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Summary

This dissertation concerns the mathematical theory of forward propagation
and generation of dispersive waves. We derive the AB2-equation which de-
scribes forward traveling waves in two horizontal dimension. It is the gener-
alization of the Kadomtsev-Petviashvilli (KP) equation. The derivation is
based on the variational principle of water waves. Similar to its predecessor,
the AB-equation, the AB2-equation is dispersive, accurate in second order
and can be adjusted for any water depth. Using pseudo-spectral method,
the numerical implementation of the AB2-equation can be done easily since
exact dispersion is described by a nonpolynomial pseudo-differential oper-
ator that can easily be dealt with in spectral space.

For wave generation, we derive various models that describe excitation
if the wave elevation (or fluid potential) at a certain position is given.
The wave generation discussed in this dissertation is done by an embedded
source term added to the equation(s) of water wave motion. In this way,
we transform the problem of homogeneous boundary value problem into
an inhomogeneous problem. We derive the source functions for any kind
of waves to be generated and for any dispersive equation including the
general case of (linear) dispersive Boussinesq equations. For a dispersive
wave equation, the source is not unique; many choices can be taken as long
as they satisfy a certain source - influx signal relation. This is different
from the actual condition in a hydrodynamic laboratory where there is a
one to one correspondence between influx signal and the generated waves.

We designed a set of experiments for oblique wave interaction. The
aim of the experiment is to test the applicability and the performance of
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the AB2-equation and the influxing technique. These experiments were
executed in a water tank of MARIN hydrodynamic laboratory. The exper-
iments are performed by generating two oblique waves from two sides of
the basin and let the waves collide. We compare the measurements from
the experiments and the AB2 simulation results. The AB2 simulations
and the MARIN measurements are in satisfactory agreement, showing the
bichromatic beat wave pattern, even for large nonlinear effects.
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Chapter 1

Introduction

Waves, as visible on the surface of oceans and seas, cannot exist by them-
selves for they are mainly caused by winds. The wind transfers its energy
to the water surface and makes it move. Part of this energy is contained in
waves as they rise and fall, known as potential energy, and another part of
the energy is moving together with the waves, known as kinetic energy.

The energy contained in water waves can bring both beneficial and
adverse effects for human activities. On the beneficial side, water waves
can be used as a source for renewable energy. For instance in Portugal
where the world’s first commercial wave farm, the Aguçadoura wave farm,
is located, several Pelamis Wave Energy Machinery Converter are installed
to transform energy from water waves into an enormous amount of electric
power [60]. Another wave farm which is planned to be the largest in the
world can be found in Scotland, United Kingdom [60].

On the other side, the adverse effects of water waves have been doc-
umented in many media. Following are some of the excerpts from those
media:

• BBC News – 3 March 2010 : ” Two people have been killed and six
injured as the 8 meters high giant waves slammed into a cruise ship
in the Mediterranean... The rogue waves hit the Cypriot-owned Louis
Majesty off the coast of north-east Spain and broke ship windows. ”
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2 Introduction

• ” In January 2007, the 18 meters fishing boat Starrigavan, while try-
ing to cross the bar of Tillamook Bay along the Oregon coast , was
hit by three 6 meters waves and rolled three times... Crew members
was killed and the vessel was thrown onto the jetty. ” Source: [27].

• In August 2004, National Geographic published an article about
”monster” waves in sea. It said that ”During the last two decades,
more than 200 supertankers-ships over 200 meters (656 feet) long
have sunk beneath the waves. Rogue waves are thought to be the cause
for many of these disasters, perhaps by flooding the main hold of these
giant container ships... Offshore oil rigs also get hit by rogue waves.
Radar reports from the North Sea’s Gorm oil field show 466 rogue-
wave encounters in the last 12 years.”

These documentations show that waves can be dangerous and harmful for
ships, oil platforms and other marine infrastructures. Therefore, under-
standing of waves is an utmost essential thing for naval engineers and sci-
entists. In the next section of this chapter we will have a closer look at the
efforts that have been spent by scientists to investigate water waves.

1.1 Water wave investigations

This section will only cover the main inventions scientist made that are
closely related to what this dissertation is aiming for.

1.1.1 Classical era of the development of water wave theory
– until 19th century

The study of water waves started in 17th century. It was Isaac Newton who
was the first to attempt to formulate a theory of water waves [7]. In 1687,
in Book II, Prop. XLV of Principia, Newton mentioned that the frequency
of deep-water waves must be proportional to the inverse of the square root
of the breadth of the wave.
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In 1757, Leonhard Euler published his work on equations for inviscid
(no viscosity) flow. The equations represent conservation of mass (conti-
nuity) and momentum (Newton’s second law). The equations are valid for
compressible as well as for incompressible flow.

Laplace in 1776 posed a general initial value problem which leads him to
(what we know nowadays as) Laplace’s equation: Given any localized initial
disturbance of the water surface, what is the subsequent motion? Cauchy
and Poisson later addressed this problem at great length [7, 14, 17]. At the
same time, the influence of wind speed and increase of the water-level at
coasts is documented for the first time by Maitz de Goimpy. It is based on
his observation that closely agrees with theoretical hypotheses that the wave
speed is directly proportional to the wind speed. Lagrange in 1781 derived
the linear governing equations for small-amplitude waves, and obtained the
solution in the limiting case of long plane waves in shallow water; he found
that the propagation speed of waves will be independent of wavelength and
proportional to the square root of the water depth.

In December 1813, the French Académie des Sciences announced a
mathematical prize competition on propagation of infinitely deep water
wave. Cauchy won the prize and his work was published in 1827. Cauchy
employed Fourier method to analyze the following Laplace equation

∂2Φ
∂x2

+
∂2Φ
∂y2

+
∂2Φ
∂z2

= 0 (1.1)

together with the linearized free surface condition:

g
∂Φ
∂z

+
∂2Φ
∂t2

= 0. (1.2)

Here Φ(x, y, z) denotes the velocity potential at the x, y (horizontal) co-
ordinates and z (vertical) coordinate. Cauchy then took the second time
derivative of (1.2) and obtained:

∂4Φ
∂t4

= −g ∂3Φ
∂t2∂z

= −g ∂3Φ
∂z∂t2

= g2∂
2Φ
∂z2

.
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Using equation(1.1) then

∂4Φ
∂t4

+ g2

(
∂2Φ
∂x2

+
∂2Φ
∂y2

)
= 0.

Assuming periodic waves of form exp[i(kxx+kyy−ωt)], the previous result
of Newton is recovered, i.e:

ω2 = g(k2
x + k2

y)
1/2. (1.3)

However the investigation of Cauchy is only valid for the (linear) deep water
case since Cauchy neglected the bottom boundary condition.

Sixty five years after Laplace posted a question about wave motion, Airy
in 1841 gave a complete formulation of linear wave theory which include the
impermeable boundary-condition into Cauchy’s formulation; the equations
are as follows [7, 10] :

∂2Φ
∂x2

+
∂2Φ
∂y2

+
∂2Φ
∂z2

= 0; for − h ≤ z ≤ 0 (1.4)

∂Φ
∂t

+ gη = 0; for z = 0 (1.5)

∂η

∂t
=
∂Φ
∂z

; for z = 0 (1.6)

∂Φ
∂z

= 0; for z = −h, (1.7)

with η the surface elevation and h, g water depth and gravitational acceler-
ation respectively. Observe that combining the free surface condition (1.5)
and (1.6) we obtain the condition (1.2) of Cauchy. Airy’s linear theory is
accurate for small ratios of the wave height to water depth (for waves in
finite depth), and wave height to wavelength (for waves in deep water). As
a consequence of Airy’s theory, the (linear) dispersion relation for arbitrary
water depth was introduced. For a propagating wave of a single frequency,
a monochromatic wave, is of the form: η(x, y, t) = a cos(kxx + kyy − ωt).
Then, in order for η to be a solution of equation(1.4)-(1.7), the following
(dispersion) relation should be satisfied:

ω2 = gk tanh(kh),
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with k =
√
k2

x + k2
y and h the water depth. So, frequency ω and wavenum-

ber k, or equivalently period T and wavelength λ, cannot be chosen in-
dependently, but are related. The dispersion relation also tells that each
wave travels with its own speed (which is the quotient of ω and k), with
the consequence that shorter waves travel slower.

Six years after Airy’s theory was published, Stokes in 1847 published
his work on a nonlinear wave theory which is accurate up to third order in
wave steepness [8, 14]. He showed that in deep water there exists a periodic
wave for which the profile is no longer sinusoidal. This profile is given as
[59]:

η(x, t) = a cos(kx− ωst) +
1
2
ka2 cos 2(kx− ωst) +

3
8
k2a3 cos 3(kx− ωst)

with ω2
s = gk(1 + ka2). Stokes introduced the nonlinear effect that leads

to the result that the dispersion relation involves the amplitude. As a
consequence, the steeper the wave the faster it travels. A typical example
of a Stokes wave profile is depicted in figure(1.1). Observe that at a crest
Stokes wave is getting higher and it is flatter at a trough.

Figure 1.1: Plot of Stokes third order wave profile (solid line) and harmonic wave
profile(dashed line) for k = 1, a = 0.3 and t = 0.
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In 1872, Joseph Boussinesq derived the equations known nowadays as
the (original) Boussinesq equation. It assumed waves to be weakly non-
linear and fairly long. It incorporated frequency dispersion (as opposite
to the shallow water equations, which are not frequency-dispersive). The
idea behind Boussinesq’s work is the reduction of spatial dimension by
eliminating the vertical coordinate from the equation of motion. This can
be done by using Taylor expansion up to a certain order around still water
level at the waves velocity potential function.

While the Boussinesq equation allows for waves traveling simultaneously
in opposite directions, it is often advantageous to only consider waves trav-
eling in one direction. One earliest of such one directional models is what
we know as the KdV-equation. It was named after Diederik Korteweg and
Gustav de Vries who derived it in 1895. For weakly nonlinear and weakly
dispersive long waves, the equation in a frame of reference moving with the
speed

√
gh and written in normalized variables, is given as follows:

ηt + 6ηηx + ηxxx = 0, (1.8)

with η the wave elevation that travels in the positive x−direction. See
for instance Johnson [18] for the derivation. The KdV-equation shares the
same property with the Boussinesq (1872) model that both have (periodic)
cnoidal and soliton profiles as solution. The soliton is an interesting solution
since it shows the balancing of dispersive and nonlinear effects which has no
counterparts in the linear dispersive wave theory. The soliton profile was
also the answer for the (theoretical) existence of the experimental result of
Scott Russell in 1844.

1.1.2 Contemporary era of the development of water wave
theory – after 19th century

Many efforts to find better equations that are capable to describe the motion
of waves have been made after 19th century (and until the time of writing
this dissertation). Most of these efforts are to improve the accuracy of the
model in terms of dispersion and nonlinear properties. The expense of doing
this is the complication in the model, i.e. by including higher order spatial
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derivatives, some of which are mixed spatial-temporal derivatives. As a
consequence, the numerical implementation can become a serious challenge,
in particular if one is interested in two dimensional spatial surface wave
propagation.

In this section, instead of listing those mathematical model improve-
ments, the development of the so-called variational formulation for water
waves is summarized. This formulation is using an optimization approach
to a certain functional.

In 1967, Luke formulated a variational description for the gravity driven
irrotational motion of a layer of incompressible fluid with a free surface
[29, 49] as:

critη,Φ

∫
P(η,Φ)dt, (1.9)

where P(η,Φ) =
∫ ∫ η

−h ρ
[
∂tΦ + 1

2 |∇3Φ|2 + gz
]
dzdx; the fluid density ρ

will be taken to be one in the following. The variables in this variational
principle are the surface elevation η (depending on the two horizontal di-
mensions x and y) and the fluid potential Φ inside the fluid, so depending
on horizontal and the vertical dimension. Luke’s variational formulation
has been noticed before by Bateman in 1929 but without a free surface [4].

Zakharov in 1968 [61] and Broer in 1974 [5] showed the Hamiltonian
structure for the dynamics of wave elevation η and fluid potential φ, i.e.

∂tη = δφH(η, φ) (1.10)
∂tφ = −δηH(η, φ), (1.11)

with φ = Φ(x, y, η(x, y)) the fluid potential at the surface and H(η, φ) the
total energy which is the sum of the potential and kinetic energy:

H(η, φ) = K(η, φ) +
1
2

∫
gη2dx.

The kinetic energy K(η, φ) is expressed as:

K(η, φ) =
1
2

∫ ∫ η

−h
|∇3Φ|2 dzdx.
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Observe that here the kinetic energy is expressed with the fluid potential
Φ which is defined for all internal fluid instead of φ.

Miles in 1977 [33] showed the relation between equation (1.10)-(1.11)
and (1.9). The relation became clear by expressing Luke’s Lagrangian as:

Critφ,η

∫ {∫
φ∂tηdx−H(η, φ)

}
dt.

This is possible by applying Leibniz’s rule
∫ η
−h ∂tΦdz = ∂t

(∫ η
−h Φdz

)
−φ∂tη

to Luke’s functional. Due to the work of Miles, Broer and Zakharov, the di-
mension reduction is achieved; from the vertical and horizontal dependence,
the dynamics now is expressed only in the horizontal variables.

The potential energy is easily expressed explicitly as the surface ele-
vation η. Unfortunately it is not the case with the kinetic energy. The
dimension reduction is now depending on the choice of the kinetic energy.
Nevertheless several approximations are available for this.

Klopman et al. [22] shows a method of approximating the vertical struc-
ture of the fluid potential Φ in the kinetic energy functional. He applied
Ritz technique to decompose Φ as a limited sum of trial functions in the
z-direction and functions in the horizontal x-direction, i.e.

Φ(x, z, t) ≈ φ(x, t) +
M∑

m=1

Fm(z)ψm(x, t).

The functions Fm are taken a priori and should satisfy Fm(z = η) = 0 for
all m to reassure the surface condition Φ(x, z, t) = φ(x, t). There are two
types of profiles which are used in the literature for Fm, namely a single
(mode) parabolic profile:

F p
m(z) =

1
2

(z + h)2 − (η + h)2

h+ η

and a hyperbolic Airy profile:

F a
m(z) =

cosh(km(z + h))
cosh(km(η + h))

− 1.
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Substituting this approximation into (1.10) and (1.11) leads to the Varia-
tional Boussinesq Model (VBM). See [21, 22] for the model and [2, 3] for a
practical application.

A recent investigation on VBM is performed by Lakhturov et al. [23]
in 2010. Its aim is to find an optimal choice for the wavenumber(s) km in
the airy profile F a

m(z) of VBM. For a single harmonic wave, it is intuitively
clear that the choice for such km will be the related wavenumber in the wave
spectra. Yet for an irregular wave for which the spectrum is broad it is not
clear which wavenumber(s) needs to be chosen. The idea behind their work
is the minimization error between the VBM kinetic energy and the exact
kinetic energy. Even though the Optimized VBM is case-dependent, due to
its flexibility of choosing (several) vertical profiles F a

m, the Optimized-VBM
will apparently outperform other Boussinesq type models like Peregrine [9],
Madsen and Sørensen [30] and Nwogu [34].

In 2007, Van Groesen & Andonowati in [46] approximated the kinetic
energy functional for one horizontal spatial dimension. The kinetic func-
tional is approximated around the still water level and is given by:

K(η, φ) =
1
2

∫ ∫ η

−h

[
(∂xΦ)2 + (∂zΦ)2

]
dzdx

≈ 1
2

∫
φ0W0 + η

{
(∂xφ0)2 +W 2

0

}
dx, (1.12)

with φ0 = Φ(x, z = 0, t) and W0 = −1
gC

2∂2
xφ0 and C is the phase velocity

operator whose symbol is given in Fourier space by: Ĉ(k) = Ω(k)
k with

Ω(k) = sign(k)
√
gk tanh(kh) and h the water depth. Neglecting the cubic

term of the kinetic energy and substituting this into (1.10)-(1.11) leads to:

∂tη = −(C2/g)∂2
xφ0 (1.13)

∂tφ0 = −gη, (1.14)

which can be rewritten as a linear second order dispersive equation:

∂2
t η = ∂2

xC
2η.
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In the same paper, a unidirectional restriction is made for the fluid above
flat bottom i.e. φ0 = g∂−1

x C−1η. With this restriction, the result is the so
called AB-equation which describes waves that travel in one direction. Dif-
ferent from the classical KdV-equation in 1895 and the other improvements
of it like in [1, 31, 45] where the KdV is improved until seventh order yet
lacking accuracy in the dispersive term, the AB-equation is valid for any
water depth, is exact in dispersion and the nonlinearity is accurate up to
and including second order. Keeping the nonlinearity up to second order
makes the AB-equation more convenient in numerical implementation and
makes the computing time faster while it does not lack in accuracy for most
of the practical cases as presented in Van Groesen et al. [50] for the case
of narrow spectra of bichromatic waves and Latifah & Van Groesen [24]
for the case of a very broad spectra of focussing wave group and New Year
waves. In [47] the model equations of the type of the AB-equation for waves
above varying bottom are explained and in [48] some test cases to validate
the AB-equation above varying bottom are presented.

1.2 Present contributions

There are two main motivations behind writing this dissertation and they
serve as (at least) two added-values to the present knowledge of water
waves. It is the desire of the writer to derive a new two dimensional wave
equation, without a lot of complication in the final formula, which will have
exact dispersion and accurate in the nonlinearity and is able to describe
forward propagating waves for all water depth. This type of equation will be
useful for instance for simulating multi-directional waves in hydrodynamic
laboratories.

When engineers at a hydrodynamic laboratory want to perform wave
simulations for wave prediction or for maritime infrastructures testing,
these simulations are usually done by prescribing a wave elevation signal
(as a function of time) at certain positions which are related to the posi-
tions of flaps in laboratory. The mathematical model should include this
as a boundary condition. Instead of solving this type of boundary value
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problem, an alternative approach is available in the literature such as the
work of G. Wei and J.T. Kirby [54], G. Wei, et al. [55] and Kim, et al. [20].
Using various types of Boussinesq equation, they offer an influxing method
by adding a source in the governing equation. However there is no system-
atic and simple approach in the literature; it seems as if there is no general
mathematical formula and similarity between one (Boussinesq) equation
and the others. This triggered the writer to find an influxing model in an
accurate systematic way that is applicable for general setting.

The following subsections give an overview of what has been achieved
related to these motivations.

1.2.1 The AB2-equation

Research on the AB2-equation is initialized after the writer found the fact
that the AB-equation improves significantly the classical KdV-equation. In
[50], it is shown that the AB-equation can approximate the Highest Stokes
Wave (HSW) that is a Stokes wave in deep water with a profile that has a
corner of 120 degrees in the crest. None of the KdV type of equations are
able to do this.

When looking into the paper of Kadomtsev & Petviashvili [19] about
the generalization of the KdV-equation in two space dimension, their as-
sumption is similar to the KdV-equation that it is weakly dispersive. The
KP-equation is valid for waves that mainly propagate in the x-direction; the
y-coordinate dependence is weak. This brought up the idea to derive the
two dimensional version of the AB-equation which is the AB2-equation. It
follows from the same principle as in the AB-equation; dimension reduction
for the vertical (z-)coordinate in the kinetic energy functional and the choice
of restriction to forward propagating waves. Explicitly, The AB2-equation
is given as follows:

∂tη = −√gA2


η − 1

4
(A2η)2 +

1
2
A2(ηA2η)

+
1
4
(B2η)2 +

1
2
B2(ηB2η)

+
1
4
(γ2η)2 +

1
2
γ2(ηγ2η)

 , (1.15)
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with

A2 =
iΩ2√
g
,B2 = ∂xA

−1
2 and γ2 = ∂yA

−1
2

and Ω2 is the operator for two dimensional dispersion relation, its symbol
is given in Fourier space as Ω2(kx, ky) = sign(kx)

√
gk tanh(kh) with k =√

k2
x + k2

y. Expanding the linear term of the AB2-equation up to second
order around ky = 0 will lead to the improved linear KP-equation, see
chapter 2 section 3 for the details. Neglecting the dependency on the y-
coordinate will give the original (one dimensional) AB-equation.

Since the AB2-equation has similar properties as the AB-equation, it
is expected that the AB2-equation performs better than any KP-type of
equation.

1.2.2 The Embedded influxing technique

The details of the technique described in this section can be found in chapter
3, here only the one-dimensional case is illustrated.

For any dispersive wave equation it is possible to model wave influxing
by adding an embedded source function to the equation of wave motion.
The source function(s) is only depending on the dispersive property of the
model. As will be shown in chapter 3, for one dimensional case, if the influx
signal is s(t) at x = 0, the embedded source function S(x, t) will be of the
following form in Fourier space:

S̄ (K (ω) , ω) =
1
2π
Vg (K (ω)) š (ω) , (1.16)

where Vg = dΩ
dk is the group speed which brings the dispersive information

to the influxing model and K(ω) is the inverse function of the involved
dispersion relation. Observe that the source function is uniquely determined
in Fourier space for k and ω satisfying the dispersion relation of the model.
However in physical space the source function is not unique. For instance if
the source function S(x, t) is a multiplication between a temporal function
f(t) and a spatial function g(x), i.e. S(x, t) = f(t).g(x), then for a given
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g(x) the temporal function f(t) is obtained from the following relation:

f̌ (ω) =
1
2π

Vg (K (ω)) š (ω)
ĝ(K (ω))

. (1.17)

From this formula, it is noticeable that waves can be generated by using a
different influx signal f(t) instead of the originally prescribed signal s(t).
However to have a correct influx, the ”modified” signal f(t) should satisfy
equation (1.17) and it depends on the modification done in the spatial
coordinates. This is different from the actual condition in the hydrodynamic
laboratory where there is only a one to one correspondence between influx
signal and the generated waves.

In the KdV type of equation the result of the embedded influxing model
will be waves propagating in one direction while in the Boussinesq type of
equation the result will depend on the choice of spatial function g(x). For
a (skew-)symmetric g(x) the result of influxing will be waves propagating
in both forward and backward direction (a)symmetrically. By Combining
the symmetric and skew-symmetric influxing it is possible to obtain wave
propagating in only one direction for a Boussinesq model.

The influxing technique which is described in this dissertation is applied
by Van Groesen et al. in [50], Van Groesen & I.v.d. Kroon in [48], Latifah &
Van Groesen in [24] for the case of one dimensional unidirectional equation
and is also applied by Adytia in [2, 3] for the variational Boussinesq model.
In chapter 4 the influxing method for two dimensional forward propagating
waves model is also applied where the result of the model is presented
together with the measurement result from the hydrodynamic laboratory.

The derivation of the embedded influxing given in this dissertation is
based on the first order linear theory and there is no second order steering
theory, as in [38, 39], applied here.

1.3 Outline of the dissertation

This section describes the main contents of the dissertation and serves as
a quick reference to the appropriate chapter. This dissertation consists of
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five chapters for which the order is made as follows. Chapter 2 describes
a mathematical model of forward propagating dispersive waves in two di-
mensional space. Chapter 3 is the result of the investigation on water wave
influxing model. In chapter 4 the numerical simulation and experimental
results at MARIN are presented and the final chapter contains concluding
remarks and suggestions for further research. A brief summary of chapter
2 - chapter 4 of this dissertation is given as follows:

Chapter 2 - Governing equation
The aim of this chapter is to derive the AB2-equation which is a disper-

sive and nonlinear wave equation that describes the dynamics of waves in
two-dimensions. The derivation of the AB2-equation stems from the vari-
ational structure of water waves which is treated in section 2.2. The linear
and the nonlinear version of the AB2-equation are presented in section
2.3 and 2.4 respectively. Several approximations which can be made from
the AB2 are discussed in section 2.5. The chapter ends with commenting
the difference between the AB2-equation and KP-type of equations. This
chapter has been published as [42].

Chapter 3 - Embedded wave generation model
The result of this chapter is a mathematical model which gives a way

to influx waves by incorporating a source function into the equation(s) of
wave motion. Not only the equation described in chapter 2 but also all
Boussinesq type of equations are treated. Section 3.2 deals with embed-
ded wave generation for forward dispersive propagating waves both in one
dimension (section 3.2.1) and in two dimensions (section 3.2.2).

For wave influxing in more directions, Boussinesq type of equations in
Hamiltonian form are used as the governing equation. Embedded source
functions for this type of equation are given in section 3.3, with 3.3.2 for
the one dimensional case and 3.3.3 for the two dimensional case. Section
3.3.1 describes influxing by using second order dispersive wave equation.
This chapter is closed with some numerical simulations to illustrate the
embedded wave generation.

Part of this chapter (until section 3.2.2) is similar to a paper that has
been submitted for publication as [41].
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Chapter 4 - Experiments and simulation
This chapter deals with experiments on oblique wave interaction that

have been conducted at MARIN hydrodynamic laboratory in Wagenin-
gen, the Netherlands. The experiments are designed by influxing harmonic
waves from two sides of the water tank so that in the middle of the tank the
generated waves are expected to be in the form of bichromatic waves. The
detail of the experimental setup and the measurement results are given in
section 4.2.

For the numerical simulation, the AB2-equation of chapter 2 is chosen as
the governing equation with an appropriate embedded source term derived
in chapter 3. Section 4.3 describes the model and the numerical method
used for the simulation. The results of the simulation are compared with
the data from the laboratory and are presented in section 4.4.
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Chapter 2

Variational derivation of
improved KP-type of
equations 1

Abstract

The Kadomtsev-Petviashvili equation describes nonlinear dispersive waves
which travel mainly in one direction, generalizing the Korteweg - de Vries
equation for purely uni-directional waves. In this paper we derive an im-
proved KP-equation that has exact dispersion in the main propagation
direction and that is accurate in second order of the wave height. More-
over, different from the KP-equation, this new equation is also valid for
waves on deep water. These properties are inherited from the AB-equation
[46] which is the unidirectional improvement of the KdV equation. The
derivation of the equation uses the variational formulation of surface water
waves, and inherits the basic Hamiltonian structure.

1Published as :
Lie S.L and E. van Groesen. Variational derivation of improved KP-type of equations.
Phys.Lett.A, 374: 411-415, 2010.

17
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2.1 Introduction

The Kadomtsev-Petviashvilli equation, or briefly the KP-equation, is de-
rived in 1970 as a generalization of the Korteweg- de Vries (KdV)-equation
for two spatial dimensions [18, 19, 28]. It is a well-known model for dis-
persive, weakly nonlinear and almost unidirectional waves. Although the
equation is of relevance in many applications with various dispersion rela-
tions, we will concentrate in this paper on the application to surface water
waves on a - possibly infinitely deep - layer of fluid; for other applications
the dispersion relation can be adapted in the following.

In 2007, the AB-equation, a new type of KdV-equation, is derived in
[46]. This equation is exact up to and including quadratic nonlinear terms
and has exact dispersive properties. In [50], it is shown that the AB-
equation can accurately model waves in hydrodynamics laboratories that
are generated by a flap motion. Moreover, unlike any other KdV-type of
equation, this AB-equation is valid and accurate for waves in deep water.
By using Hamiltonian theory, it was shown that AB-equation approximates
accurately the highest 1200 Stokes wave in deep water [50, 36]. Different
from all steady traveling wave profiles which are smooth, the highest Stokes
wave has a peak at the crest position and travel periodically with a constant
speed [6, 36, 37, 50].

This paper is a continuation, and actually a combination, of these previ-
ous works. Our objective is to obtain an AB2-equation that deals just as KP
with mainly uni-directional waves in two space dimensions, but shares the
properties of the AB-equation of being accurate to second order in the wave
height and having exact dispersion in the main direction of propagation.
We will derive AB2 in a consistent way from the variational formulation
of surface waves; in poorer approximations, AB2 will give various types of
improved KP-type of equations.

Before dealing with the somewhat technical variational aspects, we will
illustrate the basic result with a simple intuitive derivation of the classical
KP and the new AB2-equation.
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We start with the simplest second order wave equation:

∂2
t η = c20

(
∂2

x + ∂2
y

)
η. (2.1)

For constant c0 =
√
gh with h the constant depth of the layer, this is a

description of very long waves in the linear approximation. The dispersion
relation is given by ω2 = c20

(
k2

x + k2
y

)
which relates the frequency ω of har-

monic waves to the wave numbers in the x and y-direction. Purely unidirec-
tional waves in the positive x-direction would be described by (∂t + c0∂x) η =
0 which has the dispersion relation ω = c0kx. Multi-directional waves that
mainly travel in the positive x-direction will have |ky| << kx. This makes
it tempting to approximate the second order spatial operator c20

(
∂2

x + ∂2
y

)
via the dispersion relation like

ω = c0kx

√
1 + (ky/kx)2

≈ c0kx

(
1 +

1
2
k2

y

k2
x

)
= c0

(
kx +

1
2
k2

y

kx

)
.

The corresponding equation is therefore ∂tη = −c0
(
∂xη + 1

2∂
−1
x ∂2

yη
)
, which

can be rewritten in a more appealing way like

∂x [∂tη + c0∂xη] +
c0
2
∂2

yη = 0. (2.2)

This is the approximate equation for infinitesimal long waves traveling
mainly in the positive x-direction. If we want to include approximate dis-
persion and nonlinearity in the x-direction only, the KdV-equation could
be taken as approximation: ∂tη+c0∂xη+c0 h2

6 ∂
3
xη+ 3c0

2h η∂xη = 0. Changing
the term in brackets by this expression leads to the standard form of the
KP-equation:

∂x

[
∂tη + c0

(
∂xη +

h2

6
∂3

xη

)
+

3c0
2h

η∂xη

]
+
c0
2
∂2

yη = 0. (2.3)

A simple scaling can normalize all coefficients in the bracket in a frame
moving with speed c0.
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Improving on this heuristic derivation, we will show in this paper that
the more accurate AB2-equation can be derived in a consistent way. A
simplified form of AB2 could be obtained by replacing the term in square
brackets in (2.3) by the AB-equation, and at the same time adding disper-
sive effects related to the group velocity in the term with the second order
transversal derivatives that are consistently related to the dispersion within
the square bracket. The most appealing equation is found that matches sec-
ond order accuracy in wave height with second order transversal accuracy,
to be called AB22, given by

∂x

∂tη +
√
gA

 η − 1
4
(Aη)2 +

1
2
A(ηAη)

+
1
4
(Bη)2 +

1
2
B(ηBη)


+

1
2
V ∂2

yη = 0, (2.4)

where the term in square brackets is the AB-equation of [46].
This paper will follow the consistent derivation for waves in one direction

as given in [46]. The major difference is to account for small deviations in
the unidirectionalization procedure; this requires some careful dealing with
skew symmetric square-root operators.

The content of the paper is as follows. In the next section we describe
the variational structure and the approximation of the action principle that
will be used in the following sections. Section 3 discusses the linear 2-
dimensional wave equation and the unidirectional constraint to obtain an
approximate linear 2D-equation that has exact dispersion in the main prop-
agation direction. This will be the linearized AB2-equation which will be
derived in Section 4, and shown to be accurate in second order of the wave
height. In Section 5 some approximate cases are considered. Some conclu-
sions and remarks are given in Section 6.

2.2 Variational structure

We consider surface waves on a layer of irrotational, inviscid and incom-
pressible fluid that propagate in the x = (x, y) direction over a finite depth
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h0 or over infinite depth. We denote the wave elevation by η(x, t) and the
fluid potential by Φ(x, z, t) with φ(x, z = η, t) the fluid potential at the
surface.

Based on previous work of [29, 61, 5], the dynamic equations can be
derived from variations of the action principle, i.e: δA(η, φ) = 0, where

A(η, φ) =
∫ [∫

φ.∂tη dx−H(η, φ)
]
dt. (2.5)

Variations with respect to φ and η lead to the following coupled equations:

∂tη = δφH(η, φ), (2.6)

∂tφ = −δηH(η, φ). (2.7)

The Hamiltonian H(η, φ) is the total energy, the sum of the potential and
the kinetic energy, expressed in the variables η, φ. The potential energy is
calculated with respect to the undisturbed water level, leading to

H(η, φ) =
∫

1
2
gη2 dx +K(φ, η). (2.8)

The value of the kinetic energy is given by:

K(φ, η) =
∫ ∫

1
2
|∇Φ|2 dzdx

where the fluid potential Φ satisfies the Laplace equation ∆Φ = 0 in the
fluid interior, the surface condition Φ = φ at z = η(x) and the imperme-
able bottom boundary condition. This kinetic energy cannot be expressed
explicitly as a functional in terms of φ and η, and therefore approximations
are needed. To that end, we will use the notation of the fluid potential and
the vertical velocity at the still water as

φ0 = Φ(x, z = 0, t), W0 = ∂zΦ(x, z = 0, t)
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respectively. To approximate the kinetic energy, we split the kinetic energy
in an expression till the still water level and an additional term to account
for the actual surface elevation:

K = K0 +Ks =
∫ ∫ z=0

z=−h

1
2
|∇Φ|2 dzdx +

∫ ∫ z=η

z=0

1
2
|∇Φ|2 dzdx.

The bulk kinetic energy K0 can be rewritten using ∆Φ = 0 and the
divergence theorem with the permeability bottom condition as follows:

K0 =
∫ ∫ z=0

z=−h

1
2
∇.(Φ∇Φ)dzdx =

∫
1
2
φ0W0dx.

Taking in Ks the approximation of lowest order in the wave height, we
obtain:

Ks ≈
∫ ∫ z=η

z=0

[
1
2
|∇Φ|2

]
z=0

dzdx

=
1
2

∫
η
[
(∂xφ0)2 + (∂yφ0)2 +W 2

0

]
dx.

Taken together, we obtained the following approximation for the Hamilto-
nian:

H(η, φ0) ≈
1
2

∫ {
gη2 + φ0W0 + η

[
(∂xφ0)2 + (∂yφ0)2 +W 2

0

]}
dx. (2.9)

Observe that this expression is in the variables η and φ0 (and W0 which
will be easily expressed in terms of φ0 in the next section). These are
not the canonical variables, and hence H (η, φ0) cannot be used in the
Hamilton equations, except in the linear approximation of the next section.
To include nonlinear effects, we will need to translate the pair η, φ0 to the
canonical pair η, φ in Section 4.
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2.3 Mainly unidirectional linear waves

We start this section on linear wave theory with some notation to reduce
possible confusion. For irrotational waves in one dimension, the dispersion
relation between frequency ω and wavenumber k is given by

ω2 = gk tanh(kh).

By defining
Ω(k) = sign(k)

√
gk tanh(kh),

the corresponding pseudo-differential operator iΩ (−i∂x) is skew-symmetric.
As usual we define the phase and group velocity respectively as

C =
Ω
k
, and V =

dΩ
dk

;

we will use the same notation for the corresponding symmetric operators
in the following.

Then the second order dispersive equation ∂2
t η = −Ω2 (−i∂x) η = ∂2

xC
2η

can be written like(
∂2

t + Ω2
)
η = (∂t − ∂xC) (∂t + ∂xC) η = 0,

showing that each solution is a combination of a wave running to the
right, i.e. satisfying (∂t + ∂xC) η = 0, and a wave running to the left
(∂t − ∂xC) η = 0.

For multi-directional waves, the dispersion relation is given with the
wave vector k = (kx, ky) by

ω2 = g|k| tanh (|k|h) .

To deal with waves traveling mainly in the positive x-direction, we define

Ω2(k) = sign(kx)
√
g|k| tanh(|k|h);

then, with ∇ = (∂x, ∂y), the operator iΩ2 (−i∇) is skew-symmetric. Note
that Ω2(k) is discontinuous for kx = 0 if ky 6= 0, which will not happen when
the assumption of mainly unidirectionality holds, since then |ky| << kx.
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The phase velocity vector is given by

C2(k) = Ω2(k)
k
|k|2

= C(|k|) k
|k|

;

hence we have

Ω2(k) = −iα(k)C(|k|), with α(k) = i.sign(kx)|k|.

To make the analogy with the 1D case complete, we defined here the skew
symmetric square root α operator of −∇2; indeed, α = ∂x if ∂y = 0, and
α2 =

(
∂2

x + ∂2
y

)
and αα∗ = −

(
∂2

x + ∂2
y

)
.

For later reference, we note that Ω2 has for each kx 6= 0 the following
expression as second order Taylor expansion in ky at 0:

Ω2(k) ≈ Ω(kx) +
1
2
k2

y

kx
V (kx). (2.10)

Using the above notation, we recall that the solution of the Laplace
problem for the fluid potential implies the following expression for the ver-
tical velocity at the surface

W0 = −1
g
Ω2

2φ0 = −1
g
C2α2φ0.

This leads to the following expression for the quadratic part of the
Hamiltonian:

H0(η, φ0) =
1
2

∫ {
gη2 + φ0W0

}
dx

=
1
2

∫ {
gη2 − 1

g
φ0α

2C2φ0

}
dx,

and the corresponding Hamilton equations are given by

∂tη = δφH0(η, φ) = −1
g
α2C2φ0, (2.11)
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∂tφ0 = −δηH0(η, φ) = −gη, (2.12)

which are equivalent with the second order equation:

∂2
t η = C2α2η. (2.13)

We notice that when C is a constant, this equation is exactly the hyperbolic
equation that describes two dimensional non-dispersive traveling waves as
described in the introduction. This linear equation can be rewritten as the
application of two first order linear equation:

(∂t − Cα) (∂t + Cα) η = 0. (2.14)

Hence we find the dispersive equation for mainly uni-directional waves in
the positive x-direction as

(∂t + Cα) η = 0.

As in [46], we will execute this ’unidirectionalization’ procedure in an-
other way via the variational principle. To illustrate that this leads to
the correct result above, we note that the dynamic equation for φ0 leads
for mainly unidirectional waves to a constraint between φ0 and η given by
∂tφ0 = −Cαφ0 = −gη, i.e. φ0 = gα−1C−1η.

Restricting the action functional to this constraint, leads to:

A0 (η) =
∫ [∫

gα−1C−1η.∂tη dx−H0(η)
]
dt,

with the restricted Hamiltonian

H0(η) =
g

2

∫
η2 −

(
∂2

x + ∂2
y

)−1
αη.αηdx

= g

∫
η2dx
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Notice that the kinetic energy and the potential energy functionals have
the same value, i.e. equipartition of energy as is known to hold for linear
wave evolutions.

The dynamic equation of η then follows from the action principle, i.e.
δA0(η) = 0, leading to:

∂tη = −Cαη (2.15)

This is the linear equation for waves mainly running in the positive x-
direction. Expansion of the operators to second order in ky using (2.10), it
can be written like:

∂x [∂tη + ∂xC(−i∂x)η] +
1
2
V (−i∂x)∂2

yη = 0. (2.16)

This is recognized as an improvement of the linear KP-equation that is
of the same second order in the tranversal direction. Observe, in particu-
lar, the appearance of the group-velocity operator in the last term, which is
consistently linked to the (possibly approximated) phase velocity operator
in the square brackets. When we use the approximation for rather long
waves, as in the KP-equation, we have C = c0

(
1 + h2

6 ∂
2
x

)
and then consis-

tently V = c0

(
1 + h2

2 ∂
2
x

)
; this last operator is missing in the original KP-

equation.
We notice also that equation(2.16) is for purely unidirectional waves,

∂y = 0, the same as the linear part of AB-equation as derived in [46] .

2.4 Nonlinear AB2-equation

In the previous section, we used the quadratic part of the Hamiltonian and
the unidirectionalization procedure in the action principle to obtain the lin-
ear AB2-equation. In this section, we will include the cubic terms of η that
appear in the approximation of the Hamiltonian(2.9). In the following, we
use the same unidirectionalization constraint as describe above, i.e. taking
φ0 = gC−1α−1η. For simplification, we introduce the following operators
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A2 =
C (−i∇)α

√
g

,B2 = ∂xA
−1
2 and γ2 = ∂yA

−1
2 ,

and rewrite the Hamiltonian (2.9) as

H(η, φ0) = g

∫ {
η2 +

1
2
η
[
(A2η)2 + (B2η)2 + (γ2η)2

]}
dx (2.17)

= [H2 +H3](η), (2.18)

with H2 and H3 the quadratic and the cubic terms of the Hamiltonian
respectively.

For the nonlinear case considered here, we have to use the action princi-
ple with

∫ ∫
φ∂tη dxdt which contains the potential φ at the surface z = η.

The strategy is to relate φ to φ0, η by a direct expansion φ = φ0 + ηW0.
Then using the unidirectionalization constraint φ0 =

√
gA−1

2 η and W0 =
−√gA2η, we get∫ ∫

φ∂tη dxdt =
∫ ∫

√
g
[
A−1

2 η − ηA2η
]
∂tη dxdt.

The action functional becomes

A(η) =
∫ {∫

√
g
[
A−1

2 η − ηA2η
]
∂tη dx−H(η)

}
dt, (2.19)

and vanishing of the variational derivative leads to the evolution equation
√
g
[
−2A−1

2 ∂tη +A2(η∂tη) + ηA2∂tη
]

= δηH(η)

with

δηH(η) = g

[
2η +

1
2
(A2η)2 −A2(ηA2η)

+
1
2
(B2η)2 +B2(ηB2η) +

1
2
(γ2η)2 + γ2(ηγ2η)

]
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Although this formulation is correct, the expression involving ∂tη is rather
complicated. We will simplify it in the same way as in [46]. To that end,
we note that

−2
√
gA−1

2 ∂tη = 2gη +O(η2), : i.e. : ∂tη = −√gA2η +O(η2),

and substitute this approximation in the action to obtain∫
√
g
[
A−1

2 η − ηA2η
]
∂tη dx =

∫ [√
gA−1

2 η∂tη + gη(A2η)2
]
dx.

In this way, the total action functional is approximated correctly up to and
including cubic terms in wave height. We write the result as a modified
action principle, reading explicitly

Amod(η) =
∫ [∫

√
gA−1

2 η∂tη dx−Hmod(η)
]
dt (2.20)

where the modified Hamiltonian Hmod contains a term from the original
action and is given by

Hmod(η) = H − g

∫
η(A2η)2 dx (2.21)

= g

∫
η2 +

1
2
η
{
−(A2η)2 + (B2η)2 + (γ2η)2

}
dx. (2.22)

The resulting equation δAmod(η) = 0:

−2
√
gA−1

2 ∂tη = δHmod(η) (2.23)

will be called the AB2-equation and it is explicitly given by:

∂tη = −√gA2


η − 1

4
(A2η)2 +

1
2
A2(ηA2η)

+
1
4
(B2η)2 +

1
2
B2(ηB2η)

+
1
4
(γ2η)2 +

1
2
γ2(ηγ2η)

 (2.24)
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From the derivation above, we notice that AB2-equation is exact up to
and including the second order in the wave height, with (possible approx-
imations of the) dispersion relation reflected in the operators A2, B2 and
γ2.

2.5 Approximations of the AB2-equation

In this section, we consider some special limiting cases of the AB2-equation.
If there is no dependence on the y-direction, i.e. waves travel uniformly

in the positive x-direction, we can ignore the last two terms of equation
(2.24) since γ2 = 0, and the operators α, A2 and B2 can be rewritten as
follows:

α = ∂x, A2 = A ≡ C(−i∂x)
√
g

∂x and B2 = B ≡ ∂xA
−1.

Substituting these operators in equation(2.24), we obtain the original AB-
equation for the unidirectional wave as derived in [46]:

∂tη = −√gA
(
η − 1

4
(Aη)2 +

1
2
A(ηAη) +

1
4
(Bη)2 +

1
2
B(ηBη)

)
.

This equation is exact in the dispersion relation and is second order accurate
in the wave height. It is an improvement of the KdV-equation for waves
above finite depth. For infinite depth, this is a new equation in which all
four quadratic terms are of the same order.

In section 3 we investigated the approximation of the exact linear equa-
tion to second order in ky, which leads to the improvement of the linear KP-
equation but retains its characteristic form. Now we will make a similar ap-
proximation for the nonlinear AB2-equation. To keep the basic variational
structure, any approximation can be obtained by taking approximations of
the operators A2 and the consistent approximations for B2 = ∂xA

−1
2 and

γ2 = ∂yA
−1
2 .
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Here we will consider only one special case, namely an approximation
for which we neglect tranversal effects in the nonlinear terms. Stated dif-
ferently, we approximate equation(2.24) such that second order nonlinear
and transversal effects are considered to be of the same order. Using the
operators A,B as above, we obtain the AB22-equation (2.4) mentioned in
the introduction.

It should be remarked that in all the results above we did not restrict
the wavelength in the x-direction; all results are valid also for short waves in
the main propagation direction, the dispersion properties in the x-direction
are exact. Also, note that, just like KdV, the KP- equation has no sensible
limit for infinite depth, but that, just like the AB-equation, the AB2- and
AB22-equation, are also valid for deep water waves.

2.6 Conclusion and remarks

The KP-equation as a model for mainly unidirectional surface water waves
has been improved in this paper to the AB2-equation that has exact disper-
sion and is exact up to and including second order in the wave height. As
was found for the unidirectional version of this equation, the AB-equation,
we expect that with AB2 very accurate simulations can be performed. In a
subsequent paper we will show results of comparisons with measurements
in a hydrodynamic laboratory. The most difficult aspect to predict before-
hand is the practical validity in the transversal direction, i.e. what the
maximal deviation from the main propagation direction can be so that the
waves are still accurately modeled.



Chapter 3

Embedded wave generation
for dispersive wave models 1

3.1 Introduction

Wave models of Boussinesq type for the evolution of surface waves on a
layer of fluid describe the evolution with quantities at the free surface.
These models have dispersive properties that are directly related to the
-unavoidable- approximation of the interior fluid motion. The initial value
problem for such models does not cause much problems, since the descrip-
tion of the state variables in the spatial domain at an initial instant is
independent of the specifics of the evolution model.

Quite different is the situation when waves have to be excited in a timely
manner from points or lines. Such problems arise naturally when modelling
waves in a hydrodynamic laboratory or waves from the deep ocean to a
coastal area. In these cases the waves can be generated by influx-boundary
conditions, or by some embedded, internal, forcing. In all cases the dis-
persive properties (of the implementation) of the model are present in the

1Part of this chapter (until section 3.2.2) is similar to a paper that has been submitted
for publication ( Lie S.L, D. Adytia & E. van Groesen. Embedded wave generation for
dispersive surface wave models. Ocean Engineering, 2013.)
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details of the generation. Accurate generation is essential for good simu-
lations, since slight errors will lead after propagation over large distances
to large errors. For various Boussinesq type equations, internal wave gen-
eration has been discussed in several papers. Improving the approach of
Engquist & Madja [12], who described the way how to influx waves at the
boundary with the phase speed, Wei e.a. in [55] considered the problem
to generate waves from the y-axis under an angle θ with respect to the
positive x-axis. They derived in an analytical way a spatially distributed
source function method for the Boussinesq model of Wei & Kirby [54] that
is based on a spatially distributed source, with an explicit relation between
the desired surface wave and the source function. Kim e.a. [20] showed
for various Boussinesq models that it is possible to generate oblique waves
using a delta source function. Madsen & Sorensen [30] used and formulated
a source function for mild slope equations. In these papers, the results were
derived for the linearized equations.

In this chapter we derive source functions for any kind of waves to
be generated and for any dispersive equation including the general case
of (linear) dispersive Boussinesq equations. Consequently, the results are
applicable for the equations considered in the references mentioned above,
such as Boussinesq equations of Peregrine [9], the extended Boussinesq
equations of Nwogu [34] and those of Madsen & Sorensen [30] , and for the
mild slope equations of Massel [32], Suh et al. [44] and Lee et al. [25, 26].
In [48, 50] the method to be described here for the AB-equation has been
used and also in [3, 23] for the Variational Boussinesq model.

We will derive the wave generation approach in a straightforward and
constructive way for linear equations. The group velocity derived from the
specific dispersion relation will turn up in the various choices that can be
made for the non-unique source function. We will show that the linear
generation approach is accurate through various examples in 1D and 2D.

This chapter is organized as follows. In the next section we present the
wave generation both in 1D and 2D for forward propagation wave equa-
tions with arbitrary dispersive properties. The wave generation for multi-
directional wave equations is presented in section 3. Simulation results will
be shown in section 4, and the chapter is finished with conclusions.
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3.2 Forward propagating dispersive wave models

3.2.1 Definitions and notation

In this section we consider 1D and 2D forward propagating wave models.
To deal with both cases at the same time, we use the following notation.
For 1D we use x as spatial coordinate, and k for the wave number. In 2D
we use coordinates x = (x, y) and wave vector k = (kx, ky), and write for
the lengths of these vectors x = |x| and k = |k| respectively.

In 1D we denote by η (x) the wave elevation and use the convention
that η (x) and its (spatial) Fourier transformation η̂ (k) are related to each
other by

η (x) =
∫
η̂ (k) eikxdk, η̂ (k) =

1
2π

∫
η (x) e−ikxdx.

Similarly for the 2D case we have

η (x) =
∫
η̂ (k) eik.x dk, η̂ (k) =

1
(2π)2

∫
η (x) e−ik.x dx.

When it is not indicated otherwise, integrals are taken over the whole real
axis. To describe real waves in the following, the condition

η̂ (−k) = cc (η̂ (k))

will have to be satisfied for each wave number or wave vector, where cc
denotes complex conjugation.

Dispersion is the property that for plane waves the wave length and pe-
riod are not independent but related in a specific way. That is, a dispersion
relation between the wave number k (in 1D) or the wave vector k (in 2D)
and the frequency ω should be satisfied so that the harmonic mode in 1D
exp i (kx− ωt) or the plane wave in 2D exp i (k.x− ωt) are physical solu-
tions. For small amplitude water waves, i.e. linear theory, the quadratic
dispersion relation is known to be given by

ω2 = Ω2 (k)
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where we define the function Ω as

Ω (k) =
√
gk tanh (kh)

with g and h the gravitational acceleration and depth of the fluid layer
respectively.

In order to work conveniently with complex notation and Fourier trans-
formation in the following, we will consider the uni-directional dispersion
relation using the (smooth) odd function Ω1 (k)

ω = Ω1 (k) , with Ω1 (k) = sign (k) Ω (k)

With this convention, the wave exp i (kx− Ω1 (k) t) = exp ik (x− C (k) t)
is for all values of k to the right travelling with positive phase speed C (k) =
Ω1 (k) /k; similarly exp i (kx+ Ω1 (k) t) is to the left travelling with speed
−C (k). Besides that, the relation has a unique inverse which we will denote
by K1:

ω = Ω1 (k) ⇔ k = K1 (ω) .

In a similar way we can talk for plane waves in 2D about forward and
backward propagating with respect to some chosen direction e, given by
exp i (k · x −Ω2 (k) t) and exp i (k · x + Ω2 (k) t) respectively, by defining

ω = Ω2 (k) , with Ω2 (k) = sign (k · e) Ω (k)

For later reference, we define the group velocity as the even function

V (k) =
dΩ1 (k)
dk

.

The exact dispersion given above corresponds to a monotone concave
relation of ω versus k, so that the phase velocity decreases for shorter waves.
Observe that Ω1 scales with depth like

Ω1 (k) =
√
g

√
h
M (kh)
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and the group velocity as

Vg (k, h) = c0m (kh) with c0 =
√
gh

where m is the derivative of M .
In many models to be used for analytic or numerical investigations, an

approximation of the exact dispersion relation is taken; all good approxima-
tions will satisfy the same scaling properties. As one example we mention
the Variational Boussinesq model (VBM) described in [22]. In that model,
the dependence of the fluid potential in the vertical direction z is prescribed
by an a priori chosen function F (z). The dispersion relation then reads

ΩV BM (k) = c0k

√
1− (kβ)2

h (αk2 + µ)
,

where α, β and µ are coefficients given by

α =
∫ 0

−h
F (z)2 dz; β =

∫ 0

−h
F (z) dz; µ =

∫ 0

−h
(∂zF (z))2 dz.

A flexible choice for F (z) is to take the following explicit function

F (z) =
cosh (κ (z + h))

cosh (κh)
− 1

where κ is a suitable effective wave number.
For shallow water the long wave approximation has dispersion relation

given as ΩSW = c0k. In figure (3.1) we show the plot of the exact dispersion
relation and the exact group velocity together with the approximations
described above.

In the following we will regularly need the spatial inverse Fourier trans-
form of the group velocity, defined with a scaling factor as

γ (x;h) =
∫

1
2π
Vg(k, h)eikx dk.
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Figure 3.1: Plot of the dispersion relation (left panel) and the group velocity
(right panel) as function of wave number for depth 1[m]. The solid curve is the
exact dispersion and group velocity; the dash-dotted and cross-dotted curves are
the approximation for shallow water and VBM (with κ = 0.52)respectively.

The scaling property of the group velocity implies that its spatial inverse
Fourier transform γ (x;h) scales with depth like

γ (x;h) =
γ (x/h; 1)√

h
.

The graph of this function γ is given in figure (3.2) for the dispersion re-
lations discussed above. For increasing depth, the function decreases pro-
portional to 1/

√
h, the spatial extent of the function γ grows proportional

with h and the area under the curve grows with
√
h since

∫
γ (x;h) dx =√

h
∫
γ (x; 1) dx.

3.2.2 1D uni-directional waves

The first order, 1D uni-directional equation for to the right (positive x-axis)
traveling waves is of the form

∂tη = −A1η.
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Figure 3.2: The left panel is the graph of γ (x) at depth h = 1[m] for the exact
dispersion-relation (solid line) and the approximate dispersion relations of VBM
(cross-dotted line). The right panel is the graph of γ(x) for exact dispersion on
a depth of h = 5[m] (solid line) and h = 0.1[m] (dotted line). Observed that the
shallower the water the closer the function resembles the Dirac delta function.

Here A1 is the (pseudo-differential) operator that has as symbol the dis-
persion relation Ω1, written as

A1=̂iΩ1(k),

meaning that the effect of A1 applied to a function η is corresponds to
multiplication in spectral space by iΩ1(k), i.e.

A1η (x) = i

∫
Ω1(k) η̂ (k) eikxdk.

The factor sign(k) assures that the real function Ω1 (k) is odd, which implies
that A1 is a real operator that is skew-symmetric.

In the shallow water limit the dispersion relation is Ω1 (k) = c0k with
c0 =

√
gh, which corresponds to A1 = c0∂x, and the equation becomes

∂tη = −c0∂xη. Although this limiting case is not dispersive since all modes
travel at the same speed c0, it illustrates the uni-directionality property of
the equation: all solutions are of the form G (x− c0t) for arbitrary G.



38 Embedded wave generation for dispersive wave models

The signalling problem for this linear dispersive model is formulated for
the surface elevation ζ = ζ (x, t) as{

∂tζ = −A1ζ
ζ (0, t) = s (t)

(3.1)

At one position, taken without restriction of generality to be x = 0, the
surface elevation is prescribed by the signal s (t). Here and in the following
we will assume the initial surface elevation and the signal to vanish for
negative time: ζ (x, 0) = 0 and s (t) = 0 for t ≤ 0.

For the temporal Fourier transform š (ω) of the signal s (t) we use the
convention

s (t) =
∫
š (ω) e−iωtdω and š (ω) =

1
2π

∫
s (t) eiωtdt.

Then the solution of the signaling problem can be written explicitly as

ζ (x, t) = H (x)
∫
š (ω) ei[K1(ω)x−ωt]dω,

with H(x) the Heaviside function. By rewriting this expression such that
s (t) appears explicitly, we get

ζ (x, t) =
1
2π
H (x)

∫ ∫
s (τ) ei[K1(ω)x−ω(t−τ)]dωdτ. (3.2)

Note that, as a consequence of the fact that the integration over τ
extends to infinity, this exact solution is for genuine dispersive equations
non-causal: the solution ζ (x, t) at time t depends also on the influx signal
s (τ) for times τ > t, although these contributions are exponentially small.
An exception is when the dispersion relation is linear Ω1(k) = c0k in the
case of the shallow water equation; then this integral expression simplifies
to the correct solution ζ (x, t) = H (x) s (t− x/c0) .

If the influx point x = 0 is a boundary of the spatial interval, the desired
influx can be dealt with in numerical models as a boundary condition.
Different from that way of influxing, in this paper we will produce the
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solution of the signaling problem by describing the influx in an embedded
way. That is, we will investigate the forced problem of the form

∂tη = −A1η + S1 (x, t) (3.3)

where we will look for embedded source(s) S1 (x, t) in such a way that the
source contributes to the elevation at x = 0 by an amount determined by
the prescribed signal s(t). For the first order, uni-directional equation we
consider, we expect a unique solution; but, as will turn out, the source
function will not be unique. The ambiguity is caused by the dependence
of the source on the two indepedent variables x and t. Once we prescribe
the dependence on one variable, for instance a localised force that acts only
at the point x = 0, the source will be uniquely defined by the signal. The
ambiguity can be exploited to satisfy additional requirements.

To obtain the condition for the source, we consider the double temporal-
spatial Fourier transform (to be denoted by a bar) of equation (3.3). Then
with

η (x, t) =
∫ ∫

η̄ (k, ω) ei(kx−ωt) dk dω,

the result is

−iωη̄(k, ω) = −iΩ1 (k) η̄(k, ω) + S̄1 (k, ω) . (3.4)

Note that for S1 = 0 we get the correct requirement that the dispersion
relation ω = Ω1 (k) should be satisfied. The forced equation has as solution

η̄ (k, ω) =
S̄1 (k, ω)

i (Ω1(k)− ω)
(3.5)

which reads in physical space

η (x, t) =
∫ ∫

S̄1 (k, ω)
i (Ω1(k)− ω)

ei(kx−ωt) dk dω.

Specified for x = 0 we get the condition for the source:

s (t) =
∫ ∫

S̄1 (k, ω)
i (Ω1(k)− ω)

e−iωt dk dω,
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or equivalently

š (ω) =
∫

S̄1 (k, ω)
i (Ω1(k)− ω)

dk .

Using the fact that the dispersion relation is invertible, we make a change of
variables, from k to ν with ν = Ω1 (k). Using the group velocity Vg (k) and
the inverse K1 (ν) such that ν = Ω1 (K1 (ν)) we get dν = Vg (K1 (ν)) dk,
and hence

š (ω) =
∫
S̄1 (K1 (ν) , ω)
Vg (K1 (ν))

dν

i(ν − ω)
,

Assuming S̄1 (K1 (ν) , ω) /Vg (K1 (ν)) to be an analytic function in the com-
plex ν-plane, Cauchy’s principal value theorem leads to the result that

š (ω) = 2π
S̄1 (K1 (ω) , ω)
Vg (K1 (ω))

. (3.6)

and hence

S̄1 (K1 (ω) , ω) =
1
2π
Vg (K1 (ω)) š (ω) . (3.7)

This is the source condition, the condition that S1 produces the desired
elevation s (t) at x = 0. This condition shows that the function ω →
S̄1 (K1 (ω) , ω) is uniquely determined by the given time signal. However,
the function S̄1 (k, ω) of 2 independent variables is not uniquely determined;
it is only uniquely defined for points (k, ω) that satisfy the dispersion re-
lation. Consequently, the source function S (x, t) is not uniquely defined,
and the spatial dependence can be changed when combined with specific
changes in the time dependence, as stated above.

To illustrate this, and to obtain some typical and practical results, con-
sider sources of the form

S1 (x, t) = g (x) f (t)

in which space and time are separated: g describes the spatial extent of
the source, and f is the so-called modified influx signal. Then we have
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S̄1 (k, ω) = ĝ (k) f̌ (ω) and get a combined condition for the functions f
and g as follows

ĝ (K1 (ω)) f̌ (ω) =
1
2π
Vg (K1 (ω)) š (ω) .

Clearly, the functions f and g are not unique, which is illustrated for two
special cases.

Point generation : For a source that is concentrated at x = 0 we take
S1 (x, t) = δDirac (x) f (t), where here and in the following δDirac (x) is the
Dirac delta-function. Then ĝ (k) = 1/2π and S̄1 (k, ω) = f̌ (ω) /2π and we
get the modified influx signal the function f (t) from the source condition,
leading to

S1 (x, t) = δDirac (x) f (t) with f̌ (ω) = Vg(K1(ω)) š(ω). (3.8)

Observe that in physical space, the modified signal f(t) is the convolution
between the original signal s(t) and the inverse temporal Fourier transform
of the group velocity ω → Vg(K1(ω)).

Area extended generation : A more general choice of the spatial
extent of the source, given by a function g (x), requires that we modify the
influx signal according to

f̌ (ω) =
1
2π

Vg(K1(ω))
ĝ(K1(ω))

š(ω). (3.9)

In particular, it is possible to influx the original signal i.e. f(t) = s(t)
provided we choose ĝ(k) = 1

2πVg(k), so that

S1(x, t) = γ(x) s(t) with γ (x) =
∫

1
2π
Vg(k) eikx dk.

The scaling properties of this function γ have been described in the previous
section; since its extent will become large for deep water, this may not be a
desirable choice. A smooth alternative would be to take a Gaussian profile
such as g (x) = exp(−x2/β) where the parameter β can control the practical
extent of the source area, as has been used by Wei e.a. [55]
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As a final remark, notice that the area extended and the point genera-
tion are the same for the case of the non-dispersive shallow water limit for
which Ω1(k) = c0k and Vg(k) = c0 (which then coincides with the phase
velocity). In that case we have S̄1(K1(ω), ω) = c0 š(ω)/2π,and obtain the
familiar result for influxing of a signal s (t) at x = 0:

∂tη = −c0∂xη + c0 δDirac (x) s (t) .

3.2.3 2D forward dispersive wave model

In a similar way as we did in 1D, we will define a skew symmetric operator
Ae for given direction vector e to formulate first order dynamic equations
that describe waves propagation forward or backward with respect to the
direction given by the vector e. Forward propagating wave modes have
wavevector in the half space {k|k.e > 0} and backward propagating modes
in {k|k.e < 0}. First order in time equations for forward or backward
travelling waves are most useful for wave influxing in a specific part of a half
plane, for instance when waves are generated in a hydrodynamic laboratory,
or when dealing with coastal waves from the deep ocean towards the shore.

We describe the first order in time equations with an operator Ae in
analogy with the operator for 1D equations. Hence we define Ae as the
pseudo-differential operator that acts in Fourier space as multiplication:

Ae =̂ iΩ2 (k) with Ω2 (k) = sign(k.e)Ω (k) .

Then Ω2 (k) = −Ω2 (−k) and Ae is a real, skew symmetric operator. Ob-
serve that Ω2 has discontinuity along the direction e⊥ (perpendicular to e).
The 2D forward propagating dispersive wave equation is then given as

∂tζ = −Aeζ (3.10)

which has as basic solutions the plane waves exp i (k.x− Ω2 (k) t). Without
restriction of generality we will take in the following e = (1, 0) so that
Ω2 (k) = sign(kx) Ω(k), where k =

√
k2

x + k2
y.
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For the 2D excitation problem, we consider influxing along the y-axis:{
∂tη = −Aeη + S2 (x, t) ,
η(0, y, t) = s(y, t),

(3.11)

with S2 (x, t) is to be determined. Applying the same technique as in the
1D case, we obtain the requirement for S2 (x, t) to be satisfied:

s(y, t) =
∫ ∫

S̄2(kx, ky, ω)
i (Ω2(kx, ky)− ω)

ei(kyy−ωt) dk dω,

or equivalently

š (ky, ω) =
∫

S̄2(kx, ky, ω)
i (Ω2(kx, ky)− ω)

dkx.

Now we make a change of integration variable from kx to ν = Ω2(kx, ky),
which is possible because of the monotony of Ω2 with respect to kx at fixed
ky, leading to kx = Kx(ky, ν). Writing K(ky, ν) =

√
K2

x + k2
y and using

dν/dkx = sign(kx) ∂Ω1/∂k . ∂k/∂kx = Vg(k) |kx|/k we get :

š (ky, ω) =
∫
S̄2(Kx(ky, ν), ky, ω)

i(ν − ω)
K(ky, ν)

|Kx(ky, ν)|Vg(K(ky, ν))
dν.

With Cauchy’s integral theorem we obtain as condition for the source func-
tion

S̄2(Kx(ky, ω), ky, ω) =
1
2π
Vg(K(ky, ω)

|Kx(ky, ω)|
K(ky, ω)

š(ky, ω). (3.12)

If we write S2(x, y, t) = g(x).f(y, t) or S̄2(kx, ky, ω) = ĝ(kx)f̌(ky, ω) then
for a given function g(x) the function f(y, t) should be chosen as the inverse
Fourier transform of

f̌(ky, ω) =
1
2π

Vg(K(ky, ω))
ĝ(Kx(ky, ω))

|Kx(ky, ω)|
K(ky, ω)

š(ky, ω). (3.13)
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Limiting cases We consider 3 limiting cases as special consequences of the
forcing equation given above.

1. Uniform influxing: If the prescribed signal is homogeneous along the
y-axis, i.e. s(y, t) = s1(t), then š(ky, ω) = δDirac(ky) š1(ω), and this
leads to:

f̌(ky, ω) =
δDirac(ky)

2π
š1(ω)

Vg(K(0, ω))
ĝ(Kx(0, ω))

|Kx(0, ω)|
K(0, ω)

.

Since now |Kx(0, ω)| = K(0, ω) and Kx(0, ω) = K1(ω), we get

f̌(ky, ω) =
δDirac(ky)

2π
š1(ω)

Vg(K1(ω))
ĝ(K1(ω))

, (3.14)

which is the result as can be expected from the 1D case, see equation
(3.9).

2. Oblique wave generation: If the excitation signal at the y-axis is given
as s(y, t) = a ei(k

0
yy−ω0t) with k0

y = k0 sin(θ0) and k0 is the wavenumber
corresponding to ω0 and without loss of generality we assume ω0 > 0,
then equation (3.13) becomes

f̌(ky, ω) =
1
2π

δ(ky − k0
y) δ(ω − ω0)

Vg(K(ky, ω))
ĝ(Kx(ky, ω))

|Kx(ky, ω)|
K(ky, ω)

.

Transforming to the physical space the forcing equation is then given
as :

S2(x, y, t) = g(x) a ei(k
0
yy−ω0t) 1

2π
Vg(K1(ω0))

ĝ(k0
x)

k0
x

K1(ω0)

= g(x) a ei(k
0
yy−ω0t) 1

2π
Vg(K1(ω0))

ĝ(k0
x)

cos(θ0).

These results are a generalization of well known results in the litera-
ture. For the specific choice g(x) = exp (−βx2) the last result is the
same as the forcing derived by Wei e.a. [55]. If the function g(x) is
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defined locally around x = 0, i.e. g(x) = δDirac(x) then the forcing
equation is the same as the result of Kim e.a. [20]:

S2(x, y, t) = δDirac(x) a ei(k
0
yy−ω0t)Vg(K1(ω0)) cos(θ0). (3.15)

3. Generation of short crested wind waves. As a simple model of real wa-
ter waves that have been generated by winds in coastal or oceanic wa-
ters, a multi-directional frequency-direction energy spectrum E (ω, θ)
is often adopted, see e.g. Holthuijsen [16]. The basis is a one-
sided energy spectrum E1 (ω) which is spread over the various di-
rections through a normalized distribution function D (ω, θ). For in-
stance, E1 (ω) is a Jonswap, or Pierson-Moskowitz, spectrum, and
D (θ) = α cos2s θ for θ ∈ (−π/2, π/2) and D (θ) = 0 else, where θ is
the angle of the deviation from the averaged wave direction θ = 0;
s > 0 specifies the spreading, and α is a normalization factor. In or-
der to prevent non-homogenity of the wave field which can be caused
by multiple directions at one frequency, a one-parameter description
of the wave field is then given by

η (x, t) = Σn

√
E (ωn, θn) ∆ω∆θ cos (kxnx+ kyny − ωnt+ φn (ω))

where kxn = kn cos θn, kyn = kn sin θn, φn (ω) is a random phase,
and ∆ω∆θ is determined by the bin-width of the spectrum division.
Specified at the y-axis the wave is given by

η (0, y, t) = Σn

√
E (ωn, θn) ∆ω∆θ cos (ykn sin θn − ωnt+ φn (ω))

which specifies the influx signal along the y-axis to be used in the
source function (3.13).

3.3 Multi-directional propagating dispersive wave
models

In the first subsection we derive a source function for the second order dis-
persive wave equation with arbitary dispersion relation. In the second and
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third subsection we formulate the source for the Hamiltonian equation in
1D and 2D respectively. All wave models in this section describe waves that
can propagate in any direction; particularly for the 1D case they describe
waves travelling to the left and to the right.

3.3.1 Second order dispersive wave model

Using the excitation function for the (first order) forward propagating
waves, it is possible to find the excitation function for the (second order)
multi-directional dispersive wave equation.

Multi-directional waves can be obtained from influxing to the forward
and to the backward separately, i.e by performing the two forcing equations:

∂tηf
= −Aeηf

+ S0(x, t), with η
f
(0, y, t) = s0(y, t)

∂tηb
=Aeηb

+ S1(x, t), with η
b
(0, y, t) = s1(y, t),

with S0(x, t) and S1(x, t) given by relation (3.12). Then η = η
b
+ η

f
will

be the solution for

∂tη = ∂t

(
η

b
+ η

f

)
=
(
Aeηb

−Aeηf

)
+ S0(x, t) + S1(x, t).

For the case s0(y, t) = s1(y, t) = s(y, t), we get η(0, y, t) = 2 s(y, t). By
taking the time derivative on both sides, we obtain the well known second
order equation with its embedded source term:

∂2
t η = −Dη + ∂t [S0(x, t) + S1(x, t)] . (3.16)

Here the operator D = −A2
e has as symbol D, i.e. using Fourier transfor-

mation, D = (Ω2(kx, ky))2.
For later reference, the solution of the equation (3.16) is given by

η(x, y, t) =
1∑

j=0

∫ ∫
iω

ω2 − Ω2
2(kx, ky)

S̄j(kx, ky, ω) ei(kxx+kyy−ωt) dk dω.

(3.17)
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Then

η(−x, y, t) =
1∑

j=0

∫ ∫
iω

ω2 − Ω2
2(kx, ky)

S̄j(kx, ky, ω) ei(−kxx+kyy−ωt) dk dω

=
1∑

j=0

∫ ∫
iω

ω2 − Ω2
2(kx, ky)

S̄j(−kx, ky, ω) ei(kxx+kyy−ωt) dk dω.

Note that if S0 = S1 then if S̄0 is an even function in kx we have symmetric
propagating waves around the y-axis and if S̄0 is an odd function in kx we
have a skew-symmetric influxing.

The same result also holds for the 1D case for which the result of the
wave generation is that waves propagate (skew-)symmetrically to the left
and to the right of the generation point.

3.3.2 1D Hamiltonian wave model

The 1D second order dispersive equation ∂2
t η(x, t) = −Dη(x, t) can be

written as the (Hamiltonian) system of two first order equations for the
surface elevation η(x, t) and the surface potential φ(x, t)

∂tη =
D
g
φ

∂tφ = −gη, (3.18)

with D =̂ Ω2
1(k). The first equation is the continuity equation and the sec-

ond one is the momentum equation which is the linear Bernoulli equation.
For the wave elevation η and the wave potential function φ to be uniquely
determined, two conditions are required for (3.18).

The embedded wave generation approach is the problem to determine
F1 and F2 in the following system:

∂tη =
D
g
φ+ F1(x, t)

∂tφ = −gη + F2(x, t), (3.19)
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so that at the generation position x = 0 either η or φ satisfies a given
condition. The fact that only one condition is prescribed will make the
source functions F1 and F2 in the equation (3.19) non-unique.

Symmetric bi-directional elevation excitation

Using the same method as in the forward propagating wave model, after
Fourier transform equation (3.19) becomes:

(
−iω −Ω2

1/g
g −iω

)(
η̄(k, ω)
φ̄(k, ω)

)
=
(
F̄1(k, ω)
F̄2(k, ω)

)
(3.20)

from which the solution for η̄ and φ̄ are given by:

(
η̄(k, ω)
φ̄(k, ω)

)
=

1
Ω2

1 − ω2

(
−iω Ω2

1/g
−g −iω

)(
F̄1(k, ω)
F̄2(k, ω)

)
.

Suppose that the prescribed condition is a time trace of wave elevation at
x = 0, i.e. η(0, t) = s(t), then

š(ω) =
∫
η̄(k, ω) dk

=
∫
−iωF̄1(k, ω) + (Ω2

1/g)F̄2(k, ω)
Ω2

1 − ω2
dk

=
∫  F̄1(K1(ν),ω)

2 + iνF̄2(K1(ν),ω)
2g

iVg(K1(ν))(ν − ω)
+

F̄1(K1(ν),ω)
2 − iνF̄2(K1(ν),ω)

2g

iVg(K1(ν))(−ν − ω)

 dν,
with K1(ν) the inverse of the dispersion relation function Ω1(k). Using
Cauchy’s principle value theorem and the fact that Vg is symmetric in k
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while K1(ω) is a skew symmetric function we obtain:

š(ω) = 2π


1

Vg(K1(ω))

(
F̄1(K1(ω), ω)

2
+
iωF̄2(K1(ω), ω)

2g

)
+

1
Vg(K1(−ω))

(
F̄1(K1(−ω), ω)

2
+
iωF̄2(K1(−ω), ω)

2g

)


=
2π

Vg(K1(ω))


(
F̄1(K1(ω), ω)

2
+
iωF̄2(K1(ω), ω)

2g

)
+(

F̄1(−K1(ω), ω)
2

+
iωF̄2(−K1(ω), ω)

2g

)
 .

We will choose F̄1 to be even in k and F̄2 = 0. As a consequence we obtain
a symmetric wave generation and with this setting we have:

š(ω) =
2π

Vg(K1(ω))
F̄1(K1(ω), ω),

or equivalently:

F̄1(K1(ω), ω) =
1
2π

Vg(K1(ω)) š(ω). (3.21)

The source function is the same as the source function (3.7) in the 1D
forward propagating wave model. But notice that for the same time signal
at the generation position, the amplitude of the generated waves using
Hamiltonian model will be half of the amplitude of the generated waves
from forward propagating waves model. This is due to the fact that the
Hamiltonian model with source (3.21) produces waves travelling to the
forward and to the backward direction symmetrically. Or stated differently,
the energy from the influxing will be distributed equally in both directions.
This symmetry in influxing can be seen as follows.

The velocity at the generation point can be calculated as follows:

∂xφ(0, t) =
∫ ∫

ikφ̄(k, ω) e−iωt dk dω

=
∫ ∫

ik

(
−g

Ω2
1 − ω2

F̄1(k, ω)
)
e−iωt dk dω.
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Since F̄1
(Ω2−ω2)

is an even function in k, the integrand is an odd function.
Hence we obtain that for this elevation excitation the velocity at the gen-
eration point vanishes, i.e:

∂xφ(0, t) = 0.

Further inspection shows ∂xη (0, t) = 0. This proves the symmetry of the
waves to the right and to the left from the generation point.

Uni-directional elevation influxing

In this section we will restrict the forcing functions F1 and F2 in the Hamil-
tonian formulation (3.19) in such a way that the result of the influxing is
that the waves travel only to the right; the elevation signal is given at the
generation point x = 0, i.e. η(0, t) = s(t).

Wei e.a. in [55] use a source function which is spatially symmetric
around x = 0 for the bi-directional wave model. The result is a symmetric
wave generation around x = 0. In this section we combine a symmetric
with a suitable skew-symmetric influxing so that the contributions at one
side of the generation area will cancel.

According to (3.17), if g(x) is a symmetric function in x and the function
f(t) is chosen such that it satisfies relation (3.9) the solution of ∂2

t η =
−Dη + 2 g(x)∂tf(t) will be symmetric in x and can be written as

η(x, t) =
∫ ∫

2iω
ω2 − Ω2

1(k)
f̌(ω) ĝ(k) ei(kx−ωt) dk dω. (3.22)

The skew-symmetric function ζ = ∂xη satisfies ∂2
t ζ = −Dζ+2 ∂xg(x) ∂tf(t)

and its solution is

ζ(x, t) =
∫ ∫

2iω
ω2 − Ω2

1(k)
f̌(ω) ik ĝ(k) ei(kx−ωt) dk dω. (3.23)

Observe that equation (3.22) and equation (3.23) differ only in a factor
of ik. Therefore if for ζ we give a temporal function Kf(t) with K=̌1/ik(ω)
instead of f(t), i.e. ∂2

t ζ = −Dζ + 2 ∂xg(x) ∂tKf(t), we will have ζ(x, t) =
η(x, t) for x > 0 and ζ(x, t) = −η(x, t) for x < 0.
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The uni-directional elevation influxing for the second order wave model can
then be obtained by

∂2
t η = −Dη + g(x)∂tf(t) + ∂xg(x) ∂tKf(t) (3.24)

But since the operator −∂tK = C with C is the phase velocity operator
we can rewrite equation (3.24) as

∂2
t η = −Dη + g(x)∂tf(t)− ∂xg(x)Cf(t). (3.25)

For the Hamiltonian model the uni-directional elevation influxing can
be obtained by eleminating φ from equation (3.19):

∂2
t η +Dη =

D
g
F2 + ∂tF1 (3.26)

and equating equation (3.25) and (3.26), i.e.

g(x)∂tf(t)− ∂xg(x)Cf(t) =
D
g
F2 + ∂tF1.

The sources F1 and F2 are then given as follows:

F1(x, t) = g(x) f(t)− ∂xg(x)C
∫
f(t) dt

F2(x, t) = 0.

Uni-directional velocity influxing

For F1(x, t) = 0, by eliminating wave elevation η from the forced Hamilto-
nian formulation (3.19) we get

∂2
t φ+Dφ = ∂tF2.

This is the same as formulation for the uni-directional elevation influxing
given in the previous section, and if the potential is given at the origin, i.e.
φ(0, t) = φ0(t), the function F2 is given as follows:

F2(x, t) = g(x) f(t)− ∂xg(x)C
∫
f(t) dt (3.27)
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In case the elevation η0(t) = η(0, t) is prescribed, we determine the
corresponding potential signal from the Bernoulli equation ∂tφ = −gη, so
φ0(t) = −g

∫
η0(t) dt.

For the formulation in velocity variable u = ∂xφ, the corresponding
equation is:

∂tu = −g∂xη + ∂xF2,

where F2 is determined by (3.27) for prescribed velocity potential at the
origin. In case the velocity u(0, t) = ∂xφ(0, t) = u0(t) is prescribed the
source F2 is given by (3.27) with the function g(x) and f(t) should satisfy
the following equation:

f̌(ω) =
1

2πi
Vg(K1(ω))

K1(ω) ĝ(K1(ω))
ǔ0(ω). (3.28)

3.3.3 2D Hamiltonian wave model

In this section, we will treat the 2D Hamiltonian wave generation model.
The model is given by:

∂tη =
D
g
φ+ F1(x, y, t)

∂tφ = −gη + F2(x, y, t), (3.29)

with D =̂ Ω2
2(kx, ky). For later reference, the solution of equation (3.29) in

Fourier space is given by:(
η̄(kx, ky, ω)
φ̄(kx, ky, ω)

)
=

1
Ω2

2 − ω2

(
−iω Ω2

2/g
−g −iω

)(
F̄1(kx, ky, ω)
F̄2(kx, ky, ω)

)
.

As we did for the 1D Hamiltonian case, we derive the bi-directional
elevation influxing and the uni-directional (elevation or velocity) influxing.
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Symmetric bi-directional elevation excitation

Suppose that we excite waves along the y-axis, i.e: η(0, y, t) = s(y, t) then

š(ky, ω) =
∫
η̄(kx, ky, ω) dkx

=
∫ −iωF̄1(kx, ky, ω) + (Ω2

2/g)F̄2(kx, ky, ω)
Ω2

2 − ω2
dkx.

As in 1D, to get symmetric generation, in the following we will choose
F̄2 = 0 and F̄1 to be an even function in kx and hence we have:

š(ky, ω) =
∫ −iωF̄1(kx, ky, ω)

Ω2
2 − ω2

dkx.

Now we make a change of integration variable from kx to ν = Ω2(kx, ky),
which is possible because of the monotony of Ω2 with respect to kx at fixed
ky, leading to kx = Kx(ky, ν). Writing K(ky, ν) =

√
K2

x + k2
y and using

dν/dkx = sign(kx) ∂Ω1/∂k . ∂k/∂kx = Vg(k) |kx|/k we have :

š(ky, ω) =
∫
K(ky, ν)

(
−iωF̄1(Kx(ky, ν), ky, ω)

)
Vg(K(ky, ν)) |Kx(ky, ν)| (ν2 − ω2)

dν.

By Cauchy’s integral theorem we obtain:

š(ky, ω) =
2π

Vg(K(ky, ω))
K(ky, ω)
|Kx(ky, ω)|

F̄1(Kx(ky, ω), ky, ω)

or equivalently:

F̄1(Kx(ky, ω), ky, ω) =
1
2π

Vg(K(ky, ω))
|Kx(ky, ω)|
K(ky, ω)

š(ky, ω). (3.30)

Observe that equation (3.30) is the same as equation (3.12).
Equation (3.30) can be rewritten as F̄1(kx, ky, ω) = ĝ(kx)f̌(ky, ω). So

for a given function g(x), then

f̌(ky, ω) =
1
2π

Vg(K(ky, ω))
ĝ(Kx(ky, ω))

|Kx(ky, ω)|
K(ky, ω)

š(ky, ω). (3.31)
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The velocity at the generation line can be calculated as follows:

∂xφ(x = 0, y, t) =
∫ ∫

ikx φ̄(kx, ky, ω) ei(kyy−ωt) dk dω

=
∫ ∫

ikx

(
−g

Ω2
2 − ω2

F̄1(kx, ky, ω)
)
ei(kyy−ωt) dk dω,

but since F̄1

(Ω2
2−ω2)

is an even function in kx, the integrand is an odd function
in kx, hence for the case of the symmetric bi-directional elevation excitation
it holds that the velocity vanishes along the generation line, i.e:

∂xφ(0, y, t) = 0.

Uni-directional elevation influxing

We will determine the forcing function F1 and F2 in the 2D Hamiltonian
formulation so that for a given signal of wave elevation s(y, t) along the
y-axis the result of the influxing is forward propagating waves only.

Similar to the 1D case, the uni-directional elevation influxing in the 2D
case can be obtained by

∂2
t η = −Dη + g(x)∂tf(y, t) + ∂xg(x) ∂tKxf(y, t) (3.32)

where g(x) and f(y, t) satisfy relation (3.31) and the operator Kx is defined
by 1/kx in Fourier space.

On the other hand, from the forced Hamiltonian formulation we get

∂2
t η +Dη =

D
g
F2 + ∂tF1. (3.33)

Equating equation (3.32) and (3.33) we have

g(x)∂tf(y, t) + ∂xg(x) ∂tKxf(y, t) =
D
g
F2 + ∂tF1.

The sources F1 and F2 are then given as follows:

F1(x, y, t) = g(x) f(y, t) + ∂xg(x)Kxf(y, t)
F2(x, y, t) = 0.
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Uni-directional velocity influxing

For F1(x, y, t) = 0 and by eliminating wave elevation η from the forced
Hamiltonian formulation (3.29) we get

∂2
t φ+Dφ = ∂tF2.

If the potential is given at the y-axis, i.e. φ(0, y, t) = φ0(y, t), the func-
tion F2 can be found in the same way as for the uni-directional elevation
influxing, and is given as:

F2(x, y, t) = g(x) f(y, t) + ∂xg(x)Kxf(y, t). (3.34)

In case the elevation signal sη(y, t) at the y-axis is given, the corresponding
potential signal can be found from the evolution equation ∂tφ = −gη, so

s̄φ(ky, ω) = −igs̄η(ky, ω)/ω.

For the formulation in velocity variable u = (u, v) = ∇φ, the corre-
sponding equation is:

∂tu = −∇(gη) +∇F2,

where F2 is determined by (3.34) for prescribed velocity potential at the
y-axis.

3.4 Numerical simulations

In this section, we show the performance of the influx methods by simu-
lations with implementations in two numerical codes. One code is a spec-
tral implementation of the equations with exact dispersion relation; the
other code is a Finite Element implementation of the Optimized Varia-
tional Boussinesq Model (OVBM), see [23].

The spectral implementation can deal easily with the exact dispersion
relations and its approximations, such as in [48],[50].

For working in Matlab, one has to observe a multiplicative factor α =
2π/dx if we start with the expression in Fourier-space and apply IFFT.
Indeed, starting with ĝ (k) we get
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g (x) = IFFT (ĝ) =
1
N

Σ ĝ
k
eikx

while
γ (x) =

∫
γ̂ (k) eikxdk ≈ Σ γ̂ (k) eikx ∆k

so
1
N
ĝk = γ̂ (k) ∆k → ĝk = γ̂ (k) ∆k.N = γ̂ (k)

2π
dx
.

For the 2D case, the multiplication factor is (2π)2/(dx.dy).
To show results of 1D simulations in the spectral simulations, we use

the AB-model that has exact linear dispersion and accurate up to and
including the second order terms; see [46] for details. For the 2D case,
we use a spectral implementation of the AB2-model which is derived in
Chapter 2.

Besides these spectral models with exact dispersion, we show results
with a finite element implementation of the Variational Boussinesq Method
(see [3],[22], [23]). The simulations of Variational Boussinesq Model that
are shown here are performed by Dr. Aditya.

3.4.1 1D Spectral implementation: Nonlinear wave focusing

In this section, we show the usefulness of the excitation models for nonlin-
ear cases where we compare the nonlinear AB simulations with real mea-
surement from MARIN hydrodynamic laboratory (Marine Research Insti-
tute Netherlands). The MARIN measurement to be compared is the case
109001. The signal is given at x = 0 on a long tank basin with depth of
1[m]. After 1 minute experiment, the evolution of the generated wave is
measured at positions x = 19.2[m] and x = 20.8[m].

The simulation is done by embedded point generation in the nonlinear
AB-equation. The influx signal consists of short waves which have slower
speed followed by long waves which have faster speed. The broad spectrum,
and the strong focusing effect (with more then threefold amplitude ampli-
fication compared to the maximal influx amplitudes), makes this a suitable
test for the influx performance and particularly the nonlinear behavior.
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The plot of the measurement signal and the modified signal that is used
in the source term for the AB simulation are depicted at the upper left side
of figure (3.3). We notice that the modified signal has a higher amplitude
and higher spectrum because of the multiplication with the group velocity
as in expression (3.8).

Figure 3.3: Plot of the influx signals and their amplitude spectrum. Shown on
the left of the first row is the laboratory signal at the excitation position while the
right side is its related modified signal to be used in the source function of point
generation of the AB simulation. The second row is the (amplitude) spectrum for
the laboratory signal (dashed line) and the modified signal (solid line).

The results of the numerical simulation are presented in figure (3.4).
Here we plot part of the time signal from the AB simulation at the indi-
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Figure 3.4: Part of the time signal in the first column and the amplitude spectrum
in the second column as AB simulation (solid curve) and measurement (dashed
curve). The first row is the result of measurement and simulation at position
x = 19.2[m] and the second row is at position x = 20.8[m].

cated measurement position together with its related measurement signal.
The spectrum of the signal from the measurement and simulation are also
presented.
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Figure (3.4) shows clearly the phenomenon of wave focusing where
longer waves chase shorter waves until eventually catching up and con-
structively interfere at the focusing point. As illustrated in figure (3.4)
we see that the excitation model with the nonlinear AB-equation is able to
capture the deformations of the influxing waves rather accurately with only
a slight difference in the time signal. The spectra show that the long waves
are reasonably well simulated, just as well as the high frequency waves.

3.4.2 Finite element implementation: Uni-directional influx-
ing

In this section, several 1D simulations are performed by using a finite el-
ement code of the VBM to illustrate the uni-directional influxing if either
the wave elevation or the wave velocity is prescribed at the generation po-
sition. Simulations are done for 60[s] and on 0.5[m] water depth. The
computational domain is from x = −40[m] until x = 40[m] and the wave
generation is done at the origin.

The influxed signal for the elevation influxing is chosen to be a bipolar
given by η0(t) = 0.2(t − 30)e−(t−30)2 and the initial signal for the velocity
influxing is given by φ̌0(ω) = g

iω η̌0(ω).

For each case of elevation and velocity influxing, three separate simu-
lations are performed using a symmetric, a skew-symmetric and a combi-
nation of a symmetric and a skew-symmetric (in space) source function.
For the spatial dependence in the source of equation (3.25) and (3.28),
g(x)=̂ 1

2πVg(k) is taken. Figure (3.5) depicts the plots of the simulations re-
sult for both the elevation (on the left panel) and the velocity influxing (on
the right panel). The graphs show wave profile snapshots after 40[s] simu-
lation. It is visible from the graph that the generated waves depend on the
type of the spatial profile in the source. Apart from the elevation around
the neighborhood of the origin, both elevation and velocity generation give
the same result.
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Figure 3.5: Snapshots of the wave profile at t = 40[s]. The horizontal and the
vertical axis are the space and the wave elevation respectively and are measured
in [m]. The first column shows results of wave generation with elevation influxing
while the second column shows results with velocity influxing. In successive order,
from the first to the last row, the result of the generation is shown if a symmetric,
a skew-symmetric and a uni-directional source is used.
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3.5 Conclusion

This chapter started with the question how to incorporate the effect of a
flap motion in the laboratory into the dynamic equations of water waves.
It is essential to make such an excitation model accurately as slight errors
will lead after propagation over large distances to large errors.

For dispersive wave equations, we showed that we can incorporate the
flap motion in an embedded way into the dynamic equation by adding a
force term to the equation. The force function is not uniquely determined;
there are many choices that can be made for this force function. Two
limiting cases are the area extended and the point (or line) excitation. For
the area extended excitation the original time signal to be influxed is kept
to be the same, while for the point excitation (or line excitation in 2D) the
time signal needs to be modified so that the influx is done only at a single
point (or along a line in 2D). In all cases, the physical variable that plays
a role is the wave group velocity (Vg).

For multi-directional waves where the governing equation is given by
the Hamiltonian system or the second order equation, it is possible to per-
form influxing not only symmetrically to the forward and to the backward
but also influxing only in the forward direction by combining symmetric
and skew symmetric influxing. In the last case, we can achieve forward el-
evation and forward velocity influxing. These uni-directional influxing for
Boussinesq type models have the advantage to reduce the computational
domain, which will improve efficiency of numerical simulations.

Two test cases to show the robustness and the accuracy of the exci-
tation models have been performed. Using the nonlinear AB-equation for
testing the case of focusing waves gives less than 3% error in comparison
with the measurement data from the laboratory (in a sense of the highest
wave elevation at the focussing position) . The result of the oblique wave
interaction using the AB2-equation and influxing from the x− and y−axis
simultaneously will be shown in the next chapter.
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Chapter 4

Experiment and simulation
of oblique wave interaction

4.1 Introduction

An extensive study about wave group evolutions has been done by Westhuis
in 1999. It is motivated by the appearance of large deformations of waves
that are of relevance for hydrodynamic laboratories. He performed a series
of (1D) experiment to investigate the effect of nonlinearity on the deforma-
tion of wave groups. A bichromatic signal, s(t) = a cos(ω1t) + a cos(ω2t),
was used for the stroke of the wave flap in the laboratory. The complete
setup of his experiment was reported in [56] and [57]. He found that for
small initial amplitudes a the wave elevation differs only very little from
linear theory and for larger amplitudes the deformation of wave group is
largely influenced by the difference of the frequency ω1 and ω2 at the flap
signal. Figure (4.1) and figure (4.2) show two measurement results from
his experiments.

Using the same wave parameters of the experiments, we performed sev-
eral experiments in 2010 at MARIN hydrodynamic laboratory. But instead
of performing a one dimensional experiment, where wave generation is only
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Figure 4.1: Experiment results of Westhuis: bichromatic wave evolution at dif-
ferent positions in the tank. The vertical axis is the wave elevation in [m] and
the horizontal axis is the time in [s]. (T1 = 1.8[s], T2 = 2.2[s], h = 5[m], a =
0.1[m],MARIN test no.6371)

done from one side of the water tank with all flaps pushing in the same
way, we performed two dimensional experiments with influx from the x-axis
and from the y-axis simultaneously; as influx signals we choose harmonic
waves with different periods. This chapter is devoted to the results of these
experiments and their numerical simulations.

The aim of the experiment is first to produce the behavior of bichromatic
wave groups as found earlier by letting two harmonic (plane) waves
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Figure 4.2: Experiment results of Westhuis: bichromatic wave evolution at dif-
ferent positions in the tank. The vertical axis is the wave elevation in [m] and
the horizontal axis is the time in [s]. (T1 = 1.95[s], T2 = 2.05[s], h = 5[m], a =
0.07[m],MARIN test no.6387)

propagating from two different directions collide with one another. Sec-
ondly, the experimental results can be used to validate the applicability
and the performance of the AB2-model and the two dimensional influxing
techniques that have been discussed in detail in previous chapters.

The next section describes the laboratory experimental set-up and the
layout of the measurements. After this description we provide the numerical
framework that is used for the simulation. The comparison between the
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experiment and the simulation are provided in section 4, and conclusions
in section 5.

4.2 Experimental setting

4.2.1 Physical outlook of water basin

As part of the STW-project (TWI.7216), the experiments were conducted
at MARIN hydrodynamics laboratory in Wageningen, The Netherlands, in
the seakeeping and manoeuvering basin (SMB). This basin has dimension of
170[m] long, 40[m] wide and 5[m] deep. It is designed to perform seakeeping
tests (the response of a ship to waves). In this basin, wind can also be
generated during the test by using an adjustable 10[m] wide platform with
electrical fans. See the website of MARIN [52] for more information about
the facilities. Waves are generated by forcing the flap-type wavemaker
on two sides of the basin and are absorbed by an artificial beach at the
opposing sides. There are 63 and 268 flaps on the short and on the long
side of the basin respectively. Each flap has a width of 0.6[m] and its hinge
lies 1.6[m] below the still water level. A prescribed signal is given to the flap
motion control software for the stroke of the flaps. Figure (4.3) depicts the
seakeeping and manoeuvering basin of MARIN laboratory (Source: [52]).

Several electronic wave probes are used during the experiments to mea-
sure the (time signal of the) wave elevation. In all probes the sampling
period is 0.01[s]. These electronic wave probes are attached to a carriage
and they are installed in the centerline of the tank (y = 19.42[m]). Three
probes are installed around x = 40[m], x = 80[m], x = 120[m]. With this
positioning, we expect to catch sufficient information on deformation of the
waves. Figure (4.4) illustrates the arrangement of the wave probes that
were used during the experiments. The black dots in the picture denote
the electronic probes attached to the carriage.
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Figure 4.3: Photograph of the MARIN’s seakeeping and manoeuvering basin, see
[52].

4.2.2 Designed test cases

As explained in the introductory section the original aim of the experiment
is to investigate the nonlinear behavior of two dimensional bichromatic
wave group by influxing two harmonic waves from two sides of the basin.
To this end, we start from the fact that a (one dimensional) bichromatic
wave group is a result from a linear combination of two regular waves with
two different wave lengths (or wave periods) and equal amplitude, or stated
in formula we write it as:
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Figure 4.4: Sketch of the water basin and the arrangement of the probes. Shown
on the lower graph, the wave makers are located at the west and south side of the
basin and the artificial beaches are located at the east and north side of the basin.

η(x, t) = a cos(k1x− ω1t) + a cos(k2x− ω2t) (4.1)
= 2a cos(∆kx−∆ωt) cos(k̄x− ω̄t) (4.2)

where ω1, ω2 are wave frequencies related to the wave numbers k1, k2, and
a is the wave amplitude. Here ∆k = (k1 − k2)/2 , ∆ω = (ω1 − ω2)/2 ,
k̄ = (k1 + k2)/2 and ω̄ = (ω1 + ω2)/2. We can interpret the bichromatic
wave as a carrier wave (k̄, ω̄) modulated by an envelope wave (∆k,∆ω).

In the two dimensional setting, the linear interaction of two oblique
waves where one wave propagates in the direction of θ1 (with respect to the
positive x−axis) and another one travels in the direction θ2 is given by

η(x, y, t) = a1 cos(k1xx+ k1yy − ω1t) + a2 cos(k2xx+ k2yy − ω2t) (4.3)
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with a1, a2 are amplitudes and ω1, ω2 are frequencies. Here (k1x, k1y) =
K(ω1)(cos θ1, sin θ1) and (k2x, k2y) = K(ω2)(cos θ2, sin θ2). Supposing that
θ1 = 0 and a1 = a2 we have

η(x, y, t) = a cos(K(ω1)x− ω1t) + a cos(k2xx+ k2yy − ω2t). (4.4)

At y = 0[m], the wave profile is then given by

η(x, y = 0, t) = a cos(K(ω1)x− ω1t) + a cos(k2xx− ω2t)
= 2a cos(∆κx−∆ωt) cos(κ̄x− ω̄t), (4.5)

with ∆κ = (K(ω1) − k2x)/2 and κ̄ = (K(ω1) + k2x)/2. From here we see
that unless θ2 = π/2 the bichromatic profile (4.5) will be different from the
one written in (4.2).

From an experimental point of view, the linear wave profile (4.4) can
be obtained by influxing from the short and the long side of the basin
simultaneously. For our experiments we set the influx at the short side of
the tank to be fixed from y = 10.2[m] until y = 26.4[m] while at the long
side the influx is fixed from x = 11.2[m] until x = 150[m]. As influx signal
at the short side of the basin (x = 0) we prescribe

sy(t) = a cos(ω1t) (4.6)

and at the long side of the basin (y = 0) we prescribe

sx(x, t) = a cos(k2xx− ω2t− φ) (4.7)

with the phase φ = 19.42K(ω2) sin(θ2) and θ2 = π/6.
By using signal (4.6) and (4.7) for the stroke of the flaps, we obtain a

plane wave (result of influxing from the y−axis) and an oblique wave that
travel 300 from the positive x-axis (result of influxing from the x−axis).
After these waves collide, a wave profile as (4.5) is obtained at y = 19.42[m].

There are 12 different cases of experiments that have been done in
MARIN during the period of 25 - 27 March 2010; 4 cases are influxing
along the short side of the basin only, 4 other cases are influxing along
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the long side of the basin only and the remaining cases are influxing along
the short and the long side of the basin simultaneously. For each of these
cases there are 3 pairs of measurements; the first one is the measurement at
(30.48, 19.42), (40, 19.42), (50, 19.42), the second one is the measurement at
position (70.48, 19.42), (80, 19.42), (90, 19.42) and the last one is the mea-
surement at (110.48, 19.42), (120, 19.42) , (130, 19.42).

Table (4.1) shows the parameters of all tests that were executed. In
this table, a is the wave amplitude and T is the wave period. Indexes 1
and 2 at the parameters are related to the direction of influxing : 1 in-
dicates the influxing along the short side of the tank and 2 indicates the
influxing along the long side. Notice that for each case (and condition)
there are 3 associated test numbers; the first, second and third test num-
ber refer to measurement at position where the center of the carriage is
at (40, 19.42), (80, 19.42) and (120, 19.42) respectively. The time interval
during which each measurement is done is 385[s].

Case Condition Test No. Parameters
120004

1a short side only 120005 a1 = 0.1[m], T1 = 1.8[s]
120006
121002

1b long side only 121003 a2 = 0.1[m], T2 = 2.2[s]
121004
122002 a1 = 0.1[m], T1 = 1.8[s]

1c short & long side 122003 a2 = 0.1[m], T2 = 2.2[s]
122004
123001

2a short side only 123005 a1 = 0.09[m], T1 = 1.9[s]
123006
124001

2b long side only 124002 a2 = 0.09[m], T2 = 2.1[s]
124003



4.2 Experimental setting 71

Case Condition Test No. Parameters
125001 a1 = 0.09[m], T1 = 1.9[s]

2c short & long side 125002 a2 = 0.09[m], T2 = 2.1[s]
125003
126001

3a short side only 126002 a1 = 0.09[m], T1 = 1.925[s]
126003
127001

3b long side only 127002 a2 = 0.09[m], T2 = 2.075[s]
127003
128001 a1 = 0.09[m], T1 = 1.925[s]

3c short & long side 128002 a2 = 0.09[m], T2 = 2.075[s]
128003
129001

4a short side only 129002 a1 = 0.07[m], T1 = 1.95[s]
129003
130001

4b long side only 130002 a2 = 0.07[m], T2 = 2.05[s]
130003
131001 a1 = 0.07[m], T1 = 1.95[s]

4c short & long side 131002 a2 = 0.07[m], T2 = 2.05[s]
131003

Table 4.1: Overview of MARIN test cases

Figures (4.5)− (4.8) show some of the result of the experiments: part of
the time traces of the surface elevation at different positions for test cases
with influxing from both sides of the basin.

In each of these figures we notice that the result of two plane wave
interaction is a bichromatic wave for which the shape of the wave envelope
appears to be deformed at the different positions in the basin. Figure (4.6)
and figure (4.7) show that for the same amplitude the deformation of the
wave envelope depends on the period difference of the two influxing signals;
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the smaller the difference the stronger the deformation of the wave group
is.

From figure (4.5) − (4.8) we also see the deformation of the wave am-
plitude during the wave propagation; for instance in figure (4.5) the crest
and the trough of the influx signal are 0.2[m] and −0.2[m] respectively but
their values at x = 80[m] from the measurement are 0.24[m] for the crest
and −0.18[m] for the trough.

The deformation of the wave envelope and the deviation of the wave
amplitude is the effect of the nonlinearity which cannot be captured by the
linear theory.

We also observe that the results from these two-dimensional experiments
are different from the ones which are conducted by Westhuis and reported
in [57]. For instance, in the case of strongly nonlinear bichromatic wave
where the difference of two wave periods is very small we observe that the
zero crossing in between two wave envelopes does not really occur in the
two dimensional experiment, see figure (4.2) and figure (4.8). This might
be due to the fact that two amplitudes used in the steering signal for the
experiment are not exactly the same. Suppose that the signal at the short
side of the tank has amplitude a and amplitude (a+ε) at the long side then
in the lowest order, the wave elevation at y = 19.42[m] is given by

η(x, y = 19.42, t) = a cos(K(ω1)x− ω1t) + (a+ ε) cos(k2xx− ω2t)
= 2a cos(∆κx−∆ωt) cos(κ̄x− ω̄t) + ε cos(k2xx− ω2t).

For ε = 0 we obtain a bichromatic wave with zero crossing in between two
wave envelope, but for a nonzero ε, the term ε cos(k2xx−ω2t) will give an out
of phase contribution depending on the position where the measurements
are made. The higher order (nonlinearity) then makes the amplitude from
this perturbation (ε) larger.

4.3 Mathematical modeling and simulation

Numerical simulations have been performed using the nonlinear AB2-equation
[42] with an embedded source term described in Chapter 3 of this thesis.
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Figure 4.5: Plots of the time trace of measured wave elevation of two harmonic
wave interaction at different positions in water basin (T1 = 1.8[s], T2 = 2.2[s], a1 =
a2 = 0.1[m], h = 5[m], MARIN test no.122002,122003 and 122004)
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Figure 4.6: Plots of the time trace of measured wave elevation of two harmonic
wave interaction at different positions in water basin (T1 = 1.9[s], T2 = 2.1[s], a1 =
a2 = 0.09[m], h = 5[m], MARIN test no.125001,125002 and 125003)
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Figure 4.7: Plots of the time trace of measured wave elevation of two har-
monic wave interaction at different positions in water basin (T1 = 1.925[s], T2 =
2.075[s], a1 = a2 = 0.09[m], h = 5[m], MARIN test no.128001,128002 and 128003)
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Figure 4.8: Plots of the time trace of measured wave elevation of two har-
monic wave interaction at different positions in water basin (T1 = 1.95[s], T2 =
2.05[s], a1 = a2 = 0.07[m], h = 5[m], MARIN test no.131001,131002 and 131003)
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The model is given as follows:

∂tη = −√gA2


η − 1

4
(A2η)2 +

1
2
A2(ηA2η)

+
1
4
(B2η)2 +

1
2
B2(ηB2η)

+
1
4
(γ2η)2 +

1
2
γ2(ηγ2η)

+S(x, y, t)−αd(x, y)η (4.8)

The source term S(x, y, t) is the sum of the two sources, i.e S(x, y, t) =
Sx(x, y, t) + Sy(x, y, t) where Sx(x, y, t) is the source along the long side of
the basin (x-axis) and Sy(x, y, t) is the source along the short side of the
basin (y-axis). Their expression are given explicitly by equation (3.15) of
Chapter 3, i.e :

Sx(x, y, t) = δDirac(y) a2 e
i(k2xx−ω2t) Vg(K(ω2)) sin(θ0) (4.9)

Sy(x, y, t) = δDirac(x) a1 e
−iω1t Vg(K(ω1)) (4.10)

with a1 and a2 are the wave amplitudes, ω1 and ω2 are the wave frequencies
related to the wave period T1 and T2. Here K(ω) denotes the wavenumber
related to the given frequency ω and k2x = K(ω2) cos(θ0) with θ0 = π/6.

The term d(x, y)η is acting as an absorbing (or sponge layer) boundary
condition which will dissipate the energy of the incoming wave. This type
of boundary condition will force the wave elevation η to decay near the end
of the boundary. The larger the positive value of the damping coefficient α
the faster the decaying. The function d(x, y) defines the damping area and
is given by a smoothened characteristic function which has value one in the
damping zone and vanishes inside the domain of interest. We notice that
the exponential decay of the solution η in the damping area is of the order
of e−αTl where Tl is the travel time of the wave in the damping area. For
instance, to obtain an exponential decay up to 10−3 ≈ e−7 of the longest
waves which have speed c0 =

√
gh, the width of the damping area should

be at least Ld = 7c0/α.
We use a pseudo-spectral method for the implementation of the model.

So instead of solving equation (4.8) in the physical space we transform it
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to the Fourier space and it becomes:

∂tη̂ = −√gÂ2 ·
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+ Ŝ(x, y, t)− ̂αd(x, y)η,

(4.11)
with the use of a hat-notation for the (2D) spatial Fourier transform. The
nonlinear terms like (̂A2η)2 can be computed by using a convolution oper-
ation but it would be costly to do so. Therefore we use the following well
known pseudo-spectral procedure instead:

1. For each time step t we have η̂, the Fourier transform of the surface
elevation.

2. Multiply the operator Â2 with η̂ and hence we have Â2η = Â2.η̂.

3. Apply the inverse Fourier transform to Â2.η̂ and we obtain A2η. Then
we square it and take the Fourier transform to get the value of (̂A2η)2.

The procedure done for (̂A2η)2 can also be applied for the rest of the terms
in the equation. All the Fourier transforms and its inverse are performed
with the Fast Fourier Transform (FFT ) and the Inverse Fast Fourier Trans-
form (IFFT ) in MATLAB.

The time stepping is done by an ODE-solver in MATLAB. For each time
step we perform an anti-aliasing where we dump waves with wave vector
k = (kx, ky) if |k| ≥ (Kmax/6); here Kmax is related to the shortest wave
in the simulation. The following parameters are chosen for the numerical
simulation:

• 5[m] water depth and 350[s] simulation time.

• Domain of simulation is [−15, 185]x[−15, 60].

• Absorbing beach is applied at x /∈ [−5, 165] and y /∈ [−5, 40].
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• Individual wave makers for the simulation are positioned in the inter-
vals x ∈ [11, 150] and y ∈ [10, 27]; each wave maker has width 0.6[m]
as in the laboratory.

As a consequence, instead of source (4.9) and source (4.10), the following
sources are used:

Sx(x, y, t) =
Nx∑
j=1

1[xj ,xj+1)(x) e
ik2xxjδDirac(y) a2 e

−iω2t Vg(K(ω2)) sin(θ0)

Sy(x, y, t) = 1[10,27](y) δDirac(x) a1 e
−iω1t Vg(K(ω1)),

with Nx the number of flaps used for influxing from the x-axis, x1 = 11
and xj+1 = xj + 0.6 for j = 1, 2, ..., Nx. Here 1[a,b)(x) is a function with
value one for x ∈ [a, b) and zero otherwise.

In figure (4.9), the physical layout of the numerical implementation is
shown. The direction of the wave propagation on the short side of the
domain is to the right while on the long side of the domain the direction
is 300 with respect to the positive x-axis. Notice that we construct the
damping area on the West and the South side of the numerical domain to
be shorter than the damping area on the East and the North side. This
is possible since the governing equation is the AB2-equation which is a
forward propagating wave equation.

4.4 Comparison between MARIN experiment and
AB2-simulation

In this section, we present results of simulations with the AB2-equation
and we compare the results against the data from MARIN experiment.
The simulation and the comparison are done both for the linear and the
nonlinear AB2-equation. The linear simulation is performed by neglecting
the higher order (quadratic) terms of the equation (4.11) while keeping the
source and the damping to be the same. Here we present the comparison
for the MARIN test case number 122002-122004 and 128001-128003.
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Figure 4.9: Shown on the upper graph is the layout for the numerical simulation
of the wave generation using the AB2-equation. The lower graph is an illustration
of the characteristic function for the damping area: the function d(x, y) at a fixed
y.

For each test case with parameters mentioned in section 4.3, on a com-
puter with Pentium i7 processor every 5 minutes of simulation time takes
about 9 minutes of computational time for the linear AB2-simulation and
40 minutes for the nonlinear AB2-simulation.

In the one dimensional case, we could use one (point) measurement data
from the laboratory as influx signal for the simulation. Yet this situation
is not possible with the two dimensional setting. The influx signal that we
use for the AB2-simulation of oblique wave interaction is from the linear
theory where the wave elevation at position (x, y) = (x0, y0) can be written
as:

η0(t) = η(x0, y0, t) = a1 cos(ω1t− φ1) + a2 cos(ω2t− φ2).

This function is then fitted with the measurement signal at (80, 19.42) by
using curve fitting algorithm (fittype) in MATLAB. The fittype uses
the least square method and the result produces the optimal values of pa-
rameters a1, a2, ω1, ω2, φ1 and φ2 that give the minimum error between the
curve η0 and the measurement signal at (80, 19.42). Then the parameters
with index 1 are used for influxing along the y−axis while parameters with
index 2 are used for influxing along the x−axis. In the following the values
of these parameters for each test case are given.
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MARIN test case number 122002-122004

For the simulation we prescribe the influx signal at the short side of
the domain to be a harmonic wave with amplitude 0.0855[m] and period
1.8[s] while at the long side we prescribe a harmonic wave with amplitude
0.1145[m] and period 2.174[s]. To the signal at the short and long side of the
domain we also add a phase φ1 = 4.729 and φ2 = 6.543 respectively. These
parameters are obtained from the fitting procedure as explained above. The
amplitudes for the simulation deviate 15% from the prescribed amplitudes
in table (4.1) with lower amplitude at the short side and higher amplitude
at the long side. We also observe that the wave period for the simulation
at the long side differs 1% from the prescribed period.

Figure (4.10) and figure (4.11) are plots from the linear and the non-
linear AB2-simulation respectively. The time signals of the wave elevation
are plotted at the positions x = 80, 90, 110.48, 130[m] at y = 19.42[m].
The vertical axis in these time signal plots is the elevation in meters and
the horizontal axis is the time in seconds. In these figures, we also show
a density plot which is the surface elevation seen from above after 350[s]
simulation time. The wave profile (as a function of x) of the linear and the
nonlinear AB2-equation at y = 19.42[m] after 350[s] are plotted together
and shown in figure (4.12).

From figure (4.10) and figure (4.11), we see that the wave generation
model with both the linear and the nonlinear AB2-equation captures rather
accurately the deformation of the waves except for the small waves in be-
tween wave groups and a slight amplitude difference in the wave groups. It
is noticeable from these figures that the nonlinearity of the AB2-equation
makes an improvement at the crest and at the trough of the waves.

In table (4.2) we provide qualitative information about the comparison
with the measurement. In that table we present the correlation and the
variance-quotient between the simulation and the measurement; these are
defined by

Corr(s1, s2) =
< s1(t), s2(t) >
|s1(t)|.|s2(t)|

and V Q(s1, s2) =
|s1(t)|2

|s2(t)|2
.



82 Experiment and simulation of oblique wave interaction

 

Figure 4.10: MARIN experiments and linear AB2-simulation: MARIN test no.
122002-122004. The first row is density plot after t = 350[s]. From row 2
until row 5 successively are plots of time traces of the linear AB2-simulation
(solid red) and the MARIN measurement (dashed-blue) at y = 19.42[m] and
x = 80, 90, 110.48, 130[m].
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Figure 4.11: MARIN experiments and nonlinear AB2-simulation as in figure
(4.10): MARIN test no. 122002-122004.



84 Experiment and simulation of oblique wave interaction

Figure 4.12: Simulation of the linear and the nonlinear AB2-equation for MARIN
test no. 122002-122004. The first and the second row are the density plot from the
linear and the nonlinear simulation respectively. The last row is the wave profile
(in [m]) after 350[s] at y = 19.42[m], the solid red line is the linear AB2 and the
dashed-blue line is the nonlinear AB2.
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Deviations from the maximal value 1, the correlation defined in this
way measures errors in the shift of the simulation; if the correlation is -1
the simulation is in counter phase with the measurement. The variance-
quotient gives an indication about the amplitude errors between the two
signals. The length of the time interval over which the correlation and the
variance-quotient have been calculated is from t = 50[s] until the end of
the simulation, i.e t = 350[s]. In this way we do not count the entrance (or
the initialization) effect of the wave generation.

 

Position 

Linear AB2 Nonlinear AB2 

Correlation Variance 
Quotient 

Correlation Variance 
Quotient 

X = 80 [m] 0.96 1.063 0.93 1.062 

X = 90 [m] 0.95 1.01 0.9 1.03 

X = 110.48 [m] 0.85 0.9 0.91 0.93 

X = 130 [m] 0.9 0.96 0.94 0.9 

 

Table 4.2: Quantitative information about the accuracy of the wave generation
using the linear and the nonlinear AB2 for the MARIN test no. 122002-122004.

From table (4.2) we notice that at x = 80[m] and x = 90[m] the cor-
relation value of the linear AB2-simulation are higher than the nonlinear
AB2-simulation and lower at x = 110.48[m] and x = 130[m].

The comparison between the analytic solution and the numerical sim-
ulation of the linear AB2-equation is presented in figure (4.13). Here the
graphs of the analytic solution is obtained by plotting expression (4.4) with
the same parameters as used for the linear AB2-simulation. Shown in fig-
ure (4.13) are the density plots of the wave elevation after t = 350[s], the
time signals at (80, 19.42), the time signals at (130, 19.42) and the wave
profiles at y = 19.42[m] after 350[s]. Even though the phase of the prop-
agating wave seems to match between the analytic solution and the linear
AB2-simulation, from the graph of the density and the wave profile we see
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differences in amplitude. This occurs due to the fact that for the simulation
we influx waves from a slit both in the x-axis and the y−axis while the ana-
lytic solution assumes that the waves are infinitely long. Influxing from the
slit then introduces diffraction at the end point of the slit. These diffrac-
tion waves interfere and propagate with the ’main’ propagating waves. It
changes the amplitude of the ’main’ propagating waves yet apparently it
has no effect on the phase.

In order to present the contributions over the long range of frequencies,
we show in figure (4.14) the normalized amplitude type of spectra of the
measurements and simulations. That is, we plot the absolute value of the
(temporal) Fourier transform of the signal and normalized by the highest
spectrum value. The spectra show that the linear simulation is only capable
to capture the wave evolution in the lowest order which is related to ω1 =
3.49 and ω2 = 2.89). On the other hand, the nonlinear simulation is quite
capable to simulate the second order contribution to the spectrum (related
to 2ω1 = 6.98, 2ω2 = 5.78 and ω1 + ω2 = 6.38). The other higher order
contributions are also present yet they are not accurately simulated since
the nonlinear AB2-equation used in this numerical simulation is exact up
to (and including) the second order only.

MARIN test case number 128001-128003

For the simulation of these test cases we influx from the y−axis a
harmonic wave with amplitude 0.07[m] and period 1.925[s] while from
the x−axis we influx a harmonic wave with amplitude 0.1[m] and period
2.0493[s]. We add phase φ1 = 6.904 for the influxing at the y−axis and
φ2 = 8.026 for the influxing at the x−axis. These parameters are obtained
from the fitting procedure in such a way that the error between the mea-
surement signal at (x, y) = (80, 19.42) and linear wave theory is as small
as possible. We observe that these amplitudes differ from the prescribed
amplitudes as given in table (4.1); 20% lower for influxing at the short side
and 10% higher for influxing at the the long side.
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Figure 4.13: Simulation of the linear AB2-equation and the analytic solution for
MARIN test no. 122002-122004. The first and the second row are the density plot
from the linear simulation and the analytic solution respectively at time 350[s].
The third row is the wave profile at t = 350[s], y = 19.42[m]. The forth and the
fifth row are the time signal at (80, 19.42) and at (130, 19.42) respectively. From
row 3 until row 5, the solid line indicates the linear AB2 and the crossed line
indicates the analytic solution.
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Figure 4.14: Comparison between simulation (solid) and measurement (dashed)
for MARIN test no. 122002-122004: the first and second row are plots of amplitude
spectra of the nonlinear AB2 (left panel) and the linear AB2 (right panel) against
MARIN measurements at position (x, y) = (80, 19.42) and (x, y) = (130, 19.42) in
successive rows. The third row is the zoom out of the nonlinear plot at x = 80
(left) and at x = 130 (right) .
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Similar to the previous test cases, here we present the result of simu-
lation using the linear AB2-model (figure (4.15)) and the nonlinear AB2-
model (figure (4.16)). We show the simulated elevation at each position
after 350[s] and simulation signals at indicated postions. From these fig-
ures we observe that the embedded wave generation model with the linear
AB2-equation captures most of the waves deformation and the nonlinearity
makes an improvement at the crest and at the trough of the waves. The
wave profile of the linear and the nonlinear AB2-equation at y = 19.42[m]
after 350[s] are plotted together and shown in figure (4.17).

Table (4.3) shows the correlation and the variance-quotient between the
simulation and the measurement signal. We see from this table that for test
case number 128001-128003 the difference between the linear and the non-
linear AB2-model is less than 1% as measured by these quantities; but the
graphs and the spectra show that the differences in energy partition and
consequently in wave form are quiet substantial.

Figure (4.18) shows the comparison between the analytic solution and
the simulation of the linear AB2-equation. Shown in this figure are the
density plots of the wave elevation after t = 350[s], the time signals at
(80, 19.42), the time signals at (130, 19.42) and the wave profiles at y =
19.42[m] after 350[s].

In figure (4.19) we show the normalized amplitude type of spectra of
the measurements and simulations. That is, we plot the absolute value of
the (temporal) Fourier transform of the signal and normalized by the high-
est spectrum value. Similar to the test case no. 122002-122004, the linear
simulation is only capable to capture the wave evolution in the lowest order
which is related to ω1 = 3.264 and ω2 = 3.066. On the other hand, the non-
linear simulation is quite capable to simulate the nonlinear (second order)
contribution to the spectrum which is related to 2ω1 = 6.528, 2ω2 = 6.132
and ω1 + ω2 = 6.33.
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Figure 4.15: MARIN experiments and linear AB2-simulation: MARIN test no.
128001-128003. The first row is density plot after t = 350[s]. From row 2
until row 5 successively are plots of time traces of the linear AB2-simulation
(solid red) and the MARIN measurement (dashed-blue) at y = 19.42[m] and
x = 80, 90, 110.48, 130[m].
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Figure 4.16: MARIN experiments and nonlinear AB2-simulation as in figure
(4.15): MARIN test no. 128001-128003.
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Figure 4.17: Simulation of the linear and the nonlinear AB2-equation for MARIN
test no. 128001-128003. The first and the second row are the density plot from the
linear and the nonlinear simulation respectively. The last row is the wave profile
(in [m]) after 350[s] at y = 19.42[m], the solid red line is the linear AB2 and the
dashed-blue line is the nonlinear AB2.
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Figure 4.18: Simulation of the linear AB2-equation and the analytic solution for
MARIN test no. 128001-128003. The first and the second row are the density plot
from the linear simulation and the analytic solution respectively at time 350[s].
The third row is the wave profile at t = 350[s], y = 19.42[m]. The forth and the
fifth row are the time signal at (80, 19.42) and at (130, 19.42) respectively. From
row 3 until row 5, the solid line indicates the linear AB2 and the crossed line
indicates the analytic solution.
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Figure 4.19: Comparison between simulation (solid) and measurement (dashed)
for MARIN test no. 128001-128003: the first and second row are plots of amplitude
spectra of the nonlinear AB2 (left panel) and the linear AB2 (right panel) against
MARIN measurements at position (x, y) = (80, 19.42) and (x, y) = (130, 19.42) in
successive rows. The third row is the zoom out of the nonlinear plot at x = 80
(left) and at x = 130 (right) .
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Position 
Linear AB2 Nonlinear AB2 

Correlation Variance 
Quotient Correlation Variance 

Quotient 

X = 80 [m] 0.982 1.011 0.99 1.003 

X = 90 [m] 0.979 0.923 0.986 0.96 

X = 110.48 [m] 0.941 0.79 0.974 0.82 

X = 130 [m] 0.98 1.01 0.986 0.98 

 

Table 4.3: Quantitative information about the accuracy of the wave generation
using the linear and the nonlinear AB2 for the MARIN test no. 128001-128003.

4.5 Conclusion

In this chapter a series of experimental results and numerical simulations
on two plane-oblique wave interaction have been presented. For the ex-
periments we influxed plane waves from the short and the long side of the
water basin simultaneously. The result of the experiments shows that the
colliding plane waves will create (two dimensional) bichromatic waves. The
nonlinear behavior of these bichromatic waves are found in the experiments:
the waves envelope are deformed and the waves amplitude are higher.

Influxing from the two sides of the basin is very sensitive to the ampli-
tude of the influx signals; for the case of bichromatic waves, if one amplitude
is smaller than the other the effect will be noticeable in the zero crossing
in between wave envelope.

Using pseudo-spectral method for the implementation of the wave gen-
eration model, it is shown that on the length scale of physical basin, the
numerical and the experimental results are in satisfactory agreement; the
influxing model with the AB2-equation can capture the main aspects of the
evolution of the waves.
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Chapter 5

Conclusions and
recommendations

5.1 Conclusions

Many investigations have been made to model the propagation of water
waves since the 17th century. The challenges in deriving good wave models
come from the frequency dispersion and the nonlinearity. The frequency
dispersion is the relation that describes how waves with different wavelength
travel at different speed. Nonlinearity is the wave phenomenon that there is
energy exchange between different wave modes, showing itself in the effect
that waves are sharper at the crests and flatter at the troughs. The classical
KdV-equation and the KP-equation have limitations in both aspects, i.e.
waves are assumed to be weakly nonlinear and mildly dispersive.

In chapter 2, the AB2-equation that describes two dimensional forward
propagating dispersive nonlinear waves has been derived. The derivation
of the AB2-equation follows from the variational principle of Miles. The
AB2-equation is accurate for waves in arbitrary water depth and accurate
up to and including second order. In the lowest order the AB2-equation
is an improvement of the KP-type of equation and for waves that have no
dependence on the y-horizontal direction, i.e. waves travel uniformly in
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the positive x-direction, the AB2-equation is exactly the same as the AB-
equation derived earlier in 2007 by Van Groesen & Andonowati [46]. The
AB2-equation can be implemented easily with a pseudo-spectal method.

In chapter 3, embedded influxing methods for dispersive waves for both
one and two horizontal space dimension have been presented. The idea be-
hind embedded influxing is that instead of solving a homogeneous boundary
signaling problem, we solve an inhomogeneous problem by adding a source
function into the equation of motion. The source term is then determined
in such a way that the prescribed signal is obtained as solution. This is
a generalization of Duhamel’s principle [62]. As shown in chapter 3, the
source term depends on the dispersive property of the model; in Fourier
space it is proportional to the multiplication between the group speed and
the prescribed signal.

Even though the source function is determined uniquely in Fourier space
when the dispersion relation is satisfied, yet in physical space the source is
not unique. Two limiting cases are area influxing and point (or line) in-
fluxing. For the area influxing the influx signal is spread over an area with
support the relevant interval of the inverse Fourier transform of the group
speed. In deep water this interval will be very long, possibly extending the
area of interest of simulations. Therefore to be practical it is recommended
to use a multiplicative combination by taking for instance the spatial gen-
eration function to be some fractional power α of the group velocity and
multiplying the influx signal by the power (1−α) of the group velocity. For
the point (or line) influxing the influx signal is convoluted with the group
speed function.

Influxing in KdV type of equations will give waves that propagate in
one direction; influxing in Boussinesq type of equations will give waves
that propagate in all desired directions (forward and backward). For wave
simulation in a laboratory or waves from deep ocean towards the shore, it
is advantageous to have one directional influxing method for Boussinesq-
equation. This can be achieved as shown in chapter 3 by combining a
symmetric and an anti-symmetric influxing. The symmetric and the anti-
symmetric influxing are done by a proper choice of the spatial function in
the source term. The method of combining the symmetric and the anti-
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symmetric influxing can be seen as a method to model damping in an
embedded way.

A partial verification of the AB2-equation and the two dimensional em-
bedded influxing technique has been presented in chapter 4. The verifica-
tion is done by comparing the results from the numerical simulations and
the measurement data from the experiments in MARIN hydrodynamics lab-
oratory. The experiments are performed by influxing two harmonic waves
with different period from the two sides of the tank. The two dimensional
experiments are harder to analyze due to the insecurities in the involved pa-
rameters; i.e. angle of propagation, wave periods and wave amplitudes. By
using optimal parameters for the numerical simulation, the AB2-equation
and the embedded influxing method are accurate over the physical length of
the water tank. In this dissertation the optimal parameters are determined
in such a way that the least square error between the measurement signal
in the middle of the water tank (x = 80[m], y = 19.42[m]) and linear wave
theory is as small as possible.

5.2 Recommendations

For further research the following outlooks are given:

• The source function for the waves influxing given in this disserta-
tion is derived based on the linear theory. This can be improved by
incorporating the second order theory as in [39] .

• In this dissertation only MARIN test case number 122002-122004 and
128001-128003 are simulated and compared. The other test cases still
need to be simulated and analyzed; this will be done in a forthcoming
paper (M. Hafiizh, Lie S.L & E. van Groesen, Nonlinear oblique wave
collison: comparison experiments and simualtions, to be published.)

• Both the KP and the KdV-equation have a non-periodic profile, namely
soliton, as solution. It has not been shown yet whether the AB-
equation and the the AB2-equation have such soliton solutions.
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