
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shown in Figure 2.23(c) is optimal.
Now, the case r �= 1 is considered. The external bond b1 is processed. The solution of step
1.(a) is the external bond b3. The result of step 1.(b) is shown in Figure 2.23(d), where

r̃ =
r

r − 1
.

Since all bonds are processed the causality assignment shown in Figure 2.23(d) is optimal.

b4 b2

b3 b1

b4b2

b3b1

b4 b2

b3b1

M4 M2

M3

M1

M4M2

M1

M4 M2

M1

M4 M2

M1 M3

M3

M3

Figure 2.23: (a) Canonical bond graph with weighted CJS.

(b) Equivalent bond graph obtained by applying TW(b2, b4).

(c) Equivalent bond graph for r = 1.

(d) Equivalent bond graph obtained by applying TW(b1, b3) .

2.5 Generalised CJS

This section considers generalised CJS. The definition of a generalised CJS is given
in Subsection 2.5.1. Its properties are analysed in Subsection 2.5.2. The equivalence
transformation of a generalised CJS is considered in Section 2.5.3. The causality
assignment of a generalised CJS is discussed in Subsection 2.5.4. In Subsection 2.5.5
we show how to optimally assign causality to a scalar bond graph with a generalised
CJS .

2.5.1 Definition of generalised CJS

The term generalised CJS is the synonym for the term canonical junction structure.
A generic graphical representation of a generalised CJS is shown in Figure 2.24. First,
the definition of GY-link is introduced.

Definition 2.5.1 (GY-link)
Two external bonds are connected via a GY-link if the ideal junctions, to which they
are incident, are adjacent to a GY-element.
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Mn1+1

Mn1

M1

b1

bn1

bn1+1

Mi
Mn1+j

bi

bm bn1+l

Mn

bn

Mn1+lMm

bi;m

bn1+j;i

bm;i

bn1+jbi;n1+j

bn1+j;n1+l

bn1+l;n1+j

Figure 2.24: Generic graphical representation of generalised CJS.

By inspecting Figure 2.24, we conclude that the external bonds bi, bm are connected
via a GY-link and that the external bonds bn1+j , bn1+l are connected via a GY-link.

Now, we discuss the notation of the internal bonds. Without loss of generality
we assume that there are no P-links (see the discussion in Subsection 2.4.1). If the
external bonds bs, bv (1 ≤ s < v ≤ n) are connected via either a TF-link or a GY-link
then the internal bond incident to the same ideal junction as bs is denoted by bs,v
and the internal bond incident to the same ideal junction as bv is denoted by bv,s.

The graphical information about a generalised CJS can be represented by three
matrices W , Gf , Ge. The matrix W represents the graphical information about the
TF-elements and its construction has been already explained in Subsection 2.4.1. The
information about GY-elements incident on 1-junctions is captured by the matrix Gf .
The matrix Gf has n1 columns and n1 rows. Its (i,m)th and (m, i)th elements g

f
i,j ,

gfj,i (1 ≤ i < m ≤ n1) are defined as follows:

1. If the external bonds bi, bm are connected via a GY-link, then

(a) gfi,m = −gfm,i = r if the head of the internal bond bi,m is the GY-element
(see Figure 2.25a).

(b) gfi,m = −gfm,i = −r if the tail of the internal bond bi,m is the GY-element
(see Figure 2.25b).

2. If the external bonds bi, bm are not connected via a GY-link or if i = m then
gfi,m = gfm,i = 0.

The information about the GY-elements incident on 0-junctions is captured by the
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Mi

bi bm

Mm

Mi

bi bm

Mm

bm;ibi;m

bm;ibi;m

Figure 2.25: (a) gf
i,m = −gf

m,i = r. (b) gf
i,m = −gf

m,i = −r.

matrix Ge. The matrix Ge has n0 columns and n0 rows. Its (j, l)th and (l, j)th
elements gej,l and g

e
l,j (1 ≤ j < l ≤ n0) are defined as follows:

1. If the external bonds bn1+j , bn1+l are connected via a GY-link, then

(a) gej,l = −gel,j = −r−1 if the head of the internal bond bn1+j,n1+l is the
GY-element (see Figure 2.26a).

(b) gej,l = −gel,j = r−1 if the tail of the internal bond bn1+j,n1+l is the GY-
element (see Figure 2.26b).

2. If the external bonds bn1+j , bn1+l are not connected via a GY-link or if j = l
then gej,l = g

e
j,l = 0.

bn1+l

Mn1+l
Mn1+j

bn1+l

Mn1+l
Mn1+j

bn1+j

bn1+j

bn1+j;n1+l bn1+l;n1+j

bn1+j;n1+l bn1+l;n1+j

Figure 2.26: (a) ge
j,l = −ge

l,j = −r−1. (b) ge
j,l = −ge

l,j = r−1.

Note that the matrices Gf , Ge are skew-symmetric.

2.5.2 Properties of generalised CJS

In this subsection we derive the behavioural equation associated with a generalised
CJS. Furthermore, some properties of a generalised CJS are pointed out.
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Behavioural equation of a generalised CJS

The behavioural equation is obtained in two steps:

• Internal bonds are characterised in terms of the external bonds.
• The behavioural equations of ideal junctions are used to derive the behavioural
equation associated to a generalised CJS.

Step 1
Suppose that the external bonds bi, bm are connected via a GY-link as shown in
Figure 2.24. Let M 1

i stand for the 1-junction incident to the external bond bi. The
element gfi,m is also given by

gfi,m = σ(b1
i,m,M

1
i )r. (2.11)

Furthermore since the bonds bi, bi,m are incident to the same one-junction then

fi,m = fi.

Also since bonds bm, bm,i are incident to the same one-junction then

fm,i = fm.

The behavioural equation associated to the gyrator is

em,i − rfi,m = 0,
ei,m − rfm,i = 0.

Solving the last four equations for fi,m, ei,m, fm,i, em,i yields

bi,m = (fi, rfm),
bm,i = (fm, rfi).

(2.12)

Step 2
Let IGY

i be the set of integers such that m ∈ IGY
i is equivalent with the existence of

a GY-link between the external bonds bi and bm. The effort part of the behavioural
equation associated to the 1-junction M 1

i is

ei(t) +
∑

j∈ITFi

σ(bi,j+n1 ,M
1
i )ei,n1+j(t) +

∑
m∈IGYi

σ(bi,m,M 1
i )ei,m(t) = 0, ∀t ∈ T,

The first sum in the previous equation represents the term
n0∑
i=1

wj,ien1+j (see Subsec-

tion 2.4.2). By taking into account (2.11) and (2.12) and the fact that gfi,m = 0 if
m /∈ IGY

i , the previous equation becomes

ei(t) +
n0∑
j=1

wj,ien1+j(t) +
n1∑
m=1

gfi,mfm(t) = 0, ∀t ∈ T, i ∈ {1, . . . , n1}. (2.13a)
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Similarly, it can be shown that

fn1+j(t)−
n1∑
i=1

wj,ifi(t)−
n0∑
l=1

gej,lel(t) = 0, ∀t ∈ T, j ∈ {1, . . . , n0}. (2.13b)

A compact representation of Equations (2.13) is

GF f (t) +GE e(t) = 0, ∀t ∈ T (2.14)

where

GF =
[ −W In0
Gf 0

]
,

GE =
[

0 Ge

In1 WT

]
,

and

f =


 f1

...
fn


 , e =


 e1

...
en


 .

Properties of generalised CJS

In the rest of this subsection we show that the concept of causality is applicable to
a generalised CJS, that a generalised CJS is power conserving but not necessarily a
reciprocal multi-port element, and that the subspace of flow and efforts imposed by
a generalised CJS represents a Dirac structure.

Input-output representation of a generalised CJS

Equation (2.14) can be rewritten as[
ea(t)
fb(t)

]
=
[ −Gf −WT

W Ge

] [
fa(t)
eb(t)

]
= G

[
fa(t)
eb(t)

]
, ∀ ∈ T. (2.15)

where fa, ea represent the first n1 components of f , e, respectively and fb, eb represent
the last n0 components of f , e, respectively. Equation (2.15) has the form of (1.2).
Thus the concept of causal analysis is applicable for a generalised CJS. Note that G
is a skew-symmetric matrix since Gf , Ge are skew-symmetric matrices.

Power conservation and Dirac structure

A generalised CJS is a power conserving multi-port element. Indeed,

(e (t))T f (t) = (ea (t))
T fa (t) + (eb (t))

T fb (t) =
(2.15)

0, ∀t ∈ T.

The subspace of admissible flows and efforts imposed by the generalised CJS is

D = {(f, e) ∈ R
n × R

n : GFf +GEe = 0}.
It is clear that rank

[
GF GE ]

= n. Straightforward computation shows that

[
GF GE ] [ (

GE)T(
GF)T

]
= 0.
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Therefore the subspace D can be also represented by

D = {(f, e) ∈ R
n × R

n : f = (GE)Tλ, e = (GF )Tλ, λ ∈ R}.
As done in Subsection 2.3.2, we can prove that D is a Dirac structure. All results
presented above are summarising as follows.

Proposition 2.5.2 (Properties of a generalised CJS)
A generalised CJS is a power conserving multi-port element and the subspace of ad-
missible flows and efforts imposed by the generalised CJSdefines a Dirac structure.

That a generalised CJS is not necessarily a reciprocal element can be shown as follows.
Consider a generalised CJS such that there exists at least one GY -link. It means that
at least one of the matrices Gf or Ge is non-zero matrix. Let (f1, e1), (f2, e2) be any
two pairs that belong to D. They can be represented by

f1 =
(
GE)T λ1, e1 =

(
GF)T λ1,

f2 =
(
GE)T λ2, e2 =

(
GF)T λ2.

The term (e1)Tf2 − (e2)Tf1 becomes

2
(
λ1
)T [ −Ge 0

0 Gf

]
λ2.

Since Gf or Ge are different from zero then there exist λ1, λ2 such that the previous
expression is not zero. Therefore the generalised CJS is not a reciprocal multi-port
element.

2.5.3 Equivalence transformations of generalised CJS

In this subsection we discuss equivalence transformations of a generalised CJS. Equa-
tion (2.15) is rewritten as

[ −J In
]



fa (t)
eb (t)
ea (t)
fb (t)


 = G




fa (t)
eb (t)
ea (t)
fb (t)


 = 0, ∀t ∈ T.

The sth column of the matrix G is denoted by gs. Suppose that the columns

gk1 , . . . , gkn
, 1 ≤ k1 < · · · < kn ≤ 2n

form a basis of G and that

ks − kv �= n∀s, v ∈ {1, 2, · · · , n}.
The latter condition ensures that there are no ks, kv such that the columns gks

, gkv

correspond to the flow and effort of the same external bond. Permute the columns
of G in such a way that the columns ks and ks + n change positions if ks ≤ n. The
permuted matrix has the following form[

G1 G2

]
,
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where G2 is a permutation of the columns gk1 , gk2 , . . . , gkn
. Obviously G2 is an in-

vertible matrix. Premultiplication with G−1
2 gives

G̃ = [ G−1
2 G1 In ] = [ −G̃ In ].

Due to specific construction and the fact that a generalised CJS is a power conserving
multi-port element, the matrix G̃ is skew-symmetric, and another generalised CJS can
be constructed by means of the matrix G̃. The new generalised CJS imposes the same
constraints on the external bonds as the old one. Therefore, these two generalised
CJS’s are equivalent.

Proposition 2.5.3 (Equivalence transformation)
Consider a generalised CJS. If

(a) bs incident to a 1-junction and bv incident to a 1-junction are connected via a
GY-link

(b) bs incident to a 1-junction and bv incident to a 0-junction are connected via a
TF-link

(c) bs incident to a 0-junction and bv incident to a 0-junction are connected via a
GY-link

then there exists an equivalent generalised CJS such that

(a) bs is incident to a 0-junction and bv is incident to a 0-junction,

(b) bs is incident to a 0-junction and bv is incident to a 1-junction,

(c) bs is incident to a 1-junction and bv is incident to a 1-junction, and incidence
relations of other external bonds remain unchanged.

Proof:
We consider only case (i). The proofs of the other two cases are identical. Since the
external bonds bs, bv are incident to 1-junctions the sth column of G corresponds to
the flow fs, the vth column to the flow fv, (n+ s)th column to the effort es, and the
(n+v)th column to the effort ev. After interchanging the positions of the sth column
with the (n+ s)th column and the vth column with the (n+ v)th column, the matrix
G2 becomes

G2 =



Is−1 ∗ 0 ∗ 0
0 0 0 gs,v 0
0 ∗ Iv−s−1 ∗ 0
0 gv,s 0 0 0
0 ∗ 0 ∗ In−v


 .

Since bs and bv are connected via a GY-link it follows gs,v = −gv,s �= 0. The deter-
minant of G2 is g2s,v �= 0. Consequently the columns

gn+1, . . . , gn+s−1, gs, gn+s+1, gn+v−1, gv, gn+v+1, . . . , g2n,

form a basis of the matrix G. The permuted matrix G is expressed in the new basis
as [ −G̃ In

]
,
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and an equivalent generalised CJS is constructed by means of G̃. Due to the specific
the construction of G̃, the external bonds bs, bv are connected to 0-junctions.

Remark 2.5.4 (Equivalence transformation of generalised CJS)
Consider a generalised CJS such that the external bonds bs, bv are connected via either
a TF-link or a GY-link. The transformation that converts the generalised CJS into
an equivalent one, as described by Proposition 2.5.3, which is denoted by

TG(bs, bv).

2.5.4 Causality of a generalised CJS

In this subsection we consider admissible causality assignments of a generalised CJS.
A generalised CJS consists of 1-junctions, 0-junctions, TF-elements and GY-elements.
Since in Subsections 2.3.4, 2.4.4, admissible causality assignments of ideal junctions
and TF-elements are discussed, here we only analyse the admissible causality assign-
ments of GY-elements. Furthermore, we discuss admissible causality assignments of
a generalised CJS.

Admissible causality assignments of gyrators

Consider the gyrator shown in Figure 2.27(a). The causality constraint imposed by
the GY-element is (see Example 1.4.1 Case (b) and Example 1.4.6 Case (b))

κ(b1,M )− κ(b2,M ) = 0

This equation implies two solutions which are shown in Figures 2.27(b), 2.27(c).

M MM b2b1 b2b1b2b1

Figure 2.27: (a) GY-element. (b) f1 and f2 are inputs. (c) e1 and e2 are inputs.

Admissible causality assignments of a generalised CJS

A necessary condition that a causality assignment of a generalised CJS is admissible
is that all causality constraints imposed by the ideal junctions, TF-elements and GY-
elements are satisfied. This condition is also sufficient if the underlying undirected
graph of the generalised CJS does not contain circuits.

Furthermore, we define strong causality assignments of a generalised CJS. Consider
a generalised CJS shown in Figure 2.24. Equations (2.15) imply that fa and eb are
inputs. Therefore a admissible causality assignment for the generalised CJS is shown
in Figure 2.28.
Obviously all causality constraints imposed by ideal junctions, TF-elements and GY-
elements are obeyed. We call this causality assignment strong and its formal definition
is given below.
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Figure 2.28: Generalised CJS endowed with the strong causality assignment.

Definition 2.5.5 (Strong causality assignment of generalised CJS)
The causality assignment of a generalised CJS such that

(i) all external bonds connected to 0-junctions have flow-out causality with respect
to the generalised CJS and

(ii) all external bonds connected to 1-junctions have effort-out causality with respect
to the generalised CJS,

is called strong causality assignment.

The notion of a strong causality assignment is used for checking if a causality assign-
ment of a generalised CJS is admissible.

Proposition 2.5.6 (Admissible causality assignment)
A causality assignment of a generalised CJS is admissible if and only if there is an
equivalent generalised CJS with the same strong causality assignment.

Proof:
The proof is similar to the proof of Proposition 2.3.13.

2.5.5 Causal analysis of bond graphs with generalised CJS

In this section we show how to optimally assign causality to a scalar bond graph with
a generalised CJS.

The strong causality assignment of a generalised CJS is given by the vector Cs as

Cs = [ cs1 cs2 · · · csn ].
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How much the strong causality assignment matches a desired causality assignment is
measured by the following quantity (defined in Subsection 2.3.5)

Ψ(Cd, Cs) =
n∑
i=1

cdi c
s
i .

Proposition 2.5.7
Consider a generalised CJS whose desired causality assignment is Cd. Let Cs stand
for the strong causality of the generalised CJS. Suppose that bs and bv are connected
via either a TF-link or a GY-link. Let C̃s stand for the strong causality assignment
of the equivalent generalised CJS obtained by action of transformation TG(bs, bv).

(a) If bs is incident to 1-junction and bv is incident to 1-junction then

Ψ(Cd, C̃s) = Ψ(Cd, Cs) + 2cds + 2c
d
v .

(a) If bs is incident to 1-junction and bv is incident to 0-junction then

Ψ(Cd, C̃s) = Ψ(Cd, Cs) + 2cds − 2cdv .

(c) If bs is incident to 1-junction and bv is incident to 1-junction then

Ψ(Cd, C̃s) = −Ψ(Cd, Cs)− 2cds + 2cdv .

Proof:
Same as the proof of Proposition 2.3.16.

The optimal causality assignment problem of generalised CJS is defined below.

Problem 2.5.8 (Optimal causality assignment of a generalised CJS)
Let Cd represent a desired causality assignment of a generalised CJS. Find an equiv-
alent generalised CJS with a strong causality assignment Cs such that

Ψ(Cd, Cs)

has the largest possible value.

The solution of problem 2.5.8 is called the optimal causality assignment . The algo-
rithm that solves this problem is presented below.

Algorithm 2.5.9 (OCAP for generalised CJS)
FOR k = cmax, cmax − 1, . . . , 2, 1

1. CHOOSE bi incident to a 1-junction such that cdi = k.

(a) FIND bn1+j incident to a 0-junction, connected to bi via a TF-link and such
that cdn1+j has the lowest possible value.

(b) FIND bm incident to a 1-junction, connected to bi via a GY-link and such
that cdm has the highest possible value.

(c) IF (bn1+j �= {} AND bm �= {} AND cdn1+j < k AND cdn1+j + cdm ≤ 0) OR
(bm = {} AND cdn1+j < k) THEN
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APPLY TG(bi, bn1+j).

(d) IF (bn1+j �= {} AND bm �= {} AND cdm > −k AND cn1+j + cdm > 0) OR
(bn1+j = {} AND cdm > −k) THEN

APPLY TG(bi, bm).

REPEAT until all bonds with desired causality index k and incident to 1-
junctions have been used.

2. CHOOSE bn1+j incident to a 0-junction such that cdn1+j = −k.

(a) FIND bi incident to a 1-junction, connected to bn1+j via a TF-link, and such
that cdi has the highest possible value.

(b) FIND bn1+l incident to a 0-junction, connected to bn1+j via a GY-link, and
such that cdn1+l has the lowest possible value.

(c) IF (bi �= {} AND bn1+l �= {} AND cdi > −k AND cdn1+l + cdi ≥ 0) OR

(bn1+l = {} AND cdi > −k) THEN

APPLY TG(bi, bn1+j).

(d) IF (bi �= {} AND bn1+l �= {} AND cdn1+l < k AND cdn1+l + cdi < 0) OR

(bi = {} AND cdn1+l > −k) THEN

APPLY TG(bn1+j , bn1+l).

REPEAT until all bonds with desired causality index −k and connected to 0-
junctions have been used.

END FOR.

Proposition 2.5.10
Algorithm 2.5.9 solves Problem 2.5.8.

Proof:
Let Cd stand for the desired causality assignment and Cs for the strong causality
assignment of an equivalent generalised CJS generated by Algorithm 2.5.9. Suppose
that Cs is not optimal. It means that there exists at least one pair of external bonds
bs, bv connected via either a TF-link or a GY-link such that

Ψ(Cd, C̃s) > Ψ(Cd, Cs)

where C̃s is the strong causality assignment of the equivalent generalised CJS obtained
by action of transformation TS(bs, bv).
Suppose without loss of generality that bs, bv are incident to 1-junctions. This means
that bs are bv connected via a GY-links and that

cds + c
d
v > 0.

Two situations arise

1. cds > 0 and −cds < cdv < cds ,

2. cdv > 0 and −cdv < cds ≤ cdv .
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We consider the first situation. In one of the steps of the execution of Algorithm 2.5.9,
the external bond bs is chosen to be processed since it is incident to a 1-junction and
its desired causality is a positive number. The condition −cdi < cdv < cds guarantees
that the bond bv is not processed yet. The bond bi is connected via GY-links to the
m external bonds incident to 1-junctions: bi1 , · · · , bim . Since the incident relation of
bs is not changed then

cdip ≤ −cds , 1 ≤ p ≤ m,
After this step, Algorithm 2.5.9 will not process any of the bonds bi1 , · · · , bim . Thus
the generated equivalent generalised CJS is such that bs is connected via GY-links
only to bi1 , · · · , bim . This means that bv is one of them and the last relation implies
that

cdv ≤ −cds .
This is a contradiction. Similarly it can be proved that situation 2 is also not possible.

In the rest of this subsection a computational issue of Algorithm 2.5.9 is discussed.
First we analyse the action of the transformation TG(bv, bs). The new matrix G̃ is
given by

G̃ = −G−1
2 G1,

where (it is taken into account that G is a skew-symmetric matrix)

G2=



Is−1 gus 0 guv 0
0 0 0 guv,s 0
0 gms Iv−s−1 g

m
v 0

0 gs,v 0 0 0
0 gds 0 gdv In−v


, G1=




G1,1 0 G1,3 0 G1,5

−(gus )T 1 −(gms )T 0 −(gds )T
−GT

1,3 0 G3,3 0 G3,5

−(guv )T 0 −(gmv )T 1 −(gdv)T
−GT

1,5 0 −GT
3,5 0 G5,5


.

Straightforward but cumbersome computation shows that the matrix −G̃ has the
following form

−G̃ =




G̃1,1 − 1
gv,s
gus G̃1,3 − 1

gs,v
gus G̃1,5

1
gs,v

(gus )
T 0 − 1

gs,v
(gmv )

T 1
gs,v

− 1
gs,v

(gdv)
T

−G̃T
1,3

1
gs,v
gmv G̃3,3 − 1

gs,v
gms G̃3,5

1
gs,v

(gus )
T − 1

gs,v

1
gs,v

(gms )
T 0 − 1

gv,s
gds

−G̃T
1,5

1
gv,s
gdv −G̃T

3,5
1

gv,s
(gds )

T G̃5,5


 ,

where
G̃1,1 = G1,1 + 1

gv,s
guv (g

u
s )

T + 1
gs,v
gus (g

u
v )

T,

G̃1,3 = G1,3 + 1
gv,s
guv (g

m
s )

T + 1
gs,v
gus (g

m
v )

T,

G̃1,5 = G1,5 + 1
gv,s
guv (g

d
s )

T + 1
gs,v
gus (g

d
v)

T,

G̃3,3 = G3,3 + 1
gv,s
gmv (g

m
s )

T + 1
gs,v
gms (g

m
v )

T,

G̃3,3 = G3,3 + 1
gv,s
gmv (g

d
s )

T + 1
gs,v
gms (g

d
v)

T,

G̃5,5 = G5,5 + 1
gv,s
gdv(g

d
s )

T + 1
gs,v
gds (g

d
v)

T.

To calculate the matrix −G̃ we need one sign change, n2 − 5n + 6 summations and
n2 − 3n+ 2 multiplications and one division. Searching for the bond with the lowest
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and highest causality requires n−1 steps. The number of iterations of step 1 and step
2 is always less then or equal to n

2 . The maximal cost of Algorithm 2.5.9 is presented
by Table 2.3. Therefore, Algorithm 2.5.9 runs in polynomial time.

Operation Number of steps
Multiplications 1

2 (n
3 − 3n2 + 2n)

Summations 1
2 (n

3 − 5n2 + 6n)
Divisions 1

2n
Sign changes 1

2n
Searching for bond 1

2n
2

Table 2.3: Number of operations of Algorithm 2.5.9.

Algorithm 2.5.9 is illustrated by the following example.
Example 2.5.11
Consider a bond graph shown in Figure 2.29(a). It is a canonical bond graph and its junction
structure is a generalised CJS.

M2

b2

M1

b1

M3

b3

M4

b4

M3

b3

M2

b2

M1

b1

M4

b4

Figure 2.29: (a) Canonical bond graph with generalised CJS.
(b) Canonical bond graph obtained by TG(b1, b4).

The desired causality assignment of the generalised CJS is

Cd =
[

1 1 1 3
]

The strong causality assignment of the generalised CJS shown in Figure 2.29(a) is

Cs =
[ −1 −1 −1 −1

]
We first process the external bond b4. The result of Step 1(b) is the external bond b1. The
result of Step 1(d) is shown in Figure 2.29(b) where

∆ = r1,2r3,4 + r2,3r1,4 + r1,3r2,4.
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We first consider the case ∆ �= 0. Let the external bond b2 be processed. The result of
Step 1(a) is the external bond b1 and the result of Step 1(b) is the external bond b3. The
result of Step 1(d) is shown in Figure 2.30(a). In this case, the optimal causality assignment
completely matches the desired causality assignment.

M3

b3

M2

b2

M1

b1

M3

b3

M2

b2

M1

b1

M4

b4

M4

b4

Figure 2.30: (a) Optimally causally assigned bond graph for the case ∆ �= 0.
(b) Optimally causally assigned bond graph for the case ∆ = 0.

If ∆ = 0 then the equivalent generalised CJS shown in Figure 2.29(c) transforms into one
shown in Figure 2.30(b). Let the external bond b2 be processed. The result of Step 1(a) is the
external b1. Step 1(c) does not change anything. If the external bond b3 is processed then the
result of Step 1(a) is the external bond b1. Step 1(c) does not change anything. Therefore the
causality assignment shown in Figure 2.30(d) is optimal but there is not complete matching.

2.6 Conclusions

In this chapter junction structures of canonical bond graphs have been analysed.
Algorithms for causality assignment of CJS’s have been developed and we have proved
that they generate an optimal causality assignment. Moreover, they run in polynomial
time.

Since simple CJS’s and weighted CJS’s are special types of a generalised CJS in
principle we could use Algorithm 2.5.9 to assign causality to scalar bond graphs with
simple CJS’s or weighted CJS’s. However the processing time would increase. Indeed,
the number of multiplications in Algorithm 2.4.9 is (see Table 2.2)

min(n0, n1)(n0n1 − 1).
Since min(n0, n1) ≤ n

2 and n0n1 ≤ (n0+n1)
2

4 = n2

4 , the number of multiplications is
always less than or equal to

1
8
(n3 − 4n).
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On the other hand, the number of multiplications in Algorithm 2.5.9 is (see Table
2.3)

1
2
(n3 − 3n2 + 2n).

Therefore, Algorithm 2.4.9 requires at least four time less multiplications then Al-
gorithm 2.4.9. If a CJS is simple then not only the number of steps is smaller if
Algorithm 2.3.19 is applied but also the operations of multiplications and summa-
tions are only performed on integers −1, 0, 1. Therefore the type of CJS should be
taken into account in order to have processing time which is as small as possible. The
algorithm for optimal causality assignment of a CJS is presented below.

Algorithm 2.6.1 (OCAP for CJS)

IF CJS contains GY-elements THEN

APPLY Algorithm 2.5.9.

ELSEIF CJS contains TF-elements THEN

APPLY Algorithm 2.4.9.

ELSEIF CJS is simple THEN

APPLY Algorithm 2.3.19.

ELSE

APPLY Algorithm 2.4.9.

2.6.1 Extensions

So far we have only considered the cases when the ratios of TF-elements and GY-
elements are real numbers. The results presented in this chapter can be also used
in cases when the ratios are functions of certain external variables. For example,
when rigid body systems are modelled, the ratios are the functions of the configura-
tion variables. In this case, the optimal causality assignment obtained by means of
Algorithm 2.6.1 has a local character. This means that the obtained solution is not
necessarily optimal for every t ∈ T. To apply Algorithm 2.6.1 symbolic manipulations
are required. Namely, after any action of the transformation TW, TG the obtained
expressions for ratios of TF-elements and GY-elements have to be simplified. This will
additionally increase the running time.

An important class of bond graphs are the so-called multibond graphs [6]. Multi-
bond graphs can be seen as a generalisation of scalar bond graphs. Namely, the bond
space of an edge of a multibond graph is R

m×R
m. The power conserving multi-port

elements recalled in Section 2.1 can be also defined for this type of bond graphs as
explained in [6]. An edge whose bond space is R

m × R
m can be decomposed into m

bonds with R × R as a bond space (see [5]). Also the generalisations of power con-
serving multi-port elements can be always represented by means of power conserving
multi-port elements defined in Section 2.1 as explained in [6]. The obtained bond
graph is then a scalar bond graph and the tools developed in this chapter can be use
for its analysis.
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Chapter 3

Structural analysis of
standard bond graphs

This chapter deals with the structural analysis of a standard bond graph.
Algorithms based on the tools developed in Chapter 2 are proposed for the
analysis of regularity of the bond graph, existence of dependent sources,
existence of dependent co-energy variables, and the existence of dynamic
invariants.

Introduction

If bond graphs are used as a model representation, causality assignment plays an
important role throughout the modelling process. In the initial phases of modelling, it
is used for feedback on modelling decisions. In the later stage of the modelling process,
when simulation becomes an issue, causality assignment is used for the derivation of
a simulation model.

This chapter shows how certain aspects of the behaviour of a model can be checked
in an automated manner. The obtained information can be used to improve the model
or to get insight into its dynamic behaviour. The following aspects of the behaviour
of a model are analysed:

• regularity of a bond graph

• dependency of the sources

• algebraic constraints

• dynamic invariants

The notion of regularity of bond graphs was introduced in [33]. It is used to
characterise models in which some of the variables are not uniquely determined. This
type of problems for example may appear in models of electrical networks where the
point of zero potential is not specified.

89
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In some cases modelling assumptions lead to a model exhibiting an impossible
situation (e.g. two independent voltage sources connected in parallel). The informa-
tion about the existence of such type of problems, called dependent sources, can be
obtained in an automated manner.

Systematic procedures for the construction of bond graphs of physical systems
lead in many cases to bond graphs containing algebraic constraints. In these cases
the simulation models are expressed not only as a set of differential equations but
also of algebraic equations. Although the simulation of such type of models can be
performed by means of implicit numerical techniques, the computational burden is
significantly increased.

The existence of dynamic invariants, called Casimir functions [55], can be also
checked in an automated manner. Dynamic invariants are used for stability analysis,
the so-called Energy-Casimir method, and for controller design (see e.g. [55]). Finally,
the existence of dynamic invariants can be taken explicitly into account in order to
avoid an eventual increase of inaccuracy of the numerical simulation.

This chapter is organised as follows. Some of the results obtained in the previous
chapter are recalled in Section 3.1. The definitions of storage elements, R-type ele-
ments and sources are recalled in Section 3.2. The notion of a standard bond graph
is introduced in Section 3.3. Then the various aspects of the behaviour of the model
as mentioned above are analysed in Section 3.4. Summary and open problems are
presented in Section 3.5.

3.1 Preliminaries

Consider a canonical bond graph (see Definition 2.2.3). The maximal level of causality
is denoted by cmax. The number of ports whose desired causality index (cf. Section
1.4.3) is k is denoted by

nk, k ∈ {−cmax, . . . ,−1, 0, 1, . . . , cmax}.
Suppose that the number of external bonds (cf. Section 2.2) is n. Since an external
bond is incident to a multi-port element which does not belong to the CJS (canonical
junction structure) then

cmax∑
k=−cmax

nk = n.

Let fk, respectively, ek stand for the collection of flow signals, respectively effort signals
of external bonds whose corresponding ports have desired causality index k. Equation
(2.14) (the behavioural equation of the generalised CJS) can be rewritten as

cmax∑
k=−cmax

(GE
k ek(t) +GF

k fk(t)) = 0, ∀t ∈ T. (3.1)

In Subsection 2.5.2 (part about properties of generalised CJS) it has been shown that
the space of all admissible flows and efforts imposed by the generalised CJS is a Dirac
structure. Therefore the set of admissible flows fk(t) and admissible efforts ek(t) t ∈ T,
is represented by

fk(t) = (GE
k)

Tλ, (3.2a)



3.1. Preliminaries 91

ek(t) = (GF
k )

Tλ, (3.2b)

for certain matrices GE
k , G

F
k of GE , GF in Equation 2.14.

In the rest of this section we discuss about the form of the behavioural equation
obtained by applying Algorithm 2.6.1. The following notation is introduced:

• f 1
k (e

1
k) is the collection of the flow (effort) signals of the external bonds incident

to both 1-junctions and multi-port elements whose corresponding ports have
desired causality index k.

• f 0
k (e

0
k) is the collection of the flow (effort) signals of the external bonds incident

to both 0-junctions and multi-port elements whose corresponding ports have
desired causality index k.

The dimension of the vectors f 1
k , e1k is denoted n

1
k and the dimension of the vectors

f 0
k , e0k by n

0
k. The integers n

1
k, n

0
k and nk are related by

n1
k + n

0
k = nk.

Proposition 3.1.1
Consider a scalar bond graph with generalised CJS. Suppose that Algorithm 2.6.1 is
applied. The input-output representation of the equivalent generalised CJS is

f 0
k (t) =

cmax∑
i=−k

G0,0
k,i e0i (t) +

k∑
i=−cmax

G0,1
k,i f 1

i (t), (3.3a)

e1k(t) =
cmax∑
i=k

G1,0
k,i e0i (t) +

−k∑
i=−cmax

G1,1
k,i f 1

i (t), t ∈ T, (3.3b)

for −cmax ≤ k ≤ cmax and where Gρ1,ρ2
k,i is a matrix of dimension nρ1k ×nρ1i satisfying

Gρ1,ρ2
k,i = −(Gρ2,ρ1

i,k )T, (3.3c)

for any i, k ∈ {−cmax, . . . ,−1, 0, 1, . . . , cmax} and for any ρ1, ρ2 ∈ {0, 1}.
Proof:
The input-output representation of a generalised CJS is given by (2.15). The flow fa
(vector of all flows of the external bonds connected to 1-junctions) is given by

(fa)T = [ (f1
−cmax)

T · · · (f1
0 )

T · · · (f1
cmax)

T ].

The effort eb (vector of all efforts of the external bonds connected to 0-junctions) is
represented by

(eb)T = [ (e0−cmax)
T · · · (e00)

T · · · (e0cmax)
T ].

Equation 2.15 implies that the flow f 0
k is a linear function of fa and eb. Therefore, it

can be expressed as

f0
k =

cmax∑
i=−cmax

G0,0
k,ie

0
i +

cmax∑
i=−cmax

G0,1
k,if

1
i ,

for some matrices G0,ρ
k,i of dimension n

0
k × nρi , ρ ∈ {0, 1}.

If G0,1
k,i �= 0 then exist two external bonds bs and bv such that
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• bs is incident to a 1-junction and cds = i,

• bv is incident to a 0-junction and cdv = k.

• bs and bv are connected via a TF-link.

Let Cd represent the desired causality assignment of the generalised CJS and let Cs

represent the optimal causality assignment that is, the strong causality assignment of
the equivalent generalised CJS obtained by the action of Algorithm 2.6.1). Let trans-
formation TG(bs, bv) be applied and let C̃s stand for the strong causality assignment
of the obtained equivalent generalised CJS. Proposition 2.5.6 Case(b) implies that

Ψ(Cd, C̃s) = Ψ(Cd, Cs) + 2cds − 2cdv = Ψ(Cd, Cs) + 2i− 2k.

Since Cs is the optimal causality assignment it follows that i ≤ k and thus

G0,1
k,i = 0,∀i > k.

Using the same reasoning it follows

G0,0
k,i = 0,∀i < −k.

In this way Equation (3.3a) is obtained. By using the same arguments Equation
(3.3b) can be proved. Finally, Equation (3.3c) follows from the power conservation of
the generalised CJS.

Remarks 3.1.2
1o If the junction structure is a weighted CJS then Equation (3.3a) and Equation
(3.3b) simplifies to

f 0
k (t) =

k∑
i=−cmax

G0,1
k,i f 1

i (t), (3.4a)

e1i (t) =
cmax∑
i=k

G1,0
k,i e0i (t). (3.4b)

2o If the junction structure is simple (cf. Subsection 2.3.1)then the matrices G1,0
k,i , G

0,1
k,i

are totally unimodular.
3o Suppose that the ratios of TF-elements and of GY-elements are functions of external
variables denoted by x. The behavioural equation associated with the equivalent
junction structure is then

f 0
k (t) =

cmax∑
i=−k

G0,0
k,i (x (t))e

0
i (t) +

k∑
i=−cmax

G0,1
k,i (x (t))f

1
i (t), (3.5a)

e1k(t) =
cmax∑
i=k

G1,0
k,i (x (t))e

0
i (t) +

−k∑
i=−cmax

G1,1
k,i (x (t))f

1
i (t), (3.5b)

where x is the signal corresponding to x.
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3.2 Storage, dissipative elements and sources

In this section the definitions of storage elements, R-type elements and sources are
recalled [41], [29], [6].

3.2.1 Ideal storage multi-port elements

Consider a k-port element shown in Figure 3.1(a). It is assumed that the bond space
of every bond bi (1 ≤ i ≤ k) is R×R. The head of all bonds incident to the multi-port
element M is M , i.e. σ(bi,M ) = −1, i = 1, . . . , k.

Mb1

bi

bk

Figure 3.1: k-port element.

Two types of ideal storage multi-port elements are defined below: C-type storage
element and I-type storage element.

Definition 3.2.1 (C-type storage element)
The multi-port element M is a C-type storage element if the behavioural equation
associated to M is

M :
dqi(t)

dt − fi(t) = 0,
∂HM

q

∂qi
(qM (t))− ei(t) = 0, ∀t ∈ T, 1 ≤ i ≤ k.

Here, qM =
[

q1 . . . qk
]T represents the vector of generalised displacements of the

multi-port element M and the map

HM
q : R

k → R

is the Hamiltonian associated to M .

The graphical symbol for a vertex given by a C-type storage element is replaced by C
as shown in Figure 3.2(a). The Hamiltonian associated with M is also indicated. Note
that the graphical symbol C and the Hamiltonian HM

q uniquely define the behavioural
equation associated to M . In the sequel the term C-type storage element is replaced
by C-element.
If k = 1 and the Hamiltonian is of quadratic type (corresponding to a linear capacitor)

HM
q (q1) =

q21
2C
, C > 0,

then instead of HM
q the parameter C is indicated as shown in figure 3.2(b).

The net power of the multi-port element M is

PM
net (t) = −

k∑
i=1

ei (t) fi (t) = −
k∑
i=1

∂HM

∂qi
(qM (t))

dqi (t)
dt

= −dH
M
(

qM (t)
)

dt
.
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b1

M

b1

bi

bk
H

M
q

Figure 3.2: (a) k-port C-element.

(b) Linear one-port C-element.

Integrating the previous relation from t0 to t yields the energy balance for the ideal
generalised capacitor.

t∫
t0

PM
net (τ) dτ = H

M
q

(
qM (t0)

)
−HM

q

(
qM (t)

)
.

Definition 3.2.2 (I-type storage element)
The multi-port element M is an I-type storage element if the behavioural equation
associated to M is

M :
dpi(t)

dt − ei (t) = 0,
∂HM

p

∂pi
(pM (t))− fi (t) = 0, ∀t ∈ T, 1 ≤ i ≤ k.

Here, pM =
[

p1 . . . pk
]T is the vector of generalised momenta of the multi-port

element M and the map
HM
p : R

k → R

is the Hamiltonian associated to M .

The graphical symbol for a vertex given by an I-type storage element is replaced by I
as shown in Figure 3.3. In the sequel the term I-type storage element is replaced by
I-element.
If k = 1 and the Hamiltonian is of quadratic form (corresponding to a linear inductor)

HM
p (p1) =

p21
2I
, I > 0,

then instead of HM
p the parameter I is indicated as shown in Figure 3.3(b). The

energy balance for an I-element is

t∫
t0

PM
net (τ) dτ = H

M
p

(
pM (t0)

)
−HM

p

(
pM (t)

)
.
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b1

M

b1

bi

bk
H

M
p

Figure 3.3: (a) k-port I-element.

(b) Linear one-port I-element.

3.2.2 R-type element

Consider a k-port element M shown in Figure 3.1(a). The head of all bonds incident
to the multi-port element M is equal to M . Suppose that the behavioural equation
associated to M is

M : ΩM (f M (t), eM (t)) = 0, ∀t ∈ T,

where f M =
[

f1 . . . fk
]T, eM =

[
e1 . . . ek

]T and
ΩM : R

2k → R
k.

Definition 3.2.3 (R-type element)
The multi-port element M is an ideal dissipative multi-port element if

(i) The ith component of the equation ΩM (fM (t), eM (t) = 0) is given by

yout
i − ωM

i (y
in
1 , . . . , y

in
k ) = 0,

where
yout
i = ρifi + (1− ρi) ei,
yini = (1− ρi) fi + ρiei,

for some ρi ∈ {0, 1} , 1 < i < k.
(ii) The function

k∑
i=1

yini ωi
(
yin1 , . . . , y

in
k

)
is positive semi-definite on R

k.

(iii) The Jacobian of the map

ωM =
[
ω1 . . . ωk

]T
is symmetric.
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The first condition ensures that the relations describing an R-type element can be
represented by Equation 1.2a. Therefore the concept of causality is applicable. The
second condition means that the R-type element is dissipative element. Finally the
last condition guarantees that a Rayleigh dissipative function can be related to the
R-type element.

The graphical symbol for a vertex given by an R-type element is abbreviated to
R as shown in Figure 3.4(a). In the sequel the term R-type element is replaced by
R-element.

b1

M

b1

bi

bk

M

Figure 3.4: (a) k-port R-element.

(b) Linear one-port R-element.

If k = 1 and ΩM is described by a linear relation

ΩM (f1, e1) = e1 −Rf1, R > 0,
then instead of ΩM the parameter R is indicated as shown in Figure 3.4(b).

3.2.3 Ideal sources

Consider the one-port element M shown in Figure 3.5(a). M is the tail of the incident
bond.

M1 b bb
M1M1 M

eMf M
M M

Figure 3.5: (a) One-port element. (b) Ideal flow source. (c) Ideal effort source.

Definition 3.2.4 (Ideal flow source)
A one-port element denoted by M is called a flow source if the behavioural equation
associated to M is

M : f = f M ,

where f M is a prescribed signal.

The flow signal f M ∈ R
T is the called the input flow signal. The symbol for a vertex

representing a flow source is replaced by Sf as shown in Figure 3.5(b). The input flow
signal f M is also indicated.
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Source M Ideal junction M1 f̃ ẽ f̃ M ẽM

flow 0-junction −f e −f M /

flow 1-junction f −e f M /

effort 0-junction −f e / eM

effort 1-junction f −e / −eM

Table 3.1: Relations between f M , f̃ M and between eM , ẽM

Definition 3.2.5 (Ideal effort source)
A one-port element M is called an effort source if the behavioural equation associated
to M is

M : e = eM ,

where eM is a prescribed signal.

The effort signal eM ∈ R
T is called the input effort signal. The symbol for a vertex is

replaced by Se as shown in Figure 3.5(c).
It is clear that every bond graph containing sources violates condition (iv) of

Definition 2.2.2 (the bond incident to a source is outgoing with respect to the source).
Suppose without loss of generality that the multi-port elementM1 is an ideal junction1.
The sequence [M , b,M1] shown in Figure 3.5(b), respectively Figure 3.5(c), is replaced

~b ~b
~MM1

~eM
~f M

~MM1

Figure 3.6: (a) SF-element, (b) SE-element.

by the sequence [M̃ , b̃,M1] shown in Figure 3.6(a), respectively, Figure 3.6(b). The
relations between the bonds b = (f , e), b̃ = (f̃ , ẽ), and the signals f M , f̃ M and eM , ẽM

are given by Table 3.1.
The graphical symbol SF is associated to the behavioural equation

f̃ − f̃ M = 0,

and the graphical symbol SE is associated to the behavioural equation

ẽ − ẽM = 0.

The one-port element shown in Figure 3.6(a) is called a SF-element and the one-port
element shown in Figure 3.6(b) is called SE-element.

1If this is not the case then condition (i) of Definition 2.2.2 is not satisfied. In this situation,
we first transform the bond graph into an equivalent bond graph which does satisfy condition (i) as
explained in Appendix A.1.
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3.3 Standard bond graphs

In the previous Section 3.2 we have defined the usually employed classes of vertices.
The resulting class of bond graphs are called the standard bond graphs. Formally:

Definition 3.3.1 (Standard bond graph)
A bond graph is standard if it is canonical (see Definition 2.2.3)and the vertices which
do not belong to the junction structure are: C-elements, I-elements, R-elements, SE-
elements, or SF-elements.

In the rest of this chapter and Chapter 4 we will exclusively deal with standard bond
graphs. Consider a standard bond graph. The collection of all bonds incident to
Z-elements is denoted by bZ where

Z ∈ {EC,SE,C,R, I,SF,FC}.

Recall that EC stands for effort constraint and FC stands for flow constraint (see
Subsection 2.1.4). The bond bZ is the pair of signals fZ and eZ. Let the dimension of
fZ and eZ be denoted by nZ. If the total number of external bonds is n, then

nEC + nSE + nC + nR + nI + nSF + nFC = n.

Let q ∈ R
nC stand for the collection of all generalised displacement of C-elements.

The sum of all Hamiltonians associated to the C-elements is denoted by

Hq : R
nC → R.

Then the flow signal fC and the generalised displacement q are related by

fC(t) =
dq(t)
dt

, (3.6a)

while the effort eC and q are related by

eC(t) =
∂Hq

∂q
(q(t)). (3.6b)

Similarly the effort signal eI and the generalised momenta p are related by

eI(t) =
dp(t)
dt

, (3.6c)

where p ∈ R
nI is the collection of all generalised momenta of I-elements. The flow fI

and p are related by

fI(t) =
∂Hp

∂p
(p(t)), (3.6d)

where Hp is the sum of all Hamiltonians associated to the I-elements. The total vector
of energy variables is denoted by

x =
[
q
p

]
,
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the total vector of energy signals signals is denoted by

x =
[

q
p

]
,

and the total Hamiltonian associated to all storage elements

H : R
nC+nI → R

is defined by
H(x) = Hq(q) +Hp(p). (3.6e)

Furthermore, the flow fR(t) and the effort eR(t) are related by

Ω(fR(t), eR(t)) = 0, ∀t ∈ T, (3.6f)

where the map
Ω : R

2nR → R
nR

satisfies conditions (i)-(iii) of Definition 3.2.3. Finally, let fin stand for the collection
of all flow input signals and fin for the collection of all effort input signals. Then

fSF(t) = fin(t), ∀t ∈ T, (3.6g)

and
eSE(t) = ein(t), ∀t ∈ T. (3.6h)

As the flow fFC represents the collection of all flows of FC-elements we have

fFC(t) = 0, ∀t ∈ T. (3.6i)

Similarly,
eEC(t) = 0, ∀t ∈ T. (3.6j)

3.4 Analysis of bond graphs

In this section we show how the tools developed in Chapter 2 can be used to analyse
the following properties of a model of a physical system represented by a bond graph:

• regularity
• existence of dependent sources
• existence of constraints
• existence of dynamic invariants

The tools developed in Chapter 2 can be also applied to bond graphs with modulated
generalised CJS (the ratios of TF-elements and GY-elements are functions of certain
external variables). Here, we shall only allow the possibility where the external vari-
ables are energy variables (see the discussion in [6]). In those cases where the analysis
of a bond graph with modulated generalised CJS is the same as that of a bond graph
with constant generalised CJS (the ratios of TF-elements and GY-elements are real
numbers) we only present the analysis of the latter case. In all other cases the analysis
of both cases is presented.
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3.4.1 Regularity of bond graphs

The notion of regularity of bond graphs was introduced in [33]. It is used to char-
acterise models where the internal variables are uniquely determined. Problems of
non-uniqueness of internal variables appear for example in models of electrical net-
works where the point of zero potential is not specified. The internal variables of a
standard bond graph are defined as follows.

Definition 3.4.1 (Internal variables)
Internal variables of a standard bond graph are the efforts of the FC-elements and the
flows of the EC-elements.

Consider a standard bond graph. Let the total number of ports of C-elements,
I-elements, R-elements, SF-elements and SE-elements be n0, i.e.

n0 = nC + nI + nR + nSE + nSF.

The vectors f0, e0 are correspondingly defined by

f0 =




fC
fI
fR
fSF

fSE


 , e0 =




eC
eI
eR
eSF

eSE


 ,

We can assume that all multi-port elements which do not belong to the junction
structure are one-port elements (see the discussion in Subsection 2.2 in the part about
”Multi-port elements which do not belong to a CJS”’). The multi-port elements which
do not belong to the generalised CJS and which are not FC-elements nor EC-elements
are denoted by

M1,M2, . . . ,Mn0 .

The picture of the bond graph described above is shown in Figure 3.7 where MJS

stands for the generalised CJS.

MJS

M1
Mn0 M1

Mn0

~MJS

Figure 3.7: (a) Standard bond graph,

(b) Generalised CJS and ideal constraints are replaced by M̃JS.

The behavioural equations describing the generalised CJS are given by Equation (3.1)
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where the subscripts -1,1 are replaced by FC, EC respectively. Therefore the subspace
of admissible flows and efforts imposed by a generalised CJS is given by

D = {(fFC, eFC, f0, e0, fEC, eEC) ∈ R
n × R

n :
GF

FCfFC +GE
FCeFC +GF

0 f0 +G
E
0 e0 +G

F
ECfEC +GE

ECeEC = 0}.

Consider now standard bond graph shown in Figure 3.7(a). We can replace the
generalised CJS, together with the FC-elements and the EC-elements by a multi-port
element denoted by M̃JS. The behavioural equation associated to M̃JS is obtained
by inserting fFC(t) = 0 and eEC(t) = 0 into the behavioural equation describing the
generalised CJS. Therefore the subspace of admissible flows and efforts, D̃, imposed
by the multi-port element M̃JS is given as

D̃ = {(f0, e0) ∈ R
n0 × R

n0 : ∃(fEC, eFC) st. (0, eEC, f0, e0, fEC, 0) ∈ D}.

Now, we present a definition of regular bond graphs.

Definition 3.4.2 (Regular standard bond graph)
A standard bond graph is regular if for every (f0, e0) ∈ D̃ there exist unique fEC and
eFC such that

(0, eFC, f0, e0, fEC, 0) ∈ D.
Thus a standard bond graph is regular of the admissible flows and efforts f0, e0
uniquely determine the flows and efforts fEC and eEC corresponding to the constraints
(the internal variables).

Example 3.4.3
Consider the model of an electrical circuit shown in Figure 3.8a. It consists of a capacitor
and a resistor. The point of zero potential is not specified. The voltage drops over the
capacitor and the resistor are denoted by e1, e2, respectively, and the currents through them
are denoted by f1, f2, respectively.

b1 b2e1 e2
f1

f2

Figure 3.8: (a) Ideal physical model (b) Bond graph representation.

The bond graph representation shown in Figure 3.8(b) is not canonical since there are
no external bonds incident to 0-junctions. The bond graph is transformed into a canonical
representation, as explained in Appendix A.3, leading to the transformed bond graph shown
in Figure 3.9.
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b4

b2

b3

b1

M4

M2

M3

M1

Figure 3.9: Canonical bond graph.

The behavioural equations associated to the junction structure are

f3 + f1 + f2 = 0,
f4 − f1 − f2 = 0,
e1 − e3 + e4 = 0,
e2 − e3 + e4 = 0.

(3.7)

Since M3 and M4 are ideal flow constraints then f3 = f4 = 0. Thus the first two lines of
Equation (3.7) reduce to

f1 + f2 = 0. (3.8a)

Furthermore, the last two lines of Equation (3.7) can be rewritten as

e1 − e2 = 0, (3.8b)

e3 = e1 + e4. (3.8c)

Equations (3.8a) and (3.8b) represent the behavioural equations associated to the multi-
port element M̃JS. Obviously M̃JS represents a 0-junction. Suppose that the voltage drops
e1, e2 on the components and the currents f1, f2 through them are known. It is clear from
Equation (3.8c) that e3 and e4 can not be uniquely determined. Therefore, the bond graph
shown in Figure 3.9 is singular.

The physical explanation of this singularity is as follows. The efforts e3 and e4 represent
the potentials of the points N1, N2, respectively. Since the point of zero potential is not
specified these potentials are not uniquely determined.

The following proposition gives sufficient and necessary conditions when a stan-
dard bond graph is regular.

Proposition 3.4.4 (Regular bond graph)
A standard bond graph with generalised CJS is regular if and only if there exists an
equivalent generalised CJS such that

(i) All ideal flow constraints are adjacent to 1-junctions;

(ii) All ideal effort constraints are adjacent to 0-junctions.
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Proof:
Sufficiency: Suppose that there is an equivalent standard generalised CJS such that
conditions (i) and (ii) are satisfied. Then the form of Equation (2.15) is such that
the internal variables are outputs. Therefore the bond graph is regular.
Necessity: Suppose that the standard bond graph is regular. The behavioural equation
associated to the junction structure is given by (3.1) where cmax = 1 and the subscripts
1,−1 are replaced by EC,FC, respectively, i.e.

[
GE

EC GE
FC GE

0

]  eEC

eFC

e0


+ [

GF
EC GF

FC GF
0

]  fEC

fFC

f0


 = 0. (3.9)

First we prove that the matrix [
GF

EC GE
FC

]
has full rank. Since the bond graph is regular we know that for every (f0, e0) ∈ D̃
there exist unique fEC, eFC such that (fFC = 0 and eEC = 0)

[ GF
EC GE

FC ]
[
fEC

eFC

]
+ [ GF

0 GE
0 ]

[
f0
e0

]
= 0.

Obviously, (f0, e0) = (0, 0) ∈ D̃. Hence there exists a unique solution fEC, eFC to[
GF

EC GE
FC

] [ fEC

eFC

]
= 0,

which implies that the matrix [ GF
EC GE

FC ] has a full rank. By permuting eFC and
fFC, Equation (3.9) becomes

[
GE

EC GF
FC GE

0

]  eEC

fFC

e0


+ [

GF
EC GE

FC GF
0

]  eFC

fEC

f0


 = 0.

Since [ GF
EC GE

FC ] has full rank the matrix GF
0 can be always split into two parts

GF1
0 , GF0

0 such that the matrix[
GE

FC GE1
0 GF0

0 GF
EC

]
,

is invertible (for the proof see Appendix B.2.2). Here the matrices GE1
0 and GF1

0

correspond to the flows and efforts of the same external bonds. Premultiplication of
Equation (3.9) by the inverse of the previous matrix yields the following input-output
representation 


eFC

e10
f0
0

fEC


 = G̃



fFC

f1
0

e00
eEC


 .

where G̃ is a skew-symmetric matrix. Thus an equivalent junction structure can be
reconstructed by means of the matrix G̃. This obtained equivalent junction struc-
ture is such that all EC-elements are adjacent to 0-junctions and all FC-elements are
adjacent to 1-junctions.
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Algorithm for checking regularity of a bond graph

In the rest of this subsection we present an algorithm for checking regularity of a
standard bond graph. Consider a standard bond graph. The desired causality indices
of ports which do not belong to the generalised CJS are as shown by Table 3.2.

Desired causality index Multi-port element
1 EC
0 SE, C, R, I, SF
-1 FC

Table 3.2: Desired causality indices.

In this case, the maximal causality level is cmax = 1. Let Algorithm 2.6.1 be applied.
The desired causality assignment of the generalised CJS is denoted by Cd and the
optimal causality assignment is denoted by Cs. The quantity Ψ (see Subsection 2.3.5)
is then

Ψ(Cd, Cs) = n1
FC − n0

FC + n
0
EC − n1

EC,

where n1
FC (n

0
FC) is the number of FC-elements adjacent to 1-junctions (0-junctions)

and n1
EC (n0

EC) is the number of EC-elements adjacent to 1-junctions (0-junctions).
Since nFC = n0

FC + n
1
FC and nEC = n0

EC + n
1
EC the previous equation becomes

Ψ(Cd, Cs) = nFC + nEC − 2(n0
FC + n

1
EC).

Since
n∑
i=1

|cdi | = nEC + nFC

the optimal causality assignment matches the desired causality assignment if and
only if n0

FC = 0 and n1
EC = 0. This means that the conditions of Proposition 3.4.4

are satisfied and thus the standard bond graph is regular. Based on the previous
discussion we present an algorithm for checking regularity of a standard bond graph.

Algorithm 3.4.5 (Regularity of standard bond graph)

ASSIGN desired causality indices as shown by Table 3.2.

APPLY Algorithm 2.6.1.

IF n0FC = 0 AND n1EC = 0 THEN
standard bond graph is regular.

ELSE
standard bond graph is singular.

The equivalent generalised CJS obtained by the action of Algorithm 3.4.5 can be used
to derive the behavioural equation of the single multi-port element M̃JS replacing the
generalised CJS and the FC-elements and EC-elements as follows. The behavioural
equation associated to the equivalent junction structure obtained after application of
Algorithm (3.4.5) is given by (3.3) where cmax = 1. The subscript 1 is replaced by
EC and the subscript −1 is replaced by FC. Since the flow signals of the FC-elements
and the effort signals of the EC-elements are zero then

f 1
FC = 0, f 0

FC = 0, e1EC = 0, e0EC = 0.



3.4. Analysis of bond graphs 105

Therefore Equation (3.3) becomes[
f 0
0 (t)

e10(t)

]
=

[
G0,0

0,0 G0,1
0,0

G1,0
0,0 G1,1

0,0

]
︸ ︷︷ ︸

G̃

[
e00(t)
f 1
0 (t)

]
, (3.10a)

for k = 0 and[
f 0
EC(t)

e1FC(t)

]
=

[
G0,0

EC,0 G
0,1
EC,0

G1,0
FC,0 G

1,1
FC,0

][
e00(t)
f 1
0 (t)

]
+

[
G0,0

EC,FC G
0,1
EC,EC

G1,0
FC,FC G

1,1
FC,EC

][
e0FC(t)
f 1
EC(t)

]
. (3.10b)

for k = −1, 1 and t ∈ T. The behavioural equation associated to the multi-port
element M̃JS is given by (3.10a). The condition (3.3c) implies that the matrix G̃
is skew symmetric. Thus the multi-port element M̃JS represents a generalised CJS
whose matrix representation is described by G̃. Finally, if the standard bond graph
is regular then f 0

FC and e1EC are void and

e1FC = eFC, f 0
EC = fEC.

Therefore, Equation (3.10b) reduces to[
fEC(t)
eFC(t)

]
=

[
G0,0

EC,0 G
0,1
EC,0

G1,0
FC,0 G

1,1
FC,0

][
e00(t)
f 1
0 (t)

]
,

showing immediately that the internal variables fEC(t), eFC(t) are uniquely determined
by f0(t), e0(t). Algorithm 3.4.5 is illustrated by the following example.

Example 3.4.6
Consider the standard bond graph shown in Figure 3.10(a). Its regularity is analysed. The

b4b2

b3 b1

b4b2

b3b1 b3 b1

Figure 3.10: (a) Bond graph model.

(b) Bond graph model with the equivalent junction structure.

desired causality indices are given by Table 3.2. The result of Algorithm 2.6.1 is shown in
3.10(b). Since an FC-element is adjacent to 0-junction then n0FC = 1 and the bond graph is
singular. The standard bond graph of Figure 3.7(b) is obtained by deleting the ideal flow
constraints and, their adjacent ideal junctions from the bond as shown Figure 3.10(c).
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3.4.2 Dependent sources

In some cases modelling assumptions may lead to a model exhibiting an impossible
situation (e.g. two independent voltage sources connected in parallel). The informa-
tion about the existence of such type of problems, called dependent sources, can be
obtained in an automated manner as shown in this subsection.

We consider for simplicity only standard bond graphs that do not contain FC-
elements nor EC-elements2. Let f0 (e0) stand for the collection of the flow signals
(effort signals) of storage elements and R-elements, i.e.

f0 =


 fC

fI
fR


 , e0 =


 eC

eI
eR


 .

Consider a standard bond graph with a generalised CJS. The behavioural equation
associated to the generalised CJS is given by (3.1) where the subscripts 1,−1 are
replaced by SE and SF, respectively. Therefore the space of admissible flows and
efforts imposed by the generalised CJS is

D = {(fSF, eSF, f0, e0, fSE, eSE) ∈ R
n × R

n :
GF

SFfSF +GE
SFeSF +GF

0 f0 +G
E
0 e0 +G

F
SEfSE +GE

SEeSE = 0}.

Definition 3.4.7 (Dependent sources)
Consider a standard bond graph without FC-elements and EC-elements. It does not
contain dependent sources if for every fSF and eSE there exist eSF, f0, e0, fSE such
that

(fSF, eSF, f0, e0, fSE, eSE) ∈ D.
Example 3.4.8
Consider the model of the electrical circuit shown in Figure 3.11. It consists of a parallel
connection of two voltage sources and a resistor. The point of zero potential is N. A bond

f3f1 f2

e2e1 e3e3e1

Figure 3.11: Ideal physical system.

graph representation is shown in Figure 3.12(a). The bond graph shown in Figure 3.12(a)
is not canonical since the tails of the two external bonds are not ideal junctions. The bond

2If this is not the case then Algorithm 3.4.5 has to be applied. Subsequently, all FC-elements and
EC-elements together with their adjacent ideal junctions are deleted from the obtained equivalent
standard bond graph. The resulting bond graph without FC-elements and EC-elements is standard
and represents the same model of physical system.
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graph is transformed into a canonical one as explained in Appendix A.4, leading to the
transformed bond graph as shown in Figure 3.12(b) where b1 = (f1,−e1), b2 = (f2, e2) and
b3 = (−f3, e3). The behavioural equation associated with the junction structure is

b3

b2

b1

e3e3
e1 �e1

Figure 3.12: (a) Bond graph representation (b) Standard bond graph representation.

f1 − f2 + f3 = 0,
−e1 + e3 = 0,
e2 − e3 = 0.

The second line of the previous equation clearly shows that the efforts of SE-elements e1 and
e3 can not be chosen arbitrarily. Therefore the bond graph shown in Figure 3.12(a) contains
dependent sources.

The following proposition gives necessary and sufficient conditions when a standard
bond graph does not contain dependent sources.

Proposition 3.4.9 (Dependent sources)
Consider a standard bond graph with a generalised CJS that does not contain FC-
elements nor EC-elements. It does not contain dependent sources if and only if there
exists an equivalent generalised CJS such that

(i) All SF-elements are adjacent to 1-junctions;

(ii) All SE-elements are adjacent to 0-junctions.

Proof:
Sufficiency: Suppose that there is an equivalent generalised CJS such that conditions
(i) and (ii) are satisfied. Then the input-output representation of the behavioural
equation associated to the equivalent generalised CJS is such that fSF and eSE are
inputs. Therefore the bond graph does not contain dependent sources.
Necessity: Suppose that the bond graph does not contain dependent sources. The
behavioural equation associated to the junction structure is given by (3.1) where
cmax = 1 and subscripts 1,−1 are replaced by EC,FC, respectively

[
GE

SE GE
SF GE

0

]  eSE

eSF

e0


+ [

GF
SE GF

SF GF
0

]  fSE

fSF

f0


 = 0.

Any admissible value of fSF, eSE can be represented by (3.2a), i.e.[
eSE

fSF

]
= [ GF

SE GE
SF ]Tλ.
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Since the bond graph does not contain dependent sources it follows that the matrix[
GF

SE GE
SF

]
has full rank. The rest of the proof is the same as the proof of Proposition 3.4.4.

Algorithm for checking the existence of dependent sources

The existence of dependent sources can be checked in a similar manner as the regular-
ity of a standard bond graph. Consider a standard bond graph without FC-elements
and without EC-elements. The desired causality indices of ports which do not belong
to the generalised CJS are given by Table 3.3.

Desired causality index Multi-port element
1 SE
0 C, R, I
-1 SF

Table 3.3: Desired causality indices.

Let Algorithm 2.6.1 be applied. If the optimal causality assignment completely
matches the desired causality assignment then the standard bond graph does not
contain dependent sources.

Algorithm 3.4.10 (Existence of dependent sources)
ASSIGN desired causality indices as shown by Table 3.3.

APPLY Algorithm 2.6.1.

IF n0SF = 0 AND n1SE = 0 THEN

standard bond graph does not contain dependent sources.

ELSE

standard bond graph contains dependent sources.

Algorithm 3.4.10 is illustrated by the following example.

Example 3.4.11
Consider the bond graph shown in Figure 3.12(b). The desired causality indices of the

b3

b2

b1

e3
�e1

Figure 3.13: Bond graph model.

external bonds are given by Table 3.3. Algorithm 2.6.1 is applied and the obtained equivalent
bond graph is shown in Figure 3.13. Since an SE-elements is connected to a 1-junction then
n1SE = 1. Therefore the bond graph contains dependent sources.
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3.4.3 Dependent co-energy variables

Systematic procedures for the construction of bond graphs of physical systems lead
in many cases to bond graphs containing algebraic constraints. In these cases the
simulation models are expressed by a set of differential equations and of algebraic
equations. Although the simulation of such type of bond graphs can be performed
by means of implicit numerical techniques, the computational burden is significantly
increased. In this subsection we present an algorithm for checking the presence of
such algebraic constraints.

We consider standard bond graphs without FC-elements, EC-elements and depen-
dent sources. First the definition of co-energy variables is recalled [6].

Definition 3.4.12 (Co-energy variables)
The efforts of the C-elements and the flows of I-elements are called co-energy variables.

Consider a standard bond graph without FC-elements, EC-elements and dependent
sources. The behavioural equation associated to the generalised CJS is given by
Equation (3.1) where the subscripts −2,−1, 0, 1, 2 are replaced by SF, I, R, C, SE,
respectively. Therefore the space of admissible flows and efforts imposed by the
generalised CJS is given by

D = {(fSF, eSF, fI, eI, fR, eR, fC, eR, fSE, eSE) ∈ R
n × R

n :
GF

SFfSF +GE
SFeSF +GF

I fI +G
E
I eI +G

F
RfR +G

E
ReR +

GF
CfC +G

E
CeC +G

F
SEfSE +GE

SEeSE = 0}.

Definition 3.4.13 (Dependent co-energy variables)
Consider a standard bond graph without FC-elements, EC-elements and dependent
sources. It does not contain dependent co-energy variables if for every fSF, fI, eC, eSE

there exist eSF, eI, eR, fR, fC, fSE such that

(fSF, eSF, fI, eI, fR, eR, fC, eC, fSE, eSE) ∈ D.

Equation (3.2) implies that

fI
fSF

eC
eSE


 = [ GE

I GE
SF GF

C GF
SE ]︸ ︷︷ ︸

K

T
λ. (3.11)

If there exist dependent co-energy variables then K is not of full rank, and a matrix
of maximal rank

N =
[
NI NSF NC NSE

]
.

exists such that
NK = 0.

Pre-multiplication of Equation (3.11) by L yields

NIfI +NSFfSF +NCeC +NSEeSE = 0.



110 Chapter 3. Structural analysis of standard bond graphs

Inserting (3.6b), (3.6d), (3.6g), (3.6h) into the previous equation gives the constraint
equation

LI
∂Hp

∂p
(p(t)) + LSFfin(t) + LC

∂Hq

∂q
(q(t)) + LSEein(t) = 0.

Example 3.4.14
Consider the model of the electrical circuit shown in Figure 3.14. It consists of three ca-
pacitors and three inductors. The capacitances are denoted by C1, C2 and C3 and the
inductances are denoted by L1, L2 and L3. A bond graph representation of electrical cir-

e5

e2e3

e4

e1

f5

f2

f3

f4
f1f6

e6

Figure 3.14: Model of the electrical circuit

cuit is shown in Figure 3.15. The point of zero potential is N. The behavioural equation

0

1

0

1

0

1

C:C

I:L

C :C C:C

I:LL :I
b6

b2b3

b4

b5

b1

3

3

2

1

2

1

Figure 3.15: Bond graph representation of the electrical circuit shown in Figure 3.14

associated to the junction structure is

−f1(t) + f2(t) + f4(t) = 0,
−f2(t) + f3(t) + f5(t) = 0,
−f3(t) + f1(t) + f6(t) = 0,
e1(t) + e4(t)− e6(t) = 0,
e2(t) + e5(t)− e4(t) = 0,
e3(t) + e6(t)− e5(t) = 0.

(3.12)
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Summation of the first three lines of Equation (3.12) yields

f4(t) + f5(t) + f6(t) = 0. (3.13a)

The flows f4(t), f5(t), f6(t) are co-energy variables. Therefore the bond graph shown in Figure
3.15 contains dependent co-energy variables. Let p1(t), p2(t), p3(t) stand for the generalised
momenta (magnetic fluxes) of the inductors L1, L2 and L3, respectively. The co-energy
variables are related to the generalised momenta as

f4(t) =
p1(t)
L1

,

f5(t) =
p2(t)
L2

,

f6(t) =
p3(t)
L3

.

Inserting the previous equation into (3.13a) yields a constraint equation

p1(t)
L1

+
p2(t)
L2

+
p3(t)
L3

= 0.

Another constraint equation is obtained by summing the last three rows of Equation (3.12),
i.e.

e1(t) + e2(t) + e3(t) = 0. (3.13b)

Let q1(t), q2(t), q3(t) stand for the generalised displacements (electric charges) of capaci-
tors C1, C2 and C3, respectively. The co-energy variables are related to the generalised
displacements as

e1(t) =
q1(t)
C1

,

e2(t) =
q2(t)
C2

,

e3(t) =
q3(t)
C3

.

Therefore, the second constraint equation is

q1(t)
C1

+
q2(t)
C2

+
q3(t)
C3

= 0.

The following proposition gives sufficient and necessary conditions when a stan-
dard bond graph does not contain dependent co-energy variables.

Proposition 3.4.15 (Dependent co-energy variables)
Consider a standard bond graph with generalised CJS that does not contain FC-
elements nor EC-elements nor dependent sources. It does not contain dependent co-
energy variables if and only there exists an equivalent generalised CJS such that

(i) Conditions (i), (ii) of Proposition 3.4.9 are satisfied;

(ii) All I-elements are adjacent to 1-junctions;

(iii) All C-elements are adjacent to 0-junctions.

Proof:
Sufficiency: Suppose that there is an equivalent generalised CJS such that conditions
(i), (ii), (iii) are satisfied. Then the input-output representation of the behavioural
equation describing the equivalent generalised CJS is such that the co-energy variables
are inputs. Therefore the standard bond graph does not contain dependent co-energy
variables.
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Necessity: We only sketch the proof. Since the bond graph does not contain dependent
co-energy variables then the matrix

[ GE
SF GE

I GF
C GF

SE ]

is of full rank. The matrix GE
R can be always split into two parts G

E1
R , G

E0
R such that

the matrix
[ GE

SF GE
I GE1

R GF0
R GF

C GF
SE ]

is invertible (for the proof see Appendix B.2.2). Here the matrices GE0
R and GF0

R

correspond to the efforts and flows of the same external bonds. Premultiplication of
the behaviour equation describing the generalised CJS by the inverse of the previous
matrix yields the following input-output representation of the behavioural equation



eSF

eI
e1R
f0
R

fC
fSE


 = G̃




fSF

fI
f1
R

e0R
eC
eSE


 .

If an equivalent generalised CJS is constructed by means of G̃ then it is obvious that
the conditions of Proposition 3.4.15 are satisfied.

Algorithm for checking existence of dependent co-energy variables

In the rest of this subsection we present an Algorithm for checking the presence of
dependent co-energy variables. Consider a standard bond graph without FC-elements,
EC-elements and dependent sources. The desired causality indices of ports which
do not belong to the generalised CJS are given by Table 3.4.3. In this case, the

Desired causality index Multi-port element
2 SE
1 C
0 R
-1 I
-2 SF

Table 3.4: Desired causality indices.

maximal causality level is cmax = 2. Let Algorithm 2.6.1 be applied. The desired
causality assignment of the generalised CJS is denoted by Cd and the optimal causality
assignment is denoted by Cs. The quantity Ψ (see Subsection 2.3.5) is

Ψ(Cd, Cs) = 2n1
SF − 2n0

SF + 2n
0
SE − 2n1

SE + n
1
I − n0

I + n
0
C − n1

C.

As the standard bond graph does not contain dependent sources then n0
SF = 0 and

n1
SE = 0. Therefore the previous equation becomes (it is taken into account that
n1

C + n
1
C = nC and that n1

I + n
1
I = nI)

Ψ(Cd, Cs) = 2nSF + 2nSE + nI + nC − 2(n0
I + n

1
C).
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Since
n∑
i=1

|cdi | = 2nSF + 2nSE + nI + nC,

then the optimal causality assignment completely matches the desired causality as-
signment if and only if n0

I = 0 and n1
C = 0. This is means that the condition of

Proposition 3.4.4 are satisfied and thus the standard bond graph does not contain
the dependent co-energy variables. Based on the previous discussion an algorithm
for the checking existence of dependent co-energy variables of a standard bond graph
without FC-elements, EC-elements and dependent sources is given below.

Algorithm 3.4.16 (Dependent co-energy variables)

ASSIGN desired causality indices as shown by Table 3.4.3.

APPLY Algorithm 2.6.1.

IF n0I = 0 AND n1C = 0 THEN

standard bond graph does not contain dependent co-energy variables.

ELSE

standard bond graph contains dependent co-energy variables.

The equivalent bond graph obtained by the action of Algorithm 3.4.16 can be used to
derive the constraint equation as follows. The behavioural equation associated to the
equivalent junction structure obtained after application of Algorithm 3.4.16 is given
by (3.3) where cmax = 2. The subscript −2,−1, 0, 1, 2 are replaced by SF, I, R, C,
SE, respectively. Equation (3.3a) for k = −1 and Equation (3.3b) for k = 1 become

[
f 0
I (t)

e1C (t)

]
=

[
G0,1

I,I G0,0
I,C

G1,1
C,I G1,0

C,C

] [
f 1
I (t)

e0C (t)

]
+

[
G0,0

I,SE G0,1
I,SE

G1,0
C,SF G1,1

C,SF

] [
e0SE (t)
f 1
SF (t)

]
.

Inserting (3.6b), (3.6d), (3.6g), (3.6h) into the previous equation yields the constraint
equation[

In0I −G0,1
I,I −G0,0

I,C 0
0 −G1,1

C,I −G1,0
C,C In1C

][
∂Hp

∂p (p(t))
∂Hq

∂q (q(t))

]
=

[
G0,0

I,SE G0,1
I,SE

G1,0
C,SF G1,1

C,SF

][
ein (t)
fin (t)

]
.

Example 3.4.17
Consider the bond graph shown in Figure 3.15. The desired causality indices of the storage
elements are indicated in Figure 3.16(a). Algorithm 2.6.1 is applied and the obtained equiv-
alent bond graph is shown in Figure 3.16(b).
There is an I-element adjacent to a 0-junction and a C-element adjacent to a 1-junction. Thus
n0I = 1 and n1C = 1. Therefore the bond graph shown in Figure 3.16(a) contains dependent
co-energy variables.
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Figure 3.16: (a) Bond graph model of electrical circuit shown in Figire 3.14.
(b) Equivalent bond graph.

3.4.4 Dynamic invariants

The existence of dynamic invariants can be also checked in an automated manner. Dy-
namic invariants are used for stability analysis, the so-called Energy-Casimir method,
and for control design (see e.g. [55]). Finally, the existence of dynamic invariants can
be taken explicitly into account in order to avoid an eventual increase of inaccuracy
of the numerical simulation. First the definition of rate variables is recalled [6].

Definition 3.4.18 (Rate variables)
The flows of C-elements and the efforts of I-elements are called rate variables.

Consider a standard bond graph with the generalised CJS. The vectors f0, e0 are
defined by

f0 =




fEC

fFC

fR
fSF

fSE


 , e0 =




eEC

eFC

eR
eSF

eSE




The behavioural equation describing the generalised CJS is given by Equation (3.1)
where the subscripts -1,1 are replaced by C, I respectively. Therefore the subspace of
admissible flows and efforts imposed by the generalised CJS is given by

D = {(fC, eC, f0, e0, fI, eI) ∈ R
n × R

n :
GF

CfC +G
E
CeC +G

F
0 f0 +G

E
0 e0 +G

F
I fI +G

E
I eI = 0}.

Definition 3.4.19 (Dependent rate variables)
Consider a standard bond graph with generalised CJS. It does not contain dependent
rates if for every fC and eI there exist eC, f0, e0, fI such that

(fC, eC, f0, e0, fI, eI) ∈ D.
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The admissible rate variables fC(t), eI(t) are represented by Equation (3.2), i.e.[
fC(t)
eI(t)

]
= [ GE

C GF
I ]Tλ (3.14)

If the bond graph contains dependent rate variables then the matrix [ GE
C GF

I ] is
not of full rank. Therefore there exists a matrix

N = [ NC NI ]

of maximal rank such that

[ NC NI ][ GE
C GF

I ]T = 0.

Premultiplication of Equation (3.14) by N yields

NCfC +NIeI = 0.

Inserting (3.6a), (3.6c) into the previous equation gives

NC
dq(t)
dt

+NI
dp(t)
dt

= 0.

Integration of the previous equation from t0 to t yields

NC(q(t)− q(t0)) +NI(p(t)− p(t0)) = 0.

The previous equation is called a dynamic invariant and the function NC · q +NI · p
is called a Casimir function (see [55]). Note that the function NC · q+NI · p remains
constant along the trajectories of the system described by the standard bond graph,
irrespective of the precise form of the behavioural equations describing the multi-port
elements which do not belong to the generalised CJS.

Example 3.4.20
Consider the model of electrical circuit shown in Figure 3.17. A bond graph representation

e5

e2e3

e4

e1

f5

f2

f3

f4
f1f6

e6

Figure 3.17: Ideal physical model of an electrical circuit

is shown in Figure 3.18. The point of zero potential is N.
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Figure 3.18: Standard bond graph.

The situation shown in Figure 3.17 is the dual of the situation shown in Figure 3.14 (ca-
pacitors are replaced by inductors and vice versa). Therefore any dependency between the
co-energy variables results into a dependency between the rate variables and vice versa.
The model shown in Figure 3.14 contains two dependencies between the co-energy vari-
ables. Therefore the model shown in Figure 3.17 contains two dependencies between the
rate variables. One of them is given by

f4 + f5 + f6 = 0. (3.15a)

The rates are related to the generalised displacements as

f4 =
dq1
dt
,

f5 =
q2
dt
,

f6 =
q3
dt
.

Thus the equation (3.15a) becomes

dq1
dt

+
dq2
dt

+
dq3
dt

= 0.

Therefore, the first dynamic invariant is given by

q1(t) + q2(t) + q3(t) = q1(t0) + q2(t0) + q3(t0).

Another dependency between the rate variables is

e1 + e2 + e3 = 0. (3.15b)

Since
e1 =

dp1
dt
,

e2 =
p2
dt
,

e3 =
p3
dt
.

this yields the second dynamic invariant

p1(t) + p2(t) + p3(t) = p1(t0) + p2(t0) + p3(t0).
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The following proposition gives sufficient and necessary conditions when a stan-
dard bond graph does not contain dependent rates.

Proposition 3.4.21 (Dependent rates)
Consider a standard bond graph with generalised CJS. It does not contain dependent
rates if and only if there exists an equivalent generalised CJS such that

(i) All C-elements are adjacent to 1-junctions;

(ii) All I-elements are adjacent to 0-junctions.

Proof:
Sufficiency: Suppose that there is an equivalent generalised CJS such that conditions
(i) and (ii) are satisfied. Then the input-output representation of the behavioural
equation associated to the equivalent generalised CJS is such that fC and eI are
inputs. Therefore the bond graph does not contain dependent rate variables.
Necessity: The bond graph does not contain dependent rate variables then the matrix[

GE
C GF

I

]
has full rank. The matrix GF

0 can be always split into two parts GF1
0 , GF0

0 such that
the matrix [

GE
C GE1

0 GF
I GF0

0

]
,

is invertible. Premultiplication of the behavioural equation describing the generalised
CJS by the inverse of the previous matrix yields


eC
e10
fI
f0
0


 = G̃



fC
f1
0

eI
e00


 ,

where G̃ is a skew-symmetric matrix. Thus an equivalent junction structure can be
reconstructed by means of the matrix G̃. The obtained equivalent junction structure
is such that the conditions of the proposition are satisfied.

Algorithm for checking the existence of dependent rate variables

We briefly sketch the idea of checking the existence of dependent rate variables. Con-
sider a standard bond graph. The desired causality indices of ports which do not
belong to the generalised CJS are shown by Table 3.5.

Desired causality index Multi-port element
1 I
0 SE, FC, R, EC, SF
-1 C

Table 3.5: Desired causality indices for checking existence of dependent rate variables.

An algorithm for checking existence of dependent rate variables is as follows.
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Algorithm 3.4.22 (Existence of dependent rate variables)

ASSIGN desired causality indices as shown by Table 3.5.

APPLY Algorithm 2.6.1.

IF n0C = 0 AND n1I = 0 THEN

standard bond graph does not contain dependent rate variables.

ELSE

standard bond graph contains dependent rate variables.

The dynamic invariants can be derived as follows. The behavioural equation
associated to the equivalent generalised CJS obtained by the action of Algorithm
3.4.22 is given by (3.3) where cmax = 1. The subscripts −1, 1 are replaced by C, I,
respectively. Equation (3.3a) for k = −1 and Equation (3.3b) for k = 1 become[

f 0
C (t)

e1I (t)

]
=

[
G0,1

C,C G0,0
C,I

G1,1
I,C G1,0

I,I

] [
f 1
C (t)

e0I (t)

]
.

By inserting (3.6a), (3.6c), into the previous equation and by integrating the obtained
from t0 to t yields the dynamic invariant[

In0C −G0,1
C,C −G0,0

C,I 0
0 −G1,1

I,C −G1,0
I,I In1I

] [
q(t)− q(t0)
p(t)− p(t0)

]
= 0.

Algorithm 3.4.22 is illustrated by the following example.

Example 3.4.23
Consider the bond graph shown in Figure 3.19(a). The desired causality index of energy
storage elements are given by Table 3.5. Algorithm 3.4.22 is applied and the obtained
equivalent bond graph is shown in Figure 3.19(b). There is one C-element adjacent to 0-
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Figure 3.19: (a) Bond graph, (b) Equivalent bond graph

junction (n0C = 1) and one I-element adjacent to 1-junction (n1I = 1). Therefore the bond
graph shown in Figure 3.19(a) contains dependent co-energy variables.
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Standard bond graphs with modulated generalised CJS.

In the rest of this section we consider cases when the ratios of transformers and
gyrators are functions of the energy variables x. Algorithm 3.4.22 can be used for
checking the existence of dependent rate variables. Dependency between the rate
variables is given by

NC(x (t))fC(t) +NI(x (t))eI(t) = 0,

where x = (q , p). By inserting Equations (3.6a), (3.6c) into the previous equation and
by replacing the matrix

[ NC(x) NI(x) ]

with N(x) the following is obtained

N(x (t))
dx (t)
dt

= 0. (3.16)

Generally, Equation (3.16) is not necessarily integrable. This means that the exis-
tence of dependent rate variables does not necessarily imply the existence of dynamic
invariants. If the rank of the matrix N(x) is constant then Equation (3.16) is inte-
grable if and only if the co-distribution spanned by the rows of the matrix N(x) is
involutive (see e.g. [39]). Let N∗(x) be a matrix of maximal rank such that

N(x)N∗(x) = 0.

Then Equation (3.16) is integrable if and only if the distribution spanned by the
columns of the matrix N∗(x) is involutive (see e.g. [39]), that is the Lie bracket of
any two columns n∗i (x), n

∗
j (x) of the matrix N

∗(x)

[n∗i (x), n
∗
j (x)] =

∂n∗j (x)
∂xT

n∗i (x)−
∂n∗i (x)
∂xT

n∗j (x)

is a linear combination of the columns of the matrix N∗(x).
If Algorithm 3.4.22 is applied then the matrix N(x) is given by

N(x) =

[
In0C −G0,1

C,C(x) −G0,0(x)
C,I 0

0 −G1,1
I,C(x) −G1,0

I,I (x) In1I

]
.

A straightforward computation shows that

N∗(x) =



G0,1

C,C(x) G0,0
C,I(x)

In1C 0
0 In0I

G1,1
I,C(x) G1,0

I,I (x)


 .

Due to the specific form of N∗(x), the distribution spanned by the columns of the
matrix N∗(x) is involutive if and only if

[n∗i (x), n
∗
j (x)] =

∂n∗j (x)
∂xT

n∗i (x)−
∂n∗i (x)
∂xT

n∗j (x) = 0.
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Therefore the existence of dynamic invariants can be checked in an automated manner,
although symbolic computation is required.

Note that involutivity of the distribution spanned by the columns N∗(x) is not
necessary condition for existence of dynamic invariants. For example consider a rigid
body system that contains both holonomic and non-holonomic constraints. Due to
existence of non-holonomic constraints the distribution spanned by the columnsN∗(x)
is not involutive. However, the dependency between the rate variables corresponding
to holonomic kinematic constraints can be integrated resulting in dynamic invariants.

3.5 Conclusions

This chapter deals with the structural analysis of standard bond graphs. It has been
shown how certain aspects of the behaviour of a model can be checked in an automated
manner. The obtained information can used as a feedback on modelling decisions,
and is useful for simulation and control.

The proposed algorithms can be used for standard bond graphs with both mod-
ulated generalised CJS’s and constant generalised CJS’s. For the former ones the
obtained information has a local character and symbolic computation is required.
Symbolic manipulations with expressions are costly operations and they can signif-
icantly increase computation time. If we would concentrate on a specific class of
physical systems (e.g. rigid body systems) then an open question is if there is a possi-
bility to partly avoid these symbolic computations by exploiting the structure of the
considered class of physical systems.



Chapter 4

Derivation and analysis of a
simulation model

This chapter deals with the derivation of a simulation model from a stan-
dard bond graph. It is shown that the obtained simulation model has the
form of a port-Hamiltonian system. The index of the simulation model
is analysed and procedures for the reduction of the model by means of
elimination of the algebraic constraints and the dynamic invariants are
proposed.

Introduction

One of the major objectives to assign causality to a bond graph is to obtain a set of
equations suitable for numerical simulation. In this chapter we show how to derive
this set of equations, called a simulation model, by means of the tools developed in
Chapter 2. We show that the obtained simulation model has the form of a port-
Hamiltonian system [55] as used extensively in physically based control approaches.

Generally, the obtained simulation model consists of differential algebraic equa-
tions (DAE’s). The properties of DAE’s relevant for the numerical simulation are
analysed by means of a characteristic parameter called index. The index can be con-
sidered as a measure how far a set of DAE’s is from a set of ordinary differential
equations (ODE’s). In [19] it is proven that DAE’s of index at most one can be solved
by means of methods developed for stiff ODE’s (e.g. backward differential formulas,
implicit Runge-Kutta methods, extrapolation methods). In this chapter the index of
the obtained simulation model is analysed, and conditions when it is equal to one are
derived.

This chapter shows how to eliminate constraints and dynamic invariants from a
simulation model in a symbolic way. The proposed procedures are a generalisation of
the method given in [56]. The reduced simulation model is again representable by a
bond graph. This means that it can be given a physical meaning that enhances in-
sight, which is useful for design, troubleshooting and other engineering or educational
purposes.

121
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The outline of the chapter is as follows. In Section 4.1 we show how to derive a
simulation model from a standard bond graph. In Section 4.2 it is shown that the
obtained simulation model corresponds to a port-Hamiltonian system. The properties
of the obtained simulation model relevant for the numerical simulation are analysed in
Section 4.3 and procedures for the elimination of constraints and dynamic invariants
are presented in Section 4.4 and Section 4.5, respectively. Conclusions are given in
Section 4.6.

4.1 Derivation of a simulation model

In this subsection we show how to derive a simulation model from a standard bond
graph1. We assume that the standard bond graph is regular and that it does not
contain dependent sources2.

Desired causality indices of the ports corresponding to the elements that do not
belong the junction structure are given by Table 4.1.

Desired causality Multi-port element
3 EC-element
2 SE-element
1 C -element
0 R -element
-1 I -element
-2 SF-element
-3 FC-element

Table 4.1: Desired causality indices.

Let Algorithm 2.6.1 be applied. The simulation model is obtained by inserting Equa-
tion (3.6) (the behavioural equation associated to the multi-port elements that do
not belong to the generalised CJS ) into Equation (3.3) (input-output representa-
tion of the equivalent generalised CJS obtained by applying Algorithm 2.6.1). The
simulation model is then described by six type of equations:

• dynamic equations
• constraint equations
• two types of algebraic equations describing the R-elements

• output equations
• internal output equations

In the sequel, the subscripts −3,−2,−1, 0, 1, 2, 3 are replaced by FC, SF, I, R, C, SE,
EC, respectively.

1Standard bond graphs are defined in Section 3.2.
2If a standard bond graph is not regular then the internal variables can be eliminated as explained

in Subsection 3.4.1. The assumption that there are no dependent sources can not be easily relaxed.



4.1. Derivation of a simulation model 123

4.1.1 Dynamic equations

The parts of the equivalent junction structure relevant for the description of the
dynamic equations are given by Equations (3.3a) for k = 1 and by Equations (3.3b)
for k = −1, i.e.[

f 0
C (t)

e1I (t)

]
=

[
G0,0

C,C G
0,1
C,I

G1,0
I,C G1,1

I,I

]
︸ ︷︷ ︸

Gis,is

[
e0C (t)
f 1
I (t)

]
+

[
G0,1

C,C G
0,0
C,I

G1,1
I,C G1,0

I,I

]
︸ ︷︷ ︸

Gis,ds

[
f 1
C (t)

e0I (t)

]
+

[
G0,0

C,R G
0,1
C,R

G1,0
I,R G1,1

I,R

]
︸ ︷︷ ︸

Gis,r

[
e0R (t)
f 1
R (t)

]
+

[
G0,0

C,SE G
0,1
C,SF

G1,0
I,SE G1,1

I,SF

]
︸ ︷︷ ︸

Gis,u

[
e0SE (t)
f 1
SF (t)

]
+

[
G0,0

C,FC G
0,1
C,FC

G1,0
I,FC G1,1

I,FC

]
︸ ︷︷ ︸

Gis,iv

[
e0EC (t)
f 1
FC (t)

]
.

Inserting (3.6) into the previous equation gives

dxis (t)
dt

= Gis,is
∂H

∂xis
(x (t)) +Gis,ds

dxds (t)
dt

+ (4.1)

Gis,rur (t) +Gis,uuu (t) +Gis,ivuiv (t) ,

where
dxis(t)
dt

=
[

f 0
C(t)

e1I (t)

]
,
dxds(t)
dt

=
[

f 0
C(t)

e1I (t)

]
, x (t) =

[
xis (t)
xds (t)

]
,

and

ur (t) =
[

e0R (t)
f 1
R (t)

]
, uu (t) =

[
e0SE (t)
f 1
SF (t)

]
, uiv =

[
e0EC (t)
f 1
FC (t)

]
.

Equations (4.1) are called the dynamic equations. Here the subscript ”is” stands for
independent states, ”ds” for dependent states, ”iv” for internal variables. Further-
more, the subscript ”r” is associated to the R-elements and ”u” to the sources.

4.1.2 Constraint equations

The constraint equations are obtained from Equations (3.3a) for k = −1 and from
Equations (3.3b) for k = 1, i.e.

[
e1C (t)
f 0
I (t)

]
=

[
G1,0

C,C G
1,1
C,I

G0,0
I,C G0,1

I,I

]
︸ ︷︷ ︸

Gds,is

[
e0C (t)
f 1
I (t)

]
+

[
G1,0

C,SE G
1,1
C,SF

G0,0
I,SE G0,1

I,SF

]
︸ ︷︷ ︸

Gds,u

[
e0SE (t)
f 1
SF (t)

]
+

[
G1,0

C,EC G
1,1
C,FC

G0,0
I,EC G0,1

I,FC

]
︸ ︷︷ ︸

Gds,iv

[
e0EC (t)
f 1
FC (t)

]
.

Inserting (3.6) into the previous equation yields the constraint equation

∂H

∂xds
(x (t)) = Gds,is

∂H

∂xis
(x (t)) +Gds,uuu (t) +Gds,ivuiv (t) . (4.2)
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4.1.3 Algebraic equations describing R-elements

There are two sets of algebraic equations describing R-elements. The first one is
represented by Equations (3.3a) for k = 0 and by Equations (3.3b) for k = 0, i.e.[

f 0
R (t)

e1R (t)

]
=

[
G0,0

R,C G
0,1
R,I

G1,0
R,C G

1,1
R,I

]
︸ ︷︷ ︸

Gr,is

[
e0C (t)
f 1
I (t)

]
+

[
G0,0

R,R G
0,1
R,R

G1,0
R,R G

1,1
R,R

]
︸ ︷︷ ︸

Gr,r

[
e0R (t)
f 1
R (t)

]
+

[
G0,0

R,SE G
0,1
R,SF

G1,0
R,SE G

1,1
R,SF

]
︸ ︷︷ ︸

Gr,u

[
e0SE (t)
f 1
SF (t)

]
+

[
G0,0

R,EC G
0,1
R,FC

G1,0
R,EC G

1,1
R,FC

]
︸ ︷︷ ︸

Gr,iv

[
e0EC (t)
f 1
FC (t)

]
.

Inserting (3.6) into the previous equations gives

yr(t) = Gr,is
∂H

∂xis
(x (t)) +Gr,rur (t) +Gr,uuu (t) +Gr,ivuiv (t) , (4.3a)

where

yr (t) =
[

f 0
R (t)

e1R (t)

]
.

The second set of equation represents the behaviour equations associated to the R-
elements given by (3.6f), i.e.

Ω(yr(t), ur(t)) = 0. (4.3b)
Equations (4.3) are called the algebraic equations describing the R-elements.

4.1.4 Output equations

The output equations are described by Equations (3.3a) for k = 2 and by Equations
(3.3b) for k = −2, i.e.[

f 0
SE (t)

e1SF (t)

]
=

[
G0,0

SE,C G
0,1
SE,I

G1,0
SF,C G

1,1
SF,I

]
︸ ︷︷ ︸

Gu,is

[
e0C (t)
f 1
I (t)

]
+

[
G0,1

SE,C G
0,0
SE,I

G1,1
SF,C G

1,0
SF,I

]
︸ ︷︷ ︸

Gu,ds

[
f 1
C (t)

e0I (t)

]
+

[
G0,0

SE,RG
0,1
SE,R

G1,0
SF,R G

1,1
SF,R

]
︸ ︷︷ ︸

Gu,r

[
e0R (t)
f 1
R (t)

]
+

[
G0,0

SE,SEG
0,1
SE,SF

G1,0
SF,SE G

1,1
SF,SF

]
︸ ︷︷ ︸

Gu,u

[
e0SE (t)
f 1
SF (t)

]
+

[
G0,0

SE,ECG
0,1
SE,FC

G1,0
SF,EC G

1,1
SF,FC

]
︸ ︷︷ ︸

Gu,iv

[
e0EC (t)
f 1
FC (t)

]
.

Inserting (3.6) into the previous equations yields the output equations

yu(t) = Gu,is
∂H

∂xis
(x (t)) +Gu,ds

dxds (t)
dt

+ (4.4)

Gu,rur (t) +Gu,uuu (t) +Gu,ivuiv (t) ,

where

yu (t) =
[

f 0
SE (t)

e1SF (t)

]
.

Note that since the standard bond graph does not contain dependent sources Equa-
tions (3.3a) for k = −2 and Equations (3.3b) for k = 2 are void.
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4.1.5 Internal output equations

The internal output equations are described by Equations (3.3a) for k = 3 and by
Equations (3.3b) for k = −3, i.e.

[
f 0
EC (t)

e1FC (t)

]
=

[
G0,0

EC,C G
0,1
EC,I

G1,0
FC,C G

1,1
FC,I

]
︸ ︷︷ ︸

Gu,is

[
e0C (t)
f 1
I (t)

]
+

[
G0,1

EC,C G
0,0
EC,I

G1,1
FC,C G

1,0
FC,I

]
︸ ︷︷ ︸

Gu,ds

[
f 1
C (t)

e0I (t)

]
+

[
G0,0

EC,RG
0,1
EC,R

G1,0
FC,R G

1,1
FC,R

]
︸ ︷︷ ︸

Gu,r

[
e0R (t)
f 1
R (t)

]
+

[
G0,0

EC,SEG
0,1
EC,SF

G1,0
FC,SE G

1,1
FC,SF

]
︸ ︷︷ ︸

Gu,u

[
e0SE (t)
f 1
SF (t)

]
+

[
G0,0

EC,ECG
0,1
EC,FC

G1,0
FC,EC G

1,1
FC,FC

]
︸ ︷︷ ︸

Gu,iv

[
e0EC (t)
f 1
FC (t)

]
.

Inserting (3.6) into the previous equations yields

yiv(t) = Giv,is
∂H(x (t))
∂xis (t)

+Giv,ds
dxds (t)
dt

+ (4.5)

Giv,rur (t) +Giv,uuu (t) +Giv,ivuiv (t) ,

where

yiv (t) =
[

f 0
EC (t)

e1FC (t)

]
.

Equations (4.5) are called the internal output equations. Since the standard bond
graph is regular Equations (3.3a) for k = −3 and Equations (3.3b) for k = 3 are
absent.

4.1.6 Examples

In this subsection we illustrate the presented procedure on two examples: an electrical
circuit and a two-dimensional pendulum. These examples will be also used for index
analysis (Section 4.3) and constraint elimination (Section 4.4).

Example 4.1.1
Consider a model of the electrical circuit shown in Figure 4.1, consisting of three linear
resistors and three linear inductors. The resistances are denoted by R1, R2, R3, and the
inductances are denoted by L1, L2, L3. The point of zero potential is N . A bond graph
representation is shown in Figure 4.2(b). To find a simulation model, the desired causality
is set as shown in Table 4.1. Algorithm 2.6.1 is applied and the equivalent bond graph is
shown in Figure 4.2(b). The vectors e1I , f 1I , e0I , f 0I , e1R, f 1R , e0R, f 0R are

f 1I =

[
f4
f6

]
, e1I =

[
e4
e6

]
, f 0I = f5, e0I = e5,

f 0R =

[
f1
f3

]
, e0R =

[
e1
e3

]
, f 1R = f2, e1R = e2.

The input-output representation of the behavioural equation associated to the generalised
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e2e3

e4

e1

f5

f2f3

f4
f1f6

e6

Figure 4.1: Model of an electrical circuit.
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Figure 4.2: (a) Bond graph representation. (b) Equivalent bond graph representation.

CJS shown in Figure 4.2b is


e2
e4
e6
f1
f3
f5


 =




0 0 0 −1 −1 0

0 0 0 −1 −1 1
0 0 0 0 −1 1

1 1 0 0 0 0
1 1 1 0 0 0

0 −1 −1 0 0 0







f2
f4
f6
e1
e3
e5


 .

or equivalently 


e1R
e1I
f0R
f0I


 =




0 0 G1,0
R,R 0

0 0 G1,0
I,R G1,0

I,I

G1,0
R,R G0,1

R,I 0 0

0 G0,1
I,I 0 0






f1R
f1I
e0R
e0I


 .

The simulation model consists of the dynamical equations, the constraint equations and the
algebraic equations describing the R-elements. The dynamical equations described by (4.1)
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have the following form

dxis (t)

dt
=

[
1
1

]
dxds (t)

dt
+

[ −1 −1 0
0 −1 0

]
ur (t) ,

where

xis =

[
p1
p3

]
, xds = p2.

Here, pi is the generalised momentum (magnetic flux) of the ith inductor (1 ≤ i ≤ 3). The
constraint equation described by (4.1) is

∂H

∂xds
(x (t)) = − [

1 1
] ∂H
∂xis

(x (t)) ,

where the Hamiltonian (total magnetic energy) is

H (x) =
p21

2L1
+

p22
2L2

+
p23

2L3
.

The algebraic equations describing the R-elements given by (4.3) are

yr (t) =


 1 0

1 1
0 0


 ∂H

∂xis
(x (t)) +


 0 0 1

0 0 1
−1 −1 0


 ur (t) ,

ur −

 R1 0 0

0 R3 0
0 0 R−1

2


 yr = 0.

Example 4.1.2
Consider the electro-mechanical system shown in Figure 4.3. The length of the bar is l and
its mass is M . It is assumed that the mass density is uniform. The bar can rotate around
a point in the XOY plane. The angle between the OY axis and the bar is denoted by qθ.
The bar is connected to the point mass. Its mass is m and its electrical charge is ρ. The
position of the point mass is (qh, qv). A constant electrical field of strength A acts in parallel
with the OX axis and the gravitational force acts in parallel with the OY axis, as shown in
Figure 4.3.

A bond graph of the considered physical model is shown in Figure 4.4. The generalised
displacements of the C-elements incident to b1, b4, b5 are qh, qv and qθ, respectively. The
generalised momenta of the I-elements incident to b2, b3, b6 are ph (momentum of the point
mass in OX direction), pv (momentum of the point mass in OY direction) and pθ (angular
momentum of the bar), respectively . The efforts of b7 and b8 are the constraint forces in
the OX and OY directions, respectively.

The bond graph shown in Figure 4.4 is a standard bond graph where Iθ = 1
3
Ml2. The

desired causality is given by Table 4.1. Algorithm 2.6.1 is applied and the obtained bond
graph is shown in Figure 4.5.

The vectors f 0C , e0C, f 1I , e1I , f 0I , e0I , f 1FC, e1FC are given by

f 0C =


 f5

f1
f4


 , e0C =


 e5

e1
e4


 , f 0I =

[
f2
f3

]
, e0I =

[
e2
e3

]
,

f 1I = f6, e1I = e6, f 1FC =

[
f7
f8

]
, e1FC =

[
e7
e8

]
.
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Figure 4.3: Sketch of the physical system of Example 4.1.2.

b8

b2 b3

b4b5

b6

b7

b1

Figure 4.4: Bond graph representation.

The input-output representation of the behavioural equation associated to the generalised
CJS shown in Figure 4.5 is



e6
e7
e8
f5
f1
f4
f2
f3



=




0 0 0 −1 −l cos (qθ) −l sin (qθ) −l cos (qθ) −l sin (qθ)

0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1

1 0 0 0 0 0 0 0
l cos (qθ) −1 0 0 0 0 0 0
l sin (qθ) 0 −1 0 0 0 0 0

l cos (qθ) −1 0 0 0 0 0 0
l sin (qθ) 0 −1 0 0 0 0 0







f6
f7
f8
e5
e1
e4
e2
e3



,

or equivalently




e1I
e1FC
f0C
f0I


 =




0 0 G1,0
I,C G1,0

I,I

0 0 G1,0
FC,C G1,0

FC,C

G0,1
C,I G0,1

C,FC 0 0

G0,1
I,I G0,1

I,FC 0 0






f1I
f1FC
e0C
e0I


 .

The simulation model consists of the dynamic equations, the constraint equations and the
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b8

b2 b3

b4b5

b6

b7
b1

Figure 4.5: Equivalent bond graph representation.

internal output equations. The dynamical equations given by (4.1) have the following form

dxis (t)

dt
=




0 0 0 1
0 0 0 l cos

(
qθ (t)

)
0 0 0 l sin

(
qθ (t)

)
−1 −l cos

(
qθ (t)

) −l cos
(

qθ (t)
)

0


 ∂H

∂xis
(x (t)) +




0 0
0 0
0 0

−l cos
(

qθ (t)
) −l sin (qθ (t)

)

 dxds (t)

dt
+




0 0
−1 0
0 −1
0 0


 uiv (t) ,

where,

x T
is =

[
qθ qh qv pθ

]
, x T

ds =
[

ph pv

]
,

and

H (x) =
3p2θ

2Ml2
+

p2h
2m

+
p2v
2m

+ Aρqh + mgqv +
1

2
Mgl (1− cos (qθ)) .

The constraint equations given by (4.2) are

∂H

∂xds
(x (t)) =

[
0 0 0 l cos

(
qθ (t)

)
0 0 0 l sin

(
qθ (t)

) ]
∂H

∂xis
(x (t)) +

[ −1 0
0 −1

]
uiv (t) ,

and the internal output equations described by (4.5) are

yiv (t) =

[
0 1 0 0
0 0 1 0

]
∂H

∂xis
(x (t)) +

[
1 0
0 1

]
dxds (t)

dt
.
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4.2 Port-Hamiltonian systems

Section 4.1 shows that the simulation model associated to a regular standard bond
graph without dependent sources is described by (4.1)-(4.5), i.e.

dxis (t)
dt

= Gis,is
∂H

∂xis
(x (t)) +Gis,ds

dxds (t)
dt

+ (4.6a)

Gis,rur (t) +Gis,uuu (t) +Gis,ivuiv (t) ,
∂H

∂xds
(x (t)) = Gds,is

∂H

∂xis
(x (t)) +Gds,uuu (t) +Gds,ivuiv (t) , (4.6b)

yr(t) = Gr,is
∂H

∂xis
(x (t)) +Gr,rur (t) +Gr,uuu (t) +Gr,ivuiv (t) , (4.6c)

0 = Ω(yr(t), ur(t)), (4.6d)

yu(t) = Gu,is
∂H

∂xis
(x (t)) +Gu,ds

dxds (t)
dt

+ (4.6e)

Gu,rur (t) +Gu,uuu (t) +Gu,ivuiv (t) ,

yiv(t) = Giv,is
∂H(x (t))
∂xis (t)

+Giv,ds
dxds (t)
dt

+ (4.6f)

Giv,rur (t) +Giv,uuu (t) +Giv,ivuiv (t) , ∀t ∈ T.

In view of Equations (3.3c)

Gi,j = −GT
i,j , ∀i, j ∈ {is,ds, r,u, iv}.

Therefore the simulation model has the form of a port-Hamiltonian system [55]. A
basic property of port-Hamiltonian systems is the following power-balance, i.e.

dH(x (t))
dt

+ yT
r (t)ur(t) + yT

u (t)uu(t) + yT
iv(t)uiv(t) = 0, ∀t ∈ T,

which is obtained by multiplying Equations (4.6a), (4.6b), (4.6c), (4.6e), (4.6f) by

∂H(x (t))
∂x T

is (t)
,
dx T

ds(t)
dt

, yT
r (t), y

T
u (t), y

T
iv(t),

respectively. As uiv = 0 the last term does not contribute to the power balance.
Condition (ii) of Definition 3.2.3 implies that the term

yT
r (t)ur(t)

is always non-negative. If additionally, the Hamiltonian H is bounded from below
then the simulation model is passive with respect to the supply rate3

−yT
u (t)uu(t).

Finally, if there are no R-elements then the simulation model is conservative.
The obtained simulation model is described by the differential equation (4.6a),

the algebraic equations (4.6b), (4.6c) (4.6d) and the output equations (4.6e), (4.6f).
The following proposition gives sufficient conditions when a simulation model does
not contain algebraic equations.

3The minus sign is a consequence of the direction of the bonds incident to SF,SF-elements.
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Proposition 4.2.1 (Simulation model without algebraic equations)
Consider a regular bond graph without dependent sources. Its simulation model does
not contain algebraic equations if

(i) there are no dependent co-energy variables,

(ii) the obtained equivalent bond graph is such that there are no P-,TF-,GY-links
between the external bonds incident to the R-elements,

(iii) Equation (4.3b) is solvable for ur(t).

Proof:
If there are no dependent co-energy variables then the constraint equations (4.2) do
not exist and (4.1) becomes (since in this case x = xis)

dx (t)
dt

= Gis,is
∂H

∂x
(x (t)) +Gis,rur (t) +Gis,uuu (t) . (4.7)

Conditions (ii), (iii) imply that Gr,r = 0 and that

ur(t) = ω(yr(t)).

Inserting (4.3a) into the previous equations yields

ur(t) = ω(−GT
is,r

∂H

∂x
(x (t)) +Gr,uuu (t)).

Inserting this into Equations (4.7) gives the ordinary differential equations

dx (t)
dt

= Gis,is
∂H

∂x
(x (t)) +Gis,rω(−GT

is,r

∂H

∂x
(x (t)) +Gr,uuu (t)) +Gis,uuu (t) .

Consider a simulation model without algebraic equations. Suppose that

ω(yr) = Ryr.

Conditions (ii), (iii) of Definition 3.2.3 implies that R is a positive semi-definite
matrix, i.e. R = RT ≤ 0. By eliminating flow and effort signals corresponding to
R-elements the following equations are obtained (the output internal equations are
omitted)

dx (t)
dt

= (Gis,1 −Gis,rRG
T
is,r)

∂H

∂x
(x (t)) + (Gis,u −Gis,rRGu,r)uu (t) , (4.8a)

yu(t) = −(Gis,uuu −Gis,rRGu,r)T
∂H

∂x
(x (t)) + (Gu,u −Gu,rRG

T
u,r)uu (t) , (4.8b)

It is worth noting that most of the control techniques for port-Hamiltonian systems
are based on the simulation model (4.8) or its modulated version, see e.g. [40, 15].
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4.3 Index analysis

The simulation model obtained in Section 4.1 is a set of differential algebraic equations
(DAE’s). The properties of DAE’s relevant for the numerical simulation are analysed
by means of its index. This section contains two subsections. In Subsection 4.3.1 the
definitions of two type of indices are recalled and we recall the way how to solve DAE’s
by means of methods developed for stiff ordinary differential equations (ODE’s). The
index of the simulation model represented by (4.6) is investigated in Subsection 4.3.2.

4.3.1 Definition of indices

General differential algebraic equations (DAE’s) take the form

Φ(
dz(t)
dt

, z(t), t) = 0, (4.9)

where the dimension of Φ and z is the same and Φ is assumed to satisfy suitable
differentiability conditions. The properties of DAE’s relevant for the numerical sim-
ulation are analysed by means of its index. In the sequel we recall the definitions of
two type of indices: the differential index [19] and the perturbation index [25].

First the definition of the differential index is recalled.

Definition 4.3.1 (Differential index [19])
The differential index denoted by di of a set of DAE’s

Φ(
dz(t)
dt

, z(t), t) = 0,

is the minimal integer k, such that the system of equations

Φ(
dz(t)
dt

, z(t), t) = 0,

dΦ(dz(t)
dt , z(t), t)
dt

= 0,

...
dkΦ(dz(t)

dt , z(t), t)
dtk

= 0,

can be solved for dz(t)
dt as a function of z(t) and t only, i.e.

dz(t)
dt

= φ(z(t), t).

An algorithm for computing the differential index is presented in [17].
Next, the definition of perturbation index is recalled.

Definition 4.3.2 (Perturbation index [25])
The perturbation index denoted by pi of a set of DAE’s

Φ(
dz(t)
dt

, z(t), t) = 0,
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is the minimal integer k such that the difference between the solution of the DAE’s
and the solution of the perturbed equations

Φ(
dw(t)
dt

,w(t), t) = v(t),

can be bounded by an expression of the form

max ‖z (t)− w (t)‖ < K
(
‖z (t0)− w (t0)‖+

k−1∑
i=0

max
∥∥∥∥div (t)dti

∥∥∥∥
)
,

over some finite time interval [t0, t0 + T ] for T small enough.

The perturbation index is clearly an important factor in the numerical simulation of
a DAE’s since it will play a major role in determining the impact of roundoff errors.
If the step size of the numerical simulation is h then we can expect errors of the order

O

(
1

hpi−1

)
since the method will be performing a numerical differentiation on roundoff errors. In
the literature, there is no systematic procedure for computing the perturbation index.
The relations between the indices is studied in [18] where it has been proved that

di ≤ pi ≤ di + 1.
The following proposition gives a sufficient condition when pi = di.

Proposition 4.3.3 (Relation between indices [18])
Consider a DAE described by (4.9). If the DAE’s can be rewritten as

dΦ1(z(t), t)
dt

+Φ2(z(t), t) = 0, (4.10)

for some maps Φ1, Φ2, then pi = di.

If a DAE has a form as described by (4.10) then the perturbation index is obtained
by calculating the differential index.

The idea of using the methods developed for ODE’s to solve DAE’s was intro-
duced in [16]. It is best illustrated by considering the simplest possible algorithm,
based on the backward Euler method. In this method the derivative at time ti+1 is
approximated by a backward difference of y, i.e.

dy
dt
(ti+1) ≈ y(ti+1)− y(ti)

ti+1 − ti .

The resulting system of nonlinear equations

Φ
(

y(ti+1)− y(ti)
ti+1 − ti , y(ti+1), ti+1

)
= 0,

is then solved for y(ti+1) and in this way the solution is advanced from time ti to
time ti+1. Higher order techniques such as the backward differentiation formulas,
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the Runge-Kutta methods and the extrapolation methods are a generalisation of this
simple idea.

Not all DAE’s can be solved in this way. In [19] it was shown that a set of DAE’s of
index not greater than one can be solved by using backward differentiation formulas.
A similar statement holds if Runge-Kutta methods or extrapolation methods are used.

4.3.2 Index of simulation model

In the previous subsection it has been recalled that a set of DAE’s can be solved by
techniques developed for ODE’s if its index is one. In this subsection we investigate
under which conditions the simulation model obtained from a standard bond graph
has index equal to one. Two cases are analysed: the ratios of TF, GY-elements are real
numbers (constant case), and the ratios are functions of the energy variables (state
modulated case).

Constant case

Equation (4.6e) and (4.6f) are output equations and can be omitted from further
analysis. Since uiv(t) = 0 the set of DAE’s associated to the simulation model are
given by

[
Inis −Gis,ds

] dx (t)
dt

= Gis,1
∂H

∂xis
(x (t)) +Gis,rur (t) +Gis,uuu (t) , (4.11a)

[
GT

is,ds Inds
] ∂H
∂x

(x (t)) = Gds,uuu (t) , (4.11b)

yr (t) +Gr,rur (t) +GT
is,r

∂H

∂xis
(x (t)) = Gr,uuu (t) , (4.11c)

Ω
(

yr(t), ur(t)
)
= 0. (4.11d)

Here the integers nis, nds are the dimension of the vectors xis (independent states), xds

(dependent states), respectively. The following proposition gives sufficient conditions
when (4.11) has differential index equal to one.

Proposition 4.3.4 (Index one simulation model: constant case)
The set of DAE’s described by (4.11) has differential index one if

(i) det
([

GT
is,ds Inds

] ∂2H(x)
∂x∂xT

[
Gis,ds

Inds

])
�= 0 for all x ∈ R

nC+nI ,

(ii) det
(
∂Ω(yr,ur)

∂uTr
+ ∂Ω(yr,ur)

∂yTr
Gr,r

)
�= 0 for all yr, ur ∈ R

nR .

Proof:
The set of DAE’s described by (4.11) has the form of (4.9) where

z =


 x

yr
ur


 .
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By differentiating (4.11b), (4.11c), (4.11d) with respect to time and by grouping the
obtained equations together with (4.11a), we obtain[

A1 (x (t)) 0
∗ A2

(
yr (t) , ur (t)

) ]
dz (t)
dt

= Φ(z (t) , t) , (4.12)

where

A1 (x) =

[ [
Inis −Gis,ds

][
GT

is,ds Inds
] ∂2H(x)
∂x∂xT

]
,

and

A2 (yr, ur) =

[
InR −Gr,r

∂Ω(yr,ur)
∂yTr

∂Ω(yr,ur)
∂uTr

]
.

Equation (4.12) can be rewritten as a set of ODE’s if and only if

det(A1(x)) �= 0 ∀x ∈ R
nC+nI

and
det(A2(yr, ur)) �= 0 ∀yr, ur ∈ R

nR .

Here, the matrix A1(x) is represented by

A1 (x) =


 Inis 0

∗ [
GT

is,ds Inds
] ∂2H(x)
∂x∂xT

[
Gis,ds

Inds

] 
[ Inis −Gis,ds

0 Inds

]
.

Since condition (i) is satisfied both matrices on the right hand side are regular. Thus
A1(x) is also a regular matrix for every x ∈ R

nC+nI . The matrix A2(yr, ur) can be
represented by

A1 (x) =

[
InR 0

∂Ω(yr,ur)
∂yTr

∂Ω(yr,ur)
∂uTr

+ ∂Ω(yr,ur)
∂yTr

Gr,r

] [
InR −Gr,r

0 InR

]
.

Since condition (ii) is satisfied the matrix A2(yr, ur) is regular for every yr, ur ∈ R
nR .

Therefore the set of DAE’s (4.11) has differential index equal to one.

Remark 4.3.5
If the Hessian of the Hamiltonian is a positive definite matrix then condition (i) is
always satisfied.

The following proposition gives sufficient conditions when condition (ii) of Proposition
(4.3.4) is satisfied.

Proposition 4.3.6
If (4.11d) can be represented by

ur = ω(yr),

where ∂ω(yr)
∂yTr

is a positive semi-definite matrix then condition (ii) of Proposition 4.3.4
is satisfied.
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Proof:
Since ur = ω(yr) then condition (ii) becomes

det(InR −R(yr)Gr,r) �= 0,
where

R(yr) =
∂ω(yr)
∂yTr

.

First assume that R(yr) is a positive definite matrix. Condition (ii) of Definition
3.2.3 implies that R(yr) is also a symmetric matrix. The term InR −R(yr)Gr,r can be
rewritten as

InR −R(yr)Gr,r = R(yr)(R−1(yr)−Gr,r).

This is possible since R(yr) is an invertible matrix. Indeed, suppose that the second
matrix is not invertible. This means that there exists a vector a ∈ R

nR different from
zero such that

R−1(yr)a−Gr,ra = 0.

Premultiplication of the previous equation by aT and taking into account Gr,r = −GT
r,r

yields
aTR−1(yr)a = 0,

which is impossible since R(yr) is a positive definite matrix. If R(yr) is a positive
semi-definite matrix, then there exists a unimodular matrix U(yr) such that

R (yr) = UT (yr)
[
R1,1 (yr) 0

0 0

]
U (yr) , (4.13)

where R1,1(yr) is a positive definite matrix. The term InR −R(yr)Gr,r is rewritten as

UT (yr)
(
InR −

[
R1,1 (yr) 0

0 0

]
U (yr)Gr,rU

T (yr)
)
U (yr) .

The skew-symmetric matrix U (yr)Gr,rU
T (yr) is split as

U (yr)Gr,rU
T (yr) =

[
G1,1

r,r (yr) Gis,ds
r,r (yr)

G2,1
r,r (yr) G2,2

r,r (yr)

]
.

Then Equation (4.13) becomes

UT (yr)
[
IñR −R1,1 (yr)G1,1

r,r (yr) −R1,1 (yr)G1,1
r,r (yr)

0 InR−ñR

]
U (yr) ,

where ñR is the number of rows of the matrix R1,1(yr). This matrix is regular since
R1,1(yr) is a positive definite matrix and G1,1

r,r (yr) is a skew symmetric matrix.

Now we prove that the differential index is equal to the perturbation index.

Proposition 4.3.7 (pi = di)
If a set of DAE’s is described by (4.11) then

pi = di.
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Proof:
Consider the DAE described by (4.11). It can be rewritten as

d
dt





Inis −Gis,ds 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 z(t)


+Φ2 (z (t) , t) = 0.

Since it has the form (4.10) the condition of Proposition (4.3.3) is satisfied, and
therefore the perturbation index is equal to the differential index.

Remark 4.3.8
If conditions of Proposition 4.3.4 are satisfied then the perturbation index is also equal
to one. This means that the roundoff error will not have severe effect on the numerical
solution.

Example 4.3.9
Consider the simulation model obtained in Example 4.1.1. Condition (i) of Proposition
(4.3.4) reduces to

1

L1
+

1

L2
+

1

L3
�= 0.

Since Li > 0, (1 ≤ i ≤ 3) this condition is always satisfied.

Condition (ii) of Proposition (4.3.4) reduces to

R1 + R2 + R3

R2
�= 0,

which is always satisfied since Ri > 0, (1 ≤ i ≤ 3).

State modulated case

Let us now consider the case when the ratios of the TF,GY-elements depend on the
energy variables. In this case the corresponding set of DAE’s has the following form

[
Inis −Gis,ds(x (t))

] dx (t)
dt

= Gis,1(x (t))
∂H

∂xis
(x (t)) + (4.14a)

Gis,r(x (t))ur (t) +Gis,u(x (t))uu (t) ,

[
GT

is,ds(x (t)) Inds
] ∂H
∂x

(x (t)) = Gds,u(x (t))uu (t) , (4.14b)

yr (t) +Gr,r(x (t))ur (t) +GT
is,r(x (t))

∂H

∂xis
(x (t)) = Gr,u(x (t))uu (t) , (4.14c)

Ω
(

yr(t), ur(t)
)
= 0. (4.14d)

The following proposition gives sufficient conditions when (4.14) has differential index
one.

Proposition 4.3.10 (Index one simulation model: modulated case)
The DAE described by (4.14) has differential index one if
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(i) det
(

∂
∂xT

([
GT

is,ds (x) Inds
] ∂H(x)

∂x −Gds,u (x)uu

)[
Gis,ds (x)
Inds

])
�= 0,

for all x ∈ R
nI+nC , uu ∈ R

nSF+nSE ,

(ii) det
(
∂Ω(yr,ur)

∂uTr
+ ∂Ω(yr,ur)

∂yTr
Gr,r(x)

)
�= 0 for all yr, ur ∈ R

nR , x ∈ R
nI+nC .

Proof:
Similar to the proof of Proposition 4.3.4.

The DAE’s described by (4.14) are not necessarily representable by (4.10). Therefore,
the perturbation index is not necessarily equal to the differential index. If the differ-
ential index of a set of DAE’s is one then it might happen that the perturbation index
of the same set of DAE’s is two. Although the DAE’s can be solved by the methods
developed for ODE’s, the impact of roundoff errors is then 1

h which can have severe
effect on the accuracy of the obtained solution. In the sequel we investigate when a
set of DAE’s (4.14) is representable by (4.10).

Proposition 4.3.11
Consider the DAE’s described by (4.14). Suppose that the elements of the matrix
Gis,ds(x) are smooth functions. Let gi(x) represent the ith column (1 ≤ i ≤ nds) of
the matrix [

Gis,ds(x)
Inds

]
.

The DAE’s described by (4.14) are representable by (4.10) if and only if for every i, j
(1 ≤ i, j ≤ nds) the Lie bracket

[gi(x), gj(x)] :=
∂gj (x)
∂xT

gi (x)− ∂gi (x)
∂xT

gj (x) ,

is a linear combination of the vectors g1(x), . . . , gnds(x) for every x.

Proof:
We concentrate only on Equation (4.14a) since the other equations do not contain
time derivatives. The left side of (4.14a) represents a total differential (possibly after
premultiplication by a regular matrix) if and only if co-distribution spanned by the
rows of the matrix [

Inis −Gis,ds (x)
]

is involutive [39]. This is equivalent to the involutivity of the distribution spanned by
the vectors gi(x). Equivalently, any Lie bracket [gi(x), gj(x)] is a linear combination
of the vectors g1(x), . . . , gnds(x).

Example 4.3.12
Consider the simulation model obtained in Example 4.1.2 containing dependent co-energy
variables. In order to check that the set of DAE’s has index one only condition (i) of Propo-
sition 4.3.10 has to be checked since there are no R-elements. Straightforward computations
show that condition (i) is reduced to the condition

1

m2
+

l2

mI
�= 0,
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which is always satisfied. Therefore the differential index is one. The elements of the matrix
Gis,ds(x) are smooth functions. The vectors g1(x), g2(x) are given by

[
g1 (x) g2 (x)

]
=




0 0
0 0
0 0

−l cos(qθ) −l sin(qθ)
1 0
0 1


 .

Straightforward computation shows that

[g1 (x) , g2 (x)] = 0.

Condition of Proposition (4.3.11) is satisfied and thus the corresponding set of DAE’s are
representable by (4.10). Therefore, also the perturbation index is equal to one.

4.4 Constraint elimination

In this section we present a procedure for the elimination of constraints from a simu-
lation model. The proposed procedure is a generalisation of the procedure presented
in [56]. This section contains three subsections. In Subsection (4.4.1) we analyse
the cases when the ideal sources and ideal constraints do not influence the constraint
equations, i.e. Gds,u = 0, Gds,iv = 0. Subsection 4.4.2 shows how to eliminate con-
straints when one of the previous two conditions are not satisfied. Finally, two cases
often encountered in practical applications are analysed in Subsection (4.4.3).

4.4.1 Constraint elimination case 1: Gds,u = 0, Gds,iv = 0

The simulation model (4.6) without Equation (4.6d) is rewritten as

[
Iis −Gis,ds (x (t))

] dx (t)
dt

= Gis,is (x (t))
∂H

∂xis
(x (t)) + (4.15a)

Gis,ex (x (t)) uex (t) ,[
GT

is,ds (x (t)) Ids

] ∂H
∂x

(x (t)) = 0, (4.15b)

yex (t) = −GT
is,ex (x (t))

∂H

∂xis
(x (t)) +Gex,ex (x (t)) uex (t) , (4.15c)

where

uex =


 ur

uu

uiv


 , yex =


 yr

yu
yiv


 ,

and

Gis,ex (x) =
[
Gis,r (x) Gis,u (x) Gis,iv (x)

]
,

Gex,ex (x) =


 Gr,r (x) Gr,u (x) Gr,iv (x)
Gu,r (x) Gu,u (x) Gu,iv (x)
Giv,r (x) Giv,u (x) Giv,iv (x)


 .
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The idea of constraint elimination is to find an appropriate coordinate transformation
such that Equation (4.15a) becomes an ordinary differential equation after coordinate
transformation. To that end we make the following assumption

Assumption 4.4.1 (Integrability conditions)
The distribution spanned by the columns of the matrix[

Gis,ds (x)
Inds

]

is involutive.

Assumption 4.4.1 guarantees the existence of a map Φis : R
nC+nI → R

nis such that

∂Φis

∂xT
(x) = T (x)

[
Inis −Gis,ds (x)

]
(4.16)

where T (x) is a regular matrix for every x ∈ R
nC+nI . Let map Φ : R

nC+nI → R
nC+nI

be defined by

Φ (x) =
[
Φis (x)
xds

]
.

The Jacobian of Φ is given by

∂Φ(x)
∂xT

=
[
T (x) −T (x)Gis,ds(x)
0 Inds

]
.

Obviously, it is regular. Therefore, by the Inverse Function Theorem (see e.g. [39]
page 32) Φ is a local diffeomorphism (Φ is a bijective map and its inverse is a smooth
map). The coordinate transformation is defined by

x̄ =
[
x̄is

x̄ds

]
=
[
Φis (x)
xds

]
= Φ(x) . (4.17)

Now, we present some auxiliary results.

Lemma 4.4.2
Let H̄ : R

nC+nI → R be defined by

H̄ (x̄) = H
(
Φ−1 (x̄)

)
.

The following is true:
∂H

∂xis
(x) = TT(x)

∂H̄

∂x̄is
(Φ(x)), (4.18a)

∂H (x)
∂xds

= −GT
is,ds (x)T

T (x)
∂H̄

∂x̄is
(Φ(x)) +

∂H̄

∂x̄ds
(Φ(x)). (4.18b)

Proof:
Since

H (x) = H̄ (Φ (x))
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it follows that

∂H (x)
∂x

=
∂H̄

∂x
(Φ (x)) =

(
∂Φ
∂xT

(x)
)T

∂H̄

∂x̄
(Φ(x)).

Therefore, [ ∂H
∂xis

(x)
∂H
∂xds

(x)

]
=
[

TT (x) 0
−GT

is,ds (x)T
T (x) Inds

] [ ∂H̄
∂x̄is

(Φ(x))
∂H̄
∂x̄is

(Φ(x))

]
.

The previous equation implies Equations (4.18).

Inserting (4.18) into (4.15b) and taking into account (4.17) yields

∂H̄ (x̄)
∂x̄ds

= 0. (4.19)

Suppose that the previous equation can be solved uniquely for x̄ds, i.e.

x̄ds = φ(x̄is).

Therefore the vector x̄ can be parametrised by

x̄ =
[

xe

φ (xe)

]
where x̄is = xe. Consequently the vector x is then parametrised by

x = Φ−1 (x̄) = Φ−1 (x̄is, x̄ds) = Φ−1 (xe, φ (xe)) = Θ (xe) .

Premultiplication of Equation (4.15a) by T (x) and taking into account (4.16), (4.17)
and (4.18b) yields

dxe (t)
dt

= Ge
e,e (xe (t))

∂He

∂xe
(xe (t)) +Ge

e,ex (xe (t)) uex (t) , (4.20a)

where

He (xe) = H (Θ (xe)) ,
Ge

e,e (xe) = T (Θ (xe))Gis,is (xe)TT (Θ (xe)) ,
Ge

e,ex (xe) = T (Θ (xe))Gis,ex (Θ (xe)) .

By inserting (4.18a) into (4.15c) and by taking into account (4.17) we obtain

yex (t) = − (
Ge

e,ex (xe (t))
)T ∂He

∂xe
(xe (t)) +Ge

ex,ex (xe (t)) uex (t) . (4.20b)

where
Ge

ex,ex (xe) = Gex,ex (Θ (xe)) .

The part of the simulation model (4.14) is transformed into (4.20), which does not
contain constrain equations. Since it represents a port-Hamiltonian system, it is
representable by a bond graph.
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4.4.2 Constraint elimination case 2: Gds,u �= 0, Gds,iv �= 0

Now, we consider the cases when the sources and ideal constraints influence the con-
straint equation. We show that these cases can be reduced to the previous one.

Let xu, xiv be defined by

yu (t) =
dxu (t)
dt

, (4.21a)

yiv (t) =
dxiv (t)
dt

. (4.21b)

Let Hu and Hiv be defined by

Hu (xu) = xT
u uu,

Hiv (xiv) = 0.

It is clear that

uu =
∂Hu (xu)
∂xu

, (4.22a)

uiv =
∂Hiv (xiv)
∂xiv

= 0. (4.22b)

By inserting (4.21) and (4.22) into the output equations of the simulation model
(4.4), (4.5) and by grouping the obtained expressions with (4.1), we obtain

[
Iñis −G̃is,ds (x̃ (t))

] dx̃ (t)
dt

= G̃is,is (x̃ (t))
∂H̃

∂x̃
(x̃ (t)) + (4.23a)

G̃is,r (x̃ (t))ur (t)

where

x̃ =



xis

xu

xiv

xds


 , G̃is,ds (x̃) =


 Gis,ds (x)
Gu,ds (x)
Giv,ds (x)


 , G̃is,r (x̃) =


 Gis,r (x)
Gu,r (x)
Giv,r (x)


 ,

G̃is,is (x̃) =


 Gis,is (x) Gis,u (x) Gis,iv (x)
Gu,is (x) Gu,u (x) Gu,iv (x)
Giv,is (x) Giv,u (x) Giv,iv (x)


 ,

the Hamiltonian H̃ is defined by

H̃ (x̃) = H (x) +Hu (xu) ,

and the integer ñis is given by

ñis = nis + nSE + nSF + nEC + nFC.

By taking into account (4.22) the constraint equation (4.2) and Equation (4.3a) are
rewritten as [

G̃T
is,ds (x̃ (t)) Inds

] ∂H̃
∂x̃

(x̃ (t)) = 0, (4.23b)



4.4. Constraint elimination 143

yr (t) = −GT
is,r (x̃ (t))

∂H̃

∂x̃
(x̃ (t)) + G̃r,r (x̃ (t)) ur (t) . (4.23c)

It is clear that the rewritten part of the simulation model has the same structure as
(4.15). Therefore, the procedure proposed in Section 4.4.1 may be applied.

4.4.3 Two special cases

A drawback of the procedure presented in Subsection 4.4.1 is that it generally does
not yield the map Φis(x) in a closed form. In fact, since

∂Φis (x)
∂xT

[
Gis,ds (x)
Inds

]
= 0. (4.24)

the map Φis is the solution of the partial differential equations given by (4.24). Gen-
erally, it is hard to find a solution of (4.24) in closed form. However for two special
cases, often encountered in practical applications (electrical networks, hydraulic sys-
tems, mechanical systems with kinematic constraints), it is possible to find a solution
in closed form. Case one contains all standard bond graphs with constant junction
structure and case two contains a class of standard bond graphs with state modulated
junction structure.

Case one

If Gis,ds(x) does not depend on x, i.e. Gis,ds(x) = Gis,ds then the map Φis(x) is defined
by

Φis (x) = xis −Gis,dsxds. (4.25a)

It is easy to check that Equation (4.21) is satisfied. In this case the matrix T (x) has
the following form

T (x) = Inis . (4.25b)

Note that the junction structures of bond graph models of electrical networks, one-
dimensional mechanical systems, hydraulic systems are all constant junction struc-
tures.

Example 4.4.3
Consider the simulation model obtained in Example 4.1.1. The integers nis, nds are 2 and
1, respectively. The matrix Gis,ds is given by

Gis,ds =

[
1
1

]
.

The map Φis given by (4.25a) is

Φis (x) =

[
p1 + p2
p1 + p3

]
.

Therefore, the coordinate transformation given by (4.17) is

x̄ =


 p̄1

p̄3
p̄2


 = Φ (x) =


 p1 + p2

p1 + p3
p2


 .
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Figure 4.6: (a) Transformed bond graph (b) Transformed model of the electrical circuit.

The Hamiltonian expressed in the new coordinates is

H̄ (x̄) = H
(
Φ−1 (x)

)
=

(p̄1 − p̄2)2

2L1
+

p̄22
2L2

+
(p̄3 − p̄2)2

2L3
.

Thus Equation (4.19) becomes

∂H̄ (x̄)

∂x̄ds
=

∂H̄ (x̄)

∂p̄2
= p̄2

(
1

L1
+

1

L2
+

1

L3

)
− p̄1
L1
− p̄3
L3

= 0.

The solution of the previous equation for p̄2 is

p̄2 =
L3L2p̄1 + L1L2p̄3

L1L2 + L1L3 + L2L3
.

Therefore, the vector x is parametrised by


 p1

p3
p2


 =




(L1L2+L1L3)pe,1−L1L2pe,3
L1L2+L1L3+L2L3−L3L2pe,1+(L1L2+L1L3)pe,3
L1L2+L1L3+L2L3
L3L2pe,1+L1L2pe,3
L1L2+L1L3+L2L3


 .

The transformed simulation model has the following form

dxe (t)

dt
=

[ −1 −1 0
0 −1 0

]
ur (t) ,

yr (t) =


 1 0

1 1
0 0


 ∂He

∂xe
(xe (t)) +


 0 0 1

0 0 1
−1 −1 0


 ur (t) ,

ur (t) =


 R1 0 0

0 R3 0
0 0 R−1

2


 yr (t) ,

where

He (xe) =
1

2

[
pe,1 pe,3

] [ L2+L3
L1L2+L1L3+L2L3

−L2
L1L2+L1L3+L2L3−L2

L1L2+L1L3+L2L3

L1+L2
L1L2+L1L3+L2L3

] [
pe,1
pe,3

]
.
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The bond graph corresponding to the new simulation model is shown in Figure 4.6(a) where
be,4 = (fe,4, fe,4), be,6 = (fe,6, fe,6) and

ee,4 (t) =
dpe,1(t)

dt
, fe,4 (t) = ∂He

∂pe,1
(xe (t)) ,

ee,6 (t) =
dpe,3(t)

dt
, fe,6 (t) = ∂He

∂pe,3
(xe (t)) .

An electrical circuit corresponding to the transformed simulation model is shown in Figure
4.6(b).

Case two

The vector xis is split as

xis =
[
xis,1

xis,2

]
.

The dimension of the vector xis,1 is nis,1 and the dimension of the vector xis,2 is nis,2.
If the matrix Gis,ds(x) is given by

Gis,ds (x) =
[

0nis,1×nds
G̃is,ds (xis,1)

]
, (4.26a)

then the map Φis has the following form

Φis (x) =
[

xis,1

xis,2 − G̃is,ds (xis,1)xds

]
. (4.26b)

It is easy to check that Equation (4.24) is satisfied. In this case the matrix T (x) has
the following form

T (x) =

[
Inis,1 0

−∂(G̃is,ds(xis,1)xds)
∂xis,1

Inis,2

]
. (4.26c)

Note that junction structures of bond graph models of mechanical systems with clas-
sical kinematic constraints belong to this case. The vector xis,1 represents displace-
ments, the vector xis,2 represents independent momenta and the vector xds represents
dependent momenta.

Example 4.4.4
Consider the simulation model obtained in Example 4.1.2. For the sake of simplicity the
equation describing the internal variables is omitted. The integers nis, nds are 4 and 2,
respectively. The matrix Gis,ds is given by

Gis,ds (x) =




0 0
0 0
0 0

−l cos (qθ) −l sin (qθ)


 .

It has the form of (4.26a) (nis,1 = 3, nis,2 = 1). The map Φis given by (4.26b) is

Φis (x) =




qθ

qh

qv

pθ + l cos (qθ) ph + l sin (qθ) pv


 ,
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and the matrix T (x) represented by (4.26c) is

T (x) =




1 0 0 0
0 1 0 0
0 0 1 0

−l sin (qθ) ph + l cos (qθ) pv 0 0 1


 .

The coordinate transformation given by (4.17) is

x̄ =




q̄θ

q̄h

q̄v

p̄θ

p̄h

p̄v


 =




qθ

qh

qv

pθ + l cos (qθ) ph + l sin (qθ) pv

ph

pv


 .

The Hamiltonian expressed in the new coordinates is

H̄ (x̄) =
p̄2h
2m

+
p̄2v
2m

+
3 (p̄θ − l cos (q̄θ) p̄h − l sin (q̄θ) p̄v)

2Ml2
+

Aρq̄h + mgq̄v +
1

2
Mgl (1− cos (q̄θ)) .

Equation (4.19) becomes[
1
m

+ 3 cos2(q̄θ)
M

3 cos(q̄θ) sin(q̄θ)
M

3 cos(q̄θ) sin(q̄θ)
M

1
m

+ 3 sin2(q̄θ)
M

] [
p̄h

p̄v

]
−
[

3
Ml

cos (qθ)
3

Ml
sin (qθ)

]
p̄θ = 0.

The solution of the previous equation for p̄h, p̄v is[
p̄h

p̄v

]
=

[
3m

(M+3m)l
cos (qθ)

3m
(M+3m)l

sin (qθ)

]
p̄θ.

Therefore, the vector x is parametrised by


qθ

qh

qv

pθ

ph

pv


 =




qθ

qh

qv
M

M+3m
pe,θ

3m cos(qe,θ)
(M+3m)l

pe,θ
3m sin(qe,θ)
(M+3m)l

pe,θ



.

The transformed simulation model has the following form

dxe (t)

dt
=




0 0 0 1
0 0 0 l cos

(
qθ (t)

)
0 0 0 l sin

(
qθ (t)

)
−1 −l cos

(
qθ (t)

) −l sin (qθ (t)
)

0


 ∂H

∂xe
(xe (t)) ,

where
xTe =

[
qθ qh qv pe,θ

]
,

and

He (xe) =
3p2θ

2 (M + 3m) l2
+ Aρqe,h + mgqv +

1

2
Mgl (1− cos (qθ)) .

A bond graph constructed by means of the transformed simulation model is shown in Figure

4.7 where fe,5(t) =
dpe,θ(t)

dt
and ee,5(t) = ∂He

∂pe,θ
(xe(t)).
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b4b5b1

be;6

Figure 4.7: Transformed bond graph.

4.5 Elimination of dynamic invariants

In this section we present a procedure for the elimination of dynamic invariants.
The proposed procedure is similar to the procedure for the elimination of algebraic
constraints.

The equational model suitable for the elimination of dynamic invariants is obtained
by means of Algorithm 2.6.1. Desired causality indices of ports corresponding to the
elements that do not belong the junction structure are given by Table 4.24.

Desired causality Multi-port element
1 I -element
0 EC, SE, R, SF, FC -element
-1 C -element

Table 4.2: Desired causality indices

Let the vectors fo and eo be defined as

fo =




fEC

fSE

fR
fSF

fFC


 , eo =




eEC

eSE

eR
eSF

eFC


 .

and apply Algorithm 2.6.1. Equation (3.3a) for k = 1 and Equation (3.3b) for k = −1

4This table is the same as Table 3.5 used for checking the existence of dynamic invariants.
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become (subscripts −1, 1 are replaced by C,I, respectively)
[

f 0
I (t)

e1C(t)

]
=

[
G0,0

I,I (x (t)) G
0,1
I,C(x (t))

G1,0
C,I(x (t)) G

1,1
C,C(x (t))

]
︸ ︷︷ ︸

Gir,ir(x (t))

[
e0I (t)
f 1
C(t)

]
+

[
G0,1

I,I (x (t)) G
0,0
I,C(x (t))

G1,1
C,I(x (t)) G

1,0
C,C(x (t))

]
︸ ︷︷ ︸

Gir,dr(x (t))

[
f 1
I (t)

e0C(t)

]

+

[
G0,0

I,0 (x (t)) G
0,1
I,0 (x (t))

G1,0
C,0(x (t)) G

1,1
C,0(x (t))

]
︸ ︷︷ ︸

Gir,o(x (t))

[
f 0
0 (t)

e10(t)

]
.

Inserting Equations (3.6a)-(3.6d) into the previous equation yields

[ Inir −Gir,dr(x (t)) ]
∂H

∂x
(x (t))=Gir,ir(x (t))

dxir(t)
dt

+Gir,ir(x (t))uo(t),

where

dxir(t)
dt

=
[

e0I (t)
f 1
C(t)

]
,
dxdr(t)
dt

=
[

e1I (t)
f 0
C(t)

]
, x (t) =

[
xir (t)
xdr (t)

]
, uo(t) =

[
f 0
0 (t)

e10 (t)

]
.

Here, the subscript ”ir” stands for independent rates, ”dr” for dependent rates and
”o” is associated to other power variables.

Equation (3.3a) for k = −1 and Equation (3.3b) for k = 1 become
[

e1I (t)
f 0
C(t)

]
=

[
G1,0

I,I (x (t)) G1,1
I,C(x (t))

G0,0
C,I(x (t)) G0,1

C,C(x (t))

]
︸ ︷︷ ︸

Gdr,ir(x (t))

[
e0I (t)
f 1
C(t)

]
.

By inserting Equation (3.6a) and Equation (3.6c) into the previous equation yields

[−Gdr,ir(x (t)) Indr ]
dx (t)
dt

= 0.

Finally, Equation (3.3a) for k = 0 and Equation (3.3b) for k = 0 becomes

[
e00(t)
f 1
0 (t)

]
=

[
G0,0

0,I (x (t)) G0,1
0,C(x (t))

G1,0
0,I (x (t)) G1,1

0,C(x (t))

]
︸ ︷︷ ︸

Gir,o(x (t))

[
e0I (t)
f 1
C(t)

]
.

By inserting Equation (3.6a) and (3.6c) into the previous equation yields

yo(t) = Gdr,ir(x (t))
dxir(t)
dt

,

where

yo(t) =
[

e00 (t)
f 1
0 (t)

]
.
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The equational model suitable for elimination of the dynamic invariants is

[ Inir −Gir,dr(x (t)) ]
∂H

∂x
(x (t))=Gir,ir(x (t))

dxir(t)
dt

+Gir,ir(x (t))uo(t), (4.27a)

[−Gdr,ir(x (t)) Indr ]
dx (t)
dt

= 0, (4.27b)

yo(t) = Gdr,ir(x (t))
dxir(t)
dt

. (4.27c)

In view of Equation (3.3c),

Gi,j(x) = −(Gi,j(x))T, i, j ∈ {ir,dr, o}. (4.28)

Therefore, the obtained equational model has the form of a port-Hamiltonian system.
Furthermore, let us assume the following.

Assumption 4.5.1
The co-distribution spanned by the rows of the matrix

[−Gdr,ir(x) Indr ]

is involutive.

Assumption 4.5.1 guarantees the existence of a map Ψdr : R
nC+nI → R

ndr such that

∂Φdr

∂xT
(x) = T (x)

[ −Gdr,ir(x) Indr
]
,

where T (x) is a regular matrix for every x. Premultiplication of Equation (4.27b) by
T (x) and integration of the obtained equality from t0 to t yields

Φdr(x (t)) = Φdr(x (t0)), ∀t ∈ T.

So we can say that Assumption 4.5.1 guarantees integrability of Equation (4.27b) and
thus existence of dynamic invariants.

To eliminate the dynamic invariants we use the same methodology as for the
eliminations of the constraint equations. Let the following coordinate transformation
be considered

x̄ =
[
x̄ir

x̄dr

]
= Φ(x) =

[
xir

Φdr(x)

]
. (4.29)

The coordinate transformation is well defined since the Jacobian of Φ

∂Φ
∂xT

(x) =
[

Inir 0
−T (x)Gdr,ir(x) T (x)

]
.

is a regular matrix. Now, we prove the following auxiliary result.

Lemma 4.5.2
Let H̄ : R

nC+nI → R be defined by

H̄(x̄) = H(Φ−1(x̄)).

Then

[ Inir −Gir,dr(x) ]
∂H

∂x
(x) =

∂H̄

∂x̄ir
(Φ(x)). (4.30)
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Proof:
This follows from the identity

∂H

∂x
(x) =

∂H̄

∂x
(Φ(x)) =

(
∂Φ
∂xT

(x)
)T

∂H̄

∂x̄
(Φ(x)).

Premultiplication of Equation (4.27b) by T (x) yields

dΦdr(x (t))
dt

=
(4.29)

dx̄2(t)
dt

= 0.

The last equation implies that x̄2(t) = x̄2(t0) = Φdr(x (t0)). Therefore, the vector x̄ is
parametrised by

x̄ =
[

xe

Φdr(x (t0))

]
.

By inspecting Equation (4.29), it can be concluded that the inverse map Φ−1(x̄) has
the following form

x =
[
xir

xdr

]
= Φ−1(x̄) =

[
x̄ir

Θdr(x̄)

]
.

Consequently, the vector x is parametrised by

x = Φ−1(x̄) =
[

xe

Θdr(xe,Φdr(x (t0)))

]
= Θ(xe, x (t0)). (4.31)

By inserting (4.31) into Equations (4.27a), (4.27c) and taking into account (4.30)
gives the following

∂He

∂xe
(xe(t)) = Ge,e(xe(t), x (t0))

dxe(t)
dt

+Ge,o(xe(t), x (t0))uo(t), (4.32a)

yo(t) = Go,e(xe(t), x (t0))
dxe(t)
dt

, (4.32b)

where

He(xe, x (t0)) = H(Θ(xe, x (t0))),
Ge,e(xe, x (t0)) = Gir,ir(Θ(xe, x (t0))),
Ge,o(xe, x (t0)) = Gir,o(Θ(xe, x (t0))).

The system described by Equations (4.32) does not contain dependent rate variables
and thus it does not contain dynamic invariants. In view of Equation (4.28) the
system described by (4.32) has the form of a port-Hamiltonian system. Therefore it
is representable by a standard bond graph. Note that the ratios of TF-elements and
GY-elements of the obtained bond graph as well as the Hamiltonian He are not only
a function of the energy variable xe but also of the initial condition x (t0).

The proposed procedure for the reduction of dynamic invariants is illustrated by
means of the following example.
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Example 4.5.3
Consider a bond graph shown in Figure 4.7. The desired causality indices are given by Table
4.2. Let Algorithm (2.6.1) be applied. The obtained equivalent bond graph is shown in
Figure 4.8(a). The equational model suitable for elimination of the dynamic invariants is
given by (4.27), where

xir =

[
qθ

pe,θ

]
, xdr =

[
qh

qv

]
,

Gir,ir(x) =

[
0 −1
1 0

]
, Gir,dr(x) =

[ −l cos(qθ) −l sin(qθ)
0 0

]
,

H (x) =
3p2e,θ

2(M + 3m)l2
+

1

2
Mgl(1− cos(qθ)) + ρAqh + mgqv,

and Gir,o(x), Go,ir(x) are void. Equation (4.27b) has the form

−l cos(qθ(t))
dqθ(t)

dt
+

dqh(t)

dt
= 0,

−l sin(qθ(t))
dqθ(t)

dt
+

dqv(t)

dt
= 0.

be;6b4

b5

b1 be;6

be;5

Figure 4.8: (a) Equivalent standard bond graph.

(b) Bond graph without dynamic invariants.

The previous equation can be integrated leading to the map Φdr given by

Φdr (x) =

[
qh − l sin(qθ)
qv + l cos(qθ)

]
.

Consequently Φ has the following form

Φ (x) =




qθ

pe,θ
qh − l sin(qθ)
qv + l cos(qθ)


 .

The map Φ−1 has the following form

Φ−1 (x̄) =




q̄θ

p̄e,θ
q̄h + l sin(q̄θ)
q̄v − l cos(q̄θ)


 .
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Therefore, the vector x given by (4.31) is

x =




qe,θ
pe,θ

qh(t0)− l sin(qθ(t0)) + l sin(qe,θ)
qh(t0) + l cos(qθ(t0))− l cos(qe,θ)


 .

The equational model without dynamic invariants is given by (4.32) where

Ge,e(xe) =

[
0 −1
1 0

]
,

and

He(xe) =
3p2e,θ

2(M + m)l2
+

1

2
Mgl (1− cos(qe,θ)) + Aρl sin(qe,θ)−mgl cos(qe,θ)

− Aρl sin(qθ(t0)) + mgl cos(qθ(t0)) + Aρqh(t0) + mgqh(t0).

The bond graph constructed by virtue of Equation (4.31) is shown in Figure 4.8(b) where

qθ(t0) = 0, qh(t0) = 0 and qv(t0) = 0 and fe,6 =
dqe,θ(t)

dt
, ee,6 = ∂He

∂qe,θ
(xe(t)).

4.6 Conclusions

After a discussion of the derivation of a simulation model from a standard bond graph,
the properties relevant for numerical simulation have been analysed and sufficient
conditions when the simulation model has an efficient form for numerical simulation
have been derived.

A procedure for the elimination of the constraint equations has been presented.
This procedure is applicable to any standard bond graph that generates a simulation
model that satisfies Assumption 4.4.1. Note that the same assumption also ensures
that the differential index is equal to the perturbation index. To apply this proce-
dure a set of the first order non-linear partial differential equations has to be solved.
Generally, this is a hard problem, but all cases encountered in applications belong to
two special classes for which the solution is known. Namely, the junction structures
of models of electrical networks, one-dimensional mechanical systems and hydraulic
systems are constant. Thus, they can be treated as explained in Subsection 4.4.3
Case One. On the other hand, the junction structures of models of mechanical sys-
tems with kinematic constraints can be treated as explained in Subsection 4.4.3 Case
Two. Therefore, the developed procedure can be implemented in a systematic way,
although symbolic manipulations are required.

A procedure for elimination of the dynamic invariants has been proposed too.
Again, in order to apply this procedure a set of the first order non-linear partial
differential equations has to be solved. If the ratios of TF-elements and GY-elements
are real numbers then this can be easily done. In modulated cases, it is a hard problem
to get solution in closed form. The way to cope with this problem seems to focus the
investigation to a class of bond graphs satisfying some additional properties.



Chapter 5

Infinite-dimensional junction
structures

This chapter deals with infinite dimensional junction structures. First,
they are treated on real vector spaces and then more elaborated on Hilbert
spaces. The power conserving elements treated in Chapter 2 are gener-
alised to arbitrary bond spaces. The compositional properties of infinite
dimensional junction structures are extensively discussed.

Introduction

Modelling of physical systems with distributed parameters leads to bond graphs where
the bond spaces are infinite dimensional vector spaces. The aim of this chapter is to
provide a mathematical framework for the analysis of such models. The main objective
is to investigate the power conserving part of the bond graph called junction structure.

In Chapter 2 junction structures of scalar bond graphs have been treated. The
obtained results have led to the algorithms that were crucial for the analysis of bond
graphs as shown in Chapters 3 and 4. The results presented in this chapter do
not result in similar algorithms, but they rather represent a foundation for further
research.

The junction structure has been defined (see Definition 2.2.2) as a subgraph of a
bond graph whose vertices are ideal junctions, TF-elements and GY-elements. This
chapter shows how such multi-port elements can be generalised to general real vector
spaces. However, Definition 2.2.2 is not satisfactory since it is not clear if all power
conserving structure can be represented in this way. In Chapter 2 it has been proved
that the space of admissible flows and efforts imposed by the junction structure is
a Dirac structure. Consequently, we define the junction structure as a subgraph of
a bond graph such that the space of admissible flows and efforts imposed by the
subgraph is a Dirac structure. Therefore the properties of junction structures are
looked through the properties of Dirac structures. This approach was initiated for
scalar bond graphs in [21] and further elaborated in [20].

153
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The notion of Dirac structures1 has been used for description of models of physi-
cal systems with constraints. This approach was initiated in [4, 57]. In these papers
the authors show the relevance of Dirac structures in descriptions of interconnection
structures of LC-circuits with dependent storage elements [4] and how Dirac struc-
tures can be used in the description of kinematic structures of mechanisms [57]. These
ideas are further elaborated in [58, 36, 53, 11, 55, 50, 3]. Some main results regard-
ing Dirac structures on finite dimensional real vector spaces have been collected in
Appendix B. Especially, some possible representations of Dirac structures have been
collected here. Finally, the concept of Dirac structures is essential for the description
of distributed parameter systems with non-zero energy flow as shown in [37] and in
[59].

In this chapter we treat Dirac structures on Hilbert spaces. The reasons why
we study Dirac structures on Hilbert spaces is twofold. Hilbert spaces are general
enough to cover a large class of models of physical systems and at the same time the
notion of Hilbert spaces offers enough tools for analysing such systems. Two questions
are addressed: (1) What are the possible representations of Dirac structures? and (2)
When is the connection of two Dirac structures again a Dirac structure? We prove that
there exist kernel, image and scattering representations of Dirac structures defined on
Hilbert spaces and we give sufficient and necessary conditions when the connection
of two Dirac structures is a Dirac structure again.

The chapter is structured in the following way. Section 5.1 deals with Dirac
structures on general real vector spaces. In this section, the power conserving elements
treated in Chapter 2 are generalised to real vector spaces. Section 5.2 deals with Dirac
structures on Hilbert spaces. Various representations of Dirac structures are presented
and compositional properties of Dirac structure are analysed. Conclusions and some
open problems are presented in Section 5.3.

5.1 Dirac structures on real vector spaces

This section treats Dirac structures on real vector spaces. It contains two subsec-
tions. Dirac structures are defined in Subsection 5.1.1 where the power conserving
elements treated in Chapter 2 are generalised to infinite dimensional bond spaces.
Compositional properties of Dirac structures are investigated in Subsection 5.1.2.

5.1.1 Definition of Dirac structures

Let F , E be real vector spaces whose elements are labelled as f , e, respectively. We
call F the space of flows, and E the space of efforts. The space B = F × E is called
the bond space and an element of the space B is denoted by b = (f, e). The spaces F
and F are power conjugate. This means that there exists a map2

〈·|·〉 : E × F → R

1Dirac structures were originally introduced by Courant and Weinstein [10] and Dorfman [13]. In
[10, 9] they were investigated as a generalisation of Poisson and (pre)-symplectic structures. Dorfman
[13, 14] developed an algebraic theory of Dirac structures in the context of the study of completely
integrable systems of partial differential equations.

2See also Subsection 1.2 part about edges.
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called power product such that the following three conditions are satisfied

(i) it is a linear function of each coordinate, that is〈
αe1 + βe2|f〉 = α 〈e1|f〉+ β 〈e2|f〉 ,〈
e|αf1 + βf2

〉
= α

〈
e|f1

〉
+ β

〈
e|f2

〉
,

∀f, f1, f2 ∈ F , ∀e, e1, e2 ∈ E and ∀α, β ∈ R,

(ii) it is non-degenerate, that is

〈e|f〉 = 0 ∀ e ∈ E ⇒ f = 0,

〈e|f〉 = 0 ∀f ∈ F ⇒ e = 0,

(iii) the expression 〈e|f〉 has the physical dimension of power.
Closely related to the definition of a power product there exists a symmetric bilinear
form

# ·, · $: B × B → R

defined by

# (
f1, e1

)
,
(
f2, e2

) $= 〈
e1|f2

〉
+
〈
e2|f1

〉
, ∀ (f1, e1

)
,
(
f2, e2

) ∈ B.

The power product and the corresponding bilinear form are related by

〈e|f〉 = 1
2
# b, b$, ∀b = (f, e) ∈ B.

First we define the notion of a Tellegen structure on B.
Definition 5.1.1 (Tellegen structure)
Let Z be a subspace of the vector space B = F × E. Z is a Tellegen structure on B if

〈e|f〉 = 0, ∀ (f, e) ∈ Z.

The term “Z is a subspace of B” means that Z is a vector space in its own right
under the operations obtained by restricting the operations of B to Z.

The orthogonal complement of Z in B, denoted by Z⊥, is defined as

Z⊥ := {b ∈ B :# b, b̃$= 0,∀b̃ ∈ Z}.

Proposition 5.1.2
Let Z be a subspace of B. Z is a Tellegen structure on B if and only if

Z ⊆ Z⊥.
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Proof:
Necessity: Suppose that Z is a Tellegen structure on B. Suppose that b1 = (f1, e1),
b2 = (f2, e2) are any two elements of Z. It means that 〈e1|f1

〉
= 0 and that

〈
e2|f2

〉
=

0. Since Z is a subspace of B then b1 + b2 also belongs to Z. Hence〈
e1 + e2|f1 + f2

〉
= 0⇒〈

e1|f1
〉
+
〈
e1|f2

〉
+
〈
e2|f1

〉
+
〈
e2|f2

〉
= 0⇒〈

e1|f2
〉
+
〈
e2|f1

〉
= 0.

Therefore b1 is orthogonal to b2 with respect to the bilinear form and thus Z ⊆ Z⊥.

Sufficiency: Take any element b = (f, e) that belongs to Z. Since Z is a subspace
such that Z ⊆ Z⊥ it follows that

〈e|f〉 = 1
2
# b, b$= 0.

Therefore Z is a Tellegen structure on B.

From now on we concentrate on a special class of Tellegen structures called Dirac
structures3.

Definition 5.1.3 (Dirac structures)
Let D be a subset on B. D is a Dirac structure on B if D = D⊥.

Remarks 5.1.4
1o Every Dirac structure is a subspace of B. Indeed, take any two elements of D, say
b1 = (f1, e1), b2 = (f2, e2). Then for every b3 = (f3, e3) ∈ D we have

# b1, b3 $= 0
and that

# b2, b3 $= 0.
Hence

# αb1 + βb2, b3 $= α# b1, b3 $ +β # b2, b3 $= 0, ∀α, β ∈ R.

In other words, D is closed under taking linear combinations.
2o The previous remark and Proposition 5.1.2 imply that every Dirac structure is a
Tellegen structure.

The Cartesian direct product of two Dirac structures is treated in the following ex-
ample.

Example 5.1.5 (Cartesian direct product of two Dirac structures)
Suppose that Di, i = 1, 2, is a Dirac structure on Bi and that

〈·|·〉Bi : Bi → R

is a power product on Bi. Then
D = D1 ×D2

3The definition presented here is adopted from [59].
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is a Dirac structure on B = B1 × B2, where the power product is defined by

〈·|·〉B1 + 〈·|·〉B2 .
Indeed, let b11, b

2
1 be any two elements of D1 and let b12, b

2
2 be any two elements of D2. Then

� b11, b
2
1 �B1= 0,

� b12, b
2
2 �B2= 0.

Therefore
� b11, b

2
1 �B1 +� b12, b

2
2 �B2= 0,

The last relation implies
D1 ×D2 ⊆ (D1 ×D2)⊥.

Suppose that (b11, b
1
2) ∈ (D1 ×D2)⊥. Then for every (b21, b

2
2) ∈ D1 ×D2

� b11, b
2
1 �B1 +� b12, b

2
2 �B2= 0.

Since D2 is a subspace of B2 also −b22 belongs to D2. Thus

� b11, b
2
1 �B1 − � b12, b

2
2 �B2= 0.

Hence � b11, b
2
1 �B1= 0 and that � b12, b

2
2 �B2= 0. This implies that b11 ∈ D1 and that

b12 ∈ D2 and therefore (b11, b
1
2) ∈ D1 ×D2. In other words

(D1 ×D2)⊥ ⊆ D1 ×D2.

We need the following notation.

Definition 5.1.6 (Power invariant operator)
Let Q : B → B be an invertible linear operator. The operator Q is power invariant if
b̄ = Qb satisfies

# b̄, b̄$=# b, b$,∀b ∈ B.

Since
〈e|f〉 = 1

2
# b, b$

and 〈
ē|f̄〉 = 1

2
# b̄, b̄$

the previous condition can be replaced by〈
ē|f̄〉 = 〈e|f〉 , ∀f ∈ F ,∀e ∈ E .

In other words the power is invariant under the map Q.

Proposition 5.1.7
If Q is a power invariant map, then

# b̄1, b̄2 $=# b1, b2 $,
where b̄i = Qbi, i = 1, 2.
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Proof:
For any b1, b2 ∈ B we have that

# b̄1, b̄2 $ =
1
2
(# b̄1, b̄2 $ +# b̄2, b̄1 $)

=
1
2
(# b̄1 + b̄2, b̄1 + b̄2 $ −# b̄1, b̄1 $ −# b̄2, b̄2 $)

=
1
2
(# b1 + b2, b1 + b2 $ −# b1, b1 $ −# b2, b2 $)

=

=
1
2
(# b1, b2 $ +# b2, b1 $)

=# b1, b2 $ .

Proposition 5.1.8 (Power invariant transformation)
Let D be a Dirac structure on B. Define D̄ as

D̄ = QD,

where Q : B → B is a power invariant map. Then D̄ is a Dirac structure on B.

Proof:
For any b̄1 = Qb1, b̄2 = Qb2 Proposition 5.1.7 implies

# b̄1, b̄2 $=# b1, b2 $= 0,

and thus D̄ ⊆ D̄⊥. Suppose that b̄2 ∈ D̄⊥. Then for every b̄1 ∈ D̄

# b̄1, b̄2 $= 0⇒# b1, Q−1b̄2 $= 0⇒ Q−1b̄2 ∈ D⊥ = D ⇒ b̄2 ∈ D̄,
and thus D̄⊥ ⊆ D̄. Hence, D̄ is a Dirac structure on B.

In the sequel we introduce a new power conserving element called a Dirac element.
Consider a k-port element shown in Figure 5.1(a). First we prove that the net power
associated to the multi-port element M represents a power product.

Mb1

bi

bk Mb1

bi

bk

Figure 5.1: (a) k-port element. (b) D-element.
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Proposition 5.1.9
The net power 〈·|·〉 : F1 × · · · × Fk × E1 × · · · × Ek → R defined by

〈(e1, . . . , ek)|(f1, . . . , fk)〉 =
k∑
i=1

σ(bi,M )〈ei|fi〉Bi
.

where 〈·|·〉Bi
, is the power product on Bi is a power product on

B = B1 × ...× Bk.

Proof:
It is obvious that the map 〈·|·〉 is a linear function of each argument and has the
dimension of the power. Now, we prove that it is non-degenerate. Suppose that
(ẽ1, . . . , ẽk) is a k-tuple such that

〈(ẽ1, . . . , ẽk)|(f1, . . . , fk)〉 = 0, ∀(f1, . . . , fk) ∈ F1 × . . .×Fk.

Take fj = 0, 1 ≤ j ≤ k and j �= i. Then

〈ẽi|fi〉Bi
= 0,∀fi ∈ Fi

which implies ẽi = 0 due to non-degeneracy of the power product on Bi.

Definition 5.1.10 (Dirac element)
The multi-port element M incident to bonds b1, b2, · · · , bk is a Dirac element if the
behaviour associated to M is described by

BM = T
D,

where D ⊂ B1 × ... × Bk is a Dirac structure and the bilinear form is defined with
respect to the net-power of the multi-port element M .

The symbol for a vertex representing a Dirac element is replaced by the graphical
symbol D as shown in Figure 5.1(b) and the term Dirac element is abbreviated to
D-element.

In the sequel of this section we show how the power conserving elements treated
in Chapter 2 can be generalised to general real vector spaces.

Example 5.1.11 (Ideal junctions)
Consider a multi-port element shown in Figure 5.1(a). The multi-port element M is called
an ideal junction if

(i) B1 = · · · = Bk = B = F × E .

(ii) M is a power conserving element.

(iii) Either the effort or the flow is invariant under the operation of permuting the ports
of the ideal junction, i.e. either

e1 = · · · = ek, (5.1a)

or

f1 = · · · = fk. (5.1b)
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Power conservation implies that

k∑
i=1

σ (bi,M )
〈

ei(t)|fi(t)
〉

= 0, ∀t ∈ T. (5.2)

Taking into account (5.1a), Equation (5.2) becomes

〈e1(t)|
k∑

i=1

σ (bi,M ) fi(t)〉 = 0, ∀t ∈ T.

The last relation has to be satisfied for any e ∈ E . Since the power product is non-degenerate,
the previous equation takes the form

k∑
i=1

σ (bi,M ) fi(t) = 0, ∀t ∈ T. (5.3a)

Equations (5.1a), (5.3a) represent the behavioural equations of the ideal junction called
common effort junction or 0-junction.

Similarly, Equation (5.1b) together with Equation (5.2) implies

k∑
i=1

σ (bi,M ) ei(t) = 0, ∀t ∈ T. (5.3b)

Equations (5.1b), (5.3b) represent the behaviour equation of the ideal junction element
called common flow junction or 1-junction.

The symbol for a vertex representing a 0-junction is replaced by the graphical symbol 0
as shown in Figure 5.2(a) and the symbol for a vertex representing a 1-junction is replaced by
the graphical symbol 1 as shown in Figure 5.2(b). We prove that the subspace of admissible

Mb1

bi

bkMb1

bi

bk

Figure 5.2: Ideal junctions:(a) 0-junction, (b) 1-junction.

flows and efforts imposed by an ideal junction is a Dirac structure. The proof is only given
for the case of a 0-junction. The subspace of admissible flows and efforts of a 0-junction is
given by

D = {(f1, e1, . . . , fk, ek) ∈ Bk :

k∑
i=1

σ(bi,M )fi = 0, e1 = . . . = ek}.

The condition (ii) (power conservation) implies thatD is a Tellegen structure. In other words,
D ⊆ D⊥. Suppose now that

(
f11 , e

1
1, . . . , f

1
k , e

1
k

) ∈ D⊥. Then for every
(
f21 , e

2
1, . . . , f

2
k , e

2
k

) ∈ D
k∑

i=1

σ(bi,M )
(〈
e1i |f2i

〉
+
〈
e2i |f1i

〉)
= 0. (5.4)



5.1. Dirac structures on real vector spaces 161

Now let f21 = · · · = f2k = 0. Then taking into account, (5.1a) Equation (5.4) becomes

〈e2k|
k∑

i=1

σ(bi,M )f1i 〉 = 0, ∀ e2k ∈ E ⇒
k∑

i=1

σ(bi,M )f1i = 0.

Similarly, let f22 = · · · = f2k−1 = 0 and e21 = · · · = e2k = 0. Then Equation (5.3a) becomes

σ(b1,M )f21 + σ(bk,M )f2k = 0.

and Equation (5.4) becomes

σ(b1,M )〈e11|f21 〉+ σ(bk,M )〈e1k|f2k 〉 = 0.

The previous two equations implies

〈e11 − e1k|f21 〉 = 0, ∀f21 ∈ F ⇒ e11 = e1k.

In the same manner it can be proved that e1i = ek
1 , i = 2, . . . , k − 1. Therefore, the vector

(f11 , e
1
1, . . . , f

1
k , e

1
k) ∈ D and thus D⊥ ⊆ D.

Example 5.1.12 (Ideal transformer)
Ideal transformer on R

n is defined as (see e.g. [6])

W f f (t) =
[
In1 −W ]

f (t) = 0,

W ee(t) =
[
WT In2

]
e(t) = 0, t ∈ T

where W ∈ R
n1×n2 and n1, n2 ∈ N. The space of admissible flows and efforts imposed by

this element is
D = {(f, e) ∈ R

n × R
n : W ff = 0, W ee = 0}.

This subspace represents a Dirac structure (this can be proved by means of Proposition
B.2.1) and it can be represented by

D = Df ×De,

where the subspace of admissible flows Df is given by

Df = {f ∈ R
n × R

n : W ff = 0},

and where the subspace of admissible efforts De is given by

De = {e ∈ R
n × R

n : W ee = 0}.

Based on the previous discussion a generalisation of ideal transformer is given as follows.
Consider the D-element shown in Figure 5.1(b). The vector space F is defined by

F = F1 × . . .×Fk

and the vector space E is defined by

E = E1 × . . .× Ek.

Let the map πF : B → F be defined by

πF (f, e) = f, ∀(f, e) ∈ B,
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Mb1

bi

bk

Figure 5.3: TF-element.

where B = F × E . Let the map πE : B → E be defined by

πE(f, e) = e, ∀(f, e) ∈ B × B.
The D-element is an ideal transformer if

D = πFD × πED. (5.5)

The symbol for a vertex representing an ideal transformer is replaced by the graphical symbol
TF as shown in Figure 5.3 and the term ideal transformer is abbreviated to TF-element.

Example 5.1.13 (Ideal gyrator)
Ideal gyrator on R

n is defined as (see e.g. [6]) either

f (t) = Jee(t), ∀t ∈ T,

or
e(t) = Jf f (t), ∀t ∈ T,

where Jf and Je are skew-symmetric matrices. Let consider the case when f = Jee. The
space of admissible flows and efforts is given by

D = {(f, e) ∈ R
n × R

n : f = Jee}.
This subspace represents a Dirac structure (this can proved by using Proposition B.2.1) and
the space of admissible efforts is the whole effort space R

n.

Mb1

bi

bk

Figure 5.4: GY-element.

Based on the previous discussion a generalisation of ideal gyrator is given as follows.
Consider the D-element shown in Figure 5.1(b). Let the vector spaces F , E and the maps
πF : B → F and πE : B → E be as in the previous example. If

πFD = F , (5.6a)
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or
πED = E , (5.6b)

then M is called an ideal gyrator. The symbol for a vertex representing an ideal gyrator is
replaced by the graphical symbol GY as shown in Figure 5.3 and the term ideal gyrator is
abbreviated to GY-element.

Example 5.1.14 (Brayton-Moser transformer)
Consider the D-element shown in Figure 5.1(b). Let the role of efforts and flows at some
ports be interchanged. If the obtained multi-port element is a TF-element then the original
multi-port element is called a Brayton-Moser transformer. This is formalised as follows.

Let the space Ki(ρ) (ρ ∈ {0, 1}) be defined by

Ki(ρ) =

{ Fi, ρ = 0
Ei, ρ = 1

.

If there exists integers ρ1, ρ2, . . . , ρk ∈ {0, 1} such that

D = πF̃D × πẼD,

where
F̃ = K1(ρ1)× · · · × Kk(ρk),

Ẽ = K1(1− ρ1)× · · · × Kk(1− ρk),

then the multi-port element M is called a Brayton-Moser transformer. So the Brayton-Moser
transformer can be regarded as a sort of hybrid transformer.

Example 5.1.15 (Ideal constraints)
Consider the D-element shown in Figure 5.1(b). Suppose that the multi-port element M is
both a TF-element and a GY-element. Since M is a TF-element

D = πFD × πFE . (5.7)

Since M is a GY-element either πED = E or πFD = F . Consider the first situation. Take

M
�1

�
i

�k

b1

bi

bk

(a)

FC

M
�1

�
i

�k

b1

bi

bk

(b)

EC

Figure 5.5: (a) FC-element. (b) EC-element.

any element from πFD, say f . Then by (5.7)

〈e|f〉 = 0, ∀e ∈ πED = E .

The last equation is only satisfied for f = 0. Therefore

D = {0} × E .
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This type of Dirac structure is called an ideal flow constraint. The symbol for a vertex
representing an ideal flow constraint is replaced by the graphical symbol FC as shown in
Figure 5.5(a) and the term ideal effort source is abbreviated to EC-element.

Similarly, if πFD = F it can be shown that D = F×{0}. This type of D-element is called
an ideal effort constraint. The symbol for a vertex representing an ideal effort constraint
is replaced by the graphical symbol EC as shown in Figure 5.5(b) and the term ideal effort
source is abbreviated to EC-element.

5.1.2 Connection of D-elements

In this subsection we investigate the compositional properties of Dirac structures.
Consider two-port D-elements M1 and M2 as shown in Figure 5.6. The space of

M

M1 M2

b1;2b1;1 b2;2b2;1

Figure 5.6: Two D-elements.

admissible flows and efforts of M1 is denoted by D1 and of M2 by D2. The bond space
of the edge bi,j , i, j ∈ {1, 2} is Bi,j = Fi,j × Ei,j and the power product associated to
the bond bi,j is

〈·|·〉Bi,j
: Bi,j → R.

Suppose that B1,2 = B2,1 and that

〈·|·〉B1,2 = 〈·|·〉B2,1 .

We distinguish two type of connections between the D-elements: common flow con-
nection and common effort connection.

Definition 5.1.16 (Common flow connection)
If M is a 1-junction, then the D-elements M1 and M2 are connected via a common
flow connection.

The common flow connection of two D-elements is shown in Figure 5.7. Consider
the subgraph4 �GM1,M ,M2 . It can be replaced by a multi-port element denoted by M1,2

which is incident to the bonds b1,1 and b2,2 (see Figure 5.7). The internal bonds b1,2

and b2,1 are related as follows

f1,2(t) = f2,1(t),
σ(b2,1,M )e2,1(t) + σ(b1,2,M )e1,2(t) = 0∀t ∈ T.

Therefore the subspace of admissible flows and efforts imposed by the multi-port
element M1,2 is given by

Df
1,2 = {(f1,1, e1,1, f2,2, e2,2) : ∃(f1,2, e1,2) s.t.

(f1,1, e1,1, f1,2, e1,2) ∈ D1, (f1,2,−σ(b1,2,M )
σ(b2,1,M )

e1,2, f2,2, e2,2) ∈ D2}.

4See Section 1.4.4 for the definition of subgraph.
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M

M1 M2

b1;2b1;1 b2;2b2;1

M1;2

Figure 5.7: Common flow connection of two D-elements.

Definition 5.1.17 (Common effort connection)
If M is a 0-junction then the D-elements M1 and M2 are connected via a common
effort connection.

The common effort connection of two D-elements is shown in Figure 5.8. Similarly as
above, the subspace of admissible flows and efforts imposed by the multi-port element
M1,2 shown in Figure 5.8 is given by

De
1,2 = {(f1,1, e1,1, f2,2, e2,2) : ∃(f1,2, e1,2) s.t.

(f1,1, e1,1, f1,2, e1,2) ∈ D1, (−σ(b1,2,M )
σ(b2,1,M )

f1,2, e1,2, f2,2, e2,2) ∈ D2}.

M

M1 M2

b1;2b1;1 b2;2b2;1

M1;2

Figure 5.8: Common effort connection of two D-elements.

Let us investigate the properties of the subspaces Df
1,2 and De

1,2. First we show that
the common flow or effort connection of two D-elements can be formulated as the
connection of a D-element with an FC-element and an EC-element.

Consider without loss of generality the common flow connection of two D-elements
shown in Figure 5.7. A 0-junction denoted by M̃ is added as shown in Figure 5.9. The
directions of the bonds b̃2,1, b2,1 are opposite with respect to the multi-port element
M̃ , i.e.

σ(b̃2,1, M̃ ) = −σ(b2,1, M̃ ).

Therefore it is clear that
b̃2,1 = b2,1.
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M

M1 M2

b1;2b1;1 b2;2b2;1~M
~b2;1

Figure 5.9: Modified common flow connection of two D-elements.

Connect the 1-junction to an EC-element as shown in Figure 5.10. The behavioural
equation of the 1-junction M remains unchanged. Indeed, the effort part of the
behavioural equation is

σ(b1,2,M )e1,2 + σ(b̃2,1,M )ẽ2,1 + σ(b̄1,2,M )ē1,2 = 0.

Since b̃2,1 = b2,1 and ē1,2 = 0

σ(b1,2,M )e1,2(t) + σ(b2,1,M )e2,1(t) = 0.

Furthermore, the flow part of the behavioural equation brings

f1,2(t) = f̄1,2(t) = f̃2,1(t)⇒ f1,2(t) = f2,1(t).

Similarly, if an FC-element is added to a 0-junction then its behavioural equation

M

M1 M2

b1;2b1;1 b2;2b2;1~M
~b2;1

~M1;2

�b2;1�b1;2

Figure 5.10: Modified common flow connection of two D-elements.

remains unchanged.
The subgraph whose vertices are M1, M2, M and M̃ is replaced by a multi-port

element denoted by M̃1,2 (see Figure 5.10). In the sequel we analyse the properties of
this multi-port element M̃1,2.

First we characterise the bonds b̄1,2, b̄2,1 in terms of the flow and effort signals of
the bonds b1,2, b2,1. By writing down the relations describing the multi-port elements
M , M̃ and by taking into account b̃2,1 = b2,1 and σ(b̃2,1,M ) = σ(b̃2,1, M̃ ), we show
that

f̄1,2(t) = f1,2(t),
ē1,2(t) = −σ(b1,2,M )e1,2(t)− σ(b̃2,1,M )e2,1(t),
ē2,1(t) = e2,1(t),
f̄2,1(t) = σ(b̃2,1,M )f1,2(t)− σ(b2,1, M̃ )f2,1(t).
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Let D̃1,2 stand for the space of admissible flows and efforts imposed by the multi-port
element M̃1,2. Since there is one to one correspondence between the flow and effort
signals of b̄1,2, b̄2,1 and the flow and effort signals of b1,2, b2,1, the subspace D̃1,2 can
be represented by

D̃1,2 = Q(D1 ×D2)

where the map Q : B1 × B2 → B1 × B2 is given by


f̄1,1
f̄1,2
f̄2,1
f̄2,2
ē1,1
ē1,2
ē2,1
ē2,2



=




f1,1
f1,2

σ(b̃2,1,M )f1,2 − σ(b2,1, M̃ )f2,1
f2,2
e1,1

−σ(b1,2,M )e1,2 − σ(b̃2,1,M )e2,1
e2,1
e2,2



= Q




f1,1
f1,2
f2,1
f2,2
e1,1
e1,2
e2,1
e2,2



.

It is clear that the map Q is invertible. The net power of the multi-port element M̃1,2

is

P
M̃1,2
net = σ (b1,1,M1) 〈e1,1|f1,1〉+

〈
ē1,2|f̄1,2

〉−〈
ē2,1|f̄2,1

〉
+ σ (b2,2,M2) 〈e2,2|f2,2〉 =

σ (b1,1,M1) 〈e1,1|f1,1〉 − σ (b1,2,M ) 〈e1,2|f1,2〉 −
σ
(

b2,1, M̃
)
〈e2,1|f2,1〉+ σ (b2,2,M2) 〈e2,2|f2,2〉 .

Since σ(b1,2,M ) = −σ(b1,2,M1) and σ(b2,1, M̃ ) = −σ(b2,1,M2) the net power of M̃1,2

is the sum of the net powers of D-elements. Therefore, the map Q is also power
invariant. In Example 5.1.5 we have shown that D1 × D2 is a Dirac structure on
B1 ×B2. Since Q is power invariant map Proposition 5.1.8 implies that the subspace
D̃1,2 is a Dirac structure on B1 × B2. Therefore the common flow connection of the
two D-elements can be transformed into the connection of the D-element denoted by
M̃1,2 with the EC-element and the FC-element as shown in Figure 5.11.

b1;1

�b1;2

~M1;2

b2;2

�b2;1

Figure 5.11: Modified common flow connection of two D-elements.

Therefore the properties of the connection of two D-elements can be studied by
means of the connection of a D-element with two ideal constraints.
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First we show that the subspaces De
1,2, Df

1,2 are Tellegen structures.

Proposition 5.1.18
The subspaces Df

1,2, De
1,2 are Tellegen structures.

Proof:
The proof is carried out only for the subspace Df

1,2. Let (f1,1, e1,1, f2,2, e2,2) be an
element of Df

1,2. Then there exist f1,2, e1,2, f2,1, e2,1 such that

(f1,1, e1,1, f1,2, e1,2) ∈ D1

and that
(f2,1, e2,1, f2,2, e2,2) ∈ D2.

Since D1 and D2 are Tellegen structures

σ(b1,1,M1)〈e1,1|f1,1〉+ σ(b1,2,M1)〈e1,2|f1,2〉 = 0

and
σ(b2,1,M1)〈e2,1|f2,1〉+ σ(b2,2,M1)〈e2,2|f2,2〉 = 0.

The flows and efforts of the internal bonds b1,2 and b2,1 are related as follows (see
Figure 5.7)

f1,2 = f2,1,
σ(b2,1,M )e2,1 + σ(b1,2,M )e1,2 = 0.

By taking into account that σ(b1,2,M ) = −σ(b1,2,M1), and taking into account that
σ(b2,1,M ) = −σ(b2,1,M2) the last three equations imply

σ(b1,1,M1)〈e1,1|f1,1〉+ σ(b2,2,M1)〈e2,2|f2,2〉 = 0.

Therefore Df
1,2 is a Tellegen structure.

The question that is addressed in the next section is when the effort or flow connection
of two D-elements M1 and M2 yields a multi-port element M1,2 that is again a D-
element. If the bond spaces are finite dimensional then this is always true (for the
proof see [54]). However, in the infinite-dimensional case this is not necessarily true
as demonstrated in Subsection 5.2.3 by two examples. Finally, in Subsection 5.2.3 we
also give necessary and sufficient conditions when the multi-port element M1,2 is a
D-element.

5.2 Dirac structures on Hilbert spaces

In this section we study Dirac structures on Hilbert spaces. The reasons why we study
Dirac structures on Hilbert spaces is twofold. Hilbert spaces are general enough to
cover a large class of models of physical systems and at the same time the notion of
Hilbert spaces offers enough tools for analysing such systems. Namely, the properties
of Hilbert spaces (existence of inner product and completeness) play a crucial role in
the proofs of the existence of kernel, image and scattering representations and in the
analysis of the connection of D-elements.
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The section contains four subsections. In subsection 5.2.1 we provide a basic set-
up for the definition of Dirac structure on Hilbert spaces. Subsection 5.2.2 deals
with three representations of Dirac structures: kernel, image and scattering represen-
tations. The connection of D-elements is analysed in subsection 5.2.3. The theory
developed in this section is illustrated on the example of ideal transmission line (Sub-
section 5.2.4)

5.2.1 Definition of Dirac structures on Hilbert spaces

Let F , E be real Hilbert spaces (in the sequel the word real will be omitted for brevity)
whose inner products are

〈·, ·〉F , 〈·, ·〉E ,
respectively. We make throughout the following assumption.

Assumption 5.2.1
F , E are isometrically isomorphic.

Assumption 5.2.1 entails the existence of a bijective isometry rF,E : F → E . That is,
rF,E is an invertible linear transformation satisfying〈

rF,Ef1, rF,Ef2
〉
E =

〈
f1, f2

〉
F , ∀f1, f2 ∈ F .

Let rE,F : E → F be the inverse of rF,E . Then for any e1 and e2〈
rE,Fe1, rE,Fe2

〉
F =

〈
e1, e2

〉
E , ∀e1, e2 ∈ E .

We can now introduce a pairing 〈·|·〉 : F × E → R as follows

〈e|f〉 = 〈f, rE,Fe〉F , ∀f ∈ F , ∀e ∈ E . (5.8a)

Since rF,E is an isometry this pairing may be also represented by

〈e|f〉 = 〈e, rF,Ef〉E ,∀f ∈ F , ∀e ∈ E . (5.8b)

Remark 5.2.2
If the term 〈e|f〉 has the dimension of power, then the pairing described by (5.8a) or
(5.8b) is a power product. Indeed,〈

e|αf1 + βf2
〉
=
〈
αf1 + βf2, rE,Fe

〉
F =

α
〈
f1, rE,Fe

〉
F + β

〈
f2, rE,Fe

〉
F = α

〈
e|f1

〉
+ β

〈
e|f2

〉
,

∀f1, f2 ∈ F , ∀e ∈ E , ∀α, β ∈ R.

Hence the map described by (5.8) is linear in the first argument. Similarly, it is linear
in the second argument. Furthermore, 〈e|f〉 = 0 for all e ∈ E implies rF,Ef = 0 and
thus f = 0. Similarly, 〈e|f〉 = 0 for all f ∈ E implies e = 0.
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Furthermore, the bond space B = F × E is also a Hilbert space whose inner product
is given by 〈

b1, b2
〉
B =

〈
f1, f2

〉
F +

〈
e1, e2

〉
E , ∀b1, b2 ∈ B,

where b1 = (f1, e1) and b2 = (f2, e2). The bilinear form is related to this inner
product by

# b1, b2 $= 〈b1, Rb2〉B, ∀b1, b2 ∈ B,
where the linear operator R : B → B is defined by

R =
[

0 rE,F
rF,E 0

]
.

Since rF,E is an isometry R is a bounded linear operator satisfying RR = IB (IB is
the identity operator on B). It is clear that R is invertible with inverse R−1 = R.

Now, we concentrate on Tellegen structures defined on Hilbert spaces.

Proposition 5.2.3
Let Z be a Tellegen structure on B. Then cl(Z) is a Tellegen structure.

Proof:
Take a sequence {bk} = {(fk, ek)} of elements in Z that converge to b = (f, e). We
have that

〈e|f〉 = 1
2
# b, b$= 1

2
〈b,Rb〉B .

From the continuity of 〈·, ·〉B we obtain
1
2
〈b,Rb〉B = 1

2
〈 lim
k→∞

bk, R lim
k→∞

bk〉B = 1
2
lim
k→∞

# bk, bk $= 0.

This implies 〈e|f〉 = 0. Therefore, cl(Z) is a Tellegen structure on B.

For any subspace Z ∈ B, Zc denotes the orthogonal complement of Z with respect
to 〈·, ·〉B, i.e.,

Zc = {b ∈ B : 〈b, b̃〉B = 0,∀b̃ ∈ Z}.
As before, we denote by Z⊥ the subspace defined by

Z⊥ = {b ∈ B :# b, b̃$= 0,∀b̃ ∈ Z}.
Proposition 5.2.4
Let Z be a subspace of B. Then

Z⊥ = RZc.

Proof:
This is a direct consequence of the relation between # ·, · $ and 〈·, ·〉B. Indeed, let
b be any element of Z, b̃ any element of Z⊥ and b̄ any element of Zc. Then

# b, b̃$= 0⇒ 〈b,Rb̃〉B = 0⇒ RZ⊥ ⊆ Zc,

〈b, b̄〉B = 0⇒# b,Rb̄$= 0⇒ RZc ⊆ Z⊥ ⇒ Zc ⊆ RZ⊥.

Consequently, Zc = RZ⊥ and thus Z⊥ = RZc.
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Remark 5.2.5
Since Zc is a closed subspace and R is a bounded operator it follows that Z⊥ is a
closed subspace.

Let the symbol � stand for the orthogonal direct sum with respect to 〈·, ·〉B. Thus
Z1 � Z2 = B means that Z1 ⊕ Z2 = B and that Z1 is orthogonal to Z2 with respect
to 〈·, ·〉B.

Proposition 5.2.6
Let D be a subspace of B. The following statements are equivalent:

(i) D is a Dirac structure on B.

(ii) Dc = RD.

(iii) D �RD = B.

(iv) Dc �RDc = B and D is a closed subspace.

Proof:
(i)⇒ (ii) Suppose that D is a Dirac structure. Then D is a subspace on B (Remark
5.1.4 1o) and D⊥ = RDc (Proposition 5.2.4). Since D = D⊥ condition (ii) is satisfied.
(ii) ⇒ (iii) Suppose that (ii) is satisfied. This implies that D is a closed subspace.
Therefore D �Dc = B and condition (iii) is satisfied.
(iii)⇒ (iv) Suppose that condition (iii) is satisfied. Then D is a closed subspace and
Dc = RD. Consequently, D = RDc. Hence

D �RD = B ⇒ RDc �RRDc = B ⇒ Dc �RDc = P.

(iv) ⇒ (i) Suppose that (iv) is satisfied. Closedness of D implies Dcc = D. On the
other hand Dc � RDc = B implies Dcc = RDc. Therefore, Dc = RD. Furthermore,
Proposition 5.2.4 implies Dc = RD⊥. Therefore D = D⊥.

Remark 5.2.7
Statement (iv) implies that if D is a Dirac structure on B then also Dc is a Dirac
structure on B. Conversely, if Dc is a Dirac structure then cl(D) is a Dirac structure.
But note that not necessarily D is a Dirac structure since D need not be closed. For
example let D = 0×W ⊂ F ×E where the subspace W is a dense on E. The subspace
D is not closed and thus it does not represents a Dirac structure. Further, the subspace
Dc is D = F × 0. Consequently it represents a Dirac structure.

The following proposition gives a necessary and sufficient condition when a Tellegen
structure is a Dirac structure.

Proposition 5.2.8
Let Z be a closed subspace of B. Z is a Dirac structure if and only if Z and Z⊥ are
Tellegen structures on B.
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Proof:
Necessity: Suppose that Z is a Dirac structure. Then Z is a Tellegen structure
(Remark 5.1.4 2o). Since Z⊥ = Z then Z⊥ is a Tellegen structure too.
Sufficiency: Suppose that Z and Z⊥ are Tellegen structures. Then Proposition 5.1.2
implies

Z ⊆ Z⊥ ⊆ Z⊥⊥. (5.9)

Both Z and Z⊥ are closed subspaces (see Remark 5.2.5). Proposition 5.2.4 implies

Z �RZ⊥ = B ⇒ Z⊥ �RZ = B
Z⊥ �RZ⊥⊥ = B

}
⇒ Z = Z⊥⊥. (5.10)

Now Equations (5.9) and (5.10) imply Z⊥⊥ = Z⊥ = Z. Therefore Z is a Dirac
structure on B.

Consider the D-element shown in Figure 5.1(b). In this case

B = B1 × . . .× Bk,
and the linear operator R : B → B is defined by

R =


 σ(b1,M )R1 · · · 0

...
. . .

...
0 · · · σ(bk,M )Rk


 ,

where the linear operators Ri : Bi → Bi are given by

Ri =
[

0 rEi,Fi

rFi,Ei
0

]
.

Finally, we consider TF-elements defined on Hilbert spaces.

Example 5.2.9 (TF-element on Hilbert spaces)
Consider a D-element shown in Figure 5.1(b) with Bi = Fi × Ei and Fi, Ei real Hilbert
spaces. We prove in the sequel that the D-element is a TF-element if and only if

F = πFD � rE,FπED.
Necessity: Indeed, suppose that the D-element is a TF-element. Then Example 5.1.12 implies
that

D = πFD × πED.
First we prove that rE,FπED ⊆ (πFD)c. For any f ∈ πFD and for any e ∈ πED

〈e|f〉 = 0.

Let e = rF,E f̃ . Then the previous expression becomes

〈f̃ , f〉F = 0.

Therefore f̃ = rE,Fe ∈ (πFD)c. Now we prove that (πFD)c ⊆ rE,FπED. Let f̃ be any
element of (πFD)c. Let e1 be defined as e1 = rF,E f̃ . Let f1 be an arbitrary element of πFD
and (f2, e2) an arbitrary element of D. Then

� (f1, e1), (f2, e2)�= 〈e1|f2〉+ 〈e2|f1〉.
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Since the D-element is a TF-element it follows that (f1, e2) ∈ D and thus 〈e2|f1〉 = 0. The
previous equation becomes

� (f1, e1), (f2, e2)�= 〈e1|f2〉 = 〈f1, f2〉F .

Since f1 ∈ (πFD)c and f2 ∈ πFD the previous expression is zero. This means that (f1, e1)
is an element of D. Consequently, e1 ∈ πED and hence f̃ ∈ rE,FπED.
Sufficiency: Suppose that the Dirac structure D satisfies the condition

F = πFD � rE,FπED.

The following is always satisfied

D ⊆ πFD × πED.
Let f1 be an arbitrary element of πFD, e1 an arbitrary element of πED and (f2, e2) an
arbitrary element of D. Then

� (f1, e1), (f2, e2)�= 〈e1|f2〉+ 〈e2|f1〉 = 〈rE,Fe
1, f2〉F + 〈rE,Fe

2|f1〉F .

Since (πFD)c = rE,FπED the previous expression is zero. This means that (f1, e1) is an
element of D. Therefore,

πFD × πED ⊆ D.
Hence, the D-element is a TF-element.
Similarly, it can be proved that the D-element is a TF-element if and only if

E = rF,EπFD � πED.

Note, that the results described in this example are an infinite-dimensional generalisation of
the geometric description of Tellegen’s theorem presented in [44].

5.2.2 Representations of Dirac structures

Since any Dirac structure D is a closed subspace there exists a linear transformation
T : B → L with a dense domain such that [31]

D = ker(T ).

This representation is called a kernel representation of D. One particularly useful
construction of T is given below.

Example 5.2.10 (Construction of T )
Let L be any Hilbert space isometrically isomorphic to Dc. Let T̃ denote a bijective isom-
etry from Dc onto L and let πDc denote the projection on Dc along D. Define the linear
transformation T

T := T̃ πDc .

Now it is clear that the kernel of T is D. Furthermore, 〈πDcb, πDcb〉 ≤ 〈b, b〉 and ‖T̃‖ = 1
implying ‖T‖ = 1. This means that T is a bounded linear transformation and its domain is
dense by definition.

Let T ∗ : L → B stand for the adjoint of the linear transformation T : B → L, i.e.
T ∗ is the solution of the equation

〈Tp, l〉L = 〈b, T ∗l〉B , ∀l ∈ L, b ∈ B
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where 〈·, ·〉L is the inner product on L. Then (see [38], pp. 357, Theorem 5.22.6)

Dc = cl(im(T ∗)).

If D is a Dirac structure, then Proposition 5.2.6 implies

D = cl(im(RT ∗)),

This representation is called an image representation of the Dirac structure D. An
important relation between T, T ∗ is given below.

Proposition 5.2.11
Consider a linear transformation T : B → L whose domain is a dense subspace. If
D = ker(T ) is a Dirac structure then

TRT ∗ = 0. (5.11)

Proof:
If D is a Dirac structure then D may be expressed as cl(im(RT ∗)). This means that
(im(RT ∗) ⊆ D and thus TRT ∗ = 0.

Example 5.2.12 (Continuation of Example 5.2.10)
If T has been chosen as in Example 5.2.10, then im(T ∗) is closed (since the image of T is
the Hilbert space L). In this case the image representation of D is

D = im(RT ∗).

The linear transformation T also has the following property

TT ∗ = IL, (5.12)

where IL is the identity operator on L. This property makes some proofs in the sequel more
transparent.

In many cases we have to check if a subspace D expressed as the kernel of a densely
defined linear transformation T is a Dirac structure. The next proposition gives a
necessary and sufficient condition when this is the case.

Proposition 5.2.13
Consider a linear transformation T : B → L whose domain is a dense subspace. The
subspace D = ker(T ) is a Dirac structure on B if and only if ker(T ) and im(RT ∗) are
Tellegen structures.

Proof:
The subspace D = ker(T ) is a closed subspace and it represents a Tellegen structure.
Since the domain of T is a dense subspace then Dc is given by (kerT )c = cl(im(T ∗))
(see [31]). Therefore D⊥ is given by cl(im(RT ∗)). If im(RT ∗) is a Tellegen struc-
ture then also its closure cl(im(RT ∗)) is a Tellegen structure (see Proposition 5.2.3).
Therefore conditions of Proposition 5.2.8 are satisfied and D is a Dirac structure.
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In the rest of this subsection we consider the so-called scattering representation
of Dirac structures (see for the finite dimensional case [55]). This representation is
the main instrument for the analysis of the common flow (effort) connection of two
D-elements. The scattering variables v and w belong to the Hilbert space G which is
isometrically isomorphic to F and E . This means that there exists bijective isometries

rE,G : E → G,
rF,G : F → G.

The isometries rE,G , rF,G are related as

rF,G = rF,ErE,G . (5.13)

The scattering variables are defined by [55]

v =
1√
2
(rE,Ge− rF,Gf) , (5.14a)

w =
1√
2
(rE,Ge+ rF,Gf) . (5.14b)

The term 〈e|f〉 expressed in the scattering variables has the following form

〈e|f〉 = 1
2
〈w,w〉G − 1

2
〈v, v〉G . (5.15)

Proposition 5.2.14
If D is a Dirac structure on B, then the following statements hold

(i) For every v in G there exists a unique (f, e) ∈ D such that (5.14a) is satisfied.

(ii) For every w in G there exists a unique (f, e) ∈ D such that (5.14b) is satisfied.

Proof:
We prove only the first statement. The second statement can be proved similarly.
The proof consists of two parts: existence and uniqueness.
Existence: Define b̃ = (f̃ , ẽ) = (0,

√
2 rG,Ev) where rG,E : G → E is the inverse of rE,G .

It is clear that
v =

1√
2

(
rE,G ẽ− rF,G f̃

)
.

D is a Dirac structure, and thus b̃ can be decomposed in a unique way (see Proposition
5.2.6 (iii)) as

b̃ = b1 +Rb2, b1 = (f1, e1), b2 = (f2, e2) ∈ D.
The components of b1, b2 satisfy the following conditions

f1 + rE,Fe2 = 0
e1 + rF,Ef2 =

√
2 rG,Ev.

(5.16)

Define b ∈ B as
b = (f, e) = b1 − b2.
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Then b ∈ D and

1√
2
(rE,Ge− rF,Gf) = 1√

2

(
rE,Ge1 − rE,Ge2 − rF,Gf1 + rF,Gf2

)
=

(5.13)

− rF,G√
2

(
f1 + rE,Fe2

)
+ rE,G√

2

(
e1 + rF,Ef2

)
=

(5.16)
v.

Hence (f, e) ∈ D satisfies (5.14a).
Uniqueness: Suppose that there are two elements b1 = (f1, e1), b2 = (f2, e2), both in
D, such that (5.14a) is satisfied, i.e.

v =
1√
2

(
rE,Ge1 − rF,Gf1

)
,

v =
1√
2

(
rE,Ge2 − rF,Gf2

)
.

Equalising these two equations yields

0 = rE,G(e1 − e2)− rF,G(f1 − f2). (5.17a)

The power related to b1 − b2 ∈ D is zero. By using the identity (5.15) one finds that

0 = 〈e1 − e2|f1 − f2〉 =
1
2
‖rE,G(e1 − e2) + rF,G(f1 − f2)‖2G −
1
2
‖rE,G(e1 − e2)− rF,G(f1 − f2)‖2G .

Taking into account (5.17a), the last relation becomes

0 = rE,G(e1 − e2) + rF,G(f1 − f2). (5.17b)

Equations (5.17a), (5.17b) imply that b1 = b2.
In the sequel we prove the existence of scattering representation of Dirac structures.

Proposition 5.2.15 (Scattering representation of Dirac structures)
If D is a Dirac structure then there exists a unique linear operator O on G such that

D = {(f, e) : rE,Ge+ rF,Gf = O (rE,Ge− rF,Gf)}. (5.18)

Furthermore, this operator is unitary.

Proof:
Proof consists of several steps.
Existence: Consider a Dirac structure D ⊂ B. Define the map O : F → E in the
following way. For any v ∈ G find b = (f, e) ∈ D such that the relation (5.14a) is
satisfied. Then calculate w by using (5.14b). Now the map O is defined by

w = Ov.

The map O is well defined. Indeed, for any v there exists a unique (f, e) ∈ D
(Proposition 5.2.14 statement (i)) such that (5.14a) is satisfied. This also means
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that w is unique.
Linearity: For any vi, i = 1, 2 there exists a unique bi = (f i, ei) ∈ D such that
Equation (5.14a) is satisfied. For such bi we calculate wi such that the Equation
(5.14b) is satisfied. Therefore wi = Ovi. Since D is a subspace then αb1 + βb2

also belongs to D. It can be easily shown that the pair of scattering variable (v, w)
corresponding to αb1+βb2 is (αv1+βv2, αw1+βw2). Proposition 5.2.14 implies that

αw1 + βw2 = O(αv1 + βv2).

Since wi = Ovi it follows that

αOv1 + βOv2 = O(αv1 + βv2).

Therefore, the operator O is linear.
Uniqueness: Suppose that there exists two linear operators O1, O2 such that the
Dirac structure D can be represented by means of (5.18). Let v be any element of G.
The scattering variables w1, w2 are defined by

w1 = O1v,

w2 = O2v.

Let bi (i = 1, 2) be the vector that corresponds to the pair (v, w1), i.e.

v = 1√
2
(rE,Gei − rF,Gf i)

wi = 1√
2
(rE,Gei + rF,Gf i)

}
⇒ f i = rG,F√

2

(
wi − v)

ei = rG,E√
2

(
wi + v

)
The vector bi (i = 1, 2) belongs to the Dirac structure D. Thus,

# b1, b2 $= 0,
〈e1|f1〉 = 0,
〈e2|f2〉 = 0.

Inserting the expressions for the components f i, ei into the previous relations yields

1
2
(2〈w1, w2〉G − 〈v, v〉G − 〈v, v〉G) = 0,

〈w1, w1〉G − 〈u, u〉G = 0,
〈w2, w2〉G − 〈u, u〉G = 0,

The previous relation implies w1 = w2. Therefore 0 = (O1 − O2)v for all v ∈ G and
thus O1 = O2.
Unitarity: If w = Ov then 〈w,w〉G = 〈v, v〉G (a direct consequence of (5.15). Therefore
O∗O = IG . This implies that the operator O is isometric. For any w ∈ G there exists
a unique pair (f, e) (Proposition 5.2.14 statement (ii)) such that (5.14b) is satisfied.
By (5.14a) this defines v such that w = Ov. Therefore, the operator O is surjective.
Theorem 3.10-6 in [32] implies that the operator O is a unitary operator.
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Also the converse result holds.

Proposition 5.2.16 (Scattering representation of Dirac structures)
The subspace D represented by (5.18), where O is a unitary operator, is a Dirac
structure.

Proof:
First, D is expressed as the kernel of the linear transformation T : B → G defined by

T =
[
(IG +O) rF,G (IG −O) rE,G

]
.

The linear transformation T is bounded and thus D is closed. First we prove that the
subspace D is a Tellegen structure. Since O is a unitary operator, Equation (5.15)
implies

〈e|f〉 =
1
2
(‖rE,Ge+ rF,Gf‖2G − ‖rE,Ge− rF,Gf‖2G)

=
1
2
(‖O(rE,Ge− rF,Gf)‖2G − ‖rE,Ge− rF,Gf‖2G) = 0

Thus D is a Tellegen structure. Let consider the subspace im(RT ∗). It is represented
by (it is taken into account that r∗E,G = rG,E and that r

∗
F,G = rG,F )

im(RT ∗) = im
[
rG,F (IG −O∗)
rG,E (IG +O∗)

]
.

For any element of im(RT ∗), say b = (f, e) = RT ∗g we have that (it is taken into
account that rE,FrG,E = rG,F and that r∗G,F = rF,G)

〈e|f〉 =
(5.8a)

〈rE,Fe, f〉F = 〈rG,F (IG +O∗) g, rG,F (IG −O∗) g〉F =
〈rG,F (IG +O∗) g, rG,F (IG −O∗) g〉F = 〈g, (IG −OO∗) g〉G = 0.

The conditions of Proposition 5.2.13 are satisfied. Thus the subspace D is a Dirac
structure.

Example 5.2.17 (D-element)
Consider a D-element. Let the space of admissible flows and efforts imposed by the D-element
be denoted by D. Then the subspace D represents a Dirac structure on B = F ×E . Suppose
that D = ker(T̃ ) =

√
2 ker(T ), where T is constructed as shown in Example 5.2.10. The

linear transformation T is split as

T =
[
F E

]
,

where F : F → L and E : E → L. The relation (5.12) implies

FF ∗ + EE∗ = IL.

and the relation (5.11) implies

ErF,EF
∗ + FrE,FE

∗ = 0.
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Any element of D is represented by (see Example 5.2.12)[
f
e

]
= RT̃ ∗l = R

√
2T ∗l =

[ √
2rE,FE∗
√

2rF,EF ∗

]
l.

The scattering variables v, w are then given by

v = (rF,GF ∗ − rE,GE∗) l = Ovl,
w = (rF,GF ∗ + rE,GE∗) l = Owl.

The expression O∗
vOv has the following form

O∗
vOv = (rFGF ∗ −rEGE∗)∗ (rF,GF ∗ −rE,GE∗)

=
(5.12)

(FrG,F − ErG,E) (rF,GF ∗ −rE,GE∗)
=

(5.11)
(FF ∗ + EE∗) = IL

Therefore the linear transformation Ov represents an isometry. Proposition 5.2.14 (statement
(i)) implies that v can take any value in G. This means that im(Ov) = G. Therefore Ov

is unitary operator by virtue of Theorem Theorem 3.10-6 in [32]. Therefore the l = O∗
vv.

Consequently

w = OwO
∗
vv = Ov.

Proposition 5.2.15 implies that O is a unitary linear operator represented by

O = (rF,GF
∗ + rE,GE

∗) (FrG,F − ErG,E) (5.19)

Example 5.2.18 (TF-element)
Consider a TF-element. Let the space of admissible flows and efforts imposed by the TF-
element be denoted by D. By Example 5.1.11

D = πFD × πED.

Since D is a closed subspace also πFD and πED are closed subspaces. We can always find
linear bounded transformations F1 : F → LF , E2 : E → LE (see the construction in Example
5.2.10) such that

πFD = ker(F1), F1F
∗
1 = ILF ,

and

πED = ker(E2), E2E
∗
2 = ILE .

Therefore D = ker(T ) where

T =
[
F E

]
=

[
F1 0
0 E2

]
.

By inserting the form of the linear transformations F,E into (5.19) gives

O = rF,GF
∗
1 F1rG,F − rE,GE

∗
2E2rG,E .

Obviously, O is self-adjoint, i.e.

O = O∗.
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Conversely, if O is a unitary self-adjoint operator, then the multi-port element, whose space
of admissible flows and efforts is represented by (5.18), is a TF-element. Indeed, we already
proved that D is a Dirac structure. Any element of D, (f, e) satisfies the following relation

(IG −O) rE,Ge + (IG + O) rF,Gf = 0.

The terms (IG −O) rE,Ge and (IG + O) rF,Gf are orthogonal to each other with respect to
the inner product on G. Indeed,

〈(IG −O) rE,Ge, (IG + O) rF,Gf〉G =
〈
e, rG,E

(
IG −O2) rF,Gf

〉
E = 0.

Therefore, the Dirac structure D is given by

D = {(f, e) ∈ B : (IG + O) rF,Gf = 0, (IG −O) rE,Ge = 0}.
It is clear that the subspace D can be also represented as

D = ker((IG + O)rF,G)× ker((IG −O)rE,G).

It is also clear that πFD = (ker(IG + O)rF,G) and that πED = ker((IG −O)rE,G). Therefore,

D = πFD × πED.
Hence, D is a TF-element.

Example 5.2.19 (GY-element)
Consider a GY-element. Let the space of admissible flows and efforts imposed by the GY-
element be denoted by D. Suppose without loss of generality that (see Example 5.1.13)

πED = E .
Let the kernel representation of the subspace D be

Tb = Ff + Ee = 0,

where T : B → L is constructed as in Example 5.2.10. Since

TT ∗ = IL

then

ker(T ∗) = ker

[
F ∗

E∗

]
= 0.

Due to the specific construction of T any pair (f, e) ∈ D is represented by[
f
e

]
= RT ∗l =

[
rE,FE∗

rF,EF ∗

]
l.

The projection of D on E is πED = im(rE,FF ∗). Since πED = E it follows that

im(rE,FF
∗) = E .

In the sequel we prove that ker(rE,FF ∗) = 0. Suppose that ker(F ∗) �= 0. Then the space L
can be written as

L = L1 × L2
where L2 = ker(F ∗). Therefore,[

f
e

]
=

[
rE,FE∗

1 rE,FE∗
2

rF,EF ∗
1 0

] [
l1
l2

]
.
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This means that the kernel representation of D has the following form[
F1
0

]
f +

[
E1

E2

]
e = 0.

The previous relation implies that E2e = 0. Since πED = E it follows E2 = 0. Therefore
the kernel of the linear transformation T ∗ is not zero leading to a contradiction with the
assumption ker(F ∗) �= 0. Therefore ker(rE,FF ∗) = 0.

Since im(rF,EF ∗) = E and ker(rF,EF ∗) = 0 the linear transformation rF,EF ∗ is bound-
edly invertible. Consequently F ∗ and F are boundedly invertible linear transformations.

The kernel representation of D can be rewritten as

f = −F−1Ee = Je.

Furthermore, the relation (5.11) implies that

FrE,FE
∗ + ErF,EF

∗ = 0⇔ rE,FE
∗ (F ∗)

−1
+ F−1ErF,E = 0⇒

JrF,E + (JrF,E)∗ = 0.

Therefore JrE,F is a skew-symmetric operator. If f = Je then the scattering variables are
expressed by

v = 1√
2
(rE,G − rF,GJ)e,

w = 1√
2
(rE,G + rF,GJ)e.

(5.20)

Since v can take an arbitrary value it follows im(rE,G − rF,GJ) = G. Suppose that e ∈
ker(rE,G − rF,GJ). This means that (rE,G − rF,GJ)e = 0. Consequently,

〈rE,Ge, (rE,G − rF,GJ)e〉G = 0⇒

‖rE,Ge‖2G − 〈rE,Ge, rF,GJe〉G = 0.⇒
‖e‖2E − 〈e, rF,EJe〉E = 0. (5.21)

Now we consider the second term of the left side in Equation (5.21).

〈e, rF,EJe〉E = 〈J∗rE,Fe, e〉E .

Since JrF,E + (JrF,E)∗ = 0 then J∗ = −rF,EJrF,E and consequently

〈e, rF,EJe〉E = −〈rF,EJrF,ErE,Fe, e〉E ⇒

〈e, rF,EJe〉E = 0.

Therefore, Equation (5.21) becomes ‖e‖2E = 0. Hence, ker(rE,G − rF,GJ) = 0. This means
that the linear transformation rE,G − rF,GJ is boundedly invertible. Elimination of e from
Equation (5.20) yields

w = Ov,

where

O = (IG + rF,GJrG,E) (IG − rF,GJrG,E)−1 ,

which is known as the Cayley transform of rF,GJrG,E (for the finite dimensional case see
[55]). Proposition 5.2.15 implies that O is a unitary operator.
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Example 5.2.20 (Brayton-Moser transformer)
Consider a D-element having k-ports whose space of admissible flows and efforts is denoted
by D. The scattering representation of D is given by (5.18) where

f =




f1
...
fk


 , rF,G =




rF1,G1 · · · 0
...

. . .
...

0 · · · rFk,Gk


 ,

e =




e1
...
ek


 , rE,G =




rE1,G1 · · · 0
...

. . .
...

0 · · · rEk,Gk


 .

The D-element is a Brayton-Moser transformer if there exist integers

ρ1, ρ2, . . . , ρk ∈ {0, 1},

such that
ΣO∗ = OΣ,

where

Σ =




(−1)ρ1IG1 0 · · · 0
0 (−1)ρ2IG2 · · · 0
...

...
. . . 0

0 0 · · · (−1)ρkIGk


 .

5.2.3 Connection of D-elements

In subsection 5.1.2 we have shown that the flow (effort) connection of any two D-
elements can be looked upon as a connection of a D-element with an FC-element and
an EC-element. This result enables us to focus only on the connection between a
D-element and an ideal constraint.

Consider a D-element having two ports and adjacent to an EC-element as shown
in Figure 5.12. We assume for simplicity that

Fi = Ei = Hi, i = 1, 2.

Therefore, the bond space of the edge b1,1 = (f1,1, e1,1) is H1×H1 and the bond space
of the edge b1,2 = (f1,2, e1,2) is H2 ×H2.

b1;1

M1

b1;2b1;1

M2 M e

1

M e

1

Figure 5.12: (a) Two-port D-element connected to EC-element. (b) Modified part.
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The D-element and the EC-element are replaced by a multi-port element M e
1 . Assume

that the space of scattering variables is G = H = H1 ×H2. Then[
e1 + f1
e2 + f2

]
=
[
O1,1 O1,2

O2,1 O2,2

]
︸ ︷︷ ︸

O

[
e1 − f1
e2 − f2

]
,

where O is a unitary operator onH. The space of admissible flows and efforts imposed
by the multi-port element M e

1 is given by

De
1 = {(f1, e1) ∈ H1 ×H1 : ∃f2 s.t. (f1, e1, f2, 0) ∈ D}.

Therefore De
1 has the following form

De
1 =

{
(f1, e1) : ∃f2 st.

[
e1 + f1
f2

]
=
[
O1,1 O1,2

O2,1 O2,2

] [
e1 − f1
−f2

]}
. (5.22)

In this subsection we investigate when the multi-port element M e
1 represents a D-

element or equivalently when De
1 represents a Dirac structure. Necessary and sufficient

conditions are given in the following proposition.

Proposition 5.2.21 (De
1 is a Dirac structure)

The subspace De
1 is a Dirac structure if and only if

(i) im(O2,1) ⊆ im(IH2 +O2,2), and

(ii) im(O∗
1,2) ⊆ im(IH2 +O

∗
2,2).

Proof:
We consider two cases.
Case 1. Assume that ker(IH2 +O2,2) = 0.
Preparation: If (f1, e1) ∈ De

1, then there exists a unique f2 such that (f1, e1, f2, 0) ∈ D.
Indeed, if there would exist another f̃2 such that (f1, e1, f̃2, 0) ∈ D, then, since D is
linear space, we have that (0, 0, f2 − f̃2, 0) ∈ D. Thus[

0
f2 − f̃2

]
=
[
O1,1 O1,2

O2,1 O2,2

] [
0

−(f2 − f̃2)
]
,

or equivalently
0 = (IH2 +O2,2)(f2 − f̃2),

which implies that f2 = f̃2, since ker(IH2 +O2,2) = 0.
Necessity: Let (f1, e1) ∈ De

1 and let f2 be the unique element of H2 such that
(f1, e1, f2, 0) ∈ D. Then[

e1 + f1
f2

]
=
[
O1,1 O1,2

O2,1 O2,2

] [
e1 − f1
−f2

]
. (5.23)

Equation (5.23) implies that

O2,1(e1 − f1) = (IH2 +O2,2)f2.
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Since De
1 is a Dirac structure the element e1 − f1 can take arbitrary values in H1

(Proposition 5.2.14 Statement (i)). Therefore

im(O2,1) ⊆ im(IH2 +O2,2).

In this way Condition (i) is proved.
Premultiplication of Equation (5.23) by O∗ yields[

e1 − f1
−f2

]
=
[
O∗

1,1 O∗
2,1

O∗
1,2 O∗

2,2

] [
e1 + f1
f2

]
. (5.24)

By using a similar argument as above we can show that Condition (ii) also holds.
Sufficiency (Step 1): First we prove that the subspace De

1 is given by

De
1 = {(f1, e1) : f1 + e1 = Õ(e1 − f1)},

where
Õ = O1,1 −O1,2[(IH2 +O2,2)−1O2,1].

Indeed, for (f1, e1) ∈ De
1, there exists f2 such that Equation (5.23) is satisfied. Since

im(O2,1) ⊆ im(IH2 +O2,2) and ker(IH2 +O2,2) = 0 then

[(IH2 +O2,2)−1O2,1]

is well defined block operator. Hence Equation (5.23) can be solved for f1 + e1 as a
function of e1 − f1, i.e.

e1 + f1 = Õ (e1 − f1) .
This also implies that e1 − f1 can take an arbitrary value. Conversely, suppose that
the pair (f1, e1) is such that the previous equation is satisfied. Define

f2 = (IH2 +O2,2)−1O2,1(e1 − f1).
Then it is easy to see that f1, e1, f2 are such that Equation (5.23) is satisfied. Therefore
(f1, e1) ∈ De

1.
Sufficiency (Step 2): By using the same lines as above it can be proved that the
subspace De

1 is also given by

De
1 = {(f1, e1) : e1 − f1 = Õ∗(e1 + f1)},

and that e1 + f1 can take an arbitrary value.
Sufficiency (Step 3): Now, we prove that De

1 is a Tellegen structure. For any (f1, e1) ∈
Df

1 there exists f2 such that (f1, e1, f2, 0) ∈ D. Since Dirac structure D is also a
Tellegen structure then

〈e1|f1〉B1 + 〈0|f2〉B2 = 0⇒ 〈e1|f1〉B1 = 0.
Thus De

1 is indeed a Tellegen structure.
Sufficiency (Step 4): Since De

1 is a Tellegen structure it follows for any (f1, e1) ∈ De
1

1
2
‖e1 + f1‖2H1

− 1
2
‖e1 − f1‖2H1

= 0.
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The vector e1 − f1 (see Sufficiency Step 1) can take an arbitrary value and e1 +
f1 = Õ(e1 − f1). Therefore the previous equation implies that Õ is an isometry, i.e.
Õ∗Õ = IH1 . Since the vector e1 + f1 (see Sufficiency Step 2) can take an arbitrary
value it follows that im(Õ) = H1. Therefore, Theorem 3.10-6 in [32] implies that the
operator Õ is a unitary operator. Thus, the subspace De

1 represents a Dirac structure
on H1 ×H1 (see Proposition 5.2.16).
Case 2. It is assumed that ker(IH2 +O2,2) �= 0. The vector f2 is split as

f2 =
[
f2,1
f2,2

]

where (0, f2,2) ∈ H2,2 = ker(IH2 + O2,2) and (f2,1, 0) ∈ H2,1 = (ker(IH2 + O2,2))c.
Therefore

(IH2 +O2,2)
[
f2,1
f2,2

]
=
[
IH2,1 +O2,2,1 0

O2,2,2 0

] [
f2,1
f2,2

]
.

Consequently,

O2,2

[
f2,1
f2,2

]
=
[
O2,2,1 0
O2,2,2 −IH2,2

] [
f2,1
f2,2

]
.

The unitary operator O is rewritten as

O =


 O1,1 O1,2,1 O1,2,2

O2,1,1 O2,2,1 0
O2,1,2 O2,2,2 −IH2,2


 .

Since O is unitary operator (O∗O = OO∗ = IH) it follows that O has the following
form

O =


 O1,1 O1,2,1 0
O2,1,1 O2,2,1 0
0 0 −IH2,2


 ,

where ker(IH2,1 +O2,2,1) = 0. The subspace De
1 is given by

De
1 =

{
(f1, e1) : ∃f2,1 ∈ H1,2 st.

[
e1 + f1
f2,1

]
=
[
O1,1 O1,2,1

O2,1 O2,2,1

] [
e1 − f1
−f2,1

]}
.

Therefore De
1 is a Dirac structure if and only if D̃e

1 is a Dirac structure. Since
ker(IH2,1+O2,2,1) = 0, the subspace D̃e

1 is a Dirac structure if and only if the following
two conditions are satisfied

im(O2,1,1) ⊆ im(IH2,1 +O2,2,1),

and
im(O∗

1,2,1) ⊆ im(IH2,1 +O
∗
2,2,1).

Due to the specific form of O, the previous two conditions are equivalent to the
conditions (i) and (ii) of the proposition.

Remarks 5.2.22
1o If ‖O2,2‖H2 < 1, then IH2 + O2,2 and IH2 + O

∗
2,2 are boundedly invertible linear

operators. Therefore conditions of Theorem 5.2.21 are satisfied since im(IH2+O2,2) =
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im(IH2 +O
∗
2,2) = H2 hold for boundedly invertible operators.

2o If H2 is a finite dimensional space, then conditions of Proposition are immediately
satisfied. Indeed, supposes that ker(IH2 + O2,2) = {0}. This implies that the inverse
of IH2+O2,2 is a bounded linear operator. Hence Conditions (i) and (ii) are satisfied.
If ker(IH2 +O2,2) �= {0} then we can apply the same lines as in the proof of case 2.

An example where De
1 is not a Dirac structure is given below.

Example 5.2.23 (Infinite-dimensional circulator)
The circulator is the three-port element described by (see for example [45])

v−1 + i−1 = v1 − i1
v0 + i0 = v−1 − i−1

v1 + i1 = v0 − i0

Its infinite-dimensional generalisation has the following form

...
v−n + i−n = v−n−1 − i−n−1

...
v−1 + i−1 = v−2 − i−2

v0 + i0 = v−1 − i−1

v1 + i1 = v0 − i0
...

vn + vn = vn−1 − in−1

...

(5.25)

Suppose that

f1 = (· · · , i−n, · · · , i−1, i0),
e1 = (· · · , v−n, · · · , v−1, v0),
f2 = (i1, · · · , in, · · · ),
e2 = (v1, · · · , vn, · · · ).

The flow and effort spaces are

F1 = E1 = H1 = 32(−N0),

F2 = E2 = H2 = 32(N),

where Z, N, −N0 stand for the sets of all integers, positive integers, and non-positive integers,
respectively. Here 32 stands for the space of square summable sequences.

Equation (5.25) can be rewritten as[
e1 + f1
e2 + f2

]
= O

[
e1 − f1
e2 − f2

]
,

where

O : 32(Z)→ 32(Z)

is the right-shift operator on 32(Z). Thus it is a unitary linear operator. Therefore, the
infinite-dimensional circulator represents a D-element.
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The linear transformations O2,1, O2,2 are given by

O2,1 =



· · · 0 0 1
· · · 0 0 0
· · · 0 0 0

. .
. ...

...
...


 , O2,2 =




0 0 0 · · ·
1 0 0 · · ·
0 1 0 · · ·
...

...
...

. . .


 .

Any element of the subspace im(O2,1) is given by (α, 0, 0, · · · ). The solution of the equation


α
0
...


 = (IH2 + O2,2)f2

is f2 = (α,−α, α, · · · ). The vector f2 belongs to H2 if and only if α = 0. Hence the previous
equation does not have a solution in H2 for α �= 0. Hence condition (i) of Theorem 5.2.21
is not satisfied. Therefore the connection of the D-element and an EC-element cannot be
replaced by a D-element.

Note that condition (ii) of Proposition 5.2.21 is satisfied in this case. Indeed, the operator
O1,2 is zero operator. Its image is zero and thus condition (ii) is satisfied. If the linear
transformation O is the left-shift operator on 32(Z), then condition (i) is satisfied but not
condition (ii).

In the sequel we investigate when cl(De
1) is a Dirac structure. The following

proposition gives necessary and sufficient conditions for cl(De
1) to be a Dirac structure.

Proposition 5.2.24 (cl(De
1) is a Dirac structure.)

The subspace cl(De
1), where De

1 is defined by (5.22) is a Dirac structure if and only if

(i) there exists a dense subspace V1 ⊂ H1 such that

im(O2,1|V1) ⊆ im(IH2 +O2,2), and

(i) there exists a dense set W1 ⊂ H1 such that

im(O∗
1,2

∣∣
W1
) ⊆ im(IH2 +O

∗
2,2).

Proof:
We consider two cases.
Case 1. Assume that ker(IH2 +O2,2) = 0.
Necessity: Define

V1 = {e1 − f1 : (f1, e1) ∈ De
1}.

If (f1, e1) ∈ De
1, then there exists a f2 such that

O2,1(e1 − f1) = (IH2 +O2,2)f2.

Or in other words
im(O2,1|V1) ⊆ im(IH2 +O2,2).
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So it remains to show that V1 is dense. If V1 would not be dense, then there exists a
non-zero v1, such that

0 = 〈v1, e1 − f1〉H1
= 〈v1, e1〉H1

− 〈v1, f1〉H1
⇒

〈(−v1, v1), (f1, e1)〉B1 = 0, ∀ (f1, e1) ∈ De
1.

This implies that
(−v1, v1) ∈ (De

1)
c = (cl(De

1))
c,

and since cl(De
1) is a Dirac structure (v1,−v1) ∈ cl(De

1) (see Proposition 5.2.6 State-
ment (ii)). However, this implies that v1 must be zero since cl(De

1) is also a Tellegen
structure. In this way condition (i) is proved. Define

W1 = {e1 + f1 : (f1, e1) ∈ De
1}.

The proof that condition (ii) is satisfied is similar to that of (i).
Sufficiency (Step 1:) First we prove that for every v1 ∈ V1 we can find the pair
(f1, e1) ∈ De

1 such that v1 = e1 − f1. Indeed Condition (i) entails the existence of f2
such that

O2,1v1 = (IH2 +O2,2)f2.

Define
w1 = O1,1v1 −O1,2f2,
f1 = 1

2 (w1 − v1),
e1 = 1

2 (w1 + v1).

With this notation it is easy to see that f1, e1, f2 satisfies Equation (5.23). Therefore
(f1, e1) ∈ De

1. Let De
1,V1 ⊂ H1 × H1 be the subset of pairs (f1, e1) constructed by

means of v1V1 as explained above. Since the relation describing f1, e1, w1, v1, f2 are
linear then De

1,V1 is a subspace. It is clear from the construction of the subspace De
1,V1

that
De

1,V1 ⊆ De
1. (5.26)

Furthermore, we have that
e1 + f1 = Õ(e1 − f1),

where
Õ = O1,1 +O1,2[(IH2 +O2,2)−1O2,1].

Condition (i) implies that the block operator [(IH2 + O2,2)−1O2,1] is well defined on
the dense subspace V1.
Sufficiency (Step 2:) By using the same lines as in the proof of Proposition 5.2.21
(Case 1 Sufficiency (Step 3)) it can be shown that the subspace De

1 is a Tellegen
structure and thus

‖e1 + f1‖2H1
= ‖Õ(e1 − f1)‖2H1

= ‖(e1 − f1)‖2H1
,

for all v1 = e1 − f1 ∈ V1. Density of V1 implies

Õ∗Õ = IH1 .
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Now, it is clear that Õ is also a bounded operator.
Sufficiency (Step 3:) By using similar argument as in Step 2, we show that for every
w1 ∈ W1 there exists (f1, e1) ∈ De

1 and Ô such that

e1 − f1 = Ô(e1 + f1),

where
Ô = O∗

1,1 +O
∗
2,1[(IH2 +O

∗
2,2)

−1O∗
1,2].

Condition (ii) implies that the block operator [(IH2 +O
∗
2,2)

−1O∗
1,2] is well defined on

the dense subspace W1. Furthermore, the operator Ô is bounded operator satisfying

Ô∗Ô = IH1 .

Sufficiency (Step 4:) Next, we prove that Ô∗ = Õ. Let v1, w1 be any two elements of
V1, W1, respectively. Then there exist pairs (f̃1, ẽ1) ∈ De

1, (f̂1, ê1) ∈ De
1 such that

v1 = ẽ1 − f̃1,
w1 = ê1 + f̂1,
ẽ1 + f̃1 = Õ(ẽ1 − f̃1),
ê1 − f̂1 = Ô(ê1 + f̂1).

Therefore,

〈(Õ − Ô∗)v, w〉H1 = 〈Õv, w〉H1 − 〈v, Ôw〉H1 =
〈ẽ1 + f̃1, ê1 + f̂1〉H1 − 〈ẽ1 − f̃1, ê1 − f̂1〉H1 =
2〈ẽ1, f̂1〉H1 + 2〈ê1, f̃1〉H1 = 2# (f̃1, ẽ1), (f̂1, ê1)$H1= 0.

Since De
1 is a Tellegen structure De

1 ⊆ (De
1)

⊥ and thus

〈(Õ − Ô∗)v, w〉H1 = 0, ∀v ∈ V1, ∀w ∈ W1.

Since V1 and W1 are dense subspaces and the operators Õ and Ô are bounded opera-
tors then the previous relation implies Õ = Ô∗. Therefore, Õ∗Õ = ÕÕ∗ = IH1 . Thus
Õ is a unitary operator and the subspace defined by

D̃1 = {(f1, e1) ∈ H1 : e1 + f1 = Õ(e1 − f1)}

is a Dirac structure (see proposition 5.2.16).
Sufficiency (Step 5:) Furthermore, we show that cl(De

1,V1) = D̃1. If (f1, e1) ∈ De
1,V1

then there exists f2 such that Equation (5.23) is satisfied. Therefore

e1 + f1 = Õ(e1 − f1).

Hence De
1,V1 ⊆ D̃1 and thus

cl(De
1,V1) ⊆ D̃1.
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Now assume that (f̄1, ē1) ∈ (De
1,V1)

⊥. Then

0 =# (f̄1, ē1), (f1, e1)$H1= 〈ē1, f1〉H1 + 〈e1, f̄1〉H1 ⇒
〈ē1 + f̄1, e1 + f1〉H1 − 〈ē1 − f̄1, e1 − f1〉H1 = 0⇒
〈ē1 + f̄1, Õ(e1 − f1)〉H1 − 〈ē1 − f̄1, e1 − f1〉H1 = 0⇒
〈ē1 − f̄1 − Õ∗(ē1 + f̄1), e1 − f1〉H1 = 0.

The subspace De
1,V1 is constructed in such a way that the subspace of possible values

of e1 − f1 for (f1, e1) ∈ De
1,V1 is the subspace V1. Since V1 is dense it follows that

ē1 + f̄1 = O(ē1 − f̄1).
Thus (f̄1, ē1) ∈ D̃1. Together with Proposition 5.2.6 this implies that

(De
1,V1)

⊥ ⊆ D̃1 ⇔ (De
1,V1)

c ⊆ D̃c
1 ⇔ cl(De

1,V1) ⊇ D̃1.

Together with the other inclusion we obtain

cl(De
1) = D̃1.

Sufficiency (Step 6:) It remains to show that cl(De
1,V1) = cl(De

1). Equation (5.26)
implies that

cl(De
1,V1) ⊆ cl(De

1).

Take an arbitrary element (f1, e1) ∈ De
1. Since V1 is a dense subspace then we can

always found a convergent sequence v1,k such that lim
k→∞

v1,k = e1 − f1. For the

element v1,k we can find (f1,k, e1,k) ∈ De
1,V1 such that v1,k = e1,k − f1,k. Since

(f1,k, e1,k) ∈ De
1,V1 there exists a f2,k such that[

e1,k + f1,k
f2,k

]
= O

[
e1,k − f1,k
−f2,k

]
.

On the other hand, since (f1, e1) ∈ De
1 there exists f2 such that[

e1 + f1
f2

]
= O

[
e1 − f1
−f2

]
.

Subtracting the previous two equations yields[
e1 + f1 − (e1,k + f1,k)

f2 − f2,k
]
= O

[
e1 − f1 − (e1,k − f1,k)

−f2 + f2,k
]

The last equation implies that (it is taken into account O∗O = IH)∥∥∥∥ e1 + f1 − (e1,k + f1,k)f2 − f2,k

∥∥∥∥
H

=
∥∥∥∥ e1 − f1 − (e1,k − f1,k)−f2 + f2,k

∥∥∥∥
H
⇒

‖e1 + f1 − (e1,k + f1,k)‖H1
= ‖e1 − f1 − (e1,k − f1,k)‖H1

.
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Therefore e1,k + f1,k converge to e1 + f1 since e1,k − f1,k converge to e1 − f1. This
means also that (f1,k, e1,k) converges to (f1, e1). Hence, De

1 ⊆ cl(De
1,V1). Thus,

cl(De
1) ⊆ cl(De

1,V1).

With the other inclusion we get

cl(De
1) = cl(De

1,V1).

Finally since cl(De
1,V1) = D̃1 it follows that

cl(De
1) = D̃1.

Hence, the subspace cl(De
1) is a Dirac structure.

Case 2. Let ker(IH2+O2,2) �= 0. This case can be proved by using the same reasoning
as in the proof of case 2 of Proposition 5.2.21.

Corollary 5.2.25
Suppose that the D-element is a TF-element. Then cl(De

1) is a Dirac structure.

Proof:
If the D-element is a TF-element then O = O∗. Therefore conditions (i) and (ii) of
Proposition 5.2.24 coincide. Since O is a unitary linear transformation,

O2,1O1,2 +O2
2,2 = IH2 .

Therefore
O2,1O1,2 = (IH2 +O2,2)(IH2 −O2,2).

Hence for all v ∈ im(O1,2) there exists a f2 such that

O2,1v = (IH2 +O2,2)f2.

We know that

H1 = cl(im(O1,2))� ker(O∗
1,2) = cl(im(O1,2))� ker(O2,1).

Define
V1 = im(O1,2)� ker(O2,1).

It is clear that V1 is dense subspace. Any element v of V1 can be represented by

v = O1,2v1 + v0,

where v0 ∈ ker(O2,1). Therefore

O2,1v = O2,1O1,2v1 +O2,1v0 = O2,1O1,2v1 =
(IH2 +O2,2)(IH2 −O2,2)v1 = (IH2 +O2,2)f2.

Hence im(O2,1|V1) ⊆ im(IH2 +O2,2).

Although cl(De
1) is a Dirac structure for every TF-element it is not general true that

already De
1 is a Dirac structureas illustrated by the next example.
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Example 5.2.26 (Infinite transformer array)
Consider the TF element described by the behavioral equations

e2 = Te1,
f1 = −Tf2. (5.27)

where

T =




1 0 · · · 0 · · ·
0 1

2
· · · 0 · · ·

...
...

. . .
...

. . .

0 0 · · · 1
n

· · ·
...

...
. . .

...
. . .


 .

The Hilbert spaces are

H1 = H2 = 32(N).

Equation (5.27) can be rewritten as[
e1 + f1
e2 + f2

]
= O

[
e1 − f1
e2 − f2

]
=

[
O1,1 O1,2

O2,1 O2,2

] [
e1 − f1
e2 − f2

]
,

where

O1,1 = −O2,2 =




0 · · · 0 · · ·
...

. . .
. . .

. . .

0
. . . n2−1

n2+1

. . .

...
. . .

. . .
. . .


 , O1,2 = O2,1 =




1 · · · 0 · · ·
...

. . .
. . .

. . .

0
. . . 2n

n2+1

. . .

...
. . .

. . .
. . .


 .

Since the operator O is unitary it follows that the previous equation is a scattering repre-
sentation of a Dirac structure (see Proposition 5.2.16). Let v = (v1, v2, . . . , vn, . . .) be any
element in H1. Consider the following equation

O2,1v = (IH1 + O2,2)f2.

The solution of the previous equation for f2 is given by

f2 = (v1, 2v2, . . . , nvn, . . .).

Let v = (1, 1
2
, . . . , 1

n
, . . .). Obviously v ∈ H1. In this case the solution vector f2 is given by

f2 = (1, 1, . . . , 1, . . .).

It is clear that f2 /∈ H2. Therefore condition (i) of Proposition 5.2.21 is not satisfied and
thus the subspace De

1 is not a Dirac structure.

Let the subspace V1 be defined by

V1 = {v = (v1, v2, . . . , vn, . . .) ∈ H1 :

∞∑
n=1

n2v2n <∞}.

The subspace V1 is dense and the vector f2 belongs to H2 for every v ∈ V1. Hence condition
(i) of Proposition 5.2.24 is satisfied. Since O = O∗ then condition (ii) is also satisfied (see
Corollary 5.2.25). Therefore the subspace cl(De

1) is a Dirac structure.
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b1;1

M1

b1;2b1;1

M2 M f
1

M f
1

Figure 5.13: (a)Two-port D-element connected to EC-element. (b) Modified part.

In the sequel we give necessary and sufficient conditions when Df
1 is a Dirac

structure. Consider a D-element having two ports which is adjacent to an FC-element
as shown in Figure 5.13. We assume that B1,1 = H1 ×H1 and that B1,2 = H2 ×H2.
The D-element and the EC-element are replaced by a multi-port element M e

1 . The
space of admissible flows imposed by M e

1 , denoted by Df
1 , has the following form

Df
1 =

{
(f1, e1) : ∃e2 st.

[
e1 + f1
e2

]
=
[
O1,1 O1,2

O2,1 O2,2

] [
e1 − f1
e2

]}

Sufficient and necessary conditions when Df
1 and cl(Df

1 ) are Dirac structures are given
in the following two propositions.

Proposition 5.2.27 (Df
1 is a Dirac structure)

The space Df
1 is a Dirac structure if and only if

(i) im(O2,1) ⊆ im(IH2 −O2,2)

(ii) im(O∗
1,2) ⊆ im(IH2 −O∗

2,2).

Proposition 5.2.28 (cl(Df
1 ) is a Dirac structure.)

The subspace cl(Df
1 ) is a Dirac structure if and only if

(i) There exists a dense subspace V1 ⊂ H1 such that

im(O2,1|V1) ⊆ im(IH2 −O2,2),

(i) There exists a dense set W1 ⊂ H1 such that

im(O∗
1,2

∣∣
W1
) ⊆ im(IH2 −O∗

2,2).

The proofs of these two propositions are identical to the proofs of Proposition 5.2.21
and Proposition 5.2.24.

5.2.4 Example

Some results obtained in this section are illustrated on the example of one-dimensional
transmission line. Suppose that the length of a one dimensional transmission line is
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S. The Kirchhoff’s laws describing the transmission line are given by

fq (z) = −∂fφ(z)
∂z ,

eφ (z) = −∂eq(z)
∂z . (5.28a)

The boundary conditions are
fφ (0) = −fBL,
eq (0) = eBL,
fφ (S) = fBR,
eq (S) = eBR.

(5.28b)

Here (fq, eq) are the power variables of the electric port, (fφ, eφ) are the power vari-
ables corresponding to the magnetic port and (fBL, eBL), (fBR, eBR) are the boundary
power variables. In the sequel we prove that that Equation (5.28) describes the in-
terconnection structure of the one-dimensional transmission line. To prove this, we
show that the space of admissible flows and efforts imposed by (5.28) represents a
Dirac structure.

The space of the flow variables is the same as the space of effort variables and it
is given by

F = E = L2(0, S)× L2(0, S)× R × R,

where L2(0, S) is a the space of square integrable function on [0, S]. An element of
the space F is denoted by

f = (fq, fφ, fBL, fBR).

and an element of the space E is denoted by

e = (eq, eφ, eBL, eBR).

The power product has the following form

〈e|f〉 =
S∫

0

fq (z) eq (z)dz +

S∫
0

fφ (z) eφ (z)dz + eBLfBL + eBRfBR.

The first term on the right side represents the power exchanged with electrical port,
the second term on the right side represents the power exchanged with the magnetic
port and the last two terms represent the powers exchanged with the boundary ports.
Since F = E then

rF,E = rE,F = IF .

where IF is the identity operator in F . It is obvious that F represent a Hilbert space
whose inner product is defined by

〈f1, f2〉 = 〈f1|f2〉.

The space of admissible flows f and efforts e imposed by (5.28) is given by

D = {b = (f, e) ∈ F × E : Tb = 0},
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where T : B → L = L2(0, S)× L2(0, S)× R × R × R × R

Tb =




fq (z) +
∂fφ(z)
∂z

eφ (z) +
∂eq(z)
∂z

eBL − eq (0)
fBL + fφ (0)
eBR − eq (S)
fBR − fφ (S)


 ,

whose domain is

L2(0, S)× L2(0, S)× R × R ×A×A× R × R

where

A = {e ∈ L2(0, S) : e(z) absolutely continuous and
∂e (z)
∂z

∈ L2(0, S)}.

The subspace A is a dense subspace on L2(0, S) (see [31], pp. 145, exercise 2.7).
This means that the kernel of T is also a closed subspace. First we prove that D is a
Tellegen structure. Indeed, if (f, e) ∈ F × E then

〈e|f〉 =
(5.28a)

−
S∫

0

∂fφ (z)
∂z

eq (z) dz −
S∫

0

∂fq (z)
∂z

eφ (z) dz + eBLfBL + eBRfBR

= −
S∫

0

∂ (fφ (z) eq (z))
∂z

dz + eBLfBL + eBRfBR

= −fφ (S) eq (S) + fφ (0) eq (0) + eBLfBL + eBRfBR

=
(5.28b)

0.

The adjoint of the linear transformation T is given by

T ∗l =




lq
lφ
lfBL
lfBR
−∂lφ

∂z

−∂lq
∂z

leBL
leBR



. (5.29)

The domain of T ∗ is the subspace given by{
(lφ, lq, leBL , leBR , lfBL , lfBR) ∈ L2 (0, S)× L2 (0, S)× R

4 : (5.30)

lq, lφ are absolutely continuous functions,
∂lq
∂z
,
∂lφ
∂z

∈ L2 (0, S) ,

lq (0) = lfBL , lq (S) = lfBR , lφ (0) = −leBL , lφ (S) = leBR} .
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Now, we prove that im(RT ∗) is a Tellegen structure. Indeed,

〈e|f〉 =
(5.29)

−
S∫

0

∂lφ (z)
∂z

lq (z)−
S∫

0

∂lq (z)
∂z

lφ (z) + lfBL leBL + lfBR leBR

= −
S∫

0

∂ (lφ (z) lq (z))
∂z

+ lfBL leBL + lfBR leBR

= lφ (0) lq (0)− lφ (S) lq (S) + lfBL leBL + lfBR leBR
=

(5.30)
0.

Therefore D is a Dirac structure by virtue of Proposition 5.2.13. Thus Equation (5.28)
indeed represents the interconnection structure of one-dimensional transmission line.

5.3 Conclusions

In this chapter the notion of junction structure has been extended to bond graphs
in which the bond spaces are infinite dimensional real vector spaces. The junction
structure has been defined as the subgraph of a bond graph such that the space
of admissible flows and efforts imposed by the subgraph is a Dirac structure. In
this way the properties of junction structures can been analysed by means of the
properties of Dirac structures. The power conserving elements treated in Chapter
2 have been generalised to arbitrary real vector spaces. Special attention has been
paid to Dirac structures defined on Hilbert spaces. Various representations of Hilbert-
Dirac structures have been presented, and compositional properties of Hilbert-Dirac
structure have been analysed.

As indicated before, the results presented in this chapter have not yet led to
algorithms similar to those presented in Chapter 2, but they rather represent a foun-
dation for further research. The practical usefulness of this approach has been already
demonstrated in [24, 51], where the authors show how the notion of Dirac structures
can be used for the spatial discrimination of the Telegraphers equations describing an
ideal transmission line and two-dimensional wave-equations.

Some open problems related to this chapter are:

• Dirac structures defined on finite dimensional vector spaces also admit input-
output, constrained effort, constrained flow, and canonical representations (see
Appendix B). Do these representations also exist for infinite dimensional Hilbert
spaces?

• How to approximate an infinite dimensional Dirac structure by a finite dimen-
sional Dirac structure?



Summary

Prevailing trend in the modelling of physical systems for simulation is network mod-
elling. The system is split into subsystems and the model of the system is constructed
out of models of the subsystems, called sub-models. This way of modelling has sev-
eral advantages. The knowledge about sub-models can be stored in libraries, and is
reusable for later occasions. The modelling process can be performed in an itera-
tive manner, gradually refining the model by adding other sub-models. In this way,
hierarchies of models can be established. An especially successful approach to net-
work modelling of physical systems is port-based modelling, where the sub-systems
are interacting with each other through energy exchange modelled by ports of power
variables. This thesis is aimed at developing tools for the analysis and simulation of
port-based models called bond graphs.

A mathematical formalisation of the original bond graph framework invented by
Paynter is presented. A bond graph is defined as a labelled directed graph with a
special connection topology where to every edge, called bond, there is associated a
pair of power-conjugate signals and where to every vertex, called multi-port element,
there is associated a behaviour expressed in the signals of the edges incident to that
vertex. It is shown that causal analysis can be formulated as an integer-programming
problem. Based upon the established framework we present a new approach to causal
analysis of bond graphs.

The result obtained from causal analysis is correct as long as all constraints im-
posed by all the vertices and by all the subgraphs are taken into account. The long
standing problem of deriving the constraints imposed by all subgraphs is solved for
scalar bond graphs. The proposed solution is based on the properties of the intercon-
nection part of the bond graph called junction structure. Algorithmic procedures for
causal analysis of scalar bond graphs based on the obtained solution are derived. It
is proved that the solution generated by them is optimal and the complexity of the
procedures is analysed in detail. Next, structural and quantitative analysis of scalar
bond graphs is performed by means of the developed procedures for causal analysis.
It is shown how the following aspects of the behaviour of a model can be checked in
an automated manner: regularity of a bond graph, dependency of the sources, alge-
braic constraints and dynamic invariants. Furthermore, a procedure for derivation of
a simulation model from a standard bond graph is given. It is shown that the ob-
tained simulation model has the form of a port-Hamiltonian system. The properties
of the obtained simulation model are analysed by means of a characteristic parameter
called index. It is also shown how to eliminate the algebraic constraints and dynamic
invariants from a simulation model in a symbolic way. The proposed procedures for
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elimination are based on the Hamiltonian formalism. The transformed simulation
model is a port-Hamiltonian system and is again representable by a bond graph. All
eliminated variables can be recovered from the transformed simulation model.

Finally, infinite dimensional junction structures are treated. The junction struc-
ture is defined as a subgraph of the bond graph such that the space of admissible port
variables represents a Dirac structure. In this way, the properties of the junction struc-
tures are analysed through the properties of Dirac structures. It is also shown how
the concepts of power-conserving elements such as ideal junctions, ideal transformers
and ideal gyrators defined for finite dimensional vector spaces can be generalised to
infinite dimensional vector spaces. Special attention is focused on Dirac structures
defined on Hilbert spaces. Two questions are addressed: (1) what are the possible
representations of such Dirac structures?, and (2) when is the connection of two Dirac
structures again a Dirac structure?



Further research

Possible directions of further research related to this thesis have been already pre-
sented at the end of every chapter and they will no be repeated here. In the sequel
we present some directions related to the port-based modelling methodology.

The port-based modelling methodology has been mainly applied to complex phys-
ical systems with lumped-parameters. A natural extension of this methodology would
be the development of a port-based framework for modelling and simulation of com-
plex physical systems described by lumped-parameter and distributed-parameter sub-
models. Two open problems related to this subject are given below.

A direct consequence of the port-based approach is that in many cases the obtained
models can be represented by means of basic lumped elements such as ideal junctions,
transformers, gyrators and so on (see also Chapter 2 and Chapter 3). So an open ques-
tion is what can be considered as the basic elements of models of physical models with
distributed parameters? One useful approach to deal with this problem is to rewrite
various distributed-parameter system models into a port-Hamiltonian form, and then
to extract basic building elements. Consider the example of the ideal transmission
line modelled by the telegrapher’s equations. These equations can be rewritten in
port-Hamiltonian form as explained in [59]. The obtained port-Hamiltonian system
has two ports, two energy storage elements (magnetic and electrical) and the intercon-
nection structure (Kirchhoff’s laws together with the boundary conditions) is a Dirac
structure called Stokes-Dirac structure. Therefore, the port-Hamiltonian model of
the transmission line can be represented by using only two basic elements: a Stokes-
Dirac structure and an energy storage element. Consider now the example of the
Timoshenko beam model. Its port-Hamiltonian representation (see [23]) can be seen
as consisting of a translation part and of rotational part interacting with each other.
This interaction is described by a Dirac structure called Hodge-Dirac structure. The
port-Hamiltonian representations of the translation part and the rotational part have
the same form as the port-Hamiltonian representation of the transmission line. There-
fore, the Timoshenko beam model can be represented by using three different basic
elements: a Stokes-Dirac structure, a Hodge-Dirac structure and an energy storage
element.

Powerful tools have been developed for the numerical computation of solutions of
partial differential equations (PDE’s), in particular finite-difference and finite-element
methods [7, 49]. The integration of these numerical computation schemes with the
existing tools for complex lumped parameter system models, in order to obtain a
unified simulation framework for broad classes of physical systems with both lumped-
parameter and distributed-parameter components, is non-trivial problem. One fun-
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damental issue is the fact that numerical methods for the solution of PDE’s usually
assume that the boundary conditions are given. On the other hand, more often than
not it are precisely the boundary conditions which represent the interaction of the
distributed-parameter component with the other components of the system. A typical
simple example is an electrical circuit containing a transmission line. The transmission
line is usually modelled by PDE’s (the telegrapher’s equations) with boundary condi-
tions being the values of the voltages and currents at both ends of the cable. Clearly,
those voltages and currents cannot be considered to be given, since the transmission
line is connected to the other dynamical components of the electrical circuit. Thus
we have to deal with the simulation of open distributed-parameter system models,
with interaction variables being the boundary conditions. The second open problem
is how to adapt the existing tools for computation of solutions of PDE’s to the port
based framework. These methods should respect the port-structure of the system, in
the sense that the approximating finite-dimensional system is again a physical sys-
tem with ports. Preliminary work has indicated that the Hamiltonian formulation of
distributed-parameter system models with ports suggests the use of a special type of
mixed finite-element methods. Consider the example of the ideal transmission line
modelled by the telegrapher’s equations. Its port-Hamiltonian form consists of the
one-dimensional Stokes-Dirac structure and the constitutive relations of the energy
storage (electrical and magnetic). A finite-element method has been proposed, which
retains the port-Hamiltonian structure [24]. Crucial feature of the proposed finite-
element method is that the model is discretized in two steps: first interconnection
structure (Stokes-Dirac structure) is discretized and then the constitutive relations of
the energy storage. Furthermore, the proposed discretization ensures that the power-
conserving property is preserved, i.e. the discretized model is also described by a
finite dimensional Dirac structure.



Appendix A

Transformation of scalar into
canonical bond graphs

In this chapter we show how a scalar bond graph can be transformed into a canonical
bond graph. A scalar bond graph is canonical if the following conditions are satisfied
(see Definition 2.2.3):

(i) At least one end vertex of every bond is an ideal junction;

(ii) If both end vertices of a bond are ideal junctions then one of them is a 1-junction
and the other is a 0-junction;

(iii) Any ideal junction is adjacent to one and only one multi-port element which
does not belong to the junction structure;

(iv) If an end vertex of a bond is a multi-port element that does not belong to the
junction structure then the bond is incoming with respect to the multi-port
element;

(v) Every TF-element is adjacent to a 1-junction and to a 0-junction;

(vi) Every GY-element is adjacent to either two 1-junctions or two 0-junctions;

(vii) The number of different paths of length one and two between any two ideal
junctions of the underlying undirected graph of the bond graph is less than or
equal to one.

A scalar bond graph is not canonical if at least one of the above listed conditions
is not satisfied. The parts of the scalar bond graph violating these conditions are
identified and they are modified in such a way that a canonical bond graph describes
the same model. There are seven possible violations when a scalar bond graph is not
canonical and they are treated in the following sections.
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A.1 Condition (i) is violated

Suppose that condition (i) is violated. This means that there exists a bond, for which
both end vertices M1 and M2 are not ideal junctions, as shown in Figure A.1(a).
This part of the bond graph can be transformed into another one by simple adding a
1-junction and a 0-junction as shown in Figure A.1(b).

M2M1M2M1

Figure A.1: (a) Part of the scalar bond graph violating condition (i).
(b) Modified part satisfying condition (i).

A.2 Condition (ii) is violated

Two ideal junctions of the same type, M1 and M2, are connected via a bond. Suppose
that without loss of generality M1 and M2 are 1-junctions as shown in Figure A.2(a).
The behavioural equations associated with M1 and M2 are

b1

bi

bkb

bi+1

M2M1 b1

bi

bkb

bi+1

M2M1

Figure A.2: Part of a scalar bond graph that violates condition (ii):
(a) two 0-junctions are adjacent.
(b) two 1-junctions are adjacent.

i∑
l=1

σ (bl,M1) el + σ (b,M1) e = 0, (A.1a)

f1 = · · · = fi = f , (A.1b)

k∑
l=i+1

σ (bl,M2) el + σ (b,M2) e = 0, (A.1c)

fi+1 = · · · = fk = f . (A.1d)
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The subgraph �GM1,M2 is replaced by a multi-port element denoted by M . It is clear
that

σ(bl,M ) = σ(bl,M1), l ≤ i,
and that

σ(bl,M ) = σ(bl,M2), l > i.

Since σ(b,M1) = −σ(b,M2), the summation of (A.1a) and (A.1c) gives

k∑
l=1

(bl, J) el = 0.

Furthermore, (A.1b) and (A.1d) imply that

f1 = · · · = fk.

The last two equations represent the behavioural equation of a 1-junction. The mod-
ified part is shown in Figure A.3(a). If M1 and M2 are two 0-junctions as shown in
Figure A.2(b) then the modified part is shown in Figure A.3(b).

bk

bi

bi+1

b1 M
bk

bi

bi+1

b1 M

Figure A.3: The resolution of the violation of condition (ii)

A.3 Condition (iii) is violated

Condition (iii) may be violated because of two reasons:

1. there exists an ideal junction such that all multi-port elements adjacent on it
are ideal junctions, TF-elements and GY-elements (see Figure A.4).

b1 bk
M

b1 bk
M

Figure A.4: The violation of condition (iii): Situation 1.
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2. there exists an ideal junction adjacent to two or more multi-port elements which
are not ideal junctions nor TF-elements nor GY-elements as shown Figure A.5.

bb

Figure A.5: The violation of condition (iii): Situation 2.

First we consider the situation depicted in Figure A.4(a). If we connect the 1-junction
with the EC element, as shown in Figure A.6(a), then the effort balance equation is
not changed since e = 0. Also the second constitutive relation is not changed since
there is no constraint on f 1. The part of the bond graph shown in Figure A.6(a)
satisfies condition (iii) of Definition 2.2.3. For the situation shown in Figure A.4(b),
the modified part is shown in Figure A.6(b).

MM

Figure A.6: Solution for the violation of condition (iii): Situation 1.

Now we consider the situation shown in Figure A.5(a). Every bond except one, say
b, is replaced by the combination bond-(0-junction)-bond as shown in Figure A.7(a).
The orientations of the added bonds are the same as the original ones. If the situation
is as shown in Figure A.5(a) then every bond but b is replaced by the combination
bond-(1-junction)-bond as shown in Figure A.7(b).

bb

Figure A.7: Solution for the violation of condition (iii): Situation 2.

1In this case EC element may be seen as an ideal flow measurement element.
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A.4 Condition (iv) is violated

The multi-port element M1 is neither a ideal junction nor TF-element nor GY-element.
Its adjacent vertex is an ideal junction denoted by M2 as shown in Figure A.8. The
tail of the bond is the multi-port element M1. Thus condition (iv) is not satisfied.
Suppose that the vertex adjacent to M1 is a 1-junction as shown in Figure A.8(a).
The effort balance equation is

σ(b,M1)ei +
k∑

j=1

σ(bj ,M2)ej = −ei +
k∑

j=1

σ(bj ,M2)ej = 0.

Let b̃ be defined as

b

b1

bk
M2

M1b

b1

bk
M2

M1

Figure A.8: Condition (iv) is violated.

b̃ := (f̃ , ẽ) = (f ,−e).

The effort balance equation of junction M2 becomes

ẽi +
k∑

j=1

σ(bj ,M2)ej = σ(b̃, M̃1)ei +
k∑

j=1

σ(bj ,M2)ej = 0.

implying that σ(b̃,M2) = 1. In other words, the tail of the bond b̃i is M2 as shown
in Figure A.9(a). Note, that the behavioural equation associated to M1 has been

b1

bk
M2

b1

bk
M2 ~b~b

~M1
~M1

Figure A.9: Solution for the violation of condition (iv).

changed and the new multi-port element is denoted by M̃1. If M2 is a 0-junction as
shown in Figure A.8(b) then the modified part is shown in Figure A.9(b) and

b̃ := (f̃ , ẽ) = (−f , e).
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A.5 Condition (v) is violated

Suppose that condition (v) of Definition 2.2.3 is not satisfied. This means that there
exists a transformer whose adjacent vertices are junctions of the same type see Figure
A.10. The violation for the situation shown in Figure A.10(a) can be solved by

Figure A.10: Part of the bond graph violating condition (v):
(a) Adjacent junctions are 1-junctions.
(b) Adjacent junctions are 0-junctions.

adding a 0-junction incident to a FC-element as shown in Figure A.11(a). Similarly,
the violation for the situation shown in Figure A.10(b) can be solved by adding a
1-junction incident to a EC-element as shown in Figure A.11(b).

Figure A.11: (a) Solution for the situation shown in Figure A.10(a).
(b) Solution for the situation shown in Figure A.10(b).

A.6 Condition (vi) is violated

Suppose that condition (vi) of Definition 2.2.3 is not satisfied. This means that
there exists a gyrator whose adjacent vertices are ideal junctions of different types
(see Figure A.12). The violation for the situation shown in Figure A.12(a) can be

Figure A.12: Part of the bond graph violating condition (vi).

solved by adding a 1-junction incident to a EC-element as shown in Figure A.13(a).
Similarly, the violation for the situation shown in Figure A.12(b) can be solved by
adding a 0-junction incident to a FC-element as shown in Figure A.13(b).
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Figure A.13: (a) Solution for the situation shown in Figure A.12a.
(b) Solution for the situation shown in Figure A.12b.

A.7 Condition (vii) is violated

Suppose that conditions (i)-(vi) of Definition 2.2.3 are satisfied. If condition (vii) of
Definition 2.2.3 is not satisfied then there exist two ideal junctions such that there
are two or more paths between them whose length is one or two.

First we consider the case when these junctions are a 1-junction and 0-junction
as shown in Figure A.14. Without loss of generality assume that all paths between
the ideal junctions have length two2. The part of bond graph shown in Figure A.14
is transformed into the part shown in Figure A.15(a)3.

Figure A.14: Violation of condition (vi).

The equation relating the efforts of bonds incident to 1-junction M1 is

−e1 +
k∑
i=1

σ(bi,1,M1)ei,1 = 0.

Since ei,1 = r
σ(bi,1,M1)
i ei,2 (effort part of the behavioural equation of TF-elements) then

the previous equation becomes

−e1 +
k∑
i=1

σ(bi,1,M1)r
σ(bi,1,M1)
i ei,2 = 0.

2If there is a path of length one that it represent a bond. Every bond can be represented as a
path of length two using unit TF-element (see Figure 2.4(b)).

3This transformation generates two violations of condition (ii) of Definition 2.2.3
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The equation relating the efforts of bonds incident to 0-junction M2 implies e1,2 =
. . . = ek,2 = e2 and thus the last equation becomes

−e1 + (
k∑
i=1

σ(bi,1,M1)r
σ(bi,1,M1)
i )e2 = 0. (A.2a)

b2b1b2b1

M1
M2

bk;2

b1;2

bi;1 bi;2

bk;1

b1;1

Figure A.15: (a) Transformed part. (b) Reduced part.

The equation relating the flows of bonds incident to 0-junction M2 is

f2 +
k∑
i=1

σ (bi,2,M2) fi,2 = 0.

Since fi,2 = r
σ(bi,1,M1)
i fi,1 then the previous equation becomes

f2 +
k∑
i=1

σ (bi,2,M2) r
σ(bi,1,M1)
i fi,1 = 0.

The equation relating the flows of bonds incident to 1-junction M1 implies f1,1 = . . . =
fk,1 = f1 and thus the last equation becomes (taking into account that σ(bi,2,M2) =
−σ(bi,1,M1))

f2 − (
k∑
i=1

σ (bi,2,M1) r
σ(bi,1,M1)
i )f1 = 0. (A.2b)

By inspecting Equations (A.2) we conclude that the subgraph containing the ideal
junctions M1, M2 and TF-elements can be replaced by a TF-element as shown in
Figure A.15(b). The ratio of the TF-element is

reqv =
k∑
i=1

σ (bi,1,M1) r
σ(bi,1,M1)
i .

Now we consider the situation shown in Figure A.16(a) where M1, M2 are junctions
of the same type. It is clear that condition (vii) is not satisfied. By using the same
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lines as in the previous situation the part of bond graph shown in Figure A.16(a) is
replaced by a GY-element whose ratio is

reqv =
k∑
i=1

σ(bi,1,M1)ri

if M1, M2 are 1-junctions and

reqv = (
k∑
i=1

σ(bi,1,M1)r−1
i )−1

if M1, M2 are 0-junctions.

M2M1M2M1

Figure A.16: (a) The part of bond graph violation condition (vii).
(b) Reduced part satisfying condition (vii).
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Appendix B

Dirac structures on finite
dimensional vector spaces

In this section Dirac structures on finite dimensional real vector spaces are considered.
Since any n-dimensional real vector space is isomorphic to R

n we focus our attention
on R

n only. The properties of Dirac structures shown here are a collection of results
presented in [57, 4, 54]. Nevertheless, some proofs are rewritten in accordance with
the results presented in Chapter 5.

B.1 Definition of Dirac structures on R
n × R

n

The space of flows is F = R
n and the space of efforts is E = R

n. Thus the bond space
is R

n × R
n. The inner product on B is the Euclidian one, i.e.
〈b1, b2〉B = 〈(f1, e1), (f2, e2)〉B = (f1)Tf2 + (e1)Te2, ∀b1, b2 ∈ B,

and the bilinear form is given by

# b1, b2 $=# (f1, e1), (f2, e2)$= (e1)Tf2 + (e2)Tf1, ∀b1, b2 ∈ B.
Clearly 〈·, ·〉B and # ·, · $ are related by

〈b1, b2〉 =# b1, Rb2 $ ∀b1, b2 ∈ B
where

R =
[
0 In
In 0

]
.

Here In is the identity operator on R
n.

Proposition B.1.1 (Dirac structure on R
n × R

n) [57]
A subspace D ⊂ R

\ × R
\ is a Dirac structure if and only if

(i) D is a Tellegen structure,

(ii) dim(D) = n.

211
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Proof:
Necessity: Suppose that the subspace D is a Dirac structure. Then Proposition 5.2.6
implies

D �RD = R
n × R

n.

Since R is invertible then

dim(D) + dim(RD) = dim(Rn × R
n)⇒ dim(D) = n.

Sufficiency: Suppose that D is an n-dimensional Tellegen structure. Proposition 5.1.2
implies that

D ⊆ D⊥.

Therefore for any b1, b2 ∈ D

0 =# b1, b2 $= 〈b1, Rb2〉.

This implies that RD ⊆ Dc. Since dim(D) = n the dimension of RD is also n, and
thus

D �RD = R
n × R

n.

Therefore Proposition 5.2.6 implies that D is a Dirac structure.

B.2 Representations of Dirac structures

In this subsection the following six representations of Dirac structures on R
n × R

n

are considered: kernel, image, input-output, constrained effort, constrained flow and
canonical representation.

B.2.1 Kernel and image representations

Kernel and image representations of Dirac structures on Hilbert spaces have been
treated in subsection 5.2.2. Here we show how these results can be simplified if
B = R

n × R
n. The following proposition gives necessary and sufficient conditions

when
D = ker(T ).

is a Dirac structure.

Proposition B.2.1 (ker(T ) is a Dirac structure) [57]
The subspace

D = ker(T ).

where T : R
n × R

n → R
n is a Dirac structure if and only if

(i) rank(T ) = n,

(ii) TRTT = 0.
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Proof:
Necessity: Suppose that the subspace

D = ker(T )

is a Dirac structure. Since dim(D) = n the rank of T is n. The second property is a
consequence of Proposition 5.2.11.
Sufficiency: For any l1, l2 condition (ii) implies that

(l1)TTRTTl2 = (TTl1)R(TTl2) = 0.

Since (TTl1), (TTl2) belong to Dc then it follows that

〈Dc, RDc〉 = 0.

Condition (i) implies that dim(Dc) = n. Hence,

Dc �RDc = R
n × R

n.

Since D is a closed subspace, Proposition 5.2.6 implies that D is a Dirac structure.

Let T : R
n × R

n → R
n be split as

T = [ F E ],

where F,E : R
n → R

n. Straightforward computation shows that conditions of Propo-
sition B.2.1 are equivalent to the following two conditions:

rank
[
F E

]
= n, (B.1a)

EFT + FET = 0. (B.1b)

The kernel representation of D is given by

D = {(f, e) ∈ R
n × R

n : Ff + Ee = 0}, (B.2)

and the image representation of D is given by

D = {(f, e) ∈ R
n × R

n : f = ETl, e = FTl, l ∈ R
n}. (B.3)

B.2.2 Input-output representation

The input-output representation of a Dirac structure has been introduced in [4]. Sup-
pose that a Dirac structure D is described by (B.2). Select n1 = rank(F ) independent
columns of F and write (possibly after permutation of the columns of F )

F = [ F1 F2 ]

where rank(F1) = n1. Correspondingly write

E = [ E1 E2 ].
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Dirac structure is given by

D = {(f1, f2, e1, e2) ∈ R
n × R

n : F1f1 + F2f2 + E1e1 + E2e2 = 0}.

Now we claim that
rank[ F1 E2 ] = n.

Indeed, there exists an invertible operator V such that

V F =
[

F1,1 F1,2

0n2×n1 0n2×n2

]
, V E =

[
E1,1 E1,2

E2,1 E2,2

]
,

where n2 = n − n1. Clearly F1,1 is an invertible operator. Since condition (B.1b) is
satisfied also

V F (V E)T + V E (V F )T = 0

implying that [ ∗ F1,1E
T
2,1 + F1,2E

T
2,2

E2,1F
T
1,1 + E2,2F

T
1,2 0

]
= 0.

On the basis of the last relation one concludes that

E2,1 = −E2,2F
T
1,2(F

T
1,1)

−1.

Thus
rank

[
E2,1 E2,2

]
= rank (E2,2) .

The condition (B.1a) implies that

n = rank
[
V F V E

]
= rank (E1,1) + rank (E2,2)⇒ rank (E2,2) = n2.

This means that E2,2 is an invertible operator. Therefore

rank
[
F1 E2

]
= n.

The Dirac structure D can be expressed as

D =
{
(f1, f2, e1, e2) ∈ R

n × R
n :

[
f1
e2

]
= J

[
e1
f2

]}
, (B.4a)

where
J = − [

F1 E2

]−1 [
E1 F2

]
. (B.4b)

Since D is a Tellegen structure J is skew-symmetric, i.e.

J + JT = 0.

This representation is called input-output representation. Note that every partitioning
F = [ F1 F2 ], E = [ E1 E2 ], with the property that rank[ F1 E2 ] = n,
resulting in an input-output representation.
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B.2.3 The constrained effort and flow representations

This representation of Dirac structures was introduced in [57]. The operator J is
partitioned as

J =
[
J1,1 J1,2
J2,1 J2,2

]
.

J1,1, J2,2 are skew-symmetric operators and J1,2 = −JT
2,1. The Dirac structure D

given by (B.4) can be represented by (B.3) where

F =
[
In1 −J1,2
0 −J2,2

]
, E =

[ −J1,1 0
−J2,1 In2

]
.

It is clear that rank(F ) = n1 if and only if J2,2 = 0. In that case the Dirac structure
D can be rewritten as

D =
{
(f1, f2, e1, e2) ∈ R

n × R
n : f = J̃e+Gl, GTe = 0, l ∈ R

n2
}

(B.5a)

where

J̃ =
[
J1,1 0
0 0

]
, G =

[
J1,2
In2

]
. (B.5b)

This representation is called a constrained effort representation.
Similarly, if we choose F1 and E2 such that rank(E2) = n2 then J1,1 = 0 and the

Dirac structure D can be rewritten as

D =
{
(f1, f2, e1, e2) ∈ R

n × R
n : e = J̃f +Gl, GTf = 0, l ∈ R

n1
}

(B.6a)

where

J̃ =
[
0 0
0 J2,2

]
, G =

[
In1
J2,1

]
. (B.6b)

This representation is called a constrained flow representation.

B.2.4 Canonical representation

This representation of Dirac structures was introduced in [54]. Consider a Dirac
structure D represented by (B.4). If rank(F ) = n1 then J2,2 = 0 (see above). In that
case (B.4) becomes

D =
{
(f1, f2, e1, e2) ∈ R

n × R
n :

[
f1
e2

]
=
[
J1,1 J1,2
J2,1 0

] [
e1
f2

]}
.

Consider the following linear transformation[
f̄
fs

]
=
[
In1 −J1,2
0 In2

] [
f1
f2

]
,

[
ē
es

]
=
[
In1 0
−J2,1 In2

] [
e1
e2

]
.

The input-output representation of D in new coordinates is given by

D =
{(
f̄ , fs, ē, es

) ∈ R
n × R

n : f̄ = J1,1ē, es = 0
}
.
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Since J1,1 is a skew-symmetric operator, it can be decomposed as

J1,1 = V


 0 Im 0

−Im 0 0
0 0 0


V T.

Consider the following linear transformation:
 fq
fp
fr


 = V −1f̄ ,


 eq
ep
er


 = V Tē.

The input-output representation of D in new coordinates is then given by

D = {(fq, fp, fr, fs, eq, ep, er, es) ∈ R
n × R

n :
fq = ep, fp = −eq, fr = 0, es = 0} . (B.7)

This representation of Dirac structure is called a canonical representation.
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Samenvatting

Een heersende trend in het modelleren van fysische systemen voor simulatiedoelein-
den is netwerkmodellering. Het systeem wordt opgesplitst in subsystemen en het
model van het totale systeem wordt opgebouwd uit modellen van de verschillende
subsystemen, zogenaamde sub-modellen. Deze modelleringsaanpak heeft een aantal
voordelen. De kennis met betrekking tot de verschillende submodellen kan opgesla-
gen worden in een bibliotheek om hergebruikt te worden. Het modelleringsproces kan
iteratief worden uitgevoerd, waarbij het totale model stapgewijs wordt verfijnd door
toevoeging van verschillende submodellen. Op deze manier kunnen modelhiërarchien
worden gecreëerd. Een bijzonder succesvolle aanpak in het netwerkmodelleren van
fysische systemen is poort-gebaseerde modelvorming, waarbij de interactie van de
submodellen wordt voorgesteld als energieuitwisseling door middel van poorten van
vermogensvariabelen. Dit proefschrift is erop gericht gereedschappen te ontwikkelen
ten behoeve van analyse en simulatie van een bijzondere klasse van poort-gebaseerde
modellen, de zogenaamde bondgrafen.

Het proefschrift opent met een wiskundige formalisame van de theorie van bond-
grafen, zoals gëintroduceerd door Paynter. Een bondgraaf wordt gedefinieerd als
een gerichte graaf met een speciale verbindingstopologie waarbij met elke tak (bond)
een vermogens-geconjugeerd paar wordt geassocieerd en met elke knoop (multipoort
element) een gedrag, uitgedrukt in de signalen behorend bij de met de die knoop ver-
bonden takken. Aangetoond wordt dat een causale analyse kan worden geformuleerd
als een integer-programming probleem. Binnen dit kader presenteren we een nieuwe
benadering voor causale analyse van bondgrafen.

Het resultaat verkregen met behulp van de voorgestelde aanpak van de causale
analyse is correct, onder de voorwaarde dat aan alle randcondities die worden opgelegd
door de knopen en de subgrafen, wordt voldaan. Het al lang openstaande probleem
van het afleiden van randvoorwaarden opgelegd door de subgrafen wordt opgelost
voor het geval van scalaire bondgrafen. De voorgestelde oplossing is gebaseerd op
de eigenschappen van dat deel van de bondgraaf dat verantwoordelijk is voor de in-
terconnectie, de zogenaamde junctiestructuur. Voor de causale analyse van scalaire
bondgrafen op basis van de verkregen oplossing worden algoritmen afgeleid. Be-
wezen wordt dat deze algoritmen een optimale oplossingen genereren. Ook wordt hun
complexiteit bestudeerd. Vervolgens wordt een structurele en kwantitatieve anal-
yse van scalaire bondgrafen uitgevoerd met behulp van de ontwikkelde procedures
voor causale analyse. Getoond wordt hoe de navolgende aspecten van het gedrag
van het model automatisch kunnen worden gecontroleerd: regulariteit van de bond-
graaf, afhankelijkheid van de bronnen, algebräische lussen en dynamische invarianten.
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Verder wordt er een procedure gegeven voor de afleiding van een simulatiemodel uit
een standaard bondgraaf. Aangetoond wordt dat het verkregen simulatiemodel de
vorm heeft van een poort-Hamiltons systeem. De eigenschappen van het verkregen
simulatiemodel worden geanalyseerd met behulp van de karakteristieke parameter ’in-
dex’. Ook wordt aangetoond hoe de algebräische lussen en dynamische invarianten in
het simulatiemodel kunnen worden geëlimineerd met behulp van symbolische manip-
ulatie. De voorgestelde procedures voor eliminatie zijn gebaseerd op een Hamiltons
formalisme. Het getransformeerde simulatiemodel is een poort-Hamiltons systeem
and kan worden gerepresenteerd als een bondgraaf. Alle geëlimineerde variabelen
kunnen uit het getransformeerde simulatiemodel worden teruggevonden.

Tenslotte worden oneindig-dimensionale junctiestructuren behandeld. De junc-
tiestructuur is gedefinieerd als een subgraaf van de bondgraaf zodanig dat de ruimte
van toegestane poortvariabelen een Diracstructuur voorstelt. De eigenschappen van
junctiestructuren worden bestudeerd door ze in verband te brengen met de eigenschap-
pen van Diracstructuren. Ook wordt aangetoond hoe de concepten die betrekking
hebben op vermogensbehoudende elementen als ideale juncties, ideale transforma-
toren en ideale gyratoren, gedefinieerd op eindig-dimensionale vectorruimten, kunnen
worden gegeneraliseerd naar oneindig-dimensionale vectorruimten. Speciale aandacht
wordt besteed aan Diracstructuren gedefinieerd op Hilbertruimten. Twee vragen wor-
den behandeld: (1) wat zijn de mogelijke representaties van zulke Diracstructuren?
en (2) wanneer is de samenstelling van twee Diracstructuren opnieuw een Diracstruc-
tuur?



Sadržaj

Sve vǐse prisutan trend u modeliranju fizičkih sistema je mrežno modeliranje. Sistem
je podeljen i vǐse podsistema i model sistem je konstruisan pomoću modela podsis-
tema. Ovaj način modeliranja ima sledeće prednosti. Znanje o podmodelima se može
pohraniti u biblioteke i koristiti u drugim situacijama. Proces modeliranja se može
iterativno izvršavati, postepeno dodajući druge podmodele. Na ovaj način hijerarhija
modela se moze definisati. Jedan posebno uspešan način modeliranja fizičkih sistema
je modeliranje na bazi portova gde podsistemi komuniciraju jedan sa drugim razmen-
jujući energiju preko portova. Cilj ove disertacije je razvijanje orudja za analizu i
simulaciju portovskih modela koji su poznati pod imenom bond grafovi.

Koncept bond grafova uveden od strane Paynter-a je matematički formulisan.
Bond graf je definisan kao labelisan orentisan graf u kome svakoj grani, zvanoj bond,
je pridružen par konjugovanih promenljivih i u kome svakom čvoru, zvanom multiport,
je pridruženo ponašanje iskazano pomoću signala pridruženim granama incidetnim
na taj čvor. Pokazano je da se kauzalna analiza može formulisati kao kombinatorni
optimalan problem. Isto tako novi pristup za kauzalnu analizu je predložen.

Rezultati dobijeni pomoću kauzalne analize su tačni samo ako su sva ograničenja
uslovljena od čvorova i podgrafova uzeta u obzir. Ovaj problem je u potpunosti rešen
za klasu skalarnih bond grafova. Predloženo rešenje je bazirano na osobinama dela
bond grafa zvanom struktura spojeva. Na osnovu dobijenog rešenja procedure za
kauzalnu analizu su razvijene. Pokazano je da one generǐsu optimalno rešenje i nji-
hova kompleksnost je detaljno analizirana. Nadalje, strukturna i kvantitativna analiza
skalarnih bond grafova je uradjena pomoću razvijenih procedura za kauzalnu analizu.
Pokazano je kako se sledeći aspekti modela mogu analizirati na automatizovani način:
regularnost bond grafa, zavisnost izmedju izvora, algebarska ograničenja i konstante
kretanja. Nadalje, procedura za ekstrakciju simulacionog modela iz bond grafa je
prezentovana. Pokazano je da dobijeni simulacioni model ima formu Hamiltonovog
sistema sa portovima. Osobine simulacionog modela su analizirane pomoću indeksa.
Isto tako je pokazano kako se mogu eleminisati algebarska ograničenja i konstante
kretanja iz simulacionog modela na simbolički način. Predložene procedure za elim-
inaciju su bazirane na Hamiltonovom formalizmu. Transformisan simulacioni model
je ponovo Hamiltonov sistem sa portovima i može se predstaviti pomoću bond grafa.
Sve elimisane promenljive se mogu izračunati na osnovu transformisanog simulacionog
modela.

Konačno, beskonačno dimenzionalne strukture spojeva su tretirane. Struktura
spoja je definisana kao deo bond grafa čije ponašanje se može opisati pomoću Di-
rakovih struktura. Na ovaj način osobine strukture spojeva su analizirane pomoću
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osobina Dirakovih struktura. Pokazano je kako se koncepti idealnog spoja, transfor-
matora i žiratora mogu generalisati za beskonačo dimenzionalne sisteme. Posebna
pažnja je usmerena na Dirakove strukture definisane na Hilbertovim prostorima. Dva
pitanja su analizirana: (1) koje su sve moguće reprezentacije Dirakovih struktura, i
(2) kada je spoj dve Dirakove strukture ponovo Dirakova struktura?
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