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O, ye who believe!
If ye will aid,

(the cause of) God,
He will aid you,

and plant your feet firmly.
(Q.S. 47:7)

Verily, with every difficulty
there is relief.

Therefore, when thou art
free (from thine immediate task),

still labour hard.
And to thy Lord

turn (all) thy attention.
(Q.S. 94:6-8)
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Chapter 1

Introduction

Maintaining a production process in good condition is an important issue for many
practitioners. For that reason it is necessary to monitor such a process so that
as soon as it starts to act differently from the required conditions a signal will
be produced. With the occurrence of this signal, the production process will be
stopped for some adjustment before it is restarted again.

This monitoring task is often based on a so called ShewhartX-chart which consists
of a center line, an upper control limit (A1) and a lower control limit (B1), see
Figure 1.1. The function of the Shewhart X-chart is to monitor the mean of a
process, which is expected to be around the center line. The area between the two
control limits is considered as a permissible area for the observations. As long as
the observations scatter randomly inside this area, the process is considered to be
in-control. Otherwise, if the observations form a pattern or there is an observation
which falls outside this permissible area, then there is an indication of an out-of-
control situation. In the present research, we focus on an out-of-control case that
is indicated by an observation which exceeds the permissible area.

Since the effect of either stopping the running process or letting the process run
in the out-of-control situation can be very substantial from the economic point of
view, practitioners need to be very careful to decide when the process really has to
be stopped. In other words, it is very crucial to choose the most suitable control
limits to be used in practice. If the control limits are too tight (e.g. A2 and B2 in
Figure 1.1) there will too often be a false out-of-control signal, and if these are too
loose (e.g. A3 and B3 in Figure 1.1), most likely there will be no out-of-control
signal at all while the process is gone out-of-control. Therefore, the objective of
this research is to determine the most suitable control limits.

In Section 1.1, the problem which concerns the determination of control limits is
discussed. There, some results which are related to this topic in the literature are

1
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Figure 1.1. Shewhart X-chart.

included. Criteria for setting the control limits are given in the following section.
The contents of the thesis will be summarized in the final section.

1.1 The problem of setting the control limits

The Shewhart X-chart is widely used because of its simplicity. It assumes nor-
mality of the underlying distribution of the observations. Hence, the control limits
depend on the mean and standard error of the normal distribution in the in-control
situation. In practice, applying this control chart to monitor the mean of a pro-
cess may lead to two types of problems. The first concerns the typically unknown
parameters involved in the distribution, while the second concerns the validity of
the assumption itself.
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In the case that the assumption is true that the observations are normally dis-
tributed but with unknown parameters, one has to estimate the parameters based
on observations from the past, which are also known as Phase I observations.
Since the estimation usually involves very small p, which is the probability of an
in-control process producing an out-of-control signal, it may result in large rela-
tive errors, unless (very) large sample sizes are applied. In the present research,
the so called stochastic error as an implication of the estimation process will be
discussed. It turns out that the error caused by estimating the standard error is
larger than the one induced by estimating the mean, especially if the probability
of incorrectly signaling out-of-control is small.

Previously, the effect of the estimation step has been discussed a.o. by Woodall
and Montgomery (1999). They mention that more data than are usually recom-
mended are needed to accurately determine control chart limits. This is based
on earlier research conducted e.g. by Quesenberry (1993) and Chen (1997) who
concluded that the classical empirical rules for choosing the number of observa-
tions to estimate the mean and standard error of the normal distribution were
inadequate and should be taken much larger. It was recommended to take at least
300 observations. For a further discussion on this topic, see also Roes (1995). For
more recent references about the problems concerning estimation in control charts
see Chakraborti (2000), Chakraborti et al. (2001) and Nedumaran and Pignatiello
(2001).

In this thesis we first consider a normal approach by adopting the Shewhart X-
chart to investigate the effect of the estimation error. The results show that
although the observations are normally distributed, we still need too large sample
sizes to construct accurate control limits. Hence, we confirm the conclusions offered
in the previous studies that basically very many data are needed to construct
accurate control limits. Since such large sample sizes are usually not available
in practice, we need to find a way to correct the control limits in order to have
accurate limits for commonly used sample sizes. It should be noted that the
introduction of Q-charts in Quesenberry (1991) does not solve the problem if we
consider, for instance, the mean of the run length distribution or other quantities
based on the run length. The reason is that, due to dependence introduced by the
estimators, the run length distribution is no longer a geometric distribution. See
Quesenberry (1993) for an extensive discussion on this point. It turns out that
by adding suitable correction terms to the control limits, we are able to reduce
substantially the sample sizes needed to construct accurate control limits.

In practice, the distribution of the observations can be different from the normal
family. Hence, the normality assumption made for the observations often fails,
which causes a model error. In such as a case, the probability of incorrectly
producing an out-of-control signal may be seriously in error, see e.g. Chan et
al.(1988) and Pappanastos and Adams (1996). Basically, the problem is that the
normality assumption may be fair for the central part of the distribution, but
produces large relative errors in the tail. And, in view of the small values of p
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typically used, the tails are what we are dealing with. Therefore, a larger model is
needed, providing more flexibility to describe the behavior in the far tail. For that
purpose we propose to use a parametric as well as a nonparametric approach.

In the parametric approach we assume that the distribution of the observations is
from a larger class of parametric models containing the normal family as a sub-
model. Several suitable models have been considered for this purpose, such as
random or deterministic mixtures. However, for the following reasons we choose
a so called normal power family as a supposed model. Firstly, using the normal
power family gives more flexibility and hence improvement over simply using nor-
mality and ignoring the facts that in practice normality often fails. If control limits
based on normality are applied, this should implicitly mean that the distribution
is approximately normal, and in that case the normal power family is certainly
appropriate, since normality is a submodel of the normal power family. Secondly,
by the extension to the normal power family many other commonly used distribu-
tions show up, which are covered sufficiently well by members of the normal power
family. Thirdly, the normal power family is not so large that accurate estimation
is only possible with huge sample sizes as in the nonparametric approach.

Based on the assumption that the true distribution of the observations is from the
normal power family, we can construct a so called parametric chart. Applying the
parametric chart in a real life situation is able to reduce the model errors of many
distributions considerably. On the other hand, as more parameters are needed to
be estimated, larger stochastic errors may be expected. Therefore, the next step
to be taken is to control these stochastic errors by developing correction terms for
the control limits. A second order asymptotic approach is applied to derive the
correction terms, since the first order asymptotics does not produce sufficiently
accurate results, due to the very small values involved in the quantiles. With the
addition of the correction terms in the control limits, the corrected parametric
chart performs much better since it reduces the stochastic errors substantially.

The parametric approach based on the normal power family offers a satisfactory
solution over a broad range of underlying distributions. However, situations do
occur where even such a larger model is inadequate since the true distribution may
still not be in it and the resulting model error may remain unacceptably large. In
such a situation nothing remains but to consider a nonparametric approach. In
principle these form ideal solutions, since the model error is simply not present
here, and the stochastic error becomes arbitrarily small as the sample size in-
creases. But on the other hand, for common sample sizes encountered in practice,
this is not a lot of help. If we want to estimate e.g. the 0.999-quantile, it is clear
that with 100 observations we will not get anywhere with a nonparametric esti-
mate. The problem is left that huge sample sizes are required for the estimation
step. Otherwise, the resulting stochastic error is so large that the control limits are
very unstable, a disadvantage which seems to outweigh the advantage of avoiding
the model error from the parametric case.



1.1 The problem of setting the control limits 5

In this thesis we analyze under what conditions the nonparametric approach ac-
tually becomes feasible as compared to the parametric approach. In particular,
corrected versions of control limits are suggested for which a possible change point
is reached at sample sizes which are markedly less huge (but still larger than the
customary range). These corrections serve to control the behavior during the in-
control situation (markedly wrong outcomes of the estimates only occur sufficiently
rarely). The price for this protection clearly will be some loss of detection power
during the out-of-control situation. A change point comes in view as soon as this
loss can be made sufficiently small.

We will restrict attention to the obvious choice based on the empirical quantile
function, as this will already provide a clear picture of what can be expected in
general. Some previous work on closely related topics can be found in Willemain
and Runger (1996) and in Ion et al. (2000). For a recent overview of nonparametric
charts in general, see e.g. Chakraborti et al. (2001). Incidentally, as these authors
point out, several of the procedures that have been proposed are in fact not truly
nonparametric or distribution-free. They are based on a nonparametric estimator,
like the Hodges-Lehmann estimator, rather than on X, but the actual in-control
run length distribution involved does depend on the underlying distribution of the
observations.

Each of the three approaches discussed above has advantages as well as disadvan-
tages with respect to another. The Shewhart X-chart, also known as the normal
chart, is preferable as long as the true distribution is (very) close to normality.
However, for distributions farther away from normality, but still close to the larger
parametric family, the best choice is to adopt the parametric chart. Of course,
there also are distributions so far outside the larger parametric family that the
parametric chart is not satisfactory either and the nonparametric chart should be
applied. To make a choice we need to find a way such that the data can select the
most suitable control chart for themselves.

A first idea might be to execute a (standard) goodness of fit test to investigate
normality. If normality is not rejected, use the normal chart. If normality is
rejected, apply a goodness of fit test for the normal power family. Again when
this is not rejected, apply the parametric chart. Otherwise, use the nonparametric
chart (if this makes sense). Although this way of thinking looks attractive, it has a
serious drawback. Standard goodness of fit tests are looking at the majority of the
data, and as such concentrate on the middle of the distribution, while here we are
not interested in this middle part, but in the (extreme) tail. Therefore, standard
goodness of fit tests are not appropriate for the situation at hand. For the same
reason, less formal methods like “a good look at the data” or “an inspection of a
histogram” are completely insufficient to judge the possible normality in the far
tail.

The choice between the three control charts can be seen as a model selection
problem. This area in statistics is nowadays in the center of interest and therefore
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it looks promising to apply such methods not merely for the three charts mentioned
here, but for a whole range of (nested) models. Unfortunately, two problems arise.
First of all, it is far from easy to develop control charts in each of these models.
Secondly, again the common selection rules are intended for the bulk of the data
and not for the extreme tail. The motivation to switch from the normal control
chart to the parametric control chart or even to the nonparametric control chart
is provided by the model error. As this model error is the discriminating quantity
in deciding which control chart to use and since moreover the data should tell us
what the appropriate model is, it is natural to base the decision between the three
control charts on the estimated model error. The idea to let the data tell what
control chart to use is discussed in more detail in this thesis under the so called
combined approach.

1.2 Criteria for setting the control limits

To study the problem of setting control limits as described in Section 1.1, first of all
a performance characteristic for the given control limits has to be selected, such as
the out-of-control signal probability (p), the average run length (ARL = 1/p), or
any well-behaved function g of p (g(p)). Due to the estimation, this performance
characteristic becomes random. Hence, p is replaced by a stochastic counterpart
P , the ARL = 1/p likewise by 1/P and generally g(p) by g(P ). Subsequently,
for each characteristic the absolute error (e.g. |P − p|) or the relative error (e.g.
(P/p−1)) can be studied with respect to aspects such as expectation, semi-variance
and exceedance probability, each of which in its own way helps to characterize the
behavior of the estimated control limits.

In this thesis we apply both bias and exceedance probability criteria for setting the
control limits. A bias criterion aims at reducing the discrepancy between the actual
result and the true value of the performance characteristic, while the exceedance
probability criterion is applied for controlling the probability of having a relative
error larger than a given value. More precise descriptions of the two criteria are
given in the following subsections.

1.2.1 Reducing bias

The term “bias”, or sometimes systematic error , is used to express the difference
between the measurement result and its unknown “true value”. In this study we
try to reduce the bias between the performance characteristic and its counterpart
for the case of known parameters as much as possible. Since in the estimated case
the performance characteristic is a random variable, we need a measurement for
the random variable before we can compare it with another value. One way to
measure the random variable is by using its expectation which shows the average
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performance of the random variable over a long series of applications. For example
E(P ) can be compared with p, E(1/P ) can be compared with the fixed ARL =
1/p, or E(g(P )) with g(p).

Furthermore, the comparison can be done e.g. by investigating either the relative
error or the absolute error between the two values. In order to reduce the bias, we
have to restrict the two errors to be at most a small number. For example, it can
be investigated when the stochastic counterpart P of p satisfies |EP − p|/p ≤ 0.1,
or satisfies |EP − p| ≤ 0.01, etc. In our case, for p = 0.001 the relative error of at
most 10% is satisfied when we have more than 300 observations, while for p = 0.01
we need to have more than 100 observations (see Section 2.2).

Of course, instead of using the expectation, we can also use either the semi-variance
or the exceedance probability to check the performance of the control charts. The
latter will be described in the following subsection.

1.2.2 Controlling exceedance probability

In the bias criterion we only used the expectation of a random variable to in-
vestigate the performance characteristics of the control chart. Using expectation,
however, only captures part of the picture. Since the variability of P around its
expected value is rather large, it also seems worthwhile to control the exceedance
probabilities involved. Hence, rather than only worrying about |EP − p|/p > 0.1,
we now try to figure out how large P ((P − p)/p > 0.1) is. This probability indi-
cates how likely it is that the Phase I observations produce an outcome of P larger
than 0.0011 when p = 0.001. Once such an outcome has occurred, we are so to say
stuck with it during the subsequent application of the chart. The fact that EP
may be well behaved only means that the present large outcome is expected to be
balanced by a small one during a future application of the newly estimated chart.
Hence bias correction is certainly useful with respect to the long-term behavior of
the chart in a series of separate applications. But exceedance probabilities supply
information about how likely it is that errors beyond a certain level occur in a
single given application. From a practical point of view, this may even be the
more interesting topic to discuss.

1.3 Outline of the thesis

In this thesis we propose four different approaches to determine the control limit.
The difference is mainly due to the different assumptions made for the underlying
distribution of the observations. The following approaches have been considered:

• Normal approach, assuming that the true distribution of the observations
comes from a normal family (Chapter 2).
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• Parametric approach, assuming that the true distribution is from a broader
parametric class than the normal family. In this case we assume the true
distribution is from a so called normal power family (Chapters 3 and 4).

• Nonparametric approach, applying a distribution-free method. Hence, no
assumption is needed except the continuity of the true distribution (Chapter
5).

• Combined approach, as the name suggests, offering to combine the normal,
parametric and nonparametric approaches and let the data, based on certain
criteria, select the most suitable control limit for themselves (Chapter 6).

The results presented in Chapter 2 do confirm that although the normality as-
sumption for the observations is fulfilled, too large sample sizes are needed to get
accurate control limits when estimators of the parameters are simply plugged in.
However, the samples sizes needed to construct accurate control limits can be re-
duced substantially if we add suitable correction terms to the control limits. The
discussions throughout Chapters 3-5 point out that with the addition of appro-
priate correction terms, the performance of the other control limits is also highly
improved. The derivation of the control limits and their corresponding correction
terms is based on asymptotic as well as on approximation theory. To check the
value of the results, extensive simulation studies are performed. The results of
these simulations indeed confirm those from the asymptotic theory. Some exam-
ples are given to provide better illustrations of the material presented there.

From the discussion presented in Chapters 2-5 we conclude that applying the cor-
rected versions of the normal, parametric and nonparametric charts to monitor
the production process in practice offers considerable advantages. However, ap-
plying these charts individually may cause some disadvantages due to the specific
characteristics of the observations. Therefore, we recommend a combined chart
to be used in practice. The derivation of the combined chart, as a product of
the combined approach, is discussed in Chapter 6. Finally, Chapter 7 provides a
guideline to implement the material presented throughout Chapters 2-6 in real life
situations.



Chapter 2

Normal Approach

This chapter discusses a problem which occurs when applying a standard control
chart and proposes a way to deal with it. Supposing that the normality assumption
for the observations is fulfilled, too large sample sizes are needed to get accurate
control limits when estimators of the parameters are simply plugged in.

To fix the problem, correction terms are developed and applied to the control
limits. The determination of these correction terms is based on so called bias and
exceedance probability criteria. Using the corrected normal charts much smaller
sample sizes are needed to get accurate control limits. The new charts are also
shown to behave quite well in an out-of-control situation.

2.1 Introduction

Assuming normality of the observations in the in-control situation, the control
limits of the standard chart depend on the mean and standard deviation of the
normal distribution. For this reason, the standard chart is also known as a normal
chart, and the latter will be used quite frequently in this thesis. With respect to
the mean and standard deviation of the distribution, these parameters are most
likely unknown and therefore, to apply the control limits, one has to estimate the
parameters.

Estimation is based on the observations obtained in Phase I that we suppose to
belong to the in-control situation. The monitoring phase is based on the obser-
vations from Phase II. Hence, an estimation error will have occurred. Woodall
and Montgomery (1999) describe the question of the effect of estimation error in
control charts as follows : “In most evaluations and comparisons of control chart
performance in Phase II, it is assumed that the in-control values of the parameters

9
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are known. In practice, however, the parameters must be estimated in Phase I.
The effect of this estimation on control chart performance have been studied, but
only for relatively few types of charts (see, e.g., Ghosh, Reynolds and Hui (1981);
Quesenberry (1993); and Chen (1997)). Much more research is needed in this area
recognizing that the Phase II control limits are, in fact, random variables. Re-
search shows that more data than has been recommended is needed to accurately
determine control chart limits.”

In Quesenberry (1993) and Chen (1997) simulations and numerical calculations
are performed for the mean and standard deviation of the run length distribution,
when the mean and standard error of the normal distribution are estimated. The
simulation results confirm the conclusion of Quesenberry (1993) that the classical
empirical rules for choosing the number of observations to estimate the mean
and standard deviation of the normal distribution are inadequate and should be
taken much larger. The studies recommend to take at least 300 observations to
get accurate limits. Further discussion on this topic is given by Roes (1995), in
particular in Section 2.2.2.

In line with these studies, we perform some simulations and an asymptotics study
in the present chapter to show that (indeed) a great many data are needed to
get accurate control charts limits, when estimators are simply plugged in. Since
nowadays short production runs are more and more in demand, there may be not
enough data to accurately estimate the process parameters.

Due to estimation the probability P of incorrectly concluding that the process is
out-of-control is no longer deterministic, but a random variable. In this thesis with
“accurate control charts” in the bias case we mean for example that P is close to
a prescribed false alarm rate p, in the sense that EP is close to p, or in a more
general way Eg(P ) is close to g(p). More details on functions g of special interest
are given in Section 2.2.2. This can be interpreted as meaning that in the long
run the user always gets what he wants.

In the literature there is only a limited number of suggestions how to correct the
control limits. Moreover, they are restricted to g(p) = p and do not deal with
exceedance probability. Hillier (1969) introduced a method to set control limits
with an exact correction term based on a small number of subgroups. He estimated
σ with the average range. Yang and Hillier (1970) proposed a similar correction
term using average subgroup variance and sample variance to estimate σ2. Exact
correction terms using other estimators were also introduced by Ghosh, Reynolds
and Van Hui (1981) and by Roes, Does and Schurink (1993). Other than that, we
could not find any suggestion to have accurate control limits for commonly used
sample sizes. This calls for the search for simple, but efficient correction terms to
be applied in the control limits.

Hence, our goal is to develop correction terms in order that also for common sam-
ple sizes accurate control charts can be obtained. For this, we adopt so called bias
and exceedance probability criteria. Based on these criteria we develop correction
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terms for the control limits. The correction term based on the bias criterion has
order of 1/n, while the correction term developed under the exceedance proba-
bility criterion has order of 1/

√
n. From this we can see that the bias removal

approach requires a moderate correction, while controlling the exceedance proba-
bility requires a larger correction for an initial control limit. The different types
of protection give different effects in the out-of-control performance. Weak pro-
tection which is associated with the moderate correction has a low price, whereas
strong protection which is associated with the larger correction, has a moderate
price. Hence, by adding these correction terms to the initial control limit, we get
two different types of control charts. Practitioners can choose either one of these
which suit their needs the best.

As far as we know, what is presented in this chapter is the first contribution to
finding such correction terms. It should be noted that the introduction of Q-charts
in Quesenberry (1991) does not solve the problem if we consider, for instance, the
mean of the run length distribution or other quantities based on the run length.
The reason is that, due to dependence involved in the estimators, the run length
distribution is no longer a geometric distribution, see Quesenberry (1993) for an
extensive discussion on that point.

Fortunately, the correction terms, obtained by an asymptotic method, are easy to
apply, even when the derivation of these terms requires the more complex approach
of second order asymptotics. The corrected control limits do their job very well,
giving accurate results already for moderate sample sizes.

Having developed the correction terms, we also want to investigate the conse-
quences for the out-of-control situation of using the corrected control limits. In
situations where the correction leads to a more stringent control limit, the ob-
vious consequence is that in an out-of-control case the control limit is exceeded
less often. Quantification of the out-of-control performance is provided by asymp-
totic methods. It is shown by simulation results that the approximations describe
the out-of-control behavior very well. It turns out that the out-of-control behav-
ior is not disturbed much by the more stringent control limits. The loss due to
estimation is not very large.

The chapter is organized as follows. In Section 2.2 our set-up for the normal
chart is given and it is shown by simulation and asymptotic theory that very large
samples are needed to get accurate control limits in case no correction is made.
The correction terms are derived in Section 2.3, based on the bias and exceedance
probability criteria, where also the performance of the corrected control limits
is exhibited. The out-of-control behavior is treated in Section 2.4. Finally, a
concluding remark is given to close the chapter.
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2.2 The characteristics of the normal chart

This section discusses the characteristics of the normal chart. First, we present
the initial set up for the control limit of the chart. Next, using a simulation study
and asymptotic theory we show that very large samples are needed to get accurate
control limits when estimators are simply plugged in. We use bias and exceedance
probability criteria to investigate the effect of the estimation error.

2.2.1 The initial control limit of the normal chart

Let X1, · · · , Xn, Xn+1 be independent and identically distributed (i.i.d.) dis-
tributed random variables (r.v.’s), each with a N(µ, σ2)-distribution. The r.v.’s
X1, · · · , Xn are the observations belonging to Phase I, on which the estimators
of µ and σ are based, while Xn+1 belongs to Phase II: the monitoring phase. In
Sections 2.2 and 2.3 we consider the in-control situation for Phase II, that is we
assume that Xn+1 has the same distribution as X1, · · · , Xn.

We mainly consider a control chart with an upper limit. The more standard case
of upper- and lower control limit can be treated in a similar way and will be
given only as a remark. Generalization to a set-up with Xi replaced by a group
of observations, for instance Xi1, · · · , Xi5, is fairly straightforward and will be
excluded here.

If µ and σ are known and p is the probability of incorrectly concluding that the
process is out-of-control, then the upper control limit (UCL) of the normal chart
equals

µ+ up σ

with up = Φ−1(1 − p), where Φ denotes the distribution function of the standard
normal distribution. The density of the standard normal distribution is denoted
by ϕ. However, very often µ and σ are unknown and they have to be estimated
on the basis of X1, · · · , Xn. We consider as estimator of µ the sample mean
X = n−1

∑n
i=1Xi and denote this estimator by µ̂. As estimator of σ we sometimes

consider

σ̌ = S =
√
S2 with S2 =

n∑

i=1

(Xi −X)2

n− 1
,

but more often we take

σ̂ =
S

c4(n)

where c4(n) is such that σ̂ is an unbiased estimator of σ, implying

c4(n) =

√
2Γ(n/2)√

n− 1Γ((n− 1)/2)
.
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Note that in view of Basu’s theorem any location-invariant estimator is indepen-
dent of µ̂ (cf. Lehmann (1986) page 191 Example 1). A general location-invariant
estimator of σ is denoted by σ∗ and particular examples are σ̂ and σ̌.

Plugging in the estimators µ̂ and σ∗ in the UCL leads to

ÛCL = µ̂+ up σ
∗. (2.1)

Our interest is to observe the probability of an incorrect signal that the process
should be out-of-control. This probability depends on the estimators µ̂ and σ∗

and therefore it is a r.v. It is given by

Pn = Pn(µ̂, σ
∗) = P (Xn+1 > µ̂+ up σ

∗) = Φ(
µ̂− µ

σ
+ up

σ∗

σ
), (2.2)

where Φ(x) = 1 − Φ(x).

2.2.2 The effect of the estimation error for the bias

In order to learn more about the performance characteristics of the control chart,
several aspects of the closeness of Pn to p can be investigated. The first choice is
based on the bias of Pn with respect to p. Also functions of Pn are of interest. For
example, the average run length (ARL) is given by 1/p and hence, the estimated
average run length equals 1/Pn. Therefore, we may compare E(1/Pn) to 1/p.

Another family of functions of interest are the probabilities that the run length is
at most some specified value k. This probability is given by 1 − (1 − p)k and is
estimated by Rn,k = 1− (1−Pn)k. The expectation ERn,k is then compared with
1−(1−p)k. Typical values of interest for k are fractions of the ARL, i.e. k = [δ/p]
with, for instance, δ = 1

10 ,
1
4 ,

1
2 or 1. With these given values of δ, k = 100, 250, 500

or 1000, respectively. These values are commonly used since they are feasible from
the practical point of view.

More generally, focusing on the bias we consider a function g(p), estimate it by
g(Pn) and compare Eg(Pn) with g(p). In particular, the previous functions

g(p) = p, g(p) =
1

p
, g(p) = 1 − (1 − p)k (2.3)

are of interest. Other functions g can be treated in a similar way. For instance,
the standard deviation of the run length, corresponding to g(p) =

√
1 − p/p. As

a criterion for closeness of Eg(Pn) to g(p) we restrict the relative error to be at
most 10%, in formula : ∣∣∣∣

Eg(Pn) − g(p)

g(p)

∣∣∣∣ ≤ 10%. (2.4)

We are looking for the smallest n for which (2.4) holds. Of course, other values
than 10% can be chosen if desired. This criterion is suitable for g(p) = p and
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g(p) = 1/p, while for g(p) = 1− (1− p)k an absolute error of at most 1% seems to
be more appropriate since it deals with probabilities not close to zero.

A simulation study using σ̂ as the estimator of σ, is carried out to see the perfor-
mance of Eg(Pn) for the functions given in (2.3). The number of repetitions in
the simulation study equals 100, 000. The results are given for p = 0.001 in Table
2.1 and for p = 0.01 in Table 2.2.

Table 2.1 Simulation results for p = 0.001.

Relative Error (%) Absolute Error (%) for g(p) = 1 − (1 − p)k

n g(p) = p g(p) = 1/p k = 1000 k = 500 k = 250 k = 100
25 167.0 702.0 3.56 6.65 10.53 8.70
50 72.9 132.8 2.28 4.71 6.63 4.77
75 45.0 70.5 1.65 3.62 4.75 3.19
100 32.6 47.2 1.29 2.92 3.68 2.39
150 21.5 28.5 0.81 2.23 2.63 1.63
200 15.8 20.0 0.57 1.78 2.02 1.22
250 12.5 15.5 0.44 1.47 1.63 0.98
300 10.4 12.8 0.36 1.26 1.38 0.82
350 8.8 10.9 0.33 1.07 1.17 0.69
400 7.7 9.5 0.29 0.95 1.03 0.61
450 6.9 8.2 0.22 0.88 0.94 0.55
500 6.2 7.5 0.22 0.79 0.84 0.49

From Table 2.1 we can see that the relative error of EPn is larger than 70% if n =
50, and it is still larger than 30% if n is increased to 100. The simulations give that
the relative error of EPn satisfies (2.4) for n ≥ 312. In line with this, the relative
error of E(1/Pn) is larger than 40% if n = 100. This error is smaller than 10% only
for n ≥ 377. Moreover, ERn,k satisfies the requirements of having an absolute
error smaller than 1% for n ≥ 124, 381, 419, 243, when k = 1000, 500, 250, 100
respectively.

Woodall and Montgomery (1999) recommend to have at least 20-25 samples of
size 4-5 each to base the estimators on. The idea is that when taking the mean
of 4-5 single observations as a “combined” observation, normality is a reasonable
assumption, which may be more disputable for the single observations. If we as-
sociate a sample of size 4-5 with one observation in our set-up, the recommended
number of observations equals 20-25; which is far too small to get an accurate
estimate according to the simulation result. Even if we would consider the ob-
servations as single observations in the recommendation, leading to n between 80
and 125, this number of observations is still too small to get accurate results.

The simulation results evidently confirm that very many data are needed to get
accurate control charts limits, when estimators are simply plugged in. This con-
clusion agrees with the results of e.g. Quesenberry (1993) and Chen (1997).
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Allowing p to be a little bit larger, with a value 0.01 instead of 0.001, the situation
becomes slightly better, as shown in Table 2.2, although rather large sample sizes
are still needed. Moreover, in control charts p = 0.001 is far more often applied
than p = 0.01.

Table 2.2 Simulation results for p = 0.01.

Relative Error (%) Absolute Error (%) for g(p) = 1 − (1 − p)k

n g(p) = p g(p) = 1/p k = 100 k = 50 k = 25 k = 10
10 139.6 1778.0 4.16 6.25 10.18 8.29
25 50.6 112.0 2.21 3.89 5.33 3.66
50 24.0 40.0 1.30 2.32 2.91 1.85
75 16.0 23.0 0.80 1.74 2.05 1.26
100 11.9 17.0 0.63 1.34 1.56 0.94
125 9.6 13.0 0.47 1.14 1.28 0.77
150 7.9 11.0 0.42 0.93 1.06 0.63
175 6.6 9.0 0.35 0.80 0.90 0.53
200 5.8 8.0 0.33 0.70 0.79 0.47
225 5.1 7.0 0.30 0.62 0.70 0.42
250 4.7 6.0 0.26 0.58 0.64 0.38

It is seen, cf. Table 2.2 , that EPn has a relative error smaller than 10% for
n ≥ 118, and that E(1/Pn) satisfies (2.4) for n ≥ 163, while ERn,k satisfies the
requirements to have an absolute error smaller than 1% for n ≥ 59, 139, 164, 95,
when k = 100, 50, 25, 10 respectively.

Remark 2.2.1 The simulation results show that EPn is always larger than p,
which means that Pn is positively biased. In this case, as a consequence for
estimating parameters, the expected probability of an incorrect signal becomes
larger.

At first sight one may think that if Pn tends to be larger than p, this will imply
that 1/Pn is smaller than 1/p, cf. e.g. Quesenberry (1993, pages 241 and 242).
However, it turns out that also 1/Pn is positively biased, that is E(1/Pn) > 1/p.
One reason for it is that (very) small values of Pn imply (very) large values of
1/Pn: even if the probabilities of getting such small values of Pn are not so large,
the high values of 1/Pn cause a high expectation. Especially for small n this
phenomenon is rather strongly present, see, for instance, Table 5 on page 245 of
Quesenberry (1993). Since E(1/Pn) is strongly determined by the occurrence of
extremely long runs, which are not very relevant in practice, Roes (1995, page 34)
remarks that E(1/Pn) does not adequately summarize the run length properties
of the chart, cf. also Quesenberry (1993, page 242).

To avoid this problem of “outliers” one may apply the strategy to replace the
average by the median. This strategy is often successfully applied in robust statis-
tics. The median of a geometric distribution with parameter p is given by the
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function

g(p) =
− log 2

log(1 − p)
.

However, for a small p, this function behaves as (log 2)/p and, hence, the same
problem arises with the median run length.

The introduction of the criterion ERn,k for several values of k is sometimes moti-
vated by giving a more sensible performance measure than the ARL, see e.g. Does
and Schriever (1992), Roes (1995) pages 102, 103, Del Castillo and Montgomery
(1995) and Quesenberry (1995). Note however, that the practical relevance of
ERn,k, with k as large as 1000, is disputable too. Noting that we want to protect
a process against small run lengths, when we are in the in-control situation, the
benefit obtained by estimation of the parameters forERn,1000 is therefore of far less
importance than the disadvantage that resulted for ERn,k, with k = 100, 250, 500.

The positive bias of EPn and ERn,k for k = 100, 250 and 500 is in line with the
idea that we have to pay for estimating the parameters. Indeed, with respect to
these criteria we have a higher probability of an incorrect signal (EPn) or a higher
probability of getting a smaller run length (ERn,k) for k = 100, 250 and 500. For
E(1/Pn) and ERn,k with k = 1000 estimation is profitable. An explanation for
the positive bias of E(1/Pn) was given above. However, this explanation (some
very high values of 1/Pn cause high expectation) can not be used for ERn,k, since
Rn,k is bounded by 1. Therefore, to explain the positive bias of ERn,k we use
Jensen’s inequality later in this section. �

In order to develop correction terms such that accurate control charts are obtained
for smaller sample sizes, as well as to understand the reason that more observations
are needed here than were recommended in the earlier days, we need to have more
analytic insight in the problem. Such insight can be provided by asymptotic
methods. More transparent approximations which are used in many statistical
problems are capable of showing the important feature of the problem without
throwing away the accuracy. As a rule, numerical work (alone) cannot give the
insight needed to derive appropriate correction terms.

We start with a first type of asymptotics, which is for a great part based on
asymptotic normality of the estimators. However since, for some criteria, the first
type approximations can not be easily applied, a second asymptotic approach is
considered as well.

Although n plays a very important role in the standard asymptotic method, since
it always deals with a very large number, other variables involved in the model
may also influence the final result significantly, being large as well. Therefore their
effects should not be ignored. For example, a commonly used value for up is 3,
hence u4

p equals 81, which may be of the same order of magnitude as n for several
situations considered here. Hence, we follow a more delicate way, taking into
account not only n, but also up in the asymptotical approach. For simplification
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of notation, u is used instead of up in the rest of the present chapter.

(i) First type asymptotics

We start with a theorem which presents the limiting distribution of Pn, and for
that we put the following condition on the estimator σ∗ from Section 2.2.1.

Condition 1 The estimator σ∗ satisfies
(
σ∗

σ
− 1

)√
2(n− 1)

D→ N(0, 1).

This condition holds for σ∗ = σ̌ as well as for σ∗ = σ̂. Next, we define

z(u) =
uΦ(u)

ϕ(u)
,

so that z is very close to 1 for large values of u. For instance, for u > 0, it holds
that

u2

u2 + 1
< z(u) < 1.

Theorem 2.2.1 Suppose that Condition 1 holds, that u ≥ 1 and that u = o(n1/2)
as n→ ∞, then

Pn ≈ pYn with Yn ∼ lognormal

(
0,

{
u

z(u)

}2{
1

n
+

u2

2(n− 1)

})

in the sense that

log
(
Pn

p

)

u
z(u)

√
1
n + u2

2(n−1)

D→ N(0, 1)

as n→ ∞, uniformly for all sequences u = u(n) satisfying u(n) ≥ 1 and
limn→∞ u(n)n−1/2 = 0.

Proof. Let

∆(u) =
µ̂− µ

σ
+ u

(
σ∗

σ
− 1

)
.

In view of the definition of µ̂ and Condition 1 we have

∆(u)√
1
n + u2

2(n−1)

D→ N(0, 1). (2.5)

Direct calculation gives

Pn
p

=
u

u+ ∆(u)

z(u+ ∆(u))

z(u)
exp

{
−u∆(u) − 1

2
∆2(u)

}
.
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On the set B =
{
u ≥ 1, |∆(u)| ≤ 1

2

}
we have, for some constant c1 > 0,

∣∣∣∣log

(
u

u+ ∆(u)

z(u+ ∆(u))

z(u)

)
− ∆(u)

{
− 1

u
+
z′(u)

z(u)

}∣∣∣∣ ≤ c1∆
2(u) (2.6)

and hence, noting that

−u− 1

u
+
z′(u)

z(u)
= − u

z(u)

and writing

R(u) = log

(
u

u+ ∆(u)

z(u+ ∆(u))

z(u)

)
− ∆(u)

{
− 1

u
+
z′(u)

z(u)

}
− 1

2
∆2(u),

we get

log

(
Pn
p

)
= − u

z(u)
∆(u) +R(u)1B(u) +R(u)1B(u), (2.7)

where B denotes the complement of B. In view of (2.5) and (2.6) we obtain

|R(u)1B(u)|
u
z(u)

√
1
n + u2

2(n−1)

≤

√
1
n + u2

2(n−1)

u
z(u)

(c1 +
1

2
)


 ∆(u)√

1
n + u2

2(n−1)




2

D→ 0. (2.8)

Since u = o(n1/2) and hence, by (2.5), P (|∆(u)| > 1
2 ) → 0, it follows that

|R(u)1B(u)|
u
z(u)

√
1
n + u2

2(n−1)

D→ 0. (2.9)

Combination of (2.5), (2.7), (2.8) and (2.9) gives the result.

Remark 2.2.2 For somewhat larger values of u, it is seen that the estimation
of σ is more important than that of µ, in the sense that the contribution to the
asymptotic variance due to the estimating σ is in the case of u = 3 a factor
u2/2 = 4.5 larger than the contribution due to estimation of µ. �

To approximate Eg(Pn), in particular when g is one of the functions given in (2.3),
Theorem 2.2.1 suggests the following first type approximation :

Eg(Pn) ≈ Eg(pYn) with Yn ∼ lognormal

(
0,

{
u

z(u)

}2{
1

n
+

u2

2(n− 1)

})
.

Taking g(p) = p, this approximation gives

EPn ≈ p exp

{
1

2

(
u

z(u)

)2(
1

n
+

u2

2(n− 1)

)}
. (2.10)
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For g(p) =
1

p
, this approximation gives

E
1

Pn
≈ 1

p
exp

{
1

2

(
u

z(u)

)2(
1

n
+

u2

2(n− 1)

)}
. (2.11)

Remark 2.2.3 Note that EPn/p and E(1/Pn)/(1/p) have the same first type
approximation, which is greater than 1. Hence, the first type approximation gives
a positive bias for Pn and 1/Pn. In this sense the approximation Pn ≈ pYn with
Yn a lognormal distribution with µ = 0 does what it should do, cf. Remark 2.2.1
and Remark 2.2.4 below. �

Finally, for g(p) = 1 − (1 − p)k the first type approximation leads to

E
{
1 − (1 − Pn)

k
}
≈ E

{
1 − (1 − p Yn)

k
}

=
k∑

j=1

(
k

j

)
(−1)j+1pj exp

{
1

2
j2
(

u

z(u)

)2(
1

n
+

u2

2(n− 1)

)}
.

(2.12)

The first type approximations of EPn and E(1/Pn) are easily applied, but the
first type approximation of ERn,k is more complicated. Therefore, in the follow-
ing subsection we take a slightly different and more direct approach focusing on
expectations rather than (limiting) distributions.

(ii) Second type asymptotics

Restricting attention to expectations, it should be remarked that the (2k − 1)th

and (2k)th moments of ∆(u) are of the same order of magnitude. Therefore, in
terms of expectations it seems more natural to consider not only terms of order
∆(u), but also of order ∆2(u).

Here, we are going to find an approximation of Eg(Pn), in particular when g is
one of the functions given in (2.3). Since according to (2.2)

Pn = Φ

(
µ̂− µ

σ
+ u

σ∗

σ

)
= Φ (u+ ∆(u)) ,

we use the notation h(u) = g(Φ(u)) to investigate the second type approximation
of Eg(Pn) = Eh(u+ ∆(u)) using the two-step Taylor expansion as follows:

Eh(u + ∆(u)) ≈ h(u) + h′(u)E∆(u) +
1

2
h′′(u)E∆2(u). (2.13)

The following table presents the derivatives of h for g given in (2.3).
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Table 2.3 Derivatives of h for the functions g given in (2.3).

g(p) h(u) h′(u) h′′(u)

p Φ(u) −ϕ(u) uϕ(u)

1

p

1

Φ(u)

ϕ(u)

Φ
2
(u)

2ϕ2(u)

Φ
3
(u)

− uϕ(u)

Φ
2
(u)

1 − (1 − p)k 1 − Φk(u) −kϕ(u)Φk−1(u) −k(k − 1)ϕ2(u)Φk−2(u)
+ kuϕ(u)Φk−1(u)

Remark 2.2.4 In Remark 2.2.1 an argument has been given to justify the oc-
currence of the positive bias of both EPn and E(1/Pn). The argument could not
be applied on ERn,k. In addition, the positive bias of EPn, E(1/Pn), and ERn,k
for k = 100, 250, 500, and the negative bias of ERn,1000 can be explained using
Jensen’s inequality as follows. If h is a convex function, then Jensen’s inequality
gives Eh(X) > h(EX).

Consider Eg(Pn) = Eh(u + ∆(u)). For p = 0.001 we have u = 3.09 and further,
∆(u) converges to 0, implying that u+ ∆(u) gives high probability to a neighbor-
hood of 3. If g(p) = p or g(p) = 1/p, then from Table 2.3 we have h′′(u) > 0 for
u > 0, and hence in both cases the function h is convex for u > 0. Therefore,
Jensen’s inequality strongly suggests that Eh(u+ ∆(u)) > h(u+E∆(u)) = h(u),
implying EPn > p and E(1/Pn) > 1/p.

If g(p) = 1 − (1 − p)k, where k = 100, 250, and 500, we can see from Table 2.3
that h′′(u) > 0 for u > 2.375, u > 2.689, and u > 2.908, respectively. Hence,
the function h is convex for these combinations of u− and k−values. Therefore,
Jensen’s inequality suggests that ERn,k = Eh(u+∆(u)) > h(u+E∆(u)) = h(u) =
1 − (1 − Φ(u))k = 1 − (1 − p)k, for k = 100, 250, and 500.

For g(p) = 1−(1−p)1000, we have h′′(u) < 0 for u < 3.115, and hence the function
h is concave for u < 3.115. Therefore, Jensen’s inequality suggests ERn,1000 =
Eh(u+ ∆(u)) < h(u+ E∆(u)) = h(u) = 1 − (1 − p)1000.

This explains the positive bias of EPn, E(1/Pn), and ERn,k for k = 100, 250 and
500 and the negative bias of ERn,1000 as seen in Table 2.1. �

The following theorem gives an upper bound for the (relative) error of the approx-
imation. We impose Conditions 2 and 3 on the estimator σ∗. It can be shown
that the two conditions hold for σ∗ = σ̌ and σ∗ = σ̂.
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Condition 2 The estimator σ∗ satisfies

E∆3(u) = O(u3n−2), E∆4(u) = O(u4n−2),

E |∆(u)|4 exp

{
u |∆(u)| + 1

2
∆2(u)

}
= O(u4n−2),

E |∆(u)|9 exp

{
u |∆(u)| + 1

2
∆2(u)

}
= O(u9n−9/2),

for u ≥ 1 with u = O(n1/4) as n→ ∞.

Condition 3 The estimator σ∗ satisfies,

E∆3(u) = O(u3n−2), E∆4(u) = O(u4n−2),

for u ≥ 1 with u = O(n1/4) as n→ ∞.

Theorem 2.2.2 Suppose that u ≥ 1 and that u = O(n1/4) as n → ∞. Assume
that h is 4 times differentiable.

(i) Suppose that Condition 1 holds and that for some constants c2 > 0 and c3 > 0

∣∣∣∣
h′′′(u)

h(u)

∣∣∣∣ ≤ c2u
3 and

∣∣∣∣
hiv(u+ y)

h(u)

∣∣∣∣ ≤ c3(u
4 + |y|5) exp

{
u |y| + 1

2
y2

}
, (2.14)

for all u ≥ 1 and all y ∈ R, then

∣∣∣∣
Eh(u+ ∆(u)) − h(u)

h(u)
− h′(u)E∆(u) + 1

2h
′′(u)E∆2(u)

h(u)

∣∣∣∣ = O(u8n−2).

(ii) Suppose that Condition 2 holds and that h′′′ and hiv are bounded, then

∣∣∣∣Eh(u+ ∆(u)) − h(u) −
{
h′(u)E∆(u) +

1

2
h′′(u)E∆2(u)

}∣∣∣∣ = O(u4n−2).

Proof.

(i) By Taylor expansion we get, for some 0 ≤ η ≤ 1,

Eh(u+ ∆(u)) = h(u) + h′(u)E∆(u) +
1

2
h′′(u)E∆2(u)

+
1

6
h′′′(u)E∆3(u) +

1

24
Ehiv(u+ η∆(u))∆4(u),

and hence, by (2.14) and Condition 2, we have

∣∣∣∣
Eh(u+ ∆(u)) − h(u)

h(u)
− h′(u)E∆(u) + 1

2h
′′(u)E∆2(u)

h(u)

∣∣∣∣
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≤ 1

6
c2u

3
∣∣E∆3(u)

∣∣+ 1

24
c3E

{(
u4 + |∆(u)|5

)
|∆(u)|4 exp

{
u |∆(u)| + 1

2
∆2(u)

}}

= O
(
u8n−2

)
.

(ii) By Taylor expansion we get, for some 0 ≤ η ≤ 1,

Eh(u+ ∆(u)) = h(u) + h′(u)E∆(u) +
1

2
h′′(u)E∆2(u)

+
1

6
h′′′(u)E∆3(u) +

1

24
Ehiv(u + η∆(u))∆4(u),

and hence, since h′′′ and hiv are bounded and Condition 3 holds,

∣∣∣∣Eh(u+ ∆(u)) − h(u) −
{
h′(u)E∆(u) +

1

2
h′′(u)E∆2(u)

}∣∣∣∣

≤ c4
{∣∣E∆3(u)

∣∣+ E∆4(u)
}

= O
(
u4n−2

)
.

Using

Φ(u) =
ϕ(u)

u
(1 + o(1)) as u→ ∞,

it can be shown that (2.14) is satisfied for h(u) = g(Φ(u)) with g(p) = p and
g(p) = 1/p, and that h′′′ and hiv are bounded for g(p) = 1 − (1 − p)k. Hence, the
relative error in the approximation (2.13) is O(u8n−2) for g(p) = p and g(p) = 1/p.
As argued before, for g(p) = 1 − (1 − p)k we consider the absolute error, which is
O(u4n−2).

Further calculation gives

E∆(u) = uE

(
σ∗

σ
− 1

)
and E∆2(u) =

1

n
+ u2E

(
σ∗

σ
− 1

)2

.

In particular, for σ∗ = σ̂ we get

E∆(u) = 0 and E∆2(u) =
1

n
+ u2

{
Γ(n+1

2 )Γ(n−1
2 )

Γ(n2 )2
− 1

}
. (2.15)

Writing E∆2(u) = a(u, n) in (2.15), we get for σ∗ = σ̌

E∆(u) = u {c4(n) − 1} and E∆2(u) =
1

n
− 2u2 {c4(n) − 1} , (2.16)

where c4(n) is as given in Section 2.2.1. Inserting the derivatives of h, given
in Table 2.3 and (2.15) in (2.13) leads to the following approximations for the
estimator σ∗ = σ̂:
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EPn ≈ p+
1

2
a(u, n)uϕ(u)

E(
1

Pn
) ≈ 1

p
+

1

2
a(u, n)

{
2ϕ2(u)

p3
− uϕ(u)

p2

}

ERn,k ≈ 1 − (1 − p)k +
1

2
a(u, n)

{
−k(k − 1)ϕ2(u)(1 − p)k−2 + kuϕ(u)(1 − p)k−1

}
. (2.17)

From (2.17) we can see that the second type approximations also give positive bias
for Pn and 1/Pn as they should do.

A further simplification can be obtained by realizing that

Γ(n+1
2 )Γ(n−1

2 )

Γ(n2 )2
≈ 1 +

1

2n
. (2.18)

Using this approximation we get for σ∗ = σ̂

EPn ≈ p+
1

2

u2 + 2

2n
uϕ(u)

E(
1

Pn
) ≈ 1

p
+

1

2

u2 + 2

2n

{
2ϕ2(u)

p3
− uϕ(u)

p2

}

ERn,k ≈ 1 − (1 − p)k +
1

2

u2 + 2

2n{
−k(k − 1)ϕ2(u)(1 − p)k−2 + kuϕ(u)(1 − p)k−1

}
. (2.19)

Remark 2.2.5 In a similar way, using (2.16), approximations of EPn, E(1/Pn)
and ERn,k can be evaluated when σ∗ = σ̌. �

The following tables compare the approximation results with the simulation results
for the first two functions given in (2.3). From these tables we can see that both
the first type approximation and the second type approximation represent EPn
and E(1/Pn) very well.

According to the first type approximation and the second type approximation,
EPn has already a relative error smaller than 10% for n ≥ 345 and n ≥ 302,
respectively. This seems in line with the result of the simulation which gives
n ≥ 312, cf. Table 2.4. Similarly, we get for g(p) = 1/p that according to the first
type approximation and the second type approximation, E(1/Pn) has a relative
error smaller than 10% for n ≥ 345 and n ≥ 356, respectively. This agrees very well
with the result of the simulation. The table shows that both type approximations
are very accurate.
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Table 2.4 The comparison of the relative error of Eg(Pn) for g(p) = p and
g(p) = 1/p with p = 0.001.

g(p) p 1/p

n simulation 1st-app 2nd-app simulation 1st-app 2nd-app
25 167.0 287.5 125.4 702.0 287.5 147.8
50 72.9 94.6 61.4 132.8 94.6 72.4
75 45.0 55.5 40.6 70.5 55.5 47.9
100 32.6 39.1 30.4 47.2 39.1 35.8
150 21.5 24.5 20.2 28.5 24.5 23.8
200 15.8 17.9 15.1 20.0 17.9 17.8
250 12.5 14.0 12.1 15.5 14.0 14.2
300 10.4 11.6 10.0 12.8 11.6 11.8
350 8.8 9.8 8.6 10.9 9.8 10.2
400 7.7 8.5 7.5 9.5 8.5 8.9
450 6.9 7.6 6.7 8.2 7.6 7.9
500 6.2 6.8 6.0 7.5 6.8 7.1

Table 2.5 The comparison of the absolute error of ERn,k for p = 0.001.

k = 1000 k = 500 k = 250 k = 100
n simul. appr. simul. appr. simul. appr. simul. appr.
25 3.56 4.13 6.65 17.34 10.53 17.80 8.70 10.13
50 2.28 2.02 4.71 8.49 6.63 8.71 4.77 4.96
75 1.65 1.34 3.62 5.62 4.75 5.77 3.19 3.28
100 1.29 1.00 2.92 4.20 3.68 4.31 2.39 2.45
150 0.81 0.66 2.23 2.79 2.63 2.86 1.63 1.63
200 0.57 0.50 1.78 2.09 2.02 2.14 1.22 1.22
250 0.44 0.40 1.47 1.67 1.63 1.71 0.98 0.98
300 0.36 0.33 1.26 1.39 1.38 1.43 0.82 0.81
350 0.33 0.28 1.07 1.19 1.17 1.22 0.69 0.70
400 0.29 0.25 0.95 1.04 1.03 1.07 0.61 0.61
450 0.22 0.22 0.88 0.93 0.94 0.95 0.55 0.54
500 0.22 0.22 0.79 0.83 0.84 0.85 0.49 0.49

Since the first type approximation for the third function is rather cumbersome,
it is not carried out further. However, the comparison of this function using the
second type approximation is presented in Table 2.5. It is seen from Table 2.5 that
also for ERn,k the second type approximation is very accurate, in the sense that
the results of this approximation agree very well with the results of the simulation.

Table 2.6 compares the simulation results with the approximation results in terms
of the sample sizes needed to get the required accuracy, given by (2.4) for g(p) = p
and g(p) = 1/p and by an absolute error smaller than 1% for g(p) = 1 − (1 −
p)k. This table shows that the two types approximations are highly accurate for
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representing the expectation of the performance characteristics Pn, 1/Pn and Rn,k,
with k = 100, 250, 500, 1000.

Table 2.6 Comparison of the first and second type approximation of the needed
sample size with simulation results.

1st type approx 2nd type approx simulation
EPn 345 302 312

E(1/Pn) 345 356 377
ERn,1000 - 101 124
ERn,500 - 417 381
ERn,250 - 428 419
ERn,100 - 244 243

2.2.3 The effect of the estimation error for the exceedance

probability

So far, we have only used the expectation as a criterion to investigate the per-
formance characteristics Pn, 1/Pn and Rn,k ( with k = 100, 250, 500, 1000) of
the control chart. This criterion, however, only captures part of the picture and
is merely useful for the long term behavior of the chart over a series of separate
applications. In the case that we also want to control the probability that er-
rors beyond a certain level occur in a single application, it is more interesting to
investigate the following exceedance probability criterion:

P

(
g(Pn) − g(p)

g(p)
> ε

)
, (2.20)

where g is an increasing function, and

P

(
g(Pn) − g(p)

g(p)
< −ε

)
, (2.21)

if g is a decreasing function, and where in both cases ε is a small non-negative
number.

The exceedance probability criterion can be considered as more ambitious than the
bias criterion, since controlling each separate case is harder than controlling the
average long term behavior. An illustration of this fact is given in what follows,
where g is tacitly assumed to be positive . Using Pn in (2.2) with g(p) is an
increasing function, the exceedance probability in (2.20) can be written as:

P

(
µ̂− µ

σ
+ u

σ∗

σ
< Φ

−1 {
g−1(g(p)(1 + ε))

})
, (2.22)

whereas, if g(p) is a decreasing function, (2.21) can be written as:
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P

(
µ̂− µ

σ
+ u

σ∗

σ
< Φ

−1 {
g−1(g(p)(1 − ε))

})
. (2.23)

Using σ∗ = σ̌, expressions (2.22) and (2.23), subsequently can be written in the
form

P

(
Z

n1/2
+ u

S

σ
< b

)
, (2.24)

where the r.v. Z has a standard normal distribution function and is indepen-
dent from S. In this case, of course, b depends on g and ε. For example,

referring to the functions given in (2.3), b equals Φ
−1

(p(1 + ε)), Φ
−1

(p/(1 −
ε), and Φ

−1
(
1 −

[
1 −

{
1 − (1 − p)k

}
(1 + ε)

]1/k)
for g(p) = p, g(p) = 1/p and

g(p) = 1 − (1 − p)k, respectively.

Modifying the expression (2.24) a little bit further, we get

P

(
− Z

n1/2
− u

S

σ
> −b

)
= P

(
Z

n1/2
+ b > u

S

σ

)
= P

(
Z + bn1/2

S/σ
> un1/2

)

= Gn−1,bn1/2(un1/2) = 1 −Gn−1,bn1/2(un1/2), (2.25)

where Gn−1,δ stands for the distribution function of the noncentral t-distribution
with n−1 degrees of freedom and noncentrality parameter δ (cf. Ghosh, Reynolds
and Hui (1981) for earlier use of the non-central t in this connection). Of course,
in case we use σ∗ = σ̂, we need to change u to u/(c4(n)).

Using (2.25) and (2.20) we can evaluate the effect of the estimation error using
the exceedance probability criterion. The following equation which is the realized
value of the exceedance probability shows how large the effect is of the estimation
error if we apply no correction term on the control limits.

α̃ = Gn−1,n1/2b(n
1/2u), (2.26)

To see the effect under the three different functions given in (2.3) we use ε = 0.1
and p = 0.001 and present the realized value of the exceedance probability in the
following table.

Recall that in this table, b not only depends on ε, but also on g. For example, if

we use ε = 0.1 and p = 0.001 we get for g(p) = p, b = Φ
−1

(p(1 + ε)) = 3.062,

and for g(p) = 1/p, b = Φ
−1

(p/(1 − ε) = 3.059. For g(p) = 1 − (1 − p)k, b =

Φ
−1
(
1 −

[
1 −

{
1 − (1 − p)k

}
(1 + ε)

]1/k)
, which for k = 100, 250, 500 and 1000,

respectively equals 3.123, 3.125, 3.130 and 3.141.
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Table 2.7 The realized value of the exceedance probability as in (2.26) with ε = 0.1
and p = 0.001

g(p) p 1/p 1 − (1 − p)k

k = 100 k = 250 k = 500 k = 1000
n = 25 0.5104 0.5080 0.5092 0.5071 0.5029 0.4914
n = 50 0.4903 0.4868 0.4885 0.4856 0.4797 0.4633
n = 75 0.4784 0.4741 0.4762 0.4725 0.4653 0.4452
n = 100 0.4695 0.4645 0.4669 0.4627 0.4544 0.4313
n = 150 0.4558 0.4498 0.4527 0.4475 0.4374 0.4093
n = 200 0.4451 0.4381 0.4416 0.4356 0.4239 0.3917
n = 250 0.4361 0.4283 0.4321 0.4255 0.4125 0.3768
n = 500 0.4028 0.3920 0.3973 0.3880 0.3702 0.3218
n = 1000 0.3590 0.3442 0.3514 0.3389 0.3150 0.2521
n = 2000 0.3015 0.2822 0.2916 0.2753 0.2449 0.1701
n = 5000 0.2029 0.1788 0.1903 0.1704 0.1354 0.0646

Comparing Table 2.7 with Table 2.1, we can see that the exceedance probability
criterion imposes a stronger requirement than does the bias criterion. As shown in
Table 2.1, for example, with g(p) = p where p = 0.001, the bias criterion already
satisfies the requirement |EPn−p|/p < 0.1, for n ≥ 345, whereas with much larger
n, say n = 500 the exceedance probability criterion produces P ((Pn − p)/p >
0.1) = 0.4, as shown in Table 2.7. The result shows that the new criterion needs
much larger sample sizes to reduce the probability to reasonable levels like 0.1 or
0.2.

Also for the case g(p) = 1/p, already for n ≥ 500, the first criterion gives a relative
error smaller than 0.1, while the second criterion results in a quite high value of
0.39. The same situation holds for g(p) = 1 − (1 − p)k, where k = 100, 250, 500,
and 1000. Also in this case, the exceedance probability criterion needs much larger
sample sizes to reduce the probability to reasonable levels like 0.1 or 0.2.

To end the present section, we observe that the estimation error leads to an inac-
curate control limit. This can be fixed by either enlarging the sample sizes or by
developing a correction term for the control limits. The second option will be the
main topic to be discussed in the following section.

2.3 Corrected normal chart

It has been shown in the previous section that for observations having a normal
distribution with unknown parameters µ and σ, we have to use a large number of
observations to get an accurate control limit. To reduce the sample size needed
to get the accurate control limit, we modify the initial control limit given in (2.1)
by adding a correction term. Hence, the corrected control limit will be somewhat
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larger or smaller than the initial control limit. To derive the correction term we
apply bias and exceedance probability criteria as follows.

The first criterion is based on the bias of EPn with respect to p, or in a more general
form Eg(Pn) with respect to g(p): require e.g. that the relative error is at most
10%, that is |Eg(Pn) − g(p)|/g(p) ≤ 0.1. Hence, for p = 0.001 the expected false
alarm rate in the estimated chart should stay between 0.0009 and 0.0011. Similarly,
E(1/Pn) can be required to lie between 900 and 1100. The exceedance probability
criterion, on the other hand, intends to restrict P ((Pn − p)/p) > ε), where ε is a
small non-negative number, to be smaller than a specified small positive number
(α). This probability indicates how likely it is that Phase I observations produce
an outcome of, e.g. if ε = 0.1, Pn larger than 0.0011 when p = 0.001. As in the
bias criterion, the exceedance probability criterion can also be extended to a more
general function g(p), hence producing P ((g(Pn) − g(p))/g(p) > ε) < α if g is an
increasing function, and P ((g(Pn) − g(p))/g(p) < −ε) < α if g is a decreasing
function.

The following subsections present the derivation of the correction terms using each
criterion separately.

2.3.1 Bias criterion

It has been demonstrated in Section 2.2.2., by simulation as well as by asymptotic
theory, that huge sample sizes are needed to get accurate control chart limits
when estimators are simply plugged in. In order to get an accurate control limit
for commonly used sample sizes we apply a correction term.

The idea is as follows. Starting with an UCL which has, for known parameters µ
and σ, a probability p of incorrectly concluding that the process is out-of-control,
we arrive at a value unequal to p. Therefore, we change the starting value p to
q, say, in such a way that, when estimating µ and σ, we end up with E(Pn) = p,
or at least close to it (of course, we may generalize p to g(p) with its stochastic
counterpart g(Pn)). In other words, we do not use u, but use uq for an appropriate
value of q. Instead of uq, we write u + c with c being the correction term, which
depends on g. Using this scenario, the corrected UCL becomes

ÛCLc = µ̂+ (u+ c)σ∗, (2.27)

and the corresponding Pn, cf. (2.2), becomes

Pn = P (Xn+1 > µ̂+ (u+ c)σ∗) = Φ

(
µ̂− µ

σ
+ (u+ c)

σ∗

σ

)
. (2.28)

Indeed, when g(p) = p, simulation for the case c = 0 shows that EPn > p and
hence, we need a larger UCL or c > 0. When g(p) = 1/p, simulation for the case
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c = 0 shows that E(1/Pn) > 1/p and hence Pn should be larger in order to get
E(1/Pn) = 1/p, that is, we need a smaller ULC or c < 0. When, for instance,
looking at EPn, which is larger than p, one might argue that the corrected UCL
could be obtained by simply adding c̃ to it. Hence, the new UCL equals µ̂+uσ∗+ c̃.
However, the smaller σ, the smaller such c̃ should be. Accordingly, we could replace
it by c σ. As σ is unknown, we should estimate σ by σ∗, thus arriving at the same
form of the corrected UCL as in (2.27).

Remark 2.3.1 The replacement of the estimator σ̌ in the control limit by σ̂ is
meant to get an unbiased estimator of σ. However, in fact the problem is not to
get an unbiased estimator of σ, but to have an unbiased estimator of g(p). Since
g(p) is a nonlinear function of σ, it is not enough to replace S by σ̂. Apart from
the correction factor c4(n), a further correction factor c̆, say, is needed. Instead of
writing u c̆ (S/c4(n)) = u c̆ σ̂, we may also write (u+ c)σ̂, thus obtaining the form
mentioned before. Notice that it does not matter whether we start with σ̌ or with
σ̂. After the correction we arrive at the same UCL. �

To calculate an appropriate correction term c we need insight in the way Eg(Pn)
changes, when a correction term c is added to u. The asymptotic methods devel-
oped in the previous section give an answer to this question.

We start with the first type approximation given in (2.10). Replacing u by u + c
and then equating EPn to p leads to the following equation:

Φ(u + c) exp

{
1

2

(
u+ c

z(u+ c)

)2 (
1

n
+

(u+ c)2

2(n− 1)

)}
= p = Φ(u).

Using

Φ(u) = ϕ(u)
z(u)

u
,

taking logarithms, expanding with respect to c and deleting terms of order c2 and
of order cn−1 we arrive at

−uc
z(u)

+
1

2

(
u

z(u)

)2(
1

n
+
u2

2n

)
= 0,

and hence

c =
u(u2 + 2)

4n z(u)
. (2.29)

Similarly, in view of (2.11), in order to get E(1/Pn) close to 1/p the correction
term based on the first type approximation equals

c = −u(u
2 + 2)

4n z(u)
, (2.30)
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which is exactly the opposite of the correction term for g(p) = p. Note that, as
argued before, indeed the correction term for g(p) = p turns out to be positive
whereas the correction term for g(p) = 1/p is negative.

Next we consider the second type approximation, cf. (2.13),

Eh(u+ c+ ∆(u+ c)) ≈ h(u+ c) + h′(u + c)E∆(u+ c)

+
1

2
h′′(u+ c)E∆2(u+ c).

Ignoring terms of order c2 and lower order terms like cE∆(u), etc., that is replacing
h(u+ c) by h(u) + ch′(u) and h′(u+ c)E∆(u + c) + 1

2h
′′(u+ c)E∆2(u+ c) by its

leading term h′(u)E∆(u) + 1
2h

′′(u)E∆2(u), the correction term c is given by

ch′(u) + h′(u)E∆(u) +
1

2
h′′(u)E∆2(u) = 0.

Hence, we get

c = −E∆(u) − 1

2

h′′(u)

h′(u)
E∆2(u). (2.31)

Taking σ∗ = σ̂ and applying the further simplification given in (2.18), this reduces
to

c = − (u2 + 2)

4n

h′′(u)

h′(u)
. (2.32)

In particular, we get

c =
u(u2 + 2)

4n
if g(p) = p

c =
u2 + 2

4n

{
u− 2ϕ(u)

p

}
if g(p) =

1

p

c =
u2 + 2

4n

{
u− (k − 1)ϕ(u)

1 − p

}
if g(p) = 1 − (1 − p)k.

(2.33)

Since, for large u,

2
ϕ(u)

p
= 2

ϕ(u)

Φ(u)
≈ 2u,

the correction term for g(p) = 1/p approximately equals minus the correction term
of g(p); the latter is positive, the first one is negative as they should be. Moreover,
both correction terms are close to the first type correction terms, given in (2.29)
and (2.30), because z(u) = 1 +O(u−2) as u→ ∞.

Since we always take k < (2/p)− 1, the correction term for g(p) = 1 − (1 − p)k is
smaller than that of g(p) = p and larger than that of g(p) = 1/p.
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For g(p) = p, it is even possible to get an exact correction term if the distribution
of σ∗ is manageable. If σ∗ = σ̂, then we have

EPn = P (Xn+1 > µ̂+ (u + c)σ̂) .

Since
Xn+1 − µ̂

σ̂
=
Xn+1 − µ̂

S/c4(n)

has the same distribution as

√
1 +

1

n
c4(n)Tn−1, where Tn−1 has a Student distri-

bution with n − 1 degrees of freedom, the exact correction term for g(p) = p is
given by

c =

√
1 +

1

n
c4(n)tn−1;p − u, with P (Tn−1 > tn−1;p) = p. (2.34)

Remark 2.3.2 If σ∗ = σ̌, the exact correction term equals

c =

√
1 +

1

n
tn−1;p − u and of course the same control chart is obtained. �

Remark 2.3.3 The control chart with the exact correction, given in (2.34), can
already be found on page 1806 of Ghosh, Reynolds and Van Hui (1981). It cor-
responds also to the so called Q-chart, presented by Quesenberry (1991), when
applying (7) on page 215 of that paper with r = n+1. The idea of using an exact
correction term for the control limits was introduced for the first time by Hillier
(1969). This correction term is based on a small number of subgroups with the
average range as an estimator of σ. Yang and Hillier (1970) proposed a similar
correction term using average subgroup variance and sample variance as estima-
tors of σ2. Roes, Does and Schurink (1993) present exact corrections for control
charts with several other estimators as well. �

Remark 2.3.4 The correction terms are mostly positive, leading to a larger UCL.
Exceptions are g(p) = 1/p and g(p) = 1 − (1 − p)k with k = 1000. For g(p) = 1/p
this is due to the fact that in that case a substantial positive bias occurs, when
estimators of the parameters are plugged in, although the function g is decreasing.
Explanations of this phenomenon are given in Subsection 2.2.2.

The bias of ERn,k is slightly negative, while g(p) = 1 − (1 − p)k is increasing. A
reason for it has been given in Remark 2.2.4. As a consequence of the negative
bias, the corresponding correction term is slightly negative. �

The following table provides the various correction terms for the functions g given
in (2.3).
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Table 2.8 Correction terms for Eg(Pn) with g(p) = p, g(p) = 1/p and g(p) =
1 − (1 − p)k and p = 0.001.

EPn E(1/Pn)

n exact 1st type 2nd type 1st type 2nd type
10 1.2931 0.9722 0.8923 -0.9722 -1.0521
20 0.5296 0.4861 0.4461 -0.4861 -0.5261
30 0.3325 0.3241 0.2974 -0.3241 -0.3507
40 0.2423 0.2431 0.2231 -0.2431 -0.2630
50 0.1906 0.1944 0.1785 -0.1944 -0.2104
60 0.1570 0.1620 0.1487 -0.1620 -0.1754
70 0.1335 0.1389 0.1275 -0.1389 -0.1503
80 0.1162 0.1215 0.1115 -0.1215 -0.1315
90 0.1028 0.1080 0.0991 -0.1080 -0.1169
100 0.0922 0.0972 0.0892 -0.0972 -0.1052

ERn,1000 ERn,500 ERn,250 ERn,100
n 2nd type 2nd type 2nd type 2nd type
10 -0.0799 0.4067 0.6499 0.7959
20 -0.0400 0.2033 0.3250 0.3980
30 -0.0266 0.1356 0.2166 0.2653
40 -0.0200 0.1017 0.1625 0.1990
50 -0.0160 0.0813 0.1300 0.1592
60 -0.0133 0.0678 0.1083 0.1327
70 -0.0114 0.0581 0.0928 0.1137
80 -0.0100 0.0508 0.0812 0.0995
90 -0.0089 0.0452 0.0722 0.0884
100 -0.0080 0.0407 0.0650 0.0796

Table 2.9 Simulation results of Eg(Pn) after correction.

Relative Error (%) Absolute Error (%)
n first type second type second type

EPn E(1/Pn) EPn E(1/Pn) ERn,1000 ERn,500 ERn,250 ERn,100

10 60.4 66.3 77.1 72.1 2.2 7.2 3.7 0.07
20 8.8 0.7 19.6 15.2 1.7 4.1 2.0 0.02
30 1.9 2.9 9.0 8.3 1.4 2.8 1.3 0.07
40 0.6 4.1 4.9 4.1 1.0 2.1 0.9 0.07
50 1.1 2.5 4.1 3.9 1.0 1.3 0.7 0.05
60 1.5 4.4 2.7 1.2 0.9 1.1 0.5 0.04
70 1.7 3.0 2.4 1.2 0.6 0.8 0.4 0.00
80 1.5 2.7 1.4 1.0 0.6 0.7 0.3 0.02
90 1.5 2.3 1.2 0.7 0.5 0.5 0.2 0.02
100 1.5 2.0 0.9 0.7 0.4 0.5 0.2 0.00
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The effect of the correction terms is checked by simulation of Eg(Pn) with the
corrected UCL. Table 2.9 gives the results. This table shows that the correction
terms work very well. It was shown in Subsection 2.2.2 that simply plugging in
the estimators in the control limits requires very large sample sizes to get accu-
rate results. With the correction terms we already have very accurate UCL’s for
common sample sizes like 30. To be more precise, the next table shows for which
n the same criterion is met as in Subsection 2.2.2, a relative error equal to 0.1 for
g(p) = p or g(p) = 1/p and an absolute error equal to 0.01 for g(p) = 1− (1− p)k.

Table 2.10 The Required Sample Sizes

1st type approx 2nd type approx
EPn 21 29

E(1/Pn) 15 25
ERn,1000 - 43
ERn,500 - 65
ERn,250 - 36
ERn,100 - 10

Comparison with Table 2.6 shows that the correction terms indeed do their job:
the very large sample sizes needed in Subsection 2.2.2 are reduced to common
sample sizes, usually available in practice. For g(p) = p and g(p) = 1/p, the
required sample sizes are reduced from more than 300 to less than 30, while for
g(p) = 1 − (1 − p)k, with k = 1000, 500, 250, and 100, respectively, the sample
sizes are reduced from more than 100 to less than 45, from more than 400 to only
65, and from more than 400 to less than 40, and from more than 200 to only 10.

Applying σ̂ as estimator of σ, we therefore propose the following UCL’s for the
bias corrected control charts µ̂+ (u+ c)σ̂:

• with for the first type approximation : if g(p) = p then c is given by (2.29),
and if g(p) = 1/p then c is given by (2.30)

• with for the second type approximation : if g(p) is any of the three functions
mentioned in (2.3) then c is given by (2.33).

• with exact correction term c given by (2.34) if g(p) = p.

To show how these correction terms for controlling the bias work, we present the
application of the various control limits in a real data example.

Example 2.3.1

Data on charge weights of an insecticide dispenser are taken from Table 7.1 on
page 130 of Burr (1979). The first 25 data out of a total of 50 are supposed to be
a preliminary run. The data are as follows.
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472 462 458 476 462 463 464 461 450 479 453 467 458
431 454 476 476 456 498 448 453 470 474 461 467
444 455 455 439 445 456 475 454 452 467 456 466 452
440 451 464 462 470 459 466 476 473 466 480 454

Normal Q−Q plots of the first 25 data and of all data show that normality of the
data is reasonable assumption (p-values of the Anderson-Darling normality test
are 0.47 and 0.67, respectively). For the first 25 observations we get x̄ = 463.56
and s = 13.026, while c4(25) = 0.9896. Taking p = 0.001, the UCL without
correction based on the first 25 observations gives: 504.23. Hence, none of the
next 25 observations gives a signal that the process is out-of-control.

Applying the UCL without correction results in the following expected probability
of an incorrect signal (here X̄25 and S25 are the sample mean and sample standard
deviation based on the first 25 observations)

P

(
X26 > X̄25 +

u0.001 S25

c4(25)

)
= P


T24 >

u0.001

c4(25)
√

1 + 1
25


 = 0.0023

being more than twice as much as it should be. So, indeed a large error is intro-
duced, when dealing with the UCL without correction.

The exact correction term, given by (2.34), when g(p) = p equals 0.4086. There-
fore, the UCL in this case equals 509.61.

Similarly, we can calculate the other UCL’s with the correction terms for the
configurations as given in Table 2.8. This leads to the following UCL’s.

p 1/p

exact 1st type 2nd type 1st type 2nd type
509.61 509.35 508.93 499.12 498.69

1 − (1 − p)1000 1 − (1 − p)500 1 − (1 − p)250 1 − (1 − p)100

1st type 2nd type 1st type 2nd type
503.81 506.38 507.66 508.42

When all 50 observations are used for setting the control limits, we get x̄ = 461.32
and s = 12.218, while c4(50) = 0.9949. Taking p = 0.001, the UCL without
correction based on all 50 observations gives: 499.27. The remaining UCL’s based
on all observations are as follows

p 1/p
exact 1st type 2nd type 1st type 2nd type
501.61 501.66 501.46 496.88 496.69

1 − (1 − p)1000 1 − (1 − p)500 1 − (1 − p)250 1 − (1 − p)100

1st type 2nd type 1st type 2nd type
499.07 500.27 500.87 501.22
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This shows how UCL’s are changing when more observations become available. �

2.3.2 Exceedance probability criterion

In the previous subsection we have discussed the benefits of developing a correction
term based on the bias criterion. Using the developed correction term, an accurate
control limit can be obtained using much smaller sample sizes of about 40 as
compared to 300 without the correction term. However, the bias criterion, which
is focused on the expectation of the distribution, only captures part of the picture
and is merely useful for controlling the long term behavior of the chart over a series
of applications. If we also want to control each application individually, then the
exceedance probability criterion provides an answer to this problem.

As mentioned before, the exceedance probability criterion intends to restrict the
probability of the relative error between g(Pn) and g(p), as given in (2.20) and
(2.21) to be smaller than α, where α is a small positive number. For the case
g(p) = p, the exceedance probability can be written as

P

(
Pn − p

p
> ε

)
≤ α. (2.35)

Substituting Pn of (2.28) in (2.20) with g tacitly assumed to be positive, we get
the following expression

P

(
µ̂− µ

σ
+ (u + c)

σ∗

σ
< Φ

−1 (
g−1(g(p)(1 + ε))

))
. (2.36)

Recall that this equation only holds for an increasing function g(p). For a de-
creasing function g(p), our starting point is (2.21) and we end up with (2.36) with
(1 + ε) replaced by (1 − ε).

As in the no-correction case, cf. (2.22) and (2.23), (2.36) can be written as

P

(
Z

n1/2
+ a

S

σ
< b

)
, (2.37)

where a = u+ c for σ∗ = σ̌, a = (u+ c)/c4(n) for σ∗ = σ̂ and where the r.v. Z has
a standard normal distribution function and is independent from S. As usual, b
depends on g and ε. For example, referring to the functions given in (2.3), b equals

Φ
−1

(p(1 + ε)), Φ
−1

(p/(1 − ε), and Φ
−1
(
1 −

[
1 −

{
1 − (1 − p)k

}
(1 + ε)

]1/k)

for g(p) = p, g(p) = 1/p and g(p) = 1 − (1 − p)k, respectively.
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Modifying the expression (2.37) a little bit further, we get

P

(
− Z

n1/2
− a

S

σ
> −b

)
= P

(
Z

n1/2
+ b > a

S

σ

)
= P

(
Z + bn1/2

S/σ
> an1/2

)

= Gn−1,bn1/2(an1/2) = 1 −Gn−1,bn1/2(an1/2), (2.38)

where as before, Gn−1,δ stands for the distribution function of the noncentral t-
distribution with n − 1 degrees of freedom and noncentrality parameter δ, and
Gn−1,δ = 1 −Gn−1,δ.

Consequently, an outcome α will result for a = n−1/2G
−1

n−1,n
1
2 b

(α). For σ∗ = σ̌ ,

we have a = u+ c and hence the correction c which precisely produces equality in
(2.36), is given by

c = n−1/2G
−1

n−1,bn1/2(α) − u, (2.39)

For σ∗ = σ̂, the factor n−1/2 in (2.39) becomes n−1/2 c4(n), as a = (u + c)/c4(n)
in this case.

Hence for any combination of n, p, ε and α, the exact correction c can now readily
be evaluated using (2.39).

Recall that Table 2.7 shows how bad the situation is if we apply no correction
term in the control limit. Therefore, the exact correction term given in (2.39) will
be very useful to reduce the effect of the estimation error presented in the table.
In the following table we provide some examples of the exact correction terms to
show that the resulting corrections are indeed quite (to very) large.

Table 2.11 The exact correction terms as in (2.39) with ε = 0.1, α = 0.1 and
p = 0.001

n g(p) = p g(p) = 1/p g(p) = 1 − (1 − p)k

k = 100 k = 250 k = 500 k = 1000
25 0.757 0.753 0.832 0.835 0.840 0.854
50 0.482 0.479 0.552 0.555 0.560 0.573
75 0.374 0.371 0.442 0.445 0.450 0.463
100 0.314 0.310 0.381 0.383 0.388 0.401
150 0.245 0.242 0.310 0.313 0.318 0.330
200 0.205 0.202 0.270 0.273 0.278 0.289
250 0.179 0.175 0.243 0.246 0.251 0.262
500 0.115 0.112 0.178 0.181 0.186 0.197
1000 0.072 0.068 0.134 0.137 0.141 0.153
2000 0.042 0.038 0.104 0.106 0.111 0.122
5000 0.015 0.012 0.077 0.080 0.084 0.096
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Although the correction in (2.39) is exact, however, it does not show how matters
depend on n, p, ε, α and g. In practice, such qualitative information would
be quite valuable to allow sensible behavior. Hence in the following paragraphs
we shall present a simple and transparent approximation which does reveal such
relationships.

Firstly we present the approximation to (2.37). Let Z be a N(0, 1) random vari-
able, independent of S2 from Subsection 2.2.1. Moreover, let r be a fixed positive
constant and define

Fn(x) = P ((r2 + 1)−1/2{rZ + (2n)1/2(S/σ − 1)} ≤ x), (2.40)

then we have the following result.

Lemma 2.3.1 The distribution function from (2.40) satisfies

Fn(x) = Φ(x) +
21/2ϕ(x)

4{(r2 + 1)n}1/2

{
1 − x2 − 1

3(r2 + 1)

}
+O(n−1). (2.41)

Hence in particular, we have that Fn(x) = Φ(x) +O(n−1/2).

Proof. It is well-known that (n − 1)S2/σ2 is χ2
n−1-distributed and as such can

be represented by
∑n−1

i=1 Z
2
i , where Z1, · · · , Zn−1 are independent N(0, 1) random

variables. This fact not only implies asymptotics normality for (n − 1)S2/σ2 by
virtue of the central limit theorem, but also allows further refinements in the form
of Edgeworth expansions (see e.g. Bickel and Doksum (2001), p. 318).

Let F̃n(x) = P ({(n − 1)/2}1/2(S2/σ2 − 1) ≤ x), then we not only have that
F̃n(x) = Φ(x) +O(n−1/2), but for example also

F̃n(x) = Φ(x) − 21/2ϕ(x)

3n1/2
(x2 − 1) +O(n−1). (2.42)

Next, consider S instead of S2. Let F ∗
n(x) = P ({2(n− 1)}1/2(S/σ− 1) ≤ x), then

F ∗
n(x) = P (S2/σ2−1 ≤ 2{2(n−1)}−1/2x+{2(n−1)}−1x2) = F̃n(x+(8n)−1/2x2).

(2.43)

Combination of (2.42) and (2.43) readily gives that

F ∗
n(x) = Φ(x) +

21/2ϕ(x)

4n1/2

{
1 − 1

3
(x2 − 1)

}
+O(n−1). (2.44)
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As Z and S are independent, it is immediate that

P ({rZ+{2(n−1)}1/2(S/σ−1)} ≤ x(r2 +1)1/2) =

∫
F ∗
n(x(r2 +1)1/2− rz)dΦ(z).

(2.45)

Straightforward calculation shows that substitution of (2.44) into (2.45) indeed
produces the right-hand side of (2.41). It remains to note that the difference
caused by using (2n)1/2 in Fn(x) (see (2.40)) and {2(n − 1)}1/2 in (2.45), is of
order n−1 as well.

Corollary 2.3.1 Let ξn,α be the lower α-quantile of Fn, then ξn,α satisfies

ξn,α = −uα − 21/2

4{(r2 + 1)n}1/2

{
1 − u2

α − 1

3(r2 + 1)

}
+O(n−1). (2.46)

Hence in particular, we have that ξn,α = −uα +O(n−1/2).

Proof. From (2.41) it follows that Fn(x) = Φ(x+2−3/2{(r2+1)n}−1/2 {1 − (x2 − 1)
/(3(r2 + 1))}) +O(n−1) and thus that α = Fn(ξn,α) =
Φ(ξn,α + 2−3/2{(r2 + 1)n}−1/2 {1− (ξ2n,α − 1)/(3(r2 + 1))}) +O(n−1). This in its
turn implies (2.46).

Next, the approximations for the correction term are derived to reveal the rela-
tionship between c and n, p, ε, α and g.

Lemma 2.3.2 For the correction term c from (2.39) we have that, for σ∗ = σ̌,

c = b−u+uα

(
b2 + 2

2n

)1/2

+
b

(b2 + 2)n

{(
5

12
b2 +1

)
u2
α+

(
1

3
b2 +

1

2

)}
+O(n−3/2).

(2.47)

Recall that b depends on g, p and ε, in which for g(p) = p, b = Φ
−1

(p(1 +

ε)), for g(p) = 1/p, b = Φ
−1

(p/(1 − ε), and for g(p) = 1 − (1 − p)k, b =

Φ
−1
(
1 −

[
1 −

{
1 − (1 − p)k

}
(1 + ε)

]1/k)
. For σ∗ = σ̂, the term b2/3 + 1/2 in

(2.47) should be replaced by b2/12. Hence in particular we have for either choice
of σ∗

c = b− u+ uα

(
b2 + 2

2n

)1/2

+O(n−1). (2.48)
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Proof. We need to evaluate P̃ = P (n−1/2Z + aS/σ < b), where a = u + c for
σ∗ = σ̌, a = (u + c)/c4(n) for σ∗ = σ̂. After some rearrangement we obtain

P̃ = P ((21/2/a)Z + (2n)1/2(S/σ − 1) < (2n)1/2(b/a− 1)), (2.49)

and thus we apply Lemma 2.3.1 with r = 21/2/a, which leads to

P̃ = Fn((b − a){(2n)/(a2 + 2)}1/2). (2.50)

The desired result P̃ = α is achieved if c (and thus a) is chosen such that
(b − a){(2n)/(a2 + 2)}1/2 = ξn,α. As ξn,α = −uα + O(n−1/2), it follows that
a = b+ uα{(a2 + 2)/(2n)}1/2 +O(n−1), and thus

a = b+ uα

(
b2 + 2

2n

)1/2

+O(n−1). (2.51)

Note that (2.51) implies that {(a2 +2)/(2n)}1/2 = {(b2 +2)/(2n)}1/2+buα/(2n)+
O(n−3/2). Combination of this fact with (2.46) and (2.51) produces (2.47) after
straightforward computation. Finally, if we go from σ∗ = σ̌ to σ∗ = σ̂, then
a = u+c changes into a = (u+c)/c4(n), and thus c becomes c4(n)a−u. As c4(n) =
1− (4n)−1 +O(n−3/2), this modification results to O(n−3/2) in the subtraction of
−b/(4n) from the expression in (2.47).

From (2.48), for each of the two choices of σ∗ we get the following approximation
for the correction term,

c ≈ b− u+ uα

(
b2 + 2

2n

)1/2

. (2.52)

By taking into account not only that n becomes large, but also that ε (usually) will
be small and that p is small, using the following corollary, further simplification
can be achieved, leading for example for the cases g(p) = p and g(p) = 1/p, to

c ≈ − ε

u
+ uα

(
u2 + 2

2n

)1/2

. (2.53)

Corollary 2.3.2 For the case g(p) = p, the correction term c from (2.39) more-
over satisfies

c = −ε p

ϕ(u)
+ uα

(
u2 + 2

2n

)1/2

+R1 = − ε

u
+ uα

(
u2 + 2

2n

)1/2

+R2, (2.54)
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where |R1| ≤ C1(ε, p)n
−1 +C2(p)ε

2 and |R2| ≤ C1(ε, p)n
−1 +C2(p)ε

2 +C3u
−6, in

which the Ci, i = 1, 2, 3, are constants depending as indicated on p and/or ε.

Proof. Since for g(p) = p, b = up(1+ε), it is immediate that b − u = −εp/ϕ(u) +

O(ε2). Moreover, changing b into u in the term of order n−1/2 merely adds a
term of order εn−1/2 = O(n−1 + ε2) to the remainder. Finally, as Φ(x)/ϕ(x) =
x−1 + O(x−3) for x large, it follows that the second result in (2.54) requires an
additional term O(εu−3), which is covered by adding u−6 to the remainder.

The results given in (2.53) and (2.54) only hold for g(p) = p. Of course, they
can be extended to a more general function, such as a positive function g given
in (2.3). In a more general form, expansion with respect to ε (cf. Corollary 2.3.2)
now leads to

b− u ≈ Φ
−1

(p+ εg(p)/g′(p)) − u ≈ −εg(p)/{ϕ(u)g′(p)} ≈ (−ε/u)h(p), (2.55)

with h(p) = g(p)/{pg′(p)} and the convention that +ε is replaced by −ε for
decreasing g. Note that this more general form for the first term in (2.52) boils
down to −ε/u for both g(p) = p and g(p) = 1/p, while for the third choice we
obtain h(p) = (1−p){(1−p)−k−1}/(kp) ≈ (ekp−1)/kp) ≈ 1+kp/2 for k such that
kp is small. Hence we may conclude that, no matter which of these three choices
of g is favored by the practitioner, the actual correction to be used is fortunately
(almost) the same.

Remark 2.3.5 For the two-sided case with g(p) = p, (2.53) translates into

c2 ≈ − ε

up/2
+ uα

(
u2
p/2

2n

)1/2

, (2.56)

which result, just as in the one-sided case, holds true for the ARL as well.

The derivation of (2.56) is as follows. Here Pn from (2.28) is replaced by P (Xn+1 >
µ̂+(up/2 + c)σ∗)+P (Xn+1 < µ̂− (up/2 + c)σ∗) = Φ((µ̂−µ)/σ+(up/2 + c)σ∗/σ)+

Φ(−(µ̂− µ)/σ + (up/2 + c)σ∗/σ). Note that an explicit exact approach (cf.(2.36),
(2.37), (2.38) ) is no longer possible in this two-sided case. Hence we move on di-
rectly to the approximations. To avoid repetition we shall not go into much detail.
Just note that now Pn−p ≈ −2ϕ(up/2){up/2(σ∗/σ−1)+c}, which shows that (2.35)
will approximately hold for this case if P (up/2(σ

∗/σ−1) < −εp/(2ϕ(up/2))− c) ≈
α. This in its turn implies in view of (2.44) that

c ≈ −ε p

2ϕ(up/2)
+ uα

(
u2
p/2

2n

)1/2

, (2.57)
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cf. (2.54). The first term in (2.57) can be further simplified into −ε/up/2; it is
also straightforward to check that the case of general g is covered here as well by
multiplying this first term by h(p) from (2.55). (Note: h(p), and not h(p/2)!) �

To demonstrate the quality of the approximations, we once more use the exact
method to evaluate the realized exceedance probabilities. In (2.26) the uncorrected
case was considered, and here we collect in Table 2.12

α̃ = Gn−1,n1/2b(n
1/2(u+ c)), (2.58)

where c is given by (2.52), by its further refinement (2.47), or for g(p) = p by its
further simplification (2.53), respectively.

Table 2.12 Values of α̃ from (2.58) for g(p) = p with p = 0.001, ε = 0.1, α = 0.1
and α = 0.2, and c from (2.52), (2.47) and (2.53).

α 0.1 0.2
c (2.52) (2.47) (2.53) (2.52) (2.47) (2.53)

n = 25 0.1548 0.1132 0.1546 0.2514 0.2120 0.2519
n = 50 0.1369 0.1065 0.1373 0.2358 0.2058 0.2362
n = 75 0.1294 0.1043 0.1302 0.2279 0.2038 0.2301
n = 100 0.1252 0.1032 0.1264 0.2239 0.2029 0.2267
n = 150 0.1202 0.1022 0.1221 0.2193 0.2019 0.2231
n = 200 0.1174 0.1016 0.1198 0.2166 0.2014 0.2213
n = 250 0.1154 0.1013 0.1184 0.2148 0.2011 0.2202
n = 500 0.1107 0.1006 0.1156 0.2104 0.2006 0.2189
n = 1000 0.1075 0.1003 0.1152 0.2072 0.2003 0.2202
n = 2000 0.1053 0.1002 0.1170 0.2051 0.2001 0.2244
n = 5000 0.1074 0.1001 0.1235 0.2032 0.2001 0.2354

From Table 2.12 it is clear that the approximations behave as expected: c from
(2.52) converges quite well and seems sufficiently accurate for practical purposes.
Moreover, the refinement indeed is very accurate and converging rapidly, while
(2.53) is reasonable but involves an error which does not vanish as n increases (cf.
(2.54)). As concerns the uncorrected exceedance probability α̃ from (2.26), it is
easily shown (see Corollary 2.3.3) that

α̃ = Φ

(
(b− u)

(
u2 + 2

2n

)−1/2)
. (2.59)

Corollary 2.3.3 For the realized exceedance probability α̃ from (2.26) we have
that
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α̃ = Fn

(
(b − u)

(
u2 + 2

2n

)−1/2)
, (2.60)

which through (2.41) provides an expansion to O(n−1) for α̃. In particular, we
obtain that

α̃ = Φ

(
(b− u)

(
u2 + 2

2n

)−1/2)
+O(n−1/2). (2.61)

Proof. If no correction is applied, obviously c = 0, and thus a = u. Insertion
of this value into the expression for the realized exceedance probability P̃ from
(2.50), then already produces (2.60).

Next, we exploit (2.52) and (2.53) to study the behavior of the correction in relation
to n, p, ε, α and g.

1) role of n

It was demonstrated in Subsection 2.3.1 that a term u(u2 + 2)/(4n) is dominant
in correcting the bias of Pn. From (2.53) we see that here a term uα{(u2 +
2)/(2n)}1/2 occurs. Hence it indeed turns out that controlling the variability calls
for stronger intervention: it requires a term of order n−1/2 rather than of order n−1.
Consequently, much larger sample sizes are needed before this type of correction
becomes negligible and thus superfluous. To be more specific consider g(p) = p or
g(p) = 1/p and note that ’no correction’ means c = 0. Hence (2.52) and (2.53)
immediately supply approximations to the minimal sample size for which (2.35) is
met without correction:

n ≈ 1

2
u2
α(b2 + 2)/(u− b)2 ≈ 1

2
u2
αu

2(u2 + 2)/ε2. (2.62)

For example, for p = 0.001, ε = 0.1 and α = 0.25, we find n ≈ 3200 and n ≈ 2500,
respectively. Using the exact approach from the previous section, we find for these
values of n that the realized value of α equals 0.254 and 0.28, respectively. Hence
(2.52) is quite accurate, but even the more simple (2.53) suffices to get a clear
picture of what is going on in practice. Returning to c itself, we get for the above
p and ε that (2.52) reduces to

c ≈ 2.38uαn
−1/2 − 0.028, (2.63)

(for (2.53) replace the last number in (2.63) by –0.032), which for α = 0.1 and
α = 0.2 boils down to c = 3.06n−1/2−0.028 and c = 2.01n−1/2−0.028, respectively.
It is easily checked (see Table 2.11) that these simple expressions nicely explain
the corresponding exact values.
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2) role of p

Things go (much) less well than intuitively anticipated because we are dealing
with small quantiles. Indeed, if we for example go from p = 0.001, to p = 0.01,
matters improve as u decreases. Again consider g(p) = p or g(p) = 1/p. The n
from (2.62) is reduced by a factor 0.4, leading in the example above to n ≈ 1300
and n ≈ 900, respectively (with corresponding realized values of α of 0.255 and
0.29, respectively). Likewise, (2.63) becomes c = 1.90uαn

−1/2−0.036 (replace the
last number by −0.043 for (2.53) rather than (2.52)). Hence c is reduced in two re-
spects: the coefficient of the positive term decreases, whereas the magnitude of the
negative term increases. Of course, this is in view of (2.53) hardly surprising, since

(u2 +2)
1
2 = u(1+2/u2)1/2 ≈ u+1/u behaves like u, while b−u behaves like −ε/u.

3) role of ε

Clearly, as ε decreases, it becomes harder to satisfy (2.35) and both c in (2.52) and
(2.53) and n in (2.62) will grow. In the limiting case ε = 0 a correction can only
be avoided by taking α = 1/2, which is a simple consequence of the fact that Pn is
asymptotically normal with mean p. The role of ε of reversing to some extent the
need for correction (cf. its negative sign in (2.53)) is, as we saw above, weakened
as p decreases. Taking once more g(p) = p or g(p) = 1/p, p = 0.001 and α = 0.1,
we obtain for small ε through (2.53) that c ≈ 3.06n−1/2 − 0.32ε. This shows that
the effect of the second term is rather limited, unless n is really large. Of course,
matters change when ε is not small. E.g. for p = 0.001 we then get from (2.52)

that c ≈ 2.38uαn
−1/2 − {3.09 − Φ

−1
(0.001(1 + ε))}. For e.g. ε = 9, the last term

equals 0.764, which implies that c ≈ 0 for uαn
−1/2 ≈ 0.321, i.e. n ≈ 9.75u2

α. For
α = 0.05, this produces n = 26. Hence the combination of a small p, a small n
and a small α indeed leads to trouble: without correction, Pn can be off by a huge
factor (e.g. 10, as in this example). Incidentally, the approximation again works
quite well: from (2.39) we get for the values under consideration c = 0.04, which
is indeed rather negligible compared to u = 3.09.

4) role of α

This is pretty straightforward: in both (2.52) and (2.53), the first term is linear
in uα. Similar remarks can be made and similar examples can be given as in
1) – 3) above.

5) role of g

Recall that b depends on g, and since c depends on b, c also depends on g. Fortu-
nately, for g given in (2.3), the resulted correction terms are almost the same cf.
(2.55).

Summarizing the exposition above, it illustrates that without correction, and with
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p small and n not large, one should not have great expectations about α and ε!
Approximation (2.52) and (2.53) make transparent how bad the actual situation
is, and what needs to be done to achieve control again.

Having developed and evaluated the correction terms using the exceedance proba-
bility criterion, we therefore propose the following UCL’s for the corrected control
chart µ̂+ (u+ c)σ∗ with either σ̂ or σ̌ as estimator of σ:

• for any g(p) in (2.3), an exact correction c is given in (2.39)

• for any g(p) in (2.3), an approximation of c is given by (2.52) with a further
refinement given in (2.47)

• for g(p) = p and g(p) = 1/p, an approximation of c is given by (2.53), and for
g(p) = 1− (1−p)k, the first term in (2.53) is replaced by (−ε/u)(1+(kp)/2)
provided that kp is small. This approximation however, requires ε to be
small. Moreover, it involves an error which does not vanish as n increases.
Hence, it is less recommended than the others.

To illustrate the results obtained, we once again consider data from Example 3.1.
For ε = 0.1 and α = 0.1, we obtain from the exact corrections 0.76 for n = 25 and
0.48 for n = 50, respectively. These results lead to replacement of the uncorrected
values 504.2 and 499.3 by 514.3 and 505.4, respectively. Clearly, these values are
indeed considerably larger than the corresponding values 509.6 and 501.6 used in
bias reduction, which reflects the fact that controlling exceedance probabilities has
a larger impact. Also note that, apart from being larger in an absolute sense, the
present corrections also converge more slowly than those from the bias case. To
be specific, for n = 25 the ratio of the increases over the uncorrected value in the
two approaches equals (509.6-504.2)/(514.3-504.2) = 0.535, while after doubling
the sample size, i.e. for n = 50, this ratio has gone down to (501.6-499.3)/(505.4-
499.3) = 0.378. Now (0.535/0.378)2 = 2.01, which nicely reflects the fact that the
rates of convergence involved are n−1/2 and n−1, respectively (cf. the remarks to
this effect under 1) role of n above).

2.4 Out-of-control case

It has been shown in Section 2.3 that merely using the UCL in (2.1) without
any attempt to correct it, we can get accurate control charts for the in-control
situation only for very large sample sizes. To solve this problem we have developed
correction terms based on the bias and exceedance probability criteria. We have
also demonstrated in the previous section that with the addition of these correction
terms, the corrected UCL leads to accurate charts for much smaller sample sizes.

Although the corrected version of the UCL thus has a positive effect on the in-
control behavior, we still have to verify to what extent such corrections affect the
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out-of-control behavior. If the corrections are so large that we almost never detect
a signal when the system is out-of-control, then the control chart would become
of no use. Fortunately, as we will show in this section, the corrections do not at
all disturb the out-of-control performance drastically.

The objective of this section is to see how in the out-of-control case the performance
of the corrected control charts changes when the number of observations grows.
Moreover, we want to compare them with control charts with known parameters.
In addition, we also want to investigate the ’loss’ in the out-of-control situation
due to correcting for estimation in the in-control case. The notion ’loss’ is of course
somewhat virtual, as the case of known parameters to which it refers, hardly ever
occurs and as such forms no real alternative option. In this way, we also compare
the strategy of simply plugging in estimators, and hence having the cost of taking
very large sample sizes, with the strategy of applying the corrected control charts
for moderate sample sizes. However, knowing that very often in many practical
situations today it is impossible to collect many observations due to the enormous
flexibility in production processes (shorter product life cycles, product diversity,
products tailored to specific customer requirements, etc.), in many cases we cannot
avoid to apply the correction terms and it is of great interest to see how the
performance of control charts change with the number of observations in the region
of moderate sample sizes.

The out-of-control situation is described as follows. Let X1, · · · , Xn be i.i.d. dis-
tributed r.v.’s, each having a N(µ, σ2)-distribution, and let Xn+1 be a r.v. with a
N(µ1, σ

2
1)-distribution, where µ1 = µ+ dσ for some d > 0. If the parameters were

known, the false alarm rate in the out-of-control state would be p1 = Φ(u − d).
Since typically p1 >> p, the estimation effects around p1 in terms of relative
error, are (much) smaller than those around p. Therefore, we expect for the out-
of-control behavior small effects due to the moderate bias correction, and moderate
effects due to the larger corrections associated with the exceedance probability.

In the following paragraphs, we will discuss the effects in detail. We start with
the bias corrected control charts.

2.4.1 The effect of removing the bias

Using the corrected UCL given in (2.27), the probability to detect an out-of-control
signal is given by

Pn = P (Xn+1 > µ̂+ (u+ c)σ∗) = Φ

(
µ̂− µ1

σ1
+ (u+ c)

σ∗

σ1

)

= Φ

(
µ− µ1

σ1
+ u

σ

σ1
+

σ

σ1

{
c+

µ̂− µ

σ
+ (u+ c)

(
σ∗

σ
− 1

)})

= Φ

(
u1 +

σ

σ1
{c+ ∆(u + c)}

)
,
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where

u1 =
µ− µ1

σ1
+ u

σ

σ1
.

Using a similar strategy as has been developed in Section 2.2.2, and writing p1 =
Φ(u1), we arrive at the following first type approximation Pn ≈ p1Wn with

Wn ∼ lognormal

(
−c σ

σ1

u1

z(u1)
,

{
u1

z(u1)

}2(
σ

σ1

)2{
1

n
+

(u+ c)2

2(n− 1)

})
.

From this, in the out-of-control situation we get a first type approximation for
g(p) = p as follows:

EPn ≈ p1 exp

[
−c σ

σ1

u1

z(u1)
+

1

2

{
u1

z(u1)

}2(
σ

σ1

)2{
1

n
+

(u + c)2

2(n− 1)

}]
, (2.64)

and for g(p) = 1/p :

E

(
1

Pn

)
≈ 1

p1
exp

[
c
σ

σ1

u1

z(u1)
+

1

2

{
u1

z(u1)

}2(
σ

σ1

)2{
1

n
+

(u+ c)2

2(n− 1)

}]
. (2.65)

As in Section 2.2.2, we do not give a first type approximation for the third function
here. Instead we will present this function using the second type approximation.

If the parameters µ and σ are known, we get p1 and (1/p1), respectively. In general,
c is relatively small compared to u (see Table 2.8). Ignoring c in the second part
of the exponential terms, that is replacing (u+c)2 by u2, the second part gives the
positive bias in EPn and E(1/Pn) when estimators are simply plugged in. The
(main) influence due to the correction term c is in the factors

exp

{
−c σ

σ1

u1

z(u1)

}
and exp

{
c
σ

σ1

u1

z(u1)

}
, (2.66)

Since the correction term for EPn equals minus the one for E(1/Pn), see (2.29)
and (2.30), both factors in (2.66) are equal and they are smaller than 1. It turns
out (see Table 2.13 and Table 2.14) that for E(1/pn) and in most cases also for
EPn, the factors in (2.66) dominate the factors coming from the second part of the
exponential term in (2.64) and (2.65), respectively for EPn and E(1/Pn). Hence,
the exponential terms in (2.64) result in a factor smaller than 1, thus showing for
EPn the penalty we have to pay for correct estimation of the parameters µ and σ,
and for E(1/Pn) cf. (2.65), the ’gain’ obtain by the estimation.

The second type approximation is based on the following expansion:
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Eg(Pn) = Eh

(
u1 +

σ

σ1
{c+ ∆(u+ c)}

)

≈ h(u1) + h′(u1)
σ

σ1
{c+ E∆(u+ c)} +

1

2
h′′(u1)

(
σ

σ1

)2

E∆2(u+ c).

In view of Table 2.3 and (2.15) with σ∗ = σ̂ we get the second type approximation
for the three functions given in (2.3) as follows:

EPn ≈ p1 − c
σ

σ1
ϕ(u1) +

1

2

(
σ

σ1

)2

a(u+ c, n)u1ϕ(u1)

E(
1

Pn
) ≈ 1

p1
+ c

σ

σ1

ϕ(u1)

p1
2

+

1

2

(
σ

σ1

)2

a(u+ c, n)

(
2ϕ2(u1)

p1
3

− u1ϕ(u1)

p1
2

)

E(1 − (1 − Pn)
k) ≈ 1 − (1 − p1)

k − c
σ

σ1
kϕ(u1)(1 − p1)

k−1+

1

2

(
σ

σ1

)2

a(u + c, n){−k(k − 1)ϕ2(u1)(1 − p1)
k−2

+k u1 ϕ(u1)(1 − p1)
k−1}

(2.67)

respectively for g(p) = p, 1/p, and 1 − (1 − p)k.

Remark 2.4.1 Let σ1 = σ and µ1 = µ + dσ. Noting that c is relatively small
compared to u we have a(u+ c, n) ≈ a(u, n) ≈ (u2 + 2)/(2n) cf. (2.15) and (2.18).
For g(p) = p, the relative error can be approximated as follows:

EPn − p1

p1
≈ −cϕ(u− d)

p1
+

1

2

(u− d)ϕ(u − d)

p1

(
u2 + 2

2n

)

≈ ϕ(u − d)

p1

u2 + 2

4n
{−u+ u− d}

≈ −d
(
u2 + 2

5n

)
{1 + u− d},

where in the last line we have used that for 0 ≤ x ≤ 3.5 the function κ(x) =
ϕ(x)/Φ(x) can be approximated adequately by 4(1 + x)/5. �

Having developed the approximations under the out-of-control situation, we inves-
tigate the performance of the chart using various sample sizes. The behavior of the
chart using the two types approximation is presented in Table 2.13 for g(p) = p
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and in Table 2.15 for g(p) = 1/p. Since the control charts are designed for the
mean, we consider only a change in the mean and keep the variance equal to the
variance in the in-control case. However, the control charts considered here can
also detect changes in variance. The influence of changing the variance is seen in
(2.64), (2.65) and (2.67).

In addition, we carry out some simulations to check the accuracy of these ap-
proximations. The simulation results are given in Table 2.14 and Table 2.16,
respectively. Furthermore, in Table 2.17 we present the result of the second type
approximation together with the simulation result for g(p) = 1 − (1 − p)k.

Table 2.13 First type (2.64) and second type (2.67) approximation of EPn with
µ1 = µ+ dσ and σ1 = σ.

d 0.5 1 2
p1 0.0048 0.0048 0.0183 0.0183 0.138 0.138

approx 1sttype 2ndtype 1sttype 2ndtype 1sttype 2ndtype
n = 10 0.0208 0.0105 0.0359 0.0254 0.107 0.062
n = 20 0.0060 0.0055 0.0178 0.0163 0.104 0.086
n = 30 0.0050 0.0049 0.0167 0.0159 0.111 0.100
n = 40 0.0048 0.0047 0.0167 0.0161 0.116 0.109
n = 50 0.0047 0.0046 0.0168 0.0164 0.119 0.114
n = 60 0.0047 0.0046 0.0169 0.0166 0.122 0.118
n = 70 0.0047 0.0046 0.0171 0.0168 0.124 0.120
n = 80 0.0047 0.0046 0.0172 0.0169 0.125 0.123
n = 90 0.0047 0.0046 0.0173 0.0171 0.127 0.124
n = 100 0.0047 0.0047 0.0173 0.0172 0.128 0.126
n = 150 0.0047 0.0047 0.0176 0.0175 0.131 0.130
n = 200 0.0047 0.0047 0.0178 0.0177 0.132 0.132
n = 300 0.0047 0.0047 0.0179 0.0179 0.134 0.134

Table 2.13 shows that the results from the two types of approximation are very
close to each other. The results show that inserting the correction terms for
g(p) = p does not disturb the behavior of the control charts in the out-of-control
situation. Already for moderate sample sizes the corrected control charts work
very well, in the sense that a very good behavior is achieved in the out-of-control
situation. This fact shows that the objective of the correction terms is reached: the
in-control behavior is regulated and the loss in the out-of-control case is relatively
small for moderate sample sizes.

From this table we can say that, for n ≥ 50, the behavior changes very slowly with
n, and in most practical situations the improvement will be outweighed by the
costs of taking more observations. Even for small values of n such as 20, already
very reasonable results are obtained. For that reason, the corrected control charts
based on moderate sample sizes are suitable for practitioners, since the corrected
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charts are accurate for the in-control situation and powerful in the out-of-control
case.

To check whether these approximations are valid, we perform a simulation study.
The results of the simulation, which are given in Table 2.14, show that the two
approximations can be considered as very accurate. Although for exceptionally
small sample sizes the approximations seem unreliable, for moderate sample sizes
both approximations work very well. Hence, Table 2.14 confirms the conclusion
based on Table 2.13.

Table 2.14 Simulation results for EPn with first and second type correction terms,
given by (2.29) and (2.33), respectively, when µ1 = µ+ dσ and σ1 = σ.

d 0.5 1 2
p1 0.0048 0.0048 0.0183 0.0183 0.138 0.138

approx 1sttype 2ndtype 1sttype 2ndtype 1sttype 2ndtype
n = 10 0.0051 0.0058 0.0140 0.0155 0.073 0.079
n = 20 0.0043 0.0046 0.0141 0.0151 0.090 0.096
n = 30 0.0043 0.0045 0.0147 0.0155 0.102 0.106
n = 40 0.0044 0.0045 0.0153 0.0160 0.109 0.112
n = 50 0.0044 0.0046 0.0158 0.0163 0.113 0.117
n = 60 0.0044 0.0046 0.0161 0.0166 0.119 0.119
n = 70 0.0045 0.0046 0.0164 0.0168 0.120 0.122
n = 80 0.0045 0.0046 0.0166 0.0169 0.122 0.123
n = 90 0.0045 0.0046 0.0167 0.0171 0.123 0.125
n = 100 0.0045 0.0046 0.0168 0.0171 0.124 0.126
n = 150 0.0046 0.0047 0.0173 0.0177 0.129 0.130
n = 200 0.0047 0.0047 0.0175 0.0176 0.131 0.132
n = 300 0.0047 0.0047 0.0178 0.0179 0.133 0.134

Table 2.15 presents the results of the two approximations for the case g(p) = 1/p.
Fortunately, just as in Table 2.13, the results from the two types of approximation
are very close to each other. These approximations show that inserting the cor-
rection terms for g(p) = 1/p does not disturb the behavior of the control charts in
the out-of-control situation. In this case, the approximations for a small sample
size such as 10 should not be taken seriously. As a matter of fact, this is consistent
with the conditions in Theorem 2.2.2. Recall that the conditions in Theorem 2.2.2
are slightly stronger than those in Theorem 2.2.1: indeed, with the second type
approximation the aberrance for n = 10 exceeds the corresponding one with the
first type approximation.

Subsequently, the results are validated by the simulation results given in Table
2.16. The results of the simulation show that the two types approximation are
very accurate, except for extremely small sample sizes, such as 10. Therefore, the
conclusion based on Table 2.15 is confirmed by the result in Table 2.16.
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Table 2.15 First type (2.65) and second type (2.67) approximation of E(1/Pn)
with µ1 = µ+ dσ and σ1 = σ.

d 0.5 1 2
1/p1 208.5 208.5 54.6 54.6 7.3 7.3

approx 1sttype 2ndtype 1sttype 2ndtype 1sttype 2ndtype
n = 10 54.0 -100.4 14.4 -22.8 2.4 -0.8
n = 20 133.2 109.5 33.0 26.6 4.5 3.9
n = 30 163.4 155.8 40.6 38.6 5.3 5.2
n = 40 177.3 174.1 44.4 43.6 5.8 5.8
n = 50 185.1 183.5 46.6 46.3 6.1 6.1
n = 60 189.9 189.1 48.1 47.9 6.3 6.3
n = 70 193.1 192.7 49.1 49.1 6.4 6.5
n = 80 195.4 195.3 49.8 49.9 6.5 6.6
n = 90 197.2 197.1 50.4 50.5 6.6 6.6
n = 100 198.5 198.5 50.8 50.9 6.7 6.7
n = 150 202.3 202.4 52.2 52.3 6.9 6.9
n = 200 204.0 204.2 52.8 52.9 7.0 7.0
n = 300 205.6 205.8 53.4 53.5 7.1 7.1

Table 2.16 Simulation results for E(1/Pn) with first and second type correction
terms, given by (2.30) and (2.33), respectively, when µ1 = µ+ dσ and σ1 = σ.

d 0.5 1 2
1/p1 208.5 208.5 54.6 54.6 7.3 7.3

approx 1sttype 2ndtype 1sttype 2ndtype 1sttype 2ndtype
n = 10 82.7 58.2 20.0 15.0 3.2 2.8
n = 20 172.9 140.7 39.1 34.8 5.1 4.7
n = 30 190.2 170.0 45.2 42.0 5.8 5.5
n = 40 195.2 184.1 48.4 45.1 6.2 6.0
n = 50 200.5 189.1 49.5 47.5 6.4 6.2
n = 60 200.8 193.2 50.6 49.1 6.5 6.4
n = 70 202.4 195.3 51.6 49.9 6.6 6.5
n = 80 203.7 198.2 51.7 50.3 6.7 6.6
n = 90 204.5 198.0 52.1 50.8 6.8 6.7
n = 100 204.6 200.0 52.3 51.3 6.8 6.7
n = 150 206.1 204.0 52.9 52.6 7.0 6.9
n = 200 207.0 204.4 53.6 53.1 7.0 7.0
n = 300 207.7 205.8 54.0 53.5 7.1 7.1
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Table 2.17 Simulation results and second type of approximation ofE(1−(1−Pn)k)
with µ1 = µ+ dσ and σ1 = σ.

d 0.5 1 2
1 − (1 − p1)

1000 0.99 0.99 1.00 1.00 1.00 1.00

simul 2ndapp simul 2ndapp simul 2ndapp
n = 10 0.83 0.60 0.94 1.00 1.00 1.00
n = 20 0.87 0.80 0.97 1.00 1.00 1.00
n = 30 0.90 0.87 0.99 1.00 1.00 1.00
n = 40 0.91 0.90 0.99 1.00 1.00 1.00
n = 50 0.93 0.92 1.00 1.00 1.00 1.00
n = 60 0.94 0.93 1.00 1.00 1.00 1.00
n = 70 0.94 0.94 1.00 1.00 1.00 1.00
n = 80 0.95 0.95 1.00 1.00 1.00 1.00
n = 90 0.95 0.95 1.00 1.00 1.00 1.00
n = 100 0.96 0.96 1.00 1.00 1.00 1.00
n = 150 0.97 0.97 1.00 1.00 1.00 1.00
n = 200 0.97 0.97 1.00 1.00 1.00 1.00
n = 300 0.98 0.98 1.00 1.00 1.00 1.00

d 0.5 1 2
1 − (1 − p1)

500 0.91 0.91 1.00 1.00 1.00 1.00

simul 2ndapp simul 2ndapp simul 2ndapp
n = 10 0.57 -0.46 0.75 0.94 0.96 1.00
n = 20 0.66 0.31 0.88 0.99 1.00 1.00
n = 30 0.71 0.53 0.93 1.00 1.00 1.00
n = 40 0.75 0.63 0.95 1.00 1.00 1.00
n = 50 0.77 0.69 0.97 1.00 1.00 1.00
n = 60 0.79 0.73 0.98 1.00 1.00 1.00
n = 70 0.80 0.75 0.98 1.00 1.00 1.00
n = 80 0.81 0.77 0.99 1.00 1.00 1.00
n = 90 0.82 0.79 0.99 1.00 1.00 1.00
n = 100 0.83 0.80 0.99 1.00 1.00 1.00
n = 150 0.85 0.84 1.00 1.00 1.00 1.00
n = 200 0.87 0.86 1.00 1.00 1.00 1.00
n = 300 0.88 0.87 1.00 1.00 1.00 1.00
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d 0.5 1 2
1 − (1 − p1)

250 0.70 0.70 0.99 0.99 1.00 1.00

simul 2ndapp simul 2ndapp simul 2ndapp
n = 10 0.39 -0.41 0.58 0.45 0.88 1.00
n = 20 0.47 0.19 0.74 0.76 0.98 1.00
n = 30 0.52 0.37 0.81 0.85 1.00 1.00
n = 40 0.55 0.45 0.86 0.89 1.00 1.00
n = 50 0.57 0.50 0.88 0.91 1.00 1.00
n = 60 0.59 0.54 0.90 0.92 1.00 1.00
n = 70 0.60 0.56 0.91 0.93 1.00 1.00
n = 80 0.61 0.58 0.93 0.94 1.00 1.00
n = 90 0.62 0.59 0.94 0.95 1.00 1.00
n = 100 0.63 0.60 0.94 0.95 1.00 1.00
n = 150 0.65 0.64 0.96 0.96 1.00 1.00
n = 200 0.66 0.65 0.97 0.97 1.00 1.00
n = 300 0.67 0.67 0.98 0.98 1.00 1.00

d 0.5 1 2
1 − (1 − p1)

100 0.38 0.38 0.84 0.84 1.00 1.00

simul 2ndapp simul 2ndapp simul 2ndapp
n = 10 0.24 0.19 0.41 -0.58 0.76 1.00
n = 20 0.28 0.23 0.53 0.23 0.93 1.00
n = 30 0.30 0.27 0.60 0.45 0.97 1.00
n = 40 0.31 0.30 0.65 0.55 0.99 1.00
n = 50 0.33 0.31 0.68 0.62 0.99 1.00
n = 60 0.34 0.32 0.70 0.65 1.00 1.00
n = 70 0.34 0.33 0.72 0.68 1.00 1.00
n = 80 0.35 0.34 0.73 0.70 1.00 1.00
n = 90 0.35 0.34 0.75 0.72 1.00 1.00
n = 100 0.35 0.35 0.75 0.73 1.00 1.00
n = 150 0.36 0.36 0.78 0.77 1.00 1.00
n = 200 0.37 0.36 0.79 0.79 1.00 1.00
n = 300 0.37 0.37 0.81 0.81 1.00 1.00

It is seen from the simulations in Tables 2.14 and Table 2.16 that, in terms of EPn
and E(1/Pn), the out-of-control behavior of the corrected control charts with the
second type of correction is slightly better than the one with the first type of
correction. This is simply due to the better correction (for n ≤ 50) obtained by
the first type of correction when we have the in-control situation, cf. Table 2.9,
leading to larger correction terms (and hence larger UCL’s) for EPn and smaller
ones (implying smaller UCL’s) for E(1/Pn), cf. Table 2.8.

In line with the results presented in Table 2.13 and Table 2.15, using the same val-
ues of d, Table 2.17 shows that inserting the correction term for g(p) = 1−(1−p)k
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does not disturb the behavior of the control charts in the out-of-control situation.
The second type of approximation derived for this function works quite well, ex-
cept for an exceptionally small sample size, such as 10, where the approximation
produces very unreliable results. The simulation results present a similar picture,
hence confirms that this approximation is very accurate. However, the values of
d seems to be very high for this function, since all the results are close to one; for
reasons of uniformity in presentation we have taken the same d’s here as well.

2.4.2 The effect of controlling the exceedance probability

In the previous subsection it is demonstrated that for bias correction the ’loss’ in
the out-of-control situation is negligible. To investigate the effect of controlling the
exceedance probability in the out-of-control situation, we consider the following
setup for the out-of-control situation: Xn+1 comes from N(µ+ dσ, σ2

1) with σ2
1 =

σ2, for some d > 0. In the case of known parameters, the false alarm rate would
be p1 = Φ(u − d) and the question is how our corrected random false alarm rate
Pn given in (2.28) behaves in comparison to this p1. It may be nice that the in-
control behavior has been corrected, but to what extent do such corrections affect
the out-of-control performance? It has been discussed before that for the bias
correction the loss is negligible. The explanation for this nice result lies in the fact
that the estimation effects around p1 are much smaller (in terms of relative error)
than those around p. The latter arose, from the fact that p is usually extremely
small and thus large relative errors will result. However, p1 typically is not small,
at least not extremely so.

As the same effect will play a role here as well, we expect the following over-
all picture: the bias removal approach requires moderate corrections with small
effects under out-of-control, while the controlling of exceedance probabilities con-
sidered here requires large corrections with moderate out-of-control effects. Hence
the practitioner can buy weak or strong protection at a low or moderate price,
respectively.

Explanation on how this general description can be made specific is given as fol-
lows. In the out-of-control situation, Pn in (2.28) transforms into

Pn = Φ

(
µ̂− µ

σ
+ (u+ c)

σ∗

σ
− d

)
. (2.68)

Moreover, arguing as in Subsection 2.3.2., we obtain, for both σ∗ = σ̂ and σ∗ = σ̌,

g(Pn) ≈ g
(
Φ(u− d+ c+ τZ)

)
, (2.69)

with Z distributed as N(0, 1) and τ2 =
u2 + 2

2n
.
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As mentioned earlier, the behavior of g(Pn) can be characterized in many ways,
one of them is by using the following expectation:

Eg(Pn) ≈ g
(
Φ(u − d+ c)

)
≈ g(p1) − cg′(p1)ϕ(u − d), (2.70)

where the last step only make sense for c still reasonably small.

Since the estimation effects during out of control are less important, we here
choose to simply look at the relative error. If this is the case, from (2.70) we get
the relative error

Eg(Pn) − g(p1)

g(p1)
≈ −cg

′(p1)

g(p1)
ϕ(u− d), (2.71)

where c as given in Subsection 2.3.2.

Therefore, the relative errors of the three functions given in (2.3), respectively
equal to −c(1/p1)ϕ(u− d), c(1/p1)ϕ(u− d) and (−c(k(1 − p1)

k−1)/(1− (1− (1 −
p1)

k))ϕ(u − d). Notice that the relative error of g(p) = 1/p is minus the relative
error of g(p) = p.

Focusing on g(p) = p, we get for the relative error a simple approximation:

EPn − p1

p1
= −cκ(u− d) ≈ −4c{1 + (u− d)}/5, (2.72)

where as mentioned in Remark 2.4.1, κ(x) = ϕ(x)/Φ(x) and for 0 ≤ x ≤ 3.5 this
function can be approximated adequately by 4(1 + x)/5.

Using c in (2.53), (2.72) can be written as

EPn − p1

p1
≈ −4

5

{
− ε

u
+ uα

(
u2 + 2

2n

)1/2
}
{1 + (u − d)}. (2.73)

From (2.73) we can easily see the role of n, ε, α and d in the out-of-control situation.
As an illustration of the impact of the correction on the out-of-control situation,
suppose we consider the following two examples. The first is the out-of-control
situation with d = 1.44, where we get p1 = 0.05, and the second is with d = 2.25,
for which we get p1 = 0.20. Moreover, for p = 0.001, n = 100, α = 0.2 and ε = 0.1,
from (2.53) we obtain c = 0.17. Hence, the average out-of-control RL (1/p1) is
increased from 20 to 27 in the first example, and from 5 to 6.3 in the second
example. These examples show how to find a proper balance between adequate
protection against estimation effects during in-control, and the price to be paid
for it during out-of-control.
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Comparing the relative error of g(p) = p based on the bias criterion (cf. Remark
2.4.1) to that of the exceedance probability criterion (cf. (2.73)) we observe that
the first one only depends on n and d, while the second one also depends on ε and
α beside n and d. Using the same values of n and d, the latter gives a significantly
larger relative error than the first one. This can also be observed from the fact
that c based on the exceedance probability is much larger than that of the bias
criterion.

This comparison shows that the correction term developed under the exceedance
probability criterion gives a larger effect in the out-of-control situation than does
the bias criterion. The larger correction in the exceedance probability criterion
can be associated with a strong protection which requires a moderate price as
compared to a weak protection with a low price in the bias case.

To end this section, we summarize the conclusion on the out-of-control behavior
as follows :

• Generally speaking, inserting the correction terms does not disturb the be-
havior of the control charts in the out-of-control situation. Already for
moderate sample sizes the corrected control charts work very well in this
situation. Therefore, when no large sample sizes are available, no accurate
control charts were possible; the corrected control charts provide a solution
for this problem.

• For the bias case, the behavior of the first two functions mentioned in (2.3) in
the out-of-control situation can be described very well by simple approxima-
tions as in (2.64)and (2.65), respectively, while the behavior of all the three
functions in the out-of-control situation is also described very well by the
second type approximation given in (2.67). For the exceedance probability
case, the behavior of the all three functions in the out-of-control situation
can be approximated by (2.70).

• For the bias case, the relative error of g(p) = p is given in Remark 2.4.1.
For the exceedance probability case, the relative error is given in (2.71). For
g(p) = p the relative error can be approximated further as given in (2.72).

• The bias removal approach requires moderate corrections with small effects
under out-of-control (with relative error of order 1/n), while controlling of ex-
ceedance probabilities requires large corrections with moderate out-of-control
effects with relative error of order 1/

√
n(+ε term). Hence, the practitioner

can buy weak or strong protection at a low or moderate price, respectively.
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2.5 Concluding remarks

This section provides the summary of the present chapter by outlining the conclu-
sion obtained in each section.

In this chapter we have shown that estimation error may lead to inaccurate control
limits when we simply plug in the estimators. asymptotic theory shows that we
need huge sample sizes to get accurate control limits if parameter estimators are
just plugged in. The validity of the asymptotic theory is confirmed by a simulation
study. There are at least two ways to get an accurate control limit for practical
use, either by enlarging the sample sizes or by developing a correction term for
the control limits.

Since nowadays short production runs are more and more in demand, the first
choice seems to be often out-of-order. Moreover, more data means higher oper-
ational costs which most practitioners will want to avoid. For this reason, we
have developed (using asymptotic theory) correction terms for the control limits,
based on bias and exceedance probability criteria. It turns out that these correc-
tion terms do their job very well. The correction terms depend on the involved
requirement concerning the bias or the exceedance probability criteria. Applying
these correction terms, we are able to obtain accurate control limits (in the sense
that the corresponding requirement is fulfilled) for much smaller sample sizes. The
results of the simulation study confirm the performance of these approximation
results.

Having successfully reduced the bias and controlled the exceedance probability in
the in-control situation, we also have investigated the performance of the corrected
control limits under out-of-control situations. Fortunately, these corrected control
limits still perform quite well in the out-of-control case. From the results of the
approximation as well as the simulation study, we can say that the bias removal
approach requires moderate corrections with small effects under the out-of-control
situation. Controlling the exceedance probability on the other hand, requires large
corrections with moderate out-of-control effects. Hence, the practitioners can buy
weak or strong protection at a low or moderate price, respectively.



Chapter 3

Parametric Approach:
Reducing the bias

Traditional control charts rely on the normality assumption for the observations.
In the case that the assumption fails, both parametric and nonparametric ap-
proaches offer alternative solutions. However, since a fully nonparametric ap-
proach requires much larger sample sizes than practitioners can usually afford, the
parametric approach can be considered as an alternative.

This chapter discusses a parametric control chart suitable for observations from
a broader class of distributions. The parametric control chart adopts a so called
normal power family as a model. With the addition of a suitable correction term
in its control limit, developed using a bias criterion, the parametric chart performs
very well not only in the considered parametric family, but also for common distri-
butions outside the parametric family, thus covering a broad class of distributions.

3.1 Introduction

In Chapter 2, one of the problems concerning the underlying distribution has
been discussed. Even when the assumption was fulfilled according to which the
observations were drawn from a normal distribution with unknown parameters, it
was shown that estimating these parameters could result in serious errors if the
estimators were just plugged in without making any other attempt to adjust the
control limit of the chart. This confirms what had been pointed out by several
authors such as Nedumaran and Pignatiello(2001), Chakraborti(2000), Woodall
and Montgomery (1999), Chen (1997), Quesenberry(1993), and Ghosh et al.(1981).

57
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The present chapter discusses the problem which is caused by imposing the nor-
mality assumption itself on the distributions. In the case that the assumption fails,
i.e. the observations, standardized for location and scale, have another distribu-
tion than the standard normal one, substantial model errors may occur. These
model errors reflect the difference between the assumed model and the true model
of the observations. The greater the difference between the two models, the larger
the model errors that are produced. In this case, if the normal family is used as
the supposed model, then all observations from outside this family are likely to
have significant model errors.

To reduce these model errors substantially, it is necessary to do something about
the normality assumption, either by considering a wider parametric class of models
or by making no distributional assumptions at all. The last approach, which
is also known as a nonparametric approach, requires much larger sample sizes.
This nonparametric approach will be treated in Chapter 5. The first approach of
considering a broader parametric class than the normal family is the main topic
to be discussed here and in the next chapter. These chapters are concerned with
developing an approach to handle the model error. Handling this model error,
however, causes a serious stochastic error as a result of parameter estimation. To
reduce this stochastic error, in the present chapter we also develop a correction
term based on a bias criterion. How to deal with this stochastic error using an
exceedance probability criterion will be discussed in the following chapter.

As described before, let X be a random variable to be monitored in a production
process and let p be the false alarm rate. Suppose, for a moment, that the in-
control process is modeled by assuming that X comes from a standard normal
distribution. Then, as soon as X > up, the out-of-control signal is produced.
However, the probability of incorrectly producing an out-of-control signal may be
seriously in error when the distributional form of the observations differs from
normality, see e.g. Chan et al. (1988), Pappanastos and Adams(1996), table 7 on
page 222. Basically, the problem is that the normal approximation may be fair
for the central part of the distribution, but produces large relative errors in the
tails. And, in view of the small values of p typically used, the tails are what we
are dealing with. Therefore, a larger model is needed, providing more flexibility
to describe the behavior in the far tail.

For that purpose we consider the so called normal power family, containing the
normal distributions as submodel. One may object that this larger parametric
family again does not cover all distributions and that a nonparametric approach
should be taken. As typically the upper p-quantile should be estimated, it is clear
that with, say, 100 observations in Phase I for p = 0.001 such a quantile cannot
be estimated nonparametrically. The upper p-quantile of the distribution is the
point above which lies 100p percent of the mass. Hence, some assumptions should
be made about the relation between the behavior of X in the far tail (where we
should estimate an appropriate quantile) and the behavior of X somewhat more
to the middle, where we have observations and can do the estimation. A similar
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type of argument is applied e.g. in de Haan and Sinha (1999), Hall and Weissman
(1997) and Dekkers and de Haan (1989). The normal power family is on the one
hand sufficiently rich, but on the other hand not that large that estimation is
impossible or too inaccurate.

Using the normal power family gives more flexibility and hence an improvement
over simply using normality and ignoring the well-known fact that, in practice,
normality often fails which causes big errors in the false alarm rate. It is not our
claim that the normal power family always is the “right”model. But firstly, if
control limits based on normality are applied, this should implicitly mean that the
distribution is approximately normal, and in that case the normal power family is
certainly appropriate, since normality is a submodel of the normal power family.
Secondly, by the extension to the normal power family many other commonly
used distributions show up, which are covered sufficiently well by members of
the normal power family. Thirdly, the normal power family is not so large that
accurate estimation is only possible with huge sample sizes as in the nonparametric
approach.

In addition to the normal power family, actually there are many other possibilities
to extend the family of normal distributions, like random or deterministic mixtures.
However, it turns out that several standard extensions of the family of normal
distributions lead to very substantially more complicated control limits.

Although the parametric approach can reduce the model errors of many distribu-
tions considerably, more parameters need to be estimated in this new approach.
Hence, a larger stochastic error may be expected due to the parameter estimation.
Therefore, the next step to be taken is to control these stochastic errors using a
bias criterion. A second order asymptotic approach is applied to derive the cor-
rection terms of the control limits, since first order asymptotics do not produce
sufficiently accurate results, due to the very small values involved in the quantiles.
With the addition of the correction term in the new control limit, the corrected
parametric chart performs very well, not only in the considered parametric family,
but also for common distributions outside the parametric family, thus covering a
broad class of distributions.

The present chapter is organized as follows. In Section 3.2 an exposition of the
problem is given with a discussion on the model error due to misspecification and
the stochastic error implied by estimation. Next, some suitable models as can-
didates for the extended model are discussed. Subsequently, the characteristics
of the parametric control chart will be presented, followed by a discussion on the
model errors for the suitable models in Section 3.5. In this section some examples
will be given to show advantages of using this parametric control chart. Further
use of a correction term in the control limit to reduce the stochastic error is ex-
plained in Section 3.6. Using the bias criterion, the derivation and the impact of
the correction terms will also be discussed. To see how well the asymptotic results
come true for finite sample sizes, a simulation study is carried out and presented
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in Section 3.7. The results of the simulation show that the corrected parametric
chart performs very well for observations drawn from a broader class than the nor-
mal power family when the process is in-control. Section 3.8 discusses the main
questions stated in Section 3.2 including the performance of the corrected para-
metric chart in the out-of-control situation which turns out to be reasonably well.
The last section provides the summary of the conclusions obtained throughout the
chapter.

3.2 The main questions

Let X1, . . . , Xn, Xn+1 be i.i.d. random variables (r.v.’s) with distribution function
F , that is, we consider the in-control situation. The out-of-control behavior, where
Xn+1 comes from a shifted distribution function F (x−∆) is discussed later in this
chapter. The r.v.’s X1, . . . , Xn are the data from Phase I on which the estimators
of the unknown parameters are based and Xn+1 is the monitoring characteristic.
The monitoring r.v. may be based on m observations, but here we consider the
situation m = 1 of individual measurements to avoid additional complications,
thus facilitating the explanation of the basic arguments.

The true, but unknown distribution function F is modeled by a parametric family
{Gθ : θ ∈ Θ}. Apart from this general (parametric) model, we consider also the
restricted model, where the parameter space is restricted to a subset θ ∈ Θ0; neither
this model nor the parametric model is necessarily true. For any distribution

function H we write H = 1 − H and H−1 and H
−1

for the respective inverse
functions.

If F equals Gθ and θ is known, the control limit equals G
−1

θ (p). Often F is
unknown and two problems arise: (i) F may be (slightly) outside the parametric
family {Gθ : θ ∈ Θ} (or {Gθ : θ ∈ Θ0} if the supposed model is the restricted
model) and (ii) θ is unknown. This leads to two kinds of errors, the model error
and the stochastic error. The nature of the model error and how to handle it will
be the focus of the present chapter. In addition, the stochastic error as a result
of estimating the parameters and how to deal with it using the bias criterion will
also be discussed in this chapter.

Given a true model, we speak of the restricted model error (RME) and restricted
stochastic error (RSE) if the supposed model is the restricted model and we
simply speak of the model error (ME) and stochastic error (SE) if the supposed
model is the general model.

Let us first consider the situation that the supposed model is the restricted model of
normality with the upper control limit given in (2.1). Recall that due to estimation
of the parameters the false alarm rate is no longer a number, but a r.v. which we
denote by Pn. In this case, the discrepancy between Pn and p can be written as
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Pn − p = P (Xn+1 > µ̂+ σ∗up) − p = F (µ̂+ σ∗up) − p = RME +RSE (3.1)

with the restricted model error RME given by

RME = F (µ+ σup) − p = F (µ+ σup) − F
(
F

−1
(p)
)

(3.2)

and the restricted stochastic error RSE defined by

RSE = F (µ̂+ σ∗up) − F (µ+ σup) , (3.3)

where µ =
∫
xdF and σ =

√∫
(x− µ)2dF in (3.2) and (3.3).

In general, if {Gθ : θ ∈ Θ} is the supposed model, the discrepancy between Pn and
p can be written as

Pn − p = P (Xn+1 > G
−1

θ̂ (p)) − p = F (G
−1

θ̂ (p)) − p = ME + SE (3.4)

with the model error ME given by

ME = F (G
−1

θ (p)) − p = F (G
−1

θ (p)) − F (F
−1

(p)) (3.5)

for some suitably chosen point θ ∈ Θ ( or θ ∈ Θ0 if the supposed model is the
restricted model), and the stochastic error SE defined by

SE = F (G
−1

θ̂ (p)) − F (G
−1

θ (p)). (3.6)

(On how θ is “suitably chosen” we come back below.)

The larger the parametric family, the smaller in generalME, but the more difficult
the estimation problem (more parameters involved) and hence the larger SE. We
want to control both ME and SE. To establish this, we consider three cases:

1. We are in the restricted model. A typical example is that our observations
are normally distributed.

2. We are in the general parametric model. This model contains the restricted
model. A typical example is an extension of the normal family with a few
extra parameters. The general parametric model is denoted by {Gθ : θ ∈ Θ}.
Here θ = (θ1, . . . , θk), say, while in the restricted model only θ1, . . . , θl vary,
for some 0 ≤ l < k, and θl+1, . . . , θk are fixed. Without loss of generality,
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we let these fixed values be 0. Hence the restricted model is presented by
{Gθ : θ = (θ1, . . . , θl, 0, . . . 0) ∈ Θ}. In other words each θ ∈ Θ0 is of the
form θ = (θ1, . . . , θl, 0, . . . 0).

3. We are outside the general parametric model.

Of course, the model error ME depends on the true model and the supposed
model.

The “suitably chosen point θ ∈ Θ”can be characterized as follows. The parameter
θi, i = 1, . . . , k, is assumed to be a functional of F , given by θi =

∫
ζidF for

some function ζi. Tacitly it is assumed that the parameterization is such that
θi =

∫
ζidGθ. In this way the parameter has a meaning also outside the restricted

or general model and this meaning coincides with the concept of the parameter
within these models. For instance, the functional of F may correspond to the 0.75-
quantile of F . In the restricted and general model the 0.75-quantile then leads to
the suitable parameter values.

In view of the notation of the restricted model it is implied that
∫
ζidF = 0 for

i = l + 1, . . . , k, when F belongs to the restricted model. Several functionals may
be associated with the parameters θi, i = 1, . . . , k. The choice is determined by
the estimation of the parameter as is exemplified in the following example.

Example 3.2.1

Consider the random mixture model X = µ + σ{(1 −W )Z0 + WZ1}, where W
is independent of Z0 and Z1, P (W = 1) = 1 − P (W = 0) = γ and where Z0

and Z1 have distribution functions K0 and K1, respectively. The parameter θ is
denoted by (µ, σ, γ). Let K0 = Φ and let K1 be the distribution function of the
standardized Student-distribution with 6 degrees of freedom. The parameters µ
and σ are estimated by the usual location and scale estimators X = n−1

∑
Xi and

S =
√
S2 with S2 = (n− 1)−1

∑
(Xi −X)2. The related functionals are of course

µ =
∫
xdF (x) and σ =

√∫
(x− µ)2dF (x).

To estimate γ we may use the moment estimator based on the fourth moment. As
the fourth moment of Z1 equals 6, this leads to the estimator

γ̂ =
n−1

∑n
i=1

(
Xi−X
S

)4

− 3

3
,

which corresponds to the functional

∫ (
x−µ
σ

)4
dF (x) − 3

3
.
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Writing Xm:n for the mth order statistic of X1, . . . , Xn, another estimator is ob-
tained by equating a sample 90%-quantile to the 90%-quantile of the distribution,
giving, with m = [0.9n], where [x] denotes the entier of x,

m
n − Φ

(
Xm:n−X

S

)

K1

(
Xm:n−X

S

)
− Φ

(
Xm:n−X

S

) ,

with corresponding functional

0.9 − Φ
(
F−1(0.9)−µ

σ

)

K1

(
F−1(0.9)−µ

σ

)
− Φ

(
F−1(0.9)−µ

σ

) .

The idea is to relate the (unknown) true distribution F to a member of the general
parametric model by fitting several characteristics of F to the nominated member
of the family. Hopefully, this results in similar (extreme) quantiles of F and the
chosen member of the family as well. The more characteristics are fitted, the better
presumably the approximation in the far tail and hence the smaller the ME, but,
on the other hand, the more difficult the estimation of those parameters, that is
the larger the SE.

Moreover, not only the number of parameters is important, but also which char-
acteristics are used. Since the estimator determines the suitably chosen point in
the parameter space, the model error for distributions outside the supposed model
depends on the estimator. In other words, one estimator will give a better fit
w.r.t. the required extreme p-quantile in the parametric model than another. On
the other hand, a lower ME may involve a larger SE. For instance, the perfect

fit in terms of ME is obtained by taking θ = θ(F ), such that G
−1

θ (p) = F
−1

(p).
However, such θ(F ) cannot be estimated with, say, 100 observations. In fact, with
this estimator we would not use the parametric family at all: it boils down to
the nonparametric approach. A similar reasoning holds when using less extreme
quantiles. For example, using the preceding quantile-approach to estimate γ, with
n = 100 observations there is no difference between the estimators using the 0.99-
quantile or the 0.999-quantile. This shows that for some characteristics the SE
will be very large.

Furthermore, additional functionals should be such that really different character-
istics are involved.

Concerning the model error and the stochastic error, the following questions can
be considered as interesting topics to discuss.

1. When the restricted model is true, that is F = Gθ with θ = (θ1, . . . , θl,
0, . . . , 0), both the RME and ME are equal to 0. Hence, we only have to
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control SE. As a rule, the SE will be larger than the RSE. How large is
this difference? Can these RSE and SE be reduced by (simple) corrections?
How large are the corrected RSE and SE when the restricted model holds?

2. When the general model is true, the ME equals 0, but as a rule the RME
does not. How bad can the RME be? How does this balance with the larger
SE? Can the RSE and SE be reduced by (simple) corrections? How large
are the corrected RSE and SE when the observations are from the general
model?

3. When we are outside the general model, the ME’s can in principle be very
large if we are far away from the general model. In Chapter 3 and 4 we
concentrate on the parametric approach and hence we consider only situa-
tions outside the general model where the ME is not too big. In Chapter 5
the nonparametric approach will be considered and then also departures far-
ther away from the general model are considered. But, as already observed
in the introduction, the nonparametric approach only makes sense if some
flexibility is allowed w.r.t. n and/or p: for e.g. n = 100 and p = 0.001 as
given quantities, nothing can be done. How large are the uncorrected and
corrected SE and the uncorrected and corrected RSE, when we are outside
the general model and ME is not too big? How is the total error when
applying the corrected control limit with as supposed model the general one
and how does this compare with the total error when applying the corrected
control limit with as supposed model the restricted model?

4. What is the impact on the out-of-control behavior of the chart? Does the
process stop at a reasonable time when it has gone out-of-control?

Having discussed the main questions to deal with in this chapter, we present some
suitable models as candidates for the general model in the next section.

3.3 Suitable models

The following special classes of models are candidates for a parametric model; they
will also be used as important examples in the simulation study for checking and
illustration of the theory developed in this thesis. Often, the restricted model will
be the normal family, but adaptation to another choice, as for instance the family
of exponential distributions, can be easily made.

We will take location and scale parameters µ and σ. In the restricted model these
are the only parameters. In terms of θ = (θ1, . . . , θl, θl+1, . . . , θk) this means that
l = 2, θ1 = µ and θ2 = σ. The additional parameters θ3, . . . , θk are denoted by
γ. In this thesis we will restrict mainly to k = 3, that is, γ is a one-dimensional
parameter. The distribution function Gθ is written as Gθ(x) = Kγ((x − µ)/σ).
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Hence, the control limit of the general model has the following form:

µ̂+ σ∗K
−1

γ̂ (p).

The models are defined in such a way that varying tail behavior can be described.
Especially, heavier tails than those of the normal distribution are of interest. In
terms of high upper quantiles this means larger values than the normal upper
quantiles.

3.3.1 Random mixture

Suppose K(x−µσ ), with K fixed, represents a distribution function in a location-
scale family, then the idea of the random mixture model is to replace K by Kγ

which is a linear mixture of some (fixed) distribution functions. This model utilizes
an additional parameter γ which is used as a weighting factor in the mixture. Here,
Kγ is defined to be Kγ = (1 − γ)K0 + γK1, where K0 , K1 are fixed distribution
functions having expectation 0 and variance 1. In the case that γ = 0, the model
gives back the restricted model K = K0, which is very often set equal to Φ.

Under this model, the random variable X can be written as

X = µ+ σ {(1 −W )Z0 +WZ1} ,

where Z0 and Z1 have distribution functions K0 and K1 respectively, and W is
independent of Z0 and Z1, with P (W = 1) = 1 − P (W = 0) = γ.

3.3.2 Deterministic mixture

Studying an out-of-control signal means that we have to focus on the quantiles of
the distributions involved, e.g. in the family of normal distributions the p-quantile
is given by µ+ σK−1(p), with K = Φ.

Like in the random mixture model, the idea behind the deterministic mixture
model is to replace K−1 by K−1

γ = c (γ)
{
(1 − γ)K−1

0 + γK−1
1

}
, where c(γ) is a

normalizing factor to get the variance of Kγ to be equal to 1, while K0 and K1

are fixed distribution functions having expectation 0 and variance 1.

In this deterministic mixture model, the random variable X is written as

X = µ+ σc(γ) {(1 − γ)Z0 + γZ1} ,

where Z0 = K−1
0 (U), Z1 = K−1

1 (U) and U is a random variable with a uniform
distribution on (0, 1). The random variables Z0 and Z1 have distribution functions
K0 and K1 respectively, and they are strongly dependent; in fact these r.v.’s are
comonotone. The normalizing constant c(γ) is given by
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c(γ) =
{
(1 − γ)2 + γ2 + 2γ(1 − γ)ρ

}− 1
2 , where ρ =

∫ 1

0

K−1
0 (t)K−1

1 (t)dt.

Because of the technical difficulties with the random and deterministic mixture
models, in this thesis we mainly deal with the following model.

3.3.3 Normal power family

This class of models is derived from the normal family by replacing the (1 − p)-
quantile of the standard normal distribution Φ̄−1(p) by K̄−1

γ (p), where the latter
depends on the value of γ. This is essentially done by replacing up by u1+γ

p . For
γ > 0 the effect will be a larger quantile, corresponding to a heavier tail than the
normal one. For γ < 0 we get a smaller value according to a thinner tail. The new

quantile K̄−1
γ (p) is defined for γ > −1 by K−1

γ (t) = c(γ)
∣∣Φ−1(t)

∣∣1+γ sign(Φ−1(t)).
As in the deterministic mixture, c(γ) is a normalizing constant given by c(γ) ={
E|Z|2(1+γ)

}−1/2
= π1/42−(1+γ)/2Γ(γ + 3

2 )−1/2, where Z is a random variable
having a standard normal distribution. Under this model the random variable X
is given by

X = µ+ σZγ , where Zγ = c(γ)|Z|1+γsign(Z) for γ > −1.

We mention two further well known models. Also in these cases analytic evaluation
of the estimators of the additional parameter(s) up to the required precision is
difficult.

3.3.4 Tukey’s λ-family

Tukey’s λ distributions can be used to approximate a number of common distri-
butions, such as a normal distribution or a logistic distribution. Using this family
as a model, the r.v. X is given by

X = µ+ σc(λ)
{
Uλ − (1 − U)λ

}
,

where U has a uniform distribution on (0, 1) and c(λ) is a normalizing constant
such that X−µ

σ has variance 1, that is

c(λ) =

[
2

2λ+ 1

{
1 − λ

2
B(λ, λ)

}]−1/2

,

in which B is the beta-function. For λ = 0, we define X in a continuous way, lead-
ing to the logistic distribution for X−µ

σ . The choice λ = 0.14 gives a distribution
close to the standard normal distribution, especially for upper t-quantiles with t
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from 0.2 to 0.005, cf. also Chan et al. (1988) page 118. Introducing the parameter
γ, given by γ = 0.14−λ, we refer to Kγ as the distribution function corresponding
to the r.v.

X = µ+ σc(0.14 − γ)
{
U0.14−γ − (1 − U)0.14−γ

}
.

3.3.5 Orthonormal family

The orthonormal family model is derived as follows. Based on the uniform dis-
tribution, a family of density functions with respect to the Lebesgue measure on
(0, 1) is defined by

f(y, ς) = c∗(ς)exp
{∑k

j=1 ςjπj(y)
}
, with ς = (ς1, · · · , ςk),

where πj is the jth Legendre polynomial on (0, 1). Here, c∗(ς) serves as a normal-
izing constant such that f is a valid density function over its domain (0, 1).

Suppose Y is a random variable with density function f(y, ς). Now, let the expec-
tation and standard deviation of Φ−1(Y ) be E(ς) and c(ς)−1 respectively. Using
these quantities, a random variable X is given by

X = µ+ σc(ς)
{
Φ−1(Y ) − E(ς)

}
.

Differently from the previously stated models, the orthonormal model explicitly
offers the possibility for more than one additional parameter beyond µ and σ. Of
course it is still possible to get parametric models other than those mentioned
above. For example we may consider to mix more than just two Ki’s both in the
random and deterministic models. As alternatives, we may also use a generalized
version of Tukey’s λ-family, as discussed by Hušková (1988), or the normal inverse
Gaussian distributions as given by Barndorff-Nielsen (1997).

The conditions for an appropriate general model are rather comprehensive. There-
fore, several classical ways of extending the normal model turn out to cause (tech-
nical) difficulties. In order to make the necessary correction we need to evaluate

(first and second) moments of µ̂+σ∗K
−1

γ̂ (p)− (µ+σK
−1

γ (p)) up to high precision.

This implies that either K
−1

γ (p) should be analytically tractable as function of γ,

or we should have a very precise approximation of K
−1

γ (p) by a simple function
of γ. A particular problem arises in the well known random and deterministic
mixture models, because negative values of γ are meaningless there. Hence, γ̂ is
restricted to nonnegative values, which can often only be achieved by adding a
suitable indicator function to the definition of the estimator. Due to the required
precision this causes great (technical) problems, aggravated by the fact that γ̂
(and also the indicator function) is tied up with µ̂ and σ∗. Apart from that, the
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truncation of negative values also introduces an artificial bias near γ = 0, which
is also rather unattractive.

Among those models mentioned above, only the normal power family seems to
be tractable. As explained above, other models involve considerable technical
difficulties. For that reason, the normal power model is selected to be the extended
model, and serves as the main topic to be discussed in the following section.

3.4 Parametric control chart

The idea of the parametric approach starts with a normal family as a restricted
model and moves farther away from it by introducing at least one new parameter.
The new class of models chosen should be wide enough to be able to cover as
many distributions as possible, but not so wide that parameter estimation is no
longer possible. In the rest of this chapter, the normal power family which has
parameters (µ, σ, γ) is chosen as an extension of the restricted model and used
as a general model for the following reasons. Having u1+γ

p in the control limit,
the normal power family offers more flexibility to get distributions with heavier
or lighter tails than those from the normal family. Hence, it can be considered as
an improvement over simply using normality as an assumption, and ignoring the
well-known fact that in practice normality often fails, which causes big errors in
the false alarm rate.

Of course, we do not think that the unknown F should belong to the normal
power family. But firstly, if control limits based on normality are applied, this
should implicitly mean that the distribution is approximately normal. In that case,
the normal power family is certainly appropriate, since normality is a submodel
of the normal power family. Secondly, when one assumes normality, as many
people do, it is not reasonable to have a distribution very far away from the
normal family. Hence, a normal power family which can be considered in the
neighborhood of normality should be sufficient. Thirdly, by the extension to the
normal power family many other commonly used distributions show up, which are
covered sufficiently well by members of the normal power family. Fourthly, the
normal power family is not so large that accurate estimation is only possible with
huge sample sizes as in the nonparametric approach.

In principle, better adaptation is possible with the normal power family than
assuming only normality. Using the normal power family as a general model, a new
control chart, to be called the parametric control chart, is constructed and applied
to the Phase II observations. With the new assumption that the observations are
generated from the normal power family, the random variable X is given by X =
µ + σZγ in which for γ > −1, Zγ is defined as Zγ = c (γ) |Z|1+γ sign (Z), where

c (γ) =
{
E |Z|2(1+γ)

}−1/2

is a normalizing constant with Z having a standard

normal distribution.
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While previously Kγ represents the distribution function of the general model,
in what follows let Kγ denote the distribution function of Zγ . Then the upper
p-quantile (0 < p < 1/2) of Kγ is given by

K
−1

γ (p) = c (γ)u1+γ
p = π1/42−(1+γ)/2Γ

(
γ +

3

2

)−1/2

u1+γ
p . (3.7)

Under this general (parametric) model, the estimated control limit in (2.1) is

replaced by ÛCL = µ̂+K
−1

γ̂ (p)σ∗ or, equivalently, by

ÛCL = µ̂+ c(γ̂)u1+γ̂
p σ∗. (3.8)

In what follows we use the usual location and scale estimators X̄ and S as µ̂
and σ∗ (or σ̌, see Subsection 2.2.1), respectively. With regard to the additional
parameter γ, there are several ways to estimate it. One way, which is based on
the consideration that the whole distribution is being modeled, is to construct γ̂
using a moment estimator which involves all observations. In this case, since the
first three moments of Zγ equal 0, 1, and 0 respectively, the fourth moment seems
to be a good starting point to construct the first estimator as follows.

The fourth moment is given by

γ∗1 = h1(γ) = EZγ
4 =

√
πΓ(2γ + 5/2)

Γ(γ + 3/2)2
. (3.9)

We estimate γ∗1 by

γ̂∗1 = n−1
n∑

i=1

(
Xi −X

S

)4

. (3.10)

As a consequence, our first estimator γ̂1 of γ is given by

γ̂1 = h−1
1 (γ̂∗1 ). (3.11)

Define for a distribution function F the corresponding “suitably chosen point”by
γ1(F ) = h−1

1 (µ4(F )) with µ4(F ) = EF0X
4, where F0 is the standardized F , that

is the distribution function of (X−µ(F ))/σ(F ), when X has distribution function
F , expectation µ(F ) and standard deviation σ(F ). Obviously, when F is the
distribution function of X = µ+ σZγ , then µ4(F ) = γ∗1 and hence γ1(F ) = γ.

Concerning the second estimator of γ, instead of using every single observation in
the production process, the estimator can be based merely on a small part of the
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distribution being modeled. In line with the objective to determine a false alarm
rate, this small part should represent the intended far tail of the distribution.
Since the normal power family is put forward as making the link between the
(very) far tail and the behavior somewhat more to the middle, it is natural to base
the estimator of the additional parameter on some order statistics in the ordinary
tail. In this case we hope that the behavior in the ordinary tail has some relevance
for the information in the far tail, where we need to go. For this purpose, we
only rely on the largest k order statistics. The same type of reasoning is applied in
extreme-value theory, see e.g. Dekkers and de Haan (1989) and Hall and Weissman
(1997).

Moreover, since estimators based on only one quantile may lead to a problem since

the corresponding functional K
−1

γ (q) = c(γ)(Φ
−1

(q))1+γ is not monotone in γ, for
example for q = 0.1, the estimator should be based on at least 2 quantiles. For
that we use two statistics in the ordinary tail as follows. Let X1:n, . . . , Xn:n denote
the order statistics of X1, . . . , Xn, and let [x] denote the largest integer ≤ x then,
for some q and r satisfying 0 < q < r < 1

2 , define

γ̂∗2 =
X[n+1−qn]:n −X

X[n+1−rn]:n −X
. (3.12)

This estimator is used to estimate γ∗2 , where

γ∗2 =
K

−1

γ (q)

K
−1

γ (r)
= (

uq
ur

)1+γ = h2(γ), (3.13)

and hence γ is estimated using the following equation:

γ̂2 = h−1
2 (γ̂∗2 ) =

log(γ̂∗2)

log(
uq

ur
)
− 1. (3.14)

Our recommendation on the estimator of γ is to use the 95% and 75% sample
quantiles as follows:

γ̂ = 1.1218 log

(
X[0.95n+1]:n −X

X[0.75n+1]:n −X

)
− 1, (3.15)

noting that 1
log(u0.05/u0.25) ≈ 1.1218.

Let F be the true distribution function, corresponding to the r.v. X and let F0 be
the distribution function of (X − µ) /σ. Then the suitably chosen point γ equals
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γ2(F ) =

log

(
F

−1
(0.05)−

∫
xdF (x)

F
−1

(0.25)−
∫
xdF (x)

)

log
(
u0.05

u0.25

) − 1 =
log
(
F0

−1
(0.05)

F0
−1

(0.25)

)

log
(
u0.05

u0.25

) − 1 (3.16)

and indeed this gives γ if X belongs to the normal power family with parameter γ.
Obviously, the model error for distributions in the normal power family is reduced
to 0. But also a reduction for distributions outside the normal power family is
achieved. For instance, when the true distribution is the Student distribution
with 6 degrees of freedom, the model error is reduced from 0.00356 to 0.00208.
More detailed explanation on the model error and the stochastic error for the
suitable models will be given in the next section.

3.5 (R)ME and (R)SE for the suitable models

The advantage of using the parametric chart is that it tremendously improves
the model errors caused by imposing the normality assumption on the underlying
distribution. As mentioned in Section 3.2, the model error describes the difference
between the true model and the supposed model of the observations. In this case,
the model error is denoted by RME if the supposed model is the restricted model
of normality, and by ME if the supposed model is the general model of the normal
power family.

Example 3.5.1

Suppose that the true distribution comes from the normal power family, that is
F (x) = Kγ

(
x−µ
σ

)
. Then

RME = Kγ (up) − p = Φ

((
up
c(γ)

) 1
1+γ

)
− p.

For p = 0.001 and γ = −0.25 we get c(−0.25) = 1.0783 and hence RME =
−0.00098. For p = 0.001 and γ = 0.5 we get c(0.5) = 0.5( 4

√
2π) and hence

RME = 0.00558, while for p = 0.001 and γ = 1 we have c(1) = 3−0.5 and thus
RME = 0.00935. Let the true distribution be the Student distribution with 6
degrees of freedom. Taking p = 0.001 we get RME = 0.00356.

Remark 3.5.1 From the calculations of RME it is seen that RME can be
negative, implying a lower false alarm rate. From the point of view of the false
alarm rate this looks nice. However, this will certainly have harmful consequences
for the out-of-control behavior. For instance, when γ = −0.25 in the normal
power family, RME = −0.00098. To illustrate what this might imply for the
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out-of-control behavior, we consider the simpler situation of a control chart for a
standard normal distribution with p = 0.001 and p = 0.001 − 0.00098 = 0.00002.
Then the expected run length to detect a shift 2 equals 7.3 for p = 0.001 and not
less than 57.0 for p = 0.00002. Hence, both positive and negative model errors
should be reduced. �

From Example 3.5.1 it can be seen that the restricted model error can be quite
large. Often RME is several factors larger than the prescribed p. Therefore, if
normality fails, there is a need for a larger model, thus reducing the model error.

In the following subsections, subsequently we present R(ME) and R(SE) of the
suitable models to further comprehend the performance of the parametric chart.

3.5.1 RME and ME for the suitable models

Let the true model be the standard normal, then it is clear that RME = 0, while
if the true model is the normal power family, the RME becomes:

Kγ(up) − Φ(up) = Φ({ up
c(γ)

} 1
1+γ ) − p.

Using this expression, RME of the normal power family with various values of
γ can be calculated. For example, given p = 0.001, if γ = 0.25, 0.5, 0.75 and
1, then RME = 0.00266, 0.00558, 0.00786 and 0.00935 respectively. For γ < 0,
if γ = −0.5,−0.25, then RME = −0.00100,−0.00098 respectively. Regarding
these negative model errors, one should note the following. Although the result
looks nice in terms of implying a lower false alarm rate, a negative model error
may cause a serious problem in the out-of-control situation, since it weakens the
capability of detecting the shift of the process. The result shows that applying the
normal chart to the observations having normal power distributions causes quite
large model errors. The resulting RME varies from 2.7p, 5.6p to almost 10p.

For distributions outside the normal power family, the use of the normal family
as the restricted model also causes some large RME’s. For example, if the true
model is the standardized Student distribution with 6 degrees of freedom (T ),
then RME = 0.00356, while if the true model is a Random Mixture (RM), then
RME = γ{P (Z1 > up) − p}. In the latter case, when Z1 is distributed as T ,
RME = 0.00356γ. For example, if γ = 0.5, we get RME = 0.00178.

Now, suppose that the true model of the observations is the Deterministic Mixture
(DM) with Z1 the standardized Student distribution with 6 degrees of freedom,
then RME = t− p where t is the value satisfying the following equation:

c(γ){(1 − γ)Φ
−1

(t) + γT6
−1

(t)} = up.

Given p = 0.001, t depends only on the value of γ. In this case, γ = 0.5 leads to
t = 0.00292, and hence RME = 0.00192.
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If the true model is from Tukey’s λ-family, then

RME = P (c(λ){Uλ − (1 − U)λ} > up) − Φ(up),

which depends on the value of λ. In this case, if λ is set to be −0.1, 0 and
0.14, respectively, then the resulting RME will be 0.00471, 0.00267 and −0.00015,
respectively.

Finally, if the true model is from the orthonormal family, the model error can be
written as

RME = P (c(ς){Φ−1(Y ) − E(ς)} > up) − Φ(up).

As stated in the previous section, Y has density function f(y, ς). By selecting
ς = (−0.1,−0.1, 0.1), we get E(ς) = −0.0787, c(ς) = 1.0696 and RME = 0.00113.

In the case that we use the normal power family as the supposed model, then it is
obvious that if the true model is from the normal power family, the model errors
will vanish right away producing ME = 0.

For distributions outside the normal power family, the use of the normal power
family as the general model causes smaller ME as compared to RME. For ex-
ample, if the true model is the standardized Student distribution with 6 degrees
of freedom (T ), then the model error is reduced from 0.00356 to −0.00009, and to
0.00208, respectively if we use γ̂1 and γ̂2 as estimators in the normal power family.

Now suppose the true model is Random Mixture (RM) with Z0 ∼ N(0, 1), Z1 ∼ T6

and weighted parameter 0.5, then (with γi = γi(F )) ME = 0.5P (Z0 > K
−1

γi
(p))+

0.5P (Z1 > K
−1

γi
(p)) − p, which equals −0.00011 and 0.00116, respectively if we

use γ̂1 and γ̂2.

If the true model of the observations is the Deterministic Mixture (DM), with
Z0 is the standardized normal distribution and Z1 is the standardized Student
distribution with 6 degrees of freedom, and weighted parameter 0.5, then ME =
t− p where t is the value satisfying the following equation:

c(0.5){0.5Φ
−1

(t) + 0.5T6
−1

(t)} = K
−1

γi
(p),

where γi = γi(F ).

Given p = 0.001, the model error is reduced from 0.00192 to 0.00016 and to
0.00128, respectively for γ1 and γ2.

For observations having Tukey’s λ-family as the true model with λ set to be −0.1, 0
and 0.14, respectively, RME will be reduced from 0.00471, 0.00267 and −0.00015,
respectively to ME equal to 0.00000, 0.00024 and −0.00010, respectively for γ1

and to ME equal to 0.00225, 0.00133 and -0.00019, respectively for γ2.

Finally, if the true model is from the orthonormal family, the model error can be
written as

ME = P (c(ς){Φ−1(Y ) − E(ς)} > K
−1

γi
(p)) − p,
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where γi = γi(F ).

As stated above, if we use ς = (−0.1,−0.1, 0.1), we get E(ς) = −0.0787, c(ς) =
1.0696 and the model error will be reduced from RME = 0.00113 to ME =
0.00033 and to −0.00031, respectively for γ1 and γ2.

The values of ME together with RME are presented in Table 3.1, in which 1 unit
in the table represents 0.001. In addition, the table also includes the values of
ME using our recommended estimator γ̂ as given in (3.15) where we use 1.1218
instead of 1/ log(u0.05

u0.25
). Indeed, ME using γ̂ equals γ̂2, cf. (3.14) and (3.15). This

table compares RME to ME for various distributions. It shows that in general
the RME’s are reduced tremendously if the supposed model is extended from
the restricted model (normal family) to the general parametric model (normal
power family). For observations from the normal power family the parametric
chart is able to cancel all the model errors, while for observations from outside the
normal power family, this parametric chart manages to reduce the model errors
significantly.

As shown in the table, if the true model is either the standardized Student (T ),
Tukey with λ = −0.1 (TU(−0.1)) or Tukey with λ = 0, (TU(0)) the benefit of
using the parametric chart with the second (or recommended) estimator (γ̂2 or
γ̂) is the reduction of about half of the model error, whereas for other distribu-
tions: Random Mixture (RM), Deterministic Mixture (DM), Tukey with λ = 0.14
(TU(0.14)), and Orthonormal (O), the reduction is about 1

3 . For all distributions
mentioned earlier, the reduction becomes larger if the first estimator (γ̂1) is applied
to the chart.

Table 3.1 Comparison of RME with ME

F0 RME ME
γ̂1 γ̂2 or γ̂

Φ 0.00 0.00 0.00
K−0.5 -1.00 0.00 0.00
K−0.25 -0.98 0.00 0.00
K0.25 2.66 0.00 0.00
K0.5 5.58 0.00 0.00
K0.75 7.86 0.00 0.00
K1 9.35 0.00 0.00
T 3.56 -0.09 2.08
RM 1.78 -0.11 1.16
DM 1.92 0.16 1.28
TU(−0.1) 4.71 0.00 2.25
TU(0) 2.67 0.24 1.33
TU(0.14) -0.15 -0.10 -0.19
O 1.13 0.33 -0.31
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Table 3.1 may suggest that γ̂1 is better than γ̂2 (or γ̂) which is, however, not always

the case for several reasons. The first reason is that the control limit based on γ̂∗1
is computationally more complicated due to the fact that in contrast to h−1

2 (γ̂∗2 )

(or h−1
2 (γ̂∗)) the function h−1

1 (γ̂∗1 ) is not explicitly given. As these functions take
a prominent place in the control limit already in the first order term, their values
should be calculated rather precisely, which is easy for h−1

2 (γ̂∗2 ) (or h−1
2 (γ̂∗)) and

difficult for h−1
1 (γ̂∗1 ).

The second reason is that γ̂2 (or γ̂) is based on order statistics and comes concep-
tually closer to the nonparametric approach, thus being an interesting intermedi-
ate step between assuming much knowledge about the distribution (control chart
based on normality) and no assumptions at all (nonparametric control chart using
very extreme order statistics). For the latter we need a huge amount of data, while
the estimator γ̂2 (or γ̂) uses more common order statistics and can be applied for
the sample sizes that we meet in practice.

The third reason can be observed from the following table, in which the resulting
E(SE) is smaller if we apply γ̂2 (or γ̂ ) than if we apply γ̂1 for observations
having a heavy tailed distribution. Using all those reasons, later in this chapter
we propose a recommended control limit based on the recommended γ estimator
given in (3.16).

The fourth reason is that γ̂2 is different for the lower tail and upper tail. Therefore,
when the distribution is skew, γ̂2 fits the upper tail and lower tail separately, while
γ̂1 chooses only one member of the normal power family. In particular, in case of
a heavy tail on the one hand and a thin tail on the other hand, γ̂1 will adapt to
the heavy tail (since it depends on the fourth moment). As a consequence, there
maybe a large negative model error at the thin tail. Using γ̂2 this is avoided, since
both tails are considered separately.

3.5.2 RSE and SE for the suitable models

Controlling model errors by extending the supposed model from the normal family
to the normal power family is nice. On the other hand, however, larger stochastic
errors may be expected due to the estimation of the additional parameter γ. As
described earlier in this chapter, the relation between model error and stochastic
error in the restricted model and in the general model are given given in (3.1) and
(3.4), respectively. Hence the relation can be used to calculate E(RSE) if E(Pn),
RME, and p are known, or to calculate E(SE) if E(Pn), ME, and p are known.
To calculate E(RSE) and E(SE) in this study we use p = 0.001, whereas E(Pn)
is obtained by simulating the quantity E(Pn) using 3 different sample sizes (n):
100, 250 and 500. As expected, it turns out that the larger the sample sizes, the
smaller E(RSE) or E(SE), as shown in Table 3.2. As in the previous table, in
this table 1 unit equals 0.001.
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Table 3.2 Comparison of simulated E(RSE) with simulated E(SE)

n = 100 n = 250 n = 500
F0 RSE SE RSE SE RSE SE

γ̂1 γ̂2 γ̂1 γ̂2 γ̂1 γ̂2

Φ 0.36 1.26 1.69 0.14 0.46 0.62 0.07 0.22 0.28
K

−0.5 0.00 1.30 2.45 0.00 0.46 0.92 0.00 0.22 0.42
K

−0.25 0.04 1.14 1.82 0.01 0.41 0.69 0.01 0.20 0.31
K0.25 0.78 1.42 1.39 0.30 0.54 0.53 0.15 0.26 0.24
K0.5 1.12 1.64 1.38 0.43 0.65 0.51 0.21 0.32 0.24
K0.75 1.45 1.87 1.37 0.59 0.76 0.50 0.29 0.40 0.23
K1 1.78 2.09 1.36 0.66 0.88 0.51 0.36 0.48 0.24
T 0.74 2.51 1.59 0.31 1.27 0.69 0.16 0.82 0.31
RM 0.53 2.02 1.50 0.21 0.99 0.61 0.11 0.62 0.27
DM 0.53 1.90 1.57 0.21 0.86 0.62 0.11 0.51 0.32
TU(−0.1) 0.90 2.45 1.67 0.36 1.17 0.73 0.18 0.70 0.32
TU(0) 0.62 1.80 1.60 0.24 0.74 0.67 0.12 0.39 0.30
TU(0.14) 0.36 1.21 1.67 0.13 0.43 0.60 0.06 0.20 0.28
O 0.68 1.72 1.59 0.26 0.61 0.55 0.13 0.30 0.22

Table 3.2 shows that for all observations from the normal family, the parametric
chart produces E(SE) about 3 times as large as the normal chart if γ̂1 is applied,
while if γ̂2 (or γ̂) is applied the produced E(SE) will be about 4 times as large.

For the second group of observations which are from the normal power family, the
resulting E(SE)’s are quite variable, and they very much depend on the value
of γ itself. For γ = −0.5 and γ = −0.25, the E(SE) increases more rapidly
than those of the normal chart if γ̂1 is applied in the parametric chart. And it is
getting worse if γ̂2 (or γ̂) is applied to the chart. It is no surprise that E(RSE)
is much smaller for negative γ’s, since the normal chart has such large negative
model error that almost no variation is possible. For γ > 0, the larger the value
of the γ, the larger the resulting E(SE). However, the larger the value of the γ,
the smaller the difference between the resulting E(SE) of the normal chart and
that of the parametric chart, from about twice, if γ = 0.25, to a little bit more
than one, if γ = 1. This situation holds if γ̂1 is applied. If γ̂2 (or γ̂) is applied to
the parametric chart, the produced E(SE)’s are slightly better for γ = 0.25 and
γ = 0.5. For γ = 0.75 and γ = 1, the resulting E(SE)’s are even better than those
of the normal chart.

For the third group of observations which come from distributions outside the
normal power family, the resulting E(SE)’s are about 3 or 4 times as large as
those of the normal chart, for the case in which the parametric chart is based on
γ̂1. If γ̂2 (or γ̂) is used for the parametric chart, the produced E(SE) are slightly
better, being about 2 or 3 times larger.
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Summarizing what has been discussed above, the parametric chart has an advan-
tage over the normal chart in reducing RME substantially. This parametric chart
however, also has a disadvantage due to the estimation of the additional parameter
γ, which causes somewhat larger SE. Since in this case RME is (much) larger
than SE, the disadvantage of the new chart is less important. Nonetheless, in
order to reduce the SE of the parametric chart which can further improve the
performance of the new chart, a strategy similar to that of Chapter 2 is used to
develop a correction term for the chart. The next section explains the derivation
of the correction terms to get a corrected parametric chart.

3.6 Corrected parametric chart

Due to estimation the (observed) false alarm rate is a random variable P , given
by (3.1) or (3.4). We want P to be close to p. To compare the stochastic P
and the deterministic p, several criteria can be used. The most obvious one is to
consider EP and to compare it with p. More generally, we consider a function
g(p), estimate it by g(P ) and compare Eg(P ) with g(p). In particular, we focus
on the functions g given in (2.3).

Elimination of the systematic error is of course not the only criterion. Due to the
variation in the possible outcomes of g(P ) one may require that only in relatively
few cases the prescribed g(p) is exceeded. Corrections (of a stronger type than the
one met here) can be proposed to satisfy such an exceedance probability criterion
which will be given in the following chapter. In the present chapter we restrict
attention to the bias as criterion.

Both theory and simulation results presented in the previous section clearly show
that for sample sizes like n = 100 large stochastic errors occur. Starting with the

control limit µ+σK
−1

γ (p), which has for known parameters µ, σ and γ, probability
p of incorrectly concluding that the process is out-of-control, and subsequently
simply plugging in the estimators, we arrive for Eg(P ) at a value unequal to g(p).
Therefore, we change the starting value p to s, say, in such a way that, when
estimating the parameters, we end up with Eg(P ) = g(p) (or at least close to it).

In other words, we do not use K
−1

γ (p), but K
−1

γ (s) for an appropriate value of

s. Instead of K
−1

γ (s) we write K
−1

γ (p) + c with c being the correction term. One
might argue that the corrected control limit could be obtained by simply adding
a correction term c̃. However, the smaller σ, the smaller the correction term and
hence we give it the form cσ, estimate σ and arrive at

µ̂+ σ∗
(
K

−1

γ̂ (p) + c
)
.

Furthermore, note that the correction term depends on n, p, the function g and γ.
The last parameter is estimated again and one may ask whether this estimation
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step in the correction term gives no renewed bias term. However, the effect here
is much smaller as the correction term itself is of order n−1.

The idea behind the derivation of the correction term is as follows. With a given
correction term c, firstly we give an expression for the bias (as a function of c).
Then we calculate the correction term c such that it eliminates the bias. In order
to do these calculations we have to make many approximations, which are of two

types. There are numerical approximations to complicated functions like K
−1

γ (p)
in order to do the analysis. Secondly, we apply asymptotics with respect to n,
ignoring o(n−1)-terms. The derivation is still complicated, but fortunately leads
to a proposal that can be applied straightforwardly. Later in this section, we
propose a recommended control limit for the parametric chart.

The correction term, which is to be determined later on, is denoted by cu =
cu(µ̂, σ̌, γ̂). This correction term is inserted in the parametric chart to get the
following corrected control limit:

ÛCLc = µ̂+ σ̌{K−1

γ̂ (p) + cu}. (3.17)

Using the control limit given in (3.17), the false alarm rate becomes :

P (Xn+1 > µ̂+ σ̌{K−1

γ̂ (p) + cu}) = P (
Xn+1 − µ

σ
> K

−1

γ (p) + V +
σ̌

σ
cu)

= F0(K
−1

γ (p) + V +
σ̌

σ
cu),

where F0 is the distribution function of σ−1 (Xn+1 − µ) and where

V =
µ̂+ σ̌K

−1

γ̂ (p) −
{
µ+ σK

−1

γ (p)
}

σ
=
µ̂− µ

σ
+
σ̌

σ
K

−1

γ̂ (p) −K
−1

γ (p) .

It is seen from the definitions of our estimators µ̂, σ̌ and γ̂ that, without loss of
generality, we may assume that µ = 0 and σ = 1 and that, since the process is in
the in-control situation, the random variables X1, ..., Xn, Xn+1 have distribution

function F0. As a result, the false alarm rate can be rewritten as F0(K
−1

γ (p) +
V + σ̌cu), where

V = µ̂+ σ̌K
−1

γ̂ (p) −K
−1

γ (p). (3.18)

For V given in (3.18), typically EV and EV 2 are of order O(n−1) and E|V |k =
o(n−1) for k ≥ 3. Hence, the correction term cu for correcting the bias is also of
order O(n−1).

Similarly as in (3.4), for some suitably chosen point γ, g(p) can be expressed as
follows :
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g(F0(K
−1

γ (p) + V + σ̌cu)) = g(p) +
[
g(F0(K

−1

γ (p))) − g(p)
]

+
[
g(F0(K

−1

γ (p) + V + σ̌cu)) − g(F0(K
−1

γ (p)))
]

In this case, the correction term is developed such that the bias of the last term
is very close to 0. Using a Taylor expansion where only the first two terms are
considered, since the other terms are of order smaller than O(n−1), we get:

g(F0(K
−1

γ (p) + V + σ̌cu)) − g(F0(K
−1

γ (p))) ≈

−g′(F 0(K
−1

γ (p)))f0(K
−1

γ (p))(V + σ̌cu)

+ 1
2

[
g′′(F 0(K

−1

γ (p)))f2
0 (K

−1

γ (p)) − g′(F 0(K
−1

γ (p)))f ′
0(K

−1

γ (p)))
]
(V + σ̌cu)

2.

Simplification can be made by ignoring the terms of order V cu, cu(σ̌−1) and (cu)
k

for k ≥ 2. Subsequently, the right hand side of the equation is set equal to 0, also
expectations are taken which leads to the first form of the correction term :

cu1 = −EV +
1

2
EV 2

[
g′′

g′
(F 0(K

−1

γ (p)))f0(K
−1

γ (p)) − f ′
0

f0
(K

−1

γ (p))

]
(3.19)

As mentioned in the former chapter, g can be either one of the following functions
: g(p) = p, g(p) = 1

p , or g(p) = 1 − (1 − p)k, where k = [δ/p] with δ is a small
positive number, depicting a small fraction of the average run length. As a result,
g′′

g′ (p) equals 0, − 2
p , and − (k−1)

(1−p) ≈ −k ≈ − δ
p , respectively. The correction term

can be simplified farther by assuming that F0 is close to Kγ , in which we get :

g′′

g′
(F 0(K

−1

γ (p)))f0(K
−1

γ (p)) ≈ λ̃
f0

F 0

(K
−1

γ (p)), (3.20)

with λ̃ = 0,−2, and −δ, respectively.

Moreover, for a wide class of F ’s we have

f0

F 0

≈ −f
′
0

f0
, (3.21)

see Andrews (1973) for more details and examples.

The last two equations can be used to simplify the correction term given in (3.19)
which lead us to the second form of the correction term as follows:

cu2 = −EV − 1

2
λEV 2 f

′
0

f0
(K

−1

γ (p)),
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where λ = 1,−1, and 1 − δ, respectively.

This form, however, still consists of unknown parts which need to be estimated.
The density of f0 is supposed to be close to kγ , which is the density of Zγ . More-
over, EV and EV 2 depend on the unknown F0, which can be replaced by Kγ .
Hence, in both cases we need to estimate the parameter γ. Finally, we get the
third form of the correction term as follows:

cu = cu(µ̂, σ̌, γ̂) = −ÊV − 1

2
λÊV 2

k′γ̂
kγ̂

(K
−1

γ̂ (p)). (3.22)

Using this correction term, the rule for providing a signal that the process may be
out-of-control reads as

X > µ̂+ σ̌

{
K

−1

γ̂ (p) − ÊV − 1

2
λÊV 2

k′γ̂
kγ̂

(K
−1

γ̂ (p))

}
. (3.23)

From equation (3.23) it is clear that ÊV , ÊV 2, and K
−1

γ̂ (p) become important
factors to calculate the correction term. Using either γ̂1 or γ̂2 as the γ estimator
(see Section 3.4), V can be expressed as

V = µ̂+ σ̌K
−1

h−1
i (γ̂∗

i )(p) −K
−1

h−1
i (γ∗

i )(p).

It turns out that the derivation of ÊV and ÊV 2 involves very complicated ex-

pressions. For that matter, we replace K
−1

γ (p), V , and V 2 by suitable quadratic
approximations.

In the following subsections, consecutively we derive ÊV , ÊV 2, and K
−1

γ̂ (p) to get
the formula of the corrected control limit using γ̂1, γ̂2 and the recommended γ̂.

In order to do the calculations for the correction we make the following quadratic
approximation in γ (with exact fit at the points γ = −0.5, 0, 1)

K
−1

γ (p) ≈
(
0.3849u2

p + 1.4927
√
up − 2up

)
γ2

+
(
0.1925u2

p − 1.4927
√
up + up

)
γ + up.

(3.24)

3.6.1 Corrected control limit using γ̂∗

1

We start with γ̂∗1 to get an estimator of γ, where γ∗1 = EX4
1 is the suitably chosen

point in the parameter space. Regarding function h1 given in Section 3.4, we note
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that, since it behaves as an exponential function, h−1
1 can be well approximated

by

h−1
1 (γ∗1 ) ≈ 0.7363 log(

γ∗1
3

). (3.25)

Inserting (3.25) in (3.24) and applying a second order Taylor expansion gives the
approximation

K
−1

h−1
1 (γ̂∗

1 )(p) −K
−1

h−1
1 (γ∗

1 )(p) ≈ A1(γ̂
∗
1 − γ∗1) +B1(γ̂

∗
1 − γ∗1 )2,

with

A1 =
log γ∗1
γ∗1

(0.4173u2
p + 1.6185

√
up − 2.1686up)

+
1

γ∗1
(−0.3168u2

p − 2.8772
√
up + 3.1188up)

B1 =
log γ∗1
(γ∗1)2

(−0.2087u2
p − 0.8093

√
up + 1.0843up)

+
1

(γ∗1)2
(0.3671u2

p + 2.2479
√
up − 2.6437up).

For the calculation of EV we approximate V by

µ̂+(σ̌−1)K
−1

h−1
1 (γ∗

1 )(p)+A1(γ̂
∗
1 −γ∗1 )+B1(γ̂

∗
1 −γ∗1 )2 +(σ̌−1)A1(γ̂

∗
1 −γ∗1), (3.26)

while for EV 2 we use

V 2 ≈ µ̂2 + (σ̌ − 1)2
(
K

−1

h−1
1 (γ∗

1 )(p)
)2

+A2
1(γ̂

∗
1 − γ∗1 )2 + 2µ̂(σ̌ − 1)K

−1

h−1
1 (γ∗

1 )(p)

+2µ̂A1(γ̂
∗
1 − γ∗1 ) + 2(σ̌ − 1)K

−1

h−1
1 (γ∗

1 )(p)A1(γ̂
∗
1 − γ∗1 ).

(3.27)

The following formulas give approximations for the moments of the estimators µ̂, σ̌
and γ̂∗1 assuming that X1, . . . , Xn are i.i.d. r.v.’s with distribution function F0,
thus having expectation 0 and variance 1. For the derivation of the correction
terms in case of the normal power family, we may restrict to F0 = Kγ for some
γ. However, we need more general formulas in Section 3.7, and therefore we
only assume expectation 0 and variance 1 (and existence of further appropriate
moments). Writing µi = EX i

1, we have
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Eµ̂ = 0, E (σ̌ − 1) ≈ −µ4 − 1

8n
,

E(γ̂∗1 − µ4) ≈ −2µ6 + 3µ2
4 − 5µ4 + 8µ2

3 + 6

n

Eµ̂2 =
1

n
, E (σ̌ − 1)2 ≈ µ4 − 1

4n
, Eµ̂ (σ̌ − 1) ≈ µ3

2n
,

E(γ̂∗1 − µ4)
2 ≈ µ8 − 4µ4µ6 + 4µ3

4 − µ2
4 + 16µ2

3 − 8µ3µ5 + 16µ2
3µ4

n
,

Eµ̂(γ∗1 − µ4) ≈ µ5 − 4µ3 − 2µ4µ3

n
,

E(σ̌ − 1)(γ̂∗1 − µ4) ≈ µ6 − µ4

2n
− µ4(µ4 − 1)

n
− 2µ2

3

n
.

(3.28)

Hence, we get (note that by definition of the ’suitably chosen parameter’ γ∗1 = µ4)

EV ≈ −µ4 − 1

8n
K

−1

h−1
1 (γ∗

1 )(p)

+A1
−2µ6 + 3µ2

4 − 5µ5 + 8µ2
3 + 6

n

+B1
µ8 − 4µ4µ6 + 4µ3

4 − µ2
4 + 16µ2

3 − 8µ3µ5 + 16µ2
3µ4

n

+A1

{
µ6 − µ4

2n
− µ4(µ4 − 1)

n
− 2µ2

3

n

}

(3.29)

and

EV 2 ≈ 1

n
+
µ4 − 1

4n

(
K

−1

h−1
1 (γ∗

1 )(p)
)2

+A2
1

µ8 − 4µ4µ6 + 4µ3
4 − µ2

4 + 16µ2
3 − 8µ3µ5 + 16µ2

3µ4

n

+
µ3

n
K

−1

h−1
1 (γ∗

1 )(p) + 2A1
µ5 − 4µ3 − 2µ4µ3

n

+2K
−1

h−1
1 (γ∗

1 )(p)A1

{
µ6 − µ4

2n
− µ4(µ4 − 1)

n
− 2µ2

3

n

}
.

(3.30)

Returning to the normal power family, we have µi = 0 for odd i and
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µ4 = γ∗1 = EZ4
γ =

√
πΓ(2γ + 5/2)

Γ(γ + 3/2)2
,

µ6 = EZ6
γ =

πΓ(3γ + 7/2)

Γ(γ + 3/2)3
,

µ8 = EZ8
γ =

π3/2Γ(4γ + 9/2)

Γ(γ + 3/2)4
.

The estimated versions of EV and EV 2 are

ÊV ≈ − γ̂
∗
1 − 1

8n
K

−1

h−1
1 (γ̂∗

1 )(p) + Â1
−2µ̂6 + 3(γ̂∗1 )2 − 5γ̂∗1 + 6

n

+ B̂1
µ̂8 − 4γ̂∗1 µ̂6 + 4(γ̂∗1)3 − (γ̂∗1 )2

n
+ Â1

{
µ̂6 − γ̂∗1

2n
− γ̂∗1 (γ̂∗1 − 1)

n

}

(3.31)

and

ÊV 2 ≈ 1

n
+
γ̂∗1 − 1

4n

(
K

−1

h−1
1 (γ̂∗

1 )(p)
)2

+ Â2
1

µ̂8 − 4γ̂∗1 µ̂6 + 4(γ̂∗1 )3 − (γ̂∗1 )2

n

+ 2K
−1

h−1
1 (γ̂∗

1 )(p)Â1

{
µ̂6 − γ̂∗1

2n
− γ̂∗1 (γ̂∗1 − 1)

n

}
,

(3.32)

where Â1 and B̂1 are obtained from A1 and B1, respectively, by inserting γ̂∗1 for
γ∗1 and where µ̂6 and µ̂8 are obtained from µ6 and µ8, respectively, by inserting
h−1

1 (γ̂∗1 ) for γ.

Finally, the control limit including the correction term using γ̂∗1 is given by

µ̂+ σ̌



K

−1

h−1
1 (γ̂∗

1 )(p) − ÊV +
1

2
λÊV 2

u2
p + h−1

1 (γ̂∗1 )

{1 + h−1
1 (γ̂∗i )}c

(
h−1

1 (γ̂∗1 )
)
u

1+h−1
1 (γ̂∗

1 )
p





(3.33)

with ÊV and ÊV 2 replaced by the right-hand side of (3.31) and (3.32), respectively.

Remark 3.6.1 To represent the restricted model of normality, take in (3.33) γ̂∗1
equal to γ∗1 = 3 and hence h−1

1 (γ̂∗1 ) = 0, according to the fact that we do not
need to estimate γ. Moreover, by the same reason disregard the contribution of

K
−1

h−1
1 (γ̂∗)(p) −K

−1

h−1
1 (γ∗)(p) ≈ A1(γ̂

∗
1 − γ∗1 ) + B1(γ̂

∗
1 − γ∗1 )2 in ÊV and ÊV 2. Then

(3.33) reduces to µ̂+ σ̌up+(4n)−1σ̌up{1+λ(u2
p+2)} which is (as it should be) the
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correction term for the control limit based on normality given in (2.33). In this
case, λ equals 1, -1 and 1− δ, respectively for functions g given in(2.3). Also recall
that in Section 2.3 we use σ̂ instead of σ̌, hence we have an extra term 1/(4n)
here. In addition, for the case g(p) = 1/p and g(p) = 1 − (1 − p)k, we get slightly
different results which involve ϕ(u)/p terms (see remark following (2.33)). �

3.6.2 Corrected control limit with γ̂∗

2

For the second estimator γ̂∗2 given in (3.12), insertion of (3.14) in (3.24) and ap-
plication of a second order Taylor expansion gives the approximation

K
−1

h−1
2 (γ̂∗

2 )(p) −K
−1

h−1
2 (γ∗

2 )(p) ≈ A2(γ̂
∗
2 − γ∗2 ) +B2(γ̂

∗
2 − γ∗2 )2,

with

A2 =
log γ∗2
γ∗2





0.7698u2
p + 2.9854

√
up − 4up(

log
uq

ur

)2





+
1

γ∗2

{
−0.5773u2

p − 4.4781
√
up + 5up

log(
uq

ur
)

}

and

B2 =
log γ∗2
(γ∗2 )

2




−0.3849u2

p − 1.4927
√
up + 2up(

log
uq

ur

)2





+
1

(γ∗2 )
2





0.3849u2
p + 1.4927

√
up − 2up(

log
uq

ur

)2 +
0.2887u2

p + 2.2391
√
up − 2.5up

log(
uq

ur
)




.

The following formulas give approximations for the moments of the estimators µ̂,
σ̌, and γ̂∗2 , assuming that X1, . . . , Xn are i.i.d r.v.’s with distribution function F0,
thus having expectation 0 and variance 1. We need these more general formulas in
Section 3.7. For the derivation of the correction terms and the proof of Theorem
3.6.2 we only need these formulas under Kγ . In that case the error terms are
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o(n−1). Writing xq = F−1
0 (1 − q), qn = 1 − [n+ 1 − qn]

n+ 1
, xr = F−1

0 (1 − r),

rn = 1 − [n+ 1 − rn]

n+ 1
we have for q ≤ r (if q > r replace q(1 − r) by r(1 − q))

E (γ̂∗2 − γ∗2 ) ≈ F−1
0 (1 − qn)

F−1
0 (1 − rn)

− F−1
0 (1 − q)

F−1
0 (1 − r)

− q (1 − q)

2nxr

f ′
0

f3
0

(xq)

− 1

nx2
r





q (1 − r)

f0 (xq) f0 (xr)
−

∞∫
xq

yf0 (y) dy

f0 (xq)
−

∞∫
xr

yf0 (y)dy

f0 (xr)
+ 1





+
xqr (1 − r)

2nx2
r

f ′
0

f3
0

(xr) +
xq
nx3

r





r (1 − r)

[f0 (xr)]
2 − 2

∞∫
xr

yf0 (y) dy

f0 (xr)
+ 1




,

E (σ̌ − 1) (γ̂∗2 − γ∗2 ) ≈ 1

2nxr





∞∫
xq

(
y2 − 1

)
f0 (y) dy

f0 (xq)
− µ3





− xq
2nx3

r





∞∫
xr

(
y2 − 1

)
f0 (y)dy

f0 (xr)
− µ3




,

Eµ̂ (γ̂∗2 − γ∗2 ) ≈ 1

nxr





∞∫
xq

yf0 (y)dy

f0 (xq)
− 1 − xq

xr




∞∫
xr

yf0 (y) dy

f0 (xr)
− 1







,
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E (γ̂∗2 − γ∗2)2 ≈ 1

nx2
r





q (1 − q)

[f0 (xq)]
2 − 2

∞∫
xq

yf0 (y) dy

f0 (xq)
+ 1





+
x2
q

nx4
r





r (1 − r)

[f0 (xr)]
2 − 2

∞∫
xr

yf0 (y)dy

f0 (xr)
+ 1





− 2xq
nx3

r





q (1 − r)

f0 (xq) f0 (xr)
−

∞∫
xq

yf0 (y) dy

f0 (xq)
−

∞∫
xr

yf0 (y) dy

f0 (xr)
+ 1




.

Approximating V in a similar way as in Subsection 3.6.1 and noting that in case
of the normal power family we have F0 = Kγ , f0 = kγ and f ′

0 = k′γ , we get

EV ≈ −µ4 − 1

8n
K

−1

h−1
2 (γ∗

2 )(p) +A2(C21 + C22) +B2C23, (3.34)

with

C21 =
F−1

0 (1 − qn)

F−1
0 (1 − rn)

− F−1
0 (1 − q)

F−1
0 (1 − r)

− q (1 − q)

2nxr

f ′
0

f3
0

(xq) +
xqr (1 − r)

2nx2
r

f ′
0

f3
0

(xr)

− 1

nx2
r





q (1 − r)

f0 (xq) f0 (xr)
−

∞∫
xq

yf0 (y) dy

f0 (xq)
−

∞∫
xr

yf0 (y) dy

f0 (xr)
+ 1





+
xq
nx3

r





r (1 − r)

[f0 (xr)]
2 − 2

∞∫
xr

yf0 (y) dy

f0 (xr)
+ 1




,

C22 =
1

2nxr





∞∫
xq

(
y2 − 1

)
f0 (y) dy

f0 (xq)
− µ3





− xq
2nx3

r





∞∫
xr

(
y2 − 1

)
f0 (y) dy

f0 (xr)
− µ3
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and

C23 =
1

nx2
r





q (1 − q)

[f0 (xq)]
2 − 2

∞∫
xq

yf0 (y) dy

f0 (xq)
+ 1





+
x2
q

nx4
r





r (1 − r)

[f0 (xr)]
2 − 2

∞∫
xr

yf0 (y)dy

f0 (xr)
+ 1





− 2xq
nx3

r





q (1 − r)

f0 (xq) f0 (xr)
−

∞∫
xq

yf0 (y)dy

f0 (xq)
−

∞∫
xr

yf0 (y) dy

f0 (xr)
+ 1




.

By a similar approximation as in Subsection 3.6.1, for V 2 we have

EV 2 ≈ 1

n
+
µ4 − 1

4n

(
K

−1

h−1
2 (γ∗

2 )(p)
)2

+
µ3

n
K

−1

h−1
2 (γ∗

2 )(p)

+A2
2C23 + 2A2

(
C24 +K

−1

h−1
2 (γ∗

2 )(p)C22

)
,

(3.35)

with

C24 =
1

nxr





∞∫
xq

yf0 (y) dy

f0 (xq)
− 1 − xq

xr




∞∫
xr

yf0 (y) dy

f0 (xr)
− 1







.

For the normal power family we have µi = 0 for odd i and

µ4 = EZ4
γ =

√
πΓ
(
2γ + 5

2

)

Γ
(
γ + 3

2

)2 .

Moreover,

xq = c(γ)u1+γ
q , f0(xq) =

ϕ(uq)

c(γ)(1 + γ)uγq
, f ′

0(xq) = −
ϕ(uq)

{
u1−2γ
q + γu−1−2γ

q

}

{c(γ)(1 + γ)}2 ,

∞∫

xq

yf0(y)dy = EZγ1Zγ>xq = c(γ)EZ1+γ1Z>uq = c(γ)
∞∫
uq

x1+γϕ(x)dx
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∞∫

xq

(y2 − 1)f0(y)dy = E(Z2
γ − 1)1Zγ>xq = E

{[
c(γ)Z1+γ

]2 − 1
}

1Z>uq

=

∞∫

uq

{[
c(γ)x1+γ

]2 − 1
}
ϕ(x)dx.

The estimated versions of EV and EV 2 are

ÊV ≈ − µ̂4 − 1

8n
K

−1

h−1
2 (γ̂∗

2 )(p) + Â2(Ĉ21 + Ĉ22) + B̂2Ĉ23 (3.36)

and

ÊV 2 ≈ 1

n
+
µ̂4 − 1

4n

(
K

−1

h−1
2 (γ̂∗

2 )(p)
)2

+Â2
2Ĉ23 + 2Â2

(
Ĉ24 +K

−1

h−1
2 (γ̂∗

2 )(p)Ĉ22

)
,

(3.37)

where Â2, B̂2, etc. are obtained from A2, B2, etc. by inserting γ̂∗2 for γ∗2 and
where µ̂4 is obtained from µ4 by inserting h−1

2 (γ̂∗2 ) for γ. Finally, the control limit
including the correction term using γ̂∗2 is given by

µ̂+ σ̌



K

−1

h−1
2 (γ̂∗

2 )(p) − ÊV +
1

2
λÊV 2

u2
p + h−1

2 (γ̂∗2 )

{1 + h−1
2 (γ̂∗2 )}c

(
h−1

2 (γ̂∗2 )
)
u

1+h−1
2 (γ̂∗

2 )
p





(3.38)

with ÊV and ÊV 2 replaced by the right hand sides of (3.37) and (3.38), respec-
tively.

3.6.3 Recommended control limit

For the reasons mentioned earlier, the corrected control limit given in (3.33) is
computationally more complicated than (3.38). However, for practical implemen-
tation the correction term given by (3.38) is also rather complicated. Therefore, in
this subsection we present a simpler approximation and completely explicit con-
trol limit which can be applied straightforwardly. Basically, this control limit is
derived from (3.38) by fitting polynomials in γ and up to

A2, n

[
EV −A2

{
F−1

0 (1 − qn)

F−1
0 (1 − rn)

− F−1
0 (1 − q)

F−1
0 (1 − r)

}]
and n× coefficient of λ.
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This leads to the following control limit

µ̂+ σ̌

{
K

−1

γ̂ (p) − C1 (γ̂)C2 (γ̂) − C3 (γ̂)

n
+ λ

C4 (γ̂)

n

}
, (3.39)

where λ = 1,−1, or 1− δ according to g (p) = p, g (p) = 1
p , or g (p) = 1− (1 − p)k,

k = [δ/p], respectively, and γ̂ is given in (3.15), and where moreover

C1(γ) = −1.23 − 0.63γ + 0.73γ2 + 0.74up − 0.08γup − 0.14γ2up,

C2(γ) =




Φ−1
(

[0.95n+1]
n+1

)

Φ−1
(

[0.75n+1]
n+1

)




1+γ

− 2.43871+γ,

C3(γ) = −10.86 − 27.77γ − 22.36γ2 + 4.72up + 9.98γup + 7.29γ2up,

C4(γ) = −87.23 − 147.89γ − 104.29γ2 + 40.25up + 63.69γup + 44.47γ2up.

Remark 3.6.2 Incidentally,
(
X[0.95n+1]:n −X

)
/
(
X[0.75n+1]:n −X

)
may be neg-

ative. This happens with extremely small probability and therefore it does not
matter much how this is repaired; we may take e.g. the absolute value, leading to

γ̂ = 1.1218 log

(∣∣∣∣∣
X[0.95n+1]:n −X

X[0.75n+1]:n −X

∣∣∣∣∣

)
− 1. �

Next, we will show that for the recommended control limit given in (3.39), Eg(P )
is close to g(p). Hence it fulfills the objective of reducing the bias. For the
estimators µ̂, σ̌ and γ̂ we restrict attention to neighborhoods of µ(= 0), σ(= 1)
and γ. The error involved by this is presented in the following theorem. For
mathematical convenience the formal definition of the estimator γ̂ in the theorem is
the “exact” representation with 1/ log(u0.05/u0.25) instead of its numerical value up
to four decimals 1.1218 (cf. (3.15)). Similarly, we use the “exact” form of C2 with
u0.05/u0.25 instead of its numerical value up to four decimals 2.4387. The difference
due to this replacement is extremely small (e.g. K̄γ(K̄

−1
γ̃ (p)) − K̄γ(K̄

−1
γ (p)) with

γ̃ = 1.1218 log(u0.05/u0.25)
1+γ − 1 is of order 10−7) and is therefore ignored.

Theorem 3.6.1 Let X1, . . . , Xn be i.i.d. r.v.’s with a normal power distribution
with parameter γ. Then for each ε > 0

lim sup
n→∞

n−min(1, 2/(1+γ)) logP
(∣∣X

∣∣ > ε
)
< 0, (3.40)

lim sup
n→∞

n−min(1, 1/(1+γ)) logP
(∣∣S2 − 1

∣∣ > ε
)
< 0 (3.41)
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and

lim sup
n→∞

n−min(1, 2/(1+γ)) logP (|γ̂2 − γ| > ε) < 0. (3.42)

The following proof is based on large deviation theory. Note that for γ > 1,
the moment generating function of Xi, having a normal power distribution with
parameter γ, does not exist and therefore the results of this theorem and the proof
are not quite standard.

Proof. Denote by X(1) ≤ . . . ≤ X(n) the order statistics of X1, . . . , Xn and let
U(1) ≤ . . . ≤ U(n) be the order statistics of the random sample U1, . . . , Un from
a uniform distribution on (0,1). Let 0 < s < 1 be fixed and let j = j(n) satisfy
lim
n→∞

j/n = s. Then, for any ε > 0,

P (X(j) > K−1
γ (s) + ε) = P (U(j) > Kγ(K

−1
γ (s) + ε))

= P

(
n∑
i=1

1Ui>Kγ(K−1
γ (s)+ε) ≥ n− j

)

(3.43)

and by Chernoff’s theorem, see e.g. Bahadur (1971), we get

lim
n→∞

n−1 logP

(
n∑
i=1

1Ui>Kγ(K−1
γ (s)+ε) ≥ n− j

)
< 0.

Similarly, we have

lim
n→∞

n−1 logP (X(j) < K−1
γ (s) − ε) < 0

and hence

lim
n→∞

n−1 logP
(∣∣X(j) −K−1

γ (s)
∣∣ > ε

)
< 0. (3.44)

If 1 + γ ≤ 2, application of Chernoff’s theorem easily gives, for any ε > 0,

lim
n→∞

n−1 logP
(∣∣X

∣∣ > ε
)
< 0. (3.45)

For 1 + γ > 2, the moment generating function of Xi does not exist. However, by
Nagaev (1969), see also Nagaev (1979, formulas (2.31) and (2.32) on page 764), it
follows that
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lim sup
n→∞

n−2/(1+γ) logP
(
X > ε

)
≤ lim
n→∞

n−2/(1+γ) logP (X1 > nε/2)

= lim
n→∞

n−2/(1+γ) logP
(
c(γ) |Z|1+γ sign(Z) > nε/2

)
= − 1

2

(
ε/2
c(γ)

)2/(1+γ)

.

(3.46)

By symmetry, we get

P
(
X < −ε

)
= P

(
X > ε

)

and hence we obtain for γ > 1

lim sup
n→∞

n−2/(1+γ) logP
(∣∣X

∣∣ > ε
)
≤ −1

2

(
ε/2

c(γ)

)2/(1+γ)

. (3.47)

In view of (3.45) and (3.47) we arrive at

lim sup
n→∞

n−min(1,2/(1+γ)) logP
(∣∣X

∣∣ > ε
)
< 0,

thus proving (3.40).

Since

P
(∣∣S2 − 1

∣∣ > ε
)
≤ P

(∣∣S2 − 1
∣∣ > ε,

∣∣X
∣∣ < ε

)
+ P

(∣∣X
∣∣ > ε

)

≤ P

(∣∣∣∣∣
n∑

i=1

(
X2
i − 1

)
∣∣∣∣∣ > (n− 1)ε− nε2 − 1

)
+ P

(∣∣X
∣∣ > ε

)
,

it follows by an argument similar to that in the proof of (3.40) that (3.41) holds
true.

By continuity there exist for each ε > 0 constants εi = εi(ε), i = 1, 2, 3 such that

P (|γ̂2 − γ| > ε) ≤ P
(∣∣X([0.95n+1]) −K−1

γ (0.95)
∣∣ > ε1

)

+ P
(∣∣X([0.75n+1]) −K−1

γ (0.75)
∣∣ > ε2

)
+ P

(∣∣X
∣∣ > ε3

)
.

The result now easily follows from (3.44) and (3.47).

Assume that X1, . . . , Xn are i.i.d. having a normal power distribution with pa-
rameter γ and define

An(ε) =
{
|µ̂| ≤ ε,

∣∣σ̌2 − 1
∣∣ ≤ ε, |γ̂∗2 − γ∗2 | ≤ ε

}

and Acn(ε) its complement, then Theorem 3.6.1 implies
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P (Acn(ε)) ≤ exp
{
−ηnmin(1, 1/(1+γ))

}
for some η > 0

and hence for each ε > 0 we have

P (Acn(ε)) = o(n−1) as n→ ∞.

Since V = µ̂+ σ̌K
−1

γ̂2 (p) −K
−1

γ (p) ( cf. (3.18) ) and γ̂2 = h−1
2 (γ̂2

∗) ( cf. (3.14)),
Taylor expansion gives

EV 1An(ε) = Eµ̂1An(ε) + Eσ̌1An(ε)K
−1

γ (p) −K
−1

γ (p)

+Eσ̌ (γ̂2
∗ − γ∗2 ) 1An(ε)

∂K
−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2

+
1

2
Eσ̌ (γ̂∗2 − γ∗2 )2 1An(ε)

∂2K
−1

h−1
2 (γ∗

2 ) (p)

∂γ∗22

+ o(n−1),

(3.48)

where 1An(ε) is the indicator function of the set An(ε).

Let

D1n(γ) = −µ4 − 1

8n
K

−1

γ (p) + {C21(γ) + C22(γ)}
∂K

−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2

+
1

2
C23(γ)

∂2K
−1

h−1
2 (γ∗

2 ) (p)

∂γ∗22

,

(3.49)

where C21(γ), C22(γ) and C23(γ) are C21, C22 and C23 applied to the normal
power family with parameter γ. Then, using formulas derived in Subsection 3.6.2
we get

EV 1An(ε) = D1n(γ) + o(n−1).

Note that the formulas of Subsection 3.6.2 hold with error term o(n−1) when
X1, . . . , Xn are i.i.d. having a normal power distribution with parameter γ.

Similarly, we have
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EV 21An(ε) = Eµ̂21An(ε) + E
(
σ̌1An(ε) − 1

)2 {
K

−1

γ (p)
}2

+E (γ̂∗2 − γ∗2 )2 1An(ε)




∂K

−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2





2

+2Eµ̂ (σ̌ − 1) 1An(ε)K
−1

γ (p) + 2Eµ̂ (γ̂∗2 − γ∗2 ) 1An(ε)

∂K
−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2

+2E (σ̌ − 1) (γ̂∗2 − γ∗2) 1An(ε)K
−1

γ (p)
∂K

−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2
+ o(n−1)

(3.50)

and hence

EV 21An(ε) = D2n(γ) + o(n−1)

with

D2n(γ) =
1

n
+
µ4 − 1

4n

{
K

−1

γ (p)
}2

+ C23(γ)




∂K

−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2





2

+2
{
C24(γ) + C22(γ)K

−1

γ (p)
} ∂K−1

h−1
2 (γ∗

2 ) (p)

∂γ∗2
.

(3.51)

Noting that

K
−1

γ (1 − qn)

K
−1

γ (1 − rn)
−
K

−1

γ (1 − q)

K
−1

γ (1 − r)
= O(n−1)

it is immediately seen that D1n(γ) = O(n−1) and D2n(γ) = O(n−1).

Remark 3.6.3 Inserting the numerical approximations A2 and B2 given in Sub-
section 3.6.2 in D1n(γ) and D2n(γ) leads to the approximation D̃1n(γ) of EV

and D̃2n(γ) of EV 2 given by (cf. also (3.34) and (3.35))
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D̃1n(γ) = −µ4 − 1

8n
K

−1

γ (p) + {C21(γ) + C22(γ)}A2 + C23(γ)B2

D̃2n(γ) =
1

n
+
µ4 − 1

4n

{
K

−1

γ (p)
}2

+ C23(γ)A
2
2+

2
{
C24(γ) + C22(γ)K

−1

γ (p)
}
A2,

(3.52)

where as before C21(γ), C22(γ), C23(γ) and C24(γ) are C21, C22, C23 and C24

applied to the normal power family with parameter γ. Note that A2 and B2 are
in fact also functions of γ, see Subsection 3.6.2. �

Let

cu1(γ̂2) =

{
−D1n(γ̂2) +

1

2
D2n(γ̂2)

[
g′′ (p)

g′ (p)
kγ̂2

(
K

−1

γ̂2 (p)
)
−
k′γ̂2
kγ̂2

(
K

−1

γ̂2 (p)
)]}

1An(ε).

Since D1n(γ) = O(n−1) and D2n(γ) = O(n−1), we get

Ecu1(γ̂2) = −D1n(γ)+
1

2
D2n(γ)

[
g′′ (p)

g′ (p)
kγ

(
K

−1

γ (p)
)
−
k′γ
kγ

(
K

−1

γ (p)
)]

+o(n−1).

Let

cu2(γ̂2) =

{
−C1 (γ̂2)C2 (γ̂2) −

C3 (γ̂2)

n
+ λ

C4 (γ̂2)

n

}
1An(ε), cf. (3.39) and (3.17),

then

Ecu2(γ̂2) = −C1 (γ)C2 (γ) − C3 (γ)

n
+ λ

C4 (γ)

n
+ o(n−1).

The corresponding false alarm rates are denoted by P (1) and P (2), respectively,
that is

P (j) = Kγ

(
K

−1

γ (p) + V + σ̌cuj(γ̂2)
)
, j = 1, 2.
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The correction term cu2(γ̂) is on the set An(ε) the same as our recommended one.
So, apart from a set with extremely small probability, the false alarm rate of the
recommended control limit equals P (2). Define

Wg(p, γ) = −D1n(γ) +
1

2
D2n(γ)

[
g′′ (p)

g′ (p)
kγ

(
K

−1

γ (p)
)
−
k′γ
kγ

(
K

−1

γ (p)
)]

−
{
−C1 (γ)C2 (γ) − C3 (γ)

n
+ λ

C4 (γ)

n

}
,

then Ecu1(γ̂2) − Ecu2(γ̂2) = Wg(p, γ) + o(n−1).

Theorem 3.6.2 Let X1, . . . , Xn, Xn+1 be i.i.d. r.v.’s with a normal power dis-
tribution with parameter γ. Let g be three times continuously differentiable at p.
Then for sufficiently small ε > 0 we have

E
{
g
(
P (1)

)
1An(ε)

}
= g(p) + o(n−1) as n→ ∞, (3.53)

and

∣∣E
{
g
(
P (1)

)
1An(ε)

}
− E

{
g
(
P (2)

)
1An(ε)

}∣∣

≤
∣∣∣Wg(p, γ)g

′ (p) kγ
(
K

−1

γ (p)
)∣∣∣n−1 + o(n−1)

(3.54)

as n → ∞. For g(p) = p we get
∣∣∣Wg(p, γ)g

′ (p) kγ
(
K

−1

γ (p)
)∣∣∣ ≤ 14.4p for −0.5 ≤

γ ≤ 1, 0.001 ≤ p ≤ 0.01 and hence a maximal relative error equal to 14.4n−1 +
o(n−1) as n→ ∞.

If g is bounded, then E
{
g
(
P (j)

)
1Ac

n(ε)

}
= o(n−1) as n → ∞ for j = 1, 2 and

hence 1An(ε) can be deleted in (3.53) and (3.54).

Proof. Let X1, . . . , Xn, Xn+1 be i.i.d. r.v.’s with a normal power distribution
with parameter γ. Let g be three times continuously differentiable at p and let
ε > 0 be sufficiently small. It is easily seen that both Ecu1(γ̂2) and Ecu2(γ̂2) are
O(n−1) as n → ∞. By Taylor’s expansion, noting that P (Acn(ε)) = o(n−1), we
get for j = 1, 2
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E
{
g
(
P (j)

)
1An(ε)

}
= E

{
g
(
Kγ

(
K

−1

γ (p) + V 1An(ε) + σ̌cuj(γ̂2)
))

1An(ε)

}

= g(p) − E
{
V 1An(ε) + σ̌cuj(γ̂2)

}
g′ (p) kγ

(
K

−1

γ (p)
)

+
1

2
E
{
V 1An(ε) + σ̌cuj(γ̂2)

}2
{
g′′ (p)k2

γ

(
K

−1

γ (p)
)
− g′ (p)k′γ

(
K

−1

γ (p)
)}

+o(n−1)

= g(p) − E
{
V 1An(ε) + cuj(γ̂2)

}
g′ (p) kγ

(
K

−1

γ (p)
)

+
1

2
EV 21An(ε)

{
g′′ (p) k2

γ

(
K

−1

γ (p)
)
− g′ (p) k′γ

(
K

−1

γ (p)
)}

+ o(n−1)

= g(p) − {D1n(γ) + Ecu1(γ̂2)} g′ (p) kγ
(
K

−1

γ (p)
)

+
1

2
D2n(γ)

{
g′′ (p)k2

γ

(
K

−1

γ (p)
)
− g′ (p) k′γ

(
K

−1

γ (p)
)}

+ {Ecu1(γ̂) − Ecuj(γ̂2)} g′ (p) kγ
(
K

−1

γ (p)
)

+ o(n−1)

= g(p) + {Ecu1(γ̂2) − Ecuj(γ̂2)} g′ (p) kγ
(
K

−1

γ (p)
)

+ o(n−1)

as n→ ∞. This completes the proof of (3.53) and (3.54). Numerical calculations

show that
∣∣∣Wg(p, γ)g

′ (p) kγ
(
K

−1

γ (p)
)∣∣∣ ≤ 14.4p for −0.5 ≤ γ ≤ 1, 0.001 ≤ p ≤

0.01 when g(p) = p. If g is bounded, then E
{
g
(
P (j)

)
1Ac

n(ε)

}
= O (P (Acn(ε))) =

o(n−1).

Having developed the correction term, in the following section we perform a sim-
ulation study and some numerical calculations to evaluate the performance of the
recommended chart as compared to the normal chart. It turns out that the rec-
ommended chart given in (3.39) works very well both in reducing the model errors
and the stochastic errors.

3.7 Simulation and other numerical results

A simulation study is performed to see to what kind of improvement the various
steps lead: firstly, extending the restricted model of normality to the larger model
of the normal power family and secondly, the application of the correction terms
in the larger model. For comparison we also consider the restricted model with
correction terms. In the simulation study we want to cover the restricted model
of normality, the normal power family and distributions outside the normal power
family (but not too far away from it).

As criterion we take EP and compare this to p. In terms of Section 3.6 this means
that we take g(p) = p in the simulation study. Similar results as presented here
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hold for the other mentioned functions cf. (2.3). In the simulations we always
choose p = 0.001 and for n we take 100, 250 and 500. Our main attention is
focused on n = 100, since nowadays large samples are usually not available. The
columns at the following tables with n = 250, 500 give an impression of the rate of
convergence. The number of repetitions in the simulation study equals 100, 000.

In the simulation study we take the following distributions (with µ = 0, σ = 1):

Φ: standard normal distribution function;

Kγ : normal power distribution function with γ = −0.5,−0.25, 0(= Φ), 0.25,
0.5, 0.75, 1;

T : standardized Student distribution function with 6 degrees of freedom;

RM : random mixture: 1
2Φ + 1

2T ;

DM : deterministic mixture, given by: DM−1 = c∗
{
Φ−1 + T−1

}
with c∗ a con-

stant to ensure unit variance;

TU : Tukey’s λ-family, with λ = −0.1, λ = 0 (standardized logistic distribution),
λ = 0.14 (very close to the standard normal (outside the tails!));

O: Orthonormal family with k = 3 and (ς1, ς2, ς3) = (−0.1,−0.1, 0.1).

We also calculate numerically two approximations, denoted by App1 and App2.
The first approximation of EP , App1, is obtained by taking into account conver-
gence up to order o(1). Since the correction terms are of order O(n−1), this means
that both for the uncorrected and the corrected control limit App1 equals F 0 (up)
with F0 the distribution function of σ−1 (Xn+1 − µ) when the supposed model is

normality and F 0

(
K

−1

γ (p)
)

with γ the suitably chosen point given by (3.16) when

the supposed model is the normal power family. Hence the first approximation is
related to the (restricted) model error by App1 = p+ (R)ME, see (3.2) and (3.5).

The second approximation is obtained by expanding EP up to terms of order
O(n−1). Note that there are no O(n−1/2)-terms. In general the derivation of
these formulas is as follows. We get, with V given by (3.18),

EP = E
{
F 0

(
K

−1

γ (p) + V + σ̌cu

)}
.

In the uncorrected case we have cu = 0. Furthermore, when dealing with the

restricted model of normality, we take K
−1

γ (p) = up and V = X + Sup − up.

Typically we have that EV and EV 2 are of order O
(
n−1

)
, and E |V |k = o

(
n−1

)

for k ≥ 3. The correction term cu for correcting the bias typically is of order
O
(
n−1

)
. Let F0 have density f0. Ignoring terms of order V k for k ≥ 3 and terms

of order cu (σ̌ − 1), cuV and (cu)
k for k ≥ 2, Taylor expansion gives
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EP ≈ F 0

(
K

−1

γ (p)
)
− f0

(
K

−1

γ (p)
)
E (V + cu) −

1

2
EV 2f ′

0

(
K

−1

γ (p)
)
. (3.55)

App2 is obtained from the right-hand side of (3.55) by taking suitable approxima-
tions of E (V + cu) and EV 2. The formulas are given below in the corresponding
subsections.

In the following subsections, we consider four cases of the supposed model : nor-
mality without correction, normality with correction, normal power family without
correction and normal power with correction. In the latter cases we only use the
recommended γ estimator for the normal power family. Recall that the control
limit depends on the supposed model, on the estimators of the parameters and
on whether we make a correction or not. For convenience the unit in the tables
equals 0.001, thus, for instance, 1.25 means 0.00125.

3.7.1 Supposed model: normality, no correction

As mentioned in the former chapter, assuming that we are in the restricted model
of normality and applying no correction for using estimators, the control limit
simply equals

X + Sup.

For the first approximation of the expected (observed) false alarm rate we get
App1 = F 0 (up) = p+RME with F0 the distribution function of σ−1 (Xn+1 − µ).

The second approximation of EP equals, cf. also (3.28),

App2 = F 0 (up) +
(µ4 − 1) f0 (up)up

8n
−
f ′
0 (up)

{
1 + µ3up + 1

4 (µ4 − 1)u2
p

}

2n
,

where µk is the kth moment under F0.

The simulation results, the first and second approximations are presented in Table
3.3. It is seen from Table 3.3 that the false alarm rate may be completely wrong
if we are not in the restricted model, that is if normality does not hold. This
confirms previous results of e.g. Chan et al. (1988) and Pappanastos and Adams
(1996). However, they only give the total error. By splitting up the total error
in the restricted model error and the restricted stochastic error more insight is
obtained about the roles of misspecification on the one hand and estimation of the
location and scale parameter on the other hand.
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The restricted model error RME is the difference between App1 and 0.001 (= p).
It is illuminating that, while in the middle of the distribution there is hardly any
difference between TU(0.14) and the standard normal distribution, the far tails
are different. The effect of this difference is clearly seen by comparing TU(0.14)
and Φ in Table 3.3. Often it is also stated that in the middle there is not much
difference between normal and logistic distributions. Comparison of TU(0) and Φ
in Table 3.3 shows that for the problem at hand sloppy inspection of the data in
the middle, leading to the conclusion that “normality is not so bad” may produce
serious errors.

Apart from the misspecification the effect of the estimation is also not negligible.
Due to the estimation the total error becomes substantially larger in case of positive
RME’s, which may occur in practice more often than negative RME’s. In the
latter situation the total error is compensated by the (positive) restricted stochastic
error. This, for instance, occurs for TU(0.14). However, such compensation is
in an uncontrolled way and may be far too small (see K−0.25) or may lead to
overcompensation (TU(0.14), n = 100).

Table 3.3 Simulated expected (observed) false alarm rate without correction for
the estimation of the mean and variance and corresponding first and second ap-
proximation assuming normality as model. The unit in the table is 0.001.

F0 simulation App1 App2
n = 100 n = 250 n = 500 n = 100 n = 250 n = 500

Φ 1.36 1.14 1.07 1.00 1.33 1.13 1.07
K

−0.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00
K

−0.25 0.06 0.03 0.03 0.02 0.05 0.03 0.03
K0.25 4.44 3.96 3.81 3.66 4.39 3.95 3.81
K0.5 7.70 7.01 6.79 6.58 7.67 7.02 6.80
K0.75 10.31 9.45 9.15 8.86 10.30 9.44 9.15
K1 12.13 11.01 10.71 10.35 12.17 11.08 10.71
T 5.30 4.87 4.72 4.56 5.37 4.89 4.73
RM 3.31 2.99 2.89 2.78 3.34 3.00 2.89
DM 3.45 3.13 3.03 2.92 3.43 3.13 3.02
TU(−0.1) 6.61 6.07 5.89 5.71 6.66 6.09 5.90
TU(0) 4.29 3.91 3.79 3.67 4.26 3.90 3.79
TU(0.14) 1.21 0.98 0.91 0.85 1.19 0.98 0.91
O 2.81 2.39 2.26 2.13 2.76 2.38 2.26

Clearly, App1 gives an impression of EP , the expected false alarm rate, but is not
very precise. App2 gives a very good prediction of the simulation.
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3.7.2 Supposed model: normality, with correction

Assuming that we are in the restricted model of normality and applying the suit-
able correction term for using estimators as developed in Section 2.3.1, cf. (2.33)
but note we use σ̌ instead of σ̂, the control limit equals

X + Sup +
Sup
4n

(
u2
p + 3

)
.

The correction term is of order O(n−1) and hence App1 is the same as in Table
3.3. In view of (3.55), cf. also (3.28), we get

App2 = F 0 (up) − f0 (up)
up
4n

{
u2
p + 3 − 1

2
(µ4 − 1)

}

−1

2
f ′
0 (up)

1 + µ3up + 1
4 (µ4 − 1)u2

p

n
.

It is seen that indeed App2 = p for F0 = Φ.

The simulation results, the first and second approximations are presented in Table
3.4. Note that App1 is the same as in Table 3.3.

It is seen from the row denoted by Φ in Table 3.4 that the correction for estimation
of the parameters works very well, see also Subsection 2.3.1 for more details.
Comparison of Table 3.3 and Table 3.4 shows that the correction reduces the
stochastic error not only for the normal distribution, but for the other distributions
as well, thus bringing the total errors closer to the restricted model error.

Nevertheless, if normality fails still the false alarm rate may be completely wrong
due to the restricted model error. As a consequence of the bias correction, App1
and App2 are much closer to each other. Again, App2 gives a very good prediction
of the simulation.
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Table 3.4 Simulated expected (observed) false alarm rate with correction for the
estimation of the mean and variance and corresponding first and second approxi-
mation assuming normality as model. The unit in the table is 0.001.

F0 simulation App1 App2
n = 100 n = 250 n = 500 n = 100 n = 250 n = 500

Φ 1.01 1.00 1.00 1.00 1.00 1.00 1.00
K

−0.5 0.00 0.00 0.00 0.00 0.00 0.00 0.00
K

−0.25 0.03 0.03 0.02 0.02 0.03 0.03 0.02
K0.25 3.68 3.67 3.66 3.66 3.65 3.66 3.66
K0.5 6.72 6.63 6.60 6.58 6.71 6.63 6.61
K0.75 9.27 9.03 8.94 8.86 9.28 9.03 8.95
K1 11.10 10.67 10.51 10.35 11.17 10.68 10.51
T 4.64 4.61 4.59 4.56 4.73 4.63 4.60
RM 2.80 2.80 2.79 2.78 2.86 2.81 2.80
DM 2.89 2.91 2.93 2.92 2.90 2.91 2.92
TU(−0.1) 5.86 5.78 5.75 5.71 5.94 5.80 5.76
TU(0) 3.63 3.65 3.66 3.67 3.62 3.65 3.66
TU(0.14) 0.87 0.85 0.85 0.85 0.87 0.85 0.85
O 2.18 2.15 2.14 2.13 2.16 2.14 2.14

3.7.3 Supposed model: normal power family, no correction.

In the present subsection we assume that the observations are from the normal
power family and that we use the recommended γ̂ based on quantiles in the ordi-
nary tail. Then the control limit without correcting for the estimation equals

X + SK
−1

γ̂ (p) .

The first approximation of the false alarm rate is given by App1 = F 0

(
K

−1

γ (p)
)

with γ the suitably chosen point given by

γ = 1.1218 log

(
F

−1

0 (0.05)

F
−1

0 (0.25)

)
− 1. (3.56)

It is related to the model error by F 0

(
K

−1

γ (p)
)

= p +ME, cf. (3.5). Inserting

cu = 0 in (3.55) the second approximation of EP equals

App2 = F 0

(
K

−1

γ (p)
)
− f0

(
K

−1

γ (p)
)
D̃1n − 1

2
D̃2nf

′
0

(
K

−1

γ (p)
)
,

with D̃1n and D̃2n the approximations to EV and EV 2 given by the right hand
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sides of (3.34) and (3.35), respectively. The involved moments µi should be taken
under F0.

Table 3.5 Simulated expected (observed) false alarm rate using γ̂ as estimator
without correction for the estimation of the mean, the variance and the parameter
γ and corresponding first and second order approximation assuming the normal
power family as model. The unit in the table is 0.001.

F0 simulation App1 App2
n = 100 n = 250 n = 500 n = 100 n = 250 n = 500

Φ 2.53 1.59 1.27 1.00 2.26 1.52 1.25
K

−0.5 3.41 1.92 1.42 1.00 3.15 1.89 1.43
K

−0.25 2.73 1.66 1.30 1.00 2.50 1.63 1.30
K0.25 2.39 1.54 1.25 1.00 2.15 1.48 1.23
K0.5 2.34 1.51 1.23 1.00 2.11 1.46 1.22
K0.75 2.33 1.51 1.23 1.00 2.12 1.46 1.22
K1 2.34 1.51 1.23 1.00 2.18 1.48 1.24
T 4.68 3.78 3.39 3.08 4.56 3.73 3.38
RM 3.63 2.76 2.43 2.16 3.44 2.71 2.42
DM 3.78 2.90 2.57 2.28 3.61 2.85 2.55
TU(−0.1) 4.92 3.97 3.58 3.25 4.79 3.93 3.56
TU(0) 3.96 3.00 2.63 2.33 3.75 2.94 2.61
TU(0.14) 2.33 1.41 1.08 0.81 2.11 1.35 1.07
O 2.18 1.23 0.94 0.69 1.82 1.15 0.91

The simulation results and the first and second approximations are presented in
Table 3.5. Compared to Tables 3.3 and 3.4 it is seen from Table 3.5 that the differ-
ence between the expected (observed) false alarm rate and the required value 0.001
is seriously reduced by considering the normal power family as parametric model.
Moreover, when the restricted model of normality holds, the loss is not large. The
second approximation gives a very good prediction of the simulation throughout
the table. This makes it rather easy to analyze and predict the behavior of the
control chart under all kinds of distributions.

3.7.4 Supposed model: normal power family, with correc-

tion.

In order to improve the performance of the parametric chart by reducing the
produced SE, in this subsection we apply the corrected control chart as given in
(3.39). In this case, the control limit equals

X + S

{
K

−1

γ̂ (p) − C1 (γ̂)C2 (γ̂) − C3 (γ̂)

n
+
C4 (γ̂)

n

}
.
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The correction term is of order O(n−1) and hence App1 is the same as in Table
3.5. The second approximation equals, with γ the suitably chosen point given by
(3.56),

App2 = F 0

(
K

−1

γ (p)
)
− 1

2
D̃2nf

′
0

(
K

−1

γ (p)
)

−f0
(
K

−1

γ (p)
){

D̃1n − C1 (γ)C2 (γ) − C3 (γ)

n
+
C4 (γ)

n

}

with D̃1n and D̃2n the approximations to EV and EV 2 given by the right hand
sides of (3.34) and (3.35), respectively. The involved moments µi should be taken
under F0.

Table 3.6 Simulated expected (observed) false alarm rate using γ̂ as estimator and
the recommended version of the control limit with correction for the estimation of
the mean, the variance and the parameter γ and corresponding first and second
approximation assuming the normal power family as model. The unit in the table
is 0.001.

F0 simulation App1 App2
n = 100 n = 250 n = 500 n = 100 n = 250 n = 500

Φ 1.14 1.05 1.02 1.00 1.06 1.02 1.01
K

−0.5 0.77 0.93 0.97 1.00 1.06 1.02 1.01
K

−0.25 1.02 1.01 1.01 1.00 1.08 1.03 1.02
K0.25 1.16 1.05 1.02 1.00 1.02 1.01 1.00
K0.5 1.18 1.05 1.01 1.00 1.01 1.00 1.00
K0.75 1.20 1.05 1.01 1.00 1.03 1.01 1.00
K1 1.21 1.06 1.01 1.00 1.08 1.03 1.02
T 2.91 3.04 3.03 3.08 2.80 2.99 3.03
RM 2.09 2.14 2.14 2.16 2.02 2.11 2.13
DM 2.13 2.21 2.24 2.28 1.99 2.18 2.22
TU(−0.1) 3.12 3.21 3.21 3.25 2.96 3.17 3.19
TU(0) 2.24 2.28 2.28 2.33 2.02 2.22 2.26
TU(0.14) 1.00 0.90 0.85 0.81 0.98 0.88 0.84
O 0.95 0.78 0.73 0.69 0.86 0.75 0.72

The simulation results, the model error and the first and second approximations
are presented in Table 3.6. Table 3.6 shows that the correction for estimation
of the parameters works very well, leading to EP (very) close to p for distribu-
tions from the normal power family. Comparison with Table 3.4 shows that the
corrected control limit based on γ̂ performs much better than the corrected stan-
dard control limit based on normality. Both the restricted model error and the
restricted stochastic error are reduced to an acceptable level by the recommended
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control limit. App2 gives a very good prediction of the simulation, thus making
it easy to analyze and predict the behavior of this control chart for all kind of
distributions.

The recommended control limit gives a simple explicit control limit with small
total error in the normal power family and reasonable total error for distributions
outside this family.

3.8 Discussion

We start the discussion by answering the questions posed in Section 3.2. In this
section, each question will be treated in a separate subsection.

3.8.1 Normality holds

Firstly, suppose that normality holds, then the questions to discuss are : How
large is the difference between SE and RSE? Can RSE and SE be
reduced by (simple) corrections? How large are the corrected SE and
the corrected RSE?

The simulated expected RSE when applying the uncorrected control limit and its
(first and second) approximations are found in Table 3.3 on the row containing Φ
by subtracting p = 0.001 (that is 1 unit) from the corresponding entry. Similarly,
again applying the uncorrected control limit the simulated expected SE and its
approximations are found in Table 3.5 on the row containing Φ, again subtracting
1 unit. It is seen that without correction indeed SE is larger than RSE. However,
by making the appropriate corrections the differences disappear: all the corrected
versions are close to 0.

We may conclude that the larger SE in the uncorrected control limit can be
accurately repaired by an appropriate correction term.

3.8.2 Observations from the normal power family

Now, suppose that the observations are drawn from the normal power family. In
this case, questions like : How bad can RME be? How does this balance
with the larger SE? Can RSE and SE be reduced by (simple) correc-
tions? How large are the corrected RSE and the corrected SE, when
the observations are from the normal power family? are the interesting
topics to discuss.

Concerning RME, which has been discussed more extensively in Section 3.2 and
3.5, the conclusion is clear: RME can be quite large. In the situation where no
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correction takes place we consider the balance between the larger SE and the
possibly large RME. Therefore, we compare the results of Table 3.5 with those of
Table 3.3 for the distributions K−0.5,K−0.25,K0.25,K0.5,K0.75 and K1. It is seen
that RME has a larger effect than SE. Moreover, SE can be corrected, while
RME remains.

Recall that RSE refers to the situation where the supposed model is normality.
Therefore, the corresponding correction terms are based on this assumption. The
correction is not tailored to the normal power family. How well the correction
still helps in these kinds of situations is seen by comparing the lines containing
K−0.5,K−0.25,K0.25,K0.5,K0.75 and K1 in Table 3.4 and Table 3.3. RSE reduces
also for these distributions, but due to the large RME the total error is still (very)
large.

The corrected SE is quite small, see the lines containing K−0.5,K−0.25,K0.25,
K0.5,K0.75 and K1 in Table 3.6.

3.8.3 Outside the normal power family

In the case that the observations are drawn from outside the normal power fam-
ily, the following questions are quite interesting to discuss: How large are the
uncorrected and corrected SE and the uncorrected and corrected RSE,
when we are outside the normal power family and ME is not too big?
How is the total error when applying the corrected control limit with
as supposed model the normal power family and how does this compare
with the total error when applying the corrected control limit with as
supposed model normality?

From the lines containing T,RM,DM,TU(−0.1), TU(0), TU(0.14), O in Tables
3.5 and 3.6 it is seen that the uncorrected SE is substantially improved by appli-
cation of the correction terms (even although they are derived for the parametric
model). Also when supposing normality the correction is very helpful, see the lines
containing T,RM,DM,TU(−0.1), TU(0), O in Tables 3.3 and 3.4.

With respect to the total error the lines containing T,RM,DM,TU(−0.1), TU(0),
TU(0.14), O in Tables 3.3 – 3.6 show the following. The total error is often very
large when using the classical normal control limit, due to a high restricted model
error (and a restricted stochastic error, when no correction is applied). As a first
step the total error is considerably reduced by application of the normal power
family with, secondly, a further great improvement by taking the correction terms
into account.
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3.8.4 Out-of-control

Finally, we focus on discussing the possibility that we have an out-of-control situa-
tion. In this case, we try to answer the following questions: What is the impact
on the out-of-control behavior of the chart? Does the process stop at a
reasonable time when it has gone out-of-control?

Avoiding (apart from a small probability) stopping unexpectedly early during the
in-control period is of course desirable, but this should not be achieved by typically
stopping much later once the process has gone out-of-control. Thus let Xn+1 come
from a shifted distribution function F (x− ∆). For simplicity, and without loss of
generality, we again let µ = 0 and σ = 1 and thus work under the standardized F0.
The shift ∆ is such that the probability of detecting the shift when the distribution
is completely known, that is

p̃ = F 0

(
F

−1

0 (p) − ∆
)
,

is no longer extremely small, like p.

The out-of-control behavior is seen from the results in Table 3.7. For the same
distributions as used in Tables 3.3 – 3.6 we have performed simulations under
F0(x − ∆). For each F0 we have selected two values of ∆ such that reasonable
values of p̃ result. Usually, ∆ = 2 and ∆ = 3 will do, but as γ moves away from
0, the values ∆ = 1 or ∆ = 4 can become more appropriate.

It is seen from Table 3.7 that repairing the damage during in control does not
destroy the out-of-control behavior. Even compared to the situation of exactly
knowing the distribution, which rarely occurs in practice, the recommended con-
trol chart does not loose that much when considering a shifted distribution. For
instance, when normality holds and a shift of 2 standard deviations occurs, the
probability of detecting such a shift goes from 0.138 to 0.101 (n = 100), 0.120
(n = 250) or 0.128 (n = 500). With these probabilities correspond average run
lengths going from 7.3 to 9.9 (n = 100), 8.3 (n = 250), or 7.8 (n = 500), which
indeed is not a tremendous change. For distributions outside the parametric model
there may be even a gain w.r.t. the case of completely known distribution, which
is due to the model error, see Table 3.6.

From the discussion above as well as the tables presented in Section 3.5 we con-
clude that the use of a classical normal control limit very often leads to a large
total error. This is mainly due to the large restricted model error. Although the
correction for estimating the mean and the variance is very useful in reducing the
restricted stochastic error (even when normality does not hold), the model error
often dominates and causes a large total error.

In comparison, the (corrected) control limits based on the normal power family
work very well, also outside the normal power family. The recommended control
limit is completely explicit and can be calculated quite straightforwardly. It has a
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very good approximation (App2), which makes it possible to predict in an accurate
way the behavior of this control chart under all kind of distributions. The out-of-
control behavior is still reasonably good, meaning that the process will stop at a
reasonable time when it has gone out-of-control.

Table 3.7 Simulated values of E∆P , the expected (observed) probability of pro-
ducing an out-of-control signal under F0(x − ∆), using γ̂ as estimator and the
recommended version of the control limit with correction for the estimation of the
mean, the variance and the parameter γ, with in the column p̃, the probability of
producing an out-of-control signal when the distribution is completely known.

F0 ∆ p̃ n
100 250 500

Φ 2 0.138 0.102 0.120 0.128
3 0.464 0.346 0.410 0.436

K−0.5 1 0.227 0.144 0.190 0.208
2 0.500 0.477 0.496 0.499

K−0.25 1 0.058 0.040 0.049 0.053
2 0.355 0.261 0.314 0.335

K0.25 2 0.049 0.043 0.046 0.047
3 0.210 0.168 0.190 0.199

K0.5 3 0.082 0.083 0.080 0.080
4 0.300 0.257 0.292 0.305

K0.75 3 0.036 0.046 0.038 0.036
4 0.119 0.151 0.141 0.129

K1 3 0.018 0.029 0.021 0.019
4 0.053 0.097 0.072 0.059

T 2 0.016 0.068 0.072 0.071
3 0.088 0.254 0.297 0.311

RM 2 0.040 0.081 0.091 0.095
3 0.217 0.293 0.349 0.372

DM 2 0.045 0.082 0.092 0.097
3 0.234 0.295 0.353 0.377

TU(−0.1) 2 0.012 0.055 0.055 0.054
3 0.052 0.213 0.237 0.244

TU(0) 2 0.036 0.070 0.076 0.078
3 0.188 0.259 0.306 0.325

TU(0.14) 2 0.148 0.099 0.118 0.126
3 0.481 0.339 0.406 0.431

O 2 0.097 0.062 0.071 0.076
3 0.340 0.224 0.263 0.280
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3.9 Concluding remarks

The failure of the normality assumption imposed on the underlying distribution
causes model error and stochastic error. Section 3.2 exposes the problem at
hand by discussing the notion of these errors in the restricted and general model.
Some questions related to restricted stochastic error (RSE), restricted model er-
ror (RME), stochastic error (SE) and model error (ME) are well thought-out in
this section. From the discussion and example given in this section it is seen that
RME can be quite large. Often RME is several factors larger than the prescribed
p. Therefore, if normality fails, there is a need for a larger model, thus reducing
the model error.

In general, extending the normal family to a larger model causes some techni-
cal difficulties due to the comprehensive conditions and precision required for an
appropriate general model. Among the suitable models discussed in Section 3.3,
only the normal power family seems to be tractable. Hence this family, which has
parameters (µ, σ, γ), is chosen to be the general model and used to construct a
new parametric control chart. Section 3.4 presents the characteristics of the new
chart. The estimated control limit of this chart is given in (3.8), where γ can be
estimated using (3.10) or (3.14). However, our recommended γ estimator is given
in (3.15).

As shown in Section 3.5, applying the new parametric model to the control limits
manages to reduce most of the model errors substantially. The new model however,
increases the stochastic errors due to the estimation of the additional parameter
γ. To improve the performance of the parametric chart, a correction term based
on the bias criterion is developed in Section 3.6 and applied in the control limit cf.
(3.17). Using the first γ estimator, the corrected control limit is given in (3.33),
while if we use the second γ estimator, the corrected control limit is given in (3.38).
Since these control limits are not so easy to calculate, we recommend a simpler
control limit which is given in (3.39).

To evaluate the theoretical results as well as the performance of the recommended
chart as compared to the normal chart we perform a simulation study and some
numerical calculation in Section 3.7. Firstly, we use normality, followed by a nor-
mal power family as a supposed model. Each model is evaluated without and with
the corresponding correction term. The results show that the recommended chart
works very well both in reducing the model errors and the stochastic errors for
distributions from the normal power family as well as for distributions outside the
normal power family. Also in this section we calculate numerically two approxi-
mations of EP , the expected false alarm rate. The first approximation, App1, is
obtained by taking into account convergence up to order o(1). The second approx-
imation, App2, is obtained by expanding EP up to and including terms of order
O(n−1). The numerical result shows that although App1 gives an impression of
EP , it is not very precise. On the other hand, App2 gives a very good prediction
of the simulation.



3.9 Concluding remarks 109

Finally, section 3.8 is devoted to discuss the questions posted in Section 3.2. Subse-
quently we evaluate the case when normality holds, the case when the observations
are drawn from the normal power family, the case when the observations are drawn
from outside the normal power family, and the case of an out-of-control situation.

From the discussion presented in this section, we conclude that the classical normal
control limit is unreliable with often a very large total error, mainly due to the
large RME. Although the correction for estimating the mean and the variance is
very useful in reducing the RSE (even when normality does not hold), the model
error often dominates and causes a large total error.

As a solution to this problem, we propose (corrected) control limits based on the
normal power family which turn out to work very well, also outside the normal
power family. Our recommended limit as given in (3.39) is completely explicit and
can be calculated quite straightforwardly. It has a reliable approximation (App2),
which makes it possible to predict in an accurate way the behavior of this control
chart under all kind of distributions. Moreover, the out-of-control behavior is not
dropping off dramatically; the process will stop at a reasonable time when it has
gone out-of-control.





Chapter 4

Parametric Approach:
Controlling the exceedance

probability

Common control charts assume normality and known parameters. Quite often
these assumptions are not valid and large relative errors result in the usual per-
formance characteristics, such as the false alarm rate or the average run length.
A fully nonparametric approach can form an attractive alternative to solve such
problem, but requires more Phase I observations than are usually available in
practice. Sufficiently large parametric families then provide realistic intermediate
models.

Continuing what has been done in the previous chapter, the performance of charts
based on a normal power family is considered in the present chapter. Exceedance
probabilities of the resulting stochastic performance characteristics during in-
control process are studied. Corrections are derived to ensure that such prob-
abilities stay within prescribed bounds. Attention is also devoted to the impact of
the corrections for an out-of-control process. Simulations are presented both for
illustration and to demonstrate that the approximations obtained are sufficiently
accurate for use in practice.

4.1 Introduction

In Chapter 3, the problem caused by imposing the normality assumption on the
underlying distribution is discussed. In the case that the actual observations are
not from the normal family, very large model errors, which reflect the difference
between the assumed model and the true model, may occur. The greater the differ-
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ence between the two models, the larger the model errors that may be produced.
To deal with this problem, the previous chapter proposes a parametric control
chart having a normal power family as the supposed model. It has been shown in
that chapter that the new chart is able to reduce the model errors from various
distributions substantially. However, this parametric chart also causes a serious
stochastic error as a result of estimation of an additional parameter. Therefore, in
order to reduce this stochastic error, a correction term based on a bias criterion
has been developed in the same chapter. The corrected parametric chart is shown
to perform very well, both in the in-control and in the out-of-control situation.

Briefly reviewing what has been discussed up to now, consider the following stan-
dard control chart procedure: the mean of a production process is monitored by
means of a normal chart. Each new value is compared with a given upper and
lower limit and an out-of-control signal results if either one of these two limits
is exceeded. Usually normality of the distribution involved is taken for granted
and it only remains to estimate its parameters using Phase I observations. The
outcomes are plugged into the expressions for the limits and the estimated chart
is expected to behave as if it were based on known values. However, by now it is
known that this unfortunately is too optimistic. To explain why this is so, note
that the desired value p for the probability of getting a signal while in fact the
in-control situation still persists, usually is extremely small, like p = 0.001. Now
the estimation error based on a common sample size like 50 will in itself be rather
small. However, in comparison to a value like 0.001, the error will be unpleasantly
large. In other words, the relative errors involved will be much larger than antic-
ipated. This results in an increased rate of very short runs and also a few more
very long runs between false signals.

This situation can be repaired by applying suitable corrections to the estimated
limits. In the previous chapter, a bias criterion under the following scenario is
used to derive a correction term for the control limit. Due to the estimation, p is
replaced by a stochastic version Pn, where n is the number of Phase I observations
used and typically Eg(Pn) will differ considerably from g(p) for the usual functions
of interest (see (2.3)). For each of these three choices, suitable corrections have
been derived in Section 2.3. In this way the n required in order to arrive at an
acceptably small bias, can be brought down from about 300 to about 40. This is
gratifying, but we should realize that the bias criterion is rather mild, as it only
corrects the average behavior of the chart over a long series of applications.

If instead we are more interested in what may happen for a single application,
we should focus on the distribution of the random variable Pn around p, rather
than just look at its average behavior (or that of g(Pn)). The fact that this
distribution typically is asymptotically normal, clearly implies that P (Pn > p)
will tend to 1

2 as n becomes large. The bias corrections mentioned above merely
speed up this convergence and help to avoid that one has to start for smaller n
with exceedance probabilities well above this 1

2 . Thus quite naturally, p will be
close to the 50%-quantile of the distribution of Pn. Obviously, this can be felt to be
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much too liberal, and hence that it is important in control chart implementation
to correct the estimated limits in such a way that p will be (close to) the upper
α-quantile of the distribution of Pn for some sufficiently small α, like 0.1 or 0.2.
In other words, it is desired that the distribution of Pn is shifted to the left such
that P (Pn > p) = α. A slightly relaxed version of this criterion is obtained by
allowing the upper α-quantile in question to equal p(1 + ε), rather than p itself,
for some small ε ≥ 0, like ε = 0.1. In this way, only in a fraction α of the
applications, one is faced with a value of Pn which is really too large in the sense
that it exceeds not only p, but even p(1 + ε). Using once more the functions g
then finally leads to requiring P (g(Pn) > g(p)(1 + ε)) = α for increasing g and
P (g(Pn) < g(p)(1 − ε)) = α for decreasing g. Clearly, for ε = 0, g plays no role,
as e.g. P (Pn > p) = P (1/Pn < 1/p).

It is good to note that the so obtained exceedance criterion has to be interpreted
with some care, as two steps are actually involved. First, one has the probability
of getting a signal, which occurs if a limit of the chart is exceeded. As these limits
are estimated, this probability Pn will be stochastic, as it depends on the Phase
I observations used. The next step involves the form of exceedance on which the
criterion focuses: does the Pn obtained in its turn exceed some reasonable bound
like p(1+ε)? Also observe that the criterion amply allows to study the behavior of
the run length (RL) distribution itself, and not just that of the signal probability
Pn. As mentioned above, the (conditional!) expectation 1/Pn, which is the now
stochastic ARL, can be monitored. Or likewise, P (RL ≤ k) = 1 − (1 − Pn)

k can
be compared to {1 − (1 − p)k}(1 + ε).

Adaptations of this second type are obtained in Subsection 2.3.2 for each of the
three types of g under consideration. As this second criterion is more strict, it is
not surprising that the corresponding corrections are of a larger order of magnitude
than those required for the bias case. In fact, the orders involved are n−1/2 and
n−1, respectively. Consequently, the impact on the out-of-control behavior will
also be stronger when using this exceedance probability criterion. Note that this
could mean a serious problem: if bringing the in-control behavior under control
(i.e. getting g(Pn) sufficiently close to g(p) in a suitable sense) would result in
a substantially lowered detection power once the process goes out-of-control, the
price for the protection might be judged to be too high. Fortunately, however,
the effects during the out-of-control stage will typically be sufficiently moderate.
To understand why this is the case, note that during this stage the extremely
small p from the in-control situation has increased to some p1 which may still be
small, but no longer extremely so. The change caused by applying a correction to
the estimated control limits will be of the same order of magnitude for p and p1.
However, in terms of relative change, the impact on p1 will be much more mild.

Hence according to the above, the practitioner can choose between a weak and a
strong form of protection, at a low or moderate price, respectively, and it may seem
that the problem has been satisfactorily solved. However, note that actually we
have only repaired the effect of the unwarranted assumption that estimation effects
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are negligible. The other dubious assumption, according to which the distribution
involved is simply normal, still stands. In fact, this second assumption is even
more cumbersome. As n increases, eventually the estimation effects will decrease
and SE will become negligible. On the other hand, deviations from normality
cause an ME that does not go away, no matter how large n is chosen. Again the
extremity of the quantiles involved transforms this into a major problem: in the
middle of the distribution, the normality assumption may be reasonable, but in
the far tail the relative errors caused can be unacceptably large.

A logical next step thus is to acknowledge the possibility of an ME and to search
for a compromise which keeps this ME within bounds without letting the SE
explode. To see that the latter can easily happen, just go from the simple nor-
mal model to the other opposite, the fully nonparametric model. There, using
the empirical quantiles, the ME indeed vanishes. But for typical configurations
like p = 0.001 and n = 100, the stochastic error will clearly be overwhelming.
Consequently, a family which is larger than the normal, but still parametric, is an
attractive type of compromise to look for. Such families were studied in Section
3.4 and there a specific choice, based on the normal power family, was demon-
strated to work well (see Section 3.5). For a broad class of distributions, the ME
is controlled much better using this choice than under the simple normal model,
where unacceptably large errors occur. The price for this improvement is of course
a somewhat higher SE: here not only the mean and standard deviation need to
be estimated (as in the normal model), but also the best fitting member of the
available parametric family. But for such a parametric family as well, corrections
can be derived to bring the SE under control. In analogy to the normal case, again
two types of criterion suggest themselves: bounding the bias versus bounding the
exceedance probability. The focus of Chapter 3 is on the bias reduction and it
was shown that with respect to this criterion, accurate control limits can indeed
be obtained.

In view of the above it is clear that it is of great interest to study parametric
charts when the criterion is based on exceedance probabilities, and this will be
the topic of the present chapter. From the four situations, normal chart with
bias correction, normal chart with exceedance probability as criterion, parametric
control chart with bias correction and parametric chart dealing with exceedance
probability, the latter is the most ambitious one. We will now simultaneously try
to control the occurrence of unpleasant values of Pn, as well as the occurrence of
ME’s which are unacceptably large. The question will be whether this still can
be achieved for reasonable sample sizes without destroying the power of detection
during the out-of-control situation.

The present chapter is organized as follows. In Section 4.2 the characteristics of
the parametric chart are briefly reviewed, then correction terms are derived based
on the exceedance probability criterion in the following section. Such corrections
are indeed larger than those of the bias criterion since the new criterion is more
severe. Section 4.4 again specializes to the normal power family and presents
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a completely specific proposal for that situation. This proposal is subsequently
investigated in a simulation study. It turns out to work quite well: without it,
the exceedance probabilities are unacceptably large, whereas after correction the
values obtained are indeed close to the desired α. Next, Section 4.5 is devoted to
studying the impact of the correction on the out-of-control behavior. As expected,
it turns out that the effect can be substantial. Guidelines are given to check
whether it is acceptable for the values of n, p and α at hand, or adaptations, such
as a larger sample size, are called for. Again a simulation study is presented to
support and illustrate the recommendations given. The final section summarizes
the conclusions.

4.2 Characteristics of the parametric chart

The notion of the parametric control chart has been introduced in Section 3.4. In
addition, the advantages and disadvantages of using this chart have been discussed
in Section 3.5. The present section provides a brief review on the characteristics
of this parametric chart.

Consider i.i.d. r.v.’s X1, . . . , Xn, Xn+1 from some distribution function (d.f.) F .
The first n of these r.v.’s come from Phase I and form the basis for the estimation
step; the last r.v. belongs to Phase II, the monitoring stage. Clearly, as all (n+1)
r.v.’s come from the same F , we have the in-control situation as our starting
point. If F is supposed to be N(µ, σ2), the proper UCL for a certain p simply
equals µ + upσ. The fact that µ and σ are unknown requires these parameters
to be replaced by customary estimators leading immediately to the estimator of
UCL given in (2.1).

However, if normality is not taken for granted, a more general model should be
selected and the question is what choices might be suitable. Along the lines of
Section 3.4, we argue as follows. To begin with, the broader model selected should
contain the normal family as a submodel. After all, approximate normality always
will be the starting point. On the one hand, we want to be protected against the
errors caused by this mere approximate validity of the normality assumption, as
such errors can be quite serious in view of the tail probabilities we are dealing
with. But on the other hand, if normality happens to be perfectly true after all,
we want our model to be able to produce a normal distribution as the best fitting
candidate. In other words, simply trading in the normal family for some heavier
tailed one (like some Student’s t with a fixed number of degrees of freedom), is no
reasonable option.

A possible alternative might be to let the Phase I data decide between either the
normal family or such a heavier tailed alternative family. But this is a rather
“jumpy”solution. It seems more attractive to move smoothly from the normal
family toward a heavy tailed one. To be explicit, a general model could e.g.
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be a mixture (either random or deterministic) of a normal and a t-distributed
random variable with a rather small number (say 6) of degrees of freedom. In
addition to µ̂ and σ∗, a third estimator would be required for the mixing parameter.
Unfortunately, this proposal leads to unpleasant technicalities when one tries to
apply it, stemming from the fact that the normal case lies on the boundary.

Yet another attractive possibility is available, however, for which such problems

do not arise. Note that the standardized upper limit (ÛCL− µ̂)/σ∗ in (2.1) simply
equals up. For heavier tails, this value should increase, while for lighter tails the
opposite should happen. This readily suggests to generalize up into a power like
u1+γ
p . Obviously γ > 0 (< 0) corresponds to heavy (light) tails, with the normal

case as an interior point for γ = 0. The so obtained normal power family has
intuitive appeal, is flexible, contains the normal, and moreover clearly covers a
broad range of distributions. Consequently, it will be the choice we shall adopt in
the present chapter as well.

Instead of simply working under the model X = µ + σZ, in which Z has d.f. Φ,
with the new model suppose that X = µ+ σZγ , with γ, Zγ and c(γ) as given in
Section 3.4. The d.f. of Zγ is denoted byKγ and its upper p-quantile (0 < p < 1/2)
is given in (3.7). The difference between the normal chart and the normal power
chart is that for the latter up in (2.1) needs to be replaced by c(γ̂)u1+γ̂

p , which
indeed corresponds to the basic idea suggested above.

Regarding the parameters µ and σ, we used the same estimators as given in Chap-
ter 3, where µ̂ = X̄ and σ̌ = S are used, respectively to estimate µ and σ. And as
concerns the choice for the required estimator of γ, we point out that a kurtosis-
type estimator, cf. (3.11), has an obvious appeal when worrying about heavy tails.
We investigated this possibility and indeed the resulting γ̂1 performs quite well for
a large variety of symmetric distributions.

However, it is not our aim to fit the distribution globally, but only at the (far)
right tail. This is done by concentrating on the ordinary tail (where we have
observations), assuming that the behavior of the ordinary tail is informative for
the far tail. Thus the restriction to symmetry occurring in the normal power
family can be taken for granted. Consequently, instead of using all observations,
we prefer to concentrate on the upper tail resulting in γ̂2 as given in (3.14). More
particularly, we recommend γ̂ as given in (3.15). The chosen estimator for γ can
then be applied to the estimated control limit of the parametric chart as given in
(3.8).

For the performance of the general parametric chart based on the normal power
family, in terms of the produced (R)ME and (R)SE see Section 3.5. It turns
out that the parametric chart has an advantage over the normal chart, since the
new chart manages to reduce RME of the suitable models substantially. Hence,
the parametric chart produces sufficiently small ME’s for those suitable models
compared to the normal chart.



4.3 Exceedance probabilities and correction
terms 117

However, we also have to take the opposite side of the picture into account: the
comparison of the various SE′s. In this respect, clearly the parametric chart is
at a disadvantage. Not only µ and σ need to be estimated here, but γ as well.
The question is whether the effects of the resulting increase of SE are sufficiently
small to be outweighed by the above illustrated gain with respect to ME. In
Section 3.5 this was shown to be true for the case where bias is the performance
criterion. Adequate corrections were derived in Section 3.6, resulting in charts
which combine small ME with small expected SE. But in the present chapter
we are interested in bounding exceedance probabilities rather than in bounding
bias. As argued in the introduction, this type of criterion has a larger impact and,
in particular, it will necessitate larger corrections. In the next section we shall
analyze how this works out.

4.3 Exceedance probabilities and correction

terms

In this section we temporarily take a general parametric family with d.f. Kγ . In
order to be able to correct the behavior of the parametric chart, we replace the

ÛCL = µ̂+ σ̌K
−1

γ̂ (p) by

ÛCLc = µ̂+ σ̌K
−1

γ̂ (p) + σce(γ), (4.1)

in which ce(γ), or ce for short, will be an appropriate correction term with the
corresponding estimated version ce(γ̂) or ĉe for short; different estimators give
different functions ce. Obviously, by letting ce = 0, we will always be able to

reproduce the uncorrected charts, as ÛCL0 = ÛCL. Before embarking on the
precise definition of ce, it may be illuminating to take a qualitative preview of
what to expect. The convergence of g(Pn) toward its limit may be slow, but in
the long run any corrections, whether dealing with bias or with exceedance proba-
bility, should become negligible. Hence ce will typically be small in comparison to

K
−1

γ (p). Moreover, it will be a deterministic function of the parameters involved:
the sample size n, the intended signal probability p, the yet to be specified crite-
rion parameters and, of course, the third model parameter γ. In fact, this latter
dependence we already indicated specifically by writing ce = ce(γ) in (4.1). This
was also done to make explicit that, in view of the structure chosen in (4.1), the
correction ce will depend on γ, but not on µ or σ. To allow application of the cor-
rection, the third model parameter γ has to be estimated again but, as ce is small,
the error involved in replacing σce = σce(γ) by σ̌ĉe = σ̌ce(γ̂) will be negligible.

Next, we will make explicit what imposing the exceedance criterion on ÛCLc from

(4.1) means. Let UCL = µ+σK
−1

γ (p) be the limit in probability of µ̂+ σ̌K
−1

γ̂ (p).

As Pn equals F (ÛCLc), the question now is how likely it is that g(Pn), for example
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for the three choices of g given in (2.3), differs too much from its corresponding
limit value g(F (UCL)). To be more precise, we introduce the relative error

Wc =
g(F (ÛCLc))

g(F (UCL))
− 1, (4.2)

with W = W0 corresponding to the uncorrected case. Once more note that we
are only dealing with SE here. Note that ME = g(F (UCL)) − g(p), which
hopefully has been made small by using a larger family, remains a given quantity,
no matter how large a sample size we choose. For increasing g (like g(p) = p or
g(p) = 1− (1− p)k), we impose the following exceedance probability criterion: for
certain small non-negative ε and small positive α,

P (Wc > ε) ≤ α. (4.3)

For decreasing g (like g(p) = 1/p), instead consider P (Wc < −ε) in (4.3). However,
as in previous chapters, we always assume that g is increasing in the present
chapter, unless explicitly stated otherwise.

After specifying the criterion, we can derive ce as a function of n, p, α, ε and
γ. In the present chapter we use notations E0 and P0 to denote expectation and
probability, respectively, under F0 (i.e. for the case where we simply have µ = 0
and σ = 1). Recall that F0 denotes the d.f. of (Xn+1 − µ)/σ. We assume the
natural condition that (µ̂− µ)/σ, σ̌/σ and γ̂ have the same distribution under F
as µ̂, σ̌ and γ̂ under F0, respectively. This condition obviously holds for µ̂ = X,
σ̌ = S and γ̂ or γ̂2. Let

b0 = F
−1

0 (g−1({g(F 0(K
−1

γ (p)))(1 + ε)})). (4.4)

As ε is supposed to be small, this implies that b0 −K
−1

γ (p) ≈ −εQ, with

Q = g(F 0(K
−1

γ (p)))/{g′(F 0(K
−1

γ (p)))f0(K
−1

γ (p))}, (4.5)

where, as before, f0 is the corresponding density f0 = F ′
0.

In this case we have:

Lemma 4.3.1 Suppose V from (3.18) satisfies V/(E0V
2)

1
2
P0→ N(0, 1), then

limn→∞ P (Wc > ε) = α holds for

ce = (E0V
2)

1
2uα + b0 −K

−1

γ (p). (4.6)
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Proof.
Note that (4.3) translates into P (ÛCLc < b) ≤ α, where b is b0 from (4.4) with F

rather than F0 and UCL instead of K
−1

γ (p).

Consequently, b = µ + σb0. From (4.1) it follows that P (ÛCLc < b) = P ((µ̂ −
µ)/σ + (σ̌/σ)K

−1

γ̂ (p) + ce < b0) = P0(V + ce < b0 −K
−1

γ (p)), with V as in (3.18).
The desired result now is immediate in view of the conditions on V .

Typically E0V and E0V
2 are of order n−1 and hence the “standardization”of V

reduces to V/(E0V
2)

1
2 . Next, we study the behavior of ce from (4.6) in relation

to the underlying parameters. Of main interest in this respect are n and ε.

1) role of n

Implicitly n is present in (4.6) through (E0V
2)

1
2 , which is typically of order n− 1

2 .
Note that this will indeed be the case for the normal power model, with µ̂ = X,
σ̌ = S and γ̂ or γ̂2. Also observe that this order n− 1

2 is considerably larger than
the order n−1 from the bias case (see Section 2.3). Nevertheless, as n increases,
this part of ce will eventually become negligible. The speed of the convergence
will decrease as the number of parameters to be estimated increases. For the
normal chart from (2.1), (3.18) boils down to V = µ̂+(σ̌− 1)up and thus E0V

2 ≈
(u2
p + 2)/(2n). For the normal power family, in addition to µ and σ we need to

estimate γ, and E0V
2 will be larger.

2) role of ε

First of all, for the boundary case where ε = 0, we have from (4.4) that b0 =

K
−1

γ (p) and the second part of (4.6) vanishes, as should be the case. As ε is
small, this part can moreover be approximated by −εQ, with Q given by (4.5). To
simplify this a bit further, we can apply a similar argument as in Subsection
2.3.2 as follows. Let h(p) = g(p)/{pg′(p)}. For g(p) = p we get h(p) = 1,
for g(p) = 1/p we find h(p) = −1, while for g(p) = 1 − (1 − p)k we obtain
h(p) = (1−p)

{
(1 − p)−k − 1

}
/(kp)≈ (ekp−1)/(kp). Usually kp will be small and

in the last case h(p) ≈ 1+(kp)/2. As a result we obtain as a further approximation

ce = (E0V
2)1/2uα − ελF 0(K

−1

γ (p))/f0(K
−1

γ (p)), (4.7)

where λ = 1 for g(p) = p. For g(p) = 1/p, h(p) = −1, but we also deal with 1 − ε
here, rather than with 1 + ε because g is decreasing, hence also for this function
we get λ = 1. Finally, for the third function g given in (2.3), λ ≈ 1 + (kp)/2.

The coefficient of ε in (4.7) obviously is negative, which agrees with the fact
that increasing ε makes the criterion (4.3) less strict and thus requires a smaller
correction. Moreover, (4.7) shows that ce consists of a small positive term, typically

of order n− 1
2 , and a small negative term of order ε. Of course, these two can be

tied together by prescribing that actually ε = εn = c̃n− 1
2 for some c̃, but this
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does not seem to really add anything to the analysis. Clearly, as n becomes
huge, for any small positive ε the correction will eventually become negative. This
simply reflects the fact that then W0 tends to be so close to zero that it exceeds
ε with a probability less than α. On the other hand, although this situation
makes perfect sense, it is also obvious that it will be of little practical interest.
Typical applications will exhibit a positive term of order n− 1

2 which dominates,
and is merely moderated a bit by the negative term of order ε. To provide some
illustration, we consider the following example.

Example 4.3.1.

If F is indeed contained in the model used, we simply have F0 = Kγ and a factor

p/kγ(K
−1

γ (p)), with kγ the density of Kγ , results in the second term from (4.7).
If we are moreover in the normal case, this approximately boils down to u−1

p and
consequently (4.7) reduces to the approximation (cf. (2.53)),

ce ≈ −ελ
up

+ uα

(
u2
p + 2

2n

)1/2

. (4.8)

According to this approximation, correction becomes superfluous once n ≈ 1
2u

2
αu

2
p

(u2
p + 2)/(ελ)2. Choosing for example p = 0.001, ε = 0.1, α = 0.25 and λ = 1,

this produces n ≈ 2500. Hence for (substantially) smaller n, the correction ce will
be positive and non-negligible. Further numerical illustration was given in Section
2.3. �

3) role of g

The effect of the choice of g, i.e., whether we concentrate on the signal probability
itself, or rather on the ARL, or even on the distribution of RL, is represented
concisely by the factor λ in (4.7). Note in particular that the fact that λ = 1 for
both g(p) = p and g(p) = 1/p is of course no coincidence. In fact, in the latter case
(4.3) gives P (Wc < −ε) = P (F (UCL)/Pn < 1 − ε) = P (Pn > F (UCL)/(1 − ε)),
which is nothing but P (Wc > ε̃) in the case g(p) = p, with ε̃ = ε/(1 − ε) ≈ ε for
small ε. Hence, any result for the signal probability itself immediately translates
into one about the ARL.

As concerns the remaining parameters of ce in (4.6) or (4.7), we shall be more
concise. If α decreases, (4.3) becomes more strict, which is reflected by the fact
that the positive term in (4.6) increases linearly in uα. Moreover, in accordance
with our claim in the introduction that very small p cause very large relative
errors, E0V

2 decreases in p. For the normal power family we will see this in the
next section, while for the normal family this is already clear from (4.8), where
the positive (negative) term increases (decreases) in up.

The next step toward application is the estimation of the unknown parts in (4.6)
and (4.7). As argued before, the fact that ce is small to begin with causes these



4.4 The corrected parametric chart 121

changes to have negligible effects and approximate equality in (4.3) will continue
to hold for ĉe. First, assume that we are in fact within the parametric family, and
thus F0 = Kγ . Hence, we can simply use K γ̂ for F 0, kγ̂ for f0 and also evaluate

E0V
2 under Kγ̂ . Denoting the latter by Ê0V 2, we arrive from (4.6) at

ĉe = ce(γ̂) = (Ê0V 2)1/2uα +K
−1

γ̂ (g−1({g(p)(1 + ε)})) −K
−1

γ̂ (p), (4.9)

which reduces through (4.7) to

ĉe = ce(γ̂) = (Ê0V 2)1/2uα − ελp

kγ̂(K
−1

γ̂ (p))
. (4.10)

Hence, with ĉe from (4.9) or (4.10), the estimated upper limit from (4.1) as given
in (3.17) will now produce approximate equality in (4.3) under the model Kγ((x−
µ)/σ). This will also be true in the vicinity of this model: as long as F0 is
close to Kγ , estimation of F0, f0 and E0V

2 in ĉe through Kγ̂ will make sense.
Actual application in case of the special normal model already requires (see (4.8))
specification of p, ε, α and g, as well as evaluation through (X1, . . . , Xn) of µ̂ and
σ̌. Under a more general model, in addition, Kγ should obviously be defined, as

well as an estimator for γ, while also Ê0V 2 has to be evaluated as a function of this
estimator. Especially this last step may require considerable effort. Fortunately,
for the normal power model this has already been done in Section 3.6 while deriving
the bias correction term, and we can readily use these results here. In the next
section we shall investigate the performance of the thus obtained normal power
family chart with exceedance probability correction.

4.4 The corrected parametric chart

In the previous section we have uncovered the general structure of the desired
correction terms; here we shall demonstrate how (4.9) and (4.10) work out in
practice for our prototype example, the normal power family. The first step is:

Lemma 4.4.1 For the normal power family the results (4.9) and (4.10) specialize
to: use

ÛCLc = µ̂+ σ̌{c(γ̂)u1+γ̂
p + ĉe}, (4.11)

with

ĉe = (Ê0V 2)1/2uα + c(γ̂){u1+γ̂
p̃ − u1+γ̂

p }, (4.12)
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where p̃ = g−1({g(p)(1 + ε)}), or with the further simplification

ĉe = (Ê0V 2)1/2uα − ελp(1 + γ̂)c(γ̂)uγ̂p/ϕ(up). (4.13)

Proof.
In the normal power family K−1

γ (t) = c(γ)|Φ−1(t)|1+γsign(Φ−1(t)). Together

with (4.9) this readily gives (4.12). As moreover {1/kγ(K
−1

γ (1 − t))} =

1/kγ(K
−1
γ (t)) = {K−1

γ (t)}′ = (1+γ)c(γ)Φ−1(t)γ/ϕ(Φ−1(t)) for t > 1
2 , using (4.10)

rather than (4.9) leads to (4.13).

The estimator of γ to be used is again γ̂ or γ̂2. Indeed the main obstacle is Ê0V 2,
which has to be expressed in terms of γ̂ or γ̂2 as well. After laborious computations
the following result is obtained.

Lemma 4.4.2 Using γ̂ as given in (3.15) we arrive at

{Ê0V 2}1/2 ≈ n−1/2A(γ̂, up),

where

A(γ̂, up) = −4.00− 12.54γ̂ − 10.02γ̂2 + 2.91up + 6.47γ̂up + 4.42γ̂2up. (4.14)

Proof.
Note that γ̂ from (3.15) is nothing but the explicit γ̂ = h−1

2 (γ̂∗2 ), with γ̂∗2 as in
(3.12), using again q = 0.05 and r = 0.25 and log (u0.05/u0.25) replaced by the

numerical value 1/1.1218. The computation of (E0V
2)

1
2 is a very technical and

rather complicated matter. Fortunately, this task has been performed already in
Section 3.6 for E0V and E0V

2, in order to obtain an explicit form of the bias
correction. We refer to that section for technical details and merely present here
an outline of the steps involved. The basic idea is actually quite straightforward.
V from (3.18) is a function H̃(µ̂, σ̌, γ̂∗2 ), to which a second order expansion around
H̃(0, 1, γ∗2) is applied. After this, the first and second order (mixed) moments of
µ̂, (σ̌ − 1) and (γ̂∗2 − γ∗2 ) need to be calculated, all of which are of order n−1.
For those involving only µ̂ and/or σ̌, this is immediate; as soon as (γ̂∗2 − γ∗2) is
involved, the computation is more tedious. Plugging the moment results into the
expansion gives as a first version of the desired result an approximation up to
o(n−1) (see Section 3.6.2). However, as the expansion itself contains complicated

coefficients such as the derivative of K
−1

h−1
2 (γ∗

2 )(p) (cf. (3.12) and (3.18)), the result
is still quite complicated. Therefore, the asymptotic results are complimented with
further numerical approximations for such coefficients leading to more amenable
results. Using these two groups of results on (E0V

2)
1
2 produces (4.14).

Note that ÛCLc from (4.11) with ĉe from (4.12), or the further approximation
from (4.13), is now made completely explicit through (4.14) and can be applied in
a straightforward manner.
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Remark 4.4.1 For g(p) = p, we get p̃ = p(1+ ε). Hence, using Lemma 4.4.2 and
(4.12) we obtain

ÛCLc = µ̂+ σ̌

{
c(γ̂)u1+γ̂

p(1+ε) +
A(γ̂, up)uα√

n

}
. (4.15)

Since the starting point of a two-sided control chart with prescribed false alarm
rate p is a combination of two one-sided control charts each with prescribed false
alarm rate p/2, we will treat for the two-sided case here the upper and lower limit
also separately. This differs slightly from the approach in Chapter 2, see Remark
2.3.5. Hence, for the two sided-case (4.15) translates into

ĈLc = µ̂± σ̌

{
c(γ̂)u1+γ̂

p(1+ε)/2 +
A(γ̂, up/2)uα√

n

}
, (4.16)

with the estimator of γ at the upper tail, γ̂U , given by

γ̂U = 1.1218

(
X([0.95n+1]) −X

X([0.75n+1]) −X

)
− 1

and the estimator of γ at the lower tail, γ̂L, given by

γ̂L = 1.1218

(
X −X(n−[0.95n])

X −X(n−[0.75n])

)
− 1

and A(γ̂, up/2) as given in (4.14) with up replaced by up/2. �

To see how the proposal in (4.11) actually works out, we shall next perform a
simulation study along the lines of Section 3.7. To avoid repetition, however, we
shall not be as extensive as in that section. For example, we shall not dwell again
on the improvement achieved concerning ME by using a parametric rather than
a normal chart. This gain has been amply demonstrated in Section 3.5 and the
situation in that respect is exactly the same here. Hence we shall neither consider
the normal chart at any point, nor report the ME involved. What matters is
whether the present corrections work well for controlling SE under the present
criterion. We shall concentrate on g(p) = p; from the derivations given (cf. remark
3 following Lemma 4.3.1) it is evident that completely similar results will hold for
the other two choices of g. Moreover, we will always let p = 0.001 and use 10,000
repetitions in the simulations.

Sample sizes n involved will range from 250 to 2000. Note that these values are
considerably higher than those in Section 3.7, where the values 100, 250 and 500
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are considered, with the emphasis on 100. This reflects the fact that in the present
situation we are dealing with corrections of order n−1/2 rather than of order n−1,
thus requiring larger values of n. As concerns the constants α and ε used in setting
our criterion cf. (4.3), we shall use α = 0.2, and either ε = 0 or ε = 0.1.

The underlying distributions will be the same as in Section 3.7. First of all include
the normal d.f. Φ, corresponding to the normal family. Then add Kγ as defined
through Zγ in Section 3.3.3, for the values γ = –0.5, –0.25, 0.25, 0.75 and 1 (γ= 0 is
already covered by Φ), thus representing the normal power family. Subsequently,
it is only fair to add a number of cases outside either family. To begin with, include
T , the Student d.f. with 6 degrees of freedom and standardized to unit variance.
Next, add the random mixture RM and the deterministic mixture DM as defined
in Section 3.3.1 and 3.3.2, respectively. In addition, consider Tukey’s λ-family,
defined in Section 3.3.4. Include the corresponding d.f.’s for λ = –0.1, 0 (which
corresponds to the standardized logistic d.f.) and 0.14 (which is very close to
the standard normal (outside the tails!)). Finally, take the orthonormal family as
defined in Section 3.3.5, and apply the corresponding d.f. for k = 3, ς1 = ς2 = −0.1
and ς3 = 0.1.

Table 4.1a Simulated exceedance probabilities (in %) without (P (W0 > ε)) cor-
rection, using (cf. (4.3)) ε = 0 or 0.1 and α = 0.2. The first percentage in each
cell corresponds to ε = 0; the second to ε = 0.1.

F0 P (W0 > ε)
n = 250 n = 500 n = 1000 n = 2000

Φ 52 49 51 46 51 44 50 40
K−0.5 50 47 50 46 50 45 51 43
K−0.25 51 48 50 46 50 43 50 41
K0.25 52 49 51 46 51 43 51 41
K0.5 54 50 52 46 51 44 50 39
K0.75 53 49 53 47 51 43 50 39
K1 55 51 53 48 52 44 51 40
T 53 47 51 43 51 39 50 34
RM 53 47 51 43 51 39 50 34
DM 52 47 51 43 50 39 51 37
TU(−0.1) 53 47 51 43 51 38 51 34
TU(0) 52 47 50 43 51 40 51 37
TU(0.14) 51 48 51 47 51 44 51 42
O 52 49 51 46 51 45 51 43
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Table 4.1b Simulated exceedance probabilities (in %) with (P (Wc > ε)) correc-
tion, using (cf. (4.3)) ε = 0 or 0.1 and α = 0.2. The first percentage in each cell
corresponds to ε = 0; the second to ε = 0.1.

F0 P (Wc > ε)
n = 250 n = 500 n = 1000 n = 2000

Φ 24 24 23 22 22 22 22 21
K−0.5 21 21 19 19 20 20 20 20
K−0.25 23 23 22 22 21 21 21 21
K0.25 25 25 23 23 23 23 22 22
K0.5 25 25 23 23 22 22 21 21
K0.75 25 25 23 23 22 22 21 20
K1 27 27 24 24 22 22 22 22
T 28 26 26 23 26 21 26 19
RM 26 25 24 21 24 21 23 18
DM 25 24 25 22 24 21 23 19
TU(−0.1) 29 27 28 24 25 21 26 19
TU(0) 27 26 25 23 24 21 24 20
TU(0.14) 24 24 22 22 22 22 23 23
O 23 24 22 23 21 23 21 23

The simulation results without correction term are presented in Table 4.1a and
those with the correction term in Table 4.1b. As can be seen from these tables, the
correction term works quite well. To be more specific, first consider the normal
power family when no correction is used. For ε = 0, we are then simply looking at
P (Pn > p), which is seen to stabilize around 1

2 . Hence indeed, as remarked in the
introduction, p turns out to be close to the 50%-quantile of the distribution of Pn.
Note that for distributions outside the normal power family p should be replaced
by F (UCL). Increasing ε from 0 to 0.1 should help in this respect: as n → ∞,
P (Pn > p(1 + ε)) → 0 for ε > 0.

But from Table 4.1a and Table 4.1b we see that apparently, this convergence is
quite slow. Even for n as large as 2000, the exceedance probabilities are still larger
than 35%. Hence, corrections are certainly in order if values of α well below 1

2 are
desired.

From those tables it is evident that applying such a correction for α = 0.2 indeed
brings the exceedance probabilities down to values which are close to this desired
20%, both for ε = 0 and ε = 0.1. For n = 250, the fluctuations may still be con-
sidered to be a bit large, but from n = 500 on, the result seems quite satisfactory
for practical purposes. Also observe that, although the correction terms are based
on the normal power family, they work also rather well outside this family.
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4.5 The out-of-control situation

In this section we shall study the impact of the adaptations from the previous
sections on the out-of-control behavior of the chart. As we have seen, during
the in-control stage, the uncorrected chart tends to stop considerably earlier than
anticipated in an unacceptably large fraction of its applications. The corrections
serve to bring this fraction down to acceptable proportions (“controlling the in-
control behavior”) and as such typically delay the moment of stopping somewhat.
Clearly, this tendency will be noticeable during out-of-control as well. But there
it actually is unwelcome, as it means that detection will take a bit longer as well.
Hence, a balance will have to be found between controlling performance during
in-control and loss of detection power during out-of-control.

Let Xn+1 come from a shifted d.f. F0(x−∆), where ∆ is such that p̃ = F 0(UCL−
∆) is no longer extremely small, like p. For simplicity, and without loss of gen-
erality, we again let µ = 0 and σ = 1 and thus work under the standardized d.f.
F0. Consequently, the relative errors caused by the replacement of this p̃ by its

stochastic counterpart Pn, which in view of (3.17) now equals F 0(ÛCLc − ∆),
will be much smaller than those during the in-control situation (also cf. Tables
2.13 and 2.15 from Chapter 2). Hence, during out-of-control situation there seems
to be no need to use exceedance probabilities again, as a more simple first order
expectation approach will already suffice to exhibit the resulting behavior of the
chart.

To be specific, let E∆ denote expectation under F0(x− ∆) and introduce

E(∆, ĉe) = E∆g(F 0(ÛCLc − ∆)),

RC =

{
1 − E(∆, ĉe)/E(∆, 0) for increasing g
E(∆, ĉe)/E(∆, 0) − 1 for decreasing g.

(4.17)

Clearly, E(∆, ĉe) and E(∆, 0) stand for E∆g(Pn) with and without correction,
respectively. Moreover, RC expresses the relative cost incurred by having to use
the correction ĉe. A simple example explains its meaning: take g(p) = 1/p, let
p = 0.001 and suppose that ∆ is such that p̃ = 0.05. Then E(∆, 0) will be close to
20, and a value for RC of 20% means that using the correction ĉe has pushed up
the ARL during out-of-control situation by 20% to about 24. Note that of course
the notion “cost” is somewhat virtual and should therefore be interpreted with
care.

In fact, there are three approaches to be distinguished. In the first case, everything
is known, no estimation is needed, and both g(p) during the in-control situation
and g(p̃) during the out-of-control situation are achieved effortlessly. The only
drawback is that this situation rarely occurs, so one typically has to settle for
one of the two remaining ones: to correct or not to correct. In the latter case,
g(p̃) indeed is achieved, apart from a usually acceptably small relative error, but,
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as we saw, the price in terms of exceedance probabilities is unacceptably large
with respect to g(p), caused by the very small values of p that are typically used.
Hence, the remaining candidate uses the correction, thus repairing the damage
during the in-control process (cf. Table 4.1a and Table 4.1b), but at a price under
the out-of-control situation as expressed by RC from (4.17).

To obtain an impression of what can be expected during the out-of-control situ-
ation, we have repeated the simulations from Section 4.4 for the same choices of
p, n, g, α, ε and F0 as used there. For each F0 we have selected two values of ∆
such that reasonable values of p̃ result, i.e. p̃ considerably larger than p = 0.001.
Usually, ∆ = 2 and ∆ = 3 will do, but as γ moves away from 0, the values ∆ = 1 or
∆ = 4 can become more appropriate. In Table 4.2 the results have been collected:
presented are the simulated average Pn under the out-of-control situation when
no correction is used, which are close to p̃. In addition, the relative costs RC are
given in percentages, using ε = 0 and ε = 0.1 in the correction ĉe, respectively.

From Table 4.2 it is evident that the values of RC are decreasing nicely as n
becomes larger (cf. the much slower decrease of the exceedance probabilities for
the case without correction from Table 4.1). Moreover, the percentages occurring
can be considerable, and hence the use of such larger values of n can indeed be
felt to be necessary. Certainly for n = 250, the values are quite large and only
from n = 1000 on small percentages start to prevail. Note that becoming more
liberal in (4.3) by increasing ε from 0 to 0.1 does indeed help, but not so much:
the percentages drop, but not dramatically so. Another comment is that things
go relatively well for the choices of F0 outside the normal power family. The most
unfavorable cases occur within this family, for large positive values of γ.

All in all, the results in Table 4.2 tend to confirm the expectations expressed in
the introduction. The present type of correction is the most ambitious one of
the four types considered which are correcting bias or exceedance probabilities,
assuming normality or not, and the impact on the out-of-control behavior is no
longer negligible. Applying a correction of this type may very well be a good idea
(in principle even the best among the available four), but it should not be applied
automatically. Some thought should be given to points such as what value of RC
is still acceptable, whether the n at hand is sufficiently large (or can be made so)
to realize that value, whether increasing α might be an option, etc.

In view of the discussion above, we shall devote the remainder of this section to
obtaining a better insight into the behavior of e.g. RC as a function of the rather
large number of underlying parameters, such as p, n, α, ε, γ and ∆. To this end
we shall consider some further approximations to the quantities from (4.17), with
the following result.
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Table 4.2 Simulated values of E(∆, 0) = E∆Pn (see (4.17)), together with the
relative costs due to correction RC (in %), using ε = 0 and ε = 0.1, respectively.
Throughout are used: p = 0.001, g(p) = p and α = 0.2.

F0 ∆ n = 250 n = 500 n = 1000 n = 2000
Φ 2 0.15 37 34 0.14 27 24 0.14 20 16 0.14 14 10

3 0.47 23 21 0.46 16 14 0.46 11 9 0.46 8 6
K

−0.5 1 0.23 24 23 0.23 17 15 0.23 12 10 0.23 8 7
2 0.50 2 2 0.50 1 1 0.50 0 0 0.50 0 0

K
−0.25 1 0.065 42 38 0.061 31 28 0.059 23 19 0.059 17 12

2 0.35 19 17 0.35 13 12 0.35 9 8 0.35 7 5
K0.25 2 0.061 47 43 0.055 36 31 0.052 27 22 0.050 20 14

3 0.24 40 37 0.22 30 26 0.22 22 18 0.21 16 11
K0.50 3 0.11 50 45 0.094 39 33 0.088 29 23 0.085 21 15

4 0.39 47 43 0.36 39 33 0.34 30 24 0.32 22 16
K0.75 3 0.054 55 51 0.044 43 38 0.040 33 26 0.037 25 17

4 0.20 57 52 0.16 45 39 0.14 34 28 0.13 25 18
K1 3 0.032 57 53 0.024 46 40 0.021 35 28 0.020 26 19

4 0.11 60 56 0.076 48 42 0.062 37 30 0.057 28 20
T 2 0.091 40 37 0.081 31 27 0.077 23 19 0.074 17 12

3 0.36 34 31 0.34 26 22 0.34 19 15 0.34 13 9
RM 2 0.12 40 36 0.11 30 26 0.10 22 18 0.10 16 12

3 0.41 29 26 0.40 21 18 0.40 15 12 0.40 11 7
DM 2 0.12 40 36 0.11 30 26 0.10 22 18 0.10 16 11

3 0.41 29 26 0.41 21 18 0.41 15 12 0.41 10 7
TU(−0.1) 2 0.071 41 37 0.061 31 27 0.057 24 19 0.055 17 12

3 0.29 39 36 0.27 30 26 0.26 23 18 0.26 17 12
TU(0) 2 0.098 41 37 0.088 31 27 0.084 23 18 0.083 17 12

3 0.37 32 29 0.35 24 21 0.35 18 14 0.35 13 9
TU(0.14) 2 0.15 37 34 0.14 28 24 0.14 20 17 0.14 14 11

3 0.46 23 22 0.46 17 15 0.46 12 10 0.46 8 6
O 2 0.092 44 40 0.086 33 29 0.084 24 19 0.083 18 12

3 0.32 32 29 0.31 24 20 0.30 17 14 0.30 12 9

Lemma 4.5.1 RC from (4.17) approximately equals R̃C, where

R̃C =
4(1 + up̃)

5λ(1 + γ)c(γ)uγp̃
A(γ, up)n

−1/2uα − ε
(1 + up̃)u

γ
p

(1 + up)u
γ
p̃

, (4.18)

in which p̃ = Kγ(K
−1

γ (p) − ∆) and A(γ, up) as given by (4.14).

Proof.
Note that E(∆, ce) can be approximated by g(F 0(K

−1

γ (p) + ce − ∆)) and con-



4.5 The out-of-control situation 129

sequently RC to first order equals ± cef0(K
−1

γ (p) − ∆) (g′/g)(F 0(K
−1

γ (p) − ∆))
with the + sign for increasing g and the − sign for decreasing g. Using steps for
the three choices of g involved similar to those leading to (4.7), it follows that

RC ≈ cef0(K
−1

γ (p) − ∆)/{λF 0(K
−1

γ (p) − ∆)}, (4.19)

where once more, λ = 1 for either g(p) = p or g(p) = 1/p, while λ = 1 + (kp)/2
for g(p) = 1− (1− p)k. To study the behavior of the expression in (4.19), we may
specialize to the family {Kγ}. Note that F0 for distributions outside the family
{Kγ} (under consideration in this chapter) is well approximated by a suitably
chosen member Kγ in this family. Straightforward calculation shows that for
0 < p̃ ≤ 1

2

kγ(K
−1

γ (p) − ∆)/Kγ(K
−1

γ (p) − ∆) = u−γp̃ κ(up̃)/{(1 + γ)c(γ)}, (4.20)

where again p̃ = Kγ(K
−1

γ (p) − ∆) and κ(x) as given in Remark 2.4.1. It is well-
known that κ(x) ≈ x for x large. But note that for smaller x, like for example
0 < x ≤ 3.09 = u0.001, the function κ can be approximated quite adequately by
4(1 + x)/5 (see Remark 2.4.1). Combination of (4.13) and (4.14), together with
(4.19) and (4.20) then leads for p̃ < 1

2 to the result in (4.18).

By way of illustration, consider the following example

Example 4.5.1

Select the values p = 0.001, λ = 1 and α = 0.2 which are used throughout
Table 4.2 and consider the case γ = 0, corresponding to F0 = Φ. Then (4.18)

reduces to R̃C = 3.36(4.09 − ∆)n−1/2 − ε(1 − ∆/4.09). For ∆ = 2 the resulting
7.03n−1/2 − 0.51ε produces for ε = 0 the percentages 44, 31, 22 and 16 for n =
250, 500, 1000 and 2000, respectively; for ε = 0.1, these percentages should be
lowered by 5. For ∆ = 3 we have 3.66n−1/2 − 0.27ε and the resulting values for
ε = 0 are 23, 16, 12 and 8, respectively for n = 250, 500, 1000 and 2000. These
percentages should be lowered by 2 or 3 for ε = 0.1. Comparison to the simulated
values from Table 4.2 for F0 = Φ shows a nice agreement, especially for ε = 0.1.
�

Incidentally, for the case γ = 0 considered in the example above, another interest-
ing comparison can be made to the situation where normality is assumed to begin
with, and thus estimation of γ is not needed.

Example 4.5.2

Suppose normality has been assumed and a normal chart is used. Then, in the
situation of Example 4.5.1, we deal, according to (4.8) with {(u2

p+2)/2}1/2, rather
than with A(0, up). For p = 0.001, the former equals 2.40, while the latter equals
4.99. Hence, the fact that the additional parameter γ needs to be estimated calls
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in this example for a value of n which is (4.99/2.40)2 = 4.32 times as high to reach
the same precision. This illustrates that the impact of going from normality to a
more general parametric family is indeed far from negligible. �

As intended, the result in (4.18) helps to shed some light on the behavior during
out-of- control situation. To begin with, note that the influence of ε is indeed seen
to be quite limited, as its coefficient in (4.18) is typically smaller than 1. Hence,
from now on we concentrate on the case where ε = 0, i.e. where only the first term
in (4.18) is relevant. Clearly, this term decreases in both n and α. The dependence
on n and α is rather simple, since they are not mixed up with other parameters.

Furthermore, we can break up the remaining factor into the parts
4(1 + up̃)/{5(1 + γ)c(γ)uγp̃} and A(γ, up). Let γ be fixed, then we observe that it
also decreases in p, as A(γ, up) increases linearly in up (cf. (4.14)). The situation
with respect to p̃ is slightly more complicated: it decreases in p̃ (0 < p̃ < 1

2 ) only
as long as up̃ > γ/(1 − γ).

Finally, the behavior with respect to γ is more variable. On the one hand, A(γ, up)
increases quadratically in γ (for p = 0.001, we for example have that it behaves as
(7γ + 9)2/16), but the effect of uγp̃ will obviously depend on whether up̃ is larger
than or smaller than 1. By way of illustration we mention an upper bound for
certain values of γ and p̃ that might by considered reasonable, in the sense that
in many applications the given ranges will apply.

Example 4.5.3

It can be checked numerically that for p = 0.001 and α = 0.2, the coefficient of
n−1/2 in (4.18) will not exceed 9.43 for γ and p̃ such that −0.25 ≤ γ ≤ 0.3 and
0.1 ≤ p̃ ≤ 0.3. �

A final remark is that the first term in (4.18) can be used in a straightforward
manner to derive a lower bound for the n required. Let β be a small positive
number, like 0.2 or 0.3, and suppose we want RC to be at most β, then it readily
follows that we should let

n ≥
{

4(1 + up̃)A(γ, up)uα
5(1 + γ)c(γ)uγp̃β

}2

. (4.21)

Example 4.5.4

Continuing Example 4.5.3, it follows that for this case (4.21) boils down to n ≥
{9.43/β}2, which equals 2222 and 988 for β = 0.2 and β = 0.3, respectively.
Incidentally, if these computations are based, without further approximation steps,

on RC ≈ g(F 0(K
−1

γ (p) + ce − ∆)) / g(F 0(K
−1

γ (p) − ∆)) − 1, the corresponding
results are 1701 and 678, respectively. �

Note that the values of n obtained in Example 4.5.4 are in line with the impression
already created by Table 4.2: the correction ce works quite well, but considerable
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sample sizes are needed to avoid effects during out-of-control which might be con-
sidered too strong.

4.6 Concluding remarks

By assuming normality for the underlying distribution, standard control charts
simply use the control limit given in (2.1). If normality fails, this causes large
errors in the sense that during applications of the chart quite often the resulting
stochastic signal probability and average run length differ unpleasantly much from
the intended values. To bring the corresponding exceedance probabilities within
prescribed bounds, it is demonstrated that a more general parametric model, based
on the normal power family, offers good results.

The new chart, also called the parametric chart, uses a control limit as given
in (3.8) having a γ estimator to select the appropriate type of distribution. In
this control limit the required γ estimator can be selected from (3.11) or (3.14).
However, the recommended γ̂ is given in (3.15). The advantage is that this para-
metric chart is able to reduce ME substantially. However, the new chart gives a
disadvantage by producing a larger SE.

As a remedy for this disadvantage, correction terms based on the exceedance
probability criterion (cf. (4.3)) are derived and given in (4.6) and (4.7) with the
corresponding estimated versions given in (4.9) and (4.10), respectively; see also
(4.12), (4.13) and Lemma 4.4.2. By adding such a correction term to the control
limit we get the corrected control limit as given in (4.11). Using this corrected
control limit, the exceedance probabilities are indeed adequately controlled (see
Table 4.1).

The premium to be paid for this protection during the in-control situation unavoid-
ably is some delay in stopping during the out-of-control situation. An expression
for the relative cost RC (cf. (4.17)) caused by applying the correction term is
obtained. It turns out that RC indeed becomes small as the sample size increases,
(see Table 4.2), but not really fast. This is in agreement with the fact that the
correction term offers protection against both non-normality and deviations in
single applications of the chart. Hence, if possible, it is definitely advised to use
this correction term, but some care is needed. To this end, an approximation R̃C
for RC is given (see Lemma 4.5.1), which leads to a lower bound on the required
sample size in terms of the parameters involved (cf. (4.21)).





Chapter 5

Nonparametric Approach

Due to the extreme quantiles involved, standard control charts are very sensitive
to the effects of parameter estimation and non-normality. In the previous chapters
more general parametric charts have been devised to deal with the latter complica-
tion and corrections have been derived to compensate for the estimation step. The
resulting procedures offer a satisfactory solution over a broad range of underlying
distributions. However, situations do occur where even such a larger model is in-
adequate and nothing remains but to consider nonparametric charts. In principle
these form ideal solutions, but the problem is that huge sample sizes are required
for the estimation step. Otherwise the resulting stochastic error is so large that
the chart is very unstable, a disadvantage which seems to outweigh the advantage
of avoiding the model error in the parametric case.

In the present chapter we analyze under what conditions nonparametric charts
actually become feasible alternatives for their parametric counterparts. In partic-
ular, corrected versions are suggested for which a possible change point is reached
at sample sizes which are markedly less huge, but still larger than the customary
range. These corrections serve to control the behavior during the in-control sit-
uation. The price for this protection clearly will be some loss of detection power
during the out-of-control situation. A change point comes in view as soon as this
loss can be made sufficiently small.

5.1 Introduction

The previous chapters present the parametric approach which offers an interesting
solution for problems where the normality assumption in the underlying distribu-
tion fails to be fulfilled. The parametric approach, however, is not able to prevent
the occurrence of the model errors which come from the distributions other than

133
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the normal power family. A nonparametric approach discussed in this chapter,
which applies a distribution-free method, provides an alternative solution for such
a problem.

In the initial set-up, suppose we control the mean of a production process us-
ing a common control chart: an upper and lower limit are prescribed and an
out-of-control signal is given as soon as an observation falls outside the interval
determined by these two limits. Standard practice is to assume normality of the
distribution involved and to estimate its parameters using so-called Phase I ob-
servations. The resulting values are plugged in and it is hoped that the estimated
chart behaves well. By now, however, we apprehend that often this unfortunately
is not the case: both the estimation step and the normality assumption can lead
to serious errors.

So far, we have analyzed the resulting picture in a systematic manner. The main
source of trouble is the fact that p, the probability of getting an out-of-control
signal while the process is actually in-control, typically is chosen to be very small,
like p = 0.001. Hence, the quantiles involved in the estimation are quite extreme
and large relative errors will result, unless the number n of Phase I observations is
uncharacteristically large. In Chapter 2 we have analyzed these estimation effects
and proposed corrections to get the behavior of the charts under control again.
Such remedies work quite well as long as the normality assumption is reasonable.
However, quite often there is ample reason to worry about this aspect as well.
Again the extremeness of the quantiles involved complicates matters: normality
may hold fairly well in the central part of the distribution, but in the tails the
relative errors tend to become very large. In Chapters 3 and 4 the second problem
has been tackled, using larger parametric models, containing the normal family as
a member.

A natural question is why one should stick with such a larger parametric family:
the true distribution may still not be in it and the resulting model error may
remain unacceptably large. Would it not be better to adopt a fully nonparametric
approach? On the one hand, the answer is yes: indeed all problems eventually
vanish in a nonparametric chart. A model error is simply not present here, and
the stochastic error becomes arbitrarily small as n increases. But on the other
hand, for common sample sizes encountered in practice, this is not much help.
If we e.g. want to estimate the 0.999-quantile, it is clear that with n = 100 we
will not get anywhere with a nonparametric estimate. Consequently, it does make
sense to look seriously at a larger parametric model, which may successfully bridge
the gap between assuming everything (i.e. the distribution simply is normal) or
nothing (i.e. the distribution can be anything). Nevertheless, it may happen that
after rejection of the normal model, the larger parametric model turns out to be
inadequate as well: the actual underlying distribution then is too far away from
the model and thus a too large model error results.
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In the latter situation we are back once again at the empirical nonparametric
approach in which we do not assume any model (except continuity) for the dis-
tribution function of the observations and flexibility with respect to n and/or p.
How much larger should at least one of these quantities be taken before the es-
timation effects become more mild and such charts start to behave well? If the
increases involved in n or p are indeed tremendous, does it help to look for suit-
able corrections? In the parametric case such adaptations were seen to be useful
in bringing the corresponding charts under control again. But the larger the para-
metric model, the larger such corrections are for given n and p. Will corrections
be feasible as well for the even larger fully nonparametric case? Or will the n and
p involved still be unreasonably large before such corrections become sufficiently
small in the sense that the out-of-control behavior of the corresponding chart is
not affected too much? To answer these and similar questions, we need to study
the behavior of nonparametric control charts, and this will precisely be the topic
of the present chapter.

We will restrict attention to the obvious choice based on the empirical quantile
function, as this will already provide a clear picture of what can be expected in
general. Some previous work on closely related charts can be found in Willemain
and Runger (1996) and in Ion et al. (2000). For a recent overview of nonparametric
charts in general, see e.g. Chakraborti et al. (2001). Incidentally, as these authors
point out, several of the procedures that have been proposed are in fact not truly
nonparametric or distribution-free. They are based on a nonparametric estimator,
like the Hodges-Lehmann estimator, rather than on X, but the actual in-control
run length distribution involved does depend on the underlying distribution of the
observations.

In studying the behavior of the charts, the first thing to note is that, due to the
estimation, the usual performance characteristics of the chart become random.
Hence p itself is replaced by a stochastic counterpart Pn, and the average run
length (ARL) 1/p likewise by 1/Pn. For each characteristic the relative error
(e.g. Pn/p− 1) can be studied with respect to aspects such as expectation, stan-
dard deviation and exceedance probability, each of which in its own way helps to
characterize the behavior of the estimated charts. In Section 5.2 we introduce the
nonparametric chart, after which the next section is devoted to its expectation and
bias. Adaptations are suggested to remove the latter, thus improving the perfor-
mance of the charts in the long run. Some attention is devoted to the out-of-control
behavior as well. However, the resulting procedure still is far from satisfactory,
which is mainly due to the large variability involved, as is demonstrated in Section
5.4.

This leads in Section 5.5 to a more rigorous approach toward controlling the per-
formance of the chart, using exceedance probabilities. The idea is as follows: in
each given application of the control chart procedure, the Phase I observations
produce an estimated chart, and thus a value of Pn, which determines the subse-
quent behavior of the chart in that application. Instead of merely looking at the
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average performance of the procedure (i.e. over a long series of different applica-
tions), we can also consider the probability with which values of Pn occur that
are too unpleasant in a given sense. For example, these are values of Pn which
are likely to produce a low run length, even if the underlying process is in control.
Due to the variability of the nonparametric chart, such probabilities of unpleasant
values will typically be unacceptably large for common n and p.

For this situation as well, corrections can be derived to bring the corresponding
exceedance probabilities under control. Again, the impact of such adaptations on
the out-of-control behavior is investigated: it is one thing to largely avoid pre-
mature stopping during the in-control period, but this should not be achieved by
stopping in general much later once the process has gone out of control. Not sur-
prisingly, the effect here is more pronounced than in Section 5.3, as the changes
involved are of a larger magnitude. Hence, a considerable price has to be paid in
terms of out-of-control performance, in order to guarantee a satisfactory behavior
during the in-control phase, unless, again, n or p are sufficiently large. Anyhow,
the results obtained allow to strike a proper balance between the following three
negative aspects: (i) unacceptable behavior during the in-control phase, (ii) re-
duced detection power during the out-of-control phase and (iii) using higher n or
p than originally intended. Typically, one will figure out how much needs to be
sacrificed with respect to (iii) in order to arrive at acceptable results with respect
to (i) and (ii). Some examples nicely illustrate what can be expected. For conve-
nience, a short point-by-point description of the algorithm involved is presented
in the final section as a conclusion remark for this chapter.

Summarizing, we analyze when and how nonparametric charts can be used in a
sensible way in situations between two obvious extremes. The first extreme is that
n is astronomical (like n = 184830 on page 34 in Willemain and Runger (1996)),
which makes any problem disappear, any correction superfluous and any price to
be paid negligible. The second extreme is that n is in the customary range of a
few hundreds, while p is one (or a few) tenth(s) of a percent, and we are simply
out on a limb. The situation in between is much less clear-cut and the clarity
which is obtained here helps to make a balanced choice between sticking with a
(large) parametric model or switching to a nonparametric approach. The former
suffers from the disadvantage of a non-vanishing model error, whereas the latter in
view of its higher variability requires larger, and thus more costly, corrections to
keep the in-control behavior under control. A next step will be to use the data in
deciding whether to use a parametric control chart or a nonparametric one. This
latter topic is treated in Chapter 6.

5.2 The nonparametric chart

Using the initial set-up, let X be a r.v. with a continuous d.f. F . For a given,
very small p (typically 0.001 ≤ p ≤ 0.01), we need an upper control limit UCL
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such that P (X > UCL) = p. Hence, the control limit can be written as UCL =

F−1(1 − p) = F
−1

(p). Usually, F is unknown and some estimation has to be
invoked, using a sample X1, ..., Xn from F (the Phase I observations) as a starting
point.

Chapter 2 discusses the normal case, where F is the normal d.f. with expectation µ
and variance σ2 yielding UCL = µ+ σup, and the corresponding estimated upper
control limit given in (2.1). Corrected versions of the control limit are obtained
by replacing up by up + c as given in (2.27). In this chapter, the derivation of the
correction terms c was carried out by using the bias criterion and the exceedance
probability criterion. Under the first criterion, c is given by (2.33) or by (2.34) if
g(p) = p while, under the latter criterion, c is given by (2.47) or by (2.39).

Subsequently, in Chapters 3 and 4 we discuss the parametric case, where the
supposed model is based on a larger parametric family. In this case, F has a

normal power d.f. (see Subsection 3.3.3) with the upper control limit ÛCL =

µ̂+K
−1

γ̂ (p)σ∗ and the corresponding estimated UCL given in (3.8). The parameter
γ can be estimated using (3.11) or (3.14). However, our recommended estimator
for γ is given in (3.15). Corrections for the control limit are again obtained by

adding a suitable correction term c to the standardized quantile K
−1

γ̂ (p) leading
to the corrected control limit given in (3.17). As in the normal case, we derived
the correction terms c in the parametric case using both the bias criterion and
the exceedance probability criterion. The corrected control limits, based on the
bias criterion, are given in (3.33) and in (3.38), respectively if we use γ̂1 and γ̂2.
However, since these control limits are not so easy to calculate, we recommend a
simpler control limit which is given in (3.39). The correction terms based on the
exceedance probability criterion are derived and given in (4.6) and (4.7), see also
(4.9) and (4.10).

In a sense, the nonparametric approach is more transparent than these parametric
attempts. Just let Fn(x) = n−1#{Xi ≤ x} be the empirical d.f. and F−1

n the
corresponding quantile function, i.e. F−1

n (t) = inf{x|Fn(x) ≥ t}. Then it follows
that F−1

n (t) equals X(i) for (i − 1)/n < t ≤ i/n, where X(1) < ... < X(n) are the

order statistics corresponding to X1, ..., Xn. Hence, letting F
−1

n (t) = F−1
n (1 − t),

we get

ÛCL = F
−1

n (p) = X(n−r), (5.1)

where r = [np]. Note that for ordinary p and n, like p = 0.001 and n = 100, we

will have r = 0, and thus ÛCL = X(n). See Willemain and Runger (1996) and
Ion et al. (2000) for these or closely related charts.



138 Nonparametric Approach

Remark 5.2.1 For the two-sided case, (5.1) translates into

ĈLL = F
−1

n (1 − p/2) = X(n−[n(1−p/2)])

for the lower control limit and

ĈLU = F
−1

n (p/2) = X(n−[np/2])

for the upper control limit. �

Just as in the parametric case, in this nonparametric case we need to analyze and

possibly correct the behavior of the estimated chart based on ÛCL from (5.1).
Let Xn+1 be another r.v. from F , then we observe that the role of p in the case
of known F will now be played by

Pn = P (Xn+1 > ÛCL|(X1, ..., Xn)) = F (X(n−r)). (5.2)

In what follows we will also write Pn = P (Xn+1 > ÛCL), without explicitly
stating that we work conditionally on (X1, ..., Xn). Let U(1) < ... < U(n) denote
order statistics for a sample of size n from the uniform d.f. on (0,1), then it is
immediate from (5.2) that Pn ∼= U(r+1), with ’∼=’ denoting ’distributed as’.

To judge the performance of the estimated chart, we propose to consider the
relative error

W =
g(Pn)

g(p)
− 1, (5.3)

for some suitable function g. Obvious choices are the functions g given in (2.3).
The identity function g(p) = p leads toW1 = Pn/p−1, while g(p) = 1/p, producing
W2 = p/Pn−1, is also quite interesting, as it corresponds to the average of the run
length RL, given by ARL = 1/p. A third choice follows from g(p) = 1− (1−p)k =
P (RL ≤ k), where typically k = [δ/p] for some small δ like 0.1 or 0.2. This
possibility we will consider in Section 5.5.

As announced in the introduction, quantities like EW , σW and P (W > ε), can
now be studied for some, usually small, ε. For what values of p and n (or r)
are these quantities sufficiently close to 0? And, for given n and p, what kind of
modification is needed to make each of these quantities behave as desired after all?
The following general observation can already be made: the fact that Pn ∼= U(r+1)

strongly suggests that it will suffice to watch the product np, rather than both n
and p separately. For, as long as r = [np] = 0, no satisfactory results seem feasible,
whereas for really large values of np no problems remain. The point is to make
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explicit what happens in between. Will e.g. r equal 3 or 4 do? Or do we need an
r equal to even 10 and larger? In the next section we shall begin by studying the
behavior of EW .

5.3 Expectation and bias

Let ψ = np− r (and thus 0 ≤ ψ < 1), then it follows from Pn ∼= U(r+1) that

EPn =
r + 1

n+ 1
>
r + ψ

n
= p, (5.4)

for 0 ≤ ψ < (n− r)/(n + 1). Hence Pn has a positive bias, unless ψ is very close
to 1. It is immediate that W1 = Pn/p− 1 satisfies

EW1 =
n−r
n+1 − ψ

r + ψ
=

1−ψ
p − 1

n+ 1
. (5.5)

Note the discrete character of this relative error: if we let n increase for some
given p, the expression in (5.5) gradually decreases, jumping upwards whenever np
becomes integer again (i.e. when ψ = 0) to (n−r)/{(n+1)r} = (1−p)/{(n+1)p}.
This maximal value behaves like (1− p)/r ≈ 1/r (supposing of course that r > 0).

Hence, it is straightforward to analyze for which combinations of n and p the
chart will start to behave well with respect to (5.5). To begin with, as n→ ∞, so
does r = [np] for given p, and the bias eventually becomes negligible. Thus, for
p = 0.001, the relative change is at most 1% as soon as n ≥ 105 (e.g. n = 184830),
but on the other hand, we require n ≥ 1000 before r is even positive. The situation
in between these two extremes is also still quite transparent. For example, for
n ≥ 5000 we have r ≥ 5, and then the relative error will be at most 20%, which
might for example be reasonable for practical purposes. This is still a very large
sample size; an alternative of course is to raise the value of p to e.g. p = 0.01. The
n required to get the same result then obviously reduces to n = 500, which is still
not really small. Consequently, even with respect to a rather mild criterion, only
concerning the bias involved, reasonable behavior seems to require considerably
higher values of n and p than the customary ones.

For the ARL similar conclusions can be drawn. As E(1/U(r+1)) = n/r (and thus
E(1/U(1)) = ∞ , cf. Willemain and Runger (1996), where it is also noted that r
has to be at least 1 here), we observe that typically

E

(
1

Pn

)
=
n

r
≥ n

r + ψ
=

1

p
. (5.6)
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The phenomenon of both Pn and 1/Pn being positively biased is already well-
known from the parametric case, see Remark 2.2.1 or Quesenberry (1993), p. 245.
Clearly, for W2 = p/Pn − 1 we have EW2 = ψ/r < r−1, and precisely the same
comments as for W1 can be given.

Since the behavior for small r indeed turns out to be unsatisfactory, the next
question is what types of corrections can be proposed to improve matters. One
remedy is to invoke the aforementioned flexibility required with respect to n and/or
p in a very simple way: just alter p such that e.g. p = (r + 1)/(n + 1), for some
r ≥ 0, to arrive at EPn = p. Or, alternatively, set p = r/n for some r ≥ 1 to obtain
E(1/Pn) = 1/p. But do realize that this may seem to achieve more than it actually
does. To give a simple example, first let r = 1 and choose p = 2/(n + 1). Then
EPn = p, but E(1/Pn) = n = {2n/(n+ 1)}(1/p), i.e. EW2 = (n− 1)/(n+ 1) ≈ 1.
Hence for p = 0.001 and e.g. n = 1999, the expected relative error in the ARL
is still about 1. If for the present value of p = 0.001 we increase n by just 1
to 2000, the picture changes: then r becomes 2, suddenly EW2 drops to 0, but
EW1 becomes almost 1/2. Hence the chart is very unstable due to its discrete
character and, moreover, the errors involved are also very large. Once again, the
phenomenon is due to the fact that n is large but r is not. If r is large as well,
the problem neatly dissolves: for p = (r + 1)/(n + 1), we have EW1 = 0 but
EW2 = (n− r)/{r(n+ 1)}, while for p = r/n it is precisely the other way around.

For parametric charts the picture is quite different. Obviously, the complications
due to discreteness are not present there. In addition, relative errors of a similar
magnitude as in the example above do occur as well, but for much smaller sample
sizes. First consider the uncorrected normal chart based simply on µ̂+ σ̌up. In this
case we e.g. observe from Table 2.1 that for p = 0.001 we would obtain EW2 = 1
for n ≈ 65 and EW1 = 1/2 for n ≈ 70. Hence for such sample sizes, corrections
are called for here as well. For this same p and n = 500, the relative errors in the
uncorrected chart have already gone down to about 7% for EW1 and about 8%
for EW2, and the use of corrections has become superfluous. This conforms with
the common recommendation to take at least 300 observations for estimating the
parameters under normality.

If we go to a larger parametric model and replace up by some K
−1

γ̂ (p), we can
readily obtain an example from Sections 3.4 and 3.5. For the particular choice
considered there, which is demonstrated to work well over a broad range of un-
derlying distributions, we observe from Table 3.2, that if normality happens to be
true after all, the uncorrected chart leads to an EW1 of 117%, 43% and 21% for
n = 100, 250 and 500, respectively. Hence, corrections are certainly needed. From
the same table we can see that the uncorrected normal chart would have produced
36%, 13% and 7% (the latter case we already encountered above) for these same
sample sizes. Clearly, this is quite a bit better than what is achieved with the
more general parametric chart. But the price for this gain is also immediately
evident from the table mentioned: if we move towards non-normal distributions,
EW1 varies wildly for the normal chart, for example, EW1 > 11 occurs for the
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cases considered at n = 100 and as this is due to the model error rather than the
stochastic error, there is not much improvement for larger n. On the other hand,
its parametric counterpart keeps the damage much more limited (e.g., EW1 is at
most 2.5 at n = 100). Hence, the premium paid for the latter chart is rather large,
but nevertheless well-spent in view of the erratic behavior of the model error for
the normal chart outside the normal model.

Note that this discussion of parametric charts helps to better understand what
happens in the nonparametric case. In that situation the model error is elimi-
nated by estimating the distribution in a nonparametric way, rather than by just
adding a single third parameter to the normal model. When, as we saw, even this
latter extension already leads to considerably higher values of the relative errors
involved, it becomes less surprising that in the nonparametric case the growth is
so tremendous that excessive values of n and p are needed before this approach
becomes of potential use. Of course, it should be remarked that we have concen-
trated on the maximal errors that occur. In the nonparametric case, a minimal
error equal to zero can be achieved by just taking a lucky combination of n and
p, whereas in the parametric case corrections are always needed until n and p are
sufficiently large.

Next, we shall consider a second way of introducing corrections, which will turn
out to be of use also in Section 5.5. In the above the bias was removed by adapting
p to the n at hand. If we want to stick to a given p, unbiasedness can be achieved
in a relatively simple way by randomizing between consecutive order statistics. Let
V be independent of (X1, . . . , Xn, Xn+1, . . .), with P (V = 1) = 1 − P (V = 0) = λ

and replace ÛCL from (5.1) by

ÛCL+ = (1 − V )X(n+1−r) + V X(n−r), or

ÛCL− = (1 − V )X(n−1−r) + VX(n−r),

(5.7)

where we use the convention X(n+1) = ∞. Then for ÛCL+ and r = 0, a signal
only results with probability λ in case Xn+1 > X(n).

Remark 5.3.1 Again, for the two-sided case, with P (V = 1) = 1 − P (V = 0) =
λ, (5.7) translates into

ĈLL+ = (1 − V )X(n−[n(1−p/2)]−1) + V X(n−[n(1−p/2)]), or

ĈLL− = (1 − V )X(n−[n(1−p/2)]+1) + V X(n−[n(1−p/2)]),

for the lower control limit and
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ĈLU+ = (1 − V )X(n−[np/2]+1) + V X(n−[np/2]), or

ĈLU− = (1 − V )X(n−[np/2]−1) + V X(n−[np/2])),

for the upper control limit. For the lower control limit we use the convention
X(0) = −∞, hence for ĈLL+ and np/2 ≤ 1, a signal only results with probability
λ in caseXn+1 < X(1). Similarly, for the upper control limit we use the convention

X(n+1) = +∞, hence for ĈLU+ and np/2 < 1, a signal only results with probability
λ in case Xn+1 > X(n). �

Lemma 5.3.1

(i) EPn = p results for ψ ≤ 1 − p, by taking ÛCL+ with

λ =
r + (n+ 1)ψ

n
= p+ ψ (5.8)

and for ψ > 1 − p by taking ÛCL− with λ = 2 − p− ψ.

(ii) E(1/Pn) = 1/p results for r ≥ 1, by taking ÛCL− with

λ =
r

(r + ψ)
(1 − ψ). (5.9)

Proof. As Pn = P (Xn+1 > ÛCL+) = (1−V )P (Xn+1 > X(n+1−r))+V P (Xn+1 >
X(n−r)) ∼= (1− V )U(r) + V U(r+1) (we now work conditionally on (X1, . . . , Xn, S),
cf. the remark following (5.2)), it is immediate that EPn = (r + λ)/(n+ 1). This
equals p = (r + ψ)/n for λ as in (5.8), as long as ψ ≤ 1 − p. For the remaining

ψ, the companion result based on ÛCL− follows similarly. As concerns 1/Pn,

we observe that for ÛCL− we have 1/Pn ∼= 1/{(1 − V )U(r+2) + V U(r+1)} = (1 −
V )/U(r+2)+V/U(r+1), and thus for r ≥ 1 that E(1/Pn) = n{(1−λ)/(r+1)+λ/r},
which equals 1/p = n/(r + ψ) for λ as in (5.9), as long as r ≥ 1.

Hence, once more the extremes are clear: for r = 0 the corrected chart becomes
outright awkward, while for large r it is already intuitively evident that taking
a random mixture of two adjacent order statistics, rather than just one of them,
will make little difference. In order to further illustrate the situation between
these two ends of the scale, we shall now address the interesting question of what
happens in the out-of-control situation, with particular attention for the effect of
the corrections studied above. Consequently, Xn+1 now comes from a shifted d.f.

F (x−∆), where ∆ typically is such that p1 = F (F
−1

(p)− ∆) may still be small,
but not extremely so, like p.
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Lemma 5.3.2 Replacement of ÛCL from (5.1) by ÛCL+ from (5.7), for some
λ, results in a relative change in EPn approximately equal to −(1−λ)w/p̃1, where

w =

f

(
F

−1
(q) − ∆

)

(n+ 1)f

(
F

−1
(q)

) , (5.10)

in which q = (r + 1)/(n+ 1) and p̃1 = F (F
−1

(q) − ∆). If we take ÛCL− rather

than ÛCL+, only the sign of the relative change is reversed.

Proof. If Xn+1 has d.f. F (x−∆), it follows from (5.2) that Pn corresponding to

ÛCL equals Pn ∼= F (F
−1

(U(r+1)) − ∆) , and thus EPn can be approximated by
p̃1. As this p̃1, just like p1, is not extremely small, the relative error involved will
be reasonably small compared to the relative error during the in-control situation.
Now the change in EPn, caused by replacing X(n−r) by X(n+1−r), will approxi-
mately equal −w with w as in (5.10). In (5.7), such a replacement occurs with
probability (1 − λ), and thus the effect will have value −(1 − λ)w, leading to the
relative change stated above.

The relative change in Lemma 5.3.2 will become reasonably small somewhat sooner
than in the in-control situation, where the relative change was seen to behave like
r−1. On the other hand, here as well, it is easy to see that, when changing
Xn−r into Xn+1−r, things go wrong as r gets close to or even equal to zero, as

in that situation f(F
−1

(q)) becomes very small and (5.10) no longer provides a
reasonable approximation. As X(n+1−r) = ∞ for r = 0, we simply have that

F (X(n+1−r) − ∆) = 0 and thus EPn is reduced, both in the out-of-control and in
the in-control situations, by the factor λ = (n+ 1)p.

To be a bit more explicit, as well as to provide some illustration, we shall briefly
compare these results to the situation in the parametric case.

Example 5.3.1

Keeping things as simple as possible, just let F = Φ and use UCL, as given in (2.1).
With Xn+1 coming from Φ(x− ∆), we then obtain that EPn ≈ p1 = Φ(up − ∆),
where again the relative error committed is reasonably small because this p1, just
like the one above in the nonparametric case, is supposed not to be (very) small.
Hence for this specific choice of F , think of values of ∆ between 1 and 3. If we
now replace up by up + c (cf. Section 5.2), the change in EPn will to first order
equal −cϕ(up − ∆) (cf. e.g. (2.70)). Consequently, the relative change caused by
using c will approximately be −cκ(up − ∆) (cf. Remark 2.4.1 and (2.72)).

Finally, the correction needed to get EPn = p during the in-control situation for
the normal case equals c = up(u

2
p+2)/(4n) (see (2.33), which, in combination with
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(2.72), shows that the size of the relative error during the out-of-control situation,
due to this correction approximately equals

up(u
2
p + 2)

1 + up − ∆

(5n)
. (5.11)

For p = 0.001 this boils down to 7.15(4.09 − ∆)/n, which clearly becomes rea-
sonably small quite soon. Take for example ∆ = 1.81, which leads to a value
Φ(3.09 − 1.81) = 0.10 for p1. For this case the relative change is about 16/n. �

This parametric example is of some interest in its own right, but of course it is pri-
marily meant to provide an explicit comparison with the nonparametric situation,
which we shall consider next.

Example 5.3.2

If we again let F = Φ, the expression from (5.10) translates into w = ϕ(uq −
∆)/{(n + 1)ϕ(uq)}. As moreover κ(x) = ϕ(x)/Φ(x) implies that κ(uq) = (n +
1)ϕ(uq)/(r+1), it readily follows that the size of the nonparametric relative change
simply reduces to approximately (1 − λ)w/p̃1 = (1− λ)κ(uq −∆)/{(r+ 1)κ(uq)}.
The final step is to approximate this expression by

(1 − λ)
1 + uq − ∆

(r + 1)(1 + uq)
. (5.12)

The result in (5.12) is very simple and transparent. The general observation above,
according to which the relative error “will become reasonably small somewhat
sooner than in the in-control situation, where the relative errors were seen to
behave like r−1”, can now be made explicit for this special case: (r + 1)−1 is
reduced by the factor {1 + uq−∆}/(1 + uq), which will vary between 1/4 and 1/2
for customary values of n, p and ∆. As concerns the factor (1−λ), it is immediate
from (5.8) that this will keep returning to (almost) 1 as n increases for given p.
To give a numerical example, for the standard p = 0.001, let n = 5000 and we
obtain r = 5, ψ = 0, 1 − λ = 1 − p ≈ 1, u6/5001 = 3.04, which together produces
(1−∆/4.04)/6 as the outcome of (5.12). For ∆ = 1.81, which is the value used in
the parametric example above, this boils down to 9.2%, which sounds acceptable.
But note that this requires n to be as large as 5000; in comparison, the parametric
value 16/n produces such an outcome already for n ≈ 175. Indeed, comparing
(5.11) and (5.12) shows that both relative errors have a factor 1+us−∆ in common
(with s either equal to p or to q), but apart from that they differ markedly. The
parameter c is small and behaves like n−1, whereas the effect of shifting to the

next order statistic introduces a factor 1/{(n+ 1)f(F
−1

(q))}, which behaves like
r−1. �

It is of course quite interesting to study what happens to the ARL as well. But
to avoid repetition, we once more point out that, although the analysis above has
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been given for Pn, it is easily verified that the size of the relative error is (again
approximately) the same for 1/Pn. Just note that |g′(p)/g(p)| = 1/p for both
g(p) = p and g(p) = 1/p (cf. (5.3)). Hence, again completely similar conclusions
hold for this case.

As indicated earlier, the practical implementation of this nonparametric chart is
still questionable for r = 0. For example, when g(p) = p then r = 0 corresponds
to np < 1 (, or np/2 < 1 for the two-sided limit), which implies that with positive
probability we will never get an out-of-control signal. Therefore, we modify the
nonparametric control somewhat in case r = 0. We replace the definition X(n+1) =
∞ by X(n+1) = X(n) +S. For the in-control situation X(n) is already rather far in
the upper-tail of the distribution ofXn+1 and adding S gives for most distributions
a really large value. However, a substantial shift in the out-of-control case can now
be detected with higher probability than P (V = 1) Moreover, it is now no longer
decided to keep the process running “forever” when V = 0.

With the new setup the modified nonparametric chart is defined as follows:

ÛCL =V X(n−r) + (1 − V )X(n−r+1) for r ≥ 1 (5.13)

X(n) + (1 − V )S for r = 0,

where, as before, r = [np] and P (V = 1) = 1 − P (V = 0) = np− r.

Remark 5.3.2 Using a similar argument as that preceding (5.13), for the two-
sided case we replace the definition X(n+1) = ∞ by X(n+1) = X(n) + S and
X(0) = −∞ by X(0) = X(1) − S. For the in-control situation X(1) is already
rather far in the lower-tail of the distribution of Xn+1 and subtracting S gives for
most distributions a really small value for the two sided-case. Hence, the modified
nonparametric chart for the two-sided limit is defined as follows:

ĈLL = (1 − V )X(r) + V X(r+1) for r ≥ 1

X(1) − (1 − V )S for r = 0,

for the lower control limit and

ĈLU = VX(n−r) + (1 − V )X(n−r+1) for r ≥ 1

X(n) + (1 − V )S for r = 0,

for the upper control limit. In this case, r = [np/2] and P (V = 1) =
1 − P (V = 0) = np/2 − r. �
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5.4 Variation

In the previous section we have seen that estimation unfortunately introduces bias
which is definitely not negligible for the usual small values of r. Adaptations of the
chart can easily be devised to remove such bias, but this obviously does not solve
the problem to complete satisfaction. Removing bias from Pn means increasing
bias in 1/Pn and vice versa. Moreover, the effect in the out-of-control situation
is also considerable as long as r is small. The source of these troubles is the fact
that the estimated nonparametric chart seems to contain too much variation to be
very useful for small r. Apparently the balance is lost: the model error from the
parametric models has been eliminated, but the resulting stochastic error more
than spoils the benefit.

To make this feeling explicit, we shall now consider the standard deviation σW of
the relative error W from (5.3) for the cases W1 = Pn/p− 1 and W2 = p/Pn − 1.
As var(U(r+1)) = (r + 1)(n − r)/{(n + 2)(n + 1)2} while var(1/U(r+1)) = n(n −
r)/{(r − 1)r2}, it follows readily that

σ2
W1

=
n2(n− r)(r + 1)

(n+ 1)2(n+ 2)(r + ψ)2
, σ2

W2
=

(n− r)(r + ψ)2

n(r − 1)r2
. (5.14)

Note that for W2 we even need r ≥ 2 now; cf. Willemain and Runger (1996).
From (5.14) a similar pattern is observed as in the previous section, where making
EW1 = 0 led to EW2 = (n− r)/{(n+ 1)r} and vice versa. The variances behave
like r−1 or (pn)−1, which is fine for n large and p (not too) small, or n extremely
large and p very small, but not otherwise.

Next, we consider parametric charts and show that the situation here is some-

what different. Suppose that, instead of ÛCL = X(n−r) from (5.1), we use some

parametric ÛCL. Then Pn = F (ÛCL) in this case leads to

σ2
W1

≈ τ2 f
2(F

−1
(p))

p2
, (5.15)

with τ2 = var (ÛCL) of order n−1. Now typically f(F
−1

(p))/p may grow some-
what as p becomes small, but not as fast as p−1/2. Hence σ2

W1
from (5.15) will

behave better than (pn)−1. As |g′(p)/g(p)| is the same for both g(p) = p and
g(p) = 1/p the same holds for σ2

W2
.

To be more explicit we again give a numerical example.

Example 5.4.1

Once more consider the normal case (cf. (2.1)). From Subsection 2.4.2 we have
that τ2 ≈ (u2

p + 2)/(2n) while the fact that Φ(x) ≈ ϕ(x)/x for x large shows that
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ϕ(up)/p ≈ up, thus producing σ2
W1

≈ u2
p(u

2
p + 2)/(2n). If we let p = 0.00135,

we get up = 3 and thus σW1 ≈ 7n−1/2, while in the nonparametric case σW1 ≈
(pn)−1/2 ≈ 27n−1/2. Indeed these results nicely agree with the simulations from
Ion et al. (2000) (see Tables 4 and 8), which also exhibit this difference in behavior
between the two types of chart. Yet another comparison is obtained by Table 1
from Willemain and Runger (1996), where the ARL case is illustrated and hence
σW2 from (5.14) is used. Using p = 0.00270, and thus 1/p = 370, the standard
deviation of the ARL is brought down all the way to 16.6, requiring n = 184830
and consequently r = 499. For n = 1482, however, r is merely 4 and the standard
deviation equals 214. �

5.5 Exceedance probabilities

To summarize the situation up to now, we know how to remove the bias in Pn
(or 1/Pn), but the variation around the obtained correct expectation p (or 1/p)
remains quite large. Hence, in specific applications of the procedure we must
reckon with the occurrence of considerably “wrong”values. If we want to control
the frequency with which such accidents occur, exceedance probabilities are the
instrument to use.

In fact, for the relative error W from (5.3) we shall now move from EW and
σW (for ε > 0) to P (W > ε) for increasing g and P (W < −ε) for decreasing
g. For W1 = Pn/p − 1 this simply produces P (Pn > p(1 + ε)), while for W2 =
p/Pn − 1 we obtain P (Pn > p/(1 − ε)). For ε small, this is virtually the same, as
|g′(p)/g(p)| = 1/p in either case. For increasing g we have that P (W > ε) becomes
P (Pn > p(1 + ε̃)), with ε̃ given in (5.16).

Lemma 5.5.1

(i) For g(p) = p we have P (W > ε) = P (Pn > p(1 + ε̃)) with ε̃ = ε,
(ii) for g(p) = 1/p we have P (W < −ε) = P (Pn > p(1 + ε̃)) with

ε̃ = ε/(1 − ε),
(iii) for g(p) = 1 − (1 − p)k, where k = [δ/p], we have P (W > ε) ≈

P (Pn > p(1 + ε̃)) with ε̃ = (1 + δ/2)ε, for ε and δ small.

Proof. (i) is trivial, asW = W1 = Pn/p−1; (ii) is also simple, as forW2 = p/Pn−1
we obtain P (W2 < −ε) = P (Pn > p/(1− ε)). For (iii) we use that for increasing g

ε̃ =
g−1(g(p)(1 + ε)) − p

p
≈ ε

g(p)

pg′(p)
. (5.16)

and thus ε̃ = ε(1− p){(1− p)k − 1}/(kp) ≈ ε(ekp− 1)/(kp) ≈ (1 + δ/2)ε, for small
ε and δ (typical values will indeed be 0.1 or 0.2).
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Again, we start with the standard nonparametric chart based on ÛCL = X(n−r)
(cf. (5.1)). Let B(n, p̃, k) denote the cumulative binomial probability P (Y ≤ k),
with Y ∼ bin(n, p̃). Moreover, let Po(λ̃, k) stand for the cumulative Poisson

probability P (Ỹ ≤ k), where Ỹ has a Poisson distribution with parameter λ̃.

Lemma 5.5.2 For ÛCL from (5.1) we have

P (Pn > p(1 + ε)) = B(n, p(1 + ε), r) ≈ Po(np(1 + ε), r), (5.17)

Proof. For ÛCL = X(n−r) we again have that Pn ∼= U(n+1). Then it is well-
known that P (U(r+1) > p̃) = P (Y < r). Hence, the left-hand side of (5.17) equals
B(n, p(1 + ε), r). Since n is typically large, while r = [np] is not, the Poisson
approximation in (5.17) will work extremely well.

To begin with, we check that the behavior at the two extremes is again as expected.
Indeed, as n → ∞ for fixed p, all is well: P (U(r+1) > p(1 + ε)) → 0. According
to Hoeffding (1963), we in fact have that B(n, p(1 + ε), r) ≤ exp {−2(np(1 +
ε)− r)2/n} ≤ exp (−2np2ε2) and thus the convergence is even exponentially fast.
But clearly, in most practical applications np2ε2 will be very small, rendering the
bound correct but useless. In fact, not only the bound will become large, but
the same will hold for the actual probability involved as well. To illustrate the
opposite end of the scale, let us now assume that n < p−1 and thus r = 0. Then
the exceedance probability in (5.17) equals {1 − p(1 + ε)}n ≈ exp {−np(1 + ε)},
which attains some prescribed value α for n =( log α−1)/(p(1 + ε)).

Example 5.5.1

Letting p = 0.001 again and choosing ε = 9, so that Pn is off by a factor at least
10, we obtain n = 100 log α−1, which e.g. produces n = 300 for α = 0.05. In the
normal case (see p. 33), by comparison we have n ≈ 9.90u2

α, leading to n = 27 for
α = 0.05. Hence really huge errors occur in the parametric case as well, but only
at relatively small sample sizes. �

The case between the two extremes is still quite easy to analyze. It is less trivial
than in the expectation case from Section 5.3, where the maximal bias was seen to
behave simply as r−1. But the Poisson probability from (5.17) also readily shows
what to expect in a given configuration.

Example 5.5.2

Let, as before, p = 0.001 and n = 5000, and thus r = 5. Then we deal with
Po(5(1 + ε), 5), which equals 0.45, 0.19 and 0.067 for ε equal 0.2, 0.6 and 1.0,
respectively. Even if we raise n to 10000, the results still do not look very satis-
factory: we see that Po(10(1 + ε), 10) equals 0.35, 0.18 and 0.077 for ε equal to
0.2, 0.4 and 0.6, respectively. �

As expected, with respect to the present criterion, the behavior of the uncorrected
chart remains unsatisfactory for even larger n than in Section 5.3.
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Consequently, there is ample reason to look for suitable corrections. Fortunately,

from Section 5.3 it is immediately clear how to modify ÛCL = X(n−r) such that the
associated exceedance probability satisfies some desired upper bound α. Instead
of (5.7) we will now use

ÛCLk = (1 − V )X(n+k+1−r) + V X(n+k−r), (5.18)

where k is the some integer ≥ −1.

Lemma 5.5.3 P (Pn > p(1 + ε)) ≈ α results by taking ÛCLk from (5.18), with
k the smallest integer such that Po(np(1 + ε), r − 1 − k) ≤ α and λ = P (V = 1)
such that (1 − λ)Po(np(1 + ε), r − 1 − k) + λPo(np(1 + ε), r − k) = α.

Proof. Arguing as in Lemma 5.3.1 we obtain that Pn ∼= (1−V )Ur−k +V Ur+1−k.
The desired result now readily follows from Lemma 5.5.2.

Indeed, the resulting chart which randomizes between X(n+k−r) and X(n+k+1−r)
guarantees that relative errors in Pn in excess of ε will only occur in a fraction
α of cases. Hence, in effect we copy the solution from Section 5.3, but instead of
merely using an adjacent order statistic, we also shift k steps: a superior form of
protection requires a stronger correction. Clearly, the price to be paid for such
protection will be far from negligible, unless again r is quite large. For example,
note that during the in-control situation EPn will now decrease from (r+1)/(n+1)
to (r+λ−k)/(n+1). So, rather than removing the positive bias there, we replace it
by a typically even larger negative one, in order to be able to satisfy the exceedance
criterion.

Remark 5.5.1 For the two-sided case, (5.18) translates into

ĈLkL = (1 − V )X(r−k) + VX(r−k+1)

for the lower control limit and

ĈLkU = V X(n−r+k) + (1 − V )X(n−r+k+1)

for the upper control limit. In this case r = [np/2] and k is the smallest integer
such that Po(np(1 + ε)/2, r − 1 − k) ≤ α with λ = P (V = 1) such that (1 −
λ)Po(np(1 + ε)/2, r − 1 − k) + λPo(np(1 + ε)/2, r − k) = α. �

To study the effect of the correction defined through (5.18), let us first look at the
extremes again. As n → ∞ for fixed p, a normal approximation e.g. shows that
Po(np(1 + ε), r) → 0 and thus k in (5.18) will eventually become 0 (actually, it
might even become negative, but by then no risk of dealing with realistic n and
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p exists anymore, so we will not bother about this possibility). Turning to the
opposite end, a simple example illustrates that for r = 0 things are still awkward.

Example 5.5.3

Let p = 0.001, n = 800 and ε = 0.1. Then we obtain Po(0.88, 0) = exp (−0.88) =

0.42. Hence, if we choose α = 0.2, it means that ÛCL = X(n), with probability

λ = 0.48 and ÛCL = ∞ otherwise. Hence this adaptation clearly also decreases
the expected 1/Pn in the out-of-control phase by about a factor 2. In comparison
again, for the normal case in Subsection 2.4.2 and the same p, ε and α as used
here, the factor by which the ARL is increased equals about 1.3. And that while
n = 100, rather than the n = 800 used here! Clearly the difference is again
tremendous. �

For the analysis of what happens between the extremes r → ∞ and r = 0, we
shall consider the impact of the correction (5.18) on the out-of-control probability.

Lemma 5.5.4 Replacement of ÛCL from (5.1) by ÛCLk from (5.18), for some
k and λ, results in a relative change in EPn approximately equal to

− (k + 1 − λ)w

p̃1
, (5.19)

with w and p̃1 as in (5.10).

Proof. Immediate from Lemma 5.3.2.

Clearly, due to the presence of k, the expression in (5.19) will become small even
slower than its counterpart from Section 5.3. In the latter case only a factor (1−λ)
occurs, which obviously is at most 1. Some feeling for what actually happens is
again obtained by considering a numerical example (for simplicity we shall as much
as possible continue with the one from Section 5.3).

Example 5.5.4

Take the usual p = 0.001, let n = 5000, and thus r = 5, and fix ε at 0.2. Then we
obtain for Po(6, z) the values 0.45, 0.29, and 0.15 for z = 5, 4, and 3, respectively.
Hence, if we choose α = 0.2, it follows that k = 1 and λ = 0.36: the uncorrected

ÛCL = X(4995) is replaced through (5.18) by X(4996) with probability 0.36 and by
X(4997) otherwise. In this way, the realized Pn differs from the intended p by more
than 20% in at most 20% of the times this procedure is applied. The price to be
paid for this protection will, according to (5.19), roughly be given by 1.64w/p̃1.
The behavior of w/p̃1 was already illustrated in Section 5.3. For example, the
9.2% obtained there will now become 15.1%, which still sounds reasonable. �

Of course, the n involved is again large. In particular, it is much larger than would
be needed in the normal case.
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Example 5.5.5

We first quote from Section 5.3 (cf. Remark 2.4.1 and (5.11)) that a correction
c will produce, with respect to the uncorrected case, a relative error with value
approximately 4c(1 + up − ∆)/5. Next, we obtain from Subsection 2.3.2 (see e.g.
(2.53)) that for the present purpose the relevant correction, which thus keeps the
exceedance probability below α, approximately satisfies c = τuα − ε/up, where

(cf. (5.15)) τ2 = var(ÛCL) ≈ (u2
p + 2)/(2n) for the normal case ÛCL = µ̂+ σ̌up.

For the values considered above, p = 0.001, α = 0.2 and ε = 0.2, we find that
c = 2.02n−1/2 − 0.065, and therefore a value (1.62n−1/2 − 0.052)(4.09 − ∆) for
the relative error results. Again letting ∆ = 1.81, this will wind up to the 15.1%
obtained above for n ≈ 190. This is well below n = 5000. �

Example 5.5.6

An intermediate example involving a larger parametric family is easily derived from

Example 4.5.1. Since ÛCL there equals µ̂+σ̂K
−1

γ̂ (p), a third parameter γ needs to

be estimated, which thus leads, for each given n, to an increase of τ2 = var(ÛCL)
in comparison with the normal case. Following (4.18), it is calculated that nτ2

actually grows by a factor 4.32 when p = 0.001 and γ = 0. Consequently, the
required n also grows by this factor: for ∆ = 1.81, the desired 15.1% is now
reached for n ≈ 820, a value which is indeed intermediate between the normal 190
and the nonparametric 5000. �

It is nice to see from the examples above that by using a suitable correction it is
indeed possible to have acceptable behavior both while being in-control (“big errors
occur rarely”) as well as while being out-of-control (“detection power remains close
to the uncorrected value”). Clearly, this cannot be achieved for customary n and
p, for which r typically equals zero. Substantially larger values of n and/or p are
needed than for normal or parametric charts, as the examples have demonstrated.
But on the other hand, the pessimism according to which r itself should be really
large, is fortunately not realistic. Values like r = 5 seem to offer reasonable
opportunities, and it matters little whether this is achieved by increasing n, or p,
or both.

5.6 Concluding remarks

Although the parametric approach discussed in Chapters 3 and 4 posseses an ad-
vantage over the normal approach presented in Chapter 2, that approach is unable
to avoid the model errors from distributions (far) outside the normal power fam-
ily. A nonparametric approach offers a solution for such a problem, but requires
huge sample sizes for the estimation step. The present chapter discusses the con-
ditions under which the nonparametric approach becomes a feasible alternative
as compared with its parametric counterparts. The following gives the proposed
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procedure as a summary of the nonparametric approach.

Suppose starting values are given for p and n. The basic nonparametric chart

simply uses as an upper limit ÛCL the order statistic X(n−r), where r = [np]. To
keep the in-control behavior under control, for example we require that P (Pn >
p(1+ε)) ≤ α . An alternative is to focus on the ARL and use P (1/Pn < (1−ε)/p),
but this is equivalent: just replace ε in the first criterion by ε/(1−ε). Choose values

for ε and α. Let Po(λ̃, k) denote the cumulative Poisson probability P (Ỹ ≤ k),

where Ỹ is Poisson distributed with parameter λ̃. If Po(np(1 + ε), r) ≤ α, the
requirement is met and the chart can be used without further correction.

If not, somewhat larger values of ε and α could be settled for. But if this is not
allowed or does not work either, a correction is applied. Find the smallest integer k
for which Po(np(1+ε), r−1−k) ≤ α. Note that for r = 0 usually k will be 0 as well.
Let λ be such that (1−λ)Po(np(1+ε), r−k−1)+λPo(np(1+ε), r−k) = α. Then

replace ÛCL by X(n+k−r) with probability λ and by X(n+k+1−r) with probability
(1 − λ). The requirement is met and the behavior during the in-control situation
thus is acceptable.

Next, check whether the price for the protection afforded by this correction, is
acceptable during out-of-control as well. Take the normal case as a yardstick and
suppose the mean has shifted by ∆ standard deviations to the right. Let uq denote
the standard normal upper quantile for any q. Then the effect of the correction
will lead to a relative change that approximately equals (k + 1 − λ){1 + uq −
∆}/{(r + 1)(1 + uq)}, with q = (r + 1)/(n+ 1). For very small r, like r = 0, the
approximation is not reliable, but then the relative errors involved are too large
to be acceptable anyhow. If this expression is suitably small, the corrected chart
can indeed be applied.

If not, n and/or p need to be raised. In view of the simplicity of the relative error
approximation considered, it is easy to figure out by some trial and error what
kind of values will produce a result that is acceptable. Finally, the corrected chart
based on the updated n and/or p, is the one to be applied.



Chapter 6

Data Driven Approach:
A combined procedure

In the previous chapters the normal, parametric and non-parametric approaches
were proposed to determine a suitable control chart for practical usage. Although
each of these approaches has its own advantage, applying these approaches indi-
vidually causes some disadvantages due to the specific characteristics of the obser-
vations encountered in the production process. Therefore, this chapter is devoted
to combine the three approaches and let the data, based on some criteria, select
either the normal, parametric or nonparametric chart as the most suitable chart
for themselves.

The present chapter deals with the question when to switch from the control chart
based on normality to a parametric control chart, or even to a nonparametric
one. This model selection problem is solved by using the estimated model error
as yardstick. We restrict ourselves in this chapter to control charts corrected
for the bias. It is shown that the new combined control chart asymptotically
behaves as each of the specific control charts in their own domain. Simulations
exhibit that the combined control chart performs very well under a great variety
of distributions and hence it is recommended as an omnibus control chart, nicely
adapted to the distribution at hand. The combined control chart is illustrated by
an application on real data. The modified nonparametric control chart, essentially
the same as the one introduced in Chapter 5, is an attractive alternative and can
be recommended as well.

153
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6.1 Introduction

Classical control charts are based on the assumption that the observations are
normally distributed. It has been shown in Chapter 2 that, even if this assumption
is fulfilled, we still need many data to get an accurate control limit when estimators
of the parameters are simply plugged in. Chapter 2 also provides a comprehensive
discussion on how to deal with such a problem.

As a matter of fact, the normality assumption is in practice not always fulfilled
and the control chart often is seriously in error when the distributional form of
the observations differs from normality. An obvious solution to the problem is to
assume a larger parametric model, containing normality as a sub-model, and to
produce a control chart in this new setting. This step has been made in Chapters
3 and 4, where the merits of such an approach are comprehensively discussed.

It is clear that, as long as we are (very) close to normality, the control chart based
on normality is preferable. The first reason is that in that case the performance
of this control chart is better, since it is matched to normality of the observations.
The second reason is that the normal control chart is easier and more familiar and
hence people prefer to use this chart as long as possible. However, for distributions
farther away from normality, but still close to the larger parametric family, the
best choice is the parametric control chart. In that case we should no longer stick
to the normal control chart, but move toward the parametric chart.

Of course, there also are distributions very far outside the larger parametric family
where the parametric control chart is not satisfactory either and a nonparametric
approach should be applied. One may ask why not always apply a nonparametric
control chart or a parametric control chart in a very large parametric family. The
point is that there are two types of error: the model error (due to the distance
between the true distribution and the most suitable distribution in the supposed
model) and the stochastic error/indexstochastic error (caused by estimating pa-
rameters or, in the nonparametric case, an extreme quantile). The larger the
parametric model, the smaller the model error (with a vanishing model error in
the nonparametric control chart), but the larger the stochastic error. For instance,
estimating the 0.999-quantile with 100 observations makes no sense in a nonpara-
metric setting. Chapter 5 provides a detailed analysis on the conditions under
which the nonparametric charts become feasible alternatives for their parametric
counterparts.

The theme of the present chapter is how to choose between the three control charts:
the normal control chart, the parametric control chart as developed for the normal
power family and the nonparametric control chart. The idea is to let the data tell
what control chart to use. A first idea might be to execute a (standard) goodness
of fit test to investigate normality. If normality is not rejected, use the normal
control chart. If we do reject it, apply a goodness of fit test for the normal power
family. Again, when not rejecting the normal power family, apply the parametric
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chart and otherwise use the nonparametric chart (if this makes sense).

Although this way of thinking looks attractive, it has a serious drawback. Standard
goodness of fit tests are looking at the majority of the data, and as such concentrate
on the middle of the distribution, while here we are not interested in this middle
part, but in the (extreme) tail. Therefore, standard goodness of fit tests are not
appropriate for the situation at hand. For the same reason, less formal methods
like “a good look at the data” or “an inspection of a histogram” are completely
insufficient to judge the possible normality in the far tail.

In fact, the choice between the three control charts can be seen as a model selection
problem. This area in statistics is nowadays in the center of interest and therefore
it looks promising to apply such methods not merely for the three charts mentioned
here, but for a whole range of (nested) models as well. Unfortunately, under this
strategy two problems arise. First of all, it is far from easy to develop control
charts in each of these models, see the discussion on several types of models and the
corresponding problems in deriving suitable control charts in Section 3.3. Secondly,
again the common selection rules are intended for the bulk of the data and not for
the (extreme) tail.

The motivation to switch from the normal control chart to the parametric control
chart or even to the nonparametric control chart is provided by the model error.
As before, let p be the false alarm rate, then the model error is the discrepancy
between p and the probability (under the true distribution of X) that X is larger
than the “ideal” control limit, being the (1 − p)-quantile of the “most suitable”
distribution in the supposed model. Indeed, it is seen at this point that not the
middle of the distribution is coming in, but, due to the (very) small value of p, its
far tail. For a more technical description of the model error we refer to Section
3.2.

As this model error is the discriminating quantity in deciding which control chart
to use and since moreover the data should tell us what the appropriate model is,
it is natural to base the decision between the three control charts on the estimated
model error. To avoid too many technical complications and to keep the control
chart as simple as possible we use the (standardized) largest observation to choose
between the control charts, thus really looking at the tail of the distribution.

In Section 6.2 the three control charts are briefly reviewed. Here also a modified
version of the nonparametric control chart is presented. Section 6.3 is devoted to
the choice of the model. The three control charts and the decision rule telling us
which one to choose among them, in fact together form a new control chart. An
application of this combined control chart on real data is performed in Section 6.4.
It is shown in detail how to do the calculations. The in-control and out-of-control
behavior from a theoretical point of view of the combined chart is worked out in
Section 6.5. In order to study the theoretical behavior of the combined control
chart we need so called large deviation results for our estimators of the parameters
in the normal power family. Therefore, also in this section some large deviation
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results are presented. In contrast to for instance the normal control chart, the
combined control chart is valid for all distributions and its out-of-control behavior
is asymptotically as good as when we would know to which of the three classes of
distributions the true distribution belongs. In addition to the theoretical results we
present some simulation results on the new control chart in Section 6.6. It turns
out that the combined control chart behaves very well under a great variety of
distributions and therefore it is recommended as an omnibus control chart, nicely
adapted to the distribution at hand.

The modified version of the nonparametric control chart shows a good behavior
in the in-control situation, as might be expected from a chart close to a real
nonparametric chart. This modified chart has also a nice performance in the out-of-
control situation in contrast to the standard nonparametric control chart, although
under normality some loss has to be accepted w.r.t. the combined control chart.
Therefore, this modified nonparametric chart can be considered as an attractive
alternative omnibus control chart.

6.2 Three types of control charts

It has been discussed in the previous chapters that applying either the normal,
parametric or nonparametric chart individually may cause some disadvantages,
although each of them has its own advantages. Therefore, the idea to combine the
three charts into one procedure and let the data choose the most suitable charts
for themselves seems to be a good proposal.

In this section we briefly review the three control charts to be selected by the data:
the normal chart (cf. Chapter 2), the parametric chart (cf. Chapters 3 and 4)
and the nonparametric chart (cf. Chapter 5). Here, we use the same notations
and estimators as in those chapters. To avoid redundancy, we refer to equations
or remarks in those chapters when necessary.

6.2.1 Normal control chart

Let X1, · · · , Xn, Xn+1 be i.i.d. r.v.’s, each with a N(µ, σ2)-distribution. If µ and
σ are known and p is the probability of incorrectly concluding that the process is
out-of-control, then the UCL of the normal chart equals µ+ up σ. However, very
often µ and σ are unknown and hence we use the estimators µ̂ and σ̌, respectively,

resulting in ÛCL = µ̂+ up σ̌.

The normal control limit devised for Eg(Pn) ≈ g(p), with g as given in (2.3), is

obtained from the plug-in control limit ÛCL by adding a term cN to correct for
the bias. That is, the normal control chart is given by
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Xn+1 > µ̂+ (up + cN )σ̌ , with cN as in Table 6.1. (6.1)

Table 6.1 Correction terms according to the function g.

g(p) cN

p
up
4n

+
up(u

2
p + 2)

4n

1

p

up
4n

+
u2
p + 2

4n

{
up −

2ϕ(up)

p

}

1 − (1 − p)k
up
4n

+
u2
p + 2

4n

{
up −

(k − 1)ϕ(up)

1 − p

}

For the derivation of the normal control chart and its properties we refer to Chapter
2.

6.2.2 Parametric control chart

In order to embed the normal distributions in a larger family with heavier or
thinner tails we essentially consider powers of the standard normal quantiles as
new quantiles, resulting in the normal power family as given in Subsection 3.3.3.
More precisely, the (1 − p)-quantile in the normal distribution up is replaced by

K
−1

γ (p), cf. (3.7). The parametric control chart is based on this normal power

family with the UCL being equal µ+K
−1

γ (p) σ.

As in the normal case, the corrected parametric control chart can be derived by
adding a correction term cu to the UCL to correct for the bias. The corrected
UCL is given in (3.17). It turns out that adding an extra parameter γ in addition
to µ and σ makes it far more complicated to derive control charts. Fortunately,
the recommended control chart given in (3.39) is in an explicit form and can be
applied straightforwardly. For more detailed discussion on this control chart and
its properties we refer to Section 3.6.

6.2.3 Nonparametric control charts

In this Subsection, we present a version of a standard nonparametric control chart
slightly different from that of Chapter 5. In addition, we also present the modified
version of this chart here. The modified version will be used in the combined chart,
in the case that the data reject both the normal and the parametric chart.
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Standard nonparametric control chart

We start with a formal definition of the inverse of a distribution function: F−1(t) =

inf{x : F (x) ≥ t}. For F = 1−F we define F
−1

(p) = F−1(1−p) = inf{x : F (x) ≥
1 − p} = inf{x : F (x) ≤ p}. Applying this to the empirical distribution function
Fn we get

Fn
−1

(p) = X(n−r̃) for
r̃

n
≤ p <

r̃ + 1

n
, r̃ = 0, . . . , n− 1.

Hence we have r̃ = [np]. Estimating the unknown quantile F−1(p) in a non-
parametric way by its empirical counterpart gives the uncorrected plug-in control
chart

Xn+1 > Fn
−1

(p) = X(n−[np]).

This implies that we get unconditional false alarm probabilities EPn equal to
j/(n + 1) with j = 1 + [np] ≥ 1. An obvious way to correct for the estimation
error is to replace p by p(1 ± ζ) for some suitably chosen ζ. However, due to
(a) the fact that we have always at least a false alarm probability 1/(n+ 1) and
(b) the discrete character of the possible false alarm probabilities, we will not get
satisfactory results unless n is very large or p not too small.

A possible solution is to make the false alarm probabilities continuous by adding a
randomization procedure as follows. Let U(1) ≤ . . . ≤ U(n) be the order statistics
of the random sample U1, . . . , Un from a uniform distribution on (0,1) and define
U(0) = 0 and U(n+1) = 1. Let g be a monotone function. In particular, we use
g given in (2.3). For a monotone increasing g define the integer r with 0 ≤ r =
r(p) ≤ n by

Eg(U(r)) ≤ g(p) < Eg(U(r+1)). (6.2)

Let V be a r.v. independent of X1, . . . , Xn+1 taking as values 0 or 1. Replace the
control chart by

Xn+1 > VX(n−r) + (1 − V )X(n−r+1), (6.3)

with

P (V = 1) =
g(p) − Eg(U(r))

Eg(U(r+1)) − Eg(U(r))
,

where in case r = 0 we define X(n+1) = ∞. Since F (X(n−r)) and F (X(n−r+1)) are
distributed as U(r+1) and U(r), respectively, obviously we obtain

Eg(Pn) = g(p). (6.4)
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Note that Pn is now defined as the probability of a false alarm, given X1, . . . , Xn

and V , that is Pn = V F (X(n−r)) + (1 − V )F (X(n−r+1)).

In particular, for g(p) = p we get r = [p(n + 1)] and the nonparametric control
chart reads as

Xn+1 > VX(n−[p(n+1)]) + (1 − V )X(n−[p(n+1)]+1), (6.5)

with
P (V = 1) = p(n+ 1) − [p(n+ 1)].

Similarly, for a monotone decreasing g define 0 ≤ r = r(p) ≤ n by

Eg(U(r)) ≥ g(p) > Eg(U(r+1)). (6.6)

The control chart is again given by (6.3). In particular, for g(p) = 1
p we get

r = [np] + 1 and, provided that r ≥ 2 (that is np ≥ 1), the nonparametric control
chart reads as

Xn+1 > VX(n−[np]−1) + (1 − V )X(n−[np]),

with

P (V = 1) =
([np] + 1)(np− [np])

np
.

When r = 1 and g(p) = 1
p the nonparametric control chart gives an out-of-control

signal if Xn+1 > X(n−1) and hence Pn = F (X(n−1)), implying E 1
Pn

= E 1
U(2)

=

n < 1
p .

For further discussion and results on this and similar nonparametric control charts
we refer to Chapter 5.

Modified nonparametric control chart

The practical implementation of the nonparametric control chart is still question-
able for r = 0, because it implies that with positive probability we will never get
an out-of-control signal. For example when g(p) = p then r = 0 corresponds to
p(n+ 1) < 1. Therefore, we modify the nonparametric control chart somewhat in
case r = 0. We replace the definition X(n+1) = ∞ by X(n+1) = X(n) + S. For
the in-control situation X(n) is already rather far in the tail of the distribution of
Xn+1 and adding S gives for most distributions a really large value. However, a
substantial shift in the out-of-control case can now be detected with higher prob-
ability than P (V = 1), which equals, for instance, 0.251 when g(p) = p, p = 0.001
and n = 250. Moreover, it is now no longer decided to keep the process running
“for ever”when V = 0.
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The modified nonparametric chart is defined by (6.3) if r ≥ 1 and for r = 0 by

Xn+1 > X(n) + (1 − V )S, (6.7)

with

P (V = 1) =
g(p) − g(0)

Eg(U(1)) − g(0)
.

6.3 Choosing the model

When the observations are close to normality, we want to select the normal control
chart. If the departure from normality is too large, we apply the parametric
control chart, unless the parametric family also does not fit. In the latter case
the (modified) nonparametric control chart comes in. It is argued already in the
introduction (but see also below) that the model error is the guide for choosing
between the charts. In principle, the model error can be defined both for the
in-control and the out-of-control situation. However, because of the validity of
the control chart, our main concern lies in the model error for the in-control case.
Therefore, when developing rules for choosing between the three control charts we
assume that X1, . . . , Xn, Xn+1 are i.i.d. r.v.’s with common distribution function
F .

In deciding, for instance, whether the departure from normality is too large, we
have to use a measure for the distance between the realized distribution (the true
F ) and the supposed model (in this case, normality). This “distance” should be
chosen in accordance with the problem at hand, that is the difference between
the observed false alarm rate Pn and the prescribed false alarm rate p. The total
error consists of the model error and the stochastic error. The stochastic error can
be reduced by a correction term according to the criterion at hand. The model
error should be reduced by an appropriate choice of the model and here the notion
of “distance” naturally comes in. Furthermore, the data should tell us whether
the model error is (too) large. Therefore, the selection between the three possible
control charts is based on a kind of estimation of the model error. To come to an
implementation of the preceding ideas, we use a more technical definition of the
model error such as presented in Section 3.2, see (3.5).

6.3.1 Normality

Let us start with considering the question whether to use the normal control chart
or not. The supposed distribution function Gθ is that of µ+ σZ, with Z having a
standard normal distribution. Therefore, the model error equals F (µ+ σup) − p
and we want to check, based on our observations X1, . . . , Xn, the behavior of
(X − µ)/σ in the far tail, where p is (very) small. For instance, when p = 0.001
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and n < 1000, the most obvious quantity to look at is the standardized maximum
of our observations: (X(n) − µ̂)/σ̌. In principle we can use for larger p and/or
n other order statistics, but to avoid technical complications and to keep the
combined control chart simple we restrict ourselves to (X(n) − µ̂)/σ̌.

The next point is the determination of the cut-off points for staying at the nor-
mal chart. If X1, . . . , Xn are i.i.d. with a standard normal distribution and
{d1N (n)} , {d2N (n)} are sequences of positive numbers satisfying lim

n→∞
d1N (n) =

∞, d1N (n) < n and lim
n→∞

d2N (n) = 0, then

lim
n→∞

P

(
X(n) < Φ

−1
(
d1N (n)

n

))
= 0

and

lim
n→∞

P

(
X(n) > Φ

−1
(
d2N (n)

n

))
= 0.

Therefore, we will prefer the normal control chart when

Φ
−1
(
d1N (n)

n

)
≤ X(n) −X

S
≤ Φ

−1
(
d2N (n)

n

)
. (6.8)

Distributions with heavier tails than the normal one give problems with the in-
control behavior, leading for common distributions to EPn being 4 or even 12
times as large as it should be, see Table 3.3 and hence the control chart is invalid.
Distributions with thinner tails are conservative in the in-control case with as
consequence a loss in the out-of-control situation. Because errors in the in-control
situation are more serious than those in the out-of-control case and since a positive
model error as large as p or larger can easily occur, whereas the negative model
error is at most −p, we take the selection rule unbalanced. In particular, we will
consider d1N (n) = −0.7 + 0.5 logn, d2N (n) = 5/

√
n, leading to

P

(
X(n) < Φ

−1
(−0.7 + 0.5 logn

n

))
=

(
1 − −0.7 + 0.5 logn

n

)n

≈ exp (0.7 − 0.5 logn) ≈ 2√
n

and

P

(
X(n) > Φ

−1
(

5

n
√
n

))
= 1 −

(
1 − 5

n
√
n

)n
≈ 1 − exp

(
− 5√

n

)
≈ 5√

n
,

when X1, . . . , Xn are i.i.d. having a standard normal distribution. This choice is
based on both the theoretical results of Section 6.5 and our simulation experience,
see Section 6.6.
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Remark 6.3.1 The first step in the selection procedure is to choose the normal
or the parametric chart. One might wonder why not to take γ̂ as statistic to choose
between these two. After all, the normal distribution is a member of the normal
power family with γ = 0 and we simply have to investigate whether γ = 0 or not.
The estimator γ̂ seems to be the obvious measure for that. However, presentation
in this form is misleading, since we do not need to escape from the normal chart
only if we have a member of the normal power family with a substantially different
value of γ, but also for distributions outside the normal power family. So, the
selection procedure should not be restricted to the framework of the normal power
family.

Indeed, it turns out that for several well known distributions such as the Student
distribution pretty small values of γ̂ are very common, while nevertheless a rather
large model error occurs when assuming normality. For example, the standardized
Student distribution with 6 degrees of freedom has 0.118 as limiting value of γ̂
(when n tends to infinity), while for p = 0.001 its model error equals 3.56 and
hence EPn ≈ 4.56p, see Table 3.3. �

6.3.2 Normal power family

Next, we address the question how to choose between the parametric control chart
and the nonparametric one. Similarly as for the normal chart we prefer the para-
metric control chart when

X(n) −X

S
/∈
[
Φ

−1
(
d1N (n)

n

)
,Φ

−1
(
d2N (n)

n

)]
, (6.9)

K
−1

γ̂

(
d1P (n)

n

)
≤ X(n) −X

S
≤ K

−1

γ̂

(
d2P (n)

n

)
,

where {d1P (n)} , {d2P (n)} are sequences of positive numbers satisfying
lim
n→∞

d1P (n) = ∞, d1P (n) < n and lim
n→∞

d2P (n) = 0. In particular, we will consider

d1P (n) = −0.2 + 0.5 logn, d2P (n) = 3/
√
n, leading to

P

(
X(n) < K

−1

γ

(−0.2 + 0.5 logn

n

))
=

(
1 − −0.2 + 0.5 logn

n

)n

≈ exp (0.2 − 0.5 logn) ≈ 1.2√
n

and

P

(
X(n) > K

−1

γ

(
3

n
√
n

))
= 1 −

(
1 − 3

n
√
n

)n
≈ 1 − exp

(
− 3√

n

)
≈ 3√

n
,
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when X1, . . . , Xn are i.i.d. having a normal power family distribution with distri-
bution function Kγ . Note that this specific range has somewhat larger probability
of staying at the parametric control chart than the corresponding one for the nor-
mal chart, because here the model error is in general lower. The “unbalance-factor”
is in both cases approximately the same: 5/2 = 3/1.2.

6.3.3 Nonparametric

When neither (6.8) nor (6.9) hold, we choose the modified nonparametric control
chart. Moreover, when p(n+1) ≥ 1 we can make some simplifications by ignoring
the correction terms in the normal and parametric control chart (since they are
rather small in that case) and replacing in the nonparametric chart the stochastic
term V by its deterministic counterpart EV .

6.3.4 Combined control chart

In order to avoid too much technicalities we restrict ourselves to g(p) = p, which
is also considered in the simulation study. Note, however, that with (some) more

effort other g’s like g (p) = 1 − (1 − p)
k

or g(p) = 1/p can be analyzed as well.

Consequently, for g(p) = p the combined control chart is defined as follows. Let
ULN , ULP , ULMNP denote the upper limit of the normal, parametric and modi-
fied nonparametric control chart (for r = 0), respectively, that is, cf.(2.27), (3.39),
and (6.7),

ULN = µ̂+ (up + cN )σ̌ with cN as in Table 1, (6.10)

ULP = µ̂+ σ̌

{
K

−1

γ̂ (p) − C1 (γ̂)C2 (γ̂) − C3 (γ̂)

n
+
C4 (γ̂)

n

}
,

ULMNP = X(n) + (1 − V )S with P (V = 1) = p(n+ 1)

and let

IN =

[
Φ

−1
(
d1N (n)

n

)
,Φ

−1
(
d2N (n)

n

)]
, (6.11)

IP =

[
K

−1

γ̂

(
d1P (n)

n

)
,K

−1

γ̂

(
d2P (n)

n

)]
,
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then the combined control chart for r = 0 is given by

Xn+1 > ULN1

(
X(n) −X

S
∈ IN

)
(6.12)

+ ULP1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)

+ ULMNP1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)
,

with 1(A) = 1 if A holds and 0 otherwise. Writing δ = p(n+ 1)− r the combined
control chart for r ≥ 1 is given by

Xn+1 >
(
X + upS

)
1

(
X(n) −X

S
∈ IN

)
(6.13)

+
(
X +K

−1

γ̂ (p)S
)
1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)

+
{
δX(n−r) + (1 − δ)X(n−r+1)

}
1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)
.

Returning to both the in- and out-of-control situation, that is X1, . . . , Xn have
distribution function F and Xn+1 has distribution function G with G = F for the
in-control case, we therefore get (with E referring to the expectation under F )
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EPn = E

{
G(UL∗

N )1

(
X(n) −X

S
∈ IN

)}
(6.14)

+ E

{
G(UL∗

P )1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)}

+ E

{
G(UL∗

NP )1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)}
,

where UL∗
N = ULN if r = 0 and UL∗

N = X + upS if r ≥ 1, UL∗
P = ULP if

r = 0 and UL∗
P = X + K

−1

γ̂ (p)S if r ≥ 1 and UL∗
NP = ULMNP if r = 0 and

UL∗
NP = δX(n−r) + (1− δ)X(n−r+1) if r ≥ 1. It is easily seen that due to location

and scale invariance, without loss of generality, we may take µ = EX1 = 0 and
σ2 = var(X1) = 1.

We want to show the following results:

1. The combined procedure has good in-control behavior under normality (F =
Φ), the normal power family (F = Kγ for some γ) and outside the normal
power family (F 6= Kγ for all γ).

2. During out-of-control there is a gain w.r.t. the nonparametric chart if F =
Kγ for some γ, and hence in particular if F = Φ. There is only a small loss
w.r.t. the normal and parametric chart if F = Φ, w.r.t. the parametric chart
if F = Kγ for some γ, and also only a small loss w.r.t. the nonparametric
chart if F 6= Kγ for all γ.

From the theoretical point of view this will be shown by demonstrating that the
combined control chart in each of the three situations (normality, normal power
family, outside the normal power family) asymptotically behaves as the specific
corresponding control chart. In the simulations this is established by numerical
comparison of the specific and the combined control chart for several distributions.

The main point in the theoretical part is to show that the estimators µ̂, σ̌ and
γ̂ can essentially be ignored in the selection part of the procedure. This requires
a lot of effort, including results on large deviations for these estimators, which
are presented in Section 6.5. Simplifying things a little bit and taking d1N (n) =
−0.7 + 0.5 logn, d2N (n) = 5/

√
n, d1P (n) = −0.2 + 0.5 logn, d2P (n) = 3/

√
n , for

instance, when normality holds the procedure then looks as follows: choose the
normal chart except for a probability 2√

n
(due to possible thinner tail) + 5√

n
(due to
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possible heavier tail); when not taking the normal chart we choose with probability
0.8√
n

+ 2√
n

the parametric chart and otherwise the nonparametric chart.

In general, the behavior of the combined chart is indeed a mixture of the three
charts according to the weights of the selection rule with the following refinement:
the contribution of the normal chart is similar to the one in the unselected case, due
to almost independence of X(n) and (X,S); the contribution of the nonparametric
part is lower than in the unselected case, when we enter the nonparametric chart
because of large values of X(n), implying that the control limit is also relatively
large, and the contribution is larger otherwise; in the parametric part there is some
dependence, but not that much. The following simulation results illustrate this
phenomenon.

Example 6.3.1

Assume that X1, . . . , X1000 are i.i.d. r.v.’s with a normal distribution. The proba-
bility of choosing the normal chart then is approximately equal to 1− 7/

√
1000 =

0.78. Our simulation result based on 100 000 simulations as given in Table 6.3
gives 0.78 as well. The simulated “EPn” for this part, that is the frequency of the
out-of-control signal for these simulations, equals 0.00103, which corresponds with
the simulated EPn using the normal chart for all 100 000 simulations, being also
0.00103.

The probability of choosing the parametric chart, due to large values of X(n)

(EPP1), is approximately equal to 2/
√

1000 = 0.06. The simulated value is 0.07.
The contribution of this part equals 0.00076, which is somewhat smaller than
the simulated EPn using the parametric chart for all 100 000 simulations, being
0.00113 . The probability of choosing the parametric chart due to small values
of X(n) (EPP2), is approximately equal to 0.8/

√
1000 = 0.03, which is also the

value in the simulation. The simulated “EPn” for this part equals 0.00165, which
indeed is somewhat larger than 0.00113.

The probability of choosing the nonparametric chart due to large values of X(n)

(EPNP1), is approximately equal to 3/
√

1000 = 0.09, which is also the simulated
value. The simulated “EPn” for this part is 0.00007, which is much smaller than
0.00101, being the simulated EPn using the nonparametric chart for all 100 000
simulations. The probability of choosing the nonparametric chart due to small
values of X(n) (EPNP2), is approximately equal to 1.2/

√
1000 = 0.04, while the

simulation gives 0.03. Its contribution is 0.00401 and this is (as expected) much
higher than 0.00101.

The resulting simulated EPn for the combined chart thus equals 0.78× 0.00103+
0.07× 0.00076+0.03× 0.00165+0.09× 0.00007+0.03× 0.00401 = 0.00103. Table
6.3 also provides the results using n = 500, n = 1500 and n = 2000.
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Table 6.3 In-control behavior of the normal (N), parametric (P ) and nonpara-
metric (NP )control charts and the combined control chart (C) for observations
drawn from the normal family.

chart result n = 500 n = 1000 n = 1500 n = 2000
normal EPN 0.00100 0.00103 0.00102 0.00102

#N 72,977 78,401 83,661 85,484
parametric EPP 0.00097 0.00113 0.00109 0.00107

EPP1 0.00046 0.00076 0.00077 0.00080
#P1 7,448 7,245 4,694 4,087
EPP2 0.00168 0.00165 0.00148 0.00139
#P2 3,905 2,790 2,221 1,869

nonparametric EPNP 0.00100 0.00101 0.00090 0.00100
EPNP1 0.00010 0.00007 0.00015 0.00057
#NP1 12,311 8,830 7,148 6,522
EPNP2 0.00386 0.00401 0.00314 0.00265
#NP2 3,359 2,734 2,276 2,038

combined EPC 0.00097 0.00103 0.00101 0.00102

�

6.4 Application of the combined chart

We apply the new control chart on a real life example concerning the production of
electric shavers by Philips. In an electrochemical process razor heads are formed.
The measurements concern the thickness of the razor heads. There are two samples
each of 835 measurements. One sample will be used to settle the control chart and
then this chart is applied to the second sample. A histogram of the first sample is
given in Figure 6.1.

The control limit is obtained in the following steps

1. We calculate
X(n)−X

S . Since X(n) = 51.66, X = 42.366, S = 3.311, this leads
to

X(n) −X

S
= 2.807.

2. We calculate the cut-off points for choosing the normal chart. These values
are

Φ
−1
(−0.7 + 0.5 logn

n

)
= 2.728 and

Φ
−1
(

5

n
√
n

)
= 3.531.
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Figure 6.1. Histogram of the thickness of razor heads for the first sample of 835
measurements.

3. Because 2.807 ∈ [2.728, 3.531] we choose the normal chart and therefore we
calculate the corresponding control limit. It is given by µ̂ + (up + cN )σ̌

with µ̂ = X = 42.366, up = 3.090, cN =
up
4n

+
up(u

2
p + 2)

4n
= 0.012 and

σ̌ = S = 3.311, see (6.1). As a result the control limit equals 52.635 and an
out-of-control signal is given for new observations being larger than 52.635.

We apply the control chart to the second sample. Figure 6.2 shows the result,
where the horizontal line gives the control limit 52.635. As is seen there is one
observation among the 835 observations which gives an out-of-control signal.

Note that we do not need to calculate the parametric or nonparametric control
chart in this case.

If one is interested in controlling the lower values in this example the calculations
should be modified in an obvious way. Essentially we consider −X1, . . . ,−Xn,
calculate for these r.v.’s the upper control limit and apply these control limit to
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Figure 6.2. Control chart of the second sample of 835 measurements of the
thickness of razor heads.
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−Xn+1. An out-of-control signal is given when −Xn+1 is larger than the obtained
upper control limit, or, equivalently, if Xn+1 is smaller than minus the control
limit based on −X1, . . . ,−Xn. Here are the details.

1. We calculate
X−X(1)

S . Since X(1) = 25.45, X = 42.366, S = 3.311, this leads
to

X −X(1)

S
= 5.109.

2. The cut-off points for choosing the normal chart are again

Φ
−1
(−0.7 + 0.5 logn

n

)
= 2.728 and Φ

−1
(

5

n
√
n

)
= 3.531.

3. Because 5.109 /∈ [2.728, 3.531] we do not choose the normal chart. Next, we
calculate the cut-off points for the parametric chart. We are dealing with
the lower part and hence

γ̂ = 1.1218 log

(
X −X(n−[0.95n])

X −X(n−[0.75n])

)
− 1.

This gives γ̂ = 0.352. The upper cut-off point for the parametric chart equals

K
−1

γ̂

(
3

n
√
n

)
= 4.957, implying that in this case the (modified) nonparametric

chart is chosen. Hence, an out-of-control signal is given if a new observation
is smaller than X(1) − (1 − V )S, which equals 25.450 if V = 0 and 22.139 if
V = 1, where P (V = 1) = (n+ 1)p = 0.836.

The minimum of the second sample is 26.25 and therefore, no out-of-control
signal is obtained.

6.5 Theoretical behavior of the combined chart

In this section we study both the in-control and the out-of-control behavior of the
combined control chart
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Xn+1 > UL∗
N1

(
X(n) −X

S
∈ IN

)

+ UL∗
P1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)

+ UL∗
NP1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)
,

where UL∗
N = ULN if r = 0 and UL∗

N = X + upS if r ≥ 1, UL∗
P = ULP if

r = 0 and UL∗
N = X + K

−1

γ̂ (p)S if r ≥ 1 and UL∗
NP = ULMNP if r = 0 and

UL∗
N = δX(n−r) + (1 − δ)X(n−r+1) if r ≥ 1, see also (6.10) and (6.11). We show

that the behavior of the combined control chart is asymptotically equivalent to
the behavior of the specific control chart for the supposed model. Hence, the
combined control chart is valid for all distributions and its out-of-control behavior
is asymptotically as good as when we would know to which class of distributions
the true distribution belongs.

The large deviation results of Theorem 3.6.1 and the following theorem are used
in the proofs of the basic Lemmas 6.5.1, 6.5.4 and 6.5.5 in this section. Theorem
3.6.1 concerns a fixed ε, while the following theorem concerns the deviations εn
tending to 0, but at a slow rate. Similarly as in Chapter 3, we use for mathematical
convenience the estimator γ̂2 instead of γ̂ and also the “exact” form of C2, see the
remarks on it just before Theorem 3.6.1.

Theorem 6.5.1 Let X1, . . . , Xn be i.i.d. r.v.’s with a normal power distribution
with parameter γ. Let {εn} be a sequence of positive numbers with lim

n→∞
εn = 0

and lim
n→∞

nε2n = ∞.

(i) If γ ≤ 1, then

lim sup
n→∞

(nε2n)
−1 logP

(∣∣X
∣∣ > εn

)
< 0. (6.15)

If γ > 1, then

lim sup
n→∞

logP
(∣∣X

∣∣ > εn
)

min{nε2n, (nεn)2/(1+γ)} < 0. (6.16)

(ii) If γ ≤ 0, then
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lim sup
n→∞

(nε2n)
−1 logP

(∣∣S2 − 1
∣∣ > εn

)
< 0. (6.17)

If γ > 0, then

lim sup
n→∞

logP
(∣∣S2 − 1

∣∣ > εn
)

min{nε2n, (nεn)1/(1+γ)} < 0. (6.18)

(iii) If γ ≤ 1, then

lim sup
n→∞

(nε2n)
−1 logP (|γ̂2 − γ| > εn) < 0. (6.19)

If γ > 1, then

lim sup
n→∞

logP (|γ̂2 − γ| > εn)

min{nε2n, (nεn)2/(1+γ)} < 0. (6.20)

Proof. Denote by X(1) ≤ . . . ≤ X(n) the order statistics of X1, . . . , Xn and let
U(1) ≤ . . . ≤ U(n) be the order statistics of the random sample U1, . . . , Un from a
uniform distribution on (0,1). Let {εn} be a sequence of positive numbers with
lim
n→∞

εn = 0 and lim
n→∞

nε2n = ∞. Let 0 < s < 1 be fixed and let j = j(n) satisfy

j/n = s+O(εn) as n→ ∞. Then, cf.(3.43),

P (X(j) > K−1
γ (s) + εn) = P

(
n∑
i=1

1Ui>Kγ(K−1
γ (s)+εn) ≥ n− j

)

and by standard large deviation theory, cf. e.g. Feller(1971) p. 553,

lim sup
n→∞

(nε2n)
−1 logP (X(j) > K−1

γ (s) + εn) < 0.

Similarly, we have

lim sup
n→∞

(nε2n)
−1 logP (X(j) < K−1

γ (s) − εn) < 0

and hence

lim sup
n→∞

(nε2n)
−1 logP

(∣∣X(j) −K−1
γ (s)

∣∣ > εn
)
< 0. (6.21)

If 1+γ ≤ 2, again by standard large deviation theory, cf. e.g. Feller(1971) p. 553,
it follows that

lim
n→∞

(nε2n)
−1 logP

(∣∣X
∣∣ > εn

)
< 0,
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which completes the proof of (6.15).

For 1 + γ > 2, the moment generating function of Xi does not exist. However, by
Nagaev (1969), see also Nagaev (1979, formulas (2.31) and (2.32) on page 764), it
follows that

lim sup
n→∞

logP
(
X > εn

)

min{nε2n, (nεn)2/(1+γ)} ≤ −min

{
1/20,

1

2

(
1/2

c(γ)

)2/(1+γ)
}
,

where we have used

lim
n→∞

logn

(nεn)2/(1+γ)
= lim
n→∞

logn

n1/(1+γ)(n1/2εn)2/(1+γ)
= 0.

By symmetry we get

lim sup
n→∞

logP
(∣∣X

∣∣ > εn
)

min{nε2n, (nεn)2/(1+γ)} < 0,

which completes the proof of (6.16).

Since

P
(∣∣S2 − 1

∣∣ > εn
)
≤ P

(∣∣S2 − 1
∣∣ > εn,

∣∣X
∣∣ < εn

)
+ P

(∣∣X
∣∣ > εn

)

≤ P

(∣∣∣∣∣
n∑

i=1

(
X2
i − 1

)
∣∣∣∣∣ > (n− 1)εn − nε2n − 1

)
+ P

(∣∣X
∣∣ > εn

)
,

it follows by a similar argument as in the proof of (6.15) and (6.16) that (6.17)
and (6.18) hold true.

There exists a constant c > 0 such that

P (|γ̂2 − γ| > εn) ≤ P
(∣∣X([0.95n+1]) −K−1

γ (0.95)
∣∣ > cεn

)

+ P
(∣∣X([0.75n+1]) −K−1

γ (0.75)
∣∣ > cεn

)
+ P

(∣∣X
∣∣ > εn

)
.

Note that [n+ 1 − qn]/n− 1 − q = O(1/n) = o(εn) for any fixed 0 < q < 1. The
results given in (6.19) and (6.20) now easily follow from (6.21), (6.15) and (6.16).

6.5.1 Normality

Suppose that X1, . . . , Xn have distribution function F = Φ and that Xn+1 is dis-
tributed as X1 + ∆ for some ∆ ≥ 0. The in-control situation refers to ∆ = 0,
while for control charts with only an upper limit the out-of-control case corre-
sponds to ∆ > 0. Let {d1N (n)} , {d2N (n)} be sequences of real numbers satisfying
lim
n→∞

d1N (n) = ∞, d1N (n) < n and lim
n→∞

d2N (n) = 0. In view of (6.14) we have

(with expectations and probabilities referring to F = Φ)
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(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)}

+ E

{
Φ(UL∗

NP − ∆)1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)}

= E
{
Φ(UL∗

N − ∆)
}

+ E

{
1

(
X(n) −X

S
/∈ IN

)
hN
(
X(n), X, S

)
}

with

hN
(
X(n), X, S

)
=
[
Φ(UL∗

P − ∆) − Φ(UL∗
N − ∆)

]
1

(
X(n) −X

S
∈ IP

)

+
[
Φ(UL∗

NP − ∆) − Φ(UL∗
N − ∆)

]
1

(
X(n) −X

S
/∈ IP

)

and hence, using
∣∣hN

(
X(n), X, S

)∣∣ ≤ 1,

∣∣EPn − E
{
Φ(UL∗

N − ∆)
}∣∣ ≤ P

(
X(n) −X

S
/∈ IN

)
. (6.22)

The following lemma gives asymptotic expressions for the probabilities of the right-
hand side of (6.22).

Lemma 6.5.1 Let X1, . . . , Xn be i.i.d. r.v’s with a normal distribution. Let
{d1N (n)} , {d2N (n)} be sequences of real numbers satisfying

lim
n→∞

d1N (n) = ∞, lim
n→∞

d1N (n)

√
d1N (n)

n
log

(
d1N (n)

n

)
= 0,

lim
n→∞

d2N (n) = 0, lim
n→∞

√
|log d2N (n)|

n
log

(
d2N (n)

n

)
= 0.
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Then

P

(
X(n) −X

S
< Φ

−1
(
d1N (n)

n

))
=

(
1 − d1N (n)

n

)n
(1 + o(1)),

P

(
X(n) −X

S
> Φ

−1
(
d2N (n)

n

))
= d2N (n)(1 + o(1)) as n→ ∞.

Before proving Lemma 6.5.1 we present the following lemma on the behavior in
the tail of the standard normal distribution.

Lemma 6.5.2 Let {xn} , {εn} be sequences of real numbers satisfying lim
n→∞

xn =

∞, lim
n→∞

x2
nεn = 0, where εn may be positive as well as negative. Then

Φ (xn (1 + εn)) = Φ (xn)
(
1 +O

(
x2
nεn
))

as n→ ∞.

If moreover, lim
n→∞

nΦ(xn)x
2
nεn = 0, then

{
1 − Φ (xn (1 + εn))

}n
=
(
1 − Φ (xn)

)n
(1 + o(1)) as n→ ∞.

Proof. By Taylor expansion we get

Φ (xn (1 + εn)) = Φ (xn) − xnεnϕ (ξn) ,

with ξn between xn and xn (1 + εn). For x→ ∞ we have

Φ (x) =
ϕ(x)

x
(1 + o(1))

and hence, noting that lim
n→∞

x2
nεn = 0 implies lim

n→∞
ϕ(ξn)
ϕ(xn) = 1, we obtain

Φ (xn (1 + εn))

Φ (xn)
= 1 − x2

nεn
ϕ (ξn)

ϕ (xn)
(1 + o(1))

= 1 +O
(
x2
nεn
)

as n→ ∞.

If, moreover, lim
n→∞

nΦ(xn)x
2
nεn = 0, then

n log
(
1 − Φ (xn (1 + εn))

)
= n log

(
1 − Φ (xn) +O

(
Φ (xn)x2

nεn
))

= n log
(
1 − Φ (xn)

)
+O

(
nΦ (xn)x2

nεn
)

= n log
(
1 − Φ (xn)

)
+ o(1),

which completes the proof.
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Proof of Lemma 6.5.1. For x→ 0 we have

Φ
−1

(x) =
√
−2 logx (1 + o(1))

and hence

lim
n→∞

d1N (n)

√
d1N (n)

n
log

(
d1N (n)

n

)
= 0

implies

lim
n→∞

d1N (n)

√
d1N (n)

n

{
Φ

−1
(
d1N (n)

n

)}2

= 0.

Therefore, there exists a sequence {an} such that

lim
n→∞

an = ∞, lim
n→∞

and1N (n)

√
d1N (n)

n

{
Φ

−1
(
d1N (n)

n

)}2

= 0. (6.23)

Let

εn = an

√
d1N (n)

n
,

then we have lim
n→∞

εn = 0 and lim
n→∞

nε2n (d1N (n))−1 = ∞. By Theorem 6.5.1 we

get

lim
n→∞

P
(∣∣X

∣∣ > εn
)

(
1 − d1N (n)

n

)n = 0, lim
n→∞

P
(∣∣S2 − 1

∣∣ > εn
)

(
1 − d1N (n)

n

)n = 0

and hence

P

(
X(n) −X

S
< Φ

−1
(
d1N (n)

n

))
(6.24)

= P

(
X(n) −X

S
< Φ

−1
(
d1N (n)

n

)
,
∣∣S2 − 1

∣∣ < εn,
∣∣X
∣∣ < εn

)
+ o

((
1 − d1N (n)

n

)n)
.

Writing

z1n = Φ
−1
(
d1N (n)

n

)
(1 − εn) , z2n = Φ

−1
(
d1N (n)

n

)
(1 + εn)

we obtain, for sufficiently large n,

P
(
X(n) < z1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn

)
(6.25)

≤ P

(
X(n) −X

S
< Φ

−1
(
d1N (n)

n

)
,
∣∣S2 − 1

∣∣ < εn,
∣∣X
∣∣ < εn

)
≤ P

(
X(n) < z2n

)
.

Using
P
(
X(n) < z2n

)
= P

(
Φ
(
X(n)

)
> Φ (z2n)

)
=
(
1 − Φ (z2n)

)n
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and writing xn = Φ
−1
(
d1N (n)
n

)
, the conditions of Lemma 6.5.2 are fulfilled, see

also (6.23). Application of Lemma 6.5.2 yields

P
(
X(n) < z2n

)
=
(
1 − Φ (z2n)

)n
=

(
1 − d1N (n)

n

)n
(1 + o(1)) as n→ ∞. (6.26)

Because

P
(
X(n) < z1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn

)
= P

(
X(n) < z1n

)
+o

((
1 − d1N (n)

n

)n)
,

another application of Lemma 6.5.2 gives

P
(
X(n) < z1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn

)
=

(
1 − d1N (n)

n

)n
(1 + o(1)) as n→ ∞.

(6.27)
Combination of (6.24) – (6.27) leads to

P

(
X(n) −X

S
< Φ

−1
(
d1N (n)

n

))
=

(
1 − d1N (n)

n

)n
(1 + o(1)) as n→ ∞.

Since

lim
n→∞

√
|log d2N (n)|

n
log

(
d2N (n)

n

)
= 0,

there exists a sequence {bn} such that

lim
n→∞

bn = ∞, lim
n→∞

bn

√
|log d2N (n)|

n

{
Φ

−1
(
d2N (n)

n

)}2

= 0. (6.28)

Let

ηn = bn

√
|log d2N (n)|

n
,

then we have lim
n→∞

ηn = 0 and lim
n→∞

nη2
n (|log d2N (n)|)−1

= ∞. By Theorem 6.5.1

we get

lim
n→∞

P
(∣∣X

∣∣ > ηn
)

d2N (n)
= 0, lim

n→∞

P
(∣∣S2 − 1

∣∣ > ηn
)

d2N (n)
= 0

and hence

P

(
X(n) −X

S
> Φ

−1
(
d2N (n)

n

))
(6.29)

= P

(
X(n) −X

S
> Φ

−1
(
d2N (n)

n

)
,
∣∣S2 − 1

∣∣ < ηn,
∣∣X
∣∣ < ηn

)
+ o (d2N (n)) .
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Writing

y1n = Φ
−1
(
d2N (n)

n

)
(1 + ηn) , y2n = Φ

−1
(
d2N (n)

n

)
(1 − ηn)

we obtain, for sufficiently large n,

P
(
X(n) > y1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn

)
(6.30)

≤ P

(
X(n) −X

S
> Φ

−1
(
d2N (n)

n

)
,
∣∣S2 − 1

∣∣ < ηn,
∣∣X
∣∣ < ηn

)
≤ P

(
X(n) > y2n

)
.

Using

P
(
X(n) > y2n

)
= P

(
Φ
(
X(n)

)
< Φ (y2n)

)
= 1 −

(
1 − Φ (y2n)

)n

and writing xn = Φ
−1
(
d2N (n)
n

)
, the conditions of the first part of Lemma 6.5.2

(with εn replaced by −ηn) are fulfilled, see also (6.28). Application of Lemma
6.5.2 yields

P
(
X(n) > y2n

)
= 1 −

(
1 − Φ (y2n)

)n
= 1 −

(
1 − d2N (n)(1 + o(1))

n

)n
(6.31)

= d2N (n)(1 + o(1)),

as n→ ∞. Because

P
(
X(n) > y1n,

∣∣S2 − 1
∣∣ < ηn,

∣∣X
∣∣ < ηn

)
= P

(
X(n) > y1n

)
+ o (d2N (n)) ,

another application of Lemma 6.5.2 gives

P
(
X(n) > y1n,

∣∣S2 − 1
∣∣ < ηn,

∣∣X
∣∣ < ηn

)
= d2N (n)(1 + o(1)) as n→ ∞. (6.32)

Combination of (6.29) – (6.32) gives

P

(
X(n) −X

S
> Φ

−1
(
d2N (n)

n

))
= d2N (n)(1 + o(1)) as n→ ∞,

thus completing the proof of the lemma.

In view of (6.22) and Lemma 6.5.1 we get the following result, which expresses
that under normality the combined control chart given by (6.12) and (6.13) is
asymptotically as good as the normal control chart given in (6.1). The results of
Chapter 2 on (corrected) normal control charts ensure that EΦ(UL∗

N) is very close
to p.
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Theorem 6.5.2 Let X1, . . . , Xn be i.i.d. r.v’s with a normal distribution. Let
{d1N (n)} , {d2N (n)} be sequences of real numbers satisfying

lim
n→∞

d1N (n) = ∞, lim
n→∞

d1N (n)

√
d1N (n)

n
log

(
d1N (n)

n

)
= 0,

lim
n→∞

d2N (n) = 0, lim
n→∞

√
|log d2N (n)|

n
log

(
d2N (n)

n

)
= 0.

Then

∣∣EPn − E
{
Φ(UL∗

N − ∆)
}∣∣ ≤

{(
1 − d1N (n)

n

)n
+ d2N (n)

}
(1 + o(1)) as n→ ∞.

Note that for the choices d1N (n) = −0.7+0.5 logn, d2N (n) = 5/
√
n the conditions

of Theorem 6.5.2 are satisfied and we get

|EPn − E{Φ(UL∗
N − ∆)}| ≤ (

e0.7 + 5√
n

)(1 + o(1)),

as n→ ∞.

6.5.2 Normal power family

The following lemma describes the tail behavior in the normal power family and
is in fact a generalization of Lemma 6.5.2.

Lemma 6.5.3 Let {xn} , {εn} be sequences of real numbers satisfying lim
n→∞

xn =

∞, lim
n→∞

x
2

1+γ
n εn = 0, where εn may be positive as well as negative, then

Kγ (xn (1 + εn)) = Kγ (xn)

(
1 +O

(
x

2
1+γ
n εn

))
as n→ ∞.

If, moreover, lim
n→∞

nKγ (xn)x
2

1+γ
n εn = 0, then

{
1 −Kγ (xn (1 + εn))

}n
=
(
1 −Kγ (xn)

)n
(1 + o(1)) as n→ ∞.

Proof. In view of (the proof of) Lemma 6.5.2 we have

Kγ (xn (1 + εn)) = Φ

((
xn (1 + εn)

c(γ)

) 1
1+γ

)
= Φ

((
xn
c(γ)

) 1
1+γ

(1 + εn)
1

1+γ

)

= Φ

((
xn
c(γ)

) 1
1+γ

)(
1 +O

(
x

2
1+γ
n εn

))
= Kγ (xn)

(
1 + O

(
x

2
1+γ
n εn

))
,



180 Data Driven Approach : A combined procedure

as n → ∞, which gives the first part of the lemma. The proof of the second part
is similar to the proof of the second part of Lemma 6.5.2.

Note that for γ = 0, that is the normal distribution, indeed Lemma 6.5.3 gives the
result of Lemma 6.5.2.

Suppose that X1, . . . , Xn have distribution function F = Kγ and that Xn+1 is
distributed as X1 + ∆ for some ∆ ≥ 0. If γ = 0, we are in the previous situa-
tion. Therefore, assume that γ 6= 0. Let {d1P (n)} , {d2P (n)} be sequences of real
numbers satisfying lim

n→∞
d1P (n) = ∞, d1P (n) < n and lim

n→∞
d2P (n) = 0. In view of

(6.14) we have (with expectations and probabilities referring to F = Kγ)

EPn = E

{
Kγ(UL

∗
N − ∆)1

(
X(n) −X

S
∈ IN

)}

+ E

{
Kγ(UL

∗
P − ∆)1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)}

+ E

{
Kγ(UL

∗
NP − ∆)1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)}

= E
{
Kγ(UL

∗
P − ∆)

}
+ EhP

(
X(n), X, S

)
,

with

hP
(
X(n), X, S

)
=
[
Kγ(UL

∗
N − ∆) −Kγ(UL

∗
P − ∆)

]
1

(
X(n) −X

S
∈ IN

)

+
[
Kγ(UL

∗
NP − ∆) −Kγ(UL

∗
P − ∆)

]
1

(
X(n) −X

S
/∈ IP

)
1

(
X(n) −X

S
/∈ IN

)

and hence

∣∣EPn − E
{
Kγ(UL

∗
P − ∆)

}∣∣ ≤ P

(
X(n) −X

S
∈ IN

)
+ P

(
X(n) −X

S
/∈ IP

)
.

(6.33)

The next two lemmas give the ingredients for the asymptotic expressions of the
right-hand side of (6.33).

Lemma 6.5.4 Let X1, . . . , Xn be i.i.d. r.v’s with a distribution from the normal
power family. Let {d1P (n)} , {d2P (n)} be sequences of real numbers satisfying for
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some ζ > 0

lim
n→∞

d1P (n) = ∞,





lim
n→∞

d1P (n)
√

d1P (n)
n

∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ

= 0, if γ ≤ 0

lim
n→∞

d1P (n)max

(
d1+γ
1P (n)

n ,
√

d1P (n)
n

) ∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ

= 0, if γ > 0

,

lim
n→∞

d2P (n) = 0,





lim
n→∞

√
|log d2P (n)|

n

∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ

= 0, if γ ≤ 0

lim
n→∞

max

(
|log d2P (n)|1+γ

n ,
√

|log d2P (n)|
n

) ∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ

= 0, if γ > 0

.

Then

P

(
X(n) −X

S
< Kγ̂2

−1
(
d1P (n)

n

))
=

(
1 − d1P (n)

n

)n
(1 + o(1)),

P

(
X(n) −X

S
> Kγ̂2

−1
(
d2P (n)

n

))
= d2P (n)(1 + o(1)) as n→ ∞.

Proof. We have




lim
n→∞

d1P (n)
√

d1P (n)
n

∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ

= 0, if γ ≤ 0

lim
n→∞

d1P (n)max

(
d1+γ
1P (n)

n ,
√

d1P (n)
n

) ∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ

= 0, if γ > 0

and therefore there exists a sequence {an} such that

lim
n→∞

an = ∞, (6.34)




lim
n→∞

and1P (n)
√

d1P (n)
n

∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ

= 0, if γ ≤ 0

lim
n→∞

and1P (n)max

(
d1+γ
1P (n)

n ,
√

d1P (n)
n

) ∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ

= 0, if γ > 0.

Let

εn =





an

√
d1P (n)
n , if γ ≤ 0

an max

(
d1+γ
1P (n)

n ,
√

d1P (n)
n

)
, if γ > 0

, (6.35)
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then we have lim
n→∞

εn = 0 and by Theorem 6.5.1

lim
n→∞

P
(∣∣X

∣∣ > εn
)

(
1 − d1P (n)

n

)n = 0, lim
n→∞

P
(∣∣S2 − 1

∣∣ > εn
)

(
1 − d1P (n)

n

)n = 0, lim
n→∞

P (|γ̂2 − γ| > εn)(
1 − d1P (n)

n

)n = 0

and hence

P

(
X(n) −X

S
< Kγ̂2

−1
(
d1P (n)

n

))
(6.36)

= P

(
X(n) −X

S
< Kγ̂2

−1
(
d1P (n)

n

)
,
∣∣S2 − 1

∣∣ < εn,
∣∣X
∣∣ < εn, |γ̂2 − γ| < εn

)

+ o

((
1 − d1P (n)

n

)n)
.

Writing

z1n = K
−1

γ

(
d1P (n)

n

)(
1 − εnΦ

−1
(
d1P (n)

n

)2ζ
)

z2n = K
−1

γ

(
d1P (n)

n

)(
1 + εnΦ

−1
(
d1P (n)

n

)2ζ
)
,

we obtain, for sufficiently large n,

P
(
X(n) < z1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn, |γ̂2 − γ| < εn

)
(6.37)

≤ P

(
X(n) −X

S
< Kγ̂2

−1
(
d1P (n)

n

)
,
∣∣S2 − 1

∣∣ < εn,
∣∣X
∣∣ < εn, |γ̂2 − γ| < εn

)

≤ P
(
X(n) < z2n

)
.

Using

P
(
X(n) < z2n

)
= P

(
Kγ

(
X(n)

)
> Kγ (z2n)

)
=
(
1 −Kγ (z2n)

)n

and writing xn = K
−1

γ

(
d1P (n)
n

)
, the conditions of Lemma 6.5.3 (with εn re-

placed by εnΦ
−1
(
d1P (n)
n

)2ζ

) are fulfilled, see also (6.34) and (6.35). Application

of Lemma 6.5.3 yields

P
(
X(n) < z2n

)
=
(
1 −Kγ (z2n)

)n
(6.38)

=

(
1 − d1P (n)

n

)n
(1 + o(1)), as n→ ∞.
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Because

P
(
X(n) < z1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn, |γ̂2 − γ| < εn

)

= P
(
X(n) < z1n

)
+ o

((
1 − d1P (n)

n

)n)
,

another application of Lemma 6.5.3 gives

P
(
X(n) < z1n,

∣∣S2 − 1
∣∣ < εn,

∣∣X
∣∣ < εn

)
(6.39)

=

(
1 − d1P (n)

n

)n
(1 + o(1)), as n→ ∞.

Combination of (6.36) – (6.39) leads to

P

(
X(n) −X

S
< Kγ̂2

−1
(
d1P (n)

n

))
=

(
1 − d1P (n)

n

)n
(1 + o(1)), as n→ ∞.

Since





lim
n→∞

√
|log d2P (n)|

n

∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ

= 0, if γ ≤ 0

lim
n→∞

max

(
|log d2P (n)|1+γ

n ,
√

|log d2P (n)|
n

) ∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ

= 0, if γ > 0,

there exists a sequence {bn} such that lim
n→∞

bn = ∞,





lim
n→∞

bn

√
|log d2P (n)|

n

∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ

= 0, if γ ≤ 0

lim
n→∞

bnmax

(
|log d2P (n)|1+γ

n ,
√

|log d2P (n)|
n

) ∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ

= 0, if γ > 0.

(6.40)

Let

ηn =





bn

√
|log d2P (n)|

n , if γ ≤ 0

bn max

(
|log d2P (n)|1+γ

n ,
√

|log d2P (n)|
n

)
, if γ > 0

, (6.41)

then we have lim
n→∞

ηn = 0 and by Theorem 6.5.1 we get

lim
n→∞

P
(∣∣X

∣∣ > ηn
)

d2P (n)
= 0, lim

n→∞

P
(∣∣S2 − 1

∣∣ > ηn
)

d2P (n)
= 0, lim

n→∞
P (|γ̂2 − γ| > ηn)

d2P (n)
= 0
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and hence

P

(
X(n) −X

S
> Kγ̂2

−1
(
d2P (n)

n

))
(6.42)

= P

(
X(n) −X

S
> Kγ̂2

−1
(
d2P (n)

n

)
,
∣∣S2 − 1

∣∣ < ηn,
∣∣X
∣∣ < ηn, |γ̂2 − γ| < ηn

)

+ o (d2P (n)) .

Writing

y1n = K
−1

γ

(
d2P (n)

n

)(
1 − ηnΦ

−1
(
d2P (n)

n

)2ζ
)
,

y2n = K
−1

γ

(
d2P (n)

n

)(
1 + ηnΦ

−1
(
d2P (n)

n

)2ζ
)

we obtain, for sufficiently large n,

P
(
X(n) > y1n,

∣∣S2 − 1
∣∣ < ηn,

∣∣X
∣∣ < ηn, |γ̂2 − γ| < ηn

)
(6.43)

≤ P

(
X(n) −X

S
> Kγ̂2

−1
(
d2P (n)

n

)
,
∣∣S2 − 1

∣∣ < ηn,
∣∣X
∣∣ < ηn, |γ̂2 − γ| < ηn

)

≤ P
(
X(n) > y2n

)
.

Using

P
(
X(n) > y2n

)
= P

(
Kγ

(
X(n)

)
< Kγ (y2n)

)
= 1 −

(
1 −Kγ (y2n)

)n

and writing xn = K
−1

γ

(
d2P (n)
n

)
, the conditions of the first part of Lemma 6.5.3

(with εn replaced by −ηnΦ
−1
(
d2P (n)
n

)2ζ

) are fulfilled, see also (6.40) and (6.41).

Application of Lemma 6.5.3 yields

P
(
X(n) > y2n

)
= 1 −

(
1 −Kγ (y2n)

)n
= 1 −

(
1 − d2P (n)(1 + o(1))

n

)n
(6.44)

= d2P (n)(1 + o(1)) as n→ ∞.

Because

P
(
X(n) > y1n,

∣∣S2 − 1
∣∣ < ηn,

∣∣X
∣∣ < ηn, |γ̂2 − γ| < ηn

)

= P
(
X(n) > y1n

)
+ o (d2P (n)) ,

another application of Lemma 6.5.3 gives

P
(
X(n) > y1n,

∣∣S2 − 1
∣∣ < ηn,

∣∣X
∣∣ < ηn, |γ̂2 − γ| < ηn

)
= d2P (n)(1+o(1)), (6.45)
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as n→ ∞. Combination of (6.42) – (6.45) gives

P

(
X(n) −X

S
> Kγ̂2

−1
(
d2P (n)

n

))
= d2P (n)(1 + o(1)), as n→ ∞,

thus completing the proof of the lemma.

Lemma 6.5.5 Let X1, . . . , Xn be i.i.d. r.v’s with distribution function Kγ from
the normal power family. Let γ > 0 and let {d2N (n)} be a sequence of real numbers
satisfying for some 0 < ζ < γ

lim
n→∞

d2N (n) = 0, lim
n→∞

|log d2N (n)|
(logn)

1+γ−ζ = 0,

then, for some c > 0,

P

(
X(n) −X

S
≤ Φ

−1
(
d2N (n)

n

))
= O

(
exp

(
−cn1/(1+γ)

))
, as n→ ∞.

Let γ < 0 and let {d1N (n)} be a sequence of real numbers satisfying

lim
n→∞

d1N (n) = ∞, lim
n→∞

d1N (n)

√
d1N (n)

n
log

(
d1N (n)

n

)
= 0,

then, for some c∗ > 0,

P

(
X(n) −X

S
≥ Φ

−1
(
d1N (n)

n

))
= O

(
exp

{
−c∗ (logn)

1
1+γ

})
, as n→ ∞.

Proof. Consider first γ > 0. Let ε > 0. It follows from Theorem 3.6.1 that for
some c > 0

P

(
X(n) −X

S
≤ Φ

−1
(
d2N (n)

n

))
(6.46)

≤ P

(
X(n) ≤

√
1 + εΦ

−1
(
d2N (n)

n

)
+ ε

)
+O

(
exp

(
−cn1/(1+γ)

))

=





1 − Φ






√

1 + εΦ
−1
(
d2N (n)
n

)
+ ε

c(γ)




1
1+γ







n

+O
(
exp

(
−cn1/(1+γ)

))
.

Since

lim
n→∞

d2N (n) = 0, lim
n→∞

|log d2N (n)|
(logn)

1+γ−ζ = 0
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and for x→ 0 we have

Φ
−1

(x) =
√
−2 logx (1 + o(1)) ,

we obtain, for sufficiently large n,

√
1 + εΦ

−1
(
d2N (n)
n

)
+ ε

c(γ)
≤
√

(logn)
1+γ−ζ

and hence, taking 0 < η < 1 − 1
1+γ , we get for sufficiently large n





1 − Φ






√

1 + εΦ
−1
(
d2N (n)
n

)
+ ε

c(γ)




1
1+γ







n

≤
{

1 − Φ

(
(logn)

1+γ−ζ

2(1+γ)

)}n

(6.47)

≤
{
1 − exp

{
− (logn)

1− ζ
2(1+γ)

}}n
≤
{
1 − n−η}n ≤ exp

(
−n1−η)

= O
(
exp

(
−cn1/(1+γ)

))
.

Combination of (6.46) and (6.47) yields

P

(
X(n) −X

S
≤ Φ

−1
(
d2N (n)

n

))
= O

(
exp(−cn1/(1+γ)

)
.

Next, let γ < 0. It follows from Theorem 3.6.1 that, for some c > 0,

P

(
X(n) −X

S
≥ Φ

−1
(
d1N (n)

n

))
(6.48)

≤ P

(
X(n) ≥

√
1 − εΦ

−1
(
d1N (n)

n

)
− ε

)
+O

(
exp

(
−cn1/(1+γ)

))

= 1 −





1 − Φ






√

1 − εΦ
−1
(
d1N (n)
n

)
− ε

c(γ)




1
1+γ







n

+O
(
exp

(
−cn1/(1+γ)

))
.

Since

lim
n→∞

d1N (n) = ∞, lim
n→∞

d1N (n)

√
d1N (n)

n
log

(
d1N (n)

n

)
= 0,

we obtain, for sufficiently large n,

√
1 − εΦ

−1
(
d1N (n)
n

)
− ε

c(γ)
≥
√
c̃ logn,
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for some c̃ > 0. Hence, taking 0 < η < 1 − 1
1+γ , we get, for sufficiently large n,

1 −





1 − Φ






√

1 − εΦ
−1
(
d1N (n)
n

)
− ε

c(γ)




1
1+γ







n

(6.49)

≤ 1 −
{

1 − Φ

((√
c̃ logn

) 1
1+γ

)}n

≤ 1 −
{

1 − exp

{
−1

2
(c̃ logn)

1
1+γ

}}n
≤ exp

{
−c∗ (logn)

1
1+γ

}

for some c∗ > 0. Combination of (6.48) and (6.49) yields

P

(
X(n) −X

S
≥ Φ

−1
(
d1N (n)

n

))
= O

(
exp

{
−c∗ (logn)

1
1+γ

})
.

Note that

lim
n→∞

d2N (n) = 0, lim
n→∞

|log d2N (n)|
(logn)

1+γ−ζ = 0

implies

lim
n→∞

d2N (n) = 0, lim
n→∞

√
|log d2N (n)|

n
log

(
d2N (n)

n

)
= 0.

In view of (6.33), Lemma 6.5.4 and Lemma 6.5.5 we get the following result, which
expresses that within the normal power family the combined control chart given
by (6.12) and (6.13) is asymptotically as good as the parametric control chart for
the normal power family given in (3.39). Note that

lim
n→∞

max

(
|log d2P (n)|1+γ

n
,

√
|log d2P (n)|

n

) ∣∣∣∣log

(
d2P (n)

n

)∣∣∣∣
1+ζ2

= 0

implies

lim
n→∞

|log d2P (n)|1+γ
n

= 0

and hence

exp
(
−cn1/(1+γ)

)
= o (d2P (n)) , as n→ ∞.

The results of Chapter 3 on (corrected) parametric control charts ensure that
EKγ(UL

∗
P ) is very close to p.
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Theorem 6.5.3 Let X1, . . . , Xn be i.i.d. r.v’s with a distribution from the normal
power family. Let {d1N (n)} , {d2N (n)} be sequences of real numbers satisfying, for
some 0 < ζ1 < γ,

lim
n→∞

d1N (n) = ∞, lim
n→∞

d1N (n)

√
d1N (n)

n
log

(
d1N (n)

n

)
= 0, if γ > 0,

lim
n→∞

d2N (n) = 0, lim
n→∞

|log d2N (n)|
(log n)1+γ−ζ1

= 0, if γ > 0,

and let {d1P (n)} , {d2P (n)} be sequences of real numbers satisfying, for some ζ2 >
0,

lim
n→∞

d1P (n) = ∞,




lim
n→∞

d1P (n)
√

d1P (n)
n

∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ2

= 0, if γ ≤ 0

lim
n→∞

d1P (n)max

(
d1+γ
1P (n)

n ,
√

d1P (n)
n

) ∣∣∣log
(
d1P (n)
n

)∣∣∣
1+ζ2

= 0, if γ > 0
,

lim
n→∞

d2P (n) = 0,




lim
n→∞

√
|log d2P (n)|

n

∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ2

= 0, if γ ≤ 0

lim
n→∞

max

(
|log d2P (n)|1+γ

n ,
√

|log d2P (n)|
n

) ∣∣∣log
(
d2P (n)
n

)∣∣∣
1+ζ2

= 0, if γ > 0.

Then

∣∣EPn − E
{
Kγ(UL

∗
P − ∆)

}∣∣ ≤
{(

1 − d1P (n)

n

)n
+ d2P (n)

}
(1 + o(1))

+
[
O
(
exp

{
−c∗ (logn)

1
1+γ

})
if γ < 0

]
as n→ ∞.

Note that for the choices d1N (n) = −0.7 + 0.5 logn, d2N (n) = 5/
√
n,d1P (n) =

−0.2 + 0.5 logn, d2P (n) = 3/
√
n the conditions of Theorem 6.5.3 are satisfied and

we get

|EPn − E{Kγ(UL
∗
P − ∆)}| ≤ (

e0.2 + 3√
n

)(1 + o(1)),

as n→ ∞.

6.5.3 Outside the normal power family

Suppose that X1, . . . , Xn have distribution function F 6= Kγ for all γ and that
Xn+1 is distributed as X1 + ∆ for some ∆ ≥ 0. As before, we have EX1 = 0
and var(X1) = 1. In view of (6.14) we have (with expectations and probabilities
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referring to F )

EPn = E

{
F (UL∗

N − ∆)1

(
X(n) −X

S
∈ IN

)}

+ E

{
F (UL∗

P − ∆)1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)}

+ E

{
F (UL∗

NP − ∆)1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
/∈ IP

)}

= E
{
F (UL∗

NP − ∆)
}

+ EhNP
(
X(n), X, S

)
,

with

hNP
(
X(n), X, S

)
=
[
F (UL∗

N − ∆) − F (UL∗
NP − ∆)

]
1

(
X(n) −X

S
∈ IN

)

+
[
F (UL∗

P − ∆) − F (UL∗
NP − ∆)

]
1

(
X(n) −X

S
/∈ IN

)
1

(
X(n) −X

S
∈ IP

)

and hence

∣∣EPn − E
{
F (UL∗

NP − ∆)
}∣∣ ≤ P

(
X(n) −X

S
∈ IN

)
+ P

(
X(n) −X

S
∈ IP

)
.

(6.50)

The following result expresses that outside the normal power family the combined
control chart given by (6.12) and (6.13) is asymptotically as good as the (modified)
nonparametric control chart given by (6.3) if r ≥ 1 and for r = 0 by (6.7) (with
g(p) = p).

Theorem 6.5.4 Let X1, . . . , Xn be i.i.d. r.v’s with distribution function F . Let
{d1N (n)} , {d2N (n)} , {d1P (n)} , {d2P (n)} be sequences of real numbers satisfying

lim
n→∞

d1N (n) = ∞, lim
n→∞

log d1N (n)

logn
= 0, (6.51)

lim
n→∞

d2N (n) = 0, lim
n→∞

|log d2N (n)|
logn

= 0,

lim
n→∞

d1P (n) = ∞, lim
n→∞

log d1P (n)

logn
= 0,

lim
n→∞

d2P (n) = 0, lim
n→∞

|log d2P (n)|
logn

= 0

Let γ be defined as the limit of the estimator γ̂2 under F , that is by
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γ =
log
(
F−1(0.95)
F−1(0.75)

)

log
(

Φ−1(0.95)
Φ−1(0.75)

) − 1.

Then, for each εi, ηi, ζi > 0 , i = 1, ...4, with ζ3, ζ4 < 1+γ, we have, for sufficiently
large n,

∣∣EPn − E
{
F (UL∗

NP − ∆)
}∣∣ ≤ min {m1,m2} + min {m3,m4} ,

where

m1 = F
((√

1 + ε1 + ζ1
)√

2 logn
)n

+ P
(∣∣X

∣∣ > η1
)

+ P
(∣∣S2 − 1

∣∣ > ε1
)
,

m2 = 1 − F
((√

1 − ε2 − ζ2
)√

2 logn
)n

+ P
(∣∣X

∣∣ > η2
)

+ P
(∣∣S2 − 1

∣∣ > ε2
)
,

m3 = F

((√
logn

)1+γ+2ζ3
)n

+ P
(∣∣X

∣∣ > η3
)

+ P
(∣∣S2 − 1

∣∣ > ε3
)

+ P (|γ̂2 − γ| > ζ3) ,

m4 = 1 − F

((√
logn

)1+γ−2ζ4
)n

+ P
(∣∣X

∣∣ > η4
)

+ P
(∣∣S2 − 1

∣∣ > ε4
)

+ P (|γ̂2 − γ| > ζ4) .

Proof. We have for each ε, η > 0

P

(
X(n) −X

S
≤ Φ

−1
(
d2N (n)

n

))

≤ P

(
X(n) ≤

√
1 + εΦ

−1
(
d2N (n)

n

)
+ η

)
+ P

(∣∣X
∣∣ > η

)
+ P

(∣∣S2 − 1
∣∣ > ε

)
.

Since

lim
n→∞

d2N (n) = 0, lim
n→∞

|log d2N (n)|
logn

= 0,

we get

Φ
−1
(
d2N (n)

n

)
=

√
−2 log

(
d2N (n)

n

)
(1 + o(1)) =

√
2 logn(1 + o(1))

and hence, for each ζ > 0, we get, for sufficiently large n,

√
1 + εΦ

−1
(
d2N (n)

n

)
+ η ≤

(√
1 + ε+ ζ

)√
2 logn.

Therefore, we obtain, for each ε, η, ζ > 0 and sufficiently large n,

P

(
X(n) −X

S
≤ Φ

−1
(
d2N (n)

n

))

≤ F
((√

1 + ε+ ζ
)√

2 logn
)n

+ P
(∣∣X

∣∣ > η
)

+ P
(∣∣S2 − 1

∣∣ > ε
)
.
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Similarly, we get, for each ε, η, ζ > 0 and sufficiently large n,

P

(
X(n) −X

S
≥ Φ

−1
(
d1N (n)

n

))

≤ 1 − F
((√

1 − ε− ζ
)√

2 logn
)n

+ P
(∣∣X

∣∣ > η
)

+ P
(∣∣S2 − 1

∣∣ > ε
)
.

Using

K
−1

γ (t) = c(γ)
{
Φ

−1
(t)
}1+γ

, for 0 < t <
1

2
,

we get, for each 0 < ζ < 1 + γ (with ξ between γ and γ̃), as t→ 0

sup
|γ̃−γ|≤ζ

Kγ̃
−1

(t)

= sup
|γ̃−γ|≤ζ

{
K

−1

γ (t) + (γ̃ − γ)

[
c′(ξ)

{
Φ

−1
(t)
}1+ξ

+ c(ξ)
{

Φ
−1

(t)
}1+ξ

log
(
Φ

−1
(t)
)]}

≤
{
K

−1

γ (t)
}1+ 1.5ζ

1+γ

.

We obtain, for sufficiently large n,

P

(
X(n) −X

S
≤ Kγ̂2

−1
(
d2P (n)

n

))

≤ F

((√
logn

)1+γ+2ζ
)n

+ P
(∣∣X

∣∣ > η
)

+ P
(∣∣S2 − 1

∣∣ > ε
)

+ P (|γ̂2 − γ| > ζ) .

Similarly, we get, for sufficiently large n,

P

(
X(n) −X

S
≥ Kγ̂2

−1
(
d1P (n)

n

))
≤ 1 − F

((√
logn

)1+γ−2ζ
)n

+ P
(∣∣X

∣∣ > η
)

+ P
(∣∣S2 − 1

∣∣ > ε
)

+ P (|γ̂2 − γ| > ζ) .

Theorem 6.5.4 makes only sense if F differs from the normal power family in the
sense that, for some ε > 0,

lim
n→∞

[
F
(
(1 + ε)

√
2 logn

)]n
= 0

(heavier tail than the normal distribution) or

lim
n→∞

[
F
(
(1 − ε)

√
2 logn

)]n
= 1
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(thinner tail than the normal distribution) and F is outside the normal power
family in the sense that for some ε > 0

lim
n→∞

[
F

((√
logn

)1+γ+ε
)]n

= 0

(heavier tail than Kγ) or

lim
n→∞

[
F

((√
log n

)1+γ−ε)]n
= 1

(thinner tail than Kγ).

Note that for the choices d1N (n) = −0.7 + 0.5 logn, d2N (n) = 5/
√
n,d1P (n) =

−0.2 + 0.5 logn, d2P (n) = 3/
√
n the conditions (6.51) are satisfied.

6.6 Simulation

In this section we show by means of simulation the performance for a finite sample
size of the new control chart, given in (6.10) – (6.13) with d1N (n) = −0.7 +
0.5 logn, d2N (n) = 5/

√
n, d1P (n) = −0.2+0.5 logn and d2P (n) = 3/

√
n. We take

g(p) = p and hence compare EPn to p in the in-control situation, while also in
the out-of-control case EPn is our criterion. We choose p = 0.001 and for n we
take 250, 500, 1000, 1500, 2000. The number of repetitions in the simulation study
equals 100 000.

The theoretical results from Section 6.5 show that the behavior of the new control
chart is asymptotically the same as that of the specific control chart adjusted for
the distribution at hand. In a simulation study the behavior of the new control
chart is investigated to see how well this property continues to hold in the finite
sample case. Therefore, we compare the combined (C) control chart with the
normal (N) control chart, the parametric (P ) chart (both charts with correction
for r = 0 and without correction for r ≥ 1) and the nonparametric (NP ) control
chart, in its modified version for r = 0 and for r ≥ 1 with the stochastic term V
replaced by its deterministic counterpart EV , all of this just as in composing the
combined control chart, see (6.10) – (6.13).

All procedures are location and scale invariant and hence we take for all distribu-
tions involved in the simulation the expectation equal to 0 and the variance equal
to 1. The distributions can be classified as follows.

1. The standard normal distribution (F1 = Φ). For this distribution the
control chart based on normality will obviously be the favorite one. It is
expected that the in-control behavior of all control charts under consideration
is sufficiently good. We want to see how much we loose in the out-of-control
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case when applying the parametric, the nonparametric and, in particular,
the combined control chart.

2. Distributions from the normal power family (F2 = K−0.5, F3 =
K0.5, F4 = K1). It is seen from Table 3.3 that the normal control chart be-
haves very badly for these distributions, in the sense that for the in-control
situation EPn differs much from p. In contrast, the parametric, the nonpara-
metric and the combined control chart are expected to behave well when the
observations are in-control. With respect to the out-of-control behavior,
the interest is in the loss of the nonparametric and especially the combined
control chart in comparison with the parametric control chart.

3. Distributions outside the normal power family. We take as F5 the
Student distribution with 6 degrees of freedom and standardized to unit
variance. Its model error, see (3.5), when the supposed model is the nor-
mal power family, equals 2.08. Furthermore, we consider as F6 the random
mixture RM with model error 1.16. As F7 we take the Normal Inverse Gaus-
sian (2, 1.5, 0, 1) distribution, cf. Barndorff-Nielsen (1996). This distribution
shows that the member of the normal power family chosen by our estimator
does not fit the distribution globally, but it does at the right tail and that
is exactly what we want; see Figure 6.3. Nevertheless, its model error w.r.t.
the normal power family still equals 1.93p. Note that the model error w.r.t.
the normal distribution is 14.65p! So, the normal power family gives a great
improvement for this distribution.

The Normal Inverse Gaussian (0.5, 0, 0, 1) distribution, denoted by F8, has
model error 2.31p w.r.t. the normal power family. Finally, as an example of a
(very) negative model error we take for F9 the (standardized) Beta (3, 3.75)
distribution. Its model error w.r.t. the normal power family equals −0.996p.

It is already known from Table 3.3 that the normal control chart may be-
have very badly for several of the distributions involved here. Table 3.5 shows
that the parametric control chart gives reasonable total error for these dis-
tributions, thus improving the normal control chart tremendously, but still
the model errors are not vanishing and considerable deviances remain. It
is expected that the nonparametric and the combined control chart behave
better when the observations are in-control. Especially for the combined
control chart it is of interest to compare the out-of-control results with those
of the nonparametric chart for the distributions in this class.

It is seen in Table 6.3 that indeed the combined control chart has good in-control
behavior under all distributions. Recall that the ideal value equals 1.00. The nor-
mal control chart cannot be used unless the distribution is very close to normality.
The parametric control chart is often a great improvement w.r.t. the normal chart
and gives reasonable results, while the nonparametric control chart behaves very
well under all distributions.
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Figure 6.3. Density of the Normal Inverse Gaussian (2, 1.5, 0, 1) and the
corresponding density of the normal power family with γ = 0.77.
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In the next two tables the out-of-control situation is presented. We consider shift
alternatives, that is X1, . . . , Xn have distribution function F (x) and Xn+1 has
distribution function F (x − ∆). For each of the nine distributions F we have
selected two values of ∆ such that reasonable values of the probability of an out-
of-control signal result.

When examining Table 6.4 one should take into account the results in Table 6.3,
because a high value in Table 6.3 may be caused by an unduly high and thus
incorrect value in Table 6.3. In case of a simulated expected observed false alarm
rate in the in-control situation, at least twice as large as p, we do not give the
(simulated) probability of an out-of-control signal. Such situations are denoted by
* in Table 6.4. The following table presents the simulation results for the in-control
situation.

Table 6.3 In-control behavior of the normal (N), parametric (P ) and nonpara-
metric (NP ) control charts and the combined control chart (C). Presented is the
simulated expected observed false alarm rate, i.e. the simulated EPn multiplied
by 1000.

n chart F1 F2 F3 F4 F5 F6 F7 F8 F9

250 N 1.00 0.00 6.63 10.67 4.60 2.80 16.09 7.91 0.01
P 1.05 0.94 1.05 1.06 3.02 2.14 2.98 3.34 0.16
NP 1.12 1.00 1.67 2.20 1.81 1.58 2.32 2.10 1.00
C 0.97 0.75 1.51 1.21 2.19 1.81 1.92 2.28 0.31

500 N 1.00 0.00 6.61 10.52 4.59 2.79 15.88 7.84 0.01
P 1.02 0.97 1.02 1.02 3.04 2.15 2.95 3.31 0.08
NP 1.03 1.00 1.21 1.39 1.32 1.24 1.44 1.38 1.00
C 0.97 0.86 1.25 1.01 1.79 1.60 1.71 1.72 0.46

1000 N 1.03 0.00 6.69 10.53 4.64 2.83 15.92 7.86 0.00
P 1.13 1.21 1.12 1.11 3.23 2.29 3.17 3.48 0.06
NP 1.01 1.00 0.99 1.00 1.03 1.00 1.01 1.00 1.00
C 1.03 1.14 1.17 1.08 1.48 1.40 1.89 1.45 0.70

1500 N 1.02 0.00 6.66 10.47 4.62 2.82 15.82 7.83 0.00
P 1.09 1.14 1.08 1.08 3.19 2.25 3.08 3.43 0.04
NP 0.90 0.91 0.89 0.89 0.88 0.87 0.88 0.89 0.92
C 1.01 1.08 1.12 1.04 1.28 1.29 1.88 1.33 0.72

2000 N 1.02 0.00 6.64 10.45 4.60 2.81 15.78 7.81 0.00
P 1.07 1.10 1.06 1.06 3.16 2.23 3.04 3.40 0.03
NP 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
C 1.02 1.09 1.10 1.05 1.33 1.35 1.99 1.39 0.80
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Table 6.4 Out-of-control behavior of N , P , NP and C control charts. Presented
are the simulated EPn with X1, . . . , Xn having distribution function F (x) and
Xn+1 distribution function F (x− ∆).

F1 F2 F3 F4 F5
n chart ∆ = 2 ∆ = 3 ∆ = 1 ∆ = 2 ∆ = 3 ∆ = 4 ∆ = 3 ∆ = 4 ∆ = 2

250 N .133 .450 .000 .157 ∗ ∗ ∗ ∗ ∗

P .120 .410 .191 .496 .080 .293 .021 .071 ∗

NP .090 .311 .071 .330 .115 .344 ∗ ∗ .039
C .115 .396 .145 .437 .107 .299 .031 .082 ∗

500 N .135 .457 .000 .164 ∗ ∗ ∗ ∗ ∗

P .128 .436 .208 .499 .080 .305 .020 .060 ∗

NP .096 .327 .120 .370 .088 .294 .030 .110 .027
C .122 .417 .179 .462 .093 .294 .021 .063 .040

1000 N .139 .464 .000 .172 ∗ ∗ ∗ ∗ ∗

P .140 .464 .227 .501 .088 .338 .021 .062 ∗

NP .121 .412 .208 .499 .077 .287 .020 .065 .019
C .132 .443 .218 .500 .090 .321 .021 .065 .032

1500 N .138 .464 .000 .172 ∗ ∗ ∗ ∗ ∗

P .140 .464 .227 .501 .086 .328 .020 .059 ∗

NP .120 .418 .211 .500 .071 .272 .017 .051 .016
C .134 .451 .222 .500 .088 .318 .020 .059 .027

2000 N .138 .464 .000 .172 ∗ ∗ ∗ ∗ ∗

P .139 .464 .227 .501 .085 .322 .020 .057 ∗

NP .129 .437 .218 .500 .079 .303 .019 .058 .018
C .137 .459 .225 .501 .087 .320 .020 .058 .027

F5 F6 F7 F8 F9
n chart ∆ = 3 ∆ = 2 ∆ = 3 ∆ = 4 ∆ = 5 ∆ = 3 ∆ = 4 ∆ = 1 ∆ = 2

250 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ .016 .148
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ .019 .149

NP .157 .058 .219 ∗ ∗ ∗ ∗ .023 .140
C ∗ .076 .285 .089 .237 ∗ ∗ .021 .161

500 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ .017 .151
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ .020 .161

NP .119 .048 .190 .063 .175 .050 .176 .033 .174
C .170 .068 .262 .076 .218 .067 .232 .025 .174

1000 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ .017 .155
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ .023 .175

NP .093 .040 .180 .040 .115 .030 .121 .052 .257
C .139 .060 .236 .085 .252 .053 .204 .039 .220

1500 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ .017 .154
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ .023 .174

NP .079 .034 .166 .033 .094 .098 .327 .052 .259
C .121 .054 .222 .084 .251 .183 .394 .043 .234

2000 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ .017 .154
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ .023 .174

NP .092 .040 .195 .037 .107 .027 .112 .053 .263
C .127 .057 .243 .087 .263 .046 .188 .047 .244
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Table 6.5 Out-of-control behavior of N , P , NP and C control charts. Presented
are (100 (EPn))/p̃n with X1, . . . , Xn having distribution function F (x) and Xn+1

distribution function F (x− ∆).

F1 F2 F3 F4 F5
n chart ∆ = 2 ∆ = 3 ∆ = 1 ∆ = 2 ∆ = 3 ∆ = 4 ∆ = 3 ∆ = 4 ∆ = 2

250 N 96 97 ∗ ∗ ∗ ∗ ∗ ∗ ∗

P 85 87 85 99 94 94 107 126 ∗

NP 62 65 31 66 92 65 ∗ ∗ 108
C 85 86 67 87 93 68 137 125 ∗

500 N 98 99 ∗ ∗ ∗ ∗ ∗ ∗ ∗

P 92 93 92 100 97 100 103 111 ∗

NP 69 70 53 74 92 83 113 141 113
C 90 91 81 92 95 81 114 119 111

1000 N 99 99 ∗ ∗ ∗ ∗ ∗ ∗ ∗

P 96 97 96 100 98 103 102 104 ∗

NP 87 89 91 100 94 96 106 124 112
C 94 95 93 100 97 93 104 112 113

1500 N 99 100 ∗ ∗ ∗ ∗ ∗ ∗ ∗

P 97 98 97 100 99 103 101 103 ∗

NP 91 93 94 100 96 100 104 112 113
C 97 97 96 100 98 96 102 106 116

2000 N 100 100 ∗ ∗ ∗ ∗ ∗ ∗ ∗

P 98 98 98 100 99 102 101 102 ∗

NP 93 94 96 100 97 101 103 110 109
C 98 98 97 100 99 98 101 104 112

F5 F6 F7 F8 F9
n chart ∆ = 3 ∆ = 2 ∆ = 3 ∆ = 4 ∆ = 5 ∆ = 3 ∆ = 4 ∆ = 1 ∆ = 2

250 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ 66 81
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ 53 69

NP 82 82 68 ∗ ∗ ∗ ∗ 42 52
C ∗ 92 80 115 104 ∗ ∗ 51 69

500 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ 74 87
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ 64 78

NP 92 90 72 117 112 135 114 59 65
C 90 94 81 114 111 135 105 56 71

1000 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ 83 92
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ 77 87

NP 102 100 83 113 117 124 132 93 96
C 94 97 80 113 113 134 122 78 86

1500 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ 87 93
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ 81 90

NP 108 103 88 108 113 116 127 96 97
C 98 97 81 112 113 131 126 86 91

2000 N ∗ ∗ ∗ ∗ ∗ ∗ ∗ 86 93
P ∗ ∗ ∗ ∗ ∗ ∗ ∗ 84 91

NP 104 100 89 107 110 112 121 96 98
C 98 97 85 109 110 124 121 90 94
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The comparison of the out-of-control behavior of the several charts is obscured by
the differences in the in-control behavior. Indeed, when the in-control rate of chart
1 is 1.3p and that of chart 2 equals p, we may expect also a higher out-of-control
rate for chart 1. Therefore, we have made a more “fair” comparison in Table 6.5.
Let E0Pn be the in-control rate of Table 6.3. The probability of detecting the shift
∆ with this in-control rate, when the distribution is completely known, equals

p̃n = F
(
F

−1
(E0Pn) − ∆

)
.

This p̃n serves as a bench mark of what can be obtained in the out-of-control case
with in-control rate E0Pn. The way the out-of-control rate is related to the in-
control rate is given by presenting EPn of Table 6.4 as a percentage of p̃n. Firstly,
this indicates how well the chart performs in the out-of-control case on its own and
secondly, it makes comparison between several charts more fair. However, still we
have to realize that in the first place the in-control behavior should be controlled.
Therefore, again a * denotes when a simulated expected observed false alarm rate
under in-control is at least twice as large as p. Also when the simulated in-control
rate E0Pn equals (exactly) 0 a * is given.

The limiting value p̃n indicates the out-of-control probability that can be obtained
for the distribution at hand if the distribution is completely known. It is seen in
Table 6.5 that as a rule all charts and hence in particular the combined control
chart and the (modified) nonparametric control chart compare very well w.r.t. this
bench mark. Moreover, Tables 6.3 and 6.4 show that

1. if F1 = Φ, the combined control chart has a substantial gain w.r.t. the
nonparametric control chart and only a small loss w.r.t. the normal and
parametric control chart;

2. if F = Kγ for some γ, i.e. F = F1, F2 or F3, the combined control chart,
has for not too large n and γ, a considerable gain w.r.t. the nonparametric
control chart and in general only a small loss w.r.t. the parametric control
chart. The normal control chart cannot be applied unless γ is very close to
0; for positive γ’s this is due to its bad in-control behavior and for negative
γ’s it has a very low alarm rate for the out-of-control situation;

3. outside the normal power family, the combined control chart exhibits only a
small loss w.r.t. the nonparametric control chart, while the normal control
chart cannot be applied in this case due to its bad in-control behavior or its
low alarm rate (unless the distribution is very close to normality); the same
holds for the parametric control chart, albeit to a much smaller extent.
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6.7 Concluding remark

Although the normal, parametric and non-parametric approaches proposed in the
previous chapters offer some advantages, it has been shown that applying these
approaches individually also bears some disadvantages. Therefore, in this chapter
the three approaches are combined into one procedure in which the data, based
on some criteria, will select one of the three charts that is most suitable to their
characteristics.

In Section 6.2 we briefly review the three charts to be combined in the new pro-
cedure. The following section discusses this procedure by determining the criteria
used to select one of the charts. In addition, Section 6.3 presents the combined
control chart for g(p) = p (cf. (6.10) – (6.13)). Section 6.4 demonstrates an ap-
plication of the combined chart on real life data sets. Theoretical behavior of the
combined control chart discussed in Section 6.5 shows that the new chart asymp-
totically behaves as each of the specific control charts in their own domain. Using
various distributions, the behavior of the combined chart both in the in-control
and out-of-control situation are simulated and given in Section 6.6.

From the theory and the simulation results presented in this chapter as well as
from additional simulations that we have performed, we conclude that the new
combined control chart can be recommended as an omnibus control chart with a
good performance under a great variety of distributions, both for the in-control
and for the out-of-control situation. The modified nonparametric chart can be
recommended as well, although under normality a price has to be paid for its
simpler form.





Chapter 7

Implementation:
A user guide

In the previous chapters we discussed a number of methods to maintain a com-
pany’s production process in good condition. As a continuation, the present chap-
ter intends to provide a user with a guideline for implementing those concepts in a
real life situation. It presents a brief review of the concepts in the form of ready-
made formulas as well as flowcharts that describe actual steps to be performed by
the user in the field.

7.1 Introduction

It is important to implement the methods developed in the previous chapters to
deal with real life problems. Very often we experience that, although a concept
has been developed very well, without a detailed guideline, the user may still have
difficulty to implement the concept in the field. The reason for this is that those
who work in the field may not be familiar with terms or symbols used to explain
the concept. Another reason is that an experienced practitioner is used to rely on
his intuition more than on a sophisticated method that sounds complicated to solve
his problem. For the same reason practitioners in the field quite often ignore the
assumptions required by the method; regardless the validity of the assumptions,
as long as they are satisfied with the result of a common method, they consider
that method acceptable.

Since on the one hand correct application of the method is an important issue
not to be neglected by practitioners, and on the other hand the practicality and
simplicity of the method is also an important factor to be considered by those
who develop the method, the present chapter is devoted to provide a methodology
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which consists of a simple guideline to implement the concept in the field. The
methodology can ignore the complicated theories on which it is based, except for
the assumptions involved. Moreover, the methodology has to be described clearly
in terms of the inputs required, the steps to be executed and the output to be
produced. It is also preferable for the developed method to use mainly common
terms already familiar to the practitioners who carry out the job in the field.

To achieve the objectives mentioned above, this chapter firstly presents a brief
review on the concepts, followed by the implementation of these concepts in de-
tail. Although in the previous chapters we discussed the one-sided limits, here
we present the formulas of the two-sided limits, since they are more important in
practice.

In Section 7.2, three types of control charts as components of the combined chart
are presented in explicit formulas. For all three types of charts, two forms of cor-
rected control charts are designed, associated with two performance criteria. The
corrections are needed because quantiles of the distributions should be estimated
and the estimation process causes stochastic errors. The first form concerns bias
removal for the control chart as a whole. The bias criterion deals with the long
run behavior of charts. Even with a small bias a single chart may be in error,
since there still may be large variability due to the estimation step. The second
form is devoted to correct the influence of the estimators in a more stringent way,
aiming at sensible behavior not merely in the long run, but for a single chart. We
call this the exceedance probability criterion. A more detailed description of these
criteria is given in Section 1.2.

Following the review, Section 7.3 provides a guideline to construct and apply the
combined chart. In this section an algorithm which consists of preliminary and
main steps to be performed by the user, is given. The preliminary step highlights
the type of data the user needs to collect before applying the concept. Once these
data are ready, the user can continue with the main steps. Here, the actual steps
to be performed in the field are described systematically using flowcharts. In the
form of flowchart, the methodology can be easily transformed into software. At the
end of the chapter a summary of the material presented throughout the chapter
is given.

7.2 Three types of control chart : a brief review

Recall from the previous chapters that X is a random variable to be monitored in
a production process. Let X1, . . . , Xn be a sample of the Phase I observations. It
is assumed that these observations are in-control and we use them for estimating
unknown quantities in the basic control limits and in addition for making neces-
sary corrections after plugging in the estimators. Let Xn+1 be a new observation
from Phase II. The upper and lower limit depend on the observations X1, . . . , Xn.



7.2 Three types of control chart : a brief review 203

Let Pn be the observed alarm rate, given X1, . . . , Xn. In the in-control situation,
where Xn+1 has the same distribution as X1, . . . , Xn, we want Pn to be close to
the prescribed false alarm rate p. If not stated otherwise we consider in this section
the in-control situation. As Pn is random, there is no unique way to express the
discrepancy. Two popular approaches are as follows. The first is the mildest one:
look at the bias EPn − p; if it is sufficiently small, the chart is considered to be
acceptable. To the same category belongs the more general comparison of Eg(Pn)
with for instance the function g(p) = 1/p corresponding to the ARL. When con-
sidering the bias we will not take the ARL into account, e.g. because, contrary to
simple intuition, 1/Pn has a positive bias (due to the occurrence of extremely long
runs, which although having small probability nevertheless strongly determine the
expectation). As a consequence, the correction for estimating brings the control
limits closer to each other, while one has the feeling that one should “pay ” some-
thing for estimating the parameters and not “gain” something. Several authors,
for example Roes (1995, page 34), therefore remark that E (1/Pn) does not ad-
equately summarize the run length properties of the chart, cf. also Quesenberry
(1993, page 242) and Jones et al. (2004, page 100).

The bias criterion is satisfactory if we are interested in the behavior of a long
series of applications of charts. However, if the bias of Pn is indeed small, but
its variability is still large, very long runs are mixed up with unwelcome very
short ones. Therefore, for an application to a single chart the second criterion is
more appropriate. It concerns the probability that Pn exceeds p by more than a
given percentage (for example 10%). If this exceedance probability is sufficiently
small (e.g. 10%), the chart is O.K. in this more strict way. So, with only a small
probability Pn is in error with more than 10%, say. Since the starting point of a
two-sided control chart with prescribed false alarm rate p is a combination of two
one-sided control charts each with prescribed false alarm rate p/2, we will treat
the upper and lower limit here also separately. Therefore, we present corrected

lower control limits L̂CL such that PnL exceeds p (for a one-sided control chart)
or exceeds p/2 (for a two-sided control chart) by more than a given percentage
only with some given small probability, where

PnL = Pr
(
Xn+1 < L̂CL |X1, . . . , Xn

)

and similarly for PnU , with

PnU = Pr
(
Xn+1 > ÛCL |X1, . . . , Xn

)
.

To be more precise, we require that the intended false alarm rate p (for the one-
sided control chart) or p/2 (for the two-sided control chart) may be exceeded by
the outcome PnL and PnU by more than a fraction ε in at most 100α% of the
applications. The next two formulas are for the two-sided control chart. The first
one is for a control chart with a lower control limit, while the second one is for that
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with an upper control limit. For the one-sided control chart, p/2 in the formulas
is simply replaced by p and the word “and” is replaced by “or”.

Pr
(
PnL >

p

2
(1 + ε)

)
≤ α and Pr

(
PnU >

p

2
(1 + ε)

)
≤ α. (7.1)

We consider also the more general situation of g(PnL) exceeding g(p) and similarly
for g(PnU ). The problems with g(p) = 1/p in the bias case do not occur here, since
we deal with probabilities and hence extremely long runs are not dominating. In
the exceedance case, we require that unpleasant values of 1/PnL and 1/PnU should
be sufficiently rare, leading to

Pr

(
1

PnL
<

1

p/2
(1 − ε)

)
≤ α and Pr

(
1

PnU
<

1

p/2
(1 − ε)

)
≤ α. (7.2)

It is easily seen that (7.2) is the same as (7.1) with ε replaced by ε/(1 − ε).

The exceedance criterion given in (7.2) can also be interpreted as follows. The
conditional ARL’s due to the lower limit, 1/PnL, and due to the upper limit,
1/PnU , depend on the Phase I distributions X1, . . . , Xn. Consider these ARL’s
as random variables. The 100αth percentile of those random variables is at least
(1 − ε) /(p/2). For instance with p/2 = 0.001, ε = 0.1, α = 0.1 this gives that the
10th percentile of the ARL’s 1/PnL and 1/PnU is at least 900. It may be better
to settle this kind of percentiles of the ARL than to base oneself on the bias (the
expectation) of the ARL, see also Jones et al. (2004, page 102).

In the following subsections, subsequently the three types of control charts, that
compose the combined chart with the appropriate corrections, are reviewed briefly.
The corresponding control limits are presented in explicit formulas.

7.2.1 The normal chart

The normal approach which is producing the normal control chart was discussed
in Chapter 2. Here we simply present the results with a slightly different criterion
than that of in Chapter 2. There, the exceedance probability criterion for the two
side case is Pr(PnL + PnU > p(1 + ε)) < α, see Remark 2.3.5, while here we use
Pr(PnL >

p
2 (1 + ε)) ≤ α and Pr(PnU > p

2 (1 + ε)) ≤ α, respectively for the lower
and upper control limit. Table 7.1 presents the two-sided control limits for the
(corrected) normal control chart. The lower control limit of the normal chart is

denoted by L̂CLN , while the upper limit is denoted by ÛCLN . In case of the

lower limit L̂CLN the − sign should be read and for ÛCLN the + sign is used.

Application to the example given in Section 6.4 gives for p/2 = 0.001, ε = 0.1, α =
0.1 the following two-sided control limits. The sample mean X equals 42.366 and
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Table 7.1. Two-sided (corrected) normal control limits.

Aim L̂CLN and ÛCLN

EPn = p X ± up/2S

{
1 +

u2
p/2 + 3

4n

}

Pr
(
PnL >

p
2 (1 + ε)

)
≤ α,

Pr
(
PnU > p

2 (1 + ε)
)
≤ α

X ± up/2S
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uα

(
1
2 + u−2

p/2

)1/2

√
n
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1
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)
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1
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)
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the sample standard deviation S = 3.311, while up/2 = 3.090, uα = 1.282 and
n = 835. We get

bias FAR L̂CLN = 32.096, ÛCLN = 52.635

exceedance FAR L̂CLN = 31.889, ÛCLN = 52.842 (7.3)

exceedance ARL L̂CLN = 31.901, ÛCLN = 52.830.

7.2.2 The parametric chart

The parametric approach with the corresponding parametric control chart was
discussed in Chapters 3 and 4. Here, we only present the results in explicit formulas
using the following notations, where ent(x) is the integer part of x, for instance
ent(0.95 × 835 + 1) = 794.

c(γ) = π1/42−(1+γ)/2Γ(γ + 3/2)−1/2,

C1(γ, up/2) = −1.23− 0.63γ + 0.73γ2 + 0.74up − 0.08γup/2 − 0.14γ2up/2,

C2(γ) =

(
uan

ubn

)1+γ

− 2.43871+γ

with an = 1 − ent (0.95n+ 1)

n+ 1
, bn = 1 − ent (0.75n+ 1)

n+ 1
,

C3(γ, up/2) = −76.37− 120.12γ − 81.93γ2 + 35.53up/2 + 53.71γup/2

+ 37.18γ2up/2,

A(γ, up/2) = −4.00− 12.54γ − 10.02γ2 + 2.91up/2 + 6.47γup/2 + 4.42γ2up/2.

The notations are for the two-sided limit. For the one-sided limit, p/2 in the



206 Implementation : A user guide

Table 7.2. Two-sided (corrected) parametric control limits based on the normal
power family.

Aim L̂CLP and ÛCLP

EPn = p X ± S

{
c(γ̂)u1+γ̂

p/2 − C1(γ̂, up/2)C2(γ̂) +
C3(γ̂, up/2)

n

}

Pr
(
PnL >

p
2 (1 + ε)

)
≤ α,

Pr
(
PnU > p

2 (1 + ε)
)
≤ α

X ± S

{
c(γ̂)u1+γ̂

p(1+ε)/2 +
A(γ̂, up/2)uα√

n

}

Pr
(

1
PnL

< 1
p/2 (1 − ε)

)
≤ α,

Pr
(

1
PnU

< 1
p/2 (1 − ε)

)
≤ α

X ± S

{
c(γ̂)u1+γ̂

p/{2(1−ε)} +
A(γ̂, up/2)uα√

n

}

notations are simply replaced by p. Moreover, the estimator of γ at the upper tail,
γ̂U , is given by

γ̂U = 1.1218 log

(
X(ent(0.95n+1)) −X

X(ent(0.75n+1)) −X

)
− 1.

Similarly, the estimator of γ at the lower tail, γ̂L, is given by

γ̂L = 1.1218 log

(
X −X(n−ent(0.95n))

X −X(n−ent(0.75n))

)
− 1.

The two-sided control limits for the (corrected) parametric control chart are given

in Table 7.2. The lower limit is denoted by L̂CLP , while the upper limit is denoted

by ÛCLP . In case of the lower limit L̂CLP the − sign should be read and γ̂ = γ̂L
should be inserted, while for ÛCLP the + sign is used and γ̂ = γ̂U .

Application to the example mentioned before gives for p/2 = 0.001, ε = 0.1, α =
0.1 the following two-sided control limits. We have X = 42.366, S = 3.311, n =
835, X(n−ent(0.95n)) = 36.54, X(n−ent(0.75n)) = 40.62, γ̂L = 0.352,
X(ent(0.95n+1)) = 47.03, X(ent(0.75n+1)) = 44.54, γ̂U = −0.144 while up/2 =
3.090, up(1+ε)/2 = 3.062, up/{2(1−ε)} = 3.059 and uα = 1.282. We get

bias FAR L̂CLP = 29.100, ÛCLP = 51.606

exceedance FAR L̂CLP = 28.306, ÛCLP = 52.001 (7.4)

exceedance ARL L̂CLP = 28.324, ÛCLP = 51.994.

By comparing the parametric control limits in (7.4) with the normal control limits
in (7.3) we can see that the lower control limits of the parametric chart are smaller
than those of the normal chart. The reason for that is that we have a heavy lower
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tail and indeed γ̂L > 0 (see Figure 6.1). As a consequence L̂CLP is much lower

than L̂CLN . In the upper tail the situation is reversed. We have a thin upper tail
(see Figure 6.1) giving γ̂U < 0 and hence the upper control limits are somewhat
smaller in the parametric model than those in the normal control charts.

7.2.3 The nonparametric chart

The nonparametric approach with the corresponding standard nonparametric chart
was presented in Section 5.2. A modified version of the standard nonparametric
chart was discussed in Section 5.3. In Subsection 6.3.3, a different version of the
modified non-parametric chart was presented and used as one of the components
of the combined chart. Here, we use another version using the following notations.
The given notations are for the two-sided control chart. For the one-sided control
chart, p/2 in the control limits is simply replaced by p.

r = ent[(n+ 1)p/2], δ = (n+ 1)p/2 − r,

k(ε) : smallest integer such that Po (n(1 + ε)p/2, r − 1 − k) ≤ α,

where Po (µ, x) = Pr(Y ≤ x) with Y ∼ Poisson(µ),

λ(ε) =
α− Po (n(1 + ε)p/2, r − 1 − k(ε))

Po (n(1 + ε)p/2, r − k(ε)) − Po (n(1 + ε)p/2, r − 1 − k(ε))
,

X(0) = X(1) − S,X(n+1) = X(n) + S.

The two-sided control limits for the nonparametric control chart are given in Table
7.3.

The lower control limit is denoted by L̂CLNP , while the upper control limit is

denoted by ÛCLNP .

Application to the example mentioned before gives for p/2 = 0.001, ε = 0.1, α =
0.1, the following one-sided control limits. We have r = 0, δ = 0.836, r1 =
1, δ1 = 0.835, k(0.1) = 0, k(0.1/(1 − 0.1)) = 0, λ(0.1) = 0.251, λ(0.1/(1 − 0.1)) =
0.253, X(1) = 25.45, X(2) = 26.54, X(384) = 51.04, X(835) = 51.66 and S = 3.311.
We get
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Table 7.3. Two-sided nonparametric control limits

Aim L̂CLNP and ÛCLNP

EPn = p

L̂CLNP :
r = 0 :

{
X(1) − S
X(1)

with probability 1 − δ
with probability δ

r ≥ 1 : (1 − δ)X(r) + δX(r+1)

ÛCLNP :
r = 0 :

{
X(n)

X(n) + S
with probability δ
with probability 1 − δ

r ≥ 1 : δX(n−r) + (1 − δ)X(n−r+1)

Pr
(
PnL >

p
2 (1 + ε)

)
≤ α,

Pr
(
PnU > p

2 (1 + ε)
)
≤ α

L̂CLNP

{
X(r−k(ε))
X(r+1−k(ε))

with probability 1 − λ(ε)
with probability λ(ε)

ÛCLNP

{
X(n+k(ε)−r)
X(n+k(ε)−r+1)

with probability λ(ε)
with probability 1 − λ(ε)

Pr
(

1
PnL

< 1
p/2 (1 − ε)

)
≤ α,

Pr
(

1
PnU

< 1
p/2 (1 − ε)

)
≤ α

L̂CLNP

{
X(r−k(ε/(1−ε)))
X(r+1−k(ε/(1−ε)))

with prob. 1 − λ(ε/(1 − ε))
with prob. λ(ε/(1 − ε))

ÛCLNP

{
X(n+k(ε/(1−ε))−r)
X(n+k(ε/(1−ε))−r+1)

with prob. 1 − λ(ε/(1 − ε))
with prob. λ(ε/(1 − ε))

bias FAR L̂CLNP =

{
22.139
25.45

with prob. 0.164
with prob. 0.836

ÛCLNP =

{
51.66
54.971

with prob. 0.836
with prob. 0.164

exceedance FAR L̂CLNP =

{
22.139
25.45

with prob. 0.749
with prob. 0.251

(7.5)

ÛCLNP =

{
51.66
54.971

with prob. 0.251
with prob. 0.749

exceedance ARL L̂CLNP =

{
22.139
25.45

with prob. 0.747
with prob. 0.253

ÛCLNP =

{
51.66
54.971

with prob. 0.253
with prob. 0.747

.

Comparing the numerical results with the previous control limits for the normal
and normal power families, it is clearly seen that in particular the acceptance
regions here are much wider than those for the normal and normal power fami-
lies. Moreover, it is seen that in all situations the exceedance criterion is a more
restrictive criterion than the bias criterion, leading to smaller lower and larger
upper limits. The difference between FAR and ARL in the exceedance case is
fortunately very small, implying that protection against an unwanted large FAR
gives at the same time protection against an unpleasantly long ARL.
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7.3 Implementing the combined approach

From the discussion presented throughout Chapters 2-5, we concluded that al-
though every approach offers some advantages if it is used individually, it also
bears some disadvantages, especially when the true distribution of the observa-
tions is (very) far from the supposed model being used. Since in real situations
the true distribution of the observations is most likely unknown, we propose to
combine those approaches and let the data select the most suitable one.

The setting is as follows. When the observations are close to normality, we want
to select the normal control chart. If the departure from normality is too large,
we apply the parametric control chart, unless the parametric family also does not
fit. In the latter case the nonparametric control chart comes in.

From this setting we know that the critical point for selecting the most appropriate
chart for the data depends on the determination of the “distance” between the true
model and the supposed model. The distance represents the model error caused
by replacing the true model of the observations with the supposed model. The
question that remains is to decide the cut-off point for choosing a specific model.
For this, a set of rules has been developed in Section 6.3 and is included in the
following algorithm.

7.3.1 Algorithm

In this subsection, an algorithm to implement the combined approach in the field
is presented in two parts. The first part is mainly concerned with the preliminary
step which explains why some preparation is needed to monitor a production
process. The second part, which is considered as the main step, will be given
in the form of flowcharts which are ready to be translated into software. Once
the practitioners decide to apply the combined approach, this algorithm provides
them with a detailed guideline how to perform the steps. Although in the present
chapter the algorithm is developed for the combined approach, essentially, the
algorithm is also applicable for the individual approach contained in the combined
approach: normal, parametric and nonparametric approach.

Preliminary step

In order to implement the concepts for monitoring the production process, the user
needs to provide a set of Phase I observations, that is outcomes of independent
r.v.’s X1, · · · , Xn with common d.f. F . Once the “in-control” data are available,
they can be used to construct the control limit. At this point the user may wonder,
how many in-control data are needed to calculate such a control limit. Essentially,
the answer of this question can be inferred from the discussion throughout Chap-
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ters 2 - 5. Without knowing the distribution of the observations, the user needs
to have very many data to get an accurate control limit. As a general rule, the
more data available to set up the control limit, the more accurate the control limit
will be. Of course, the exact number depends on the criteria (bias or exceedance
probability), types of function g as well as other parameters, such as p, ε and α.
For example, if g(p) = p with p = 0.001 and the bias criterion was applied, then
around 40 observations would suffice for applying the normal chart, if normality
holds. For the same case, at least 300 observations are required for applying the
parametric chart. For applying the nonparametric approach, however, we need to
have very many data. For example, for p = 0.001 and n < 1000, with probability
as high as 0.499, the out-of-control signal will never occur, see (5.7) and (5.8).
Hence, for applying the nonparametric chart, we have to either use much larger n
for the same p, or to increase the value of p to, say, 0.01.

Main step

Having provided a set of in-control data from Phase I observations, the practition-
ers can continue with the main step described here. The main step is presented
in the form of flowcharts that show actions to be performed systematically. The
well-known basic structure of the algorithm which consists of two stages is given
as a starting point in Figure 7.1. As seen in this figure, basically the structure can
be divided into an estimation stage and a monitoring stage.

In the estimation stage, firstly n in-control data (from the preliminary step) are
recorded and utilized as inputs of the flowchart. The next step is using these data
to calculate the combined control limits. These limits determine a permissible area
for new observations. The calculation of the upper control limit of the combined
control chart in the estimation stage is given as a flowchart in Figure 7.2. This
flowchart shows that first of all, a quantity which represents the distance between
the true model and the actual model is calculated. As discussed in Section 6.3,
for the quantity at the lower part we use meL = (X−X(1))/S, while at the upper

part we use meU = (X(n) −X)/S. Next, the so called normal area, which is the
area in the interval [u(−0.7+0.5 logn)/n, u5/(n

√
n)] , is calculated. If meU is in this

area then the normal chart can be applied. Otherwise, the so called parametric
area, which is the area in the interval [c (γ̂)u1+γ̂

(−0.2+0.5 logn)/n, c (γ̂)u1+γ̂

3/(n
√
n)

], is

calculated. If meU is inside this parametric area then the parametric chart is to
be applied. Otherwise, since meU is neither in the normal nor in the parametric
area, then the nonparametric chart has to be applied. The normal, parametric and
nonparametric charts to be selected are taken from Tables 7.1 - 7.3 according to
the required aim: bias with FAR or exceedance probability criterion with FAR or
ARL. For calculating the lower control limit of the combined chart we can apply
the same flowchart with meU is replaced by meL.

Chapter 6 discusses the properties of the combined control chart extensively, both
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Figure 7.1. The basic structure of the algorithm.
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Figure 7.2. The calculation of the combined upper control limit in the
estimation stage.
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from a theoretical point of view and by simulations to see the finite sample behav-
ior. Here are the conclusions.

1. Theoretically it is shown that the combined control chart in each of the
three situations (normality, normal power family, outside the normal power
family) asymptotically behaves as the specific corresponding control chart.

2. If normality holds, the combined control chart has a substantial gain w.r.t.
the nonparametric control chart and only a small loss w.r.t. the normal and
parametric control chart.

3. If the true distribution belongs to the normal power family, the combined
control chart has, for not too large n and γ, a pretty gain w.r.t. the nonpara-
metric control chart and in general only a small loss w.r.t. the parametric
control chart; the normal control chart cannot be applied in that case unless
γ is very close to 0; for positive γ’s this is due to its bad in-control behavior
and for negative γ’s it has a very low alarm rate under an out-of-control
situation.

4. Outside the normal power family, the combined control chart exhibits only
a small loss w.r.t. the nonparametric control chart, while the normal control
chart cannot be applied in this case due to its bad in-control behavior or its
low alarm rate (unless the distribution is very close to normality); the same
holds for the parametric control chart, albeit to a much smaller extent.

The control limit produced in the estimation stage then is used in the monitoring
stage, see Figure 7.1. At this point the sketch of the calculated control chart
can be drawn for the next stage. In the monitoring stage, continuously each new
observation as a product of the running process, is compared with the calculated
control limit. In Figure 7.1, the new observation is denoted by Xk; firstly we have
Xn+1, then Xn+2, etc. Only if the observation exceeds the limit an out-of-control
signal will be produced. Otherwise, the process is supposed to be in-control and
hence it can be kept running. Note that the control limit is not changed (although
in the mean time possibly a lot of observations are marked as “in-control” or,
may be better expressed as observations not marked as “out-of-control”). The
occurrence of the out-of-control signal requires the user to stop the process and
find out the cause of this problem. Of course, it may also be a false alarm. The
process can be restarted again provided that the problem has been solved.

7.4 Closing remarks

In this final section, the contents of the present chapter are summarized. In the
first section, the background as well as the objective of this chapter are introduced.
The following section provides the user with a brief review of the three types of
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control charts. To avoid technical difficulties, only some ready-made formulas are
given in this section. Next, criteria to select the most suitable control charts for
the observations are given. The selection process is depicted in flowcharts which
can be implemented in software.

In-control data from the Phase I observations are used as inputs of the software.
Based on these data, the software constructs the most suitable control limit for
the observations. The control limits determine the permissible area for a new
observation. During the monitoring process, the software continuously records
and evaluates the new observation. Only if there exists an observation which falls
outside the permissible control limit, an out-of-control signal will be produced.
The occurrence of this signal presumably indicates an out-of-control situation,
and the production process needs to be stopped to allow some fixation before it is
restarted again.



Summary

Maintaining a production process in good condition is an important issue for
practitioners. For that reason it is necessary to monitor such a process so that
as soon as it starts to act differently from the required conditions a signal will
be produced. With the occurrence of this signal, the production process will
be stopped for an investigation or an adjustment before it is restarted again.
This monitoring task is commonly based on the Shewhart X-control chart which
assumes that the observations are normally distributed. Although the Shewhart
chart is widely used in practice because of its simplicity, applying this control chart
to monitor the mean of a process may lead to two types of problems. The first
concerns the typically unknown parameters involved in the distribution, while the
second concerns the validity of the assumption of normality itself. The objective
of the research is to study and find solutions for these problems. More specifically,
our goal is to determine the most suitable control chart to be used in practice.
For this, subsequently, so called normal, parametric, nonparametric and combined
approaches are considered, leading to corresponding control charts.

In Chapter 2, we investigate the effect of parameter estimation in applying the
Shewhart chart. In the case that the assumption is true that the observations
are normally distributed but with unknown parameters, one has to estimate the
parameters based on observations from the past. Since the estimation usually
involves p-quantiles for very small p, it may result in large relative errors, unless
(very) large sample sizes are applied. The results show that although the obser-
vations are normally distributed, we still need too large sample sizes to construct
accurate control limits. Since such large sample sizes are often not available in
practice, we need to find a way to correct the control limits in order to have accu-
rate limits for commonly used sample sizes. It turns out that by adding suitable
correction terms to the control limits, we are able to reduce substantially the sam-
ple sizes needed to construct accurate control limits. We apply both bias and
exceedance probability criteria for setting the control limits. The bias criterion
aims at reducing the systematic error between the actual result and the true value
of the performance characteristic, thus dealing with the long term behavior of the
chart in a series of separate applications, while the exceedance probability crite-
rion is applied for controlling the probability of having a relative error larger than
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a given value occurring in a single application.

In practice, the distribution of the observations can be different from the normal
family. Hence, the normality assumption made for the observations often fails,
which causes a model error. For such a case, we can use either a parametric or a
nonparametric approach. In the parametric approach we have in mind that the
distribution of the observations is in a neighborhood of a larger parametric model
containing the normal family as a submodel. Several possible models have been
considered for this purpose, such as random or deterministic mixtures. However,
for a number of reasons we choose a so called normal power family as a suitable
extension of the normal family. Based on the assumption that the true distribution
of the observations is from the normal power family, we can construct the paramet-
ric chart. It turns out that this parametric chart is able to reduce the model errors
of many distributions considerably. On the other hand, as more parameters are
needed to be estimated in the normal power family, larger stochastic errors may
be expected. Therefore, the next step to be taken is to control these stochastic
errors by developing correction terms for the control limits. With the addition of
the correction terms to the control limits, the corrected parametric chart performs
much better since it reduces the stochastic errors substantially. As in the normal
approach, here we apply the bias and exceedance probability criteria for setting
the parametric control limits. The bias case is discussed in Chapter 3, while the
exceedance probability case is presented in Chapter 4.

The parametric approach based on the normal power family offers a satisfactory
solution over a broad range of underlying distributions. This approach, however,
is not able to prevent the occurrence of unacceptably large model errors in cases
where one has distributions far outside the normal power family. In such a situ-
ation nothing remains but to consider a nonparametric approach. The problem
is left that huge sample sizes are required for the estimation step. Otherwise, the
resulting stochastic error is so large that the control limits are very unstable, a
disadvantage which seems to outweigh the advantage of avoiding the model error
from the parametric case. In Chapter 5 we analyze under what conditions the
nonparametric approach actually becomes feasible as compared to the paramet-
ric approach. In particular, corrected versions are suggested for which a possible
change point is reached at sample sizes which are markedly less huge, but still
larger than the customary range. These corrections serve to control the behavior
during the in-control situation. The price for this protection clearly will be some
loss of detection power during the out-of-control situation. A change point comes
in view as soon as this loss can be made sufficiently small.

Although each of the three approaches has its own advantages, applying these ap-
proaches individually causes some disadvantages due to the specific characteristics
of the observations encountered in the production process. Therefore, in Chapter
6 the three approaches are combined into one procedure in which the data, based
on some criteria, will select the most suitable approach by themselves. As a re-
sult, a combined control chart can be recommended to be used in practice, since it
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performs very well under a great variety of distributions. Theoretical behavior of
the combined control chart shows that the combined chart asymptotically behaves
as each of the specific control charts in their own domain. From the theory and
the simulation results, as well as from additional simulations that we have per-
formed, we conclude that the new combined control chart can be recommended
as an omnibus control chart with a good performance under a great variety of
distributions, both for the in-control and for the out-of-control situation. Finally,
Chapter 7 provides a detailed guideline to implement the combined chart in real
life situations.





Samenvatting

Het is in de praktijk belangrijk een productieproces in de juiste toestand te houden.
Daarom is het noodzakelijk het proces te volgen, zodat een signaal wordt gegeven
wanneer het proces niet meer aan de gestelde voorwaarden voldoet. Op dit signaal
zal het productieproces dan gestopt worden om het te onderzoeken en eventueel
bij te stellen voordat het weer gestart wordt. Dit volgen is gewoonlijk gebaseerd
op de Shewhart X-controlekaart, waarvoor wordt aangenomen dat de waarnemin-
gen normaal verdeeld zijn. Hoewel de Shewhart controlekaart in de praktijk veel
gebruikt wordt vanwege zijn eenvoud, kan het toepassen van deze controlekaart
om de verwachte waarde van een proces variable te controleren tot twee typen pro-
blemen leiden. Het eerste type betreft de parameters van de verdeling, die in het
algemeen niet bekend zijn, terwijl het tweede type de geldigheid van de aanname
van normaliteit zelf betreft. Het doel van het onderzoek is deze twee typen pro-
blemen te bestuderen en op te lossen. Meer specifiek willen we de meest geschikte
controlekaart bepalen voor ieder gegeven praktijkgeval. Hiertoe beschouwen we
achtereenvolgens de zogenaamde normale, parametrische, niet-parametrische en
gecombineerde aanpak, die tot overeenkomstige controlekaarten leiden.

In Hoofdstuk 2 onderzoeken we het effect van parameterschattingen op het toepas-
sen van de Shewhartkaart. In het geval dat men terecht aanneemt dat de waarne-
mingen normaal verdeeld zijn, maar met onbekende parameterwaarden, moet
men de parameters schatten gebaseerd op waarnemingen uit het verleden. Om-
dat de schatters meestal p-kwantielen voor zeer kleine waarden van p betreffen,
kunnen grote relatieve fouten optreden, tenzij (zeer) grote steekproeven wor-
den gehanteerd. De resultaten laten zien dat, hoewel de waarnemingen normaal
verdeeld zijn, er toch nog te grote steekproeven nodig zijn om nauwkeurige con-
trolelimieten te construeren. Omdat in de praktijk grote steekproeven vaak niet
beschikbaar zijn, moet daarom een manier gevonden worden om de controleli-
mieten te corrigeren, zodat nauwkeurige limieten resulteren voor steekproeven van
een gebruikelijke omvang. Er blijkt dat door het toevoegen van geschikte correc-
tietermen aan de controlelimieten dit doel bereikt kan worden. Om de controle-
limieten vast te leggen gebruiken wij zowel het “bias” als het “exceedance prob-
ability” criterium. Het bias criterium beoogt de systematische afwijking tussen
resulterende waarde en werkelijke waarde van de prestatiekarakteristiek te redu-
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ceren. Op deze wijze wordt het lange termijn gedrag van de kaart behandeld in
een reeks van applicaties. Het exceedance probability criterium wordt toegepast
om de kans op een relatieve fout groter dan een gegeven waarde onder controle te
houden voor iedere afzonderlijke applicatie.

In de praktijk kan het zijn dat de verdeling van de waarnemingen niet tot de familie
van de normale verdelingen behoort. De aanname van normaliteit van de waarne-
mingen is vaak onterecht, waarmee een modelfout wordt gemaakt. In zo’n geval
kunnen we hetzij een parametrische, hetzij een niet-parametrische aanpak kiezen.
In de parametrische aanpak stellen we ons voor dat de verdeling van de waarne-
mingen in de buurt ligt van een meer omvangrijk parametrisch model, waarvan
de familie van normale verdelingen een sub-model is. Verschillende mogelijke mo-
dellen zijn hiertoe beschouwd, zoals random of deterministische mengvormen. Om
een aantal redenen kiezen we echter een zogenaamde “normal power” familie als
geschikte uitbreiding van de familie van normale verdelingen. We construeren dan
de parametrische kaart onder de aanname dat de ware verdeling van de waarne-
mingen tot de normal power familie behoort. Het blijkt dat deze parametrische
kaart de modelfouten van veel verdelingen aanzienlijk kan reduceren. Aan de an-
dere kant is te verwachten dat er grotere stochastische fouten zullen optreden,
omdat er meer parameters moeten worden geschat in de normal power familie.
Een volgende stap is daarom deze stochastische fouten in de hand te houden door
het ontwikkelen van geschikte correctietermen voor de controlelimieten. Met het
toevoegen van correctietermen aan de controlelimieten verbetert de gecorrigeerde
parametrische kaart aanzienlijk omdat de stochastische fouten substantieel gere-
duceerd worden. Net als voor de normale aanpak, passen we hier de criteria van
bias en exceedance probability toe om de parametrische controlelimieten vast te
leggen. Het geval waarin bias wordt beschouwd wordt besproken in Hoofdstuk 3,
het geval van exceedance probability in Hoofdstuk 4.

De parametrische aanpak is gebaseerd op de normal power familie en biedt een
tot tevredenheid strekkende oplossing voor een breed bereik van onderliggende
verdelingen. Echter, deze aanpak kan niet verhinderen dat er onacceptabel grote
modelfouten optreden bij verdelingen die duidelijk niet tot de normal power fa-
milie behoren. In een dergelijke situatie zit er niets anders op dan het volgen van
de niet-parametrische aanpak. Er resteert dan het probleem dat voor de schat-
tingsstap zeer grote steekproeven nodig zijn. Anders is de resulterende stochastis-
che fout zo groot dat de controlelimieten niet stabiel zijn, een nadeel dat groter lijkt
dan het voordeel dat de modelfout bij de parametrische aanpak vermeden wordt.
In Hoofdstuk 5 wordt geanalyseerd onder welke condities de niet-parametrische
aanpak hanteerbaar wordt in vergelijking met de parametrische aanpak. In het bij-
zonder worden gecorrigeerde versies voorgesteld waarvoor het omslagpunt bereikt
wordt bij een duidelijk kleinere grootte van de steekproef dan voor de niet gecor-
rigeerde versie, maar die toch nog groter is dan gebruikelijk. Deze correcties dienen
om het “in-control” gedrag in de hand te houden. De prijs voor deze bescherming
is uiteraard verlies van detectievermogen in de “out-of-control” situatie. Een om-
slagpunt komt in zicht zodra dit verlies voldoende klein kan worden gehouden.
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Hoewel ieder van de drie manieren van aanpak zijn eigen voordelen heeft, veroor-
zaakt het volgen van elk van deze aanpakken apart enige nadelen als gevolg van
het specifieke karakter van de waarnemingen die we tijdens het productieproces
tegen komen. Daarom worden in Hoofdstuk 6 de drie manieren van aanpak gecom-
bineerd tot een procedure waarin de data, afhandelijk van de gestelde criteria, de
meest geschikte aanpak zelf bepalen. Het resultaat, dat we de gecombineerde con-
trolekaart noemen, kan aanbevolen worden in de praktijk, omdat deze zeer goed
presteert voor een grote diversiteit van verdelingen. Het theoretische gedrag van de
gecombineerde controlekaart laat zien dat dit asymptotisch overeenkomt met dat
van elk van de specifieke controlekaarten voor verdelingen waarop zij van toepas-
sing zijn. Zowel theoretische beschouwingen als simulatieresultaten, beschouwd
in deze dissertatie alsook nog daarbuiten, leiden tot de conclusie dat de nieuwe
gecombineerde controlekaart aanbevolen kan worden als een omnibus controlekaart
met een goede prestatie voor een grote diversiteit van verdelingen, zowel voor de
in-control als voor de out-of-control situatie. Tenslotte geeft Hoofdstuk 7 aanwij-
zingen voor de implementatie van de gecombineerde kaart in praktijksituaties.
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