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1
Introduction

1.1 Motivation

Phase transition occurs when a substance changes from a solid, liquid, or
gas state to another state. Under a specific combination of temperature and
pressure, every element or substance can transform from one phase to an-
other. For example, phase transitions in argon and water are shown in Figure

Figure 1.1: Examples of phase transition, Left: rapidly melting solid argon
undergoes transitions from solid to liquid and from liquid to gas, Right:
boiling water undergoes phase transition from liquid to vapor.

1



1.1. Motivation

1.1. Many materials, including various polymers [54], natural rubbers [55]
and metals [75, 5], undergo phase transitions, where phase boundaries travel
through the material. This kind of materials is desirable for applications
in medical sensors, actuators, robots and refrigerators [84, 101], and has re-
ceived significant attention in recent years [10, 6, 35]. Cavitation problems,
which are associated with liquid-vapor flows with phase change, are of high
industrial interest in turbines, pumps, ship propellers and nozzles [86, 40],
since cavitation can lead to erosion of the material. As an example, Figure
1.2 shows the damage on the blades of a ship propeller by cavitation bubbles.
If the flow caused by the propeller of a ship results in a local pressure below
the saturation pressure, vapor bubbles appear, which collapse once they en-
ter a region of higher pressure. The collapse of the cavitation bubbles might
lead to erosion of the propeller, and to vibrations and sound [17, 40]. Phase
transitions in liquid-vapor flows also occur in heat exchangers, nuclear reac-
tors, boilers, etc. [58]. An experiment of steam injected into a cross flow of
water [28] exhibiting condensation of vapor to liquid is shown in Figure 1.3.

Figure 1.2: Examples of cavitation. Left: Cavitation damage on the blades
of a ship propeller. In 1917 Lord Rayleigh [86] explained that this effect is
caused by small vapor bubbles that collapse at the surface of the propeller
blades. Right: A model for a propeller with cavitation in a water tunnel
experiment.

Understanding phase transitions in solids and fluids requires experimental
investigations as well as analytical models. The first microscopic description
of phase transition is due to Johannes Diderik van der Waals, who derived
the Van der Waals equation for gases and liquids in 1873 and received the
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Chapter 1. Introduction

Figure 1.3: Examples of injected steam bubbles at two different times [28].
A vapor bubble is injected into a liquid channel, and grows until a sudden
collapse occurs.

Nobel prize in 1910 for his contribution to understanding gas-liquid flows.
The Van der Waals equation is a molecular model and approximates the
behavior of real fluids by considering the attractive and repulsive forces be-
tween the molecules. Because of its relatively simple form and the accurate
approximation to the pressure in both liquid and vapor, the Van der Waals
equation of state has been widely used [100, 99, 89, 81, 72, 46, 107, 39]. The
interface width between the different phases can be predicted based on the
Van der Waals equation of state and it becomes infinite when the temper-
ature approaches the critical value [9]. Modifications and improvements of
Van der Waals theory are discussed in [14]. Another important contribution
to the understanding of phase transitions in fluids is due to Korteweg [63],
who proposed that the stress tensor depends on the density and its spatial
gradients because of capillary forces. The Korteweg theory was applied by
Serrin [93] in order to find conditions for the equilibrium of liquid and vapor
phases in a Van der Waals fluid. For more information about interfacial and
capillary theory, see [90].

The technique of modeling the interface as a thin layer, instead of a
sharp transition between the phases, also results in an important model to
compute flows with phase transition, and is called diffuse interface model
[9, 18, 124, 89]. In diffuse interface models, only a single set of governing
equations needs to be solved on the entire flow domain, including the in-
terface area. The location of the interface then follows from the solution,
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1.1. Motivation

for example as the surface where the mass density attains a certain value.
Another important technique to deal with interface problems is the sharp-
interface method. In the early 1800s, Young, Laplace and Gauss considered
the interface between two fluids as a surface of zero thickness and physical
quantities are discontinuous across the interface based on static or mechan-
ical equilibrium arguments [9]. Sharp interface models have been used in
many applications [11, 34, 32, 111]. They require, however, an extra evolu-
tion equation for the interface and face challenges in the reconstruction of
the interface, leading to mathematical models that are solved by level-set
[103, 79], front-tracking [111, 112], or volume of fluid methods [53, 68]. The
sharp interface technique is, however, not valid in some situations. First,
the interfacial thickness of the interface is comparable to the length of the
examined domain in a near-critical fluid and becomes infinite at the critical
point, which can not be neglected as is done in the sharp interface method.
Moreover, some physical phenomena, such as the creation and coalescence
of vapor bubbles in a liquid, can not be described by the sharp interface
method. These processes can be simulated only if the interface is modeled
as a continuous medium [9, 69, 38, 58], or if ad hoc models for the interfacial
mass transfer are applied. In this work, we will focus on systems modeling
phase transitions in solids and fluids, described by diffuse interface models.

Numerical methods for partial differential equations (PDEs) describing a
diffuse interface model have received significant attention [67, 83, 102, 71].
When the solutions of the systems admit discontinuities, standard numerical
methods like finite difference and finite volume methods, which are developed
under the assumption of smooth solutions, lead to poor numerical results [71].
Either numerical viscosity is necessary, which artificially smooths the solu-
tion, or a dispersion error occurs, resulting in oscillations in the numerical
solution. A popular approach is then the discontinuity tracking method that
combines a standard finite difference or finite volume method in smooth re-
gions with an explicit procedure for the tracking of the interface that may
emerge in the flow during phase transition [45, 97, 73]. It is, however, com-
plicated to apply these techniques for three-dimensional problems, where the
curves or surfaces may interact as time evolves. An alternative technique is
a discontinuity capturing method that produces accurate approximations to
discontinuous solutions without the explicit tracking of the interface. This
method has made great progress in the past years and is applicable to many
problems [71, 104, 105, 95, 96, 88, 22]. Understanding the discontinuity cap-
turing method requires a good understanding of the mathematical theory of
conservation laws as well as the physical behavior of the solutions. When it
comes to systems associated with phase transitions in solids and fluids, the
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Chapter 1. Introduction

mathematical theory becomes increasingly difficult [4, 31, 33], and is still an
area of active research.

The numerical approach taken in the present research is different from
those cited above. We will use a local discontinuous Galerkin (LDG) fi-
nite element method to solve systems modeling phase transitions in solids,
Van der Waals fluids and the Navier-Stokes-Korteweg equations. The LDG
method is an extension of the discontinuous Galerkin (DG) method that
aims to solve partial differential equations that contain higher than first or-
der spatial derivatives and was originally developed by Cockburn and Shu
in [30] for nonlinear convection-diffusion equations containing second-order
spatial derivatives. The idea behind LDG methods is to rewrite equations
with higher derivatives as a first order system, then apply the DG method
to this extended system. The design of the numerical fluxes is the key ingre-
dient for ensuring numerical stability. LDG techniques have been developed
for convection-diffusion equations [30], nonlinear KdV type equations [123],
the Camassa-Holm equation [119] and many other types of partial differential
equations. For a review, see [121]. The LDG method results in an extremely
local discretization, which offers great advantages in parallel computing and
is well suited for hp-adaptation. In particular, the LDG method offers in
many cases provable nonlinear stability.

Solving the systems modeling phase transitions in solids, Van der Waals
fluids and the Navier-Stokes-Korteweg equations is, however, a challenge.
First, for applications where the temperature is far below the critical tem-
perature of the fluid, the liquid-vapor interface is very thin and an excessive
number of points in a uniform mesh is required to capture the interface [58].
To alleviate this problem, we consider phase transitions when the temper-
ature is below, but close to the critical temperature. Second, the coupled
system of partial differential equations that describe two-phase flows are
highly non-linear and require advanced numerical techniques to solve them.
Examples are the Cahn-Hilliard equations, second gradient theory, and the
(non)-isothermal Navier-Stokes-Korteweg equations that are used to describe
liquid-vapor flows with phase change [9, 19]. Solving these systems numeri-
cally has shown significant progress [51, 52, 64, 89, 36, 50, 117, 42, 58, 59, 43,
61, 116, 118]. In the following section we will discuss several systems mod-
eling phase transitions in solids and fluids that will be solved in the present
work with the LDG method.
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1.2. Systems modeling phase transition

1.2 Systems modeling phase transition

1.2.1 A system modeling phase transition in solids and
Van der Waals fluids

The first problem we focus on is a popular mathematical model for isothermal
motion of phase transitions in elastic bars and in Van der Waals fluids. The
system consists of conservation laws with a non-convex stress-strain relation
or equation of state, and is a mixed hyperbolic-elliptic system [57, 94, 3,
92, 99, 109, 99, 93, 29, 35, 107]. The most obvious difficulty to solve mixed
hyperbolic-elliptic initial value problems is that the system is unstable in
the elliptic region. To deal with this difficulty we expect to find “weak”
or “generalized” solutions of the mixed system taking values only in the
stable hyperbolic domains if initial conditions are in the stable hyperbolic
domains [100, 3]. The weak solutions of such systems exhibit propagating
phase boundaries separating states in one hyperbolic domain from states
in another hyperbolic domain [1, 5, 4, 99, 100, 110]. Such waves are not
uniquely characterized by the entropy inequality and require an additional
jump relation, called a kinetic relation [3, 2, 5, 71, 110]. The kinetic relation
depends on the material and controls the initiation of the phase transition
and the rate at which phase transition takes place.

To single out one physically correct solution, we use the viscosity-capillarity
(VC) approach [100, 99, 47, 106]. In the viscosity-capillarity approach, the
ignored diffusive and capillary terms are introduced into the conservation
laws to obtain a system called VC system, and the limit of the coefficients
of these terms going to zero is considered. The viscosity-capillarity criterion
was throughly discussed in [47], where it was applied to isothermal motion of
phase transitions in a Van der Waals fluid. Solving the VC system by finite
difference and finite element methods has to be conducted in such a way
that stable and high order accurate numerical solutions are obtained without
spurious oscillations at phase boundaries, see e.g. [4, 22, 23, 31, 33].

In this work an LDG method will be proposed to solve the VC system.
We will

• prove the stability and error analysis of the LDG scheme for the VC
system,

• compute exact solutions for a Riemann problem of the conservation laws
with a trilinear stress-strain relation, using the techniques presented in
[3, 2],
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Chapter 1. Introduction

• compare the numerical solutions for the Riemann problems of the cor-
responding VC system with the exact solutions,

• perform numerical experiments for the VC system with a Van der Waals
type of equation of state.

1.2.2 The (non)-isothermal Navier-Stokes-Korteweg
equations

The second problem we study are the Navier-Stokes-Korteweg (NSK) equa-
tions used as a diffuse interface model to compute phase transitions in liquid-
vapor flows [46, 81, 16, 72, 9, 82]. The non-isothermal NSK equations,
composed of the balance equations for mass, momentum and energy, model
liquid-vapor flows with phase transition at a non-uniform temperature. Com-
pared with the standard compressible Navier-Stokes equations, the NSK
equations contain an additional stress tensor called Korteweg term, which
is related to the capillary forces. The Van der Waals equation of state
[100, 99, 89, 81, 72, 46, 72, 44] is used to describe the pressure in both the
liquid and vapor state, especially close to the critical temperature. When the
temperature is assumed constant, the isothermal NSK equations are obtained
by removing the energy equation.

The theoretical solvability of the isothermal and non-isothermal NSK
equations has received considerable attention [51, 52, 64, 89, 36, 50, 65, 66].
Numerically, in most articles so far only the isothermal NSK equations in
non-conservative form are considered. Frequently, the isothermal NSK equa-
tions are rewritten into an extended system by introducing an extra variable
[72, 44, 16, 89]. It is, however, not trivial to do this for the non-isothermal
NSK equations, where the Van der Waals equation of state depends on both
the density and the temperature. As an alternative, we will present an LDG
method for both the isothermal and the non-isothermal NSK equations, while
keeping the conservative form of the (non)-isothermal NSK equations.

To our knowledge, we are the first to use a discontinuous Galerkin method
to solve the non-isothermal NSK equations. We will

• develop an LDG discretization for the isothermal NSK equations,

• perform several numerical tests, including accuracy and convergence
rate tests for the LDG discretization of the isothermal NSK equations,
several benchmark problems and a simulation of the coalescence of two
dimensional vapor bubbles in a liquid,

7



1.3. Systems modeling phase transition

• extend the LDG discretization for the isothermal NSK equations to the
non-isothermal NSK equations,

• verify accuracy, stability and capabilities of the LDG discretization for
the non-isothermal NSK equations by numerical examples.

1.2.3 Mesh adaptation

Since small mesh sizes are only required at the interface region and the LDG
discretisation is well suited for a computational mesh with hanging nodes,
we will consider adapted meshes to save computational costs and to capture
the interface more accurately.

To start the mesh adaptation, we first need criteria to select candidate
elements for refinement and coarsening in the computational mesh. Candi-
date elements for refinement will be refined, while the coarsening of elements
depends on their neighboring elements. There are two main types of strategy
to obtain these criteria in finite volume and finite element methods: error es-
timators and heuristic indicators. Error estimators are based on theoretical
results, and they are only available when a posteriori error estimates hold
locally [77, 78, 60, 114, 7, 87]. Heuristic indicators usually depend on lo-
cal spatial gradients of thermodynamic variables, such as density, pressure,
energy and entropy. Compared with an a posteriori error estimate, heuris-
tic indicators are easy to compute and widely used in practical applications
[13, 115, 40, 16], but they have a limited theoretical foundation. Since an a
posteriori error estimate is currently out of scope for the LDG discretization
of the (non)-isothermal NSK equations, we choose the density gradient as an
heuristic indicator in the present work.

Mesh adaptation, together with LDG discretizations, will be developed
for the (non)-isothermal NSK equations. We will

• present a criterion to choose candidate elements for refinement and
coarsening,

• provide algorithms for mesh adaptation,

• perform two-dimensional numerical computations on an adaptive mesh
and compare these results with the same test cases on a uniform mesh.

• consider two-dimensional simulations with solid wall boundaries, where
vapor bubbles and liquid droplets are in contact with a solid wall.

8



Chapter 1. Introduction

1.3 Outline

The outline of this thesis is as follows. Chapter 2 focuses on a system based on
the viscosity-capillarity approach to model phase transitions in solids and Van
der Waals fluids. An LDG discretization is presented for the VC system with
various viscous-capillary coefficients. The L2− stability and an a priori error
estimate of the LDG scheme for the VC system will be discussed. Numerical
experiments for phase transition in solids and fluids, including the Van der
Waals model, will be performed to demonstrate the accuracy and stability of
the LDG method. The LDG solutions of the VC system are compared with
exact solutions of the original conservation laws.

In Chapter 3, LDG discretizations will be presented for the NSK equations
modelling phase transitions in liquid-vapor flows. Accuracy and stability of
the LDG discretizations will be verified by extensive numerical examples, in-
cluding one-dimensional stationary and travelling waves, and the coalescence
of two-dimensional vapor bubbles in a liquid. These numerical examples will
be performed for both the isothermal and the non-isothermal NSK equations.

To save computing time and memory and to capture the interface more
accurately, we develop mesh adaptation in Chapter 4. Criteria for selection of
candidate elements are presented that depend on the locally largest density
gradient. Then a strategy is provided for the refinement and coarsening of the
candidate elements. The same numerical tests for the coalescence of vapor
bubbles as discussed in Chapter 3 will be performed on a locally refined mesh.
Also, bubbles and droplets in contact with a solid wall will be considered.

Finally, conclusions are drawn and an outlook for future research is given
in Chapter 5.
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2
A Local Discontinuous Galerkin Method
for the Propagation of Phase Transition in
Solids and Fluids

1

In this chapter a local discontinuous Galerkin (LDG) finite element method
for the solution of a hyperbolic-elliptic system modeling the propagation of
phase transition in solids and fluids is presented. Viscosity and capillarity
terms are added to select the physically relevant solution. The L2−stability
of the LDG method is proven for basis functions of arbitrary polynomial
order. An a priori error estimate is provided for the LDG discretization of
the phase transition model when the stress-strain relation is linear, assuming
that the solution is sufficiently smooth and the system is hyperbolic. To ob-
tain a reference exact solution we solved a Riemann problem for a trilinear
strain-stress relation using a kinetic relation to select the unique admissible
solution. The LDG method is demonstrated by computing several model
problems representing phase transition in solids and in fluids with a Van der
Waals equation of state.

1The content of this chapter is published in the Journal of Scientific Computing [107],
with co-authors: Y. Xu, J.G.M. Kuerten and J.J.W. Van der Vegt.
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2.1. Introduction

2.1 Introduction

The propagation of phase transition in solids and fluids can be modeled
with hyperbolic-elliptic systems of partial differential equations. Examples
are solid-solid transformations in elastic materials [3] and a homogeneous
compressible fluid with liquid and vapor phases with a van der Waals equation
of state [110]. A well-known one-dimensional hyperbolic-elliptic model that
describes these phase transition phenomena is given by the following partial
differential equations

γt − vx = 0,

vt − (σ(γ))x = 0, (2.1)

where γ, v represent the deformation gradient (the strain) and velocity, re-
spectively, and σ is the stress. We consider a stress-strain relation σ(γ) as
sketched in Fig 2.1. The system (2.1) is hyperbolic for σ′(γ) > 0 and el-
liptic for σ′(γ) < 0. This mixed type hyperbolic-elliptic system contains a
rich mathematical structure. For example, the standard entropy condition
for a hyperbolic system is insufficient to determine the unique solution. This
has stimulated an extensive analysis to investigate conditions that ensure
the uniqueness of solutions of hyperbolic-elliptic systems, in particular their
Riemann solutions. For an overview of the general theory, we refer to [71].

γ

σ

−1

elliptic

region

hyperbolic

region

γ
M

γ
m

hyperbolic

region

γ

σ

hyperbolic

region

hyperbolic
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elliptic
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γ
m

γ
M

−1

Figure 2.1: Examples of strain-stress relation σ(γ), general and trilinear case.

The need to impose additional conditions to ensure uniqueness of the
solution originates from the fact that in the model equations small scale
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Chapter 2. An LDG method for the Propagarion of Phase Transition in
Solids and Fluids

mechanisms that are induced by viscosity, capillarity and heat conduction
are neglected [4]. One way to reintroduce the neglected physical information
is the viscosity-capillarity (VC) approach. In the VC approach, solutions of
(2.1) are obtained by taking the limit of the solution of the system:

γ̃t − ṽx = 0,

ṽt − (σ(γ̃))x = νṽxx − λγ̃xxx, (2.2)

when the parameters ν and λ tend to zero, while the number ω = 2
√
λ/ν

is fixed. The notion of VC solutions for the equations describing a Van der
Waals fluid was first proposed by Slemrod [100] based on Korteweg’s theory
of capillarity.

The solution of hyperbolic-elliptic systems may contain nonclassical shock
waves or subsonic propagating phase transitions. Such waves do not satisfy
standard entropy criteria and require an additional kinetic relation to select
the unique admissible solution. For details of the theory of both classical
and nonclassical shock waves, we refer to [71]. In particular, for the trilin-
ear approximation to the stress-strain curve σ(γ), Abeyaratne and Knowles
derived in [3] the exact solution of (2.1) containing both shock waves and
phase boundaries. The kinetic relation and initiation criterion for the rele-
vant phase transition must, however, be provided separately using physical
modeling. Later, in [2], Abeyaratne and Knowles pointed out that a kinetic
relation for (2.1) can also be obtained by considering traveling wave solutions
for the augmented system (2.2) that includes viscosity and capillarity terms.

The numerical solution of mixed hyperbolic-elliptic systems, such as (2.1),
is non-trivial. Standard numerical schemes smear out discontinuities and
cause spurious solutions at the elliptic-hyperbolic boundary. Also, commonly
used stabilization techniques, such as limiters, are counter productive for
diffusive-dispersive regularization as given by the VC-equations (2.2).

One way to obtain accurate numerical discretizations for hyperbolic-elliptic
systems is to use Glimm random choice methods [70] or front tracking tech-
niques [12], [15], [21], [25], [26], [74], [125]. These methods use the exact
solution of Riemann problems and resolve the phase boundary over one cell.
They converge to the correct solutions of the non-classical Riemann problem.
For complicated systems of hyperbolic-elliptic partial differential equations
the use of an exact Riemann problem is, however, non-trivial, in particular
in multiple dimensions.

An alternative is provided by finite difference and finite element discretiza-
tions of the VC-equations (2.2) using numerical methods that were originally
developed to capture shocks and contact discontinuities in hyperbolic partial
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differential equations. Both for finite difference and finite element methods
extensive research has been conducted to ensure that stable and high order
accurate numerical solutions are obtained without spurious oscillations at
phase boundaries, see e.g. [4], [22], [31], [33]. This is non-trivial and still a
topic of ongoing research.

In this chapter we will investigate the use of the local discontinuous
Galerkin (LDG) finite element method for the solution of the VC-equations
(2.2). The LDG method is an extension of the discontinuous Galerkin (DG)
method that aims to solve partial differential equations (PDEs) that contain
higher than first order spatial derivatives and was originally developed by
Cockburn and Shu in [30] for solving nonlinear convection-diffusion equations
containing second-order spatial derivatives. The idea behind LDG methods
is to rewrite equations with higher order derivatives as a first order system,
then apply the DG method to this extended system. The design of the nu-
merical fluxes is the key ingredient for ensuring stability. LDG techniques
have been developed for convection diffusion equations [30], nonlinear KdV
type equations [123], the Camassa-Holm equation [119] and many other types
of partial differential equations. For a review, see [121]. The LDG method
results in an extremely local discretization, which offers great advantages in
parallel computing and is well suited for hp-adaptation. In particular, the
LDG method offers provable nonlinear stability. The LDG method for the
VC-equations (2.2) that we describe in this chapter shares all these elegant
properties.

Recently, the LDG method was also used in [48] for the solution of the VC-
equations (2.2) including a non-local convolution type regularization of (2.1).
For this non-local model discretized with piecewise constant basis functions
and central numerical fluxes in the LDG discretization, Haink and Rohde
proved in Theorem 3.1 in [48] a discrete energy estimate. In this chapter we
will prove a general L2−stability estimate for the LDG discretization of (2.2)
using alternating numerical fluxes and basis functions of arbitrary polynomial
order. This L2−stability estimate is also crucial for the a priori error analysis
in which we prove that the LDG discretization is of optimal order. Another
important topic we address is a detailed comparison of the LDG solutions
with exact solutions of Riemann problems containing both phase transitions
and shocks. For this purpose, we use the detailed analysis provided in [2],
[3].

The outline of the chapter is as follows. In Section 2 we present the LDG
discretization for (2.2). Next, in Section 2.3 the L2− stability of the LDG
scheme is proven and an error estimate of the semi-discrete LDG scheme is
given in Section 2.4. In Section 2.5, we discuss a linear stability analysis of
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the LDG method for the VC-equations. Numerical experiments for phase
transition in solids and fluids, including the Van der Waals model [24], are
described in Section 2.6. Special attention is given to demonstrate that so-
lutions of the LDG method consistently converge to exact solutions of the
phase transition model (2.1). Finally, conclusions are drawn in Section 2.7.

2.2 LDG Discretization using the Viscosity-
Capillarity approach

2.2.1 Notation

We denote the mesh in the domain Ω ⊂ R by Kj = (xj−1/2, xj+1/2), for

j = 1, · · · ,M . The center of an element is xj = 1
2 (xj−1/2 + xj+1/2) and

the mesh size is denoted by hj = xj+1/2 − xj−1/2, with h = max1≤j≤M hj
being the maximum mesh size. We assume that the mesh is regular, namely
the ratio between the maximum and the minimum mesh size stays bounded
during mesh refinement. We define the space V kh as the space of polynomials
of degree up to k in each element Kj , i.e.

V kh = {v ∈ L2(Ω) : v(x) ∈ P k(Kj) for x ∈ Kj , j = 1, · · ·M}.

Note that functions in V kh are allowed to be discontinuous across element
faces. For P k(Kj), we use Legendre polynomials as basis functions in V kh
throughout this chapter.

The numerical solution is denoted by uh, and belongs to the finite element
space V kh . We denote by (uh)−j+1/2 and (uh)+

j+1/2 the traces of uh at xj+1/2,

taken from the left element Kj , and the right element Kj+1, respectively. We
use the standard notation [uh] = u+

h − u
−
h to denote the jump of uh at each

element boundary point.

2.2.2 LDG discretization

In this section, we present the LDG method for the VC-equations (2.2), which
are defined as:

γt = vx,

vt = (σ(γ))x + νvxx − λγxxx, (2.3)
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with initial conditions:

γ(x, 0) = γ0(x),

v(x, 0) = v0(x). (2.4)

To define the LDG scheme, we first rewrite (2.3) as a first-order system:

γt = vx,

vt = fx + νqx − λsx, (2.5)

where we introduced the auxiliary variables f, s, p and q, which satisfy the
equations:

f = σ(γ),

s = px,

p = γx,

q = vx.

(2.6)

The LDG method for (2.5), when f, q and s are assumed known, can be
formulated as: find γh, vh ∈ V kh , such that for all test functions φ, ϕ ∈ V kh ,∫

Kj

(γh)tφdx+

∫
Kj

vhφxdx− v̂hφ−|j+1/2 + v̂hφ
+|j−1/2 = 0,

∫
Kj

(vh)tϕdx+

∫
Kj

fhϕxdx− f̂hϕ−|j+1/2 + f̂hϕ
+|j−1/2

− λ
∫
Kj

shϕxdx+ λŝhϕ
−|j+1/2 − λŝhϕ+|j−1/2 + ν

∫
Kj

qhϕxdx

− νq̂hϕ−|j+1/2 + νq̂hϕ
+|j−1/2 = 0, j = 1, · · · ,M. (2.7)

The “hat” terms in the cell boundary contributions in (2.7), resulting from
integration by parts, are the so-called “numerical fluxes”, which are single-
valued functions defined at the element boundaries and should be designed
to ensure stability. Here we take the alternating numerical fluxes:

v̂h = v+
h , f̂h = f−h , ŝh = s−h , q̂h = q−h . (2.8)

Similarly, we derive for the auxiliary equations (2.6) the following local dis-
continuous Galerkin discretization: find fh, sh, ph, qh ∈ V kh , such that for all
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test functions ζ, η, ξ, τ ∈ V kh ,∫
Kj

fhζdx−
∫
Kj

σ(γh)ζdx = 0, (2.9a)

∫
Kj

shηdx+

∫
Kj

phηxdx− p̂hη−|j+1/2 + p̂hη
+|j−1/2 = 0, (2.9b)

∫
Kj

phξdx+

∫
Kj

γhξxdx− γ̂hξ−|j+1/2 + γ̂hξ
+|j−1/2 = 0, (2.9c)

∫
Kj

qhτdx+

∫
Kj

vhτxdx− v̂hτ−|j+1/2 + v̂hτ
+|j−1/2 = 0. (2.9d)

The numerical fluxes in (2.9) are chosen as:

p̂h = p+
h , γ̂h = γ−h , v̂h = v+

h . (2.10)

We remark that the choice of numerical fluxes in (2.8) and (2.10) is not
unique. We can, for example, also choose the following numerical fluxes:

v̂h = v−h , γ̂h = γ+
h , ŝh = s+

h , p̂h = p−h , q̂h = q+
h , f̂h = f+

h . (2.11)

In Section 2.3 we will prove that both the numerical fluxes (2.8), (2.10) and
(2.11) result in an LDG discretization which is L2− stable.

2.2.3 Time discretization

Suppose that the coefficients of the polynomial expansions of γh(x, t) and
vh(x, t) in each element are given by

(γ0(t), γ1(t), · · · , γk(t), v0(t), v1(t), · · · , vk(t)) ≡ U(t).

The LDG discretization (2.7) for γh and vh then can be written as the ODE
system:

Ut = F (U, t),

U(0) = U0, (2.12)
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which we discretize in time by the third-order accurate explicit Runge-Kutta
time stepping method [96], given as:

V = Un + ∆tF (Un, tn),

W =
3

4
Un +

1

4
V +

1

4
∆tF (V, tn + ∆t),

Un+1 =
1

3
Un +

2

3
W +

2

3
∆tF (W, tn +

1

2
∆t).

(2.13)

2.3 L2− Stability of the LDG scheme

The solution of the viscosity-capillarity equations (2.3) preserves energy. In
[29] Cockburn and Gau proved that the related discrete energy is also pre-
served for the finite difference discretization they proposed. In this section,
we will prove that the LDG scheme (2.7) - (2.10) also preserves a discrete
energy. This implies L2− stability of the LDG discretization and it is an im-
portant and necessary property to obtain a stable and robust LDG scheme.

Theorem 2.1. (L2− stability of the LDG scheme)

Assume ∂W (γ)
∂γ = σ(γ), and define the discrete energy Eh as

Eh =

M∑
j=1

∫
Kj

W (γh)dx+
1

2

∫
Kj

v2
hdx+

λ

2

∫
Kj

p2
hdx

 .

Then the discrete energy Eh computed from the LDG discretization of the
viscosity-capillarity equations given by (2.7)- (2.10) satisfies the relation

d

dt
Eh = −ν

M∑
j=1

∫
Kj

(qh)2dx, (2.14)

when periodic boundary conditions are applied at the domain boundary.

Proof. We first take the time derivative of (2.9c),∫
Kj

(ph)tξdx+

∫
Kj

(γh)tξxdx− (̂γh)tξ
−|j+1/2 + (̂γh)tξ

+|j−1/2 = 0. (2.15)
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After choosing in (2.7), (2.9) and (2.15) the following test functions,

φ = fh − λsh, ϕ = vh, ζ = −(γh)t, η = λ(γh)t, ξ = λph, τ = νqh,

we get∫
Kj

(γh)t(fh − λsh)dx+

∫
Kj

vh(fh − λsh)xdx− v̂h(fh − λsh)−|j+1/2

+ v̂h(fh − λsh)+|j−1/2 = 0, (2.16a)∫
Kj

(vh)tvhdx+

∫
Kj

(fh + νqh − λsh)(vh)xdx

− (f̂h + νq̂h − λŝh)v−h |j+1/2 + (f̂h + νq̂h − λŝh)v+
h |j−1/2 = 0,

(2.16b)

−
∫
Kj

fh(γh)tdx+

∫
Kj

σ(γh)(γh)tdx = 0, (2.16c)

λ

∫
Kj

sh(γh)tdx+ λ

∫
Kj

ph((γh)t)xdx− λp̂h(γh)−t |j+1/2

+ λp̂h(γh)+
t |j−1/2 = 0, (2.16d)

λ

∫
Kj

(ph)tphdx+ λ

∫
Kj

(γh)t(ph)xdx− λ(̂γh)tp
−
h |j+1/2

+ λ(̂γh)tp
+
h |j−1/2 = 0, (2.16e)

ν

∫
Kj

q2
hdx+ ν

∫
Kj

vh(qh)xdx− νv̂hq−h |j+1/2 + νv̂hq
+
h |j−1/2 = 0. (2.16f)

Adding (2.16a)-(2.16f), and integrating the divergence terms, we obtain:∫
Kj

((γh)tσ(γh) + (vh)tvh + λ(ph)tph) dx+ ν

∫
Kj

q2
hdx

+ Fj+1/2 − Fj−1/2 + Θj−1/2 = 0.

(2.17)
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The numerical entropy fluxes are given by:

F = v−h f
−
h − λs

−
h v
−
h + λp−h (γh)−t + νq−h v

−
h − v̂hf

−
h + λv̂hs

−
h

− f̂hv−h − νq̂hv
−
h + λŝhv

−
h − λp̂h(γh)−t − λ(̂γh)tp

−
h − νv̂hq

−
h

= λv+
h s
−
h − λp

+
h (γh)−t − νv+

h q
−
h − f

−
h v

+
h ,

where we used the numerical fluxes (2.8) and (2.10). The Θ term is given by

Θ = −[vhfh] + λ[shvh]− λ[ph(γh)t]− ν[qhvh] + v̂h[fh]− λv̂h[sh]

+f̂h[vh] + νq̂h[vh]− λŝh[vh] + λp̂h[(γh)t] + λγ̂ht[ph] + νv̂h[qh].

Using the definition of the numerical fluxes (2.8) and (2.10) and after some
algebraic manipulation, we obtain:

Θ = 0.

After summation of (2.17) over all j and applying periodic boundary condi-
tions, all entropy fluxes cancel and we obtain the following expression for the
rate of change of the discrete energy:

d

dt
Eh(t) ≡

M∑
j=1

∫
Kj

(σ(γh)(γh)t + (vh)tvh + λ(ph)tph) dx

= −ν
M∑
j=1

∫
Kj

(qh)2dx, (2.18)

which proves (2.14).

Remark 2.1. From the proof of Theorem 1, we can see that it holds for
a general nonlinear σ function, which is not always an increasing function.
From the definition of W (γ), it follows that the summation of

∑
j

∫
Kj
W (γh)

is in general not negative, since σ(γ) is an increasing-decreasing-increasing
function, thus W (γ) is a double well function, the same definition of W (γ)
can be found in [29].

2.4 Error estimates

In this section we will prove an error estimate for the LDG discretization of
the phase transition model (2.1) and also for the VC-equations (2.3) when
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ν, λ are finite and strictly positive. In the proof, the stress-strain relation is
linear and we assume that the system is hyperbolic.

2.4.1 Projection operator

In what follows, we will use two projections π± from the Sobolev space H1(Ω)
onto the finite element space V kh ,

π± : H1(Ω)→ V kh ,

which are defined as follows. Given a function ψ ∈ H1(Ω) and an arbitrary
element Kj ⊂ Ω, j = 1, · · · ,M , the restriction of π±ψ to Kj is defined as the
elements of P k(Kj) that satisfy:∫

Kj

(π+ψ − ψ)ωdx = 0,

∀ω ∈ P k−1(Kj), π
+ψ(x+

j−1/2) = ψ(x+
j−1/2),∫

Kj

(π−ψ − ψ)ωdx = 0,

∀ω ∈ P k−1(Kj), π
−ψ(x−j+1/2) = ψ(x−j+1/2). (2.19)

For the projections mentioned above, it is easy to see (c.f. [27]) that,

||π±ψ − ψ||Ω ≤ Chk+1, (2.20)

with the positive constant C only depending on u and independent of h. We
will denote the standard L2-inner product as (· , ·)Ω and the L2-norm as
|| · ||Ω.

2.4.2 Notations and Lemmas for the LDG discretization

The error analysis can be greatly simplified by introducing the DG discretiza-
tion operator D,

D(η, φ; η̂) =
∑
j

DKj
(η, φ; η̂), (2.21)

where DKj
(η, φ; η̂) is defined in each element Kj as:

DKj
(η, φ; η̂) = −(η, φx)Kj

+ (η̂φ−)j+1/2 − (η̂φ+)j−1/2. (2.22)
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The following lemma from [122] gives very useful relations for the operator
D.

Lemma 2.1.1. The DG discretization operator (2.21) with periodic boundary
conditions satisfies the following relations: for all φ ∈ V kh ,

D(η, φ; η−) +D(φ, η;φ+) = 0, (2.23a)

D(η, φ; η+) +D(φ, η;φ−) = 0, (2.23b)

D(η − π−η, φ; (η − π−η)−) = 0, (2.23c)

D(η − π+η, φ; (η − π+η)+) = 0. (2.23d)

For the error analysis of the LDG scheme given by (2.7)-(2.10), we define
the following two bilinear forms:

A(γ, v, s, p, q;φ, ϕ, η, ξ, τ) =
∑
j

AKj (γ, v, s, p, q;φ, ϕ, η, ξ, τ),

B(γ, v, s, p, q;φ, ϕ, η, ξ, τ) =
∑
j

BKj
(γ, v, s, p, q;φ, ϕ, η, ξ, τ),

(2.24)

with

AKj
(γ, v, s, p, q;φ, ϕ, η, ξ, τ) =

(γt, φ)Kj
+ (vt, ϕ)Kj

+ (s, η)Kj
+ (pt, ξ)Kj

+ (q, τ)Kj
,

BKj (γ, v, s, p, q;φ, ϕ, η, ξ, τ) =

−DKj
(v, φ; v+)− σ′DKj

(γ, ϕ; γ−)− νDKj
(q, ϕ; q−) + λDKj

(s, ϕ; s−)

−DKj
(p, η; p+)−DKj

(γt, ξ; γ
−)−DKj

(v, τ ; v+).

The LDG scheme for the VC equations (2.3), given by (2.7), (2.9a), (2.9b),
(2.9d) and (2.15) and numerical fluxes (2.8), (2.10) can now be expressed as:
find γh, vh, sh, ph, qh ∈ V kh , such that for all test functions φ, ϕ, η, ξ, τ ∈ V kh ,
the following relation is satisfied.

A(γh, vh, sh, ph, qh;φ, ϕ, η, ξ, τ)+B(γh, vh, sh, ph, qh;φ, ϕ, η, ξ, τ) = 0, (2.25)

where we use in this formulation the time derivative of (2.9c), given by (2.15).
We also define the following error contributions:

eγ = γ − γh = γ − π−γ + π−eγ , ev = v − vh = v − π+v + π+ev,

es = s− sh = s− π−s+ π−es, ep = p− ph = p− π+p+ π+ep,

eq = q − qh = q − π−q + π−eq. (2.26)

22



Chapter 2. An LDG method for the Propagarion of Phase Transition in
Solids and Fluids

2.4.3 Error estimates of the initial conditions

We choose the initial conditions as

γh(x, 0) = π−γ(x, 0), vh(x, 0) = π+v(x, 0), (2.27)

then (2.20) gives

||v(·, 0)− vh(·, 0)||Ω ≤ Chk+1,

||γ(·, 0)− γh(·, 0)||Ω ≤ Chk+1, (2.28)

which means

||π+ev(t = 0)||Ω ≤ Chk+1, ||π−eγ(t = 0)||Ω ≤ Chk+1. (2.29)

From (2.9c), we can easily get∫
Kj

(p(x, 0)− ph(x, 0)) ξdx+

∫
Kj

(γ(x, 0)− γh(x, 0)) ξx

− (γ̂(x, 0)− γ̂h(x, 0)) ξ−|j+1/2 + (γ̂(x, 0)− γ̂h(x, 0)) ξ+|j−1/2

= 0. (2.30)

For the choice γ̂ = γ− using (2.27), we have∫
Kj

(p(x, 0)− ph(x, 0)) ξdx = 0. (2.31)

Choosing ξ = π−ep(x, 0), we then easily get the relation

||π−ep(t = 0)||Ω ≤ Chk+1. (2.32)

2.4.4 A priori error estimate of the LDG discretization

In the next theorem, we provide an error estimate for the LDG discretization
(2.7) - (2.10) of the phase transition model (2.1) using the VC-equations (2.3)
with ν, λ going to zero. We consider a linear stress-strain relation and assume
that the system is hyperbolic.

Theorem 2.2. Assume a linear stress-strain relation in the phase transition
model (2.1) and the related VC-equations (2.3) with σ(γ) = γ0 + σ′γ, where
the constant σ′ satisfies σ′ ≥ C2

σ > 0. Assume that the exact solution satisfies
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γ(t) ∈ Hk+2(Ω), v(t) ∈ Hk+1(Ω) for t ∈ (t0, T ] on a domain Ω ⊂ R with
periodic boundary conditions. Let γh, vh ∈ V kh , the space of element wise
discontinuous polynomials of degree up to k, be the numerical solution of the
semi-discrete LDG scheme (2.7) - (2.10) and initial condition (2.27). If the
parameters ν, λ ↓ 0, with the number ω = 2

√
λ/ν constant and λ ∼ h, then

the following error estimate for the LDG solution of (2.1) holds:

σ′||eγ ||2Ω + 2||ev||2Ω ≤ Ch2k+2, (2.33)

where C depends on the final time T , ||γ||L∞(0,T );Hk+2(Ω),
||v||L∞(0,T );Hk+1(Ω) and ||γt||L∞(0,T );Hk+1(Ω).

Proof. We give proof for the error estimates in the following steps.

• Energy equation for the error estimates

After choosing the test functions in (2.25) as

φ = σ′π−eγ − λπ−es, ϕ = π+ev, η = λπ−eγt , ξ = λπ+ep, τ = νπ−eq,

using the consistency of the LDG scheme and summation over all elements
Kj , we obtain the following relation for the error

A(γ − γh, v − vh, s− sh, p− ph, q − qh;σ′π−eγ − λπ−es, π+ev,

λπ−eγt , λπ
+ep, νπ

−eq)+

B(γ − γh, v − vh, s− sh, p− ph, q − qh;σ′π−eγ − λπ−es, π+ev,

λπ−eγt , λπ
+ep, νπ

−eq) = 0. (2.34)

If we introduce now the relations for the error given by (2.26), we can express
(2.34) as

A(γ − π−γ, v − π+v, s− π−s, p− π+p, q − π−q;σ′π−eγ − λπ−es,

π+ev, λπ
−eγt , λπ

+ep, νπ
−eq)+

B(γ − π−γ, v − π+v, s− π−s, p− π+p, q − π−q;σ′π−eγ − λπ−es,

π+ev, λπ
−eγt , λπ

+ep, νπ
−eq)+

A(π−eγ , π
+ev, π

−es, π
+ep, π

−eq;σ
′π−eγ − λπ−es, π+ev, λπ

−eγt ,

λπ+ep, νπ
−eq)+

B(π−eγ , π
+ev, π

−es, π
+ep, π

−eq;σ
′π−eγ − λπ−es, π+ev, λπ

−eγt ,

λπ+ep, νπ
−eq) = 0. (2.35)
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Next, if we use the expressions for A and B given by (2.24) and the prop-
erties of the operator D defined in Lemma 1, we obtain after a lengthy but
straightforward computation that

A(π−eγ , π
+ev, π

−es, π
+ep, π

−eq;σ
′π−eγ − λπ−es, π+ev, λπ

−eγt ,

λπ+ep, νπ
−eq)+

B(π−eγ , π
+ev, π

−es, π
+ep, π

−eq;σ
′π−eγ − λπ−es, π+ev, λπ

−eγt ,

λπ+ep, νπ
−eq) =

1

2

d

dt
(σ′||π−eγ ||2Ω + ||π+ev||2Ω + λ||π+ep||2Ω) + ν||π−eq||2Ω. (2.36)

Also, using (2.23c), (2.23d) in Lemma 1 and the properties of the projection
operators π± given by (2.19), we obtain the relation

B(γ − π−γ, v − π+v, s− π−s, p− π+p, q − π−q;σ′π−eγ − λπ−es,
π+ev, λπ

−eγt , λπ
+ep, νπ

−eq)

= −λD((γ − π−γ)t, π
+ep; (γ − π−γ)−t )

− σ′D(γ − π−γ, π+ev; (γ − π−γ)−)

−D(v − π+v, σ′π−eγ − λπ−es; (v − π+v)+)

− νD((v − π+v), π−eq; (v − π+v)+)

+ λD(s− π−s, π+ev; (s− π−s)−)

− λD(p− π+p, π−eγt ; (p− π+p)+)

− νD(q − π−q, π+ev; (q − π−q)−)

= 0. (2.37)

If we introduce now relations (2.36)-(2.37) into (2.35), and use (2.24), the
error equation (2.35) can be simplified as

1

2

d

dt
(σ′||π−eγ ||2Ω + ||π+ev||2Ω + λ||π+ep||2Ω) + ν||π−eq||2Ω

+ G − λ((γ − π−γ)t, π
−es)Ω + λ((s− π−s), π−eγt)Ω = 0, (2.38)

where we define the following contribution

G = σ′((γ − π−γ)t, π
−eγ)Ω + ((v − π+v)t, π

+v)Ω

+ λ((p− π+ep)t, π
+ep)Ω + ν(q − π−q, π−eq)Ω.
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In the following, we will give estimates for G, λ((γ − π−γ)t, π
−es)Ω and

λ((s− π−s), π−eγt)Ω separately.

• Error estimate for G.

Using Cauchy’s inequality with ε and the interpolation estimate (2.20), we
can estimate G as

G ≤ σ′

4ε21
||γt − π−γt||2Ω + σ′ε21||π−eγ ||2Ω +

1

4ε22
||vt − π+vt||2Ω

+ ε22||π+ev||2Ω +
λ

4ε23
||pt − π+pt||2Ω + λε23||π+ep||2Ω

+
ν

4ε24
||q − π−q||2Ω + νε24||π−eq||2Ω

≤ Ch2k+2 + σ′ε21||π−eγ ||2Ω + ε22||π+ev||2Ω + λε23||π+ep||2Ω
+ νε24||π−eq||2Ω. (2.39)

with εi > 0, (i = 1, 2, 3, 4). Introducing (2.39) into (2.38) gives:

1

2

d

dt

(
σ′||π−eγ ||2Ω + ||π+ev||2Ω + λ||π+ep||2Ω

)
+ ν||π−eq||2Ω

− λ((γ − π−γ)t, π
−es)Ω + λ(s− π−s, π−eγt)Ω ≤ Ch2k+2+

σ′ε21||π−eγ ||2Ω + ε22||π+ev||2Ω + λε23||π+ep||2Ω + νε24||π−eq||2Ω. (2.40)

• Error estimate for λ((γ − π−γ)t, π
−es)Ω.

Next, we consider the contribution λ((γ − π−γ)t, π
−es)Ω. Using the Cauchy

and Schwarz inequalities we obtain:

λ((γ − π−γ)t, π
−es)Ω ≤ 1

2 ||γt − π
−γt||2Ω + λ2

2 ||π
−es||2Ω. (2.41)

The upper bound in (2.41) contains, however, ||π−es||Ω, which can not be
directly bounded in (2.38). We therefore use the LDG equation (2.16d) to-
gether with the numerical fluxes (2.10) to derive the following error equation

(s− sh, η)Kj
+ (p− ph, ηx)Kj

− ((p− ph)+η−)j+1/2

+((p− ph)+η+)j−1/2 = 0, ∀η ∈ V kh .
(2.42)

Using the error relations (2.26), we can transform (2.42) into

(s− π−s, η)Kj
+ (π−es, η)Kj

+ (π+ep, ηx)Kj
− (π+ep)

+η−|j+1/2

+(π+ep)
+η+|j−1/2 = 0, ∀η ∈ V kh .

(2.43)

26



Chapter 2. An LDG method for the Propagarion of Phase Transition in
Solids and Fluids

Here, we used that

(p− π+p, ηx)Kj
− (p− π+p)+η−|j+1/2 + (p− π+p)+η+|j−1/2 = 0,

for the projection operator π+ defined in (2.19) and η ∈ V kh .
The error equation (2.43) can be further evaluated using the following

trace and inverse inequalities

|η(xj± 1
2
)| ≤ Ctrace√

h
||η||Kj

, ||ηx||Kj
≤ Cinv

h
||η||Kj

, for η ∈ V kh

and selecting η = π−es. This provides an estimate for ||π−es||Ω by summing
over the elements Kj and introducing ε5

||π−es||Ω ≤ 1
2
√
ε5
||s− π−s||Ω +

√
ε5

2h (Cinv + Ctrace) ||π+ep||Ω. (2.44)

Collecting all contributions and using the interpolation estimate (2.20) then
results in the following estimate for (2.41)

λ(γt − π−γt, π−es)Ω ≤ 1
2 ||γt − π

−γt||2Ω + λ2

4ε5
||s− π−s||2Ω

+ ε5
4h2λ

2(Cinv + Ctrace)
2||π+ep||2Ω.

(2.45)

Note that the parameter λ in the VC system (2.3) goes to zero, so if we
choose

λ ∼ O(h), λ = 2C1h, (2.46)

(2.45) becomes

λ(γt− π−γt, π−es)Ω ≤ Ch2k+2 + ε5C
2
1 (Cinv + Ctrace)

2 ||π+ep||2Ω. (2.47)

Introducing (2.47) into (2.40) and after integration in time, we obtain,

1
2

(
σ′||π−eγ ||2Ω + ||π+ev||2Ω + λ||π+ep||2Ω

)
+ ν

∫ t
0
||π−eq||2Ωdt

+λ
∫ t

0
(s− π−s, π−eγt)Ωdt

≤ Ch2k+2 + 1
2σ
′||π−eγ(t = 0)||2Ω + 1

2 ||π
+ev(t = 0)||2Ω

+ 1
2λ||π

+ep(t = 0)||2Ω +
∫ t

0
(σ′ε21||π−eγ ||2Ω + ε22||π+ev||2Ω

+νε24||π−eq||2Ω + (λε23 + ε5C
2
1 (Cinv + Ctrace)

2)||π+ep||2Ω)dt.

(2.48)
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Finally, introducing the estimates of the initial conditions (2.29) and (2.32)
into (2.48) results in the estimate

1
2

(
σ′||π−eγ ||2Ω + ||π+ev||2Ω + λ||π+ep||2Ω

)
+ ν

∫ t
0
||π−eq||2Ωdt

+λ
∫ t

0
(s− π−s, π−eγt)Ωdt

≤ Ch2k+2 +
∫ t

0
(σ′ε21||π−eγ ||2Ω + ε22||π+ev||2Ω + νε24||π−eq||2Ω

+(λε23 + ε5C
2
1 (Cinv + Ctrace)

2)||π+ep||2Ω)dt.

(2.49)

• Error estimate for λ
∫ t

0
(s− π−s, π−eγt)Ωdt.

Consider now λ
∫ t

0
(s − π−s, π−eγt)Ωdt. Using (2.29), this contribution can

be estimated straightforwardly as

λ
∫ t

0
(s− π−s, π−eγt)Ωdt

= λ(s− π−s, π−eγ)|t0 − λ
∫ t

0
(st − π−st, π−eγ)dt

≤ λ||s− π−s||Ω||π−eγ ||Ω + λ||(s− π−s)(t = 0)||Ω||π−eγ(t = 0)||Ω
+λ
∫ t

0
||st − π−st||Ω||π−eγ ||Ωdt

≤ λ
4ε26
||s− π−s||2Ω + λε26||π−eγ ||2Ω + λ

4ε27
||(s− π−s)(t = 0)||2Ω

+λε27||π−eγ(t = 0)||2Ω
+ λ

4ε28

∫ t
0
||(st − π−st)||2Ωdt+ λε28

∫ t
0
||π−eγ ||2Ωdt

≤ Ch2k+2 + λε26||π−eγ ||2Ω + λε28
∫ t

0
||π−eγ ||2Ωdt.

(2.50)

Introducing (2.50) into (2.49) gives

1

2

(
σ′||π−eγ ||2Ω + ||π+ev||2Ω + λ||π+ep||2Ω

)
+ ν

t∫
0

||π−eq||2Ωdt

≤ Ch2k+2 +

t∫
0

(σ′ε21||π−eγ ||2Ω + ε22||π+ev||2Ω + νε24||π−eq||2Ω

+ (λε23 + ε5C
2
1 (Cinv + Ctrace)

2)||π+ep||2Ω + λε28||π−eγ ||2Ω)dt

+ λε26||π−eγ ||2Ω, (2.51)
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which is equivalent to

(
1

2
σ′ − λε26)||π−eγ ||2Ω +

1

2
||π+ev||2Ω +

λ

2
||π+ep||2Ω+

ν(1− ε24)

t∫
0

||π−eq||2Ωdt

≤ Ch2k+2 +

t∫
0

((σ′ε21 + λε28)||π−eγ ||2Ω + ε22||π+ev||2Ω+

(λε23 + ε5C
2
1 (Cinv + Ctrace)

2)||π+ep||2Ω)dt. (2.52)

Choose now ε1 = 1
2
√

2
and ε6, ε8 as

ε6 = 1
2

√
σ′

λ , then 1
2σ
′ − λε26 = 1

4σ
′,

ε8 = 1
2

√
σ′

2λ , then σ′ε21 + λε28 = 1
4σ
′.

(2.53)

Select ε3 = 1
2 and ε5 such that

λε23 + ε5C
2
1 (Cinv + Ctrace)

2 =
λ

2
.

Finally, choosing ε2 = ε4 = 1√
2
, we obtain the inequality

σ′

4 ||π
−eγ ||2Ω + 1

2 ||π
+ev||2Ω + λ

2 ||π
+ep||2Ω

≤ Ch2k+2 +
∫ t

0

(
σ′

4 ||π
−eγ ||2Ω + 1

2 ||π
+ev||2Ω + λ

2 ||π
+ep||2Ω

)
dt.

(2.54)

Since λ ↓ 0, the final estimate for the error contributions is now obtained
using Gronwall’s Lemma for integrals, resulting in:

maxt
σ′

4 ||π
−eγ ||2Ω + maxt

1
2 ||π

+ev||2Ω ≤ Ch2k+2, (2.55)

and using (2.26), (2.55) gives the result stated in Theorem 2.2.

Remark 2.2. For the case λ, ν ↓ 0 with ω = 2
√
λ/ν constant we obtain

by choosing λ = 2C1h, ε6, ε8 as (2.53) and 0 < ε4 < 1, that the bounding
constant C in (2.33) is independent of ν and λ.
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Corollary 2.3. Under the assumptions of Theorem 2.2 except, that λ, ν > 0
have finite, strictly positive values, the following error estimate holds,

σ′||eγ ||2Ω + 2||ev||2Ω + 2λ||ep||2Ω ≤ Ch2k,

where C depends on the final time T , ||γ||L∞(0,T );Hk+2(Ω),
||v||L∞(0,T );Hk+1(Ω) and ||γt||L∞(0,T );Hk+1(Ω).

Proof. Since λ > 0 has a finite value, the term λ(γt− π−γt, π−es)Ω in (2.45)
should be estimated in a different way.

• Error estimate for λ((γ − π−γ)t, π
−es)Ω.

Using the Cauchy and Schwarz inequalities we obtain:

λ((γ − π−γ)t, π
−es)Ω ≤ 1

2h2 ||γt − π−γt||2Ω + λ2h2

2 ||π
−es||2Ω. (2.56)

Using (2.44), (2.56) becomes

λ((γ − π−γ)t, π
−es)Ω ≤ Ch2k + ε5

λ2

4 (Cinv + Ctrace)
2||π+ep||2Ω. (2.57)

The rest proof is similar to the proof of Theorem 2.2, finally we obtain the
result stated in Corollary 2.3.

2.5 Linear stability analysis of the LDG scheme

In order to obtain a reasonable estimate for a stable time step for the third
order accurate TVD Runge-Kutta scheme (2.13) applied to the LDG dis-
cretization, we perform in this section a linear stability analysis.

First, we explain the specific problem that we analyze. The parameters
ν, λ in the VC-equations (2.3) are defined as in [29]:

ν = 2ν0, λ = ω2ν2
0 , (2.58)

where

ν0 =

(
sup
γ≥−1

max{0, σ′(γ)}
)1/2

(∆x)β , (2.59)
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for β ∈ (0, 1] and ω = 2
√
λ/ν a fixed number. We assume that the stress-

strain relation σ(γ) in (2.3) is a trilinear function, defined as

σ(γ) =


µ1γ, γ ∈ (−1, γM ),

−µ2γ + b, γ ∈ (γM , γm),

µ3γ, γ ∈ (γm,∞),

(2.60)

see also Figure 2.1. We thus consider locally a linear stress-strain relation
σ(γ) = σ′γ, and assume that σ′ > 0. In the elliptic part, where σ′ < 0,
the exact solution is unstable and γ will rapidly move to the hyperbolic
part. The third order TVD Runge-Kutta time stepping method (2.13) has
an amplification matrix Q, that is equal to

Q = Id+A+
1

2
A2 +

1

6
A3, (2.61)

with A = ∆tB and F (U(t)) = BU(t) after linearization of σ(γ). For stability,
the following condition on the operator norm of Q must hold

||Q|| ≤ 1, (2.62)

which is equivalent in the hyperbolic part to∣∣∣∣1 + λi +
1

2
λ2
i +

1

6
λ3
i

∣∣∣∣ ≤ 1, (2.63)

with λi the eigenvalues of A for i = 1, · · · , n, and provides a restriction
on the time step ∆t. Since A depends on the polynomial order used in the
LDG discretization, we will compute now the time step restriction for various
polynomial orders.

Since the LDG matrix A has a block Toeplitz structure on a uniform mesh
when periodic boundary conditions are applied, we can compute the eigenval-
ues using a discrete Fourier transform. For piecewise constant polynomials,
we obtain the matrix

Â(θ) =
∆t

∆x

 0 a

σ′b− λ
∆x2 ab

2 ν
∆xab

 , (2.64)

with

a = eiθ − 1, b = 1− e−iθ, c = ab = −4 sin2(
θ

2
) and θ ∈ [−π, π).
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The eigenvalues of Â, taking (2.58) and (2.59) into account, are equal to

λ1,2 = ∆t
∆x

ν
∆x

(
c
2 ±

√
(1− ω2) c

2

4 + σ′c
(ν/∆x)2

)
= ∆tµ

(
c±

√
(1− ω2)c2 + σ′c

µ

)
,

(2.65)

with µ = ν
2(∆x)2 . Given a value of ω, σ′ and µ we can compute now the time

step ∆t such that λ1,2 satisfy (2.63) for all θ ∈ [−π, π).

For linear basis functions, we obtain the matrix Â(θ)

Â(θ) = ∆t

 0 p

σ′q − λqpq νqp




γ0

γ1

v0

v1

 , (2.66)

with

p =
1

∆x

 eiθ − 1 1− eiθ

3(eiθ − 1) − 3(eiθ + 1)

 ,

q =
1

∆x

 1− e−iθ 1− e−iθ

3(e−iθ − 1) 3(1 + e−iθ)

 .

The matrix Â(θ) has eigenvalues λi(θ), i = 1, · · · , 4, which can be used
to compute the time step constraint using (2.63) in the same way as done
for constant basis functions. Unfortunately, it is not possible to obtain com-
pletely analytic expressions for the time step. In the computations performed
in the next section, we use the parameters maxγ σ

′ = 20, β = 1 in (2.58),
(2.59) and determine the time step ∆t = CFL∆x with

CFL ≤

 0.03, ω = 0.15,
0.05, ω = 1.0,
0.02, ω = 3.0,

(2.67)

for constant basis functions, and

CFL ≤

 0.006, ω = 0.15,
0.008, ω = 1.0,
0.01, ω = 3.0,

(2.68)

for linear basis functions. For quadratic basis functions, the numerical ex-
periments show that the CFL bounds should be (2.68) divided by five.
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2.6 Numerical experiments

In this section, we describe three numerical experiments to investigate the
performance of the proposed LDG scheme. Examples 2.1 and 2.2 are model
test cases for phase transition in an elastic solid. Numerical simulations
for compressible fluids with a liquid and vapor phase and the Van der Waals
equation of state are shown in Example 2.3. For the first test case, which has a
trilinear σ function, we computed the exact solution by following the analysis
in [3], with the kinetic relation specified in [2]. This model problem was also
studied by Cockburn and Gau [29] using a finite difference method, but their
calculations only showed convergence to the exact solution for certain values
of the coefficients in the VC-equations. In all computations, we employ the
LDG scheme (2.7), (2.9) with numerical fluxes given by (2.8) and (2.10).

Example 2.1. Piecewise linear stress-strain curve

For the trilinear stress-strain relation (2.60), we use the following param-
eters:

γM = 0.1, γm = 0.2, µ1 = 20, µ2 = 10, µ3 = 5, b = 3.

These conditions were also studied in [29]. The parameters ν, λ are chosen
as (2.58) and (2.59), and the initial conditions are given by:

A : γ(x, 0) =

{
0.3, x < 0,
0.4, x > 0,

v(x, 0) =

{
0, x < 0,
−0.8, x > 0,

(2.69)

which is the most challenging Riemann problem among all possible types of
solutions, and includes two phase transitions and two shocks.

The computational domain [−0.5, 0.5] is discretized uniformly by M el-
ements, and we impose the following boundary conditions:{

γL0 = γR0 , γRM = γLM ,

vL0 = vR0 , vRM = vLM .

We tested the LDG scheme for the solution of the VC-equations (2.3) with
piecewise constant, linear and quadratic polynomial basis functions, and com-
pared the results at time Tend = 0.05 with the exact solution. Here, we only
present the results for quadratic polynomials.

First, we compare the exact solution and the numerical solutions in Figure
2.4 for piecewise quadratic basis functions and ω = 1.0 using various mesh
resolutions. From this figure, it is clear that the numerical solutions converge
well to the exact solution. As expected, there are shock waves and phase
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transitions in γ: for example, the left value of γ jumps from the hyperbolic
state 0.3 (phase 3) to 0.25 (also in phase 3) with a shock wave, then goes
through the elliptic region to 0.05 (phase 1), which gives a phase transition.
Next, γ changes phase from phase 1 to phase 3, followed by a shock to the
right initial γ state.

Note also that the solution at the phase boundaries remains monotonic
without the use of a limiter. Figure 2.5 describes the numerical results of the
LDG scheme with quadratic polynomial basis functions for ω = 0.15, 1.0 and
3.0, when initially both γ values are outside the elliptic region. The effect
of changing ω on the solution near the phase boundary is rather small, but
relatively large near the shock waves in the hyperbolic region. As can be seen
by comparison with Figure 2.5, values ω ≤ 1 give better agreement with the
exact solution.

If we compare our LDG results with the results of the finite difference
method discussed in [29], then the LDG scheme shows the following im-
provements:

• for ω = 0.15 and a fixed mesh resolution e.g. M = 800, the solutions of
the LDG scheme in Figure 2.5 are more accurate than those obtained
with the finite difference method presented in [29];

• for the parameter β = 1.0, the numerical solutions of the finite differ-
ence method [29] converge to a wrong solution, while the LDG results
converge to the exact solution.

Apart from the initial condition (2.69), we also explore three other sets of
initial conditions depending on whether the initial value of γ is in the elliptic
or hyperbolic region.

B: Both initial γ−values are in the hyperbolic region, but close to the
elliptic region,

γ(x, 0) =

{
0.08, x < 0,
0.22, x > 0.

(2.70)

C: One initial γ−value is inside the elliptic region,

γ(x, 0) =

{
0.12, x < 0,
0.40, x > 0.

(2.71)

D: Both initial γ−values are inside the elliptic region,

γ(x, 0) =

{
0.120, x < 0,
0.125, x > 0.

(2.72)
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Figure 2.2: piecewise cubic strain-stress relation

We use the same initial condition (2.69) for the velocity in all these test cases.
The results of the LDG calculations of γ, v for the initial conditions B, C,

D are shown in Figures 2.6. From these results, we observe that the solutions
oscillate and dissipate most near the phase boundary when ω = 3.0. We also
plot the traces of the numerical solution (points connecting initial γ−values
SL and SR) for various initial conditions in Figure 2.7. One important ob-
servation is that the solutions never stay inside the elliptic region:

• when an initial state is outside the elliptic region, or the solution evolves
to the boundary of the hyperbolic region, the solution will immediately
go through the elliptic region to another hyperbolic region;

• when the initial state is inside the elliptic region, the solution will move
quickly to a hyperbolic region.

Example 2.2. Cubic stress-strain curve

In this section, we present results of the LDG scheme for the VC-equations
(2.3) with a cubic stress-strain relation

σ(γ) = γ(γ − 0.5)(γ − 1), (2.73)

see Figure 2.2.
The initial data are given as:

γ0(x) =

{
1.07265, x < 0,

0.15000, x > 0,
v0(x) ≡ 0. (2.74)
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From the numerical results in Figures 2.8 and 2.9, it is easy to see that:

1. the numerical results in Figures 2.8 and 2.9 are very similar to those of
the trilinear stress-strain relation (Figures 2.4-2.6): both of these two
test cases include shocks and phase transitions;

2. Figure 2.9 shows the results for quadratic polynomials using various
ω values for a fixed mesh resolution M = 1600, which indicates that
solutions with larger values of ω have more dissipation at the phase
boundary;

3. comparing the LDG results with those of the finite difference method
in [29], the LDG results are much closer to the exact solution. For
example, we don’t observe numerical oscillations around the first phase
transition in the LDG scheme (see Figures 2.8 and 2.9), which exist in
the velocity figures computed with the finite difference method [29].

Table 2.1: Accuracy test for modified VC-equations (2.76) with the exact
solution (2.75). Periodic boundary condition. Uniform meshes with M cells
at time t = 0.2.

M L∞− error order L2− error order
20 7.33E-02 – 5.54E-02 –
40 3.54E-02 1.05 2.67E-02 1.05

P 0 80 1.73E-02 1.03 1.32E-02 1.02
160 8.58E-03 1.01 6.55E-03 1.01
320 4.28E-03 1.00 3.27E-03 1.00
20 8.11E-03 – 5.80E-03 –
40 2.05E-03 1.98 1.45E-03 2.00

P 1 80 5.14E-04 2.00 3.63E-04 2.00
160 1.28E-04 2.00 9.09E-05 2.00
320 3.21E-05 2.00 2.27E-05 2.00
20 2.57E-04 – 1.91E-04 –
40 3.22E-05 2.99 2.34E-05 3.03

P 2 80 4.04E-06 3.00 2.89E-06 3.02
160 5.05E-07 3.00 3.59E-07 3.01
320 6.31E-08 3.00 4.47E-08 3.00

In order to verify the a priori error analysis discussed in Section 2.4, we
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also selected the following smooth exact solution,

γ(x, t) = 0.6 + 0.5 sin(2πx+ t), v(x, t) = 0.1 cos(2πx− t), (2.75)

which satisfies the VC system (2.3) with source terms a(x, t), b(x, t). γt = vx + a(x, t),

vt = σ(γ)x + νvxx − λγxxx + b(x, t).
(2.76)

We compute the error of γ in the L∞ and L2 norm, and obtain the order of
accuracy. The results are presented in Table 2.1, which shows that for k-th
order polynomials the LDG discretization has k + 1-th order accuracy. We
emphasize that the numerical results are better than the theoretical error
estimate given in Section 2.4.

Example 2.3. General non-monotonic stress-strain curve

Next, we investigate the LDG scheme for (2.3) with a general non-monotonic
stress-strain relation. In this part, we consider a viscosity-capillarity model

0 1 2 3

0.7

0.9

1.1

1.3

v=1/σ

P

hyperbolic

region

elliptic

region
hyperbolic 

region

Figure 2.3: Example of Van der Waals pressure law.

for a compressible fluid with a liquid and vapor phase [24], given by vt − ux = 0,

ut + P (v)x = νuxx − λvxxx,
(2.77)
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where v = 1/ρ is the specific volume, u the particle velocity. The Van der
Waals equation of state is given by:

P (v, T ) =
RT

v − b
− a

v2
,

where a, b, R are constants with the temperature T > 0 fixed. We use the
non-dimensional formulation in which:

a = 3, b =
1

3
, R =

8

3
,

and take the relative temperature to be T = 0.95.
The system (2.77) under consideration is close to that for (2.2) except for

the difference between σ(γ) and−P (v), which are both increasing-decreasing-
increasing functions. With appropriate viscosity and capillarity coefficients,
for example ν = h, λ = ων2 with ω = 0.5, 1.0 and 3.0, we can obtain the
same results as those obtained in [24]. Two test cases are considered, both
of them use meshes with 400, 800 and 1600 elements.

E: Propagating phase boundary with initial conditions:

v(x, 0) =

{
0.6, x < 0,

1.5, x > 0,
u(x, 0) =

{
−2.0, x < 0,

0.0, x > 0.

The solutions of the LDG method are considered at time Tend = 0.15.

F: Stationary phase boundary with initial conditions:

v(x, 0) =

{
0.684117091, x < 0,

1.72700257, x > 0,
u(x, 0) ≡ 0. (2.78)

This initial condition is very close to the Maxwell stationary phase
boundary and the LDG method should keep the Maxwell discontinuity
stationary. The numerical results are shown at Tend = 0.2.

Figures 2.10 and 2.11 show solutions obtained with the LDG method for
various mesh resolutions M = 400, 800, 1600; Figures 2.12 and 2.13 show
solutions with various values of ω. From these figures, we can draw several
conclusions:

1. The numerical solutions converge consistently;
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2. Figures 2.10 and 2.12 show that the propagating phase boundary case
also includes both shock waves and phase transitions;

3. Figures 2.11 and 2.13 show that the LDG method keeps the Maxwell
discontinuity stationary;

4. Figure 2.12 shows for various values of ω that the width of the jump in
the specific volume v is larger for bigger ω.

From this test case, we conclude that the LDG method that we presented
in this chapter also applies to the VC system (2.3) with general nonlinear
stress-strain relations σ.

2.7 Conclusion

In this chapter, we have designed, analyzed and tested an LDG method
for the numerical solution of the VC equations modeling the propagation
of phase transitions in solids [29] and fluids [24]. L2− stability is proved
for general solutions of the VC system. We also provide an a priori error
estimate of the semi-discrete local discontinuous Galerkin method when the
solutions are assumed to be sufficiently smooth and the stress-strain relation
in (2.1) and (2.3) is linear. Also, a linear stability analysis is performed to
obtain an estimate for a stable time step in the Runge-Kutta time integration
method. Numerical experiments show that the results of the LDG scheme
converge well to the exact solution of the phase transition model given by
(2.1). Moreover, the LDG scheme can also be applied to a model of Van der
Waals fluids [24] when the artificial viscosity is taken to be proportional to
∆x. The error analysis for a linear stress-strain relation shows that the LDG
discretization of the phase transition model (2.1) is of optimal order, when
λ ∼ Ch and λ, ν ↓ 0, with ω = 2

√
λ/ν fixed. For finite values of λ, ν, the

error bound is suboptimal, but numerical results indicate that in practice
still an optimal convergence rate is obtained.

In the future, we will consider the extension of the LDG scheme to
the non-isothermal Navier-Stokes-Korteweg equations with a Van der Waals
equation of state [82]. This will be a challenge because this non-isothermal
flow model contains highly nonlinear high-order terms.
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3
A local discontinuous Galerkin method
for the (non)-isothermal Navier-Stokes-
Korteweg equations

2

In this chapter, we develop a local discontinuous Galerkin (LDG) dis-
cretization for the (non)-isothermal Navier-Stokes-Korteweg (NSK) equa-
tions. The NSK equations are used to model the dynamics of a compressible
fluid exhibiting liquid-vapour phase transitions. These equations are closed
with a Van der Waals equation of state and contain third order nonlinear
derivative terms. These contributions frequently cause standard numerical
methods to violate the energy dissipation relation and require additional
stabilization terms to prevent numerical instabilities. To address these prob-
lems we develop an LDG method for the (non)-isothermal NSK equations
combined with a time-implicit Runge-Kutta integration method. An im-
portant feature of the LDG discretizations presented in this chapter is that
they are relatively simple, robust and do not require special regularization
terms. Finally, computational experiments are provided to demonstrate the
capabilities, accuracy and stability of the LDG discretizations.

2The content of this chapter is published in the Journal of Computational Physics [108],
with co-authors: Y. Xu, J.G.M. Kuerten and J.J.W. Van der Vegt.

47



3.1. Introduction

3.1 Introduction

In this chapter, we will present a local discontinuous Galerkin (LDG) method
for the numerical solution of the Navier-Stokes-Korteweg (NS
-K) equations that model liquid-vapor phase transitions. This research is
motivated by our previous work [107], where we solved a mixed hyperbolic-
elliptic system that models phase transitions in solids and fluids using an LDG
method. In that chapter, L2− stability of the LDG discretization of the phase
transition model was proved, and an error estimate for the LDG discretization
for the viscosity-capillarity (VC) system with linear strain-stress relation was
provided. The numerical experiments discussed in [107] show that the LDG
method for the VC system is stable and the LDG solutions converge to the
analytical solution of the original problem.

Two-phase flows can be treated either by sharp interface models or by
diffuse interface models. Sharp interface models assume that the interface
thickness is equal to zero and have successfully been applied to many two-
phase flows [11, 34, 32, 111]. Sharp interface models require, however, an
extra evolution equation for the interface and face challenges in the recon-
struction of the interface, leading to mathematical models that are solved by
a Level Set or a Volume of Fluid method [53]. In contrast, diffuse interface
models [9, 18, 124, 89] regard the interface as thin layers of fluid where prop-
erties such as mass density, viscosity and pressure change smoothly. In the
diffuse interface model, only a single set of governing equations needs to be
solved on the entire flow domain, including the interface area. The Navier-
Stokes-Korteweg (NSK) equations [46, 81, 82, 16, 72] contain an additional
contribution to the stress tensor related to capillary forces and are an exam-
ple of a diffuse interface model. The NSK equations are used in this chapter
to model the dynamics of a compressible fluid exhibiting phase transitions
between liquid and vapor.

We consider a fluid in a domain Ω ∈ Rd with d ≤ 3, and let ρ be the
density of the fluid and u the velocity. The isothermal NSK equations with
zero external forces, in dimensionless and conservative form, read

∂ρ

∂t
+∇ · (ρu) = 0,

∂(ρu)

∂t
+∇ · (ρu⊗ u + pI)−∇ · τ −∇ · ξ = 0, (3.1)

in Ω × (0, T ], with p the pressure, ⊗ the tensor product and I the identity
matrix. The viscous stress tensor τ and Korteweg stress tensor ξ are given
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by

τ =
1

Re

(
∇u +∇Tu− 2

3
∇ · uI

)
,

ξ =
1

We

((
ρ4ρ+

1

2
|∇ρ|2

)
I−∇ρ∇T ρ

)
, (3.2)

where Re, We are the Reynolds number and Weber number. The definition
of the dimensionless variables is summarized in the Appendix. To simu-
late phase transitions between liquid and vapor, which are distinguished by
different values of the density ρ, we need an expression for the thermody-
namic pressure that is valid in both liquid and vapor state. The van der
Waals equation of state is an appropriate choice, especially close to the crit-
ical temperature. For the isothermal NSK equations, we use the following
dimensionless form [72, 44]

p(θ, ρ) =
8

27

θρ

(1− ρ)
− ρ2, (3.3)

with θ the dimensionless temperature. Figure 3.1 describes the shape of the
van der Waals type equation of state (3.3) for temperature θ = 0.85.

Other relevant thermodynamic quantities for (non)-isothermal fluids [72,
40] are the free energy density

W (ρ, θ) = Rθρ log

(
ρ

b− ρ

)
− aρ2,

and the chemical potential

µ(ρ, θ) = Rθ log

(
ρ

b− ρ

)
+Rθ

b

b− ρ
− 2aρ.

For isothermal flows, the total energy can be defined as

E(ρ, ρu) =

∫
Ω

(
W (ρ) +

1

2We
|∇ρ|2 +

1

2

|ρu|2

ρ

)
dx, (3.4)

and satisfies for periodic boundary conditions the relation [72, 44, 16, 89]

d

dt
E(ρ(·, t), ρu(·, t)) = −

∫
Ω

∇u : τdx ≤ 0, (3.5)
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Figure 3.1: van der Waals type of pressure-density relation at the dimen-
sionless temperature θ = 0.85, gas constant R = 8

27 , and coefficients
a = 1.0, b = 1.0.

for positive Re. Here “:” is summation of the element-wise product of two
matrices. Suppose A = (aij), B = (bij) ∈ Rd×d, then A : B =

∑
i

∑
j aijbij .

An important question is the solvability of the isothermal NSK equations,
which has received considerable attention. For isothermal NSK equations, lo-
cal and global smooth solutions for Cauchy problems of (3.1) with constant
coefficients and small, smooth initial data were discussed in [51, 52]; the ex-
tension to Lipschitz continuous viscous coefficients and more general initial
conditions was presented in [64]. In [89] a mathematical model with physi-
cally relevant non-local energies was proposed instead of the van der Waals
free energy and a short-time existence theorem for the Cauchy problem of
the non-local NSK equations was proved. The existence of strong solutions
and global weak solutions of the isothermal NSK system (3.1) modeling com-
pressible fluids of Korteweg type was discussed in [36, 50].

As discussed in [3, 107], it is not trivial to obtain a numerical solution of
mixed hyperbolic-elliptic systems. When it comes to the more complex mixed
system (3.1), the non-monotonic van der Waals equation of state can induce
instabilities in the numerical solution. And the third order spatial derivatives
of the mass density, stemming from the divergence of the Korteweg tensor
ξ, causes dispersive behaviour of the numerical solution. Therefore numeri-
cal methods for the isothermal NSK equations face several challenges. One
difficulty is that standard numerical methods including finite difference, fi-
nite volume, and discontinuous Galerkin (DG) methods with poor numerical
fluxes, may violate the energy dissipation relation (3.5) and suffer from an in-
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crease in energy for multiphase flows [40]. Another problem is the occurrence
of parasitic currents: unphysical velocities close to the interface. In particu-
lar, the velocity field does not tend to zero when equilibrium is approached
[40, 44]. In [59], a method is presented to eliminate parasitic currents for
finite volume methods, but this is still a topic of ongoing research. Moreover,
to capture the interface accurately requires locally a fine mesh.

Many articles addressed the numerical solution of the isothermal Navier-
Stokes-Korteweg equations modeling liquid-vapor flows with phase change.
A detailed description of higher order schemes, including the local discon-
tinuous Galerkin method, to solve the non-conservative form of the isother-
mal NSK equations was given in [40]. A finite element formulation based
on an isogeometric analysis of the non-conservative form of the isothermal
NSK equations was developed in [46]. This method can straightforwardly
deal with the higher-order derivatives in the isothermal NSK equations. In
[72] a semi-discrete Galerkin method based on entropy variables and a new
time integration scheme was proposed for the non-conservative form of the
isothermal NSK equations. A DG scheme for the non-conservative form of
the isothermal NSK equations, obtained by choosing special numerical fluxes,
was presented in [44]. Another way to obtain a stable numerical discretization
of the isothermal NSK equations is by adding two vanishing regularization
terms. This approach was successfully used in [16] in combination with glob-
ally continuous finite element spaces and a time-implicit discretization.

The non-isothermal NSK equations [9, 82] model two-phase flows involv-
ing phase transition at nonuniform temperatures. Besides the isothermal
equations (3.1), the non-isothermal NSK equations also contain an equation
for the total energy

∂ρ

∂t
+∇ · (ρu) = 0,

∂ρu

∂t
+∇ · (ρu⊗ u + pI)−∇ · τ −∇ · ξ = 0,

∂(ρE)

∂t
+∇ · ((ρE + p)u)−∇ · ((τ + ξ) · u) +∇ · q +∇ · jE = 0, (3.6)

where the total energy density is given by

ρE = ρe+
1

2
ρ|u|2 +

1

2

1

We
|∇ρ|2. (3.7)

For the non-isothermal NSK equations (4.1), the dimensionless van der Waals
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equation of state is given by [82, 39]

p =
8θρ

3− ρ
− 3ρ2. (3.8)

The specific internal energy e in (4.4) is given by

e =
8

3
Cvθ − 3ρ,

with Cv the specific heat at constant volume. The total entropy is specified
as S = ρs with s the entropy density

s = −8

3
log

(
ρ

3− ρ

)
+

8

3
Cv log(θ).

The heat flux q and energy flux jE through the interface in (4.1) are defined
as

q = − 8Cv
3WePr

∇θ, jE =
1

We
(ρ∇ · u)∇ρ, (3.9)

where Pr is the Prandtl number, see Appendix. Recently global existence
and uniqueness of strong solutions to the non-isothermal NSK equations were
proved for bounded domains in [65, 66].

Most articles so far only discuss the non-conservative form of the isother-
mal NSK equations (3.1). Frequently, the isothermal NSK equations (3.1)
are rewritten into an extended system by adding an extra variable for the
total energy equation [72, 44, 16, 89]. It is, however, not trivial to do this
for the non-isothermal NSK equations, where the van der Waals equation of
state depends on both the density and temperature, so the frequently used
relation

∇p = ρ∇W ′(ρ)

is no longer satisfied. The numerical methods for the isothermal NSK equa-
tions discussed in [72, 44, 16, 89] are therefore difficult to extend to the non-
isothermal NSK equations. The great potential of the LDG method to solve
phase transition problems, as shown in [48, 107], motivated us to develop
an LDG method for systems (3.1) and (4.1), while keeping the conservative
form of the (non)-isothermal NSK equations and obtain a stable numerical
discretization without additional regularization terms. To our knowledge,
we are the first to discuss an LDG method for the conservative form of the
(non)-isothermal NSK equations.
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The LDG method is an extension of the discontinuous Galerkin (DG)
method that aims to solve partial differential equations (PDEs) containing
higher order spatial derivatives and was originally developed by Cockburn
and Shu in [30] for solving nonlinear convection-diffusion equations contain-
ing second-order spatial derivatives. The idea behind LDG methods is to
rewrite the original equations as a first order system, and then apply the DG
method to this first order system. The design of the numerical fluxes is the
key ingredient to ensure stability. LDG techniques have been developed for
convection-diffusion equations [30], nonlinear KdV type equations [123], the
Camassa-Holm equation [120] and many other types of partial differential
equations. For a review, see [121]. The LDG method results in an extremely
local discretization, which offers great advantages in parallel computing and
hp-adaptation.

The organization of this chapter is as follows. In Section 4.2 we present
the LDG method for the (non)-isothermal NSK equations in detail. An im-
portant aspect of this discretization is that it preserves the conservative form
of the NSK equations. Section 3.3 discusses an implicit Runge-Kutta time
integration method, which is used to overcome the stiffness of the NSK equa-
tions. In Section 3.4, numerical experiments are presented to investigate the
accuracy and stability of the LDG discretization of the (non)-isothermal NSK
equations. For the isothermal NSK equations, discrete mass conservation and
energy dissipation are verified for the LDG solutions, while the mass conser-
vation and total entropy are verified for the non-isothermal NSK equations.
Finally, we give conclusions in Section 3.5.

3.2 LDG Discretization of the NSK system

In this section, we develop an LDG method to solve the NSK system in
Ω ∈ Rd with d ≤ 3. We restrict the numerical experiments to one and two
dimensions in this chapter, but the LDG discretization described here can be
easily extended to three dimensions. We first introduce notations used for
the description of the LDG discretization.

3.2.1 Notations

We denote by Th a tessellation of Ω with regular shaped elements K, Γ
represents all boundary faces of K ∈ Th and Γ0 = Γ\∂Ω. Suppose e is a face
shared by the “left” and “right” elements KL and KR. The normal vectors
nL and nR on e point, respectively, exterior to KL and KR. Let ϕ be a
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function on KL and KR, which could be discontinuous across e, then the left
and right trace are denoted as ϕL = (ϕ|KL

)|e, ϕR = (ϕ|KR
)|e, respectively.

For more details about these definitions, we refer the reader to [121].

For the LDG discretization, we define the finite element spaces

Vh = {φ ∈ L2(Ω) : φ|K ∈ Pk(K),∀K ∈ Th},
Σdh = {Φ = (φ(1), φ(2), ..., φ(d))T ∈ (L2(Ω))d : φ(i)|K ∈ Pk(K),

i = 1, ..., d, ∀K ∈ Th},

with Pk(K) the space of polynomials of degree up to k ≥ 0 on K ∈ Th.

The numerical solution is denoted by Uh, with each component of Uh

belonging to the finite element space Vh, and can be written as

Uh(x, t)|K =

Np∑
l=0

ÛK
l (t)φl(x), for x ∈ K. (3.10)

Here, ÛK
l (t) are unknowns and Legendre polynomials are used for the basis

functions φl(x). In the next two sections we will discuss a local discon-
tinuous Galerkin discretization for both the isothermal and non-isothermal
NSK equations. We first consider the isothermal NSK equations since they
provide a simpler model for phase transitions and are frequently used in
applications. The non-isothermal NSK equations are computationally more
demanding, but provide a more realistic model of the complex physics of
phase transition.

3.2.2 LDG discretization for the isothermal NSK equa-
tions

In this section, we propose an LDG discretization for the isothermal NSK
equations, which are rewritten as a first order system, given by the primary
equations

ρt +∇ ·m = 0,

mt +∇ · F(U)−∇ · τ(z, s)−∇ · ξ(ρ, r, g) = 0, (3.11)
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and auxiliary equations

z = ∇u,

l = ∇ · u,

r = ∇ρ,

g = ∇ · r, (3.12)

where

u =
m

ρ
,

τ =
1

Re

(
z + zT − 2

3
lI

)
,

ξ =
1

We

((
ρg +

1

2
|r|2
)

I− rrT
)
, (3.13)

and

F(U) = m⊗ u + p(ρ)I, U =

(
ρ

m

)
.

The LDG discretization for the isothermal NSK equations (3.11) - (4.11) is
now as follows: find ρh, lh, gh ∈ Vh, and mh, zh, rh ∈ Σdh, such that for all test
functions φ, ϕ, ζ ∈ Vh and ψ, η, ς ∈ Σdh, the following relations are satisfied

∫
K

(ρh)tφ dK −
∫
K

mh · ∇φ dK +

∫
∂K

m̂h · nφ ds = 0,

∫
K

(mh)tψ dK −
∫
K

(Fh − τh − ξh) · ∇ψ dK+

∫
∂K

(F̂h − τ̂h − ξ̂h) · nψ ds = 0, (3.14)
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and ∫
K

zhη dK = −
∫
K

uh∇ · η dK +

∫
∂K

ûhη · n ds,

∫
K

lhζ dK = −
∫
K

uh · ∇ζ dK +

∫
∂K

ûh · nζ ds,

∫
rhς dK = −

∫
K

ρh∇ · ς dK +

∫
∂K

ρ̂hς · n ds,

∫
K

ghϕ dK = −
∫
K

rh · ∇ϕ dK +

∫
∂K

r̂h · nϕ ds, (3.15)

where

ûh =
m̂h

ρ̂h
,

τ̂h =
1

Re

(
ẑh + ẑh

T − 2

3
l̂hI

)
,

ξ̂h =
1

We

((
ρ̂hĝh +

1

2
|r̂h|2

)
I − r̂hr̂h

T

)
, (3.16)

and

Fh = F(Uh), Uh =

(
ρh

mh

)
.

For the numerical fluxes in (4.12), (4.13) and (4.14), denoted with a hat, we
choose the Lax-Friedrich flux for the convective part and central numerical
fluxes for the other terms,

F̂h|e =
1

2
(Fh|L + Fh|R − α(Uh|R −Uh|L)),

m̂h|e =
1

2
(mh|L + mh|R), ρ̂h|e =

1

2
(ρh|L + ρh|R),

r̂h|e =
1

2
(rh|L + rh|R), ẑh|e =

1

2
(zh|L + zh|R),

l̂h|e =
1

2
(lh|L + lh|R), ĝh|e =

1

2
(gh|L + gh|R), (3.17)

with Fh = (mh,Fh)
T

and α a positive constant that is chosen as the maxi-
mum absolute eigenvalue of ∂Fh

∂Uh
globally.
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3.2.3 LDG Discretization for the non-isothermal NSK
equations

The LDG discretization for the isothermal NSK equations presented in Sec-
tion 3.2.2 can be extended to the non-isothermal NSK equations (4.1). The
equations can also be rewritten as a first order system that includes Equations
(3.11)-(4.11) and additional equations given by

(ρE)t +∇ ·G(U)−∇ · ((τ + ξ) · u) +∇ · q +∇ · jE = 0,

q = − 8Cv
3WePr

∇θ,

jE =
1

We
ρlr, G(U) = (ρE + p)u. (3.18)

The LDG discretization for the non-isothermal NSK equations contains
(4.12)-(4.14), and the LDG discretization for the energy equation contribu-
tions, given by (3.18), can be written as∫

K

((ρE)h)tχ dK

−
∫
K

(Gh − (τh + ξh) · uh + qh + (jE)h) · ∇χ dK

+

∫
∂K

(
Ĝh − (τ̂h + ξ̂h) · ûh + q̂h + (̂jE)h

)
· nχ ds = 0. (3.19a)

∫
K

qhσdK −
8Cv

3WePr

∫
K

θh∇ · σ dK +
8Cv

3WePr

∫
∂K

θ̂hσ · n ds = 0,

(3.19b)

with

(jE)h =
1

We
ρhlhrh, Gh = G(Uh) and Uh =

 ρh

mh

(ρE)h

 .

The same numerical fluxes (4.16) as used in the LDG discretization for the
isothermal NSK equations are used in the non-isothermal equations. If we

denote Gh(Uh) =

(
Fh
Gh

)
, then the numerical flux for Gh is also the Lax-
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3.2. LDG Discretization of the NSK system

Friedrichs flux, but now with the constant α the maximum absolute eigen-
value of ∂Gh

∂Uh
. For the one dimensional case the eigenvalues of ∂Gh

∂Uh
are pro-

vided in [39]. For two dimensional case, u, v are additional eigenvalues in,
respectively x and y direction. The additional numerical fluxes in the energy
equation contributions (3.19) are chosen as

q̂h =
1

2
(qh|L + qh|R), θ̂h =

1

2
(θh|L + θh|R), (̂jE)h =

1

We
ρ̂h l̂hr̂h. (3.20)

Remark 3.1. We emphasize that not only the (first-order) convective part
of the isothermal NSK equations (3.11), but also the (first-order) convective
part of the non-isothermal NSK equations is of mixed hyperbolic-elliptic type.
The eigenvalues of the systems are given explicitly below.

The convective part of the isothermal NSK equations is given by

∂ρ

∂t
+∇ · (ρu) = 0,

∂(ρu)

∂t
+∇ · (ρu⊗ u + p) = 0. (3.21)

In 2D, assuming u = (u, v)T , the Jacobian matrices are

A1 =


0 1 0

−u2 + p′(ρ) 2u 0

−uv v u

 , A2 =


0 0 1

−uv v u

−v2 + p′(ρ) 0 2v


for, respectively, the x- and y-direction. The eigenvalues of A1 are {u −√
p′(ρ), u, u+

√
p′(ρ)} and those of A2 are {v−

√
p′(ρ), v, v+

√
p′(ρ)}. Con-

sequently, (3.21) is a hyperbolic-elliptic system due to the non-monotonicity
of the van der Waals equation of state, and it is elliptic when p′(ρ) < 0.

The eigenvalues of the convective part of the one dimensional non-isothermal
NSK equations were studied in [39]. The eigenvalues of the 2D non-isothermal
NSK equations are the extension of those of the 1D non-isothermal NSK
equations, with one extra u, v, in the x, y direction respectively. In detail, the
convective part of the non-isothermal NSK equations is rewritten, in primitive
form, as

Vt + F̃ (V)x + G̃(V)y = 0, with V = (ρ, u, v, p) in 2D.
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Chapter 3. An LDG method for the (non)-isothermal NSK Equations

The Jacobian matrices are given by

∂F̃

∂V
=



u ρ 0 0

0 u 0 1/ρ

0 0 u 0

0 f(p, ρ) 0 u


,
∂G̃

∂V
=



v 0 ρ 0

0 v 0 0

0 0 v 1/ρ

0 0 f(p, ρ) v


,

where the function f is equal to

f(p, ρ) =
3

Cv(3− ρ)

(
(1 + Cvp+ ρ2(3− 3Cv + 2Cvρ))

)
.

The eigenvalues of ∂F̃
∂V are {u, u, u −

√
β, u +

√
β}, and those of ∂G̃

∂V are

{v, v, v −
√
β, v +

√
β}, with β = 2

(
p
ρ + 4θ(3+Cv(−3+2ρ))

Cv(−3+ρ)2

)
.

3.3 Implicit time discretization method

The equations for the DG expansion coefficients for each variable are obtained
by introducing the polynomial representation (4.8) into the LDG discretiza-
tions (4.12)-(4.14) and (3.19). The coefficients of the polynomial expansions
of ρh(x, t), mh(x, t) and ρEh(x, t) in the LDG discretization are collected in

the vector Û(t). The LDG discretization, given by (4.12)-(4.14) and (3.19)
with corresponding fluxes for ρh(x, t), mh(x, t) and ρEh(x, t), then results in
a system of ordinary differential and algebraic equations (DAEs)

dÛ(t)

dt
+ L(Û(t), Ẑ(t), Ĝ(t)) = 0,

Ẑ(t)−P(Û(t)) = 0,

Ĝ(t)−Q(Û(t), Ẑ(t)) = 0, (3.22)

with Ẑ(t), Ĝ(t) the coefficients of the auxiliary variables, and L,P,Q non-

linear functions of Û(t), Ẑ(t), and Ĝ(t). The initial values are

Û(t0) = Û0.

Note, in case of the isothermal NSK equations, the contributions from (3.19)
are missing. Both explicit and implicit time integration methods [49] can
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3.3. Implicit time discretization method

be applied to the DAE system (3.22). Due to the Korteweg stress tensor
ξ, the NSK system is a third order nonlinear system of partial differential
equations, and explicit time integration methods then require the time step
to satisfy

∆t = O(h2), h = min{∆x,∆y}, (3.23)

for stability [39]. Moreover, when we would consider local mesh refinement
near the interface, the time step restriction (3.23) becomes even more severe.
Therefore, we consider an implicit time stepping method.

3.3.1 Diagonally Implicit Runge-Kutta methods

For the implicit time integration we use Diagonally Implicit Runge-Kutta
(DIRK) methods, since they allow that the equations for each implicit stage
are solved in a sequential manner. A class of Diagonally Implicit Runge-
Kutta (DIRK) formulae, which are A− stable and computationally efficient,
was discussed in [8, 20, 49]. A special feature of the DIRK method in [20]
is that it provides embedded DIRK formulae that allow a straightforward
calculation of the local truncation error at each time step without extra com-
putation. This provides an efficient way to estimate the time step required
for a certain accuracy level. In [98] DIRK methods based on the minimiza-
tion of certain error functions were considered, and several Butcher tables for
specific DIRK formulae were given.

For the third order accurate LDG discretization in space, which uses
quadratic basis functions, we use the third order Singly DIRK scheme from
[98], given by

Ûn1 = Ûn + ∆ta11K1, Ẑn1 = P(Ûn1), Gn1 = Q(Ûn1, Ẑn1),

K1 = −L
(
tn + c1∆t, Ûn1, Ẑn1, Ĝn1

)
,

Ûn2 = Ûn + ∆ta21K1 + ∆ta22K2,

Ẑn2 = P(Ûn2), Ĝn2 = Q̂(Ûn2, Ẑn2),

K2 = −L
(
tn + c2∆t, Ûn2, Ẑn2, Ĝn2

)
,
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Ûn3 = Ûn + ∆ta31K1 + ∆ta32K2 + ∆ta33K3,

Ẑn3 = P(Ûn3), Ĝn3 = Q(Ûn3, Ẑn3),

K3 = −L
(
tn + c3∆t, Ûn3, Ẑn3, Ĝn3

)
,

Ûn+1 = Ûn + ∆tb1K1 + ∆tb2K2 + ∆tb3K3.

The coefficients in the SDIRK scheme are defined in the Butcher table

c A
bT

=

γ γ
1+γ

2
1−γ

2 γ
1 1− b2 − γ b2 γ

1− b2 − γ b2 γ

with b2 = 1
4 (5−20γ+6γ2) and γ = 0.43586652. For the second order accurate

LDG discretization in space, which uses linear polynomial basis functions, we
use the second order accurate implicit Runge-Kutta time integration scheme

Ûn1 = Ûn + ∆t
1

2
K1, Ẑn1 = P(Ûn1), Ĝn1 = Q̂(Ûn1, Ẑn1),

K1 = −L

(
tn +

1

2
∆t, Ûn1, Ẑn1, Ĝn1

)
, (3.24)

Ûn+1 = Ûn + ∆tK1.

Note that the intermediate stages K1,K2 and K3 must be solved implic-
itly, i.e. three (or one) large-scale nonlinear problems need to be dealt with.
In recent years, great progress has been made in solving large nonlinear alge-
braic systems using globalized inexact Newton methods [41, 80]. The main
difficulty with classical Newton methods is that a large-scale linear system
needs to be solved at each iteration, which can be costly with a direct solver.
A popular alternative is a class of Newton-Krylov methods, which solve the
large-scale nonlinear system iteratively. For more details, we refer to [62]. In
the next section we describe the use of these methods to solve the nonlinear
stage equations in the SDIRK method.

3.3.2 Newton-Krylov methods

Newton-Krylov methods solve the nonlinear equations

F (x) = 0, with F ∈ RN , (3.25)
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in the following way: given an initial solution x0, iteratively compute

xk+1 = xk + s, with s a solution of DF (xk)s = −F (xk), (3.26)

where xk is the current approximate solution and DF (xk) the Jacobian ma-
trix of F (x) at xk. These methods combine outer nonlinear Newton iterations
with inner linear Krylov iterations. The inner iteration stops when

||F (xk) +DF (xk)sk|| ≤ ηk||F (xk)||, (3.27)

where the constant ηk ∈ (0, 1) can be either fixed or specified dynamically.
We take the second order implicit Runge-Kutta time integration method

(3.24) to explain the computation of the Jacobian matrix. System (3.24) can
be rewritten as

F1 = K1 + L

(
tn +

1

2
∆t, Ûn1, Ẑn1, Ĝn1

)
= 0,

F2 = Ẑn1 −P(Ûn1) = 0,

F3 = Ĝn1 −Q(Ûn1, Ẑn1) = 0

with Ûn1 = Ûn + ∆t 1
2K1. The Jacobian matrix J has the structure

J =


∂F1

∂K1

∂F1

∂Ẑn1

∂F1

∂Ĝn1

∂F2

∂K1

∂F2

∂Ẑn1
0

∂F3

∂K1

∂F3

∂Ẑn1

∂F3

∂Ĝn1


which is shown in Figure 3.2. It is not practical to solve the linear system in
(3.26), with DF (xk) as Jacobian matrix, using a direct method. The linear
system is therefore solved using GMRES with an ILU(0) preconditioner in
order to prevent a large fill-in of the matrix.

3.4 Numerical experiments

In this section, we perform several numerical experiments to investigate the
stability and accuracy of the LDG schemes for the (non)-isothermal NSK
equations proposed in Sections 3.2.2 and 3.2.3. The examples in Section
3.4.2 are test cases for the isothermal NSK equations, including an investiga-
tion of the order of accuracy, a few one-dimensional benchmark problems and
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Figure 3.2: Non-zeros in the Jacobian matrix for the LDG discretization of the
two-dimensional non-isothermal NSK equations on a mesh with 202 elements.

a two-dimensional simulation of the coalescence of two bubbles. These model
problems were recently also (partly) studied in [72, 16] using a semi-discrete
Galerkin method and a continuous finite element method, together with spe-
cial time integration schemes. Compared to these methods the LDG schemes
that we present in this chapter are relatively simple, robust and do not require
additional regularization terms. The simulations of the non-isothermal NSK
equations (4.1) are presented in Section 3.4.3, including accuracy verification,
a static Riemann problem and a two-dimensional simulation of bubble coa-
lescence. Note that we did not use any limiter in the computations. Periodic
boundary conditions and a uniform mesh are applied for all test cases.

We use implicit Runge-Kutta(RK) time integration methods to solve the
ODE system resulting from the LDG discretization for the accuracy tests
and two dimensional bubble coalescence simulations. In the accuracy tests,
the time step is chosen as dt = 0.8h for the third order implicit RK time
method, with h the length of an element. The time step dt = 1.5h is chosen
for the second order implicit RK time method for the two dimensional bubble
coalescence tests.

In several numerical examples, an equilibrium state with an interface
between liquid and vapor is used to verify the capabilities of the proposed
LDG scheme, described in Section 3.2.2. The velocity is denoted by u in 1D,
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while u = (u, v)T in 2D. At a certain dimensionless temperature θ < 1 in the
van der Waals equation of state, the densities in the equilibrium state ρv, ρl
that satisfy the following relations for the pressure and chemical potential

p(θ, ρv) = p(θ, ρl),

µ(θ, ρv) = µ(θ, ρl), (3.28)

are called Maxwell states.

3.4.1 Interface width

To resolve the diffuse interface accurately, a sufficiently fine mesh is required
in a simulation of a phase-field problem, otherwise the numerical solution
will contain non-physical oscillations [72]. Suppose that the Helmholtz free
energy is denoted by f , and that ∆f is the difference in Helmholtz free energy
between the phase mixture and the separate phases:

∆f = f − f0.

Here f0(ρ) = f(ρv, θ0) + (ρ − ρv) f(ρl,θ0)−f(ρv,θ0)
ρl−ρv for the given temperature

θ0. The interface thickness [19] is then given by

d = 2
L√
We

ρl − ρv√
∆fmax

, (3.29)

with ∆fmax the maximum value of ∆f , L the reference length scale and ρl, ρv
the critical densities at a given temperature. From the numerical tests, we
found that at least 10 mesh nodes are required inside the interface to capture
the interface accurately and guarantee the stability of the energy or entropy.
This gives the relation d = αh, α > 10 with h the mesh size in the interface
region.

3.4.2 Numerical tests for the isothermal NSK equations

Similar to [16, 72], choosing the temperature as θ = 0.85 and the van der
Waals equation of state (3.3), the critical vapor and liquid densities are equal
to ρv = 0.106576655, ρl = 0.602380109.

Accuracy test

In this section, we will study the accuracy of the LDG discretization for
the isothermal NSK equations. To investigate the accuracy of the one-
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dimensional LDG discretization, we select an exact smooth solution as

ρ = 0.6 + 0.1 sin(5πt) cos(2πx),

u = sin(3πt) sin(2πx), (3.30)

which satisfies (3.1) with an additional source term S. The source terms
are added artificially and obtained by inserting the chosen exact smooth
solution (3.32) into (3.11). The computational domain is Ω = (0, 1), and the
coefficients in (3.1) are

Re = 20, We = 100. (3.31)

The solutions are obtained using the LDG discretization with piecewise linear
and quadratic polynomials, combined with the third order implicit Runge-
Kutta time integration method with stopping parameter ηk in (3.27) chosen
as ηk = 10−9. Table 3.1 shows the accuracy of the LDG scheme for the
one-dimensional isothermal NSK equations. From this table, we can see
that the LDG discretizations have optimal order of accuracy for the different
polynomial orders.

Table 3.1: Accuracy test of the LDG discretization for the one-dimensional
isothermal NSK equations (3.1) with exact solution (3.30). The van der
Waals EOS is chosen as (3.3), θ = 0.85, and the physical parameters in the
isothermal NSK equations (3.1) are set as (3.31). The LDG discretization
uses linear and quadratic basis functions and periodic boundary conditions.
Results are for uniform meshes with M cells at time t = 0.1.

M ||ρ− ρh||L2(Ω) order ||u− uh||L2(Ω) order
16 1.65E-03 – 8.91E-03 –
32 4.06E-04 2.03 2.27E-03 1.97

P 1 64 1.08E-05 1.90 6.02E-04 1.92
128 2.83E-05 1.94 1.56E-04 1.95
256 7.25E-06 1.96 4.00E-05 1.97
16 1.21E-04 – 7.20E-04 –
32 1.58E-05 2.95 9.64E-05 2.90

P 2 64 2.18E-06 2.86 1.30E-05 2.90
128 2.92E-07 2.90 1.70E-06 2.93
256 3.81E-08 2.94 2.18E-07 2.96

To investigate the accuracy of the LDG discretization for the two-dimensional
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isothermal NSK equations, we choose an exact smooth solution

ρ = 0.6 + 0.1 sin(5πt) cos(2πx) cos(2πy),

u = sin(3πt) sin(2πx) sin(2πy),

v = sin(πt) sin(4πx) sin(4πy), (3.32)

which satisfies (3.11) with additional source terms. The computational do-
main is Ω = (0, 1)× (0, 1) and square quadrilateral elements are used. Table
3.2 shows the results of the LDG scheme for the two-dimensional isothermal
NSK equations using piecewise linear and quadratic polynomials, indicating
that the LDG discretization in Section 3.2.2 has optimal order of accuracy.

Table 3.2: Accuracy test of the LDG discretization for the two-dimensional
isothermal NSK equations (3.11) with exact solution (3.32). The van der
Waals EOS is chosen as (3.3), θ = 0.85, and the physical parameters in the
isothermal NSK equations (3.1) are set as (3.31). The LDG discretization
uses piecewise linear and quadratic polynomials and periodic boundary con-
ditions. Results are for uniform meshes with square elements at time t = 0.1.

Mesh ||ρ− ρh||L2
order ||u− uh||L2

order ||v − vh||L2
order

162 1.82E-03 – 3.95E-03 – 1.53E-02 –
322 3.74E-04 1.85 9.42E-04 2.07 3.67E-03 2.06

P 1 642 1.49E-04 1.95 2.36E-04 2.00 9.08E-04 2.01
1282 3.77E-05 1.98 5.91E-05 2.00 2.26E-04 2.00
162 3.38E-4 – 3.08E-4 – 1.81E-3 –
322 3.35E-5 3.33 3.33E-5 3.21 2.22E-4 3.01

P 2 642 3.85E-6 3.12 3.89E-6 3.10 2.81E-5 3.00
1282 4.80E-7 3.00 4.80E-7 3.02 3.51E-6 3.00

One-dimensional interface problem

As a further verification of the accuracy and robustness of the LDG discretiza-
tion, we solve two traveling wave problems for isothermal NSK equations in
1D. It is known that some numerical discretizations produce solutions with
overshoots, or incorrect wave speeds at discontinuities for this test case, see
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Figure 3.3: One-dimensional stationary wave problem. LDG solutions with piece-
wise linear and quadratic polynomials at t = 0.1 on a mesh containing 400 elements.
The van der Waals EOS is chosen as (3.3), θ = 0.85, and the physical parameters
in the isothermal NSK equations (3.1) are set as Re = 200 and We = 10000.

e.g. [72]. First, we consider a stationary wave problem with initial conditions

ρ0(x) =
ρR + ρL

2
+
ρR − ρL

2
tanh

(
x− 0.5

2

√
We

)
,

u0(x) =
uR + uL

2
+
uR − uL

2
tanh

(
x− 0.5

2

√
We

)
. (3.33)

The coefficients in the initial conditions (3.33) are taken as

(ρL, uL) = (0.107, 0), (ρR, uR) = (0.602, 0).

We extend the domain (0, 1) to [−1, 1] with reflection symmetry at x = 0
and use periodic boundary conditions. The physical parameters in (3.11) are
set as Re = 200 and We = 10000 and the mesh contains 400 elements. We
plot the solutions of the LDG scheme for the isothermal NSK equations with
piecewise linear and quadratic polynomials at time t = 0.1 in Figure 3.3.
Figure 3.3 shows that all numerical solutions are smooth without large oscil-
lations, and the solutions resulting from linear and quadratic basis functions
are indistinguishable at this mesh resolution. Since the initial condition is
close to, but not exactly an equilibrium solution of the governing equations,
the solution slightly changes in time and the velocity is small, but not equal
to zero at the time shown in Figure 3.3 .
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Figure 3.4: One-dimensional propagating wave problem. LDG solutions with
piecewise linear and quadratic polynomials at t = 0.2 on a mesh containing 400
elements. The van der Waals EOS is chosen as (3.3), θ = 0.85, and the physical
parameters in the isothermal NSK equations (3.1) are set as Re = 200 and We =
10000.

Next, we study a wave propagation problem. The initial conditions are
set as (3.33) with

(ρR, uR) = (0.107, 1.0), (ρL, uL) = (0.602, 1.0).

The LDG solution for the isothermal NSK equations with this initial con-
dition results in a propagating traveling wave solution moving from the left
to the right at speed 1.0. Again, stable numerical solutions are obtained as
shown in Figure 3.4.

Coalescence of two bubbles

An important test case is the simulation of the coalescence of two bubbles,
which was also studied in [16, 72]. The computational domain is [0, 1]2. The
parameters are Re = 512, We = 65500. We consider two vapor bubbles of
different radii, which are initially close to each other and at rest. The initial
conditions are

ρ0(x) = ρ1 +
1

2
(ρ2 − ρ1)

2∑
i=1

tanh(
(di(x)− ri)

2

√
We), u ≡ 0, (3.34)

with ρ1, ρ2 close to an equilibrium given a fixed constant temperature. Here
di(x) = ||x − xi|| is the Euclidean distance and the points xi are equal to
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x1 = (0.4, 0.5) and x2 = (0.78, 0.5), respectively. The radii of the two bubbles
are r1 = 0.25 and r2 = 0.1. After some time, the bubbles will merge into one
vapor bubble by capillarity and pressure forces.

Mass conservation and energy dissipation are critical parameters to inves-
tigate whether a numerical discretization for the NSK equations is suitable.
To verify the mass conservation and energy dissipation properties of our LDG
scheme, we denote the discrete mass and energy at time t, respectively, by

mh(t) =

∫
Ω

ρh(t)dx,

Eh(t) =

∫
Ω

(
W (ρh(t)) +

1

2We
|∇ρh(t)|2 +

1

2

|(ρu)h(t)|2

ρh(t)

)
dx.

The initial mass is mh(t0) =
∫

Ω
ρ0(x)dx.

Before using the LDG discretization, we will discuss the mesh required for
this method to capture the interface and to represent the solution accurately.
For the isothermal NSK equations with equation of state (3.3), (3.29), we
obtain the following results:

• Given the temperature θ = 0.85, the critical densities are ρv = 0.107
and ρl = 0.602. The interface width then is equal to

d =
2(ρl − ρv)√

∆fmax

1√
We

= 14.04
1√
We

.

Consequently h = 1√
We is a reasonable choice.

• Given the temperature θ = 0.8, the critical densities are ρv = 0.080
and ρl = 0.644. The interface width then is equal to

d =
2(ρl − ρv)√

∆fmax

1√
We

= 12.00
1√
We

.

Consequently h = 1√
We is a reasonable choice also for this case.

We use the LDG discretization with piecewise linear and quadratic poly-
nomials for the isothermal NSK equations and the second order implicit
Runge-Kutta time integration method (3.24) with stopping parameter ηk =
10−6 in the Newton method. Given θ = 0.85, the initial condition is set as
(4.20) with ρ1 = 0.1, ρ2 = 0.6. We choose a mesh of 2562 square elements.
Figure 3.7 presents the evolution for the mass loss and energy, showing that
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the mass is conserved, and the energy decreases monotonically in time. The
evolution of the bubble coalescence process is shown in Figures 3.5 and 3.6.
These figures show that the two bubbles, which are below the critical tem-
perature and initially close to each other and at rest, merge into one bubble
during the simulation because of surface tension. After coalescence the re-
sulting bubble slowly reaches an equilibrium state, in which the interface has
a constant radius of curvature due to surface tension and the velocity field
approaches zero.

The method for the isothermal NSK equations with θ = 0.85 was also
tested on a coarser mesh with 1282 elements. Figure 3.8 shows the density
profiles at various times, indicating that stable results are still obtained on
this coarser mesh. The density and pressure along the line y = 0.5 are
displayed in Figure 3.9, which shows that the diffuse interface has only 8
nodes in this test. The evolution of the energy is displayed in Figure 3.10,
showing that the energy is slightly increasing on a mesh with 1282 elements
for the isothermal NSK equations with We = 65500. On meshes coarser with
less than 8 nodes in the diffuse interface no stable results are obtained for
this Weber number.

Choosing θ = 0.8, (3.28) results in critical densities ρl = 0.6442, ρv =
0.0800 with a larger density ratio. When the LDG discretization is applied
to the isothermal NSK equations with θ = 0.8 and initial condition (4.20)
with ρ1 = 0.08, ρ2 = 0.64, stable results are still obtained on a mesh of 2562

elements, as can be seen from Figure 3.12. Figure 3.11 shows that the mass
is conserved, and the energy is only slightly increasing in time.

We also study the behaviour of the numerical scheme for the isothermal
NSK equations when the initial densities are further away from the equi-
librium densities ρl, ρv. For example, given a fixed temperature θ = 0.85,
ρ1 = 0.05, ρ2 = 0.65 were chosen in (4.20). We choose the parameters in (3.1)
as Re = 500, We = 10000, and the mesh of 1002 elements. Mass and energy
properties are presented in Figure 3.13, which shows that the mass is con-
served and the energy is decreasing in time. Figure 3.14 shows the coalescence
of bubbles for the isothermal NSK equations with Re = 200,We = 10000
when the initial density is far away from an equilibrium on a mesh of 1002 el-
ements. Figure 3.15 shows the results for the isothermal NSK equations with
Re = 512,We = 65500 when the initial density is far away from equilibrium
on a mesh of 2562 elements. Because of the non-equilibrium initial condition
we get sound waves traveling to the boundaries of the domain and transported
back into the domain on the opposite side due to the periodic boundary con-
ditions. For the isothermal NSK equations with Re = 512,We = 65500 on a
mesh of 2562 elements, the amplitude of these sound waves is so large that

70



Chapter 3. An LDG method for the (non)-isothermal NSK Equations

 

 

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

(a) time t = 0.

 

 

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

(b) time t = 1.0.

 

 

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

(c) time t = 2.0.

 

 

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

(d) time t = 3.0.

 

 

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

(e) time t = 4.0.

 

 

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

(f) time t = 5.0.

Figure 3.5: Density ρ for two coalescing bubbles computed with the LDG dis-
cretization of the isothermal NSK equations (3.1) using piecewise linear polynomi-
als on a mesh with 2562 square elements. The van der Waals EOS is chosen as
(3.3), θ = 0.85, and the physical parameters are set as Re = 512, We = 65500.
The initial condition is (4.20) with ρ1 = 0.1, ρ2 = 0.6.
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Figure 3.6: Density ρ for two coalescing bubbles computed with the LDG dis-
cretization of the isothermal NSK equations (3.1) using piecewise linear polynomi-
als on a mesh with 2562 square elements. The van der Waals EOS is chosen as
(3.3), θ = 0.85, and the physical parameters are set as Re = 512, We = 65500.
The initial condition is (4.20) with ρ1 = 0.1, ρ2 = 0.6.
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Figure 3.7: Evolution of mass loss and energy as a function of time during the
coalescence of two bubbles computed with the LDG discretization of the isothermal
NSK equations (3.1) using piecewise linear polynomials on a mesh with 2562 square
elements. The van der Waals EOS is chosen as (3.3), θ = 0.85, and the physical
parameters are set as Re = 512, We = 65500. The initial condition is (4.20) with
ρ1 = 0.1, ρ2 = 0.6.
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Figure 3.8: Density ρ for two coalescing bubbles computed with the LDG dis-
cretization of the isothermal NSK equations (3.1) using piecewise linear polynomi-
als on a mesh with 1282 square elements. The van der Waals EOS is chosen as
(3.3), θ = 0.85, and the physical parameters are set as Re = 512, We = 65500.
The initial condition is (4.20) with ρ1 = 0.1, ρ2 = 0.6.
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Figure 3.9: Density and pressure along y = 0.5 at time t = 5.0 for the coalescence
of two bubbles for the isothermal NSK equations (3.1) using piecewise linear poly-
nomials on a mesh with 1282 square elements.The van der Waals EOS is chosen
as (3.3), θ = 0.85, and the physical parameters are set as Re = 512, We = 65500.
The initial condition is (4.20) with ρ1 = 0.1, ρ2 = 0.6.
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Figure 3.10: Evolution of mass loss and energy as a function of time during the
coalescence of two bubbles computed with the LDG discretization of the isothermal
NSK equations using piecewise linear polynomials on a mesh with 1282 square
elements. The van der Waals EOS is chosen as (3.3), θ = 0.85 and the physical
parameters are set as Re = 512, We = 65500. The initial condition is (4.20) with
ρ1 = 0.1, ρ2 = 0.6.
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Figure 3.11: Evolution of mass loss and energy as a function of time during the
simulation of two bubbles for the isothermal NSK equations with Re = 512, We =
65500 on a mesh of 2562 elements using piecewise linear polynomials.The van der
Waals EOS is chosen as (3.3), θ = 0.8. The initial condition is (4.20) with ρ1 =
0.08, ρ2 = 0.64.

this results in regions where the density is so low that a bubble occurs there.
Since the simulations are isothermal, there is no latent heat that prevents
this. The large Weber number also helps the formation of a bubble, since the
surface tension is rather low.

3.4.3 Numerical experiments for the non-isothermal NSK
equations

Choosing the temperature θ = 0.989 andthe van der Waals equation of state
(3.8), the Maxwell states are

ρv = 0.79525689, ρl = 1.21357862. (3.35)

Accuracy test

For the accuracy test of the LDG discretization of the one-dimensional non-
isothermal NSK equations (4.1), a smooth exact solution is chosen as

ρ(x, t) = 0.6 + 0.1 sin(5πt) cos(2πx),

v(x, t) = sin(3πt) sin(2πx),

θ(x, t) = 0.8 + 0.1 sin(πt) sin(2πx),

(3.36)
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Figure 3.12: Density ρ for two bubbles computed with the LDG discretization
of the isothermal NSK equations with Re = 512, We = 65500 on a mesh of 2562

elements using piecewise linear polynomials. The van der Waals EOS is chosen as
(3.3), θ = 0.8. The initial condition is (4.20) with ρ1 = 0.08, ρ2 = 0.64.
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Figure 3.13: Evolution of mass loss and energy as a function of time during the
coalescence of two bubbles computed with the LDG discretization of the isothermal
NSK equations with Re = 200, We = 10000 on a mesh with 1002 square elements.
Piecewise linear polynomials are used. The van der Waals EOS is chosen as (3.3),
θ = 0.85. The initial condition is (4.20) with ρ1 = 0.05, ρ2 = 0.65.

which satisfies the non-isothermal NSK equations (4.1) with a properly cho-
sen source term S. The Prandtl number Pr in (4.1) is chosen as Pr = 0.843,
and Cv = 5.375.

In order to verify the accuracy of the LDG scheme for the two-dimensional
non-isothermal NSK equations (4.1), we select the exact smooth solution


ρ(x, t) = 0.6 + 0.1 sin(5πt) cos(2πx) cos(2πy),

u(x, t) = sin(3πt) sin(2πx) sin(2πy),

v(x, t) = sin(3πt) sin(4πx) sin(4πy),

θ(x, t) = 0.8 + 0.1 sin(πt) sin(2πx) cos(2πy),

(3.37)

which satisfies the non-isothermal NSK equations (4.1) with a properly cho-
sen source term.

The results of the accuracy tests of the LDG discretization for the 1D
and 2D non-isothermal NSK equations are given in Tables 3.3 and 3.4, re-
spectively. From these results, we can see that the LDG discretization for
the non-isothermal NSK equations has optimal order of accuracy.

77



3.4. Numerical experiments

 

 

0.1

0.2

0.3

0.4

0.5

0.6

(a) t=0.2

 

 

0.1

0.2

0.3

0.4

0.5

0.6

(b) t=0.4

 

 

0.1

0.2

0.3

0.4

0.5

0.6

(c) t=0.6

 

 

0.1

0.2

0.3

0.4

0.5

0.6

(d) t=1.0

Figure 3.14: Coalescence of two bubbles for the isothermal NSK equations with
Re = 200,We = 10000 on a mesh of 1002 elements. Piecewise linear polynomials
are used. The van der Waals EOS is chosen as (3.3), θ = 0.85. The initial condition
is (4.20) with ρ1 = 0.05, ρ2 = 0.65.
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Figure 3.15: Coalescence of two bubbles for the isothermal NSK equations with
Re = 512,We = 65500 on a mesh of 2562 elements. Piecewise linear polynomials
are used. The van der Waals EOS is chosen as (3.3), θ = 0.85. The initial condition
is (4.20) with ρ1 = 0.05, ρ2 = 0.65.
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Table 3.3: Accuracy test of the LDG discretization for the one-dimensional
non-isothermal NSK equations (4.1) with exact solution (3.36). The physical
parameters are chosen as Re = 50, We = 1000, P r = 0.843, Cv = 5.375,
and the van der Waals EOS is set as (3.8). LDG discretization with piece-
wise linear and quadratic polynomials, periodic boundary conditions, uniform
meshes and time t = 0.1.

Mesh ||ρ− ρh||L2 order ||u− uh||L2 order ||θ − θh||L2 order

16 1.43E-03 – 3.65E-03 – 2.88E-04 –
32 3.551E-04 2.01 9.32E-04 1.97 7.44E-05 1.95

P 1 64 8.89E-05 2.00 2.36E-04 1.98 1.90E-05 1.97
128 2.22E-05 2.00 5.96E-05 1.99 4.80E-06 1.99
256 5.56E-06 2.00 1.50E-05 1.99 1.20E-06 2.00

16 2.71E-5 – 1.35E-4 – 1.21E-5 –
32 2.14E-6 3.66 1.71E–5 2.68 1.33E-6 3.18

P 2 64 2.42E-7 3.14 2.18E-6 2.97 1.54E-7 3.11
128 2.96E-8 3.03 2.77E-7 2.98 1.86E-8 3.04
256 3.70E-9 3.00 3.50E-8 2.96 2.31E-9 3.01

One-dimensional interface problem

In this section we consider a one-dimensional interface problem to investigate
the accuracy and robustness of the LDG discretization of the non-isothermal
NSK equations. The initial conditions are set as a similar form as (3.33) with

(ρL, uL, θL) = (0.795, 0.0, 0.989),

(ρR, uR, θR) = (1.213, 0.0, 0.989). (3.38)

The domain is [−5, 5].
Figure 3.16 shows that the LDG scheme for the non-isothermal NSK

equations results in accurate and stable solutions. Figure 3.17 compares the
LDG solutions for the isothermal and non-isothermal NSK equations with the
van der Waals equation of state (3.8). The dimensionless numbers are equal
to Re = 128.6, We = 968.6 and the initial conditions are defined in (3.38).
Figure 3.17 shows that, compared to the isothermal NSK equations, the LDG
solutions for the non-isothermal NSK equations result in less oscillations in
the density near the interface.

Coalescence of two bubbles

Next, we simulate the coalescence of two bubbles. The parameters are Re =
950, We = 34455. The computational domain is [0, 1]2. We consider two
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Table 3.4: Accuracy test of the LDG discretization for the two-dimensional
non-isothermal NSK equations (4.1) with exact solution (3.37). The physical
parameters are chosen as Re = 50, We = 1000, P r = 0.843, Cv = 5.375, and
the van der Waals EOS is set as (3.8). LDG discretization with piecewise
linear and quadratic polynomials, periodic boundary conditions, and uniform
meshes with square elements at time t = 0.1.

Mesh ||ρ− ρh||L2 order ||u− uh||L2 order ||θ − θh||L2 order

162 2.08E-03 – 3.72E-02 – 9.85E-4 –
322 5.61E-04 1.88 9.36E-04 1.99 2.63E-4 1.90

P 1 642 1.47E-04 1.94 2.34E-04 2.00 6.91E-5 1.94
1282 3.76E-05 1.97 5.85E-05 2.00 1.76E-5 1.97

162 5.11E-4 – 6.66E-4 – 7.36E-4 –
322 5.57E-5 3.19 6.94E-5 3.21 1.28E-4 2.51

P 2 642 6.93E-6 3.01 7.99E-6 3.11 1.56E-5 3.04
1282 8.74E-7 2.98 9.70E-7 3.04 1.78E-6 3.13
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Figure 3.16: One-dimensional static interface problem for the non-isothermal NSK
equations. Numerical solutions obtained with the LDG scheme with piecewise
quadratic polynomials at t = 2.0 on a mesh containing 400 elements. The physical
parameters are chosen as Re = 128.6, We = 968.6, Pr = 0.843, Cv = 5.375, and
the van der Waals EOS is set as (3.8).
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Figure 3.17: One-dimensional static interface problem for the isothermal and
non-isothermal NSK equations, numerical solutions obtained with the piecewise
quadratic polynomials at t = 2.0 on a mesh containing 400 elements. The physical
parameters are chosen as Re = 128.6, We = 968.6, Pr = 0.843, Cv = 5.375, and
the van der Waals EOS is set as (3.8).

vapor bubbles of different radii, which are initially close to each other and at
rest. The initial conditions are

ρ0(x) = ρ1 +
1

2
(ρ2 − ρ1)

2∑
i=1

tanh(
(di(x)− ri)

2

√
We),

u ≡ 0, θ = θ0 (3.39)

where θ0 is a chosen constant, and ρ1, ρ2 are constants close to the critical
densities for given θ0. These values will be specified in each test. The points
xi are equal to x1 = (0.4, 0.5) and x2 = (0.78, 0.5). The radii of the two
bubbles are r1 = 0.25 and r2 = 0.1.

For the non-isothermal NSK equations with equation of state (3.8), the
interface width (3.29) shows the following results:

• Given the initial temperature θ = 0.989, the critical densities are ρv =
0.7952, ρl = 1.2135, and the interface width follows as

d =
2(ρl − ρv)√

∆fmax

1√
We

= 31.05
1√
We

.

Then the mesh size h = 2√
We can be chosen.
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• Given the initial temperature θ = 0.95, the critical densities are ρv =
0.5790, ρl = 1.4617, and the interface width follows as

d =
2(ρl − ρv)√

∆fmax

1√
We

= 14.42
1√
We

.

Then the mesh size h = 1√
We is a reasonable choice.

We use the LDG discretization for the non-isothermal NSK equations
with bi-linear basis functions and the second order implicit Runge-Kutta
time integration method (3.24) with stopping parameter ηk = 10−6 in (3.27).
Similar to the isothermal case, the bubbles merge into one vapor bubble,
which tends to be of circular shape later in time by capillarity and pressure
forces. Choosing θ0 = 0.989, the initial condition is set as (4.22) with ρ1 =
0.795, ρ2 = 1.213. The LDG discretizations is used for the non-isothermal
NSK equations with We = 34455 on a mesh of 2002 square elements and a
mesh of 1002 square elements. These two meshes lead to very similar results
for mass conservation and entropy increase, see Figure 3.18. The process
of coalescence computed for the non-isothermal NSK equations with initial
condition (4.22) and ρ1 = 0.795, ρ2 = 1.213, θ0 = 0.989 on a mesh of 2002

elements is shown in Figures 3.19. Density and pressure along the line y = 0.5
for two coalescing bubbles are computed with the LDG discretization of the
non-isothermal NSK equations on a mesh with 1002 square elements, shown
in Figure 3.20.

Given θ0 = 0.95, critical densities ρv = 0.5790, ρl = 1.4617 with a larger
density ratio are found by (3.28) with equations of state (3.8). The initial
condition is set as (4.22) with ρ1 = 0.579, ρ2 = 1.462 and θ0 = 0.95. The time
evolution of the bubbles, mass and entropy are shown in Figures 3.21 and
3.23. The mass is conserved, and the entropy is a non-decreasing function of
time apart from a small interval in which it is almost constant. For θ0 = 0.92,
the critical densities are ρv = 0.479, ρl = 1.587. The initial condition is
set as (4.22) with ρ1 = 0.479, ρ2 = 1.587. Figure 3.22 shows that stable
results are obtained although the entropy does not increase during part of
the calculation. A finer mesh is required to guarantee an increasing entropy
in this case.

The behaviour of the numerical scheme for the Non-isothermal NSK equa-
tions is also studied when the initial densities are further away from the
equilibrium densities ρl, ρv. Given θ0 = 0.989, ρ1 = 0.6, ρ2 = 1.4 is set in
(4.22). Figures 3.24 shows the mass is conserved and entropy is increasing in
time. The momentum in both directions and energy are conserved, as shown
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Figure 3.18: Evolution of mass loss on a mesh of 1002 elements and entropy on
meshes of 1002 and 2002 square elements as a function of time during the coales-
cence of two bubbles for the non-isothermal NSK equations with Re = 950, We =
34455, Pr = 0.843, Cv = 5.375. The initial condition is set as (4.22) with
ρ1 = 0.795, ρ2 = 1.213 and θ0 = 0.989.

in Figures 3.24. Figure 3.25 presents the coalescence, similar results with
Figure 3.19.

3.5 Conclusions

We developed local discontinuous Galerkin methods for the solution of the
(non)-isothermal Navier-Stokes-Korteweg equations containing the van der
Waals equation of state and nonlinear third order density derivatives. The
LDG methods are based on the conservative form of the NSK equations and
are relatively simple compared to other available numerical discretizations
for the NSK equations. A diagonally implicit Runge-Kutta integration time
method is used to integrate in time in order to deal with the severe time step
restriction encountered for explicit time integration methods. The Jacobian
matrix for the implicit Runge-Kutta method includes the extra variables for
the higher order derivatives. The numerical experiments demonstrate the
capabilities, accuracy and stability of the proposed LDG discretizations of
the NSK equations. It is worthwhile to point out that the proposed LDG
discretization is straightforward and works well for larger density ratios, but
has limitations in the mesh required to obtain stable solutions and the correct
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Figure 3.19: Density ρ for two coalescing bubbles computed with the LDG dis-
cretization of the non-isothermal NSK equations using piecewise linear polynomi-
als on a mesh with 2002 square elements. The physical parameters are chosen as
Re = 950, We = 34455, Pr = 0.843, Cv = 5.375, and the van der Waals EOS is
set as (3.8). The initial condition is set as (4.22) with ρ1 = 0.795, ρ2 = 1.213 and
θ0 = 0.989.
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Figure 3.20: Density and pressure along y = 0.5 for two coalescing bubbles com-
puted with the LDG discretization of the non-isothermal NSK equations using
piecewise linear polynomials on a mesh with 1002 square elements. The physical
parameters are chosen as Re = 950, We = 34455, Pr = 0.843, Cv = 5.375, and
the van der Waals EOS is set as (3.8). The initial condition is set as (4.22) with
ρ1 = 0.795, ρ2 = 1.213 and θ0 = 0.989.
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Figure 3.21: Evolution of mass loss and entropy as a function of time during
the coalescence of two bubbles for the non-isothermal NSK equations. The ini-
tial condition is set as (4.22) with ρ1 = 0.579, ρ2 = 1.462 and θ0 = 0.95. The
mesh contains 2002 square elements. The physical parameters are chosen as
Re = 950, We = 34455, Pr = 0.843, Cv = 5.375, and the van der Waals EOS
is set as (3.8).

energy or entropy behaviour.
In future research we will also consider the (non)-isothermal NSK equa-

tions for initial conditions that result in a larger elliptic region in the phase
transition area. This will be combined with local mesh refinement to capture
the interface more efficiently.

3.6 Appendix

In this Appendix we briefly discuss the derivation of the dimensionless form
of the NSK equations and the definition of the dimensionless variables.

Dimensionless form of the isothermal NSK equations

The isothermal NSK equations are given by [72, 16, 40]

∂ρ

∂t
+∇ · (ρu) = 0,

∂ρu

∂t
+∇ · (ρu⊗ u + pI)−∇ · τ −∇ · ξ = 0,

(3.40)
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Figure 3.22: Density profile at t = 5.0 and entropy as a function of time during
the coalescence of two bubbles for the non-isothermal NSK equations. The initial
condition is set as (4.22) with ρ1 = 0.479, ρ2 = 1.587, θ0 = 0.92. A mesh contains
2002 square elements. The physical parameters are chosen as Re = 950, We =
34455, Pr = 0.843, Cv = 5.375, and the van der Waals EOS is set as (3.8).

where ρ is the mass density, u the velocity. The viscous stress tensor τ and
the Korteweg stress tensor are defined as

τ = µ

(
∇u +∇Tu− 2

3
∇ · uI

)
,

ξ = λ

((
ρ4ρ+

1

2
|∇ρ|2

)
I−∇ρ∇T ρ

)
,

(3.41)

with µ the viscosity coefficient and λ the capillary coefficient. The thermo-
dynamic pressure is defined as

p = Rb
ρθ

b− ρ
− aρ2, (3.42)

with θ the temperature, R the universal gas constant, a, b positive constants
depending on the fluid.

The equations are made dimensionless using the following reference vari-
ables for the mass density, temperature and pressure

ρc = b, θc =
8ab

27R
, pc = ab2,
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Figure 3.23: Density ρ for two coalescing bubbles computed with the LDG dis-
cretization of the non-isothermal NSK equations using piecewise linear polynomi-
als on a mesh with 2002 square elements. The physical parameters are chosen as
Re = 950, We = 34455, Pr = 0.843, Cv = 5.375, and the van der Waals EOS is
set as (3.8). The initial condition is set as (4.22) with ρ1 = 0.579, ρ2 = 1.462 and
θ0 = 0.95
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Figure 3.24: Evolution of mass loss and entropy on a mesh of 2002 square elements
as a function of time during the coalescence of two bubbles for the non-isothermal
NSK equations. The parameters are Re = 950, We = 34455, Pr = 0.843, Cv =
5.375, and the van der Waals EOS is set as (3.8). The initial condition is set as
(4.22) with θ0 = 0.989, ρ1 = 0.6, ρ2 = 1.4.
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Figure 3.25: Density ρ for two coalescing bubbles computed with the LDG dis-
cretization of the non-isothermal NSK equations using piecewise linear polynomi-
als on a mesh with 2002 square elements. The physical parameters are chosen as
Re = 950, We = 34455, Pr = 0.843, Cv = 5.375, and the van der Waals EOS is set
as (3.8). The initial condition is set as (4.22) with θ0 = 0.989, ρ1 = 0.6, ρ2 = 1.4.
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The reference variable for the velocity is the average sound speed in the
system uc =

√
pc/ρc and the reference variable for time is L

uc
, with L the

reference length. The Reynolds and Weber numbers are then defined as

Re = ρcucL/µ, We = u2
cL

2/(ρcλ).

Letting
ρ = ρcρ̃, u = ucũ, p = pcp̃, θ = θcθ̃,

the governing equations (3.40) and (3.42) then can be transformed into their
dimensionless form, resulting in (3.1)-(3.3).

Dimensionless form of the non-isothermal NSK equations

The non-isothermal NSK equations are given by [39, 82]

∂ρ

∂t
+∇ · (ρu) = 0,

∂ρu

∂t
+∇ · (ρu⊗ u + pI)−∇ · τ −∇ · ξ = 0,

∂(ρE)

∂t
+∇ · ((ρE + p)u)−∇ · ((τ + ξ) · u) +∇ · q +∇ · jE = 0,

(3.43)

with the definition of viscous stress tensor τ and the Korteweg stress tensor
defined in (3.41). The total energy density is given by

ρE = ρe+
1

2
ρ|u|2 +

1

2
λ|∇ρ|2, (3.44)

with the specific internal energy e defined as

e = Cvθ −
a

M2
ρ.

The van der Waals equation of state for the non-isothermal NSK equations
(3.43) is given by

p =
Rθρ

M − bρ
− a

M2
ρ2, (3.45)

where Cv is the specific heat at constant volume, R the perfect gas constant,
M the molar mass of the fluid, b the molar volume and a a constant modelling
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the interactions between the fluid particles. The heat flux q and energy flux
jE through the interface in (3.43) are defined as

q = −K∇θ, jE = λ(ρ∇ · u)∇ρ, (3.46)

with K the thermal conductivity.
Note that the form of the equation of state (3.45) for the non-isothermal

NSK equations is different from (3.42) for the isothermal NSK equations,
though they have a similar shape.

The reference variables for the mass density, temperature and pressure
are, respectively,

ρc = M/(3b), θc =
8a

27Rb
, pc = a/(27b2).

The reference variable for the velocity is defined as uc =
√
pc/ρc and the

reference variable for time is L
uc

, with L the reference length. The Reynolds
and Weber numbers are then equal to

Re = ρcucL/µ, We = u2
cL

2/(ρcλ).

The Prandtl number and the reduced heat capacity are defined as Pr =
µCv/K, C̃v = MCv/R.

The governing equations (3.43)-(3.46) then can be transformed into their
dimensionless form, resulting in (4.1)-(3.9).
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4
An h-adaptive local discontinuous Galerkin
method for liquid-vapor flows with phase
change and solid wall boundaries

3

In this chapter, we develop a mesh adaptation algorithm for a local dis-
continuous Galerkin (LDG) discretization of the (non)-isothermal Navier-
Stokes-Korteweg (NSK) equations modeling liquid-vapor flows with phase
change. This work is a continuation of Chapter 3, where we proposed LDG
discretizations for the (non)-isothermal NSK equations with a time-implicit
Runge-Kutta method. To save computing time and to capture the thin in-
terfaces more accurately, we extend the LDG discretization with a mesh
adaptation method. We emphasize that the adaptive LDG discretization is
relatively simple and does not require additional stabilization. The use of
a locally refined mesh in combination with an implicit Runge-Kutta time
method is, however, non-trivial, but results in an efficient time integration
method for the NSK equations. Computations, including cases with solid
wall boundaries, are provided to demonstrate the accuracy, efficiency and
capabilities of the adaptive LDG discretizations.

3The content of this chapter is joint work with Y. Xu, J.G.M. Kuerten and J.J.W. Van
der Vegt, and will be submitted as a journal article.

95



4.1. Introduction

4.1 Introduction

In this chapter, we present a mesh adaptation algorithm for a local discontinu-
ous Galerkin (LDG) method of the (non)-isothermal Navier-Stokes-Korteweg
(NSK) equations. The NSK equations, containing the Korteweg expression
for the capillary forces together with the Van der Waals equation of state,
model the dynamics of compressible flows with liquid-vapor phase transi-
tion. This research follows on our previous work [108], where we solved the
(non)-isothermal NSK equations in conservative form with an LDG method.
We emphasize that the proposed LDG discretizations are relatively simple,
robust and do not require special regularization terms. Extensive numeri-
cal studies in [108] demonstrate the capabilities, accuracy and stability of
the LDG discretizations. These numerical examples were performed for the
(non)-isothermal NSK equations with periodic boundary conditions and on
a uniform mesh.

Solving the NSK equations with phase transition takes large computing
memory and time. First, according to the theory of the diffuse interface
model [19] and computational examples in [40, 72, 108], the mesh needs to
be sufficiently fine such that several mesh nodes lay inside the width of the
interface in order to capture the solution in the interface region accurately.
Otherwise, relations for the decay of the energy in case of the isothermal NSK
equations and the growth of the entropy in case of the non-isothermal NSK
equations will be violated. Second, the third order derivatives of the density,
which appear in the NSK equations, require a strict time step limitation in
case explicit integration time methods are adopted. When an implicit inte-
gration time method is used for the NSK equations, in particular for a large
Weber number, a large nonlinear system of ordinary differential equations
(ODEs) needs to be solved.

Small mesh sizes are, however, required only in the interface region. Since
the LDG method is well suited to deal with hanging nodes, a locally refined
mesh can be combined with the LDG discretizations for the (non)-isothermal
NSK equations. This will significantly enhance the accuracy and efficiency
of the LDG method. In the remaining part of the introduction, we briefly
present the non-isothermal NSK equations with solid wall boundary condi-
tions that will be treated in this chapter. Then we will discuss mesh adap-
tation.

Consider a fluid in a domain Ω ⊂ Rd with d ≤ 3, and let ρ be the density
of the fluid, u the velocity and θ the temperature. The non-isothermal NSK
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equations, in dimensionless and conservative form, read

∂ρ

∂t
+∇ · (ρu) = 0,

∂ρu

∂t
+∇ · (ρu⊗ u + pI)−∇ · τ −∇ · ξ = ρg,

∂(ρE)

∂t
+∇ · ((ρE + p)u)−∇ · ((τ + ξ) · u) +∇ · q +∇ · jE

= ρg · u,
(4.1)

in Ω × (0, T ], with p the pressure, g the dimensionless acceleration of the
gravity and ⊗ the tensor product. The viscous stress tensor τ and Korteweg
stress tensor ξ are given by

τ =
1

Re

(
∇u +∇Tu− 2

3
∇ · uI

)
,

ξ =
1

We

((
ρ4ρ+

1

2
|∇ρ|2

)
I−∇ρ∇T ρ

)
, (4.2)

with constant Reynolds number Re and Weber number We [72, 39]. Here I
is the identity matrix. The Van der Waals equation of state [89, 72, 39, 44] is
used to represent the pressure in both the liquid and vapor state (character-
ized by different values of the density ρ), and is given in dimensionless form
by

p(θ, ρ) = Rb
θρ

b− ρ
− aρ2 (a, b > 0), (4.3)

where R, a and b are constants. The total energy density is given by

ρE = ρe+
1

2
ρ|u|2 +

1

2

1

We
|∇ρ|2. (4.4)

The specific internal energy e in (4.4) is given by

e =
8

3
Cvθ − 3ρ,

with Cv the non-dimensional specific heat at constant volume. The heat flux
q and energy flux jE through the interface in (4.1) are defined as

q = − 8Cv
3WePr

∇θ, jE =
1

We
(ρ∇ · u)∇ρ, (4.5)

97



4.1. Introduction

with Prandtl number Pr.
Initial and boundary conditions have to be set for the NSK equations in

non-isothermal case. The initial conditions are given by

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x), θ(x, 0) = θ0(x). (4.6)

For the boundary conditions, we consider at a solid surface a contact angle
for the density, the no-slip boundary condition for the velocity and a Dirichlet
or Neumann boundary condition for the temperature:

− ∇ρ
||∇ρ||

· n = cos(φ),

u = 0,

θ = θd(x), or ∇θ · n = θn(x), (4.7)

at x ∈ ∂Ω, t > 0. Here φ is the contact angle, and n is the unit outward
normal to the boundary. For simplicity, the contact angle φ is fixed to π/2,
and the boundary condition for the temperature is set as ∇θ · n = 0 in the
present work.

When the temperature is considered constant, system (4.1) reduces to the
isothermal NSK equations [72, 44, 16, 89, 108]. A review of theoretical and
numerical methods to solve the (non)-isothermal NSK equations has been
presented in our previous work [108]. Due to the Van der Waals equation
of state and the nonlinear third order derivative of the mass density, it is a
challenge to develop efficient and accurate methods for the (non)-isothermal
NSK equations. Recently, important progress has been made to solve the
isothermal NSK equations, examples are: [58] for a finite volume method
with second gradient techniques, [44] for a Galerkin method with carefully
chosen numerical fluxes, [16] for a finite element method with additional
stabilization terms, and [72] for a Galerkin method with functional entropy
variables. See also [40] for a discontinuous Galerkin method for the NSK
equations in non-conservative form. Very few articles in the literature so far
considered numerical methods for the non-isothermal NSK equations. Also,
the isothermal NSK equations are frequently solved in a non-conservative
form and an additional term is introduced to the total energy, which makes
it difficult to extend the numerical discretization to the non-isothermal NSK
equations. In contrast, we developed a simple LDG discretization for the
isothermal NSK equations in conservative form and extended it in a straight-
forward way to the non-isothermal case [108]. In the current chapter, we focus
on mesh adaptation for this method and the effects of solid wall boundaries.
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The two commonly used adaptation methods are h-adaptation and p-
adaptation [40]. Here h-adaptation refers to the local refinement and coars-
ening of the computational mesh, and in p-adaptation the polynomial de-
gree can be adjusted in each element. We focus on h-adaptation in the
present work. To start the mesh adaptation, we first need a criterion to de-
cide whether an element in the computational mesh needs to be refined or
coarsened. The candidate elements for refinement will be refined, and the
coarsening of elements depends on their neighbors.

There are two main types of criteria for refinement and coarsening in
finite volume and finite element methods: error estimators and heuristic in-
dicators. Error estimators are based on theoretical results, and they are
only available when a posteriori error estimates hold. For example, a pos-
teriori error estimates can be found for first order finite volume schemes for
scalar conservation laws and nonlinear hyperbolic systems of conservation
laws [77, 78, 60]. A posteriori error estimates for finite element methods can
be found in [7, 76, 113, 114] and for higher order Runge-Kutta discontinuous
Galerkin methods for multidimensional nonlinear scalar conservation laws in
[37]. Heuristic indicators usually depend on local gradients of thermody-
namic variables like density, pressure, energy and entropy. Compared with a
posteriori error estimates, heuristic indicators are easy to compute, and are
widely used in practical applications [13, 115, 40, 16], but they have a limited
theoretical foundation. Several indicators for adaptive Runge-Kutta discon-
tinuous Galerkin methods for hyperbolic conservation laws can be found in
[85, 126, 127]. Since a reliable a posteriori error estimate is currently out
of scope for LDG discretizations of the (non)-isothermal NSK equations, a
heuristic indicator is chosen in this chapter, which is based on the density
gradient |∇ρ|.

The outline of this chapter can be summarized as follows. In Section
4.2, we briefly discuss an LDG discretization for the (non)-isothermal NSK
equations in conservative form and without additional stabilization terms.
Boundary conditions are treated in a special way in the LDG discretization.
The mesh adaptation method is presented in Section 4.3. An adaptation cri-
terion is proposed to select candidate elements for refinement and coarsening
in the computational mesh. Also, a strategy for refining and coarsening of the
candidate elements is discussed. In Section 4.4 computational experiments,
including simulations with solid wall boundaries, are presented to verify the
adaptive LDG method for the (non)-isothermal NSK equations. Finally, we
give conclusions and recommendations for future research in Section 4.5.
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4.2 LDG discretization of the NSK equations

In this section, we will present an LDG method to solve the (non)-isothermal
NSK system in Ω ⊂ Rd with d ≤ 3. Special attention is given to the solid
wall boundary conditions (4.7). We restrict the numerical experiments to
one and two dimensions in this paper, but the LDG discretization described
here can be easily extended to three dimensions. We first introduce some
notations used for the description of the LDG discretization.

4.2.1 Notations

We denote by Th a tessellation of Ω with regular shaped elements K, Γ
represents all boundary faces of K ∈ Th and Γ0 = Γ\∂Ω. Suppose e is a face
shared by the “left” and “right” elements KL and KR. The normal vectors
nL and nR on e point, respectively, exterior to KL and KR. Let ϕ be a
function on KL and KR, which could be discontinuous across e, then the left
and right trace are denoted as ϕL = (ϕ|KL

)|e, ϕR = (ϕ|KR
)|e, respectively.

For more details about these definitions, we refer the reader to [121].

To get the LDG discretization, we define the finite element spaces

Vh = {φ ∈ L2(Ω) : φ|K ∈ Pk(K),∀K ∈ Th},
Σdh = {Φ = (φ(1), φ(2), ..., φ(d))T ∈ (L2(Ω))d : φ(i)|K ∈ Pk(K),

i = 1, ..., d, ∀K ∈ Th},

with Pk(K) the space of polynomials of degree up to k ≥ 0 on K ∈ Th. In the
present work, the computational mesh is composed of rectangular cells for
simplicity, and tensor products of the one-dimensional orthogonal Legendre
polynomials are used as basis functions.

The numerical solution is denoted by Uh, with each component of Uh

belonging to the finite element space Vh, and can be written as

Uh(x, t)|K =

Np∑
l=0

ÛK
l (t)φKl (x), for x ∈ K. (4.8)

Here, ÛK
l (t) are the unknowns in element K and φKl (x) the basis functions

in K.
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4.2.2 LDG discretization for the non-isothermal NSK
equations

In this section we will present an LDG discretization for the non-isothermal
NSK equations with solid boundaries (4.7). For details and a similar LDG
discretization for the isothermal NSK equations, see [108].

To start with the LDG discretization, we first write the NSK equations
(4.1) as a first-order system and keep the conservative form, given by

ρt +∇ ·m = 0,

mt +∇ · F(U)−∇ · τ(z, l)−∇ · ξ(ρ, r, g) = ρg,

(ρE)t +∇ ·G(U)−∇ · ((τ + ξ) · u) +∇ · q +∇ · jE = g ·m, (4.9)

and auxiliary equations

z = ∇u,

l = ∇ · u,

r = ∇ρ,

g = ∇ · r,

q = − 8Cv
3WePr

∇θ, (4.10)

where

u =
m

ρ
,

τ =
1

Re

(
z + zT − 2

3
lI

)
,

ξ =
1

We

((
ρg +

1

2
|r|2
)

I− rrT
)
,

θ =

(
ρE − 1

2m2/ρ− 1
2Weg

2

ρ
+ 3ρ

)
3

8Cv
,

jE =
1

We
ρlr, (4.11)
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and

F(U) = m⊗ u + p(ρ)I, G(U) = (ρE + p)u, U =

 ρ

m

ρE

 .

The LDG discretization for the non-isothermal NSK equations (4.9) -
(4.10) is now as follows: find ρh, (ρE)h, lh, gh ∈ Vh, and mh, zh, rh,qh ∈ Σdh,
such that for all test functions φ, χ, ϕ, ζ ∈ Vh and ψ, η, ς ∈ Σdh, the following
relations are satisfied∫

K

(ρh)tφ dK −
∫
K

mh · ∇φ dK +

∫
∂K

m̂h · nφ ds = 0,

∫
K

(mh)tψ dK −
∫
K

(Fh − τh − ξh) · ∇ψ dK+

∫
∂K

(F̂h − τ̂h − ξ̂h) · nψ ds =

∫
K

ρhgψ dK,

∫
K

((ρE)h)tχdK −
∫
K

(Gh − (τh + ξh) · uh + qh + (jE)h) · ∇χ dK

+

∫
∂K

(Ĝh − (τ̂h + ξ̂h) · ûh + q̂h + (̂jE)h) · nχ ds

=

∫
K

g ·mhχdK, (4.12)

and ∫
K

zhη dK = −
∫
K

uh∇ · η dK +

∫
∂K

ûhη · n ds,

∫
K

lhζ dK = −
∫
K

uh · ∇ζ dK +

∫
∂K

ûh · nζ ds,

∫
K

rhς dK = −
∫
K

ρh∇ · ς dK +

∫
∂K

ρ̂hς · n ds,
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∫
K

ghϕ dK = −
∫
K

rh · ∇ϕ dK +

∫
∂K

r̂h · nϕ ds,

∫
K

qhσdK −
8Cv

3WePr

∫
K

θh∇ · σ dK +
8Cv

3WePr

∫
∂K

θ̂hσ · n ds = 0,

(4.13)

where

ûh =
m̂h

ρ̂h
,

τ̂h =
1

Re

(
ẑh + ẑh

T − 2

3
l̂hI

)
,

ξ̂h =
1

We

((
ρ̂hĝh +

1

2
|r̂h|2

)
I − r̂hr̂h

T

)
,

θh =

(
(ρE)h − 1

2m2
h/ρh − 1

2Weg
2
h

ρh
+ 3ρh

)
3

8Cv
,

(̂jE)h =
1

We
ρ̂h l̂hr̂h, (4.14)

and

Fh = F(Uh), Gh = G(Uh), Uh =

 ρh

mh

(ρE)h

 .

The terms denoted with a hat in (4.12), (4.13)-(4.14) are single valued func-
tions on each edge of element K, and are called numerical fluxes. We discuss
the choices of the numerical fluxes in the next section.

4.2.3 Numerical fluxes

For the numerical fluxes in the LDG discretizations, solid wall boundaries
(4.7) should be accounted for. Consider an edge e ∈ ∂K.

• If e is an interior edge, we choose the Lax-Friedrichs flux for the con-
vective part and central numerical fluxes for the other flux terms. This
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means

F̂h|e =
1

2
(Fh|L + Fh|R − α(Uh|R −Uh|L)),

m̂h|e =
1

2
(mh|L + mh|R), ρ̂h|e =

1

2
(ρh|L + ρh|R),

r̂h|e =
1

2
(rh|L + rh|R), ẑh|e =

1

2
(zh|L + zh|R),

l̂h|e =
1

2
(lh|L + lh|R), ĝh|e =

1

2
(gh|L + gh|R),

θ̂h|e =
1

2
(θh|L + θh|R), q̂h|e =

1

2
(qh|L + qh|R). (4.15)

with FTh =
(
mT
h ,F

T
h ,G

T
h

)
and α the global maximum of the absolute

eigenvalue of ∂Fh

∂Uh
[108].

• If e is an edge at the solid wall boundary of the domain, the numerical
fluxes for the density, momentum and temperature on e are given by

n · (̂∇ρ)h|e = −‖∇ρ‖ cos(φ), m̂h|e = 0, n · (̂∇θ)h|e = θn|e,
(4.16)

and the numerical fluxes for the remaining terms use data from the
interior of the domain.

4.3 Mesh adaptation

In this section mesh adaptation for two-dimensional phase transition prob-
lems will be considered. We will first discuss refinement and coarsening of
quadrilaterals, then present a criterion to select candidate elements in the
computational mesh for refinement and coarsening, and finally we will dis-
cuss the mesh adaptation procedure. A flow chart of the mesh adaptation
algorithm will be given at the end of this section.

4.3.1 Refinement and coarsening of quadrilaterals

In this section we will discuss the refinement of a single quadrilateral and the
coarsening of children quadrilaterals. We assume that
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K

K1

K3

K2
coarsen

refine
K4

Figure 4.1: Refinement of quadrilaterals.

• a background mesh with rectangular elements is used in the computa-
tional mesh,

• an element (called parent element) is always divided into 4 child ele-
ments with equal size,

• 4 child elements obtained from the same parent element can be coars-
ened to the parent element.

A description of the refinement of a parent quadrilateral and the coarsen-
ing of the child quadrilaterals is shown in Figure 4.1. During mesh adapta-
tion, the L2-projection is used to compute the LDG coefficients, ÛK

l in (4.8).
For example in Figure 4.1, L2-projection in the refinement process means that
the degrees of freedom on sub-element Ki are obtained by L2-projection from
the parent element K onto element Ki for i = 1, · · · , 4,∫

Ki

UKi
h (x)φKil (x)dx =

∫
Ki

UK
h (x)φKil (x)dx, l = 0, · · · , Np − 1.

Here φKil is the l-th basis function on element Ki. L2-projection in the
coarsening step requires that the degrees of freedom on the parent element
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K are obtained by L2-projection from sub-elements Ki onto element K,∫
K

UK
h (x)φKl (x)dx =

4∑
i=1

∫
Ki

UKi
h (x)φKl |Ki(x)dx, l = 0, · · · , Np − 1,

where φKl |Ki is the basis function φKl restricted to the child element Ki.
For detailed procedures for refinement of quadrilaterals and the required L2-
projection, see [40, 127].

4.3.2 Candidate elements for refinement and coarsening

In this section, we will provide a criterion to select candidate elements in
the computational mesh for refinement and coarsening based on the locally
largest value of the density gradient. Since the density changes rapidly at the
interfacial region, the elements near the interface need to be refined. As the
topology of the flow field changes, elements which were refined from a parent
element and are not close to the interface anymore, need to be coarsened.

In this adaptation criterion, an indicator ηKρ for each element K is defined
based on the gradients of the density on element K, and its direct and indirect
neighbors [40]

ηKρ = max{diam(Kj)

|Kj |
||∇ρ||L2(Kj)|Kj is neighbor of K of

degree at most m}. (4.17)

Here diam(Kj) and |Kj | represent the longest edge and the area of element
Kj , respectively. The element Kj is a neighbor of element K of degree at
most m if there exist m+ 1 cells in the computational mesh with

K = K0,

Kl is a neighbor of Kl+1, l = 0, 1, · · · ,m.

Here m = 0 means only a contribution of element K and m = 1 contributions
of K and its direct neighbours. Note that the computation of ηKρ for all cells
is expensive for large m, but for m = 0 it leads to unstable results or slows
down the iterative linear solvers [40]. We choose m = 1 throughout the
present work.

Based on the indicators for the elements in the computational mesh, we
select candidate elements for refinement and coarsening. We define the re-
finement level of the initial coarse elements by 0. An initial coarse element
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can be refined at most LEV times. For each element K in the computational
mesh,

if ηKρ > ηupp and the refinement level of K < LEV

then we mark K as a candidate element for refinement,

else if ηKρ < ηlow and the refinement level of K > 0

then we mark K as a candidate element for coarsening, (4.18)

with problem dependent parameters ηupp, ηlow and

ηupp > ηlow > 0.

4.3.3 Strategy for refinement and coarsening

In this section we will present a refinement and coarsening algorithm for the
LDG discretization, given candidate elements selected through the adapta-
tion criterion (4.18). Although the LDG method allows locally many refine-
ment levels, we impose that the difference in refinement levels between two
neighbouring elements is less than one to improve the stability and accuracy
of the LDG method.

To guarantee the difference in refinement levels between two neighbouring
elements less than one, we use the “refinement must, coarsening can” strategy
in the mesh adaptation. This strategy means that a candidate refinement cell
is definitely refined and coarsening of a candidate element K depends on the
neighbors of element K.

Algorithm 1 Refinement of candidate elements

call candidate elements for refinement by criterion (4.18) Cellsrefine
for each element K in Cellsrefine do

for each neighbor K̃ of K do
if K̃ is not in Cellsrefine and the refinement level of K̃ < the

refinement level of K then
add K̃ to Cellsrefine

end if
end for

end for

Algorithm 1 and 2 result in lists for refinement and coarsening, respec-
tively. In Algorithm 1, all candidate refinement elements will be refined, and
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Algorithm 2 Coarsening of candidate elements

call candidate elements for coarsening by criterion (4.18) Cellscoarse
for each element K in Cellscoarse do

set Kp as the parent cell of K
if all the children of Kp are in Cellscoarse then

if the refinement level of all the neighbors of K̃p < the
refinement level of K then
keep K in Cellscoarse

else
delete K from Cellscoarse

end if
else

delete K from Cellscoarse
end if

end for

some neighbors of these elements are added to the refinement list to ensure
mesh quality. In Algorithm 2, a candidate coarsening element K may not be
coarsened due to the refinement level difference with the neighbors.

4.3.4 Flow chart for mesh adaptation

Next, we provide a flow chart to illustrate the adaptive LDG method. Given
the maximum refinement level LEV and the final time T ,

• Step 1. Partition the domain into uniform rectangles, compute the
degrees of freedom on each element K by projecting the initial solution
on element K, and set the level of element K to be 0. An initial
computational mesh Th(t0), the level of the elements in Th(0) and the

degrees of freedom {ÛK(0), K ∈ Th(0)} are obtained.

• Step 2. Given a computational mesh Th(tn) at time t = tn, the re-
finement level of the elements in the mesh Th(tn) and the degrees of

freedom {ÛK(tn), K ∈ Th(tn)}

- detect candidate elements for refinement and coarsening in the
computational mesh through adaptation criterion (4.18),

- create lists of elements for refinement and coarsening with Algo-
rithm 1 and 2, respectively,
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- for each element K in the refinement list, divide element K into
four uniform child elements Ki, i = 1, 2, 3, 4, increase the refine-
ment level of elements Ki by one, and get the degrees of freedom
on elements Ki from element K by L2 projection,

- when four cells in the coarsening list are all children of the same
parent element Kp, merge them and get the degrees of freedom on
Kp from its children elements by L2 projection.

A new adapted mesh Th(tn+1) and the refinement level of the elements
in Th(tn+1) are obtained.

• Step 3. Evolve the solution from tn to tn+1 with the LDG method: i.e.
solve a system of ODEs resulting from the LDG discretizations through
an implicit RK time method, and obtain {ÛK(tn+1), K ∈ Th(tn+1)}.

• Step 4. If tn+1 < T , go to Step 2.

Note that the initial coarse mesh is uniform, we perform Step 2 therefore
LEV times to capture the initial interface accurately. The degrees of freedom
on the refined elements in the initial mesh are obtained by L2 projection from
the initial solution. Since it is not necessary to change the adapted mesh every
time step during a simulation for the (non)-isothermal NSK equations, we
apply Step 2 every 10 time steps in the numerical simulations discussed in
the next section.

4.4 Numerical examples

In this section, numerical simulations will be presented to demonstrate the
adaptive LDG discretizations for the (non)-isothermal NSK equations. First,
we will consider simulations of the coalescence of vapor bubbles in a liquid. In
our previous work we performed these simulations on a uniform mesh [108].
The same examples are computed here on an adaptive mesh, and the results
will be compared with those in a uniform mesh. Second, we will discuss the
structure of the Jacobi matrix for an adapted mesh for the non-isothermal
NSK equations. Finally, we will study the shape of a vapor bubble and a
liquid droplet in a domain with solid wall boundaries and prescribed contact
angles, which are challenging problems in fluid mechanics. One example,
representing a vapor bubble in contact with a solid wall, was studied in [58]
by a finite difference scheme and an explicit time integration method on a
uniform mesh. The last example describes a liquid droplet on a solid surface,
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which was recently studied in [72] by a semi-discrete Galerkin method and a
special time integration method on a uniform mesh.

We use a relatively simple LDG method to solve the NSK equations in
conservative form on the adapted mesh. The adapted mesh is obtained using
adaptation criterion (4.18), Algorithm 1 and Algorithm 2 in Section 4.3.
Note that for the selection criterion given by (4.18), m = 1 is chosen in
(4.17) to compute the indicator ηKρ for each element K. This means only
contributions of element K and its direct neighbors are used, which saves
many computations compared to [40], where m = 4, 8 was chosen. The
computational domain in all simulations is [0, 1]2.

Due to the third derivative of the density in the NSK equations, a diag-
onally implicit Runge-Kutta (DIRK) time integration method [8] is adopted
to solve the ODEs resulting from the LDG discretizations. In particular, a
second order DIRK scheme is used for all the numerical examples discussed
in this section.

4.4.1 Coalescence of vapor bubbles in a liquid

An important test case is a simulation of the coalescence of two vapor bubbles
in a liquid. We simulate the coalescence of vapor bubbles in a liquid for both
the isothermal and non-isothermal NSK equations on adapted meshes.

Example 4.4.1. Coalescence of vapor bubbles in a liquid, isothermal case
This example was also studied with a Galerkin method on a uniform mesh

[72], and with a finite element method including additional stabilization terms
on an adaptive mesh [16]. In this example, the Van der Waals equation of
state (4.3) is chosen for the isothermal NSK equations as [16, 72, 108]

p(ρ) =
8θρ

27(1− ρ)
− ρ2, (4.19)

with a dimensionless temperature θ = 0.85. The parameters of the isothermal
NSK equations are set as Re = 512, We = 65500.

The initial conditions are

ρ0(x) = ρ1 +
1

2
(ρ2 − ρ1)

2∑
i=1

tanh

(
(di(x)− ri)

2

√
We

)
, u ≡ 0,

(4.20)

with ρ1 = 0.1, ρ2 = 0.6. Here di(x) = ||x−xi|| is the Euclidean distance and
the points xi are equal to x1 = (0.4, 0.5) and x2 = (0.78, 0.5), respectively.
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The radii of the two bubbles are r1 = 0.25 and r2 = 0.1. Similar to [108],
periodic boundary conditions are used for all variables .

The initial coarse mesh is set at 32 × 32 elements with three levels of
refinement in the interface region. Then the adapted mesh has the same
resolution in the interfacial region as for the computations on the uniform
mesh in [108]. The parameters in (4.18) are chosen as ηupp = 0.05, ηlow =
0.01.

The results of the adaptive LDG method for Example 4.4.1 are shown in
Figures 4.2-4.4. Figures 4.2-4.3 describe the coalescence of bubbles, showing
that the bubbles merge into one vapor bubble by capillarity and pressure
forces. Figure 4.4 shows the evolution of mass and energy during the simu-
lation on the adapted mesh, indicating that the mass is conserved and the
energy is decreasing in time. It is noticeable that the results for the mass
loss on the adapted mesh have a larger accuracy than the results in Figure
4.5 for the uniform mesh used in [108].

The numbers of elements in the adapted mesh at the initial, average and
final time are shown in Table 4.1. These numbers are much less than 2562,
the number of elements in the uniform mesh used in [108]. Compared with
the uniform mesh with equivalent mesh resolution in the interface region,
the adaptive LDG method leads to a considerably smaller nonlinear system
of algebraic equations that is solved by the Newton-GMRES method. Note
that the computing time for the simulation of the coalescence of bubbles on
the adaptive mesh reduces to about 1/3 of the simulation time on a uniform
mesh.

Example 4.4.2. Coalescence of vapor bubbles in a liquid, non-isothermal
case

In this example we compute the coalescence of vapor bubbles in a liquid for
the non-isothermal NSK equations. The parameters of the non-isothermal
NSK equations are set as Re = 950, We = 34455. The Van der Waals
equation of state (4.3) is chosen as in [108, 39, 82]

p(ρ) =
8θρ

(3− ρ)
− 3ρ2. (4.21)

The initial conditions are

ρ0(x) = ρ1 +
1

2
(ρ2 − ρ1)

2∑
i=1

tanh

(
(di(x)− ri)

2

√
We

)
,

u ≡ 0, θ(x) = 0.989, (4.22)
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(a) t = 0 (b) t = 0

(c) t = 5 (d) t = 5

(e) t = 7 (f) t = 7

Figure 4.2: Example 4.4.1: time sequence of the coalescence of vapor bubbles.
Isothermal NSK equations with Re = 512, We = 65500 and pressure formulation
(4.19) at θ = 0.85. Initial conditions (4.20) and periodic boundaries. Initially uni-
form mesh of 322 elements with LEV = 3, ηupp = 0.05, ηlow = 0.01 in adaptation
criterion (4.18). Left: density profile, Right: computational mesh.
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(a) t = 10 (b) t = 10

(c) t = 13 (d) t = 13

(e) t = 20 (f) t = 20

Figure 4.3: Example 4.4.1:time sequence of the coalescence of vapor bubbles.
Isothermal NSK equations with Re = 512, We = 65500 and pressure formulation
(4.19) at θ = 0.85. Initial conditions (4.20) and periodic boundaries. Initially uni-
form mesh of 322 elements with LEV = 3, ηupp = 0.05, ηlow = 0.01 in adaptation
criterion (4.18). Left: density profile, Right: computational mesh.
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Figure 4.4: Example 4.4.3: evolution of mass and energy during the coalescence
of vapor bubbles. Isothermal NSK equations with Re = 512, We = 65500 and
pressure formulation (4.19) at θ = 0.85. Initial conditions (4.20) and periodic
boundaries. Initially uniform mesh of 32× 32 elements with three levels of refine-
ment, ηupp = 0.05, ηlow = 0.01 in adaptation criterion (4.18).
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Figure 4.5: Example 4.4.3: evolution of mass loss and energy during the coales-
cence of vapor bubbles on a uniform mesh of 256× 256 elements. Isothermal NSK
equations with Re = 512, We = 65500 and pressure formulation (4.19) at θ = 0.85.
Initial conditions (4.20) and periodic boundaries.
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with ρ1 = 0.795, ρ2 = 1.213. Here di(x) = ||x − xi|| is the Euclidean dis-
tance and the points xi are equal to x1 = (0.4, 0.5) and x2 = (0.78, 0.5),
respectively. The radii of the two bubbles are r1 = 0.25 and r2 = 0.1.

The initial uniform mesh is set at 25 × 25 elements with three levels of
refinement in the interface region. The parameters in adaptation criterion
(4.18) are chosen as ηupp = 0.05, ηlow = 0.01. The adapted mesh then has
the same resolution in the interfacial region as the uniform mesh used in
[108].

The results of the adaptive LDG method for Example 4.4.2 are shown
in Figures 4.6-4.7. Similar to the results for the isothermal case in Example
4.4.1, Figures 4.6-4.7 describe the process of the coalescence of the vapor bub-
bles, showing that the bubbles merge into one vapor bubble by capillarity and
pressure forces. Figure 4.8 shows the evolution of mass, entropy, momentum
along one direction and energy, indicating that the numerical mass, momen-
tum and energy are conserved and the entropy is generally increasing in time.
The small oscillations in the entropy can be eliminated by choosing different
parameters in adaptation criterion (4.18).

4.4.2 DIRK time integration method on an adapted mesh

In this section we will consider a diagonally implicit Runge-Kutta time method
on an adapted mesh. In particular, we will present the Jacobi matrix for an
example of the non-isothermal NSK equations in a uniform and an adapted
mesh, respectively. For the implementation of the DIRK method and the
computation of the Jacobi matrix, see [108].

Figure 4.9 shows the distribution of the non-zeros in the Jacobi matrix
for Example 4.4.2 for both a uniform and an adapted mesh. For the sake
of the ability to plot the Jacobi matrix, we choose the uniform mesh of
20× 20 square elements and the adapted mesh as an initially uniform mesh
of 10× 10 elements with one level of refinement. These two meshes have the
same resolution in the interface region. From Figure 4.9, we see that the
Jacobi matrix of the adapted mesh contains less non-zeros than the one of
the uniform mesh. This phenomena will be more obvious when a fine mesh
resolution is used in the interface region, then the adapted mesh contains far
less elements than the uniform mesh as shown in Table 4.1.

It is noticeable that some new branches of non-zeros are present in the
Jacobi matrix for the adapted mesh, which are caused by the local mesh
refinement. We observe that in the Newton method, which is used to solve
the non-linear algebraic equations resulting from the DIRK time integration
method, the number of GMRES iterations for the adapted mesh (which is 2)
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(a) t = 0 (b) t = 0

(c) t = 6 (d) t = 6

(e) t = 12 (f) t = 12

Figure 4.6: Example 4.4.2: time sequence of the coalescence of bubbles. Non-
isothermal NSK equations with Re = 950, We = 34455 and pressure formulation
(4.21). Initial condition (4.22) and periodic boundaries. Initially uniform mesh of
252 elements with LEV = 3, ηupp = 0.05, ηlow = 0.01 in (4.18). Left: density
profile, Right: corresponding computational mesh.
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(a) t = 18 (b) t = 18

(c) t = 24 (d) t = 24

(e) t = 30 (f) t = 30

Figure 4.7: Example 4.4.2: time sequence of the coalescence of bubbles. Non-
isothermal NSK equations with Re = 950, We = 34455 and pressure formulation
(4.21). Initial condition (4.22) and periodic boundaries. Initially uniform mesh of
252 elements with LEV = 3. ηupp = 0.05, ηlow = 0.01 in (4.18). Left: density
profile, Right: computational mesh.
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(c) momentum change along x direction
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(d) energy change

Figure 4.8: Evolution of changes in numerical variables during the coalescence
of vapor bubbles. Non-isothermal NSK equations with Re = 950, We = 34455
and pressure formulation (4.21). Initial condition (4.22) and periodic boundaries.
Initially uniform mesh of 25×25 elements with LEV = 3. ηupp = 0.05, ηlow = 0.01
in (4.18).
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is less than the number required for the uniform mesh (which is 4). Although
the implementation of a DIRK method in combination with a locally refined
mesh is non-trivial, we see from the examples discussed in this section that
the DIRK method results in an efficient time integration method to solve
the NSK equations on a locally refined mesh in combination with an LDG
discretization.

4.4.3 Bubbles and droplets in contact with solid wall
boundaries

In the next two numerical examples, we study a vapor bubble rising towards
a solid wall and a liquid droplet on a solid substrate. It is pointed out
that the shape of the vapor bubble and the liquid droplet depends on two
factors [72]: (1) the contact angle and (2) the Bond number Bo. The contact
angle is a parameter to model the physical interactions between the surface
and the fluids, and is determined by whether the surface is hydrophilic or
hydrophobic to the fluid. The contact angle has been studied theoretically
[91] and numerically [58, 56]. In the present simulation, the contact angle is
imposed by the first equation in the boundary conditions (4.7) and φ is fixed
to be π/2 for simplicity. The Bond number quantifies the relative importance
of gravity against surface tension, and is defined as

Bo =
∆ρ|g|r2

σ
. (4.23)

Here ∆ρ is the difference between the liquid and vapor mass density, g is the
dimensionless gravity, r is the radius of the droplet or bubble and σ is the
surface tension. The importance of the Bond number will be studied in the
following numerical examples.

Since the initial temperature is chosen as constant close to the critical
temperature, and the temperature does not vary much in time [108], we
consider the isothermal NSK equations for simplicity. The Van der Waals
equations of state is set as in (4.21), and the temperature is chosen as θ =
0.9497 in the following examples. The parameters for the isothermal NSK
equations are Re = 500,We = 34455. For adaptation criterion (4.18) in the
mesh adaptation algorithm, the parameters are chosen as ηupp = 0.1, ηlow =
0.02.

Example 4.4.3. Vapor bubble in contact with a solid wall In this example,
we will investigate the shape of a vapor bubble rising towards a solid wall,
while accounting for the contact angle at the solid surface and the gravity.
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(a) Jacobi matrix for a uniform mesh

(b) Jacobi matrix for an adapted mesh

Figure 4.9: Shape of Jacobi matrix for Example 4.4.2 of the non-isothermal
NSK equations on a uniform and an adapted mesh. Both meshes have the
same resolution in the interface region. Initial conditions (4.22). Left matrix
for a uniform mesh of 20× 20 elements; Right matrix for an initially uniform
mesh of 10× 10 elements with one level of refinement. Adaptation criterion
(4.18) with ηupp = 0.05, ηlow = 0.01.
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This example was studied in [58] by a model based on the second gradient
theory on a uniform mesh.

The initial conditions are set as

ρ(x, 0) =
ρ1 + ρ2

2
+
ρ2 − ρ1

2
tanh

(
d(x)− r

2

√
We

)
,

u = 0, (4.24)

with d(x) =
√

(x− 0.5)2 + (y − 0.5)2, r = 0.2 and ρ1 = 0.578, ρ2 = 1.463.
The dimensionless gravity points in the negative y-direction with magnitudes
|g| = 0.006, 0.02. Because of relation (4.23), the Bond numbers are 0.18 and
0.6, respectively.

The time evolution of the bubble rising towards a wall under different
values of gravity is presented in Figures 4.10-4.14. From these figures, we see
that

• the adaptive mesh is consistent with the motion of the vapor bubble,

• the vapor bubble starts rising under the action of gravity, then attaches
to the upper wall, and finally reaches an equilibrium state,

• the contact line moves rapidly after the contact of the bubble with the
solid wall, as pointed out by [58],

• the gravity has an important impact on the shape of the bubble. Figures
4.10-4.12 show that when the Bond number is large, the gravity makes
the vapor bubble move to the upper solid wall and obtain a flattened
shape in equilibrium. When the Bond number is relatively small, due to
a smaller value of the gravitational acceleration, the bubble moves more
slowly to the upper wall and obtains a spherical cap in equilibrium, as
shown in Figures 4.13 - 4.14.

Example 4.4.4. A liquid droplet on a solid wall In this example the shape of
a liquid droplet on a solid substrate, as used in wetting problems, is studied.
This example was investigated using a (discontinuous) Galkerin method for
the isothermal NSK equations in non-conservative form and on a uniform
mesh [40, 72].

The initial conditions are set as

ρ(x, 0) =
ρ1 + ρ2

2
− ρ2 − ρ1

2
tanh

(
d(x)− r

2

√
We

)
,

u = 0, (4.25)
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(a) t = 0. (b) t = 0.

(c) t = 4. (d) t = 4.

(e) t = 6. (f) t = 6.

Figure 4.10: Example 4.4.3: time sequence and adapted mesh of a vapor bubble
rising towards a solid wall. Initial conditions (4.24) and solid boundaries (4.7).
Initially uniform mesh of 252 elements with LEV = 3. ηupp = 0.1, ηlow = 0.02 in
(4.18). Re = 500,We = 34455, |g| = 0.02. Left: density profile, Right: computa-
tional mesh.
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(a) t = 8. (b) t = 8.

(c) t = 10. (d) t = 10.

(e) t = 12. (f) t = 12.

Figure 4.11: Example 4.4.3: time sequence and adapted mesh of a vapor bubble
rising towards a solid wall. Initial conditions (4.24) and solid boundaries (4.7).
Initially uniform mesh of 252 elements with LEV = 3, ηupp = 0.1, ηlow = 0.02 in
(4.18). Re = 500,We = 34455, |g| = 0.02. Left: density profile, Right: computa-
tional mesh.
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(a) t = 14. (b) t = 14.

(c) t = 25. (d) t = 25.

Figure 4.12: Example 4.4.3: time sequence and adapted mesh of a vapor bubble
rising towards a solid wall. Initial conditions (4.24) and solid boundaries (4.7).
Initially uniform mesh of 252 elements with LEV = 3, Re = 500,We = 34455,
|g| = 0.02. Left: density profile, Right: computational mesh.
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(a) t = 6. (b) t = 6.

(c) t = 12. (d) t = 12.

(e) t = 18. (f) t = 18.

Figure 4.13: Example 4.4.3: time sequence and adapted mesh of a vapor bubble
rising towards a solid wall. Initial conditions (4.24) and solid boundaries (4.7).
Initially uniform mesh of 252 elements with LEV = 3, ηupp = 0.1, ηlow = 0.02
in (4.18). Re = 500,We = 34455, |g| = 0.006. Left: density profile, Right:
computational mesh.
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(a) t = 20. (b) t = 20.

(c) t = 22. (d) t = 22.

(e) t = 25. (f) t = 25.

Figure 4.14: Example 4.4.3: time sequence and adapted mesh of a vapor bubble
rising towards a solid wall. Initial conditions (4.24) and solid boundaries (4.7).
Initially uniform mesh of 252 elements with LEV = 3, ηupp = 0.1, ηlow = 0.02
in (4.18). Re = 500,We = 34455, |g| = 0.006. Left: density profile, Right:
computational mesh.
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(a) t = 0. (b) t = 0.

Figure 4.15: Example 4.4.4: initial state of a droplet on a solid substrate with
initial condition (4.25). Initially uniform mesh of 25×25 elements with three levels
of refinement, ηupp = 0.1, ηlow = 0.02 in adaptation criterion (4.18). Left: density
profile, Right: computational mesh.

with d(x) =
√

(x− 0.5)2 + y2, r = 0.2 and ρ1 = 0.578, ρ2 = 1.463. At the
initial time, a half spherical liquid droplet rests on a solid wall as shown
in Figure 4.15. The dimensionless gravity points in the negative y-direction
with magnitude |g| = 0.008, 0.02, 0.05. Recalling relation (4.23), the corre-
sponding Bond numbers are 0.24, 0.60 and 1.49, respectively.

We perform the computations until time t = 15.0 and present the density
profiles for different values of the dimensionless gravity in Figure 4.16. Figure
4.16 shows that the magnitude of the Bond number has an important effect
on the shape of the droplet:

• when the Bond number is relatively small, the surface tension domi-
nates and the droplet has the shape of a spherical cap in an equilibrium,

• when the Bond number is relatively large, the gravity, as the dominant
force, flattens the droplet.

Table 4.1 shows the number of elements used in the adaptive mesh for Ex-
amples 4.4.3 and 4.4.4, which are much smaller than the number of elements
required for a uniform mesh. Therefore, computing time and memory are
saved when the adaptive LDG method is applied, compared to computations
on a uniform mesh.
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(a) t = 15, |g| = 0.008. (b) t = 15, |g| = 0.008.

(c) t = 15, |g| = 0.02. (d) t = 15, |g| = 0.02.

(e) t = 15, |g| = 0.05. (f) t = 15, |g| = 0.05.

Figure 4.16: Example 4.4.4: an equilibrium of a droplet on a solid substrate
with initial condition (4.25) at the various gravity. Initially uniform mesh of 252

elements with LEV = 3, ηupp = 0.1, ηlow = 0.02 in (4.18). Left: density profile,
Right: computational mesh.
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Table 4.1: Adaptive mesh for the simulations of the examples. (a) N0: initial
number of elements; (b) TDT total refinement and coarsening times; (c) NT : num-
ber of elements at the final time; (d) N̄ : average number of elements, defined by
N̄ = (

∑TOT
q=0 Nq)/TOT where Nq is the number of elements at the q−th time level

and TOT is the total number of time levels; and (e) PR: the percentage ratio of N̄
to the number of elements if a uniform mesh would be used, i.e. PR = 100N̄/M2

with M the number of elements in one direction in a uniform mesh. The uniform
mesh has the same resolution in the interfacial region as the adapted mesh.

Case N0 TDT NT N̄ PR
Example 4.4.1 9736 196 7570 8250 12.60
Example 4.4.3 4297 154 3097 3851 9.63
Example 4.4.4 2467 30 2488 2484 6.21

4.5 Conclusions

In this chapter, an h-adaptive local discontinuous Galerkin method was pre-
sented for the (non)-isothermal NSK equations. In order to select candidate
elements for refinement and coarsening, a criterion is provided to compute
an indicator for the elements in the computational mesh based on the locally
largest value of the density gradient. A strategy called “refinement must,
coarsening can” is adopted in refining and coarsening the candidate cells.
Numerical experiments demonstrate the accuracy, efficiency and capabilities
of the local discontinuous Galerkin method for the (non)-isothermal NSK
equations on an adapted mesh. In particular, contact angles and solid wall
boundaries were considered in the simulations. We emphasize that only direct
neighbors are used in the computation of the indicators for the elements in
the adapted mesh, and the coarsening procedure is relatively simple. The im-
plicit Runge-Kutta time integration method in combination with an adapted
mesh results in an efficient time integration method for the NSK equations,
which does not suffer from the severe time step restriction dt ≤ Ch2, with
h the smallest element size and C a constant, as occurs for explicit time
integration methods. This is particularly important when using a locally re-
fined mesh, since the locally small mesh resolution would further reduce the
allowable time-step for explicit integration methods.

Future research will investigate suitable criteria for mesh adaptation.
Apart from the jump in the magnitude of the density, other indicators dis-
cussed in [85, 127], a posteriori error estimates and residual analysis are also
interesting options as criteria for refinement or coarsening. These latter ap-
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proaches require, however, a significant theoretical effort.
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5
Conclusions and Outlook

5.1 Conclusions

In this thesis several local discontinuous Galerkin (LDG) discretizations are
presented to solve higher-order partial differential equations modeling phase
transitions in solids and fluids. We summarize our contributions as follows.
For a viscosity-capillarity (VC) system associated with isothermal motion
of phase transitions in elastic bars and in Van der Waals fluids, we have
developed and analyzed an LDG discretization. L2-stability of the LDG dis-
cretization was proved for the VC system with a general stress-strain relation.
An a priori error estimate of the LDG discretization was provided for the VC
system with a trilinear stress-strain relation in the hyperbolic region, assum-
ing that the solution is sufficiently smooth. As a reference solution for the VC
system with a trilinear stress-strain relation, we computed an exact solution
for the Riemann problem of the corresponding conservation laws using the
techniques provided in [2, 3]. Computations were also performed for the VC
system with the Van der Waals equation of state.

The (non)-isothermal Navier-Stokes-Korteweg equations model the dy-
namics of compressible flows with liquid-vapor phase change. We solved the
(non)-isothermal NSK equations in conservative form with the LDG method
without adding additional stabilization terms. The LDG discretizations lead
to coupled nonlinear systems of ordinary differential and algebraic equations,
which are solved by an implicit time integration method. To investigate the
performance of the LDG discretizations for the (non)-isothermal NSK equa-
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tions, we presented several numerical examples, including one-dimensional
benchmark problems and two-dimensional simulations of the coalescence of
vapor bubbles in a liquid. It is shown that for stability a mesh needs to sat-
isfy a relation d = αh, α > 10, with d the diffuse interface width and h the
mesh size at the interfacial region. The numerical results verified the accu-
racy, stability and capability of the LDG discretization for the mathematical
models considered in this thesis.

Furthermore, LDG discretizations on an adapted, locally refined mesh
were considered for the (non)-isothermal NSK equations. The locally largest
value of the density gradient was used as a criterion to detect whether an ele-
ment in the computational mesh needs to be refined or coarsened. Numerical
examples demonstrated the accuracy, stability and capabilities of the adap-
tive LDG method. In particular, the non-isothermal NSK equations with
solid wall boundary conditions have been solved on an adapted mesh.

It should be pointed out that the (non)-isothermal NSK equations were
solved when the dimensionless temperature is below, but close to the critical
temperature, so that the interface has a relatively large width. The mathe-
matical models we tackled in this monograph are restricted to one and two
dimensions, although the proposed LDG discretizations can be extended to
three-dimensional problems straightforwardly.

5.2 Outlook

In this section we present some suggestions and ideas for future work based
on the results of the research presented in this thesis. One future direction
of research will be concerned with the theoretical proof of convergence and
stability of the LDG discretizations for the (non)-isothermal NSK equations.
First, we will consider a one-dimensional system with linear higher order
derivatives in a Van der Waals fluid [100], given by

ωt = ux, (5.1)

ut = (−p+ µux − µ2Awxx)x, (5.2)

Et =
(
u(−p+ µux − µ2Aωxx)

)
x

+ αθxx + µ2A(uxωx)x, (5.3)

where ω is the specific volume, u the velocity and E the specific energy,
defined as

E ≡ u2

2
+ e+

Cω2
x

2
.
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Here e is the specific internal energy, and µ, α,A and C are constants. In our
work [107], L2-stability was proved for the LDG discretization of a system
composed by the first two equations (5.1)-(5.2). For system (5.1)-(5.3), one
obvious question is how to define the total energy in the proof since the
energy equation is already present in (5.3). The coupling relation between
the specific energy, the specific internal energy and entropy also adds to the
difficulty of the proof.

A theoretical investigation of the mesh adaptation criteria in Chapter
4 is another interesting and useful direction of research. Currently, as an
adaptation criterion the locally largest density gradient, together with two
problem-dependent constants, is used to detect whether a cell in the mesh
needs to be refined or coarsened. Other indicators, discussed in [85, 126, 127],
such as a posteriori error estimates and residual analysis are also interest-
ing options as criteria for refinement or coarsening of cells. These latter
approaches require, however, a significant theoretical effort.

Moreover, the computational efficiency of the current code can be im-
proved by parallelization. Especially for three-dimensional problems, paral-
lelization will reduce the computing time of simulations. Since a discontinu-
ous Galerkin method only requires local information, parallelization can be
combined with the LDG discretizations using a block decomposition of the
computational mesh.

Finally, when the temperature is far below the critical temperature, very
thin interfaces arise. Then the diffuse interface model, such as the NSK equa-
tions, requires a very fine resolution at the interfacial region, which becomes
difficult even with mesh adaptation. Efficient techniques, such as a multi-
scale method, are then indispensible in order to be able to deal with these
very thin interfaces. Meanwhile, the Van der Waals equation of state is not
accurate to model the pressure at various states when the temperature is low.
Instead, other types of equations of state have to be considered.

The scope of current research also expands to faster iterative solvers for
the implicit time integration, the NSK equations with proper inflow-outflow
boundary conditions, and real life applications.
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Summary

In this thesis we develop a local discontinuous Galerkin (LDG) finite element
method to solve mathematical models for phase transitions in solids and
fluids. The first model we study is called a viscosity-capillarity (VC) system
associated with phase transitions in elastic bars and Van der Waals fluids.
We develop and analyze an LDG discretization for the VC system. We prove
L2-stability for the VC system with a general stress-strain relation. Using a
priori error analysis, we provide an error estimate for the LDG discretization
of the VC system when the stress-strain relation is linear, assuming that
the solution is sufficiently smooth and the system is in a hyperbolic region.
To obtain a reference solution for the VC system with a trilinear stress-
strain relation, we solve a Riemann problem of the conservation laws using
a kinetic relation. Numerical examples are also provided to verify the LDG
discretization of the VC system with the Van der Waals equation of state.

Secondly, we consider the Navier-Stokes-Korteweg (NSK) equations de-
scribing the dynamics of a compressible fluid with liquid-vapor phase change.
Compared with the classical Navier-Stokes equations, the NSK equations
contain an additional stress tensor related to the capillarity forces. The Van
der Waals equation of state is used in the NSK equations to describe the
pressure as a function of temperature and density in both liquid and vapor
states. We solve the isothermal NSK equations with the LDG method in
conservative form without additional stabilization. In solving the ordinary
differential equations (ODEs) resulting from the LDG discretization, a severe
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time restriction is required for an explicit time method due to the third order
derivative of the density in the Korteweg tensor. To circumvent this, we use a
time-implicit Runge-Kutta method. Next, we extend the LDG discretization
for the isothermal NSK equations to the non-isothermal case, retaining the
conservative formulation. Computations, including one-dimensional bench
mark problems and two-dimensional simulations of the coalescence of vapor
bubbles in a liquid, demonstrate the accuracy, convergence and stability of
the proposed LDG discretizations, provided the mesh is sufficiently fine to
accurately capture the interface between the two phases.

Finally, a mesh adaptation algorithm is studied for the LDG discretization
of the (non)-isothermal NSK equations to save computing time and memory
and to capture the interface more accurately. The motivation is the fact that
a fine resolution is only required in the interfacial region and that the LDG
method is suited to deal with hanging nodes. As an adaptation criterion, the
locally largest value of the density gradient is used to select candidate ele-
ments for refinement and coarsening. A time-implicit Runge-Kutta method
is used to solve the ODEs resulting from the LDG discretizations on an
adapted mesh. The same numerical examples for the two-dimensional (non-
)isothermal NSK equations are computed on adaptive meshes, and compared
with those on uniform meshes. Boundary conditions where vapor bubbles and
a liquid droplet are in contact with a solid wall are also considered.

We emphasize that an important feature of the LDG discretizations for
the mathematical models presented in this thesis is that they are relatively
simple and robust, and do not require special regularization terms. The
use of the time-implicit Runge-Kutta method in combination with the mesh
adaptation is non-trivial, but results in an efficient and accurate method for
the NSK equations. Computational experiments show the accuracy, stability
and capabilities of the (adaptive) LDG method.
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Dit proefschrift beschrijft de ontwikkeling van een lokale discontinue Galerkin
(LDG) eindige elementen methode om wiskundige modellen voor faseover-
gangen in vaste stoffen en vloeistoffen op te lossen. Het eerste model dat
we bestuderen wordt een viscosity-capillarity (VC) systeem genoemd dat
gebruikt wordt voor faseovergangen in elastische staven en Van der Waals
vloeistoffen. We bewijzen de L2-stabiliteit van een VC systeem met een al-
gemeen verband tussen spanning en deformatie. Met behulp van een a priori
foutenanalyse geven we een schatting van de fout voor de LDG discretisatie
van het VC systeem in het geval dat het verband tussen spanning en de-
formatie lineair is en onder de aanname dat de oplossing voldoende glad is
en zich in het hyperbolische gebied bevindt. Om een referentieoplossing van
het VC systeem met een trilineair verband tussen spanning en deformatie
te verkrijgen, lossen we een Riemann probleem voor de behoudswetten op
met behulp van een kinetische relatie. We geven ook numerieke voorbeelden
om de LDG discretisatie van het VC systeem met een Van der Waals toes-
tandsvergelijking te verifiëren.

Als tweedebeschouwen we de (niet-)isotherme Navier-Stokes-Korteweg
(NSK) vergelijkingen, die de dynamica van een compressibele vloeistof die
faseovergangen tussen vloeistof en damp kan ondergaan beschrijft. Vergeleken
met de klassieke Navier-Stokes vergelijkingen bevatten de NSK vergelijkingen
een extra spanningstensor ten gevolge van capillaire krachten. Om de druk
als functie van dichtheid en temperatuur in zowel de vloeistof- als de damp-
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fase te beschrijven wordt de Van der Waals toestandsvergelijking gebruikt.
We lossen de isotherme NSK vergelijkingen op met de LDG methode in be-
houdsvorm zonder extra stabilisatie. Het stelsel gewone differentiaalvergeli-
jkingen dat resulteert uit de LDG discretisatie kan alleen met een explici-
ete tijdstapmethode opgelost worden als aan een strenge tijdstaprestrictie
voldaan is. Dit is onder meer een gevolg van de derde orde afgeleide van de
dichtheid in de Kortewegtensor. Om dit probleem te omzeilen gebruiken we
een impliciete Runge-Kutta tijdintegratie.

Vervolgens breiden we de LDG discretisatie voor de isotherme NSK vergeli-
jkingen uit naar het niet-isotherme geval, met behoud van de behoudsvorm.
Berekeningen, onder andere eendimensionale standaardproblemen en tweed-
imensionale simulaties van de coalescentie van dampbellen in een vloeistof,
laten zien dat de voorgestelde LDG discretisatie nauwkeurig en stabiel is en
convergeert, als het rekenrooster voldoende fijn is om het interface tussen de
twee fasen nauwkeurig te beschrijven.

Tenslotte wordt een roosteradaptatiealgoritme voor de LDG discretisatie
van de (niet-)isotherme NSK vergelijkingen bestudeerd dat bedoeld is om
rekentijd en geheugen te besparen en het interface nauwkeuriger te beschri-
jven. De motivatie hiervoor is dat een grote resolutie alleen nodig is in de
buurt van het interface en dat de LDG methode geschikt is voor zwevende
roosterpunten. Als adaptatiecriterium wordt de lokaal grootste waarde van
de dichtheidgradiënt gebruikt voor de selectie van kandidaat elementen voor
verfijning en vergroving. Een impliciete Runge-Kutta tijdintegratiemeth-
ode wordt gebruikt om het stelsel gewone differentiaalvergelijkingen op te
lossen dat volgt uit de LDG discretisatie op een aangepast rekenrooster.
Dezelfde numerieke voorbeelden van de tweedimensionale (niet-)isotherme
NSK vergelijkingen worden berekend op adaptieve roosters en vergeleken
met de oplossingen op uniforme roosters. Ook worden randvoorwaarden voor
dampbellen en druppels in contact met een vaste wand bestud-eerd.

We benadrukken dat de betrekkelijke eenvoud en robuustheid belangri-
jke eigenschappen zijn van de LDG discretisaties die in dit proefschrift gep-
resenteerd worden. Bovendien hebben ze geen speciale regularisatietermen
nodig. Toepassing van de impliciete Runge-Kutta tijdintegratiemethode is
niet triviaal in combinatie met roosteradaptatie, maar leidt tot een efficiënte
en nauwkeurige methode voor de NSK vergelijkingen. Numerieke experi-
menten laten zien dat de (adaptieve) LDG methode nauwkeurig en stabiel is
en veel toepassingsmogelijkheden heeft.
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