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1

Introduction

1.1 Hybrid systems

In this thesis we present a modelling framework for compositional modelling of
stochastic hybrid systems. Hybrid systems consist of a combination of continuous
and discrete dynamics. The state space of a hybrid system is hybrid in the sense
that it consists of a continuous component and a discrete component. The contin-
uous state takes values in a continuum (normally an Euclidean space) and evolves
continuously through this continuum. The discrete state takes values in a discrete
set and evolves in the sense that it jumps to different values in this set at certain
time instances. The continuous and discrete dynamics are in general connected to
each other: for different discrete states the continuous dynamics will be different
and a change of the discrete state may depend on the continuous variables. A typ-
ical example of a hybrid system is a thermostat controlling the temperature in a
living room. The continuous state is the temperature which changes continuously
through time and the discrete state is the state of the heater that can have only
two values, on and off. The connection between discrete and continuous dynamics
is clear here: if the discrete state is on, then the continuous state evolves as ‘tem-
perature increases’, if the discrete state is off, then the continuous state evolves as
‘temperature decreases’. The change of discrete state, controlled by the thermo-
stat, depends on the continuous state as: switch heater off when the temperature
is too high, switch heater on when the temperature is too low.

There have been many approaches for modelling hybrid systems. In the hy-
brid automata approach [vdSS00, Hen96, ACH+95], the discrete state automata is
extended to a hybrid state automata by assigning continuous variables to each loca-
tion. Automata approaches making distinction between active (or output) actions
and passive (or input) actions are [JSvdS03] and [LSV01]. In the process algebraic
approach [BKU05, Cui04], the processes are represented by algebraic formulas,
which can be combined by using operators (like parallel composition operators) to
form new algebraic formulas. In the Petri net approach [DA98], discrete state Petri
nets are extended with continuous variables to form a hybrid Petri net.

Where the approaches to hybrid systems are many, the approaches to stochastic
hybrid systems are few. There are several forms of stochasticity that can be brought
into a deterministic hybrid systems framework. The time instances of transitions
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2 CHAPTER 1. INTRODUCTION

between locations can be made probabilistic; selecting the target state of a tran-
sition can be made probabilistic; diffusion terms can be added to the differential
equations (which determine the continuous dynamics). The models SHS (Stochas-
tic Hybrid System) [HLS00], SDP (Switching Diffusion Process) [GAM93, GAM97]
and GSHS (Generalized Stochastic Hybrid System) [BL04, Buj04] include all above
forms of stochasticity. They are all stochastic analysis approaches to hybrid sys-
tems and they are all based on the PDP (Piecewise Deterministic Markov Process)
model [Dav84, Dav93]. The models in [Blo03] and [GB04] are based on stochastic
differential equations and include all above forms of stochasticity. For an overview
on the above stochastic hybrid models we refer to [PBL03]. The model DCPN
(Dynamically Colored Petri Net) [EB03], which is also based on the PDP model,
has a Petri Net approach. DCPN, which does not include diffusion terms, is, as
far as we know, the only model that aims at compositional modelling of stochastic
hybrid systems.

Our approach to stochastic hybrid systems will be an automata approach with
distinction between active and passive actions. The idea of establishing communi-
cation through active and passive actions (presented in Chapter 4) was inspired by
the communication mechanisms from DCPN.

1.2 Compositional modelling

Researchers in the field of of hybrid systems come from both the systems and control
community, where mainly continuous systems are studied, and from the computer
science community, where mainly discrete event systems are studied. Both commu-
nities have developed notions of ‘compositional modelling’ for continuous systems
and discrete event systems respectively.

With compositional modelling we mean that a complex system, which consists
of a network of interacting subsystems, is modelled by first modelling the individ-
ual subsystems and second by modelling the interaction, i.e., by modelling how
these subsystems can be connected to form the complex composite system. Since
nowadays (hybrid) systems like software systems, telecommunication systems or air
traffic management systems, often have a very complex structure, modelling these
systems without compositional modelling methods is nearly impossible.

An example of composition for continuous systems is the behavioral approach
[PW98, Wil97]. Here, composition is defined on a semantical level, where the
semantics of a (continuous) system is formed by all possible trajectories of the
system. This forms an open systems view: the open system can be influenced by
another system, by letting this other system determine which of its trajectories is
forbidden to be executed. Composition of two systems is then, on the semantical
level, determined as the intersection of the trajectories of both systems. This notion
of composition is for example used in [JSvdS03, Jul05] to connect the continuous
dynamics in the composition of hybrid systems.

In the process algebra literature, composition of discrete event processes has its
origins in [Mil89] and [Hoa85]. Here, interaction between processes is expressed via
synchronized transitions. This process algebra concept of composition via synchro-
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nized transitions is also used for transition systems and automata. For connecting
the discrete dynamics, it is also used for timed automata [AD94, D’A97] and hybrid
automata [Hen96].

Compositional frameworks for hybrid systems are based on compositional frame-
works for continuous systems and discrete event systems. See [ACH+95] for the
compositional model hybrid systems, see [Hen96] for the compositional model hybrid
automata, see [LSV03] for the compositional model Hybrid Input Output Automata
and see [EB03] for the compositional Petri net model DCPN. Based on such com-
positional models, tools have been developed for the modelling and analysis of
hybrid systems. See for example [BSA04] for the tool CHARON in the context of
stochastic hybrid systems.

In the approach for stochastic hybrid systems that we present in this thesis, we
will not consider composition of continuous dynamics. It will be explained later
why we make this choice. For the discrete behavior we will use the concept of
synchronization of transitions.

1.3 Bisimulation

When two systems are composed to form a new composite system, the state space
of the composite system equals the product space of the state spaces of the two
component systems. This leads to the well-known state space explosion problem
for composition: the state space of the composite system grows exponentially with
the state spaces of its components. Sometimes, when there are many components
involved, the total (discrete) state space is so large that it can not even be stored in
memory. One technique that proved to be very effective in many cases for discrete
event systems, is bisimulation. Bisimulation is an equivalence notion. For a system
with a large state space it is often possible to find a system that is bisimulation
equivalent to it, but has a smaller state space.

Bisimulation was first developed by Milner in the context of discrete event
systems. See for example [Mil89] for this notion of bisimulation. Since then it has
also successfully been applied to timed automata [AD94], probabilistic automata
[LS91], IMCs (Interactive Markov Chains) [Her02], (continuous) dynamical systems
[vdS04a, vdS04b] and hybrid systems [vdS04c, LPS00]. Bisimulation for IMCs, will
turn out to be very interesting for us, because we can generalize this bisimulation
notion to PDP-type systems, which are stochastic hybrid systems of the type that
we are interested in. In [Her02] it is shown that IMC-bisimulation for Markov
Chains (which is a subclass of IMCs) coincides with the much older notion of
lumpability for Markov Chains (see [KS60]).

In all these cases of bisimulation, the so called substitutivity property holds,
which means that components in a composition can be substituted by bisimulation
equivalent components, while bisimulation is preserved for the composite system.
This allows compositional state reduction through bisimulation.
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1.4 Our contribution

We briefly describe for each chapter of the thesis what the contents and contribu-
tions of that chapter are.

Chapter 2 In this chapter we introduce some technical notions and results that
we use in the other chapters of the thesis.

Chapter 3 In this chapter semantical models are defined and their behavior is
explained. Each semantical model captures a specific part of the behavior of
the syntactical models, which are IMCs, PDPs and CPDPs, that we describe
in this thesis. The semantical models are TMS (Transition Mechanism Struc-
ture), CFSJS (Continuous Flow Spontaneous Jump System), FTS (Forced
Transition Structure) and NTS (Non-deterministic Transition Structure). In
the chapters hereafter we can then describe/define the behavior of the syntac-
tical models in terms of these semantical models and because all syntactical
models of this thesis use the same semantical models, we can formally com-
pare their behavior by means of their semantics.

Chapter 4 In this chapter we introduce transition systems whose transitions are
either active or passive. We explain and illustrate what types of interaction
can be expressed through synchronization of active and/or passive transitions.
For these active/passive transition systems, we define a composition operator,
denoted by |PA|, that can express all types of interaction that we discussed.
This chapter also forms a basis for Chapter 7, where we define active/passive
composition for CPDPs. This chapter is based on [SL05].

Chapter 5 The compositional modelling framework CPDP that we present in
this thesis has its origins in two other frameworks: IMCs and PDPs. In
this chapter we introduce the syntactical model IMC (Interactive Markov
Chains). IMCs have two types of transitions. The Markovian transitions
of an IMC form the Markov chain structure of the IMC. The interactive
transitions form the communication/interaction structure of the IMC. We
give CFSJS/NTS semantics for IMCs. Through interactive transitions, IMCs
can communicate/interact. This interaction is expressed by the composition
operator that we treat in this chapter. The chapter finishes with the treatment
of the equivalence notions of strong and weak bisimulation for IMCs. Under
certain conditions, an IMC can be reduced by bisimulation to a Markov chain.
The material of this chapter comes from [Her02].

Chapter 6 In this chapter we define the PDP (Piecewise Deterministic Markov
Process) framework. A PDP is a stochastic process for which the strong
Markov property holds. We give CFSJS/FTS and TMS semantics for PDPs
and we show how the stochastic process of a PDP can be realized on the
Hilbert cube. We finish the chapter by giving a PDP example where compo-
sition of different components is involved. Because PDPs cannot be modelled
compositionally, the model has to be given in a monolithic way. In Chapter
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7 we show how this system can be modelled in a compositional way in the
CPDP framework. The material of this chapter comes from [Dav93].

Chapter 7 This chapter is the first of the three main chapters about the CPDP
framework. We define the CPDP (Communicating PDP) automaton and give
its semantics in terms of CFSJS/NTS. CPDPs have both active and passive
transitions, and we define composition of CPDPs by using a generalized ver-
sion of the |PA| composition operator of Chapter 4. We prove that the class
of CPDPs is closed under this composition operation. With this framework
we can model PDP-type systems in a compositional way. We extend the
CPDP model with a more powerful interaction structure. The result is called
value passing CPDP, and in this extended framework CPDP components
can communicate information concerning their continuous variables to each
other. CFSJS/NTS semantics of value passing CPDP is given. Composition
with the extended |PA| operator is defined and it is shown that the class of
value passing CPDPs is closed under composition. This chapter is based on
[SJvdS03, SvdS05e].

Chapter 8 Non-determinism is present in the CPDP model. To resolve this non-
determinism, a scheduler for CPDPs is introduced. CFSJS/NTS semantics of
scheduled CPDPs is given. We show that by using the maximal progress prop-
erty for scheduled CPDPs, the semantic domain changes from CFSJS/NTS
to CFSJS/FTS, which is the same semantic domain as the one of PDP pro-
cesses. This means that we can formally compare the behavior of scheduled
CPDPs under maximal progress and the behavior of PDPs. We give condi-
tions under which CPDPs can be transformed into PDPs (without changing
the CFSJS/NTS semantics) and we give an algorithm which determines this
transformation in a stepwise way. For situations where CPDP components
have their own schedulers, it might be desirable to have a composition op-
eration for scheduled CPDPs. We investigate for which scheduled CPDPs
such a composition ‘makes sense’, and for those scheduled CPDPs we define
the composition such that the class of scheduled CPDPs is closed under this
composition. This chapter is based on [SvdS05d, SvdS05a]

Chapter 9 In this chapter we define bisimulation for CPDPs and for scheduled
CPDPs. We show that the substitutivity property holds and we show that
under maximal progress, bisimilar scheduled CPDPs have the same stochas-
tic behavior. This means that bisimulation can be used as a compositional
reduction technique for analyzing the stochastic behavior of CPDPs. For a
restricted class of CPDPs we give an algorithm that automatically computes
bisimulation relations for CPDPs and scheduled CPDPs. This chapter is
based on [SvdS05c, SvdS05a].

Chapter 10 In this chapter we model a part of a complex ATM (Air Traffic Man-
agement) system as a composite CPDP. This example illustrates the use of
value passing and the different types of CPDP interaction that can be ex-
pressed through the |PA| operator. This ATM system was originally modelled
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as a DCPN (Dynamically Colored Petri Net). We briefly describe the general
DCPN model, we give the DCPN of this ATM system and we compare it to
the CPDP model. This chapter is based on [EB03, EKBO04, SvdS05b]

Chapter 11 In this chapter we draw conclusions and we point out directions for
future research.



2

Preliminaries

The contents of this chapter are mainly taken from [Dav93], [Wil91]. It contains
in very compact form the technical notions and some of the technical results that
we use in the rest of the thesis.

2.1 Topological spaces and measure spaces

The state spaces of the models that we use in this thesis are all (isomorphic to)
subsets of R

n. To define probability measures on these spaces, we first need to
define the concepts of topological space and measure space.

Definition 2.1. A topological space is a set X together with a collection T of
subsets, called open sets, that have the following properties:

1. X ∈ T and ∅ ∈ T ,

2. if A,B ∈ T then A ∩B ∈ T ,

3. if Aα ∈ T for all α ∈ J , where J is an arbitrary index set, then ∪α∈JAα ∈ T .

T is then called a topology on X.

We use the standard topology on R
n, in which a set A ⊂ R

n is open if for all
x ∈ A there exists an ε > 0 such that {y | d(x, y) < ε} ∈ A, where d is the standard

metric, defined as d(x, y) = (
∑

i=1···n(xi − yi)
2)

1
2 .

Definition 2.2. A σ-algebra F on Ω is a class of subsets of Ω such that:

1. F ∈ F implies Ω\F ∈ F and

2. if Fi ∈ T for i ∈ I, where I is any countable index set, then ∪i∈IFi ∈ F .

We call (Ω,F) a measurable space.

Let S be a collection of subsets of Ω. σ(S), which we call the σ-algebra generated
by S, is defined as the smallest σ-algebra in Ω that contains all elements from S.
Let E be a topological space, then we define B(E) as the σ-algebra generated by the
open sets of E. We also call this the Borel σ-algebra of E and we call its elements
the Borel sets of E. The Borel σ-algebra is the most natural and most commonly
used measurable space for defining measures and probability measures.

7
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Definition 2.3. A measure m on a measurable space (Ω,F) is a function from F
to R+ such that if Fi, for i ∈ I, where I is any countable index set, are disjoint,
then m(∪i∈IFi) =

∑

i∈I m(Fi). If for a measure m we have m(Ω) = 1, then we call
m a probability measure.

A commonly used measure on R
n is the Lebesgue measure.

Definition 2.4. Consider the space R
n. For all sets A of the form A = [a1, b1] ×

[a2, b2] · · · × [an, bn], with bi > ai for all i = 1 · · ·n, we define l̃(A) = (b1 − a1)(b2 −
a2) · · · (bn − an). There exists a unique measure l on (Rn,B(Rn)) such that l(A) =
l̃(A) for all A of the above form. This measure is called the Lebesgue measure.

We call (Ω,F ,m), where (Ω,F) is a measurable space and m is a probability
measure, a probability space. All measurable spaces that we use are Borel spaces,
which notion is defined as follows.

Definition 2.5. A bijective mapping ι from a measurable space (X,B(X)) to a
measurable space (Y,B(Y )) is a Borel isomorphism if for each B ∈ B(X), ι(B) ∈
B(Y ) and for each B ∈ B(Y ), ι−1(B) ∈ B(X). In this case we call (X,B(X)) and
(Y,B(Y )) Borel isomorphic. A measurable space (X,F) is a Borel space if it is
Borel isomorphic to a Borel subset of a complete separable metric space.

2.2 Product spaces

Product spaces play an important role in our theory of composition of stochastic
hybrid systems.

Definition 2.6. The product space of measurable spaces (X,FX) and (Y,FY ) is
defined as (X×Y,F), where F is the σ-algebra generated by the sets A×B, where
A ∈ FX and B ∈ FY .

It can be seen that for Borel spaces E1 and E2 we have that

(E1 × E2, σ(B(E1) × B(E2))) = (E1 × E2,B(E1 × E2)).

In other words, the σ-algebra of the product space is exactly the Borel σ-algebra.
If m1 is a probability measure on Borel space (E1,F1) and m2 is a probability
measure on Borel space (E2,F2), then there exists a unique probability measure
m on the product Borel space E1 ×E2 satisfying m(A×B) = m1(A)m2(B) for all
A ∈ F1 and B ∈ F2. We call this probability measure m the product probability
measure of m1 and m2, and we write m1 ×m2 for m.

2.3 Stochastic processes

Definition 2.7. Let (S,F) be a measurable space. A function h from S to R

is measurable if for all A ∈ B(R) we have h−1(A) ∈ F , where h−1(A) := {ξ ∈
E|h(ξ) ∈ A}.
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A random variable is a measurable function from some measurable space to R.
Let T be a random variable defined on the measurable space (E,F) and let m be a
probability measure on (E,F). Then, for A ∈ B(R), we define the probability that
T takes its value in A as P(T ∈ A) := m(T−1(A)).

A stochastic process is a family of random variables {Xt}, with t ∈ J , where J
is some index set, where for all t ∈ J , Xt is defined on the same probability space.
If J = R+, then we call the stochastic process a continuous time process.

For computer simulation of stochastic processes, it is often needed to draw
samples from various random variables. By drawing these samples, we determine a
trajectory for the state of the process. We call such a trajectory that corresponds
to a set of drawn samples an execution path. With the following result, we can
create an execution path if we have a random generator for the interval [0, 1] with
uniform distribution.

Proposition 2.8. If m is a probability measure on a Borel space E, then there
exists a measurable function ψ : [0, 1] → E such that l ◦ ψ−1 = m, where l is the
Lebesgue measure.

For drawing a sample from the random variable X, we can then draw a sample u
from U [0, 1], i.e., the uniform distribution on the interval [0, 1], which then provides
the sample X(ψ(u)) for random variable X.

2.4 Integration

In Chapter 8 we use integration over a subset of a measurable space. We define
integration in a two steps. In the first step integration is defined for simple func-
tions.

Let (E,F ,m) be a probability space. A measurable function f : E → R is
called simple if it can be written as

f =
m

∑

i=1

akIAi
,

where for i = 1 · · ·m Ai ∈ F and IA is the indicator function, i.e., IA(ξ) equals 1
if ξ ∈ A and equals 0 otherwise. We define m0 as a mapping from simple functions
to R as

m0(f) :=
m

∑

i=1

akm(Ai).

Let SF+ be the set of all simple positive functions. Then we define for measur-
able function f

m(f) := sup{m0(h)|h ∈ SF+, h ≤ f} ≤ ∞,

where h ≤ f means that h(ξ) ≤ f(ξ) for all ξ ∈ E. That m(f) is uniquely defined
in this way is guaranteed by the monotone convergence theorem from integration
theory. Now we can define integrability and integration.
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Definition 2.9. Let f : E → R be a measurable function. We write f = f+ − f−,
where

f+(ξ) := max{f(ξ), 0}, f−(ξ) := max{−f(ξ), 0}.

f is called integrable if m(f+) <∞ and m(f−) <∞, and then we define
∫

fdm = m(f+) −m(f−).

We also use the notations
∫

ξ∈A

f(ξ)dm =

∫

ξ∈A

f(ξ)m(dξ) = m(g+) −m(g−),

where g := IAf .

2.5 Ordinary differential equations

The continuous dynamics that we encounter in this thesis, can all be expressed by
ordinary differential equations (ODEs). In order to guarantee a unique solution,
we only consider vector fields that are locally Lipschitz , which notion is defined as
follows.

Definition 2.10. A vector field f : R
n → R

n is called Lipschitz continuous on
A ⊂ R

n if there exists a constant L such that

||f(t) − f(s)|| ≤ L||t− s||, for all t, s ∈ A,

where ||·|| is the Euclidean norm, which is defined for x ∈ R
n as ||x|| := (

∑n
i=1 x

2
i )

1
2 .

f is called locally Lipschitz if it is Lipschitz continuous for any compact set A.

We will use the following result.

Proposition 2.11. If f : R
n → R

n and g : R
m → R

m are locally Lipschitz, then
f × g : R

n+m → R
n+m, which is defined as f × g(x1, x2) = (f(x1), g(x2)), is also

locally Lipschitz.

We have the following useful result concerning ODEs with locally Lipschitz
vector fields.

Theorem 2.12. Let f : R
n → R

n be a locally Lipschitz vector field. Then, the
ordinary differential equation

ẋ(t) = f(x(t)), x(0) = x0 ∈ R
n,

has a unique solution for t ∈ [0, te[, where te ≤ ∞ is the explosion time, i.e., the
first time such that limt→te

||x(t)|| = ∞.

For the vector fields we use in this thesis, we assume that there are no explosions,
i.e., te = ∞. Then the solution of the differential equation is uniquely determined
for all t ≥ 0. We will normally denote the solution of an ODE by a flow map
φ : R+ × R

n → R
n, where φ(t, x) equals the solution at time t when the ODE is

initiated at state x at time zero.
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Semantical models

All models used in this thesis fall into either the class of syntactical models or
into the class of semantical models. Syntactical models are the models or mod-
elling languages/paradigms that are used to model the systems that we want to
analyse/control. Semantical models are used to capture/express the behavior of a
syntactical model. Semantical models are also used to compare syntactical models
with each other. For example, if two syntactical objects have the same semantics,
they can be regarded equivalent.

In this thesis we consider three syntactical and four semantical models. The
syntactical models are: Interactive Markov Chains (IMCs), Piecewise Determinis-
tic Markov Processes (PDPs) and Communicating Piecewise Deterministic Markov
Processes (CPDPs). The semantical models are: Transition Mechanism Structures
(TMSs), Non-deterministic Transition Systems (NTSs), Continuous Flow Sponta-
neous Jump Systems (CFSJSs) and Forced Transition Systems (FTSs). We can
distinguish different levels for the semantical and syntactical models that we use.
If the behavior of a semantical model M1 is expressed within semantical model M2,
then M1 is a higher level semantical model than M2. Then, from high to low we
consider the following levels.

• Syntactical level: IMC, PDP, CPDP

• High semantical level: CFSJS, NTS

• Intermediate semantical level: FTS

• Low semantical level: TMS

In this chapter we define all semantical models and we show how these models
are related to each other, i.e., how lower semantical objects express the behavior
of higher semantical objects.

The main syntactical models of this thesis are the PDP and CPDP models.
All semantical models in this chapter will be used to capture a certain part of
the behavior of PDP or CPDP type systems. PDPs and CPDPs are stochastic
systems, but they do not contain diffusions. Therefore all semantical models do
also not contain diffusions.

11
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3.1 Transition Mechanism Structure

A transition mechanism structure gives us the random variables and the flow maps
that are necessary to determine execution paths of a stochastic (hybrid) system.
Once we know the TMS of a system, we can directly determine the stochastic
process and the stochastic execution paths of the system. The stochastic process
or the execution paths can be used to analyze the systems (stochastic) behavior.

A TMS consists of two parts: 1. a transition mechanism which determines the
time of a transition and the target state of the transition, 2. a flow map which
determines the continuous flow between two transitions. The semantical model
TMS is formally defined as follows.

Definition 3.1. A transition mechanism structure (TMS) is a tuple (E, ξ0, φ, TM).
E is a Borel state space, ξ0 is the initial state. φ is a flow map, i.e., the process
evolves from state ξ0 at time zero to state φ(t, ξ) at time t if no transitions occur in
the interval [0, t], etc. TM is a transition mechanism on E. A transition mechanism
on a Borel space E is a pair (T,Q) with T : E → RV (R̄+,B(R̄+)), where RV (Ω,F)
denotes the set of all random variables (defined on any probability space) taking
values in the measurable space (Ω,F) and where R̄

+ := R+ ∪ {∞}, and with
Q : E → Prob(E). Here Prob(E) denotes the set of all probability measures on
the measurable space (E,B(E)).

Given a state ξ ∈ E, the transition mechanism TM = (T,Q) determines a
transition-time t and a transition target state ξ′ by drawing a sample t from the
random variable T (ξ) followed by drawing a sample ξ′ from the probability measure
Q(φ(t, ξ)). We also say that with this procedure we have drawn the sample (t, ξ′)
from the transition mechanism TM(ξ). If the sample ∞ is drawn from T (ξ), then
this is not followed by drawing a sample from Q. We then say that the sample
(∞, ∅) is drawn from TM(ξ).

Determining the stochastic process of a TMS is treated in Chapter 6. An
execution path of a TMS (E, ξ0, φ, TM) is generated as follows. Draw a sample
(t1, ξ1) from TM(ξ0). For t ∈ [0, t1[ the execution path has value φ(t, ξ0). Draw
a sample (t2, ξ2) from TM(ξ1). For t ∈ [t1, t1 + t2[, the execution path has value
φ(t− t1, ξ1). Draw a sample (t3, ξ3) from TM(ξ2), etc.

TMS forms the lowest semantical level that we use. The TMS of a system can
be derived from the CFSJS and the FTS semantics of the system. This derivation
is done in section 3.4.

3.2 Continuous Flow Spontaneous Jump System
(CFSJS)

For both the syntactical models PDP and CPDP, we have that transitions, where
the state instantaneously jumps to another state, can happen in two ways: 1. Spon-
taneously (with some probability distribution), 2. Forced (when the state reaches
some ’forbidden’ area and is forced to jump to a another state). In between transi-
tions, the state of a PDP/CPDP evolves continuously. The part of the PDP/CPDP
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system behavior concerning the continuous evolution and the spontaneous transi-
tions is captured by a CFSJS. The part concerning the forced transitions is captured
by an FTS.

Definition 3.2. A CFSJS is a tuple (E, ξ0, φ, λ,Q). The state space E is a Borel
space. ξ0 is the initial state, φ : R+ × E → E is the flow map, λ : E → R+ is the
jump rate and Q : E → Prob(E) is the transition measure.

The jump rate λ(ξ) of a CFSJS at state ξ determines the probability of a
spontaneous transition ’near’ state ξ as follows: if the system is at state ξ at time t,
then the probability that a spontaneous transition occurs in the interval [t, t+ ∆t]

equals λ(ξ)∆t+o(∆t), where o(∆t) denotes a function such that lim∆t→0
o(∆t)
∆t = 0.

In other words, for ∆t small enough, the probability that a spontaneous transition
occurs in the interval [t, t+ ∆t] equals approximately λ(ξ)∆t. (This means that if
the process is at state ξ at time t̂ and the next jump happens at time t̂+ t, then t
is determined by a Poisson Process with intensity λ(φ(t, ξ)), see [Kin93]).

If a systems behavior is completely captured by a CFSJS, i.e., there are no
forced transitions, then the CFSJS completely determines the stochastic executions
of the system. By determining the TMS of a CFSJS, we indirectly determine the
stochastic process/executions of the CFSJS.

Definition 3.3. The TMS (transition mechanism structure) of a CFSJS (E, ξ0, φ,
λ,Q) is defined as (E, ξ0, φ, (T,Q)), where, for ξ ∈ E, the survivor function ΨT (ξ)(t)
of T (ξ), is defined as

ΨT (ξ)(t) = e−
∫

t

0
λ(φ(s,ξ))ds. (3.1)

The survivor function ΨT (ξ)(t) is by definition equal to P(T(ξ) > t) and thus
expresses the probability that T (ξ) ‘survives’ the time instant t, or, in other words,
expresses the probability that a transition does not occur until time t.

We show that (3.1) indeed expresses that if at time zero, i.e., the time of the

previous transition, the process is at state ξ̂ and at time t the process is at state
ξ, then, given that no jump occurred in the interval [0, t], the probability that a
spontaneous transition occurs in the interval [t, t+ ∆t] equals λ(ξ)∆t+ o(∆t).

P(T (ξ̂) ∈ [t, t+ ∆t] | T (ξ̂) > t) =
ψT (ξ̂)(t) − ψT (ξ̂)(t+ ∆t)

ψT (ξ̂)(t)
=

1 − e−
∫

t+∆t

0
λ(φ(s,ξ̂))ds+

∫

t

0
λ(φ(s,ξ̂))ds = 1 − e−

∫ ∆t

0
λ(φ(s+t,ξ̂))ds,

which, after Taylor expansion, equals λ(ξ)∆t+ o(∆t).

3.2.1 Reassessing the jump time

Let X be a TMS with transition mechanism (T,Q) and flow map φ. We can execute
X as described in Section 3.1. Suppose that during such an execution we lose at
some time t̂, while the process is at state ξt̂, the information of the last drawn
sample from T . Can we now continue the execution path from ξt̂ in a correct way,
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or do we have to start a new execution path from ξ0? Let tl denote the time of
the previous transition (before t̂) and let ξtl

be the state of the execution path at
time this time tl, which is the target state of the transition at time tl. If tl and ξtl

are known, then it is correct to continue the stochastic execution from t̂ as follows:
draw a sample t̃ from T̃ , where T̃ is a random variable such that

P(T̃ > t) = P(T (ξtl
) > t̂− tl + t|T (ξtl

) > t̂− tl).

Now let the execution path flow from state ξt̂ to state φ(t̃, ξt̂) and switch at state
φ(t̃, ξt̂) according to the measure Q(φ(t̃, ξt̂)). From the new state we again draw a
new sample from the transition mechanism, etc.

Now we show that we can determine P(T̃ > t) without knowing tl and ξtl
, and

consequently we can conclude that we can correctly continue the execution path
from state ξ̂ without having any information except that the process is at state ξ̂.

The transition mechanism (T,Q) of a CFSJS has a special structure: the fol-
lowing property holds.

P(T (ξ) > t̂+ t|T (ξ) > t̂) = P(T (φ(t̂, ξ)) > t). (3.2)

This property is called the Markov property . Because of this property we have

P(T̃ > t) = P (T (ξ̂) > t).

Thus, if during the execution of a CFSJS, we loose the information of the last drawn
sample before time t̂ and state ξt̂, then because of property (3.2), we can continue
the execution by considering ξt̂ as a state right after some switch. This means that
we draw a sample t̃ from T (ξt̂), followed by drawing a sample from Q(φ(t̃, ξt̂)),
etc. As we will see in the next section, this observation makes it possible that the
behavior of a system that consists of two CFSJSs executed at the same time, can
be expressed as a single CFSJS.

3.2.2 Representing two parallel CFSJSs as a single CFSJS

Let X = (EX , ξX,0, φX , λX , QX) and Y = (EY , ξY,0, φY , λY , QY ) be two CFSJSs.
Assume that at time t0 both the processes X and Y are started. Let ξX : R+ → EX

be an execution path generated by the TMS of X and let ξY : R+ → EY be an
execution path generated by the TMS of Y . Then we call ξ : R+ → EX × EY ,
where ξ(t) = (ξX(t), ξY (t)), an execution path of the simultaneous execution of
X and Y on the combined state space EX × EY . We show that these combined
execution paths can be generated by the TMS of a single CFSJS denoted as X|Y .
In Chapter 7 we need this result when two components (i.e., two CPDPs) that are
executed in parallel, need to be represented as a single component (i.e., as a single
CPDP). The state space of X|Y is the product space EX × EY . As we will see, a
jump for X with measure mX is then represented in X|Y by a jump with measure
mX × Id. Here Id represents the identity reset measure that resets the Y part of
the state of X|Y such that it does not change with probability one. For Y this can
be interpreted as drawing a new sample because the information of the last drawn
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sample has been lost, which does not influence the stochastic behavior of Y as we
saw in the previous section.

Suppose that after the start at t0, X switches for the first time at t1 at state ξX,1

and Y does not switch before t1. Then at t1, the state of X is reset by measure
Q(ξX,1). Let ξY,1 be the state of Y at time t1. The state of Y is not reset at
time t1, but from Section 3.2.1 we know that the stochastic behavior of Y will
not change if we reset the state of Y at time t1 with the identity reset measure
Id(ξY,1). (Id(ξY,1) resets the state of Y to state ξY,1 with probability one). Then
for the execution of Y , the state does not change at time t1, but a new sample is
drawn from the transition mechanism at state ξY,1, which does not influence the
stochastic execution according to Section 3.2.1.

We define a transition mechanism (T,Q) on the state space EX ×EY such that
generating an execution path of (T,Q) is equal to generating a combined execution
path for X and Y as described above.

Let for all (ξX , ξY ) ∈ EX × EY the random variable T (ξX , ξY ) be equal to
min{TX(ξX), TY (ξY )}. Then T determines the jump time of ‘either X or Y ’. It
can be seen that the survivor function of T (ξX , ξY ) equals

ΨT (ξX ,ξY )(t) = e−
∫

t

0
λX(φ(s,ξX)+λY (φ(s,ξY ))ds. (3.3)

If a switch happens at combined state (ξX , ξY ), then it can be seen that the

probability that this switch is a switch of X is equal to λX(ξX)
λX(ξX)+λY (ξY ) and the

probability that this switch is a switch of Y is equal to λY (ξY )
λX(ξX)+λY (ξY ) .

If X switches at state (ξX , ξY ), the reset measure QX(ξX)× Id(ξY ) is used and
if Y switches at state (ξX , ξY ), the reset measure Id(ξX) ×QY (ξY ) is used. Then
we get for Q

Q(ξX , ξY ) =
λX(ξX)

λX(ξX) + λY (ξY )
QX(ξX) × Id(ξY )+ (3.4)

λY (ξY )

λX(ξX) + λY (ξY )
Id(ξX) ×QY (ξY ).

Define CFSJS X|Y as (EX × EY , (ξX,0, ξY,0), (φX , φY ), λ,Q), where

λ(ξX , ξY ) = λX(ξX) + λY (ξY ).

The TMS of X|Y equals (T,Q) and therefore CFSJS X|Y generates the same
execution paths (with the same probabilities) as the combination of execution paths
of X and Y .

If | denotes the operator that maps two CFSJSs to the combined CFSJS, then
it can be seen that | is associative and the combination of X,Y and Z can be
expressed as either (X|Y )|Z or X|(Y |Z).

3.3 Forced Transition Structure (FTS)

If a system has forced transitions, then the behavior of the system concerning these
forced transitions can be captured as an FTS.
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Definition 3.4. An FTS is a tuple (E, T ). The state space E is a Borel space.
T ⊂ E × Prob(E) is the transition relation. For each ξ ∈ E, there exists at most
one measure m such that (ξ,m) ∈ T . If a state ξ is such that there exists an m
such that (ξ,m) ∈ T , then we call ξ an enabled state of the FTS.

If a system X has corresponding FTS (E, T ), then if (ξ,m) ∈ T means that if
X reaches state ξ at some time t, then X is forced to switch at this state and the
target state of the switch is determined by measure m.

3.4 CFSJS combined with FTS

The behavior of a PDP and, under certain conditions, the behavior of a CPDP can
be captured as a combination of a CFSJS and an FTS. In fact, this combination
means that the process runs as the CFSJS until an enabled state of the FTS is
reached. Then the forced transition is executed, and the CFSJS execution continues
from the state right after the forced transition. We now show how this combination
of CFSJS and FTS behaves in terms of TMS.

Let (XC ,XF ), where XC = (E, ξ0, φ, λ,Q) is an CFSJS and XF = (E, T ) is an
FTS, be the combined semantics of a system X with state space E. For each ξ ∈ E
we define t∗(ξ) as

t∗(ξ) :=

{

inf{t ≥ 0|φ(t, ξ) is an enabled state of XF }
∞ if no such time exists.

Thus, t∗(ξ) is the maximum time before a jump surely occurs from the moment
that the process is in state ξ. Either a jump occurs before time t∗(ξ) because of
the CFSJS part or a forced jump happens at time t∗(ξ).

The transition mechanism structure of (XC ,XF ) is then equal to (E, ξ0, φ,
(T, Q̃)), where Q̃(ξ) equals Q(ξ) if ξ is not an enabled state of XF and Q̃(ξ) equals
m if ξ is an enabled state of XF , where m is such that (ξ,m) ∈ T . The survivor
function of T (which definition we take from [Dav93]), equals

ΨT (ξ)(t) = I(t<t∗(ξ))e
−

∫

t

0
λ(φ(s,ξ))ds. (3.5)

3.5 Non-deterministic Transition System (NTS)

Besides spontaneous and forced transitions, we can also distinguish non-determinis-
tic transitions. We call a ξ-enabled transition non-deterministic if, when a process
reaches state ξ, the process has the potential to execute the transition but it is
not forced to execute the transition. In other words, it is not determined whether
the process should execute the transition. Forced transitions are clearly not non-
deterministic since the process has no choice but is forced to execute a ξ-enabled
forced transition when its state reaches ξ. Execution of spontaneous transitions is
determined by random variables, spontaneous transitions are not non-deterministic
therefore. We now define the semantical model NTS (Non-deterministic Transition
Structure), whose transitions are non-deterministic.
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Definition 3.5. An NTS is a tuple (E,Σ, T ). The state space E is a Borel space.
Σ is a set of labels. T ⊂ E × Σ × Prob(E) is the transition relation.

We write ‘ξ
σ
→ m’ for ‘(ξ, σ,m) ∈ T ’. If a system X has corresponding NTS

(E,Σ, T ), then ξ
σ
→ m has the meaning that if X reaches state ξ at some time t,

thenX has the possibility/potential to jump at this point on action σ and the target
state of the jump is determined by measure m. Whether the transition is really
executed at state ξ is not-determined. If there are multiple ξ-enabled transitions,
then the process has, at state ξ, the potential to execute either one of them or to
execute none of them. In the concurrent processes literature non-determinism is
often used in a stricter sense than we do here. A ξ-enabled transition with label
σ is then called non-deterministic if there is another ξ-enabled transition with the
same label σ.

Actions σ are used for interaction between systems. In the next chapter we
show how this interaction is established.

If a system has non-deterministic transitions, then the system is ‘open’ in the
sense that its behavior can be influenced by other systems. Therefore, a system
with non-deterministic transitions can, if the non-determinism is not resolved by
for example a scheduler, not be stochastically executed. This means that we cannot
determine the TMS of such a system.

We now give two simple examples that show how the behavior of a stochastic
system can be captured in terms of CFSJS, FTS and NTS. In the first example the
behavior is captured as a CFSJS together with an FTS, in the second example the
behavior is captured as a CFSJS together with an NTS.

Example 3.6. The state x of system X takes value in R and evolves continuously
as described by the ordinary differential equation ẋ = 1. The initial state x0 =
0. A spontaneous transition may happen and the time of such a transition is
exponentially distributed with parameter λ. The target state of such a transition
is chosen with uniform distribution in [0, 1]. If x reaches the value 1, a transition
is forced to happen. The target state is chosen with uniform distribution in [0, 1].

The behavior of X can be captured as a CFSJS together with an FTS. The
CFSJS equals (R, 0, φ, λ,Q), where φ(t, x) = x + t for all states x and Q equals
U [0, 1], i.e., the uniform distribution on [0, 1], for all states x. The FTS equals
(R, TF ), with TF = {(1, U [0, 1])}.

The TMS that corresponds to the combination of this CFSJS and FTS equals
(R, 0, φ, (T,Q)), where for all states x < 1

P(T (x) > t) = I(t<1−x)e
−λt.

Example 3.7. The state x of system X takes value in R and evolves continuously
as described by the ordinary differential equation ẋ = 1. The initial state x0 =
0. A spontaneous transition may happen and the time of such a transition is
exponentially distributed with parameter λ. The target state of such a transition
is chosen with uniform distribution in [0, 1]. If x ≥ 1, a transition is allowed but not
forced to happen. The target state is chosen with uniform distribution in [0, 1]. The
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action of the transition is τ . The target state is chosen with uniform distribution
in [0, 1].

The behavior of X can be captured as a CFSJS together with an NTS. The
CFSJS equals the CFSJS of Example 3.6. The NTS equals (R, {τ}, TN ), with
TN = {(x, τ, U [0, 1])|x ≥ 1}. Note that because of the presence of non-determinism,
the behavior of the CFSJS together with the NTS can not be captured as a TMS.

3.6 Summary

In this section we summarize the semantical models that we defined in this chapter,
and we show which models describe the behavior of which models. We also describe
which semantical models are used to describe the behavior of the three syntactical
models IMC, PDP and CPDP and based on that we show which type of transitions
can be executed by these syntactical models. The formal semantics (in terms of
these semantical models) of IMC, PDP and CPDP, will be given in chapters 5,6
and 7 respectively.

The behavior of an IMC is captured by a CFSJS and an NTS (as will be
described in Chapter 5). A CFSJS has only spontaneous transitions and an NTS
has only non-deterministic transitions. This means that an IMC has spontaneous
transitions (captured by the CFSJS) and non-deterministic transitions (captured
by the NTS). The latter transitions (when enabled) can occur at any time, but
it is not determined (also not in a stochastic sense) when exactly. An IMC has
no forced transitions. Because of the non-determinism, an IMC does not have a
corresponding stochastic process and therefore its behavior cannot be captured as
a TMS. (In [Her02], it is described how, by maximal progress, non-determinism
might be resolved and consequently how the stochastic process of an IMC under
maximal progress looks like).

The behavior of a PDP is captured by a CFSJS and an FTS (as will be de-
scribed in Chapter 6). An FTS has only forced transitions. This means that a
PDP has spontaneous transitions and forced transitions. Because there is no non-
determinism, a PDP has a stochastic process and its behavior can be captured as
a TMS. A TMS has both spontaneous and forced transitions.

The behavior of a CPDP is captured by a CFSJS an NTS (as will be described
in Chapter 7). The same story above for the IMC applies to CPDP. In Chapter 8
we show how the non-determinism (captured by the NTS) can be resolved by using
the maximal progress assumption and by using a scheduler. By resolving the non-
determinism, the NTS is transformed into an FTS. In other words, the behavior of
a scheduled CPDP under maximal progress is captured by a CFSJS and an FTS.
Such a CPDP has a stochastic process and its behavior can be captured as a TMS.



4

The active/passive framework

One of the objectives of this thesis is to model complex systems in a compositional
way. With a complex system, we mean a compound of subsystems that are running
simultaneously and interact with each other. With this aim we introduced the
NTS model. In this chapter we define how interaction between multiple NTSs can
be established. Each NTS in the compound of NTSs is then a subsystem that
can interact with the other subsystems in the compound. We will see in the last
section of this chapter that the compound of NTSs can be expressed as another
NTS. Before we do that, we first define interaction for normal labelled transition
systems. Once we defined this, the definition can be easily generalized to NTSs.

Definition 4.1. A labelled transition system is a tuple (X,Σ, T ), where X is the
set of states, Σ is the set of actions and T ⊂ X × Σ ×X is the transition relation.
(x, σ, x′) ∈ T means that there is a transition from state x to state x′ labelled with
action σ.

Interaction means that two interacting systems can influence each others be-
havior. A common way in the process algebra literature of defining interaction
for transition systems is by means of synchronization of transitions. Normally, a
set of synchronization actions A is used and then composition of transition system
X with transition system Y on the set A means that X and Y can execute their
transitions independently except for the transitions with labels in A. These tran-
sitions in A should synchronize, which means that if a ∈ A then X can execute
an a-transition only when at the same time Y executes an a-transition, and vice
versa. We call this kind of interaction blocking interaction because if Y has no
a-transitions enabled at time t, and a ∈ A, then X can not execute its a-transitions
at time t, in other words, Y blocks all a-transitions of X at time t. Vice versa, X
can block the a-transitions of Y .

Let |A| denote the composition operator that establishes blocking interaction
for actions in A. Then, for transition systems, |A| is normally formalized via
operational rules. Operational rules are in Plotkin style [Plo81]: rule

A,B

D
(C),

means ‘if A and B are true, then D is true provided that C is true’. In other words,
via this rule D is derived from A, B provided that C is true. Rules

A,B

D
,
A

D
(C) and

A

D
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mean ‘if A and B are true, then D is true’, ‘if A is true, then D is true provided
that C is true’ and ‘if A is true, then D is true’, respectively.

|A| maps two transition systems X and Y to a new transition system X|A|Y ,
which behaves as the composition of X and Y and the mapping is determined by
the operational rules. Now we can formally define |A|.

Definition 4.2. Let (X,Σ, T1) and (Y,Σ, T2) be labelled transition systems and
let A ⊂ Σ. Then X|A|Y is defined as the labelled transition system (X × Y,Σ, T ),
where T is the least relation, i.e., the smallest subset of (X × Y ) × Σ × (X × Y ),
satisfying the following three rules

1.
x

a
→ x′, y

a
→ y′

x|A|y
a
→ x′|A|y′

(a ∈ A),

2.
x

a
→ x′

x|A|y
a
→ x′|A|y

(a 6∈ A), 3.
y

a
→ y′

x|A|y
a
→ x|A|y′

(a 6∈ A),

where x
a
→ x′ denotes (x, a, x′) ∈ T1, y

a
→ y′ denotes (y, a, y′) ∈ T2 and x|A|y

a
→

x′|A|y′ denotes ((x, y), a, (x′, y′)) ∈ T .

In this definition, rule 1 determines that transitions with label in A should
synchronize and rules 2 and 3 determine that transitions with label not in A can
be executed independently of the other system in the composition.

This chapter is structured as follows. The trace semantics of a labelled transi-
tion system consists of the set of all traces (i.e., strings of actions) that the labelled
transition system can generate. Trace semantics is a commonly used semantics.
Instead of defining a composition operator in an operational way as above, compo-
sition can also be defined as a mapping from the sets of traces of the two components
to the set of traces of the composed system. We call this the trace semantics of
the composition operator. In Section 4.2 we show that using the normal concept
of traces, a compositional trace semantics of |PA| can not be given. But, by defining
a new concept of traces called pie-traces, a pie-trace semantics of |PA| can be given
and we give this semantics in this section. Pie-traces are enriched traces, i.e., they
contain more information than ordinary traces. The concept of pie-trace is inspired
by the concept of event trace defined in [Lan92].

4.1 The active/passive framework

We can distinguish two types of interactions between processes. Both are expressed
through synchronization of transitions. First, blocking-interaction: both partners
(for example the controller and the process) need to be able to do the action,
otherwise the action will not take place. This is the type of interaction that we see
in many process algebra models (e.g. [Hoa85, BB87]). Secondly, broadcasting- or
non-blocking-interaction: one of the partners (the passive one) is not able to block
the other (the active one). For example if a person (the passive partner) observes
that a light (the active partner) is switched on. The person observes, but is not
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able to block the switching, i.e., the light could also be switched on without the
person observing it.

Broadcasting-interaction can already be found in the literature, e.g. in broad-
casting systems [Pra91] where several listening processes can receive (but not block)
a signal, or in I/O automata [LSV03, LT88], where processes should be input-
enabled, i.e., ready to receive an input in any state of the process, such that an
output will never be blocked.

Most formalisms support only blocking interaction and some formalisms (broad-
casting systems, I/O automata) support only broadcasting interaction. However,
to our knowledge there exists no transition system based formalism that supports
both blocking and broadcasting interaction. We will motivate that for certain ap-
plications it is desirable to have a formalism that supports both types of interaction.
We use supervisory control systems as an example where both types of interaction
are used.

Now we will introduce our framework, which is based on active and passive ac-
tions and which supports both blocking and broadcasting interaction. We introduce
the framework in three steps,

1. By specifying supervisory control systems. We will see that we need both
blocking and broadcasting interaction for this.

2. By specifying modular supervisory control systems, where a controller may
consist of several modules. We will motivate that for this, in addition to
blocking and broadcasting interaction, we need to control the scope of broad-
casting interaction, which means that in a composition of more than two
systems, we can specify which of the systems is involved in the broadcasting
interaction and which of the systems are not.

3. By specifying complex processes that consist of interacting subprocesses. Here
we will argue that we need the possibility to have multi-way synchronizations.

In each step we give motivating examples. The transition systems used in
these examples all have a discrete state space. All results however also hold for
transition systems with an infinite (continuous) state space. In the first step we
explain how active and passive actions can be used to establish blocking and non-
blocking interaction. In the second step we explain how to deal with observations
in systems that consist of more than two components. In the third step we treat the
issue of multi-way synchronization (can one active action synchronize with multiple
passive actions or only with one passive action?).

Each of the three steps will contribute one or more operational rules for the
composition operator.

4.1.1 Establishing blocking and non-blocking interaction

We consider two types of actions: active actions (denoted as a, b etc.) and passive
actions (which are observing actions and are denoted as ā, b̄, etc.). This means
that we partition the set of actions of the transition system in two parts, Σ for
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Figure 4.1: Process P controlled by C

the active transitions and Σ̄ for the passive actions. Then the whole set of actions
equals Σ ∪ Σ̄.

Because we want to have both blocking and non-blocking interactions, we have
to make clear which interactions are blocking and which are non-blocking. There-
fore, we introduce the set A ⊂ Σ which contains all active actions that are involved
in blocking interaction. The composition operator will first be denoted by |A|. We
write || to denote the composition operator |A| in cases where A is not specified.
Blocking-interaction is now expressed by the following operational rule ([Plo81]):

r1.
L1

a
−→ L′

1, L2
a

−→ L′
2

L1|A|L2
a

−→ L′
1|A|L

′
2

(a ∈ A),

which says that a blocking-synchronization on a from joint location L1|A|L2

to L′
1|A|L

′
2, can happen when both partners have the action a available from lo-

cations L1 and L2 to locations L′
1 and L′

2 respectively (In order to comply with
the terminology used in timed and hybrid automata, we use the term locations to
designate the discrete states in the transition system). Because for actions a ∈ A
rule r1 is the only rule that can bring forth an a-transition in the composed system,
we get that an ‘a-transition is present in the composed system’ if and only if the
premises of rule r1 hold. We call a blocking-synchronization also an active-active
synchronization because it is a synchronization of two active transitions, i.e., of two
transitions whose labels are active actions.

In Figure 4.1, where a ∈ A, we see that both the process P and the controller C
have transitions labelled with a from their initial locations P1 and C1. This results
in the (synchronized) a-transition in the composite system P ||C. In location P3, P
can do an a-action, but because a ∈ A and C does not have an active a-transition
in location C3, this transition is blocked by C and therefore the transition is not
present in P ||C.

Blocking as expressed in rule r1 can be used in supervisory control where a
controller C blocks certain actions of the process P . Another situation where
active actions must synchronize (i.e., are in A) is where two partners cooperate
on a certain task. If two persons are chatting with each other, then they are
cooperating on the chat-task so to say. In other words, both are chatting or both
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are not chatting, one cannot chat without the other (this situation will be described
in the example in Section 4.1.4). For a situation where two persons P1 and P2 can
both do a specific action (like hanging up the phone as described in Section 4.1.4)
independently of the other person, then the action can be independently performed
(i.e., should not be in A).

For non-blocking-interaction, we need an active a with a 6∈ A in one partner
and a passive ā in the other partner. Non-blocking interaction is now expressed by

r2.
L1

a
−→ L′

1, L2
ā

−→ L′
2

L1|A|L2
a

−→ L′
1|A|L

′
2

(a 6∈ A),

which means that L1 executes an a, which is observed by a ā-transition outgoing
from L2. In Figure 4.1 we see for example that the b-transition from location P1 in
P , is observed by the b̄-transition in C. We also need rule r2’, which is the mirror

rule of r2 (i.e., L1
ā

−→ L′
1, L2

a
−→ L′

2 instead of L1
a

−→ L′
1, L2

ā
−→ L′

2 etc.).

If L2 can not observe a-actions (i.e., there is no outgoing ā-transition), L1 should
still be able to execute a, since this execution does not depend on whether or not
some other process is observing the action. This is expressed by

r3.
L1

a
−→ L′

1, L2 6
ā

−→

L1|A|L2
a

−→ L′
1|A|L2

(a 6∈ A)

and its mirror rule

r3′.
L1 6

ā
−→, L2

a
−→ L′

2

L1|A|L2
a

−→ L1|A|L′
2

(a 6∈ A).

In Figure 4.1 we see for example that P has a b-transition from location P3,
which cannot be observed by C, but which is still present in P ||C.

Note that because rules r2, r2’, r3 and r3’ are the only rules from which active
transitions can be derived, it follows that if L2 can observe a, then it also will
observe a, i.e., if L2 has a ā-transition, then it can not choose not to observe an a
executed by the other component. This makes sense in many situations, e.g. when
some system broadcasts a radio signal a and a receiver is able to receive the signal
(i.e., it has a passive ā-transition), then we should not allow the possibility that the
signal is broadcast while the receiver does not receive (i.e., does not synchronize
its passive ā-action with the active a-action).

Negative premises in rules (as in rule r3) may in general lead to complications
because of circularities (see [Gro91]), however in our rules there are no problems,

as can easily be seen from the fact that
ā

−→ transitions never depend on
a

−→
transitions, and therefore no circularities may arise.

In the supervisory control context, observing as active/passive-synchronization
means that the controller observes actions of the process. Outside the supervisory
control context, this mechanism can be used for other kinds of observation (e.g. a
person that observes an alarm signal as described in Section 4.1.4).
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Figure 4.2: Situation where all persons can observe all others

4.1.2 Controlling the scope of observations

Passive transitions are intended to observe active transitions. This means that out-
side an open-systems context (i.e., when the system is closed and will not interact
with other systems), passive transitions are supposed not to be present, since there
is nothing to observe. Suppose we have a system that consists of a process P and
a controller C, where the controller observes the actions of P . One could argue
that |A| should be defined such that after composition, there are no passive tran-
sitions anymore (which is the case if we only consider rules r1,r2 and r3). But that
would not be suitable for a broader composition context like modular supervisory
control : suppose we have a system with one process P and two controllers C1 and
C2, where both C1 and C2 are concurrently observing P . If we define C := C1||C2

as the composed controller, then C should still observe P , in other words, C should
still contain the passive transitions from C1 and C2 to observe P . This means
that the ‘real’ observations happen when we compose C with P and not when we
compose C1 with C2.

One solution one could think of is to indicate within the composition operator
where the ‘real’ observations take place. We could use an observation setO and then
||O (or together with A, |OA|) means that observations take place in this composition
for the events in O. Then in the compound (C1||C2)||OP there are no passive
transitions with labels from O anymore.

For the double-controller situation, ||O seems to be a good solution. However,
it seems that for modelling the following situation, we need a different solution:
suppose three persons P1, P2 and P3 are working on a problem. All persons start
working independently on this problem. Once one of the persons found the solution,
all three persons stop with the problem. This can be modelled as in Figure 4.2,
where the signal ready is ‘broadcast’ by one of the persons as soon as this person
solved the problem, and is then received by the others. In this situation, every Pi

should be able to hear every Pj (i 6= j). With ||O we can not express this. (In
(P1||P2)||OP3, P1 does not observe P2. In (P1||OP2)||P3, P3 does not observe P1

and P2 etc.).

Instead of using ||O, we use the closing operator [·]C . [X]C discards all passive
transitions in X with labels from C. With this closing operator, we can solve both
the double-controller and the ‘three persons’ problem. The composition rules for
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this operator are

r7.
L

a
−→ L′

[L]C
a

−→ [L′]C

r8.
L

ā
−→ L′

[L]C
ā

−→ [L′]C
(ā 6∈ C).

Note that for locations L1, L2, etc. of transition system X, the corresponding
locations in transition system [X]C are denoted by the names [L1]C , [L2]C , etc.

With [·]C we can control the scope of the observations. Now, || should be defined
such that inX||Y , X can observe Y (and vice versa), but alsoX||Y can still observe
Z in (X||Y )||Z. This is expressed by

r4.
L1

ā
−→ L′

1

L1|A|L2
ā

−→ L′
1|A|L2

and its mirror r4’ which say that after the composition, every passive transition
‘remains’, such that the component to which this transition belongs, is still able to
observe a new component which might be added to the composite system in a new
composition operation. If, for example, we know that X and Y only observe each
other and will (or can) not observe Z or other components, then we could specify
this as [X||Y ]||Z. ([·] is shorthand for [·]Σ̄ with Σ̄ the set of all passive actions).

4.1.3 Establishing multi-way synchronization

Consider the modular supervisory control situation again where we have two con-
trollers C1 and C2 and a process C3. (In this section P will get a different meaning,
therefore we call the process C3 and not P ). Now suppose that C3 has an action a
which can be observed by both C1 and C2 (i.e., both controllers have ā-transitions).
If we allow that both controllers can observe a concurrently (which is most nat-
ural), then we need to express the possibility of a multi-way synchronization (in
this case: two passive actions and one active action). Another example (outside
the supervisory control context) where we need a multi-way synchronization is the
situation where an alarm signal in an office is heard (observed) by two different
employees working in that office (this example is also described in Section 4.1.4).

The question now is whether there are situations we want to model that do not
allow multi-way synchronizations. One such example (also considered in Section
4.1.4) is the telephone situation: a telephone in an office rings and only one of
the employees may answer the call. Although both employees hear the telephone,
only one may answer it (i.e., may synchronize its passive action with the active
telephone signal).

We see that it is desirable to distinguish two types of passive actions: passive
actions for which multi-way synchronization is allowed and passive actions for which
this is not allowed. Therefore we introduce the set P ⊂ Σ̄, which contains all passive
actions for which multi-way synchronization is allowed. The composition operator
will now be denoted by |PA|. Multi-way synchronization is expressed by
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r5.
L1

ā
−→ L′

1, L2
ā

−→ L′
2

L1|PA|L2
ā

−→ L′
1|

P
A|L

′
2

(ā ∈ P ),

which means that two passive ā-transitions, one in C1 and one in C2, syn-
chronize, which results in a ā-transition for the composite system C1||C2. This
synchronized passive transition can observe an a in C3, which results in a new
(multi-way) synchronized transition in (C1||C2)||C3 which then expresses that C1

and C2 concurrently observe C3.
If a ∈ P and C1 can observe a, but C2 cannot observe a, then in (C1||C2)||C3,

C1 should synchronize its passive ā with the active a of C3, while C2 idles. This
situation is expressed by

r6.
L1

ā
−→ L′

1, L2 6
ā

−→

L1|PA|L2
ā

−→ L′
1|

P
A|L2

(ā ∈ P )

and its mirror rule r6’. In the new situation (where we have introduced the
set P ), we can see that rule r4 (which expresses that passive transitions should
interleave) only applies for passive actions not in P . Therefore r4 should be changed
to

r4.
L1

ā
−→ L′

1

L1|PA|L2
ā

−→ L′
1|

P
A|L2

(ā 6∈ P ).

With the set P as part of the operator, rules r1,r2 and r3 should be changed to

r1.
L1

a
−→ L′

1, L2
a

−→ L′
2

L1|PA|L2
a

−→ L′
1|

P
A|L

′
2

(a ∈ A),

r2.
L1

a
−→ L′

1, L2
ā

−→ L′
2

L1|PA|L2
a

−→ L′
1|

P
A|L

′
2

(a 6∈ A),

r3.
L1

a
−→ L′

1, L2 6
ā

−→

L1|PA|L2
a

−→ L′
1|

P
A|L2

(a 6∈ A).

Now rules r1 till r6 (and the mirror rules r2’,r3’,r4’ and r6’) form the structural
operational semantics for |PA| and rule r7 and r8 form the structural operational
semantics for [·]C .

Note that the synchronization-mechanisms for active transitions and passive
transitions are different. If an active action a is synchronizing (i.e., a ∈ A), then
a component can execute the action only when the other component in the com-
position can also execute the action (and vice versa). If a passive action ā is syn-
chronizing (i.e., ā ∈ P ), then if both components can execute the action, they have
to synchronize. However, if only one component can execute the action, the action
can still be executed without the other component synchronizing with it. This is
expressed in rule r6. For active-active synchronization we do not have an equivalent
rule as r6. Because of this difference between the synchronization-mechanisms, we
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need to use different composition rules for both the active and the passive actions
(i.e., we can not combine active and passive synchronization in the same rules).

The operators |PA| and [·]C are now formally defined as follows.

Definition 4.3. Let X = (S1,Σ ∪ Σ̄, T1) and Y = (S2,Σ ∪ Σ̄, T2) be transition
systems. Then X|PA|Y is defined as the transition system (S1×S2,Σ∪ Σ̄, T ), where
T is the least relation satisfying the rules r1,r2,r2’,r3,r3’,r4,r4’,r5,r6 and r6’ below.
[X]C is defined as the transition system ([S1]C ,Σ∪ Σ̄, T̃ ), where [S1]C := {[s]C |s ∈
S1} and T̃ is the least relation satisfying the rules r7 and r8 below.

r1.
L1

a
−→ L′

1, L2
a

−→ L′
2

L1|PA|L2
a

−→ L′
1|

P
A|L

′
2

(a ∈ A),

r2.
L1

a
−→ L′

1, L2
ā

−→ L′
2

L1|PA|L2
a

−→ L′
1|

P
A|L

′
2

(a 6∈ A), r2′.
L1

ā
−→ L′

1, L2
a

−→ L′
2

L1|PA|L2
a

−→ L′
1|

P
A|L

′
2

(a 6∈ A),

r3.
L1

a
−→ L′

1, L2 6
ā

−→

L1|PA|L2
a

−→ L′
1|

P
A|L2

(a 6∈ A), r3′.
L1 6

ā
−→, L2

a
−→ L′

2

L1|PA|L2
a

−→ L1|PA|L
′
2

(a 6∈ A),

r4.
L1

ā
−→ L′

1

L1|PA|L2
ā

−→ L′
1|

P
A|L2

(ā 6∈ P ), r4′.
L2

ā
−→ L′

2

L1|PA|L2
ā

−→ L1|PA|L
′
2

(ā 6∈ P ),

r5.
L1

ā
−→ L′

1, L2
ā

−→ L′
2

L1|PA|L2
ā

−→ L′
1|

P
A|L

′
2

(ā ∈ P ),

r6.
L1

ā
−→ L′

1, L2 6
ā

−→

L1|PA|L2
ā

−→ L′
1|

P
A|L2

(ā ∈ P ), r6′.
L1 6

ā
−→, L2

ā
−→ L′

2

L1|PA|L2
ā

−→ L1|PA|L
′
2

(ā ∈ P ),

r7.
L

a
−→ L′

[L]C
a

−→ [L′]C
,

r8.
L

ā
−→ L′

[L]C
ā

−→ [L′]C
(ā 6∈ C).

4.1.4 Example

In Figure 4.3 we see an example where we find back all interaction structures we
described before: non-synchronizing active transitions, synchronizing active transi-
tions, non-synchronizing passive transitions, synchronizing passive transitions and
active-passive synchronization.

The example of Figure 4.3 concerns an office O with two employees E1 and
E2. In the office there are two sources which can produce a signal: a telephone
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Figure 4.3: Example with different kinds of interaction

and an alarm. The telephone rings when somebody calls the office, the alarm fires
when there is danger, which means that the employees should leave the office when
they hear the alarm. Both the telephone and the alarm execute their signals inde-
pendently from the employees. Therefore they are modelled as active transitions
labelled ring and alarm respectively (see Figure 4.3). If the telephone rings, O
makes a self-loop which means that O stays in the same location. This location
has the meaning of ‘normal-working-conditions’. If the alarm goes, O jumps to a
second location which has as meaning ‘dangerous-working-conditions’.

E1 and E2 have the same automaton-structure. From E1 (or E2), the employee
can exhibit three different actions: he can chat with his fellow employee, he can
pick up the phone and he can leave the office. Leaving the office only happens
when the alarm goes off. This action is modelled as a passive transition which
synchronizes with the independent active alarm-transition in O. We see that from
every location, the employee can react on the alarm. When the phone rings, the
employee can pick up the phone by synchronizing its passive ring event with the
active ring from O. The employee hangs up with an active hangup event. The
employee can start a chat with his office-mate via the active chat event. This should
synchronize with an active chat event of the office-mate (both should be willing or
able to chat). The chat will be ended with an active-active synchronization of
stopchat. For all three processes E1, E2 and O we define the action sets as Σ =
{chat, stopchat, ring, alarm} and its mirror set Σ̄ = {chat, stopchat, ring, alarm}.

From the model we see that if the employees are chatting, they first have to
end the chat before one of them can pick up the phone. This means that they
will probably miss the first ring signal, but can maybe interact on the second ring
signal (the phone might give multiple ring signals when somebody calls). Also, if
one employee is phoning, he first has to hang up before a chat can be started.

Where do we see the different kinds of interaction? The passive ring transi-
tions of E1 and E2 should be non-synchronizing since only one passive transition
is allowed to synchronize with the active ring transition in O. The passive alarm
transitions in E1 and E2 should synchronize because both employees react syn-
chronously on the alarm. The active hangup transitions in E1 and E2 should be
non-synchronizing (only one employee hangs up). The active chat and stopchat
transitions in E1 and E2 should synchronize (both employees chat).
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From the above follows that for the composition E1|
P
A|E2 we get

A = {chat, stopchat} and P = {alarm}. For the composition

(E1|alarm
chat,stopchat|E2)|PA|O we get A = ∅ and P = Σ̄. The total specification is then

(E1|
alarm
chat,stopchat|E2)|

Σ̄
∅ |O. (4.1)

If (4.1) is the system that we want to analyze, then we could close down all obser-
vation channels (i.e., the passive transitions) with the [·] operator. Now suppose
that (4.1) is only one chamber of a bigger office consisting of multiple chambers.
Then this chamber is only one unit and lets call it U1. The other units then

are U2 = (E′
1|

alarm
chat,stopchat|E

′
2)|

Σ̄
∅ |O

′, U3 = (E′′
1 |

alarm
chat,stopchat|E

′′
2 )|Σ̄∅ |O

′′ etc., where
Ei = E′

i = E′′
i , O = O′ = O′′ etc. The telephones in each office are local. In other

words, if a telephone rings in one office, only the employees in that office hear the
phone and can answer it. The alarm however is global. If there is danger in the
building, the alarm goes synchronously in all offices. To specify that the phones are
local, we use [·] and get [Ui]ring. To specify that the alarm is global, we use alarm
as a synchronization event in the composition of the units. The total composition
of the whole building is then

U ′
1|alarm|U ′

2|alarm|U ′
3|alarm| · · · ,

where U ′
i = [Ui]ring.

4.1.5 Supervisory control with |P
A
|

In this section we want to take a closer look at supervisory control. We will briefly
describe the main concepts of supervisory control and thereafter we compare how
specification of control systems can be done in our active/passive framework to how
it can be done in a framework that only supports blocking-interaction.

In the supervisory control paradigm ([RW89, CL99]), the actions of a process
can be observable or unobservable and they can be controllable or uncontrollable.
Observable actions can be observed by the controller (and unobservable actions can
not). Controllable actions can be controlled by the controller (and uncontrollable
actions can not). This means that the controller can block these actions, i.e., can
prevent them from happening.

If we specify the control system within a transition system framework, then the
process and the controller are modelled as two separate transition systems which
can interact. The process executing an action is then modelled as a transition
(labelled with this action) from one process-location to another process-location.
The controller observing an action is then modelled as a transition in the controller
that synchronizes with the to-be-observed transition in the process. Whether the
observing transition of the controller is active or passive, depends, as we will see,
on the controllability of the action of the to-be-observed transition of the process.

Consider the process X in Figure 4.4 with a controllable/observable and b un-
controllable/observable. We want to control this process such that the behavior of
X is restricted to X||C of Figure 4.4.
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Figure 4.4: Control in only-blocking framework and in active/passive framework

First let us see how this can be done in a framework that only supports blocking-
interaction. Since a and b are both observable, we mark them as synchronization
actions (i.e., in the composition operation these actions must synchronize while
non-synchronization actions will be interleaving). The controller that does the job
is Cblocking of Figure 4.4. We see that Cblocking has two self-loops on action b. We
need these self-loops because otherwise the two upper b-transitions of X are blocked
and that is not what we want according to the specification X||C. We see that the

transition P1
a

−→ P3 of X is blocked by Cblocking because of the absence of an a-
transition in Cblocking at location C1. In the supervisory control framework, which
only supports blocking-interaction (see [CL99]), the controller that implements the
specification X||C is expressed by Cblocking.

For the active/passive framework, Cactive/passive of Figure 4.4 does the job.
Because a is controllable (i.e., blockable), a ∈ A and because b is not controllable,
b 6∈ A. Blocking the a transition from P1 to P3 is done in the same way as in
a framework that only supports blocking-interaction. The difference however is,
that here we do not need the self-loops on b. Concerning the blocking of the
P1

a
→ P3 transition, the controller needs the information of X jumping from P1 to

P2, because before this jump the action a should be blocked while after this jump
the action a should be allowed. Therefore, in order to obtain this information, the

controller should observe the P1
b
→ P2 transition of X. This is done via the passive

b̄-transition of Cactive/passive.

We could say that in the active/passive framework, the controller will observe
only (by means of a passive transition) when it needs the information. In Figure

4.4, Cactive/passive observes P1
b

−→ P2, but does not observe the upper b-transitions
of P , because P may execute them without the controller ‘knowing’ it. In a frame-
work that only supports blocking-interaction, the controller must also synchronize
on the upper b-transitions, because otherwise they will be blocked. We think that
this is an important advantage of using active/passive transitions: for uncontrol-
lable/observable actions, transitions are only needed where observations are needed.
If there is only blocking-interaction, transitions in the controller are needed every-
where the process executes an uncontrollable/observable action (otherwise they will
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be blocked and that is not allowed).

We resume. For specifying supervisory control systems in the active/passive
framework with operator |PA|, we get that A forms the set of controllable actions.
The set P does not have any relevance in the context of a single controller with a
single process, because P prescribes which passive actions should be interleaving,
expressing therewith which actions can be observed by only one component and
which can be observed by multiple components. P can have relevance in the context
where we have a process with two controllers. Then σ̄ ∈ P expresses that only one
controller may observe a σ transition of the process, i.e., it expresses that it is not
allowed that both controllers observe a σ-transition (at the same time).

Whether an action is observable or not is, in the active/passive framework,
coded in the absence or presence of transitions in the controller: an observable/
controllable action σ is observed by the controller via an active σ-transition. An
observable/uncontrollable action σ is observed by the controller via a passive σ̄-
transition. If an action σ is unobservable/controllable, then σ-transitions of the
controller are always self-loops. By a self-loop the controller allows (i.e., does not
block) the action, while it is not observed because the location of the controller
does not change when a self-loop transition is executed. If an action is unobserv-
able/uncontrollable, then the controller does not have any σ and σ̄ transitions.

4.1.6 Commutativity and associativity of |P
A
|

Theorem 4.4. |PA| is commutative for all A and P . |PA| is associative if and only
if for all events a we have: a 6∈ A⇒ ā ∈ P .

Proof. Because we also have the symmetric rules 2’,3’,4’ and 6’ of 2,3,4 and 6, |PA| is
clearly commutative. For associativity, we first consider the case where P is full (the
set of all labels). Independent of A, there are seven cases that bring forth a passive
transition in the composition of three components (case 1-7 below). If a 6∈ A, there
are 12 cases (case 8-19) that bring forth an active transition in the composition of
three components. For the case that a ∈ A, there is only one case (case 20) where
three components bring forth an active transition. To show how the twenty cases
below should be read, we explain what case 1 means: if we compose X, Y and Z,
and X and Y have no ā-transitions from locations lX and lY and Z does have a
ā-transition from location lZ to l′Z , then in the composition (X|PA|Y )|PA|Z there is
a ā-transition from joint location lX , lY , lZ to joint location lX , lY , l

′
Z (this follows

from applying rule r6’) and also in the composition X|PA|(Y |PA|Z) there is a ā-
transition from joint location lX , lY , lZ to joint location lX , lY , l

′
Z (this follows from

applying rule r6’ twice), which shows associativity for case 1. The symbol 0 in
0,r6′

⇒
means that no rule should be applied in this case for the in-bracket composition.

1. (6
ā

−→ |PA| 6
ā

−→)|PA|
ā

−→
0,r6′

=⇒
ā

−→
r6′,r6′

⇐= 6
ā

−→ |PA|(6
ā

−→ |PA|
ā

−→)

2. (6
ā

−→ |PA|
ā

−→)|PA| 6
ā

−→
r6′,r6
=⇒

ā
−→

r6,r6′

⇐= 6
ā

−→ |PA|(
ā

−→ |PA| 6
ā

−→)

3. (
ā

−→ |PA| 6
ā

−→)|PA| 6
ā

−→
r6,r6
=⇒

ā
−→

0,r6
⇐=

ā
−→ |PA|(6

ā
−→ |PA| 6

ā
−→)

4. (6
ā

−→ |PA|
ā

−→)|PA|
ā

−→
r6′,r5
=⇒

ā
−→

r5,r6′

⇐= 6
ā

−→ |PA|(
ā

−→ |PA|
ā

−→)
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5. (
ā

−→ |PA| 6
ā

−→)|PA|
ā

−→
r6,r5
=⇒

ā
−→

r6′,r5
⇐=

ā
−→ |PA|(6

ā
−→ |PA|

ā
−→)

6. (
ā

−→ |PA|
ā

−→)|PA| 6
ā

−→
r5,r6
=⇒

ā
−→

r5,r6
⇐=

ā
−→ |PA|(

ā
−→ |PA| 6

ā
−→)

7. (
ā

−→ |PA|
ā

−→)|PA|
ā

−→
r5,r5
=⇒

ā
−→

r5,r5
⇐=

ā
−→ |PA|(

ā
−→ |PA|

ā
−→)

a 6∈ A:

8. (6
ā

−→ |PA| 6
ā

−→)|PA|
a

−→
0,r3′

=⇒
a

−→
r3′,r3′

⇐= 6
ā

−→ |PA|(6
ā

−→ |PA|
a

−→)

9. (6
ā

−→ |PA|
a

−→)|PA| 6
ā

−→
r3′,r3
=⇒

a
−→

r3,r3′

⇐= 6
ā

−→ |PA|(
a

−→ |PA| 6
ā

−→)

10. (
a

−→ |PA| 6
ā

−→)|PA| 6
ā

−→
r3,r3
=⇒

a
−→

0,r3
⇐=

a
−→ |PA|(6

ā
−→ |PA| 6

ā
−→)

11. (6
ā

−→ |PA|
a

−→)|PA|
ā

−→
r3′,r2
=⇒

a
−→

r2,r3′

⇐= 6
ā

−→ |PA|(
a

−→ |PA|
ā

−→)

12. (6
ā

−→ |PA|
ā

−→)|PA|
a

−→
r6′,r2′

=⇒
a

−→
r2′,r3′

⇐= 6
ā

−→ |PA|(
ā

−→ |PA|
a

−→)

13. (
a

−→ |PA| 6
ā

−→)|PA|
ā

−→
r3,r2
=⇒

a
−→

r6′,r2
⇐=

a
−→ |PA|(6

ā
−→ |PA|

ā
−→)

14. (
ā

−→ |PA| 6
ā

−→)|PA|
a

−→
r6,r2′

=⇒
a

−→
r3′,r2′

⇐=
ā

−→ |PA|(6
ā

−→ |PA|
a

−→)

15. (
a

−→ |PA|
ā

−→)|PA| 6
ā

−→
r2,r3
=⇒

a
−→

r6,r2
⇐=

a
−→ |PA|(

ā
−→ |PA| 6

ā
−→)

16. (
ā

−→ |PA|
a

−→)|PA| 6
ā

−→
r2′,r3
=⇒

a
−→

r3,r2′

⇐=
ā

−→ |PA|(
a

−→ |PA| 6
ā

−→)

17. (
ā

−→ |PA|
ā

−→)|PA|
a

−→
r5,r2′

=⇒
a

−→
r2′,r2′

⇐=
ā

−→ |PA|(
ā

−→ |PA|
a

−→)

18. (
ā

−→ |PA|
a

−→)|PA|
ā

−→
r2′,r2
=⇒

a
−→

r2,r2′

⇐=
ā

−→ |PA|(
a

−→ |PA|
ā

−→)

19. (
a

−→ |PA|
ā

−→)|PA|
ā

−→
r2,r2
=⇒

a
−→

r5,r2
⇐=

a
−→ |PA|(

ā
−→ |PA|

ā
−→).

a ∈ A:

20. (
a

−→ |PA|
a

−→)|PA|
a

−→
r1,r1
=⇒

a
−→

r1,r1
⇐=

a
−→ |PA|(

a
−→ |PA|

a
−→).

Now suppose we have a ∈ A and ā 6∈ P . The only possibility to get an active
transition with three components comes down to case 20 (already treated above).
Passive transitions can now only be generated via composition rule 4, which says
that all passive transitions are interleaving (i.e., they do not synchronize at all).

It can now easily be seen that transitions L1
ā

−→ L′
1, L2

ā
−→ L′

2, L3
ā

−→ L′
3

(with Li,L
′
i locations of component i in the composition) bring forth the transi-

tions (L1|
P
A|L2)|

P
A|L3

ā
−→ (L′

1|
P
A|L2)|

P
A|L3, (L1|

P
A|L2)|

P
A|L3

ā
−→ (L1|

P
A|L

′
2)|

P
A|L3 and

(L1|PA|L2)|PA|L3
ā

−→ (L1|PA|L2)|PA|L
′
3 but also the transitions L1|PA|(L2|PA|L3)

ā
−→

L′
1|

P
A|(L2|

P
A|L3), L1|

P
A|(L2|

P
A|L3)

ā
−→ L1|

P
A|(L

′
2|

P
A|L3) and L1|

P
A|(L2|

P
A|L3)

ā
−→

L1|PA|(L2|PA|L
′
3), from which associativity follows.

Now suppose we have a 6∈ A and ā 6∈ P . Then the following is a counterexample
for associativity:

(L1
a

−→ L′
1|

P
A|L2

ā
−→ L′

2)|
P
A|L3

ā
−→ L′

3
r2,r2
=⇒ (L1|

P
A|L2)|

P
A|L3

a
−→ (L′

1|
P
A|L

′
2)|

P
A|L

′
3,

L1
a

−→ L′
1|

P
A|(L2

ā
−→ L′

2|
P
A|L3

ā
−→ L′

3) =⇒ (L1|
P
A|L2)|

P
A|L3 6

a
−→ (L′

1|
P
A|L

′
2)|

P
A|L

′
3.

We conclude that |PA| is associative if and only if we have: a 6∈ A⇒ ā ∈ P .
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Figure 4.5: Processes X1, X2 and Y

If |PA1
| and |PA2

| are associative operators, we have (X|PAi
|Y )|PAi

|Z = X|PAi
|(Y |PAi

|Z)

for i = 1, 2, and therefore we could write X|PAi
|Y |PAi

|Z instead. Note, however,

that in general (X|PA1
|Y )|PA2

|Z 6= X|PA1
|(Y |PA2

|Z) as in general (X|A1|Y )|A2|Z 6=
X|A1|(Y |A2|Z) in for example the specification languages CSP and LOTOS.

4.2 Trace semantics

We give a trace semantics for the operator |PA|. This operator is used in a context
where we have active actions (like a) and passive actions (like ā). A trace of a
transition system could then be abā for example. However, this notion of trace is
not strong enough to give a trace semantics for composition (i.e., the sets of traces
of the components are not enough to determine the set of traces of the composition).

See for example Figure 4.5. There the set of traces of X1 and X2 are both equal
to {ε, a, ab, aba, ac̄}. The set of traces of Y equals {ε, c}. If we could determine the
trace set of a composite system from the trace sets of the components, then X1||Y
and X2||Y should have the same trace set (because X1 and X2 have the same trace
set). But this is not the case, since acba is a trace of X1||Y while it is not a trace
of X2||Y . Therefore this notion of traces is not strong enough for a compositional
trace semantics of |PA|.

Another option for a trace semantics would be to look at traces of the form
σP with σ ∈ (Σ ∪ Σ̄)∗ and P ⊂ Σ̄, where σP means that the process can execute
the trace σ such that it ends up in a state where the set of passive events that
are enabled equals P . This can be seen as an analogy of refusal traces in [Hen88].
However, this notion of trace is also not strong enough because the processes X1

and X2 in Figure 4.5 have the same traces of the form σP (which are ε∅, a{c̄},
a∅,ab∅ and aba∅) while X1||Y and X2||Y have different traces.

We now introduce a trace concept called pie-traces (which stands for passive-
information-extended-traces). We will see that this notion of trace is indeed strong
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enough to give a trace semantics for |PA|. A pie-trace in this semantics looks like

P1α1P2α2 · · ·Pnαn,

where αi ∈ Σ ∪ Σ̄ and Pi ⊂ Σ̄. We could say that part of the tree-structure (as far
as it concerns the passive actions) is contained in these pie-traces. P1α1P2α2 · · ·
Pnαn means that within the transition system, there exists an execution of trace
α1 · · ·αn such that at the state in the transition system where αi is to be executed
there are outgoing passive transitions for each ᾱ ∈ Pi (i = 1 · · ·n) and there are no
outgoing passive transitions for α if α 6∈ Pi.

The processes in figure 4.5 have the following pie-traces: Trpie(X1) = {ε, a[c̄]b,
aba, ab, a}. Here a[c̄]b means P1aP2b with P1 = ∅, P2 = {c̄} etc. Trpie(X2) =
{ε, a[c̄]ba, ab, a[c̄]b, a} and Trpie(Y ) = {ε, c}. With this notion of trace semantics,
X1 and X2 have different semantics, thus they are not equivalent with respect to
this notion of trace semantics. We now show that our notion of trace semantics is
strong enough for a trace semantics of the composition operator |PA|:

Let σ1 and σ2 be pie-traces. Then we define σ1|PA|σ2, which will turn out to be
the set of interleavings of σ1 and σ2 with respect to |PA|, as follows:

• ε|PA|ε := {ε}

• (R1α1σ
′
1)|

P
A|ε := {ε} ∪ S1, where S1 := R1α1(σ

′
1|

P
A|ε) if (α1 ∈ Σ and α1 6∈ A)

or α1 ∈ Σ̄ else S1 := ∅.

• ε|PA|(R2α2σ
′
2) := {ε} ∪ S1, where S1 := R2α2(ε|

P
A|σ

′
2) if (α2 ∈ Σ and α2 6∈ A)

or α2 ∈ Σ̄ else S1 := ∅.

• (R1α1σ
′
1)|

P
A|(R2α2σ

′
2) := {ε} ∪ S1 ∪ S2 ∪ S3 ∪ S4, where

S1 := (R1∪R2)α1(σ
′
1|

P
A|σ2) if one of the cases r3,r4 or r6 is true, else S1 := ∅,

S2 := (R1∪R2)α1(σ
′
1|

P
A|σ

′
2) if one of the cases r1,r2 or r5 is true, else S2 := ∅,

S3 := (R1 ∪ R2)α2(σ1|
P
A|σ

′
2) if one of the cases r3’,r4’ or r6’ is true, else

S3 := ∅,
S4 := (R1 ∪R2)α2(σ

′
1|

P
A|σ

′
2) if case r2’ is true, else S4 := ∅.

Cases:
r1: α1 = α2 ∈ Σ and α1 ∈ A
r2: α1 ∈ Σ and α2 = ᾱ1 and α1 6∈ A
r3: α1 ∈ Σ and ᾱ1 6∈ R2 and α1 6∈ A
r4: α1 ∈ Σ̄ and α1 6∈ P
r5: α1 = α2 ∈ Σ̄ and α1 ∈ P
r6: α1 ∈ Σ̄ and α1 6∈ R2 and α1 ∈ P
r2’: α2 ∈ Σ and α1 = ᾱ2 and α2 6∈ A
r3’: α2 ∈ Σ and ᾱ2 6∈ R1 and α2 6∈ A
r4’: α2 ∈ Σ̄ and α2 6∈ P
r6’: α2 ∈ Σ̄ and α2 6∈ R1 and α2 ∈ P

Theorem 4.5. σ is a pie-trace of X|PA|Y if and only if there exist pie-traces σx

and σy of X and Y respectively such that σ ∈ σx|PA|σy.
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Proof. It can be seen that the cases r1 till r6 and r2’,r3’,r4’ and r6’ correspond
to the composition rules r1 till r6, r2’,r3’,r4’ and r6’. This correspondence is such
that when case r1 is true (from the initial states), then composition rule r1 can
be applied in the composition and when case r2 is true then composition rule r2
can be applied, etc. Now it is easy to check that σx|

P
A|σy is exactly the set of all

interleavings (including synchronizations) of σx and σy that are accepted by the
composition rules of |PA|, from which the result follows.

Similar to the definition of refusals in [Hen88], we can now define pie-refusal
traces of the form σX, where σ is a pie-trace and X a set of active actions that can
be refused after σ. In this way a semantics is defined that reduces to the standard
testing semantics in the absence of passive actions.

4.3 Composition of NTSs

In this chapter we used labelled transition systems to specify and compose pro-
cesses. No stochastics are involved for labelled transition systems. In this section
we show that active/passive composition, as defined in this chapter with the |PA|
operator can be generalized to the context of the stochastic NTS model. In the
NTS case we then have the following operational rules for the operator |PA|.

r1.
ξ1

a
−→ m1, ξ2

a
−→ m2

(ξ1, ξ2)
a

−→ m1 ×m2

(a ∈ A),

r2.
ξ1

a
−→ m1, ξ2

ā
−→ m2

(ξ1, ξ2)
a

−→ m1 ×m2

(a 6∈ A), r2′.
ξ1

ā
−→ m1, ξ2

a
−→ m2

(ξ1, ξ2)
a

−→ m1 ×m2

(a 6∈ A),

r3.
ξ1

a
−→ m1, ξ2 6

ā
−→

(ξ1, ξ2)
a

−→ m1 × Id(ξ2)
(a 6∈ A), r3′.

ξ1 6
ā

−→, ξ2
a

−→ m2

(ξ1, ξ2)
a

−→ Id(ξ1) ×m2

(a 6∈ A),

r4.
ξ1

ā
−→ m1

(ξ1, ξ2)
ā

−→ m1 × Id(ξ2)
(ā 6∈ P ), r4′.

ξ2
ā

−→ m2

(ξ1, ξ2)
ā

−→ Id(ξ1) ×m2

(ā 6∈ P ),

r5.
ξ1

ā
−→ m1, ξ2

ā
−→ m2

(ξ1, ξ2)
ā

−→ m1 ×m2

(ā ∈ P ),

r6.
ξ1

ā
−→ m1, ξ2 6

ā
−→

(ξ1, ξ2)
ā

−→ m1 × Id(ξ2)
(ā ∈ P ), r6′.

ξ1
6ā

−→, ξ2
ā

−→ m2

(ξ1, ξ2)
ā

−→ Id(ξ1) ×m2

(ā ∈ P ),

For the scope operator [·]C , we get the following two rules for NTSs.
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r7.
ξ

a
−→ m

[ξ]C
a

−→ [m]C
,

r8.
ξ

ā
−→ m

[ξ]C
ā

−→ [m]C
(ā 6∈ C),

where [m]C is the measure defined as [m]C([A]C) = m(A), where [A]C :=
{[s]C |s ∈ A}.

The operators |PA| and [·]C are now, in the context of NTSs, formally defined as
follows.

Definition 4.6. Let X = (S1,Σ ∪ Σ̄, T1) and Y = (S2,Σ ∪ Σ̄, T2) be two NTSs.
Then X|PA|Y is defined as the NTS (S1×S2,Σ∪ Σ̄, T ), where T is the least relation
satisfying the rules r1,r2,r2’,r3,r3’,r4,r4’,r5,r6 and r6’. [X]C is defined as the NTS
([S1]C ,Σ∪Σ̄, T̃ ), where [S1]C := {[s]C |s ∈ S1} and T̃ is the least relation satisfying
the rules r7 and r8.

This definition of composition for NTSs will form the basis for composition of
CPDPs in chapter 7.



5

Interactive Markov Chains

In this chapter we review Interactive Markov Chains (IMCs). Most of the mate-
rial of this chapter comes from [Her02]. IMC forms a compositional modelling
and analysis framework for discrete state systems with spontaneous and non-
deterministic transitions. CPDP can be seen as a hybrid extension of IMC, where
each state/location of the IMC is extended to a hybrid location which has a contin-
uous state space and continuous dynamics attached to it. We will see that the line
of results of this Chapter (semantics, composition, maximal progress and bisimu-
lation) will form the blue print of the line of result for CPDPs, described in the
Chapters 7, 8 and 9.

This chapter is organized as follows. First we define IMC and give semantics in
terms of CFSJS and NTS. Then we define composition and abstraction for IMC.
Finally we define strong and weak bisimulation for IMC.

State reduction of IMCs can be done by finding the maximal bisimulation (al-
gorithms for this can be found in [DHS04]). State reduction can be done in a
compositional way by replacing components by their maximal state reduced bisim-
ilar components. Under the maximal progress assumption (explained later in this
chapter), IMCs sometimes can be reduced by weak bisimulation to Markov Chains.
This happens if through bisimulation all interactive transitions are removed and
the resulting IMC only has Markovian transitions. Bisimulation for IMCs forms a
powerful compositional state reduction technique, which leads, in the cases where
all interactive transitions are removed, to Markov chains. These Markov chains can
then be analyzed via Markov chain analysis techniques. In the coming chapters,
we will see that the analogue for CPDP will be that under maximal progress and
bisimulation CPDPs may be reduced to PDPs and can therefore be analyzed via
PDP analysis techniques.

5.1 Interactive Markov Chains

Definition 5.1. An Interactive Markov Chain is a tuple (L, l0, Act, I,M), where

• L is a nonempty set of locations, l0 ∈ L is the initial location,

• Act is a set of actions,

• I ⊂ L×Act× L is a set of interactive transitions,

37



38 CHAPTER 5. INTERACTIVE MARKOV CHAINS

• M ⊂ L× R+ × L is a set of Markovian transitions.

For an interactive transition α = (l, a, l′) with a ∈ Act we call l the origin
location of α, we call l′ the target location of α and we call a the label or the action
of α. We assume that τ ∈ Act, where τ stands for an internal action. A τ -transition
is not visible for an external observer. For a Markovian transition α = (l, λ, l′) with
λ ∈ R+ we call λ the transition rate or jump rate of α. We call interactive and
Markovian transitions with origin location l enabled at l or l-enabled.

5.1.1 Semantics of IMCs

The semantics of an IMC can be split into a CFSJS part and an NTS part. Roughly
said, the CFSJS is determined by the Markovian transitions and the NTS is deter-
mined by the interactive transitions.

Let X = (L, l0, Act, I,M) be an IMC that starts at time t0 in its initial location
l0. The CFSJS part of X at is determined by a race of the l0-enabled spontaneous
transitions. Each spontaneous transition α has a jump time that is exponentially
distributed with some parameter λα. The l0-enabled spontaneous transition that
switches first, wins the race and determines the location after the switch. For
example, at l0 in Figure 5.1, there are two spontaneous transitions. If (l0, λ, l1)
switches at time t1 before (l0, µ, l0) switches, then at time t1 the IMC process
switches to location l1.

From Section 3.2.2 we know that this combination of the two l0-enabled sponta-
neous transitions can be represented as one l0-enabled spontaneous transition with
jump rate µ+λ and with reset measure µ

λ+µId(l0)+ λ
λ+µId(l1), where Id(li) is the

identity reset map that jumps to location li with probability one. The measurable
space we use here is (L, 2L), which is the natural measurable space for finite sets.

The CFSJS of X is now defined as (L, l0, φ, λ,Q). Here, for all t ≥ 0 and all
l ∈ L, φ(t, l) = l, which expresses that the state (which equals the location in this
case) does not change between two switches. Furthermore,

λ(l) =
∑

α∈Ml→

λα,

and

Q(l) =
∑

α∈Ml0→

λα

λ(l)
Id(l′α),

where l′α denotes the target location of transition α.

The NTS of X is defined as (L,Act, T ), where T := {(l, a, Id(l′))|(l, a, l′) ∈ I}.

For example, the IMC X from Figure 5.1 has CFSJS (L, l0, φ, λ,Q) with L =
{l0, l1, l2}, φ(t, l) = l for all l ∈ L and all t ≥ 0, λ(l0) = λ + µ, λ(l1) = µ,
λ(l2) = 0, Q(l0) = µ

λ+µId(l0) + λ
λ+µId(l1), Q(l1) = Id(l1), Q(l2) is not defined

(and not relevant). The NTS of X equals (L,Act, T ), where Act = {a, b} and
T = {(l0, a, Id(l1)), (l1, b, Id(l2))}.
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Figure 5.1: Example of an IMC

5.2 Composition and abstraction of IMCs

Composition of two IMCs with shared action set Act is defined via a parallel com-
position operator |A|, with A ⊂ Act\{τ}. For IMC there is no distinction of active
and passive actions. Interaction between two IMCs is modelled as synchronization
of events/actions. Composition X1|A|X2 expresses that, if a ∈ A, X1 can execute
an a-transition only if at the same time X2 executes an a-transition, and vice versa
(see also Definition 4.3, where this is also expressed). Thus, actions from A should
synchronize. The Markovian transitions of two component IMCs in a composition
are executed independently from each other. Consequently, two random variables
determining the jump-times of two Markovian transitions, one transition of the
first component and one transition of the second component of the composition,
are independent. The class of IMCs is closed under parallel composition. Parallel
composition is defined with structural operational semantical rules as follows.

Definition 5.2. Let X1 = (L1, l̂1, Act, I1,M1) and X2 = (L2, l̂2, Act, I2,M2) be
two IMCs. Parallel composition of X1 and X2 on actions a ∈ A, where A ⊂
Act\{τ} is the set of synchronization actions, is defined as the IMC X1|A|X2 =

(L, l̂, Act, I,M), where

• L = {l1|A|l2 | l1 ∈ L1, l2 ∈ L2}, l̂ = l̂1|A|l̂2,

• I is the least relation satisfying the rules r1, r2 and r2′,

• M is the least relation satisfying the rules r3 and r3′,

where rules r1, r2, r2′, r3 and r3′ are defined as

r1.
l1

a
→ l′1, l2

a
→ l′2

l1|A|l2
a
→ l′1|A|l

′
2

(a ∈ A),

r2.
l1

a
→ l′1

l1|A|l2
a
→ l′1|A|l2

(a 6∈ A), r2′.
l2

a
→ l′2

l1|A|l2
a
→ l1|A|l′2

(a 6∈ A),

r3.
l1

λ
→ l′1

l1|A|l2
λ
→ l′1|A|l2

, r3′.
l2

λ
→ l′2

l1|A|l2
λ
→ l1|A|l′2

.
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Figure 5.2: Example of composition of IMCs

It can easily be seen that the composition operator |A| is commutative and
associative. If IMCs X1 and X2 are composed with |A|, then if a ∈ A, the execution
of an a-transition of X1 depends on the presence of a-transitions in X2. If at
some time there is no a-transition enabled in X2, then all enabled a-transitions
of X1 are blocked, i.e., these a-transitions cannot be executed because there is no
synchronization partner (i.e., an a-transition in X2), available.

The interplay between spontaneous transitions of different components in a
composition is fully expressed by the simple composition rules r3 and r3’. That
this interplay can be modelled in such a simple way, is due to the fact that the
exponential distribution has the memoryless property. This can be see as a special
case of the memoryless property for CFSJSs (see Section 3.2.1). We explain this
by looking at the composition X|{ready}|Y of Figure 5.2 X and Y synchronize
on action ready. Before this synchronized transition can be executed, both X
and Y need to have executed their spontaneous transitions with rates λ and µ
respectively. If X executes the λ-transition first, then X has to wait till Y executed
the µ-transition before action ready can be executed and vice versa if Y executes
the µ-transition first. The question is: does IMC X|{ready}|Y of Figure 5.2 model
this situation correctly? ’X executing the λ-transition before Y executes the µ-
transition’ is modelled in X|{ready}|Y by transition (l1|l4, λ, l2|l4). ’X waiting till
Y executes the µ-transition’ is modelled by transition (l2|l4, µ, l2|l5). This is where
the memoryless property plays its role. At first glance it might seem incorrect that
a new sample is drawn from the same exp(µ) distribution at location l2|l4. However,
if X executed the λ-transition at time t1, and if random variable T models the time
we have to wait from t = t1 before Y executes the µ-transition, then

P(T > t̂) = P(Tµ > t1 + t̂|Tµ > t1),

where Tµ is a random variable exponentially distributed with parameter µ. The
memoryless property of the exponential distribution implies that

P(Tµ > t1 + t̂|Tµ > t1) = P(Tµ > t̂),
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and we find that T and Tµ have the same probability distribution. Therefore,
transition (l2|l4, µ, l2|l5) models the situation correctly. (We could also take the
view of Section 3.2.1 to explain the correctness of IMC X|{ready}|Y . Then at
location l2|l4 we have a situation of reassessing the jump-time of the µ-transition
of Y . This reassessment is then expressed by transition (l2|l4, µ, l2|l5)). Here we
see the power of IMCs: the syntax of IMCs is simple, but still it is rich enough to
fully express any composition of IMCs. In [Her02], this feature of IMCs is discussed
and a comparison is made with other models from the literature that model such
interplay between spontaneous transitions.

We make a distinction between external transitions, i.e., all a-transitions with
a 6= τ , and internal transitions, i.e., all τ -transitions and all spontaneous transitions.
a-transitions have an external effect because in a composition context where a is
a synchronization action, the absence of interactive transitions with action a ∈
Act\{τ} of one IMC blocks a-transitions of other IMCs. The presence of such
an a-transition allows a-transitions of other IMCs in that composition context. τ -
transitions and Markovian transitions cannot block or be blocked and have therefore
no external effect, they are internal transitions. For IMCs the abstraction operator
[X]C is defined, which abstracts/internalizes actions from C ⊂ Act\{τ} in IMC X.

Definition 5.3. Let X = (L, l0, Act, I,M) be an IMC. Abstraction of actions
from A ⊂ Act in X results in the IMC [X]A = (L̃, l̃0, Act, Ĩ,M̃), where

• L̃ = {[l]A | l ∈ L}, l̃0 = [l0]A,

• Ĩ is the least relation satisfying rules r4 and r4′,

• M̃ is the least relation satisfying rule r5,

where rules r4,r4′ and r5 are defined as

r4.
l1

a
→ l′1

[l1]A
a
→ [l′1]A

(a 6∈ A), r4′.
l1

a
→ l′1

[l1]A
τ
→ [l′1]A

(a ∈ A)

r5.
l1

λ
→ l′1

[l1]A
λ
→ [l′1]A

.

Thus, abstraction, with abstraction-set A, turns a-transitions, where a ∈ A,
into τ -transitions. Abstraction can be used to express that two IMCs X1 and X2

synchronize on some label a while a third IMC X3 should execute its a-transitions
independently from X1 and X2. This is expressed by

[X1|A1|X2]C |A2|X3,

where a ∈ A1 and a ∈ C and a 6∈ A2. Note that the scope operator [·]C (see
Definition 4.3) also expresses that another component can execute its active tran-
sitions ‘independently’, where ‘independently’ means ‘without triggering passive
transitions in the other component’.
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In [Her02] it is assumed that IMCs are executed under maximal progress. This
means that if an IMC X enters a location l, then a transition has to be executed
as soon as possible. This implies that if l

τ
→ (i.e., there is a τ transition from

l) then the time spent in location l is zero because a τ -transition can always be
executed immediately since it is internal. Whether an a-transition can be executed
immediately or is delayed depends on the environment and cannot be determined
by X itself. A Markovian transition α = (l, λ, l′) is never executed immediately
because P(Tα = 0) = 0, where Tα is the random variable that determines the tran-
sition time of α. An external generator should, under maximal progress, provide
τ -transitions with execution times equal to zero.

5.3 Equivalences on IMCs

Two equivalence notions are defined for IMCs: strong bisimulation and weak bisim-
ulation. Weak bisimulation can be seen as external equivalence. Roughly said, an
external agent which can at any time block any action from Σ of an IMC and
which can observe at any time which actions from Σ are enabled in that IMC, can-
not discriminate the behaviors of two weakly bisimilar IMCs. Strong bisimulation
is stronger than weak bisimulation because it requires that two strongly bisim-
ilar IMCs X1 and X2 simulate each other stepwise also for internal transitions,
where weak bisimulation only requires stepwise simulation for external transitions.
This means that for weakly bisimilar IMCs a τ -transition in the first IMC may be
simulated by a series of τ -transitions in the other IMC (and vice versa).

In order to define strong and weak bisimulation for IMCs, we need the function
γM (l, C) that calculates the cumulative rate of the set of all l-enabled Markovian
transitions with target location in C ⊂ L. γM is defined as

γM (l, C) =
∑

α∈Ml→C

λα,

where Ml→C denotes the set of all Markovian transitions with origin location l
and target location in C. λα denotes the transition rate of transition α.

Definition 5.4. Let X = (L, l0, Act, I,M) be an IMC. An equivalence relation
R ⊂ L× L is a strong bisimulation on X if (l1, l2) ∈ R implies for all a ∈ Act and
all equivalence classes C of R

1. l1
a
→ l′1 implies l2

a
→ l′2 for some l′2 ∈ L with (l′1, l

′
2) ∈ R,

2. l1 6
τ
→ implies γM (l1, C) = γM (l2, C).

Two locations l1 and l2 are strongly bisimilar, written l1 ∼ l2, if they are contained
in some strong bisimulation on X.

Condition 2 in this definition says that if a location l has a τ -transition enabled,
then all l-enabled Markovian transitions play no role in the execution, since under
maximal progress a τ -transition will be executed immediately when location l is
reached.
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We say that two IMCs X1 = (L1, l̂1, Act, I1,M1) and X2 = (L2, l̂2, Act, I2,M2)

are strongly bisimilar, and write X1 ∼ X2, if l̂1 ∼ l̂2, where ∼ denotes strong
bisimilarity on IMC (L1 ∪ L2, l̂, Act, I1 ∪ I2,M1 ∪M2), where l̂ is some location

in L1 ∪ L2. (Note that the initial state l̂ does not influence the strong bisimilarity
relation). In this way, strong bisimilarity is also defined on IMC, which is the set
of all IMCs, and it turns out to be an equivalence relation on IMC.

In [Her02] it is proven that strong bisimilarity on the location set of a single
IMC or on IMC is the largest (or maximal) bisimulation. Also, it is proven that
strong bisimilarity on IMC is substitutive with respect to parallel composition and
abstraction, i.e., X1 ∼ X2 implies X1|A|Y ∼ X2|A|Y , X1 ∼ X2 implies Y |A|X1 ∼
Y |A|X2 and X1 ∼ X2 implies [X1]A ∼ [X2]A.

Definition 5.5. Let X = (L, l0, Act, I,M) be an IMC. An equivalence relation
R ⊂ L× L is a weak bisimulation on X if (l1, l2) ∈ R implies for all a ∈ Act

1. l1
a
⇒ l′1 implies l2

a
⇒ l′2 for some l′2 ∈ L with (l′1, l

′
2) ∈ R,

2. l1
τ
⇒ l′1 and l1 6

τ
→ imply l2

τ
⇒ l′2 for some l′2 ∈ L with l′2 6

τ
→ and γM (l′1, C

τ ) =
γM (l′2, C

τ ) for all equivalence classes C of R,

where l
τ
⇒ l′ if l′ = l or if there exists a series of τ -transitions from l leading to

l′; l
a
⇒ l′ if there exist l̃ and l̃′ such that l

τ
⇒ l̃

a
→ l̃′

τ
⇒ l′, and Cτ := {l ∈ L|∃l′ ∈

C, l
τ
⇒ l′}.
Two locations l1 and l2 are weakly bisimilar, written l1 ≈ l2, if they are con-

tained in some weak bisimulation on X.

Weak bisimulation can be defined on IMC similarly as it is done for strong
bisimulation. Also for weak bisimulation it is true that weak bisimilarity is the
largest bisimulation and the substitutive property holds for parallel composition
and abstraction.

With strong/weak bisimulation we can reduce the state space of an IMC X by
not considering the individual states ofX, but by considering the equivalence classes
of X with respect to strong/weak bisimilarity. The IMC strongly/weakly bisimilar
to X with the smallest state space is the IMC that has as its states the equivalence
classes of X with respect to strong/weak bisimilarity. Performance analysis of X
can now be executed on the state reduced version of X if the performance measure
does not consider the individual states of X but only the equivalence classes of
X. A performance measure that asks for the probability that the process is in
a specific state (or location) l at time t̂ cannot be evaluated on the state reduced
process. A strategy to overcome this problem is to use a reward function Rew which
is a mapping from L, the set of locations, to R+. Rew-preserving strong/weak
bisimilarity is then defined as: states l1 and l2 are Rew-preserving strongly/weakly
bisimilar if Rew(l1) = Rew(l2) and l1 and l2 are strongly/weakly bisimilar. Then,
if we define Rew(l) = 1 and Rew(l′) = 0 for all l′ ∈ L\{l}, then the performance
measure above can be evaluated at the state reduced process because this reward
function ensures that the equivalence class l does not contain other states than l.

In Chapter 7 it is shown how IMC can be seen as a subclass of CPDP. In
Chapter 9 strong bisimulation is defined for CPDP and it is shown that, restricted
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to CPDPs of the IMC form, strong bisimulation for CPDP coincides with strong
bisimulation for IMC.

Example 5.6. We illustrate the concepts of composition, abstraction and strong/
weak bisimulation with the IMCs of Figure 5.3. We assume that IMC X has initial
state l0 and IMC Y has initial state l3. IMCX|a|Y , which is shorthand forX|{a}|Y ,
pictures the composition of X with Y with a the only synchronization action. l0|l3,
which is shorthand for l0|{a}|l3, is the initial location ofX|a|Y . Assume thatX|a|Y
is a closed system, i.e., X|a|Y does not interact with other IMCs. Then, the actions
a and b can be internalized. The result is denoted by IMC Z, i.e., Z := [X|a|Y ]A
with A = {a, b}. Let Rew be a reward function such that Rew(l0|l4) 6= Rew(l0|l5).
The IMCs Z1, Z2, Z3 and Z4 with initial locations l6, l7, l8 and l9 respectively
are all equivalent to Z according to some equivalence notion. Z1 and Z are Rew-
preserving strongly bisimilar, Z2 and Z are Rew-preserving weakly bisimilar (but
not strongly), Z3 and Z are strongly bisimilar (but not Rew-preserving), Z4 and
Z are weakly bisimilar (but not strongly bisimilar and also not Rew-preserving).
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Figure 5.3: Composition, abstraction and bisimulation for IMCs
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6

Piecewise Deterministic Markov
Processes

The class of Piecewise Deterministic Markov Processes (PDPs) was introduced in
1984 in [Dav84]. A PDP consists of a mixture of motion determined by ODEs, and
random jumps. The jumps are executed at random times T1 < T2 < T3.... At these
random times the process jumps instantly to another state. The target state, i.e.,
the state where the process jumps to, is determined by a probability measure that
depends on the state of the process before the jump. In between the random times
the PDP evolves deterministically according to some ODE. Thus, the process is
piecewise deterministic. The process is also Markov, which means that the current
state of the process contains all possible information for predicting the future of
the process. The state space of a PDP is hybrid; it consists of a set of locations
and attached to each location a continuous state space. The behavior of a PDP
can be captured as a CFSJS together with an FTS.

The PDP framework is quite general. Virtually every stochastic system that
does not include diffusions can be modelled as a PDP [Dav84]. In [Dav93] the
generator and its domain of the PDP is characterized. This is a strong result which
made it possible that powerful analysis and control techniques were developed. It
is for example possible to calculate expectations of the form E(f(xt)), where {xt}
is the PDP, by solving a set of so called integro-differential equations (see [Dav93]).
This method is in many cases less computationally intensive than running computer
simulations to answer, for example, reachability questions. In this chapter we define
the PDP model and we give its CFSJS and FTS semantics. We also formally
define the stochastic process of the PDP. By giving this stochastic process, we also
show how any CFSJS/FTS combination that satisfies the PDP conditions, can be
translated into a stochastic process. In the last section we give an example of a
PDP. This example is a modified version of the ’repair shop model’ example from
[Dav93]. The example has a clear compositional structure, but because the PDP
framework does not allow compositional specification, the model has to be defined
monolithically as a single PDP. In Chapter 7 we will see how this example can be
modelled in a compositional way by using CPDPs.

47
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6.1 Definition of the PDP model

A PDP is a stochastic process {ξt} on a state space E. This means that for each
t, ξt is an E-valued random variable, i.e., ξt : Ω → E for some sample space Ω. E
is an open subset of a Borel space. This means that we can define the closure Ē of
E and the boundary ∂E := Ē\E of E. The formal definition is as follows.

Definition 6.1. A PDP is a tuple (L, Inv, F, λ,Q), where

1. L is a countable set of locations.

2. Inv assigns to each l ∈ L an open subset of R
d(l), where d(l) ∈ N is the

dimension of Inv(l). With E := {(l, x)|l ∈ L, x ∈ Inv(l)} we denote the
hybrid state space of the PDP.

3. F assigns to each l ∈ L a locally Lipschitz vector field in Inv(l), determining
a flow φ(t, ξ) for all ξ ∈ E.

4. λ : E → R+, is a measurable function such that for each ξ ∈ E, there exists
ε(ξ) > 0 such that the function s 7→ λ(s, φ(s, ξ)) is integrable on [0, ε(ξ)[.

5. Q : E∪∂E → Prob(E), which is the transition measure, is such that for each
fixed A ∈ E , the map x 7→ Q(A;x) is measurable and Q({x};x) = 0.

For a PDP, it is assumed that the following conditions: there are no explosions
(i.e., for all ξ ∈ E, φ(t, ξ) <∞ for all t > 0) and the PDP is non-zeno (i.e., for any
initial state ξ0 ∈ E, the expectation of the number of transitions executed within
[0, t] is smaller than ∞ for any t > 0).

To illustrate the PDP model, we give the following simple example.

Example 6.2. We consider a PDP with two locations, l1 and l2, which both have as
continuous state space the interval ] − 1, 1[, i.e. Inv(l1) = Inv(l2) =] − 1, 1[. Both
locations have clock dynamics, i.e., F (l1)(x) = F (l2)(x) = 1 for all x ∈] − 1, 1[.
If one of the locations reaches the boundary of the invariant, then a transition
takes place to continuous state 0 of the other location, i.e., Q({(l2, 0)}; l1, 1) = 1
and Q({(l1, 0)}; l2, 1) = 1, expressing that measures Q(l1, 1) and Q(l2, 1) assign
probability one to the sets {(l2, 0)} and {(l1, 0)} respectively. In both locations a
spontaneous transition can happen with jump rate λ̃ ∈ R+ at all states, to state 0 of
the other location, i.e., λ(l1, x) = λ(l2, x) = λ̃ for all x ∈]−1, 1[; Q({(l2, 0)}; l1, x) =
1 and Q({(l1, 0)}; l2, x) = 1 for all x ∈] − 1, 1[.

6.2 CFSJS/FTS semantics for PDPs

We give the semantics of a PDP as its CFSJS and its FTS. In Section 3.4, the
transition mechanism structure of the combination of CFSJS and FTS is deter-
mined. This means that by giving the CFSJS and FTS of a PDP, we determine
how stochastic executions can be generated (via the transition mechanism).
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The CFSJS of a PDP X = (L, Inv, F, λ,Q) with state space E = {(l, x)|l ∈
L, x ∈ Inv(l)} and initial state ξ0, is defined as (E ∪∂E, ξ0, φ, λ,Q). The flow map
φ(t, (l, x)) is determined by the differential equation

ẋ = F (l)(x).

The FTS of PDP X is defined as (E ∪ ∂E, T ), where (ξ,m) ∈ T if and only if
ξ ∈ ∂E and Q(ξ) = m.

Note that the state space E ∪ ∂E of the CFSJS can be bounded. This means
that executing this CFSJS may lead to problems when no switch occurs when the
boundary of E is reached. However, the CFSJS in combination with the FTS can
always be executed because a forced transition will happen when the boundary ∂E
is hit.

6.3 The stochastic process of a PDP

We formally define the stochastic process {ξt} of a PDP X = (L, Inv, F, λ,Q) in
the way it is done in [Dav93]. Let E denote the state space of X, let φ denote the
flow map of X and let ξ0 be the initial state.

Let Ω =
∏∞

i=1[0, 1], i.e., Ω is the infinite product space of [0, 1]-intervals. Let
A be the set of all Borel sets of Ω and let P be the product measure of all Pi’s
(i = 1, 2, · · ·∞), where each Pi is the Lebesgue measure (restricted to [0, 1]) on
the i-th interval [0, 1]. We define the stochastic process on the probability space
(Ω,A, P ). This space is called the Hilbert cube.

First we define for i ∈ N Ui : Ω → [0, 1] as Ui(ω) = ωi, where ω = (ω1, ω2, · · · ).
Now U1, U2, · · · form a series of independent random variables, all uniformly dis-
tributed on the interval [0, 1]. These random variables will be used to define the
random variables ξt, for t ≥ 0, of the stochastic process. Before we formally define
the realization of the stochastic process, we first give a short description of this
realization.

We assume an initial state ξ0 is given. First an infinite series of random variables
S1,T1,S2,T2,S3,T3,· · · is constructed on the probability space (Ω,A, P ). S1 denotes
the first period before a transition happens. S2 denotes the period between the
first and the second transition, S3 denotes the period between the second and third
transition, etc. T1 denotes the time of the first transition, T2, which equals T1 +S2,
denotes the time of the second transition, etc. All these random variables are
constructed in line with the survivor functions and the transition measure of X.
From these random variables, the stochastic process ξt can directly be constructed:
for any ω ∈ Ω, xt(ω) := φ(t, ξ0) for 0 ≤ t < T1(ω). Then xT1(ω) is chosen in line
with the transition measure Q at state φ(T1(ω), ξ0). Then, for T1(ω) ≤ t < T2(ω),
xt(ω) := φ(t − T1(ω), xT1(ω)), etc. We now formally define this realization of the
stochastic process.

Take ω ∈ Ω arbitrary, we define the stochastic process by defining ξt(ω) for all
t ≥ 0.
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For all ξ ∈ E we define

F (t, ξ) = I(t<t∗(ξ))exp

(

−

∫ t

0

λ(φ(s, ξ))ds

)

,

Let the random variable T1 be the first jump time. Then its survivor function
equals F (t, ξ0). For all ξ ∈ E and all u ∈ [0, 1] we define

Ψ1(u, ξ) =

{

inf{t|F (t, ξ) ≤ u}
+∞, if the above set is empty.

Then we define T1(ω) := ψ1(U1(ω), ξ0). We define the random variable S1 as
S1(ω) := T1(ω). Now let Ψ2 : [0, 1]× (E ∪ ∂E) → E be a measurable function such
that for all ξ ∈ E ∪ ∂E and all A ∈ B(E), l({u|ψ2(u, ξ) ∈ A}) = Q(A, ξ). The
existence of such a function is shown in [Dav93]. The sample path ξt(ω) up to the
first jump time is now defined as follows: if T1(ω) = ∞, then

ξt(ω) = φ(t, ξ0),

for t ≥ 0. If T1(ω) <∞, then

ξt(ω) = ψ2(U2(ω), φ(T1(ω), ξ0)).

The process now restarts from ξT1
(ω) according to the same recipe. Thus, if

T1(ω) <∞, we define
S2(ω) := ψ1(U3(ω), ξT1

(ω)),

T2(ω) := T1(ω) + S2(ω).

If T2(ω) = ∞, then

ξt(ω) = φ(t− T1(ω), ξT1
(ω)), t ≥ T1(ω),

while if T2(ω) <∞, then

ξt(ω) = φ(t− T1(ω), ξT1
(ω)), T1(ω) ≤ t < T2(ω)

ξT2
(ω) = ψ2(U4(ω), φ(S2(ω), ξT1

(ω)))

and so on. In [Dav93] it is shown that {ξt} as defined above is a well-defined
stochastic process.

6.4 Example

In this example we show how a system consisting of two independent machines that
independently break down with jump rates λ1 and λ2 can be modelled as a PDP.
The jump rates λ1 and λ2 are superimposed and therefore we find in this example
a PDP jump rate of the form λ1 + λ2 and a transition measure of the form (3.4).

A production plant has two machines, M1 andM2, which operate independently.
The machines break down with time-dependent jump-rates λi and the amount of
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time to repair a machine is probabilistic and is uniformly distributed over the
interval [t1, t2]. When machine Mi reaches age si, then it has to be taken out of
service for maintenance. The repair shop can fix only one machine at a time. If
one machine breaks down while the other machine is under repair, then it has to
wait till the other machine has been repaired before it can enter the repair shop.
Let (L, Inv, F, λ,Q) be the PDP that models this system. Then,

1. L has five locations: l1 for ’both machines are working’, l2 for ’M1 working,
M2 under repair’, l3 for ’M1 under repair, M2 working’, l4 for ’M1 under
repair, M2 down and waiting’ and l5 for ’M1 down and waiting, M2 under
repair’.

2. • Inv(l1) = {(x1, x2)|0 ≤ x1 < s1, 0 ≤ x2 < s2},

• Inv(l2) = {(x1, r)|0 ≤ x1 < s1, 0 ≤ r < t2},

• Inv(l3) = {(x2, r)|0 ≤ x2 < s2, 0 ≤ r < t2},

• Inv(l4) = {r|0 ≤ r < t2},

• Inv(l5) = Inv(l4) = {r|0 ≤ r < t2}.

3. The continuous dynamics of M1 and M2 is the clock dynamics and the re-
pair shop has clock-countdown dynamics: F (l1, x1, x2) = [1, 1]T , F (li, x, r) =
[1,−1]T for i = 2, 3, F (li, x) = −1 for i = 4, 5.

4. λ(l1, x1, x2) = λ1(x1) + λ2(x2), λ(l2, x1, r) = λ1(x1), λ(l3, x2, r) = λ2(x2),
λ(l4, r) = λ(l5, r) = 0.

5. From l1 transitions are possible to l2 and l3:

Q((l2, {x1} ×B); l1, x1, x2) =
λ2(x2)

λ1(x1) + λ2(x2)

l(B ∩ [t1, t2])

t2 − t1
,

where B ∈ B(R) and l is the Lebesgue measure.

Q((l3, {x2} ×B); l1, x1, x2) =
λ1(x1)

λ1(x1) + λ2(x2)

l(B ∩ [t1, t2])

t2 − t1
,

where B ∈ B(R). From l2 transitions are possible to l1 and l5:

Q({(l1, x1, 0)}; l2, x1, 0) = 1, Q({(l5, r)}; l2, x1, r) = 1.

From l3 transitions are possible to l1 and l4:

Q({(l1, 0, x2)}; l3, 0, x2) = 1, Q({(l4, r)}; l3, x2, r) = 1.

From l4 transitions are possible to l2:

Q((l2, {0} ×B); l4, 0) =
l(B ∩ [t1, t2])

t2 − t1
,

where B ∈ B(R). From l5 transitions are possible to l3:

Q((l3, {0} ×B); l5, 0) =
l(B ∩ [t1, t2])

t2 − t1
,

where B ∈ B(R).
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In the next chapter we show how this system can be modelled in a compositional
way by using CPDPs.



7

Communicating PDPs (CPDPs)

With PDPs we can model a broad class of stochastic systems. However, because
PDPs do not allow modelling in a compositional way, the modelling process be-
comes nearly impossible if systems have a (very) complex structure. In this chapter
we introduce the automaton model CPDP (communicating PDP), which makes it
possible to model PDP-type systems in a compositional way. With CPDP it be-
comes therefore possible to model very complex systems in an organized way such
that the (complex) model can still be interpreted and verified by exploiting the
compositional structure of the system.

7.1 Definition of the CPDP model

Definition 7.1. A CPDP is a tuple (L, V, ν,W, ω, F,G,Σ,A,P,S), where

• L is a set of locations

• V is a set of state variables. With d(v) for v ∈ V we denote the dimension of
variable v. v ∈ V takes its values in R

d(v).

• W is a set of output variables. With d(w) for w ∈W we denote the dimension
of the variable w. w ∈W takes its values in R

d(w).

• ν : L → 2V maps each location to a subset of V , which is the set of state
variables of the corresponding location. We call the valuation space of the
variables of ν(l) the state space of location l.

• ω : L→ 2W maps each location to a subset of W , which is the set of output
variables of the corresponding location. We call the valuation space of the
variables of ω(l) the output space of location l.

• F assigns to each location l and each v ∈ ν(l) a mapping from R
d(v) to R

d(v),
i.e., F (l, v) : R

d(v) → R
d(v). F (l, v) is the vector field that determines the

evolution of v for location l (i.e., v̇ = F (l, v) for location l).

• G assigns to each location l and each w ∈ ω(l) a mapping from R
d(v1)+···+d(vm)

to R
d(w), where v1 till vm are the state variables of location l. G(l, w) deter-

mines the output equation of w for location l (i.e., w = G(l, w)).

53
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• Σ is the set of communication labels. Σ̄ denotes the ’passive’ mirror of Σ and
is defined as Σ̄ = {ā|a ∈ Σ}.

• A is a set of active transitions and consists of five-tuples (l, a, l′, G,R), denot-
ing a transition from location l ∈ L to location l′ ∈ L with communication
label a ∈ Σ, guard G and reset map R. G is a subset of the valuation space
of l, which notion is introduced in Section 7.1.1. The reset map R assigns to
each point in G for each variable v ∈ ν(l′) a probability measure on R

d(v),
i.e., R(g, v) ∈ Prob(Rd(v)) for all g ∈ G and all v ∈ ν(l′).

• P is a set of passive transitions of the form (l, ā, l′, R). R is defined on the
valuation space of l as the R of an active transition is defined on the guard
space.

• S is a set of spontaneous transitions and consists of four-tuples (l, λ, l′, R),
denoting a transition from location l ∈ L to location l′ ∈ L with jump-rate
λ and reset map R. The jump rate λ (i.e., the Poisson rate of the Poisson
process of the spontaneous transition) is a mapping from the valuation space
of l to R+. R is defined on the valuation space of l as it is done for passive
transitions.

The graphical notation of a CPDP is as follows. The locations are pictured
as circles (see for example Figure 7.1). The differential and output equations that
belong to a location l are written inside the circle of l. A transition from location
l to location l′ is drawn as an arrow from l to l′. The communication label from
Σ, the reset map and the guard of the transition are written above (or next to)
the arrow. A passive transition is pictured as an active transition, except that the
label is now from Σ̄ and there is no guard. A spontaneous transition is pictured
as an arrow with a little box in the middle. This notation is chosen in line with
the IMC notation. The jump rate and reset map of a spontaneous transition are
written above or next to this little box.

Example 7.2. In Figure 7.1 we see the CPDP X, which models a flying aircraft.
The initial location of X is l1. The initial state x0 in l1 represents the position and
velocity of the aircraft at initial time t0. Since the aircraft flies in three dimensional
space, the state space of variable x is R

6. Location l1 represents a flying mode.
This means that in l1 the aircraft is somewhere up in the sky and not at the ground.
The dynamics of the aircraft in flying mode l1 is determined by the vector field f1.
In this model we do not discriminate between state and output, therefore in all
locations the output is chosen to be a copy of the state, i.e., y = x. Location l2
represents a non-nominal flying mode. In this mode the aircraft is flying while there
is a defect. (This mode represents for example that the navigation system is not
working properly). In this non-nominal flying mode the dynamics is determined
by vector field f2. In location l1, the time till the defect occurs, is exponentially
distributed with parameter λ1. This is expressed by the spontaneous transition
from l1 to l2 with jump rate λ1. When this transition is executed at some state
(l1, {x = x1}), i.e., when the defect occurs at this state, the state of l2 is reset by
R1({x = x1}), which is a probability measure on R

6, the state space of x. Since
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the position and velocity of the aircraft do not change when a switch from l1 to
l2 happens, R1({x = x1}) equals the probability measure I{x=x1} which we call
the identity measure and which assigns probability one to the singleton Borel set
{x = x1}. (Note that the identity measure I{x=x1} is also called the Dirac measure
for the point {x = x1}). We call R1 an identity reset map. In the non-nominal
mode l2, repair activities are undertaken. The time till the defect is repaired is
exponentially distributed with parameter λ2. This is expressed by the spontaneous
transition from l2 to l1 which has reset map R2, which also equals the identity reset
map.

If the aircraft approaches the airport, the flying mode will change to a landing
mode where the aircraft prepares for landing. These modes are represented by l3
and l4, where l3 represents nominal landing and l4 represents landing while there
still is an unrepaired defect. l1 switches to l3 as soon as the altitude drops below
a certain level h. Let x1 till x6 be the components of variable x and let x3 denote
the altitude of the aircraft. The guard G1 of the transition from l1 to l3 is equal
to {x = (x1, x2, · · · , x6)|x3 ≤ h}. This expresses that this transition is allowed to
be executed as soon as x ∈ G1, i.e., as soon as x3 ≤ h. In fact, we want that
the transition is executed at the first time instant where x ∈ G1. Later we will
see that we can express this by assuming maximal progress, which means, roughly
said, that active transitions should be executed as soon as the guard is satisfied.
This notion of maximal progress is introduced and explained in Section 8.2. When
this active transition is executed at some time t2, then the identity reset map R3

(also an identity reset map) resets the state and the discrete event land is executed
at time t2. The discrete event (and its transition) is executed instantaneously,
i.e., does not consume time. Later we will see that these discrete events can be
used for communication between CPDPs. In location l3 the continuous dynamics
(expressing the landing phase) is determined by vector field f3. In the same way
the transition from l2 to l4 with identity reset map R4 represents the transition
from flying mode to landing mode, but now while there is a defect present.

In this example the jump rates λ1 and λ2 are constants, expressing exponentially
distributed times. However, the CPDP model also allows λ1 and λ2 to depend on
the state, and therefore indirectly depend on the time. If for example λ1 depends
on x3 such that λ1(x1, x2, · · · , x6) > λ1(x

′
1, x

′
2, · · · , x

′
6) when x3 > x′3, then this

would express that the rate of switching is larger for great altitudes, i.e., at great
altitudes it is more likely that a defect occurs than at small altitudes.

One feature of the CPDP model, the passive transition, is not explained in
the above example. The meaning of passive transitions becomes apparent in the
context of communication between multiple CPDPs and is explained and illustrated
in Section 7.3.

7.1.1 The state and output space of a CPDP

The state of a CPDP is hybrid; it consists of a location on the one hand and
of values for the continuous variables on the other hand. For determining the
semantics of a CPDP, we have to regard reset maps of transitions as objects that
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Figure 7.1: Landing aircraft modelled as CPDP

assign probability measures on the whole state space of a CPDP (rather than on
the state spaces of the individual state variables). In order to define probability
measures on the whole state space of a CPDP, we first need to formally define the
state space of a CPDP and a topology on it such that it forms a Borel space. That
is what we do in the rest of this section.

At every time instant t of the running time of a CPDP X = (L, V, ν,W, ω, F,G,
Σ,A,P,S), X has one current location l ∈ L and one value for each of the state
variables that are active at location l. The active state variables of location l are
the elements of the set ν(l). This means that the state of a CPDP consists of a
location and of a valuation for the active state variables of that location. We call
the location the discrete part of the state and we call the valuation the continuous
part of the state. The state, consisting of the discrete and the continuous part, is
called the hybrid state of the CPDP. Suppose that at time t, the current location
of X is l and suppose that ν(l) = {v1, v2}. If variables v1 and v2 have values r1
and r2 at time t, then the valuation of X at time t equals val := {v1 = r1, v2 = r2}
and the hybrid state of X at time t equals (l, val). The state and output space of
a CPDP are formally defined as follows.

Definition 7.3. Let X be a CPDP with location set L, state and output variables
V and W and for each l ∈ L active state and output variables ν(l) ⊂ V and
ω(l) ⊂W . The state space or hybrid state space of X is defined as

{(l, val)|l ∈ L, val ∈ vs(l)},

where vs(l) denotes the valuation space of location l, which in case ν(l) = {v1, v2,
· · · , vn}, is defined as

{{v1 = r1, v2 = r2, · · · , vn = rn}|r1 ∈ R
d(v1), r2 ∈ R

d(v2), · · · , rn ∈ R
d(vn)}
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Figure 7.2: CPDP with an empty location

and in case ν(l) = ∅ is defined as {0}. The output space of X is defined as

∪l∈Los(l),

where os(l) denotes the output space of location l, which in case ω(l) = {w1, · · · ,
wm} is defined as {{w1 = r1, · · · , wm = rm}|ω(l) = {w1, · · · , wm}, ri ∈ R

d(wi)}
and in case ω(l) = ∅ is defined as {0}. The output value 0 is used for CPDP states
where no output is defined.

Example 7.4. The state space of CPDP X of Figure 7.1 equals

{(l, val)|l ∈ {l1, l2, l3, l4}, val ∈ {{x = r}|r ∈ R
6}}.

The output space of X equals {{y = r}|r ∈ R
6}.

Remark 7.5. We allow that for CPDP locations l we have ν(l) = ∅, i.e., we
allow that locations do not have continuous variables attached to it. We call these
locations empty locations. According to Definition 7.3, the valuation space of an
empty location l equals {0} and therefore l contributes one state to the state space
of the CPDP; the state (l, 0). The guard of an active transition α with origin
location l is then equal to {0}, which means that at an empty location, active
transitions are always enabled. Spontaneous transitions at empty locations assign
a constant λ to the single state of the valuation space. This means that the jump
time of such a spontaneous transition is exponentially distributed with parameter
λ. A reset map of a transition whose target location is an empty location assigns
probability one to the single state 0 of the valuation space of that empty location.

We also allow for CPDP locations that ω(l) = ∅. This means that no output
dynamics is defined for such locations. The output at states of these locations will
later be defined as 0.

Example 7.6. Consider CPDP X in Figure 7.2. X has an empty location l1, i.e.,
there are no continuous variables attached to location l1. The reset map of the
active transition from l0 to l1 is trivial, i.e., it assigns probability one to the state
(l1, 0), and is therefore not pictured in Figure 7.2. The active transition from l1 to
l0 has trivial guard {(l1, 0)} and is therefore also not pictured. The spontaneous
transition assigns constant λ to state (l1, 0). For this CPDP we do not consider
any output dynamics, therefore ω(l0) = ω(l1) = ∅.
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We define a topology on the state space E of a CPDP X with location set L
and variable set V such that E with this topology is a Borel space. Suppose that L
contains n variables. Rename these variables, in arbitrary order, as v1 till vn. For
each l ∈ L, let ιl be the bijection from vs(l) to R

d(l), where d(l) :=
∑

v∈ν(l) d(v),

that is defined as follows. Let ν(l) = {vi1 , vi2 , · · · , vim
}, where for j = 1 · · ·m

ij ∈ {1, 2, · · · , n} and ik < il if k < l. Then

ιl({vi1 = ri1 , vi2 = ri2 , · · · , vim
= rim

}) = (ri1 , ri2 , · · · , rim
),

which is an element of R
d(l). If n = 0 for location l, i.e., l has no continuous

variables, then vs(l) = {0} and we define the bijection ιl : vs(l) → R
0 as ιl(0) = 0.

(Note that R
0 equals {0} by definition).

Now, we define a set O ∈ vs(l) as open if ιl(O) is an open set of R
d(l), where

ιl(O) := {ιl(x)|x ∈ O}. We define a subset of E as open if it can be written
as a union of sets of the form (l, O), where l ∈ L, O is an open set of vs(l)
and (l, O) is defined as {(l, val)|l ∈ L, val ∈ O}. The space {(l, x)|l ∈ L, x =
ιl(val) for some val ∈ vs(l)} with the above topology is Borel isomorphic to a
PDP space (see Chapter 2) with isomorphism ι((l, val)) := (l, ιl(val)). Because a
PDP space is a Borel space and ι is a Borel isomorphism, we have, by definition,
that E with the topology defined above is a Borel space.

In almost the same way we can define the Borel sets of an output space EO

of a CPDP: order the output variables as {w1, · · · , wn}. Let, for arbitrary l ∈ L,
{wi1 , · · · , wim

} be equal to ω(l) and let B be a Borel set of R
d(wi1

)+···+d(wim ). Then
we define {{wi1 = r1, · · · , wim

= rm}|(r1, · · · , rm) ∈ O} to be a Borel set of EO if
O is a Borel set of R

d(ωi1
)+···+d(ωim ). If for a location l, ω(l) = ∅, then this location

contributes the Borel set {0} to the Borel sets of EO. Any countable union of these
Borel sets is also defined to be a Borel set. With these sets EO is a Borel space.

As we said before, in order to define the semantics of CPDPs, we need to
transform reset maps such that they assign probability measures on the state space
of the CPDP. Sometimes it also convenient to have similar transformations of the
vector fields, the output mappings and the guards of transitions. Before we define
these transformations, we first introduce the following notation.

Let α = (l, a, l′, G,R) be an active transition. Then we we define the mappings
oloc (origin location), lab (label), tloc (target location), guard and rmap (reset
map) as: oloc(α) = l, lab(α) = a, tloc(α) = l′, guard(α) = G, rmap(α) = R.
These mappings, except for guard, are also defined in the same way for passive
transitions. oloc, tloc and rmap are also defined in the same way for spontaneous
transitions. Furthermore, let ξ = (l, val) be some hybrid state. Then loc(ξ) := l
maps ξ to its discrete part, and val(ξ) := val maps ξ to its continuous part.

Transformations and flow map

Let X = (L, V, ν,W, ω, F,G,Σ,A,P,S) be a CPDP with state space E and output
space EO. We define the elements F ′ and G′ as: for all ξ = (l, {v1 = r1, · · · , vm =
rm}) ∈ E,

F ′(ξ) := (l, {v1 = F (l, v1)(r1), · · · , vm = F (l, vm)(rm)})
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and in case ν(l) = ∅ we define F ′(ξ) := (l, 0).

G′(ξ) := {w1 = G(l, w1)(r1, · · · , rm), · · · , wk = G(l, wk)(r1, · · · , rm)},

where w1 till wk are the output variables of l, and in case ω(l) = ∅ we define
G′(ξ) := 0. Now F ′ is the ‘vector field’ on E that corresponds to F and G′ is the
output map from E to EO that corresponds to G. Let R be a reset map of some
transition α. Let l = oloc(α) and l′ = tloc(α) and let {v1, · · · , vm} = ν(l) and
{v′1, · · · , v

′
k} = ν(l′). We define R′ as follows. For all ξ = (l, val) with val = {v1 =

r1, · · · , vm = rm}, such that val ∈ guard(α) and for all Borel sets Bi ∈ R
d(v′

i)

(i = 1 · · · k),
R′(ξ)((l′, B1) × (l′, B2) · · · × (l′, Bk)) :=

R(val, v′1)(B1)R(val, v′2)(B2) · · ·R(val, v′k)(Bk).

In case ν(tloc(α)) = ∅, we define R′({0}) = 1. R′ is uniquely extended to a
probability measure on E. Note that for all A ∈ B(E) R′(A) = R′(A ∩ (l′, vs(l′)))
because the probability that the target state lies in location l′ is one. R′ is a reset
map on E that corresponds to R. Let the set S be the guard of a transition with
origin location l. We define S′, which is a subset of E, as S′ := {(l, val)|val ∈ S}.
S′ is a subset/guard of E that corresponds to S.

For notational convenience we will often write F ,G,R and S where we mean
F ′,G′,R′ and S′. Whether we mean F or F ′, G or G′, R or R′, S or S′ will be
clear from the context.

We define the flow map φ : R+ ×E → E of a CPDP X = (L, V, ν,W, ω, F,G,Σ,
A,P,S) with state space E. φ(t, ξ) is determined by the differential equations

ẋ1 = F (l, x1), ẋ2 = F (l, x2), · · · ẋn = F (l, xn), (7.1)

where l = loc(ξ) and ν(l) = {x1, x2, · · · , xn}. Thus, for t ≥ 0 and ξ = (l, {x1 =
r1, · · · , xn = rn}) ∈ E, φ(t, ξ) equals ξ′ = (l, {x1 = r′1, · · · , xn = r′n}), where
r1, · · · , rn are the solutions of (7.1) for x1 · · ·xn at time t where x1 · · ·xn at time zero
have values r1 · · · rn. For empty locations l we define the flow map as φ(t, (l, 0)) :=
(l, 0) for all t ≥ 0.

7.1.2 IMC modelled as CPDP

The class of IMCs forms a subset of the class of CPDPs. The conversion of IMC
(L, l0, Act, I,M) to CPDP syntax results in the CPDP (L, V, ν,W, ω, F,G,Act,A,
P,S), with V = W = P = ∅,

A = {{l, a, l′, G,R} | (l, a, l′) ∈ I, G = {0}, R = Rl′},

where Rl′ is the reset map that chooses state (l′, 0) with probability 1 and

S = {{l, λ, l′, R} | (l, λ(0), l′) ∈ I, R = Rl′}.

Note that λ is a mapping from vs(l) = {0} to R+.
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7.2 Semantics of CPDPs

Let X = (L, V, ν,W, ω, F,G,Σ,A,P,S) be a CPDP with state space E, flow map
φ and initial state ξ0. We define the semantics of X as the combination of a CFSJS
and an NTS. Let XC denote the CFSJS of X and let XN denote the NTS of X.
Then, XC = (E, ξ0, φ, λ,Q), where

λ(l, val) :=
∑

α∈Sl→

λα(val),

and for all A ∈ B(E),

Q(l, val)(A) =
∑

α∈Sl→

λα(val)

λ(l, val)
Rα(A)

and XN = (E,Σ ∪ Σ̄, T ), where

• (ξ, a,m) ∈ T if and only if there exists an α ∈ A such that lab(α) = a,
oloc(α) = loc(ξ), val(ξ) ∈ guard(α) and rmap(α)(ξ) = m.

• (ξ, ā,m) ∈ T if and only if there exists an α ∈ P such that lab(α) = ā,
oloc(α) = loc(ξ) and rmap(α)(ξ) = m.

Note that the CFSJS defined above expresses correctly that in each location
there is a ‘race’ between the spontaneous transitions enabled at that location just
as the ‘race’ between the spontaneous transitions of two CFSJSs that are running
in parallel as described in Section 3.2.2. That the λ and Q of the CFSJS correctly
express this ‘race’ can, mutatis mutandis, also be found in Section 3.2.2.

Example 7.7. The semantics of CPDP X of Figure 7.1 with state space E, flow
map φ and initial state ξ0 is as follows. XC = (E, ξ0, φ, λ,Q), where for ξ =
(l, val) ∈ E,

λ(ξ) =







λ1 if l = l1,
λ2 if l = l2,
0 if l ∈ {l3, l4}

and for all B ∈ B(E)

Q(ξ)(B) =







R1(ξ)(B) if l = l1,
R2(ξ)(B) if l = l2,
undefined if l ∈ {l3, l4}.

XN = (E,Σ ∪ Σ̄, T ), where

T = {(ξ, land,m)|ξ ∈ G1,m = R3(ξ)} ∪ {(ξ, land,m)|ξ ∈ G2,m = R4(ξ)}.

We cannot give the execution of a CPDP X with active/passive transitions in
terms of a transition mechanism system, because it is not determined when tran-
sitions from T are executed. However, we can describe the execution of a general
CPDP X = (L, V, ν,W, ω, F,G,Σ,A,P,S) as follows. Let XC = (E, ξ0, φ, λ,Q) be
the CFSJS of X and let XN = (E,Σ, T ) be the NTS of X. Then, the execution of
X can be seen as the execution of XC while at every state ξ the process has the
potential to switch with measure m if (ξ, σ,m) ∈ T for some σ ∈ Σ ∪ Σ̄.
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Output semantics

The CFSJS and NTS do not capture the complete behavior of a CPDP. At every
state ξ ∈ E of a CPDP, the CPDP also has an output value which lies in its output
space EO and which is determined by the output mapping G : E → EO. Therefore
we could say that the complete behavior of a CPDP is captured by its CFSJS, its
NTS and its output mapping.

7.3 Composition of CPDPs

First, we describe informally how two interacting CPDPs behave: suppose CPDPs
X and Y are running simultaneously and suppose that |PA| determines their inter-
action. This means that active transitions of X and Y with labels in A should
synchronize, that passive transitions of X and Y with labels in P synchronize,
etc. (See Chapter 4 for the interaction possibilities of |PA|). A synchronization of
two active a-transitions is possible at some time t only when both X and Y have
a-transitions, whose guards are both satisfied at time t. Given this informal de-
scription of interaction between CPDPs, it can be easily seen that the behavior
of this composition can be captured as the CFSJS XC |YC together with the NTS
XN |PA|YN , where XC and YC are the CFSJSs of X and Y , XN and YN are the
NTSs of X and Y . The composition operator | for CFSJSs is defined in Chapter 3
and the composition operator |PA| for NTSs is defined in Chapter 4.

The key result concerning composition of CPDPs is that we can define |PA| in
an operational way as a mapping from CPDPs X and Y to a new CPDP X|PA|Y ,
such that the semantics of X|PA|Y is exactly equal to CFSJS XC |YC together with
NTS XN |PA|YN .

We now define |PA| as a composition operator for CPDPs. After that we prove
that the semantics (X|PA|YC ,X|PA|YN ) of CPDP X|PA|Y equals (XC |YC ,XN |PA|YN ).
Then we give two examples, illustrating the use of |PA| in the context of CPDPs.
In the definition of composition of CPDPs, communication is expressed through
synchronization of transitions and not through the sharing of continuous variables.
Therefore, each component should have its own continuous variables, i.e., the inter-
section of the sets of continuous variables of the two components should be empty.
If this is not the case, then the two components are not compatible for composition.

Definition 7.8. Let X = (LX , VX , νX ,WX , ωX , FX , GX ,Σ,AX ,PX ,SX) and Y =
(LY , VY , νY ,WY , ωY , FY , GY ,Σ,AY ,PY ,SY ) be two CPDPs such that VX ∩ VY =
WX∩WY = ∅. Then X|PA|Y is defined as the CPDP (L, V, ν,W, ω, F,G,Σ,A,P,S),
where

• L = {l1|
P
A|l2 | l1 ∈ LX , l2 ∈ LY },

• V = VX ∪ VY , W = WX ∪WY ,

• ν(l1|PA|l2) = ν(l1) ∪ ν(l2), ω(l1|PA|l2) = ω(l1) ∪ ω(l2),

• F (l1|PA|l2, v) equals FX(l1, v) if v ∈ νX(l1) and equals FY (l2, v) if v ∈ νY (l2).
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• G(l1|
P
A|l2, w) equals GX(l1, w) if w ∈ ωX(l1) and equals GY (l2, w) if w ∈

ωY (l2).

• A, P and S are the least relations satisfying the rules r1, r2, r2’, r3, r3’, r4,
r4’, r5, r6, r6’, r7 and r7’, defined below

r1.
l1

a,G1,R1
−→ l′1, l2

a,G2,R2
−→ l′2

l1|PA|l2
a,G1×G2,R1×R2

−→ l′1|
P
A|l

′
2

(a ∈ A).

r2.
l1

a,G1,R1
−→ l′1, l2

ā,R2
−→ l′2

l1|PA|l2
a,G1×vs(l2),R1×R2

−→ l′1|
P
A|l

′
2

(a 6∈ A).

r2′.
l1

ā,R1
−→ l′1, l2

a,G2,R2
−→ l′2

l1|PA|l2
a,vs(l1)×G2,R1×R2

−→ l′1|
P
A|l

′
2

(a 6∈ A).

r3.
l1

a,G1,R1
−→ l′1, l2 6

ā
−→

l1|PA|l2
a,G1×vs(l2),R1×Id

−→ l′1|
P
A|l2

(a 6∈ A).

r3′.
l1 6

ā
−→, l2

a,G2,R2
−→ l′2

l1|PA|l2
a,vs(l1)×G2,Id×R2

−→ l1|PA|l
′
2

(a 6∈ A).

r4.
l1

ā,R1
−→ l′1

l1|PA|l2
ā,R1×Id
−→ l′1|

P
A|l2

(ā 6∈ P ), r4′.
l2

ā,R2
−→ l′2

l1|PA|l2
ā,Id×R2
−→ l1|PA|l

′
2

(ā 6∈ P )

r5.
l1

ā,R1
−→ l′1, l2

ā,R2
−→ l′2

l1|PA|l2
ā,R1×R2
−→ l′1|

P
A|l

′
2

(ā ∈ P ).

r6.
l1

ā,R1
−→ l′1, l2 6

ā
−→

l1|PA|l2
ā,R1×Id
−→ l′1|

P
A|l2

(ā ∈ P ), r6′.
l1 6

ā
−→, l2

ā,R2
−→ l′2

l1|PA|l2
ā,Id×R2
−→ l1|PA|l

′
2

(ā ∈ P )

r7.
l1

λ1,R1
−→ l′1

l1|PA|l2
λ̂1,R1×Id
−→ l′1|

P
A|l2

, r7′.
l2

λ2,R2
−→ l′2

l1|PA|l2
λ̂2,Id×R2
−→ l1|PA|l

′
2

,

where λ̂1 and λ̂2 are defined as λ̂1(ξ1, ξ2) := λ1(ξ1) and λ̂2(ξ1, ξ2) := λ2(ξ2).

Theorem 7.9. Let X and Y be two CPDPs with semantics (XC ,XN ) and (YC , YN )
respectively. Let (X|PA|YC ,X|PA|YN ) be the semantics of CPDP X|PA|Y . Then,

(X|PA|YC ,X|PA|YN ) = (XC |YC ,XN |PA|YN ).
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Proof. The proof is done in two steps. In the first step we prove that the CFSJS
of X|PA|Y is equal to XC |YC . In the second step we prove that the NTS of X|PA|Y
is equals to XN |PA|YN .

Step 1. We have that XC |YC = (EX × EY , (ξX,0, ξY,0), (φX , φY ), λ,Q), where

λ(ξ1, ξ2) = λX(ξ1) + λY (ξ2)

and

Q(ξ1, ξ2)(A1 ×A2) =
λX(ξ1)

λ(ξ1, ξ2)
QX(ξ1)(A1) +

λY (ξ2)

λ(ξ1, ξ2)
QY (ξ2)(A2).

The CFSJS of X|PA|Y equals (EX × EY , (ξX,0, ξY,0), (φX , φY ), λ̃, Q̃), where

λ̃(ξ1, ξ2) =
∑

α∈S(ξ1,ξ2)→

λα(ξ1, ξ2)
r7,r7′

=
∑

α∈SX,ξ1→

λα(ξ1) +
∑

α∈SY,ξ2→

λα(ξ2) =

λX(ξ1) + λY (ξ2),

where
r7,r7′

= means that this step follows from composition rules r7 and r7′, and

Q̃(ξ1, ξ2)(A1 ×A2) =
∑

α∈S(ξ1,ξ2)→

λα(ξ1, ξ2)

λ(ξ1, ξ2)
Rα(ξ1, ξ2)(A1 ×A2) =

λX(ξ1)

λ(ξ1, ξ2)

∑

α∈SX,ξ1→

λα(ξ1)

λX(ξ1)
Rα(ξ1)(A1) +

λY (ξ2)

λ(ξ1, ξ2)

∑

α∈SY,ξ2→

λα(ξ2)

λY (ξ2)
Rα(ξ2)(A2) =

λX(ξ1)

λ(ξ1, ξ2)
QX(ξ1)(A1) +

λY (ξ2)

λ(ξ1, ξ2)
QY (ξ2)(A2).

We found that the two CFSJSs agree on all sets of the form A1 ×A2, with A1 and
A2 Borel sets. A π-system is by definition a set of subsets that is closed under
finite intersections. Because (A1 ×A2) ∩ (A′

1 ×A′
2) = ((A1 ∩A′

1) × (A2 ∩A′
2)), we

have that the set of all Borel sets of the form A1 × A2 is a π-system. Probability
measures that agree on a π-system also agree on the σ-algebra generated by that
π-system. The σ-algebra generated by all A1 × A2, with A1 and A2 Borel sets, is
exactly the Borel σ-algebra of E1 ×E2. Thus, the probability measures of the two
CFSJSs agree on all Borel sets which means that the two CFSJSs are exactly the
same.

Step 2. Let XN = (EX ,Σ ∪ Σ̄, TX) and let YN = (EY ,Σ ∪ Σ̄, TY ). Let the
NTS of X|PA|Y be denoted by (EX × EY ,Σ ∪ Σ̄, T ) and let XN |PA|YN be denoted
by (EX × EY ,Σ ∪ Σ̄, T̃ ).

We have to prove that for every α ∈ T we have α ∈ T̃ and vice versa. We prove
this in four steps: 1. for a-transitions with a ∈ A, 2. for a-transitions with a 6∈ A,
3. for ā-transitions with ā ∈ P and 4. for ā-transitions with ā 6∈ P .

a ∈ A: ((ξ1, ξ2), a,m1 ×m2) ∈ T
rC
1⇔ ‘there exists (l1, a, l

′
1, G1, R1) ∈ AX such

that ξ1 ∈ G1 and R1(ξ1) = m1 and there exists (l2, a, l
′
2, G2, R2) ∈ AY such
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Figure 7.3: Landing aircraft and control tower modelled as interacting CPDPs

that ξ2 ∈ G2 and R2(ξ2) = m2’ ⇔ ‘(ξ1, a,m1) ∈ TX and (ξ2, a,m2) ∈ TY ’
rN
1⇔

((ξ1, ξ2), a,m1 × m2) ∈ T̃ . Here rC
1 denotes rule r1 from CPDP composition of

Definition 7.8 and rN
1 denotes rule r1 from NTS composition of Definition 4.6. The

other three steps have the same structure α ∈ T ⇔ P1 ⇔ P2 ⇔ α ∈ T̃ . In those
steps we will not write down the P1 part.

a 6∈ A: ((ξ1, ξ2), a,m1 ×m2) ∈ T
rC
2 ,rC′

2 ,rC
3 ,rC′

3⇔ ‘one of the following four cases is
true: 1. (ξ1, a,m1) ∈ TX and (ξ2, ā,m2) ∈ TY , 2. (ξ1, ā,m1) ∈ TX and (ξ2, a,m2) ∈

TY , 3. (ξ1, a,m1) ∈ TX and m2 = Id and ξ2 6
ā
→, 4. m1 = Id and ξ1 6

ā
→ and

(ξ2, a,m2) ∈ TY .’
rN
2 ,rN′

2 ,rN
3 ,rN′

3⇔ ((ξ1, ξ2), a,m1 ×m2) ∈ T̃ .

ā ∈ P : ((ξ1, ξ2), ā,m1 ×m2) ∈ T
rC
5 ,rC

6 ,rC′

6⇔ ‘one of the following three cases is
true: 1. (ξ1, ā,m1) ∈ TX and (ξ2, ā,m2) ∈ TY , 2. (ξ1, ā,m1) ∈ TX andm2 = Id and

ξ2 6
ā
→, 3. m1 = Id and ξ1 6

ā
→ and (ξ2, ā,m2) ∈ TY .’

rN
5 ,rN

6 ,rN′

6⇔ ((ξ1, ξ2), ā,m1×m2) ∈
T̃ .

ā 6∈ P : ((ξ1, ξ2), ā,m1 ×m2) ∈ T
rC
4 ,rC′

4⇔ ‘one of the following two cases is true:

1. (ξ1, ā,m1) ∈ TX and m2 = Id, 2. m1 = Id and (ξ2, ā,m2) ∈ TY .’
rN
4 ,rN′

4⇔
((ξ1, ξ2), ā,m1 ×m2) ∈ T̃ .

We found that all transitions of T are transitions of T̃ and vice versa. Conse-
quently, the two NTSs are the same.

Corollary 7.10. |PA| for CPDPs is commutative for all A and P . |PA| for CPDPs
is associative if and only if for all events a we have: a 6∈ A⇒ ā ∈ P .

This result follows directly from Theorems 4.4 and 7.9.
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Example 7.11. CPDPX of Figure 7.3 models a flying aircraft and has initial state
ξX,0 = (l1, x0). Note that, for reasons of simplicity, the non-nominal locations from
Figure 7.1 are not modelled here. CPDP Y1 of Figure 7.3 models a control tower
at an airport that can communicate with the aircraft modelled by X. Location
l3 is the location where Y1 waits for a signal from X. The dynamics of l3 is a
clock dynamics expressing the time that Y has to wait before X sends a signal.
Therefore, the initial valuation of initial location l3 equals {x1 = 0}. Location l4
is the location where Y1 ‘knows’ that X has send a signal. The dynamics of this
location is again a clock dynamics. If Y1 enters location l4, then the timer is reset
to zero, which means that reset map R2 assigns for each value of x1 in l3 probability
one to the Borel set {{x1 = 0}}.

We connect X and Y1 via composition operator |PA|, where A = {land} (P
is not relevant here). This means that the signal/label land is used as a shared
synchronization action between X and Y1. Then, Y1 can execute the land transition
only when at the same time X executes its land transition. We want to model that
X can execute its land transition independently from Y . Once this happens, this
transition should be communicated to Y . We can express this via the guards G1

and G2. G1 equals G1 from example 7.2, expressing that this switch may happen
as soon as the altitude of the aircraft drops under a certain level h. G2 equals
the whole valuation space of location l3. This expresses that this transition can
always be taken and consequently it expresses that this transition cannot block the
land transition of X. We assume maximal progress. Then, the synchronized land
transition is executed as soon as guard G1 is satisfied. After the synchronized land
transition, Y1 is in location l4. We could say that the information ‘X switched to
landing mode’, which is received by Y1, is stored in the discrete component of the
hybrid state of Y1. In other words, discrete state l4 of Y2 has the meaning ‘X is in
landing mode’.

CPDP X|PA|Y1, which expresses the composite system of X interconnected with
Y1, is pictured in Figure 7.4. According to composition rule r1, the guard G3 equals
G1×G2 and the reset map R4 equals R1×R2. If we look at the behavior of CPDP
X|PA|Y1 under maximal progress, then we will see that this CPDP indeed expresses
the communication from X to Y1 that we wanted to model: the initial hybrid
state of X|PA|Y1 equals (l1|l3, {x = x0, x1 = 0}). The continuous state variables x
and x1 evolve along vector fields f1 and 1 respectively until guard G3 is satisfied.
G3 is satisfied when the vertical position of x reaches the level h. Then, the land
transition is executed and the state variables x and x1 are reset by R4, which means
that x is reset by R1 and x1 is reset by R2. Thus, we see that at the moment that
X switches to landing mode, Y1 switches to location l4, which indeed establishes
the communication that we intended.

Now we show how the aircraft/control tower system can be modelled by using a
passive transition. For this example, we think modelling the communication with
a passive transition is more natural, since there is a clear distinction between an
active system (the aircraft which sends the information of the switch) and a passive
system (the control tower which receives the information). Now, the control tower
is modelled as the CPDP Y2 of Figure 7.3. Y2 is exactly the same as Y1, except
that the active transition is replaced by a passive transition with label land. This
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Figure 7.4: Composite CPDP of landing aircraft and control tower

passive transition expresses that as soon as a land signal is received (from X), the
passive transition is executed and reset map R3 (whose action equals the action of
R2) resets the timer x1 to zero. Since land is not a synchronization action here, we
connect X and Y2 via |PA|, where A = ∅ (P is not relevant). The resulting CPDP
X|PA|Y2 is pictured in Figure 7.4. It can be seen from rule r2, that guard G4 is
equal to G3 and reset map R5 is equal to R4. This means that as far as locations
l1|l3 and l2|l4 / l1|l5 and l2|l6 are concerned, X|PA|Y1 and X|PA|Y2 have the same
behavior. The difference between X|PA|Y1 and X|PA|Y2 lies in the fact that X|PA|Y2

can switch to location l1|l6 via a passive transition, while X|PA|Y1 cannot do this.
The meaning of this switch to l1|l6 becomes apparent in a composition context with
more than two components. We refer to Chapter 4 for an explanation of this.

Example 7.12. In Figure 7.5, the repair shop system, which was modelled as
a PDP in Section 6.4, is modelled as the composition of CPDPs M1,M2 and R.
CPDPs M1 and M2 model the two machines and CPDP R models the repair shop.
M1 initially starts in location l1,0 with a clock dynamics for its state variable x1.
M1 can break down with state dependent jump rate λ1. This is modelled by the
spontaneous transition to l1,1. l1,1 is an empty location, therefore the spontaneous
transition to l1,1 has a trivial reset map that assigs probability 1 to state (l1,1, 0).
This reset map is not pictured in Figure 7.5. From l1,1 an active transition is
executed to l1,3, with label down. We want to model that this down-transition
is executed immediately after location l1,1 is reached. Then, the down signal is
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Figure 7.5: CPDP model of the repair shop system

executed exactly when M1 breaks down. In the next chapter we will see that with
‘maximal progress’ M1 indeed models that no time is consumed in location l1,1.
If the machine does not break down via the spontaneous transition before s1 time
units, i.e., the maximal age of the machine, then the machine should be taken out
of order to the repair shop. This is modelled by the down-transition from l1,0 to
l1,2 with guard G1 equal to x1 ≥ s1. In location l1,2, machine M1 waits for an
r signal. This is expressed by the passive r̄-transition. This r signal will be sent
by the repair shop, indicating that the machine has been repaired. Reset map R1

resets state variable x1 to zero, which expresses that the machine starts ‘brand
new’. Machine M2 is modelled likewise.

The repair shop CPDP R starts in empty location l3,0. Here it waits until one
of the machines needs to be repaired. The switch to repair mode l3,1 is modelled
by the active down-transition. We define down to be a synchronization action and
therefore this down-transition synchronizes with either a down-transition of M1 or
a down-transition of M2. Due to this synchronization, R switches to repair mode
l3,1 exactly when one of the machines need to be repaired. Reset map R3 resets
state variable w with a uniform distribution on the interval [t1, t2], determining the
time needed to repair the machine. In l3,1, w counts down to zero, expressed by
the dynamics ẇ = −1. If w has been counted down to zero, R switches back to
l3,0 where it waits for a new machine to be repaired. This switch is modelled by
the active r transition. The guard G3 of this transition equals w = 0. The passive
r̄ transitions of M1 and M2 can synchronize with this active r-transition, therefore
these passive r̄-transitions are executed exactly when the machine is repaired.

From the description above, we get that down is an interleaving action between
M1 and M2, down is a synchronization action between R and M1 or M2, and r
is an interleaving action between R and M1 or M2. The passive action r̄ may be
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chosen interleaving or synchronizing. This choice does not influence the behavior
since M1 and M2 will never visit their locations l1,2 and l2,2 at the same time (i.e.,
joint location (l1,2, l2,2) is never reached). This gives that the total repair shop
system is modelled as the CPDP

(M1|
∅
∅|M2)|

∅
down|R.

Since M1 and M2 both have three locations, and R has two locations, the
number of locations of the composite CPDP, which is the number of product lo-
cations, equals eighteen. This is much more than the five locations of the PDP
that models the same system (see Section 6.4). However, the composite CPDP has
exactly five (joint) locations where time is consumed: (l1,0, l2,0, l3,0),(l1,0, l2,2, l3,1),
(l1,2, l2,0, l3,1), (l1,2, l2,1, l3,1) and (l1,1, l2,2, l3,1), which correspond to the locations
l1 till l5 of the PDP of Section 6.4. All the other joint locations are either never
visited or visited as an intermediate location between two time-consuming loca-
tions, which means that as soon as one of these intermediate locations is visited a
switch happens immediately to another location. In the next chapter we will see
that if we convert the composite CPDP to a PDP, the intermediate locations and
the locations that are unreachable will fall away, resulting in a PDP with exactly
these five locations.

Remark 7.13. It can be easily checked that composition of CPDPs that are trans-
formations of IMCs as in Section 7.1.2, coincides with composition for IMCs as
defined in Chapter 5. With this we mean that for IMCs X and Y and their CPDP
transformations XC and YC we get that the CPDP transformation of X|A|Y is
equal to XC |

P
A|YC for arbitrary P ⊂ Σ̄. P does not play a role in this CPDP

composition because IMCs (and their CPDP transformations) do not have passive
transitions, therefore this result holds for arbitrary P .

7.3.1 Scope operator for CPDP

We generalize the scope operator [·]C , as defined in Definition 4.3, to the context
of CPDPs as follows.

Definition 7.14. Let X = (L, V, ν,W, ω, F,G,Σ,A,P,S) be a CPDP and let C ⊂
Σ̄. [X]C is defined as the CPDP (L, V, ν,W, ω, F,G,Σ,A, P̃ ,S), where P̃ equals
{α ∈ P|lab(α) 6∈ C}.

7.4 Value passing CPDPs

In this section we extend the CPDP model to value passing CPDPs. For CPDPs,
interaction is established through synchronization of transitions. This means that
the information that one CPDP can obtain concerning other CPDPs in the compo-
sition is, first, which active actions are executed and, second, at which times these
actions are executed. For example, via a passive ā-transition, a CPDP ‘knows’
when another CPDP executes an a-transition. With value passing CPDPs we ex-
tend the CPDP model such that it is possible for one CPDP to obtain information
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about the values of the output variables of other CPDPs. The moments where
this information is communicated from one CPDP to another CPDP are the mo-
ments where the transitions synchronize. In other words, this communication of
output information is expressed through synchronization of transitions. This idea
of passing values through synchronizing transitions is called value passing in the lit-
erature and has been developed for example for the specification languages LOTOS
[BB87, LL92] and CSP [Hoa85].

This section is organized as follows. First we define the value passing CPDP
model and we give the CFSJS/NTS semantics of a value passing CPDP. Then we
define the composition operator |PA| for value passing CPDPs. As in the case of
CPDPs, we will see that the behavior of two interacting value passing CPDPs X
and Y is equal to the CFSJS and NTS of the value passing CPDP X|PA|Y . Finally,
we give some examples illustrating the expressiveness of value passing in the context
of value passing CPDPs.

7.4.1 Definition and semantics of value passing CPDPs

Definition 7.15. A value-passing CPDP is a tuple (L, V,W, ν, ω, F,G,Σ,A,P,S),
where all elements except A are defined as in Definition 7.1 and where A is a
finite set of active transitions that consists of six-tuples (l, a, l′, G,R, vp), denoting
a transition from location l ∈ L to location l′ ∈ L with communication label a ∈ Σ,
guard G, reset map R and value-passing element vp. G is a subset of the valuation
space of l. vp can be equal to either !Y , ?U or ∅. For the case !Y , Y is an ordered
tuple (w1, w2, · · · , wm) where wi ∈ w(l) for i = 1 · · ·m. If for a transition we
have vp =!Y for some Y , then this means that in a synchronization with other
transitions, this transition passes the values of the variables in Y to the other
transition. For the case ?U , we have U ⊂ R

n for some n ∈ N. If for a transition we
have vp =?U , then this means that in a synchronization with another transition
that has vp =!Y , this transition receives the values from the variables of Y as long
as these values are contained in the set U . If the other transition wants to pass
values that do not lie in U , then the synchronization will not take place, i.e., it
is blocked by U . If a transition is not used for value passing (either output !Y or
input ?U), then this transition has vp = ∅. The reset map R assigns to each point
in G × U (for the case vp =?U) or to each point in G (for the cases vp =!Y and
vp = ∅) for each state variable v ∈ ν(l′) a probability measure on R

d(v). Active
transitions α with ω(oloc(α)) = ∅, i.e., whose origin locations have no continuous
variables, have value passing element vp = ∅.

Let X = (L, V, ν,W, ω, F,G,Σ,A,P,S) be a value passing CPDP with state
space E, flow map φ and initial state ξ0. We define the CFSJS and NTS semantics
of X. Let XC be the CFSJS of X and let XN be the NTS of X. XC is defined as
in Section 7.2. XN = (E,Σvp ∪ Σ ∪ Σ̄, T ), where

• Σvp := {(a, r)|a ∈ Σ, r ∈ R
n for some n ∈ N},

• (ξ, a,m) ∈ T if and only if there exists an α ∈ A such that lab(α) = a,
oloc(α) = loc(ξ), val(ξ) ∈ guard(α), rmap(α)(ξ) = m and vp(α) = ∅,
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• (ξ, (a, r),m) ∈ T , with r ∈ R
n, if and only if there exists an α ∈ A such that

lab(α) = a, oloc(α) = loc(ξ) and val(ξ) ∈ guard(α) and

1. vp(α) =!(w1, · · · , wk), where (G(loc(ξ), w1)(val(ξ)), · · · ,
G(loc(ξ), wk)(val(ξ))) = r (i.e., the output for w1 at ξ equals r) and
rmap(α)(ξ) = m, or

2. vp(α) =?U and r ∈ U and rmap(α)(ξ, r) = m

• (ξ, ā,m) ∈ T if and only if there exists an α ∈ P such that lab(α) = ā,
oloc(α) = loc(ξ) and rmap(α) = m.

Example 7.16. Let X be a CPDP with one location l. At l there is continuous
dynamics ẋ = 1 and the output map equals y = x. There is one active transition
α = (l, a, l, G,R, vp) with guard G satisfied if x ≥ 1, with reset map R(ξ)({x =
0}) = 1, i.e., R resets x to 0 at all states ξ = (l, {x = r}) with r ≥ 1, and with
value passing element vp =!y.

The NTS of X, whose state space we denote by E, equals (E,Σvp ∪ Σ ∪ Σ̄, T )
with Σ = {a}, Σvp = {(a, r)|r ∈ R

n for some n ∈ N} and

T = {((l, {x = r}), (a, r),m)|r ≥ 1,m = Id(l, {x = 0})}.

If we have vp =?U for some U ⊂ R instead of vp =!y and we have R(ξ, r) =
Id({x = r}, then we get

T = {((l, {x = r}), (a, r′),m)|r ≥ 1, r′ ∈ U,m = Id(l, {x = r′})}.

In the latter case we have that the NTS has for states ξ ∈ G for all r′ ∈ U a
transition with label (a, r′). If another CPDP Y outputs value r′ ∈ U through an
a-transition, then the NTS of Y has a transition with label (a, r′). In the NTS
composition of the NTSs of X with Y , these (a, r′) transitions synchronize, which
expresses that X accepts the output r′ of Y . X then resets its state to r′ as
expressed by the reset measure Id(l, {x = r′}). This idea of composition of value
passing CPDPs is formally defined in the next section.

7.4.2 Composition of value passing CPDPs

Definition 7.17. Let X = (LX , VX , νX ,WX , ωX , FX , GX ,Σ,AX ,PX ,SX) and
Y = (LY , VY , νY ,WY , ωY , FY , GY ,Σ,AY ,PY ,SY ) be two value passing CPDPs
such that VX ∩ VY = WX ∩ WY = ∅. Then X|PA|Y is defined as the CPDP
(L, V, ν,W, ω, F,G,Σ,A,P,S), where L, V , ν, W , ω, F , G, Σ, P and S are defined
as in Definition 7.8 and A is the least relation satisfying the rules

r1.
l1

a,G1,R1
−→ l′1, l2

a,G2,R2
−→ l′2

l1|PA|l2
a,G1×G2,R1×R2

−→ l′1|
P
A|l

′
2

(a ∈ A).

r2.
l1

a,G1,R1
−→ l′1, l2

ā,R2
−→ l′2

l1|PA|l2
a,G1×vs(l2),R1×R2

−→ l′1|
P
A|l

′
2

(a 6∈ A).
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r2′.
l1

ā,R1
−→ l′1, l2

a,G2,R2
−→ l′2

l1|PA|l2
a,vs(l1)×G2,R1×R2

−→ l′1|
P
A|l

′
2

(a 6∈ A).

r3.
l1

a,G1,R1
−→ l′1, l2 6

ā
−→

l1|PA|l2
a,G1×vs(l2),R1×Id

−→ l′1|
P
A|l2

(a 6∈ A).

r3′.
l1 6

ā
−→, l2

a,G2,R2
−→ l′2

l1|PA|l2
a,vs(l1)×G2,Id×R2

−→ l1|PA|l
′
2

(a 6∈ A).

r1data.
l1

a,G1,R1,v1
−→ l′1, l2

a,G2,R2,v2
−→ l′2

l1|PA|l2
a,G1|G2,R1×R2,v1|v2

−→ l′1|
P
A|l

′
2

(a ∈ A, v1|v2 6= ⊥).

r2data.
l1

a,G1,R1,v1
−→ l′1

l1|PA|l2
a,G1×val(l2),R1×Id,v1

−→ l′1|
P
A|l2

(a 6∈ A).

r2data′.
l2

a,G2,R2,v2
−→ l′2

l1|PA|l2
a,val(l1)×G2,Id×R2,v2

−→ l1|PA|l
′
2

(a 6∈ A),

where l1
a,G1,R1,v1

−→ l′1 means (l1, a, l
′
1, G1, R1, v1) ∈ AX with v1 6= ∅, and l1

a,G1,R1
−→ l′1

means (l1, a, l
′
1, G1, R1, ∅) and v1|v2 is defined as:

• v1|v2 :=!Y if v1 =!Y and v2 :=?U and dim(U)=dim(Y ) or if v2 =!Y and
v1 :=?U and dim(U)=dim(Y ),

• v1|v2 :=?(U1 ∩ U2) if v1 =?U1 and v2 =?U2 and dim(U1)=dim(U2),

• v1|v2 := ⊥ otherwise, where ⊥ means that v1 and v2 are not compatible.

Furthermore, G1|G2 is, only when v1|v2 6= ⊥, defined as:

• G1|G2 := (G1 ∩ U) ×G2 if v1 =!Y and v2 =?U ,

• G1|G2 := G1 × (G2 ∩ U) if v1 =?U and v2 =!Y ,

• G1|G2 := G1 ×G2 if v1 =?U1 and v2 =?U2.

Here we define G ∩ U as the set of all states in G whose output values lie in U .

Theorem 7.18. Let X and Y be two value passing CPDPs with semantics (XC ,
XN ) and (YC , YN ) respectively. Let (X|PA|YC ,X|PA|YN ) be the semantics of value
passing CPDP X|PA|Y . Assume that there do not exist value-passing transitions
(l1, a, l

′
1, G1, R1, !(w1, · · · , wk)) ∈ AX and (l2, a, l

′
2, G2, R2, !(w̃1, · · · , w̃l)) ∈ AY

such that a ∈ A and there exist ξ1 ∈ G1 and ξ2 ∈ G2 such that (GX(ξ1, w1), · · · ,
GX(ξ1, wk)) = (GY (ξ2, w̃1), · · · , GY (ξ2, w̃l)). Then,

(X|PA|YC ,X|PA|YN ) = (XC |YC ,XN |PA|YN ).



72 CHAPTER 7. COMMUNICATING PDPS (CPDPS)

Remark 7.19. The assumption in Theorem 7.18 says that there may not be two
value passing output transitions with the same label (in A) and with the same
output value for some states. Rule r1data expresses that two value passing output
transitions can not synchronize, which is in line with the philosophy that at any
moment only one component can determine the output, while multiple components
may receive this value via value passing input transitions. If the assumption is not
satisfied, then on the level of composition of NTSs, there will be synchronized
transition that comes from these two output transitions, while the NTS of the
composition does not have this synchronized transition because of rule r1data.

Proof. The CFSJS part and the NTS part concerning non-value-passing transitions,
is already proven in the proof of Theorem 7.9. This means that we only have to
prove the NTS part concerning the rules r1data,r2data and r2data′. We do the
proof in two steps. The first step concerns a-transitions with a ∈ A and the second
step concerns a-transitions with a 6∈ A.

a ∈ A: ((ξ1, ξ2), (a, r),m1 × m2) ∈ T
r1data
⇔ ‘one of the following two cases is

true

1. there exists (l, a, l′, G̃, R, !(w̃1, · · · , w̃l)) such that (ξ1, ξ2) ∈ G̃ and
(G((ξ1, ξ2), w̃1), · · · , G((ξ1, ξ2), w̃l)) = r and R(ξ1, ξ2) = m1 ×m2

2. there exists (l, a, l′, G̃, R, ?U) such that (ξ1, ξ2) ∈ G̃ and r ∈ U and
R((ξ1, ξ2), r) = m1 ×m2’

⇔ ‘one of the following three cases is true

1. there exist (l1, a, l
′
1, G1, R1, !(w1, · · · , wk)) ∈ AX and (l2, a, l

′
2, G2, R2, ?U) ∈

AY such that ξ1 ∈ G1, ξ2 ∈ G2, (GX(ξ1, w1), · · · , GX(ξ1, wk)) = r, r ∈ U ,
R1(ξ1) = m1 and R2(ξ2, r) = m2

2. there exist (l2, a, l
′
2, G2, R2, !(w1, · · · , wk)) ∈ AY and (l1, a, l

′
1, G1, R1, ?U) ∈

AX such that ξ1 ∈ G1, ξ2 ∈ G2, (GY (ξ2, w1), · · · , GY (ξ2, wk)) = r, r ∈ U ,
R1(ξ1) = m1 and R2(ξ2, r) = m2.

3. there exist (l1, a, l
′
1, G1, R1, ?U1) ∈ AX and (l2, a, l

′
2, G2, R2, ?U2) ∈ AY such

that ξ1 ∈ G1, ξ2 ∈ G2, r ∈ U1, r ∈ U2, R(ξ1, r) = m1 and R(ξ2, r) = m2’

as.
⇔ ‘(ξ1, (a, r),m1) ∈ TX and (ξ2, (a, r),m2) ∈ TY ’

r1N

⇔ ((ξ1, ξ2), (a, r),m1×m2) ∈ T̃ .

Here
as.
⇔ means that we use the assumption from the Theorem in this step.

a 6∈ A: ((ξ1, ξ2), (a, r),m1×m2) ∈ T
r2data,r2data′

⇔ ‘one of the following two cases
is true

1. (ξ1, (a, r),m1) ∈ TX and m2 = Id

2. (ξ2, (a, r),m2) ∈ TY and m1 = Id

r3N ,r3N′

⇔ ((ξ1, ξ2), (a, r),m1×m2) ∈ T̃ . Note that for value-passing transitions rules
r3N and r3N ′

do on the NTS level what rules r2data and r2data′ do on the CPDP
level. This is because there do not exist passive transitions with labels of the form
(a, r).
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Figure 7.6: Value passing CPDPs

Corollary 7.20. |PA| for value passing CPDPs is commutative for all A and P .
|PA| for value passing CPDPs is associative if and only if for all events a we have:
a 6∈ A⇒ ā ∈ P .

This result follows directly from Theorems 4.4 and 7.18.

Example 7.21. In Figure 7.6 we see the value passing CPDPs X and Y1. X and Y
are the same as the X and Y1 of Figure 7.3, except that here the active transitions
are value passing active transitions. More specific, at the moment of switching to
landing mode, the aircraft X sends the value of its state (position and velocity) to
the control tower Y1.

Sending the state information is modelled as the value !y for the value passing
part of the transition. y is the only output variable of X and is a copy of x and
contains therefore the exact information of the state. The value passing element of
the transition in Y1 equals ?U , where U = R

6. This means that this transition can
receive all six dimensional real values. Note that if we would have r 6∈ U for some
r ∈ R

6, then the transition of X would be blocked at state {x = r}.
Location l4 of Y1 has the new state variable xc. This variable is used to store

the information received from X. At the moment that X switches to l2, Y1 will
switch to l4 and the value of y, communicated by X, will be stored in xc. Storing
received data is done via the reset maps and in the case of Figure 7.6 it is expressed
as R({x1 = r1, x = r2})({{x1 = r1, xc = r2}}) = 1. Note that this indeed expresses
that x1 will not change by the switch and xc holds the value of y after the switch.
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Figure 7.7: Value passing used to express scheduling

7.4.3 Expressiveness of value passing

In Example 7.21 we have seen that value passing can express sending/receiving of
the value of output variables. There are more types of communication that can
be expressed by using value passing. We give two more examples which show two
more types of communication: scheduling via value passing, constraint conjunction
via value passing.

Example 7.22. In this example we show how one CPDP can schedule transi-
tions of another CPDP. In Figure 7.7, we see two CPDPs, X and Y , which are
pictured without the details concerning state/output dynamics, guards and reset
maps. CPDP X can switch from location l0 to location l1. With this switch, the
value of output variable y is communicated over channel a. This value of y can
be received by Y at initial location l2. Y uses this information to schedule its two
transitions at location l2. If the value of y is smaller than zero, then the transition
to location l3 is taken, otherwise the transition to location l4 is taken. In Figure 7.7,
?y < 0 actually stands for ?{r ∈ R|r < 0}, and ?y ≥ 0 stands for ?{r ∈ R|r ≥ 0}.
In fact, these value passing transitions of Y can receive any one dimensional value
that is communicated over channel a. This means that, if we compose Y with a
component that sends at some time the value of some one dimensional variable y2
over channel a, then Y can receive this value. We specifically write y < 0, to clarify
that we intend that this transition is used to receive values of variable y of CPDP
X.

In the composition X|PA|Y , with A = {a} and P not relevant since no passive
transitions are involved, X schedules the transitions of Y through the values of y.
This method can, for example, be applied to systems where one component can
perform different strategies, while the specific strategy that is chosen depends on
the output variables of some other component.

Example 7.23. In Figure 7.8, CPDP X can switch from initial location l0 to
location l1. The guard of this transition (not pictured) equals the whole valuation
space of l0. If X would be executed as a stand alone CPDP, it would, because of
maximal progress, switch immediately to l1. In this example we show how other
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Figure 7.8: Value passing used for constraint conjunction

CPDPs, Y1 till Yn, can independently put constraints on the execution time of the
active transition of X. For i = 1 · · ·n, Ui is the constraint put by CPDP Yi on the
execution time of the transition of X. Let y be one dimensional. Then, if n = 2,
U1 equals y ≥ −1 and U2 equals y ≤ 1, then in X|PA|Y1|

P
A|Y2, with A = {a} and

P not relevant, the guard on the a-transition from location l0|l0,1|l0,2 to location
l1|l1,1|l1,2 is equal to the part of the valuation space where y ∈ [−1, 1].

7.5 Summary

In this section we summarize some aspects of the CPDP model. We describe which
types of systems and which types of communication between those systems can be
captured with the theory of this chapter.

A CPDP models a system with multiple locations. In each location, the con-
tinuous state of the CPDP has dynamics determined by some ordinary differential
equation. The CPDP can jump from one location to another by means of a spon-
taneous transition or by means of a non-deterministic (or active) transition. A
spontaneous transition is determined by some probability distribution. A non-
deterministic (or active) transition can happen only if the continuous state lies
inside the guard of that transition. However, if the process enters the guard of an
active transition, then the process is not forced to execute the transition, but it is
allowed to execute the transition. When exactly the active transition is executed,
is not determined. In the next chapter we introduce the maximal progress assump-
tion. Under this assumption, an active transition is forced to be executed as soon
as its guard becomes satisfied. This means that under maximal progress, a CPDP
models hybrid systems with spontaneous and forced transitions.

Two CPDPs can communicate via the synchronization of transitions. If a is a
synchronization action, then active a-transitions of the CPDPs should synchronize.
This means that if one CPDP has an a-transition enabled (i.e. is inside the guard
of some a-transition), and the other CPDP has no a-transition enabled, then this
other CPDP blocks the enabled a-transitions of the first CPDP. We call this kind of
communication blocking-interaction. The other kind of communication that can be
expressed is called broadcasting-interaction. This happens if an active a-transition
of one CPDP triggers a passive ā-transition of the other CPDP. Then the other
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CPDP ‘observes’ that the first CPDP executes an a-transition. Thus, communi-
cation/interaction for CPDPs means that CPDPs can get knowledge about the
execution of transitions in other CPDPs. Although two (or more) CPDPs cannot
have shared continuous variables (as is the case in some other compositional hybrid
systems frameworks), it is still possible that information concerning the continuous
variables is communicated from one CPDP to the other. For this we need value-
passing CPDPs, where active transitions of one CPDP can pass values (which come
from the continuous variables) to active transitions in other CPDPs. These passed
values can then influence the reset maps of the transitions that received these val-
ues and in that way one CPDP can get knowledge about the continuous variables
of other CPDPs.



8

Schedulers for CPDPs

If we want the CPDP model to be executable, in other words, if we want that
the CPDP can unambiguously be simulated, then all non-determinism within the
CPDP specification needs to be resolved. We distinguish three sources of non-
determinism in the CPDP model:

• The time of execution of an active transition.

• The choice between the enabled active transitions.

• The choice between passive transitions with the same label.

An active transition can be executed only when the guard of this transition
is satisfied. But this does not determine the time of execution, since a transition
does not necessarily have to be executed when its guard is satisfied. To resolve this
source of non-determinism, we use in this chapter the maximal progress strategy
which says that as soon as the guard of one of the active transitions is enabled,
then an active transition has to be executed.

It could be the case that multiple active transitions become enabled (i.e., get
their guards satisfied) at the same time. To resolve this second source of non-
determinism, i.e., to choose which of these enabled active transitions is executed,
we define in this chapter a scheduler for CPDPs, which probabilistically chooses
which transition is executed. The action of a scheduler for (probabilistic) processes
in general depends on the execution fragment before the point that the scheduler
has to do its scheduling action (as in [CS02] and [CLSV05]). Our scheduler, which
is a special version of this, is such that the action of the scheduler depends only on
the state of the process. We will see that restricting the class of allowed schedulers
in this way brings the scheduled CPDP in the same semantic domain as the PDP.

If in a composition one CPDP executes an a-transition, then this active transi-
tion can trigger a passive ā-transition in another component. If this other compo-
nent has multiple ā-transitions enabled, a choice has to be made which ā-transition
will synchronize on the active a-transition. This choice, which forms the third
source of non-determinism, is also solved probabilistically by the scheduler of the
component with the passive ā-transitions.

We divide the action of a scheduler in two parts. First, the scheduler determines
which active action is executed. We call this the external part of the scheduler.

77
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Second, given which action gets executed, the scheduler determines which transition
with that action is executed. (It could be that there are multiple transitions with
the same action). We call this the internal part of the scheduler. Also the choice
between passive transitions is part of the internal scheduler. We now define the
concepts of internal and external schedulers for CPDPs and we define how an
internal and an external scheduler together form a scheduler. In the definition we
use the concepts guarded state space, which consists of all states that lie in the
guard of some active transitions and unguarded state space, which consists of all
states at which no active transitions are enabled.

Definition 8.1. An internal scheduler Si for the CPDP X = (L, V, ν,W, ω, F,G,
Σ,A,P,S) with state space E, assigns to each ξ ∈ E and each σ ∈ Σ∪ Σ̄ such that

ξ
σ
→, i.e., such that there exists a ξ-enabled σ-transition, a probability measure on

the set of ξ-enabled σ-transitions. We write S(ξ)(α) for the probability of transition
α at state ξ.

Definition 8.2. An external scheduler Se for CPDP X = (L, V, ν,W, ω, F,G,Σ,
A,P,S) with guarded state space Eg, assigns to each ξ ∈ Eg a probability measure
on Σ. We write S(ξ)(σ) for the probability of action σ at state ξ.

Definition 8.3. Let Si and Se be internal and external schedulers for the CPDP
X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) with guarded state space Eg. The sched-
uler S, formed by Si and Se, assigns to each ξ ∈ Eg a probability measure on the
set of ξ-enabled active transitions as follows.

S(ξ)(α) := Se(ξ, lab(α))Si(ξ, α).

Internal and external schedulers can also be defined on the level of NTSs:

Definition 8.4. An internal scheduler Si for NTSX = (E,Σ∪Σ̄, T , EO, O) assigns

to each ξ ∈ E and each σ ∈ Σ ∪ Σ such that ξ
σ
→ a probability measure on the set

of ξ-enabled σ-transitions.
An external scheduler Se for X assigns to each ξ ∈ Eg a probability measure

on Σ.
Let Si and Se be internal and external schedulers for X. If Σ̄ = ∅, i.e., there

are no passive transitions, then the scheduler S, formed by Si and Se, assigns to
each ξ ∈ Eg a probability measure on the set of ξ-enabled active transitions as:

S(ξ)(α) = Se(ξ, lab(α))Si(ξ, α).

If S is a scheduler or internal scheduler for X, then we write S(ξ)(α) for the
probability of transition α at state ξ. If Se is an external scheduler for X, then we
write Se(σ) for the probability of action σ at state ξ.

8.1 Semantics for scheduled processes

The behavior of an internally scheduled NTS can be captured as a standard NTS
as follows.
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Definition 8.5. Let XN = (E,Σ, T , EO, O) be an NTS with internal scheduler
Si. The corresponding NTS X of (XN , S

i) is defined as (E,Σ, T̂ , EO, O), where

T̂ = {(ξ, σ,m) | ξ
σ
→,

∑

α∈T
ξ

σ
→

Si(ξ)(α)Rα(ξ) = m},

where ‘ξ
σ
→’ means ‘XN has a ξ-enabled σ-transition’.

We show how an internal scheduler for a CPDP operates on the level of its
semantics, i.e., on the level of the corresponding NTS. We do this by defining how
an internal scheduler for a CPDP is transformed into an internal scheduler for the
corresponding NTS. Since an internally scheduled NTS behaves as an NTS, we have
that the behavior of an internally scheduled CPDP can be captured by an NTS
together with a CFSJS, i.e., it uses the same semantic domain as an ordinary CPDP.
We also show how an external scheduler for CPDPs is transformed into an external
scheduler for the corresponding NTS. The behavior of an externally scheduled NTS
cannot be captured as another NTS. However, in the next section we will see that
under the assumption of maximal progress, the behavior of a scheduled NTS (i.e.,
internally and externally scheduled NTS) can be captured as an FTS.

Definition 8.6. Let X = (L, V, ν,W, ω, F,G,Σ,A,P,S) be a CPDP with state
space E. An internal scheduler Si for X is transformed into an internal scheduler
Si

N for XN , the NTS of X, as follows: for all α = (ξ, σ,m) of XN with σ ∈ Σ

Si
N (α) =

∑

α̃∈A
ξ

σ
→m

Si(ξ)(α̃),

where A
ξ

σ
→m

is the set of σ-transitions α such that Rα(ξ) = m, and for all α =

(ξ, σ̄,m) of XN with σ̄ ∈ Σ̄

Si
N (α) =

∑

α̃∈P
ξ

σ
→m

Si(ξ)(α̃).

An external scheduler Se for X is transformed into Se
N for XN , where Se

N (σ) :=
Se(σ) for all σ ∈ Σ, i.e., Se

N is a copy of Se.
The NTS semantics of (X,Si), where X is a CPDP and Si an internal scheduler

for X, is now defined as (XN , S
i
N ), where XN is the NTS of X and Si

N is the
transformation of Si.

The NTS semantics of (X,S), where X is a CPDP and S = (Si, Se) is a
scheduler for X consisting of internal scheduler Si and external scheduler Se, is
now defined as (XN , SN ), where XN is the NTS of X and SN = (Si

N , S
e
N ), where

Si
N and Se

N are the transformations of Si and Se.

Example 8.7. Consider CPDP X of Figure 8.1 Both l0 and l1 have one state
variable x ∈ R, one output variable y ∈ R and dynamics ẋ = 1, y = x. Let E
and EO denote the state and output space of X. Initial state is (l0, {x = x0}). All
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Figure 8.1: Scheduled CPDP

three active transitions, α1, α2 and α3, have guard x ≥ 1. The internal scheduler
Si is defined for X as: for all ξ ∈ (l0, vs(l0)), S

i(ξ)(l0
a
→ l0) = Si(ξ)(l0

a
→ l1) =

Si(ξ)(l1
ā
→ l1) = Si(ξ)(l1

ā
→ l0) = 1

2 . The external scheduler Se is defined for X
as: for all ξ ∈ (l0, vs(l0)), S

e(ξ)(a) = Se(ξ)(b) = 1
2 .

Then, according to Definition 8.6, (XN , S
i
N ) and (XN , SN ) are defined as: XN =

(E, {a, b, ā}, T , EO, O), where

T =
(

∪i∈{1,2,3}{(ξ, σ,m)|ξ ∈ guard(αi),m = rmap(αi)(ξ), σ = lab(αi)}
)

∪

(

∪i∈{4,5}{(ξ, σ̄,m)|m = rmap(αi)(ξ), σ̄ = lab(αi)}
)

,

for l ∈ {l0, l1} and r ∈ R, O((l, {x = r})) = {y = r}, for all α = (ξ, ā,m) ∈ T ,
Si

N (α) = 1
2 , for all α = (ξ, a,m) ∈ T , Si

N (α) = 1
2 and SN (α) = 1

4 , for all α =
(ξ, b,m) ∈ T , Si

N (α) = 1 and SN (α) = 1
2 .

8.2 PDP semantics for CPDP

The CPDPs that we consider in this section do not have passive transitions. We
call CPDPs that do not have passive transitions closed . Passive transitions could
be seen as channels through which CPDPs can receive (active) signals from other
CPDPs. If we remove passive transitions, then we close these channels. Closing
a CPDP can be done by the scope operator [·]C (see Definition 7.3.1). If we take
C = Σ̄, then the scope operator removes all passive transitions and the result is a
closed CPDP. If a composite CPDP is complete, in the sense that it contains all
components, then this CPDP should be closed before it is analyzed, because the
passive transitions have no function anymore since no more extra components will
be added to the composition that could trigger these passive transitions.

In this section we show that the behavior of a scheduled closed CPDP can be
captured as a CFSJS and an FTS. This means that a scheduled closed CPDP and
a PDP have the same semantic domain. We show that under certain conditions,
the semantics of a scheduled closed CPDP is such that a PDP can be found with
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equivalent semantics. We first have to define what we mean with equivalent seman-
tics. We will see that our notion of equivalent semantics means that the stochastic
executions are exactly the same. In other words, if the semantics are equivalent it
does not matter, from a stochastic execution point of view, which of the equivalent
models we execute.

The key result of this section is that we exactly determine what the conditions
for a CPDP are under which the CPDP has equivalent semantics with a PDP.
We also give an algorithm that, given a CPDP, determines a PDP with equivalent
semantics.

8.2.1 Scheduling and maximal progress

We introduce the notion of maximal progress in the context of scheduled NTSs.
If a process with NTS X = (E,Σ, T , EO, O) and scheduler SX on X is executed
under maximal progress, then this means that at every time instant the process
should execute a transition from T as soon as possible. This means that as soon
as the process enters an enabled state ξ, a transition is executed. Which transition
is executed at state ξ, is determined probabilistically by the probability measure
SX(ξ). We see that with scheduler and under maximal progress, a non-deterministic
transition of an NTS is in fact transformed into a forced transition. Therefore we
can, under maximal progress, define the FTS of a scheduled NTS.

Definition 8.8. Let XN = (E,Σ, T , EO, O) be an NTS with scheduler S. The
corresponding FTS XF of XN is defined as (E, TF ), where (ξ,m) ∈ TF if and only
if Tξ→ 6= ∅ and

m =
∑

α∈Tξ→

S(α)mα,

where mα is the reset measure of transition α.

Remark 8.9. In [Her02], maximal progress applies only to (internal) τ -transitions.
Because internal transitions can not be delayed by other components, the process
may choose to execute them immediately, which will also be done under the as-
sumption of maximal progress. We use maximal progress only for complete CPDPs,
i.e., for composite CPDPs that cannot be influenced anymore by other components.
For complete CPDPs an active transition with arbitrary label cannot be delayed
by other components. Therefore, in our case, maximal progress means that ‘an
active transition should be executed as soon as possible’ and not, as in the IMC
case, ‘a τ -transition should be executed immediately when a location with one or
more τ -transitions is reached’.

Remark 8.10. Because we know how the behavior of a scheduled CPDP can be
expressed as a scheduled NTS together with a CFSJS and because we know how
the behavior of a scheduled NTS can, under maximal progress, be expressed as an
FTS, we now know how the behavior of a scheduled CPDP can, under maximal
progress, be captured as a CFSJS together with an FTS. This brings a scheduled
CPDP in the same semantic domain as a PDP.
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Example 8.11. The FTS of (XN , SN ) of Example 8.7 equals (E, TF ), where

TF = {(ξ,m)|ξ ∈ {(l0, {x = r})|r ≥ 1},

m =
1

4
rmap(α1)(ξ) +

1

4
rmap(α2)(ξ) +

1

2
rmap(α3)(ξ)}.

8.2.2 Equivalent FTSs

Two FTSs may be different but indistinguishable from a stochastic execution point
of view. For example, consider an FTS X with an enabled state ξ which jumps
with probability one to another enabled state ξ′ which jumps with probability one
to some non-enabled state ξ′′. If we have a process with corresponding FTS X and
that process reaches state ξ at time t, then the process jumps instantaneously to
state ξ′′ from where the evolution of the process state continues. The jump goes
via state ξ′, however in the execution path of the process we do not see state ξ′ but
the path jumps at time t from ξ to ξ′′. Therefore, if we consider an FTS X which
is exactly like X except that state ξ jumps to state ξ′′ with probability one (i.e., it
skips state ξ′), then X and X ′ behave, from a stochastic execution point of view,
exactly the same. Therefore we call FTSs X and X ′ equivalent. More general, an
FTS can jump instantaneously from ξ to ξ′′′ via states ξ′ and ξ′′, etc. We now
formally define this notion of equivalent FTSs. The definition comes in two steps
with the following two definitions.

Definition 8.12. Let X = (E, T ) be an FTS and let α = (ξ,m) ∈ T . We define
for all A ∈ B(E)

m1(A) = m(A), mi(A) := mi−1(A ∩ Eu) +

∫

ξ̂∈Eg

mξ̂(A)dmi−1(ξ̂),

m∞(A) := lim
n→∞

mn(A),

where Eu is the unguarded part of E and mξ is the reset measure of the forced
transition of X at state ξ. Note that m∞ is a well defined measure. Now, FTS X∞

is defined as (E, T∞), where T∞ := {(ξ,m∞)|(ξ,m) ∈ T }.

Definition 8.13. Two FTSs X = (E, T X) and Y = (E, T Y ) are called equivalent
if for all ξ ∈ E we have

• ξ is an enabled state of X if and only if ξ is an enabled state of Y ,

• if mX and mY are such that (ξ,mX) ∈ T X and (ξ,mY ) ∈ T Y , then for all
A ∈ B(Eu), mX

∞(A) = mY
∞(A), where Eu is the set of all enabled states of E.

For situations where we want to compare two FTSs X and Y with different
state spaces EX and EY but where we identify each state of EX with one state of
EY and vice versa, we define the notion of isomorphic equivalence.

Definition 8.14. Let X = (EX , T
X) and Y = (EY , T

Y ) be two FTSs and let
ι : EX → EY be a Borel isomorphism. X and Y are called isomorphic equivalent
with respect to ι if for all ξ ∈ EX we have
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Figure 8.2: CPDPs with equivalent FTSs

• ξ is an enabled state of X if and only if ι(ξ) is an enabled state of Y ,

• if mX and mY are such that (ξ,mX) ∈ T X and (ι(ξ),mY ) ∈ T Y , then for
all A ∈ B(EX,u), mX

∞(A) = mY
∞(ι(A)), where EX,u is the set of all enabled

states of EX .

Example 8.15. Consider CPDP X and Y of Figure 8.2. X and Y share the same
state space E. Guard G1 is satisfies when x ∈ [−∞,−1] ∪ [1,∞], G2 is satisfied
when x ∈ [−∞,−1] and G3 is satisfied when x ∈ [1,∞]. Reset map R1 equals
U [−1, 1], i.e., the uniform distribution on [−1, 1], for all states in G1. R2 equals
U [1, 2] for all states in G2 and R3 equals U [−1, 1] for all states in G3.

The sets of enabled states of XF and YF , i.e., the FTSs of X and Y , are both
equal to G1 = G2 ∪G3. For ξ ∈ G3, (ξ,m), with m = R1(ξ), is a transition of both
XF and YF , and for both X and Y we have m∞ = m. For ξ ∈ G2, (ξ,mX), with
mX = R1(ξ), is a transition of XF and (ξ,mY ), with mY = R2(ξ), is a transition of
YF . We have mX

∞ = mX and mY
∞ = mY

1 6= mY . Now, mY
1 equals mX because mY

1

jumps with probability one in G3 followed directly by jumping with distribution
U [−1, 1] which equals mX , which jumps in one step with distribution U [−1, 1].
Thus, we found that according to Definition 8.13, XF and YF are equivalent.

8.2.3 Equivalent TMSs

This FTS (isomorphic) equivalence notion can also be defined on the level of TMSs.

Definition 8.16. Let X = (E, ξ0, φ, (T,Q)) be a TMS. We split E into Eg and
Eu, where Eg = {ξ ∈ E|P(T (ξ) = 0) = 1} and Eu = E\Eg. We define for all
A ∈ B(E):

Q1(ξ)(A) := Q(A), Qn(ξ)(A) := Qn1
(A ∩Eu) +

∫

ξ̂∈Eg

Q(ξ̂)(A)dQn−1(ξ)(ξ̂),

Q∞(ξ)(A) := lim
n→∞

Qn(ξ)(A).

TMSs (E, ξ0, φ, (T,Q)) and (E, ξ0, φ, (T, Q̂)) are called equivalent if for all ξ ∈ E
we have: for all A ∈ B(Eu), Q∞(ξ)(A) = Q̂∞(ξ)(A).
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Definition 8.17. Let X = (EX , ξX,0, φX , (TX , QX)) and Y = (EY , ξY,0, φY , (TY ,
QY )) be two TMSs and let ι : EX → EY be a Borel isomorphism. X and Y are
called isomorphic equivalent with respect to ι if for all ξ ∈ EX we have:

• ξY,0 = ι(ξX,0),

• for all t > 0 ι(φX(t, ξ)) = φY (t, ι(ξ)),

• for all t > 0 P(TX(ξ) > t) = P(TY (ι(ξ)) > t) and

• for all A ∈ B(EX,u), QX,∞(ξ)(A) = QY,∞(ι(ξ))(ι(A)).

Remark 8.18. If X = (E, ξ0, φ, (T,Q)) is a TMS such that T∞(Eu) = 1 for all
ξ ∈ E, then it can be easily seen that instead of generating stochastic executions for
X, we could as well generate stochastic executions for X∞ = (E, ξ0, φ, (T,Q∞)).
For X∞ we know that with any transition we reach Eg in one step, where for X it
may take several steps/transitions before we reach Eg.

The following lemma shows how the equivalence notions for FTS and TMS are
related.

Lemma 8.19. Let XC = (E, ξ0, φ, λ,Q) be a CFSJS. Let X1
F = (E, T 1) and

X2
F = (E, T 2) be equivalent FTSs. Then, the TMSs of (XC ,X

1
F ) and (XC ,X

2
F )

are equivalent.

Proof. It is clear that the state space, initial state and flow map are the same
for the TMS of (XC ,X

1
F ) and the TMS of (XC ,X

2
F ). Because X1

F and X2
F are

equivalent, they have the same guarded state space, which means in TMS terms
that they have the same set of states ξ for which we have P(T (ξ) = 0) = 1}. This,
combined with the fact that the TMSs have the same underlying CFSJS, gives
that the jump-time stochastic variable of the two TMSs is the same. We only have
to check that the transition measures Q1 and Q2 of the TMSs of (XC ,X

1
F ) and

(XC ,X
2
F ) are equivalent. It can be easily seen that for a state ξ, Q1

∞(ξ) = m1
∞

and Q2
∞(ξ) = m2

∞ where m1 and m2 are the reset measures of the FTSs at state
ξ. Since the FTSs are equivalent we get Q1

∞(ξ)(A) = Q2
∞(ξ)(A) for all Borel sets

of the unguarded state space, from which the equivalence of the TMSs follows.

8.2.4 Transforming CPDP-transitions

An active transition of a scheduled CPDP may, with some probability, jump into
the guard area of another active transition. Under maximal progress this means
that, with some probability, these two active transitions are executed one after
the other, without any time consumed between the two transitions. This means
that then a chain of transitions is instantaneously executed. As an FTS transition
jumping from ξ to ξ′′ via ξ′ could be replaced by a transition jumping from ξ to ξ′′

directly, we now show how a chain of active CPDP transitions that are executed
at the same time one after the other, can be replaced by a single active CPDP
transition, which skips all the intermediate states of the intermediate transitions of
the chain. We show by which transition we should replace these chains of transitions
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and we also show that by doing this, the FTS of the new CPDP (i.e., the CPDP
where the chain of transitions is replaced by the single transition) is equivalent to
the FTS of the original CPDP.

The first step of this transformation process is splitting all active transitions in
stable and unstable transitions, where stable and unstable transitions are defined
as follows.

Definition 8.20. Let α be an active transition on a state space E = Eg ∪ Eu. If
rmap(α)(Eu) = 1, then we call α a stable transition. If rmap(α)(Eg) = 1, then we
call α an unstable transition.

Note that an active transition is neither stable nor unstable when it can jump
into both the guarded and unguarded area of the state space.

Let X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) be a CPDP with state space E and
scheduler S. Let Eg and Eu be the guarded and unguarded part of E respectively.
Take any α ∈ A. We now split up α in a stable transition αs and an unstable
transition αu as follows.

We define Gαs
as the set of all ξ ∈ guard(α) such that rmap(α)(Eu) 6= 0. Then

for all ξ ∈ Gαs
we define Rαs

and Ŝ, which is a scheduler for all new stable and
unstable transitions, as

Rαs
(ξ)(A) :=

rmap(α)(ξ)(A ∩ Eu)

rmap(α)(ξ)(Eu)
,

Ŝ(ξ)(αs) := S(ξ)(α)rmap(α)(ξ)(Eu).

We define Gαu
as the set of all ξ ∈ guard(α) such that rmap(α)(Eg) 6= 0. Then

for all ξ ∈ Gαu
we define Rαu

and Ŝ as

Rαu
(ξ)(A) :=

rmap(α)(ξ)(A ∩ Eg)

rmap(α)(ξ)(Eg)
,

Ŝ(ξ)(αu) := S(ξ)(α)rmap(α)(ξ)(Eg).

The following lemma says that replacing all active transitions by their stable
and unstable parts, results in an equivalent FTS.

Lemma 8.21. Let X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) be a CPDP with sched-
uler S. Let X̂ be the CPDP (L, V, ν,W, ω, F,G,Σ, Â,P = ∅,S) with scheduler Ŝ,
where

Â = {αs|α ∈ A} ∪ {αu|α ∈ A},

and αs, αu and Ŝ are defined as above. Then, the FTSs of X and X̂ are equivalent.

Proof. Eg is clearly the same for both X and X̃. Take ξ ∈ Eg arbitrary. Let m
denote the FTS reset measure at state ξ for X and let m̃ denote the FTS reset
measure at state ξ for X̃. Let A be a Borel set of E. We show that m(A) = m̃(A).

m(A) =
∑

α∈Aξ→

S(ξ)(α)rmap(α)(ξ)(A) =
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∑

α∈Aξ→

S(ξ)(α) (rmap(α)(ξ)(A ∩ Eg) + rmap(α)(ξ)(A ∩ Eu)) =

∑

α∈Aξ→

(S(ξ)(α)rmap(α)(ξ)(Eg)
rmap(α)(ξ)(A ∩ Eg)

rmap(α)(ξ)(Eg)
+

S(ξ)(α)rmap(α)(ξ)(Eu)
rmap(α)(ξ)(A ∩ Eu)

rmap(α)(ξ)(Eu)
) =

∑

α∈A1
s,ξ→

∪A1
u,ξ→

Ŝ(ξ)(α)rmap(α)(ξ)(A) = m̂(A).

We now define how a chain of two transitions α and β, where β is to be executed
directly after α, can be expressed as a single transition, which we denote by β ◦ α.

Definition 8.22. Let α and β be active transitions of some CPDP with state space
E and scheduler S, such that tloc(α) = oloc(β). Let Gα,Gβ and Rα, Rβ denote
the guards and reset maps of α and β. Let for A ∈ B(E), Pξ(A ◦ β ◦ α) denote the
probability that (under maximal progress) at state ξ the transition α is executed
followed directly by the transition β jumping into the set A. Then,

Pξ(A ◦ β ◦ α) = S(ξ)(α)

∫

ξ̂∈Gβ

S(ξ̂)(β)Rβ(ξ)(A)dRα(ξ)(ξ̂).

We define the new scheduler S̃ and the composed active transition β ◦α = (oloc(α),
τ, tloc(β), Gβ◦α, Rβ◦α) as

Gβ◦α := {ξ ∈ guard(α)|Rα(ξ)(Gβ) 6= ∅},

S̃(ξ)(β ◦ α) := Pξ(E ◦ β ◦ α),

and for all A ∈ B(E),

Rβ◦α(ξ)(A) :=
Pξ(A ◦ β ◦ α)

S̃(ξ)(β ◦ α)
.

Let α, β and γ be transitions from A. We call α, β and γ transitions of
multiplicity one. We call β ◦α a transition with multiplicity two. We call γ ◦ (β ◦α)
a transition of multiplicity three, etc.

We now define

A1
s := {αs|α ∈ A, guard(αs) 6= ∅},

and

A1
u := {αu|α ∈ A, guard(αu) 6= ∅}.

A1
s forms the set of all stable parts of all transitions of A that are not unstable. A1

u

forms the set of all unstable parts of all transitions of A that are not stable. We
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now inductively define An
s and An

u for all natural n > 1. Suppose An−1
s and An−1

u

are known. Then

An
s := {β ◦ α|α ∈ An−1

u , β ∈ A1
s, Rα(ξ)(Gβ) 6= ∅}

and
An

u := {β ◦ α|α ∈ An−1
u , β ∈ A1

u, Rα(ξ)(Gβ) 6= ∅}.

An
s forms a set of stable active transitions of multiplicity n and An

u forms a set of
unstable active transitions of multiplicity n. For i ∈ N, S̃ is defined for transitions
from Ai

s and Ai
u as in Definition 8.22.

The following lemma shows how for any n ∈ N we can change the CPDP,
without changing its semantics up to equivalence, such that there are no unstable
transitions anymore of multiplicity smaller than n

Lemma 8.23. Let X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) be a CPDP with sched-
uler S. Let Xn be the CPDP (L, V, ν,W, ω, F,G,Σ,An,P = ∅,S), where

An := A1
s ∪ A2

s ∪ · · · ∪ An
s ∪ An

u,

where Ai
s and Ai

u are derived from A as described above. Then, S̃ is a well-defined
scheduler for Xn. Furthermore, for all n ∈ N, the FTS of X with scheduler S is
equivalent to the FTS of Xn with scheduler S̃.

Proof. We first prove that S̃ is a well-defined scheduler for Xn. We do this induc-
tively. For n = 1 we know from lemma 8.21 that S̃ is a scheduler. Assume that S̃
is a scheduler for some n− 1. We show that then S̃ is also a scheduler for n.

In order to show that S̃ is a scheduler forXn, we have to show for all ξ ∈ Eg that
∑

α̂∈An S̃(ξ)(α) = 1. From the fact that
∑

α̂∈A1
s∪A1

u
S̃(ξ)(α) = 1 we can deduce

that for any α ∈ An−1
u

∑

α̂∈A1
s∪A1

u

P(E ◦ α̃ ◦ α)(ξ) = S̃(ξ)(α).

Then we can derive
∑

α∈An

S̃(ξ)(α) =
∑

α∈∪n−1
i=1 Ai

s

Ŝ(ξ)(α) +
∑

α∈An−1
u

∑

α̂∈A1
s∪A1

u

P(E ◦ α̃ ◦ α)(ξ) =

∑

α∈∪n−1
i=1 Ai

s

S̃(ξ)(α) +
∑

α∈An−1
u

S̃(α)(ξ) =
∑

α∈An−1

S̃(α)(ξ) = 1.

Now we prove the equivalence of the FTSs of X and Xn. Take ξ ∈ Eg arbitrary.
Let m be the reset measure of the FTS of X at state ξ and let for all n ∈ N mn be
the reset measure of the FTS of Xn at state ξ. From Lemma 8.21 we know that
m1 is equal to m1. Assume that for some n ∈ N we have that mn−1 is equal to
mn−1. We show that then mn is equal to mn. By definition (see Section 8.2.2) we
have mn(A) = p1(A) + p2(A), where

p1 = mn−1(A ∩ Eu), p2 =

∫

ξ̂∈Eg

mξ̂(A)dmn−1(ξ̂).



88 CHAPTER 8. SCHEDULERS FOR CPDPS

Now it can be seen that p1 is exactly the same as the contribution of the transitions
from Ai

s, i = 1 · · ·n− 1, to the reset measure mn and p2 is exactly the same as the
contribution of the transitions from An

s and An
u to the reset measure mn. Thus we

find that mn = mn and we inductively proved that mn = mn for all n ∈ N. It can
easily be seen that we then also have m2n = mn

2 , m3n = mn
3 ,... and m∞ = mn

∞,
from which we conclude that the FTSs are equivalent.

Now we can state the main theorem of this section, which says when and how
a scheduled CPDP can be converted to a PDP without changing the semantics up
to equivalence.

Theorem 8.24. Let X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) be a CPDP with
initial state ξ0, state space E, scheduler S and CFSJS (E, ξ0, φ, λ,Q). Let Xn be
defined as in Lemma 8.23. Define Rn

tot,s, the total stable reset map as follows. For
all ξ ∈ E,

Rn
tot,s(ξ) :=

∑

α∈AΣn
s

S̃(ξ)(α)Rα,

where AΣn
s := ∪i=1···nA

i
s. There exists a PDP XP such that the FTS of XP is

equivalent to the FTS of X if

1. for all ξ ∈ Eg,
Qs := lim

n→∞
Rn

tot,s(ξ)(E) = 1,

with Eg the guarded part of E,

2. the vector fields of the locations are locally Lipschitz,

3. λ and Q satisfy the conditions of items 4 and 5 of Definition 6.1 respectively,

4. there are no explosions and the CPDP is non-zeno. (The notions explosions
and non-zeno are defined for CPDPs as they are defined for PDPs in Defini-
tion 6.1).

If these conditions are satisfied, then the FTS of PDP XP = (LP , InvP , FP , λP ,
QP ), where (LP , Inv) is Borel isomorphic to Eu with isomorphism ι and

• FP (ι(ξ)) = πcont(ι(F (ξ))), where πcont maps a PDP state (l, r), with r ∈
InvP (l), to its continuous component r,

• λP (ι(ξ)) = λ(ξ),

• for ξ ∈ ∂Eu and A ∈ B(Eu), QP (ι(ξ))(ι(A)) = Qs(ξ)(A), where ι(A) :=
{ι(ξ)|ξ ∈ A}, and for ξ ∈ Eu

QP (ι(ξ))(ι(A)) = Q(ξ)(A ∩ Eu) +

∫

ξ̂∈Eg

Qs(ξ)(A)dQ(ξ)(ξ̂), (8.1)

is isomorphic equivalent with respect to ι to the FTS of X with scheduler S. Fur-
thermore, the TMS of X is isomorphic equivalent with respect to ι to the TMS of
XP .
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Proof. Qs(E) = 1 means that the reset measure m∞ of the FTS jumps to the
unguarded state space Eu with probability one. Since a PDP does not have guarded
states, it is clear that for any reachable state ξ ∈ Eg we should have Qs(E) = 1,
because Qs(E) < 1 means that there is a probability greater than zero that we do
not return in finitely many jumps to the unguarded state space. With Qs(E) = 1,
we are sure that a spontaneous jump of X, via transition measure Q will end
up in the unguarded state space within two steps and Q2(ξ)(A), which then equals
Q∞(ξ)(A), is equal to the right hand side of Equation 8.1. Then, the TMS of X has
this transition measure Q∞(ξ) for states ξ ∈ Eu and has transition measure Qs(ξ)
for (boundary) states ξ ∈ ∂Eu. From Conditions 2,3 and 4 follows that Conditions
3,4 and 5 of Definition 6.1 are satisfied. Proving isomorphic equivalence with the
FTS and TMS of the PDP is trivial now.

Remark 8.25. The condition on Qs in Theorem 8.24 is not an if-and-only-if condi-
tion for equivalence of CPDP and PDP. It can be easily seen that the if-and-only-if
condition should be that the condition does not hold for all ξ ∈ Eg, but for all
ξ ∈ Eg such that ξ is reachable from the initial state with probability greater than
zero. However, this condition is hard to check in general.

Corollary 8.26. If for some n ∈ N we have that, for CPDP X, An
u = ∅, then,

for all ξ ∈ ∂Eu, Rn
tot,s(ξ)(E) = 1 and the the FTS of the PDP defined in Theorem

8.24, now with Qs := Rn
tot,s(ξ), is isomorphic equivalent to the FTS of X.

Corollary 8.26 provides an algorithm to convert a CPDP to a PDP by induc-
tively determining A1

u, A2
u, A3

u until for some n we find An
u = ∅. It is not guaranteed

that the algorithm finishes in a finite number of steps, but if it does, then we can
directly construct the PDP whose TMS is equivalent to the TMS of X.

Example 8.27. In this example we show how composition can lead to unstable
transitions and how these unstable transitions can be transformed into stable PDP
transitions. Consider CPDPsX, M1 andM2 of Figure 8.3. M1 andM2 are memory
units and the values of variables m1 and m2 form the contents of the memory
units. X is a part of some process, whose evolution depends on the contents of the
memory units. X shows the part of the process where the values of m1 and m2 are
downloaded and stored into variables m̃1 and m̃2. At location l2, the continuous
dynamics of X is determined by vector field f1, until the guard of the getmem1
transition, which is not pictured in Figure 8.3, is satisfied. Once the values are
downloaded, the continuous dynamics of X depend on these values via vector field
f2.

The downloading process is modelled via value passing in the composition of the
three CPDPs. We compose as follows: (X|PA1

|M1)|PA2
|M2, where A1 = {getmem1},

A2 = {getmem2} and P is not relevant. In the getmem1 transition of X, which
synchronizes with the transition of M1, the value of m1 is downloaded and stored
into m̃1. Storing is done via the reset map of the value passing getmem1 transition
of X which, if we denote it by R, is defined as R({x = r1}, {m1 = r2})({{x =
r1, m̃1 = r2}}) = 1. Note that at location l3 also the value of x before the transition
is stored. The guard of the transitions of M1 and M2 equal the whole state space
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Figure 8.3: CPDP transformed into PDP

of m1 and m2. This expresses that X can download m1 or m2 at all times. The
guard of the getmem2 transition of X equals the whole state space. Then, after
the synchronized getmem1 transition, we directly get a synchronized getmem2
transition which expresses the download of m2 from memory M2. The reset map
R then stores m2 into m̃2 and uses the identity reset measure for m̃1 and x, i.e.,
R({x = r1, m̃1 = r2}, {m̃2 = r3})({{x = r1, m̃1 = r2}, {m̃2 = r3}}) = 1. The
composite CPDP equals X|M1|M2 of Figure 8.3.

Now we will determine for n > 1 An
s and An

u for CPDP X|M1|M2. The un-
guarded state space of X|M1|M2 is formed by the unguarded state space of location
l2|l0|l1 plus the whole state space of location l4|l0|l1. Transition α1 is an unstable
transition and transition α2 is a stable transition. This means that A1

s = {α2} and
A1

u = {α1}. The guard of transition α2◦α1, from l2|l0|l1 to l4|l0|l1, is satisfied when
x satisfies the guard of the getmem1 transition of X. The reset map of α2 ◦ α1

is the identity reset map for x, m1 and m2 and stores m1 and m2 into m̃1 and
m̃2. α2 ◦ α1 is a stable transition and we get A2

s = {α2 ◦ α1} and A2
u = ∅. Now,

according to Theorem 8.24, the corresponding PDP of X|M1|M2 is the one which
has as state space the unguarded state space of X|M1|M2, which has the same
continuous dynamics as X|M1|M2 and which has transition measure equal to the
reset map of α2◦α1. Note that α2 is not relevant for determining the corresponding
PDP because location l3|l0|l1 will never be reached since α2 ◦ α1 will always jump
directly to location l4|l0|l1 and skips l3|l0|l1. We could say that the relevance of α2

is already incorporated in transition α2 ◦ α1.

Example 8.28. We revisit the repair shop example. The repair shop was modelled
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Figure 8.4: Composite CPDP of repair shop

as a PDP in Section 6.4 and was modelled as a composition of CPDPs in Example
7.12. The composed CPDP [(M1|

∅
∅|M2)|

∅
down|R]Σ̄, i.e., the closed version of CPDP

(M1|
∅
∅|M2)|

∅
down|R, is pictured in Figure 8.4 as M1|M2|R, which is shorthand nota-

tion. We have closed the CPDP by the scope operator because it is complete, i.e.,
no more components will be added to the composition. M1|M2|R has, because it
is a closed CPDP now, no passive transitions as can be seen in Figure 8.4. The
name of the middle location, which is an empty location, is written inside the lo-
cation because of lack of space in the picture. Also, the reset maps and the guards
are not pictured here. We have only drawn the eight locations of M1|M2|R which
are reachable from the initial joint location l1,0, l2,0, l3,0. We will transform CPDP
M1|M2|R into a PDP.

We first explain why it is correct to execute CPDP M1|M2|R under maximal
progress. Any down-transition in M1|M2|R reflects the synchronization of a down-
transition of either M1 or M2 with a down-transition of R. If a down-transition
in M1|M2|R is enabled, it means that one machine needs to be repaired and that
the repair shop is able to receive a machine to work on. In that case the machine
is ‘brought to the repair shop’ immediately, which is indeed expressed by maximal
progress because it takes care that as soon as the down-transition is enabled, it is
immediately executed. Any r-transition in M1|M2|R reflects the synchronization of
a r̄-transition of either M1 or M2 with an r-transition of R. If such an r-transition
gets enabled, it means that the machine is repaired. Therefore the transition should
be executed immediately such that the repair shop can work on another machine
that might be waiting for repair work. This is again expressed by maximal progress.

The only state ofM1|M2|R that needs a scheduler is the state {x1 = s1, x2 = s2}
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Figure 8.5: Transformed composite CPDP of repair shop

where two down-transitions are enabled. For this example we assume that this state
is never reached and then CPDP M1|M2|R does not need a scheduler to determine
its FTS. Note that s1 and s2 may not be equal under this assumption. In Example
8.37 we drop this assumption and we determine a scheduler for M1|M2|R.

All transitions in M1|M2|R are stable, therefore we could, according to Theorem
8.24, directly determine the corresponding PDP which then also has these eight lo-
cations. However, we first do another reduction step on the CPDP before we deter-
mine the corresponding PDP: if the λ1 transition from l1,0, l2,0, l3,0 to l1,1, l2,0, l3,0 is
executed at some time t, then from l1,1, l2,0, l3,0 the down-transition to l1,3, l2,0, l3,1

is executed immediately because of maximal progress. Therefore, this λ1 transition
can be replaced by the a λ1 transition from l1,0, l2,0, l3,0 directly to l1,2, l2,0, l3,1, with
as reset map the reset map of the down-transition from l1,1, l2,0, l3,0 to l1,2, l2,0, l3,1,
without changing the CFSJS/FTS semantics up to equivalence. Similarly, we can
replace the λ2-transition from l1,0, l2,0, l3,0 to l1,0, l2,1, l3,0 with a λ2-transition from
l1,0, l2,0, l3,0 directly to l1,0, l2,3, l3,1. After these two transformations, the locations
l1,1, l2,0, l3,0, l1,0, l2,1, l3,0 and l1,1, l2,1, l3,0 have become unreachable and can there-
fore be deleted. The result is now pictured in Figure 8.5, where all active actions
are replaced by τ -actions, because the action names play no role in determining the
corresponding PDP. Now we have five locations left. These locations correspond
exactly with the five locations of the PDP of Section 6.4 and it can be checked that
the corresponding PDP of the CPDP of Figure 8.5, is exactly the PDP of Section
6.4.

The following example shows that if the algorithm does not terminate on a
CPDP, there could still be a PDP with equivalent semantics.
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Figure 8.6: Scheduling composition of CPDPs

Example 8.29. Let CPDP X have one location, l1. The state-space of l1 is [0, 1],
the continuous dynamics of l1 is the clock dynamics ẋ = 1. From l1 to l1 there
is one active transition with guard G and reset map R. G = [12 , 1]. For x ∈ G,
R({0}, x) = 1

2 and R(A, x) = |A ∩ [ 12 , 1]| for A ∈ B([0, 1]\{0}). This means that
from an x in G, the reset map jumps to 0 with probability 1

2 and jumps uniformly
into [12 , 1] with probability 1

2 . It can easily be seen that for X we have that Tn
u 6= ∅

for all n ∈ N. This means that the algorithm explained above does not terminate
for this example. Still, according to Theorem 8.24, X expresses a PDP behavior,
because for x ∈ G, R([0, 1], x) = limn→∞Rn

tot,s([0, 1], x) = 1
2+ 1

2 ·
1
2+ 1

2 ·
1
2 ·

1
2+· · · = 1.

8.3 Schedulers and composition

We could question whether it is possible to compose scheduled CPDPs (X,SX)
and (Y, SY ) such that the result is the scheduled CPDP (X|PA|Y, S), where S is
some scheduler for CPDP X|PA|Y that is derived from the schedulers SX and SY .
In general, it is not possible to do this in a ‘natural’ way. The main problem
lies in the external scheduling part. In a composition, external scheduling for a
component X is already partly done by the other components in the composition.
For example, if X is composed with Y via |PA|, where A = {a} and Y does not have
a-transitions, then via this composition the action a of X is scheduled such that
the probability of an a action is zero at any state of X. Now we can see that if we
want to compose scheduled CPDPs, then the external parts of the schedulers might
conflict with the scheduling done via the composition itself. In the above example:
any external scheduler for X that assigns nonzero probability to a is conflicting
with the composition with Y via |PA|. However, internal scheduling is not done by
the composition itself. Therefore, internal schedulers may be composed to form
an internal scheduler for the composed CPDP. Still, at certain states the internal
schedulers of the components do not contain enough information to assess all the
internal scheduling values for the transitions of the composed CPDP. If in such a
state ξ more information is needed to schedule the σ-transitions, then we call the
pair (ξ, σ) a conflict pair . The set of conflict pairs is defined as follows.

Definition 8.30. Let X = (LX , VX , νX ,WX , ωX , FX , GX ,Σ,AX ,PX ,SX) and
Y = (LY , VY , νY ,WY , ωY , FY , GY ,Σ,AY ,PY ,SY ) be two CPDPs. CP (X,Y, |PA|),
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which we call the set of conflict pairs of X and Y under |PA|, is defined as

CP (X,Y, |PA|) := {((ξ1, ξ2), σ) ∈ EX ×EY ×(Σ∪ Σ̄)|σ ∈ (Σ\A∪ Σ̄\P ), ξ1
σ
→, ξ2

σ
→}.

If a ∈ A and CPDP X has enabled a-transitions at state ξX and CPDP Y has
enabled a-transitions at state ξY , then there is no lack of scheduling information at
joint state (ξX , ξY ) for the a-transitions because the internal scheduler of X may
choose an a-transition for X and the internal scheduler of Y may choose an a-
transition for Y and these two chosen a-transitions synchronize in the composition.
Therefore, (ξX , ξY , a) is not a conflict pair here. If a 6∈ A, there would be a conflict
and this is illustrated in the following example.

Example 8.31. The set of conflict pairs of X and Y of Figure 8.6 under |PA| with
A = ∅ equals {(ξ1, ξ2, a)|ξ1 ∈ G1 ∪ G2, ξ2 ∈ G3 ∪ G4}. If (ξ1, ξ2, a) is a conflict
pair, then internal scheduling of the four a-transitions of X|PA|Y at state (ξ1, ξ2)
cannot be derived from internal schedulers for X and Y . The internal scheduler of
X provides at ξ1 a probability distribution on {α1, α2} and the internal scheduler
of Y provides at ξ2 a probability distribution on {α3, α4}. However, this does not
naturally lead to a probability distribution on {α1, α2, α3, α4} at state (ξ1, ξ2). To
resolve this problem we introduce the notion of priority function.

Definition 8.32. Let X and Y be two CPDPs. A priority function pri as-
signs, under |PA|, to each conflict pair a probability measure on {X,Y }. We write
pri(ξ1, ξ2, σ)(X) (and pri(ξ1, ξ2, σ)(Y )) for the probability of X (Y ) at conflict pair
(ξ1, ξ2, σ).

Example 8.33. With this priority function, we maximally use all the information
of the internal schedulers of the components. For example, consider CPDPs X
and Y of Figure 8.6 with internal schedulers Si

X and Si
Y . Let ξ1 ∈ G1 ∩ G2, let

ξ2 ∈ G3 ∩ G4 and let the priority function be such that pri(ξ1, ξ2, a)(X) = 2
3 and

pri(ξ1, ξ2, a)(Y ) = 1
3 . Then the a-transitions of X|PA|Y are internally scheduled

at state (ξ1, ξ2) as: (α1, ∗) gets probability 2
3S

i
X(ξ1)(α1), (α2, ∗) gets probabil-

ity 2
3S

i
X(ξ1)(α2), (∗, α3) gets probability 1

3S
i
Y (ξ2)(α3) and (∗, α4) gets probability

1
3S

i
Y (ξ2)(α4). Here (α1, ∗) denotes the transition in X|PA|Y where X executes α1

and Y does not execute a transition, etc.

Composition of internally scheduled CPDPs with priority function pri is now
formally defined as follows.

Definition 8.34. Let X and Y be CPDPs with internal schedulers Si
X and Si

Y .
Let CP denote the set of conflict pairs of X and Y under |PA|. Let pri be a priority
function for X and Y under |PA|. We define for each ξ ∈ Eg, (Si

X , S
i
Y , pri)(ξ) as a

mapping from the set of active and passive transitions of X|PA|Y to [0, 1]. Let α and
β be active transitions of X and Y respectively, let ᾱ and β̄ be passive transitions
of X and Y respectively, and let (Si

X , S
i
Y , pri) be denoted by Si. With (α, ∗) we

denote the transition of X|PA|Y that reflects transition α of X, with (∗, β) we denote
the transition of X|PA|Y that reflects transition β of Y , with (α, β) we denote the
synchronized transition of α and β, etc. With σα and lα we denote the action and
origin location of transition α. We define,
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1.
Si(ξ1, ξ2)(α, ∗) :=

{

Si
X(ξ1)(α) if ξ1 ∈ Gα and (ξ1, ξ2, σα) 6∈ CP,
pri(ξ1, ξ2, σα)(X)Si

X(ξ1)(α) if ξ1 ∈ Gα and (ξ1, ξ2, σα) ∈ CP.

2.
Si(ξ1, ξ2)(∗, β) :=

{

Si
Y (ξ2)(β) if ξ2 ∈ Gβ and (ξ1, ξ2, σβ) 6∈ CP,
pri(ξ1, ξ2, σβ)(Y )Si

Y (ξ2)(β) if ξ2 ∈ Gβ and (ξ1, ξ2, σβ) ∈ CP.

3.
Si(ξ1, ξ2)(α, β) :=

Si
X(ξ1)(α)Si

Y (ξ2)(β) if (ξ1, ξ2) ∈ Gα ×Gβ

4.
Si(ξ1, ξ2)(α, β̄) :=















Si
X(ξ1)(α)Si

Y (ξ2)(β̄) if ξ1 ∈ Gα, loc(ξ2) = lβ̄ and
(ξ1, ξ2, σα) 6∈ CP,

pri(ξ1, ξ2, σα)(X)Si
X(ξ1)(α)Si

Y (ξ2)(β̄) if ξ1 ∈ Gα, loc(ξ2) = lβ̄ and
(ξ1, ξ2, σα) ∈ CP

5.
Si(ξ1, ξ2)(ᾱ, β) :=















Si
X(ξ1)(ᾱ)Si

Y (ξ2)(β) if ξ2 ∈ Gβ , loc(ξ1) = lᾱ and
(ξ1, ξ2, σβ) 6∈ CP,

pri(ξ1, ξ2, σβ)(Y )Si
X(ξ1)(ᾱ)Si

Y (ξ2)(β) if ξ2 ∈ Gβ , loc(ξ1) = lᾱ and
(ξ1, ξ2, σβ) ∈ CP

6.
Si(ξ1, ξ2)(ᾱ, ∗) :=

{

Si
X(ξ1)(ᾱ) if loc(ξ1) = lᾱ and (ξ1, ξ2, σᾱ) 6∈ CP,
pri(ξ1, ξ2, σᾱ)(X)Si

X(ξ1)(ᾱ) if loc(ξ1) = lᾱ and (ξ1, ξ2, σᾱ) ∈ CP.

7.
Si(ξ1, ξ2)(∗, β̄) :=

{

Si
Y (ξ2)(β̄) if loc(ξ2) = lβ̄ and (ξ1, ξ2, σβ̄) 6∈ CP,
pri(ξ1, ξ2, σβ̄)(Y )Si

Y (ξ2)(β̄) if loc(ξ2) = lβ̄ and (ξ1, ξ2, σβ̄) ∈ CP.

8.
Si(ξ1, ξ2)(ᾱ, β̄) :=

Si
X(ξ1)(ᾱ)Si

Y (ξ2)(β̄) if loc(ξ1) = lᾱ and loc(ξ2) = lβ̄ .

Theorem 8.35. Si in Definition 8.34 is a well-defined internal scheduler for
CPDP X|PA|Y .
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Proof. To prove that Si is an internal scheduler, we have to show that for all
σ ∈ Σ∪ Σ̄ and all states ξ such that T

ξ
σ
→

, which is the set of all ξ-enabled active or

passive transitions, is not empty we have that
∑

α∈T
ξ

σ
→

Si(ξ)(α) = 1.

We distinguish six cases: 1. σ ∈ A, 2. σ ∈ Σ\A and (ξ1, ξ2, σ) 6∈ CP , 3.
σ ∈ Σ\A and (ξ1, ξ2, σ) ∈ CP , 4. σ ∈ P , 5. σ ∈ Σ̄\P and (ξ1, ξ2, σ) 6∈ CP , 6.
σ ∈ Σ̄\P and (ξ1, ξ2, σ) ∈ CP . Given a state ξ = (ξ1, ξ2) and an action σ such that
there is a σ-transition enabled at state ξ, exactly one of the above six cases is true.
We show that for all six cases we have

∑

α∈T
ξ

σ
→

Si(ξ)(α) = 1.

1. σ ∈ A:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
3
=

∑

(α,β)∈A
X,ξ1

σ
→

×A
Y,ξ1

σ
→

Si
X(ξ1)(α)Si

Y (ξ2)(β) =

∑

α∈A
X,ξ1

σ
→

(Si
X(ξ1)(α)

∑

β∈A
Y,ξ2

σ
→

Si
Y (ξ2)(β)) =

∑

α∈A
X,ξ1

σ
→

Si
X(ξ1)(α) = 1,

where
3
= means that this step follows from item 3 of Definition 8.34.

2. σ ∈ Σ\A and (ξ1, ξ2, σ) 6∈ CP : we distinguish four subcases: a. A
X,ξ1

σ
→

= ∅

and P
X,ξ1

σ̄
→

= ∅, b. A
X,ξ1

σ
→

= ∅ and P
X,ξ1

σ̄
→

6= ∅, c. A
Y,ξ2

σ
→

= ∅ and P
Y,ξ2

σ̄
→

= ∅,

d. A
Y,ξ2

σ
→

= ∅ and P
Y,ξ2

σ̄
→

6= ∅.

That exactly one of these four cases is true follows from the fact that (ξ1, ξ2, σ) 6∈
CP . Case a:

∑

α∈T
ξ

σ
→

Si(ξ)(α)
2
=

∑

β∈A
Y,ξ2

σ
→

Si
Y (ξ2)(β) = 1.

Case b:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
5
=

∑

β∈A
Y,ξ2

σ
→

(Si
Y (ξ2)(β)

∑

α∈P
X,ξ1

σ̄
→

Si
X(ξ1)(α)) =

∑

β∈A
Y,ξ2

σ
→

Si
Y (ξ2)(β) = 1.

Case c:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
1
=

∑

α∈A
X,ξ1

σ
→

Si
X(ξ1)(α) = 1.

Case d:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
4
=

∑

α∈A
X,ξ1

σ
→

(Si
X(ξ1)(α)

∑

β∈P
Y,ξ2

σ̄
→

Si
Y (ξ2)(β)) =

∑

α∈A
X,ξ1

σ
→

Si
X(ξ1)(α) = 1.

3. σ ∈ Σ\A and (ξ1, ξ2, σ) ∈ CP : We distinguish four subcases: a. P
X,ξ1

σ̄
→

= ∅

and P
Y,ξ2

σ̄
→

= ∅, b. P
X,ξ1

σ̄
→

6= ∅ and P
Y,ξ2

σ̄
→

= ∅, c. P
X,ξ1

σ̄
→

= ∅ and P
Y,ξ2

σ̄
→

6= ∅,

d. P
X,ξ1

σ̄
→

6= ∅ and P
Y,ξ2

σ̄
→

6= ∅, Note that in all four cases we have A
X,ξ1

σ
→

6= ∅

and A
Y,ξ2

σ
→

6= ∅, because (ξ1, ξ2, σ) ∈ CP .
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Define

Ã :=
∑

α∈A
X,ξ1

σ
→

pri(ξ1, ξ2, σ)(X)Si
X(ξ1)(α), B̃ :=

∑

β∈P
Y,ξ2

σ̄
→

Si
Y (ξ2)(β),

C̃ :=
∑

β∈A
Y,ξ2

σ
→

pri(ξ1, ξ2, σ)(Y )Si
Y (ξ2)(β), D̃ :=

∑

α∈P
X,ξ1

σ̄
→

Si
X(ξ1)(α).

Then we get: Case a:

∑

α∈T
ξ

σ
→

Si(ξ)(α)
1,2
= Ã+ C̃ = pri(ξ1, ξ2, σ)(X) + pri(ξ1, ξ2, σ)(Y ) = 1.

Case b:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
1,5
= Ã+ C̃D̃ = pri(ξ1, ξ2, σ)(X) + pri(ξ1, ξ2, σ)(Y ) = 1.

Case c:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
2,4
= ÃB̃ + C̃ = pri(ξ1, ξ2, σ)(X) + pri(ξ1, ξ2, σ)(Y ) = 1.

Case d:
∑

α∈T
ξ

σ
→

Si(ξ)(α)
4,5
= ÃB̃ + C̃D̃ = pri(ξ1, ξ2, σ)(X) + pri(ξ1, ξ2, σ)(Y ) = 1.

4. σ ∈ P : we distinguish three subcases: a. P
X,ξ1

σ̄
→

= ∅ and P
Y,ξ2

σ̄
→

6= ∅, b.

P
X,ξ1

σ̄
→

6= ∅ and P
Y,ξ2

σ̄
→

= ∅, c. P
X,ξ1

σ̄
→

6= ∅ and P
Y,ξ2

σ̄
→

6= ∅.

Case a:
∑

α∈T
ξ

σ̄
→

Si(ξ)(α)
7
=

∑

β∈P
Y,ξ2

σ̄
→

Si
Y (ξ2)(β) = 1,

Case b:
∑

α∈T
ξ

σ̄
→

Si(ξ)(α)
6
=

∑

α∈P
X,ξ1

σ̄
→

Si
X(ξ1)(α) = 1,

Case c:
∑

α∈T
ξ

σ̄
→

Si(ξ)(α)
8
=

∑

α∈P
X,ξ1

σ̄
→

Si
X(ξ1)(α)

∑

β∈P
Y,ξ2

σ̄
→

Si
Y (ξ2)(β) = 1.

5. σ ∈ Σ̄\P and (ξ1, ξ2, σ) 6∈ CP : we distinguish two subcases: a. P
X,ξ1

σ̄
→

6= ∅

and P
Y,ξ2

σ̄
→

= ∅, b. P
X,ξ1

σ̄
→

= ∅ and P
Y,ξ2

σ̄
→

6= ∅.

Case a:
∑

α∈T
ξ

σ̄
→

Si(ξ)(α)
6
=

∑

α∈P
X,ξ1

σ̄
→

Si
X(ξ1)(α) = 1,
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Figure 8.7: Example of composition of internal schedulers

Case b:
∑

α∈T
ξ

σ̄
→

Si(ξ)(α)
7
=

∑

β∈P
Y,ξ2

σ̄
→

Si
Y (ξ2)(β) = 1.

6. σ ∈ Σ̄\P and (ξ1, ξ2, σ) ∈ CP : there is only one case,

∑

α∈T
ξ

σ̄
→

Si(ξ)(α)
8
=

∑

α∈P
X,ξ1

σ̄
→

pri(ξ1, ξ2, σ̄)(X)Si
X(ξ1)(α)+

∑

β∈P
Y,ξ2

σ̄
→

pri(ξ1, ξ2, σ̄)(Y )Si
Y (ξ2)(β) = pri(ξ1, ξ2, σ̄)(X) + pri(ξ1, ξ2, σ̄)(Y ) = 1.

Example 8.36. To illustrate the composition rules of Definition 8.34 we compose
CPDPs X and Y of Figure 8.7 in four different ways, i.e., with four different
composition operators. The four composition operators are pictured in Figure 8.7,

where |āa| stands for |
{ā}
{a}|, |

×
a | stands for |∅{a}|, etc. The guards of the a-transitions

of X and Y equal the whole state spaces of x1 and x2 respectively. We assume that
a priority function pri is given. The internal schedulers Si

X and Si
Y for X and Y

are trivial since for both a and ā there is for both X and Y exactly one transition
with that label. We now treat the four cases separately.

• X|āa|Y . In this case, α1 and α3 must synchronize and α2 and α4 must syn-
chronize. The set of conflict pairs is empty here. This means that the pri-
ority function is not needed in this case to do the internal scheduling. Ac-
cording to rule 3, the scheduling value for (α1, α3) at state (ξ1, ξ2) equals
Si

X(ξ1)(α1)S
i
Y (ξ2)(α3) = 1. Analogously, according to rule 8, the scheduling

value for (α2, α4) also equals one for all (ξ1, ξ2).
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• X|×a |Y . In this case α1 and α3 must synchronize and α2 and α4 must inter-
leave. The set of conflict pairs equals {(ξ1, ξ2, ā)|ξ1 ∈ EX , ξ2 ∈ EY }, where
EX and EY denote the state spaces of X and Y . If X|×a |Y is composed with
another CPDP Z via |PA| with a 6∈ A, then an a-transition of Z synchronizes
with either α2 or α4, but not with both. The choice between α2 and α4 is
made by the priority function and is expressed by rules 6 and 7, which says
that the probability that α2 synchronizes at state (ξ1, ξ2) with the a-transition
of Z equals pri(ξ1, ξ2, ā)(X) and the probability that α4 synchronizes equals
pri(ξ1, ξ2, ā)(Y ).

• X|ā×|Y . In this case, α1 and α3 must interleave and α2 and α4 must syn-
chronize. The set of conflict pairs equals {(ξ1, ξ2, a)|ξ1 ∈ EX , ξ2 ∈ EY }. The
choice between α1 and α3 is made by the priority function and is expressed
by rules 1 and 2.

• X|××|Y . In this case, α1 and α3 must interleave and α2 and α4 must interleave.
The set of conflict pairs equals {(ξ1, ξ2, σ)|ξ1 ∈ EX , ξ2 ∈ EY , σ ∈ {a, ā}}. The
choice between α1 and α3 and the choice between α2 and α4 is made by the
priority function and is expressed by rules 1,2,6 and 7.

Example 8.37. For the last time we revisit the repair shop system of Section 6.4.
Suppose that s1 = s2. This means that if both machines do not break down before
their ages s1 and s2 are reached, then both machines should be brought to the
repair shop at the same time. We want to model that both machines have equal
probability to be brought to the repair shop first.

This is expressed by defining a priority function pri which assigns probability 1
2

to both X and Y at conflict pair ((l1,0, x1 = s1), (l2,0, x2 = s2, down)). CPDPs M1,
M2 and R (see Figure 7.5), have trivial internal schedulers since at each location
there is at most one active transition enabled, which then gets probability one of
these trivial internal schedulers. Denote these trivial internal schedulers by Si

M1
,

Si
M2

and Si
R. Then the internally scheduled composition of M1 and M2 results

in internally scheduled CPDP (M1|
∅
∅|M2, (S

i
M1

, Si
M2
, pri)), which can be composed

with internally scheduled CPDP (R,Si
R). Since external scheduling is not needed,

the internal scheduler is a scheduler itself.



100 CHAPTER 8. SCHEDULERS FOR CPDPS



9

Bisimulation for CPDPs

As we already stated in the introduction chapter, it is well-known that the com-
position of multiple subsystems leads to state space explosion and one tool that
has proved to be effective in dealing with the state space explosion problem is
bisimulation. Bisimulation can be seen as a state space reduction technique: by
bisimulation we can find systems with smaller state spaces, that still have the same
external behavior. Two systems have the same external behavior if they cannot be
distinguished in any composition context.

The notion of bisimulation was introduced by Milner in the context of discrete
state processes (see for example [Mil89] for this notion of bisimulation). Since
then, bisimulation has also been established in the context of probabilistic and
stochastic automata [LS91, D’A97], continuous time interactive Markov chains
(IMC) [Her02], continuous dynamical systems [Pap03, vdS04a, vdS04b] and general
(non-stochastic) hybrid systems [LPS00, vdS04c]. A category theoretic approach
to bisimulation for general stochastic hybrid systems can be found in [BLB05]. For
an overview of bisimulation and its decidability for non-stochastic hybrid systems,
we refer to [AHLP00].

In this chapter, we define bisimulation in the context of CPDPs. In some sense,
this notion of bisimulation for CPDPs integrates the notions of bisimulation for
IMC, stochastic automata and continuous/hybrid systems.

An important point is that under maximal progress scheduled CPDPs have
a pure stochastic behavior, expressed by the semantical model TMS. We want to
define bisimulation in such a way that the TMSs of bisimilar CPDPs are ‘equivalent’
as far as it concerns the output dynamics. This specific notion of ‘equivalence’ will
be formalized in this chapter by introducing the concept of quotient TMS.

We show that the bisimulation substitutivity property holds for CPDPs. From
an analysis point of view, we can then reduce the state space of a composite CPDP
in a compositional way by substituting components by state-reduced bisimilar com-
ponents.

We do not consider time abstracted notions of bisimulation. With a time-
abstracted notion of bisimulation the amount of time before a state with certain
properties is reached does not matter (i.e., if in one system this period is smaller
than in another system, then they can still be bisimilar). Roughly said, in our
notion of bisimulation, two bisimilar systems should reach ‘equivalent’ states in the
same amount of time. Time abstracted bisimulation generally results in greater

101
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state space reduction than non-time abstracted bisimulation. In [AHLP00], time
abstracted bisimulation might, because of the time abstraction, result in finite
bisimulations (i.e. finite-amount-of-states systems) for systems that originally have
infinite states, while our notion of bisimulation does not result in a finite state
system for the same original systems. (Note that this does not mean that with our
notion of bisimulation, finite state and infinite state systems can never be bisimilar.
There are for example infinite state CPDPs that are bisimilar to finite state IMCs).

The organization of this chapter is as follows. In Section 9.1 we define bisimula-
tion for CPDPs and we prove the substitutivity property. In Section 9.2 we do the
same for internally scheduled CPDPs and we explain why bisimulation should not
be defined on the level of (fully) scheduled CPDPs. In Section 9.3 we present an al-
gorithm to automatically find bisimulations for CPDPs and for internally scheduled
CPDPs and we discuss decidability conditions for this algorithm.

9.1 Bisimulation for CPDPs

As an introduction to the concept of equivalent probability measures, we give a
simple example. Suppose we have a state space E with four states, ξ1, ξ2, ξ3 and
ξ4. Suppose that we regard ξ1 and ξ2 as equivalent, while we regard ξ1, ξ3 and
ξ4 as different from each other. Then, this equivalence is expressed by equivalence
relation R = {{ξ1, ξ2}, {ξ3}, {ξ4}}. Suppose now we have two probability measures
on E, Q1 and Q2. When do we regard Q1 and Q2 as being equivalent? The
answer is: if they assign the same probabilities to each equivalence class of R.
Thus, if Q1(ξ1) = 1, Q1(ξ2) = 0, Q2(ξ1) = 0 and Q2(ξ2) = 1, while Q1(ξ3) =
Q2(ξ3) and Q1(ξ4) = Q2(ξ4), then, although the probability measures are different,
they are equivalent because they assign the same probabilities to all equivalence
classes. We call the set of equivalence classes {[ξ1], [ξ3], [ξ4]} together with its
measurable subsets (i.e., all subsets in this case) the quotient space of E. Q1

and Q2 can be defined on this quotient space as Q̃1 and Q̃2, where Q̃1([ξ1]) =
Q1({ξ1, ξ2}), Q̃1([ξ3]) = Q1(ξ3), Q̃1([ξ4]) = Q1(ξ4) and the same for Q2. Then the
probability measures Q̃1 and Q̃2 are the same. In general we could therefore define
two probability measures to be equivalent if they assign the same probabilities to
the measurable subsets of the quotient space.

For a discrete set, the measurable subsets are all the subsets of that set. For
(continuous) Borel spaces, the measurable sets are the Borel sets. If we look at
the quotient space of a Borel space E, we have to take care that the measurable
subsets of this quotient space correspond to Borel sets of E. We formalize this as
follows.

Definition 9.1. Let (E, E) be a Borel space and let R be an equivalence relation
on E. Let E∗ be the collection of all R-saturated Borel sets of E, i.e., all B ∈ E such
that any equivalence class of E is either totally contained or totally not contained
in B. E∗ is a σ-algebra:

Item 1 of Definition 2.2 if A ∈ E∗, then A is a Borel set which can be written
as a union of equivalence classes. Then E\A is also Borel and consists of the
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union of all equivalence classes that are not in A, therefore E\A ∈ E∗.

Item 2 of Definition 2.2 Let Ai, for i in some countable index set I, be in E∗.
Then, by definition of a σ-algebra (see Chapter 2), ∪i∈IAi is also a Borel set.
∪i∈IAi is clearly a union of equivalence classes since this is the case for each
Ai. Therefore, ∪i∈IAi ∈ E∗.

Let
E∗/R := {[A]|A ∈ E∗},

where [A] := {[a]|a ∈ A} and [a] denotes the equivalence class of a. Then
(E/R, E

∗/R), which is a measurable space, is called the quotient space of E with
respect to R.

For our purposes it is desirable that the quotient space of a Borel space is again
a Borel space. This property depends on the equivalence relation that determines
the quotient space. Therefore, we define:

Definition 9.2. An equivalence relation R on a Borel space E is called measurable
if the quotient space of E with respect to R is a Borel space.

In the definition of TMS (see Definition 3.1), we assume that the state space
of the TMS is a Borel space. As we will see when we later compare the stochastic
behavior of different TMSs, this assumption is needed to assure that the TMS
represents a well-defined stochastic process. We will use bisimulation as a state
reduction technique. The state space of a TMS can then be reduced to its quotient
space, as we will see later. In order that this state reduced TMS is again a TMS,
we need that the quotient space is a Borel space. This is why we need a measurable
relation, as defined in Definition 9.2, for bisimulation.

Now we can define when two probability measures on a Borel space that is
partitioned by a measurable relation, are equivalent.

Definition 9.3. Let R be a measurable relation on Borel space E and let m1 and
m2 be measures on E. m1 and m2 are called equivalent with respect to R if for all
A ∈ E∗ m1(A) = m2(A).

Note that this means that equivalent measures are equal on the quotient space.
We have now all ingredients to define the notion bisimulation in the context of

stochastic hybrid systems. We start by defining bisimulation on the semantical level
by defining bisimulation for TMSs. Then we rise one level in the semantical domains
and we define bisimulation for CFSJSs and FTSs. Then we define bisimulation for
NTSs and finally we define bisimulation for CPDPs.

Definition 9.4. Let X = (E, ξ0, φ, (T,Q)) be a TMS and let O be an output
mapping from E to the output space EO. A measurable relation R on E is called
a bisimulation for (X,O) if: (ξ1, ξ2) ∈ R implies

1. O(ξ1) = O(ξ2),

2. (φ(t, ξ1), φ(t, ξ2)) ∈ R for all t > 0,
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3. P(T (ξ1) > t) = P(T (ξ2) > t) for all t > 0,

4. the measures Q(ξ1) and Q(ξ2) are equivalent with respect to R.

Let R be a bisimulation for (X,O). We call X/R = (E/R, [ξ0], φ/R, (T/R,
Q/R)), where E/R is the set of equivalence classes of E, [ξ0] is the equivalence class
of ξ0, φ/R([ξ]) := [φ(ξ)], T/R([ξ]) = T (ξ) and for all A ∈ B∗(E) Q/R([ξ])([A]) =
Q(ξ)(A), the quotient TMS of X under R. The corresponding quotient output
mapping is defined as O/R([ξ]) = O(ξ).

Note that the quotient TMS is a well-defined TMS since E/R is a Borel space
according to Definition 9.2. If we generate an execution path ξ : R+ → E for a
TMS X, then we call O(ξ(t)), t > 0, an output execution path for (X,O). We claim
that if R is a bisimulation for X, then the quotient TMS (X/R, O/R) generates
the same output execution paths (with the same probabilities) as (X,O). This
can be seen as follows. The initial states ξ0 and [ξ0] have the same output. The
distributions of the first switching time, T (ξ0) and T/R([ξ0]), are the same. The
output trajectories till the first jump are the same. For any t > 0 we have that for
all Borel sets A ∈ E∗ and corresponding [A] Q(φ(t, ξ0))(A) and QR(φR(t, [ξ0]))([A])
are the same. Or, roughly said, the probabilities that XR jumps to state [ξ] and
that X jumps to a state in the equivalence class of ξ are the same for all ξ, etc.

Example 9.5. Let X = (E, ξ0, φ, (T,Q)) be a TMS with E = [0, 1] × [0, 1], ξ0 =
(0, 0), φ(t, (ξ1, ξ2)) = (ξ1 + t, ξ2), T (ξ1, ξ2) is a uniform distribution on [0, 1 − ξ1]
and Q(ξ1, ξ2) = Id0 × U [0, 1], i.e., Q resets the first component to zero and resets
the second component with a uniform distribution. We define an output mapping
O : E → [0, 1] as O(ξ1, ξ2) = ξ1. It can be easily checked that R := {{r} ×
[0, 1]|r ∈ [0, 1]} is a bisimulation for (X,O). The quotient TMS then equals X/R =
(E/R, [ξ0], φ/R, (T/R, Q/R)), where E/R = [0, 1], [ξ0] = 0, φ/R(t, ξ) = ξ + t,
T/R(ξ) = U [0, 1 − ξ] and Q/R(ξ) = Id0.

Definition 9.6. Let X = (E, ξ0, φ, λ,Q) be a CFSJS. A measurable relation R on
E is called a bisimulation for X if (ξ1, ξ2) ∈ R implies that

1. λ(ξ1) = λ(ξ2),

2. (φ(t, ξ1), φ(t, ξ2)) ∈ R for all t > 0,

3. the measures Q(ξ1) and Q(ξ2) are equivalent with respect to R.

Example 9.7. To illustrate bisimulation for CFSJSs, we adapt Example 9.5. Let
X = (E, ξ0, φ, λ,Q) be a CFSJS with E = [0, 1] × [0, 1], ξ0 = (0, 0), φ(t, (ξ1, ξ2)) =
(ξ1 + t, ξ2), λ(ξ1, ξ2) = λ̃(ξ1), where λ̃ is some jump rate function defined on [0, 1],
and Q(ξ1, ξ2) = Id0 × U [0, 1]. Then, R := {{r} × [0, 1]|r ∈ [0, 1]} is a bisimulation
for CFSJS X.

Next, we define bisimulation for FTS.

Definition 9.8. Let X = (E, T ) be an FTS. Let O : E → EO be an output
mapping. A measurable relation R on E is called a bisimulation relation for (X,O)
if:
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1. (ξ1, ξ2) ∈ R implies O(ξ1) = O(ξ2),

2. (ξ1, ξ2) ∈ R and (ξ1,m1) ∈ T imply that there exists m2 such that (ξ2,m2) ∈
T while m1 and m2 are equivalent with respect to R.

Later we will use the following lemma for proving stochastic equivalence of
bisimilar scheduled CPDPs.

Lemma 9.9. Let XC be a CFSJS with state space E, let XF be an FTS with the
same state space E and let O : E → EO be an output mapping. If the measurable
relation R on E is a bisimulation for both XC and (XF , O), then R is also a
bisimulation for (XT , O), where XT is the TMS that corresponds to XC and XF .

Proof. That items 1,2 and 4 of Definition 9.4 are satisfied follows directly from
Definitions 9.6 and 9.8. Let (ξ1, ξ2) ∈ R. Consider the following observations. 1.
From items 1 and 2 of Definition 9.6 we find that the distribution of the time of
a stochastic jump due to the CFSJS is the same at states ξ1 and ξ2, 2. Bisimilar
states are either both enabled FTS states or both non-enabled FTS states, which,
together with item 2 of Definition 9.6, makes the time until a forced jump happens
the same at states ξ1 and ξ2. From these two observations we find directly that
item 3 of Definition 9.4 is satisfied.

Definition 9.10. Let X = (E,Σ, T ) be an NTS and let O : E → EO be an output
mapping. A measurable relation R on E is called a bisimulation relation for (X,O)
if: (ξ1, ξ2) ∈ R implies for all σ ∈ Σ that

1. O(ξ1) = O(ξ2),

2. if ξ1
σ
→ m1 then there exists an m2 such that ξ2

σ
→ m2, while m1 and m2 are

equivalent measures with respect to R.

Remark 9.11. The idea that for bisimilar states ξ1 and ξ2 an a-transition at ξ1
with measure m1 should have a corresponding a-transition at ξ2 with equivalent
measure m2 is also present in the definition of bisimulation for probabilistic timed
automata in [D’A97], but there measures of different transitions can be defined
on different measurable spaces, where we consider the same Borel space for all
measures. Equivalence of measures m1 and m2 is in [D’A97] defined as m1(A) =
m2(A) for each set A that is measurable in both the measurable spaces of m1 and
m2.

Example 9.12. To illustrate bisimulation for NTSs, we give a simple example of an
NTS with a discrete state space of three states. This NTSX = ({l0, l1, l2}, {a, b}, T )
is pictured in Figure 9.1 T consists of three transitions: an a-transition from l0,
whose reset map assigns probability 1

3 to l1 and assigns probability 2
3 to l3, a

b-transition from l1 to itself (with probability one), and a b-transition from l2
that returns to itself with probability 1

2 and goes to l1 with probability 1
2 . We

consider output space O = {white, black} and output mapping O(l0) = white,
O(l1) = O(l2) = black. We show that R = {{l0}, {l1, l2}} is a bisimulation for
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Figure 9.1: Bisimulation for NTSs

(X,O): Condition 1 is satisfied because O(l1) = O(l2), condition 2 is satisfied
because both the b-transition from l1 and the b-transition from l2 end up in equiv-
alence class {l1, l2} with probability one.

We now define bisimulation for CPDPs.

Definition 9.13. Let X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) be a CPDP with
state space E and flow map φ. A measurable relation R on E is called a bisimulation
for X if: (ξ1, ξ2) ∈ R implies

1. ω(loc(ξ1)) = ω(loc(ξ2)) and for all w ∈ ω(loc(ξ1)),
G(loc(ξ1), w)(ξ1) = G(loc(ξ2), w)(ξ2),

2. (φ(t, ξ1), φ(t, ξ2)) ∈ R for all t > 0,

3.
∑

α∈Sloc(ξ1)→
λα(ξ1) =

∑

α∈Sloc(ξ2)→
λα(ξ2) and, if this total jump rate, which

we denote by λ, is not equal to zero, then

∑

α∈Sloc(ξ1)→

λα(ξ1)

λ(ξ1)
rmap(α)(ξ1) and

∑

α∈Sloc(ξ2)→

λα(ξ2)

λ(ξ2)
rmap(α)(ξ2)

are equivalent measures, and

4. for all σ ∈ Σ ∪ Σ̄ we have that if ξ1
σ
→ m1, i.e., if there exists a σ-transition

enabled at ξ1 with reset measure m1, then there exists a reset measure m2

such that 1. ξ2
σ
→ m2 and 2. m1 and m2 are equivalent measures.

Two states ξ1 and ξ2 in E are called bisimilar if there exists some bisimulation
R for X such that (ξ1, ξ2) ∈ R.

The conditions of Definition 9.13 can be interpreted as follows. Condition 1
assures that the outputs of bisimilar states are the same. Condition 2 assures that
through continuous evolution, the states remain bisimilar. Condition 3 assures that
the combined action of the spontaneous transitions is equivalent at bisimilar states
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Figure 9.2: Bisimulation for CPDPs

(see Section 3.2.2 for combined action of spontaneous transitions). Condition 4
assures that for each active or passive σ-transition at state ξ1, there is also a σ-
transition at state ξ2 with an equivalent reset measure.

Remark 9.14. It can be seen that the bisimulation notions for IMC and for CPDP
coincide for all IMCs transformed to CPDP (see Section 7.1.2). In other words, if
R ⊂ L × L is a strong bisimulation for IMC X with discrete state space L, then
{((l, 0), (l′, 0))|(l, l′) ∈ R} is a bisimulation for CPDP XC , where XC , with state
space E = ∪l∈L(l, 0), denotes the transformation of X.

Bisimulation for CPDPs is reflected on the semantical level as follows.

Lemma 9.15. R is a bisimulation for a CPDP X if and only if R is a bisimulation
for both the CFSJS and the NTS of X.

Proof. The following observations can be easily checked. Items 1 and 4 of Definition
9.13 are satisfied if and only if items 1 and 2 of Definition 9.10 are satisfied. Item 2
of Definition 9.13 is satisfied if and only if item 2 and 2 of Definition 9.6 is satisfied.
Item 3 of Definition 9.13 is satisfied if and only if items 1 and 3 of Definition 9.6
are satisfied. The latter observation follows from the fact that the two measures
of item 3 of Definition 9.13, which should be equivalent, are exactly the transition
measures of the CFSJS at states ξ1 and ξ2.

Example 9.16. Consider the CPDP X of Figure 9.2. We define three initial
values r0,1, r0,2 and r0,3. These values determine initial states for locations l1,
l2 and l3, i.e., the initial state of location li (i = 1, 2, 3) equals {xi = r0,i}. We
use these initial states to specify the reset maps of all transitions as follows: any
transition with target location li (i = 1, 2, 3) resets the state of li to {xi = r0,i}
with probability one. The guards of all four a-transitions are equal to the whole
valuation space of the corresponding origin locations. The spontaneous transitions
that have label λ[y < 0] in Figure 9.2 are spontaneous transitions whose rates are
piecewise constant: λ[y < 0], which is shorthand notation, means that for states
with output value smaller than zero, the rate is equal to the constant λ and for all
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other states the rate is equal to zero. The other two spontaneous transitions have
constant rates µ and 2µ.

The locations l1,l2 and l3 have linear time invariant state/output dynamics (see
Figure 9.2). The dynamics of locations l2 and l3 are related as follows: A2 =
TA3T

−1 and C2 = C3T
−1. In other words the dynamics of l2 and l3 can be

transformed into each other via a state space transformation. Also, the initial
states of locations l2 and l3 are related as: r0,2 = Tr0,3.

We will now show that the equivalence relation

R = {{(l1, val)}|val ∈ vs(l1)} ∪ {{(l2, x2 = r2), (l3, x3 = r3)}|r2 = Tr3}

is a bisimulation for the CPDP X. First, the quotient space induced by R is Borel
isomorphic to (l2, vs(l2)) ∪ (l3, vs(l3)), where (li, vs(li)) := {(li, val)|val ∈ vs(li)},
which is clearly a Borel space and therefore the quotient space itself is a Borel
space. Thus, R is a measurable relation. Now, we check the four conditions of
Definition 9.13.

1. Follows directly from the fact that the state/output dynamics of location l2
is a state space transformation of the state/output dynamics of location l3
via matrix T .

2. Idem.

3. For both locations l2 and l3 the total rate equals 2µ+λ for states where y < 0
and equals 2µ for states with y ≥ 0. Thus, the total jump rates are the same.
The spontaneous transitions to locations l2 and l3 have equivalent reset maps
because (l2, {x2 = r0,2}) and (l2, {x2 = r0,2}) are bisimilar states. From this
and from the fact that both λ transitions have the same reset map, we get
that the second part of item 3 of Definition 9.13 holds.

4. Follows from the following two observations.

• For all val2 ∈ vs(l2) and all val3 ∈ vs(l3) both the transitions ((l2, val2),
Id(l1,{x1=r0,1})) and ((l3, val3), Id(l1,{x1=r0,1})) are present.

• For all val2 ∈ vs(l2) and all val3 ∈ vs(l3) the transitions ((l2, val2),
Id(l3,{x1=r0,3})), ((l3, val3), Id(l2,{x1=r0,2})) and ((l3, val3), Id(l3,{x1=r0,3}))
are present. Then, because the probability measures Id(l2,{x1=r0,2}) and
Id(l3,{x1=r0,3}) are equivalent, we have that for each a-transition from
a state with location l2 there is a matching a-transition at its bisimilar
state in location l3 and vice versa.

In Section 9.3 we will see how this CPDP can be state reduced via bisimulation
by using the algorithm we present in that section.

In this example we have seen that if the state/output dynamics of two locations
can be transformed into each other via classical state space transformation, then
this naturally leads to an equivalence relation on the hybrid state space such that
item 1 and item 2 of Definition 9.13 hold. Later we will see that classical state
space reduction also naturally leads to an equivalence relation such that item 1 and
item 2 of Definition 9.13 are satisfied.
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9.1.1 Substitutivity of bisimulation for CPDPs

An important property of bisimulation in the context of complex systems is that
bisimilarity is substitutive. For CPDPs and composition defined by |PA|, this means
that if for CPDP X the states ξX,1 and ξX,2 are bisimilar, then for any state ξY of
any CPDP Y we should have that the product states (ξX,1, ξY ) and (ξX,2, ξY ) are
also bisimilar for X|PA|Y . We call this the substitutivity property of bisimulation
with respect to |PA|. Before we prove that this is the case, we first need to prove
that the trivial equivalence relation on the product space E1 × E2 that is induced
by a measurable equivalence relation on the space E1, is again measurable.

Lemma 9.17. If R is a measurable equivalence relation on Borel space E1, then
for all Borel spaces E2

R̂ := {((ξ1, ξ2), (ξ
′
1, ξ2))|(ξ1, ξ

′
1) ∈ R, ξ2 ∈ E2}

is a measurable equivalence relation on the product Borel space E1 × E2.

Proof. There exists a measurable ψ : [0, 1]×E1/R → E1, such that ψ([0, 1]× [ξ]) =
{ξ̃ ∈ E1|[ξ̃] = [ξ]}. (This existence is proven in Theorem 3 of [SvdS05c], where
Proposition 2.8 and Theorem 8.1 of [Par67] are used). We prove that (E1×E2)/R′ =
E1/R × E2, which is indeed a Borel space.

Take B ∈ B∗(E1 × E2) (i.e., B is Borel in E1 × E2 and for any ξ2 we have: if
(ξ1, ξ2) ∈ B and [ξ1] = [ξ̃1] then (ξ̃1, ξ2) ∈ B). Now there exist Borel sets BE1

i and

BE2
i such that

B = ∪∞
i=1B

E1
i ×BE2

i .

Because ψ is measurable, we have that for all i that ψ−1(BE1
i ) ∈ B([0, 1]×E1/R).

This means that there exist Borel sets B
E1/R

i,j and B
[0,1]
i,j , such that

∪∞
i=1ψ

−1(BE1
i ) ×BE2

i = ∪∞
i,j=1B

[0,1]
i,j ×B

E1/R

i,j ×BE2
i

Because we have that if (ξ1, ξ2) ∈ B and [ξ1] = [ξ̃1] then (ξ̃1, ξ2) ∈ B, we can also
write

∪∞
i=1ψ

−1(BE1
i ) ×BE2

i = ∪∞
i,j=1[0, 1] ×B

E1/R

i,j ×BE2
i ,

from which we can see that R′ maps B to ∪∞
i,j=1B

E1/R

i,j ×BE2
i , which is a Borel set

in E1/R × E2 and therefore (E1 × E2)/R′ is a Borel space.

Now we can prove the substitutivity property of bisimulation for composition.
The result holds for both NTSs and CPDPs.

Theorem 9.18. Let X be an NTS with state space E1. Let R be a bisimulation
for X. Then for all NTSs Y , with state space E2, and all A and P , R̂, as defined
in Lemma 9.17, is a bisimulation for NTS X|PA|Y . Furthermore, the result also
holds if X and Y are CPDPs.
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Proof. We first prove the result for the NTS case. R̂ is a measurable relation
according to Lemma 9.17. Let (ξ1, ξ

′
1) ∈ R. We prove that for any ξ2 ∈ E2,

((ξ1, ξ2), (ξ
′
1, ξ2)) ∈ R̂.

The output at (ξ1, ξ2) equals the union of outputs of ξ1 and ξ2, i.e., O(ξ1, ξ2) =
O(ξ1) ∪ O(ξ2) which equals because of bisimulation R O(ξ′1) ∪ O(ξ2) = O(ξ′1, ξ2).
Thus, item 1 of Definition 9.10 is satisfied,

Suppose for some σ ∈ Σ∪ Σ̄ we have (ξ1, ξ2)
σ
→ m1 ×m2. Then, this transition

reflects transitions ξ1
σ1→ m1 and ξ2

σ2→ m2 of the components. Depending on the
kind of transition, we could have σ1 = σ and σ2 = σ̄, or σ1 = σ and σ2 = ∗,
where ∗ means ‘no transition for this component’ and consequently for σ2 = ∗ we
have m2 = Id, etc. Then, because of bisimulation R, we also have ξ′1

σ1→ m′
1, with

m1 and m′
1 equivalent. Consequently, (ξ′1, ξ2)

σ
→ m′

1 ×m2. m1(A1) ×m2(A2) =
m′

1(A1) × m2(A2) for all A1 ∈ B∗(E1) and all A2 ∈ B(E2). The σ-algebra of
B∗(E1 × E2) is generated by all A1 and A2 of this form and then we get that
m1 ×m2 and m′

1 ×m2 agree on all sets in B∗(E1 × E2), from which we conclude
that item 2 of Definition 9.10 is satisfied.

Now we prove the CPDP case. Satisfaction of items 1 and 4 of Definition
9.13 follow directly from the NTS case. Item 2 of Definition 9.13 is satisfied be-
cause (φ(t, (ξ1, ξ2)), φ(t, (ξ′1, ξ2))) = ((φ(t, ξ1), φ(t, ξ2)), (φ(t, ξ′1), φ(t, ξ2))) ∈ R̂ be-
cause (φ(t, ξ1), φ(t, ξ′1)) ∈ R. The measures from item 3 of Definition 9.13 are, for
sets A1 ×A2, equal to

λ(ξ1)

λ(ξ1) + λ(ξ2)
Q1(ξ1)(A1) +

λ(ξ2)

λ(ξ1) + λ(ξ2)
Q2(ξ1)(A2)

and
λ(ξ′1)

λ(ξ′1) + λ(ξ2)
Q′

1(ξ
′
1)(A1) +

λ(ξ2)

λ(ξ′1) + λ(ξ2)
Q2(ξ1)(A2)

respectively, where Q1, Q
′
1 and Q2 are the CFSJS transition measures at states ξ1,

ξ′1 and ξ2. Because of bisimulation R, these two measures agree on all sets A1 ×A2

with A1 ∈ B∗(E1) and A2 ∈ B(E2) and therefore, as described above, agree on all
sets from B∗(E1 × E2), from which we conclude that item 3 of Definition 9.13 is
satisfied.

To use bisimulation as a compositional model reduction technique, it is conve-
nient to define when two CPDPs are bisimilar to each other. We first define the
union CPDP of two CPDPs. With this concept of union CPDP the definition of
bisimilarity of two CPDPs follows directly from Definition 9.13.

Definition 9.19. Let X = (LX , VX , νX ,W, ωX , FX , GX ,Σ,AX ,PX ,SX) and Y =
(LY , VY , νY ,W, ωY , FY , GY ,Σ,AY ,PY ,SY ) be two CPDPs with state spaces EX

and EY . We define the union CPDP X ∪Y as (LX ∪LY , VX ∪VY , ν,W, ω, F,G,Σ,
AX ∪AY ,PX ∪PY ,SX ∪SY ). Here ν(l) is defined as νX(l) if l ∈ LX and as νY (l)
if l ∈ νY (l), ω(ξ) is defined as ωX(ξ) if ξ ∈ EX and as ωY (ξ) if ξ ∈ EY . FX and
GX are defined likewise. The reset maps of the transitions are here extended to the
space EX ∪ EY , where a reset map from a transition from X assigns probability
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zero to EY , etc. CPDP X ∪ Y behaves as X if the initial state lies in EX and
behaves as Y if the initial state lies in EY .

Definition 9.20. CPDPs X and Y with state spaces EX and EY are called
bisimilar if there exists a bisimulation R for the CPDP X ∪ Y such that for all
A ∈ B∗(EX ∪ EY ) we have A ∩ EX 6= ∅ and A ∩ EY 6= ∅.

Corollary 9.21. With Definition 9.20, we can directly derive from Theorem 9.18
that if X and X ′ are bisimilar CPDPs (or NTSs) then for all CPDPs (or NTSs)
Y we have that the CPDPs (or NTSs) X|PA|Y and X ′|PA|Y are also bisimilar.

This corollary shows how bisimulation can be used for compositional model
reduction: each component in the composition may be replaced by a (reduced)
bisimilar component without changing the composed system up to bisimilarity.

9.2 Bisimulation for internally scheduled CPDPs

We define bisimulation for internally scheduled CPDPs.

Definition 9.22. Let X = (L, V, ν,W, ω, F,G,Σ,A,P = ∅,S) be a CPDP with
state space E and flow map φ. Let Si be an internal scheduler for X. A measurable
relation R on E is called a bisimulation for (X,Si) if (ξ1, ξ2) ∈ R implies that
conditions 1,2 and 3 of Definition 9.13 are satisfied and for all σ ∈ Σ ∪ Σ̄ we have
that if ξ1

σ
→ then ξ2

σ
→, while

∑

α∈T
ξ1

σ
→

Si(α)(ξ1)rmap(α)(ξ1) and
∑

α∈T
ξ2

σ
→

Si(α)(ξ2)rmap(α)(ξ2) (9.1)

are equivalent measures, where T
ξ

σ
→

denotes the set of all ξ-enabled σ-transitions.

The last condition in Definition 9.22 assures that for each σ ∈ Σ ∪ Σ̄, the
combined action of internal scheduler and all σ-transitions is equivalent for bisimilar
states. In Chapter 8 we saw that the semantics of an internally scheduled CPDP
can be captured as a CFSJS together with an NTS. Bisimulation for internally
scheduled CPDPs is reflected on the semantical level as follows.

Lemma 9.23. R is a bisimulation for a CPDP (X,Si) if and only if R is a
bisimulation for both the CFSJS and the NTS of (X,Si).

Proof. The measure
∑

α∈T
ξ

σ
→

Si(α)(ξ)rmap(α)(ξ), as defined in Definition 9.22 for

ξ ∈ {ξ1, ξ2}, is exactly the measure for the σ-transition of the NTS of (X,Si) at
state ξ. The result now follows directly from this observation, Definition 9.10 and
Lemma 9.15.

Example 9.24. Consider the CPDP X of Figure 9.2 with bisimilation relation R
of Example 9.16. Remember that the states (l3, {x3 = r3}) and (l2, {x2 = Tr3}),
where T is the state space transformation matrix, are contained in R. Let Si be an
internal scheduler forX. Si schedules the a-transitions at locations l2 and l3. When
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is R a bisimulation for (X,Si)? The answer is: if for all appropriate dimensioned

r3 we have Si(l3, {x3 = r3})(l3
a
→ l1) = Si(l2, {x2 = Tr3})(l2

a
→ l1). Note that this

means that the scheduling value of l2
a
→ l3 equals the sum of the scheduling values

of l3
a
→ l2 and l3

a
→ l3. This satisfies the bisimulation conditions because the reset

probability measures used by the three transitions are all equivalent with respect
to R.

Also for internally scheduled CPDPs we define bisimilarity. For this purpose
we first define the union of two internally scheduled CPDPs.

Definition 9.25. The union of the two internally scheduled CPDPs (X,Si
X) and

(Y, Si
Y ) is defined as follows. (X,Si

X) ∪ (Y, Si
Y ) := (X ∪ Y, Si), where Si(ξ) equals

Si
X(ξ) if ξ ∈ EX and equals Si

Y (ξ) if ξ ∈ EY .

Definition 9.26. The internally scheduled CPDPs (X,Si
X) and (Y, Si

Y ) with state
spaces EX and EY are called bisimilar if there exists a bisimulation R for the CPDP
(X,Si

X)∪ (Y, Si
Y ) such that for all saturated Borel sets A ∈ B∗(EX ∪EY ) we have

A ∩ EX 6= ∅ and A ∩ EY 6= ∅.

The following theorem shows the relation between bisimilar CPDPs and equiv-
alence of stochastic output behavior.

Theorem 9.27. Let the internally scheduled CPDPs (X,Si
X) and (Y, Si

Y ) be bisim-
ilar. Let R be a bisimulation for X ∪ Y . Let Se

X and Se
Y be external schedulers for

X and Y such that for all σ ∈ Σ we have Se
X(ξ1)(σ) = Se

Y (ξ2)(σ) if (ξ1, ξ2) ∈ R.
Then, the quotient TMS of (X,SX) under R is isomorphic equivalent to the quo-
tient TMS of (Y, SY ) under R, where SX = (Si

X , S
e
X) and SY = (Si

Y , S
e
Y ).

Proof. Let (ξ1, ξ2) ∈ R. The FTS reset measure at state ξ1 is equal to
∑

σ∈Σ S
e
X(ξ1)(σ)mσ(ξ1), where mσ(ξ1) is the reset measure for the σ-transition of

the NTS of (X,Si
x) at state ξ1, and the FTS reset measure at state ξ2 is equal to

∑

σ∈Σ S
e
Y (ξ2)(σ)mσ(ξ2). Because of bisimulation R and Lemma 9.23 mσ(ξ1) and

mσ(ξ2) are equivalent measures and because we have Se
X(ξ1)(σ) = Se

Y (ξ2)(σ) we
get that the two FTS reset measures at ξ1 and ξ2 are equivalent. Therefore, R is a
bisimulation for the FTS of (X,Si

X) ∪ (Y, Si
Y ) with external scheduler Se

X for the
states of X and external scheduler Se

Y for the states of Y . According to Lemma
9.9 we now have that R is a bisimulation for the TMS of X ∪ Y . It can now easily
be seen that the quotient TMS of (X,SX) and the quotient TMS of (Y, SY ) are
isomorphic equivalent under the isomorphism that maps each equivalence class of
(X,SX), which is a single state in the quotient TMS of (X,SX), to the correspond-
ing equivalence class of (Y, SY ), which is a single state in the quotient TMS of
(Y, SY ).

Corollary 9.28. Bisimilar scheduled CPDPs, i.e., bisimilar internally scheduled
CPDPs with external schedulers as in Theorem 9.27, generate the same output
executions (with the same probabilities). This means that if we want to analyze the
stochastic output behavior of a scheduled CPDP, then we can as well analyze the
stochastic output behavior of a (reduced) bisimilar scheduled CPDP.
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9.2.1 Substitutivity of bisimulation for scheduled CPDPs

We saw that a bisimulation relation for one CPDP component in a composition
naturally leads to a bisimulation relation for the composed CPDP. In the context
of scheduled CPDPs there is another factor that we should take into account, the
priority function. The priority function is a kind of high level scheduler that chooses
probabilistically which component may execute a transition in cases where both
components have transitions enabled. Bisimulation for scheduled CPDPs satisfies
the substitutivity property only if the priority function treats bisimilar states in the
same way. It is clear that when a priority function assigns different probabilities to
the components for states that are bisimilar, then the behavior at these states will
be different. We call a priority function that treats bisimilar states (with respect
to R) in the same way R-respecting. This notion is defined as follows.

Definition 9.29. Let pri be a priority function for X|PA|Y and let R be a bisimu-
lation for X. pri is called R-respecting if for all σ ∈ Σ ∪ Σ̄ we have: if (ξX , ξ

′
X) ∈

R and for some ξY ∈ EY (ξX , ξY , σ) and (ξ′X , ξY , σ) are conflict pairs, then
pri(ξX , ξY , σ)(X) = pri(ξ′X , ξY , σ)(X).

We can now state the substitutivity result for bisimulation for internally sched-
uled CPDPs.

Theorem 9.30. Let (X,Si
X) and (Y, Si

Y ) be internally scheduled CPDPs. Let R
be a bisimulation for (X,Si

X). Let pri be an R-respecting priority function for
X|PA|Y . Then,

R̂ := {((ξ1, ξ2), (ξ
′
1, ξ2))|(ξ1, ξ

′
1) ∈ R, ξ2 ∈ EY }

is a bisimulation for (X|PA|Y, (S
i
X , S

i
Y , pri)).

Proof. Let (ξ1, ξ2), (ξ
′
1, ξ2)) ∈ R̂. We first show that for all σ ∈ Σ ∪ Σ̄ the reset

measures of the NTS σ-transitions at states (ξ1, ξ2) and (ξ′1, ξ2) are equivalent.
Assume that (ξ1, ξ2, σ) ∈ CP , i.e., is a conflict pair. Then we have NTS transi-

tions ξ1
σ
→ m1 and ξ2

σ
→ m2, which bring forth the NTS σ-transition (ξ1, ξ2)

σ
→

pri(ξ1, ξ2, σ)(X)m1+pri(ξ1, ξ2, σ)(Y )m2 in the composition (X|PA|Y, (S
i
X , S

i
Y , pri)).

Because of bisimulation R, we have ξ′1
σ
→ m′

1, with m′
1 equivalent to m1. This

means that we get the NTS σ-transition

(ξ′1, ξ2)
σ
→ pri(ξ′1, ξ2, σ)(X)m′

1 + pri(ξ′1, ξ2, σ)(Y )m2

in the composition (X|PA|Y, (S
i
X , S

i
Y , pri)). pri(ξ

′
1, ξ2, σ)(X)m′

1+pri(ξ
′
1, ξ2, σ)(Y )m2

is equivalent to pri(ξ1, ξ2, σ)(X)m1 + pri(ξ1, ξ2, σ)(Y )m2 because m′
1 is equivalent

to m1 and pri is R-respecting. Thus, we proved the NTS part for conflict pairs.
The NTS part for non-conflict pairs, the CFSJS part, the output part and the flow
map part can all be found in the proof of Theorem 9.18.

In terms of bisimilar CPDPs, this result can be stated as in the following corol-
lary.



114 CHAPTER 9. BISIMULATION FOR CPDPS

Corollary 9.31. Let (X,Si
X), (X ′, Si

X′) and (Y, Si
Y ) be internally scheduled CPDPs.

Let (X,Si
X) and (X ′, Si

X′) be bisimilar, which means that there exists a bisimulation
R for (X,Si

X)∪ (X ′, Si
X′) such that for all saturated Borel sets A ∈ B∗(EX ∪EX′)

we have A ∩ EX 6= ∅ and A ∩ EX′ 6= ∅. Let pri be an R-respecting priority
function for (X ∪ X ′)|PA|Y . Then, consequently, pri is an R-respecting priority
function for both X|PA|Y and X ′|PA|Y and we have that (X|PA|Y, (S

i
X , S

i
Y , pri)) and

(X|PA|Y, (S
i
X′ , Si

Y , pri)) are bisimilar.

9.3 Bisimulation algorithm

In this section we give an algorithm to automatically determine bisimulation re-
lations on the state space of a CPDP. First we give the bisimulation algorithm
for internally scheduled CPDPs. After that, we show how the algorithm can be
adjusted such that it computes a bisimulation for non-scheduled CPDPs. After
this we also give another version of the algorithm, again for both internally sched-
uled and non-scheduled CPDPs, which is ‘improved’ in the sense that it might
find coarser bisimulation partitions. The first algorithm can therefore refine too
much with respect to the second algorithm, however, executing this algorithm is
less elaborate than executing the second algorithm and might therefore in some
cases be preferred.

The algorithms will only find bisimulations with the following property: two
states can be in the bisimilation only if the corresponding locations of these states
are bisimilar, where we define bisimilarity on the set of locations of a CPDP as
follows.

Definition 9.32. We call two locations l1 and l2 of a CPDP X bisimilar if there
exists a bisimulation relation R for X such that

1. {val1|∃val2 ∈ vs(l2) such that ((l1, val1), (l2, val2) ∈ R} equals vs(l1), and

2. {val2|∃val1 ∈ vs(l1) such that ((l1, val1), (l2, val2)) ∈ R} equals vs(l2).

We call two locations l1 and l2 of an internally scheduled CPDP (X,Si
X) bisimilar if

there exists a bisimulation relation R for (X,Si
X) such that the above two conditions

are satisfied.

In general this will not be the maximal bisimulation because it could for example
be that two states are bisimilar while their corresponding locations are not bisimilar.
We will see that this restriction, i.e., only looking for bisimilar locations, makes it
possible to split up the process of finding a bisimulation in different parts: one for
the continuous dynamics, one for the reset maps and one for the transitions and
their guards.

Assumption 9.33. We assume throughout this section that guards and jump-
rates can be defined on the output space. In other words, we assume that for a
CPDP, with state space E, output space EO and output mapping O,
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1. for each active transition α with guard G̃α, there exists a Gα ⊂ EO, such
that

G̃α = {ξ ∈ E|O(ξ) ∈ Gα},

2. for each spontaneous transition α with jump rate λ̃α, there exists a λ : EO →
R+ such that for all states ξ

λ̃(ξ) = λ(O(ξ)).

We also assume that all active, passive and spontaneous transitions we have that
the reset maps of these transitions assign to each state the same reset measure. For
the bisimulation algorithms that we will present, we restrict ourselves to CPDPs
that satisfy these assumptions. From now on guards will be regarded as subsets
of the output space and jump rates will be regarded as functions defined on the
output space.

9.3.1 Partitioning the output space

In order to present the first algorithm, we need to define Ps(l, σ, Cr) and Pj(l, Cr),
where σ ∈ Σ ∪ Σ̄. Ps(l, σ, Cr) partitions the output space such that the sum of
scheduling values of all σ-transitions with reset measure in Cr, where Cr is a set
of reset measures, is the same at outputs y and y′ if these outputs are in the same
class. Pj(l, Cr) partitions the output space such that for two outputs in the same
class the sum of jump rates of all transitions with reset measure in Cr is the same.

First we define Ps for a single transition. The internal scheduler is denoted by
Si.

Ps(α) =
⋃

p∈R+

{(p, {y ∈ Gα|S
i(α, y) = p})} −

⋃

p∈R+

{(p, ∅)}.

Note that for all scheduling values p the empty set is removed from Ps since this is
not an element of a partition. In fact, Ps does not make a partition of the guard,
but makes a partition of the guard where each class has a value p assigned to it.

We now define Ps for a set of transitions, but to do that we first have to define
the scheduler Si for a set of transitions:

Si({α1, α2, · · · , αn}, y) = Si(α1, y) + · · · + Si(αn, y).

Now we define Ps for a set of transitions A = {α1, α2, · · · , αn}. GA = ∪α∈AGα

denotes the union of guards.

Ps(A) =
⋃

p∈R+

{(p, {y ∈ GA|S
i(A, y) = p})} −

⋃

p∈R+

{(p, ∅)}.

Now we define for all σ ∈ Σ the partitioning function Ps in the form that we use
in the algorithm.

Ps(l, σ, {r1, · · · , rn}) := Ps({α ∈ A
l

σ
→
|Rα ∈ {r1, · · · , rn}}).
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Let Cr = {r1, · · · , rn}. Then Ps(l, σ, Cr) = ∪i∈I{(pi, Gi)} and ∪i∈I{Gi} forms a
partition of Gσ,Cr

, where Gσ,Cr
is the set of all outputs y where a σ-transition with

(constant) reset map in Cr is enabled. y ∈ Gi (for some i ∈ I) is then interpreted
as: ‘the probability that for action σ the internal scheduler chooses at output y
a transition with reset map in Cr’ equals pi. In the algorithm, Ps(l, σ, Cr), with
Cr an equivalence class of reset measures, will be used to discriminate states as
non-bisimilar.

In the same way we can define Ps(l, σ̄, Cr), with σ̄ ∈ Σ̄ and Cr = {r1, · · · , rn},
for passive transitions:

Ps(l, σ̄, Cr) :=
⋃

p∈R+

{(p, {y|S({α ∈ P
l

σ̄
→
|Rα ∈ Cr}, y) = p})} −

⋃

p∈R+

{(p, ∅)}.

Using the same idea, Pj makes a partition of the output space based on the jump-
rates: for Cr = {r1, · · · , rn} we define

Pj(l, Cr) :=
⋃

λ∈R+

{(λ, {y|
∑

α∈S(l,y)→Cr

λα(y) = λ})} −
⋃

λ∈R+

{(λ, ∅)},

where S(l,y)→Cr
is the set of all spontaneous transitions leaving l that assign a reset

measure from Cr to state y.

9.3.2 Bisimulation algorithm

To state the algorithms we need the following definition.

Definition 9.34. A measurable relation R on the state space E of a CPDP is called
a bisimulation with respect to the continuous dynamics if it satisfies conditions 1
and 2 of Definition 9.13. Two states ξ and ξ′ are called bisimilar with respect to
the continuous dynamics if there exists such a relation R such that (ξ, ξ′) ∈ R.

Now, we can present the first algorithm that computes a bisimulation relation
for a CPDP.

Algorithm 9.35. Let (X,Si) be an internally scheduled CPDP with state space
E that satisfies Assumption 9.33. Let L be the set of locations of X and let R be
the set of all reset measures that are used by some transition of X. For all k ∈ N ,
Rk

l and Rk
r are calculated as follows.

Step 1 Determine R0
l ⊂ L × L such that (l, l′) ∈ R0

l if and only for all ξ with
loc(ξ) = l there exists a ξ′ with loc(ξ′) = l′ such that ξ and ξ′ are bisimilar
with respect to the continuous dynamics. Let, for each (l, l′) ∈ R0

l , Rl,l′ be the
maximal bisimulation concerning the continuous dynamics, i.e., let Rl,l′ be
equal to {(ξ, ξ′)|ξ, ξ′ ∈ (l, vs(l)) ∪ (l′, vs(l′)) and ξ and ξ′ are bisimilar with
respect to the continuous dynamics}.

Step 2 Determine R0
r ⊂ R × R such that (r, r′) ∈ R0

r if and only if r and r′

are equivalent measures with respect to Rlr,lr′ , where l and l′ are the target
locations of r and r′ respectively.
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Step 3 Determine inductively for each k ∈ N

Rk+1
l = Rk

l ∩ {(l, l′)|(∀σ ∈ (Σ ∪ Σ̄))(∀Cr ∈ Rk
r )

(Ps(l, σ, Cr) = Ps(l
′, σ, Cr) ∧ Pj(l, Cr) = Pj(l

′, Cr))}

Rk+1
r = Rk

r ∩ {(r, r′)|(∀Cl ∈ Rk+1
l )(r(Cl) = r′(Cl))},

where r(Cl) equals one if the target location of r lies in Cl and equals zero
otherwise.

We explain what happens in the three steps of this algorithm. In step 1, R0
l

partitions the location space such that l and l′ are in the same class if their contin-
uous dynamics are bisimilar with respect to the continuous dynamics. This gives a
first partition on the locations space which is probably too coarse because it only
concerns the continuous dynamics and does not discriminate yet on the transition
dynamics and the jump rates. Therefore, this partition needs to be refined. These
refinement steps are done in step 3. Per pair (l, l′) ∈ R0

l , Rl,l′ is determined as the
maximal bisimulation with respect to the continuous dynamics on the part of the
state space that has location l or l′.

In step 2, R0
r partitions the set of reset measures such that equivalent reset

measures with respect to Rl,l′ , from step 1, fall in the same class. Again, this
partition needs to be refined in step 3 because Rl,l′ is too coarse since it only
concerns the continuous dynamics.

In step 3, R0
l and R0

r are refined into R1
l and R1

r, which are then refined into
R2

l and R2
r, etc. Refinement goes on until a fixed point is achieved. We will see

in the proof of Theorem 9.36, that for bisimilar locations l and l′ we have under
certain conditions that Ps(l, σ, Cr) = Ps(l

′, σ, Cr) and Pj(l, Cr) = Pj(l
′, Cr) for

all σ ∈ Σ ∪ Σ̄ and for all equivalence classes Cr of the partition Rr of equivalent
measures. (We come back on this ‘under certain conditions’). In the refinement step
for Rl, R

k
l is refined into Rk+1

l , such that we indeed have Ps(l, σ, Cr) = Ps(l
′, σ, Cr)

and Pj(l, Cr) = Pj(l
′, Cr), but only for equivalence classes Cr from Rk

r and not from
Rr (which do not know yet at this point of the algorithm). Because Rk

r might be
too coarse, we might need another refinement step for Rk

l . When we find in some
step that Rk+1

l equals Rk
l , then we found the fixed point and we know that further

refinement will not happen in all following steps of the algorithm. In Theorem 9.36
we prove that this fixed point forms a bisimulation on the set of locations.

Once Rk
l is refined into Rk+1

l , we might have found that l and l′ are not bisimilar
(while we did not know that yet in the previous step). This means that we then
also know that reset measures with target locations l and l′ are not equivalent.
With this knowledge Rk

r is refined into Rk+1
r .

The following theorem states that if Algorithm 9.35 reaches a fixed point, then
this fixed point is a bisimulation on the set of locations.

Theorem 9.36. If, in Algorithm 9.35, for some k we have Rk+1
l = Rk

l (i.e., Rk
l

is the fixed point), and consequently Rk+1
r = Rk

r , then Rk
l is a bisimulation on the

set of locations (i.e., locations l and l′ are bisimilar if (l, l′) ∈ Rk
l ).
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Proof. We use the following notation: if R is an equivalence relation on a set E, then
Part(R) denotes the corresponding partition, i.e., Part(R) = {C1, C2, · · · , Cn},
where C1 till Cn are the equivalence classes of E with respect to R.

Define equivalence relation R on the hybrid state space E such that ((l1, val1),
(l2, val2)) ∈ R if and only if (l1, l2) ∈ Rk

l and (val1, val2) are bisimilar with respect
to the continuous dynamics.

We now prove that, according to Definition 9.22, R is a bisimulation.
Suppose ((l1, val1), (l2, val2)) ∈ R, then
1. ω(l1) = ω(l2) and G(l1, val1, w) = G(l2, val2, w) follow from (l1, l2) ∈ R0

l .
2. Follows from (l1, l2) ∈ R0

l .
3. If we define for all Cr ∈ Part(Rk

r )

λCr
(ξ) =

{

λ̃ (∃(λ̃, G) ∈ Pj(l, Cr))(ξ ∈ G)
0 otherwise.

,

then we can write λ(ξ) =
∑

Cr∈Part(Rk
r ) λCr

(ξ) and then λ(ξ1) = λ(ξ2) follows from

Pj(l1, Cr) = Pj(l2, Cr).
Take any Cl ∈ Part(Rk

l ) and any saturated Borel set B within the state space
of Cl. Let B/R denote the corresponding set of B in the quotient hybrid state space
(with respect to R) and let rCr

denote the reset map on the level of this quotient
space corresponding to the (equivalent) reset maps in Cr. Then it can be seen that

Q(l1, val1)(B) =
∑

Cr→Cl

λCr
(val1)

λ(val1)
rCr

(B/R),

where Cr → Cl denotes Cr ∈ {C ∈ Rk
r | the target location of any r ∈ C lies in Cl},

and Q(ξ) is the CFSJS reset measure of the CPDP at state ξ. Because λCr
(val1) =

λCr
(val2) we get Q(l1, val1)(B) = Q(l2, val2)(B). It can now be easily seen that

this result is also valid for any saturated Borel set of the hybrid state space.
4. The equivalence of the two reset measures of (9.1) can be proved analogously

to 3. except that here we get for σ ∈ Σ ∪ Σ̄ that

Q(l1, val1, σ)(B) =
∑

Cr:→Cl

pCr
(val1, σ)

λ(val1)
rCr

(B/R),

where Q(ξ, σ) is the NTS reset measure of the σ transition at state ξ, and

pCr
(val, σ) :=

{

p̃ (∃(p̃, G) ∈ Ps(l, σ, Cr))(val ∈ G)
0 otherwise.

Then because Ps(l1, σ, Cr) = Ps(l2, σ, Cr) we get pCr
(val1, σ) = pCr

(val2, σ) and
consequently Q(l1, val1, σ)(B) = Q(l2, val2, σ)(B).

We define the maximal bisimulation on the set of locations as the equivalence
relation that contains all pairs of locations that are bisimilar according to Defi-
nition 9.32. Now we question whether the algorithm above provides the maximal
bisimulation on the set of locations. The answer is: not in all cases. We give an
example where the bisimulation found with the algorithm is not maximal and we
show why in cases like this the algorithm ends up in a partition that is too refined.



9.3. BISIMULATION ALGORITHM 119

Example 9.37. Consider a CPDP with three locations, l1, l2 and l3. From l1 there
are two a-transitions to l3 with non-equivalent reset measures r1 and r2. From l2
there is one a-transition to l3 with reset measure r3 = 1

2r1 + 1
2r2. The guards of all

three transitions are equal to the whole valuation space of their origin locations.
The internal scheduler Si assigns at all states of location l1 probability 1

2 to both a-
transitions. There are no more transitions in the CPDP and l1 and l2 are bisimilar
with respect to the continuous dynamics. It is clear that the locations l1 and l2
are bisimilar because r3 is equivalent to the combination of r1 and r2 of the two
scheduled a-transitions. However, the algorithm does not check if one reset measure
is equivalent to a weighted sum of other reset measures and because Pl(l1, a, {r1}) =
{( 1

2 , EO)} 6= Pl(l2, a, {r1}) = {(0, EO)}, where EO is the output space of the CPDP,
the algorithm will refine R0

l = {{l1, l2, l3}} into R1
l = {{l1}, {l2}, {l3}} while l1 and

l2 are bisimilar.

For spontaneous transitions we can give a similar example where the algorithm
is refining too much. Then, the reset measure of a spontaneous transitions is equiv-
alent to the weighted sum of reset measures of two other spontaneous transitions,
while the jump rate of the spontaneous transition equals the sum of jump rates of
the other two spontaneous transitions.

Non-scheduled CPDPs

The first algorithm can be simply adjusted in such a way that it works for non-
scheduled CPDPs as well.

Theorem 9.38. For a CPDP X, let the partition Pj(l, Cr) be defined as in Section
9.3.1. Define Ps(l, σ, Cr) as

Ps(l, σ, Cr) := ∪α∈T
l

σ
→Cr

Gα,

where T
l

σ
→Cr

is the set of all active or passive σ-transitions from l with reset map

in Cr and Gα is the guard (as output states) of α. (The guard of a passive tran-
sition equals the whole output space of the origin location). Then, Algorithm 9.35
computes a bisimulation relation on the set of locations of X.

Proof. Items 1,2 and 3 are the same as in the proof of Theorem 9.36. Item 4 is
almost trivial now. For non-scheduled CPDPs we should have that for two bisimilar
states ξ1 and ξ2 we have for all σ ∈ Σ ∪ Σ̄ that if ξ1

σ
→ m1, then there is an m2

equivalent to m1 such that ξ2
σ
→ m2. This is equivalent to saying: if ξ1 is in

the guard of a transition with reset map m1, then ξ2 should be in the guard of a
transition with equivalent reset map. This is exactly stated by the new definition
Ps(l, σ, Cr) := ∪α∈T

l
σ
→Cr

Gα. (Note that here we obtain that two states in R have

the same output and the guards of the transitions are defined as subsets of the
output space).

Improved algorithm

We give an improvement of Algorithm 9.35 in such a way that certain unnecessary
refinements done by Algorithm 9.35 are not done anymore. For certain CPDPs,
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this improved algorithm will give a coarser partition of the location set, which is
still a bisimulation. As we said before, the price to be paid is that this second
algorithm is computationally more expensive.

The set of reset measures R, which is to be refined by the algorithm, should
now not only contain all reset measures used by the transitions, but should also
contain all weighted sums of reset measures used by the CPDP together with its
internal scheduler. In other words, a weighted-sum reset measure

r1m1 + r2m2 + · · · + rnmn

is contained in R if and only if there is a state ξ such that at least one of the
following two conditions is true.

1. For some σ ∈ Σ ∪ Σ̄, there exist σ-transitions α1 till αn that have reset
measures m1 till mn and have scheduling values r1 till rn at state ξ and
∑

i=1···n ri = 1.

2. There exist spontaneous transitions α1 till αn that have reset measures m1 till
mn and have jump rates λ1 till λn at state ξ and ri = λi

λ and
∑

i=1···n λi = λ,
where λ is the total jump rate at state ξ.

The partitioning functions Ps and Pj should now be defined differently because
this ‘weighted sum of reset measures’ should be incorporated:

Ps(l, σ, Cr) :=
⋃

p∈R+

{(p, {y|
∑

α∈T
l,y

σ
→

S(y)(α) = p,
∑

α∈T
l,y

σ
→

S(y)(α)rmap(α) ∈ Cr})} −
⋃

p∈R+

{(p, ∅)},

where T
l,y

σ
→

denotes the set of all σ-transitions leaving l that are enabled at y.

(Remember that rmap(α) is constant, i.e., does not depend on y).

Pj(l, Cr) :=

⋃

λ∈R+

{(λ, {y|
∑

α∈Sl→

λα(y) = λ,
∑

α∈Sl→

λα(y)

λ
rmap(α) ∈ Cr})} −

⋃

λ∈R+

{(λ, ∅)}.

In the case of internally scheduled CPDPs, S in the definition of Ps denotes an
internal scheduler. In the case of non-scheduled CPDPs Ps is defined as in Theorem
9.38 (i.e., Ps does not change for the improved algorithm for non-scheduled CPDPs).

Define R as the set of all used weighted sum reset measures. The improved
algorithm now consists of the following three steps.

Algorithm 9.39.

Step 1 Equals step 1 of Algorithm 9.35.

Step 2 Determine R0
r ⊂ R × R such that (r, r′) ∈ Rr if and only if r and r′

are equivalent with respect to R0 := {((l1, val1), (l2, val2))|(l1, l2) ∈ R0
l ,

(val1, val2) ∈ Rl1,l2}.
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Step 3 Determine inductively for each k ∈ N

Rk+1
l = Rk

l ∩ {(l, l′)|(∀σ ∈ (Σ ∪ Σ̄))(∀Cr ∈ Rk
r )

(Ps(l, σ, Cr) = Ps(l
′, σ, Cr) ∧ Pj(l, Cr) = Pj(l

′, Cr))}

Rk+1
r = Rk

r ∩ {(r, r′)|(∀Cl ∈ Rk+1
l )(r ∼ r′)},

where r ∼ r′ means that r and r′ are equivalent with respect to Rk+1 :=
{((l1, val1), (l2, val2))|(l1, l2) ∈ Rk+1

l , (val1, val2) ∈ Rl1,l2}.

Theorem 9.40. If algorithm 9.39 reaches a fixed point Rk
l for some k ∈ N, then

this fixed point is a bisimulation on the set of locations. This result holds for
internally scheduled CPDPs. If Pj is defined as in Theorem 9.38, the result also
holds for non-scheduled CPDPs.

Proof. The difference with Algorithm 9.35 is that now the set R of used reset
measures in step 2 is larger and the initial partititon on the set of locations may
be coarser. The updating steps in the algorithm are still the same, except that Ps

and Pj are defined a bit differently and determining Rk+1
r is more elaborate now

because checking equivalence of reset measures is more difficult since reset measures
can have multiple target locations. In spite of these differences, the proof (which
now works with a larger set of reset measures etc.) of Theorem 9.36 can be applied
to this improved algorithm as well. For non-scheduled CPDPs the NTS part does
not change for this new algorithm, because there is no scheduler here and therefore
‘sum of reset measures’ are not relevant here. From Theorem 9.38 we then find
that the result also holds for non-scheduled CPDPs.

Still we can not claim that the fixed point of our improved algorithm is the
maximal bisimulation on the set of locations. Although CPDPs of the type of
Example 9.37 are now taken care of because weighted sum reset measures are com-
pared, there are still situations where a class of locations is refined by the algorithm
while all locations in that class are bisimilar. This happens for example when two
locations jump to bisimilar states of non-bisimilar locations. These locations do
not fall in the same class by the algorithm because they have reset measures to
non-bisimilar locations. However, still the locations might be bisimilar.

9.3.3 Decidability

Algorithms 9.35 and 9.39 are algorithms for general CPDP bisimulation. They
will not be decidable in general, i.e., it can not be guaranteed that in general the
algorithms terminate after a finite number of execution steps. In this section we
pose some conditions under which the algorithms terminate at a fixed point and
are decidable. The contents of this section applies to both algorithms. One of the
conditions that we state for decidability is that the set of reset measures (used by
the CPDP) is finite. From a compositionality point of view, the identity reset map
(i.e., the reset map that leaves the state variables unchanged) is very important.
However, because each continuous state has its own identity reset measure, the
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number of reset measures used by the identity reset map is infinite. At the end of
this section we provide a decidable method which, under certain conditions, finds
the fixed point of the algorithm while allowing the use of identity reset maps.

Decidability conditions

Each of the three steps of the algorithms, asks for its own decidability conditions.
In step 1, maximal continuous bisimulations should be computed among the

dynamics of the different locations. This procedure is decidable if the number
of locations is finite and the procedure to find the maximal bisimulation of two
locations is decidable. An example of decidable continuous bisimulation is linear
state/output systems, i.e., the continuous dynamics of each location can be written
as

ẋ = Ax, y = Cx,

with A and C constant real matrices. Finding the maximal bisimulation between
two linear state/output systems can be done by using the method of [vdS04a],
where the algorithm consists of a finite number of standard matrix manipulations
and is thus decidable.

In step 2, the set of all reset measures used by the CPDP should be partitioned
into classes of equivalent measures (with respect to the results of step 1). This
procedure is decidable if the number of used (sums of) reset measures is finite and
the procedure to decide whether two reset measures are equivalent is decidable. In
the case of linear state/output systems, checking whether two states are bisimilar
can be done via a finite number of standard matrix operations and is therefore
decidable. Consider the class of reset measures that assign a positive probability to
a finite number of states. Two of these reset measures are equivalent if each state
in the quotient space gets the same probability from both reset measures. It is
decidable to determine which of the states (of positive probability) corresponds to
the same quotient state and the number of quotient states that have to be checked
are finite. Therefore, for this class of reset measures, the computation of the second
step of the algorithm is decidable. (Note that the reset measures of identity reset
maps fall within this class, but the number of them is for each identity reset map
infinite).

In step 3, we have to split guards into parts with equal jump-rate and for each
active or passive event into parts with equal scheduling value. Because transitions
with the same action are combined in this step, we have to calculate intersections
of guards. If two guards are both given as a set of linear inequalities, then the
computation of their intersection is decidable. Therefore we have that if

• the guard of each transition can be given as a finite set of linear inequalities,

• the number of different scheduling values is for each transition finite and the
’guard-areas of equal scheduling value’ can all be given as a finite set of linear
inequalities,

• for each transition, the number of reset measures used by the reset map of the
transition is finite and the guard area corresponding to each reset measure
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can be given as a finite set of linear inequalities and

• for each spontaneous transition the number of different jump rates is finite
and the area corresponding to each jump-rate can be given as a finite set of
linear inequalities,

then for each a ∈ (Σ∪ Σ̄) and each finite set of reset measures Cr, the computation
of Ps(l, a, Cr) and of Pj(l, Cr) is decidable. Now it can be seen that if the number
of locations and the number of transitions used is finite, then under the conditions
listed above, the computation of step 3 is decidable.

Identity reset maps

The identity reset map for a state variable v is defined as Idv({(v = r)}, (v = r)) =
1, in other words, if variable v is reset with Idv at the moment that its value equals
r, then the probability that the value of v after reset equals r, equals one because
the singleton Borel set {(v = r)} gets measure one. If we have two CPDPs, X1 and
X2, interacting with each other, and CPDP X1 executes a transition (with reset
map R) which does not influence X2, then in the composite CPDP the variables of
X1 are reset with R while the variables of X2 are reset with Id, which expresses that
X2 is not influenced by the transition of X1. This is a common situation, which
makes clear the importance of identity reset maps. Another situation where the
identity reset map is used, is when a CPDP component wants to send, at a certain
state, a signal a to another component, while its state should not be changed. This
can be expressed via an active a-transition with identity reset map.

In order to use identity reset maps, while still allowing decidable computation
of Algorithm 9.35, we need to syntactically add more structure to the relation be-
tween state and output variables of a CPDP location. Composing CPDPs naturally
leads to different compartments of a joint location (i.e., a location of the composite
CPDP), where each compartment contains the state and output variables of a spe-
cific component-CPDP. For example, consider the two CPDPs X and Y . X has one
location, lX , with state variable x and output variable y, and Y has one location,
lY , with state variable x′ and output variable y′. In the composition of X with Y
there is one location, which is the product location of lX and lY . This location has
state variables x and x′ and has output variables y and y′. Here x and y form one
compartment, and x′ and y′ form another compartment. In general, for each com-
partment we have that the output variables of that compartment do not depend on
state variables of other compartments. Instead of ν and ω, which select state and
output variables for each location, we will now use γ, which assigns a set of compart-
ments to each location. We define a compartment as a combination of a set of state
variables and a set of output variables like ({v1, v2}, {w1, w2}) and we might have
for example for some location l that γ(l) = {({v1, v2}, {w1, w2}), ({v3, v4}, {w3}).
Two compartments of one location have disjoint sets of state variables and have
disjoint sets of output variables. Output variables may depend only on the state
variables of its compartment.

Now we define the concept of extended reset measure: an extended reset measure
on a location l assigns to each compartment of location l either a reset measure on
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the state variables of that compartment, or the symbol Id. Assigning the symbol
Id to a compartment, expresses that this compartment is reset via the identity
reset.

For Algorithm 9.35, instead of using the set of all reset measures used by the
CPDP we now use the set of all extended reset measures used by the CPDP. Note
that under the decidability conditions stated before, this set of extended reset
measures is finite, while we can still express the identity reset action. We call the
extended reset measures r1 and r2 equivalent if first for each compartment with
output variables set W that is reset by r1 there is a compartment with output
variables set W that is reset by r2 and vice versa, and secondly, two corresponding
compartments (i.e., two compartments with the same output variables set) should
be reset by equivalent reset measures or should both get assigned the symbol Id to
it by r1 and r2. Now it can be seen that Algorithm 9.35, where now R is the set of
extended reset measures and the phrase ‘equivalent measures’ in step 2 is changed
to ‘equivalent extended measures’, determines a bisimulation for CPDPs with com-
partments and extended reset measures. A similar story applies to Algorithm 9.39.

9.3.4 Example

We give an example of finding a bisimulation relation for an internally scheduled
CPDP. Consider the CPDP X in Figure 9.2. The exact specification of X can be
found in Example 9.16. The internal scheduler Si is defined on the five a-transitions
as follows:

• Si((l2, y), a, l2
a
→ l1) equals 1 for y ≤ 0 and equals 0 for y > 0,

• Si((l2, y), a, l2
a
→ l3) equals 0 for y ≤ 0 and equals 1 for y > 0,

• Si((l3, y), a, l3
a
→ l1) equals 1 for y ≤ 0 and equals 0 for y > 0,

• Si((l3, y), a, l3
a
→ l2) equals 0 for y ≤ 0 and equals 1

2 for y > 0,

• Si((l3, y), a, l3
a
→ l3) equals 0 for y ≤ 0 and equals 1

2 for y > 0.

We execute Algorithm 9.35 for CPDP X.

Step 1 Via the algorithm of [vdS04a], we can find via matrix operations maximal
bisimulations for the continuous dynamics of locations l1, l2 and l3. We
assume that according to this algorithm all three locations are bisimilar with
respect to the continuous dynamics. Then we get R0

l = {{l1, l2, l3}}. Let
the maximal state reduced versions of the continuous dynamics of l1,l2 and

l3, which can be computed with the same algorithm, be given by
·
x̃1= Ã1x̃1,

y = C̃1x̃1 and
·
x̃2= Ã2x̃2, y = C̃2x̃2 and

·
x̃3= Ã3x̃3, y = C̃3x̃3. Remember

that the initial states of l1 and l2, and consequently the initial states of l̂1
and l̂2, are bisimilar.

Step 2 From the results and assumptions of step 1 above, it is clear that we get
R0

r = {{r1, r2, r3}}.
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Figure 9.3: Example of a bisimulation-reduced CPDP

Step 3 We can compute that for l1 we get Ps(l1, a, {r1, r2, r3}) = 0,
Pj(l1, {r1, r2, r3}) = 0, for l2 we get Ps(l2, a, {r1, r2, r3}) = {(1, y ∈ R)},
Pj(l2, {r1, r2, r3}) = {(λ+ 2µ, y < 0), (2µ, y ≥ 0)} and for l3 we get
Ps(l3, a, {r1, r2, r3}) = {(1, y ∈ R)}, Pj(l3, {r1, r2, r3}) = {(λ + 2µ, y <
0), (2µ, y ≥ 0)}. This means that we find R1

l = {{l1}, {l2, l3}} and R1
r =

{{r1}, {r2, r3}}.

We continue with these new partitions and compute that for l2 we get
Ps(l2, a, {r1}) = {(1, y ≤ 0)}, Ps(l2, a, {r2, r3}) = {(1, y > 0)}, Pj(l2, {r1}) =
{(λ, y < 0)}, Pj(l2, {r2, r3}) = {(2µ, y ≥ 0)} and for l3 we get Ps(l3, a, {r1}) =
{(1, y ≤ 0)}, Ps(l3, a, {r2, r3}) = {(1, y > 0)}, Pj(l3, {r1}) = {(λ, y < 0)},
Pj(l3, {r2, r3}) = {(2µ, y ≥ 0)}. This means that we get R2

l = {{l1}, {l2, l3}}
and R2

r = {{r1}, {r2, r3}}, which is the fixed point of the algorithm.

From Theorem 9.36 we now know that l2 and l3 are bisimilar and l1 is not bisimilar
to l2 and l3. This means that CPDP X̃ of Figure 9.3 represents a bisimilar state
reduced version of CPDPX. It can be checked that for this example the refinements
done by the algorithm are all needed to find a bismilation relation. This means
that the fixed point, where l2 and l3 are bisimilar, is the maximal bisimulation on
the set of locations. It can also be seen that for each state ξ in l̃1 and each state
ξ′ in l̃2, xi and ξ′ are not bisimilar. This means that CPDP X̃ is a maximal state
reduced version of X (i.e., no two different states of X̃ are bisimilar).
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10

CPDP example: ATM system

In Figure 10.1 we see a schematic representation of some entities and the interac-
tions between them, that play a role in Air Traffic Management (ATM). It forms
a part of a system that models the behavior of a pilot who is controlling a flying
aircraft. This pilot is called the ‘pilot flying’. (Besides the ‘pilot flying’ there is
also the co-pilot or ‘pilot not flying’ in the cockpit who we do not consider in our
system). This example comes from [Obb05] and [EKBO04], where it is modelled as
a Dynamically Coloured Petri Net (DCPN). There, the DCPN ‘pilot flying’ forms
one of multiple components of a larger DCPN that models a ‘free flight’ situation.
The DCPN ‘pilot flying’ is in itself already a large and complex model. In this
chapter we model a simplified version of the ‘pilot flying’ system as a value-passing
CPDP.

The chapter is organized as follows. In Section 10.1, we give a description of
the ‘pilot flying’ system. In Section 10.2 we model the system as a CPDP and we
apply the PDP conversion algorithm of Chapter 8 to this model. In Section 10.3 we
give the DCPN model of the system. The DCPN framework has been developed
for compositional modelling and analysis of PDP type systems. Illustrated by the
CPDP and DCPN models of the ‘pilot flying’ system, we compare the CPDP and
DCPN frameworks from a compositionality point of view.

10.1 ‘Pilot flying’ system description

We consider the following two components (see Figure 10.1).

Pilot flying Models the pilot executing different tasks during the flight.

Audio Alert Models a communication device that communicates to the pilot
which tasks need to be executed at which times.

We compose ‘pilot flying’ from three subsystems: Current Goal, Task Perfor-
mance and Memory. These three systems do not correspond to actual systems, but
form a way to systematically model the behavior of the pilot. Task Performance is
the part of ‘pilot flying’ that is actually executing a task. This system contains the
information and structure needed to execute the different tasks. Current Goal is a
control unit. It keeps track of which task is executed and which tasks need to be
executed in the future. It forms the interface between Audio Alert, Memory and

127
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Figure 10.1: ‘Pilot flying’ system structure

Task Performance in the following sense: Audio Alert communicates to Current
Goal that a task needs to be executed. Then, either Current Goal communicates
to Task Performance to execute the task, or, if the pilot is still busy executing a
task, stores the task into Memory such that when the pilot is not busy anymore, it
can retrieve this information from the Memory and execute the task. Thus, Cur-
rent Goal models in some sense the awareness of the pilot what he is doing and
what he needs to do in the future. Memory models the memory (or a memory aid)
of the pilot.

The communication structure is pictured in Figure 10.1. We now describe the
system and the communication within it in more detail.

During the flight, there are seven distinguished tasks that might be executed
by the pilot. These are

C1 Collision avoidance

C2 Emergency actions

C3 Conflict resolution

C4 Navigation vertical

C5 Navigation horizontal

C6 Preparation route change

C7 Miscellaneous

Task C2, emergency actions, is split up into six distinct tasks. Each C2-task
corresponds to a specific kind of emergency action. Task C2.1 is executed in case
of an engine failure, task C2.2 is executed in case of a navigation-system failure.
Tasks C2.3 till C2.5 correspond to failures of other aircraft systems. Task C2.6 is
titled ‘other emergency’.

The ordering is an ordering of priority. This means that C1, collision avoidance,
has higher priority than C2, emergency action, which has higher priority than
C3, conflict resolution, etc. If the pilot is executing task C2 and Audio Alert
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communicates that task C1 needs to be done, then, because C1 has higher priority,
finishing task C2 needs to be postponed and C1 is executed immediately. In this
case ‘executing task C2’ should be put into Memory, such that the pilot ‘knows’
after executing task C1 that he still has to execute task C2. Vice versa, if the
pilot is executing task C1 and Audio Alert communicates that task C2 needs to
be executed, then the pilot should put ‘execute C2’ into memory and continue
executing task C1. There is no ordering for the tasks C2.1 till C2.6. If the pilot
starts executing task C2 while there are multiple failures, i.e., multiple tasks of the
set of tasks C2 need to be executed, then a random choice is made about which C2
task is executed.

We will model this system in detail as far as it concerns the control unit Current
Goal and its Memory. The number of details of the Task Performance system is
large and the interactions happening within Task Performance are complex. We
do not model these details and we use a very simple unrealistic model for the Task
Performance. It is our goal to show that interactions between these subsystems
can be modelled through composition of value passing CPDPs and in order to that
we do not need to model all the details of the ATM system. Also, the Audio Alert
system will be modelled in a simple unrealistic way, where we assume that the time
that a task needs to be executed is exponentially distributed for each task.

10.2 The CPDP model

10.2.1 Specification

In Figure 10.2, the CPDPs CurrentGoal, TaskPerformance, Memory and
AudioAlert model the ‘pilot flying’ system. CurrentGoal and Memory are the
only parts of the system that are modelled in detail. We first describe the CPDP
AudioAlert which, in a simplified way, models the Audio Alert system.

CPDP AudioAlert

Location l10 of AudioAlert models the situation where an alert signal might be
‘generated’. l10 is an empty location, i.e., there are no continuous dynamics at this
location. Constant λ is the parameter of the exponential distributed time indicating
the time of an alert. If an alert signal is generated at time t, meaning that a task
needs to be executed at time t, then AudioAlert switches to location l11. Reset
map R15 resets the state variables ka and qa of location l11. The value of ka and
qa denote the task that needs to be executed. ka = i corresponds to task Ci and in
case ka = 2, qa = j corresponds to task C2.j. If ka 6= 2, then qa is irrelevant and
equals zero.

Let the rate of occurrence that task C needs to be executed be equal to λC .
Then we get

λ =
∑

C∈Tasks

λC ,
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Figure 10.2: CPDP ‘pilot flying’ model

where Tasks = {C1, C2.1, C2.2, C2.3, C2.4, C2.5, C2.6, C3, C4, C5, C6} and

R15 =
∑

C∈Tasks

λC

λ
RC ,

where RC1 resets ka := 1 and qa := 0, RC2.1 resets ka := 2 and qa := 1, RC2.2 resets
ka := 2 and qa := 2, RC3 resets ka = 3 and qa = 0, etc. The alert-transition from
l11 to l10 is executed immediately after the spontaneous transition, because there
is no guard. (Technically, the guard equals the whole state space of location l11).
In this ATM example we do not distinguish between state and output variables.
Formally, we model this by having for each state variable x a copy output variable
yx whose value equals the state value everywhere. The value passing part !(ka, qa)
expresses that the values of variables ka and qa are value-passed in a synchronization
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with component CurrentGoal, as we will see later. (Formally only output variables
can be value-passed and the value passing part should therefore formally be equal
to !(yka

, yqa
).)

We see that location l11 is an intermediate location where no time is consumed,
which only serves the value passing of the alert signal (ka, qa) via channel alert.

CPDP TaskPerformance

The empty location l7 of CPDP TaskPerformance denotes the situation where
the pilot is not executing a task and is waiting for a new task to be executed. If
a new task needs to be executed, TaskPerformance switches to location l8 which
denotes the situation where a task is executed. The dynamics of ‘executing a task’
is large and complex in the ‘pilot flying’ system. We do not model this complexity
and model it as one location, l8. We unrealistically assume that the dynamics of
the execution of a task is expressed by a differential equation ẋ = f(x), where each
value for x denotes a state somewhere in the execution of some task. We assume
that for each task C ∈ Tasks a state xC exists such that evolution from xC denotes
starting and evolution of task C. We also assume that if xC enters guard area G4,
then the task of execution is completed. If a task is completed, TaskPerformance
switches to l7 via the active endtask-transition with guard G4. The endtask signal
will be received by CPDP CurrentGoal.

There are two ways in which a task execution is started. First, if CPDP
CurrentGoal executes a alertchng-transition with value passing !(ka, qa). Exe-
cution of this transition by CurrentGoal denotes the situation where, as we will
see later in detail, CurrentGoal has received a (ka, qa) signal from AudioAlert.
This value (ka, qa) is received by the alertchng, ?(ka, qa)-transition from location
l7 of TaskPerformance. Then, the reset map R9 resets state x of l8 to value
xC , where C is the task that corresponds to the passed value (ka, qa). Note
that the alert, ?(ka, qa) transition is formally specified as alert, ?U with U =
{(1, 0), (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 0), (4, 0), (5, 0), (6, 0), (7, 0)}, the set
of all values corresponding to all tasks. If the pilot is execution a task, thus, if
TaskPerformance is in location l8, and a task with a higher priority needs to be
executed, then this switching of tasks is expressed by the alertchng-transition from
l8 to itself. Reset map R10 is equal to R9.

The second situation where a task execution is started, is the one where
CurrentGoal executes a memchng-transition with value passing !(kc, qc). This ex-
presses the situation where after the completion of a task a new to-be-executed-task
is retrieved from the memory by CurrentGoal and stored in variables kc and qc,
after which the memchng, !(kc, qc)-transition is executed. The value (kc, qc) is re-
ceived by the memchng, ?(kc, qc)-transition from location l7 of TaskPerformance.
Reset map R11 resets x to xC , with C the task corresponding to received value
(kc, qc).
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CPDP Memory

CPDP Memory has one location l9 with state variables km and qm. There is
no continuous dynamics, i.e., k̇m = q̇m = 0. km has seven components, i.e.,
km = (km,1, km,2, · · · , km,7) and takes value in R

7. qm has six components, i.e.,
qm = (qm,1, qm,2, · · · , qm,6) and takes value in R

6. If at some time km,i = 1, then
this means that task Ci needs to be executed because, as we will see, it is the
consequence of CurrentGoal putting the value km,i := 1 to place task Ci on the
stack. Similarly, qm,i = 1 means that task C2.i is put on the stack. If a task Ci
is not on stack, then km,i equals zero. For example km = (0, 1, 1, 0, 0, 0, 0) and
qm = (1, 1, 0, 0, 0, 0) means that tasks C2.1, C2.2 and C3 needs are put on stack.
This situation can happen in the unlucky situation where the pilot is executing task
C1, collision avoidance, which has highest priority, while Audio Alert communicates
that the engine and navigation systems switched to failure mode.

There are three transitions corresponding to three memory actions. The three
memory actions are: retrieving the memory state, storing a new to-be-executed-
task in the memory and clearing a to-be-executed-task from the memory as soon
as this task has been completed by the pilot.

Retrieving the memory state is done via the getmem, !(km, qm) transition. The
memory value (km, qm) is then passed to CPDP CurrentGoal. Reset map R13 is
the identity reset map, i.e., it does not change the state of the memory.

Storing a new task in memory is done via the storemem, ?(k, q) transition. The
value (k, q) is passed by CurrentGoal to Memory via this transition. Reset map
R14 does not change the memory state except that for i = k and j = q, km,i and
qm,j are reset to one.

Removing a task from the memory is done via the clearmem, ?(k, q) transition.
The value (k, q) is passed by CurrentGoal toMemory via this transition, indicating
that the corresponding task is completed. Reset map R12 does not change the
memory state except that for i = k and j = q, km,i and qm,j are reset to zero.

CPDP CurrentGoal

During the flight situation where the pilot is not working on a task and there
are no tasks in memory, CPDP CurrentGoal is in location l4 with kc = qc = 0.
kc = 0 indicates here that no task needs to be executed. If kc 6= 0 in l4, then,
as we will see later, this would indicate that a task needs to be executed and
then the memchng-transition to l1 would be taken. Suppose that kc = qc = 0
in l4. If an alert signal is executed by AudioAlert, then CurrentGoal switches
to l6 with value passing transition alert, ?(ka, qa). Reset map R4 copies the input
values of the transition (ka, qa) to the variables k̃a and q̃a. Thus, in l4 k̃a and q̃a
correspond to the task that needs to be executed according to AudioAlert. The
guardless transition alertchng, !(k̃a, q̃a) to l1 is taken immediately, inducing the
alertchng, ?(k̃a, q̃a)-transition in TaskPerformance, which means that the task
corresponding to (k̃a, q̃a) will be executed. Reset map R5 puts the values of k̃a, q̃a
into the variables kc and qc at location l1. Thus, at l1, kc and qc correspond to the
task that is currently worked on.
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At l1, two things can happen: 1. An alert-signal from AudioAlert is received,
2. An endtask-signal from TaskPerformance is received.

In case 1, CurrentGoal executes the alert, ?(ka, qa) transition and switches to
location l5. Reset map R3 copies kc and qc at l1 to kc and qc at l5 and R3 copies
inputs ka and qa to k̃a and q̃a at l5. At l3 the current task (kc, qc) and the requested
task (k̃a, q̃a) need to be compared in order to decide which task has the highest
priority. This ‘comparing’ is coded in the guards G2 and G3. G2 contains all states
of l5 where task (kc, qc) has higher or equal priority, i.e.,

G2 = {(kc, qc, k̃a, q̃a)|(kc, qc) > (k̃a, q̃a)},

where (kc, qc) > (k̃a, q̃a) means that task (kc, qc) has higher or equal priority than
task (k̃a, q̃a). Equal priority only happens when both tasks are tasks of C2. (The
tasks of C2 have no ordering). G3 is the complement of G2, i.e., G3 contains
all states where task (kc, qc) has lower priority. If at l5, G2 is satisfied, then the
storemem, !(k̃a, q̃a) transition to l1 is executed, where R6 copies kc and qc at l5 to
kc and qc at l1. This transition induces the storemem transition of Memory. The
cycle l1 → l5 → l1, means that the requested task of AudioAlert is stored into
memory and the task that is currently worked on at l1 is not changed. If at l5, G3

is satisfied, then the storemem, !(kc, qc) transition to l6 is executed. This means
that the task that was worked on at l1 is now stored into memory. Reset map R7

copies (k̃a, q̃a) at l5 to (k̃a, q̃a) at l6. At l6 the requested task (k̃a, q̃a) needs to be
executed, and this happens via the alertchng-transition to l1.

In case 2 at location l1, CurrentGoal waits until the task that is currently
worked on is completed. After completion, TaskPerformance sends the endtask
signal, which induced the endtask transition of CurrentGoal to l2. Reset map R1

copies (kc, qc) at l1 to (kc, qc) at l2. Thus, at l2 the state (kc, qc) corresponds to the
task that has just been completed. This means that this task needs to be removed
from the memory. This happens via the clearmem, !(kc, qc) transition to l3, which
induced the clearmem transition of Memory which removes task (kc, qc) from the
memory. At l3, the pilot needs to check the memory, whether there is a to-be-
executed-task stored in the memory. The getmem, ?(km, qm), R2 transition to l4
checks the memory and stores the new to-be-executed-task, or (0, 0) in case there
is no new to-be-executed-task, in (kc, qc) at l4. Via this value passing transition,
the memory state is passed to CurrentGoal. Reset map R2 should then be defined
as:

1. Let i = min ({r|km,r = 1} ∪ {0}).

2. If i 6= 2, then j := 0, otherwise, take j randomly from the set {r|qm,r = 1}.

3. Reset kc := i and qc := j at l4.

Note that R2 resets kc = qc = 0 if there are no tasks in the memory, otherwise
R2 takes the task with the highest priority. At l4 the task from the memory is
executed via the memchng transition to l1, or, in case kc = qc = 0, the pilot ‘waits’
at l4 for an alert signal.
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Composition

We have specified all four CPDPs. Now we specify the composed CPDP. The shared
actions of CurrentGoal and TaskPerformance are alertchng and memchng.
Thus, if we compose CurrentGoal with TaskPerformance via |PA|, then A =
{alertchng,memchng}. The shared actions of CurrentGoal and Memory are
getmem, clearmem and storemem. Thus, if we compose CurrentGoal with
Memory via |PA|, then A = {getmem, clearmem, storemem}. The only shared ac-
tion of CurrentGoal and AudioAlert is alert. Thus, if we compose CurrentGoal
with AudioAlert via |PA|, then A = {alert}. Then, we get the following speci-
fication for the composition of CurrentGoal, TaskPerformance, Memory and
AudioAlert.

PilotF lying =

((CurrentGoal|PA1
|TaskPerformance)|PA2

|Memory)|PA3
|AudioAlert, (10.1)

where A1 = {alertchng,memchng}, A2 = {getmem, clearmem, storemem}
and A3 = {alert}. Note that P is not relevant, since there is only one passive
transition in all four CPDPs. Also note that the order of composition can be
changed in any way. Then, the composition operators should also be changed. For
example, we can also compose as

PilotF lying = (AudioAlert||Memory||TaskPerformance)|PA|CurrentGoal,

where || denotes the associative operator |Σ̄∅ |, A = A1 ∪ A2 ∪ A3 and P is not
relevant.

10.2.2 CPDP to PDP conversion

We use the theory of Section 8.2 to show that the composite CPDP PilotF lying of
(10.1) exhibits a PDP behavior and to find the corresponding PDP of PilotF lying.

We consider PilotF lying as a closed system, no more components will be added
to the composition. Therefore we use CPDP PF := [PilotF lying]Σ̄, which equals
PilotF lying without the passive endtask-transitions, for finding the PDP equiva-
lent.

We take as initial situation the situation where no task is executed and where
the memory is empty. This means that the initial location of PF is the joint
location l4, l7, l9, l10. In Figure 10.3 CPDP PF is pictured. The locations that are
not reachable from initial location l4, l7, l9, l10 are not shown in Figure 10.3. This
leaves nine locations and twelve transitions. It can be easily seen that locations
l1, l8, l9, l10 and l4, l7, l9, l10 are the only locations that are not unstable, i.e., the
only locations that contain unguarded states. This means, as we will see, that these
two locations will be the only two locations of the PDP corresponding to PF .

We will now determine A1
s, A

1
u, A2

s, A
2
u, etc., until we find An

u = ∅ for some
n ∈ N:

A1
s = {α3, α6, α8, α11,s, α12}, A1

u = {α2, α5, α7, α9, α10, α11,u},
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Figure 10.3: Composite CPDP ‘pilot flying’

where α11,s and α11,u are the stable and unstable parts of α11 respectively.

A2
s = {α3 ◦ α2, α6 ◦ α5, α8 ◦ α7, α11,s ◦ α10, α12 ◦ α11,u},

A2
u = {α7 ◦ α5, α10 ◦ α9, α11,u ◦ α10},

A3
s = {α8 ◦ α7 ◦ α5, α11,s ◦ α10 ◦ α9, α12 ◦ α11,u ◦ α10}, A3

u = {α11,u ◦ α10 ◦ α9},

A3
s = {α12 ◦ α11,u ◦ α10 ◦ α9}, A4

u = ∅.

According to Corollary 8.26 CPDP PF has a corresponding PDP with the same
TMS semantics. To find this PDP, we can now consider the CPDP PF , but now
with the active transitions formed by As := A1

s ∪ A2
s ∪ A3

s ∪ A4
s. It can be easily

seen that α12 ◦α11,u ◦α10 ◦α9, α8 ◦α7 ◦α5, α11,s ◦α10 ◦α9, α6 AND α3 are the only
transitions from As that are reachable from the initial location l4, l7, l9, l10. Now, to
find the PDP, we only have to consider the CPDP with the locations l4, l7, l9, l10,
l1, l8, l9, l10, l4, l7, l9, l11 and l4, l7, l9, l11, the five reachable active transitions and
the two spontaneous transitions. This CPDP is pictured in 10.4, where now α1 till
α5 are the five active transitions and α6 and α7 are the two spontaneous transitions.
The corresponding PDP can now be found as described in Theorem 8.24.

10.2.3 Bisimulation

The number of locations of the CPDP PF cannot be reduced by bisimulation, i.e.,
each location has its own unique behavior and cannot be simulated by another
location. However, for some locations of PF , the dimension of the continuous state
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Figure 10.4: Converted CPDP ‘pilot flying’

space can be reduced by bisimulation. We show where this state space reduction
comes from. Component CurrentGoal stores a copy of the Memory state in lo-
cation l3. This means that in the joint locations with components l3 and l9, the
state spaces of these locations contain both the original and the copy of the mem-
ory state. Because the transitions leaving these joint locations can directly have
‘access’ to the originals, the copy variables are superfluous. This means that there
are state reduced CPDPs that are bisimilar to PF and that do not have these copy
variables.

10.3 The DCPN model

Originally, the ‘pilot flying’ system was modelled as a Dynamically Colored Petri
Net (DCPN). In Figure 10.5, we see the DCPN PFD of our simplified ‘pilot flying’
system. This DCPN models the same system as the CPDP of Figure 10.2. We
briefly explain the DCPN framework by explaining how PFD models the ‘pilot
flying’ system.

A DCPN has places and transitions. PFD has ten places, p1 till p6 and ipn1

till ipn4. Each place may contain one or more tokens. The initial marking of PFD

(see Figure 10.5) has tokens in the places p1, p2, p4 and p5. A token in a DCPN
corresponds to a continuously evolving process. The continuous dynamics within
a place p can be characterized by an ordinary differential equation ẋp = fp(xp),
where xp may have different dimensions for different places p. In our discussion
here we only consider places with at most one token inside it.

PFD has nine transitions, G1 till G5, D1 and I1, I2 and I3. Places and transi-
tions are connected to each other via arcs. Every arc is attached to one transition
and one place. Either it goes from a place to a transition or from a transition to a
place. In this discussion we consider two types of arcs: ordinary arcs and enabling
arcs. (The DCPN framework also considers inhibitor arcs.) Ordinary arcs are pic-
tured as arrows, enabling arcs are pictured as curves with a little ball at the end
(see for example the enabling arc from place p4 to transition G2 in Figure 10.5).
Enabling arcs are always drawn from a place to a transition.
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There are three types of transitions:

Immediate transition I1, I2 and I3 are immediate transitions. An immediate
transition I fires as soon as each input place of I, i.e., each place that is
connected to an incoming ordinary or enabling arc of I, contains (at least)
one token. If an immediate transition fires, then it removes a token from all of
its input places that are connected to I via an ordinary arc and it adds a token
to all of its output places. (In general DCPN it is possible that with certain
probabilities certain output places do not get a token from the transition, but
we do not consider this situation here.) Attached to each immediate transition
I is a firing function FI , that probabilistically determines the initial state for
the token of each output place. The state value of a token is called the color
of the token in Petri net terminology.

Guard transition G1 till G5 are guard transitions. The guard G of a guard
transition assigns to each of its input places a guard space which is a subset
of all possible color values of that place. A guard transition fires with a firing
function F as soon as all input places contain a token that is in the guard
area of that input place. When the transition fires, each output place gets a
token with color determined by the firing function.

Delay transition D1 is a delay transition. Attached to each delay transition is a
jump rate function λ. λ is a function from the token color spaces of its input
places to R+. The transition time of a delay transition with jump rate λ is
(stochastically) determined as the transition time of a spontaneous CPDP
transition with jump rate λ. The firing function determines the token colors
for each of the output places.

We briefly describe what happens if at some time delay transition D1 fires.
By comparing this process with what happens if CPDP AudioAlert executes the
spontaneous transition, the similarities between CPDP and DCPN can be clearly
seen.

If D1 fires, a token is placed in p6. This token gets value ka = ia, qa = ja which
is probabilistically determined by the firing function of D1. Now each of the input
places of G1 has a token. This means that G1 fires immediately after the firing
of D1. The token value of p1 is (initially) kc = 0, qc = 0. Guard G1 compares
the task (ka, qa) with the task (kc, qc) and places, via the firing function, the task
with the highest priority into place p1 and places the task with the lowest priority,
unless this equals (0, 0), into place ipn3. If the token of p1 has been changed by this
transition, i.e., if a new task is started, the firing function also puts a token (k̃c, q̃c),
with as value this new task, into place ipn2. Now the place of DCPN component
CurrentGoal contains the new task, ipn2 contains a token with this new task, and
ipn3 is still empty because the old value of p1 was (0, 0).

Now the input place of G3 has a token and consequently this guard transition
fires immediately. It removes the tokens from ipn2 and p2 and places a token in
place p3 with value xC , where xC corresponds to the beginning of the task that
corresponds to the token removed from ipn2 (see also the explanation of CPDP
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TaskPerformance). DCPN component TaskPerformance now started the new
task in place p3.

For the comparison between CPDP and DCPN of the next section, we do not
have to explain the rest of this DCPN in detail. The rest can be explained informally
as follows.

While the new task is executed in place p3, transitionD1 can fire again. Suppose
this new task from DCPN AudioAlert has lower priority than the task that is
currently worked on in p3. Then transition G1 puts this new task in ipn3. ipn1 till
ipn4 are so called interaction petri nets and serve as buffers between the different
DCPN components. The new task is stored into memory place p4 (with token
(km, qm)) via transition I2. If after some time the task of p3 is completed, then
the token from p3 is removed by transition G5 and a new token (without value) is
placed into p2. Transition G2 now ‘checks’ if there is a to-be-executed-task in the
memory. If so, transition G2 puts this task into p1, ipn1 and ipn4. Then G4 puts a
token in p3 with value xC corresponding to the task retrieved from memory (stored
now in ipn1). Transition I3 removes this new task of p3 from the memory.

If DCPN AudioAlert ‘generates’ a task with higher priority than the task cur-
rently worked on, then this new task is executed via transition G6 and the task
currently worked on is stored into memory via transition I2.

10.4 Comparison of the CPDP and DCPN models

In this section we compare the CPDP model with the DCPN model. CPDP is an
automaton model and DCPN is a Petri net model. Automata and Petri nets are
essentially different models and hard to compare.

Because DCPN has been a source of inspiration for the development of CPDP
and because in many specific details these two frameworks have some resemblance,
we try to do some comparison here, although this is difficult as stated in the
paragraph above. We concentrate the comparison around three important issues
when it concerns the modelling of complex systems: the modelling process, model
checking and analysis.

10.4.1 Modelling

Both CPDP and DCPN have been developed for compositional modelling of PDP-
type systems. In modelling the ‘pilot flying’ system in both the CPDP and DCPN
frameworks in this chapter, we have shown that the essential forms of communica-
tion are shared by both frameworks:

• Active CPDP transitions that enable passive transitions in other components
has its counterpart in DCPN because one component can enable transitions
in other components by means of enabling arcs.

• Synchronization of active CPDP transitions, where two components should
satisfy certain guards in order to proceed, can be modelled in DCPN as a
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Figure 10.5: DCPN ‘pilot flying’ model

guard transition that has input places from both components and can guard
both components therefore.

• CPDPs value passing is present in DCPN because via an enabling or ordinary
arc, a transition of one component can read the tokens of other components.

Interaction/communication possibilities are for CPDPs restricted by the expres-
siveness of the |PA| operator. We have shown that many interesting communication
forms can be expressed by |PA|, but still this remains the restricting factor concern-
ing interaction/communication. For DCPN this is different. There is no formal
distinction between components and composition operators. In fact we could say
that the composition operators for DCPN components, are formed by a part of the
DCPN itself. The DCPN ‘composition operator’ may be simple, such as a single
arrow from one component to another component, it may also be very complex
by constructing the operator with a number of extra places, transitions, etc. This
means that very complex composition structures can be built in DCPN and this
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can make compositional modelling easier in some cases. For example, the CPDP
CurrentGoal had to copy the data received from CPDP AudioAlert into an extra
pair of variables (k̃a, q̃a). DCPN transitions have access to different tokens of dif-
ferent components at the same time. This makes it possible to model synchronized
transitions in different components directly via one transition and the intermediate
steps where one component (CurrentGoal) copies values of another component
(AudioAlert) in order to send them to a third component (TaskPerformance)
are not necessary then.

It probably depends on the kind of application whether CPDP or DCPN is the
most appropriate modelling framework, but it seems that certain interactions can
be modelled more directly with DCPN.

10.4.2 Model checking

The more complex the to-be-modelled systems are, the more important it gets to
have means to check/test whether the model correctly expresses the behavior of
the system. Modelling errors are easily made for complex systems. Similarly, large
and complex specifications for programs/systems can easily have unwanted/unseen
behavior and it is desirable to have means to test these specifications.

With the CPDP-to-PDP conversion algorithm of Chapter 8.2, we have at the
same time given a means to test whether there are transition loops in the CPDP. For
certain applications, this might be unwanted behavior that can be tested in this way.
Whether similar algorithms can be developed for DCPN is not clear. At least it will
be harder because DCPN is a true concurrency model, i.e., the algorithm should
keep track of many tokens flowing through the net at the same time. This extra
difficulty could be avoided if a clear transition semantics is determined for DCPN.
Then the algorithm, which is less direct, could be executed on the semantical level.

Since CPDP can be seen as an extension of discrete event automata and IMC,
we can expect that testing theory and model checking theory that exists for discrete
event systems and for certain subclasses of IMCs, can be extended to simple-enough
subclasses of CPDPs.

10.4.3 Analysis

Because we have an operational semantics for the composition operator |PA| such
that the composition of CPDPs is expressed by another CPDP, we can analyze a
single (composite) CPDP if we want to analyze an interacting network of CPDPs.
However, this type of composition suffers from the well-known state space explosion
problem, which means that the state space of a composite CPDP grows exponen-
tially with the state spaces of its components. Therefore, composite CPDPs can
easily grow too large in order to analyze them.

To avoid this problem, compositional analysis techniques should be developed.
One such a technique is bisimulation, which we defined for CPDPs. With bisim-
ulation the state space of a composite CPDP can be reduced in a compositional
way. Other compositional analysis techniques might be developed for (subclasses
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of) CPDPs. It seems that for development of general compositional analysis tech-
niques, it is at least necessary that there is a formal description of what components
are and how they interact. For CPDPs we have this formal distinction between com-
ponents and composition operators. For DCPN, where the composition structure is
a part of the DCPN itself, this distinction is not formalized. The advantage of the
unrestricted composition structures for DCPN in the context of modelling, turns
seemingly in a disadvantage in the context of analysis. In [EKBO04], a number
of interaction types for DCPN are defined. Composition for DCPN becomes more
formalized in that way and it might be that by restricting the DCPN composition
structures by allowing only these interaction types, compositional theories can be
developed.
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11

Conclusions

In this chapter we summarize the main achievements made in this thesis. After-
wards, we point out directions for future research.

11.1 Achievements

The aim of our project was to develop an automata framework for compositional
specification and analysis of stochastic hybrid systems of the PDP (Piecewise De-
terministic Markov Process) type. This resulted in the CPDP (Communicating
PDP) framework as described in Chapters 7,8 and 9 of this thesis. We devel-
oped a composition operator |PA|, which connects two CPDPs. The result of the
composition operator is again a CPDP, whose behavior expresses the combined
behavior of the component CPDPs. In other words, we managed to express com-
munication/interaction between CPDPs syntactically in such a way that 1. the
composition operation/operator can be defined via structural operational compo-
sition rules, and 2. the result of the composition falls again in the class of CPDPs.
To make clear why and how this is possible, we distinguish three aspects.

Jump rate representation In the jump rate representation of the PDP process,
each state ξ has a jump rate λ(ξ) attached to it. By integrating the jump rate
along the path of the state of the process, the distribution of the spontaneous
jump time is determined. As a result of this representation we get that at each
state the distribution of the jump time can be calculated without knowing the
past of the process (i.e., the Markov property holds). For composition, this
jump rate representation turns out to be very suitable: 1. the jump rate of
the combination of two parallel processes turns out to be equal to the sum of
jump rates of the individual processes, and 2. because the Markov property
holds, a transition in one process from state ξ1 to state ξ′1, while the other
process is at state ξ2, can be represented as a transition on the product space
from (ξ1, ξ2) to (ξ′1, ξ2), i.e., having an additional identity jump at state ξ2
since the second process in the composition does not influence the behavior.

Borel spaces In an automata-like composition, the state space of the composed
system equals the product space of the state spaces of the components. Borel
sets/spaces behave nicely on product spaces. First, the (measure theoretic)
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product space of two Borel spaces is again a Borel space. Second, two in-
dependent probability measures on two Borel spaces bring forth a unique
probability measure, the so called product probability measure, on the prod-
uct Borel space.

Transitions Because of the jump-rate representation and the properties of Borel
spaces, spontaneous transitions of one component CPDP can, by using iden-
tity reset measures, very easily be translated to spontaneous transitions of
the composite CPDP. Synchronization of two active/passive transitions can
be translated to the composite system as a single transition whose guard
equals the ‘intersection’ of guards of the individual transitions (in case of ac-
tive/active synchronization), and whose reset map equals the product prob-
ability measure of the individual reset maps.

Advantages of the fact that the composition of CPDPs is again a CPDP, are
first that we do not need a new syntactical model to express the composition of
CPDPs and second analyzing a network of interacting CPDPs can be done by
using analysis tools that work for a single CPDP. For small scale systems that still
have a compositional structure, this gives a means to find a CPDP representation
for the composite system. Because of the equivalence between CPDPs and PDPs,
as described in Chapter 8, PDP analysis tools can thus be used to analyze the
composite CPDP.

For large scale systems with many components, the state space of the composite
CPDP becomes very large since it is exponential in the sizes of the state spaces of
the components. In other words, a CPDP grows easily too large to be analyzed.
This asks for compositional analysis methods such as abstraction and bisimulation.
Abstraction and bisimulation can reduce the state spaces of the components and
therewith the state space of the composite system. In Chapter 9 we have shown
how strong bisimulation can be defined for CPDPs as a generalization of strong
bisimulation for IMCs.

For large scale PDP type systems it might be desirable to have more powerful
interaction possibilities than can be expressed by |PA| for CPDPs. In the Air Traffic
Management system of Chapter 10, certain components need to know information
about the continuous state of other components. In order to express such kind of
communication, we extended the CPDP framework by using the concept of value
passing. Value passing CPDPs are syntactically slightly different from CPDPs,
but we have shown that the semantics can still be expressed as a combination of a
CFSJS and an NTS. Also composition for value passing CPDPs can be defined in
the same structural operational way.

11.2 Directions for future research

11.2.1 Diffusion

With CPDP we can model PDP processes in a compositional way. PDP forms a
broad class of stochastic systems, however, it does not include stochastic systems
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which have diffusion terms. In the SHS (Stochastic Hybrid Systems [BL04, Blo03])
framework, PDP systems with diffusion terms can be modelled. Since diffusion
terms can be composed, i.e., the superposition of diffusion terms forms again a
diffusion terms, it seems to be possible to add diffusion to the CPDP framework,
such that composition can still be defined. Extending the CPDP framework with
diffusion is interesting since the class of stochastic hybrid systems that can be
modelled then becomes very large.

11.2.2 Compositional modelling power

Interaction between CPDPs happens through synchronized transitions. This means
that interaction is expressed through the discrete part, i.e., the transitions which
are executed at time instants from a discrete set, of the CPDP. Another direction of
extending the CPDP framework is to allow interaction through continuous variables
(as in [JSvdS03] for example). Then, hybrid control systems, where the controller
component continuously reads and controls the process component, could be spec-
ified compositionally in this extended CPDP framework. Although this extension
would give powerful and expressive composition, we think that compositional anal-
ysis becomes much more difficult, since the moments of interaction then fall in a
continuous set instead of a discrete set as is the case for CPDPs now.

11.2.3 Model checking

Model checking has proven to be a very effective tool for analyzing discrete event
processes. Also for certain subclasses of IMCs an effective model checking theory
has been developed [HKMKS00]. CPDPs are a generalization of IMCs and it is
to be expected that model checking theory (including developing a suitable logic)
for IMC can be generalized to certain ‘simple enough’ subclasses of CPDPs. We
expect that for the class of CPDPs that is discussed in Section 9.3.3, and for which
the bisimulation algorithm is decidable, a model checking theory can be developed.

11.2.4 Compositional analysis

With the CPDP framework we can specify complex PDP type systems in a compo-
sitional way. Concerning the analysis part, we can transfer small scale composite
systems to the realm of PDP because of the equivalence result between CPDPs
and PDPs. However, for large scale system analysis, compositional methods are
needed.

One such method is bisimulation. We have shown that for a certain subclass
of CPDPs, bisimulations can be calculated algorithmically and the computation of
the algorithm is decidable. Since bisimulation has proven to be a very effective tool,
it might be worthwile to investigate whether other, broader, subclasses of CPDPs
allow decidable computation of (maximal) bisimulations.

Other compositional analysis tools are based on assume-guarantee rules [AH97,
dAHJ01]. Here, under assumptions on the components, the composition of the com-
ponents is guaranteed to behave in a certain way. These tools are developed mainly
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for discrete event processes. However, the essence of composition for CPDPs, which
lies in the synchronization of transitions, is the same as for discrete event concurrent
processes and therefore we can hope that these theories allow some generalization
to (subclasses of) CPDPs. Connected to these assume-guarantee theories are cer-
tain transformation tools that transform components in a composition such that
the behavior of the composite system does not change while the composition struc-
ture of the transformed system is less complex and a less complex composition
structure allows better/easier compositional analysis [Bol96]. Again, these theories
could possibly be generalized to the level of CPDPs.

11.2.5 Abstraction and weak bisimulation

By abstracting (internalizing) actions of IMC transitions, sequences of internal
transitions can be replaced by a single transition without changing the system up
to weak bisimilarity (see Chapter 5). Strong bisimilarity for IMC can naturally
be generalized to strong bisimilarity for CPDPs (as was shown in Chapter 9). For
weak bisimilarity this can not so easily be done. Defining internal τ -transitions for
CPDPs forms no problem. However, defining weak bisimulation for CPDPs can
seemingly not be done in a simple and elegant way (as it is done for IMCs) because
of the probabilistic reset maps that are involved in a chain of transitions. Devel-
oping a theory for weak bisimulation for CPDPs would therefore take quite some
more efforts than is the case for strong bisimulation. However, for analysis of large
scale systems it is generally believed that a theory of abstraction is essential. This
belief seems to hold even stronger for (stochastic) hybrid systems and makes ab-
straction/weak bisimulation for CPDPs therefore a natural and interesting research
direction.

11.2.6 Stochastic analysis

Effective analysis tools have been developed for PDPs. Since the components of
composite CPDPs are ‘PDP-like’, a research direction would be to investigate
whether these stochastic analysis tools can be applied to CPDP components as
well and how such results for the components can induce results for the composite
CPDPs. In other words, can these stochastic analysis tools be used for CPDPs
in a compositional way? For example, in [Dav93], formulas are given such that
expectations, concerning a PDP, can be calculated in an effective way. Can these
formula’s play a role in a compositional theory? In other words, can we calculate
expectations on the level of components and derive results from that concerning
expectations of the composite system?
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Summary

Since nowadays hybrid systems, like software systems, telecommunication systems
or air traffic management systems, often have a very complex structure, modelling
these systems without compositional modelling methods is nearly impossible. In
this thesis the modelling framework CPDP (Communicating PDP or Communicat-
ing Piecewise Deterministic Markov Process) is presented. CPDP is a compositional
framework for the modelling of stochastic hybrid systems of the PDP-type.

A parallel composition operator, denoted by |PA|, is presented. With this oper-
ator multiple CPDPs can be connected to form a single complex CPDP. Because
a distinction is made between active and passive transitions, multiple types of
communication/interaction between CPDPs can be expressed through |PA|, among
which blocking-interaction, where one component can block the execution of tran-
sitions in other components, and broadcasting-interaction, where one component
can observe signals sent by other components. By using CPDPs together with the
operator |PA|, complex stochastic hybrid systems can be modelled in a stepwise way.

An extended framework, called value-passing CPDP, is presented. In this frame-
work richer interaction structures can be built. The main extension is that values
concerning the continuous variables can now be communicated from one value-
passing CPDP to the other.

It is shown that by using schedulers, which resolve the non-determinism of
a CPDP, a scheduled CPDP can be transformed into a PDP without changing
the stochastic behavior. With this result it becomes possible that PDP analysis
techniques are applied to complex CPDP processes.

The concept of bisimulation is defined for CPDPs. It is shown that bisimilar
CPDPs have equivalent stochastic behavior. An algorithm is presented, which can
for CPDPs satisfying certain conditions, automatically determine a state reduced
bisimilar CPDP. Since the state reduced version has equivalent stochastic behavior,
analysis can be applied to the state reduced version instead of to the more complex
original CPDP.



Samenvatting

Hybride systemen zoals softwaresystemen, telecommunicatiesystemen en air-traffic-
managementsystemen, hebben tegenwoordig vaak een zeer complexe structuur.
Zonder compositionele modelleertechnieken wordt het modelleren van deze sys-
temen haast onmogelijk. In dit proefschrift wordt het modelleringskader CPDP
(Communicating PDP or Communicating Piecewise Deterministic Markov Pro-
cess) gepresenteerd. CPDP vormt een compositioneel kader voor het modelleren
van stochastische hybride systemen van het PDP type.

Een parallelle compositie-operator |PA| wordt gepresenteerd. Met deze operator
kunnen meerdere CPDPs aan elkaar gekoppeld worden, met als resultaat een nieuwe
complexe CPDP. Omdat een distinctie wordt gemaakt tussen actieve en passieve
transities, kunnen verscheidene vormen van communicatie tussen CPDPs worden
gemodelleerd, waaronder blocking-interaction, waar één component de executie van
transities van andere componenten kan blokkeren, en broadcasting-interaction, waar
één component signalen van andere componenten kan observeren. Door CPDPs
samen met de operator |PA| te gebruiken, kunnen complexe stochastische hybride
systemen op een stapsgewijze manier gemodelleerd worden.

Een uitgebreide versie van het CPDP kader, genoemd value-passing CPDP,
wordt gepresenteerd. In deze versie kunnen rijkere interactiestructuren worden
gemodelleerd. De uitbreiding komt er voornamelijk op neer dat waarden van de con-
tinue variabelen kunnen worden gecommuniceerd van de ene value-passing CPDP
naar de andere.

Er wordt aangtoond dat door schedulers, die het non-determinisme van een
CPDP oplossen, te gebruiken, een scheduled CPDP kan worden getransformeerd
tot een PDP, zonder het stochastische gedrag te veranderen. Door dit resultaat
wordt het mogelijk om analyse technieken voor PDPs toe te passen op complexe
CPDP processen.

De notie van bisimulatie wordt gedefinieerd voor CPDPs. Er wordt aangetoond
dat bisimulaire CPDPs equivalent stochastisch gedrag vertonen. Een algoritme
wordt gegeven, waarmee voor CPDPs die aan bepaalde voorwaarden voldoen, au-
tomatisch een toestandsgereduceerde bisimulaire CPDP kan worden bepaald. Om-
dat deze toestandsgereduceerde versie equivalent stochastisch gedrag vertoont, kan
analyse toegepast worden op deze toestandsgereduceerde versie in plaats van op de
meer complexe originele CPDP.
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