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Rarely are my walks random.
Always running purposely.
Never on a quarter-plane.
One-dimensional life.
Forgetting to measure sky or earth
which is always changing.
Despite my invariant measures for
blue, solid, windy, mud.

Perhaps. . .
If I try walking
the full-plane.
Randomly open to
invariant change.
I might be able to measure
my life as it whizzes by.
Then my walks might feel
more random.
The measure less invariant.
And the moon more brilliant
in the quarter-plane.

A poem inspired by the work in this monograph. Copyright c© 2011
by Catherine Ann Lombard.
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Chapter 1

Introduction

In this monograph we study steady-state performance measures for
random walks in the quarter-plane. Random walks in the quarter-
plane are frequently used to model queueing problems. At present,
several techniques are available to find performance measures for ran-
dom walks in the quarter-plane. Performance measures can be readily
computed once the invariant measure of a random walk is known. Var-
ious approaches to finding the invariant measure of a random walk in
the quarter-plane exist. Most notably, methods from complex analysis
have been used to obtain the generating function of the invariant mea-
sure. The studies of Fayolle et al. [12,13], Cohen and Boxma [10] show
that generating functions of random walks in the quarter-plane can be
reduced to the solutions of Riemann boundary value problems. How-
ever, this approach does not lead to a closed-form invariant measure.
Hence, it cannot be easily used for numerical purposes.

In this monograph we focus on obtaining performance measures
of the following two types: exact results and approximations. The
random walk, of which the invariant measure is of product-form, is
a typical example where the exact results of performance measures
can be obtained. The performance measures of such random walks
can be readily evaluated with tractable closed-form expressions, for
instance, Jackson networks, see, e.g., [36, Chapter 6]. Moving beyond
random walks in the quarter-plane with product-form invariant mea-
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sures, Adan et al. [3] developed the so called compensation approach
to find the stationary distribution, which is a sum of infinitely many
geometric terms, of a random walk in the quarter-plane. Boxma et
al. [8] applied the compensation approach to a 2 × 2 switch to find
the closed-form invariant measure. Clearly, the performance measures
of such two-dimensional Markov process can be obtained exactly as
well. However, none of the two approaches mentioned above has char-
acterized the type of random walks in the quarter-plane of which the
invariant measure is a sum of finitely many geometric terms. This
characterization would greatly enlarge the class of random walks of
which the performance measures can be obtained exactly.

In the past decades, numerical-oriented methods used to obtain
the performance measures of random walks in the quarter-plane have
been extensively studied. Moreover, most methods which are used to
obtain approximations of performance measures are designed for spe-
cific random walks which arise from specific queueing systems. Hence,
they lack generality. Most of these methods develop approximations
or algorithmic procedures to obtain steady-state system performance
such as throughput and average number of customers in the system. In
particular, van Dijk et al. [30] pioneered in finding bounds for the sys-
tem throughput using the product-form modification approach. This
approach has been further developed by van Dijk et al. in [28, 32].
An extensive description and overview of various applications of this
method can be found in [29]. The verification steps that are required
by this method can be technically complicated. Hence, this method
cannot be easily generalized to approximate the performance measures
of any random walk in the quarter-plane.

The main objective of the present monograph is to find perfor-
mance measures of a random walk in the quarter-plane. Initiated by
the random walks of which the invariant measures are of product-
forms or can be expressed as a linear combination of countably many
geometric terms, we first completely characterize the random walks
of which the invariant measure is a linear combination of geometric
measures. The properties of an invariant measure of a random walk
that is a linear combination of geometric terms are related to the geo-



11

metric measures in the linear combination, the signs of the coefficients
in the linear combination and the values of the transition probabilities
of the random walk in the quarter-plane. These properties allow us
to distinguish the random walks of which the invariant measures are
sums of geometric terms from all random walks in the quarter-plane.
The performance measures of the random walk of which the invariant
measure is a sum of geometric terms can be readily computed. For
other random walks, we have developed in this monograph a general
approximation scheme. This approximation is in terms of a random
walk with a sum of geometric terms invariant measure, which is ob-
tained by perturbing the transition probabilities along the boundaries
of the state space. A Markov reward approach is used to bound the
approximation errors.

We analyze homogeneous random walks in the quarter-plane, i.e.,
on the lattice in the positive quadrant of R2. In particular, we consider
random walks for which the transition probabilities are translation in-
variant in the interior and also translation invariant on the two axes.
We assume that the system is jump-free, i.e., the transitions are re-
stricted to neighboring states. We derive conditions under which the
invariant measure of a random walk in the quarter-plane is a linear
combination of geometric terms. We show that each geometric term
must satisfy the balance in the interior individually and the geometric
terms must form a pairwise-coupled structure, which will be illustrated
by an example later in this chapter. Moreover, the coefficients in the
linear combination cannot be all positive and transitions from inte-
rior states to the North, Northeast and East are not allowed if the
linear combination contains infinitely many geometric terms. When
the invariant measure of the random walk is not a sum of geomet-
ric terms, we determine error bounds for the performance measures
of the random walk by means of an approximation scheme. This ap-
proximation scheme is based on perturbation theory and uses a linear
program, similar as in [16], to determine the error bounds of the per-
formance measures. We show that our approximation scheme, which
uses a perturbed random walk of which the invariant measures is a
linear combinations of geometric terms, improves the error bounds of



12 Chapter 1. Introduction

the performance measures.

Our approximation scheme for the random walks in the quarter-
plane can be extended in various directions, some of which are investi-
gated in this monograph. We show that our approximation approach
developed for the random walks in the quarter-plane can also be ap-
plied to two-dimensional finite random walks after verification. In
particular, we use a two-dimensional finite random walk of which the
invariant measures is of product-form as the perturbed random walk to
approximate the performance measures. Our approximation scheme
yields satisfactory approximations in the numerical experiments.

In the following sections, we first introduce the basic terminologies
used in this monograph. Then, we give a short review of different
problems, which will be treated in the subsequent chapters, and a
sketch of the characterization, approximation scheme and some exten-
sions. These sections do not contain rigorous proofs, but are intended
to sketch the basic ideas.

The remainder of this chapter is structured as follows. In Sec-
tion 1.1, we present the model and formulate the research problem.
The characterization of a random walk of which the invariant measure
is a sum of geometric terms is stated in Section 1.2. An approximation
scheme, which is used to bound performance measures of a random
walk of which the invariant measure is not a sum of geometric terms,
is given in Section 1.3. In Section 1.4, we investigate an extension of
our approximation scheme to a finite state space. In Section 1.5, we
summarize the contributions of this monograph.

1.1 Model and problem formulation

In this section, we introduce the terminologies used in this monograph.

1.1.1 Random walks in the quarter-plane

Consider a two-dimensional random walkR on the pairs of non-negative
integers, i.e., S = {(i, j), i, j ∈ N0}. We refer to {(i, j)|i > 0, j > 0},
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{(i, j)|i > 0, j = 0}, {(i, j)|i = 0, j > 0} and (0, 0) as the inte-
rior, the horizontal axis, the vertical axis and the origin of the state
space, respectively. The transition probability from state (i, j) to
state (i + s, j + t) is denoted by ps,t(i, j). Transitions are restricted
to the adjoined points (horizontally, vertically and diagonally), i.e.,
ps,t(k, l) = 0 if |s| > 1 or |t| > 1. The process is homogeneous in the
sense that for each pair (i, j), (k, l) in the interior (respectively on the
horizontal axis and on the vertical axis) of the state space it must be
that

ps,t(i, j) = ps,t(k, l) and ps,t(i− s, j − t) = ps,t(k − s, l − t), (1.1)

for all −1 ≤ s ≤ 1 and −1 ≤ t ≤ 1. We introduce, for i > 0, j > 0,
the notation ps,t(i, j) = ps,t, ps,0(i, 0) = hs and p0,t(0, j) = vt. Note
that the first equality of (1.1) implies that the transition probabilities
for each part of the state space are translation invariant. The second
equality ensures that also the transition probabilities entering the same
part of the state space are translation invariant. The above definitions
imply that p1,0(0, 0) = h1 and p0,1(0, 0) = v1. The model and notation
are illustrated in Figure 1.1.

1.1.2 Geometric measure and induced measure

We are interested in measures that are a linear combination of geo-
metric terms. We first classify the geometric terms.

Definition 1.1 (Geometric measure). The measure m(i, j) = ρiσj

where ρ ≥ 0, σ ≥ 0 is called a geometric measure.

We represent a geometric measure ρiσj by its coordinate (ρ, σ)
in [0,∞)2. Then, a set Γ ⊂ [0,∞)2 characterizes a set of geometric
measures.

Definition 1.2 (Induced measure). Signed measure m is called in-
duced by Γ if

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj ,
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Figure 1.1: Random walk in the quarter-plane.

with α(ρ, σ) ∈ R\{0} for all (ρ, σ) ∈ Γ.

1.1.3 Balance equations and algebraic curves

If m(i, j) is the invariant measure, then the interior, horizontal and
vertical balance equations for state (i, j) satisfying i > 0 and j > 0
are,

m(i, j) =
1∑

s=−1

1∑
t=−1

m(i− s, j − t)ps,t, (1.2)

m(i, 0) =
1∑

s=−1

m(i− s, 1)ps,−1 +

1∑
s=−1

m(i− s, 0)hs, (1.3)

m(0, j) =

1∑
t=−1

m(1, j − t)p−1,t +

1∑
t=−1

m(0, j − t)vt. (1.4)
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To identify the geometric measures that satisfy the balance equa-
tions in the interior, on the horizontal axis and on the vertical axis of
the state space, we introduce the polynomials

Q(x, y) = xy

(
1∑

s=−1

1∑
t=−1

x−sy−tps,t − 1

)
, (1.5)

H(x, y) = xy

(
1∑

s=−1

x−shs + y

(
1∑

s=−1

x−sps,−1

)
− 1

)
, (1.6)

V (x, y) = xy

(
1∑

t=−1

y−tvt + x

(
1∑

t=−1

y−tp−1,t

)
− 1

)
, (1.7)

to capture the balance of the states from the interior, horizontal and
vertical axis, respectively. For example, Q(ρ, σ) = 0, H(ρ, σ) = 0 and
V (ρ, σ) = 0 implies that m(i, j) = ρiσj , (i, j) ∈ S satisfies (1.2), (1.3)
and (1.4), respectively. Let algebraic curves Q, H and V denote
the sets of (x, y) ∈ [0,∞)2, satisfying Q(x, y) = 0, H(x, y) = 0 and
V (x, y) = 0.

1.1.4 Problem formulation

Our goal is to approximate the steady-state performance of the random
walk R in the quarter-plane. The performance measure of interest is

F =
∑

(i,j)∈S
m(i, j)F (i, j),

where F (i, j) : S → [0,∞). In this case, we require m to be the
invariant probability measure of R.

If the invariant measure of a given random walk is a sum of geomet-
ric terms, then the performance measure F can be readily evaluated.
In Section 1.2, we explain how to characterize the random walk of
which the invariant measure is a sum of geometric terms. For the
rest of the random walks, we develop an approximation scheme to find
error bounds of the performance measure F in Section 1.3.
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1.2 Introduction to the characterization

In this section, we introduce the sketch of Chapter 2 and Chapter 3.
We characterize the random walk of which the invariant measure is a
sum of geometric terms. We do so by means of some examples. We
consider specific random walks which are used to illustrate the idea of
the characterization of random walks of which the invariant measures
are a linear combination of geometric terms. The performance measure
F can be readily computed for such random walks.

In the next example, the invariant measure of the random walk is
of product-form.

Example 1. Consider a random walk with p1,0 = 0.1, p0,1 = 0.1,
p−1,0 = 0.2, p0,−1 = 0.2, p0,0 = 0.4 and h1 = 0.1, h−1 = 0.2, h0 = 0.6,
v1 = 0.1, v−1 = 0.2, v0 = 0.6. The other transition probabilities are
zero.

In Figure 1.2(a), all non-zero transition probabilities, except those
for the transitions from a state to itself, are illustrated. The algebraic
curves Q,H, V for the balance equations can be found in Figure 1.2(b).
It can be readily verified that the invariant measure of this random
walk is m(i, j) = αρiσj where α = 0.25 and (ρ, σ) = (0.5, 0.5), which
is the intersection of the algebraic curves Q, H and V in Figure 1.2.

In the next example, the invariant measure of the random walk is
a sum of 5 geometric terms.

Example 2. Consider a random walk with p1,0 = 0.05, p0,1 = 0.05,
p−1,1 = 0.2, p−1,0 = 0.2, p0,−1 = 0.2, p1,−1 = 0.2, p0,0 = 0.1 and
h1 = 0.5, h−1 = 0.1, h0 = 0.15, v1 = 0.113, v−1 = 0.06, v0 = 0.577.
The other transition probabilities are zero.

In Figure 1.3(a), all non-zero transition probabilities, except those
for the transitions from a state to itself, are illustrated. The algebraic
curves for the balance equations can be found in Figure 1.3(b). It can
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Figure 1.2: Example 1. (a) Transition diagram. (b) Algebraic curves
Q, H and V . The geometric term contributed to the invariant measure
is denoted by the dot.
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Figure 1.3: Example 2. (a) Transition diagram. (b) Algebraic curves Q,
H and V . The geometric terms contributed to the invariant measure
are denoted by the squares.
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be readily verified that the invariant measure of this random walk is

m(i, j) =

5∑
k=1

αkρ
i
kσ

j
k,

where (ρk, σk), for k = 1, · · · , 5, are denoted by the blue squares in
Figure 1.3 and α1 = 0.0088, α2 = 0.1180, α3 = −0.1557, α4 = 0.1718,
α5 = −0.1414.

Notice that the set of geometric terms on algebraic curve Q in Fig-
ure 1.3(b) forms a special structure after a proper ordering suggested
in Figure 1.3(b). The neighboring two geometric terms must share the
horizontal or the vertical coordinate. We define this structure rigor-
ously as pairwise-coupled later in this monograph. In addition to the
pairwise-coupled structure, there are two geometric terms from this
set which are the intersections of algebraic curves Q with H or V .

The purpose of this section is not to provide rigorous proofs, but
to illustrate the basic ideas. We will show rigorously in Chapter 2
that the necessary conditions for a linear combination of finitely many
geometric terms to be the invariant measure are:

• Each geometric term must individually satisfy the balance equa-
tions in the interior of the state space.

• The geometric terms in an invariant measure must have a pairwise-
coupled structure. Moreover, in this pairwise-couple set, there
are two geometric terms which are the intersections of algebraic
curves Q with H or V .

• At least one of the coefficients in the linear combination must be
negative.

These necessary conditions also help us to develop an algorithm in
Chapter 4 to detect whether the invariant measure of a given random
walk is a sum of geometric terms. If the invariant measure is a sum of
geometric terms, we also explain how to find such an invariant measure
explicitly in Chapter 4.

Next, we will consider another random walk of which the invariant
measure cannot be a linear combination of geometric terms.
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Example 3. We have p1,0 = 0.1, p0,1 = 0.1, p−1,1 = 0.1, p−1,0 = 0.3,
p0,−1 = 0.3, p1,−1 = 0.1 and h1 = 0.1, h−1 = 0.02, h0 = 0.68, v1 = 0.1,
v−1 = 0.03, v0 = 0.67. The other transition probabilities are zero.

In Figure 1.4(a), all non-zero transition probabilities, except those
for the transitions from a state to itself, are illustrated. The algebraic
curves for the balance equations can be found in Figure 1.4(b).

With the Detection Algorithm given in Chapter 4, we are able to
claim that the invariant measure of the random walk in Example 3 is
not a linear combination of geometric terms. Intuitively, apart from
the three geometric terms in Figure 1.4(b), the next geometric term,
which maintains the pairwise-coupled structure for the set of geomet-
ric terms, is outside of the unit square. Moreover, we observe in Fig-
ure 1.4(b) that it is not possible to find a set of geometric measures
on algebraic curve Q which are pairwise-coupled and two geometric
terms from this set are the intersections of Q with H or Q with V .
Hence, the invariant measure of this random walk cannot be a linear
combination of geometric terms.

So far, we have restricted us to the invariant measure which is a
sum of finitely many geometric terms. It is also of great interest to take
a closer look at the necessary conditions required for a random walk
of which the invariant measure is a sum of countably infinitely many
geometric terms. We investigate these necessary conditions explicitly
in Chapter 3. It turns out that apart from the necessary conditions
obtained above, we also need p1,0 + p1,1 + p0,1 = 0, i.e., transitions to
the North, Northeast and East are not allowed in the interior of the
state space. Next, we will illustrate an example where the invariant
measure is a sum of countably infinitely many geometric terms and all
necessary conditions are satisfied.

In particular, we consider the 2×2 switch, which has been studied
by Boxma and van Houtum in [8].

A 2× 2 switch has two input and two output ports. Such a switch
is modeled as a discrete time queueing system with two parallel servers
and two types of arriving jobs (see Figure 1.5). Jobs of type i, i = 1, 2,
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Figure 1.4: Example 3. (a) Transition diagram. (b) Algebraic curves
Q, H and V . The geometric terms are denoted by the squares.
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r2 2

r1 1
t11

t12

t22

t21

Figure 1.5: The 2× 2 switch.

are assumed to arrive according to a Bernoulli stream with rate ri,
0 < ri ≤ 1. This means that at every time unit the number of arriving
jobs of type i is one with probability ri and zero with probability 1−ri.
Jobs always arrive at the beginning of a time unit, and once a job of
type i has arrived, it joins the queue at server j with probability tij ,
tij > 0 for j = 1, 2, and ti,1 + ti,2 = 1. Jobs that have arrive at
the beginning of a time unit are immediately candidates for service.
A server serves exactly one job per time unit, if any is present. We
assume the system is stable.

We now describe the 2×2 switch by a random walk in the quarter-
plane with states (i, j), where i and j denote the numbers of waiting
jobs at server 1 and server 2, respectively, at the beginning of a time
unit. For a state (i, j) in the interior of the state space, we only have
transitions to the neighboring state (i+ s, j + t) with s, t ∈ {−1, 0, 1}
and s+t ≤ 0. The corresponding transition probabilities ps,t are equal
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to

p1,−1 = r1r2t11t12,

p0,0 = r1r2(t11t22 + t12t21),

p−1,1 = r1r2t12t22,

p0,−1 = r1(1− r2)t11 + r2(1− r1)t21,

p−1,0 = r1(1− r2)t12 + r2(1− r1)t22,

p−1,−1 = (1− r1)(1− r2).

Each transition probability for the states at the boundaries can be
written as a sum of the probabilities ps,t. In Figure 1.6(a) all non-zero
transition probabilities, except those for the transition from a state to
itself, are illustrated. In Figure 1.6(b) the algebraic curves for Q, H
and V are shown.

It has been shown in [8] that the invariant measure for the 2 × 2
switch is the sum of two alternating series of geometric terms, starting
from the intersections of Q with H and Q with V , both of which have
infinite cardinality and are pairwise-coupled.

So far, we have characterized the random walk in the quarter-
plane of which the invariant measure is a sum of, either finitely many
or countably infinitely many, geometric terms. These necessary condi-
tions prevent other random walks from having such closed-form invari-
ant measures. The difficulties in obtaining performance measures for
this problem invoke our interest to look for approximations of perfor-
mance measures for the random walks of which the invariant measure
is not a sum of geometric terms.

1.3 Introduction to the approximation scheme

In this section, we introduce a sketch of the results stated in Chapter 4.
More precisely, we provide a scheme to approximate performance mea-
sures of the random walk of which the invariant measure is not a linear
combination of geometric terms.
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Figure 1.6: The 2 × 2 switch. (a) Transition diagram. (b) Algebraic
curves Q, H and V for the 2 × 2 switch with r1 = 0.8, r2 = 0.9,
t11 = 0.3, t12 = 0.7, t21 = 0.6, t22 = 0.4.
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Figure 1.7: Perturbed random walk R̄.

Consider the random walk R with invariant measure m which is
assumed to be unknown. In particular, it is not a sum of geometric
terms. We approximate the performance measures of R in terms of
a perturbed random walk R̄ in which only the boundary transition
probabilities are different from those in the random walk R. The
invariant measure m̄ of the perturbed random walk R̄ is a sum of
geometric terms. An example of a perturbed random walk can be
found in Figure 1.7.

In order to bound the performance measures, we build a linear
program based on the Markov reward approach as developed in, for
instance, [30] and [32]. Our approximation scheme approximates the
performance measures of the random walk R using the invariant mea-
sure of R̄ instead of R. The invariant measure of R̄, which is denoted
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by m̄, is assumed to be a linear combination of geometric terms, i.e.,

m̄(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj .

In terms of m̄, we would like to approximate the performance mea-
sure F , where

F =
∑

(i,j)∈S
m(i, j)F (i, j),

and F : S → [0,∞) is defined as

F (i, j) =


f1,0 + f1,1i, if i > 0 and j = 0,

f2,0 + f2,2j, if i = 0 and j > 0,

f3,0, if i = j = 0,

f4,0 + f4,1i+ f4,2j, if i > 0 and j > 0,

(1.8)

the fp,q are constants that define the function. We refer the structure
of function F as component-wise linear.

The most important step in this approximation scheme is to inter-
pret F as a reward function, where F t(i, j) is the one step reward if
the random walk is in state (i, j). We denote by F t(i, j) the expected
cumulative reward at time t if the random walk starts from state (i, j)
at time 0, i.e.,

F t(i, j) =

{
0, if t = 0,

F (i, j) +
∑

u,v∈{−1,0,1} pu,vF
t−1(i+ u, j + v), if t > 0.

The next result in [29] provides bounds on the approximation errors
on F . The notation qu,v where u, v ∈ {−1, 0, 1} captures the differ-
ence between the transition probabilities in R and the corresponding
transition probabilities in R̄.

Theorem 1.3 ( [29]). Let F̄ : S → [0,∞) and G : S → [0,∞) satisfy

|F̄ (i, j)−F (i, j) +
∑

u,v∈{−1,0,1}
qu,v(F

t(i+u, j+v)−F t(i, j))| ≤ G(i, j),

(1.9)
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for all (i, j) ∈ S and t ≥ 0. Then∑
(i,j)∈S

[F̄ (i, j)−G(i, j)]m̄(i, j) ≤ F ≤
∑

(i,j)∈S
[F̄ (i, j) +G(i, j)]m̄(i, j)

Based on Theorem 1.3, we develop a linear program similar to
that in [16] to approximate F . In our linear program, F̄ and G are
the variables and qu,v, F

t and m̄ are the parameters. The invariant
measure of the perturbed random walk in [16] is only allowed to be
of product-form. In our approximation scheme, we also allow the in-
variant measure of the perturbed random to be a sum of geometric
terms here. The linear program that we obtain directly based on The-
orem 1.3 is not finite because the state space S contains infinitely
many states and time horizon for t in the reward function is also in-
finite. In order to have a finite linear program with finitely many
constraints, we consider both variables and parameters in the linear
program to be component-wise linear functions, i.e., similar to how we
define F (i, j) in (1.8). Moreover, we bound F t(i+ u, j + v)− F t(i, j)
where u, v ∈ {−1, 0, 1} uniformly over t. In this case, we have reduced
the problem to a linear program with finite objective and finitely many
constraints.

We find finitely many constraints, which guarantee that (1.9) will
be satisfied. In particular, we find pairs of functions (F̄ , G), which
satisfy all constraints in the linear program, similar to that in [16].
We denote the set which characterizes such pairs of functions (F̄ , G)
by P. This means that (1.9) will hold for any pair of functions (F̄ , G)
from P.

The next theorem provides the key result which is used to bound
F .

Theorem 1.4 ( [16]). If (F̄ , G) ∈ P then∑
(i,j)∈S

[
F̄ (i, j)−G(i, j)

]
m̄(i, j) ≤ F ≤

∑
(i,j)∈S

[
F̄ (i, j) +G(i, j)

]
m̄(i, j).

Moreover, P can be represented with a finite number of constraints.
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Figure 1.8: Error bounds. (a) The geometric measures of the perturbed
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We are now able to consider Example 3 again. By using the per-
turbed random walks of which the invariant measure is of product-form
or a sum of 3 geometric terms, we obtain the error bounds for the av-
erage number of jobs in node 1, see Figure 1.8. We use F1

up/low to
denote the error bounds obtained based on a perturbed random walk
of which the invariant measure is induced by a geometric term depicted
in Figure 1.8(a). Similarly, we use F3

up/low to denote the error bounds
obtained based on a perturbed random walk of which the invariant
measure is induced by the 3 geometric terms shown in Figure 1.4(b).

This example also indicates that using a perturbed random walk in
which the invariant measure is a sum of multiple geometric terms in-
stead of using a perturbed random walk in which the invariant measure
is of product-form will improve the approximation of the performance
measures for some random walks.

Our approximation scheme can be applied to other models as well.
For instance, a model with a bounded state space. In the next sec-
tion, we will develop a similar approximation scheme to approximate
performance measures for a two-dimensional finite random walk.

1.4 Extensions

In this section, we introduce a sketch of the main results stated in
Chapter 5, which is an extension of our approximation scheme to a
two-dimensional finite random walk.

To illustrate our approximation scheme, we consider the following
specific example: a tandem queue with finite buffers. We consider
a discrete-time Markov chain, which is obtained by uniformizing the
continuous-time Markov process of a tandem queue with finite buffers,
on the state space {0, 1, · · · , L1}×{0, 1, · · · , L2} defined in Figure 1.9.

Unlike the product-form modification approach developed by van
Dijk et al. [30], where the verification steps required to apply the
method are technically quite complicated, we formulate a general ver-
ification technique for two-dimensional finite random walks. The veri-
fication technique is based on interpreting the upper and lower bounds
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Figure 1.9: Two-dimensional finite random walk.

as optimal solutions of a linear program, which is similar to that in [16].
In doing so, the induction proof, which is necessary for the verification
steps in [30], is avoided completely. Moreover, the optimization frame-
work will inherently lead to the best possible error bounds based on a
specific perturbed random walk. We restrict the invariant measure of
the perturbed random walk to be of product-form.

We would like to approximate the blocking probability of the sys-

tem, which is denoted by F0. In particular, we use Fup/low0 to denote

the error bounds based on our approximation scheme and F̃up/low0 to
denote the error bounds obtained in [30]. The numerical results in
Figure 1.10, where λ = 0.1, µ1 = 0.2, µ2 = 0.2, indicate that our error
bounds are tighter than those obtained in [30].

Another advantage of our approximation scheme is that it accepts
any two-dimensional finite random walk as an input. Hence, we obtain
approximations for performance measures of a given two-dimensional
finite random walk efficiently while most other methods still lack gen-
erality.
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1.5 Contributions of this monograph

Chapters 2, 3, 4, 5 are self-contained, therefore, some definitions may
be introduced multiple times. The contributions of this monograph
are as follows.
In Chapter 2, we consider the invariant measure of homogeneous ran-
dom walks in the quarter-plane. In particular, we consider measures
that can be expressed as a finite linear combination of geometric terms
and present conditions on the structure of these linear combinations
such that the resulting measure may yield an invariant measure of a
random walk. We show that each geometric term must individually
satisfy the balance equations in the interior of the state space and fur-
ther show that the geometric terms in an invariant measure must have
a pairwise-coupled structure. Finally, we show that at least one of the
coefficients in the linear combination must be negative.

Chapter 2 is based on the following paper.

• Y. Chen, R.J. Boucherie, and J. Goseling,“The invariant mea-
sure of random walks in the quarter-plane: Representation in
geometric terms”, Probability in the Engineering and Informa-
tional Sciences, 29(02):233-251, 2015.

In Chapter 3, we consider measures that can be expressed as an
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infinite sum of geometric terms. We present necessary conditions for
the invariant measure of a random walk to be a sum of geometric terms
under a regularity condition. We demonstrate that each geometric
term must individually satisfy the balance equations in the interior of
the state space. We show that the geometric terms in an invariant
measure must be the union of finitely many pairwise-coupled sets with
infinite cardinality. We further show that the random walk cannot
have transitions to the North, Northeast or East. Finally, we show
that for an infinite sum of geometric terms to be an invariant measure
at least one coefficient must be negative.

Chapter 3 is based on the following paper.

• Y. Chen, R.J. Boucherie, and J. Goseling, “Necessary conditions
for the invariant measure of a random walk to be a sum of geo-
metric terms”, arXiv:1304.3316.

In Chapter 4, we first develop an algorithm to check whether the
invariant measure of a given random walk is a sum of geometric terms.
We also provide the explicit form of the invariant measure if it is a sum
of geometric terms. Secondly, for random walks of which the invariant
measure is not a sum of geometric terms, we provide an approximation
scheme to obtain error bounds for the performance measures. Finally,
some numerical examples are provided.

Chapter 4 is based on the following paper.

• Y. Chen, R.J. Boucherie, and J. Goseling, “Invariant measures
and error bounds for random walks in the quarter-plane based
on sums of geometric terms”, arXiv:1502.07218.

In Chapter 5, we consider two-dimensional random walks on a fi-
nite state space. We develop an approximation scheme based on the
Markov reward approach to approximate performance measures of a
two-dimensional finite random walk in terms of a perturbed random
walk in which only the transitions along the boundaries are differ-
ent from those in the original model. The invariant measure of the
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perturbed random walk is of product-form. We first apply this ap-
proximation scheme to a tandem queue with finite buffers and some
variants of this model. Then, we show that our approximation scheme
is sufficiently general by applying it to a coupled-queue with finite
buffers and processor sharing.

Chapter 5 is based on the following paper.

• Y. Chen, R.J. Boucherie, and J. Goseling, “Performance mea-
sures for the two-node queue with finite buffers”, arXiv:1502.07872.





Chapter 2

Finite sums of geometric
terms

We study random walks in the quarter-plane that are homogeneous in
the sense that transition probabilities are translation invariant. Our
interest is in invariant measures that can be expressed as a linear
combination of geometric terms, i.e., the measure m in state (i, j) is
of the form

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj . (2.1)

Random walks for which the invariant measure is a geometric
product-form are often used to model practical systems. For example,
Jackson networks are used to study real systems, see, e.g., [36, Chapter
6]. The benefit of such models is that their performance can be readily
evaluated with tractable closed-form expressions. The performance of
systems that do not have a product-form invariant measure can often
be approximated by perturbing the transition probabilities to obtain
an product-form invariant measure, see e.g., [7, Chapter 9]. Various
approaches to obtaining comparison results as well as bounds on the
perturbation errors exist in the literature, see, [16, 22,32].

Even though random walks that have a product-form invariant
measure have been successfully used for performance evaluation, this
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class of random walks is rather restrictive [7, Chapters 1, 5, 6]. As
a consequence, in many applications it is often not possible to obtain
exact results. Therefore, it is of interest to find larger classes of random
walks with a tractable invariant measure. Such classes cannot only be
of interest for exact performance analysis, but may also be the bases
for improved approximation schemes.

For some random walks, the invariant measure can be expressed
as a linear combination of countably many geometric terms [3]. This
naturally leads to the problem: What are the properties of invariant
measures of random walks that are a linear combination of geometric
measures? In this chapter, we restrict our attention to measures that
are a linear combination of a finite number of geometric measures. We
present conditions on the structure of these linear combinations such
that the resulting measure can be an invariant measure of a random
walk in the quarter-plane. Our contributions are as follows.

For geometric terms ρiσj contained in the summation in (2.1) such
that both ρ > 0 and σ > 0, we obtain the following results: First, we
demonstrate that each geometric term must individually satisfy the
balance equations in the interior of the state space. Second, it is shown
that the geometric terms in an invariant measure must have a pairwise-
coupled structure stating that for each (ρ, σ) in the summation in (2.1)
there exists a (ρ̃, σ̃) such that ρ̃ = ρ or σ̃ = σ. Finally, it is shown
that if a finite linear combination of geometric terms is an invariant
measure, then at least one coefficient α(ρ, σ) in (2.1) must be negative.

Various approaches to finding the invariant measure of a random
walk in the quarter-plane exist. Most notably, methods from com-
plex analysis have been used to obtain the generating function of the
invariant measure [10, 13]. Matrix-geometric methods provide an al-
gorithmic approach to finding the invariant measure [23]. However,
explicit closed-form expressions for the invariant measures of random
walks are hard to obtain using these methods. An overview of the
recent work on the tail analysis of the invariant measure of random
walks in the quarter-plane is given in [21].

For reflected Brownian motion with constraints on the boundary
transition probabilities, results similar to those provided in this chap-
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ter, are presented in [11], where it is shown that for the invariant mea-
sure to be a linear combination of exponential measures, there must
be an odd number of terms that are generated by a mating procedure,
obtaining a structure that we call pairwise-coupled. The method used
for the analysis of the continuous state space Brownian motion, how-
ever, cannot be used for the discrete state space random walk. Thus,
although our results resemble those of [11], the proof techniques sub-
stantially differ.

The remainder of this chapter is structured as follows. In Sec-
tion 2.1 we present the model. Possible candidates of geometric terms
which can lead to an invariant measure are identified in Section 2.2.
Necessary conditions on the structure of the set of geometric terms
are given in Section 2.3. Section 2.4 gives conditions on the signs of
the coefficients in the linear combination of geometric terms. Several
examples of random walks with finite sum of geometric terms invariant
measure are provided in Section 2.5. In Section 2.6 we summarize our
results and present an outlook on future work.

2.1 Model

Consider a two-dimensional random walkR on the pairs of non-negative
integers, i.e., S = {(i, j), i, j ∈ N0}. We refer to {(i, j)|i > 0, j > 0},
{(i, j)|i > 0, j = 0}, {(i, j)|i = 0, j > 0} and (0, 0) as the inte-
rior, the horizontal axis, the vertical axis and the origin of the state
space, respectively. The transition probability from state (i, j) to
state (i + s, j + t) is denoted by ps,t(i, j). Transitions are restricted
to the adjoined points (horizontally, vertically and diagonally), i.e.,
ps,t(k, l) = 0 if |s| > 1 or |t| > 1. The process is homogeneous in the
sense that for each pair (i, j), (k, l) in the interior (respectively on the
horizontal axis and on the vertical axis) of the state space it must be
that

ps,t(i, j) = ps,t(k, l) and ps,t(i− s, j − t) = ps,t(k − s, l − t), (2.2)

for all −1 ≤ s ≤ 1 and −1 ≤ t ≤ 1. We introduce, for i > 0, j > 0,
the notation ps,t(i, j) = ps,t, ps,0(i, 0) = hs and p0,t(0, j) = vt. Note
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Figure 2.1: Random walk in the quarter-plane.

that the first equality of (2.2) implies that the transition probabilities
for each part of the state space are translation invariant. The second
equality ensures that also the transition probabilities entering the same
part of the state space are translation invariant. The above definitions
imply that p1,0(0, 0) = h1 and p0,1(0, 0) = v1. The model and notation
are illustrated in Figure 2.1.

We assume that all random walks that we consider are irreducible,
aperiodic and positive recurrent. We assume m is the invariant mea-
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sure, i.e., for i > 0 and j > 0,

m(i, j) =
1∑

s=−1

1∑
t=−1

m(i− s, j − t)ps,t, (2.3)

m(i, 0) =

1∑
s=−1

m(i− s, 1)ps,−1 +

1∑
s=−1

m(i− s, 0)hs, (2.4)

m(0, j) =
1∑

t=−1

m(1, j − t)p−1,t +
1∑

t=−1

m(0, j − t)vt. (2.5)

We will refer to the above equations as the balance equations in the
interior, the horizontal axis and the vertical axis, respectively. The
balance equation at the origin is implied by the balance equations for
all other states.

We are interested in measures that are a linear combination of
geometric terms. We first classify the geometric terms.

Definition 2.1 (Geometric measures). The measure m(i, j) = ρiσj

is called a geometric measure. It is called horizontally degenerate if
σ = 0, vertically degenerate if ρ = 0 and non-degenerate if ρ > 0 and
σ > 0. We define 00 ≡ 1.

We represent a geometric measure ρiσj by its coordinate (ρ, σ) in
[0,∞)2. Then, a Γ ⊂ [0,∞)2 characterizes a set of geometric measures.
The set of non-degenerate, horizontally degenerate and vertically de-
generate geometric terms from set Γ are denoted by ΓI ,ΓH and ΓV ,
respectively.

Definition 2.2 (Induced measure). Signed measure m is called in-
duced by Γ if

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj ,

with α(ρ, σ) ∈ R\{0} for all (ρ, σ) ∈ Γ.

The introduction of signed measures will be convenient in some
proofs in Section 2.3. Our interest is ultimately only in positive mea-
sures. If not stated otherwise explicitly, measures are assumed to be
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positive. To identify the geometric measures that satisfy the balance
equations in the interior, on the horizontal axis and on the vertical
axis of the state space, we introduce the polynomials

Q(x, y) = xy

(
1∑

s=−1

1∑
t=−1

x−sy−tps,t − 1

)
, (2.6)

H(x, y) = xy

(
1∑

s=−1

x−shs + y

(
1∑

s=−1

x−sps,−1

)
− 1

)
, (2.7)

V (x, y) = xy

(
1∑

t=−1

y−tvt + x

(
1∑

t=−1

y−tp−1,t

)
− 1

)
, (2.8)

to capture the balance of the states from the interior, horizontal and
vertical axis, respectively. For example, Q(ρ, σ) = 0, H(ρ, σ) = 0 and
V (ρ, σ) = 0 implies that m(i, j) = ρiσj , (i, j) ∈ S satisfies (2.3), (2.4)
and (2.5), respectively. Let algebraic curves Q, H and V denote
the sets of (x, y) ∈ [0,∞)2, satisfying Q(x, y) = 0, H(x, y) = 0 and
V (x, y) = 0. Several examples of the level sets Q(ρ, σ) = 0 are dis-
played in Figure 2.2.

Let C be the restriction of Q(ρ, σ) = 0 to the interior of the non-
negative unit square, i.e.,

C =
{

(ρ, σ) ∈ [0, 1)2 | Q(ρ, σ) = 0
}
. (2.9)

In Section 2.2 we will show that ΓI ⊂ C is necessary for an induced
measure to be the invariant measure of a random walk.

Note that for |Γ| = 1 there are many examples in the literature
in which the measure induced by Γ is the invariant measure, see, for
instance, [36, Chapter 6]. Also, for |Γ| = ∞ constructive examples
exist, see [8]. Examples of Γ with finite cardinality are provided in
Section 2.5.
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2.2 Elements in Γ

In this section, we obtain conditions on the geometric terms in Γ that
are necessary for Γ to induce an invariant measure of a random walk.
We first show that all the non-degenerate geometric terms must come
from set C. Then we characterize all random walks which may have an
invariant measure that includes degenerate geometric terms. Finally,
we demonstrate that the set Γ that induces a measure m is unique.

The next theorem shows that if the measure induced by set Γ is
the invariant measure, then the non-degenerate geometric terms from
set Γ must be a subset of C, i.e., ΓI ⊂ C.

Theorem 2.3. If the invariant measure for a random walk in the
quarter-plane is induced by Γ ⊂ [0,∞)2, where Γ is of finite cardinality,
then ΓI ⊂ C.

We first demonstrate a lemma that will be used in the proof of
Theorem 2.3.

Lemma 2.4. Let

Y =
{
n ∈ N+

∣∣∃(ρ, σ) ∈ ΓI\{(ρ1, σ1)} : ρ1σ
n
1 = ρσn

}
.

Then |Y | ≤ |ΓI | − 1.

Proof. We will first prove that for any two distinct non-degenerate
geometric terms (ρ1, σ1) and (ρ, σ) satisfying ρ1 6= ρ and σ1 6= σ, there
is at most one n ∈ N+ for which ρ1σ

n
1 = ρσn. Assume ρ1σ

n
1 = ρσn

for some n ∈ N+. Because σ1 6= σ, for any m ∈ N+ satisfying m 6= n,

we have σ
(m−n)
1 6= σ(m−n). Therefore, ρ1σ

n
1σ

(m−n)
1 6= ρσnσ(m−n), i.e.,

ρ1σ
m
1 6= ρσm. From this it follows that there is at most one n ∈ N+

for which ρ1σ
n
1 = ρσn.

It can be readily verified that any non-degenerate geometric term
(ρ, σ) 6= (ρ1, σ1) satisfying ρ = ρ1 or σ = σ1 does not satisfy ρ1σ

n
1 =

ρσn for any n ∈ N+. Moreover, we have shown above that for the
non-degenerate geometric term (ρ, σ) 6= (ρ1, σ1) satisfying ρ 6= ρ1 and
σ 6= σ1, there exists at most one positive integer n such that ρ1σ

n
1 =
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ρσn. Therefore, the number of positive integers n for which there
exists a (ρ, σ) ∈ ΓI\{(ρ1, σ1)} such that ρ1σ

n
1 = ρσn, cannot exceed

|ΓI | − 1.

We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. Without loss of generality we only prove that
(ρ1, σ1) ∈ ΓI is in C. By deploying Lemma 2.4, we conclude that there
exists a positive integer w such that for any (ρ, σ) ∈ ΓI\{(ρ1, σ1)}, we
have ρ1σ

w
1 6= ρσw. We now partition {(ρ1, σ1), (ρ2, σ2), · · · , (ρ|ΓI |, σ|ΓI |)}

as follows. If ρmσ
w
m = ρnσ

w
n , then (ρn, σn) and (ρm, σm) will be put

into the same element in the partition. We denote this partition by
Γ1
I ,Γ

2
I , · · · ,ΓzI . It is obvious that (ρ1, σ1) itself forms an element and

z ≤ |ΓI |. Without loss of generality, we denote Γ1
I = {(ρ1, σ1)}. More-

over, we arbitrarily choose one geometric term from this element as
the representative, which is denoted by (ρ(ΓkI ), σ(ΓkI )).

Since the measures induced by ΓH and ΓV are 0 in the interior of
the state space, the balance equation for state (i, j) satisfying i > 1
and j > 1 is

∑
(ρ,σ)∈ΓI

ρiσj

[
α(ρ, σ)

(
1−

1∑
s=−1

1∑
t=−1

ρ−sσ−tps,t

)]
= 0.

We now consider the balance equation for states (d, dw) where d =
2, · · · , z + 1,

z∑
k=1

[ρ(ΓkI )σ(ΓkI )
w]d

 ∑
(ρ,σ)∈Γk

I

α(ρ, σ)

(
1−

1∑
s=−1

1∑
t=−1

ρ−sσ−tps,t

) = 0.

We obtain a system of linear equations in variables
∑

(ρ,σ)∈Γk
I
α(ρ, σ)(1−∑1

s=−1

∑1
t=−1 ρ

−sσ−tps,t). The system has a Vandermonde structure

in coefficients [ρ(ΓkI )σ(ΓkI )
w]d. Since any two elements from set

{ρ(Γ1
I)σ(Γ1

I)
w, ρ(Γ2

I)σ(Γ2
I)
w, · · · , ρ(ΓzI)σ(ΓzI)

w}
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are distinct, we obtain

1−
1∑

s=−1

1∑
t=−1

ρ−s1 σ−t1 ps,t = 0,

since Γ1
I = {(ρ1, σ1)}. Therefore, we conclude that (ρ1, σ1) is in C.

Next, we show that the measure induced by set Γ involving degen-
erate geometric terms cannot be the invariant measure for any random
walk.

Theorem 2.5. If ΓH 6= ∅ or ΓV 6= ∅, then the measure induced by set
Γ cannot be the invariant measure for any random walk.

Before giving the proof of Theorem 2.5, we provide three technical
lemmas. We first give conditions for the sets ΓH and ΓV to be non-
empty.

Lemma 2.6. If the invariant measure for a random walk in the quarter-
plane is

m(i, j) =
∑

(ρ,σ)∈ΓI

α(ρ, σ)ρiσj+
∑

(ρ,0)∈ΓH

α(ρ, 0)ρi0j+
∑

(σ,0)∈ΓV

α(0, σ)0iσj ,

(2.10)
then ΓH 6= ∅ only when p−1,1 = p0,1 = p1,1 = 0 and ΓV 6= ∅ only when
p1,−1 = p1,0 = p1,1 = 0.

Proof. Since m(i, j) is the invariant measure, m(i, j) satisfies the bal-
ance equation at state (i, 1) for i > 1. Therefore,

∑
(ρ,σ)∈ΓI

α(ρ, σ)ρiσ =
1∑

s=−1

1∑
t=−1

∑
(ρ,σ)∈ΓI

α(ρ, σ)ρi−sσ1−tps,t

+
1∑

s=−1

∑
(ρ,0)∈ΓH

α(ρ, 0)ρi−sps,1. (2.11)
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Since ΓI ⊂ C due to Theorem 2.3, equation (2.11) becomes

1∑
s=−1

∑
(ρ,0)∈ΓH

α(ρ, 0)ρi−sps,1 = 0. (2.12)

The system of equations for i = 2, 3, · · · , |ΓH |+ 1 in equation (2.12) is
a Vandermonde system of linear equations if we consider the coefficient
ρi and unknown

∑1
s=−1 ρ

−sps,1. Since the elements of ΓH are distinct,
we have

1∑
s=−1

ρ−sps,1 = 0, (2.13)

for all (ρ, 0) ∈ ΓH . It can be readily verified that only when
∑1

s=−1 ps,1 =
0, it is possible to find ρ ∈ (0, 1) such that equation (2.13) is satisfied.
Therefore, we conclude that ΓH is non-empty only when

∑1
s=−1 ps,1 =

0. Similarly, we conclude that the set ΓV is non-empty only when∑1
t=−1 p1,t = 0.

Lemma 2.7. Consider the random walk P in the quarter-plane. If
m induced by set Γ is the invariant measure, then ΓH or ΓV must be
empty.

Proof. We know that ΓH is non-empty only when p−1,1 = p0,1 =
p1,1 = 0 and set ΓV is non-empty only when p1,−1 = p1,0 = p1,1 = 0
due to Lemma 2.6. Assuming that both ΓH and ΓV are non-empty,
we have p−1,1 = p0,1 = p1,1 = p1,0 = p1,−1 = 0, which leads to a
reducible random walk. Therefore, we conclude that ΓH or ΓV must
be empty.

The next lemma provides necessary conditions for the invariant
measure that is induced by Γ which includes degenerate geometric
terms.

Lemma 2.8. Suppose that the invariant measure for a random walk
in the quarter-plane is

m(i, j) =
∑

(ρ,σ)∈ΓI

α(ρ, σ)ρiσj +
∑

(ρ,0)∈ΓH

α(ρ, 0)ρi0j , (2.14)
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where set Γ = ΓI ∪ΓH is of finite cardinality. Then m(i, j) = αρiσj +
α̃ρi0j, i.e., ΓI = {(ρ, σ)} and ΓH = {(ρ, 0)}. Moreover, such a repre-
sentation is unique. The result for the invariant measure induced by
set Γ = ΓI ∪ ΓV holds similarly.

Proof. When ΓI = ∅, the random walk reduces to one dimensional.
Hence, we assume ΓI 6= ∅ here. Since m(i, j) is the invariant measure,
m(i, j) satisfies the balance equation for state (i, 0) where i > 1,

m(i, 0) =
1∑

s=−1

m(i− s, 0)hs +
1∑

s=−1

m(i− s, 1)ps,−1. (2.15)

We will first prove that the invariant measure can only be of the form

m(i, j) =
K∑
k=1

(αkρ
i
kσ

j
k + α̃kρ

i
k0
j). (2.16)

Substitution of m(i, j) satisfying (2.14) in the balance equation (2.15)
gives ∑

(ρ,σ)∈ΓI

α(ρ, σ)ρi

(
1−

1∑
s=−1

ρ−shs −
1∑

s=−1

ρ−sσps,−1

)

+
∑

(ρ,0)∈ΓH

α(ρ, 0)ρi

(
1−

1∑
s=−1

ρ−shs

)
= 0. (2.17)

Assume there exists a geometric term (ρ̃, 0) ∈ ΓH of which the hori-
zontal coordinate is different from that of any geometric terms from
set ΓI . We now partition set ΓI ∪ ΓH as Γ1,Γ2, · · · ,Γz such that
all the geometric terms with the same horizontal coordinates will be
put into one element. The common horizontal coordinate is denoted
by ρ(Γk). Clearly, the geometric term (ρ̃, 0) itself forms an element.
Moreover, notice that the non-degenerate geometric term (ρ, σ) must
satisfy σ = f(ρ), where the function f is defined as

f(x) =
1−

(∑1
s=−1 x

−sps,0
)

∑1
s=−1 x

−sps,−1

. (2.18)
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Therefore, there is at most one non-degenerate and horizontal degen-
erate geometric term in set Γk. We now rewrite equation (2.17) as

z∑
k=1

ρ(Γk)
i
∑

(ρ,σ)∈Γk

[
α(ρ, σ)(1−

1∑
s=−1

ρ−shs −
1∑

s=−1

ρ−sσps,−1))

×I[(ρ, σ) ∈ Γk] + α(ρ, 0)

(
1−

1∑
s=−1

ρ−shs

)
I[(ρ, 0) ∈ Γk]

]
= 0.

(2.19)

We obtain a system of equations by letting i = 2, 3, · · · , |ΓI ∪ ΓH | +
1. This system has a Vandermonde structure by considering the co-
efficient ρ(Γk) and the linear relation within the brackets in equa-
tion (2.19) as unknowns. Since the elements from ρ(Γ1), ρ(Γ2), · · · , ρ(Γz)
are distinct and the geometric term (ρ̃, 0) itself forms an element, we
obtain

1−
1∑

s=−1

ρ̃−shs = 0. (2.20)

Because of equation (2.20), the balance equation (2.17) reduces to

∑
(ρ,σ)∈ΓI

α(ρ, σ)ρi

(
1−

1∑
s=−1

ρ−shs −
1∑

s=−1

ρ−sσps,−1

)

+
∑

(ρ,0)∈ΓH\(ρ̃,0)

α(ρ, 0)ρi

(
1−

1∑
s=−1

ρ−shs

)
= 0. (2.21)

Notice that equation (2.21) is the balance equation for the measure
induced by set ΓI ∪ ΓH\(ρ̃, 0). We denote this new measure by m̃.
It can be readily verified that measure m̃ is an invariant measure as
well. With the same measure in the interior, m has greater measure
than m̃ at the horizontal axis, which leads to a contradiction of the
uniqueness of the invariant measure for an irreducible ergodic random
walk. Similarly, we will draw a contradiction if there exists a geometric
term (ρ̃, σ̃) ∈ ΓI of which the horizontal coordinate is different from
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that of any geometric terms from set ΓH . Therefore, we have proven
that the invariant measure can only be of the form (2.16). This means
that the horizontally degenerate geometric terms and non-degenerate
geometric terms can only exist in pairs.

Next, we will show that K = 1 in equation (2.16). Assume K > 1.
Without loss of generality, we consider a measure m(i, j) with K =
2. Since ΓH 6= ∅ here, we have

∑1
s=−1 ps,1 = 0 due to Lemma 2.6.

Moreover, the non-degenerate geometric term (ρ, σ) must satisfy σ =
f(ρ) defined in (2.18). We observe several properties of f(x). First,
f(x) is a continuous function of x and f(1) = 1. Secondly, f(x) = c has
at most two solutions for any constant c. Thirdly, f(0) ≤ 0. Hence, we
conclude that f(x) = c has at most one solution on interval x ∈ (0, 1)
when c ∈ (0, 1). This implies that ρ1 6= ρ2 and σ1 6= σ2 in measure
m(i, j). Moreover, the vertical balance equation for m(i, j) at state
(0, j) where j > 1 is,

2∑
k=1

αkσ
j
k

(
1−

1∑
t=−1

ρ−tk vt −
1∑

t=−1

ρ−tk σkp−1,t

)
= 0. (2.22)

We obtain a system of equations when j = 2, 3. Considering
σjk as coefficient and αk(1 −

∑1
t=−1 ρ

−t
k vt −

∑1
t=−1 ρ

−t
k σkp−1,t) as un-

known, we have a Vandermonde system and therefore obtain that
1 −∑1

t=−1 ρ
−t
k vt −

∑1
t=−1 ρ

−t
k σp−1,t = 0 for k = 1, 2. It can be read-

ily verified that both α1ρ
i
1σ

j
1 + α̃1ρ

i
10j and α2ρ

i
2σ

j
2 + α̃2ρ

i
20j are the

invariant measures. Because the invariant measure is unique up to a
constant, we have

α1ρ
i
1σ

j
1 = cα2ρ

i
2σ

j
2,

for i > 1 and j > 1. We obtain a system of equations when i = 2
and j = 2, 3. Considering σj1, σj2 as coefficients and ρ2

1α1, cρ2
2α2 as

unknowns, we have a Vandermonde system and therefore obtain that
αk = 0 for k = 1, 2, which contradicts the assumption of non-zero
coefficients. This also implies that the geometric terms contributed to
the invariant measure are unique.

We are now able to prove Theorem 2.5.
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Proof of Theorem 2.5. From Lemma 2.7 we know that we cannot have
both ΓH 6= ∅ and ΓV 6= ∅. Without loss of generality, let us assume
ΓH 6= ∅. We know from Lemma 2.6 that p−1,1 = p0,1 = p1,1 = 0 must
be satisfied for the random walk. Therefore, we must have v1 > 0,
otherwise the random walk is not irreducible, which violates our as-
sumptions. Moreover, we know from Lemma 2.8 that if the invariant
measure m(i, j) is a sum of geometric terms, it must be of the form
m(i, j) = αρiσj + α̃ρi0j . Assume m(i, j) is the invariant measure, be-
cause p−1,1 = p0,1 = p1,1 = 0, α̃ρi0j where i ≥ 0 and j ≥ 0 has no con-
tribution to the interior states. Hence, the measure mI(i, j) = αρiσj

must satisfy the vertical balance (2.5). We now consider the vertical
balance equation at state (0, 1). Since mI(i, j) satisfies the vertical
balance equation itself, we must have mH(i, j) = α̃ρi0j satisfying the
vertical balance equation as well. It can be readily verified that v1

must be zero if mH(i, j) satisfies the vertical balance equation at state
(0, 1) for the random walk with p−1,1 = p0,1 = p1,1 = 0, hence, we
conclude that if ΓH 6= ∅, then the measure induced by set Γ cannot be
the invariant measure for any random walk.

From now on, we restrict ourselves to the non-degenerate geometric
terms, i.e., (ρ, σ) ∈ (0, 1)2.

The next theorem demonstrates that the representation in Γ is
unique, in the sense that adding, deleting or replacing the geomet-
ric terms which are non-degenerate in set Γ cannot lead to the same
measure m.

Theorem 2.9 (Unique representation). Let m be induced by Γ which
contains only non-degenerate geometric terms. The representation is
unique in the sense that if m is also induced by Γ̃, then Γ̃ = Γ.

Proof. Since both Γ or Γ̃ will lead to m, the following equation must
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hold for all i > 0 and j > 0,∑
(ρ,σ)∈Γ∩Γ̃

(α(ρ, σ)− α̃(ρ, σ))ρiσj +
∑

(ρ,σ)∈Γ\Γ̃
α(ρ, σ)ρiσj

−
∑

(ρ,σ)∈Γ̃\Γ
α̃(ρ, σ)ρiσj = 0. (2.23)

We now prove α(ρ, σ) = 0 for (ρ, σ) ∈ Γ\Γ̃, α̃(ρ, σ) = 0 for (ρ, σ) ∈ Γ̃\Γ
and α̃(ρ, σ) = α(ρ, σ) for (ρ, σ) ∈ Γ ∩ Γ̃. Without loss of generality,
we show α(ρ1, σ1) − α̃(ρ1, σ1) = 0 for (ρ1, σ1) ∈ Γ ∩ Γ̃. Similar to
the proof of Theorem 2.3, we find a positive integer w and consider a
system of equations. This system has a Vandermonde structure with
coefficient (ρkσ

w
k )j and unknown

∑
(ρ,σ)∈Γk

(α(ρ, σ) − α̃(ρ, σ)). When

(i, j) = (1, w), (2, 2w), · · · , (|Γ∪ Γ̃|, |Γ∪ Γ̃|w), we have a Vandermonde
system and obtain that α̃(ρ1, σ1) = α(ρ1, σ1).

2.3 Structure of Γ

In this section we consider the structure of Γ. The proofs in this
and the subsequent sections are based on the notion of an uncoupled
partition, which is introduced first.

Definition 2.10 (Uncoupled partition). A partition {Γ1,Γ2, · · · } of
Γ is horizontally uncoupled if (ρ, σ) ∈ Γp and (ρ̃, σ̃) ∈ Γq for p 6= q,
implies that ρ̃ 6= ρ, vertically uncoupled if (ρ, σ) ∈ Γp and (ρ̃, σ̃) ∈ Γq
for p 6= q, implies that σ̃ 6= σ, and uncoupled if it is both horizontally
and vertically uncoupled.

Horizontally uncoupled sets are obtained by putting pairs (ρ, σ)
with the same ρ into the same element of the partition. Vertically
coupled sets are obtained by putting pairs (ρ, σ) with the same σ into
the same element.

We call a partition with the largest number of sets a maximal
partition.
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Figure 2.3: Partitions of set Γ. (a) curve Q of Figure 2.2(d) and Γ ⊂ Q
as dots. (b) horizontally uncoupled partition with 6 sets. (c) vertically
uncoupled partition with 6 sets. (d) uncoupled partition with 4 sets.
Different sets are marked by different symbols.
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Lemma 2.11. The maximal horizontally uncoupled partition, the max-
imal vertically uncoupled partition and the maximal uncoupled parti-
tion are unique.

Proof. Without loss of generality, we only prove that the maximal
horizontally uncoupled partition is unique. Assume that {Γp}Hp=1 and

{Γ′p}H
′

p=1 are different maximal horizontally uncoupled partitions of Γ.
Without loss of generality, Γ1 ∩ Γ′1 6= ∅ and Γ1\Γ′1 6= ∅. Consider
(ρ, σ) ∈ Γ1\Γ′1 and (ρ̃, σ̃) ∈ Γ1 ∩ Γ′1. If ρ = ρ̃, then {Γ′p}H

′
p=1 is not a

horizontally uncoupled partition. If ρ 6= ρ̃, then {Γp}Hp=1 is not max-
imal. Existence of unique maximal (vertically) uncoupled partitions
follows similarly.

Examples of a maximal horizontally uncoupled partition, of a max-
imal vertically uncoupled partition and of a maximal uncoupled parti-
tion are given in Figure 2.3. Let H denote the number of elements in
the maximal horizontally uncoupled partition and Γhp , p = 1, . . . ,H,

the sets themselves. The common horizontal coordinate of set Γhp is

denoted by ρ(Γhp). The maximal vertically uncoupled partition has V
sets, Γvq , q = 1, · · · , V , where elements of Γvq have common vertical
coordinate σ(Γvq). The maximal uncoupled partition is denoted by

{Γuk}Uk=1.

We start with an observation on the structure of Γ ⊂ C for which
the maximal uncoupled partition consists of one set. The degree of
Q(ρ, σ) is at most two in each variable. Therefore, for each (ρ, σ) ∈ Γ,
there is at most one other geometric term in Γ which is horizontally
or vertically coupled with (ρ, σ). This means, for instance, that if
(ρ, σ) ∈ Γ and (ρ, σ̃) ∈ Γ, σ̃ 6= σ, then there does not exist (ρ, σ̂) ∈ Γ,
where σ̂ 6= σ and σ̂ 6= σ̃. It follows that the elements of Γ must be
pairwise-coupled.

Definition 2.12 (Pairwise-coupled set). A set Γ ⊂ C is pairwise-
coupled if and only if the maximal uncoupled partition of Γ contains
only one set.
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An example of pairwise-coupled set is

Γ = {(ρk, σk), k = 1, 2, 3 · · · },

where

ρ1 = ρ2, σ1 > σ2, ρ2 > ρ3, σ2 = σ3, ρ3 = ρ4, σ3 > σ4, · · · .

The next theorem states the main result of this section. We show that
if there are multiple sets in the maximal uncoupled partition of Γ, then
the measure induced by this Γ cannot be the invariant measure.

Theorem 2.13. Consider the random walk R and its invariant mea-
sure m. If m is induced by Γ ⊂ C, where Γ contains only non-
degenerate geometric terms, then Γ is pairwise-coupled.

The proof of the theorem is deferred to the end of this section.
We first introduce some additional notation. For any set Γhp from the
maximal horizontally uncoupled partition of Γ, let

Bh(Γhp) =
∑

(ρ,σ)∈Γh
p

α(ρ, σ)

[
1∑

s=−1

(
ρ−shs + ρ−sσps,−1

)
− 1

]
. (2.24)

For any set Γvq from the maximal vertically uncoupled partition of Γ,
let

Bv(Γvq) =
∑

(ρ,σ)∈Γv
q

α(ρ, σ)

[
1∑

t=−1

(
σ−tvt + ρσ−tp−1,t

)
− 1

]
. (2.25)

Note that
∑H

p=1(ρ(Γhp))iBh(Γhp) = 0 and
∑V

q=1(σ(Γvq))
jBv(Γvq) = 0 are

the balance equations for the measure induced by Γ at the horizontal
and vertical boundary respectively.

The following lemma is a key element for the proof of Theorem 2.13.
It gives the necessary and sufficient conditions for a measure induced
by Γ to be the invariant measure of a random walk in the quarter-
plane.
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Lemma 2.14. Consider the random walk R and a measure m induced
by Γ ⊂ C, where Γ contains only non-degenerate geometric terms.
Then m is the invariant measure of R if and only if for all 1 ≤ p ≤ H,
1 ≤ q ≤ V , Bh(Γhp) = 0 and Bv(Γvq) = 0.

Proof. Since m is the invariant measure of R, m satisfies the balance
equations at state (i, 0). Therefore,

0 =

1∑
s=−1

[
m(i− s, 0)hs +m(i− s, 1)ps,−1

]
−m(i, 0)

=
∑

(ρ,σ)∈Γ

α(ρ, σ)

[
1∑

s=−1

(
ρi−shs + ρi−sσps,−1

)
− ρi

]

=
H∑
p=1

ρ(Γhp)i
∑

(ρ,σ)∈Γh
p

α(ρ, σ)

[
1∑

s=−1

(
ρ−shs + ρ−sσps,−1

)
− 1

]

=
H∑
p=1

ρ(Γhp)iBh(Γhp). (2.26)

From (2.26) it follows that Bh(Γhp), 1 ≤ p ≤ H, satisfy a Vandermonde
system of equations. Moreover, from the properties of a maximal
horizontally uncoupled partition, the coefficients ρ(Γhp) are all distinct.

It follows that Bh(Γhp) = 0, 1 ≤ p ≤ H. Using the same reasoning,
it follows that Bv(Γvq) = 0, 1 ≤ q ≤ V , finishing one direction of the
proof.

The reversed statement can be verified as follow. If Bh(Γhp) = 0,

then
∑H

p=1(ρ(Γhp))iBh(Γhp) = 0, where i = 1, 2, 3 · · · . Therefore, the
balance equation for (i, 0), i > 0, is satisfied. Using the same reasoning,
balance at the vertical states is satisfied. Balance in the interior is
satisfied by the assumption that m is induced by Γ ⊂ C. Finally,
balance in the origin is implied by balance in other parts of the state
space.

We are now ready to present the proof of Theorem 2.13.
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Proof of Theorem 2.13. The sets of the maximal uncoupled partition
can be obtained by taking the union of elements from {Γhp}Hp=1 or

{Γvq}Vq=1. For any Γuk where k = 1, . . . , U , we can find Ik ⊂ {1, . . . ,H}
and Jk ⊂ {1, . . . , V } such that Γuk =

⋃
p∈Ik Γhp =

⋃
q∈Jk Γvq . Using the

maximal uncoupled partition, we can introduce the signed measures
mk, defined as

mk(i, j) =
∑

(ρ,σ)∈Γu
k

α(ρ, σ)ρiσj . (2.27)

This allows us to write m(i, j) =
∑U

k=1mk(i, j). Observe, that mk(i, j)
can be negative.

We will show that if measure m is an invariant measure of the
random walk in the quarter-plane, then the measures mk, k = 1, . . . , U,
will satisfy all balance equations. Let measure mk be induced by
Γk. By the definition of C, this implies that all mk, k = 1, . . . , U ,
satisfy the balance equations for the states in the interior. Consider
the balance equation for mk at state (i, 0). We obtain

1∑
s=−1

[mk(i− s, 0)hs +mk(i− s, 1)ps,−1]−mk(i, 0)

=
1∑

s=−1

 ∑
(ρ,σ)∈Γu

k

α(ρ, σ)ρi−shs +
∑

(ρ,σ)∈Γu
k

α(ρ, σ)ρi−sσps,−1

−∑
(ρ,σ)∈Γu

k

α(ρ, σ)ρi

=
∑

(ρ,σ)∈Γu
k

α(ρ, σ)

[
1∑

s=−1

(
ρi−shs + ρi−sσps,−1

)
− ρi

]

=
∑
p∈Ik

ρ(Γhp)i
∑

(ρ,σ)∈Γh
p

α(ρ, σ)

[
1∑

s=−1

(
ρ−shs + ρ−sσps,−1

)
− 1

]

=
∑
p∈Ik

ρ(Γhp)iBh(Γhp)

= 0.

The last equality follows from the assumption that m is an invariant
measure and Lemma 2.14.
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In similar fashion it follows that the vertical balance equations
of mk are satisfied as well. As a consequence, we have shown that
m1, · · · ,mU are signed invariant measures of P . Therefore, if U > 1 we
have a contradiction to Theorem 2.9 which states the uniqueness of the
representation of the sum of geometric terms invariant measure.

2.4 Signs of the coefficients

In this section, we present conditions on the coefficients α(ρ, σ) in the
measure induced by Γ. In particular, we show that at least one of the
coefficients in the linear combination must be negative.

Theorem 2.15. Consider the random walk R and its invariant mea-
sure m, where m(i, j) =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj, Γ ⊂ C, α(ρ, σ) ∈

R\{0}. If m is induced by a pairwise-couple set containing only non-
degenerate geometric terms, then at least one α(ρ, σ) is negative.

The proof is based on the following three lemma’s. Define

bh(Γhp) =
Bh(Γhp)∑

(ρ,σ)∈Γh
p
α(ρ, σ)

+

(
1− 1

ρ(Γhp)

)
h1 +

(
1− ρ(Γhp)

)
h−1

(2.28)
and

bv(Γvq) =
Bv(Γvq)∑

(ρ,σ)∈Γv
q
α(ρ, σ)

+

(
1− 1

σ(Γvq)

)
v1 +

(
1− σ(Γvq)

)
v−1.

(2.29)

Lemma 2.16. If 0 < σ < σ̃, 0 < ρ < ρ̃ and α(ρ, σ) > 0 then

bh({(ρ, σ), (ρ, σ̃)}) > bh({(ρ, σ)}), bh({(ρ, σ), (ρ, σ̃)}) < bh({(ρ, σ̃)}),
bv({(ρ, σ), (ρ̃, σ)}) > bv({(ρ, σ)}), bv({(ρ, σ), (ρ̃, σ)}) < bv({(ρ̃, σ)}).

Proof. From the definition in (2.28) it follows that

bh({(ρ, σ), (ρ, σ̃)}) =
α(ρ, σ)σ + α(ρ, σ̃)σ̃

α(ρ, σ) + α(ρ, σ̃)
(ρp−1,−1 + p0,−1 +

1

ρ
p1,−1)−

p1,1 − p0,1 − p−1,1,
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bh({(ρ, σ)}) = σ(ρp−1,−1 + p0,−1 +
1

ρ
p1,−1)− p1,1 − p0,1 − p−1,1,

and

bh({(ρ, σ̃)}) = σ̃(ρp−1,−1 + p0,−1 +
1

ρ
p1,−1)− p1,1 − p0,1 − p−1,1.

From the above the first row of inequalities in Lemma 2.16 follow
directly. The remaining inequalities follow directly from (2.29).

The following lemma is readily verified and stated without proof.

Lemma 2.17. If t1(1−ρ)+t2(1− ρ̃) ≥ 0, t1(1−1/ρ)+t2(1−1/ρ̃) ≥ 0
and 0 < ρ < ρ̃ < 1, then t1 ≤ 0 and t2 ≥ 0.

Our final lemma indicates that the linear combination of two non-
degenerate geometric terms cannot be the invariant measure of a ran-
dom walk.

Lemma 2.18. Consider the random walk P and its invariant measure
m, where m(i, j) =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj, Γ ⊂ C, α(ρ, σ) ∈ R\{0}. If

m is induced by a pairwise-couple set with only non-degenerate geo-
metric terms, then |Γ| 6= 2.

Proof. Without loss of generality, let

m(i, j) = α(ρ, σ)ρiσj + α(ρ, σ̃)ρiσ̃j , (2.30)

where (ρ, σ) ∈ C and (ρ, σ̃) ∈ C. It follows from the definition of C
that σ and σ̃ are the roots of the following quadratic equation in x,

1∑
t=−1

1∑
s=−1

ρ−sps,tx1−t − x = 0. (2.31)

Note that the maximal vertically uncoupled partition of the set
{(ρ, σ), (ρ, σ̃)} consists of the two singleton components {(ρ, σ)} and
{(ρ, σ̃)}. It follows from Lemma 2.14 that

Bv({(ρ, σ)}) = Bv({(ρ, σ̃)}) = 0.
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Therefore, σ and σ̃ are the roots of the following quadratic equation
as well

1∑
s=−1

(ρp−1,s + vs)x
1−s − x = 0. (2.32)

Comparing the coefficients of (2.31) and (2.32), it follows that
either a) one of the roots will be 1, contradicting the definition of set
C which is restricted within the unit square, or b) one geometric term
from the pairwise-coupled set must be degenerate. Hence, m cannot
be the invariant measure of P .

We are now ready to provide the proof of Theorem 2.15.

Proof of Theorem 2.15. Let (ρ1, σ1) ∈ Γ and (ρ2, σ2) ∈ Γ satisfy the
following conditions:

• ρ1 ≥ ρ2.

• σ1 ≥ σ2.

• Let (ρ1, σ1) ∈ Γv1, then ρ1 ≥ ρ for all (ρ, σ) ∈ Γv1.

• Let (ρ1, σ1) ∈ Γh1 , then σ1 ≥ σ for all (ρ, σ) ∈ Γh1 .

• Let (ρ2, σ2) ∈ Γv2, then ρ2 ≤ ρ for all (ρ, σ) ∈ Γv2.

• Let (ρ2, σ2) ∈ Γh2 , then σ2 ≤ σ for all (ρ, σ) ∈ Γh2 .

It can be readily verified that such (ρ1, σ1), (ρ2, σ2) always exist.
Without loss of generality, we only discuss the following two cases.

In the first case, we have ρ1 > ρ2 and σ1 > σ2. In the second case, we
have ρ1 = ρ2 and σ1 > σ2. The proofs for the other cases follow from
symmetry considerations.

For the first case we consider the relations

(1− 1/ρ1)h1 + (1− ρ1)h−1 = bh(Γh1),

(1− 1/ρ2)h1 + (1− ρ2)h−1 = bh(Γh2),

(1− 1/σ1) v1 + (1− σ1)v−1 = bv(Γv1),

(1− 1/σ2) v1 + (1− σ2)v−1 = bv(Γv2),

(2.33)
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which by Lemma 2.14 are required to hold if m is the invariant measure
of the random walk R. We will construct s1, s2, t1 and t2 that satisfy

(1− 1/ρ1) s1 + (1− 1/ρ2) s2 ≥ 0,

(1− ρ1) s1 + (1− ρ2) s2 ≥ 0,

(1− 1/σ1) t1 + (1− 1/σ2) t2 ≥ 0,

(1− σ1) t1 + (1− σ2) t2 ≥ 0

(2.34)

and
bh(Γh1)s1 + bh(Γh2)s2 + bv(Γv1)t1 + bv(Γv2)t2 < 0. (2.35)

By Farkas’ Lemma this leads to a contradiction to (2.33) because the
transition probabilities h1, h−1, v1, v−1 are non-negative. The s1, s2,
t1 and t2 are constructed by considering the auxiliary measure m̄ =
α(ρ1, σ1)ρi1σ

j
1 + α(ρ2, σ2)ρi2σ

j
2 and the two-dimensional random walk

R̄, that has the same transition probabilities as R in the interior of
the state space and transition probabilities h̄1, h̄−1, v̄1 and v̄−1 along
the boundaries. We now consider the relations

(1− 1/ρ1) h̄1 + (1− ρ1)h̄−1 = bh({(ρ1, σ1)}),
(1− 1/ρ2) h̄1 + (1− ρ2)h̄−1 = bh({(ρ2, σ2)}),
(1− 1/σ1) v̄1 + (1− σ1)v̄−1 = bv({(ρ1, σ1)}),
(1− 1/σ2) v̄1 + (1− σ2)v̄−1 = bv({(ρ2, σ2)}).

(2.36)

For any non-negative boundary transition probabilities h̄1, h̄−1, v̄1 and
v̄−1, (2.36) is not satisfied due to Theorem 2.13. Therefore, by Farkas’
Lemma, there exist s1, s2, t1 and t2 that satisfy (2.34) and

bh({(ρ1, σ1)})s1 + bh({(ρ2, σ2)})s2

+ bv({(ρ1, σ1)})t1 + bv({(ρ2, σ2)})t2 < 0.

Note, that from Lemma 2.16 it follows that bh({Γh1}) ≤ bh({(ρ1, σ1)}),
bh({Γh2}) ≥ bh({(ρ2, σ2)}), bv({Γv1}) ≤ bv({(ρ1, σ1)}) and bv({Γv2}) ≥
bv({(ρ2, σ2)}). Also, from Lemma 2.17 it follows that s1 ≥ 0, s2 ≤ 0,
t1 ≥ 0, t2 ≤ 0. Therefore, s1, s2, t1 and t2 satisfy (2.35). This
concludes the proof of the first case.
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For the second case we consider the relations

(1− 1/σ1) v1 + (1− σ1)v−1 = bv(Γv1),

(1− 1/σ2) v1 + (1− σ2)v−1 = bv(Γv2),
(2.37)

that are necessary for m to be the invariant measure and obtain a
contradiction by constructing t1 and t2 that satisfy

(1− 1/σ1) t1 + (1− 1/σ2) t2 ≥ 0, (2.38)

(1− σ1) t1 + (1− σ2) t2 ≥ 0, (2.39)

bv(Γv1)t1 + bv(Γv2)t2 < 0. (2.40)

The auxiliary measure that is used is

m̃(i, j) = α(ρ1, σ1)ρi1σ
j
1 + α(ρ2, σ2)ρi2σ

j
2.

Observe that ρ1 = ρ2 and that the corresponding relations are

(1− 1/ρ1)h1 + (1− ρ1)h−1 = bh({(ρ1, σ1), (ρ2, σ2)}),
(1− 1/σ1) v1 + (1− σ1)v−1 = bv({(ρ1, σ1)}),
(1− 1/σ2) v1 + (1− σ2)v−1 = bv({(ρ2, σ2)}).

From Farkas’ Lemma and Lemma 2.18 it follows that there exist s1,
t1 and t2 that satisfy (2.38), (2.39) and

bh({(ρ1, σ1), (ρ2, σ2)})s1 + bv({(ρ1, σ1)})t1 + bv({(ρ2, σ2)})t2 ≤ 0,
(2.41)

where s1 = 0, since it satisfies (1 − 1/ρ1)s1 ≥ 0 and (1 − ρ1)s1 ≥ 0.
Moreover, we have bv(Γv1) ≤ bv({(ρ1, σ1)}) and bv(Γv2) ≥ bv({(ρ2, σ2)})
by Lemma 2.16. In addition, by Lemma 2.17 we have, t1 ≥ 0, t2 ≤ 0.
It follows that t1 and t2 satisfy (2.40). This concludes the proof of the
second case.

2.5 Examples

In this section, we first provide examples of random walks of which
the invariant measures are finite mixtures of geometric terms. Then
we discuss how such random walks can be constructed.
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The values of the parameters in the examples are mostly obtained
as numerical solutions of polynomial equations and are therefore, ap-
proximations of the exact results. In addition, we show the transition
diagrams of the random walks. In the transition diagrams we have
omitted transitions from a state to itself. The examples will be illus-
trated with a representation of Γ on Q. In addition to Q, we plot in
these figures the curves H and V that are the equivalents of Q for the
horizontal and vertical balance equations, respectively.

In the first example, we provide a random walk for which the invari-
ant measure is a mixture of three geometric terms. This example also
indicates that under favorable conditions, the compensation approach
could stop in finitely many steps.

Example 4 (Figure 2.4). Consider the random walk with p−1,1 = 2/5,
p0,−1 = 2/5, p1,−1 = 1/5, h1 = 1/5, h0 = 2/5, v−1 = 18/25, v0 = 2/25
and all other transition probabilities zero. The measure m(i, j) =∑3

k=1 αkρ
i
kσ

j
k, where (ρ1, σ1) = (1/2, 1/4), (ρ2, σ2) = (1/16, 1/4) and

(ρ3, σ3) = (1/16, 1/36), α1 = 1, α2 = −20/7 and α3 = 862/231 sat-
isfies all balance equations, hence m(i, j) is the invariant measure of
the random walk.

The next example illustrates a random walk with sum of three
geometric terms invariant measure without satisfying the constraint
p1,0 +p1,1 +p0,1 = 0, which is required by the compensation approach,
see [3]. This means that for random walks where the compensation
approach cannot be applied, the mixture of finite geometric terms
invariant measure may still exist.

Example 5 (Figure 2.5). Consider the random walk with p1,0 =
0.05, p−1,1 = 0.15, p0,−1 = 0.15, p0,0 = 0.65 h1 = 0.15, h0 =
0.55, v1 = 0.0929, v−1 = 0.15, v0 = 0.7071 and all other transi-
tion probabilities zero. The measure m(i, j) =

∑3
k=1 αkρ

i
kσ

j
k, where

(ρ1, σ1) = (0.4618, 0.3728), (ρ2, σ2) = (0.2691, 0.3728), (ρ3, σ3) =
(0.2691, 0.7218), α1 = 0.1722, α2 = −0.2830 and α3 = 0.2251 sat-
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Figure 2.4: Example 4. (a) Transition diagram of Example 4. (b) Al-
gebraic curves Q, H and V . The geometric terms contributed to the
invariant measure are denoted by the squares.
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Figure 2.5: Example 5. (a) Transition diagram of Example 5. (b) Al-
gebraic curves Q, H and V . The geometric terms contributed to the
invariant measure are denoted by the squares.
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isfies all balance equations, hence m(i, j) is the invariant measure of
the random walk.

The next example uses five geometric terms in the invariant mea-
sure.

Example 6 (Figure 2.6). Consider the random walk with p1,0 = 0.05,
p0,1 = 0.05, p−1,1 = 0.2, p−1,0 = 0.2, p0,−1 = 0.2, p1,−1 = 0.2,
p0,0 = 0.1, h1 = 0.5, h−1 = 0.1, h0 = 0.15, v1 = 0.113, v−1 = 0.06,
v0 = 0.577 and all other transition probabilities zero. The measure
m(i, j) =

∑5
k=1 αkρ

i
kσ

j
k, where (ρ1, σ1) = (0.9773, 0.5947), (ρ2, σ2) =

(0.3224, 0.5947), (ρ3, σ3) = (0.3224, 0.2346), (ρ4, σ4) = (0.2857, 0.2346),
(ρ5, σ5) = (0.2857, 0.5073). And α1 = 0.0088, α2 = 0.1180, α3 =
−0.1557, α4 = 0.1718, α5 = −0.1414 satisfies all balance equations,
hence m(i, j) is the invariant measure of the random walk.

The construction of a random walk with sum of finite geometric
terms invariant measure depends on the locations of the intersections
of the boundary balance equations and interior balance equation. If
there exists a pairwise-coupled set connecting the intersection of H
with Q to the intersection of V with Q, then there exists a mixture of
finite geometric terms invariant measure. We conclude that choosing
proper boundary transition probabilities is essential for the existence
of sum of finite geometric terms invariant measure.

2.6 Conclusion

In this chapter, we have obtained necessary conditions on measures
induced by geometric terms that are the invariant measure of a ran-
dom walk. In particular, non-degenerate terms must each satisfy the
balance equations in the interior of the state space, and must form
a pairwise-coupled set. In the linear combination of non-degenerate
terms, at least one coefficient must be negative. We have completed
the necessary conditions by also including degenerate terms.
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Figure 2.6: Example 6. (a) Transition diagram of Example 6. (b) Al-
gebraic curves Q, H and V . The geometric terms contributed to the
invariant measure are denoted by the squares.
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It is interesting to note that the pairwise-coupled structure ob-
tained in this chapter is equal to the structure obtained in the com-
pensation approach by Adan et al. [3]. It is suggested in [3] that the
compensation approach, in favorable conditions, might provide a finite
number of terms. Our Example 4 in Section 2.5 provides a constructive
example of such a random walk. Note, however, that the compensa-
tion approach, in general, generates countably many geometric terms.
It is of interest to generalize the necessary conditions of this chapter
to the case of countably infinitely many geometric terms. This char-
acterization, which is based on the algebraic properties of Q(ρ, σ) = 0,
will be dealt with in the next chapter.



Chapter 3

Infinite sums of geometric
terms

Random walks for which the invariant measure is of product-form are
often used to model practical systems. The benefit of using such mod-
els is that their performance can be readily analyzed with tractable
closed-form expressions. However, the class of random walks, of which
the invariant measure are of product-form, is rather limited. There-
fore, it is of interest to find a larger class of tractable measures that
can be the invariant measures for random walks in the quarter-plane.

We study random walks in the quarter-plane that are homogeneous
in the sense that transition probabilities are translation invariant. Our
interest is in finite measures m(i, j) that can be expressed as

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj , with |Γ| =∞, (3.1)

i.e., m(i, j) can be expressed as an infinite sum of geometric terms. For
any (ρ, σ) ∈ Γ, α(ρ, σ) is the corresponding coefficient in the infinite
sum. Moreover, set Γ contains countably infinitely many geometric
terms.

Examples of random walks with invariant measure of form (3.1)
exist. One such an example is the 2 × 2 switch, which is introduced
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in [8]. In [8], the joint distribution is presented explicitly for the 2 ×
2 switch problem in the form of a sum of two alternating series of
product-form geometric distributions.

Contrary to much other work, for instance [10,13,21,23], our inter-
est is not in finding the invariant measure for specific random walks.
Instead, our interest is in characterizing the fundamental properties
of random walks, sets Γ and coefficients α that allow an invariant
measure to be expressed in form (3.1). In Chapter 2 we investigated
invariant measures that are a sum of finitely many geometric terms
for the random walk in the quarter-plane. The results that are pre-
sented in this chapter form the natural extension of our results from
Chapter 2 to the case of countably many terms.

In the current work we demonstrate that under a mild technical
condition the following necessary conditions must hold:

1. The geometric measures that correspond to the elements of Γ
individually satisfy the balance equations in the interior of the
state space.

2. Set Γ is the union of finitely many sets, each of which has infi-
nite cardinality and has a structure that we refer to as pairwise-
coupled.

3. In the interior of the state space, the random walk has no tran-
sitions to the North, Northeast or East.

4. At least one of the coefficients α(ρ, σ) in (3.1) is negative.

Adan et al. [1–4] use a compensation approach to construct an in-
variant measure that is an infinite sum of pairwise-coupled geometric
terms. In particular, this is done for random walks that have no tran-
sitions to the North, Northeast and East. In addition, the geometric
terms in the measure will individually satisfy the interior balance equa-
tions and negative weights will occur in the sum. The work of Adan et
al. demonstrates that measures that satisfy the necessary conditions
obtained by us may indeed be invariant measures of some random
walks.
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The balance equation in the interior of the state space induce an
algebraic curve. A closely related curve arises as the kernel of the
boundary value problems studied in [10, 13] and related work. Some
of its basic properties were derived in [13]. An important part of the
current work consists of studying this algebraic curve in more detail.
Section 3.2 presents new results on the geometric properties of this
curve.

A related study for the reflected Brownian motion in a wedge was
performed by Dieker et al. [11]. It was shown in [11] that for the in-
variant measure of this process to be a linear combination of finitely
many exponential measures, there must be an odd number of terms
that have a pairwise-coupled structure. The methods that are devel-
oped in [11] for the continuous state space Brownian motion, however,
cannot be used for the discrete state space random walk.

The remainder of this chapter is structured as follows. In Sec-
tion 3.1 we present the model. The geometric properties of the alge-
braic curve arising from the balance equations in the interior of the
state space are studied in Section 3.2. The main contributions of this
chapter, necessary conditions for the invariant measure of a random
walk to be a sum of geometric terms are given in Section 3.3. In Sec-
tion 3.4 we provide an example of a random walk for which the invari-
ant measure satisfies all the conditions that are given in Section 3.3.
Section 3.5 provides concluding remarks.

3.1 Model

Consider a two-dimensional random walkR on the pairs of non-negative
integers, i.e., S = {(i, j), i, j ∈ N0}. We refer to {(i, j)|i > 0, j > 0},
{(i, j)|i > 0, j = 0}, {(i, j)|i = 0, j > 0} and (0, 0) as the inte-
rior, the horizontal axis, the vertical axis and the origin of the state
space, respectively. The transition probability from state (i, j) to
state (i + s, j + t) is denoted by ps,t(i, j). Transitions are restricted
to the adjoined points (horizontally, vertically and diagonally), i.e.,
ps,t(k, l) = 0 if |s| > 1 or |t| > 1. The process is homogeneous in the
sense that for each pair (i, j), (k, l) in the interior (respectively on the
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Figure 3.1: Random walk in the quarter-plane.

horizontal axis and on the vertical axis) of the state space

ps,t(i, j) = ps,t(k, l) and ps,t(i− s, j − t) = ps,t(k − s, l − t), (3.2)

for all −1 ≤ s ≤ 1 and −1 ≤ t ≤ 1. We introduce, for i > 0, j > 0,
the notation ps,t(i, j) = ps,t, ps,0(i, 0) = hs and p0,t(0, j) = vt. Note
that the first equality of (3.2) implies that the transition probabilities
for each part of the state space are translation invariant. The second
equality ensures that also the transition probabilities entering the same
part of the state space are translation invariant. The above definitions
imply that p1,0(0, 0) = h1 and p0,1(0, 0) = v1. The model and notations
are illustrated in Figure 3.1.

We assume that the random walk has invariant measure m, i.e.,
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for i, j > 0,

m(i, j) =
1∑

s=−1

1∑
t=−1

m(i− s, j − t)ps,t, (3.3)

m(i, 0) =

1∑
s=−1

m(i− s, 1)ps,−1 +

1∑
s=−1

m(i− s, 0)ps,0, (3.4)

m(0, j) =
1∑

t=−1

m(1, j − t)p−1,t +
1∑

t=−1

m(0, j − t)p0,t. (3.5)

We will refer to the above equations as the balance equations in the
interior, the horizontal axis and the vertical axis of the state space
respectively. The balance at the origin is implied by the balance equa-
tion for all other states.

We are interested in measures that are linear combinations of ge-
ometric measures. We first classify the geometric measures.

Definition 3.1 (Geometric measures). The measure m(i, j) = ρiσj

is called a geometric measure. It is called horizontally degenerate if
σ = 0, vertically degenerate if ρ = 0 and non-degenerate if ρ > 0 and
σ > 0. We define 00 ≡ 1.

We represent a geometric measure ρiσj by its pair of parameters
(ρ, σ) in [0,∞)2. Then, a set Γ ⊂ [0,∞)2 specifies a set of geometric
measures. Let R2

+ = {(x, y)|x ≥ 0, y ≥ 0}, RB = {(x, y) ∈ R2
+|xy =

0}, U = {(x, y)|(x, y) ∈ (0, 1)2} and Ū = [0, 1)2.

Definition 3.2 (Induced measure). The measure m is called induced
by Γ ⊂ R2

+ if

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj ,

with α(ρ, σ) ∈ R\{0} for all (ρ, σ) ∈ Γ.

To identify the geometric measures that satisfy the balance equa-
tions in the interior, on the horizontal axis and on the vertical axis of
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the state space, we introduce the polynomials

Q(x, y) = xy

(
1∑

s=−1

1∑
t=−1

x−sy−tps,t − 1

)
, (3.6)

H(x, y) = xy

(
1∑

s=−1

x−shs + y

(
1∑

s=−1

x−sps,−1

)
− 1

)
, (3.7)

V (x, y) = xy

(
1∑

t=−1

y−tvt + x

(
1∑

t=−1

y−tp−1,t

)
− 1

)
, (3.8)

to capture the balance of the states from the interior, horizontal and
vertical axis, respectively. For example, Q(ρ, σ) = 0, H(ρ, σ) = 0 and
V (ρ, σ) = 0 implies that m(i, j) = ρiσj , (i, j) ∈ S satisfies (3.3), (3.4)
and (3.5), respectively.

Definition 3.3 (Algebraic curves Q,H, V ). Let algebraic curves Q, H
and V denote the sets of (x, y) ∈ R2

+, satisfying Q(x, y) = 0, H(x, y) =
0 and V (x, y) = 0.

We are mostly interested in the properties of the algebraic curve Q
in R2

+, which we denote by Q+. Note that U contains those values
of (ρ, σ) that result in a finite measure. Several examples of Q+ are
displayed in Figure 3.2.

Next, we classify random walks according to Fayolle et al. [13].

Definition 3.4 (Singular random walk). Random walk R is called
singular if the associated polynomial Q(x, y) is either reducible or of
degree 1 in at least one of the variables.

It was shown in [13] that a random walk is singular if and only
if it has a transition structure that corresponds to one of the cases
depicted in Figure 3.3.

The final piece of notation that we will need deals with the drift
of the random walk in the interior of the state space. Let Mx =



0 0.5 1 1.5

0.5

1

1.5

ρ

σ

(a) p1,0 = p0,1 = 1
5
, p−1,−1 =

3
5
.

0 0.5 1 1.4

0.5

1

1.4

ρ
σ

(b) p1,0 = 1
5
, p0,−1 = p−1,1 =

2
5
.

0 0.5 1 1.4

0.5

1

1.4

ρ

σ

(c) p1,1 = 1
62
, p−1,1 = p1,−1 =

10
31
, p−1,−1 = 21

62
.

0 0.5 1 1.4

0.5

1

1.4

ρ

σ

(d) p−1,1 = p1,−1 =
1
4
, p−1,−1 = 1

2
.

Figure 3.2: Examples of Q(ρ, σ) = 0.
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(a) (b) (c)

(d) (e)

Figure 3.3: Singular random walks: non-zero transitions in the interior
of the state space.

∑1
t=−1 p1,t −

∑1
t=−1 p−1,t and My =

∑1
s=−1 ps,1 −

∑1
s=−1 ps,−1 denote

the drift in the horizontal and vertical direction, respectively. In Sec-
tion 3.2 we will use the fact that in an ergodic random walk at least
one of the conditions Mx < 0 or My < 0 holds [13].

Next, we list the assumptions that will be used in the remainder of
this chapter. A justification for these assumptions will be given below.

Assumptions:

1. The random walk is non-singular, irreducible, aperiodic and pos-
itive recurrent.

2. Measures are positive, finite and absolutely convergent in the
sense that, ∑

(ρ,σ)∈Γ

|α(ρ, σ)| 1

1− ρ
1

1− σ <∞. (3.9)

3. Set Γ is a subset of U = (0, 1)2 and it satisfies the following
technical condition: for any (ρ, σ) ∈ Γ, there exists a (w, v) ∈ N2

0

such that ρ̃wσ̃v 6= ρwσv for all (ρ̃, σ̃) ∈ Γ\(ρ, σ).
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The assumption that random walks are irreducible, aperiodic and
positive recurrent ensures that an invariant measure exists. Singular
random walks have been analyzed in Chapter 2 for the case that |Γ| <
∞. It is readily verified that the proofs of Chapter 2 can be extended
to the case that Γ has countably infinite cardinality. Therefore, we
restrict our attention to non-singular random walks. We are interested
in finite measures, in which the sum does not depend on the ordering
of the terms. Therefore, we assume absolute convergence (3.9). The
assumption that Γ ⊂ U implies that all geometric terms are non-
degenerate. The case of degenerate geometric terms was analyzed in
Chapter 2 for the case that |Γ| <∞. Again, the results from Chapter 2
related to degenerate geometric terms hold for the case that Γ has
countably infinite cardinality. Therefore, we assume Γ ⊂ U . We will
clarify Assumption 3, i.e., the technical condition that we impose on
Γ, in Section 3.3.

3.2 Algebraic curve Q in R2

In this section, we will analyze the algebraic curve Q in R2. Fayolle et
al. [13] have extensively studied the algebraic curve that arises from
studying the generating function of the invariant measure and that is
defined through xy(

∑1
s=−1

∑1
t=−1 x

sytp̃s,t − 1) = 0. For convenience
of notation, we consider the algebraic curve defined by Equation (3.6)
which is the curve considered in [13] by considering p̃i,j = p−i,−j .
The fact that p̃i,j might induce a non-ergodic random walk is not a
problem, since none of the results from [13] that will be used in this
chapter require the random walk to be ergodic.

In this section we will present some of the results from [13] that
will be useful in the sequel as well as a number of new results. The
results from [13] are mostly algebraic of nature. The new results that
we present deal with the geometry of Q.

The algebraic results that we use from [13] are expressed in terms
of the branch points of the multi-valued algebraic functions X(y) and
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Y (x) which are defined through

Q(X(y), y) = Q(x, Y (x)) = 0.

These functions are most naturally treated as complex valued func-
tions for complex variables y and x, i.e., x, y ∈ C. In particular, the
embedding in C allows us to define the branch points of X(y) and
Y (x).

As a first step towards analysis of these branch points, observe that
by reordering the terms in Q(x, y) = 0 we get(

1∑
s=−1

y−s+1p−1,s

)
x2 +

(
1∑

s=−1

y−s+1p0,s − y
)
x

+

(
1∑

s=−1

y−s+1p1,s

)
= 0. (3.10)

Therefore, the branch points of X(y) are the roots of ∆x(y) = 0, where

∆x(y) =

(
1∑

s=−1

y−s+1p0,s − y
)2

− 4

(
1∑

s=−1

y−s+1p−1,s

)(
1∑

s=−1

y−s+1p1,s

)
. (3.11)

In similar fashion, by rewriting Q(x, y) = 0 into(
1∑

t=−1

x−t+1pt,−1

)
y2+

(
1∑

t=−1

x−t+1pt,0 − x
)
y+

(
1∑

t=−1

x−t+1pt,1

)
= 0,

(3.12)
it follows that the branch points of Y (x) are the roots of ∆y(x) = 0,
where

∆y(x) =

(
1∑

t=−1

x−t+1pt,0 − x
)2

− 4

(
1∑

t=−1

x−t+1pt,−1

)(
1∑

t=−1

x−t+1pt,1

)
. (3.13)
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Next, we present two lemmas that fully characterize the location
of the branch points of Y (x) and X(y) in terms of the transition prob-
abilities of the random walk. These results provide us with the op-
portunity to connect the geometry of Q with the interior transition
probabilities. The first lemma presented below follows from Lemmas
2.3.8–2.3.9 of [13]. The result readily follows if one takes into ac-
count that in this chapter we consider only ergodic random walks,
whereas [13] also allows for non-ergodic random walks.

Lemma 3.5 (Lemmas 2.3.8–2.3.9 [13]). For all non-singular random
walks such that My 6= 0, Y (x) has four real branch points. Moreover,
Y (x) has two branch points x1 and x2 (resp. x3 and x4) inside (resp.
outside) the unit circle.

For the pair (x3, x4), the following classification holds:

1. if p−1,0 > 2
√
p−1,−1p−1,1, then x3 and x4 are positive;

2. if p−1,0 = 2
√
p−1,−1p−1,1, then one point is infinite and the other

is positive, possibly infinite;

3. if p−1,0 < 2
√
p−1,−1p−1,1, then one point is positive and the other

is negative.

Similarly, for the pair (x1, x2),

1. if p1,0 > 2
√
p1,−1p1,1, then x1 and x2 are positive;

2. if p1,0 = 2
√
p1,−1p1,1, then one point is 0 and the second is non-

negative;

3. if p1,0 < 2
√
p1,−1p1,1, then one point is positive and the other is

negative.

For all non-singular random walks for which My = 0, one of the
branch points of Y (x) is equal to 1. In addition,

1. if Mx < 0, then two other branch points have a modulus larger
than 1 and the remaining one has a modulus less than 1;
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2. if Mx > 0, then two branch points are less than 1 and the modulus
of the remaining one is larger than 1.

Furthermore, the positivity conditions are the same as the case when
My 6= 0. This lemma holds also for X(y), up to a proper symmetric
change of the parameters.

The next lemma deals with multiplicity of the branch points.

Lemma 3.6 (Lemma 2.3.10 [13]). The branch points of X(y) and
Y (x) with multiplicity 2 occur only at 0, 1 and ∞.

The remainder of this section provides new results on the geometry
of Q. First, we investigate the possible intersection of Q and RB where
RB is the boundary of the first quadrant.

Lemma 3.7. Consider a random walk R. If (x, y) ∈ Q ∩ R2
+ then

either x > 0 and y > 0 or x = y = 0, i.e., Q cannot cross RB except
in the origin.

Proof. If (x, y) is the intersection of Q and x = 0, then y must be the
root of the following quadratic equation,

p1,−1y
2 + p1,0y + p1,1 = 0. (3.14)

We now show that the roots of (3.14) are non-positive by considering
all possible choices of p1,−1, p1,0 and p1,1. If p1,−1 6= 0, then (3.14)
has either no root or two non-positive roots by investigating the rela-
tions of the roots using Vieta’s formulas. If p1,−1 = 0 and p1,0 6= 0,
then (3.14) has one non-positive root. If p1,−1 = p1,0 = 0 and p1,1 6= 0,
then (3.14) has no root. The random walk with p1,−1 = p1,0 = p1,1 = 0
is excluded because of the assumption of non-singular random walks.
In similar fashion it follows that Q can only intersect y = 0 when
x ≤ 0. Therefore, the only possible intersection of Q and RB is the
origin.

Now we characterize the number of connected components in the
first quadrant.
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Lemma 3.8. Consider a random walk R. The algebraic curve Q has
exactly one closed connected component in R2

+. This component has a
non-empty intersection with the unit square U .

Proof. The algebraic curve Q has exactly one closed connected com-
ponent in R2

+. This follows directly from the fact that Q(ex, ey) < 0
where (x, y) ∈ R2 forms a convex set, as shown in [18,20].

Moreover, the ergodicity conditions for R require that at least one
of the conditions Mx < 0 or My < 0 holds. Therefore, at least one of
the following requirements must be satisfied,

0 <

∑1
s=−1 ps,1∑1
s=−1 ps,−1

< 1, 0 <

∑1
t=−1 p1,t∑1
t=−1 p−1,t

< 1. (3.15)

Since (1, 1) ∈ Q, we conclude that this component of Q in the first
quadrant has non-empty intersection with U .

Now we know that Q+, the intersection of Q and R2
+, is a connected

component. Denote the branch points of Y (x) and X(y) on Q+ by
xl, xr with xl < xr and yb, yt with yb < yt respectively. Let yl, yr, xb, xt
satisfy (xl, yl), (xr, yr), (xt, yt), (xb, yb) ∈ Q, see Figure 3.4(a). We will
refer to (xl, yl), (xr, yr), (xt, yt), (xb, yb) as branch points of Q+. From
Lemma 3.5, we know that 0 ≤ xl ≤ 1 ≤ xr, 0 ≤ yb ≤ 1 ≤ yt.
Since we are only interested in finite measures, we only consider Q+

in Ū = [0, 1)2. Lemma 3.8 states that Q+
U = Q+ ∩ U is a non-empty

set for an ergodic random walk with non-zero drift. We start with the
analysis of Q+.

Definition 3.9 (Partition of Q+). The partition {Q00, Q01, Q10, Q11}
of Q+ is defined as follows: Q00 is the part of Q connecting (xl, yl)
and (xb, yb); Q10 is the part of Q connecting (xb, yb) and (xr, yr); Q01

is the part of Q connecting (xl, yl) and (xt, yt); Q11 is the part of Q
connecting (xr, yr) and (xt, yt).

An example of the partition of Q+ is given in Figure 3.4(b).
The monotonicity of X(y) and Y (x) will play a crucial role in

analyzing the structure of Γ, we state it here without proof because it
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Figure 3.4: Q+ for the random walk from Figure 3.2(c). (a) Branch
points of Q+. (b) Partition of Q+.
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Figure 3.5: Types of real singularity of multiplicity 2. (a) crunode.
(b) acnode. (c) ordinary cusp.

immediately follows from the fact that {(x, y) ∈ R2 : Q(ex, ey) < 0} is
convex.

Lemma 3.10. Consider (x, y) ∈ Qi,1−i and (x̃, ỹ) ∈ Qi,1−i where
i = 0, 1, if x̃ > x, then ỹ > y. Consider (x, y) ∈ Qi,i and (x̃, ỹ) ∈ Qi,i
where i = 0, 1, if x̃ > x, then ỹ < y.

Next, we turn our attention to the singularities of Q.

Definition 3.11 (Singularity of Q). A point (x, y) ∈ Q is a singularity
of multiplicity m, m > 1, if and only if at (x, y) all partial derivatives
of Q(x, y) of order less than m vanish and at least one partial derivative
of order m is non-zero.

We will see below that if one set from the partition of Q+ is empty,
then the curve Q+ will have a singularity. The singularity plays an
important role in the analysis later.

Lemma 3.12. For all random walks with non-zero drift, (x, y) is a
singularity of Q+ if and only if it is a crunode of order 2 and x and y
are branch points of multiplicity 2 of Y (x) and X(y) respectively.

Proof. We prove by contradiction that it is not possible to have a
singularity of order larger than 2. Suppose that (x̃, ỹ) ∈ Q+ is a
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singularity of order larger than 2. From Lemma 3.7 it follows that we
need to consider the cases i) x̃ > 0 and ỹ > 0, and ii) (x̃, ỹ) = (0, 0).
If x̃ > 0 and ỹ > 0 it follows from

∂2Q(x, y)

∂2x
=

1∑
t=−1

p−1,ty
−t+1 = 0,

and

∂2Q(x, y)

∂2y
=

1∑
s=−1

ps,−1x
−s+1 = 0,

that p−1,1 = p−1,0 = p−1,−1 = p0,−1 = p1,−1 = 0, which leads to a
non-ergodic random walk. For (x̃, ỹ) = (0, 0) it follows from

∂2Q(x, y)

∂x∂y
= 4xyp−1,−1 + 2xp−1,0 + 2yp0,−1 + p0,0 − 1 = 0,

that p00 = 1, which leads to a random walk that is not irreducible.
This concludes the proof that a singularity has at most order 2.

Next, we demonstrate that if (x, y) is a singularity, then x and
y are branch points of Y (x) and X(y) respectively. By combining
Q(x, y) = 0 with

∂Q(x, y)

∂x
= 2x

(
1∑

t=−1

p−1,ty
−t+1

)
+

(
1∑

t=−1

p0,ty
−t+1 − y

)
= 0

we obtain
1∑

t=−1

p−1,ty
−t+1x2 =

1∑
t=−1

p1,ty
−t+1,

which means x is the root of ∆y(x) = 0, defined in (3.13) and therefore
a branch point of Y (x). Similarly, it follows from Q(x, y) = 0 and
∂Q(x, y)/∂y = 0 that y is a branch point of X(y).

Now, we are ready to prove that a singularity (x, y) is a crunode.
For more information on the classification of singularities of algebraic
curves, see e.g., [14]. An illustration of all possible real singularities of
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order 2 is given in Figure 3.5. Note, that the figure does not include a
ramphoid cusp, since it has order larger than 2. A singularity cannot
be an ordinary cusp, because x and y are branch points of Y (x) and
X(y) respectively. Moreover, (x, y) is not an acnode because Q+

U is
non-empty due to Lemma 3.8. Therefore, a singularity is a crunode.

The final result in this lemma follows from the observation that if
x and y are branch points of Y (x) and X(y) respectively and (x, y) is
a crunode then x and y must have multiplicity two.

Theorem 3.13. The algebraic curve Q has a singularity in Ū if and
only if p0,1 = p1,1 = p1,0 = 0, in which case this singularity is located
in the origin.

Proof. Lemma 3.12 states that (x, y) is a singularity of Q+ if and
only if it is a crunode of order 2 and x and y are branch points of
multiplicity 2 of Y (x) and X(y) respectively. Therefore, we only need
to consider (x, y) where x and y are the multiple roots of ∆y(x) = 0 and
∆x(y) = 0 respectively. A multiple root of ∆y(x) = 0 and ∆x(y) = 0
can only occur at x = 0, 1 or ∞ and y = 0, 1 or ∞, respectively, due
to Lemma 3.6. Therefore, x = 0 and y = 0 must be multiple roots of
∆y(x) = 0 and ∆x(y) = 0, respectively, if there is a singularity in Ū .
We know from [13, Lemma 2.3.10] that ∆y(x) = 0 has a multiple root
at 0 if and only if one of the following holds:

p−1,0 = p−1,1 = p0,1 = 0, (3.16)

p1,0 = p1,1 = p0,1 = 0, (3.17)

p−1,−1 = p0,−1 = p1,−1 = 0, (3.18)

and ∆x(y) = 0 has a multiple root at 0 if and only if one of the
following holds:

p0,−1 = p1,−1 = p1,0 = 0, (3.19)

p0,1 = p1,1 = p1,0 = 0, (3.20)

p−1,−1 = p−1,0 = p−1,1 = 0. (3.21)

Conditions (3.18) and (3.21) lead to a singular random walk. The
combinations of conditions (3.16) and (3.19), (3.16) and (3.20), (3.17)
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and (3.19) will lead to singular random walks as well. Since by As-
sumption 1 the random walk is non-singular, the algebraic curve Q
has a singularity in Ū if and only if p0,1 = p1,1 = p1,0 = 0, in which
case it is located in the origin.

3.3 Constraints on invariant measures and ran-
dom walks

In this section, we will first demonstrate that Γ ⊂ Q+
U , i.e., candidate

geometric measures individually satisfy the balance equations in the
interior of the state space. Next we characterize the structure of Γ
that may lead to an invariant measure. Then we will provide nec-
essary conditions on the transition probabilities of a random walk to
allow for an invariant measure which is an infinite sum of geometric
terms. Finally, we demonstrate that it is necessary to have at least
one negative coefficient in an invariant measure that is an infinite sum
of geometric terms.

The results in Subsections 3.3.1 and 3.3.2 make use of the following
result that is a special case of a result from [9].

Theorem 3.14. Consider a real measure µ : R → R with bounded
compact support K. If ∫

P (x) dµ(x) = 0 (3.22)

for all polynomials P , then µ = 0.

3.3.1 Constraints on set Γ

We demonstrate in this subsection that only Γ ⊂ Q+
U may induce an

invariant measure for a random walk. In particular, we prove that
this is true under the technical condition that for any (ρ, σ) ∈ Γ, there
exists a (w, v) ∈ N2

0 such that ρ̃wσ̃v 6= ρwσv for all (ρ̃, σ̃) ∈ Γ\(ρ, σ),
which was already introduced as Assumption 3 in Section 3.1. The
interpretation of this condition is that each of the elements from Γ
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can in a sense by separated from all other elements in Γ by selecting
the proper (v, w) ∈ N2

0. This separating principle will be used in our
proofs to demonstrate that each term (ρ, σ) in Q must individually
satisfy the balance equations in the interior of the state space, hence
Γ ⊂ Q+

U .

Next, we present the main result of this subsection.

Theorem 3.15. If the invariant measure for a random walk in the
quarter-plane is induced by Γ, where for any (ρ, σ) ∈ Γ there exists
a (w, v) ∈ N2

0 such that ρ̃wσ̃v 6= ρwσv for all (ρ̃, σ̃) ∈ Γ\(ρ, σ), then
Γ ⊂ Q+

U .

Proof. Consider (ρ̄, σ̄) ∈ Γ, we know that there exists a (w, v) ∈ N2
0

such that ρ̃wσ̃v 6= ρ̄wσ̄v for any (ρ̃, σ̃) ∈ Γ\(ρ̄, σ̄). We now partition the
set Γ\{(ρ̄, σ̄)} into elements Γ1, Γ2, · · · ,Γk, · · · as follows. If ρwmσ

v
m =

ρwnσ
v
n, then (ρm, σm) and (ρn, σn) will be put into the same element in

the partition. For convenience of notation, we denote Γ0 = {(ρ, σ)}.
Moreover, we arbitrarily choose one geometric term from each element
as the representative, which is denoted by (ρ(Γk), σ(Γk)) where k =
0, 1, 2, · · · .

Since m satisfies balance equation (3.3) in the interior of the state
space, i.e., the balance equation for state (i+ 1, j + 1) with i ≥ 0 and
j ≥ 0 must be satisfied,

∑
(ρ,σ)∈Γ

ρiσj

[
α(ρ, σ)ρσ

(
1−

1∑
s=−1

1∑
t=−1

ρ−sσ−tps,t

)]
= 0.

We now consider the balance equation for states (dw + 1, dv + 1)
where d = 0, 1, 2, · · · ,

∞∑
k=0

[ρ(Γk)
wσ(Γk)

v]d

 ∑
(ρ,σ)∈Γk

α(ρ, σ)

(
ρσ −

1∑
s=−1

1∑
t=−1

ρ1−sσ1−tps,t

) = 0.

(3.23)
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Below we will apply Theorem 3.14. For this we require absolutely
convergence of the series

∑
(ρ,σ)∈Γk

α(ρ, σ)

(
ρσ −

1∑
s=−1

1∑
t=−1

ρ1−sσ1−tps,t

)
, (3.24)

where k = 0, 1, 2, · · · , which we show first. Because of assumption (3.9),
i.e., the absolute convergence of the terms of which the sum is m, we
have

∑
(ρ,σ)∈Γk

α(ρ, σ)

(
ρσ −

1∑
s=−1

1∑
t=−1

ρ1−sσ1−tps,t

)

<B
∑

(ρ,σ)∈Γ

|α(ρ, σ)| 1

1− ρ
1

1− σ

<∞, (3.25)

where B is a finite positive constant. We define a real measure µ on
R as

µ(x) =


∑

(ρ,σ)∈Γk
α(ρ, σ)

(
ρσ −∑1

s=−1

∑1
t=−1 ρ

1−sσ1−tps,t
)
,

if x = ρ(Γk)
wσ(Γk)

v, for k = 0, 1, 2, · · ·
0, otherwise.

We can now write (3.23) as∫
xd dµ(x) = 0,

for d = 0, 1, 2 · · · . This indicates that∫
P (x) dµ(x) = 0,

for all P (x) = xd where d = 0, 1, 2 · · · . Hence
∫
P (x) dµ(x) = 0 for all

polynomials. Moreover, for k = 0, 1, 2, · · · , the following series which
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is defined in (3.24) is absolutely convergent,
∑

(ρ,σ)∈Γk
α(ρ, σ)(ρσ −∑1

s=−1

∑1
t=−1 ρ

1−sσ1−tps,t). Hence, the compact support of this se-
quence is a bounded interval. Therefore, by using Theorem 3.14,
µ = 0, thus 1 −∑1

s=−1

∑1
t=−1 ρ̄

−sσ̄−tps,t = 0 because of the assump-
tion of non-degenerate geometric terms, i.e., ρ̄σ̄ 6= 0, which completes
the proof.

3.3.2 Structure of Γ

In this section, we consider the structure of Γ. The proofs in this and
subsequent sections are based on the notion of uncoupled partitions,
which is introduced first.

Definition 3.16 (Uncoupled partition). A partition {Γ1,Γ2, · · · } of
Γ is horizontally uncoupled if (ρ, σ) ∈ Γp and (ρ̃, σ̃) ∈ Γq for p 6= q,
implies that ρ̃ 6= ρ, vertically uncoupled if (ρ, σ) ∈ Γp and (ρ̃, σ̃) ∈ Γq
for p 6= q, implies σ̃ 6= σ, and uncoupled if it is both horizontally and
vertically uncoupled.

We call a partition with the largest number of sets a maximal
partition. It can be readily verified that the following lemma still
holds when |Γ| =∞.

Lemma 3.17 (Lemma 2.11, Chapter 2). The maximal vertically un-
coupled partition, the maximal horizontally uncoupled partition and the
maximal uncoupled partition are unique.

Examples of a maximal horizontally uncoupled partition, of a max-
imal vertically uncoupled partition and of a maximal uncoupled par-
tition can be found in Figure 3.6. Let H[Γ] denote the number of ele-
ments in the maximal horizontally uncoupled partition for set Γ, and
let Γhp , p = 1, . . . ,H[Γ] denote the sets themselves, where elements of

Γhp have common horizontal coordinate ρ(Γhp). The maximal vertically
uncoupled partition of set Γ has V [Γ] sets, Γvq , q = 1, · · · , V [Γ], where
elements of Γvq have common vertical coordinate σ(Γvq). The maxi-

mal uncoupled partition of set Γ is denoted by {Γgk}
G[Γ]
k=1 . We allow

H[Γ], V [Γ] and G[Γ] to be infinite.
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Figure 3.6: Partitions of set Γ. (a) curve Q of Figure 3.2(d) and Γ ⊂ Q
as dots. (b) horizontally uncoupled partition with 6 sets. (c) vertically
uncoupled partition with 6 sets. (d) uncoupled partition with 4 sets.
Different sets are marked by different symbols.
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We now make two observations on the structure of an element Γgk
from the maximal uncoupled partition. Firstly, for any (ρ, σ) ∈ Γgk
there always exist either (ρ, σ̃) ∈ Γgk, with σ̃ 6= σ or (ρ̃, σ) ∈ Γgk with
ρ̃ 6= ρ. Secondly, the degree of Q(ρ, σ) is at most two in each variable.
This means, for instance, that if (ρ, σ) ∈ Γgk and (ρ, σ̃) ∈ Γgk, σ̃ 6= σ,
then there does not exist (ρ, σ̂) ∈ Γgk, where σ̂ 6= σ and σ̂ 6= σ̃. By
repeating the above two arguments for other elements in Γgk it follows
that Γgk must have a pairwise-coupled structure. An example of such
a set is Γgk = {(ρk, σk), k = 1, 2, 3 · · · }, where

ρ1 = ρ2, σ1 > σ2, ρ2 > ρ3, σ2 = σ3, ρ3 = ρ4, σ3 > σ4, · · · . (3.26)

The above discussion leads to the definition of a pairwise-coupled set
in terms of the number of sets in a maximal uncoupled partition.

Definition 3.18 (Pairwise-coupled set). A set Γ ⊂ Q+
U is pairwise-

coupled if and only if the maximal uncoupled partition of Γ contains
only one set.

Note that the above definition implies that each of the sets in

{Γgk}
G[Γ]
k=1 is pairwise coupled.

We are now ready to show that if the measure induced by Γ is
the invariant measure, then Γ must be the union of finitely many
pairwise-coupled sets each with countably infinite cardinality. We first
introduce some additional notation. For any set Γhp from the maximal
horizontally uncoupled partition of Γ, let

Bh(Γhp) =
∑

(ρ,σ)∈Γh
p

α(ρ, σ)

[
1∑

s=−1

(
ρ1−shs + ρ1−sσps,−1

)
− ρ
]
.

For any set Γvq from the maximal vertically uncoupled partition of Γ,
let

Bv(Γvq) =
∑

(ρ,σ)∈Γv
q

α(ρ, σ)

[
1∑

t=−1

(
σ1−tvt + ρσ1−tp−1,t

)
− σ

]
.
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Lemma 3.19. Consider a random walk R. If the invariant measure m
of R is m(i, j) =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj, then we have Bh(Γhp) = 0 and

Bv(Γvq) = 0 for all p = 1, . . . ,H[Γ] and q = 1, . . . , V [Γ], respectively.

Proof. Since m is the invariant measure of R, m satisfies the balance
equations at state (i, 0) for i = 1, 2, 3 · · · . Therefore,

0 =
1∑

s=−1

[m(i− s, 0)hs +m(i− s, 1)ps,−1]−m(i, 0)

=
∑

(ρ,σ)∈Γ

α(ρ, σ)

[
1∑

s=−1

(
ρi−shs + ρi−sσps,−1

)
− ρi

]

=

∞∑
p=1

ρ(Γhp)i
∑

(ρ,σ)∈Γh
p

α(ρ, σ)

[
1∑

s=−1

(
ρ−shs + ρ−sσps,−1

)
− 1

]

=
∞∑
p=1

ρ(Γhp)i−1Bh(Γhp). (3.27)

We now show the absolute convergence of sequence {Bh(Γhp)}, p =
1, · · · , H[Γ]. Because of the assumption thatm(i, j) is a finite measure,
we have

∞∑
p=1

|Bh(Γhp)|

≤
∞∑
k=1

α(ρk, σk)

[
1∑

s=−1

(
ρ1−s
k hs + ρ1−s

k σps,−1

)
− ρk

]
<∞,

the last inequality follows from (3.25) in the proof of Theorem 3.15. If
we define a real measure µ as

µ(ρ) =

{
Bh(Γhp) if ρ = ρ(Γhp),

0 otherwise.
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We next write (3.27) as

∞∑
p=1

ρ(Γhp)i−1µ(ρ(Γhp)) =

∫
ρ(Γhp)i−1 dµ(ρ(Γhp)) = 0,

for i = 1, 2, 3 · · · . This indicates that∫
P (ρ) dµ(ρ) = 0

for all P (ρ) = ρj where j = 0, 1, 2 · · · . Hence
∫
P (ρ) dµ(ρ) = 0 for

all polynomials. Since the sequence {Bh(Γhp)} for p = 1, 2, · · · is abso-
lutely convergent, the compact support of this sequence is a bounded
interval. Hence, using Theorem 3.14, we have µ = 0, which means
Bh(Γhp) = 0 for p = 1, 2, · · · , H[Γ]. Similarly, we can obtain that
Bv(Γvq) = 0 for q = 1, 2, · · · , V [Γ].

We are now ready to provide the main result of this subsection,
Theorem 3.20.

Theorem 3.20. If the measure induced by Γ is the invariant measure
of random walk R, then |Γgk| =∞ for k = 1, 2, · · · , G[Γ] and G[Γ] <∞,
i.e., Γ must be the union of finitely many pairwise-coupled sets each
with countably infinite cardinality.

Proof. Suppose that there exists a pairwise-coupled set Γg1 ∈ Γ with
|Γg1| <∞. From Lemma 3.19 we haveBh([Γg1]hp) = 0 for p = 1, . . . ,H[Γg1]
and Bv([Γg1]vq) = 0 for q = 1, . . . , V [Γg1]. Now, it follows from Theo-
rem 2.9 in Chapter 2 that the measure induced by Γg1 itself is an
invariant measure of R. Since the measure induced by set Γ is also an
invariant measure, this contradicts the fact that the invariant measure
is unique. Therefore, |Γgk| =∞ for k = 1, 2, · · · , G[Γ].

Without loss of generality, we now construct a partition {Γ1, . . . ,ΓK}
of Γ1

k where the elements of Γi are denoted as

Γi = {(ρi,1, σi,1), . . . , (ρi,L(i), σi,L(i))}
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and each Γi satisfies

ρi,1 > ρi,2, σi,1 = σi,2,

ρi,2 = ρi,3, σi,2 > σi,3,

ρi,3 > ρi,4, σi,3 = σi,4,
...

...

ρi,L(i)−1 > ρi,L(i), σi,L(i)−1 = σi,L(i),

(3.28)

In addition, the partition {Γ1, . . . ,ΓK} is maximal in the sense
that no Γi ∪ Γj , i 6= j satisfies (3.28). The partition is illustrated in
Figure 3.7(b). We are now going to show that K = 1. Without loss
of generality, we assume K = 2. Let Qr denote one part of Q, where
Qr = {(x, y) ∈ Q | x > xt}, see Figure 3.7(b).

Observe that {Γ1,Γ2} forms a pairwise-coupled set. Therefore, we
must have ρ1,1 = ρ2,1. This is illustrated in Figure 3.7(a). We have
(ρ1,1, σ1,1) ∈ Qr by definition of the branch point (xt, yt). Hence, we
have (ρ2,1, σ2,1) ∈ Qr as well because ρ1,1 = ρ2,1. Moreover, one of ρ1,1

and ρ2,1 must be on Q11. Note that from Lemma 3.5 we have yt ≥ 1
and xr ≥ 1. Together with the monotonicity of Q11 from Lemma 3.10
this leads to the conclusion that Q11 is outside of U . This implies that
one of the geometric measures in Γ is outside U , which contradicts the
fact the induced measure is finite. This indicates that each |Γgk| = ∞
for k = 1, 2, · · · , G[Γ] must have the pattern defined in (3.28). Since
there is at most one singularity on Q in the unit square, the origin,
the geometric term (ρk,1, σk,1) ∈ Q must satisfy H(ρk,1, σk,1) = 0 or
V (ρk,1, σk,1) = 0 for k = 1, 2, · · · , G[Γ].

Finally, notice that there are at most a finite number of intersec-
tions between Q and H and between Q and V , respectively. Therefore,
we conclude that set Γ must be the union of finitely many pairwise-
coupled sets each with countably infinite cardinality.

3.3.3 Constraints on random walks

In this section, we characterize the random walks for which the invari-
ant measure may be an infinite sum of geometric terms. We will show
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Figure 3.7: (a) Q11 and examples of Γ1,Γ2. (b) Qr and example of
Γ1,Γ2.
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that the existence of transitions to North, Northeast or East plays an
essential role in distinguishing such kind of random walks.

Theorem 3.21. Let the invariant measure of random walk R be

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj

with |Γ| = ∞. Then p1,0 = p1,1 = p0,1 = 0 and Γ has a unique
accumulation point in the origin.

Proof. We will demonstrate that in the absence of singularities it is not
possible to have an invariant measure m(i, j) =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj

with |Γ| =∞. More precisely, we show that Γ must have a singularity
of Q as an accumulation point. The result then follows from Theo-
rem 3.13, that states the algebraic curve Q has a singularity in Ū only
if p1,0 = p1,1 = p0,1 = 0, in which case it is in the origin.

Suppose that Q+ does not contain any singularities and the mea-
sure m(i, j) =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj with |Γ| =∞ is the invariant mea-

sure of R. In the remainder of this proof we will obtain a contradiction
by showing that at least one of the terms (ρ, σ) ∈ Γ will be outside the
unit square and that the measure m(i, j) can, therefore, not be finite.

Consider E(x, y) = Q(ex, ey) = 0 for (x, y) ∈ R2. The set of pairs
(x, y) satisfying E(x, y) = 0 is denoted by E. It has been shown that
E(x, y) < 0 is convex in [18, 20], examples of E(x, y) = 0 can be
found in [18, 20]. It is readily verified that the logarithm serves as
a bijection between (x, y) satisfying E(x, y) = 0 and geometric term
(ρ, σ) satisfying Q(ρ, σ) = 0. Moreover, the curve E is bounded by
[log xl, log xr] × [log yb, log yt], i.e., in terms of the branching points
of Q. Since there is no singularity on Q, we have 0 < xl < 1 and
0 < yb < 1. Hence, we have log xl > −∞ and log yb > −∞.

If Γ = {(ρ1, σ1), (ρ2, σ2), (ρ3, σ3), · · · } is a pairwise-coupled set on
Q, then Γ̃ = {(log ρ1, log σ1), (log ρ2, log σ2), (log ρ3, log σ3), · · · } is
pairwise-coupled on E. We have ρ < 1 and σ < 1 for any (ρ, σ) ∈ Γ.
Therefore, we have x < 0 and y < 0 for any (x, y) ∈ Γ̃.
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Figure 3.8: (a) Different partition of Q+ for the random walk in
Figure 3.2(c). (b) Examples of Γ1,Γ2 and Γ3.
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We now construct a partition {Γ1, . . . ,ΓK} of Γ, where the ele-
ments of Γi are denoted as Γi = {(ρi,1, σi,1), . . . , (ρi,L(i), σi,L(i))} and
each Γi satisfies

ρi,1 > ρi,2, σi,1 = σi,2,

ρi,2 = ρi,3, σi,2 > σi,3,

ρi,3 > ρi,4, σi,3 = σi,4,
...

...

ρi,L(i)−1 > ρi,L(i), σi,L(i)−1 = σi,L(i),

(3.29)

In addition the partition {Γ1, . . . ,ΓK} is maximal in the sense that
no Γi∪Γj , i 6= j satisfies (3.29). Let {Γ̃1, Γ̃2, Γ̃3, · · · } denote the corre-
sponding partition of Γ̃. The partition is illustrated in Figure 3.8(b).

Consider set Γ̃ on E. It can be readily verified that |Γ̃k| < ∞ for
k = 1, 2, · · · ,K because E(x, y) < 0 for x < 0 and y < 0 is a convex
set and log xl > −∞ and log yb > −∞. Therefore, we conclude that
|Γk| <∞ for k = 1, 2, · · · ,K as well.

Assume xb ≤ xt, since the case where xb > xb can be analyzed sim-
ilarly. To simplify the presentation we introduce additional notation.
Let {Ql, Qc, Qr} denote a partition of Q, where

Ql = {(x, y) ∈ Q | x ≤ xb} ,
Qc = {(x, y) ∈ Q | xb < x ≤ xt} ,
Qr = {(x, y) ∈ Q | x > xt} .

Next, we prove K < ∞ by showing that K ≤ 2. Without loss of
generality, we assume K = 3 and |Γi| ≥ 2. Observe that {Γ1,Γ2,Γ3}
forms a pairwise-coupled set. Therefore, we must have ρ1,L(1) = ρ2,L(2)

and ρ2,1 = ρ3,1. This is illustrated in Figure 3.8(b). From the mono-
tonicity of Q10 and the structure of the partition {Γ1, . . . ,ΓK} it
follows that ρ1,L(1) ∈ Ql. Similarly it follows that ρ2,1 ∈ Qr and
ρ3,1 ∈ Qr. Moreover, one of ρ2,1 and ρ3,1 must be on Q11. Note that
from Lemma 3.5 we have yt ≥ 1 and xr ≥ 1. Together with the mono-
tonicity of Q11 from Lemma 3.10 this leads to the conclusion that Q11

is outside of U . This implies that one of the geometric measures in Γ
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is outside U , which contradicts the fact that the induced measure is
finite.

We have shown that under the assumption that Q+ does not con-
tain singularities, Γ can be partitioned into a finite number of sets each
with a finite number of elements, which contradicts Theorem 3.20.

3.3.4 Constraints on the coefficients

The previous section was devoted to finding the constraint to the ran-
dom walk in which the pairwise-coupled set with infinite cardinality
could be obtained. In this section, we show that it is necessary to have
a geometric term with negative coefficient in the linear combination of
infinite geometric terms.

Theorem 3.22. If the invariant measure of the random walk R is
m(i, j) =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj, where Γ ⊂ Q+

U , |Γ| =∞ and α(ρ, σ) ∈
R\{0}, then at least one α(ρ, σ) is negative.

Proof. We know from Theorem 3.21 that p1,0 = p1,1 = p0,1 = 0 in ran-
dom walk R. Notice that, due to Theorem 3.20, there is at least one
pairwise-coupled set from Γ that contains countably infinitely many
geometric terms. Without loss of generality, we consider the set Γ
which only contains a single pairwise-coupled set which is of the form
given in (3.26) and assume that α(ρ1, σ1) = 1. Since measure in-
duced by Γ is the invariant measure, it follows from Theorem 3.20
that Bh(Γhp) = 0 and Bv(Γvq) = 0 for all p, q ∈ {1, 2, 3, · · · }. Note that

Bh{(ρ1, σ1), (ρ2, σ2)} = 0 indicates that α(ρ2, σ2) is uniquely deter-
mined by

α(ρ2, σ2) = −T1

T2
α(ρ1, σ1),

where

Ti = (1− 1

ρi
)h1 + (1− ρi)h−1 +

1∑
s=−1

ps,1 − σi
(

1∑
s=−1

ρ−si ps,−1

)
.
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Next, α(ρ3, σ3) follows from Bv{(ρ2, σ2), (ρ3, σ3)} = 0. In similar fash-
ion, for k ∈ {1, 2, 3, · · · }, we obtain

α(ρ2k, σ2k) = −T2k−1

T2k
α(ρ2k−1, σ2k−1),

where ρ2k = ρ2k−1, σ2k < σ2k−1. The following two facts allow us to

show that there exists a positive integer N such that
T2k−1

T2k
> 0 when

k > N . First, we know p1,0 = p1,1 = p0,1 = 0 and limk→∞ ρk = 0 from
Theorem 3.21. Secondly, the ergodic random walk with no drift to
Northeast requires h1 + p1,−1 6= 0. Note that the fraction

T2k−1

T2k
equals(

1− 1
ρ2k−1

)
h1 + (1− ρ2k−1)h−1 + p−1,1 − σ2k−1

(∑1
s=−1 ρ

−s
2k−1ps,−1

)
(

1− 1
ρ2k

)
h1 + (1− ρ2k)h−1 + p−1,1 − σ2k

(∑1
s=−1 ρ

−s
2k ps,−1

) ,

By using L’Hospital’s rule, we can conclude

lim
k→∞

T2k−1

T2k
=


h1+σ2k−1p1,−1

h1+σ2kp1,−1
, if h1 6= 0, p1,−1 6= 0;

1, if h1 6= 0, p1,−1 = 0;
σ2k−1

σ2k
, if h1 = 0, p1,−1 6= 0.

The non-negativity of
T2k−1

T2k
when k is large enough completes the

proof.

3.4 Example: 2× 2 Switch

In this section we provide an example of a random walk for which the
invariant measure satisfies all conditions that have been obtained in
this chapter. In particular, we consider the 2 × 2 switch which has
been studied by Boxma and van Houtum in [8].

A 2× 2 switch has two input and two output ports. Such a switch
is modeled as a discrete time queueing system with two parallel servers
and two type of arriving jobs (see Figure 3.9). Jobs of type i, i = 1, 2,
are assumed to arrive according to a Bernoulli stream with rate ri,
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Figure 3.9: The 2× 2 switch.

0 < ri ≤ 1. This means that at every time unit the number of arriving
jobs of type i is one with probability ri and zero with probability 1−ri.
Jobs always arrive at the beginning of a time unit, and once a job of
type i has arrived, it joins the queue at server j with probability tij ,
tij > 0 for j = 1, 2, and ti,1 + ti,2 = 1. Jobs that have arrive at
the beginning of a time unit are immediately candidates for service.
A server serves exactly one job per time unit, if any is present. We
assume the system is stable.

We now describe the 2×2 switch by a random walk in the quarter-
plane with states (i, j), where i and j denote the numbers of waiting
jobs at server 1 and server 2, respectively, at the beginning of a time
unit. For a state (i, j) in the interior of the state space, we only have
transitions to the neighboring state (i+ s, j + t) with s, t ∈ {−1, 0, 1}
and s+t ≤ 0. The corresponding transition probabilities ps,t are equal
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to

p1,−1 = r1r2t11t12,

p0,0 = r1r2(t11t22 + t12t21),

p−1,1 = r1r2t12t22,

p0,−1 = r1(1− r2)t11 + r2(1− r1)t21,

p−1,0 = r1(1− r2)t12 + r2(1− r1)t22,

p−1,−1 = (1− r1)(1− r2).

Each transition probability for the states at the boundaries can be
written as a sum of the probabilities ps,t. In Figure 3.10(a) all transi-
tion probabilities, except those for the transition from a state to itself,
are illustrated. In Figure 3.10(b) the algebraic curves for Q, H and V
are depicted.

It has been shown in [8] that the invariant measure for the 2 × 2
switch is the sum of two alternating series of geometric terms, both of
which have infinite cardinality and are pairwise-coupled.

3.5 Conclusion

In this chapter, we have obtained necessary conditions for the invariant
measure of a random walk to be an infinite sum of geometric terms.
These conditions hold under a mild regularity condition on the struc-
ture of these terms. Firstly, Theorem 3.15 says that each geometric
term in the linear combination must satisfy the interior balance equa-
tion. Secondly, Theorem 3.20 indicates that only a measure induced
by finitely many pairwise-coupled sets each with countably infinite
cardinality may yield an invariant measure. Thirdly, Theorem 3.21
shows that the invariant measure may be an infinite sum of geometric
terms only if there are no transitions to the North, Northeast or East.
Finally, Theorem 3.22 requires at least one of the coefficients in the
linear combination to be negative.

A measure m that satisfied the above necessary conditions may
indeed be the invariant measure of a random walk. For example, the
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Figure 3.10: The 2 × 2 switch. (a) Transition diagram. (b) Algebraic
curves Q, H and V for the 2 × 2 switch with r1 = 0.8, r2 = 0.9,
t11 = 0.3, t12 = 0.7, t21 = 0.6, t22 = 0.4.
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invariant measure for the 2 × 2 switch problem satisfies all the above
conditions [8].



Chapter 4

Approximations with error
bounds based on sums of
geometric terms

4.1 Introduction

Random walks in the quarter-plane serve as the underlying models for
many two-node queueing systems. It is of great interest to find per-
formance measures, either exactly or approximately, of such systems.

If the invariant measure of the random walk is of closed-form, then
the performance measures can be computed directly. The canoni-
cal example is the Jackson network of which the invariant measure
is of product-form, [36, Chapter 6]. If the invariant measure is not
of product-form, then closed-form performance measures are often
not available. Various approaches to finding the invariant measure
of a random walk in the quarter-plane exist. Most notably, meth-
ods from complex analysis have been used to obtain the generating
function of the invariant measure [10, 13]. Matrix-geometric methods
provide an algorithmic approach to find the invariant measure [23].
However, explicit closed-form expressions for the invariant measures
of random walks are difficult to obtain using the methods mentioned
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above. Hence, it is, in general, not possible to find exact results for
the performance measures of random walks in the quarter-plane.

Our first contribution is to extend the class of random walks of
which the invariant measures are of closed-form. Based on the re-
sults in Chapter 2 and Chapter 3, we characterize the random walks
for which the invariant measure is a sum of finitely many geometric
terms. Similar to the evaluation of the random walks of which the
invariant measures are of product-form, the performance measures of
such systems can be readily evaluated. For any given random walk,
we provide an algorithm to detect whether its invariant measure is a
sum of geometric terms. Moreover, we also explain how to obtain this
closed-form invariant measure explicitly, if it exists.

When a closed-form invariant measure for a random walk in the
quarter-plane does not exist, we usually have to find approximations
for the performance measures we are interested in. Van Dijk et al. [29,
30, 32] developed a perturbation theory to approximate the perfor-
mance of a queueing system by relating it to the performance of a
perturbed queueing system of which the stationary distribution is of
product-form. The method of van Dijk et al. relies on carefully con-
structing the modifications that provide the perturbed random walk.
Goseling et al. [16] expressed the upper or lower bound of a perfor-
mance measure as the optimal solution of a linear program. This
method generalizes the model modification approach based on the per-
turbed random walk developed in [29,30,32] and it accepts any random
walk in the quarter-plane as an input. However, the random walk that
is used as the perturbed random walk in the approximation scheme
of [16], which is mentioned above, is still restricted to have an invariant
measure that is of product-form. This prevents us from having good
approximations for some random walks in the quarter-plane.

Therefore, our second contribution is to establish an approxima-
tion scheme similar to that in [16], where the perturbed random walk
is allowed to have a sum of geometric terms invariant measure. With
this extension, the approximations for performance measures will be
improved because we have a larger candidate set for the perturbed
random walks. Numerical results also illustrate that better approx-
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imations are achieved if we consider a richer candidate set for the
perturbed random walks.

The remainder of this chapter proceeds as follows. In Section 4.2,
we present the model and definitions. In Section 4.3, we provide an
algorithm that checks whether the invariant measure of a given ran-
dom walk is a sum of geometric terms. In Section 4.4, we provide
an approximation scheme to bound the performance measures when
the invariant measure of the given random walk cannot be a sum of
geometric terms. We consider several examples and show numerical
results in Section 4.5. In Section 4.6, we summarize our results and
shortly discuss extensions of our approximation scheme.

4.2 Model and problem statement

Consider a two-dimensional random walkR on the pairs of non-negative
integers, i.e., S = {(i, j), i, j ∈ N0}. We refer to {(i, j)|i > 0, j > 0},
{(i, j)|i > 0, j = 0}, {(i, j)|i = 0, j > 0} and (0, 0) as the inte-
rior, the horizontal axis, the vertical axis and the origin of the state
space, respectively. The transition probability from state (i, j) to
state (i + s, j + t) is denoted by ps,t(i, j). Transitions are restricted
to the adjoined points (horizontally, vertically and diagonally), i.e.,
ps,t(k, l) = 0 if |s| > 1 or |t| > 1. The random walk is homogeneous in
the sense that for each pair (i, j), (k, l) in the interior (respectively on
the horizontal axis and on the vertical axis) of the state space

ps,t(i, j) = ps,t(k, l) and ps,t(i− s, j − t) = ps,t(k − s, l − t), (4.1)

for all −1 ≤ s ≤ 1 and −1 ≤ t ≤ 1. We introduce, for i > 0, j > 0,
the notation ps,t(i, j) = ps,t, ps,0(i, 0) = hs and p0,t(0, j) = vt. Note
that the first equality of (4.1) implies that the transition probabilities
for each part of the state space are translation invariant. The second
equality ensures that also the transition probabilities entering the same
part of the state space are translation invariant. The above definitions
imply that p1,0(0, 0) = h1 and p0,1(0, 0) = v1. The model and notations
are illustrated in Figure 4.1.
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h0
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Figure 4.1: Random walk in the quarter-plane.

All the random walks which we consider in this chapter are as-
sumed to be irreducible, aperiodic and positive recurrent. Moreover,
we assume that at least one of the transition probabilities to North,
Northeast or East is non-zero, i.e., p0,1 + p1,1 + p0,1 6= 0. The reason
is that the case p0,1 + p1,1 + p0,1 = 0 has been covered in detail in
Chapter 3.

Let m: S → [0,∞) denote the invariant probability measure of R,
i.e., for i > 0 and j > 0,

m(i, j) =

1∑
s=−1

1∑
t=−1

m(i− s, j − t)ps,t, (4.2)

m(i, 0) =

1∑
s=−1

m(i− s, 1)ps,−1 +

1∑
s=−1

m(i− s, 0)hs, (4.3)

m(0, j) =

1∑
t=−1

m(1, j − t)p−1,t +

1∑
t=−1

m(0, j − t)vt. (4.4)
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We will refer to the above equations as the balance equations in the
interior, the horizontal axis and the vertical axis of the state space.
The balance equation at the origin is implied by the balance equations
of all other states and is, therefore, not considered.

Our interest is in the steady-state performance of R. The perfor-
mance measures that we consider are induced by functions that are
linear in each part of the state space, i.e., linear in the interior, on the
horizontal axis and on the vertical axis. More formally, we consider
the performance measure F , defined as

F =
∑

(i,j)∈S
m(i, j)F (i, j), (4.5)

where F : S → [0,∞) is defined as

F (i, j) =


f1,0 + f1,1i, if i > 0 and j = 0,

f2,0 + f2,2j, if i = 0 and j > 0,

f3,0, if i = j = 0,

f4,0 + f4,1i+ f4,2j, if i > 0 and j > 0,

(4.6)

and the fp,q are constants that define the function.

If m is of closed-form, which is a sum of geometric terms, then the
performance measure F can be immediately obtained from (4.5). In
Section 4.3 we will introduce such an invariant measure, i.e., a sum
of geometric terms. In addition, we provide a complete characteriza-
tion of the random walk of which the invariant measure is a sum of
geometric terms. We also provide an algorithm to detect whether the
invariant measure of a given random walk is a sum of geometric terms.

For the random walk of which the invariant measure is not a sum
of geometric terms, we resort to deriving lower and upper bounds on
F . These bounds are constructed in Section 4.4. Measures that are
a sum of geometric terms, defined next in Section 4.3, form the basis
for these bounds.
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4.3 Random walks with an invariant measure
that is a sum of geometric terms

In this section, we first present requirements for a set Γ such that the
linear combination of geometric terms from set Γ may be the invariant
measure. Then, we provide an algorithm to check whether the invari-
ant measure of the given random walk is a sum of geometric terms.
We apply this algorithm to several random walks. Finally, we show
that the running time for the algorithm is finite. We also explain how
to obtain the invariant measure explicitly, if it is a sum of geometric
terms.

4.3.1 Preliminaries

We are interested in measures that can be expressed as a linear com-
bination of geometric measures. We first introduce the following geo-
metric measure.

Definition 4.1 (Geometric measure). The measure m(i, j) is a geo-
metric measure if m(i, j) = ρiσj for some (ρ, σ) ∈ (0, 1)2.

We represent a geometric measure ρiσj by its coordinate (ρ, σ) in
[0, 1)2. Then Γ ⊂ [0,∞)2 characterizes a set of geometric measures.
To identify the geometric measures that satisfy the balance equations
in the interior, on the horizontal axis and on the vertical axis of the
state space, we introduce the polynomials

Q(x, y) = xy

(
1∑

s=−1

1∑
t=−1

x−sy−tps,t − 1

)
, (4.7)

H(x, y) = xy

(
1∑

s=−1

x−shs + y

(
1∑

s=−1

x−sps,−1

)
− 1

)
, (4.8)

V (x, y) = xy

(
1∑

t=−1

y−tvt + x

(
1∑

t=−1

y−tp−1,t

)
− 1

)
, (4.9)
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respectively. For example, Q(ρ, σ) = 0, H(ρ, σ) = 0 and V (ρ, σ) = 0
imply that m(i, j) = ρiσj , (i, j) ∈ S satisfies (4.2), (4.3) and (4.4),
respectively, i.e., that m(i, j) is the invariant measure of the random
walk R. Let the algebraic curves Q, H and V denote the sets of
(x, y) restricted to [0,∞)2, satisfying Q(x, y) = 0, H(x, y) = 0 and
V (x, y) = 0.

Next, we analyze the measures that are sums of geometric mea-
sures.

Definition 4.2 (Induced measure). The measure m is called induced
by Γ ⊂ (0,∞)2 if

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj ,

with α(ρ, σ) ∈ R\{0} for all (ρ, σ) ∈ Γ.

We have excluded in Definitions 4.1 and 4.2 the case where ρ =
0 or σ = 0, i.e., the case of degenerate geometric measures. The
reason is that it has been shown in Chapter 2 that linear combinations
that contain degenerate geometric measures cannot be the invariant
measure for any random walk.

Since we have assumed that p1,0 + p1,1 + p0,1 6= 0, we know from
Chapter 2 and Chapter 3 that in this case, |Γ| < ∞, i.e., there are
finitely many geometric terms in the set Γ, if

m(i, j) =
∑

(ρ,σ)∈Γ

α(ρ, σ)ρiσj

is the invariant measure of the random walk.

4.3.2 Characterization

We first provide conditions which the set Γ must satisfy such that
the induced measure of Γ may be the invariant measure of a random
walk. This result provides the theoretical support for the Detection
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Algorithm that will be presented in the next subsection. The Detec-
tion Algorithm determines whether the invariant measure of a given
random walk is a sum of geometric terms.

The results in this and subsequent sections are based on the notion
of uncoupled partitions of Γ and pairwise-coupled set, which were first
introduced in Chapter 2.

Definition 4.3 (Uncoupled partition). A partition {Γ1,Γ2, · · · } of Γ
is horizontally uncoupled if (ρ, σ) ∈ Γp and (ρ̃, σ̃) ∈ Γq for p 6= q,
implies that ρ̃ 6= ρ, vertically uncoupled if (ρ, σ) ∈ Γp and (ρ̃, σ̃) ∈ Γq
for p 6= q, implies σ̃ 6= σ, and uncoupled if it is both horizontally and
vertically uncoupled.

We call a partition with the largest number of sets a maximal par-
tition. It has been shown in Chapter 2 that the maximal horizontally
uncoupled partition, the maximal vertically uncoupled partition and
the maximal uncoupled partition are unique.

Definition 4.4 (Pairwise-coupled set). A set Γ is pairwise-coupled if
and only if the maximal uncoupled partition of Γ contains only one
set.

Let Hset and Vset be the intersections of Q with H and V , which
are restricted to the unit square, i.e.,

Hset = {(x, y) ∈ (0, 1)2|(x, y) ∈ Q ∩H}, (4.10)

Vset = {(x, y) ∈ (0, 1)2|(x, y) ∈ Q ∩ V }. (4.11)

We first present the following lemma.

Lemma 4.5. We have |Hset| ≤ 3 and |Vset| ≤ 3.

Proof. Without loss of generality, we only consider the intersections
of Q and H. It can be readily verified that the horizontal coordinates
of the intersections of Q with H are the solutions of a polynomial of
degree 4 equating 0 by combining Equations (4.2) and (4.3). Moreover,

it is easy to verify that (1,
∑1

s=−1 ps,1∑1
s=−1 ps,−1

) is an intersection of Q and

H.
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We are now ready to present the next theorem, the proof of which
is given in Appendix 4.A. The theorem and its proof are built on the
results from Chapter 2 and Chapter 3. The theorem characterizes
the sets Γ for which the measure induced by Γ may be the invariant
measure of a random walk. The result states that Γ must be a pairwise-
coupled set connecting two geometric terms from set Hset ∪ Vset. If
both geometric terms are from Hset or both of them are from Vset,
then the pairwise-coupled set contains an even number of geometric
terms. If one of the geometric terms is from Hset and the other is
from Vset, then the pairwise-coupled set contains an odd number of
geometric terms.

We exclude the case where |Γ| = 1 here, i.e., we do not consider
the product-form invariant measures, because the characterization of
this case has already been extensively studied.

Theorem 4.6. If the invariant measure of the random walk R is in-
duced by a set Γ, where 1 < |Γ| < ∞, then Γ is pairwise-coupled and
there exist (ρ1, σ1), (ρ2, σ2) ∈ Γ where (ρ1, σ1) 6= (ρ2, σ2) such that

1. (ρ1, σ1), (ρ2, σ2) ∈ Hset ∪ Vset.

2. For k = 1, 2, if (ρk, σk) ∈ Hset, then there exist a (ρ, σ) ∈
Γ\(ρk, σk) such that σ = σk and there does not exist a (ρ, σ) ∈
Γ\(ρk, σk) such that ρ = ρk. Similarly, if (ρk, σk) ∈ Vset, then
there exists a (ρ, σ) ∈ Γ\(ρk, σk) such that ρ = ρk and there does
not exist a (ρ, σ) ∈ Γ\(ρk, σk) such that σ = σk.

3. If (ρ1, σ1) ∈ Hset and (ρ2, σ2) ∈ Vset, then |Γ| = 2k+1, where k =
1, 2, 3, · · · . Otherwise, we have |Γ| = 2k, where k = 1, 2, 3, · · · .

Moreover, the pairs of such (ρ1, σ1), (ρ2, σ2) are unique.

4.3.3 The Detection Algorithm

We next introduce an algorithm which checks whether the invariant
measure of a given random walk is a sum of geometric terms. We call
this algorithm the Detection Algorithm. The Detection Algorithm is
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based on the construction of several pairwise-coupled sets. In partic-
ular, we construct one such set for each of the elements in Hset ∪ Vset.
If such a pairwise-coupled set contains another geometric term from
Hset ∪Vset before it goes outside of the unit square, then the invariant
measure of the random walk may be a sum of geometric terms. Next,
the algorithm checks whether the geometric terms from the pairwise-
coupled set are coupled in a correct manner. Notice that because of
Theorem 4.6, if such a pairwise-coupled set exists, then it must be
unique.

The Detection Algorithm: Check whether the invariant measure
of a random walk R is a sum of geometric terms.

Input: The random walk R: ps,t, hs, vt for s, t ∈ {−1, 0, 1}.
Step 1: Compute Hset and Vset.
Step 2: Let (ρ1, σ1) ∈ Hset. We construct a set ΓH1 as follows: we
have ρ2k 6= ρ2k−1, σ2k = σ2k−1 and ρ2k+1 = ρ2k, σ2k+1 6= σ2k for
k = 1, 2, 3, · · · . We continue this procedure until we have (ρn, σn) ∈
(0, 1)2 and (ρn+1, σn+1) /∈ (0, 1)2. We denote this pairwise-coupled set
with n elements by ΓH1 where ΓH1 = {(ρ1, σ1), (ρ2, σ2), · · · , (ρn, σn)}.
We repeat this procedure for other elements from Hset. The resulting
pairwise-coupled sets are denoted by ΓHa where a ≤ 3.
Step 3: Let (ρ1, σ1) ∈ Vset. We construct a set ΓV1 as follows: we
have ρ2k = ρ2k−1, σ2k 6= σ2k−1 and ρ2k+1 6= ρ2k, σ2k+1 = σ2k for
k = 1, 2, 3, · · · . We continue this procedure until we have (ρn, σn) ∈
(0, 1)2 and (ρn+1, σn+1) /∈ (0, 1)2. We denote this pairwise-coupled set
with n elements by ΓV1 where ΓV1 = {(ρ1, σ1), (ρ2, σ2), · · · , (ρn, σn)}.
We repeat this procedure for other elements from Vset. The resulting
pairwise-coupled sets are denoted by ΓVb where b ≤ 3.
Step 4: Check whether the geometric terms from the pairwise-coupled
set are coupled in a correct manner.

1. Consider ΓH1 . If there exists k0 = 1, 2, 3, · · · such that the el-
ement (ρ2k0 , σ2k0) ∈ Hset, then the invariant measure of R is
a sum of geometric terms. Moreover, the invariant measure is
induced by the set {(ρ1, σ1), . . . , (ρ2k0 , σ2k0)} ⊂ ΓH1 . We repeat
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this procedure for all ΓHa where a ≤ 3.

2. Consider ΓH1 . If there exists k0 = 1, 2, 3, · · · such that the ele-
ment (ρ2k0+1, σ2k0+1) ∈ Vset, then the invariant measure of R is
a sum of geometric terms. Moreover, the invariant measure is
induced by {(ρ1, σ1), . . . , (ρ2k0+1, σ2k0+1)} ⊂ ΓH1 . We repeat this
procedure for all ΓHa where a ≤ 3.

3. Consider ΓV1 . If there exists k0 = 1, 2, 3, · · · such that the ele-
ment (ρ2k0 , σ2k0) ∈ Vset, then the invariant measure of R is a sum
of geometric terms. Moreover, the invariant measure is induced
by {(ρ1, σ1), . . . , (ρ2k0 , σ2k0)} ⊂ ΓV1 . We repeat this procedure
for all ΓVb where b ≤ 3.

4. Consider ΓV1 . If there exists k0 = 1, 2, 3, · · · such that the ele-
ment (ρ2k0+1, σ2k0+1) ∈ Hset, then the invariant measure of R is
a sum of geometric terms. Moreover, the invariant measure is
induced by {(ρ1, σ1), . . . , (ρ2k0+1, σ2k0+1)} ⊂ ΓV1 . We repeat this
procedure for all ΓVb where b ≤ 3.

Step 5: If none of the conditions in Step 4 holds, then the invariant
measure of R is not a sum of geometric terms.

We now apply the Detection Algorithm to two examples.

Example 7. We have p1,0 = 0.05, p−1,1 = 0.15, p0,−1 = 0.15, p0,0 =
0.65, h1 = 0.15, h0 = 0.7, v1 = 0.0929, v−1 = 0.15, v0 = 0.7071. The
other transition probabilities are zero.

We see from Figure 4.2 that we start from an element from Hset. In
2 steps, during the construction of a pairwise-coupled set, the element
from Vset is included before the pairwise-coupled set goes out of the
unit square. Hence, the invariant measure of Example 7 is a sum of 3
geometric terms.

Example 8. We have p1,0 = 0.05, p0,1 = 0.05, p−1,1 = 0.2, p−1,0 =
0.2, p0,−1 = 0.2, p1,−1 = 0.2, p0,0 = 0.1, h1 = 0.5, h−1 = 0.1,
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Figure 4.2: Apply the Detection Algorithm to Example 7. The geo-
metric terms contributed to the invariant measure are denoted by the
squares.
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h0 = 0.15, v1 = 0.1, v−1 = 0.06, v0 = 0.59. The other transition
probabilities are zero.

In Figures 4.3(a) and 4.3(b), we construct the pairwise-coupled
sets, ΓH1 and ΓV1 , starting from the elements in Hset = {(ρh, σh)}
and Vset = {(ρv, σv)}, respectively, until they go outside of the unit
square. Notice that ΓH1 ∩ (Hset ∪ Vset\(ρh, σh)) = ∅ and ΓV1 ∩ (Hset ∪
Vset\(ρv, σv)) = ∅. Hence, the invariant measure of Example 8 cannot
be a sum of geometric terms.

4.3.4 Running time of the Detection Algorithm

In this section, we show that the Detection Algorithm has a finite
running time. More precisely, we provide an upper bound on the
number of terms in the pairwise-coupled sets that are constructed in
Steps 1 and 2 of the Detection Algorithm. In particular, we show that
this construction provides a geometric term outside the unit square in
a finite number of steps.

We first introduce the notion of branch points of Q. A point
(x0, y0) ∈ Q that satisfies ∆y(x0) = 0, where

∆y(x) =

(
1∑

s=−1

x−s+1ps,0 − x
)2

− 4

(
1∑

s=−1

x−s+1ps,−1)(

1∑
s=−1

x−s+1ps,1

)
, (4.12)

is called a horizontal branch point ofQ. Since the algebraic curveQ has
a unique connected component in [0,∞)2 (see Lemma 3.8, Chapter 3),
it has two horizontal branch points in [0,∞)2, denoted by (xb, yb),
(xt, yt) with yt ≥ yb. In Appendix 4.B we provide more details on the
branch points of Q as well as a proof of the next result.

Theorem 4.7. Consider a random walk R. For any pairwise-coupled
set Γ ⊂ Q, if |Γ| > M(R) with M(R) = 6

min(D1,D2) + 4, D1 =
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Figure 4.3: Apply the Detection Algorithm to Example 8. The geo-
metric terms are denoted by the squares. (a) ΓH1 . (b) ΓV1 .



4.3. Random walks with an invariant measure that is a sum of
geometric terms 117

∆y(xb)∑1
s=−1 ps,−1x

1−s
t

, D2 =
∆y(xt)∑1

s=−1 ps,−1x
1−s
t

, then there exists a (ρ, σ) ∈ Γ

such that ρ > 1 or σ > 1. Moreover, when p1,0 + p1,1 + p0,1 6= 0, we
have D1 > 0 and D2 > 0. Hence, M(R) <∞.

Theorem 4.7 guarantees that the Detection Algorithm stops in fi-
nite time, since the pairwise-coupled set will go outside of the unit
square in finite steps.

4.3.5 Construction of the invariant measure

If a random walk has an invariant measure that is a sum of geometric
terms, then the Detection Algorithm will provide the set Γ that induces
this measure. It remains to construct the weighting coefficients in the
linear combination of geometric terms. We next explain how to find
the coefficients in the induced measure if the invariant measure of the
random walk is a sum of geometric terms.

We will use Lemma 2.14 from Chapter 2 to determine the coef-
ficients in the induced measure. We find it convenient to repeat it
here.

Lemma 4.8. Consider the random walk R and a measure m induced
by Γ. Then m is the invariant measure of R if and only if Bh(ρ, σ) = 0
and Bv(ρ, σ) = 0 for all (ρ, σ) ∈ Γ, where

Bh(ρ̃, σ̃) =
∑

(ρ,σ)∈Γ:ρ=ρ̃

α(ρ, σ)

[
1∑

s=−1

(
ρ1−shs + ρ1−sσps,−1

)
− ρ
]
,

(4.13)

Bv(ρ̃, σ̃) =
∑

(ρ,σ)∈Γ:σ=σ̃

α(ρ, σ)

[
1∑

t=−1

(
σ1−tvt + ρσ1−tp−1,t

)
− σ

]
.

(4.14)

Lemma 4.8 states that every two coefficients of the geometric terms
with the same horizontal or vertical coordinates must satisfy a linear
relationship.
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The construction of the coefficients is as follows. We first fix the
weighting coefficient for one of the terms in Γ to an arbitrary value.
Since this term is coupled to other terms in Γ, we can now compute
the weighting coefficient for these terms using Lemma 4.8. Following
the same reasoning, we obtain values for all coefficients. Finally, we
rescale all coefficients in order to ensure

∑∞
i=0

∑∞
j=0m(i, j) = 1.

We provide an example for the case that

Γ = {(ρ1, σ1), (ρ2, σ2), (ρ3, σ3), . . . },

where ρ1 6= ρ2, σ1 = σ2, ρ2 = ρ3, σ2 6= σ3, . . . . We first fix α(ρ1, σ1) =
1. Next, we compute α(ρk, σk) consecutively, for k = 2, 3, 4, . . . . The
value of the even terms α(ρ2`, σ2`), where ` = 1, 2, 3, . . . is given by:

α(ρ2`, σ2`) = −W2`−1

W2`
α(ρ2`−1, σ2`−1),

where

Wk = (1− 1

σk
)v1 + (1− σk)v−1 +

1∑
t=−1

p1,t − ρk
(

1∑
t=−1

σ−tk p−1,t

)
.

The value of the odd terms α(ρ2`+1, σ2`+1), where ` = 1, 2, 3, . . . is
given by:

α(ρ2`+1, σ2`+1) = − T2`

T2`+1
α(ρ2`, σ2`),

where

Tk = (1− 1

ρk
)h1 + (1− ρk)h−1 +

1∑
s=−1

ps,1 − σk
(

1∑
s=−1

ρ−sk ps,−1

)
.

Finally, all coefficients are rescaled to obtain a probability measure.

4.4 Approximation analysis

In this section, we provide an approximation scheme to establish upper
and lower bounds for performance measures of a random walk for
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which the invariant measure is unknown. Our approximation is based
on a perturbed random walk of which the invariant measure is a sum
of geometric terms. Moreover, we show how such perturbed random
walks can be determined.

4.4.1 Approximation scheme

The approximation scheme that we use to approximate performance
measures of a random walk is similar to that developed by Goseling et
al. in [16]. In [16], a linear program is developed to approximate the
performance measures. The main difference with [16] is that we have
enlarged the candidate set of perturbed random walks that will be used
in the approximation scheme. Similar to [16], we use a linear program
to determine upper and lower bounds for the performance measures of
a random walk. However, the objective function of our linear program
is different from that in [16] in the sense that the perturbed random
walks of which the invariant measures are a linear combination of
geometric terms are also allowed.

Recall from Section 4.2 that our approximation analysis provides,
for a given performance measure, upper and lower bounds for F =∑

(i,j)∈Sm(i, j)F (i, j). Moreover, we consider the case where m is
unknown. In particular, m is not a sum of geometric terms. The
upper and lower bounds on F that our approximation provide are
expressed in terms of the invariant measure m̄ : S → [0,∞) of an-
other random walk R̄, which we will refer to as the perturbed ran-
dom walk. The perturbed random walk that we will consider has
m̄ =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj for some Γ. The transition probabilities of

R̄ are denoted by p̄s,t for s, t ∈ {−1, 0, 1}. Moreover, we use qs,t where
s, t ∈ {−1, 0, 1} to denote the difference between the transition proba-
bilities in R and the corresponding transition probabilities in R̄. One
of our contributions is to provide a construction of R̄.

In the remainder of this section, we present our approximation
scheme based on the assumption that R̄ is already known. In Sec-
tion 4.4.2, we will construct R̄. We interpret F as a reward function,
where F t(i, j) is the one step reward if the random walk is in state
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(i, j). We denote by F t(i, j) the expected cumulative reward at time
t if the random walk starts from state (i, j) at time 0, i.e.,

F t(i, j) =

{
0, if t = 0,

F (i, j) +
∑

u,v∈{−1,0,1} pu,vF
t−1(i+ u, j + v), if t > 0.

The next result from [29] provides bounds on the approximation
errors for F .

Theorem 4.9 ( [29]). Let F̄ : S → [0,∞) and G : S → [0,∞) satisfy

|F̄ (i, j)−F (i, j) +
∑

u,v∈{−1,0,1}
qu,v(F

t(i+u, j+v)−F t(i, j))| ≤ G(i, j),

(4.15)
for all (i, j) ∈ S and t ≥ 0. Then,∑

(i,j)∈S
[F̄ (i, j)−G(i, j)]m̄(i, j) ≤ F ≤

∑
(i,j)∈S

[F̄ (i, j) +G(i, j)]m̄(i, j).

Based on Theorem 4.9, we develop a linear program similar to
that in [16] to approximate F . In the linear program, we consider F̄
and G as variables and qu,v, F

t and m̄ as parameters. In [16], the
invariant measure of the perturbed random walk is only allowed to be
of product-form. However, in our approximation scheme, the invariant
measure of the perturbed random walk can also be a sum of geometric
terms. It is easy to see that the functions F̄ and G remain the variables
of the linear program we consider.

The linear program that we obtain directly based on Theorem 4.9
is not finite because the state space S contains infinitely many states
and the time horizon is also infinite. In order to have a finite linear
program with finitely many constraints, we consider both the vari-
ables and the parameters in the linear program to be component-wise
linear functions, i.e., similar to how we define F (i, j) in Section 4.2.
Moreover, we bound F t(i+ u, j + v)− F t(i, j) where u, v ∈ {−1, 0, 1}
uniformly over t. In this case, we have reduced the problem to a linear
program with finite objective and finitely many constraints.
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We find finitely many constraints, which guarantee that (4.15) will
be satisfied. In particular, we find pairs of functions (F̄ , G), which
satisfy all constraints in the linear program, similar to that in [16].
We denote the set which characterizes such pairs of functions (F̄ , G)
by P. This means that (4.15) will hold for any pair of functions (F̄ , G)
from P. The next theorem provides the key result which is used to
bound F .

Theorem 4.10 ( [16]). If (F̄ , G) ∈ P then∑
(i,j)∈S

[
F̄ (i, j)−G(i, j)

]
m̄(i, j) ≤ F ≤

∑
(i,j)∈S

[
F̄ (i, j) +G(i, j)

]
m̄(i, j).

Moreover, P can be represented with a finite number of constraints.

Instead of only using a perturbed random walk of which the invari-
ant measure is of product-form, we are also allowed to use a perturbed
random walk of which the invariant measure is a sum of geometric
terms as well. Hence, we are able to find the upper and lower bounds
for F based on a richer set of perturbed random walks with closed-
form invariant measures m̄1, m̄2, · · · . Without loss of generality, we
have

Fup = min

 ∑
(i,j)∈S

[F̄ (i, j) +G(i, j)]m̄1(i, j)

 ,

Flow = max

 ∑
(i,j)∈S

[F̄ (i, j)−G(i, j)]m̄2(i, j)

 ,

for all (F̄ , G) ∈ P, which is a set where F̄ and G lie in, and all
constraints in the linear program are satisfied.

Notice that the measures m̄1 and m̄2 need not be the same. The
best upper and lower bounds might be achieved by using different
perturbed random walks. In the next section, we explain how to find
such perturbed random walk R̄.
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Figure 4.4: Perturbed random walk in the quarter-plane.

4.4.2 Perturbed random walk R̄

In this section, we first show how to find a perturbed random walk R̄
such that the invariant measure of R̄ is of a given product-form, i.e.,
m̄(i, j) = ρiσj . Then, we show how to find the perturbed random walk
R̄ of which the invariant measure is a sum of geometric terms.

We restrict our attention to the case where for the perturbed ran-
dom walk R̄, only the transitions along the boundaries of the state
space S, which are denoted by h̄1, h̄−1, h̄0 and v̄1, v̄−1, v̄0, are different
from that in the original random walk R, see Figure 4.4.

In some cases, we cannot find transition probabilities h̄1, h̄−1,
v̄1, v̄−1. However, it is always possible to find non-negative scalars
H1, H−1, V1, V−1 such that the balance equations are satisfied. Note
that the resulting system may not be a random walk. However, a
rescaling of this system will provide a random walk. Therefore, con-
structing H1, H−1, V1, V−1 is a useful intermediate step.
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We next introduce the C-rescaled random walk.

Definition 4.11 (C-rescaled random walk). Consider R with ps,t
where s, t ∈ {−1, 0, 1} in the interior and H1, H−1, V1, V−1 for
the boundaries. Let C > 1. The random walk R̃ is called the C-
rescaled random walk of R if the transition probabilities of R̃ are
p̃s,t =

ps,t
C for (s, t) 6= (0, 0) and p̃0,0 = 1 −∑(s,t) 6=(0,0) p̃s,t. More-

over, the boundary transition probabilities are h̃1 = H1
C , h̃−1 = H−1

C ,

h̃0 = 1 − h̃1 − h̃−1 −
∑1

s=−1 p̃s,1, ṽ1 = V1
C , ṽ−1 = V−1

C and ṽ0 =

1− ṽ1 − ṽ−1 −
∑1

t=−1 p̃1,t.

Clearly, if m(i, j) = ρiσj satisfies all balance equations for all states
in R, then m(i, j) satisfies all balance equations for all states in a C-
rescaled random walk of R as well.

If the given measure is of product-form, then we find the new
boundary probabilities in the perturbed random walk such that the
algebraic curve H and V will cross this point which leads to the
product-form invariant measure. If the given measure is a sum of
an odd number of geometric terms which form a pairwise-coupled set,
then we find the new boundary probabilities in the perturbed random
walk such that the algebraic curves H and V will cross two specific
points from this pairwise-coupled set.

R̄ with a product-form invariant measure

The first step is to construct the scalars H1, H−1 and V1, V−1 which can
be greater than 1. Notice that, if m̄(i, j) = ρiσj satisfies the balance
equations for all states from S, the scalars H1, H−1 and V1, V−1 must
satisfy the horizontal and vertical balance equations in (4.3) and (4.4),
respectively. Inserting m(i, j) = ρiσj into equation (4.3) gives

(1− 1

ρ
)H1 + (1− ρ)H−1 =

1∑
s=−1

ρ−sσps,−1 −
1∑

s=−1

ps,1. (4.16)

Equation (4.16) is linear in the two unknowns H1, H−1. The non-
negative H1, H−1 exist because the slope of equation (4.16) is positive.
Similarly, non-negative V1 and V−1 can also be found.
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The next step is to start rescaling. Therefore, we determine ch and
cv as follows,

ch = H1 +H−1 +
1∑

s=−1

ps,1 and cv = V1 + V−1 +
1∑

t=−1

p1,t.

We take C = max{ch, cv}.
If C ≤ 1, then the random walk with h̄1 = H1, h̄−1 = H−1, v̄1 =

V1, v̄−1 = V−1 as boundary transition probabilities is the perturbed
random walk R̄ with invariant measure m̄.

If C > 1, we do not consider the original random walk R anymore.
We consider the C-rescaled random walk of R, which is denoted by R̃,
to be the input random walk for the approximation scheme. Moreover,
the random walk R̄ with h̄1 = H1

C , h̄−1 = H−1

C , v̄1 = V1
C , v̄−1 = V−1

C as

boundary transition probabilities is the perturbed random walk of R̃,
instead of R.

R̄ with a sum of geometric terms as invariant measure

Similarly, we find the perturbed random walk R̄ of which the invariant
measure is m̄ =

∑
(ρ,σ)∈Γ α(ρ, σ)ρiσj where |Γ| = 2k + 1, with k =

1, 2, 3, . . . .

Using Theorem 4.6, we find (ρ1, σ1) to be the geometric term from
the set Γ which does not share the horizontal coordinate with any
other geometric terms from set Γ. Similarly, we find (ρ2, σ2) to be
the geometric term from the set Γ which does not share the vertical
coordinate with any other geometric terms from set Γ.

Instead of looking for the scalars H1, H−1, V1 and V−1 which sat-
isfy the horizontal and vertical balance equation for the product-form
m̄(i, j) = ρiσj , we find H1 and H−1, which satisfy the horizontal bal-
ance for the geometric measure ρi1σ

j
1, and V1 and V−1, which satisfy

the vertical balance for the geometric measure ρi2σ
j
2 (see Lemma 4.8).

Again, we compute ch and cv. If C ≤ 1, we find R̄ directly. If C > 1,
we consider the C-rescaled random walk of R, R̃, as the input random
walk for our approximation scheme. Moreover, we find the perturbed
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random R̄ for R̃ similar to the case when the invariant measure of R̄
is of product-form.

4.5 Numerical illustrations

In this section, we apply the Detection Algorithm and the approxi-
mation scheme developed in Section 4.4 to several random walks. For
any given random walk, we provide the explicit form of the invariant
measure if it is a sum of geometric terms. Otherwise, we provide error
bounds for the performance measures.

We show that the bounds for the performance measures will be
improved when using a perturbed random walk of which the invariant
measures is a sum of geometric terms instead of a perturbed random
walk of which the invariant measure is of product-form as in [16].

In particular, we are interested in following performance measures
of a random walk in the quarter-plane,
F1: the average number of jobs in the first dimension,
F2: the probability that the system is empty.
Notice that the function F (i, j) used to determine F is component-
wise linear. It can the readily verified that the performance measure
F is F1 if and only if we assign the following values to the coefficients:
f1,1 = 1 and f4,1 = 1 and others 0. Similarly, the performance measure
F is F2 if and only if we assign the following values to the coefficients:
f3,0 = 1 and others 0.

We use [F1
1 ]up/low, [F1

2 ]up/low to denote the upper and lower bounds
for the performance measures obtained via a perturbed random walk
of which the invariant measure is of product-form. We use [F3

1 ]up/low,
[F3

2 ]up/low to denote the upper and lower bounds for the performance
measures obtained via a perturbed random walk of which the invariant
measure is a sums of 3 geometric terms.

The next example we consider here has also been mentioned in
Section 2.5, Chapter 2.

Example 9. We have p1,0 = 0.05, p0,1 = 0.05, p−1,1 = 0.2, p−1,0 =
0.2, p0,−1 = 0.2, p1,−1 = 0.2, p0,0 = 0.1 and h1 = 0.5, h−1 = 0.1,
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h0 = 0.15, v1 = 0.113, v−1 = 0.06, v0 = 0.577. The other transition
probabilities are zero.

In Figure 4.5(a) all non-zero transition probabilities, except those
for the transitions from a state to itself, are illustrated.

Using the Detection Algorithm, we find the invariant measure of
this random walk is

m(i, j) =

5∑
k=1

αkρ
i
kσ

j
k,

where the geometric terms are the solid squares in Figure 4.5(b) and
the coefficients are α1 = 0.0088, α2 = 0.1180, α3 = −0.1557, α4 =
0.1718, α5 = −0.1414. Therefore, we are able to compute the perfor-
mance measures directly from m(i, j),

F1 =
5∑

k=1

∞∑
i=0

∞∑
j=0

αkiρ
i
kσ

j
k =

5∑
k=1

αk
ρk

(1− ρk)2

1

1− σk
= 41.2062.

F2 =

5∑
k=1

αk = 0.0015.

Example 10. We have p1,0 = 0.1, p0,1 = 0.1, p−1,1 = 0.1, p−1,0 = 0.3,
p0,−1 = 0.3, p1,−1 = 0.1 and h1 = 0.1, h−1 = 0.02, h0 = 0.68, v1 = 0.1,
v−1 = 0.03, v0 = 0.67. The other transition probabilities are zero.

In Figure 4.6(a), all non-zero transition probabilities, except those
for the transitions from a state to itself, are illustrated.

Using the Detection Algorithm, we conclude that the invariant
measure cannot be a sum of geometric terms. Instead, we will find
error bounds for F1. We first obtain error bounds for F1 using a
perturbed random walk of which the invariant measure is of product-
form. Figure 4.7(a) shows 12 different geometric terms which are the
invariant measures of the perturbed random walks used to bound F1.
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Figure 4.5: Example 9. (a) Transition diagram. (b) Algebraic curves Q,
H and V . The geometric terms contributed to the invariant measure
are denoted by the squares.
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Figure 4.6: Example 10. (a) Transition diagram. (b) Algebraic curves
Q, H and V . The geometric terms are denoted by the squares.
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Figure 4.7: (a) The geometric measures from Q. (b) Error bounds for
F1. The x-axis in (b) are the index of 12 geometric measures in (a)
sorted from left up corner to the right down conner.
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Moreover, we bound F1 based on a perturbed random walk of which
the invariant measure is the sum of the 3 geometric terms that are
depicted as solid squares in Figure 4.6(b). Finally, we find error bounds
for F1 in Figure 4.7(b). Figure 4.7(b) shows that the minimum of
[F1

1 ]up and the maximum of [F1
1 ]low, when perturbed random walks of

which the invariant measures are of product-form are used, are

min([F1
1 ]up) = 5.4200, max([F1

1 ]low) = −1.9527.

Note that lower bounds which provide negative values are not directly
useful, since F can always be lower bounded by 0. However, these
bounds indicate the range of errors that our approximation scheme
may lead to. The upper and lower bounds for F1, when the perturbed
random walk of which the invariant measure is a sum of 3 geometric
terms which are depicted in Figure 4.6(b) is used, are

[F3
1 ]up = 2.9026, [F3

1 ]low = 0.8964.

Clearly, [F3
1 ]up and [F3

1 ]low outperform [F1
1 ]up and [F1

1 ]low. From
the results above, we conclude that using a perturbed random walk of
which the invariant measure is a sum of multiple geometric geometric
terms improves the error bounds compared with only using the per-
turbed random walk of which the invariant measure is of product-form.

In the next example, we consider a discrete-time Markov chain
obtained by uniformizing a tandem queue model. The special feature
of this model is that, when the first server is idle, the service rate in
the second server will be slower.

Example 11 (Tandem queue with server slow-down). We have p1,0 =
0.1, p−1,1 = 0.2, p0,−1 = 0.3, p0,0 = 0.4, h1 = 0.1, h0 = 0.7, v−1 = 0.03
and v0 = 0.87. The other transition probabilities are zero.

In Figure 4.8(a), all non-zero transition probabilities, except those
for the transitions from a state to itself, are illustrated.

Using the Detection Algorithm, we conclude that the invariant
measure cannot be a sum of geometric terms. Instead, we find error
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Figure 4.8: Example 11. (a) Transition diagram. (b) Algebraic curves
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bounds for F2. We first obtain error bounds for F2 using a perturbed
random walk of which the invariant measure is of product-form. Fig-
ure 4.9(a) shows 12 different geometric terms which are the invariant
measures of the perturbed random walks used to bound F2. We also
bound F2 based on a perturbed random walk of which the invariant
measure is the sum of 3 geometric terms which are depicted as solid
squares in Figure 4.8(b). Finally, Figure 4.9 shows bounds for F2.

We obtain the error bounds for F2 in Figure 4.9. From Fig-
ure 4.9(b), we have

min([F1
2 ]up) = 0.5258, max([F1

2 ]low) = −0.1070.

Using the perturbed random walk of which the invariant measure is the
sum of 3 geometric terms depicted as solid squares (see Figure 4.8(b)),
we obtain the upper and lower bounds for F2:

[F3
2 ]up = 0.2367, [F3

2 ]low = 0.1346,

respectively.

Clearly, [F3
2 ]up and [F3

2 ]low outperform [F1
2 ]up and [F1

2 ]low.

Note that there is no monotonicity between the number of geo-
metric terms used in the invariant measure of the perturbed random
walk and the error bounds of the approximated performance measure.
For example, if we use the perturbed random walk of which the in-
variant measure is induced by 5 geometric terms, the error bounds for
the approximated performance measure is not necessarily better than
that obtained via the perturbed random walk of which the invariant
measure is induced by 3 geometric terms. This is the reason why we
do not give many numerical illustrations when the invariant measure
of the perturbed random walk is induced by Γ where |Γ| = 5, 7, 9, . . . .

Finally, note that in our numerical illustrations, perturbations to
invariant measures with 3 geometric terms are better than pertur-
bations to product-form invariant measures. However, there are also
examples when perturbations to product-form invariant measures pro-
vide the best results.
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Figure 4.9: (a) The geometric measures from Q. (b) Error bounds for
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4.6 Discussion

In this chapter, we first developed an algorithm to check whether the
invariant measure of a given random walk in the quarter-plane is a
sum of geometric terms. We also showed how to find explicitly the
invariant measure, if the answer is positive. Performance measures of
such random walks can be readily evaluated. For the case when the
invariant measure of a given random walk is not a sum of geometric
terms, we developed an approximation scheme to determine the per-
formance measures. These bounds are determined using a perturbed
random walk which differs from the original random walk only in the
transitions along the boundaries. We showed numerically that consid-
ering the perturbed random walks of which the invariant measure is a
sum of geometric terms instead of the perturbed random walk of which
the invariant measure is of product-form results in tighter bounds for
the performance measures.

In this chapter, we assume p1,0 + p1,1 + p0,1 6= 0 because when
p1,0 + p1,1 + p0,1 = 0, the algebraic curve Q of the random walk has an
accumulation point at the origin. In this case, the Detection Algorithm
may not stop in finite time. However, this does not prevent us from
using the approximation scheme developed in Section 4.4.1 to obtain
bounds on the performance measures, i.e., using a perturbed random
walk of which the invariant measure is a sum of finitely many geometric
terms. Therefore, we conclude that our approximation scheme accepts
any random walk as an input.

4.A Proof of Theorem 4.6

In order to prove Theorem 4.6, we first present a lemma. The vertical
branch points which will be used here are defined similarly to the
horizontal branch points before. Since the algebraic curve Q has a
unique connected component in [0,∞)2 (see Lemma 3.8, Chapter 3),
it has two vertical branch points in [0,∞)2, denoted by (xl, yl), (xr, yr)
with xl ≥ xr.
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Lemma 4.12. Consider the measure m induced by set Γ, which is
the invariant measure of random walk R. If we connect every two
geometric terms with the same horizontal or vertical coordinates from
set Γ with a line segment, then these line segments cannot form a cycle.

In order to prove Lemma 4.12, we define two types of partition of
Q, see Figure 4.10.

Definition 4.13 (Partition I of Q). The partition {Q00, Q01, Q10, Q11}
of Q is defined as follows: Q00 is the part of Q connecting (xl, yl) and
(xb, yb); Q10 is the part of Q connecting (xb, yb) and (xr, yr); Q01 is
the part of Q connecting (xl, yl) and (xt, yt); Q11 is the part of Q
connecting (xr, yr) and (xt, yt).

Definition 4.14 (Partition II of Q). Let {Ql, Qc, Qr} denote a parti-
tion of Q, where

Ql = {(x, y) ∈ Q | x ≤ xb} ,
Qc = {(x, y) ∈ Q | xb < x ≤ xt} ,
Qr = {(x, y) ∈ Q | x > xt} .

Proof of Lemma 4.12. Denote the two pieces of Qc in Figure 4.10(b)
by Qtc and Qbc satisfying ỹ > y if (x, ỹ) ∈ Qtc and (x, y) ∈ Qbc. Since
the algebraic curve Q contains no singularity, because of Theorem 3.13
from Chapter 3, Ql, Qc and Qr are all non-empty.

In addition, we let {Γ1, . . . ,ΓK} denote a partition of Γ, where the
elements of Γi are denoted by Γi = {(ρi,1, σi,1), . . . , (ρi,L(i), σi,L(i))}
and each Γi satisfies

ρi,1 > ρi,2, σi,1 = σi,2,

ρi,2 = ρi,3, σi,2 > σi,3,

ρi,3 > ρi,4, σi,3 = σi,4,
...

...

ρi,L(i)−1 > ρi,L(i), σi,L(i)−1 = σi,L(i).

(4.17)



0 0.5 1 1.4

0.5

1

1.4

yt

xr

yb
xl

Q00

Q10

Q11

Q01

ρ

σ

(a)

0 0.5 1 1.4

0.5

1

1.4

yt

xr

yb
xl

Q00

Q10

Q11

Q01

ρ

σ

(b)

Figure 4.10: Different partition of Q. (a) Partition I of Q. (b) Partition
II of Q.
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In addition the partition {Γ1, . . . ,ΓK} is maximal in the sense that no
Γi ∪ Γj , i 6= j satisfies (4.17).

Assume that the line segments, which connect every two geometric
terms with the same horizontal or vertical coordinates from set Γ, form
a cycle. Without loss of generality, we will have Γ1, Γ2 where |Γ1| > 1
and |Γ2| > 1 such that ρ1,1 = ρ2,1 and ρ1,1, ρ2,1 ∈ Qr. Moreover,
either ρ1,1 or ρ2,1 must be on Q11. However, yt ≥ 1 and xr ≥ 1,
by [12, Lemma 2.3.8]. Also, using the fact that Q11 is monotonic, by
Lemma 3.10 from Chapter 3, we conclude that Q11 is outside of U ,
which contradicts that m is a finite measure.

We are now ready to prove Theorem 4.6.

Proof of Theorem 4.6. First, it follows from Theorem 2.13, Chapter 2
that Γ must be a pairwise-coupled set.

From Lemma 4.12, the pairwise-coupled set Γ cannot form a cycle.
Hence, there must be two geometric terms which do not share the
horizontal or vertical coordinate with other geometric terms from set
Γ. We denote these two geometric terms by (ρ1, σ1), (ρ2, σ2).

It follows from Lemma 4.8 that the measure induced by any two ge-
ometric terms from set Γ, which have the same horizontal coordinates,
must satisfy the horizontal balance equation.

Without loss of generality, we assume that (ρ1, σ1), (ρ2, σ2) ∈ Hset.
Thus, for k = 1, 2, we have

Bh(ρk, σk) =

1∑
s=−1

(
ρ1−s
k hs + ρ1−s

k σkps,−1

)
− ρk = 0. (4.18)

Hence, for k = 1, 2, there exists no (ρ, σ) ∈ Γ\(ρk, σk) such that
ρ = ρk. Otherwise, the balance for (ρk, σk) and (ρ, σ) cannot be
satisfied. Moreover, because Γ is a pairwise-couple set, there exist
a (ρ, σ) ∈ Γ\(ρk, σk) such that σ = σk. Similar results hold when
(ρ1, σ1), (ρ2, σ2) ∈ Vset or when (ρ1, σ1) ∈ Hset and (ρ2, σ2) ∈ Vset.

It can be readily verified that if (ρ1, σ1) ∈ Hset and (ρ2, σ2) ∈ Vset,
then |Γ| = 2k + 1, where k = 1, 2, 3, · · · . Otherwise, we have |Γ| = 2k
where k = 1, 2, 3, · · · .
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Finally, if such pairs (ρ1, σ1), (ρ2, σ2) are not unique, then, by care-
fully choosing the coefficients, we find 2 signed measures to make all
balance equations satisfied. However, this contradicts the uniqueness
of the invariant measure, which completes the proof.

4.B Proof of Theorem 4.7

Proof of Theorem 4.7. Similar to the proof of Lemma 4.12, we find
{Γ1, . . . ,ΓK} which are defined in (4.17).

First, we prove L(i) <∞ by demonstrating that

|Γi ∩Ql| ≤ 1, |Γi ∩Qc| <∞, |Γi ∩Qr| ≤ 1.

Suppose that |Γi ∩Qr| ≥ 2. Then there exist (ρ, σ) and (ρ̃, σ̃) on Q11

or Q10 satisfying σ̃ = σ. This contradicts Lemma 3.10, Chapter 3,
which indicates the monotonicity of Q11 and Q10.

Therefore, |Γi ∩Qr| ≤ 1. Similarly, we show |Γi ∩Ql| ≤ 1.
Next, we prove that σi,j+2 ≤ σi,j −min(D1, D2) where

D1 =
∆y(xb)∑1

s=−1 ps,−1x
1−s
t

, D2 =
∆y(xt)∑1

s=−1 ps,−1x
1−s
t

,

for three consecutive elements in |Γi ∩Qc|, (ρi,j , σi,j), (ρi+1,j+1, σi+1,j+1)
and (ρi+2,j+2, σi+2,j+2) satisfying

ρi,j > ρi,j+1, σi,j = σi,j+1,

ρi,j+1 = ρi,j+2, σi,j+1 > σi,j+2.

Note that ∆y(x) > 0 and ∆y(x) has at most one stationary point where
the derivative is 0 for x ∈ (xb, xt) because ∆y(x) is continuous over
x and ∆y(x) = 0 has 4 real solutions due to Lemma 3.5, Chapter 3.
We obtain that ∆y(x) ≥ min(∆y(xb),∆y(xt)). Moreover, it can be
readily verified that

∑1
s=−1 ps,−1x

1−s is monotonically increasing in x
for x ∈ (xb, xt). Therefore, we have

∆y(x)∑1
s=−1 ps,−1x1−s ≥ min

(
∆y(xb)∑1

s=−1 ps,−1x
1−s
t

,
∆y(xt)∑1

s=−1 ps,−1x
1−s
t

)
,

(4.19)
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for x ∈ (xb, xt).
Notice that the left side of equation (4.19) is the distance between

two intersections of Q and a vertical line, i.e.,
∆y(a)∑1

s=−1 ps,−1a1−s
is the

distance between two intersections of Q and line x = a. Therefore, we
conclude that σi,j+2 ≤ σi,j −min(D1, D2) where

D1 =
∆y(xb)∑1

s=−1 ps,−1x
1−s
t

, D2 =
∆y(xt)∑1

s=−1 ps,−1x
1−s
t

.

Next, we show that if K > 2, then there exists a (ρ, σ) ∈ Γ such
that ρ > 1 or σ > 1. Without loss of generality, we assume K = 3.
Observe that {Γ1,Γ2,Γ3} forms a pairwise-coupled set. Using from the
above that |Γi| <∞ for i = 1, 2, 3, we must have ρ1,L(1) = ρ2,L(2) with
ρ1,L(1), ρ2,L(2) ∈ Ql and ρ2,1 = ρ3,1 with ρ2,1, ρ3,1 ∈ Qr after a proper
ordering of {Γ1,Γ2,Γ3}. Moreover, either ρ2,1 or ρ3,1 must be on Q11.
However, yt ≥ 1 and xr ≥ 1 due to [12, Lemma 2.3.8]. Also, using
the fact that Q11 is monotonic, due to Lemma 3.10 from Chapter 3,
we conclude that Q11 is outside of U . Hence, there exists a (ρ, σ) ∈ Γ
such that ρ > 1 or σ > 1.

When K ≤ 2, we know that the distance between two intersections
of Q and a vertical line x = a where a ∈ (xb, xt) is at least min(D1, D2).

Therefore, we conclude that if

|Γ| > M(R) =
6

min(D1, D2)
+ 4,

then there exists a (ρ, σ) ∈ Γ such that ρ > 1 or σ > 1. We know from
Theorem 3.13, Chapter 3, that the algebraic curve Q can only have an
accumulation point at the origin when p1,0 + p1,1 + p0,1 = 0. Hence,
when p1,0 + p1,1 + p0,1 6= 0, we have xb > 0 and xt > 0. This means
that D1 > 0 and D2 > 0. Therefore, we have M(R) <∞.





Chapter 5

Performance measures for
the two-node queue with
finite buffers

The two-node queue with a finite buffer space is one of the most ex-
tensively studied topics in queueing theory. The finite capacity of
the buffers are usually used to model stochastic systems with limited
storage capacity such as manufacturing, telecommunications or trans-
portation applications.

A special case of the two-node queue with a finite buffers space,
which has been extensively studied so far, is the tandem queue with a
finite buffer space. An extensive list of papers on this topic is provided
in [5, 24]. Most of these papers focus on the development of approxi-
mations or algorithmic procedures to find steady-state system perfor-
mances such as throughput and the average number of customers in the
system. A popular approach used in such approximations is decompo-
sition. The main variations of such a model are: three or more stations
in the tandem queue [25], multiple servers at each station [33,35], op-
timal design for allocating finite buffers to the stations [17], general
service time [26, 31], etc. Numerical results of such approximations
often imply that the proposed approximations are indeed the bounds
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of the specific performance measure. However, these approximation
methods cannot be easily extended to a general method, which de-
termines the steady-state performance measures of a two-node queue
with finite buffers.

Van Dijk et al. [30] pioneered in developing error bounds for the sys-
tem throughput using the product-form modification approach. The
method has since been further developed by van Dijk et al. [28,32] and
has been applied to, for instance, Erlang loss networks [6], to networks
with breakdowns [27], to queueing networks with non-exponential ser-
vice [31] and to wireless communication networks with network cod-
ing [15]. An extensive description and overview of various applications
of this method can be found in [29].

A major disadvantage of the error bound method mentioned above
is that the verification steps that are required when applying the
method can be technically quite complicated. Goseling et al. [16]
developed a general verification technique for random walks in the
quarter-plane. This verification technique is based on formulating the
application of the error bounds method as solving a linear program.
In doing so, it avoids completely the induction proof required in [30].
Moreover, instead of only bounding performance measures for specific
queueing system, the approximation method developed in [16] accepts
any random walk in the quarter-plane as an input.

The main contribution of the current work is to provide an approx-
imation scheme which can be readily applied to approximate perfor-
mance measures for a two-node queue with finite buffers. This is based
on modifying the general verification technique developed in [16] for
a two-dimensional finite random walk. We apply this approximation
scheme to a tandem queue with finite buffers. We show that the error
bounds for the blocking probability are improved compared with the
error bounds for the blocking probability provided in [30]. The method
in [30] is based on specific model modification. Apart from this, our
approximation scheme is more general in the sense that other inter-
esting performance measures could also be obtained easily, instead of
looking for different model modifications as in [28, 30, 32]. Moreover,
we show that the error bounds can still be achieved for variations of the
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tandem queue with finite buffers. In particular, we consider the case
that one server speeds-up or slows-down when another server is idle
or saturated. Finally, we show that this approximation scheme also
works for other two-node queue with finite buffer space model, for in-
stance, a coupled-queue with processor sharing and finite buffers. The
numerical results illustrate that our approximation scheme achieves
tight bounds. Hence, our method can be useful for quick engineering
purposes and optimal design of the queueing system.

The remainder of this chapter proceeds as follows. In Section 5.1 we
present the model and formulate the research problem. In Section 5.2,
we provide an approximation scheme to bound performance measures
for any two-node queue with finite buffers. We bound performance
measures for a tandem queue with finite buffers and some variants of
this model in Section 5.3. In Section 5.4, the approximation scheme
has also been applied to a coupled-queue with processor sharing and
finite buffers. Finally, we provide concluding remarks in Section 5.5.

5.1 Model and problem formulation

5.1.1 Two-node queue with finite buffers

The two-node queue with finite buffers is a queueing system with two
servers, each of them having finite storage capacity. If a job arrives
at a server which does not have any more storage capacity, then the
job is lost. In general, the two queues influence each other, i.e., the
service rate at one of the queues depends on the number of jobs at the
other.

Such a queueing system is naturally modeled as a two-dimensional
finite random walk, which we introduce next. The connection between
the continuous-time queueing system and the discrete-time random
walk, obtained through uniformization, is made explicitly for various
examples in Section 5.3 and Section 5.4.
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C5 C1

C2 C9

C8

C7C6 C3

C4

Figure 5.1: C-partition of S with components C1, C2, · · · , C9.

5.1.2 Two-dimensional finite random walk

We consider a two-dimensional random walk R on S where S =
{0, 1, 2, · · · , L1} × {0, 1, 2, · · · , L2}, which is the underlying model of
a two-node queue with finite buffers. We use a pair of coordinates
to represent a state, i.e., for n ∈ S, n = (i, j). The state space is
naturally partitioned in the following components (see Figure 5.1):

C1 = {1, 2, 3, · · · , L1 − 1} × {0}, C2 = {0} × {1, 2, 3, · · · , L2 − 1},
C3 = {1, 2, 3, · · · , L1 − 1} × {L2}, C4 = {L1} × {1, 2, 3, · · · , L2 − 1},
C5 = {(0, 0)}, C6 = {(0, L2)}, C7 = {(L1, L2)}, C8 = {(L1, 0)},
C9 = {1, 2, 3, · · · , L1 − 1} × {1, 2, 3, · · · , L2 − 1}.
We refer to this partition as the C-partition. The index of the com-
ponent of state n ∈ S is denoted by k(n), i.e., n ∈ Ck(n). Tran-
sitions are restricted to the adjoined points (horizontally, vertically
and diagonally). For k = 1, 2, · · · , 9, we denote by Nk the neigh-
bors of a state in Ck. More precisely, N1 = {−1, 0, 1} × {0, 1}, N2 =
{0, 1}×{−1, 0, 1}, N3 = {−1, 0, 1}×{−1, 0}, N4 = {−1, 0}×{−1, 0, 1},
N5 = {0, 1} × {0, 1}, N6 = {0, 1} × {−1, 0}, N7 = {−1, 0} × {−1, 0},
N8 = {−1, 0} × {1, 0} and N9 = {−1, 0, 1} × {−1, 0, 1}. Also, let
N = N9.
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Figure 5.2: Two-dimensional finite random walk on S.
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Let pk,u denote the transition probability from state n in compo-
nent k to n + u, where u ∈ Nk. The transition diagram of a two-
dimensional finite random walks can be found in Figure 5.2. The
system is homogeneous in the sense that the transition probabilities
(incoming and outgoing) are translation invariant in each of the com-
ponents, i.e.,

pk(n−u),u = pk(n),u, for n− u ∈ S and u ∈ k(n). (5.1)

The equality in (5.1) not only implies that the transition probabili-
ties for each part of the state space are translation invariant but also
ensures that also the transition probabilities entering the same com-
ponent of the state space are translation invariant.

We assume that the random walk R that we consider is aperiodic,
irreducible, positive recurrent, and has invariant measure m(n), where
m(n) satisfies for all n ∈ S,

m(n) =
∑

u∈Nk(n)

pk(n+u),−um(n+ u).

5.1.3 Problem formulation

Our goal is to approximate the steady-state performance of the random
walk R. The performance measure of interest is

F =
∑
n∈S

m(n)F (n),

where F (n) : S → [0,∞) is linear in each of the components from
C-partition, i.e.,

F (n) = fk(n),0 + fk(n),1i+ fk(n),2j, for n = (i, j) ∈ S. (5.2)

The constants fk(n),0, fk(n),1 and fk(n),2 are allowed to be different for
different components from the C-partition of S.

In general, the probability measure m(n) is assumed to be un-
known, or at least does not have a closed-form expression. Therefore,
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Figure 5.3: Perturbed random walk R̄.

we will use a perturbed random walk of which the invariant measure
has a closed-form expression to approximate the performance measure
F .

We approximate the performance measure F in terms of the per-
turbed random walk R̄. We consider the perturbed random walk
R̄ in which only the transition probabilities along the boundaries
(C1, · · · , C8) are allowed to be different, i.e., for instance, p1,(−1,0),
p1,(1,0), p1,(0,0) for the state from C1 are allowed to be different in R̄,
p2,(0,1), p2,(0,−1), p2,(0,0) for the state from C2 are allowed to be different
in R̄, etc. An example of a perturbed random walk R̄ can be found in
Figure 5.7.

We use p̄k,u to denote the probability of R̄ jumping from any state
n in component Ck to n + u, where u ∈ Nk. Moreover, let qk,u =
p̄k,u − pk,u. The probability measure m̄ of R̄ is assumed to be of
product-form,i.e.,

m̄(n) = αρiσj ,

where n = (i, j) for some (ρ, σ) ∈ (0, 1)2 and α 6= 0. The measure m̄
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is the invariant measure of R̄, hence, it satisfies

m̄(n) =
∑

u∈Nk(n)

pk(n+u),−um̄(n+ u), (5.3)

for all n ∈ S.
In the following sections, we are going to find upper and lower

bounds of F in terms of the perturbed random walk R̄ defined above.

5.2 Proposed approximation scheme

In this section, we establish an approximation scheme to find upper
and lower bounds for performance measures of a two-dimensional finite
random walk.

In [16], an approximation scheme based on a linear program is
developed for a random walk in the quarter-plane. This approximation
scheme has also been used in Chapter 4. We will show in this chapter
that the technique can be extended to cover our model, i.e., a two-
dimensional finite random walk. We will explain how this is achieved
in the following sections.

5.2.1 Markov reward approach to error bounds

The fact that R and R̄ differ only along the boundaries of S makes
it possible to obtain the error bounds for the performance measures
via the Markov reward approach. An introduction to this technique
is provided in [29]. We interpret F as a reward function, where F (n)
is the one step reward if the random walk is in state n. We denote by
F t(n) the expected cumulative reward at time t if the random walk
starts from state n at time 0, i.e.,

F t(n) =

{
0, if t = 0,

F (n) +
∑

u∈Nk(n)
pk(n),uF

t−1(n+ u), if t > 0,

For convenience, let F t(n + u) = 0 where u ∈ {(s, t)|s, t ∈ {−1, 0, 1}}
if n+ u /∈ S. Terms of the form F t(n+ u)− F t(n) play a crucial role
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in the Markov reward approach and are denoted as bias terms. Let
Dt
u = F t(n+ u)− F t(n). For the unit vectors e1 = (1, 0), e2 = (0, 1),

let Dt
1(n) = Dt

e1(n) and Dt
2(n) = Dt

e2(n).
The next result in [29] provides bounds for the approximation error

for F . We will use two non-negative functions F̄ and G to bound the
performance measure F .

Theorem 5.1 ( [29]). Let F̄ : S → [0,∞) and G: S → [0,∞) satisfy∣∣∣∣∣∣F̄ (n)− F (n) +
∑

u∈Nk(n)

qk(n),uD
t
u(n)

∣∣∣∣∣∣ ≤ G(n), (5.4)

for all n ∈ S and t ≥ 0. Then∑
n∈S

[F̄ (n)−G(n)]m̄(n) ≤ F ≤
∑
n∈S

[F̄ (n) +G(n)]m̄(n). (5.5)

5.2.2 A linear program approach

In this section we present a linear program approach to bound the
errors. Due to our construction of R̄, the random walks R and R̄
differ only in the transitions that are along the unit directions, i.e.,

qk,u = p̄k,u − pk,u = 0 for u 6= {e1, e2,−e1,−e2, (0, 0)}. (5.6)

This restriction will significantly simplify the presentation of the result.
To start, consider the following optimization problem. We only

consider how to obtain the upper bound for F here because the lower
bound for F can be found similarly.
Problem 1

minimize
∑
n∈S

[F̄ (n) +G(n)]m̄(n), (5.7)

subject to

∣∣∣∣∣∣F̄ (n)− F (n) +
∑
s=1,2

(
qk(n),esD

t
s(n) + qk(n),−esD

t
s(n− es)

)∣∣∣∣∣∣
≤ G(n), for n ∈ S, t ≥ 0, (5.8)

F̄ (n) ≥ 0, G(n) ≥ 0, for n ∈ S. (5.9)
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The variables in Problem 1 are the functions F̄ (n), G(n) and the
parameters are F (n), m̄(n), qk(n),es and Dt

s(n) for n ∈ S, s = 1, 2.
Hence, Problem 1 is a linear programming problem over two non-
negative variables F̄ (n) and G(n) for every n ∈ S.

This linear program has infinitely many constraints because we
have unbounded time horizon. We will first bound the bias term Dt

s(n)
uniformly over t. Then we have a linear program with a finite number
of variables and constraints. However, further reduction is still needed
because the number of variables and constraints will increase rapidly
if L1 and L2, which define the size of the state space, increase. Our
contribution is to reduce Problem 1 to a linear programming problem
where the number of variables and constraints does not depend on the
size of the finite state space.

We now verify that the objective in Problem 1 is indeed an up-
per bound of the performance measure F . Consider Dt

(0,0)(n) = 0,

Dt
−es(n) = −Dt

es(n − es) for s = 1, 2 and (5.6), it follows directly
that (5.8) is equivalent to (5.4). Therefore, it follows from Theorem 5.1
that the objective of Problem 1 provides an upper bound on F .

The main difficulty in solving Problem 1 is the unknown bias terms
Dt
s(n). It is in general not possible to find closed-form expressions for

the bias terms. Therefore, we introduce two functions As: S → [0,∞)
and Bs : S → [0,∞), s = 1, 2. We will formulate a finite number of
constraints on functions As and Bs where s = 1, 2 such that for any t
and s = 1, 2 we have

−As(n) ≤ Dt
s(n) ≤ Bs(n), (5.10)

i.e., , the functions As and Bs provide bounds on the bias terms uni-
formly over all t ≥ 0. In the next section, we will find a finite number
of constraints that imply (5.10).

5.2.3 Bounding the bias terms

In this section, we first bound the bias terms, with the method that
was developed in [16] for the case of an unbounded state space, such
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that the bias terms are bounded uniformly over time t. Then Problem
1 will be reduced to a linear program without bias terms.

The means by which Problem 1 is reduced to a finite number of
constraints and variables that does not depend on L1 and L2 is to
restrict the functions F̄ and G to be component-wise linear. Note
that this implies, for instance, that the constraint F̄ (n) ≥ 0 for all
n ∈ S reduces to at most 4 constraints for each component in the
C-partition of the state space S.

Secondly, we find upper and lower bounds for the bias term Dt
s(n)

in terms of component-wise linear functions. More precisely, the func-
tions that determine the bounds for the bias term Dt

s(n) are linear on
each component from this C-partition. This implies that (5.8) can be
reduced to finitely many constraints. However, since this constraint
includes a term of the form D(n− es), this function is no longer linear
on the C-partition. Instead, we need to resort to a finer partition,
which we will introduce next.

A finer partition of S

We define a finer partition, Z-partition of S as depicted in Figure 5.4.
For example, we have Z1 = {(0, 0)}, Z2 = {(1, 0)},Z3 = {2, . . . , L1 −
2}×{0}, Z4 = {(L1−1, 0)} and Z5 = {(L1, 0)}, the rest of the elements
in the partition are determined similarly.

Let kz(n) denote the label of component from Z-partition of state
n ∈ S, i.e., n ∈ Zkz(n). Similar to the definition of Nk, let N z

k denote
the neighbors of a state n in Zk from the Z-partition of S.

Induction on the bias terms

The constraints which ensure (5.10) are obtained based on an induction
in t. More precisely, we express Dt+1

s as a linear combination of Dt
1 and

Dt
2 together with newly introduced constants cs,k,v,u, s ∈ {1, 2}, k ∈
{1, 2, · · · , 25}, v ∈ {1, 2}, u ∈ N z

k .

We will formulate a set of sufficient conditions such that the con-
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Figure 5.4: Z-partition of S with components Z1, Z2, · · · , Z25.

stants cs,k,v,u satisfy

Dt+1
s (n) = F (n+ es)− F (n) +

∑
v=1,2

∑
u∈Nz

k(n)

cs,k,v,uD
t
v(n+ u). (5.11)

In [16], constants which guarantee the induction of the bias terms
in (5.11) are found by solving a flow problem. For the model con-
sidered in [16], a set of such constants, which is a linear combina-
tion of transition probabilities, is demonstrated in [16]. A careful
inspection of the results in [16] reveals that it holds for bounded state
spaces and their partitions. For our case, the constants cs,k,v,u where
s ∈ {1, 2}, k ∈ {1, 2, · · · , 25}, v ∈ {1, 2}, u ∈ N z

k could be obtained
similarly because it is a direct application of the same technique to a
different partition of the state space S. Hence, we will omit here the
tedious procedure to find these constants.

We are now ready to bound the bias terms based on (5.11). If As:
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S → [0,∞) and Bs: S → [0,∞) where s = 1, 2 satisfy

F (n+ es)− F (n)

+
∑
v=1,2

∑
u∈Nz

k(n)

max{−cs,k,v,uAs(n+ u), cs,k,v,uBs(n+ u)} ≤ Bs(n),

F (n)− F (n+ es)

+
∑
v=1,2

∑
u∈Nz

k(n)

max{−cs,k,v,uBs(n+ u), cs,k,v,uAs(n+ u)} ≤ As(n),

for all n ∈ S and k = kz(n), then

−As(n) ≤ Dt
s(n) ≤ Bs(n),

for s = 1, 2, n ∈ S and t ≥ 0.

After bounding the bias terms, we are able to rewrite the linear
program Problem 1 into Problem 2 with a new variables Es(n) where
s = 1, 2 and n ∈ S.

Problem 2

minimize
∑
n∈S

[F̄ (n) +G(n)]m̄(n),

subject to

∣∣∣∣∣∣F̄ (n)− F (n) +
∑
s=1,2

(qk(n),esEs(n) + qk(n),−esEs(n− es))

∣∣∣∣∣∣
≤ G(n),

−As(n) ≤ Es(n) ≤ Bs(n),

F (n+ es)− F (n)

+
∑
v=1,2

∑
u∈Nz

k(n)

max{−cs,k,v,uAs(n+ u), cs,k,v,uBs(n+ u)}

≤ Bs(n),
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F (n)− F (n+ es)

+
∑
v=1,2

∑
u∈Nz

k(n)

max{−cs,k,v,uBs(n+ u), cs,k,v,uAs(n+ u)}

≤ As(n),

F̄ (n) ≥ 0, G(n) ≥ 0, As(n) ≥ 0, Bs(n) ≥ 0,

for n ∈ S, s ∈ {1, 2}.

5.2.4 Fixed number of variables and constraints

The final step is to reduce Problem 2 to a linear program with fixed
number of variables and constraints regardless of the size of the state
space.

We first introduce the piecewise-linear function of Z-partition here.

Piecewise-linear functions of Z-partition

A function F : S → [0,∞) is called Z-linear if the function is linear in
each of the components from Z-partition, i.e.,

F (n) = fkz(n),0 + fkz(n),1i+ fkz(n),2j, for n = (i, j) ∈ S.

where fkz(n),0, fkz(n),1 and fkz(n),2 are the constants that define the
function. The C-linear functions can be defined similarly based on the
C-partition of S.

Fixed number of variables and constraints

We consider the variables F̄ and G to be C-linear functions. Hence,
the functions F̄ and G are defined in terms of variables, the number
of which is independent on L1 and L2. This indicates that the number
of coefficients in C-linear functions, which are used to determine the
functions F̄ and G, is fixed.

Notice that the parameter F and variables Es, As, Bs where s =
1, 2 are C-linear functions. Moreover, it has been shown in [16] that
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1
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4

Figure 5.5: The corner for a component in C or Z partition.

if the function H(n) is C-linear, then the function H(n + u), where
u ∈ Nk(n), is component-wise linear on the Z-partition of the state
space S. Hence, we only need these constraints to be satisfied at the
corner of the components in either C or Z partition, see Figure 5.5.
This indicates that the number of constraints does not depend on the
size of the state space, since the number of constraints are fixed as
well.

5.2.5 The optimal solutions

We are now able to find the upper and lower bounds of F based on
the linear program here.

Let P denote the set of (F̄ , G) for which we are able to find func-
tions As, Bs and Es where s = 1, 2 such that all constraints in Problem
2 are satisfied. Then, we find the upper and lower bounds for F as
follow.

Fup = max

{∑
n∈S

[F̄ (n) +G(n)]m̄(n)|(F̄ , G) ∈ P
}
,

and

Flow = min

{∑
n∈S

[F̄ (n)−G(n)]m̄(n)|(F̄ , G) ∈ P
}
.
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1 2

L1 L2Loss Blocked

Figure 5.6: Tandem queue with finite buffers.

So far, we have demonstrated the complete approximation scheme to
obtain the upper and lower bounds for F using the perturbed random
walk R̄ of which the probability measure is of product-form.

In the following sections, we will consider two examples: a tandem
queue with finite buffers and a coupled-queue with processor sharing
and finite buffers.

5.3 Tandem queue with finite buffers

In this section, we investigate the applications of the approximation
scheme proposed in Section 5.2.

5.3.1 Model description

Consider a two-node tandem queue with Poisson arrivals at rate λ.
Both nodes have a single server. At most a finite number of jobs, say
L1 and L2 jobs, can be present at nodes 1 and 2. This includes the jobs
in service. An arriving job is rejected if node 1 is saturated, i.e., there
are L1 jobs at node 1. The service time for the jobs at both nodes is
exponentially distributed with parameters µ1 and µ2, respectively.

When node 2 is saturated, i.e., there are L2 jobs at node 2, node
1 stops serving. When it is not blocked, it instantly routes to node
2. All service times are independent. We also assume that the service
discipline is first-in first-out.
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Figure 5.7: Transition diagram of RT .

The tandem queue with finite buffers can be represented by a
continuous-time Markov process whose state space consists of the pairs
(i, j) where i and j are the number of jobs at node 1 and node 2, re-
spectively. We now uniformize this continuous-time Markov process
to obtain a discrete-time random walk. We assume without loss of
generality that λ + µ1 + µ2 ≤ 1 and uniformize the continuous-time
Markov process with uniformization parameter 1. We denote this ran-
dom walk by RT . All transition probabilities of RT , except those for
the transitions from a state to itself, are illustrated in Figure 5.7.

5.3.2 Perturbed random walk of RT

We now present a perturbed random walk R̄T . The invariant measure
of the perturbed random walk R̄T is of product-form and only the
transitions along the boundaries in R̄T are different from those in RT .

In the perturbed random walk R̄T , the transition probabilities in
the components C3, C4, C6, C7, C8 are different from those in RT . More
precisely, we have p̄3,(1,0) = λ, p̄3,(−1,0) = µ1, p̄4,(0,1) = λ, p̄4,(0,−1) = µ2,
see Figure 5.8. It can be readily verified that the measure, which is of
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Figure 5.8: Transition diagram of R̄T .

product-form, with α, which depends on L1 and L2 as the normalizing
constant

m̄(i, j) = α

(
λ

µ1

)i( λ

µ2

)j
is the probability measure of the perturbed random walk by substitu-
tion into the global balance equations (5.3) together with the normal-
ization requirement.

5.3.3 Bounding the blocking probability

In this section, we provide error bounds for the blocking probability for
the tandem queue with finite buffers using our approximation scheme
provided in Section 5.2. Moreover, we show that our results are better
than those obtain by van Dijk et al. in [30].

For a given performance measure F , we use Fup, F low to denote the
upper and lower bounds for F obtained based on our approximation
scheme and F̃up, F̃ low to denote the upper and lower bounds based
on the method suggested by van Dijk et al. [30].

We use F0 to denote the blocking probability, i.e., the probability
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Figure 5.9: The blocking probability F0.

that an arriving job is rejected. We now consider an example that has
also been considered in [30].

Example 12. Consider a tandem queue with finite buffers, we have
λ = 0.1, µ1 = 0.2, µ2 = 0.2.

We would like to compute the blocking probability of the queueing
system. Hence, for the performance measure function F (n), defined
in (5.2), we set the coefficients fk,d where with k = 1, 2, · · · , 9, d =
1, 2, 3 to be f8,1 = 1, f4,1 = 1, f7,1 = 1 and others 0. The error bounds
can be found in Figure 5.9. Clearly, our results outperform the error
bounds obtained in [30]. Moreover, the difference between the upper
and lower bounds of F0 are captured in Figure 5.10. This indicates
that our error bounds are tighter than those in [30].

In addition to the improved bounds, there is another advantage to
our method. There is a limitation to the model modification approach
that is used in [30]. This method requires a different model modifica-
tion for each specific performance measure. For instance, the specific
model modifications which are used to find error bounds for the block-
ing probability of a tandem queue with finite buffers in [30] cannot
be used to obtain error bounds for the average number of jobs in the
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Figure 5.10: The difference between bounds of F0.

first node. In addition, extra effort is needed to verify that the model
modifications are indeed valid for a specific performance measure. In
the next section, we will show that our method can easily provide error
bounds for other performance measures without extra effort.

5.3.4 Bounds for other performance measures

In this section, we will demonstrate the error bounds for other per-
formance measures for Example 12, i.e., a tandem queue with finite
buffers.

Let F1 be the average number of jobs at node 1 and F2 which is
the average number of jobs at node 2.

In general, the models, (i.e., the perturbed systems), used to bound
the blocking probability in [30] cannot be used to bound F1 and F2.
The method in [30] requires different upper and lower bound models for
different performance measures. Moreover, this method also requires
effort to verify that they are indeed the upper and lower bound models
for this specific performance measure. Our approximation scheme does
not have this disadvantage. For different performance measure, we
only need to change the coefficients fk,d where k = 1, 2, · · · , 9 and
d = 1, 2, 3 in F (n), which is defined in (5.2).

It can be readily verified that the performance measure F is F1
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Figure 5.11: Average number of jobs at node 1, F1.

if and only if we assign following values to the coefficients: f1,2 =
1, f8,2 = 1, f9,2 = 1, f4,2 = 1, f3,2 = 1, f7,2 = 1 and others 0. Fig-
ure 5.11 presents the error bounds of F1. Similarly, the performance
measure F is F2 if and only if we assign following values to the co-
efficients: f2,3 = 1, f9,3 = 1, f4,3 = 1, f6,3 = 1, f3,3 = 1, f7,3 = 1 and
others 0. Figure 5.12 presents the error bounds of F2.

The results show that tight bounds have been achieved with our
approximation scheme. Moreover, the only thing we need to change for
different performance measures is the input function, which does not
require further model modifications. In the next section, we will show
that our approximation scheme could also give error bounds for the
performance measures of the tandem queue with finite buffers which
has a slower or faster server when another node is idle or saturated,
respectively, without model modifications as well.

5.3.5 Tandem queue with finite buffers and server slow-
down/speed-up

In this section, we consider two variants of the tandem queue with
finite buffers. More specifically, we provide error bounds for the block-
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Figure 5.12: Average number of jobs at node 2, F2.

ing probabilities when one server in the tandem with finite buffers is
slower or faster if another node is idle or saturated, respectively.

Tandem queue with finite buffers and server slow-down

Tandem queue with server slow-down has been previously studied in,
for instance, [19,34]. A specific type of tandem queue with finite buffers
and server slow-down has been considered in [19, 34]. More precisely,
the service speed of node 1 is reduced as soon as the number of jobs
in node 2 reaches some pre-specified threshold because of some sort of
protection against frequent overflows.

We consider a different scenario with server slow-down. In our
case, the service rate at node 2 reduces when node 1 is idle. This
comes from a practical situation that when node 1 is idle, the working
pressure for node 2 decreases and can shift some working capacity to
other tasks. Therefore, we consider a two-node tandem queue with
Poisson arrivals at rate λ. Both nodes have a single server. At most a
finite number of jobs, say L1 and L2 jobs, can be present at nodes 1 and
2, respectively. An arriving job is rejected if node 1 is saturated. The
service time for the jobs at both nodes are exponentially distributed
with parameters µ1 and µ2, respectively. While node 2 is saturated,
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Figure 5.13: Tandem queue with server slow-down and blocking.

node 1 stops serving. When it is not blocked, it instantly routes to
node 2. While node 1 is idle, the service rate of node 2 becomes µ̃2

where µ̃2 < µ2. All service times are independent. We also assume
that the service discipline is first-in first-out.

The tandem queue with finite buffers and server slow-down can be
represented by a continuous-time Markov process whose state space
consists of the pairs (i, j) where i and j are the number of jobs at
node 1 and node 2, respectively. We assume without loss of generality
that λ + µ1 + µ2 ≤ 1 and uniformize this continuous-time Markov
process with uniformization parameter 1. Then we obtain a discrete-
time random walk. We denote this random walk by RsdT , all transition
probabilities of RsdT , except those for the transitions from a state to
itself, are illustrated in Figure 5.13.

It can be readily verified that the random walk R̄T as defined
in Section 5.3.2 is a perturbed random walk of RsdT as well, i.e., the
transition probabilities in R̄T only differ from those in RsdT along the
boundaries. We next consider a numerical example.

Example 13 (slow-down). Consider a tandem queue with finite buffers
and server slow-down, we have λ = 0.1, µ1 = 0.2, µ2 = 0.2 and



164
Chapter 5. Performance measures for the two-node queue with finite

buffers

Example 13

λ = 0.1
µ1 = 0.2
µ2 = 0.2
L1 = L2

µ̃2 = 0.5µ2

5 6 7 8 9 10 11 12 13 14 15

0

0.5

1

1.5

·10−2

Size of the finite buffers

B
lo

ck
in

g
p

ro
b

ab
ili

ty

Fup0

F low0

Figure 5.14: Blocking probability with server slow down.

µ̃2 = 0.5µ2.

The error bounds for the blocking probability of Example 13 are
illustrated in Figure 5.14.

Notice that our approximation scheme is sufficiently general in the
sense that the error bounds for the performance measures of all tandem
queue with server slow-down and blocking mentioned in the previous
paragraphs can be obtained with our approximation scheme. There
are no restrictions on the input random walk.

Tandem queue with finite buffers and server speed-up

It is also of great interest to consider a tandem queue with finite buffers
and server speed-up.

We consider the following scenario with server speed-up: The ser-
vice rate at node 2 increases when node 1 is saturated. This comes
from a practical situation, for instance, when node 1 is saturated,
the working pressure for node 2 increases to eliminate the jobs in the
queueing system. Therefore, we consider a two-node tandem queue
with Poisson arrivals at rate λ. Both nodes have a single server. At
most a finite number of jobs, say L1 and L2 jobs, can be present at
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Figure 5.15: Tandem queue with finite buffers and server speed-up.

nodes 1 and 2, respectively. An arriving job is rejected if node 1 is
saturated. The service time for the jobs at both nodes are exponential
distributed with parameters µ1 and µ2, respectively. When node 2 is
saturated, node 1 stops serving. When it is not blocked, it instantly
routes to node 2. When node 1 is saturated, the service rate of node
2 becomes µ̄2 where µ̄2 > µ2. All service times are independent. We
also assume that the service discipline is first-in first-out.

Tandem queue with finite buffers and server speed-up can be rep-
resented by a continuous-time Markov process whose state space con-
sists of the pairs (i, j) where i and j are the number of jobs at node
1 and node 2, respectively. We assume without loss of generality that
λ + µ1 + µ̄2 ≤ 1 and uniformize this continuous-time Markov pro-
cess with uniformization parameter 1. Then we obtain a discrete-time
random walk. We denote this random walk by RsuT , all transition prob-
abilities of RsuT , except those for the transitions from a state to itself,
are illustrated in Figure 5.15.

Again, it can be readily verified that the random walk R̄T as defined
in Section 5.3.2 is a perturbed random walk of RsuT because only the
transitions along the boundaries in R̄T are different from those in RsuT .
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Figure 5.16: Blocking probability with server speed-up.

We next consider the following numerical example.

Example 14 (speed-up). Consider a tandem queue with finite buffers
and server speed-up, we have λ = 0.1, µ1 = 0.2, µ2 = 0.2 and µ̄2 =
1.2µ2.

The error bounds for the blocking probability of Example 14 can
be found in Figure 5.16.

Until now, we have focused on the tandem queue with finite buffers
model. In fact, our approximation scheme has been constructed in such
a manner that it can be applied to any two-node queueing system with
finite buffers. In the next section, we will study a different two-node
queueing system with finite buffers and obtain error bounds for some
performance measures.

5.4 Coupled-queue with processor sharing and
finite buffers

In this section, we apply the approximation scheme to a coupled-queue
with processor sharing and finite buffers. Two coupled processors
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problem has been extensively studied so far. In particular, Fayolle
et al. reduce the problem of finding the generating function of the
invariant measure to a Riemann-Hilbert problem in [12]. However,
when we have finite buffers, in general, the methods developed for a
coupled-queue with infinite buffers are no longer valid.

5.4.1 Model description

Consider a two-node queue with Poisson arrivals at rate λ1 for node 1
and λ2 for node 2. Both nodes have a single server and at most L1 and
L2 jobs can be present at nodes 1 and 2, respectively. When neither
of the queues is saturated they evolve independently, but when one
becomes saturated the service rate in the other changes. An arriving
job for node 1 is rejected when node 1 is saturated. Similarly, an
arriving job for node 2 is rejected when node 2 is saturated. The service
time at both nodes is exponentially distributed with parameters µ1 and
µ2, respectively, when neither of the nodes is saturated. When node 1
is saturated, the service rate at node 2 becomes µ̃2 where µ̃2 > µ2 and
when node 2 is saturated, the service rate at node 1 becomes µ̃1 where
µ̃1 > µ1. All service requirements are independent. We also assume
that the service discipline is first-in first-out.

This coupled-queue with processor sharing and finite buffers can
be represented by a continuous-time Markov process whose state space
consists of the pairs (i, j) where i and j are the number of jobs at node
1 and node 2, respectively. We assume without loss of generality that
λ1 + λ2 + µ̃1 + µ̃2 ≤ 1 and uniformize this continuous-time Markov
process with uniformization parameter 1. Then we obtain a discrete-
time random walk. We denote this random walk by RC . All transition
probabilities of RC , except those for the transitions from a state to
itself, are illustrated in Figure 5.17.

5.4.2 Perturbed random walk R̄C

We now display a perturbed random walk R̄C of RC such that the
probability measure of R̄C is of product-form and only the transitions
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Figure 5.17: Coupled-queue with processor sharing and finite buffers.

along the boundaries in R̄C are different from those in RC .

In the perturbed random walk R̄C , the transition probabilities in
components C3, C4, C6, C7, C8 are different from that in RC . More pre-
cisely, we have p1,(1,0) = λ1,p1,(−1,0) = µ1, p2,(0,1) = λ2, p2,(0,−1) = µ2,
p3,(1,0) = λ1, p3,(−1,0) = µ1, p4,(0,1) = λ2, p4,(0,−1) = µ2, see Figure 5.18.
It can be readily verified that the measure, which is of product-form,
with α, which depends on L1 and L2 as the normalizing constant

m̄(n) = α

(
λ1

µ1

)i(λ2

µ2

)j
where n = (i, j),

is the probability measure of the perturbed random walk by substitu-
tion into the global balance equations (5.3) together with the normal-
ization requirement.

We next illustrate a numerical example of a coupled-queue with
processor sharing and finite buffers.
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Figure 5.18: Transition diagram of the perturbed random walk R̄C .
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Figure 5.19: Average number of jobs at node 1, F1.
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5.4.3 Numerical results

Example 15. Consider a coupled-queue with processor sharing and
finite buffers, we have λ1 = λ2 = 0.1, µ1 = µ2 = 0.2, µ̃1 = 0.4,
µ̃2 = 0.3.

For Example 15, the error bounds for the average number of jobs
at node 1 can be found in Figure 5.19. This result also indicates that
our approximation is quite general in the sense that it can be used to
find the performance measure of another two-node queue with finite
buffers, as, for example, a coupled-queue with processor sharing and
finite buffers.

5.5 Conclusion

In this chapter, we presented a generalized approximation scheme for
a two-node queue with finite buffers that establishes error bounds for
a large class of performance measures. Our work is an extension of the
linear program developed in [16] to approximate performance measures
of random walks in the quarter-plane. We applied our approximation
scheme to obtain bounds for performance measures of a tandem queue
with finite buffers and some variants of this model. Then, we applied
our approximation scheme to a coupled-queue with processor sharing
and finite buffers. The approximation scheme gives tight bounds for
the performance measures.



Chapter 6

Conclusions

In this monograph, we have presented several contributions to finding
invariant measures and performance measures of random walks in the
quarter-plane. Before we move on to a more detailed discussion, we
would like to present a high-level overview of the main contributions.

1. We have completely characterized the random walk in the quarter-
plane of which the invariant measure is a linear combination of
geometric terms. This result has greatly enlarged the class of
random walks of which the invariant measures and the relevant
performance measures can be obtained exactly.

2. We have developed an improved approximation scheme which de-
termines error bounds for the performance measures of a random
walk in the quarter-plane. Our approximation scheme provides
tight bounds and accepts any random walk in the quarter-plane
as an input. Thus, our approximation scheme is noteworthy
since many other approximation methods lack generality.

3. We avoided the complexity encountered by most methods which
are used to find the invariant measures of random walks directly
via generating function and Riemann boundary value problem
such as [10, 13]. This fact is interesting because the closed-form
of the invariant measure can be obtained easily. Consequently,
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it is also convenient to use this closed-form invariant measure to
obtain performance measures exactly or approximately.

The rest of this chapter proceeds as follows. In Section 6.1, we dis-
cuss the contributions of this monograph in more detail. In Section 6.2,
we discuss possibilities for future research.

6.1 Contributions

In this monograph, we developed a procedure to obtain performance
measures, either exactly or approximately, for any given random walk
in the quarter-plane. This is realized by the Detection Algorithm
developed in Chapter 4. For any given random walk in the quarter-
plane, this algorithm determines whether the invariant measure of this
random walk is a sum of geometric terms. When the invariant measure
of this random walk is a sum of geometric terms, we were also able
to provide the explicit form of the invariant measure. Clearly, the
performance measures of such a random walk can be readily obtained.

The Detection Algorithm from Chapter 4 is constructed based on
the necessary conditions which are required so that the invariant mea-
sure of a random walk in the quarter-plane is a linear combination of
geometric terms. These conditions are stated in Chapter 2 and Chap-
ter 3. More precisely, the necessary conditions are as follows: Each
geometric term must individually satisfy the balance equations in the
interior of the state space and the geometric terms in an invariant mea-
sure must have a pairwise-coupled structure. Moreover, at least one
of the coefficients in the linear combination must be negative. When
the invariant measure of the random walk is a sum of infinitely many
geometric terms, it is also required that the random walk does not
have transitions to the North, Northeast or East in the interior of the
state space.

When the invariant measure of this random walk is not a sum of
geometric terms, we proposed in Chapter 4 an approximation scheme
to find error bounds for the performance measures. This approxima-
tion scheme is based on a Markov reward approach. The error bounds
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determined by our approximation scheme are established in terms of
a perturbed random walk of which the invariant measure is a sum of
geometric terms. Finally, in Chapter 5, we also extended this approx-
imation scheme to two-dimensional finite random walks.

In the next section, we will discuss some possibilities which are not
tackled in this monograph.

6.2 Future work

We have divided the contents of this section into three parts. The
first concerns multi-dimensional random walks in the positive orthant.
The second concerns the future work in considering negative geometric
terms as well. The third concerns the future work in improving the
solution of the linear program used in the approximation scheme.

6.2.1 Multi-dimensional random walks in the positive
orthant

The analysis in this monograph is restricted to random walks in the
quarter-plane. Extensions to more general forms of state spaces looks
promising, especially for higher dimensional state spaces. It seems
that the technique used to characterize random walks of which the
invariant measure is a sum of geometric term does not depend on the
number of dimensions. Meanwhile, other methods, for instance, the
analytic approaches by Cohen and Boxma [10] strongly rely on the fact
that the state space is two-dimensional. Although no definitive results
for random walks with higher dimensional state spaces are available
yet, we believe that this extension would be straightforward and the
difficulties that might arise would come from the technical aspects
of using higher dimensional state spaces, while the core results for a
random walk in the quarter-plane are still expected to hold for this
extension.
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6.2.2 Richer set of geometric terms

Extension to a wider scope of potential geometric terms, of which the
linear combination may lead to the invariant measure of a random
walk, seems interesting as well. In this monograph, we restrict the
geometric measures to take positive values only. The class of ran-
dom walks in the quarter-plane which may have tractable invariant
measures can be extended by considering geometric terms with neg-
ative values. Moreover, this may lead to a richer candidate set for
perturbed random walks which could be used to approximate perfor-
mance measures. Both directions are quite beneficial for obtaining
exact and approximate performance measures of a random walk in
the quarter-plane. On one hand, we might find more random walks
with closed-form invariant measures with this extension. On the other
hand, the augmentation of the class of random walks of which the
invariant measures have a closed-form will improve the error bounds
for the performance measures, because we have a larger set of per-
turbed random walks which we can use to find the error bounds for
the performance measures.

6.2.3 Better solutions for the linear program

The functions used in Chapter 5 are all component-wise linear. The
approximation will be improved if we increase the number of compo-
nents in either C-partition or Z-partition of the state space, because
we will find the component-wise linear functions which may fit the
true functions better. However, this is achieved at a cost of increasing
the number of variables and constraints in the linear program. Hence,
there must be a limit to the number components in the C-partition
or Z-partition although the solutions will be improved monotonically
when the number of components increases.
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Summary

This monograph focuses on random walks in the quarter-plane. Such ran-
dom walks are frequently used to model queueing systems and the invariant
measure of a random walk is of major importance in studying the perfor-
mance of these systems. In special cases the invariant measure of a random
walk can be expressed as a geometric product-form and performance mea-
sures can readily be obtained. In general, however, no tractable closed-form
expressions are available for the invariant measure and exact performance
measures are not readily obtained. The aim of this monograph is two-fold.
On one hand we consider measures that are a sum of geometric terms. We
characterize the random walks in the quarter-plane of which the invariant
measure is of this form. This extends the class of random walks for which
tractable closed-form results can be obtained. On the other hand we develop
approximation schemes that provide analytical upper and lower bounds on
performance for the case that no tractable closed-form expressions for the
invariant measure are available.

It is shown that the necessary conditions that are required to have an
invariant measure which is a sum of geometric terms are as follows: Each
geometric term must individually satisfy the balance equations in the interior
of the state space and the geometric terms in an invariant measure must have
a pairwise-coupled structure. Moreover, at least one of the coefficients in the
linear combination must be negative. When the invariant measure of the
random walk is a sum of infinitely many geometric terms, it is also required
that the random walk does not have transitions to the North, Northeast or
East in the interior of the state space.

Based on the necessary conditions described above, we develop an algo-
rithm which determines whether the invariant measure of a given random
walk is a sum of geometric terms. For the case that the invariant measure
of this random walk is not a sum of geometric terms, we have developed
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an approximation scheme to find upper and lower bounds for the perfor-
mance measures. This approximation scheme is based on a Markov reward
approach to error bounds. The bounds determined by our approximation
scheme are established in terms of a perturbed random walk of which the
invariant measure is a sum of geometric terms. Numerical results reveal that
using a perturbed random walk of which the invariant measure is a sum of
multiple geometric terms may lead to better bounds than using perturbed
random walks of which the invariant measure is of product-form. Finally,
we have also extended this approximation scheme to two-dimensional finite
random walks.



Samenvatting

De focus van dit proefschrift ligt op stochastische wandelingen in het posi-
tieve kwadrant. Deze stochastische wandelingen worden vaak gebruikt voor
het modelleren van wachtrijsystemen en hun invariante maat is van groot
belang voor het analyseren van de werking van dit soort systemen. De inva-
riante maat kan, in speciale gevallen, worden uitgedrukt als een geometrisch
product van waaruit prestatiematen voor het systeem makkelijk kunnen wor-
den afgeleid. In het algemeen zijn er echter geen uitdrukkingen, in gesloten
vorm beschikbaar voor de invariante maat, met als gevolg dat er ook geen
exacte prestatiematen voor het systeem zijn. In dit proefschrift karakterise-
ren wij alle stochastische wandelingen wiens invariante maat als een som van
geometrische termen geschreven kan worden. Op deze manier vergroten we
de klasse van stochastische wandelingen waarvoor uitdrukkingen in gesloten
vorm verkregen kunnen worden. Daarnaast ontwikkelen we benaderingen die
analytische onder-en bovengrenzen geven voor die invariante maten die geen
uitdrukkingen in gesloten vorm hebben.

We laten zien dat de volgende condities noodzakelijk zijn om een inva-
riante maat te hebben die een som van geometrische termen is. Als eerste
moet elke individuele geometrische term voldoen aan de balansvergelijkin-
gen in het binnengebied van de toestandsruimte en alle geometrische termen
moeten een paarsgewijs gekoppelde structuur hebben. Ook moet tenminste
één van de coëfficiënten in de lineaire combinatie negatief zijn. Als de in-
variante maat een som van oneindig veel geometrische termen is, dan mag
de stochastische wandeling geen transities naar het noorden, noordoosten of
oosten hebben, in het binnengebied van de toestandsruimte.

Uitgaande van de hierboven beschreven noodzakelijke condities, ontwik-
kelen wij een algoritme om te bepalen of de invariante maat van een stochas-
tische wandeling een som van geometrische termen is. Voor die invariante
maten waarvoor dit niet geldt geven wij een benaderingsmethode om on-
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der en bovengrenzen te vinden voor de prestatiematen. Deze methode is
gebaseerd op een Markov opbrengst benadering voor foutmarges. De door
onze benaderingsmethode gevonden onder-en bovengrenzen worden gegeven
als geperturbeerde stochastische wandelingen, wiens invariante maat een som
van geometrische termen is. Uit numerieke resultaten blijkt dat meerderen
geometrische termen kunnen leiden tot betere grenzen dan wanneer we een
geperturbeerde stochastische wandeling gebruiken wiens invariante maat een
product vorm heeft. Tenslotte hebben we onze benaderingsmethode uitge-
breid naar tweedimensionale stochastische wandelingen op een eindige toe-
standsruimte.



摘摘摘要要要

该论文讨论了第一象限内的随机游走问题。这类随机游走通常被用来建立模
型以解决排队论的问题, 而且随机游走的稳恒分布对于找到这些排队系统的
性态指标也是十分重要的。在特殊情况下，随机游走的稳恒分布能够被表示
成一个几何乘积项，而且各类性态指标能够容易的得到。但是通常情况下，
我们很难得到稳恒分布的解析表达式，而且，精确的各类性态指标也不容易
得到。该论文的目标有两个方面。一方面我们考虑能表示为一系列几何项的
和的稳恒分布。我们刻画了稳恒分布能表示为一系列几何项的和的第一象限
内的随机游走。这个结果扩展了能够快速得到解析结果的这类随机游走的范
围。另一方面，当稳恒分布无法表示成快速易得的解析表达式时，我们建立
了逼近方案来提供性态指标的解析上下界限。
如果随机游走的稳恒分布能表示为一系列几何项的和，那么必须满足以

下的必要条件：首先，每一个几何项必须满足状态空间内部的平衡方程而且
稳恒分布中的几何项必须满足两两配对的结构。另外，对于这个几何项的线
性组合，至少有一个系数必须是负的。当随机游走的稳恒分布能表示为一系
列无穷多个几何项的和时，我们同时要求这个随机游走在状态空间内部没有
向北，东北和向东的过渡。
基于以上得到的必要条件，我们建立了一个算法来分辨一个随机游走的

稳恒分布是否能表示为一系列几何项的和。当这个随机游走的稳恒分布不能
表示为一系列几何项的和时，我们建立了一个逼近方案来得到系统性态指标
的上下界限。这个逼近方案是建立在马尔可夫回报方法基础上来得到误差界
限的。使用我们的逼近方案来得到误差界限是通过另一个扰动的随机游走来
实现的。这个扰动的随机游走的稳恒分布能表示为一系列几何项的和。数值
结果显示，相对于使用稳恒分布是一个乘积项的扰动的随机游走，使用稳恒
分布是一系列几何项的和的扰动的随机游走有可能会得到更好的误差界限。
最后, 我们还拓展了这个逼近方案然后应用到了二维有限区域上的随机游走
问题。
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