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Chapter 1

Preliminaries and scope of the
thesis

In many aspects of daily life queueing phenomena may be observed when service fa-
cilities (counters, buses, telephone lines, Internet services) cannot facilitate the users of
these services immediately. The typical example where queues arise is at counters of
supermarkets, where customers usually have to wait for some time before they receive
service. Since waiting is considered as an unpleasant experience, we would like to re-
duce waiting times and meet a certain Quality-of-Service level for the customers. On
the other hand, it makes economic sense to have queues, since resources are often scarce
and/or expensive. In order to design a service system optimally from an economical per-
spective, it is desirable to study the characteristics and effects of congestion phenomena
which influence the performance of the system. These characteristics and effects may be
adequately studied with mathematical methods from queueing theory.

Queueing systems are mainly characterized by the random nature in which customers
arrive at the system and by the variable amount of work that the customers require from
the service facility. Another important characteristic is called the service discipline,
which defines how the resources are allocated to the customers. The complex interac-
tion between these characteristics has a significant impact on the performance of the
system and on the individual customers.

The first queueing-theoretic models were developed in the early 20-th century for
the dimensioning of telephony systems. Later, queueing theory was successfully applied
in operations research and management science, in particular for production planning.
Nowadays, queueing theory plays a prominent role in the performance analysis of a wide
range of systems in computer communications, logistics, and manufacturing.

1
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1.1 Queueing theory and communication networks

Queueing theory plays an important role in the design and performance analysis of
(tele)communication systems. The Erlang loss model [37] is one of the most traditional
and basic types of queueing models, originally developed for the performance analysis
of circuit-switched telephony systems. In these systems, newly arriving calls are either
admitted into the system or rejected (i.e., blocked and lost), depending on the availability
of a free circuit (channel). The key performance measure is the fraction of blocked calls.
The Erlang loss model is still much applied, e.g., for the planning of mobile communi-
cation networks (GSM) and optical networks.

Another important type of queueing model arising in the performance analysis of
telecommunication systems is the so-called processor-sharing (PS) model. PS models
were originally developed for the analysis of time-sharing in computer communication
systems [62, 63] in the 1960s. The key property of the PS service discipline is that the
common resource is fairly shared among all jobs present in the system. Typically, PS
models are applied to the performance analysis of data transfers in (packet-switched)
communication networks. Important performance measures in these models are the so-
journ times of the jobs and their throughputs. Over the past decade PS models have at-
tracted new attention for the performance analysis of fair bandwidth sharing mechanisms
such as the Transmission Control Protocol (TCP) [50]. TCP deploys a flow-control pro-
tocol that reacts dynamically to network congestion, and can be considered as one of
the most important enablers of the huge expansion of the Internet since the 1980s. The
PS discipline – as a convenient modeling abstraction – continues to play an instrumen-
tal role in the design and operations of communication systems as motivated by various
technological trends, particularly also for wireless networks [21, 68].

This thesis is primarily devoted to PS queueing models as basic models for resource
sharing in communication networks. In particular, we perform extensive mathematical
analyses in order to quantitatively characterize the performance of these models. In addi-
tion, applying the results of our mathematical analyses, we present a performance study
of data transfers in Wireless Local Area Networks (WLANs).

Basic concepts of classical queueing models

Figure 1.1 depicts the classical queueing model, which is conventionally denoted as the
G/G/1 queue. The notation ‘G/G/1’ was proposed by Kendall [52], and the first symbol
G reflects that the time between two consecutive customer arrivals (interarrival time) is
a positive random variable with a general probability distribution. The second G reflects
the general probability distribution for the service requirements of the customers, and the
1 refers to the single server. Customers who have received their full service leave the
system. The interarrival times are assumed to be independent and identically distributed
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customer arrivals

queue server

customer departures

Figure 1.1: The G/G/1 single-server queueing model.

(i.i.d.). The service requirements also form a sequence of i.i.d. random variables and are
independent of the interarrival times. The notation GI is sometimes used when the inde-
pendence assumption needs to be emphasized. When the arrival process is assumed to be
a Poisson process then we have the M/G/1 model, where the M stands for the Markovian
(or Memoryless) nature of the Poisson process. The symbol M is also used in the second
position of Kendall’s notation, if the service requirements are exponentially distributed.
Other common service requirement distributions are the deterministic distribution (de-
noted with D) and phase-type distributions (usually denoted with PH).

To describe the G/G/1 queueing system we also need to define how the server capacity
is allocated to the customers in the system. The most natural service discipline is the First
Come First Served (FCFS) discipline, where the customers are served in order of arrival.
In certain systems other service disciplines may be more appropriate, such as the Last
Come First Served (LCFS) discipline or a priority discipline. As mentioned above, in
this thesis the focus is on processor-sharing (PS) service disciplines, where all customers
in the system are served in parallel.

Other variations on the basic G/G/1 queueing model are, for example, queues with
fluctuating service capacity, server vacations, or customer impatience, which all may
have a significant influence on the performance. The performance measures of inter-
est strongly depend on system-specific objectives and model-specific assumptions. The
most common performance measures are queue lengths, waiting times (or: delays), and
sojourn times (or: transfer times). For a thorough introduction on queueing theory we
refer to Kleinrock [64], Cohen [33], Takagi [96, 97, 98], and Tijms [99].

In the next section we consider several processor-sharing queueing models in some
more detail, in particular theegalitarian processor-sharing (EPS) model and thedis-
criminatoryprocessor-sharing (DPS) model with multiple customer classes; the EPS and
DPS queues play a central role in this thesis. In Section 1.3, (PS) queueing models with
time-fluctuating service capacity are introduced, which are studied in this thesis as well.
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1.2 Processor-sharing queueing models

The processor-sharing (PS) discipline has gained a prominent role in queueing theory
over the past few decades. Kleinrock [62, 63] introduced the simplest and best known
egalitarian processor-sharing (EPS) discipline, in which a single server assigns each cus-
tomer a fraction1/n of the service capacity whenn > 0 customers are in the system; the
total service rate is equally shared among all customers present.

A drawback of the EPS discipline is the inability to model heterogeneous time-
sharing systems in which users from different classes get different shares of the capacity,
i.e., EPS cannot differentiate the Quality-of-Service among users. Two main generaliza-
tions are proposed as multi-class extensions of the single-class EPS model: the general-
ized processor-sharing (GPS) and the discriminatory processor-sharing (DPS) model.

In the GPS model each customer class is guaranteed a minimum service rate by as-
signing classj a non-negative weightφj , j = 1, ...,K (as a minimum share of the
capacityc), whereK is the number of classes. When no customers are present in a class,
its share of the capacity is distributed among the other active classes. The service rate
is distributed across (non-empty) classes, irrespective of the actual number of customers
present. For more details on GPS we refer to [83, 101] and references therein.

The other generalization of EPS, the discriminatory processor-sharing (DPS) disci-
pline, was originally introduced under the name Priority Processor Sharing by Kleinrock
[63]. The range of applications for DPS is extremely large; see e.g. [5, 19, 29, 48, 54, 75]
and also Chapter 8. In DPS, a customer of typek receives a service rateαk/

∑K
j=1 αjnj ,

according to the set of weights{αj : j = 1, ...,K}, whennj customers of typej,
j = 1, ...,K, are present in the system. If all weightsαj are equal, then we have the or-
dinary EPS queue. Exact analysis of DPS turns out to be difficult compared to ordinary
PS; results for DPS are scarce in the queueing literature.

We also mention that Cohen [32] generalized the standard (E)PS model to a PS model
in which each customer receives a service rate according to an arbitrary positive function
φ(n). This model is also calledgeneralized processor-sharing, which should not be
confused with the GPS model as in [83, 101]. Cohen’s GPS model is in fact an EPS model
with queue-dependent service capacity. By appropriate choice of the queue-dependent
service capacityφ(n), this model includes a very wide class of service disciplines, and
significantly enhances the modeling capabilities of the standard EPS model. In many
applications it models the main factors determining the performance, while on the other
hand, it is simple enough to be analytically tractable, see e.g. [13, 68] and Chapter 8.

A particularly relevant performance measure for PS models is the sojourn time of a
job in the system. For the egalitarian PS model, several expressions for the sojourn time
distribution have been obtained in terms of Laplace-Stieltjes transforms, see Section 2.3.
However, these transform expressions are not particularly insightful or readily applicable
for computational purposes. Transform expressions for discriminatory PS seem not to
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exist in manageable form, see Section 2.4. The above motivates the derivation of bounds
and approximations for EPS and DPS, which also give new insights in the system behav-
ior of various PS models.

1.3 Queues with time-fluctuating service capacity

PS queueing models with time-fluctuating service capacity form another important class
of models of practical interest. For example, document transmissions in the Internet and
file downloads from web servers may experience high variation in transmission rates,
due to the interaction with other traffic streams [46]. In particular, for TCP-driven traffic
flows, which are responsive to temporary network congestion, the effectively available
transmission capacity (and hence the flow throughput) is highly affected by the presence
of traffic generated by other applications (e.g., voice or video) that rely on unrespon-
sive transport protocols such as UDP. In the queueing theory community, it has long
been recognized that fluctuating service capacity has a decisive effect on the perceived
performance, as is witnessed in the extensive literature on queueing models describing
congestion phenomena subject to varying service capacity [34, 39, 45, 46, 79, 96].

There is a rich variety of models in which the available service capacity alternates
between a positive value and complete absence of service, including unreliable servers,
server vacations and service failures [39, 96]. These models allow for closed-form so-
lutions for many performance measures. The situation changes completely when the
service capacity can vary between several positive values. In the latter case, there are
no general results available that describe the relation between performance measures and
system parameters, such as the traffic arrival process and the service process. For the spe-
cific class of Markovian queueing models with a G/M/1 structure, there are efficient nu-
merical solutions to determine performance measures using matrix-geometric techniques
[66], in particular if the structure is further specialized to fall within the framework of
Quasi Birth and Death (QBD) processes. However, the dependence of the performance
on the system parameters still remains largely hidden in the solution of linear equations.
For understanding the system behavior, an explicit relation between system parameters
and performance measures is of the utmost importance.
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1.4 Overview of the thesis

In this first chapter we have set the scope of this thesis. We have briefly outlined the
role of queueing theory in application areas such as communication networks, and we
gave an introduction to several relevant processor-sharing queueing models, in particular
egalitarian and discriminatory PS, which play a central role in this thesis. In addition,
we briefly discussed queues with time-fluctuating service capacity. The remainder of the
thesis is presented as follows.

In Chapter 2 we introduce Wireless Local Area Networks (WLANs), paying partic-
ular attention to the resource sharing mechanism deployed in these networks. Next, we
discuss the mapping of these resource sharing mechanisms to PS queueing models, for
analyzing the network performance at flow-level. In addition, we give an overview of the
literature on egalitarian and discriminatory PS models.

In Chapter 3, the (steady-state) queue length distribution in egalitarian PS models
is investigated. In particular, we obtain a decomposition result of the marginal queue
length distribution for multi-class egalitarian processor-sharing models. We show that
the marginal queue length distribution for each class equals the queue length distribution
of an equivalent single-class PS model with a random number of permanent customers.
Permanent customers are customers who never leave the system, and the decomposition
result implies linear relations between the marginal queue length probabilities, which
also hold for other EPS models such as Cohen’sgeneralizedPS model. The decomposi-
tion result plays a crucial role in the derivation of bounds for the moments of the sojourn
time distribution in the classical EPS queue (see Chapter 4), and motivates the approxi-
mation method for DPS models presented in Chapter 5. Chapter 3 is based on the results
from Cheung, Van den Berg, and Boucherie [27].

In Chapter 4 we study the moments of the (conditional) sojourn timeT (x) of a cus-
tomer given its initial service requirementx > 0, for the classical M/G/1 EPS queue. In
particular, we derive explicit lower and upper bounds for all moments ofT (x), and these
bounds are insensitive to the service requirement distribution apart from its mean. The
lower bounds are based on Jensen’s inequality, while the upper bounds are derived from
the so-called ‘instantaneous’ sojourn timeT̂ (x). The instantaneous sojourn time will be
defined as the sojourn time of a customer with an infinitesimally small service require-
ment (x ≈ 0). In addition to the bounds, stochastic ordering and moment ordering results
for the sojourn time distribution are obtained. These results provide further support for
the observation that egalitarian PS is a fair resource discipline. Chapter 4 builds upon the
analysis of Cheung, Van den Berg, and Boucherie [28], and the proof for the upper bound
is related to the PS model with random number of permanent customers from Chapter 3.
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In Chapter 5, an approximation method for evaluating the mean sojourn time ingen-
eral discriminatory processor-sharing (GDPS) models is proposed and investigated. The
method is based on an approximate decomposition motivated by the exact decomposition
result for EPS queues obtained in Chapter 3. The numerically efficient method is also
applicable for DPS models with queue-dependent service capacity and queue-dependent
service weights. We numerically show that the approximation is accurate for small to
moderate differences in service weights. Chapter 5 is based upon Cheung, Van den Berg,
and Boucherie [27].

In Chapter 6 we analyze the M/M/1 queue with discriminatory PS service discipline.
Building on the work of Kim and Kim [56], we obtain the first and second moments of
the so-called slowdown for this queue, which is defined as the ratio of the sojourn time to
its job size, i.e.,T (x)/x for a job of sizex > 0. The slowdown is a measure for queueing
fairness: jobs in the standard EPS queue have a constant mean slowdown, i.e., the mean
slowdown is independent ofx > 0, which reflects the fairness of the EPS service disci-
pline. For DPS, we discuss that a job of a certain size may sometimes be treated better or
worse (in terms of slowdown) compared to a similar queueing model with equal weights,
depending on the job size, arrival- and service rates, and the weights of all classes. This
is illustrated with numerical examples. Chapter 6 presents the analysis of Cheung, Kim,
and Kim [26].

In Chapter 7 we analyze a queueing system with time-fluctuating service capacity.
The service capacity fluctuations are assumed to be driven by an independent Markov
process. We allow the queue to be overloaded in some of the server states. In all but a
few special cases, either exact analysis is not tractable, or the dependence of system per-
formance in terms of input parameters (such as the traffic load) is hidden in complex or
implicit characterizations. Various asymptotic regimes have been considered to develop
insightful approximations. In particular, the so-called ‘quasi-stationary’ approximation
has proven extremely useful under the assumption of uniform stability. In this chapter,
we refine the quasi-stationary analysis to allow for temporary instability. We study the
‘effective system load’ and introduce a notion of ‘adjusted stability’. For this we rely on
a detailed analysis of the time needed to recover from the excess load after a low service
rate period. The recovery time can be seen to be associated to the workload process in a
so-called fluid queue driven by the same Markov process as the original queue. Chapter
7 presents the analysis of Cheung, Boucherie, and Núñez-Queija [25].

Finally, in Chapter 8, we present a flow-level performance analysis of Wireless Lo-
cal Area Networks (WLANs) with Quality-of-Service (QoS) support. In particular, we
propose a modeling and analysis approach based on the mapping of resource sharing
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mechanisms in QoS enabled WLANs to GDPS queueing models. The priority weights
in the GDPS flow-level model depend on the WLAN QoS differentiation parameters and
on the number of active users in the system. Our analytical modeling approach is vali-
dated by detailed system simulations of QoS enabled WLANs. Chapter 8 builds upon the
work of Cheung, Van den Berg, Boucherie, Litjens, and Roijers [29] and uses the GDPS
approximation method developed in Chapter 5.
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Chapter 2

Resource sharing in WLANs and
processor-sharing queues

2.1 Wireless Local Area Networks (WLANs)

Wireless communication has become an integral part of our modern daily life as illus-
trated by the regular use of mobile cellular phones (GSM) allowing us to communicate
almost anywhere and anytime. Another example that illustrates the relevance of wireless
communications is the increasing deployment of Wireless Local Area Networks (wire-
less LANs or WLANs).

Wireless LAN was originally developed to be used for the connection (via a so-called
Access Point) of mobile computing devices, such as laptops, to wired LANs. However,
WLANs are now increasingly used for additional purposes, including Internet access and
Voice over IP (VoIP) telephony. The popularity of wireless LANs is primarily due to the
convenience of location freedom, cost efficiency, and ease of integration with other net-
works and network components. The majority of computers sold to consumers today
come pre-equipped with all necessary WLAN technology. Wireless LANs also fulfill
the need for an additional public wireless access solution in hot spots (e.g. train sta-
tions, airports, coffee shops, malls, etc.), besides the access provided by mobile cellular
networks such as GSM/GPRS and UMTS. Wireless LANs offer low-cost capacity and
higher bandwidths to end-users without sacrificing the inherently scarce and expensive
capacity of cellular networks.

9
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IEEE 802.11 standards

The development of WLAN technology is primarily driven by the data communications
industry. After the first products appeared around 1990, the WLAN market grew sub-
stantially, and it has led to the release of the international IEEE 802.11 standard by the
Institute of Electrical and Electronics Engineers (IEEE) in 1997. This first IEEE 802.11
legacy comprised of three different physical-layer technologies (including one based on
infrared transmission) and it specifies two raw data rates of 1 and 2 megabits per second
(Mbit/s). A weakness of this original specification was that it offered so many choices to
vendors and customers that interoperability could hardly be realized. To ensure interoper-
ability the next generation WiFi (Wireless Fidelity) or the IEEE 802.11B (supplemented)
standard [2] was ratified in 1999.

The IEEE 802.11B standard supports data rates of 1, 2, 5.5, and 11 Mbit/s. Another
standard (IEEE 802.11A) was ratified in 1999 for deployment in the 5 gigahertz (5 GHz)
radio spectrum, achieving up to 54 Mbit/s. The third standard (IEEE 802.11G) was rat-
ified in 2003, which combines the long range of 802.11B with the high throughput of
802.11A. The 802.11G standard works at a maximum data rate of 54 Mbit/s and is also
backward-compatible with 802.11B products. Both 802.11B and 802.11G operate in the
overly used 2.4 GHz frequency band.

One limitation of the previous standards is that they only support so-called ‘best-
effort’ services; there is no notion of high or low priority traffic in the network and
hence no Quality-of-Service (QoS) differentiation can be achieved. In 2001 the IEEE
announced a new taskgroup to develop a QoS enhanced version of the original standard.
The IEEE 802.11E protocol as of late 2005 has been approved as a standard that defines
a set of QoS enhancements. The IEEE 802.11E standard is considered of critical impor-
tance for delay-sensitive applications, such as VoIP and Streaming Multimedia.

More standards are under development, for example the IEEE 802.11N and the IEEE
802.11P standards. The envisioned 802.11N standard is estimated to reach a theoretical
540 Mbit/s of real data throughput, by using so-called MIMO technology (multiple-input
multiple-output), and is expected to be formalized in October 2008. The IEEE 802.11P
standard will be used in Intelligent Transportation Systems (ITS) applications, for exam-
ple, to increase safety for cars on highways, and is expected to be formalized in April
2009. For an up-to-date overview of all IEEE 802.11 standards available and under de-
velopment we refer to [1].
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2.2 Resource sharing in WLANs

In wireless LANs, data packets are sent over-the-air using a common radio channel.
Therefore, ‘packet collisions’ may occur when different stations (users) are transmitting
at the same time and the signal interference is too high. In order to regulate the ac-
cess of stations to the wireless channel and to achieve appropriate sharing of the radio
transmission resources, a Medium Access Control (MAC) protocol is used. In contrast
to wired Ethernet, which uses Carrier Sense Multiple Access with Collision Detection
(CSMA/CD), wireless LANs mostly use a Carrier Sense Multiple Access with Collision
Avoidance (CSMA/CA) MAC protocol; collision detection is not possible in WLANs
due to the nature of the wireless channel. The CSMA/CA based MAC protocol basically
determines the resource sharing in IEEE 802.11 WLANs.

2.2.1 The CSMA/CA protocol

The CSMA/CA mechanism deploys a random access scheme to avoid packet collisions.
If all stations would be ‘greedy’ in the sense they always attempt to access the channel
immediately when the channel is sensed idle, then collisions would occur and the actually
achieved throughput would be zero (unless there is only one station connected to an
Access Point in the network). CSMA/CA in WLANs tries to improve the performance
by attempting to be ‘less greedy’ on the channel.

The principle of the CSMA/CA MAC protocol is as follows. A station has to wait
a random number of time slots before it is permitted to access the medium, which is
regulated by a so-called back-off counting procedure. Every station has its own back-off
counter, which is a non-negative integer value and sampled from an initial interval (‘back-
off window’). For every time slot the station senses the network idle, the back-off counter
is decremented by one. When the back-off counter of a particular station reaches zero,
the station transmits a packet. Hence, when the back-off counters of multiple stations
reach zero at the same time slot, multiple packets are sent and a collision occurs. In that
case, the stations will make another attempt to send their packets by restarting the back-
off procedure with a new back-off counter, sampled from a larger back-off window. The
latter has the effect of reducing the probability of collisions at the next attempts to send
the packets (Collision Avoidance, or congestion control). For more technical details of
the CSMA/CA mechanism used in the IEEE 802.11B and 802.11E standards we refer to
Chapter 8.

Figure 2.1 gives a schematic view of how a CSMA/CA based MAC protocol distrib-
utes the available channel capacity among the different users (stations) in the wireless
network on the packet-level. In this figure, we assume that there are three stations in
the WLAN network all having multiple packets waiting for transmission. Note, that the
channel remains unused at certain time slots which is due to the overhead created by the
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Bandwidth distribution, resource allocation

Station 1

Station 2

Station 3

time (slots) in order of microseconds

packet collisions

packet collisions

Figure 2.1: A simplified abstraction of the resulting random access mechanism in a wire-
less channel with three stations at the packet-level.

Bandwidth distribution, resource allocation

time in order of seconds

transmission rate

transmission rate

transmission rate

arrival

departure

Station 1

Station 2

Station 3

Figure 2.2: A simplified abstraction of the bandwidth sharing mechanism in a wireless
channel at the flow-level with dynamic user behavior.
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back-off counting mechanism. Channel capacity is in particular also wasted when colli-
sions occur – illustrated by black boxes in Figure 2.1. As a result, the channel capacity
is distributed among the users in a certain random manner, and actually depends on the
network parameter settings and the network state. For example, when the number of ac-
tive users in the network increases, there will be generally more collisions, and hence the
aggregate system throughput will be lower.

By treating different types of traffic differently at the MAC level, Quality-of-Service
differentiation (QoS) can be achieved. This may be desired since communication ses-
sions usually also differ in QoS requirements. For instance, streaming video and Voice
over Wireless IP conversation require a more or less constant throughput to ensure image
and speech quality. On the other hand, data applications (‘elastic traffic’) are usually able
to adapt their transmission rates to fluctuations in the available bandwidth. As mentioned
in Section 2.1, the IEEE 802.11E standard enables QoS differentiation in WLANs. This
is achieved, among others, by using different back-off window sizes for different traffic
types.

2.2.2 Resource sharing in WLANs at the flow-level time-scale

From the user’s perspective, for many data applications, the flow-level performance is
more important than packet-level performance; a user is mostly only interested in the
total transfer time of the file, and not in the transfer times of the individual packets.

Figure 2.2 shows what happens if the time-scale of Figure 2.1 is “zoomed out”, from
packet-level to a larger time-scale, i.e., the flow-level. At the origin of the time axis in
Figure 2.2 we assume that there are two active stations in the network, where Station
1 has a higher average transmission rate than Station 2 – indicating that the traffic of
Station 1 is treated with some higher priority than that of Station 2 (e.g., by using QoS
differentiation at the MAC layer). On the flow-level, the capacity of the wireless network
seems not to be shared in a random way anymore. Instead, on this larger time-scale, the
packet-level randomness smoothes out over time and the stations experience a more or
less fixed throughput, as long as the network state does not change.

Changes in the network state occur, for example, when additional stations become
active initiating new data transfers or when stations finish their transmission. So, in
practice, the actual throughput of a communication session will vary randomly over time
– depending on the number of active stations – which in turn influences the time instants
at which connections are terminated. In Figure 2.2, at the time instant when the new
Station 3 joins the network and initiates a file transfer, the capacity allocation changes.
Stations 2 and 3 are allocated the same capacity when these stations are active, which
indicates that we do not differentiate the QoS between Stations 2 and 3. At the time
instant when the “high-priority” Station 1 has finished its file transfer, Station 1 becomes
inactive and the transmission rates for the other active stations will increase.
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2.2.3 Processor-sharing modeling

In the field of performance evaluation of computer and communication systems, the PS
discipline has been widely adopted as a convenient paradigm for modeling bandwidth
sharing (e.g., see [14, 34]). The motivation for PS models in the WLAN setting can
also be seen from Figure 2.2, where the actual capacity allocation is depicted from the
flow-level point-of-view. The resource sharing mechanism for ‘best-effort’ WLANs may
be modeled with an egalitarian processor-sharing discipline, whereas the QoS enabled
WLANs may be modeled with a discriminatory processor-sharing discipline.

In these types of systems, a particularly relevant performance measure from a user’s
perspective is the file transfer timeT (x) for a file of a given sizex > 0. Character-
izing the distribution of the transfer timeT (x) is an important problem, whereT (x)
could be class-specific for systems with multiple traffic types (e.g., DPS modeling of
QoS enabled WLAN). In the following sections we give a more detailed overview of the
basic performance results available in the literature for the egalitarian and discriminatory
processor-sharing queues.

2.3 Egalitarian processor-sharing queueing literature

The egalitarian processor-sharing (EPS) queue has several appealing properties. From
a practical point-of-view, one of the nice properties is that a small job can not get stuck
behind large jobs, since fair sharing policies prevent large jobs from hogging the server,
which is in sharp contrast to policies such as the First Come First Served (FCFS) disci-
pline. FCFS policies have a significant negative impact on the performance of the system,
when the service requirements are highly variable.

The stationary queue length distribution in the M/G/1 EPS queue is the geometric
distribution [87, 88, 32]:

πn = (1− ρ)ρn, for n = 0, 1, ...,

which only depends on the traffic loadρ = λEX < 1, and whereλ is the Poisson arrival
rate andX is the random variable denoting the service requirement. The queue length
distribution is said to be insensitive to the service requirement distributionP(X ≤ x); it
only depends on the service requirement distribution through its mean. By Little’s law
[69], the mean sojourn time is insensitive to the service requirement distribution as well.
However, the sojourn time distribution does not have a nice closed-form characterization,
which is in contrast to the simple geometric queue length distribution. Determining the
sojourn time distribution in PS queues turned out to be a rather challenging problem,
even for exponential service requirements.

Many studies in the literature have focused on the analysis of the sojourn timeT (x)
conditioned on the initial service requirementx > 0. For the M/M/1 EPS queue, Klein-
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rock [62, 63] showed that the conditional mean sojourn time is given by:

ET (x) = x/(1− ρ),

which is proportional to the initial service requirementx > 0 of a customer. This propor-
tionality result reflects a certain fairness of the EPS discipline, and was extended to the
M/G/c case with general distributed service requirements and multiple servers in Sakata,
Noguchi, and Oizumi [87, 88]; also see Kleinrock [65]. The proportionality and insen-
sitivity results remain valid for Cohen’sgeneralizedPS model [32]. In the work he also
obtained generalizations of known results for classical networks such as product-form
and insensitivity property of the joint queue length distribution in general closed and
open networks with multiple customer types.

For the M/M/1 EPS queue, Coffman, Muntz, and Trotter [31] first derived a closed-
form expression for the Laplace-Stieltjes transform (LST) of the sojourn timeTn(x)
conditioned on the service requirementx > 0 and the number of customersn ≥ 0 seen
upon arrival. They showed that the LST of the “delay”Tn(x)− x is given by:

E
[
e−s(Tn(x)−x)

]
=

(1− ρr2)e−λx(1−r)

(1− ρr) + ρr(1− r)e−µx(1−ρr2)/r
γn, for Re(s) ≥ 0,

whereµ−1 = EX is the mean service requirement, with

γ =
r(1− ρr) + (1− r)e−µx(1−ρr2)/r

(1− ρr) + ρr(1− r)e−µx(1−ρr2)/r

andr is the smaller root the the quadratic equation

λr2 − r(λ+ µ+ s) + µ = 0.

Based on this work, Morrison [76] established an expression for the distribution func-
tion P(T > t) of the (unconditional) sojourn timeT , which can be represented as, for
t > 0,

P(T > t) = 2
∫ π

0

(
exp{−θ

[
2
√
ρ− (1 + ρ) cos θ

]
}

(1− ρ) sin θ
− (1− ρ)2t

1 + ρ− 2
√
ρ cos θ

)
×

× (1− ρ)−1

(
1 + exp

{
−π[2

√
ρ− (1 + ρ) cos θ]

(1− ρ) sin θ

})−1

sin θdθ.

This result is useful for numerical evaluation ofP(T > t) for different values of the traf-
fic intensityρ < 1, and also for investigation of heavy-traffic behavior whenρ is close to
1. An alternative expression for the LST of the sojourn time distribution conditioned only
on the number of customers seen upon arrival was found by Sengupta and Jagerman [91].
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For the M/G/1 EPS queue, the exact determination of the distribution of the con-
ditional sojourn timeT (x) given its initial service requirementx > 0 was an open
problem for a long time. Several analytic solutions have been obtained. Yashkov [106]
first found an expression for the conditional sojourn time in terms of double Laplace
transforms by writing the sojourn time as a functional on a branching process; the LST
v(s, x) = E

[
e−sT (x)

]
of T (x), for Re(s) ≥ 0, is expressed as:

v(s, x) =
(1− ρ)e−(s+λ)x

ψ(s, x)− λ
∫ x

0
e−(s+λ)yψ(s, x− y)B(y)dy − λe−(s+λ)x

∫∞
x
B(y)dy

with

ψ(s, x) =
1

2πi

∫ +i·∞

−i·∞

q + s+ λβ(q + s+ λ)
(q + s+ λ)[q + λβ(q + s+ λ)]

eqxdq

and the LST of the service requirement distributionβ(s) = Ee−sX and its complemen-
tary distribution functionB(y) = P(X > y).

Via different approaches, similar results forv(s, x) were obtained by Ott [82], Schas-
sberger [89], and Van den Berg and Boxma [16]. However, although several transform
expressions have been obtained, these expressions are fairly complex, and not partic-
ularly insightful or readily applicable for computational purposes. The expression for
v(s, x) obtained by Zwart and Boxma [112] which avoids the contour integrals in the ex-
pressions of [106, 82, 89], is the most explicit expression that is obtained in the literature.
They showed thatv(s, x) can be written as

v(s, x) =

( ∞∑
n=0

sn

n!
αn(x)

)−1

, (2.1)

where the coefficientsαn(x) are related to the waiting-time distribution in an equivalent
M/G/1 queue with FCFS service discipline:α0(x) := 1, and forn ≥ 1,

αn(x) =
n

(1− ρ)n

∫ x

y=0

(x− y)n−1R(n−1)∗(y)dy, (2.2)

withRn∗(y) denoting then-fold convolution of the waiting-time distributionR(y) in the
M/G/1 FCFS queue. It is shown that forn ≥ 1 (cf. [112]):

Rn∗(y) = (1− ρ)n
∞∑

m=0

(
m+ n− 1
n− 1

)
ρmB̃m∗(y), andR0∗(y) := 1, (2.3)

whereB̃m∗(y) is them-fold convolution of the integrated tail- or excess service require-
ment distributionB̃(y) = 1

EX

∫ y

0
(1−B(u))du.
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As a consequence of the form of the LST in (2.1), it is shown in [112] that the mo-
mentsvk(x) = ET (x)k can be calculated recursively, asv0(x) := 1 and fork ≥ 1,

vk(x) = −
k∑

j=1

(
k

j

)
vk−j(x)αj(x)(−1)j . (2.4)

In particular, the first three moments are given by, in terms of the coefficientsαj(x),

v1(x) = α1(x) =
x

1− ρ
,

v2(x) = 2
x2

(1− ρ)2
− α2(x),

v3(x) = 6
x3

(1− ρ)3
− 6

x

1− ρ
α2(x) + α3(x).

The known expressions forv(s, x) in the M/G/1 EPS queue lead to, at best, complicated
recursive formulas for the moments which have mainly been examined only asymptoti-
cally, see e.g. [112]. In Chapter 4 we will derive insensitive upper and lower bounds for
all moments of the conditional sojourn time distribution, which provide further support
for the fairness principle of EPS.

For additional and related work on EPS queues, readers may refer to Asare and Foster
[7], Yashkov [107, 108, 109], Grishechkin [43], Kitayev [59], Whitt [104], Ward and
Whitt [102], Núñez-Queija [78, 79], Guillemin and Boyer [44], Bansal [11], Egorova,
Zwart, and Boxma [36], Mandjes and Zwart [71], Brandt and Brandt [23], Hampshire,
Harchol-Balter, and Massey [46], Kim and Kim [57], and references therein. For a recent
survey on sojourn time asymptotics we refer to Borst, Núñez-Queija, and Zwart [22].

2.4 Discriminatory processor-sharing queueing literature

The analysis for EPS models does not easily extend todiscriminatoryprocessor-sharing
(DPS) models. Therefore, results for DPS are scarce in the literature. Most notably, the
simple geometric queue length distribution for the ordinary EPS queue does not have
any counterpart for DPS, and tractable transform results for the sojourn time distribution
seem not to exist, not even for exponential service requirements.

After Kleinrock’s introduction of the Priority Processor Sharing model [63] in 1967,
Fayolle, Mitrani, and Iasnogorodski [38] made the most important progress in the DPS
analysis in 1980. They showed that the conditional mean sojourn timesETi(x), for
classi = 1, ...,K, satisfy a system of integro-differential equations for the M/G/1 DPS
queue. Unfortunately, the system of equations that was first obtained by O’Donovan [81]
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contained an error. The corrected form of the integro-differential equations are given by
[38]:

ET ′i (x) = 1 +
K∑

j=1

∫ ∞

0

λj
αj

αi
ET ′j(y)

[
1−Bj

(
y +

αj

αi
x

)]
dy (2.5)

+
∫ x

0

ET ′i (y)
K∑

j=1

λj
αj

αi

[
1−Bj

(
αj

αk
(x− y)

)]
dy,

with ET ′i (x) := d
dxET ′i (x) and initial conditionETi(0) = 0 for all classesi = 1, ...,K,

and service requirement distributionBj(x) for classj = 1, ...,K. Under the assumption
that the second moments of the service requirements distributions are finite, it is shown
in [38] that the system of integro-differential equations (2.5) has a unique solution:

ETi(x) = αi

∫ x/αi

0

a(t)dt+
∫ x/αi

0

b(t)dt, for i = 1, ...,K, (2.6)

wherea(x) is the unique solution of the defective renewal equation

a(x) = 1 +
∫ x

0

a(y)Ψ(x− y)dy

with Ψ(x) =
∑K

j=1 λjαj (1−Bj(αjx)), andb(x) satisfies

b(x) =
K∑

j=1

λjα
2
j

∫ ∞

0

a(y) [1−Bj(αj(x+ y))] dy

+
∫ ∞

0

b(y)Ψ(x+ y)dy +
∫ x

0

b(y)Ψ(x− y)dy.

In the case of exponentially distributed service requirements, [38] derived closed-form
expressions for the conditional mean sojourn times and obtained the unconditional mean
sojourn times from a system of linear equations.

Further progress in the DPS analysis was made in 1996 by Rege and Sengupta [85].
They obtained the moments of the queue length distributions as the solutions to linear
equations for the case of exponential service requirements, and they also proved a heavy-
traffic limit theorem for the joint queue length distribution. More recently, these results
were extended to phase-type distributions by Van Kessel, Núñez-Queija, and Borst [53].
Other more recent results were obtained by Kim and Kim [56], who found the moments
of the sojourn time in the M/M/1 DPS queue as a solution of linear simultaneous equa-
tions (also see Chapter 6 where the slowdown in the M/M/1 DPS queue is studied).

Avrachenkov, Ayesta, Brown, and Núñez-Queija [10] showed that the mean queue
lengths of all classes are finite under the usual stability conditionρ < 1, regardless of the
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higher moments of the service requirements. In particular, they showed that the integro-
differential equations (2.5) has the unique solution (2.6) without the assumption of finite
second moments of the service requirements, leaving the usual stability condition as a
sufficient condition. They also showed that the conditional sojourn times of the different
customer classes are stochastically ordered according to the DPS weights. For a recent
survey on DPS we refer to Altman, Avrachenkov, and Ayesta [4].
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Chapter 3

Decomposition of EPS models
into permanent customer queues

In this chapter we obtain an exact and analytically tractable decomposition for multi-
class egalitarian PS models. More specifically, for a two-class egalitarian PS queue with
Poisson arrivals at ratesλ1, λ2, when(N1, N2) is the joint steady-state queue length,
we show that the marginal queue lengthNi is in distribution equal toÑi(Nj), with
i 6= j. The latter random variable denoted asÑi(Nj) can be interpreted as the steady-state
queue length of asingle-class M/G/1 EPS queue with arrival rateλi and with a random
number ofpermanentcustomers distributed asNj (i.e., the marginal queue length of the
othertype in the original two-class EPS queue). Permanent customers are customers who
never leave the system, or equivalently, customers who have an infinitely large service
requirement.

The queue length decomposition result implies that the marginal queue length distri-
bution for class 1 factorizes over the number of class 2 customers, where the factorizing
coefficients are equal to the queue length probabilities of an isolated EPS queue for class
1, given that class 2 customers are permanent in the system. This decomposition result
can be generalized for an arbitrary number of classesK, and similar results hold for
other EPS models, such as EPS networks with feedback customers (see Section 3.4),
and (E)PS models with queue-dependent butbalancedclass capacities (see Section 3.5).
Based on the queue length decomposition result we propose an approximation method
for discriminatory PS models in Chapter 5.

21
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3.1 Multi-class PS models

In this section we introduce a general single-server processor-sharing model withK cus-
tomer classes and we introduce the notation used. Customers arrive at a single server
according to individual and independent Poisson processes with rateλi > 0 for cus-
tomer classi, i = 1, ...,K. The service requirements of classi customers are i.i.d.
random variables with a general distributionBi(x) = P(Xi ≤ x) with meanEXi.

Denote the load of classi by ρi = λiEXi, and the total offered load byρ :=
∑K

j=1 ρj .

The server shares its capacity among all customers present in the system. Denote by
n = (n1, ..., nK) the system state withnj customers of typej. The server capacity may
be dependent on the system state. When the system state isn, the total rate classi re-
ceives isφi(n). All customers within classi share the capacityφi(n) in an egalitarian
manner, i.e., each customer in classi receives rateφi(n)/ni. The total server capacity is
denoted byφ(n) :=

∑K
i=1 φi(n). We make the following assumption.

Assumption 3.1. φi(n) = 0 if and only ifni = 0.

This general model describes a very wide class of service disciplines. In particular, it
includes the following special cases of processor-sharing models.

a. EPS (with fixed capacity):φi(n) = niPK
j=1 nj

.

b. EPS with queue-dependent service capacity:φi(n) = niφ(n)PK
j=1 nj

.

c. DPS (with fixed capacity):φi(n) = αiniPK
j=1 αjnj

.

This model framework also covers GPS [83, 101] models, and DPS models with
queue-dependent service capacityφ(n) and queue-dependent service weightsαi(n).
The DPS models with both queue-dependent capacity and queue-dependent weights are
calledgeneralizeddiscriminatory processor-sharing (GDPS) models.

The egalitarian PS modelsa. andb. are analytically tractable (whenφ(n) only de-
pends onn through its sumn1 + ...+nK). Note that in thegeneralizedPS model studied
by Cohen [32],φ(n) only depends onn through its sumn1 + ... + nK . In particular,
analytical expressions are available for the equilibrium distributions of the numbers of
customers simultaneously present in the system (and marginal distributions), mean num-
ber of customersENi of classi, mean sojourn timeETi and conditional mean sojourn
time ETi(x) of a classi customer given its initial service requirementx > 0. For GDPS
models, these expressions have not yet been obtained in tractable form.
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3.2 Queue length decomposition

In this section, we first establish queue length decomposition results for the ordinary egal-
itarian PS model. Results for more general egalitarian PS models are treated in Sections
3.4 and 3.5.

Consider an egalitarian processor-sharing model with two types of customers (in-
dexed byl = 1, 2), class capacity functionsφl(n) := φl(n1, n2) = nl

n1+n2
, and where

the second class of customers is possibly an aggregate of several other classes. Let the
random vector(N1, N2) denote the joint steady-state queue length of this processor-
sharing model; its distribution has the product-form (cf. [32, 51])

P(N1 = i;N2 = j) = (1− ρ)
(
i+ j

j

)
ρi
1ρ

j
2, (3.1)

when the stability condition is satisfied, i.e.,ρ := ρ1 + ρ2 < 1, and is insensitive to the
service requirement distributions apart from their means; see e.g. [20]. By appropriate
summation of (3.1) the marginal queue length probabilities are given by, fori, j ∈ Z+,

P(N1 = i) =
1− ρ

1− ρ2

(
ρ1

1− ρ2

)i

, (3.2)

P(N2 = j) =
1− ρ

1− ρ1

(
ρ2

1− ρ1

)j

. (3.3)

Theorem 3.2 shows how the marginal steady-state queue length probabilities of the two-
class EPS queue can be related through the negative binomial probabilitiesa(i, j) and
b(j, i), defined as

a(i, j) := P
(
Ñ1(j) = i

)
= (1− ρ1)j+1

(
i+ j

i

)
ρi
1, (3.4)

b(j, i) := P
(
Ñ2(i) = j

)
= (1− ρ2)i+1

(
i+ j

j

)
ρj
2, (3.5)

with
∞∑

i=0

a(i, j) = 1 for all j ∈ Z+, and
∞∑

j=0

b(j, i) = 1 for all i ∈ Z+.

The random variable denoted as̃Nk(m) has a distribution which is the(m + 1)-fold
convolution of the distribution of̃Nk, andÑk denotes the steady-state queue length of an
isolatedM/G/1 EPS queue with arrival rateλk and general service requirement distribu-
tionBk(x), i.e.,

P
(
Ñk = n

)
= (1− ρk)ρn

k .

Note thatÑk(0) ≡ Ñk, and assume that̃Ni is independent ofNj , for i 6= j.
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Theorem 3.2. For i, j = 1, 2 andi 6= j, the marginal queue lengthNi is in distribution
equal to the random variablẽNi(Nj), i.e.,

Ni
d= Ñi(Nj),

whereÑi(Nj) :=
∑Nj

l=0 Ñi,l, with
{
Ñi,l

}
l≥0

i.i.d. and distributed as̃Ni.

Proof. First observe that the following equality holds by combining the equations (3.1)-
(3.5):

P(N1 = i;N2 = j) = a(i, j)P(N2 = j) = b(j, i)P(N1 = i).

Hence, by conditioning on{N2 = j} and independence of̃N1 andN2, we have for all
i ∈ Z+

P
(
Ñ1(N2) = i

)
=

∞∑
j=0

a(i, j)P(N2 = j) = P(N1 = i),

i.e.,Ñ1(N2)
d= N1. Analogously, we have that̃N2(N1)

d= N2.

Corollary 3.3. From Theorem 3.2 we obtain the following set of linear equations:

P(N1 = i) =
∞∑

j=0

a(i, j)P(N2 = j),

P(N2 = j) =
∞∑

i=0

b(j, i)P(N1 = i).

The above Corollary forms the basic approximation assumption for DPS models in
Chapter 5. The decomposition theorem can be generalized to an arbitrary number of
classesK, and also to multi-class egalitarian PS models with a queue-dependent service
capacity that only depends on the total number of customers in the system; see Section
3.5.

Theorem 3.2 can be interpreted as follows. In the two-class EPS model, the marginal
queue lengthN1 is in distribution equal to a queue length from a related M/G/1 queue
with permanent customers. The latter M/G/1 queue hasj additional permanent customers
with probabilityP(N2 = j). To this end, note that the queue length distribution in an or-
dinary M/G/1 EPS queue withj permanent customers, equals the(j+1)-fold convolution
of the queue length distribution of the same model without permanent customers; see Van

den Berg [15]. The remarkable fact is thata(i, j) = P
(
Ñ1 = i | j permanent customers

)
and

P (N1 = i | N2 = j) =
P (N1 = i;N2 = j)

P (N2 = j)

are identical and independent ofρ2.
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From the class1 point-of-view in the original two-class processor-sharing model, it
seems as if class 1 behaves according to an ordinary single-class M/G/1 EPS queue with
arrival rateλ1 and withj additional permanent customers in the system, ifj customers
of type 2 are present in the system. Furthermore, if there is a customer arrival (resp.
departure) for type 2 in the system, then it seems as if class 1instantaneously‘jumps’
to the same M/G/1 model with arrival rateλ1, but now withj + 1 (resp.j − 1) perma-
nent customers, and as if the new equilibrium (steady-state behavior) is instantaneously
attained at the jump epoch.

3.3 Sojourn time decomposition

After establishing the queue length decomposition result, a natural question is whether
or not a similar decomposition result holds for the sojourn time distribution. It can be
shown that a similar decomposition holds for the first moment of the conditional sojourn
time distribution (see Theorem 3.4), whereTi(x) is the sojourn time for customer typei
with initial service requirementx > 0 in the original two-class PS model, and̃Ti(x;Nj)
is the conditional sojourn time of the isolated M/G/1 EPS queue with arrival rateλi and
a random number of permanent customersNj . For a fixedm ≥ 0, the distribution of
T̃i(x;m) is given by the(m+1)-fold convolution of the distribution of̃Ti(x; 0) = T̃i(x),
whereT̃i(x) is the conditional sojourn time in the single-class M/G/1 EPS queue with
traffic loadρi and service requirement distributionBi(x) (e.g. see [15, 104]).

Theorem 3.4. For all x ≥ 0, the conditional mean sojourn times can be decomposed
into

ET1(x) = E
(
T̃1(x;N2)

)
≡

∞∑
j=0

(j + 1)x
1− ρ1

P(N2 = j), (3.6)

ET2(x) = E
(
T̃2(x;N1)

)
≡

∞∑
i=0

(i+ 1)x
1− ρ2

P(N1 = i), (3.7)

where(m+ 1)x/(1− ρk) is the mean conditional sojourn time of an isolated M/G/1 PS
queue with arrival rateλk, service requirement distributionBk(x) andm ≥ 0 perma-
nent customers.

Proof. From the equations (3.2)-(3.3), and (3.6)-(3.7) it is readily verified that

E
(
T̃1(x;N2)

)
=

∞∑
j=0

E
(
T̃1(x) | j permanent customers

)
· P(N2 = j),
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and

E
(
T̃1(x;N2)

)
=

∞∑
j=0

(j + 1)x
1− ρ1

· 1− ρ1 − ρ2

1− ρ1

(
ρ2

1− ρ1

)j

=
1− ρ1 − ρ2

(1− ρ1)
2

(
1− ρ1

1− ρ1 − ρ2

)2

x =
x

1− ρ1 − ρ2
.

Analogously,E
(
T̃2(x;N1)

)
= x/(1 − ρ1 − ρ2) which is the same as the well-known

result:ET1(x) = ET2(x) = x/(1− ρ).

Example 3.5. The similar decomposition for the sojourn time distribution conditional
on the initial service requirementx > 0, i.e.,

T1(x)
d= T̃1(x;N2), (3.8)

T2(x)
d= T̃2(x;N1), (3.9)

does not hold in general. To this end, take for exampleλ1 > 0 andλ2 = 0, then it is not
difficult to see that

T̃1(x;N2)
d= T̃1(x), (3.10)

T̃2(x;N1)
d= (N1 + 1)x, (3.11)

sinceN2 = 0. The random variable(N1 + 1)x is insensitive to the service require-
ment distributions, whilẽT1(x) is not insensitive to the service requirement distribution.
However, since the sojourn times are conditional on a fixed service requirement (in the

original two-class EPS model), it must hold thatT1(x)
d= T2(x) and hence (3.8) and

(3.9) can not hold.

Obviously, the result for unconditional mean sojourn times is similar, since it also
follows directly from the exact decomposition result for queue length distributions and
Little’s law. For higher moments of the (conditional) sojourn distribution, it can be easily
seen that a similar decomposition does not hold in general; see Example 3.5. However,
if both customer classes have the same service requirement distribution, then a certain
stochastic ordering result can be proven (see Chapter 4). More specifically, when the
arrival rates satisfyλ1 ≥ λ2, then the moment ordering

E
(
T̃1(x;N2)

)k

≤ E
(
T̃2(x;N1)

)k

holds for allx ≥ 0 andk ≥ 2, k ∈ N. From this moment ordering result, insensitive
upper bounds forall moments of the sojourn time distribution (conditioned on the initial
service requirement) for an ordinary M/G/1 EPS queue will be derived in Chapter 4. In
addition, these upper bounds have a special structure with so-called Eulerian numbers in
the expressions.
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PS

FEEDBACK

Figure 3.1: A network with one EPS node and one feedback node.

3.4 An EPS network with feedback node

Now we consider a processor-sharing network with an egalitarian PS node and a node
used by a single feedback customer, see Figure 3.1. Exogenous customer arrivals at the
PS node form a Poisson process with rateλ > 0, and these customers are served at
the PS node with i.i.d. service requirements; generally distributed with meanEX. The
service requirement for the feedback customer at the PS node is generally distributed and
denoted by the random variableZ. After service completion of the feedback customer at
the PS node, the feedback customer is routed to the feedback node (with probability 1)
where he spends a generally distributed timeY. After this random timeY at the feedback
node, the feedback customer joins the PS node for a service requirementZ.

If we denote byP(NPS = n) the steady-state distribution of the number of (non-
feedback) customers at the PS node, then it is readily verified that the following decom-
position holds:

P(NPS = n) = ξ · π0(n) + (1− ξ) · π1(n),

whereπm(·) is the steady-state queue length distribution of the isolated M/G/1 PS queue
with arrival rateλ and withm permanent customers, andξ is the steady-state probability
(fraction of time) that the feedback customer is at the feedback node in the network, i.e.,

π0(n) = (1− ρ)ρn,

π1(n) = (1− ρ)2(n+ 1)ρn,

with ξ = EY
EY +EZ/(1−ρ) andρ := λEX.

Take for example,X exponentially distributed with meanµ−1, Y exponentially dis-
tributed with meanν−1, Z exponentially distributed with meanθ−1, and define the joint
distribution

π (n, i) := P(NPS = n;NPS
FB = i), for n ≥ 0 andi ∈ {0, 1},

whereNPS is the number of non-feedback customers, andNPS
FB is the number of feed-

back customers, both at the PS node in steady-state. In this case, the global balance
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equations are given by, forn = 0:

(λ+ ν)π(0, 0) = θ · π(0, 1) + µ · π(1, 0),

(λ+ θ)π(0, 1) = ν · π(0, 0) +
1
2
µ · π(1, 1),

and, forn ≥ 1:

(λ+ µ+ ν)π(n, 0) = λ · π(n− 1, 0) +
θ

n+ 1
π(n, 1) + µ · π(n+ 1, 0),

(λ+
θ

n+ 1
+

nµ

n+ 1
)π(n, 1) = λ · π(n− 1, 1) + ν · π(n, 0) +

n+ 1
n+ 2

µ · π(n+ 1, 1).

Then, it can be verified that the solution is given by, forn ≥ 0,

π(n, 0) = (1− ρ)ρn · ξ,
π(n, 1) = (1− ρ)2(n+ 1)ρn · (1− ξ) ,

where

ξ =
θ(1− ρ)

θ(1− ρ) + ν
=

1/ν
1/ν + 1/(θ(1− ρ))

.

In fact, the solution also satisfies thedetailed balanceequations (see e.g. [51]), and
the result can be extended to multiple feedback customers where the feedback node is
a so-called BCMP [12] node. The feedback node may also be replaced by a BCMP
network.

3.5 Multi-class EPS with queue-dependent capacity

Now we consider the egalitarian processor-sharing queue withK customer classes, with
the total service capacity dependent on the system staten through its sumn1 + ...+nK ,
cf. [32]. More precisely,φ(n) = ϕ(n · e), for all n 6= 0 (null vector), wheree is the
vector with 1-entries of appropriate length,n · e denotes the inner product and where
ϕ (·) : N → R+ is an arbitrary positive function. Serving the customers in egalitarian
manner is equivalent to

φi(n)
ni

=
ϕ(n · e)
n · e

, for all i = 1, ...,K. (3.12)

Remark 3.6. (balance property)The class capacitiesφi(n) are uniquely characterized
and balanced by

φi(n) =
Φ(n− ei)

Φ(n)
,

whereΦ(n) is the so-called balance function, andei is thei-th unity vector of appro-
priate length; see [51, 20]. It is said that the class capacitiesφi(n) are balanced if a
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functionΦ(n) exists such thatφi(n) = Φ(n− ei)/Φ(n) is satisfied, and equivalently,
the class capacitiesφi(n) are balanced if

φi(n− ej)
φi(n)

=
φj(n− ei)
φj(n)

, for all i, j, andni > 0, nj > 0.

From Eq. (3.12) and the balance property, we get

Φ(n) =
(n · e)!∏K

i=1 ni!

n·e∏
j=1

ϕ(j)

−1

,

and without restrictionϕ(0) ≡ 1. The joint steady-state queue length distributionπ(n) :=
P(N1 = n1; ...;NK = nK) is given by the product-form

π(n) = (n · e)!

G n·e∏
j=1

ϕ(j)

−1
K∏

i=1

ρni
i /ni!, for n 6= 0,

with ρi = λiEXi and a normalizing constantG, see [20]. We will show that the marginal
distributions ofπ(n) can be decomposed into queue length distributions of (isolated)
queues with permanent customers.

Theorem 3.7.For multi-class egalitarian processor-sharing models, with balanced class
capacities

φk(n) =
ϕ(n · e)
n · e

nk,

the marginal steady-state queue length distribution can be decomposed into

Nk
d= Ñk(N−k),

for all k = 1, ...,K, and whereN−k is defined byN−k :=
∑K

i=1,i 6=k Ni.

Proof. The decomposition for classk follows from the observation that

n·e∏
j=1

ϕ(j)−1 ≡

(
nk∏
l=1

ϕ(l + (n · e− nk))

)−1
n·e−nk∏

j=1

ϕ(j)

−1

, for nk ≥ 1, (3.13)

with ϕ(0) ≡ 1. Hence, with (3.13) and by appropriate summation ofπ(n), the marginal
queue length distribution for classk equals

P(Nk = nk) ∼
∑

n1,...,nk−1
nk+1,...,nK

(n · e)!

n·e∏
j=1

ϕ(j)

−1
K∏

i=1

ρni
i /ni! =
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=
∑ (n · e)!

nk!

{
nk∏
l=1

ϕ(l + (n · e− nk))−1ρnk

k

}n·e−nk∏
j=1

ϕ(j)−1
K∏

i 6=k

ρni
i

ni!

 , (3.14)

where the symbol∼ denotes equality up to a multiplicative constant. The proof is readily
completed, by observing that the expression between parentheses in equation (3.14) is
equivalent to the queue length distribution for typek in isolation and with the number of
(n · e− nk) permanent customers of the other classes, i.e.,

P(Ñk = nk | n · e− nk permanent customers).

The expression after the parentheses in (3.14) is equivalent to the marginal steady-state
probabilityP(N−k = n · e− nk), after appropriate summation.

3.6 Conclusions

In this chapter, we obtained a decomposition result for the queue length distributions in
egalitarian processor-sharing models. In particular, for a multi-class egalitarian processor-
sharing model, the marginal steady-state queue length distributionNk for classk, sat-

isfiesNk
d= Ñk(N−k). The latter random variablẽNk(N−k) can be interpreted as a

random variable denoting the queue length of an isolated processor-sharing queue for
classk, where the other customer types are permanent customers in the system andN−k

represents the random variable of the total number of permanent customers. This result
remains valid for egalitarian processor-sharing models with a queue-dependent system
capacity that only depends on the total number of customers, or equivalently, for bal-
anced PS networks.

For DPS models, these queue length decomposition results cannot hold in general,
since DPS models are not balanced and not insensitive to the service requirement dis-
tributions. However, we will investigate a similar decomposition of the marginal queue
length distribution into queue length distributions of PS models with permanent cus-
tomers, as an approximation in Chapter 5.
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Chapter 4

Stochastic orderings for the
sojourn time in the M/G/1 EPS
queue

In the present chapter we derive results for the moments of the conditional sojourn time
T (x) in the classical M/G/1 EPS queue, and we also study the sojourn time when the ini-
tial service requirement is arbitrarily small. We defineT̂ (x) as theinstantaneoussojourn
time, i.e., the sojourn time of a customer with infinitesimally small service requirement.
We show that the instantaneous sojourn time for arbitrarily smallx > 0 leads to a mo-
ment ordering result between̂T (x) andT (x) for arbitraryx > 0. More specifically, the
main result of this chapter is that the moments of the instantaneous sojourn time provide
upper bounds for all moments of the conditional sojourn time, which generalizes the
upper bound for the second moment in Van den Berg [15]. Additionally, stochastic or-
dering results for the M/G/1 EPS queue and also for EPS models with a random number
of permanent customers are obtained.

The upper bounds have the valuable characteristic of insensitivity requiring only
knowledge of the traffic intensityρ, and not of higher moments of the service require-
ment distribution. The upper bounds are also tight in a few appropriate senses, namely
for all jobs with a small service requirement (x → 0), and for all jobs in systems with
heavy-traffic (ρ → 1) or light-traffic (ρ → 0). The latter valuable property follows from
the fact that forρ → 0, the upper bounds coincide with the insensitive lower bounds
given by the Jensen’s inequality.

This chapter uses some results of the M/G/1 EPS queue from Chapter 2. The remain-
der of this chapter is organized as follows. In Section 4.1 we establish the existence of
insensitive upper (and lower) bounds forall conditional moments of the sojourn time,

31
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with a particular polynomial structure inρ. In Section 4.2 we derive a Laplace transform
ordering result and show thatT (x) belongs to the so-calledL-class of life-time distrib-
utions. Then, in Section 4.3, the instantaneous sojourn timeT̂ (x) is introduced and we
give readily applicable expressions using the so-called Eulerian numbers. Via stochastic
comparison of the permanent customer model in Section 4.4, we prove our main result
that the moments of̂T (x) provide upper bounds for the moments ofT (x) in Section
4.5. The instantaneous sojourn time can also be seen as the conditional sojourn time in a
so-called quasi-stationary regime, see Section 4.6. The stochastic and moment ordering
results in this chapter provide simple characterizations ofT (x) under EPS, which pro-
vide further support for the observation that the EPS service discipline is ‘fair’ from a
tagged customer’s perspective.

4.1 Moment bounds for the conditional sojourn time

In this section, we establish the existence of insensitive bounds for all moments of the
conditional sojourn time distribution, which have the form:

1 ≤ (1− ρ)kvk(x)/xk ≤ ψk−1(ρ),

whereψk−1(ρ) is a polynomial inρ of (at most) degreek − 1 and with non-negative
coefficients. For the second moment of the conditional sojourn time in the M/G/1 EPS
queue, Van den Berg [15] obtained the following simple bounds:

1
(1− ρ)2

x2 ≤ v2(x) ≤
1 + ρ

(1− ρ)2
x2, (4.1)

simply by using the fact thatR(0) = 1 − ρ > 0, see Eq. (2.3). We note that the upper
bound for the second moment is 100ρ% larger than the lower bound, and these bounds
only depend on the mean service requirement andnoton the second and higher moments.
From (4.1) it is also interesting to note thatT (x) has a coefficient of variation between0
and

√
ρ.

By using the recursive formula (2.4) forvk(x) and ‘ignoring’ the alternating term
(−1)j , the following crude upper bound for all moments can be given:

vk(x) ≤ k!
(

(e− 1)x
1− ρ

)k

,

see also Zwart [111]. As a consequence of this bound, the sojourn timeT (x) is always
light-tailed conditional upon its service requirement.

The crude bound for the second moment is always worse than the upper bound given
in (4.1), since1 + ρ < 2 < 2!(e − 1)2. Furthermore, forρ → 0, we have the attractive
property that the upper and lower bounds in (4.1) coincide. Now we will generalize (4.1)
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for all moments, by using the recursive formula (2.4) and using the simple observation as
for the second moment in [15], to obtain ‘tight’ bounds with a similar structure as (4.1).

Theorem 4.1. For all k ≥ 2, there exist non-negative constantscki ≥ 0, such thatvk(x)
is bounded by

1
(1− ρ)k

xk ≤ vk(x) ≤ ψk−1(ρ)
(1− ρ)k

xk, (4.2)

whereψk−1(ρ) =
∑k−1

i=0 c
k
i ρ

i is a polynomial inρ of degreek − 1 (if k even) or k − 2
(if k odd) andck0 = 1.

Proof. The lower bound in (4.2) is straightforward by applying Jensen’s inequality. For
the upper bound, we note that1 − ρ ≤ R(y) ≤ 1 and hence(1 − ρ)n ≤ Rn∗(y) ≤ 1.
Therefore, by using (2.2) we obtain upper and lower bounds forαn(x):

xn

1− ρ
≤ αn(x) ≤ xn

(1− ρ)n
, for n ≥ 1, andα0(x) := 1. (4.3)

Existence of the upper bound as in (4.2) is obtained by induction. We rewrite the recur-
sive formula (2.4) as

vk(x) = −
k∑

j=1

(
k

j

)
vk−j(x)αj(x)(−1)j ,

wherevk(x) := (1−ρ)kvk(x)/xk andαj(x) := (1−ρ)jαj(x)/xj . From (4.3), bounds
for αj(x) are given by:

(1− ρ)j−1 ≤ αj(x) ≤ 1, for j ≥ 1.

Assume (induction hypothesis) that the following bounds hold forvk−1(x), vk−2(x), ...:

1 ≤ vk−j(x) ≤ ψk−j−1(ρ),

and where the bounds forv0(x) andv1(x) are satisfied by definition, sincev0(x) := 1,
andv1(x) := 1. Then, we have bounds for the productvk−j(x)αj(x), for j = 1, ..., k:

1+
j−1∑
i=1

(−ρ)i

(
j − 1
i

)
= (1−ρ)j−1 ≤ vk−j(x)αj(x) ≤ ψk−j−1(ρ) = 1+

k−j−1∑
i=1

ck−j
i ρi.

Now, apply induction and take into account the alternating term(−1)j (hence we need
both upper and lower bounds forvk−j(x)αj(x)) to obtain the upper bound forvk(x).
Hence, straightforward term-by-term bounding (and ‘splitting the positive and negative



“mythesis”
2007/5/6
page 34

34

terms’ in the recursive formula) gives:

vk(x) =
k∑

j=1
j: odd

(
k

j

)
vk−j(x)αj(x)−

k∑
j=2
j: even

(
k

j

)
vk−j(x)αj(x)

≤
k∑

j=1
j: odd

(
k

j

){
1 +

k−j−1∑
i=1

ck−j
i ρi

}
−

k∑
j=2
j: even

(
k

j

){
1 +

j−1∑
i=1

(−ρ)i

(
j − 1
i

)}

≡
k−1∑
i=0

cki ρ
i = ψk−1(ρ). (4.4)

By definition of the coefficientscki in (4.4) and by comparing the terms, it is not difficult
to see that:ck0 = 1 for all k, ckk−1 = 1 if k is even, andckk−1 = 0 if k is odd. Furthermore,
it can be shown thatcki ≥ 0, where the coefficients are constructed as in (4.4). However,
for the existence of an upper bound of the described structure, it is not necessary to show
thatcki ≥ 0, sincecki can always be chosen sufficiently large (and finite).

Remark 4.2. In principle, we can apply the ‘alternating’ procedure to obtain a lower
bound as well. However, the resulting lower bound is always worse than the Jensen’s
lower bound. The Jensen’s lower bound is obtained via the recursive formula if the
coefficientαn(x) is replaced by the upper boundxn/(1− ρ)n for all n ≥ 1. Hence, the
procedure of term-by-term bounding as in the proof of Theorem 4.1 for obtaining a lower
bound (as well as for an upper bound) forvk(x), is too conservative. The latter fact can
also be argued from the dependency of the coefficients{αn(x), αn+1(x), ...}, n ≥ 2. For
example, ifαn(x) is ‘close to its lower bound’xn/ (1− ρ), thenαn+1(x) is generally
‘not close to its upper bound’xn+1/(1 − ρ)n+1. In fact, for a fixedx > 0, if it holds
thatαn(x) = xn/(1− ρ) for somen ≥ 2, then necessarilyαn(x) = xn/(1− ρ) for all
n ≥ 2. The latter observation will be important (see the similar observation in Lemma
4.14); the sequenceαn(x) = xn/(1 − ρ) for n ≥ 1, also uniquely defines the so-called
instantaneous sojourn time, which will be introduced in Section 4.3.

For the second moment, we obtainc21 = 1 sincek = 2 is even, and the upper bound
is the same as in (4.1). As a direct consequence of Theorem 4.1 we have the following
Corollary 4.3, which states that all conditional moments are finite in the stable M/G/1
EPS system. This result is in sharp contrast with the stable M/G/1 FCFS queue, which
provides further support for the observation that EPS is a ‘fair’ service discipline.

Corollary 4.3. If ρ < 1, thenvk(x) <∞ for all k ≥ 1.

For the moments of the sojourn time in the stable M/G/1 FCFS queue, it is known that
thek-th moment exists if and only ifEXk+1 is finite. For the PS case, thek-th moment
of the (unconditional) sojourn time exists if and only ifEXk is finite (see [112]).
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4.2 Laplace transform ordering andL-class

In this section we obtain some stochastic ordering results for the distribution ofT (x).
For stochastic ordering theory we refer to Stoyan [95], and Shaked and Shanthikumar
[92]. We first establish a Laplace transform ordering forT (x). Then, a characterization
thatT (x) belongs to the so-calledL-class of life time distributions will be derived, which
is related to the Laplace transform ordering.

The stochastic ordering in Laplace transforms denoted byY ≥Lt X, for any non-
negative random variablesX andY , i.e.,v(s) = Ee−sY ≤ Ee−sX = w(s), Re(s) ≥ 0,
is generally a weak ordering; it only impliesEY ≥ EX. If in addition EY = EX is
known besides the orderingv(s) ≤ w(s), then it can be easily shown thatEY 2 ≤ EX2,
see Proposition 4.4. Implications for higher moments cannot be made in general. For
T (x) in the M/G/1 EPS case we have a stronger Laplace transform ordering result; see
Theorem 4.6.

Proposition 4.4. For any non-negative random variablesX and Y , with EY = EX
and the LST orderingv(s) = Ee−sY ≤ Ee−sX = w(s), Re(s) ≥ 0, it holds that:
EY 2 ≤ EX2.

Proof. By EY = EX, the tangent line ofv(s) ats = 0 is equal to the tangent line ofw(s)
ats = 0. Then, by convexity and analyticity of LSTs, and the orderingv(s) ≤ w(s), it is
readily seen thatd

2

ds2 v(s) ≤ d2

ds2w(s) for s in a neighborhood of0. Hence,EY 2 ≤ EX2.

Definition 4.5. (Klefsjö [61]) It is said thatT (x) belongs to theL-class of life time
distributions if the LST orderingv(s, x) ≤ z(s, x) holds,Re(s) ≥ 0, wherez(s, x) is the
LST of an exponential distribution with meanx/(1− ρ).

Theorem 4.6. For the stable M/G/1 EPS queue, the LSTv(s, x) of T (x) is bounded by

e−sx/(1−ρ) ≤ v(s, x)

≤ v̂(s, x) =
1− ρ

esx − ρ

≤ z(s;x) =
1

1 + sx/(1− ρ)
, Re(s) ≥ 0,

where v̂(s, x) := Ee−s(N+1)x is the LST of(N + 1)x; and z(s;x) is the LST of an
exponential random variable with meanx/(1 − ρ). In addition,T (x) ∈ L, i.e., the
conditional sojourn time belongs to theL-class of life time distributions.

Proof. The bounds

e−sx/(1−ρ) ≤ v(s, x) ≤ 1− ρ

esx − ρ
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follow straightforwardly from (2.1) with the bounds (4.3), and it is also straightforwardly
shown that 1−ρ

esx−ρ coincides withv̂(s, x) := Ee−s(N+1)x, if ρ < 1. The inequality
v̂(s, x) ≤ z(s;x) follows from:

1− ρ

esx − ρ
≤ 1− ρ

1 + sx− ρ
=: z(s, x),

wherez(s, x) is clearly the LST of an exponential distribution with meanx/(1 − ρ).
Hence,T (x) ∈ L.

Distributions belonging to theL-class of life time distributions always have a finite
second moment, and the coefficient of variation is not greater than one; see e.g. [17, 67].
More interestingly, although theL-class is a wide class of distributions, Klar [60] ob-
tained explicit and sharp ‘reliability bounds’ for anyL-class distribution. As an applica-
tion of these reliability bounds (Theorem 4.1 from [60]), for the conditional sojourn time
distribution in the M/G/1 EPS queue, we obtain the next corollary.

Corollary 4.7. For y ≤ x/(1− ρ) we have the insensitive lower bound

P(T (x) > y) ≥ 1− 1
(y(1− ρ)/x)2 − 2y(1− ρ)/x+ 2

.

For y > x/(1− ρ) we have the insensitive upper bound

P(T (x) > y) ≤ 1
(y(1− ρ)/x)2 − 2y(1− ρ)/x+ 2

.

Remark 4.8. Stronger results for the reliability bounds exist for life time distributions
belonging to subclasses of theL-class.

4.3 The instantaneous sojourn time

In this section we introduce theinstantaneoussojourn timeT̂ (x), defined as the sojourn
time of an infinitesimally small job. The key idea is as follows. A customer with a
(very small) initial service requirementx > 0 arrives at the system in steady state, say
at time t0. By the PASTA (Poisson Arrivals See Time Averages) property, the tagged
customer seesn other customers upon arrival with probabilityπn = (1 − ρ)ρn. If we
denote the remaining service requirements of then other customers at timet0 by xi,

i = 1, ..., n, then we may assume thatx << mini=1,...,n xi. Furthermore, we assume
thatx is small enough such that no other customers arrive during the time interval[t0, t0+
(n + 1)x). Under these assumptions, it is as if the tagged customer arrived at a system
with n permanentcustomers with probabilityπn and with no other arriving customers.
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Hence, the sojourn time of the tagged customer is(n + 1)x with probability πn. We
define theinstantaneoussojourn time as

T̂ (x) = (N + 1)x,

whereN is distributed asP(N = n) = πn. Thek-th moment of the true sojourn time
T (x) can be approximated with thek-th moment of the instantaneous sojourn timev̂k(x),
asx→ 0,

vk(x) ≈ v̂k(x) := ET̂ (x)k =
∞∑

n=0

πn {(n+ 1)x}k
, k ∈ N.

Clearly, it holds that̂v1(x) = E(N + 1)x = x/(1 − ρ), and thus the instantaneous
sojourn timeT̂ (x) as an approximation forT (x), is exact for the first momentv1(x) and
even for arbitraryx > 0. This will be an important fact for the rest of the chapter. It can

also be shown thatT (x)/x d→ N+1, asx→ 0; the convergence in distribution (denoted

by
d→) follows from:

lim
x→0

αn(x)
xn

=
1

1− ρ
, for n ≥ 1,

cf. (2.2) and (2.3), and hence

v(s/x;x)−1 = 1 +
∞∑

n=1

sn

n!
αn(x)
xn

→ es − ρ

1− ρ
asx→ 0,

wherees−ρ
1−ρ is the reciprocal of the LST of(N +1), see also the last comment in Remark

4.2 and Theorem 4.6.
Interestingly, the momentŝvk(x) can be written explicitly by using the so-called

Eulerian numbers. Eulerian numbers appear in many contexts in various fields of math-
ematics (number theory, combinatorics) and in various special functions (sinc functions,
polylogarithms, etc.); we refer to [24, 42, 93, 94, 103] and references therein. An inter-
pretation of the Eulerian number

〈
k
j

〉
is that it counts the total number of permutations

of the ordered set{1, ..., k} that havej ‘permutation ascents’. The first five rows of the
Euler’s number triangle are given by

〈
1
0

〉〈
2
0

〉 〈
2
1

〉〈
3
0

〉 〈
3
1

〉 〈
3
2

〉〈
4
0

〉 〈
4
1

〉 〈
4
2

〉 〈
4
3

〉〈
5
0

〉 〈
5
1

〉 〈
5
2

〉 〈
5
3

〉 〈
5
4

〉
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with the corresponding values:

1
1 1

1 4 1
1 11 11 1

1 26 66 26 1

Shenton and Bowman [93, 94] studied geometric distributions, and obtained an un-
usual recurrence relation for its cumulants, with ‘cumulant components’ that involve
Eulerian numbers. To the best of our knowledge, the raw moments of ashiftedgeometric
distribution on{1, 2, ...}, are not explicitly stated in the existing literature, in the form of
Theorem 4.9.

Theorem 4.9. Thek-th moment of the instantaneous sojourn time is given by

v̂k(x) =
xk

(1− ρ)k

k−1∑
j=0

〈
k

j

〉
ρj , for k ∈ N.

Proof. Use the identity (e.g., see [103]):

∞∑
n=1

nkrn ≡ 1
(1− r)k+1

k∑
i=0

〈
k

i

〉
rk−i =

r

(1− r)k+1

k−1∑
i=0

〈
k

i

〉
rk−i−1,

where the last equality sign relies on the fact that
〈

k
k

〉
= 0. Then, we readily derive

v̂k(x)
xk

=
∞∑

n=0

πn(n+ 1)k =
1− ρ

ρ

∞∑
n=1

nkρn =
∑k−1

i=0

〈
k
i

〉
ρk−i−1

(1− ρ)k
=

∑k−1
j=0

〈
k
j

〉
ρj

(1− ρ)k
,

where
〈

k
i

〉
=
〈

k
k−i−1

〉
is used in the last equality sign (by symmetry of Euler’s number

triangle).

In Figure 4.1, as an illustration of the instantaneous sojourn time, we have depicted
vk(x) and v̂k(x) for the M/M/1 EPS queue (together with the Jensen’s lower bound
v1(x)k), for k = 2, 3, 4, on a small and large scale forx, respectively. Figure 4.2 depicts
the moments, all properly scaled with(1− ρ)k/xk for the large scale ofx. As expected,
v̂k(x) is a good approximation forvk(x) whenx is small (and even forx up to the mean

EX). The approximation is loose for largex, sinceT (x)/x P→ 1/(1 − ρ) asx → ∞,

where
P→ denotes convergence in probability. In fact, fork ≥ 2, we have an asymptotic

estimate wheneverEX2 <∞ (cf. [112]):

vk(x) =
(

x

1− ρ

)k

+
λk(k − 1)EX2

2(1− ρ)k+1
xk−1 + o(xk−1), x→∞.
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Figure 4.1: The momentsvk(x) in the M/M/1 EPS queue withλ = 0.4, EX = 2, ρ =
0.8, and the instantaneous sojourn time momentsv̂k(x), and the Jensen’s lower bound
v1(x)k, for k = 2, 3, 4. Upper graphs:x ∈ (0,EX] (small scale forx); and lower
graphs:x ∈ (0, 200EX] (large scale).
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Figure 4.2: The scaled moments(1 − ρ)kvk(x)/xk in the M/M/1 EPS queue (λ = 0.4,
EX = 2), with (1−ρ)kv̂k(x)/xk as the scaled instantaneous sojourn time moments and
the lower bound of1.
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Note that̂vk(x) does not use knowledge of the higher moments of the service requirement
distribution;v̂k(x) is also properly defined whenEX2 = ∞.

Interestingly, the approximation for the second moment:

v2(x) ≈ v̂2(x) =
1 + ρ

(1− ρ)2
x2

for smallx > 0, yields in factv2(x) ≤ v̂2(x) for arbitraryx > 0, see (4.1). This might
suggest that the moments of the instantaneous sojourn timev̂k(x) are upper bounds for
vk(x), for all k ≥ 2. In Section 4.5 we will prove our main result thatvk(x) ≤ v̂k(x) for
all x ≥ 0 andk ∈ N; see Theorem 4.17. The upper bounds hold under general service
requirement distributions. An intuitive explanation is given in the next remark.

Remark 4.10. (intuition for the upper bound)In the instantaneous sojourn time analy-
sis (x→ 0) we assumed that during a time interval of length(n+ 1)x, there is no other
activity in the system. Whenn is large upon arrival, then this is not very likely:̂T (x)
overestimates the true sojourn timeT (x) whenn is large upon arrival of the tagged cus-
tomer, and underestimatesT (x) whenn is small upon arrival. Apparently, for the first
moment: over- and under estimation outweigh each other (weighted with probability
πn). For higher moments: overestimation is weighted more heavily than underestima-
tion, sinceρ < 1 and thus the queue length process shows a negative drift for a large
initial value of the number of customers present in the system.

We note thatT (x) and T̂ (x) have a similar heavy-traffic behavior (whenρ → 1).
From the identity

∑k−1
j=0

〈
k
j

〉
= k! (i.e., the row sums of the Euler’s number triangle), it

follows that:
lim
ρ→1

(1− ρ)kv̂k(x) = k!xk.

ForT (x) it is known that:limρ→1(1− ρ)kvk(x) = k!xk (cf. [112]), or in fact,

P ((1− ρ)T (x)/x ≤ y) → 1− e−y, asρ→ 1, y ≥ 0,

i.e., (1 − ρ)T (x)/x converges in distribution to an exponential random variable with
mean1, whenρ → 1 (cf. [109]). We also note that̂vk(x) = vk(x) = xk (deterministic)
for ρ→ 0.

The above observations and Remark 4.10 suggest thatv̂k(x) are (insensitive) upper
bounds and tight in an appropriate sense. Furthermore, since{k!xk/(1 − ρ)k}k≥1 is
the moment sequence of an exponentially distributed random variableZ(x) with mean
x/(1− ρ), it seems thatT (x) is ‘less variable’ thanZ(x), in theconvex stochastic order
sense. In the next Section 4.4 and 4.5 we obtain more precise stochastic ordering results
together with the formal proof that the instantaneous sojourn time moments are upper
bounds forvk(x), for all x ≥ 0 andk ∈ N, with Eulerian numbers as coefficients for the
polynomials inρ.
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PS

PS

permanent jobs N(1)

permanent jobs N(2)

conditional sojourn times

λ1

λ2

T1(x; N(1))

T2(x; N(2))

Figure 4.3: Comparison of two related single-server M/G/1 EPS queues with random
number of permanent customers.

4.4 Model with random number of permanent customers

In this section, we will prove our main result (Theorem 4.17):

vk(x) ≤ (1 +
k−1∑
i=1

〈
k

i

〉
ρi)/ [(1− ρ)/x]k .

This moment ordering result follows from a more general moment ordering result be-
tween two PS queues with a random number ofpermanentcustomers, see Theorem 4.15
and Figure 4.3. In Section 4.3, the instantaneous sojourn timeT̂ (x) is defined as the so-
journ time of an infinitesimally small job. Alternatively,̂T (x) can also be viewed as the
sojourn time of a customer (with an arbitrary service requirementx) that enters a PS sys-
tem with no other arriving customers but with a random number of permanent customers
that is distributed asπn. The latter viewpoint turns out to be convenient for proving our
main result in Section 4.5.

We proceed with constructing two related single-server EPS queues as illustrated in
Figure 4.3; both M/G/1 queues have the same service requirement distributionB(x) with
meanEX; they only have different Poisson arrival rates,λ1 andλ2 respectively. We let
Ti(x) denote the conditional sojourn time in the M/G/1 EPS queue with arrival rateλi,
i = 1, 2. Next, we define the random variableTi(x;n) as the conditional sojourn time in
the M/G/1 EPS queue with arrival rateλi, but now modified withn permanent customers
in the system. The distribution ofTi(x;n) is given by the(n+1)-fold convolution of the
distribution ofTi(x), also see Section 3.3 in Chapter 3. Note thatTi(x) ≡ Ti(x; 0).

Remark 4.11. Note that we use the notationTi(x;n) in Chapter 4, while we usẽTi(x;n)
in Chapter 3; the tilde only indicates (and emphasizes) that the sojourn time refers to an
isolated single-class queue, which can be omitted in this chapter concerning the classical
single-class M/G/1 EPS queue.
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We letN (i), i = 1, 2, be geometrically distributed with probability density function

P(N (i) = n) =
1− ρ

1− ρi

(
ρ− ρi

1− ρi

)n

, n ∈ N ∪ {0}. (4.5)

Hence the random variableTi(x;N (i)) can be interpreted as the conditional sojourn time
in the M/G/1 EPS queue with arrival rateλi and with a random number of permanent
customers distributed asN (i), whereρi = λiEX, and assumeρ = ρ1 + ρ2 < 1.

It is not difficult to show thatETi(x;N (i)) = x/(1 − ρ), andTi(x;N (i)) ∈ L,
i = 1, 2. In general, we will prove that the following moment ordering holds:

ET1(x;N (1))k ≤ ET2(x;N (2))k,

if the values for the arrival rates satisfyλ1 ≥ λ2; see Theorem 4.15. First we derive the
LST of Ti(x;N (i)), for i = 1, 2.

Lemma 4.12. For i = 1, 2, the LST defined bŷv(i)(s;x) = Ee−sTi(x;N(i)), Re(s) ≥ 0,
for the random variableTi(x;N (i)) is expressed by

v̂(i)(s;x) =

( ∞∑
n=0

sn

n!
α̂n(x, ρi)

)−1

,

whereα̂n(x, ρi) is defined by:̂α0(x, ρi) := 1, α̂1(x, ρi) := x/(1− ρ) and forn ≥ 2:

α̂n(x, ρi) =
n

1− ρ

∞∑
m=0

ρm
i

(
m+ n− 2
n− 2

)∫ x

y=0

(x− y)n−1B̃m∗(y)dy. (4.6)

Proof. It holds thatv̂(i)(s;x) =
∑∞

n=0

(
v(i)(s;x)

)n+1 P(N (i) = n) by definition of
Ti(x;N (i)) and conditioning on the event{N (i) = n}, where

v(i)(s;x) =

( ∞∑
n=0

sn

n!
α(i)

n (x)

)−1

is the LST ofTi(x; 0). Straightforward calculations give

v̂(i)(s;x) =
(1− ρ)v(i)(s;x)

1− ρ+ (ρ− ρi)
(
1− v(i)(s;x)

)
=
(

1
v(i)(s;x)

+
ρ− ρi

1− ρ

(
1

v(i)(s;x)
− 1
))−1

=

( ∞∑
n=0

snα
(i)
n (x)
n!

+
ρ− ρi

1− ρ

∞∑
n=1

snα
(i)
n (x)
n!

)−1

=:

( ∞∑
n=0

sn

n!
α̂n(x, ρi)

)−1

,
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whereα̂n(x, ρi) is defined by:̂α0(x, ρi) = α
(i)
0 (x) = 1, and forn ≥ 1:

α̂n(x, ρi) = α(i)
n (x)

(
1 +

ρ− ρi

1− ρ

)
=

1− ρi

1− ρ
α(i)

n (x),

which leads tôα1(x, ρi) = (1 − ρi)α
(i)
1 (x)/(1 − ρ) = x/(1 − ρ) and forn ≥ 2, it is

given by the expression (4.6); cf. (2.2) and (2.3) for the ordinary M/G/1 EPS queue with
workloadρi.

As a direct consequence of Lemma 4.12, the moments of the random variables
Ti(x;N (i)), i = 1, 2, satisfy a similar recursion as for an ordinary M/G/1 EPS queue.

Corollary 4.13. For all x ≥ 0, the moments defined byv̂(i)
k (x) = E

{
Ti(x;N (i))

}k
, are

recursively given bŷv(i)
0 (x) = 1, and fork ≥ 1:

v̂
(i)
k (x) = −

k∑
j=1

(
k

j

)
v̂
(i)
k−j(x)α̂j(x, ρi)(−1)j .

In order to prove the general moment ordering:v̂(1)
k (x) ≤ v̂

(2)
k (x), for λ1 ≥ λ2

(Theorem 4.15), we first need the following Lemma 4.14, which implies that if we have
that v̂(1)

k (x) = v̂
(2)
k (x) for somek ≥ 2 and for somex > 0, thenT1(x;N (1)) and

T2(x;N (2)) are equally distributed. The converse statement is clearly true.

Lemma 4.14. For anyx > 0, and for anyk ≥ 2 (both fixed), the following equivalence
holds (providedρ1 + ρ2 < 1):

v̂
(1)
k (x) = v̂

(2)
k (x) if and only ifρ1 = ρ2.

For k = 1, we havêv(1)
1 (x) = v̂

(2)
1 (x) = x/(1−ρ), irrespective of the ordering between

ρ1 andρ2.

Proof. Forx > 0 fixed, we will first prove the following equivalent statements:
(i) ρ1 = ρ2

(ii) For all n ≥ 2: α̂n(x, ρ1) = α̂n(x, ρ2)
(iii) For somen ≥ 2: α̂n(x, ρ1) = α̂n(x, ρ2)

Clearly, (i) implies (ii), which in turn implies (iii). Now we will show the non-trivial
implication (iii)⇒ (i). Forx > 0, suppose that for somen ≥ 2: α̂n(x, ρ1) = α̂n(x, ρ2).
Then, it follows from the structure of (4.6) thatρ1 = ρ2. To this end, note that̂αn(x, ρi)
is a real-valued polynomial inρi with non-negative coefficients, and with positive co-
efficients if x > 0 (also observe that̃B(y) is a proper distribution function). Hence
for x > 0, α̂n(x, ρ1) and α̂n(x, ρ2) are the same strictly increasing continuous func-
tions (onR+), only evaluated at a different point, atρ1 andρ2 respectively. Hence, if
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α̂n(x, ρ1) = α̂n(x, ρ2), then necessarilyρ1 = ρ2.

For anyk ≥ 2 and for anyx > 0 (both fixed), we now proceed with proving the im-
plication:

v̂
(1)
k (x) = v̂

(2)
k (x) ⇒ ρ1 = ρ2. (4.7)

The above implication (4.7) must hold for allk ≥ 2 and allx > 0 (and it isnot the same
as the statement:{For allk ≥ 2 and allx > 0: v̂(1)

k (x) = v̂
(2)
k (x)} ⇒ {ρ1 = ρ2}).

The implication (4.7) is straightforward for the second moment, sincev̂
(1)
2 (x) = v̂

(2)
2 (x)

is equivalent tôα2(x, ρ1) = α̂2(x, ρ2), cf. the recursive formula in Corollary 4.13 with
equal first moments, and thusρ1 = ρ2 by the equivalent statements (i)-(ii)-(iii). For
k > 2, the implication (4.7) is not trivial, mainly due to the presence of the alternating
term(−1)j in the recursive formula. However, the statements (i)-(ii)-(iii) are equivalent
in a strong sense. For example, ifα̂k(x, ρ1) 6= α̂k(x, ρ2) for somek ≥ 2, thenρ1 6= ρ2

and alsôαk(x, ρ1) 6= α̂k(x, ρ2) for all k ≥ 2; see also the similar observation in Remark
4.2.

Hence, ifv̂(1)
k (x) = v̂

(2)
k (x), then we have two mutually exclusive possibilities:

(a) α̂k(x, ρ1) = α̂k(x, ρ2)
(b) α̂k(x, ρ1) 6= α̂k(x, ρ2)
The fact that̂v(1)

k (x) = v̂
(2)
k (x) implies either (a) or (b). By contradiction, we will now

show that possibility (b) cannot occur. So, supposev̂
(1)
k (x) = v̂

(2)
k (x) ⇒ α̂k(x, ρ1) 6=

α̂k(x, ρ2), but α̂k(x, ρ1) 6= α̂k(x, ρ2) is equivalent toρ1 6= ρ2. Hence, assuming (b) true
is the same as

v̂
(1)
k (x) = v̂

(2)
k (x) ⇒ ρ1 6= ρ2, (4.8)

which is obviously false, since the negation of (4.8), i.e.,ρ1 = ρ2 ⇒ v̂
(1)
k (x) 6= v̂

(2)
k (x)

is clearly false. Thus, the assumption that (b) holds is false, and hencev̂
(1)
k (x) = v̂

(2)
k (x)

implies possibility (a) which in turn is equivalent toρ1 = ρ2 by the strong equivalences
(i)-(ii)-(iii).

Theorem 4.15. For x > 0 andρ = ρ1 + ρ2 < 1, if ρ1 ≥ ρ2, then we have the moment
ordering

v̂
(1)
k (x) ≤ v̂

(2)
k (x), for all k ∈ N.

Proof. For the first moment we havêv(1)
1 (x) = v̂

(2)
1 (x), irrespective of the ordering be-

tweenρ1 andρ2. By Lemma 4.14, ifρ1 6= ρ2, then it holds that̂v(1)
k (x) 6= v̂

(2)
k (x) for all

k ≥ 2 and allx > 0. Now consider the strict orderingρ1 > ρ2. Lemma 4.14 guarantees
for ρ1 > ρ2, that v̂(1)

k (x) andv̂(2)
k (x) cannot coincide for anyx > 0 andk ≥ 2. Then,

continuity ofv̂(i)
k (x) in x implies forρ1 > ρ2, thatv̂(1)

k (x) andv̂(2)
k (x) cannot cross each
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other for anyk ≥ 2, as a function ofx > 0. Hence, either (a) or (b) holds:
(a) {v̂(1)

k (x) < v̂
(2)
k (x) for all x > 0},

(b) {v̂(1)
k (x) > v̂

(2)
k (x) for all x > 0}.

The proof is completed, if we can find ax∗ > 0 such that for allk ≥ 2, if ρ1 > ρ2,
then:

v̂
(1)
k (x∗) < v̂

(2)
k (x∗).

This can be done by choosingx∗ large enough, sinceTi(x)
x

P→ 1
1−ρi

, asx→∞, and

Ti(x;N (i))
x

d→ N (i) + 1
1− ρi

, asx→∞.

It is readily verified that (cf. the proof of Theorem 4.9 and the geometric distribution
(4.5)):

E
(
N (i) + 1
1− ρi

)k

=
1 +

∑k−1
j=1

〈
k
j

〉 (
ρ−ρi

1−ρi

)j

(1− ρ)k
,

hence ifρ1 > ρ2, then ρ2
1−ρ1

= ρ−ρ1
1−ρ1

< ρ−ρ2
1−ρ2

= ρ1
1−ρ2

, and

lim
x→∞

v̂
(1)
k (x)
xk

= E
(
N (1) + 1
1− ρ1

)k

(4.9)

< E
(
N (2) + 1
1− ρ2

)k

= lim
x→∞

v̂
(2)
k (x)
xk

, for all k ≥ 2, (4.10)

and with equality sign in (4.10) if and only ifρ1 = ρ2 (and fork = 1: v̂(1)
1 (x) =

v̂
(2)
1 (x) = x

1−ρ ). Hence ifρ1 ≥ ρ2, thenv̂(1)
k (x) ≤ v̂

(2)
k (x) for all k ≥ 1 and allx > 0.

Theorem 4.15 can be interpreted as follows. For a fixedx > 0, if the sojourn time
T2(x;N (2)) is very large, then this is more likely due to the presence of many permanent
customers in the system (largeλ1 implies thatN (2) is ‘stochastically’ large) rather than a
large arrival rate of non-permanent customers (largeλ2). By construction, the (random)
number of permanent customers in systemi isN (i) (label by “systemi” the model that
corresponds toTi(x;N (i)), i = 1, 2). Interestingly, the number of non-permanent cus-
tomers in systemi is in distribution equal toN (j), i 6= j, for i, j ∈ {1, 2}; cf. Theorem
3.2 (queue length decomposition result) in Chapter 3. Hence, ifλ1 > λ2, then there are
‘on average’ more non-permanent and less permanent customers in system 1 compared to
system 2. However, both systems have ‘on average’ an equal total number of customers
(permanent plus non-permanent) regardless of the ordering betweenλ1 andλ2, which
also explains the equality of the first moments:ET1(x;N (1)) = ET2(x;N (2)).
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Remark 4.16. We conjecture thatT1(x;N (1)) ≤cx T2(x;N (2)) holds ifλ1 ≥ λ2, i.e.,
the random variables are ordered in the convex stochastic order sense (see [95, 92]).
Then, it is said that the random variableT2(x;N (2)) is more variable (more likely to take
extreme values) than the variableT1(x;N (1)). The first moments are necessarily equal.
A sufficient condition for convex stochastic ordering is the so-called Karlin & Novikoff
cut-criterion, cf. [95], which states that two random variablesX andY are convex sto-
chastic ordered if the means are equal and the corresponding distribution functions cross
each other once and exactly once. The difficulty to verify the cut-criterion is that we do
not have the distribution functions explicitly. We note that the cut-criterion and the intu-
ition for the conjecture given in the instantaneous sojourn time analysis, are similar (see
Remark 4.10).

4.5 Insensitive and tight bounds

The main result of this chapter that the moments of the instantaneous sojourn time are
upper bounds for the moments of the conditional sojourn time in the M/G/1 EPS queue,
is given in the next theorem.

Theorem 4.17. In the stable M/G/1 EPS queue, we have the insensitive lower and upper
bounds for all moments of the conditional sojourn timeT (x), for x ≥ 0 andk ∈ N:

1
(1− ρ)k

xk ≤ vk(x) ≤
1 +

∑k−1
j=1

〈
k
j

〉
ρj

(1− ρ)k
xk.

Proof. The result is trivial for the lower bound and forx = 0. Forx > 0, we consider
the special case ofρ2 = 0 in Theorem 4.15. Then, for allρ ≡ ρ1 ≥ ρ2 = 0 andρ < 1 it
holds that

vk(x) ≡ v̂
(1)
k (x) ≤ v̂

(2)
k (x) = xkE(N + 1)k,

since ‘with probability 1’ we have:N (1) = 0, T2(x; 0) ≡ x, and

T1(x;N (1)) ≡ T (x),

T2(x;N (2)) ≡ T2(x;N) d= x(N + 1) ≡ T̂ (x),

whereP(N (2) = n) = (1− ρ)ρn, andT̂ (x) is the instantaneous sojourn time as defined
in Section 4.3; also see Example 3.5 in Chapter 3.

The special choice ofρ2 = 0 in Theorem 4.15 is essentially the same as the assump-
tions made in the instantaneous sojourn time analysis, as in Section 4.3. Forρ2 → 0:

T2(x;N (2)) d→ T̂ (x) = (N (2) + 1)x,

as if the tagged customer arrived at a system withn permanent customers with probability
P(N (2) = n) and with no other arriving customers (ρ2 = 0).
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Remark 4.18. With the moments of the instantaneous sojourn time as upper bounds, i.e.,
vk(x) ≤ v̂k(x), and the Chebyshev-Markov inequalitiesP(T (x) > y) ≤ 1

yk vk(x) for all
k ≥ 1, an insensitive upper bound for the tail probabilityP(T (x) > y) can be given

P(T (x) > y) ≤ min
k≥1

1 +
∑k−1

i=1

〈
k
i

〉
ρi

(y(1− ρ)/x)k
, for y ≥ x > 0, ρ < 1. (4.11)

The improvement upon Corollary 4.7 is considerable, particularly for largey. For y ≤
x/(1− ρ) the bound is not useful. However, ify(1− ρ)/x > 1, then both the numerator
and denominator on the right-hand-side of (4.11) increase ink, but the denominator will
be dominant for a certaink∗, defined byk∗ ≡ k∗(y;x) = arg mink≥1

bvk(x)
yk . We omit

the details of the latter statement.

4.6 Quasi-stationary and fluid regime

The main result of this chapter (Theorem 4.17) can be related to the so-called ‘fluid’ and
‘quasi-stationary’ regimes, and to a result obtained by Delcoigne, Proutière, and Ŕegníe
[34]. They obtained the following (increasing convex) stochastic ordering:

W fl ≤icx W ≤icx W
qs,

for the stationary workloadW in the M/G/1 EPS queue withtime-varyingservice ca-
pacity. Their bounds correspond to the workload in the ‘fluid’ and ‘quasi-stationary’
regimes. As noted in [34], it proves much more difficult to derive similar results for the
mean sojourn time.

In this chapter,T̂ (x) can also be viewed as the sojourn timeT qs(x) in a quasi-
stationary regime, which can be obtained by considering a (modified) M/G/1 EPS queue
with fixed capacity, arrival rateλs and service requirementX/s. The (perturbation)
parameters > 0 represents the ‘speed’ of the queue length process, and does not in-
fluence the queue length distribution. In the limits → 0, the queue length process
freezes in some initial state, yielding the quasi-stationary regime, and it can be shown

thatT qs(x) d= T̂ (x). For the sojourn timeT fl(x) in the fluid regime (i.e., for the limit
s → ∞), it can be shown thatT fl(x) is constant and equal tox/(1 − ρ). Analogous to
the insensitive bounds in [34], we conjecture that it holds that:

x/(1− ρ) ≤icx T (x) ≤icx T̂ (x),

where the≤icx-ordering could be replaced by the≤cx-ordering (since the means are
equal). The above is also summarized (and generalized) by the following moment order-
ing result.
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Theorem 4.19. For s > 0, denote byT (s)(x) the sojourn time conditional on the ini-
tial service requirementx > 0 in the M/G/1 EPS queue with arrival rateλs, service
requirementX/s, and with traffic loadρ = λEX < 1 (independent ofs > 0); denote
by T (x) = T (1)(x) the conditional sojourn time in the unscaled system. Then, for all
x > 0, andk ∈ N, we have the moment orderings:

ET (x)k ≤ ET (s)(x)k, if s ≤ 1,

ET (s)(x)k ≤ ET (x)k, if s ≥ 1.

In fact, the first moments are identical:ET (x) = ET (s)(x) = x/(1 − ρ) for all s > 0.
Furthermore, for allk ≥ 2, andx > 0 (both fixed), we have the equivalence

ET (s)(x)k = ET (x)k if and only ifs = 1.

Proof. Analogous to Lemma 4.14 and Theorem 4.15 from Section 4.4.

From the above moment ordering result an alternative proof for the main result (Theo-
rem 4.17) can be given, analogous to Sections 4.4 and 4.5. The cases→∞ corresponds
to Jensen’s lower bound for the moments of the conditional sojourn timeT (x) in the
M/G/1 EPS queue.

4.7 Conclusions and extensions

In this chapter, we have investigated the sojourn timeT (x) conditional on the initial ser-
vice requirementx > 0 in the classical M/G/1 queue with egalitarian PS. In particular,
we have studied all moments ofT (x) and we have obtained upper and lower bounds.
The main result (Theorems 4.17 and 4.15) is that there exist upper bounds, given by(
1 +

∑k−1
i=1

〈
k
i

〉
ρi
)
xk/(1−ρ)k, where

〈
k
i

〉
are Eulerian numbers, and they only depend

on x and the traffic intensityρ < 1. A lower bound follows easily from Jensen’s in-
equality. The main result has been proved via stochastic comparisons of two related EPS
models with a random number of permanent customers.

An attractive feature of the upper bound of the above structure is that it is independent
of second and higher moments of the service requirement distribution. Another attrac-
tive feature is that the upper bound coincides with Jensen’s lower bound whenρ → 0.
Moreover, thek-th moment ofT (x) and the above upper bound, converge to the same
expression, after proper scaling whenρ → 1. The upper bounds of the above structure
with Eulerian numbers are in fact the moments of the so-calledinstantaneoussojourn
time T̂ (x), i.e., the sojourn time of a customer with an infinitesimally small initial ser-
vice requirement (x → 0). If the initial service requirementx > 0 is arbitrary (and not
necessarily small), the instantaneous sojourn time also corresponds to the sojourn time of
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a tagged customer entering a PS system with no other arrivals but with a random number
of permanent customers. The instantaneous sojourn time is also the sojourn time in a
so-called quasi-stationary regime.

By studying the higher moments and providing insensitive upper bounds, we provide
further support for the observation that EPS is a ‘fair’ service discipline. In the stable
M/G/1 EPS system, excessive behavior of other customers in the system always has a
limited influence on the sojourn time of the tagged customer. Intuitively, from a tagged
customer point-of-view, the influence of the service requirements of other customers on
the sojourn time of the tagged customer, is nearly insensitive. Even when there is a
customer with infinite service requirement, the influence of thispermanentcustomer on
non-permanent customers is limited.

The influence of other customers is even more limited for jobs with a small initial
service requirement; the sojourn time of a small job may be reasonably approximated by
the instantaneous sojourn time. Moreover, it provides tight upper bounds for the higher
moments ofT (x). However, for very largex, these upper bounds are ‘quite loose’.
This can be seen as the price that must be paid for obtaininginsensitiveupper bounds.
Nevertheless, the moments ofT (x) are always bounded from above by the moments of
T̂ (x), which in turn are bounded from above by the moments of an exponential random
variable with meanx/(1 − ρ), regardless of the service requirement distribution (even
when the service requirement has an infinite second moment).

We conclude this chapter with the remark that considerable attention has been paid
in the literature to the exact analysis of the sojourn time in the M/G/1 EPS queue. Rel-
atively little work has been done on the investigation of the practical implications of the
results. The discovery of simple bounds forall moments ofT (x) stimulates the investi-
gation of simple but nevertheless good approximations for the distribution ofT (x), the
moments and the tail probabilities. In addition, a logical next step is to investigate if
similar results also hold for other PS queues. For extensions of PS service disciplines,
such as thediscriminatoryPS, it is to be expected that the nice properties (regarding the
instantaneous sojourn time) are lost. For the M/G/1 queue with the egalitarian PS disci-
pline and queue-dependent service capacity [32] it may be worthwhile to investigate if
the structures remain valid.
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Chapter 5

An approximation for DPS
models

In this chapter we apply the queue length decomposition result for EPS models from
Chapter 3 togeneraldiscriminatory processor-sharing (GDPS) models to obtain an effi-
cient and analytically tractable approximation of the queue length distribution and mean
sojourn times. The basic approximation assumption is that the linear equations in Corol-
lary 3.3 from Chapter 3 also hold for (G)DPS models. More specifically, if one type of
customers is treated as permanent in a general two-class DPS model, then the model is
analytically tractable for the non-permanent class, with reduced service capacity that is
exogenously given. The approximations are obtained as solutions of linear systems of
equations.

We investigate the approximation error if this assumption is made for DPS models.
By the exact queue length decomposition results for egalitarian PS models (with queue-
dependent and balanced class capacities), our method provides exact results if applied to
these PS models.

5.1 Approximation method

In this section we propose an approximation method for (unconditional) mean sojourn
times in GDPS models. The basic assumption is that an isolated customer class in DPS
is considered to behave like an egalitarian PS model with reduced capacity and arandom
environmentthat is exogenously determined. In the exact (G)DPS model this is obviously
not the case, since therandom environmentsfor the different isolated queues in (G)DPS
are interrelated and not independent.

For sake of notational convenience, we first consider a two-class GDPS model where

51
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the class capacitiesφl(n) = φl(n1, n2) are arbitrary non-negative functions, forl =
1, 2. In addition, we assume a finite number of service positions for both customer types
separately (N1 ≤ m andN2 ≤ n); customers of typei (i = 1, 2) finding its own queue
full upon arrival are blocked and lost, which is not a crucial assumption.

5.1.1 System of equations for two classes

If one customer type is treated as permanent in the system, then the model is analytically
tractable for the non-permanent type. More precisely, the probabilitiesa(i, j) andb(j, i)
are easily computed in closed form by (see [32, 68])

a(i, j) = P
(
Ñ1 = i | j permanent of type-2

)
=

ρi
1ϕ1,i(j)∑m

k=0 ρ
k
1ϕ1,k(j)

, (5.1)

b(j, i) = P
(
Ñ2 = j | i permanent of type-1

)
=

ρj
2ϕ2,j(i)∑n

k=0 ρ
k
2ϕ2,k(i)

, (5.2)

where

ϕ1,i(j) =

(
i∏

k=1

φ1(k, j)

)−1

, ϕ1,0(j) ≡ 1 for all j = 0, 1, ..., n,

ϕ2,j(i) =

(
j∏

k=1

φ2(i, k)

)−1

, ϕ2,0(i) ≡ 1 for all i = 0, 1, ...,m.

Note thata(i, j) is identical to the conditional steady-state queue length probabil-
ity P (N1 = i | N2 = j) for balanced (egalitarian) PS models; see Chapter 3. Our basic
approximation assumption for (G)DPS models is that the linear equations given in Corol-
lary 3.3 is applicable. Under this assumption, we approximate the marginal queue length
probabilitiesηi = P (N1 = i) andξj = P (N2 = j) by solving the following set of linear
equations:

η = Aξ, andξ = Bη, (5.3)

whereη = (η0, η1, ..., ηm)T , ξ = (ξ0, ξ1, ..., ξn)T , and the matrices are given by

A=


a(0, 0) a(0, 1) · · · a(0, n)
a(1, 0) a(1, 1) · · · a(1, n)

...
...

...
...

a(m, 0) a(m, 1) · · · a(m,n)

 ,

B=


b(0, 0) b(0, 1) · · · b(0,m)
b(1, 0) b(1, 1) · · · b(1,m)

...
...

...
...

b(n, 0) b(n, 1) · · · b(n,m)

 .
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It is not difficult to give conditions such that the (approximated) probability vectors
η andξ are uniquely determined after normalization. The system of equations (5.3) is
also equivalent toη = (AB) η, or ξ = (BA) ξ, which can be interpreted as ‘solving
the equationπ = πP ’, whereP is a transition matrix of a discrete-time Markov chain.
In many practical (G)DPS models, it is easily verified that the product matrices(AB)T

and(BA)T , have row sums equal to one and do not have negative entries (irreducible,
regular stochastic matrices). It is sufficient to have (Assumption 3.1 from Chapter 3):
φj(n) > 0 for all j, and for all vectorsn with nj > 0, to guarantee uniqueness ofη and
ξ, up to a multiplicative constant.

The approximated (unconditional) mean sojourn time for each class follows from
Little’s law, and in our case with finite capacity (blocking) we have the approximation:

ET̂ approx
1 =

1
λ1(1− ηm)

m∑
i=0

i · ηi, andET̂ approx
2 =

1
λ2(1− ξn)

n∑
j=0

j · ξj , (5.4)

The proposed approximation method is exact for egalitarian PS models withbal-
ancedclass capacities. The steady-state queue length distribution is insensitive to the
service requirement distributions, if and only if the class capacities arebalanced(see
[20]). Hence, the approximation (5.1)-(5.4) can not be exact for PS models withunbal-
ancedclass capacities, since the approximation is insensitive to the service requirement
distributions.

5.1.2 System of equations for three classes

In principle, our approximation can be applied for a general number of customer classes
K. The method seems very efficient, since only linear systems need to be solved. How-
ever, significantly more computational effort is needed for increasingK. To illustrate the
complexity, let us consider the case ofK = 3 classes. Suppose that the class capacities
φl(n) = φl(n1, n2, n3), l = 1, 2, 3, are given in a three-class GDPS model with system
states(N1, N2, N3) = (i, j, k). The approximated marginal steady state queue length
probabilities denoted byηi = P(N1 = i), ξj = P(N2 = j), ζk = P(N3 = k) are
uniquely obtained from the linear equations (5.5)-(5.7), up to a multiplicative constant:{

ηi =
∑

j(
∑

k α(i | j, k)π3,2(k | j))ξj =:
∑

j ai,jξj
ηi =

∑
k(
∑

j α(i | j, k)π2,3(j | k))ζk =:
∑

k bi,kζk
, (5.5){

ξj =
∑

i(
∑

k β(j | i, k)π3,1(k | i))ηi =:
∑

i cj,iηi

ξj =
∑

k(
∑

i β(j | i, k)π1,3(i | k))ζk =:
∑

k dj,kζk
, (5.6){

ζk =
∑

i(
∑

j γ(k | i, j)π2,1(j | i))ηi =:
∑

i ek,iηi

ζk =
∑

j(
∑

i γ(k | i, j)π1,2(i | j))ξj =:
∑

j fk,jξj
. (5.7)
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The coefficientsα(i | j, k) are given in closed-form formulas, similar to Eq. (5.1),
sinceα(·| j, k) is the steady-state queue length distribution for the isolated type 1 queue
given that type 2 and 3 customers are permanently in the system. Analogously, the co-
efficientsβ(j | i, k) andγ(k | i, j) are also easily computed. The pairs of coefficients
{π2,1(j | i), π3,1(k | i)} , {π1,2(i | j), π3,2(k | j)} , and{π2,3(j | k), π1,3(i | k)} are ob-
tained as unique solutions from the linear systems (5.8)-(5.10), similar to the approxima-
tion method in case ofK = 2,up to multiplicative constant:{

π2,1(j | i) =
∑

k β(j | i, k)π3,1(k | i)
π3,1(k | i) =

∑
j γ(k | i, j)π2,1(j | i)

, for all i, (5.8){
π1,2(i | j) =

∑
k α(i | j, k)π3,2(k | j)

π3,2(k | j) =
∑

i γ(k | i, j)π1,2(i | j)
, for all j, (5.9){

π1,3(i | k) =
∑

j α(i | j, k)π2,3(j | k)
π2,3(j | k) =

∑
i β(j | i, k)π1,3(i | k)

, for all k. (5.10)

The systems (5.5)-(5.7) written in matrix form:η = Aξ, η = Bζ, ξ = Cη, ξ = Dζ,
ζ = Eη, andζ = Fξ, are efficiently solved by e.g. the following two systems

η = (ACBFDE) η,

ξ = (CADEBF) ξ,

with normalizationη · e = 1 andξ · e = 1, and where the system for determiningζ is au-
tomatically satisfied and normalized if we have the unique solution forη. For increasing
K, it seems that convenient notation may overcome the increase in complexity.

5.2 Numerical examples

In this section, we numerically investigate our approximation method with exact results
in case of exponential service requirements, for the two- and three-class DPS models
with fixed weights and fixed capacity. For numerical experiments and an application
of the GDPS model with queue-dependent service weights and queue-dependent service
capacity, we refer to Chapter 8.

Conservation law

In this subsection, we obtain a conservation law for the unconditional mean sojourn times
in a DPS queue, which turns out to be useful in improving the approximations for the
lowest priority class. The practical use of a conservation law is that if we are able to
obtain accurate approximations ofETk for customer classesk = 1, ...,K − 1, then an
accurate approximation for classK follows automatically.
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Theorem 5.1. For a K-class DPS queue with fixed capacity, fixed weightsαi, Poisson
inputλi, and exponential service requirements with meanEXi, i = 1, ...,K, the follow-
ing conservation law for the unconditional mean sojourn times holds:

K∑
j=1

ρjETj =
K∑

i=1

ρi

1− ρ
EXi, independently of(α1, ..., αK). (5.11)

Proof. The result follows from the conservation law [10] for DPS models and from the
fact that(1−Bi(x)) dx = 1

µi
dBi(x) andEX2

i = 2 (EXi)
2 = 2/µ2

i , in case of expo-
nential service requirementsXi with distribution functionBi(x) = 1−e−µix, for x > 0.

5.2.1 Two-class DPS queue

In the two-class DPS model we refer to type 1 customers as thehigh priority customers
and to type 2 customers as thelow priority customers (α1 > α2). In case of exponential
service requirements, exact closed-form expressions are given by (cf. [38]):

ET1 =
1

µ1(1− ρ1 − ρ2)

(
1 +

µ1ρ2(α2 − α1)
µ1α1(1− ρ1) + µ2α2(1− ρ2)

)
,

ET2 =
1

µ2(1− ρ1 − ρ2)

(
1 +

µ2ρ1(α1 − α2)
µ1α1(1− ρ1) + µ2α2(1− ρ2)

)
.

The approximated mean sojourn timesET̂ approx
1 andET̂ approx

2 are calculated from
the equations (5.1)-(5.4) and with infinite buffer capacity (m = n = ∞). The direct
approximationET̂ approx

2 (based on decomposition) for the low priority class can be im-
proved. The improved approximation, denoted byET̂ imp

2 , is based on the conservation
law (5.11) and the direct approximationET̂ approx

1 for the high priority class.

Figure 5.1 provides graphs for the exact and approximated mean sojourn times for
both classes withEX1 = EX2 = 1, and for different values ofα1/α2. For class 2,
in addition, the improved approximationET̂ imp

2 is included. Figure 5.1 gives results as
function of ρ = ρ1 + ρ2, with ρ1 = ρ2 = ρ/2. As can be seen from these graphs,
the approximation forET1 is reasonable up to a traffic loadρ = 0.9 for weight ratios
1 ≤ α1/α2 ≤ 5. The approximation forET2 breaks down with increasing difference in
weights. However, the approximationET̂ imp

2 that usesET̂ approx
1 to approximateET2 is

accurate for all weight ratios. For a discussion of the quality of the approximation, we
refer to Section 5.3.
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Figure 5.1: Exact and approximated mean sojourn times for the 2-class M/M/1 DPS
queue, withEX1 = EX2 = 1, and for weight ratiosα1

α2
∈ {2, 3, 5, 10}.
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5.2.2 Three-class DPS queue

For the three-class DPS model, we consider the following numerical examples with mean
service requirementsEX1 = 2, andEX2 = EX3 = 1. The exact values forETj , are
obtained from [38] as solution of the linear system, for allj = 1, 2, 3:(

1−
K∑

i=1

λiαi

µiαi + µjαj

)
ETj −

K∑
i=1

λiαi

µiαi + µjαj
ETi =

1
µj
.

Figure 5.2 provides graphs for the exact and approximated mean sojourn times for the
three classes and for two sets of weightsα = (α1, α2, α3), respectively forα = (2, 2, 1)
andα = (3, 2, 1). Figure 5.3 provides approximated and exact mean sojourn times for
α = (5, 3, 1) andα = (10, 3, 1). The approximated mean sojourn timesET̂ approx

j , j =
1, 2, 3, are calculated according to the system of equations (5.5)-(5.10) and by applying
Little’s law. The figures are provided as function of the total loadρ := ρ1 +ρ2 +ρ3, with
ρ1 = ρ2 = ρ3 = ρ/3. In addition, in Figure 5.3, an improved approximationET̂ imp

3 is
included, based on the conservation law (5.11) and based on the direct approximations
ET̂ approx

1 andET̂ approx
2 of the other types.

As can be seen from the graphs (Figures 5.2 and 5.3), the approximations forET̂ approx
j ,

are accurate as long as the set of weights is ‘more or less balanced’. It seems that our
approximation improves forK = 3 customer classes. This can be explained by the fact
that an additional customer class can increase thebalancebetween the classes, see the
next subsection.

5.3 Discussion

In this section we discuss the quality of our approximationET̂ approx
j for ETj . In par-

ticular, in the case ofK = 2 customer classes, numerical examples indicate that the
approximation for the lower priority classET̂ approx

2 is poor when the ratio of weight
α1/α2 is extremely large (unbalanced), whereas the improved approximationET̂ imp

2 is
accurate.

Our basic approximation assumption is that the various customer classes in DPS mod-
els are treated as single-class egalitarian PS queues with queue-dependent (and reduced)
service capacity. Supported by the queue length decomposition result for balanced egal-
itarian PS models, the isolated single-class PS queues in a multi-class egalitarian PS
queue are exactly related to the other isolated customer queues.

When the ratio of weightsα1/α2 is large, then from a class 2 point-of-view, the
queue behaves as an ON-OFF processor-sharing queue [79]. As an illustration, Figure
5.4 shows the typical behavior of the queue length processesNi(t) for a two-class DPS
queue under heavy load and large ratioα1/α2. From a class 2 point-of-view, it seems
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Figure 5.2: Exact and approximated mean sojourn times for the 3-class M/M/1 DPS
queue (withEX1 = 2, EX2 = EX3 = 1), for weightsα = (2, 2, 1) andα = (3, 2, 1).
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Figure 5.3: Exact and approximated mean sojourn times for the 3-class M/M/1 DPS
queue (withEX1 = 2, EX2 = EX3 = 1), for weightsα = (5, 3, 1) andα = (10, 3, 1).
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Figure 5.4: A sample path of the queue length processN1(t) andN2(t), for a 2-class
M/M/1 DPS model withα1/α2 = 10, λ1 = λ2 = 0.49, andEX1 = EX2 = 1.

as if aburst of permanent customers(of sizeα1/α2) arrives, when a single customer of
type 1 arrives in the original two-class DPS model. Therefore, when the number of class
1 customers gets large enough, the service process for class 2 may seem frozen (OFF
period), and the queue length process for class 2 increases rapidly. However, since the
high priority customers (class 1) reside in the system for a relatively short time period
(class 1 gets a large share of the capacity), the queue length for the high priority class will
decrease rapidly. When there is no high priority customer in the system, the low priority
class receives all the available service capacity despite the large ratio of weightsα1/α2

(ON period), and the queue length for the low priority class decreases significantly.

In the original two-class DPS model, the isolated customer class 2 has arandom
environmentthat is severely influenced by the ‘burstiness’ of class 1 (seen from class
2 point-of-view), while from an isolated class 1 point-of-view, it seems as if class 1
behaves according to its own single-class and isolated (egalitarian) PS queue, with a
random environment that is less fluctuating over time, compared to the isolated class 2
point-of-view.

For the case ofK ≥ 3 customer classes, similar behavior is present in the DPS model.
The queue length process of the highest priority class has a significant influence on the
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queue length process of the lowest priority class, and not the other way round. However,
in the case that more classes are present in the system, with service weights that are in
between the highest and lowest priority class, the influence of the highest priority class on
the random environment of lowest priority class may be less than in the case ofK = 2.

5.4 Conclusions and extensions

In this chapter we have proposed an approximation for mean sojourn times ingeneral
DPS models, which is motivated by the queue length decomposition result for EPS mod-
els. The numerically efficient method is also applicable for GDPS models with queue-
dependent service capacity and queue-dependent service weights. Numerical results have
indicated that our approximation is accurate for a wide range of the weight ratios and for
moderate loads. The approximation error is small for all loads if the DPS queue has
‘nearly balanced’ class capacities, which is in agreement with the exact queue length
decomposition results. In heavy traffic and for extreme asymmetric weights, the ap-
proximation breaks down. However, the insights provided in this chapter suggest other
approximations for these regimes, e.g., exploit PS models with ON-OFF periods. Further
theoretical study and improvements of the approximation scheme are also desired.
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Chapter 6

Slowdown for the M/M/1 DPS
queue

In this chapter we investigate the so-called slowdown measures in the M/M/1 DPS queue.
The slowdown is a way to measure how fairly jobs are treated by a service discipline
(e.g. see [9, 47, 105]), and the mean slowdown is often used as a measure of system
performance as opposed to the more traditional mean sojourn time. In general, it is
desirable that a job’s sojourn time should be correlated with its size, that is, we would
like small jobs to have small sojourn times. The slowdownS(x) of a job of sizex > 0 is
defined asS(x) := T (x)/x, which eliminates the dominating effect of large jobs in the
sojourn time measure and introduces a bias towards small jobs. The (conditional) mean
slowdown in the M/G/1 EPS queue is1/(1− ρ), which only depends on the offered load
ρ < 1 (insensitivity) and is also independent of the job size. Therefore, EPS is often
considered as a “fair” service discipline; also see Chapter 4.

The mean slowdown in the M/G/1 DPS queue depends on the job size, the job (class)
type, and furthermore service requirement distributions. In the case of exponential ser-
vice requirements, we obtain the first and second moments of the slowdown in this chap-
ter. In addition, we provide numerical examples and give some insights in the behavior
of the slowdown measures for different traffic classes.

It is a priori not clear how the ‘unfairness’ depends on the job size and the weights.
The jobs with the smallest DPS weight, call it the lowest priority class, are obviously
treated ‘unfairly’ under DPS compared to EPS. In particular, short jobs of the lowest
priority class are treated the ‘most unfairly’ (in terms of mean slowdown). It is also in-
tuitively clear that the jobs with the largest DPS weight, are treated better under DPS
than under EPS, in terms of the slowdown measure. More interestingly, when the DPS
model has three or more job classes, it is not immediately clear how the jobs of the ‘mid-

63
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dle classes’ (classes with weights in between the largest and lowest weights) are treated.
Depending on the parameters, it is possible that the middle class jobs are always treated
better or worse than the EPS service discipline. However, in some specific scenario set-
tings, some of the middle class jobs are treated better than, and some of the middle class
jobs are treated worse than under the EPS service discipline (depending on the job size).

The remainder of this chapter is organized as follows. In Section 6.1, we give a short
review of the M/M/1 DPS results which are used in the current chapter. In Section 6.2,
we obtain the first and second moments of the slowdown. In Section 6.3, we provide
numerical examples and give some insights in the behavior of the slowdown measures.
In Section 6.4 we provide our concluding remarks.

6.1 Preliminaries

In this subsection we give a short review of the M/M/1 DPS results which are used in the
current chapter. For the proofs we refer to Rege and Sengupta [85] and Kim and Kim
[56]. In the DPS service discipline, all jobs present in the system are simultaneously
served according to the set of weights{αi > 0, i = 1, ...,K}. If there areni classi
jobs present in the system, then each classi job receives a fractionαi/

∑K
j=1 αjnj of

the fixed service capacity. The weights are denoted in vector formα = [α1 · · · αK ]T .
Analogously we denote byλ = [λ1 · · · λK ]T the vector of arrival rates. The exponential
service rates are denoted byµi, for i = 1, ...,K.

6.1.1 Moments of the number of jobs

Let Ni, i = 1, ...,K, be the number of classi jobs in the system in steady state, and
defineQ(z1, ..., zK) as the joint probability generating function (pgf) of the number of

each class job in the system in steady state:Q(z1, ..., zK) ≡ E
(
zN1
1 · · · zNK

K

)
. From

this pgf, define the following moments forj, k = 1, ...,K:

L1
j ≡

∂

∂zj
Q(z1, ..., zK)

∣∣∣∣
z1=···=zK=1

,

L2
jk ≡

∂2

∂zj∂zk
Q(z1, ..., zK)

∣∣∣∣
z1=···=zK=1

.

Note thatL1
j is the mean number of classj jobs in steady state, i.e.,L1

j = ENj .
By Equation (16) of Rege and Sengupta [85], we have the system of linear equations

for L1
l , for l = 1, ...,K,

L1
l −

K∑
j=1

αj

λjL
1
l + λlL

1
j

αjµj + αlµl
=
λl

µl
. (6.1)
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Solving forK linear equations (6.1) withK unknowns yieldsL1
l , for l = 1, ...,K.

Furthermore, we have a system ofK(K + 1)/2 equations forL2
jk, 1 ≤ j ≤ k ≤ K,

by Equation (17) of Rege and Sengupta [85] and the fact thatL2
jk = L2

kj . The linear
simultaneous equations forL2

jk are given by, for1 ≤ j ≤ k ≤ K:

L2
jk −

K∑
i=1

αi

λjL
2
ki + λkL

2
ij + λiL

2
jk

αjµj + αkµk + αiµi
= (αj + αk)

λjL
1
k + λkL

1
j

αjµj + αkµk
,

whereL1
i on the right hand side is obtained by Eq. (6.1).

6.1.2 Moments of the sojourn time

The sojourn timeTi(x) of a classi job, given its initial job sizex > 0 can also be
interpreted as the time necessary for a classi job whose required service requirement is
greaterthanx toattainservice amountx. Let us tag a classi job with service requirement
greater thanx. When the tagged job attains servicex, letNij(x) denote the number of
classj jobs in the system,j = 1, ...,K (excludingthe tagged job). We introduce the
following joint transform

Rix(s; z1, ..., zK) ≡ E
(
e−sTi(x) z

Ni1(x)
1 · · · zNiK(x)

K

)
,

which is defined for|zj | ≤ 1, for j = 1, ...,K, andRe(s) ≥ 0. To find the first and
second moments of the sojourn time of classi jobs with service requirementx > 0, we
define the following moments:

M0
ix ≡

∂

∂s
Rix(s; z1, ..., zK)

∣∣∣∣
s=0, z1=···=zK=1

,

M j
ix ≡

∂

∂zj
Rix(s; z1, ..., zK)

∣∣∣∣
s=0, z1=···=zK=1

,

and

M00
ix ≡

∂2

∂s2
Rix(s; z1, ..., zK)

∣∣∣∣
s=0, z1=···=zK=1

,

M0j
ix ≡

∂2

∂s∂zj
Rix(s; z1, ..., zK)

∣∣∣∣
s=0, z1=···=zK=1

,

M jk
ix ≡ ∂2

∂zj∂zk
Rix(s; z1, ..., zK)

∣∣∣∣
s=0, z1=···=zK=1

,

wherei, j, k = 1, ...,K. We note that−M0
ix andM00

ix are the first and second moments
of the sojourn time of classi jobs with service requirementx > 0, respectively, i.e.,

ETi(x) = −M0
ix, andET 2

i (x) = M00
ix .
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Kim and Kim [56] derived the following system of first-order linear differential equa-
tions for the first moment (see Equation (20) of [56]):

d

dx
ETi(x) =

1
αi
αTmi(x) + 1, (6.2)

where the vector functionmi(x) = [M1
ix M

2
ix · · · MK

ix ]T satisfies (see Equation (21) of
[56]):

d

dx
mi(x) =

1
αi
Bmi(x) + λ, (6.3)

with the matrixB defined as

B = λαT − diag(α1µ1, ..., αKµK).

Furthermore, we haveETi(0) = 0 for all i = 1, ...,K, andmi(0) = [L1
1 · · · L1

K ]T ≡ L1

by the PASTA property.
Kim and Kim [56] also derived the following system of(K+1)(K+2)/2 first-order

linear differential equations for the second moment (see Eqs. (24)-(29) of [56]):

d

dx
ET 2

i (x) =
2
αi
αT yi(x) + 2ETi(x), (6.4)

with yi(x) = −[ M01
ix · · · M0K

ix ]T andyi(0) = [0 · · · 0]T . In addition, we have

d

dx
yi(x) =

1
αi
Zi(x)α+

1
αi
Byi(x)+ETi(x)λ+[I+

1
αi
diag(α1, ..., αK)]mi(x), (6.5)

and

d

dx
Zi(x) =

1
αi
BZi(x) +

1
αi
Zi(x)BT + [I +

1
αi
diag(α1, ..., αK)]mi(x)λT

+ λmi(x)T [I +
1
αi
diag(α1, ..., αK)], (6.6)

where the matrixZi(x) is given by

Zi(x) =

 M11
ix · · · M1K

ix
... · · ·

...
MK1

ix · · · MKK
ix

 , andZi(0) =

 L2
11 · · · L2

1K
... · · ·

...
L2

K1 · · · L2
KK

 ≡ L2.

(6.7)

6.2 First and second moment of the slowdown

The unconditional slowdownSi of a classi job is defined as its sojourn time divided
by the job size, i.e.,Si = Ti/Xi. The conditional slowdown of classi job whose size



“mythesis”
2007/5/6
page 67

6.2 FIRST AND SECOND MOMENT OF THE SLOWDOWN 67

is x > 0 is denoted bySi(x) = Ti(x)/x. In this section we obtain the mean of the
conditional and unconditional slowdown. Then, we express the second moment of the
conditional slowdown in terms of Laplace transforms, and obtain the second moment
of the unconditional slowdown. In the remainder of this chapter, when we speak of
the unconditional slowdown moments, we will omit the adjective ‘unconditional’ if no
confusion arises. First we need the following lemma.

Lemma 6.1. We have the following identities:

(a) The matrix
B = λαT − diag(α1µ1, ..., αKµK)

is diagonalizable and the eigenvalues ofB, sayκj , j = 1, ...,K, are all negative.
In addition,B can be written as

B = [v1 · · · vK ]diag (κ1, ..., κK)

u1

...
uK

 , (6.8)

with real right eigenvectorsvj and real left eigenvectorsuj satisfyingujvk = δjk.

(b) αT (−B)−1 = 1
1−ρ [µ−1

1 · · ·µ−1
K ]

(c) B−1λ = −1
1−ρ [ ρ1

α1
· · · ρK

αK
]T

(d) αTB−1λ = −ρ
1−ρ

Proof. LettingD = diag(d1, ..., dK) with di =
√

αi√
λi
, i = 1, . . . ,K, yields

DBD−1 = (Dλ)(αTD−1)− diag(α1µ1, ..., αKµK).

SinceDλ =
[√
α1λ1 · · ·

√
α1λ1

]T
andαTD−1 =

[√
α1λ1 · · ·

√
α1λ1

]
, we have

DBD−1 = (Dλ)(Dλ)T − diag(α1µ1, ..., αKµK),

which is a symmetric matrix. This implies thatB is diagonalizable and can be written
as (6.8). Furthermore, sinceDBD−1 is a real symmetric matrix, the eigenvaluesκj ,
j = 1, ...,K, ofB, are all real, and the eigenvectorsvj anduj can always be taken to be
real. Note that

[µ−1
1 · · ·µ−1

K ]B = −(1− ρ)αT < 0, (6.9)

where0 denotes aK-dimensional null-vector, and the inequality between two vectors
is interpreted componentwise. Therefore, the eigenvaluesκj , j = 1, . . . ,K, are all
negative, and the proof of (a) is completed. Part (b) follows from (6.9), and (c) follows
from the identity

B[
ρ1

α1
· · · ρK

αK
]T = (ρ− 1)λ.

Finally, (d) follows immediately from (b) or (c).
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6.2.1 First moment

In this subsection we derive the mean of the conditional slowdown, i.e.,ESi(x) =
ETi(x)/x for a classi job with sizex > 0.

Theorem 6.2. For the M/M/1 DPS queue, the mean conditional sojourn time and the
mean conditional slowdown for classi, i = 1, ...,K, are given by

ETi(x) =
1

1− ρ
x+ a− αib+

K∑
j=1

(αiξj − ηj)e
κj
αi

x
, (6.10)

ESi(x) =
1

1− ρ
+
a− αib

x
+

K∑
j=1

(αiξj − ηj)
e

κj
αi

x

x
, (6.11)

whereκj , j = 1, . . . ,K, are eigenvalues ofB, and

ηj =
1

1− ρ

(
[µ−1

1 · · ·µ−1
K ]vj

)
(ujL

1), (6.12)

ξj =
1

(1− ρ)2
(
[µ−1

1 · · ·µ−1
K ]vj

)(
uj [

ρ1

α1
· · · ρK

αK
]T
)

, (6.13)

with the eigenvectorsvj anduj given by Lemma 6.1, anda andb are given by

a =
1

1− ρ
[µ−1

1 · · ·µ−1
K ]L1,

b =
1

(1− ρ)2
[µ−1

1 · · ·µ−1
K ] [

ρ1

α1
· · · ρK

αK
]T .

Proof. Integrating (6.3) and usingmi(0) = [L1
1 · · · L1

K ]T ≡ L1, we obtain

mi(x) = e
1

αi
Bx
L1 + e

1
αi

Bx
∫ x

0

e
− 1

αi
Bw
dw λ

= e
1

αi
Bx
L1 + αiB

−1
(
e

1
αi

Bx − I
)
λ. (6.14)

Similarly, by (6.2), (6.14), together withETi(0) = 0 for all i = 1, ...,K, we have

ETi(x) =
1
αi
αT

∫ x

0

e
1

αi
Bw
dw L1 + αTB−1

∫ x

0

(
e

1
αi

Bw − I
)
dw λ+ x

=
(
1− αTB−1λ

)
x+ αTB−1(e

1
αi

Bx − I)L1 + αiα
TB−1(e

1
αi

Bx − I)B−1λ.
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Then, by using Lemma 6.1,

ETi(x) =
1

1− ρ
x− 1

1− ρ
[µ−1

1 · · ·µ−1
K ]
(
e

1
αi

Bx − I
)
L1

+
αi

(1− ρ)2
[µ−1

1 · · ·µ−1
K ]
(
e

1
αi

Bx − I
)

[
ρ1

α1
· · · ρK

αK
]T

=
1

1− ρ
x+

1
1− ρ

[µ−1
1 · · ·µ−1

K ]L1 − αi

(1− ρ)2
[µ−1

1 · · ·µ−1
K ] [

ρ1

α1
· · · ρK

αK
]T

+
K∑

j=1

(−ηj + αiξj)e
κj
αi

x
,

whereηj andξj are given by (6.12) and (6.13). Hence, (6.10) is obtained, and (6.11)
follows immediately.

Remark 6.3. We can rewrite the conditional mean slowdown (6.11) as

ESi(x) =
1

1− ρ
+

K∑
j=1

(ηj − αiξj)
1− e

κj
αi

x

x
. (6.15)

Sinceκj < 0 for all j = 1, ...,K, the expression (6.11) is suitable for investigation when
x→∞, whereas (6.15) is convenient for investigation whenx→ 0.

Next we derive an expression for the mean slowdownESi for classi. Note that

ESi =
∫ ∞

0

ESi(x)µie
−µixdx.

Theorem 6.4. For the M/M/1 DPS queue, the mean slowdownESi for classi, is given
by

ESi =
1

1− ρ
+ µi

K∑
j=1

(ηj − αiξj) log
(

1− κj

αiµi

)
,

whereηj andξj are given by (6.12) and (6.13) in Theorem 6.2.

Proof. ForRe(s) > 0, defineS̃i(s) ≡
∫∞
0
e−sxESi(x)dx as the Laplace transform (LT)

of ESi(x). First, it not difficult to verify that the following identities hold:

d

ds

∫ ∞

0

e−sx 1− e
κj
αi

x

x
dx =

∫ ∞

0

e−sx
(
e

κj
αi

x − 1
)
dx =

1
s− κj

αi

− 1
s
, and

∫ ∞

0

e−sx 1− e
κj
αi

x

x
dx = log

(
s− κj

αi

s

)
= log

(
1− κj

αis

)
.
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Hence, taking LTs in (6.15) yields

S̃i(s) =
1

1− ρ

1
s

+
K∑

j=1

(ηj − αiξj)
∫ ∞

0

e−sx 1− e
κj
αi

x

x
dx

=
1

1− ρ

1
s

+
K∑

j=1

(ηj − αiξj) log
(

1− κj

αis

)
.

The proof is completed by noting thatESi = µiS̃i(µi).

6.2.2 Second moment

In order to derive the second moment of the slowdownES2
i , we similarly define the LT

of ES2
i (x) by G̃i(s) ≡

∫∞
0
e−sxE[S2

i (x)]dx, and hence it holds that

d2

ds2
G̃i(s) =

∫ ∞

0

e−sxE[T 2
i (x)]dx.

First, we give an expression for the above equation as follows.

Lemma 6.5. The equation ford
2

ds2 G̃i(s) satisfies:

d2

ds2
G̃i(s) =

2
α2

i

1
s

K∑
j=1

cj

{
αT

K∑
k=1

vkukL
2uT

j

(s− κk

αi
)(s− κj+κk

αi
)

+αT
K∑

k=1

K∑
m=1

vkuk

(
I + 1

αi
diag(α1, ......, αK)

)
vmum(λ+ sL1)(λTuT

j )

s(s− κk

αi
)(s− κj+κk

αi
)(s− κm

αi
)

+αT
K∑

k=1

K∑
m=1

vkukλ(λ+ sL1)TuT
mv

T
m

(
I + 1

αi
diag(α1, ..., αK)

)
uT

j

s(s− κk

αi
)(s− κj+κk

αi
)(s− κm

αi
)


+

2
s3

1 +
1
αi

K∑
j=1

αT vjuj(λ+ sL1)
s− κj

αi

( 1
αi

K∑
k=1

αT vkukλ

s− κk

αi

+ 1

)

+
2
αi

K∑
j=1

K∑
k=1

αT vjuj

(
I + 1

αi
diag(α1, ..., αK)

)
vkuk(λ+ sL1)

s2(s− κj

αi
)(s− κk

αi
)

, (6.16)

where the coefficientscj , j = 1, ...,K are defined by

[c1 · · · cK ] = αT [v1 · · · vK ].

Proof. For the proof see Section 6.5.



“mythesis”
2007/5/6
page 71

6.2 FIRST AND SECOND MOMENT OF THE SLOWDOWN 71

Second moment for the M/M/1 EPS queue

Note that ifα1 = α2 = · · · = αK andµ1 = µ2 = · · · = µK , then the M/M/1 DPS
system is equivalent to a single-class M/M/1 EPS queue. In this case, we can reproduce
the known formula for the second moment of the conditional slowdown (cf. [107, 15])
as follows. We may assume thatαj = 1

µ with µ = µi for all i, j ∈ {1, ...,K}. Then, the

eigenvalues ofB = λαT − diag(α1µ1, ..., αKµK) = λαT − I are given by

κ1 = −(1− ρ), and (6.17)

κj = −1, for 2 ≤ j ≤ K.

We may choose
v1 = ρ−1[ρ1 · · · ρK ]T , andu1 = 1T , (6.18)

where1 denotes aK-dimensional column vector with all components equal to one. Note
that

L1 =
1

1− ρ
[ρ1 · · · ρK ]T , (6.19)

L2 =
2

(1− ρ)2
[ρ1 · · · ρK ]T [ρ1 · · · ρK ],

and furthermore,

αT vk = µ−1u1vk = µ−1δk1,

u1L
2uT

j =
2ρ2

(1− ρ)2
δj1,

λTuT
j = µρvT

1 u
T
j = µρδj1,(

λ+ sL1
)T
uT

m = (µρ+
sρ

1− ρ
)vT

1 u
T
m = (µρ+

sρ

1− ρ
)δm1,

c1 =
1
µ
.

Substituting (6.17)-(6.19) into (6.16) leads to

d2

ds2
G̃i(s) =

4ρ2

(1− ρ)2
1

s(s+ µ(1− ρ))(s+ 2µ(1− ρ))

+
4µρ2

1− ρ

1
s2(s+ µ(1− ρ))(s+ 2µ(1− ρ))

+
4µρ2

1− ρ

1
s2(s+ µ(1− ρ))(s+ 2µ(1− ρ))

+
2

1− ρ

1
s3

(
1 +

µρ

s+ µ(1− ρ)

)
+

4ρ
1− ρ

1
s2(s+ µ(1− ρ))

,
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which is simplified to

d2

ds2
G̃i(s) =

2
(1− ρ)2

1
s3

+
2ρ

(1− ρ)2
1

s2(s+ µ(1− ρ))
.

Decomposing the above into partial fractions yields

d2

ds2
G̃i(s) = − 2ρ

µ2(1− ρ)4
1
s

+
2ρ

µ(1− ρ)3
1
s2

+
2

(1− ρ)2
1
s3

(6.20)

+
2ρ

µ2(1− ρ)4
1

s+ µ(1− ρ)
.

By inversion of Laplace transforms, we obtain

ET 2
i (x) =

x2

(1− ρ)2
+

2ρx
µ(1− ρ)3

− 2ρ
µ2(1− ρ)4

(1− e−µ(1−ρ)x), (6.21)

ES2
i (x) =

1
(1− ρ)2

+
2ρ

µ2(1− ρ)4
µ(1− ρ)x− 1 + e−µ(1−ρ)x

x2
, (6.22)

where (6.21) is the same result as in [107, 15].

Second moment for the M/M/1 DPS queue

Now we express the second moment of the unconditional slowdown for classi jobs in the
M/M/1 DPS queue. The second momentES2

i of the unconditional slowdown for classi
job is given by

ES2
i =

∫ ∞

0

E[S2
i (x)]µie

−µixdx = µiG̃i(µi).

Let us decompose (6.16) into partial fractions

d2

ds2
G̃i(s) =

ε1i1
s

+
ε1i2
s2

+
ε1i3
s3

+
K∑

j=1

(
ε2ij

s− κj

αi

+
ε3ij

(s− κj

αi
)2

)
(6.23)

+
∑

1≤j≤k≤K

ε4ijk

s− κj+κk

αi

,

for some constantsε1i1, ε
1
i2, ε

1
i3, ε

2
ij , ε

3
ij , j = 1, · · · ,K, andε4ijk, 1 ≤ j ≤ k ≤ K.



“mythesis”
2007/5/6
page 73

6.2 FIRST AND SECOND MOMENT OF THE SLOWDOWN 73

Theorem 6.6. The second moment of the slowdown for classi jobs is expressed by

ES2
i =

1
(1− ρ)2

+ µi

K∑
j=1

ε2ij

{(
µi −

κj

αi

)
log
(

1− κj

αiµi

)
+
κj

αi

}

− µi

K∑
j=1

ε3ij log
(

1− κj

αiµi

)

+ µi

∑
1≤j≤k≤K

ε4ijk

{(
µi −

κj + κk

αi

)
log
(

1− κj + κk

αiµi

)
+
κj + κk

αi

}
.

Proof. Integrating (6.23) twice, we get

G̃i(s) = ε1i1(s log s− s)− ε1i2 log s+
ε1i3
2

1
s

+
K∑

j=1

ε2ij

{(
s− κj

αi

)
log
(
s− κj

αi

)
−
(
s− κj

αi

)}
−

K∑
j=1

ε3ij log
(
s− κj

αi

)

+
∑

1≤j≤k≤K

ε4ijk

{(
s− κj + κk

αi

)
log
(
s− κj + κk

αi

)
−
(
s− κj + κk

αi

)}
+ C1s+ C2, (6.24)

for some constantsC1 andC2. We note that for alla ∈ R:

log(s+ a) = log s+
a

s
+ o(

1
s
), ass→∞, (6.25)

Substituting (6.25) into (6.24), after some arithmetic, we can rewrite (6.24) as

G̃i(s) =

ε1i1 +
K∑

j=1

ε2ij +
∑

1≤j≤k≤K

ε4ijk

 s log s

+

C1 − ε1i1 −
K∑

j=1

ε2ij −
∑

1≤j≤k≤K

ε4ijk

 s

−

ε1i2 +
K∑

j=1

ε2ij
κj

αi
+

K∑
j=1

ε3ij +
∑

1≤j≤k≤K

ε4ijk

κj + κk

αi

 log s+ C2

+

ε1i32 +
K∑

j=1

ε2ij

(
κj

αi

)2

+
K∑

j=1

ε3ij
κj

αi
+

∑
1≤j≤k≤K

ε4ijk

(
κj + κk

αi

)2
 1
s

+ o(
1
s
), ass→∞.
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Sincelims→∞ G̃i(s) = 0, the following conditions should hold:

ε1i1 = −
K∑

j=1

ε2ij −
∑

1≤j≤k≤K

ε4ijk,

ε1i2 = −
K∑

j=1

ε2ij
κj

αi
−

K∑
j=1

ε3ij −
∑

1≤j≤k≤K

ε4ijk

κj + κk

αi
,

C1 = C2 = 0.

Substituting the conditions above into (6.24), after some arithmetic, we obtain

G̃i(s) =
ε1i3
2

1
s

+
K∑

j=1

ε2ij

{(
s− κj

αi

)
log
(

1− κj

αis

)
+
κj

αi

}

−
K∑

j=1

ε3ij log
(

1− κj

αis

)

+
∑

1≤j≤k≤K

ε4ijk

{(
s− κj + κk

αi

)
log
(

1− κj + κk

αis

)
+
κj + κk

αi

}
. (6.26)

By (6.23),ε1i3 = s3
(

d2

ds2 G̃i(s)
)∣∣∣

s=0
. From the latter, together with (6.16) and Lemma

6.1 (d), it follows that

ε1i3 = 2

1 +
K∑

j=1

αT vjujλ

−κj

2

= 2
(
1− αTB−1λ

)2
=

2
(1− ρ)2

. (6.27)

Finally, substituting (6.27) into (6.26) and noticing thatES2
i = µiG̃i(µi), we finish the

proof.

As a special case of Theorem 6.6 we have the following corollary for the M/M/1 EPS
queue.

Corollary 6.7. For the single-class M/M/1 EPS queue, the second moment of the slow-
downS is given by

ES2 =
1

(1− ρ)2
+

2ρ
(1− ρ)4

((2− ρ) log(2− ρ)− (1− ρ)) .

Proof. Use (6.20) and Theorem 6.6 with equal weightsαi and ratesµi.

This result can also be obtained by integrating the known expression (6.22) by eval-
uating so-called exponential integrals, i.e., evaluateES2 =

∫∞
0

ES2(x)µe−µxdx.
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6.3 Numerical examples

In this section we provide some numerical examples to discuss aspects of the slowdown
in the DPS queue. For convenience, we refer to the “highest priority class” as the class
with the largest weight; the “lowest priority class” as the class with the smallest weight.
The classes with weights in between the largest and smallest weights, are labeled as the
“middle classes”. From the figures in this section, we will observe that

• The conditional mean slowdown of the highest priority class increases as the job
size increases;

• The conditional mean slowdown of the lowest priority class decreases as the job
size increases;

• It could happen that the conditional mean slowdown of the middle classes is neither
increasing nor decreasing. See Figures 6.4-6.6 and 6.11-6.12. This phenomenon
was also observed in [55].

It is known that for the M/G/1 DPS queue, the conditional mean slowdown of each class
tends to1/(1 − ρ) as the job size increases to infinity (see Remark 2 in [38]), which is
the same as the conditional mean slowdown of the EPS model. If the conditional mean
slowdown of a job with sizex is larger (resp. smaller) than1/(1 − ρ), then we say that
this job (of sizex) is treated worse (resp. better) under DPS than under EPS.

6.3.1 Mean slowdown for two-class DPS model

We consider the case ofK = 2 job classes with weightsα1 andα2. We assume equal
loads ofρ1 = ρ2 = 0.3, and hence1/(1−ρ) = 2.5. We consider the following two DPS
models.

Example 1. [See Figures 6.1-6.3]We assumeµ1 = 2 andµ2 = 1; henceλ1 = 0.6 and
λ2 = 0.3, and consider the following weight settings:
(a.) α1 = 3 andα2 = 1.
(b.) α1 = 1 andα2 = 3.

Note that in both examples, class 1 has a smaller mean job size than class 2. It is
shown in [10, 55] that ifα1 ≥ α2, then DPS outperforms EPS from the viewpoint of the
mean number of jobs and the mean sojourn time in steady state.

In Figures 6.1 and 6.2, we depict the conditional mean slowdown of each class for
Examples 1a and 1b, respectively, varying the job sizex. As expected, the overall condi-
tional mean slowdown is better in Example 1a than in Example 1b. It is also intuitively
clear that the highest priority class is always treated better than under EPS and the lowest
priority class is always treated worse than under EPS. In addition, the conditional mean
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slowdown curves of the two classes do not intersect, which also follows from the stochas-
tic ordering result for conditional sojourn times; see Theorem 2 in Avrachenkov, Ayesta,
Brown, and Ńuñez-Queija [10]. As illustrated in Figures 6.1 and 6.2, the conditional
mean slowdown for the lowest priority class is much larger for small job sizesx. Short
jobs of the lowest priority class are treated relatively the most unfairly, which can be
explained by the so-called “ON-OFF” effect: If the ratio of weightsα1/α2 is large, then
from a class 2 point-of-view, the queue behaves as an ON-OFF processor-sharing queue
(see Section 5.3 of Chapter 5). When the number of class 1 jobs gets large, the service
process for class 2 may seem frozen (OFF period). When there are no high priority class
jobs in the system, the low priority class gets full service capacity (ON period). Short
low priority jobs experience the ON-OFF effect relatively more than long low priority
jobs, since long jobs reside in the system for a longer time, and hence experience more
or less the average system with reduced capacity.

In Figure 6.3, we plot the unconditional mean slowdown of each class, varying the
weight ratioα1/α2. As expected, the mean slowdown of class 1 jobs equals that of class
2 jobs in the case ofα1/α2 = 1. Furthermore, the mean slowdown of class 2 jobs (resp.
class 1 jobs) increases (resp. decreases) as the weight ratioα1/α2 increases.

6.3.2 Mean slowdown for three-class DPS model

Now we consider the more interesting case of a DPS model withK = 3 job classes, with
the presence of a ‘middle class’. We assume equal loads ofρ1 = ρ2 = ρ3 = 0.2, and
hence1/(1− ρ) = 2.5.

Example 2a. [See Figures 6.4-6.7]

We assumeµ1 = 10, µ2 = 5, µ3 = 1. Takeα1 = 8, α3 = 1 and chooseα2 such that
α3 ≤ α2 ≤ α1. In this case, class 1 is the highest priority class, class 2 is the middle
class and class 3 is the lowest priority class.

Figures 6.4-6.6 show the conditional mean slowdown of each class for different val-
ues ofα2, varying the job sizex. Figure 6.7 shows the conditional mean slowdown for
only the middle class for different values ofα2. We observe that ifα2 is small, then the
conditional mean slowdown curve of the middle class is above the curve1/(1− ρ), i.e.,
middle class jobs are always treated worse under DPS compared to EPS. If the weightα2

of the middle class is moderate (e.g.,α2 = 1.5 orα2 = 2.0), then the slowdown curve of
the middle class crosses the curve1/(1 − ρ). Sometimes the middle class job is treated
worse and sometimes better under DPS compared to EPS, depending on the job sizex of
the middle class job. Ifα2 gets larger, then the conditional mean slowdown curve of the
middle class will be always below the curve1/(1− ρ).
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Example 2b. [See Figures 6.8-6.14]

We assumeµ1 = 10, µ2 = 5, µ3 = 1. Takeα1 = 1, α3 = 8 and chooseα2 such that
α1 ≤ α2 ≤ α3. In this case, class 3 is the highest priority class, class 2 is the middle
class and class 1 is the lowest priority class.

Figures 6.8 and 6.9 show the conditional mean slowdown of each class for different
values ofα2 = 2.0 andα2 = 3.0, respectively. Figures 6.10-6.14 show the conditional
mean slowdown of only the middle class for different values ofα2.

As illustrated in Figures 6.8-6.11, ifα2 is small, then the conditional mean slowdown
curve of the middle class is always above the curve1/(1 − ρ); however, the shape of
the curve changes. From Figures 6.12 and 6.14, we see that ifα2 is moderate, then the
short middle class jobs have a smaller conditional mean slowdown under DPS than under
EPS, however, long middle class jobs are still treated unfairly under DPS in this situation.
Figures 6.13 and 6.14 illustrate that the conditional mean slowdown curve of the middle
class jobs will be always below the curve1/(1 − ρ), indicating that ifα2 is large, then
the middle class gets served better under DPS for all job sizes. Figure 6.14 also indicates
that the ON-OFF effect experienced by class 2 jobs becomes larger whenα2 becomes
smaller.

From Figures 6.11 and 6.12, we also mention an a priori counterintuitive fact: nei-
ther the shortest job nor longest job is treated the ‘most unfairly’, but jobs of a cer-
tain ‘medium size’ are treated the ‘most unfairly’ among all middle class jobs. Similar
phenomena are also present in the so-called foreground-background processor-sharing
(FBPS) queue, see [80]. An exact and tractable characterization when middle class jobs
are treated better or worse in DPS than under EPS seems not straightforward.

6.3.3 Variance of the slowdown for three-class DPS model

In this subsection, we investigate the conditional and unconditional variance of the slow-
down for a DPS model withK = 3 job classes. We assume equal loads ofρ1 = ρ2 =
ρ3 = 0.2 with 1/(1− ρ) = 2.5.

Example 3. [See Figures 6.15-6.17]

Like in Example 2 we assumeµ1 = 10, µ2 = 5, andµ3 = 1. In Figure 6.15, we plot the
variance of the conditional slowdown of each class, varying the job sizex, for the case
whenα1 = 8, α2 = 2 andα3 = 1. The variance of the conditional slowdown of each
class decreases as the job sizex increases. Furthermore, we observe that the smaller the
weight becomes, the larger the variance of the conditional slowdown becomes.

In Figures 6.16 and 6.17, we plot the variance and coefficient of variation for the
slowdown of each class, respectively, varying the weight ratioα1/α2 (= α2/α3). We
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observe that the variance and coefficient of variation for the slowdown of a class 3 job
(resp. a class 1 job) increases (resp. decreases) as the weight ratioα1/α2 increases.

6.4 Conclusion

In this chapter we obtained the first and second moments of the slowdown in the M/M/1
queue with the discriminatory processor-sharing (DPS) service discipline. The slow-
down is a queueing fairness measure, which measures how fair jobs are treated by a
service discipline. In an M/G/1 queue with egalitarian processor-sharing (EPS) service
discipline, all jobs experience the same mean slowdown. Hence EPS is often considered
as a fair service discipline for all jobs. In contrast, DPS is aimed at differentiating the
Quality-of-Service among the different types of jobs.

How fair jobs are treated under DPS depends on several parameters; in particular, it
depends on the set of DPS weights(α1, ..., αK) in combination with the mean job sizes
(1/µ1, ..., 1/µK), and the job sizex > 0 of a particular classi, i = 1, ...,K. The highest
priority class with the largest DPS weight is always treated better under DPS than under
EPS at the expense of other classes. The lowest priority class is always treated worse
under DPS than under EPS. However, the unfairness also depends on the job size; short
lowest priority jobs are generally treated the ‘most unfairly’. Short highest priority jobs
are generally treated the best; these jobs benefit the most from the preemptive priority
effect that the highest priority jobs observe.

When there are middle classes, i.e., classes with weights in between the largest and
smallest weights, the characterization of the middle class is not straightforward. In the
numerical examples we have observed and explained the following possible cases for the
middle class:

• All jobs are always treated worse under DPS than under EPS;

• All jobs are always treated better under DPS than under EPS;

• Sometimes short jobs are treated worse and long jobs are treated better under DPS
than under EPS;

• Sometimes short jobs are treated better and long jobs are treated worse under DPS
than under EPS.

We also observed that the slowdown curve for a middle class job is generally not
monotone in the job sizex > 0, unless the weight of the middle class is sufficiently close
to the weight of the highest or lowest priority class. The slowdown curves of the highest
and lowest priority classes are increasing and decreasing, respectively. To give an exact
and tractable characterization is a challenging task.
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The variance of the unconditional slowdown is one of the unfairness measures sug-
gested by Avi-Itzhak, Levy, and Brosh (see Section 3.1 in [9]). They mentioned that
the variance of the unconditional slowdown is very hard to compute, and they left the
feasibility of the unfairness metric, the variance of the unconditional slowdown, as an
open research subject. The analysis for the variance of the unconditional slowdown of
the M/M/1 DPS queue in this chapter can be a step towards this subject.
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Figure 6.1: Conditional mean slowdown for Example 1a.

Figure 6.2: Conditional mean slowdown for Example 1b.
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Figure 6.3: Mean slowdown whenµ1 = 2 andµ2 = 1.

Figure 6.4: Conditional mean slowdown for Example 2a withα2 = 1.5.
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Figure 6.5: Conditional mean slowdown for Example 2a withα2 = 2.0.

Figure 6.6: Conditional mean slowdown for Example 2a withα2 = 6.0.
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Figure 6.7: Conditional mean slowdown for middle class in Example 2a.

Figure 6.8: Conditional mean slowdown for Example 2b withα2 = 2.0.
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Figure 6.9: Conditional mean slowdown for Example 2b withα2 = 3.0.

Figure 6.10: Conditional mean slowdown for middle class in Example 2b withα2 = 4.0.
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Figure 6.11: Conditional mean slowdown for middle class in Example 2b withα2 = 4.5.

Figure 6.12: Conditional mean slowdown for middle class in Example 2b withα2 = 4.7.
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Figure 6.13: Conditional mean slowdown for middle class in Example 2b withα2 = 6.0.

Figure 6.14: Conditional mean slowdown for middle class in Example 2b.



“mythesis”
2007/5/6
page 87

6.4 CONCLUSION 87

Figure 6.15: Variance of the conditional slowdown in Example 3.

Figure 6.16: Variance of slowdown in Example 3.
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Figure 6.17: Coefficient of variation for slowdown in Example 3.
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6.5 Proof of Lemma 6.5

Proof. For s > 0, let T̃i(s) ≡
∫∞
0
e−sxETi(x)dx, be the Laplace Transform (LT) of

ETi(x). Taking LTs in (6.2), we readily obtain

T̃i(s) =
1
s

(
1
αi
αT m̃i(s) +

1
s

)
, (6.28)

wherem̃i(s) is the LT ofmi(x). Similarly, from (6.3), we havesm̃i(s) − mi(0) =
1
αi
Bm̃i(s) + 1

sλ, and together withmi(0) = L1, it can be rewritten as

m̃i(s) = αi(αisI −B)−1

(
1
s
λ+ L1

)
. (6.29)

Then substitution of (6.29) into (6.28) yields

T̃i(s) =
1
s2

+
1
s2
αT (αisI −B)−1

(
λ+ sL1

)
. (6.30)

Then, taking LTs in (6.4) and using (6.30) leads to

d2

ds2
G̃i(s) =

1
s

2
αi
αT ỹi(s) + 2

(
1
s3

+
1
s3
αT (αisI −B)−1(λ+ sL1)

)
, (6.31)

whereỹi(s) is the LT ofyi(x). Taking LTs in (6.5) and using (6.29), (6.30), and the fact
thatyi(0) = [0 · · · 0]T , we obtain

1
αi

(αisI −B)ỹi(s) =
1
αi
Z̃i(s)α

+
(

1
s2

+
1
s2
αT (αisI −B)−1(λ+ sL1)

)
λ

+
(
I +

1
αi
diag(α1, ..., αK)

)
αi(αisI −B)−1

(
1
s
λ+ L1

)
,

or, equivalently,

ỹi(s) = (αisI −B)−1Z̃i(s)α

+ αi

(
1
s2

+
1
s2
αT (αisI −B)−1(λ+ sL1)

)
(αisI −B)−1λ

+ αi(αisI −B)−1

(
I +

1
αi
diag(α1, ..., αK)

)
αi(αisI −B)−1

(
1
s
λ+ L1

)
,

(6.32)



“mythesis”
2007/5/6
page 90

90

whereZ̃i(s) is the LT ofZi(x). Substitution of (6.32) into (6.31) yields

d2

ds2
G̃i(s) =

2
αi

1
s
αT (αisI −B)−1Z̃i(s)α

+ 2
(

1
s3

+
1
s3
αT (αisI −B)−1(λ+ sL1)

)(
αT (αisI −B)−1λ+ 1

)
+

2
s2
αT (αisI −B)−1

(
I +

1
αi
diag(α1, ..., αK)

)
αi(αisI −B)−1(λ+ sL1).

(6.33)

Now we need to investigate the expressionαT (αisI − B)−1Z̃i(s)α. Taking LTs in
(6.6) and using (6.29) leads to

sZ̃i(s)− Zi(0) =
1
αi
BZ̃i(s) +

1
αi
Z̃i(s)BT

+
(
I +

1
αi
diag(α1, ..., αK)

)
αi(αisI −B)−1

(
1
s
λ+ L1

)
λT

+ λ

(
1
s
λ+ L1

)T

αi(αisI −BT )−1

(
I +

1
αi
diag(α1, ..., αK)

)
,

whereZi(0) = L2, see (6.7). Next, after postmultiplying the above byuT
j yields

1
αi

((αis− κj)I −B)Z̃i(s)uT
j

= L2uT
j +

(
I +

1
αi
diag(α1, ..., αK)

)
αi(αisI −B)−1

(
1
s
λ+ L1

)
(λTuT

j )

+ λ

(
1
s
λ+ L1

)T

αi(αisI −BT )−1

(
I +

1
αi
diag(α1, ..., αK)

)
uT

j ,

and hence

αT (αisI −B)−1Z̃i(s)uT
j

= αiα
T (αisI −B)−1 ((αis− κj)I −B)−1

L2uT
j

+ α2
iα

T (αisI −B)−1((αis− κj)I −B)−1

(
I +

1
αi
diag(α1, ..., αK)

)
× (αisI −B)−1

(
1
s
λ+ L1

)
(λTuT

j ) + α2
iα

T (αisI −B)−1((αis− κj)I −B)−1

× λ

(
1
s
λ+ L1

)T

(αisI −BT )−1

(
I +

1
αi
diag(α1, ..., αK)

)
uT

j . (6.34)
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If we let [c1 · · · cK ] = αT [v1 · · · vK ], thenαT = [c1 · · · cK ]

 u1

...
uK

, and equation

(6.34) leads to

αT (αisI −B)−1Z̃i(s)α

=
K∑

j=1

cjα
T (αisI −B)−1Z̃i(s)uT

j

=
K∑

j=1

cj
{
αiα

T (αisI −B)−1((αis− κj)I −B)−1L2uT
j

+α2
iα

T (αisI −B)−1((αis− κj)I −B)−1

(
I +

1
αi
diag(α1, ..., αK)

)
×(αisI −B)−1

(
1
s
λ+ L1

)
(λTuT

j ) + α2
iα

T (αisI −B)−1((αis− κj)I −B)−1

×λ
(

1
s
λ+ L1

)T

(αisI −BT )−1

(
I +

1
αi
diag(α1, ..., αK)

)
uT

j

}
. (6.35)

Finally, substitution of (6.35) into (6.33) yields the result (6.16) in Lemma 6.5.



“mythesis”
2007/5/6
page 92



“mythesis”
2007/5/6
page 93

Chapter 7

Queueing models with
time-fluctuating service capacity

7.1 Background and introduction

In this chapter we consider queues with time-fluctuating service capacity; also see Sec-
tion 1.3 for a brief introduction.

For these models, various approaches have been developed to capture the essential de-
pendence of the system performance in terms of parameters such as arrival rates, service
rates, etc. One very successful line of research has been the analysis through ‘time-scale
decomposition’. In short, this approach consists of studying the system performance in
two limiting regimes: one, coined the ‘fluid regime’ [34], in which the dynamics of the
modulating environment is sped up to infinity, which in case of independent modulating
processes, is equivalent to replacing the server by one working at constant speed equal
to the original average speed. This approach in general tends to be much too optimistic
and the obtained performance may not be approached even by far in the system with
stochastic variations. The other extreme, the ‘quasi-stationary’ regime, is obtained by
assuming that capacity fluctuations are infinitely slow compared to traffic dynamics. Al-
though this approach is usually conservative, it tends to be much too pessimistic and
does not serve as a useful approximation in general either. A further complication is that
the quasi-stationary limit has no sensible meaning if the service rates can at times be
smaller than the arrival rate. In general, this need not lead to instability, but in the quasi-
stationary limit the system may be unstable during infinitely long periods which implies
that the predicted system performance has no sensible meaning, as buffer contents and
transmission delay grow to infinity. This led to the notion of ‘uniform stability’ where
one requires that service rates are never smaller than arrival rates [34].

93
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A recent paper by Hampshire, Harchol-Balter, and Massey [46] points out that in
practice uniform stability is not realistic. As a consequence, the authors focus on the
transient or time-dependent performance of the system. More precisely, they assume a
given realization (in time) of the service rate process and aim at approximating the state of
the system at timet. Then they perform a time-acceleration technique similar to the time-
decomposition mentioned above, to estimate the transient performance of the system if
the arrival and service rates are scaled linearly with a common parameter. This technique
is referred to as Uniform Acceleration [70, 73, 74]. For time epochs satisfying a stability
condition which is more strict than ‘instantaneous stability’, the system performance is
essentially estimated by that of a constant-rate system. Their ultimate goal in that paper
is to estimate the queue length and delay in the system with the EPS service discipline.

The quasi-stationary approximation can usually be interpreted as follows: Given the
stationary probabilities of the service rate process, one assumes that the service rate at
time 0 is determined according to this distribution, and remains fixed at that value indef-
initely. This gives a sensible approximation when the queueing process is stable for all
possible service rates. As pointed out above, this approach fails if the queueing process
is unstable for some set of service rates that occur with positive probability. One way to
circumvent this shortcoming is to examine the process at the time-scale of service rate
fluctuations, instead of the time-scale of the queueing dynamics. In other words, instead
of taking the service rate variations to be infinitely slow, one assumes the in- and output
of the queue to be a piecewise linear function with the slope of this function being deter-
mined by the drift of the queue. Effectively, this can be seen as the ‘fluid’ limitfrom the
perspective of the service rate process. Although this terminology can give rise to confu-
sion, the models that result from this approach are commonly referred to as fluid queues,
see [6, 90]. When the service rates are governed by a Markov process, the distribution of
the buffer content may be exactly determined through spectral analysis. We will discuss
this technique in more detail below.

In this chapter, we study the buffer content in a queue with a fluctuating service rate
that depends on the state of an exogenous Markov process. This process can, for instance,
model the number of transfers of unresponsive flows. The arrival rate of the queue may
be larger than the service rate for some states of the Markovian environment. To this
end, we refine the quasi-stationary analysis to allow for unstable service states, as is the
case with the fluid queue approach, but aim at including the queueing dynamics as well.
In particular, we study the evolution in time of the “effective load”, which measures the
aggregate past input and output rates, cf. [46]. The instantaneous effective load can be
described from the stationary measure of the corresponding fluid queue. We then extend
this analysis to capture the randomness of the input and output processes of the original
queue (in the fluid queue these were essentially replaced by their average values). This
gives rise to a notion of adjusted stability which captures the effect of accumulated work
during periods in which the queue is unstable. For this we rely on a detailed analysis of
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the recovery time, i.e., the time needed to recover from the excess load after a low rate
period which may encompass multiple stable periods. The recovery time is associated
with the workload process in a fluid queue driven by the same Markov process as the
original queue. This allows us to determine, in the limiting regime, the conditional queue
length distribution given that the service rate is high (this distribution is defective in the
quasi-stationary limit).

The research in this chapter is strongly motivated by the work in [46] that focuses
on the transient behavior of a single-server EPS queue with a service rate fluctuating
according to a deterministic process. Our model also includes the high and low service
rates model of Gupta, Harchol-Balter, Wolf, and Yechiali [45], where a single-server
queue with exponential high and low load periods is studied. These authors focus on
the impact of the rate of fluctuation between the high and low load periods on the queue
length and response times. On the one hand, for the special case of constant service rate
their results confirm Ross’s conjecture [86] stating that increasing variability in a Poisson
arrival process increases the mean customer delay. On the other hand, the results of [45]
show that the mean queue length in the quasi-stationary regime can be either higher or
lower than in the fluid regime. However, if the service rates vary, then the mean queue
length in the quasi-stationary regime is higher than in the fluid regime. In this chapter,
we take the analysis one step further and explicitly investigate the queue length during
high and low service rate periods. Additional generalizations with respect to [45] include
a generalization to multiple service rate levels, which also allows us to consider non-
exponential high and low rate periods, and our explicit analysis of the quasi-stationary
regime, including the distribution of the number of high service rate periods required for
recovering to stability.

This chapter is organized as follows. Section 7.2 presents the single-server queue
with a service rate fluctuating according to a Markov process. Section 7.3 introduces
effective load, and characterizes its distribution via a fluid queue driven by the same
Markov process. Section 7.4 considers the on-off model to provide intuition for our
main result presented in Section 7.5, where the qualitatively different behavior between
recovery periods and stable periods during high service rate periods is studied, refining
the quasi-stationary regime to allow for temporary instability. Our concluding remarks
are given in Section 7.6.

7.2 Preliminaries

We consider a queue with Poisson arrivals at rateλ and service requirements are as-
sumed to beexponentiallydistributed with mean 1. The stochastic service rate process
{µ(t), t > 0} fluctuates over time and is assumed to be independent of all inter-arrival
times and service requirements of the customers before timet. For all realizations of the
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Figure 7.1: Service rates in high-low model

service rate process, it is assumed that the sample paths are continuous and differentiable
almost everywhere, except on a countable set of isolated points with measure 0. The
latter technical condition is satisfied for the particular processes that we will consider.

We will be specifically interested in the case whereµ(t) fluctuates between a high
and a low service rate. Under the low service rate the queue is unstable, that is the
instantaneous loadλ/µ(t) exceeds 1, but we do assume that the high service rate is such
that our system is stable (in the long run). Since high and low service rate periods are
random variables, high rate periods may be insufficient to recover from the excess load
of the low rate period. In the following two sections we develop some intuition for the
queue dynamics for two special cases. First for the case of an alternating service rate
between a high and a low value. Then we consider a more versatile setting where the
service rate may take on more than two values, while the modulating environment is
governed by a Markovian birth-death process.

7.2.1 High-low model

Suppose the service rate process alternates between a high and a low value, see Figure
7.1. For a given realization of the service rate process, we let{si, ti}i∈N be the sequence
of time points where the service rate switches from the low service rate to the high service
rate for theith time (timesi) and the first epoch thereafter that it switches back (timeti).
We assume that0 = s1 < t1 < s2 < t2 < s3 < t3 < · · · , and let the time-dependent
service rate be given by

µ(t) =
{
a, t ∈ [si, ti)
b, t ∈ [ti, si+1)
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Figure 7.2: A typical sample path of the queue length process in the alternating high-low
model

for i ∈ N and assume thata > λ > b ≥ 0. During the time period[si, ti) with length
Ai = ti − si, the server works at thehigher ratea; and during[ti, si+1) with length
Bi = si+1− ti, the server works at thelower rateb. We will refer to this as thehigh-low
model. In the special case ofb = 0 we will speak of anon-off model. For now we do
not need to make any assumptions on the distributions of the high rate periodsAi and the
low rate periodsBi, but in the sequel these will typically be assumed to form two i.i.d.
sequences, independent of each other.

We will be particularly interested in the case whereλ, a andb are relatively much
larger than the typical durations of high rate and low rate periods. We will later formalize
this by replacing these parameters withηλ, ηa andηb and passing the parameterη > 0
to infinity. In Figure 7.2 we depict a typical realization of the queue length process. The
service rate starts off in the higher valuea and the process shows stationary behavior. As
soon as the service rate switches to the lower valueb the queue starts building up. The
instantaneous loadρ(t) = λ/µ(t) then exceeds the value 1, i.e., the queue is temporar-
ily unstable. The major trend is characterized by the linear driftλ − b, but due to the
randomness in the arrival and service processes (both Poissonian) there are fluctuations
around the linear trend. The top of the curve corresponds to a switching time back to the
high rate. Although the linear trend is then negative (λ − a < 0) it takes a while for the
process to reach the level of the typical stationary behavior under the high service rate.
Roughly speaking, thisrecoveryperiod lasts until the linear trend hits the horizontal axis;
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also see Figures 7.5-7.7 on page 113, for a graphical representation of the behavior when
the parameterη > 0 grows to infinity.

An unconditional (not conditioning on the state of the service process) stationary
regime exists under the usual (long-term) stability condition

λ <
EA

EA+ EB
a+

EB
EA+ EB

b. (7.1)

We will assume this condition to hold. The main message from these preliminaries is
that there are three types of periods during which the queueing dynamics are intrinsically
different: (i) instability periods (when the service rate is low), (ii) recovery periods (when
the service rate is high, but the queue has not yet recovered from an instability period),
and (iii) quasi-stationarity (the queue behaves as if the service rate is always high). It is
crucial to note that some high rate periods may be too short to recover from instability,
i.e., a recovery period may be interrupted by one or more instability periods.

The above gives rise to a notion of adjusted stability: the queue has similar dynamics
as a stable queue with a constant service ratea with a probabilitysmallerthan EA

EA+EB .
We will make this statement more precise later.

7.2.2 Markov modulated service rates

In this chapter we do not aim at full generality of the modulating service process, the ar-
rival process into the queue, nor the service requirement distribution. Nevertheless, there
is a particular choice for the service rate process that leads to convenient expressions,
while still offering sufficient flexibility to cover, for example, high or low rate periods
with non-exponential lengths. We discuss such a setting in this section. We assume
that the service rate processµ(t) is modulated by an independent Markovian background
processM(t) with state spaceM = {0, 1, ...,m}, for some integer valuem, with possi-
bly m = ∞. If the background process is in statei (i.e., if M(t) = i), then the service
rate at timet is given byµ(t) = µi, for any i ∈ M. The statesi ∈ M for which
ri := λ − µi > 0 are called the low service rate states in which the instantaneous load
exceeds 1. The high service rate states are the statesi ∈M with ri < 0. It is convenient
and not very restrictive to assumeri 6= 0.

We assume that the background processM(t) is a birth-death process on its state
spaceM. If M(t) = i, then the birth rate isαi > 0 and the death rate isβi > 0. The
usual stability conditionfor the queueis given by

r0 +
m∑

i=1

i−1∏
j=0

αj

βj+1

 ri < 0, (7.2)

which can be interpreted as the mean drift of the queue being negative (e.g., see [90]). If
m = ∞ we additionally need to assume that the modulating birth-death process itself is
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stable which amounts to:
∞∑

i=1

i−1∏
j=0

αj

βj+1

 <∞. (7.3)

Note that, for the special case of the high-low service rate model with exponential low
and high periods, (7.2) is the same as the usual stability condition (7.1).

Another particularly convenient special case is obtained when there is somek ≥ 0 so
thatri ≡ a for all i ≤ k andri ≡ b for all i > k (or with the role ofa andb interchanged).
This setting will allow for elegant closed-form results.

7.3 Effective load

Following [46] we define the “effective load” at timet as

ρ∗(t) ≡ sup
0≤s<t

∫ t

s
λ(r)dr∫ t

s
µ(r)dr

= sup
0≤s<t

(t− s) · λ∫ t

s
µ(r)dr

, (7.4)

which measures the aggregate past input and output. This entity will be the basis to
a formalization of the concept of adjusted stability mentioned above. Note that, since
the service ratesµ(t) constitute a random process, the effective load itself is a random
process. As we will see later, the distribution ofρ∗(t) can be obtained from that of the
workload in the associated Markov modulated fluid queue with constant fluid arrival rate
λ and drain rateµ(t).

Before turning our attention to the random processρ∗ we first discuss some of its
properties for agiven realizationof the service rate processµ(t), cf. the setting in [46].

7.3.1 Effective load for high-low model

We focus on the high-low model and suppose that the sequence{si, ti}i∈N which deter-
mines the high-rate and low-rate periods, is given.

Lemma 7.1. During theith high-rate period, that is fort ∈ [si, ti), i ≥ 2, we have

ρ∗(t) = sup
1≤j≤i−1

(t− tj)λ∫ t

tj
µ(r)dr

. (7.5)

During any low-rate period,t ∈ [ti, si+1), for i ≥ 1 we haveρ∗(t) = λ
b .

Proof. For a givent > 0, define the functionΨ(s), 0 ≤ s < t, by

Ψ(s) :=
(t− s)λ∫ t

s
µ(r)dr

,
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whereλ
a ≤ Ψ(s) ≤ λ

b . It is not difficult to verify thatΨ(s) is strictly increasing ons ∈
[sj , tj) and strictly decreasing ons ∈ [tj , sj+1). Hence, it holds that:sups∈[sj ,tj) Ψ(s) =
Ψ(tj) andsups∈[tj ,sj+1) Ψ(s) = Ψ(tj). Then, fort ∈ [si, ti), i ≥ 2, the effective load
function (7.4) can be rewritten as

ρ∗(t) = sup

{
sup

1≤j≤i−1
sup

s∈[sj ,tj)

Ψ(s), sup
1≤j≤i−1

sup
s∈[tj ,sj+1)

Ψ(s), sup
s∈[si,t)

Ψ(s)

}
(7.6)

= sup
{

sup
1≤j≤i−1

Ψ(tj), sup
1≤j≤i−1

Ψ(tj),
λ

a

}
= sup

1≤j≤i−1
Ψ(tj). (7.7)

by splitting up the supremum in (7.4) into suprema of a partition. Similarly, during low-
periods we have fort ∈ [ti, si+1), i ≥ 1,

ρ∗(t) = sup
{

sup
1≤j≤i

Ψ(tj), sup
1≤j≤i

Ψ(tj),
λ

b

}
=
λ

b
.

Remark 7.2. If a > b > 0, thenρ∗(t) is (left and right) continuous and finite att = si

(i.e., at the beginning of a high-rate period), butρ∗(t) has a jump att = ti (i.e., at the
beginning of a low-rate period).

The supremum in equation (7.5) is achieved for a certain indexj∗, with j∗ ≤ i−1. In
general, if the high-rate periods are “sufficiently long” (relative to the low-rate periods,
arrival and service rates), then the supremum is in general achieved forj∗ = i − 1. In
contrast, if the high-rate periods are too short, the supremum is achieved at a lower index
k∗ ≤ j∗. A characterization of “how long” a high-rate period should be, will be given
later.

As an illustration we have depicted the effective load in Figure 7.3, for the alternating
high-low model with high and low periods of deterministic length1, and withλ = 3

2 ,

a = 4, b = 4
5 . The instantaneous loadρ(t) is 0.375 during high-rate periods, and

1.875 during low-rate periods. As was stated in Lemma 7.1, the effective load and the
instantaneous load coincide during low service rate periods. The effective load at time
t is strictly decreasing int during high-rate periods (starting from the valueλ/b at the
beginning of a high-rate period). If the high-rate period is sufficiently long (relative to
λ, a, andb), then the effective load drops below the value 1. The recovery time is the
time needed (since the end of the last low-rate period) for the effective load to drop to 1.
Heuristically speaking, we can say that the queue “becomes stable” at the time epochu

such thatρ∗(u) = 1.
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Figure 7.3: Example of the effective load functionρ∗(t) (marked with squares), with the
instantaneous loadρ(t) and the critical line 1.

7.3.2 Distribution of the effective load

We now study the distribution of the effective load when the service ratesµ(t) are not
fixed, but follow a random process. Again, we do not aim at full generality, but limit our-
selves to the case whereµ(t) is determined by a modulating Markovian process, which
leads to elegant closed-form results. (Methodologically, more general rate fluctuations,
including the high-low model with generally distributed high-rate and low-rate periods,
can be treated analogously.)

From the definition ofρ∗(t) in (7.4) we observe that, forx ∈ R+: ρ∗(t) > x is
equivalent toWx(t) > 0, whereWx(t) is defined as the fluid content process at timet

in the associated Markov modulated fluid queue [6, 90], where we replace the Poisson
arrivals and the service times in the queue by fluid streams of rateλ (constant) andx·µ(t).
To this end, note that

ρ∗(t) > x⇔ ∃s ∈ [0, t) :
∫ t

s

λ(r)dr − x

∫ t

s

µ(r)dr > 0

⇔ sup
0≤s<t

{∫ t

s

λ(r)dr − x

∫ t

s

µ(r)dr
}
> 0 (7.8)

def⇔Wx(t) > 0,

where the supremum in equation (7.8) can be interpreted as a workload process (see
e.g. [8]). The contentWx(t) of the fluid queue is regulated by the background process
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M(t) ∈M as follows:

dWx(t)
dt

=
{

0 if Wx(t) = 0, andλ < xµM(t)

λ− xµM(t), otherwise.

Note that the fluid queue and the original queue share exactly the same realization of the
service rate process. The fluid queue, however, does not incorporate the fluctuations due
to the randomness in the arrival and service processes.

The stability condition for the fluid queue is

λ− xµ0 +
m∑

i=1

i−1∏
j=0

αj

βj+1

 (λ− xµi) < 0, (7.9)

which is the same as that for the original queue (7.2) whenx = 1. If (7.9) is satisfied, the
stationary distribution of the fluid queue exists and can be determined through spectral
analysis, see [90]. We will focus on the particular choice of the modulating process
described in Section 7.2.2.

We construct a high-low system by settingµ0 = b andµi = a for all i ≥ 1, with
a > b andm = ∞. We further chooseαi ≡ α andβi ≡ β > α. Note that the low-rate
periods are exponentially distributed, but the high-rate periods are distributed as the busy
period in an M/M/1 queue with arrival rateα and service rateβ. This model can be
seen as a counterpart of the on-off model discussed in Section 7.4 where the off-periods
(low rate) have a general distribution and the on-periods (high rate) have an exponential
distribution.

In this case Scheinhardt [90, pp. 26–28] shows that the stationary fluid content process
Wx is given by, for anyy ≥ 0,

P(Wx > y) = p0;x · exp
{
−
(

α

λ− bx
− β

(a− b)x

)
y

}
,

where

p0;x =
1− α/β

(ax− λ)/((a− b)x)
.

Invoking (7.8), fory = 0, we obtain the stationary distribution of the effective loadρ∗

as:

P(ρ∗ > x) = P(Wx > 0) = p0;x,

provided that ax−λ
(a−b)x <

α
β < 1, cf. [90].

Based on the distribution of the effective load we can calculate performance measures
such as the long-run fraction of time that the system is (instantaneously) stable, which is
less than the fraction of time that the system works at high service rates.
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7.4 Analysis and intuition for on-off model

In this section we study the buffer content in a queue when no service is available for
some time periods (called off-periods). We refine a result of Núñez-Queija [79] which
considers the processor-sharing queue with service interruptions. Since the service re-
quirements are exponentially distributed, the queue length process remains unchanged
if we replace the processor-sharing discipline by another work-conserving service disci-
pline. In particular, based on the explicit formulas from [79] we show that the conditional
queue length distribution (given that the server is turned on) is defective in the quasi-
stationary limit. The latter observation can be related to the notion of adjusted stability
and to the recovery time.

As in the model [79] the on-periodsAi, i ≥ 1, are assumed to be independently,
identically and exponentially distributed with meanα−1, and the service rate during on-
periods isa. The off-periodsBi, i ≥ 1, are identically and generally distributed as
the random variableB with distribution functionB(t) := P (B ≤ t) , t ≥ 0. Let the
Laplace-Stieltjes transform ofB be given byB̃(s) := Ee−sB , for Re(s) ≥ 0; and let the
k-th moment ofB be given by

βk :=
∫ ∞

t=0

tkdB(t).

7.4.1 Uniform Acceleration

We apply the Uniform Acceleration technique [73, 70, 74] to the model [79]. The queue
length process in the ‘accelerated system’ is denoted byQη(t), where the arrival and
service rates are linearly scaled with a common parameterη > 0 (i.e., the arrival rate
of the scaled system is given byηλ and the service rate is given byηµ(t)). Let (Qη, µ)
be a pair of random variables having the limiting distribution of(Qη(t), µ(t)). The joint
distribution of(Qη, µ) satisfies, cf. [79],

E
[
zQη

| µ = a
]

=
a− λ(1 + αβ1)

a− λ (1 + αβ1 · ϕB(z, ηλ)) z
, (7.10)

E
[
zQη

| µ = 0
]

= ϕB(z, ηλ) · E
[
zQη

| µ = a
]
, (7.11)

where

ϕB(z, ηλ) :=
1− B̃(ηλ(1− z))
β1ηλ (1− z)

is the probability generating function (pgf) of the number of arrivals according to a Pois-
son process with rateηλ, during the backward recurrence time of an off-period.

By differentiating the pgf (7.10) with respect toz and settingz = 1 we obtain the
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conditional mean:

E [Qη| µ = a] =
λ

pON · a− λ
+
αβ2

2
pON · λ2

pON · a− λ
η, (7.12)

wherepON = 1
1+αβ1

is the long-run fraction of time that the server is available. Simi-
larly, by (7.11) we have

E [Qη| µ = 0] = E [Qη| µ = a] + ENηλ(B)

= E [Qη| µ = a] + ηλ
β2

2β1
, (7.13)

whereENηλ(B) is the expected number of Poisson arrivals with rateηλ during the back-
ward recurrence time of an off-period.

The conditional mean queue length (7.12) tends to infinity if the scaling parameter
η > 0 tends to infinity. In other words, in the quasi-stationary limit, the mean queue
length during on-periods is infiniteeven when the usual stability criterion (7.1) is satis-
fied. We will further condition the queue length during on-periods on whether or not the
queue has recovered from previous instability periods. We observe that the conditional
distribution of(Qη | µ = a) is defective in the limitη →∞ with the defect probability

lim
η→∞

P (Qη = ∞ | µ = a) =
λ

a− λ
αβ1 > 0. (7.14)

To this end, note that in the quasi-stationary limitη →∞ we have the pgf

lim
η→∞

E
[
zQη

| µ = a
]

=
a− λ(1 + αβ1)

a− λz
, (7.15)

by noting thatlimη→∞ ϕB(z, ηλ) = 0 and taking the limitη →∞ in (7.10), and hence

lim
η→∞

P (Qη <∞ | µ = a) =
a− λ(1 + αβ1)

a− λ
< 1.

Remark 7.3. We can rewrite (7.15) as

λαβ1

a− λ
× 0 +

a− λ(1 + αβ1)
a− λ

× a− λ

a− λz
, (7.16)

which can be interpreted as follows. With probabilityλαβ1
a−λ the queue length is infinite

in the quasi-stationary limit. With the complementary probability, the queue length is
distributed as if the service rate is alwaysa (i.e., as the queue length in the M/M/1 queue
with loadλ/a).

In order to refine the quasi-stationary limit, we scale the queue length. From the
linearity of the mean queue length inη we see that the proper scaling isQη(t)/η. We
then have the following:
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Proposition 7.4. The conditional distribution of the scaled queue length( 1
ηQ

η | µ = a)
in the quasi-stationary limiting regime is given by

lim
η→∞

E
[
z

1
η Qη

| µ = a
]

=
a− λ (1 + αβ1)

a− λ
(
1− α 1− eB(−λ ln z)

λ ln z

) . (7.17)

Similarly,

lim
η→∞

E
[
z

1
η Qη

| µ = 0
]

=
1− B̃ (−λ ln z)
−λβ1 ln z

· a− λ (1 + αβ1)

a− λ
(
1− α 1− eB(−λ ln z)

λ ln z

) . (7.18)

Proof. Follows from (7.10) and the fact that

lim
η→∞

ϕB

(
z1/η, ηλ

)
=

1− B̃ (−λ ln z)
−λβ1 ln z

.

Differentiating (7.17) with respect toz and taking the limitz → 1 leads to

lim
η→∞

E
[
1
η
Qη| µ = a

]
=
αβ2

2
pON · λ2

pON · a− λ
, (7.19)

and

lim
η→∞

E
[
1
η
Qη| µ = 0

]
=
αβ2

2
pON · λ2

pON · a− λ
+ λ

β2

2β1
, (7.20)

which agrees with (7.12) and (7.13). The preceding can be interpreted as follows. From
(7.16) we know that, in the limit, the non-scaled queue length during on-periods is non-
defective with probabilitya−λ(1+αβ1)

a−λ . Therefore, with that probability the scaled queue

length during on-periods equals 0. With the complementary probabilityλαβ1
a−λ , the queue

length “did not recover from instability” during an on-period. We therefore decompose
(7.19) as

a− λ(1 + αβ1)
a− λ

× 0 +
λαβ1

a− λ
× β2

2β1

pON · λ(a− λ)
pON · a− λ

. (7.21)

Heuristically, we may say

lim
η→∞

E
[
1
η
Qη| µ = a but not yet recovered

]
=

β2

2β1

pON · λ(a− λ)
pON · a− λ

. (7.22)

This decomposition of the queue length during on-periods can be done similarly for the
entire distribution through the obtained expressions for the conditional pgfs.

Remark 7.5. The above explains why constant-rate approximations for on-periods (high-
rate periods) give poor results. The error can be made arbitrarily large by either increas-
ing the second momentβ2 of the off-periods or the scaling parameterη.
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7.4.2 Intermediate discussion

The findings in the previous subsection have led us to a notion of adjusted stability as a
refinement of the usual stability criterion (7.1). The fact that(Qη | µ = a) is defective
in the quasi-stationary limit is explained by the fact thatQη explodes during an off-
period whenη → ∞. Since the scaled systemQη is stable in the long run, the system
recovers from the explosion during an on-period. The queue becomes stable again (i.e.,
Qη becomes finite) during an on-period if the on-period length is “sufficiently long”.
If the on-period length is not sufficiently long, then, in the quasi-stationary regime,Qη

remains infinite during the on-period.

7.5 Analysis for high-low model

In this section we extend the analysis of instability during high-rate periods to the high-
low model. The discussion will center around a characterization of the recovery period
(in subsection 7.5.1). We will think of the existence of these recovery periods as a refine-
ment of the usual definition of stability. Particular attention will be given to the case with
exponential high-rate and low-rate periods (in subsection 7.5.2), in which case closed-
form results can readily be obtained. Ultimately, we will discuss the scaled version of
the queue length in the quasi-stationary regime (in subsection 7.5.3).

7.5.1 Recovery period and adjusted stability

In this section we formalize therecoveryperiod in thehigh-lowmodel. Suppose at time
si (i.e., at the beginning ofi-th high-rate period) that for some1 ≤ k ≤ i − 1 we have
ρ∗(t−k ) < 1 andρ∗(u) ≥ 1 for all u ∈ [tk, si), i.e., the momenttk is the most recent
moment where the effective load increased beyond 1.

If the system was unstable in the consecutive low-rate and high-rate periodsBk,

Ak+1, Bk+1, Ak+2, ..., Bi−2, Ai−1, Bi−1, then all of these high-rate periods are not
long enough compared to the preceding low-rate periods. More precisely,

∑j−1
n=k An+1

is not long enough to remove the backlog accumulated in the associated fluid queue (cf.
Section 7.3.2) during a period of length

∑j−1
n=k Bn, for all k < j ≤ i − 1. At time si,

define the accumulated low-rate and high-rate period lengths during the unstable interval
length[tk, si) as

Tlow(tk, si) =
i−1∑
n=k

Bn, and Thigh(tk, si) =
i−1∑
n=k

An+1,

with Thigh(tk, si)+Tlow(tk, si) = si−tk. We now investigate under which conditions
the system becomes “effectively stable” during thei-th high-periodAi. We useR(tk, si)
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to denote the “recovery” time that is needed (after timesi) to stabilize the queue, i.e., to
reduce the effective load below 1. Equivalently, cf. Section 7.3.2,R(tk, si) is the time to
drain the queue starting atsi. Clearly, ifR(tk, si) < Ai, then the effective load drops
below 1 during thei-th high-period, otherwise the queue remains effectively unstable
throughout thei-th high-period. IfR(tk, si) < Ai, it must be that

λ [Thigh(tk, si) + Tlow(tk, si)] + λR(tk, si)

= [a · Thigh(tk, si) + b · Tlow(tk, si)] + a ·R(tk, si).

This gives

R(tk, si) =
λ− b

a− λ
Tlow(tk, si)− Thigh(tk, si) ≥ 0.

The following proposition summarizes the above.

Proposition 7.6. Given that the queue was effectively unstable during the period[tk, si),
i.e., during the periodsBk,Ak+1,Bk+1, ...,Ai−1,Bi−1, the queue stabilizes during the
i-th high-period, if and only if

λ− b

a− λ

i−1∑
j=k

Bj <
i−1∑
j=k

Aj+1. (7.23)

Note that the term(λ − b) in (7.23) is the growth rate of the fluid queue during
low-rate periods, and(a− λ) is the (potential) decrease rate during high-rate periods.

The number of high-rate periods needed for recovery

In this subsection, we determine the distribution of the random variableN , which is
defined as the number of high-rate periods that is needed for recovery (re-stabilizing the
system). Without loss of generality we takek = 1, i.e., t1 is the most recent moment
when the system became unstable. If{N = n}, for n ≥ 1, then each of the firstn − 1
high-periods are not long enough to stabilize the queue.

In general, the random variableN can be written as thefirst ladder epochin a random
walk (e.g., see [35]), i.e.,

N = inf {n ≥ 1 | Sn > 0} , (7.24)

whereSn =
∑n

i Vi is the random walk withVi = Ai+1− cBi andc = λ−b
a−λ andS0 = 0.

Due to our assumptions,Vi are independently and identically distributed fori ≥ 1. We
get that

{N = n} =
n−1⋂
j=1

{Sj ≤ 0} ∩ {Sn > 0}

=
n−1⋂
j=1

{
c

j∑
i=1

Bi ≥
j∑

i=1

Ai+1

}
∩

{
c

n∑
i=1

Bi <

n∑
i=1

Ai+1

}
.
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high                low        high               low    high   low             high

Scaled queue length process and adjusted stability

(multiple) low-high periods

unstable period
stable     (adjusted stability)

recovery time recovery time

Figure 7.4: Scaled queue length process and recovery periods.

Note that indeed
∑∞

n=1 P (N = n) = 1, sinceP(N > n) = P
(⋂n

j=1 {Sj ≤ 0}
)
→ 0

asn→∞ wheneverEVi > 0 (usual stability condition).

Adjusted stability

In Figure 7.4 we have depicted the workload process forη → ∞ after linear scaling:
limη→∞

1
ηQ

η(t). This model coincides with the associated fluid queue: compare with
the discussion of the dynamics of the effective load in Figure 7.3. During the first low-rate
period the scaled queue increases linearly. However, the length of the second high-rate
period is not sufficiently long to remove the backlog built up during the preceding low-
rate period. The third high-rate period is long enough to recover from the excess load in
the previous low-rate periods.

Denote byπlow andπhigh the fractions of time that the system serves atlow andhigh
service rate, i.e.,

πlow =
EB

EA+ EB
andπhigh = 1− πlow.

We further defineπstableandπunstable, as the fraction of time that the system is effectively
stable and unstable, respectively. In addition, letπrecoverybe the fraction of time that the
system is in a recovery period:

πunstable= πlow + πrecovery,

πstable= πhigh− πrecovery.

We can interpretπstableas a measure for reduced stability. Intuitively, we can argue that
the system is perfectly stable ifπunstable= 0 (i.e., if there are no overload periods). Part



“mythesis”
2007/5/6
page 109

7.5 ANALYSIS FOR HIGH-LOW MODEL 109

of the instability is directly due to periods with a positive drift, i.e.,πlow, which would be
a first measure for instability. From a practical perspective, however, the system does not
show steady-state behavior during recovery periods. We next determineπrecovery.

Let SN > 0 be thefirst ladder heightof the random walk starting inS0 = 0, then
SN satisfies

SN =
N∑

i=1

(Ai+1 − cBi) ≤
N∑

i=1

Ai+1,

whereN is the first ladder epoch, cf. (7.24). Observe thatSN is exactly the time length
that is stable, within the total period

∑N
i=1(Ai+1 + Bi). Conditioned on{N = n},

we defineπstable(n) as the fraction of stable-time duringn consecutive low/high-periods.
Hence, we have

πstable=
∞∑

n=1

πstable(n)P(N = n) ≡
∞∑

n=1

(
ESn

E
∑n

i=1(Ai+1 +Bi)

)
P(N = n)

=
∞∑

n=1

(
E [
∑n

i=1(Ai+1 − cBi)]
E [
∑n

i=1(Ai+1 +Bi)]

)
P(N = n) =

EA− λ−b
a−λEB

EA+ EB
,

which gives

πrecovery=
λ− b

a− λ
πlow.

Note that in the special case thatλ = b < a, i.e., ρ(t) = 1 during low-rate periods,
andρ(t) < 1 during high-rate periods we have thatP (N = 1) = 1. Then, the system
becomes stable instantaneously at the beginning of each high-rate period (i.e., recovery
time is zero), so thatπrecovery= 0, πstable= πhigh, andπunstable= πlow.

Remark 7.7. If the usual stability condition is not satisfied, i.e.,

(λ− b) EB ≥ (a− λ) EA,

thenπrecovery= πhigh andπunstable= 1.

7.5.2 Recovery time and adjusted stability for exponential case

In this section we determine the distribution ofN whenVi is given by

Vi := Ai+1 −
λ− b

a− λ
Bi,

with Ai andBi having exponential distributions with means1/α and1/β, respectively.
To simplify the formulas in this section, we setc := λ−b

a−λ = 1. Note thatcBi has an
exponential distribution too. Hence, it suffices to determine the distribution ofVi :=
Ai+1 − Bi with c = 1, for i ≥ 1. Note thatVi is an independent and identically
distributed sequence of random variables, taking values on(−∞,∞). The distribution
of N in the exponential case is given by the following proposition.
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Proposition 7.8. Let p := (a−λ)EA
(a−λ)EA+(λ−b)EB . The distribution of the number of high-

periods needed for recovery (re-stabilizing the system) is given by

P (N = n) = Cn−1p
nqn−1, for n ≥ 1,

where

Cn =
1

n+ 1

(
2n
n

)
=

(2n)!
n!(n+ 1)!

are Catalan numbers. The pgfPN (z) = EzN is given by

PN (z) =
∞∑

n=1

znP (N = n) =
1−

√
1− 4pqz
2q

, for |z| ≤ 1.

Proof. See Section 7.7.

In particular, the number of high-rate periods needed for recovery is finite with prob-
ability

PN (1) =
2p

1 + |2p− 1|
=
p ∧ q
q

,

wherep∧ q = min{p, q}. Indeed, ifp ≥ 1
2 thenN is finite with probability 1. However,

if p = 1
2 then we haveEN = ∞ (see Proposition 7.9; and also see the relation with the

symmetric Bernoulli walk [40]). The next proposition summarizes the mean and variance
of N .

Proposition 7.9. The expected number of high-rate periods needed for recovery is given
by

EN =
EA

EA− λ−b
a−λEB

, if EA >
λ− b

a− λ
EB,

otherwise, ifEA ≤ λ−b
a−λEB, thenEN = ∞. In addition, the variance is given by

VarN =
pq

(p− q)3
=

λ−b
a−λEAEB

(
EA+ λ−b

a−λEB
)

(
EA− λ−b

a−λEB
)3 .

Proof. By induction onn it follows that:

dn

dzn
PN (z) = n!Cn−1

pnqn−1

(1− 4pqz)(2n−1)/2
.

Then, use the fact thatddzPN (z)
∣∣
z=1

= EN and d2

dz2PN (z)
∣∣∣
z=1

= EN(N − 1).
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7.5.3 Scaling of the queue length for the high-low model

We now extend the analysis to the high-low model. Here, we focus on the case where
theAi andBi have exponential distributions with means1/α and1/β, respectively. The
stationary distribution ofQη is then known explicitly [77]:

P(Q = i;µ = j) = cjp
i + djq

i, (7.25)

for j ∈ {a, b}, wherecj anddj are such thatp andq are the two roots within the unit
disc of the following equations

cap(λ+ a+ α) = cap
2a+ caλ+ cbpβ,

cbp(λ+ b+ β) = cbp
2b+ cbλ+ capα,

and

daq(λ+ a+ α) = daq
2a+ daλ+ dbqβ,

dbq(λ+ b+ β) = dbq
2b+ dbλ+ daqα.

The precise form of these coefficients is not essential (they are characterized through the
solution to a cubic equation). We are primarily interested in the queue length asη →∞.
With standard algebra it follows thatp andq tend toλ/a and 1 respectively. (Although
p, q, cj anddj depend onη when applying uniform acceleration, we will not reflect this
in the notation.) The corresponding constants then follow from the equations above and
we get (after convenient rewriting):

lim
η→∞

P(Qη > x | µ = a) =
λ(α+ β)− bα

aβ
+
(

1− λ(α+ β)− bα

aβ

)(
λ

a

)x

. (7.26)

Naturally, we findlimη→∞ P(Qη > x | µ = b) = 1 for all x. The termλ(α+β)−bα
aβ can

be interpreted as the fraction of high-rate service time that is needed for recovery. It can
be shown that this indeed coincides with the probability that the associated fluid queue is
non-empty.

If we scale the queue length with the parameterη, it can be shown that

lim
η→∞

q
1
η =

β

b− λ
− α

λ− a
=: δ.

Substituting this into the distribution forQ we get

lim
η→∞

P(
1
η
Qη > x | µ = a) =

λ(α+ β)− bα

aβ
δx,

and

lim
η→∞

P(
1
η
Qη > x | µ = b) = δx,

as was to be expected.
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Illustration

In Figures 7.5-7.7 we have depicted three different realizations of the scaled queue length
process1

ηQ
η(t), for η = 1, η = 10 andη = 100, respectively. The realization for the

high and low period lengths are the same in Figures 7.5-7.7 for comparison purposes. The
service rate starts off in the higher valuea = 2 and the process shows stationary behavior,
since the instantaneous loadρ(t) is less than 1 during (the first) high rate period(s). As
soon as the service rate switches to the lower rateb = 1

2 , the queue starts building up
(along a positive trend). Whenever the service rate switches back to the higher service
rate, the queue starts decreasing along a negative trend. The fluctuations around the
linear trend get smaller asη grows. From these figures, stationary behavior during high
rate periods is observed when the queue has decreased “sufficiently”. Ultimately, in the
quasi-stationary limitη → ∞, stationary behavior is observed when the negative drift
hits the horizontal axis, which is also the time epoch where the buffer content in the
associated fluid queue becomes empty. In the figures we also observe that the second
high rate period is too short to recover from the excess load of the first low rate period.
In contrast, the third high rate period is sufficiently long to recover from the excess load
from the first two low rate periods. (We may say that the queue becomes stable again
during the third high rate period.)

7.6 Conclusion and extensions

In this chapter we studied a queue with a Markov modulated service rate in which the
system can be overloaded in some of the service states. With uniform stability, the quasi-
stationary approximation can be seen as the leading term from a regular perturbation
analysis of the system. Without uniform stability, the perturbation is singular, and our aim
was to adapt the quasi-stationary approach to allow for temporary instability. The time
needed to recover from an (excessively long) overload period is shown to be associated
with the workload process in a fluid queue driven by the same Markov process as the
original queue. More precisely, the recovery periods in the original queue correspond to
a positive and decreasing buffer of the associated fluid queue. When the associated fluid
queue is empty, the queue is ‘effectively stable’ in the original system. For the system
with service rate alternating between high and low rate, we have discussed notions of
effective load and adjusted stability that allow us to characterize the fraction of the high
service rate periods during which the queue is recovering from instability due to overload
periods.
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Figure 7.5: A sample path of the scaled queue length process1
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high-low model withλ = 1, a = 2, b = 1
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Figure 7.6: A sample path of the scaled queue length process1
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η(t), for η = 10, in the

high-low model withλ = 1, a = 2, b = 1
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Figure 7.7: A sample path of the scaled queue length process1
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7.7 Proof of Proposition 7.8

Proof. In general first note thatP(N = n) is given by the following multiple integral:

∫ x1=0

x1=−∞

∫ x2=−x1

x2=−∞
· · ·
∫ xn−1=−

Pn−2
j=1 xj

xn−1=−∞

∫ xn=∞

xn=−
Pn−1

j=1 xj

dFVn
(xn)dFVn−1(xn−1) · · · dFV2(x2)dFV1(x1),

where
∑n−k

j=1 xj ≤ 0 for all k = 1, ..., n− 1, and withFVi(xi) = P(Vi ≤ xi). It is also
(recursively) defined by

P(N = n) =
∫ x1=0

x1=−∞
Mn−1dFV1(x1), (7.27)

where

Mk =
∫ xn−k+1=−

Pn−k
j=1 xj

xn−k+1=−∞
Mk−1dFVn−k+1(xn−k+1), (7.28)

for k ≥ 2, and with

M1 =
∫ xn=∞

xn=−
Pn−1

j=1 xj

dFVn
(xn). (7.29)

In the exponential case it is not difficult to obtain the distribution function ofVi:

FVi
(x) = 1− β/c

α+ β/c
e−αx, for x ≥ 0,

FVi
(x) =

α

α+ β/c
e

β
c x, for x ≤ 0.

Note that it is sufficient to takec := λ−b
a−λ = 1. Then by using induction onk, it follows

that (7.28) has the following form:

Mk =
k∑

i=1

δi,k
(i− 1)!

αk−1βk

(α+ β)2k−i
eα(

Pn−k
j=1 xj)(−

n−k∑
j=1

xj)i−1,

for 2 ≤ k ≤ n− 1, and for some constantsδi,k ∈ N, and which also holds fork = 1:

M1 =
∫ xn=∞

xn=−
Pn−1

j=1 xj

dFVn
(xn) =

β

α+ β
eα(

Pn−1
j=1 xj).
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Hence, the probability (7.27) is given by∫ x1=0

x1=−∞

(
n−1∑
i=1

δi,n−1
αn−2βn−1

(α+ β)2n−2−i

eαx1(−x1)i−1

(i− 1)!

)
×
(

αβ

α+ β

)
eβx1dx1 (7.30)

=
αn−1βn

(α+ β)2n−1

n−1∑
i=1

δi,n−1 ×
∫ x1=0

x1=−∞

(
(α+ β)e(α+β)x1(−x1(α+ β))i−1

(i− 1)!

)
dx1

(7.31)

=
αn−1βn

(α+ β)2n−1

n−1∑
i=1

δi,n−1 = anp
nqn−1, (7.32)

where we have used that the integral in (7.31) equals1, and wherean :=
∑n−1

i=1 δi,n−1,

p = β
α+β , q = α

α+β . Note that ifc > 0, thenβ should be replaced byβ/c. The form
of the probability in (7.32), implies thatan = Cn−1 must be Catalan numbers (see the
relation with Bernoulli walk; e.g., see [40]). Finally, by using the well-known generating
function for the Catalan numbers

∑∞
n=1 Cn−1x

n−1 = 1−
√

1−4x
2x , we readily obtain, for

|z| ≤ 1,

PN (z) =
1
q

∞∑
n=1

Cn−1 (zpq)n = pz

∞∑
n=1

Cn−1 (zpq)n−1 =
1−

√
1− 4pqz
2q

,

which completes the proof.

Alternatively, in case of exponential high-rate and low-rate periods, the proof can be
given by interpreting the number of high-rate periodsN needed for recovery as the first
entrance timeI1 in the Bernoulli random walk [40]). WritingSn = S0 + Y1 + ... + Yn

with Y1, Y2, ... independent and identically distributed as:

P(Y1 = 1) = p, P(Y1 = −1) = q = 1− p,

and with an initial stateS0 = 0, then

I1 = inf {n ∈ N | Sn = 1}

is the first entrance time of the Bernoulli walk at levelSn = 1. Note thatI1 always takes
odd integer values(2n− 1), n ∈ N, and it is well-known that:

P(I1 = 2n− 1) = P(S1 ≤ 0; ..., S2n−2 ≤ 0;S2n−1 = 1) = Cn−1p
nqn−1,

with P(I1 < ∞) = p∧q
q , andEI1 = 1

p−q andVarI1 = 4pq
(p−q)3 , if p > 1

2 . The Catalan
numberCn−1 is the number of paths of the random walk starting withS0 = 0 and

reaching the eventI1 in (2n− 1) steps. Finally, note that2N − 1 d= I1.
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Chapter 8

Resource sharing and
performance analysis of WLANs

In this chapter we give a flow-level performance analysis of Wireless LANs, in partic-
ular, for the IEEE 802.11E WLAN with QoS support. WLAN performance is largely
determined by the maximum data rate at the physical layer and the MAC layer protocols
(Medium Access Control) defined by the IEEE 802.11 standards [2, 3]. An extension
of the most widely employed DCF protocol (Distributed Coordination Function) is the
EDCA protocol (Enhanced Distributed Channel Access). Both the DCF and the EDCA
protocols are random access schemes based on Carrier Sense Multiple Access with Col-
lision Avoidance (CSMA/CA). EDCA is aimed at providing QoS differentiation between
various traffic classes, whereas DCF only supports best-effort services.

For best-effort WLANs (802.11B), several accurate analytical performance models
have been developed (along the lines of Bianchi [18]) in order to study the system’s
saturated throughput as a function of the number of persistently active users. Foh and
Zuckerman [41] and Litjens, Roijers, Van den Berg, Boucherie, and Fleuren [68] con-
sidered 802.11B with the practical situation of a dynamically varying number of active
users due to the random initiation and completion of flow transfers. They obtain accurate
approximations for the mean flow transfer time.

Analytical flow-level performance studies for WLANs with QoS support and a dy-
namically varying number of active users are not available. Performance studies of
802.11E WLANs are mainly based on simulation (e.g. [30, 49, 58, 72, 84, 100]). Rel-
atively few papers present an analytical approach, generally considering a fixed number
of persistent users; see e.g. Zhao, Guo, Zhang, and Zhu [110]. The simulation studies
usually consider general scenarios (sometimes also capturing the impact of higher layer
protocols like TCP), but without random user behavior.

117
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In the present chapter, an analytical performance evaluation of 802.11E WLANs is
given along the lines of the analysis in [68]. From the flow-level point-of-view, the
802.11E WLAN is considered as a queueing system with Poisson arrivals andgeneral-
izeddiscriminatory processor-sharing (GDPS) service discipline with queue-dependent
service capacity and queue-dependent weights. This queueing model reflects the EDCA
MAC design principle of distributing the available queue-dependent transmission capac-
ity among active traffic classes according to certain priority weights. In our modeling
approach, the class weights and the system capacity depend on the number of active
users and are obtained from a packet-level model that describes the MAC behavior of
EDCA in detail in the situation with a fixed number of persistent users.

This chapter is organized as follows. Section 8.1 describes the DCF and the EDCA
MAC protocol. Section 8.2 describes our analytical modeling approach, which is pre-
sented in more detail in Sections 8.3-8.5. We use the simple analytical and efficient
decomposition method for approximating the mean file transfer times ingeneralizeddis-
criminatory PS models, see Chapter 5. The accuracy of our analytical approximations is
validated by extensive simulation of WLAN systems in Section 8.6. Finally, the principal
conclusions of our investigation as well as some topics for further research are outlined
in Section 8.7.

8.1 IEEE 802.11B DCF and 802.11E EDCA

In the DCF mode for best-effort WLANs, when a station wants to transmit a packet, it
first senses the channel to determine whether or not it is already in use by another station
(“listen before talk”). If the channel is idle, and remains idle for a contiguous time period
called DIFS (Distributed InterFrame Space), the station has to wait a random number of
time slots before it is permitted to send the packet. This random back-off procedure is
intended to reduce the probability of multiple stations sending at the same time resulting
in a collision.

The BASIC access scheme is depicted in Figure 8.1. The back-off procedure draws a
discrete random value for the back-off counter uniformly between 0 andcwr − 1, where
cwr is the so-called contention window at ther-th re-attempt to send the packet. As
long as the channel remains idle after a DIFS period, a station decrements its back-off
counter by 1 for each time slot. When the back-off counter of a particular station reaches
0, the station transmits the packet. If the packet is received correctly, the destination
responds by sending an acknowledgment (ACK) to the source. In case multiple packets
are transmitted a collision occurs. If a station does not receive an ACK, it assumes that the
packet was lost and it will retransmit the packet. The contention windowcwr is doubled
for the firstr∗ re-attempts and a new back-off counter is drawn. The total number of
re-attempts is limited tormax. After a packet is successfully transmitted, thecwr is reset
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Figure 8.1: BASIC access mode in the distributed coordination function
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Figure 8.2: RTS/CTS access mode in the distributed coordination function

to its minimum contention window sizecwmin. The DCF can also operate in RTS/CTS
mode by first sending a small ReadyToSend (RTS) frame instead of the packet. When the
source receives a small ClearToSend (CTS) from the destination, it transmits the packet;
see Figure 8.2. RTS/CTS reduces the effect of collisions in busy systems (many active
stations), but involves more overhead.

A major drawback of DCF is that it only supports best-effort services. A distributed
access approach with QoS differentiation can be achieved with the Enhanced Distributed
Channel Access (EDCA) – or Enhanced DCF – in 802.11E WLANs by using different
parameter values for different traffic classes. The EDCA protocol defines several traffic
classes, indexed byi = 1, ...,K. Similarly to best-effort DCF, when a user from traffic
classiwants to transmit a data packet in EDCA protocol with BASIC access mode, it first
senses the medium to determine whether or not the channel is already in use by another
user. If the channel is idle, and remains idle for a contiguous time period called AIFSi

(AIFS value for classi) the user has to wait a random number of time slots before it is
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permitted to send the packet. The discrete back-off counter is now uniformly sampled
from {0, ..., cwr,i − 1}, wherecwr,i is the contention window size for a traffic classi
user at ther-th re-attempt to send the packet. As long as the channel remains idle after
an AIFSi period, a classi user decrements its back-off counter by1 for each slot time.

In case of best-effort WLANs, the AIFSi values for all users are equal to the DIFS.
Additional tunable parameter values are for example: minimum contention window size,
TXOPlimit (transmission opportunity limit), packet size, and the maximum contention
window size. With a TXOPlimit a user may send multiple packets as long as the last packet
is completely transmitted before the TXOPlimit time duration has expired. In general, QoS
differentiation between various traffic classes is mainly achieved by contention window
size and AIFS-based differentiation mechanisms.

8.2 Performance analysis and its modeling approach

We consider a single basic service set with users fromK traffic classes contending for
shared 802.11E WLAN radio access, and each traffic class has its own set of tunable
parameter values (e.g.cwmin,i and AIFSi). We follow an integrated packet/flow-level
modeling approach similar to that used in [68]. The first stage of the modeling approach
is an enhanced packet-level model that describes the MAC behavior of 802.11E QoS
mechanisms in detail. The second stage is a flow-level model that describes the behavior
of 802.11E, when the number of active users dynamically varies in time.

For the first stage, whenn = (n1, ..., nK) is the number of persistent users in the
system (withnj fixed users of classj), the resulting output of the packet-level model is
the expected aggregate throughputRi(n) for classi, andR(n) :=

∑K
i=1Ri(n) is the

expected aggregate system throughput. From a single user’s perspective, a classi user
receives an expected throughput ofRflow,i(n) = Ri(n)/ni, and forni > 0, nj > 0, the
relative received throughput between a single classi and classj user is defined as

αij(n) :=
Rflow,i(n)
Rflow,j(n)

=
Ri(n)/ni

Rj(n)/nj
.

QoS differentiation in 802.11E WLANs is achieved by establishing thatαij(n) gen-
erally differs from 1. Theegalitarian processor-sharing queueing model, as accurately
used in [68] for 802.11B file transfer time analysis, is not suitable for the extended
802.11E version with QoS support. However, the essential principle of distributing
the queue-dependent bandwidth in a processor-sharing fashion still remains for 802.11E
WLANs. In the latter case, the capacity is shared in adiscriminatoryfashion between
the classes, as intended by the design of EDCA, and shared in anegalitarian fashion for
users within the same class. On top of the discriminatory feature of 802.11E WLANs,
the priority effectαij(n) is also dependent on the number of active users, as observed
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from the packet-level analysis (and obviouslyαij(n) also depend on the type of QoS
differentiation mechanisms).

Based on these observations, we propose ageneralizeddiscriminatory processor-
sharing (GDPS) model with both queue-dependent service capacity and queue-dependent
weights. An attractive feature of our modeling approach is that the general form of the
flow-level model is independent of the packet-level model, in the sense that only the
expected saturated class throughputsRi(n) from the packet-level model are required as
input for the GDPS flow-level model. In particular, it is independent of the type of QoS
mechanisms.

8.3 Packet-level: throughput analysis for persistent users

In this section, we first give our straightforward packet-level extension from [68], when
only differentiation in the contention window sizes can be applied. Differentiation with
TXOPlimit and packet sizes are easily incorporated. AIFS-based extensions have been
well studied in the literature. For example, Zhao, Guo, Zhang, and Zhu [110] proposed
an extended Markov chain analysis which has been accurately validated. In principle,
any accurate analytical packet-level model can be used as input of our non-persistent
flow-level model.

In the second part of this section we briefly indicate some qualitative insights between
the QoS mechanisms at the packet-level and the relative throughput measuresαij(n).
This subsection is included to place ourgeneralizeddiscriminatory processor-sharing
model with queue-dependent weightsαij(n) in the right setting. Finally, in the last part
of this section, we present our flow-level modeling approach based on the GDPS model
in significantly more detail.

The throughput analysis for 802.11B at the packet-level and with a fixed number of
persistent users (as used in [68] and originally developed by Bianchi [18]) essentially
remains the same for 802.11E if no AIFS-based differentiation is considered, since the
Markov chain for the back-off counting process is described only from an isolated user
point-of-view.

For 802.11E, we assume that all traffic classesi, i = 1, ...,K, have their own so-
called packet error probabilityPe,i, independently of the other classes and independently
of the number of collisions already involved. This is the same key assumption made in
[18]. The influence of all other active users is captured by this packet error probability.
Hence, the equilibrium distribution of the embedded jump chain for a classi user is
similar to [68] and given by

πi(r, b) =
cwr,i − b

cwr,i
·

2 (1−Pe,i)Pr
e,i(

1−Prmax,i+1
e,i

)
+ (1−Pe,i)

∑rmax,i

k=0 cwk,iPk
e,i

,
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where (r, b) denotes the back-off state (0 ≤ r ≤ rmax,i and 0 ≤ b ≤ cwr,i − 1),
rmax,i denotes the maximum number of retries, andcwr,i is the contention window size
of a classi user at ther-th re-attempt. Note that only the QoS parameterscwmin,i and
cwmax,i appear in the equilibrium distribution of the Markov chain (cwmin,i := cw0,i−1
andcwmax,i := cwr,i − 1 with r = rmax,i). The packet error probabilityPe,i is readily
expressed by

Pe,i = 1−
(
1−P∗tr,i

)ni−1
K∏

k=1,k 6=i

(
1−P∗tr,k

)nk , for all i = 1, ...,K,

whereP∗tr,i is the packet transfer probability (successful or not) for a classi user, i.e.,

P∗tr,i =
∑rmax,i

r=0 πi(r, 0). It can be shown that a unique vector
(
P∗tr,i,Pe,i

)K
i=1

exists.

Aggregate class throughputs

The expected aggregate class throughputRi (n) ≡ Ri (n1, ..., nK) is given by:

Ri (n) =
Psuc,i · EPi

Pidle · τ +
∑K

i=1 Psuc,i ·Tsuc,i + Pcol ·Tcol

,

cf. [18, 68], where

Pidle =
K∏

j=1

(
1−P∗tr,j

)nj

is the probability that the channel is idle at a randomly selected time slot, and

Psuc,i = niP∗tr,i
(
1−P∗tr,i

)ni−1
K∏

j 6=i

(
1−P∗tr,j

)nj

is the probability that exactly one classi user transmits a packet at a random time slot;
Furthermore, the collision probability is given by

Pcol = 1−Pidle −
K∑

i=1

Psuc,i,

and τ is the time slot duration and the inter-event timesTsuc,i (successful) andTcol

(collision) are given by

TBASIC
suc,i = PHY +MAC + r−1

WLANEPi + δ + SIFS +ACK + δ +DIFS,

TBASIC
col = PHY +MAC + r−1

WLANEP + δ +DIFS,

under the BASIC access mode, and whererWLAN is the channel rate, PHY is the physi-
cal header (plus preamble), SIFS is the Short InterFrame Space time,δ is the propagation
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delay between sender and receiver (in seconds),EPi is the expected net payload size for
traffic classi (in kbits) andEP is the expected net payload size of the largest packet
involved in a collision. The MAC header and ACK size are converted to seconds. Dif-
ferentiation with TXOPlimit and packet size is easily incorporated in the inter-event times
Tsuc,i (Tcol) through the expected payload sizes.

The packet-level analysis for the RTS/CTS (ReadyToSend/ClearToSend) access mode
is essentially the same; only the inter-event timesTRTS/CTS

suc,i andTRTS/CTS
col are slightly

differently computed:

TRTS/CTS
suc,i = RTS + 4δ + 3SIFS + CTS + PHY +MAC + r−1

WLANEPi

+ ACK +DIFS,

TRTS/CTS
col = RTS + δ +DIFS,

also see Figure 8.2. An advantage of the RTS/CTS mode is that the time wasted by
a collision is smaller as the RTS frame is significantly smaller than a data packet. A
drawback is that more overhead is involved than in BASIC access.

8.4 Packet-level: qualitative insights

The packet-level model yields throughputsRi(n), that discriminate among active traffic
classes and depend on the number of active usersn. Clearly, whencwmin differentiation
is applied withcwmin,j < cwmin,i and the other QoS parameter values for classi and
j are kept equal, then it must hold thatαij(n) < 1. The same differentiating effect
αij(n) < 1 is also achieved when only AIFSj < AIFSi is applied. However, the impact
of the QoS differentiation parameters is generally different, and moreover, also heavily
dependent on the number of active usersn in the system. We illustrate this with two
examples, as observed from the packet-level analysis.

8.4.1 Example 1

If AIFSj < AIFSi is applied, then the high priority classj users always start and resume
their back-off counting procedure sooner than the low priority classi users. When many
high priority users are active in the system, a so-called ‘starvation effect’ can occur,
i.e., αij(n) ≈ 0. To this end, observe that after the end of the AIFSj time duration,
the back-off counters for all classi users always remain unchanged for at least a time
duration of AIFSi− AIFSj , whereas all classj users resume to decrement their back-off
counters after the end of the AIFSj time. In fact, a classj user can gain access to the
medium before the end of the AIFSi time and hence leaving all back-off counters for
classi users unchanged, while all classj users have decremented their back-off counters.
Any successful packet transfer or any packet collision is beneficial for the high priority
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classj (in terms of the frequency of access to the medium for classj users). In the
same scenario of AIFSj < AIFSi, but with few active users in the system, then this ratio
αij(n) is usually much larger than zero but obviously still less than1.

8.4.2 Example 2

The relative weightαij(n) can even be both less and greater than1, depending onn.
For example ifcwmin,i < cwmin,j in combination with AIFSi > AIFSj is applied,
thencwmin dominates the differentiation effect when the number of active users is small
(αij(n) > 1), and the smaller AIFSj value dominates the differentiation effect when the
number of active users is large (αij(n) < 1).

8.5 Flow-level: throughput analysis for persistent users

From the flow-level point-of-view, the number of active classi users in the system
is not fixed, but varies dynamically in time due to initiation of file transfers and file
transfer completions. We shall letNi denote the (steady-state) random variable of the
number of active classi users in the 802.11E WLAN network. Since the packet-level
model yields queue-dependent capacityR(n) and queue-dependent weightsαij(n), the
802.11E WLAN network can be considered as a service center with ageneralizedDPS
service discipline.

When no service differentiation is applied under 802.11E, the packet-level model
will result in αij(n) = 1 (for all i, j and for alln such thatni > 0, nj > 0) andR(n)
only depends on the total number of active usersn1 + ... + nK . In the latter case, the
generalizedDPS model is equivalent to Cohen’s GPS model [32], which is applied to the
flow-level performance analysis for best-effort WLANs [68].

We assume that the traffic classes generate data flows according to independent Pois-
son processes with ratesλi, i = 1, ...,K, and a classi user requests the download transfer
of a data file whose size is generally distributed with meanEXi (in kbits). Each file is
segmented into packets of a given size (with a final packet containing the file’s remain-
der) which are processed at the WLAN’s MAC layer. The offered data load of classi is
denoted byρi ≡ λiEXi/rWLAN , and the total offered load byρ :=

∑K
i=1 ρi. To ensure

stability and providestatistically guaranteedQoS, we limit the number of contending
data flows bynmax,i for each class separately.

Analytical expressions for (G)DPS models are generally not available in tractable
form. Therefore, we use an analytical approximation method from Chapter 5. In the
remainder of this chapter, we keep the demonstration of the solution technique simple,
by considering the example of two traffic classes, i.e.,K = 2. The approximation can be
generalized for an arbitrary number of traffic classes.
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We apply the decomposition technique as follows. For specific traffic loadsρi and
given the class capacitiesR1(n1, n2) andR2(n1, n2), we first approximate the equilib-
rium distribution ofN1 andN2. If class2 users are persistent (permanent) in the system,
then the distribution ofN1 (conditional onn2 fixed class2 users) is easily computed
with closed-form formulas (cf. Cohen’s GPS model [32]), i.e., the conditional probabili-
ties defined by

a(n1, n2) = P(N1 = n1 | n2 persistent class 2 users)

are readily computed as

a(0, n2) =

(
1 +

nmax,1∑
n1=1

(
ρn1
1

n1∏
k=1

rWLAN

R1(k, n2)

))−1

=: G1(n2)−1, (8.1)

a(n1, n2) =

(
ρn1
1

n1∏
k=1

rWLAN

R1(k, n2)

)
/G1(n2), for n1 = 1, ..., nmax,1, (8.2)

with
∑nmax,1

n1=0 a(n1, n2) = 1 for all n2 = 0, 1, ..., nmax,2. Analogously, the conditional
probabilities defined byb(n2, n1) = P(N2 = n2 | n1 persistent class 1 users) are given
by

b(0, n1) =

(
1 +

nmax,2∑
n2=1

(
ρn2
2

n2∏
k=1

rWLAN

R2(n1, k)

))−1

=: G2(n1)−1, (8.3)

b(n2, n1) =

(
ρn2
2

n2∏
k=1

rWLAN

R2(n1, k)

)
/G2(n1), for n2 = 1, ..., nmax,2, (8.4)

with
∑nmax,2

n2=0 b(n2, n1) = 1 for all n1 = 0, 1, ..., nmax,1.

The approximation of the unconditional and marginal distributionP(N1 = n1) is
obtained by solving the linear system

P(N1 = i) =
nmax,2∑
k=0

a(i, k)P(N2 = k), for i = 0, 1, ..., nmax,1, (8.5)

P(N2 = j) =
nmax,1∑
k=0

b(j, k)P(N1 = k), for j = 0, 1, ..., nmax,2. (8.6)

This system can be solved efficiently and it can be shown that the solution is unique up
to a multiplicative constant. A sufficient condition is thatRi(n) > 0 wheneverni > 0
(also see Assumption 3.1 in Chapter 3 and Chapter 5)

From the approximations forP(N1 = n1) andP(N2 = n2), the expectationsEN1

and EN2 are easily computed, and by applying the well-known Little’s formula, we
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approximate the mean file transfer timeETi for classi with ET̂i, given by the simple
formula

ET̂i =
ENi

λi(1− P(Ni = nmax,i))
, i = 1, 2. (8.7)

8.6 Numerical results

In this section we present numerical results obtained from our analysis and compare them
with WLAN simulation results. A detailed representation of the EDCA MAC layer has
been implemented in a C/C++ program. Sufficient independent replications were run to
obtain 95% confidence intervals with a relative precision no worse than 5%. The default
WLAN parameter settings (without QoS differentiation) are given in Table 1, where the
default DIFS value of 2 (in time slots) is equal to SIFS+2τ = 50 µs (in micro seconds).

We present results forcwmin and AIFS-based differentiation only, and for BASIC
access mode. We first present the throughput results for persistent users (stage 1). The
considered QoS scenarios are labelled bycwmin = (cwmin,1, cwmin,2) andAIFS =
(AIFS1, AIFS2). The simulation and analytical results for the aggregate system through-
putR(n1, n2) and the class throughputsRi(n1, n2), i = 1, 2, are shown only forn1 =
n2 with total numbern1 + n2, since it is difficult to visualize the difference between 2-
dimensional functions (if mapped onR3). Graphs forn1 6= n2 are similar. In stage 2, we
present the mean file transfer time results for the corresponding non-persistent flow-level
model.

Table 1

Default parameter settings for the MAC layer and the physical layer
parameter value parameter value
PHY 192 bits rWLAN 1 Mbit/sec
MAC 272 bits δ 1 µs
RTS PHY+160 bits τ 20µs
CTS PHY+112 bits SIFS 10µs
ACK PHY+112 bits DIFS 2 (time slots)
packet size 12 kbits

parameter (alli) value
nmax,i 25
cwmin,i 31
rmax,i 3 (BASIC)
AIFSi DIFS
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Figure 8.3: Aggregate system and class throughputs as function of the number of persis-
tent usersni = 1, ..., 25; n1 = n2; for cwmin = (31, 63) and cwmin = (31, 127) (no
AIFS differentiation, i.e.,AIFS = (2, 2)).

8.6.1 Packet-level: throughput results for persistent users

Figure 8.3 presents the throughput results where onlycwmin-based QoS differentiation
is applied; respectively forcwmin = (31, 63) and cwmin = (31, 127). Figure 8.4
presents results for the scenarioAIFS = (2, 4), and the scenariocwmin = (31, 63)
with AIFS = (2, 4). The analytical results for AIFS-based differentiation are based
on the Markov chain model [110]. The numerical results accurately represent 802.11E
packet-level behavior.

Thecwmin and AIFS parameters differ in several ways. Thecwmin is used to reduce
collision probabilities as well as providing QoS support. Thecwmin-based differentiation
mechanism approximately maintains the bandwidth ratiocwmin,2/cwmin,1 for a large
number of users. The QoS capabilities of the AIFS-based differentiation mechanism
are particularly effective for busy systems. The class with the largest AIFS value will
eventually suffer from starvation as the system gets busier. However, in a system with
realistic, non-persistent traffic load, these large numbers of simultaneously active users
are mostly not achieved.

8.6.2 Flow-level: transfer time results for non-persistent users

We consider the mean file transfer timeETj for traffic classj as a function of the offered
traffic loadρ = ρ1 + ρ2, with ρ2/ρ1 = 2 (the low priority class contributes twice as
much to the total offered system load, compared to the high priority class). Any pair
of loads (ρ1, ρ2) can be chosen; however, to avoid 3-dimensional graphs we only depict
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Figure 8.4: Aggregate system and class throughputs as function of the number of per-
sistent usersni = 1, ..., 25; n1 = n2; for cwmin = (31, 31), AIFS = (2, 4) and
cwmin = (31, 63), AIFS = (2, 4).

the transfer time results for the ratio of loadsρ2/ρ1 = 2. The approximation result will
be ‘at worst case’ ifρ2/ρ1 = 1; and under a constant total loadρ = ρ1 + ρ2, it will
improve for increasing ratioρ2/ρ1, and also improve for decreasingρ2/ρ1. To this end,
observe that ifρ2/ρ1 → ∞, then the corresponding scenario is simply a single-class
(egalitarian) PS model with only active users from class2. Analogously, ifρ2/ρ1 → 0,
then the corresponding scenario is a single-class (egalitarian) PS model with only active
users from class1.

We limit the number of users for each class in the system tonmax,i = 25. Figure 8.5
shows results for BASIC access mode and with exponentially distributed file sizes with
a mean of 120 kbits (10 packets of 12 kbits) for both classes.

When no service differentiation is applied, clearlyET1 = ET2, and the approxima-
tion is exact for egalitarian PS models. Also, the analytical approximation accurately
represents the WLAN simulation result. For the other three scenarios with QoS differ-
entiation, the approximation yields accurate results for a realistic region of parameter
settings. The absolute approximation error is small for the high priority class 1, and
relatively small for the low priority class 2, when the offered traffic load is moderate
(ρ < 0.7). The region where the approximation breaks down is when the system is
highly overloaded(ρ >> 0.7). In the latter case,Ni is often close tonmax,i and the
number of blocked users tends to increase to infinity if the traffic load is above a certain
threshold.

As expected, the analytical approximation for particularly the AIFS-based differenti-
ation and extreme heavy-traffic is not accurate sinceα21(n) ≈ 0, if the number of active
users is constantly large. However, from a practical flow-level point-of-view, an over-
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Figure 8.5: Mean file transfer timeET1 andET2 as a function of the offered data traffic
loadρ = ρ1 + ρ2, with ρ1/ρ2 = 2, for the default scenario (no QoS differentiation) and
3 other QoS scenarios from stage 1.
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loaded WLAN system under BASIC access mode is not a realistic scenario setting. It is
more efficient to use the RTS/CTS mode instead of the BASIC mode when the system is
heavily loaded. From simulation results for RTS/CTS (not shown) we observed that the
accuracy of the approximation is mostly slightly better than the results for BASIC mode.

Finally, we note that the analytical approximation method is insensitive to the file
size distributions, i.e., the approximated mean file transfer times donot depend on the
choice of file size distributions. The queue length distributions and mean flow transfer
times in egalitarian PS models, such as Cohen’s GPS [32] model, have the attractive
property of insensitivity to the service time distributions. The discriminatory PS models
(including GDPS) are non-product-form and donot have the insensitivity property, see
e.g. [20]. However, the sensitivity only becomes significant when the priority weights
are extremely asymmetric in combination with heavy-traffic.

8.7 Conclusions

In this chapter we have presented an integrated packet/flow-level modeling approach for
performance evaluation of IEEE 802.11E WLANs with dynamically varying number of
active users. The packet-level model describes the QoS mechanisms of the EDCA MAC
layer in detail, and the flow-level model is based on the observation that the consid-
ered 802.11E system approximately behaves as a queueing system with ageneralized
discriminatory processor-sharing (GDPS) service discipline.

We used an analytical decomposition method from Chapter 5 for approximating mean
file transfer times, since exact evaluation of (G)DPS models is not tractable. The 802.11E
WLAN simulations show that the flow-level behavior of 802.11E is closely represented
by a DPS model with queue-dependent service capacity and queue-dependent service
weights. The approximation is accurate for a wide region of realistic parameter settings.
The scenarios where the approximation breaks down (particularly for the low priority
class) is when thestarvation effectbecomes significant, i.e., when QoS scenarios are
considered such that the relative priority weights are extremely small or extremely large
in combination with heavy-traffic (particularly from the high priority class users).

The (G)DPS modeling approach offers additional insights in the flow-level behavior
of 802.11E. When a low priority user generates a data flow at a time instant when few
high priority users are active, then the low priority user will have relatively small file
transfer times. However, if more high priority users start to generate data flows, the low
priority’s performance decreases severely, as if the service process is suddenly ‘frozen’.
But on the other hand, due to the large share of bandwidth that the high priority users
receive, the high priority users reside in the system for a relatively short period of time.
When few high priority users are active, the low priority users still get a substantial share
of the available bandwidth.
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We conclude that the low priority’s flow-level performance is characterized by a high
variance, whereas the high priority’s performance is much less variable. This shows
that providing time-bounded QoS guarantees seems hard to realize, particularly for the
low priority class. When statistical performance guarantees are given for the low pri-
ority class, these are at a generally small confidence level; unless the system is lightly
loaded. Topics for further research include taking more enhancements in the physical
layer into account (e.g. capture effects) and to optimize the EDCA performance under
certain guaranteed QoS. Also, finding a tractable evaluation of the mean file transfer
times conditional on the user’s initial file size for IEEE 802.11E WLANs and (G)DPS is
a challenging task.
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stability in queues with fluctuating service rates.Report, 2007.

[26] S.K. Cheung, B. Kim, and J. Kim. Slowdown in the M/M/1 discriminatory
processor-sharing queue.Report, 2007.

[27] S.K. Cheung, J.L. van den Berg, and R.J. Boucherie. Decomposing the queue
length distribution of processor-sharing models into queue lengths of permanent
customer queues.Performance Evaluation, 62(1–4):100–116, 2005. Proceedings
of IFIP’s Performance 2005, Juan-les-Pins, France.

[28] S.K. Cheung, J.L. van den Berg, and R.J. Boucherie. Insensitive bounds for the
moments of the sojourn time distribution in the M/G/1 processor-sharing queue.
Queueing Systems, 53(1–2):7–18, 2006.

[29] S.K. Cheung, J.L. van den Berg, R.J. Boucherie, R. Litjens, and F. Roijers. An
analytical packet/flow-level modelling approach for wireless LANs with Quality-
of-Service support. InProceedings of the 19th International Teletraffic Congress,
Beijing, China, 2005.

[30] S. Choi, J. del Prado, S. Shankar N, and S. Mangold. IEEE 802.11E contention-
based channel access (EDCF). InProceedings of ICC 2003, Anchorage, USA,
2003.

[31] E.G. Coffman, R.R. Muntz, and H. Trotter. Waiting-time distributions for
processor-sharing systems.Journal of the Association for Computing Machinery,
17:123–130, 1970.

[32] J.W. Cohen. The multiple phase service network with generalized processor shar-
ing. Acta Informatica, 12:245–284, 1979.

[33] J.W. Cohen.The Single Server Queue, 2nd edn.North Holland, Amsterdam, 1982.
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Summary

In the past few decades, the processor-sharing (PS) model has received considerable at-
tention in the queueing theory community and in the field of performance evaluation of
computer and communication systems. The scarce resource is simultaneously shared
among all users in these systems. PS models are used for modeling resource sharing
mechanisms and have many applications in communication networks, as well as in lo-
gistics and manufacturing.

In Chapter 2 we consider the resource sharing mechanism in Wireless Local Area
Networks (WLANs), and we discuss how this leads to processor-sharing models. In ad-
dition, we give an overview of the literature on two basic classes of PS models: theegal-
itarian processor-sharing (EPS) and thediscriminatoryprocessor-sharing (DPS) models.
In EPS, all users are treated in the same manner, i.e., each user simultaneously receives
the same share of the service capacity. In the DPS model, the capacity is not equally
shared, and therefore it is possible to give certain users a higher priority at the expense of
other users. Thorough knowledge of EPS and DPS models is of utmost importance for
the many application areas of PS models such as in communication networks.

In Chapter 3 we obtain a decomposition result for the queue length distribution in EPS
models with multiple customer types and the so-called property of balanced capacities.
A crucial observation is that the marginal queue length distribution of each class is the
same as the queue length distribution of a related EPS model with a random number
of permanent customers. This decomposition result plays an important role in Chapter
4, where bounds are derived for the moments of the sojourn time distribution in the
classical EPS queue with Poisson arrivals and generally distributed service requirements.
The decomposition result also motivates an approximation method for the mean sojourn
times in DPS models in Chapter 5.

In Chapter 4 we derive stochastic ordering results for the classical EPS queue with
Poisson arrivals and generally distributed service requirements. In particular, we derive
insensitivebounds for the moments of the sojourn time distribution given the initial ser-
vice requirement of the customer. The upper bounds for the moments are in fact the
moments of the so-called instantaneous sojourn time, which can be interpreted as the
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sojourn time of a customer with a very small service requirement. The instantaneous
sojourn time can also be interpreted as the sojourn time of customer with an arbitrary
size of the service requirement, and where the number of other customers remains fixed
after arrival of the tagged customer. Since the latter interpretation is a special case of an
EPS model with permanent customers, the instantaneous sojourn time is also related to
the queueing model with a random number of permanent customers from Chapter 3.

In Chapter 5 we propose a method for approximating the mean sojourn times in
general discriminatory processor-sharing (GDPS) models with queue-dependent service
capacity and queue-dependent priority weights. The method is based upon the queueing
model with permanent customers and the decomposition result from Chapter 3. The
approximation method is exact for PS models with balanced capacities.

In Chapter 6 we consider the DPS model with Poisson arrivals and exponentially
distributed service requirements. For this queueing model, we derive the first and second
moments of the slowdown, which is a measure for queueing fairness, i.e., it measures how
fair the customers are treated by a service discipline. The fair and egalitarian PS model
has a constant slowdown. In contrast, DPS models do not have a constant slowdown, and
DPS models aim to give priority to certain customers at the expense of other customers.
We illustrate how ‘unfair’ DPS queueing models are for different type of customers,
depending on the system parameters.

In Chapter 7 we study a general queueing model with time-fluctuating service capac-
ity. In particular, we consider queueing models with periods of temporary instability. For
these models, we discuss a notion of effective load and introduce the notion of adjusted
stability. These notions capture the effect of accumulated work, which can not be served
during the periods of temporary instability, and therefore needs to be served before the
queue recovers from overload and effectively shows steady-state behavior.

In Chapter 8 we present a performance analysis of WLANs with multiple traffic type
and Quality-of-Service support. The analytical evaluation is based on a so-called in-
tegrated packet/flow-level modeling approach. The flow-level model, which captures
dynamic user behavior, is a general discriminatory processor-sharing (GDPS) model.
Using the decomposition- and approximation method from Chapter 5 we obtain accurate
approximations for the mean file transfer times for a wide range of realistic parameter
settings. These analytical results are validated with extensive and detailed WLAN simu-
lations.
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Samenvatting (Summary)

Het processor-sharing (PS) model heeft in de afgelopen decennia veel aandacht gekregen
op de gebieden van de wachtrijtheorie en de prestatie analyse van computer en commu-
nicatie systemen. In deze modellen delen alle gebruikers simultaan de schaarse systeem
capaciteit. In vele toepassingsgebieden in communicatie netwerken, alsmede in de lo-
gistiek en productie processen, worden PS modellen gebruikt ter modellering van mech-
anismen om capaciteit te verdelen.

In Hoofdstuk 2 wordt de capaciteitsverdeling van draadloze netwerken (Wireless Lo-
cal Area Networks) beschouwd, en besproken hoe dit tot de processor-sharing modellen
leidt. Tenslotte wordt een overzicht gegeven van de bestaande literatuur betreffende twee
fundamentele typen PS modellen: hetegalitarianprocessor-sharing (EPS) model en het
discriminatoryprocessor-sharing (DPS) model. In het EPS model worden alle gebruik-
ers op een gelijke manier behandeld, d.w.z. alle gebruikers krijgen simultaan een gelijk
deel van de capaciteit. In het DPS model wordt de capaciteit op een ongelijke manier
verdeeld, en zodoende is het mogelijk om bepaalde type gebruikers een hogere prioriteit
te geven ten koste van andere gebruikers. Kennis en inzicht van EPS en DPS modellen
zijn uitermate belangrijk voor de vele toepassingsgebieden van PS modellen in bijvoor-
beeld communicatie netwerken.

In Hoofdstuk 3 wordt een decompositie resultaat afgeleid voor de wachtrij verdel-
ing van EPS modellen met meerdere typen klanten en met de zogenaamde eigenschap
van gebalanceerde capaciteiten. Een belangrijke observatie is dat de marginale wachtrij
verdeling voor elk type klant hetzelfde is als de wachtrij verdeling van een gerelateerd
EPS model met een stochastisch aantal permanente klanten. Dit decompositie resultaat
is van belang in Hoofdstuk 4 waar grenzen worden afgeleid voor de momenten van de
verblijftijd in het klassieke EPS model met Poisson aankomsten en algemeen verdeelde
bedieningsvraag. Het decompositie resultaat motiveert ook een approximatie methode
om de verwachte verblijftijden voor DPS modellen te benaderen in Hoofdstuk 5.

In Hoofdstuk 4 worden stochastiche ordening resultaten afgeleid voor het klassieke
EPS wachtrij systeem met Poisson aankomsten en algemeen verdeelde bedieningsvraag.
In het bijzonder wordenongevoeligeonder- en bovengrenzen afgeleid voor de momenten
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van de verdeling van de verblijftijd gegeven de initı̈ele bedieningsvraag van de klant. De
bovengrenzen voor de momenten zijn in feite de momenten van de zogenaamde instan-
tane verblijftijd, die gëınterpreteerd kan worden als de verblijftijd van een klant met een
zeer kleine bedieningsvraag. De instantane verblijftijd kan ook geı̈nterpreteerd worden
als de verblijftijd van een klant met een willekeurig grote bedieningsvraag, maar waarin
het aantal andere klanten in het systeem niet meer verandert. Omdat de laatste interpre-
tatie een speciaal geval is van een EPS model met permanente klanten, is de instantane
verblijftijd ook gerelateerd aan het wachtrijmodel met een stochastisch aantal permanente
klanten van Hoofstuk 3.

In Hoofdstuk 5 wordt een methode gegeven voor het benaderen van de verwachte
verblijftijden in algemene DPS modellen (General DPS) met rijlengte-afhankelijke ser-
vice capaciteit en rijlengte-afhankelijke prioriteitsgewichten. De methode is gebaseerd
op het wachtrij systeem met permanente klanten en het decompositie resultaat van Hoofd-
stuk 3. De benaderingmethode is exact voor PS modellen met gebalanceerde capaciteiten.

In Hoofdstuk 6 wordt het DPS model beschouwd met Poisson aankomsten en ex-
ponentieel verdeelde bedieningsvraag. Voor dit wachtrijmodel worden de eerste twee
momenten afgeleid van de zogenaamde ‘slowdown’, wat een maat is voor hoe eerlijk
een service discipline is voor de klanten in het systeem. Het ‘eerlijke’ EPS model heeft
een constante slowdown. De slowdown is niet constant in DPS modellen. DPS modellen
beogen immers prioriteit te geven aan bepaalde klanten ten koste van andere klanten.
We illustreren hoe ‘oneerlijk’ DPS wachtrijen zijn voor de verschillende typen klanten,
afhankelijk van de systeem parameters.

In Hoofdstuk 7 wordt een algemeen wachtrijmodel beschouwd waarin de service ca-
paciteit fluctueert in de loop der tijd. In het bijzonder worden modellen bestudeerd waarin
de wachtrij tijdelijk instabiel is. De periodes waarin de wachtrij instabiel is, hebben een
stochastische tijdsduur. Voor deze modellen wordt een notie van effectieve belasting be-
handeld en een notie van aangepaste stabiliteit geı̈ntroduceerd. Deze noties nemen het
effect mee dat het aangekomen werk tijdens instabiele perioden niet afgehandeld kan
worden, en derhalve eerst weggewerkt moet worden voordat de wachtrijlengte zich her-
stelt en effectief gezien weer stabiel gedrag vertoont.

In Hoofdstuk 8 wordt een prestatie analyse gegeven van draadloze netwerken (Wire-
less LANs) met meerdere typen verkeer en Quality-of-Service ondersteuning. De ana-
lytische benaderingsmethode is gebaseerd op een zogenaamde geı̈ntegreerde packet/flow-
level modellering. Het flow-level model dat rekening houdt met dynamisch gebruikersge-
drag, is het GDPS model. Met behulp van de decompositie- en approximatie methode van
Hoofdstuk 5 worden accurate benaderingen verkregen voor de verwachte download- of
verzendtijden van data voor een brede variatie van realistische parameterwaarden. Deze
analytische resultaten worden gevalideerd met uitgebreide en gedetailleerde WLAN sim-
ulaties.
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